
Chapter 6

Interpolation estimate for the linear shear flow problem

This chapter is devoted to the proof of Proposition 2.36, which is used in particular
in the construction of weak solutions for the Prandtl system (see Proposition 5.5).
The idea is to interpolate between the Z0 estimate from Proposition 2.5, and the Z1

estimate from Proposition 2.10. However, because of the orthogonality conditions,
justifying that the interpolation space for the source terms is the expected one turns
out to be quite complicated.

We introduce the following spaces for the source terms:

Y0 WD ¹f 2 L
2.�/º; (6.1)

Y1 WD
®
f 2 H 1

xL
2
y Ifj†0[†1 D 0

¯
(6.2)

endowed with their usual norms and

Y
Ǹ

1 WD
®
f 2 Y1I `0.f; 0; 0/ D `1.f; 0; 0/ D 0

¯
; (6.3)

endowed with the norm of Y1, where `0 and `1 are defined in Definition 2.12. Since
`0 and `1 are continuous for the H 1

xL
2
y norm, Y

Ǹ

1 is a closed subspace of Y1.

We wish to interpolate between Y0 and Y
Ǹ

1. Using classical interpolation theory,
one can determine Y� WD ŒY0;Y1�� quite easily (see Lemma 6.5 below). Nevertheless,
there is a difficulty in the determination of the space ŒY0;Y

Ǹ

1�� . This corresponds to
the well-known problem of “subspace interpolation”, for which we give a short survey
in Section 6.1.

The proof of Proposition 2.36 relies on a careful analysis of the dual profiles ˆj ,
and in particular on a decomposition of the latter into an explicit singular part and
a regular part. This decomposition allows us to have quantitative upper and lower
bounds on the functions � 7! I.�; `j /, which play a paramount role in interpolation
theory (see [43] and Section 6.1.2 below).

The organization of this section is as follows. We start by introducing the the-
ory of subspace interpolation, and associated notations in Section 6.1. We then turn
towards the proof of Proposition 2.36 in Section 6.2, illustrating how the general the-
ory can be applied for our problem, thanks to the knowledge of the singular profiles
of Section 2.4.

6.1 A primer on subspace interpolation

Using interpolation theory in a context where constraints are enforced on the data
comes with a specific difficulty, known as “subspace interpolation”. In this section,
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we give a short introduction and set up notations and a lemma that will be used in the
next sections.

6.1.1 An introduction to subspace interpolation

Let us start by a short introduction to the topic of subspace interpolation and the asso-
ciated difficulty. This difficulty is not linked with the difference between complex and
real interpolation methods. Indeed, it occurs even in the case of “quadratic” interpo-
lation between separable Hilbert spaces, for which all methods construct the same
interpolation spaces (see [14, Remark 3.6] and [13, Section 3.3, Item (4)] based on
the initial geometric argument of [46]).

Setting of the problem. Let Y0 and Y1 denote two Banach spaces with a dense
continuous embedding Y1 ,!Y0. Let Y� WD ŒY0;Y1�� , for � 2 .0;1/, say for the com-
plex method to fix ideas. Let ` be a continuous linear form on Y1, which is however
unbounded on Y0, and define its kernel Y`1 WD ¹f 2 Y1I `.f /D 0º, which is a closed
subspace of Y1. The question of “subspace interpolation” consists in determining the
relation between Y� and ŒY0;Y`1�� . This question of course admits a straightforward
generalization to the case of a finite number of orthogonality conditions.

Generally, one checks that the closure of ŒY0;Y`1�� in Y� is either a subspace of
codimension 1, when ` is continuous on Y� , or the whole of Y� , when ` is unbounded
on Y� . In the former case, there is no guarantee that ŒY0;Y`1�� itself is closed in Y� (or,
equivalently, that the associated norms are equivalent on ŒY0;Y`1�� ). The first system-
atic occurrence of this question seems to date back to [45, Problem 18.5, Chapter 1],
which claims that a major difficulty to use interpolation theory is that “l’interpolé de
sous-espaces fermés n’est pas nécessairement un sous-espace fermé dans l’interpolé”
(the interpolation space between closed subspaces is not necessarily a closed sub-
space in the interpolation space), and asks for sufficient conditions for ŒY0;Y`1�� to
be closed in Y� .

Remark 6.1. When ` is continuous for the topology of Y0, there is no difficulty.
Indeed, one checks that, for every � 2 .0; 1/, ŒY0; Y`1�� D ¹f 2 Y� I `.f / D 0º,
endowed with the topology of Y� , for which ` is continuous (see, e.g., the related
result [45, Theorem 13.3, Chapter 1]).

Some examples. The best known and most simple example of such a phenomenon,
introduced in [45, Theorem 11.7, Chapter 1] concerns the construction of the space
H
1=2
00 .0;1/DŒL

2.0;1/;H 1
0 .0;1/�1=2. The spaceH 1=2

00 .0;1/ is not closed inH 1=2.0;1/

and the associated norm involves a non-equivalent “additional term”.
In [62], using real interpolation between L1 and L1, Wallstén constructed exam-

ples illustrating that this pathological behavior is not limited to exceptional values of
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the interpolation parameter, since there exist constraints for which it occurs for every
� 2 .0; 1/.

Short survey of known results. Precising earlier results of Löfström [43,44], Ivanov
and Kalton proved in [33] that, in the general case, there exist two thresholds 0� �0 �
�1 � 1 such that

• when 0 < � < �0, ŒY0;Y`1�� D Y� , with equivalent norms,

• when �0 � � � �1, the norm on ŒY0;Y`1�� is not equivalent to the one on Y� ,

• when �1 < � < 1, ŒY0;Y`1�� is a closed subspace of codimension 1 in Y� .

In the first case, ` is unbounded on Y� (the constraint does not make sense). In the
second and third cases, ` admits a continuous extension to Y� and the closure of
ŒY0;Y

`
1�� in Y� is of codimension 1.

This classification has generalizations to the case of multiple constraints (see [2]),
potentially involving multiple pathological intervals, associated with each constraint.

In the difficult regime �0 � � � �1, more precise results [5, 6] allow the compu-
tation of the “additional norm” stemming from the presence of the constraints.

The recent work [63] considers a kind of dual problem, by computing interpo-
lation spaces between Y0 and Y1 ˚ R!, where ! is a singular function of Y0 n Y1,
whose singularity is expressed in polar coordinates. In this work, �0D �1. This is also
our case below, and our dual profiles also involve singular parts which are expressed
in radial-like coordinates, as constructed in Section 2.4.

6.1.2 A variant of a criterion due to Löfström

To prove Proposition 2.36, we will rely on an abstract interpolation result proved by
Löfström in [43]. Let Y0 and Y1 denote two Hilbert spaces with a dense continuous
embedding Y1 ,! Y0.

For f 2 Y1 and � 2 .0; 1/, let

kf k2� WD kf k
2
Y0
C �2kf k2Y1 : (6.4)

This notation stems from [33], while [43] uses instead max.kf kY0 ; �kf kY1/. Since
kf k�=

p
2�max.kf kY0 ; �kf kY1/�kf k� , both quantities can be used equivalently.

Given a linear form ` on Y1, one defines, for � 2 .0; 1/,

I.�; `/ WD sup
f 2Y1n¹0º

`.f /

kf k�
: (6.5)

As � ! 0, upper bounds on I.�; `/ are linked with the boundedness of ` on inter-
mediate spaces between Y0 and Y1, while lower bounds on I.�; `/ are linked with
the non-degeneracy of ` on these spaces. In particular, one has the following result,
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which is a reformulation of [43, Theorem 2] in the particular case of two constraints
having the same “order”.

Lemma 6.2. Let Y0 and Y1 denote two Hilbert spaces with a dense continuous
embedding Y1 ,! Y0. Let `0, `1 be two linear forms on Y1. Assume that there exists
C˙ > 0 and N� 2 .0; 1/ such that, for every .c0; c1/ 2 S1 and every � 2 .0; 1/,

C��
�N�
� I.�; c0`

0
C c1`

1/ � CC�
�N� : (6.6)

As in Section 6.1.1, let Y`1 WD ¹f 2 Y1I `
0.f / D `1.f / D 0º and, for � 2 .0; 1/,

Y� WD ŒY0;Y1�� , for the complex interpolation method. Then,

• for every � 2 .0; N�/, ŒY0;Y`1�� D Y� , with equivalent norms,

• for every � 2 . N�; 1/, the linear forms `0 and `1 have continuous extensions to Y�
and ŒY0;Y`1�� D ¹f 2 Y� I `

0.f / D `1.f / D 0º, endowed with the norm of Y� .

Remark 6.3. Lemma 6.2 does not say anything on ŒY0; Y`1�� for the critical value
� D N� . In fact, with the notations of [33] mentioned above, one has �0 D �1 D N� , so
the norm of ŒY0;Y`1� N� is not equivalent to the norm of Y N� .

Remark 6.4. In assumption (6.6), it is important to consider arbitrary linear combi-
nations of the two linear forms `0 and `1. It would not be sufficient to assume (6.6)
with .c0; c1/ D .1; 0/ and .c0; c1/ D .0; 1/. Indeed, the lower bound of this condition
ensures that the two linear forms remain sufficiently independent on the interme-
diate spaces. We state here a formulation giving a symmetrical role to `0 and `1,
whereas [43] uses a hierarchical formulation. We prove below that our formulation
indeed implies Löfström’s one.

Proof of Lemma 6.2. This is an application of [43, Theorem 2]. By (6.6) applied with
.c0; c1/ D .1; 0/ and .c0; c1/ D .0; 1/, both `0 and `1 have “order” N� in Löfström’s
vocabulary. Therefore, there only remains to check that they form a “strongly inde-
pendent basis”, i.e., that there exists C > 0 such that, for every � 2 .0; 1/,

I.�; `1/ � CI0.�; `
1/; (6.7)

where

I0.�; `
1/ WD sup

²
`1.f /

kf k�
If 2 Y1 n ¹0º and `0.f / D 0

³
: (6.8)

Let � 2 .0; 1/. Denote by h�; �i� the scalar product associated with the norm k � k�
on Y1. By the Riesz representation theorem, there exists g0� ; g

1
� 2 Y1 such that `j D

hg
j
� ; �i� . In particular, I.�; `j / D kgj� k� . Moreover, by (6.8), I0.�; `1/ is the supre-

mum of `1 on the intersection of ker `0 with the unit ball in Y1 for the norm k � k� .
Thus, a natural candidate to bound I0.�; `1/ from below is the orthogonal projection
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of g1� =kg
1
� k� on ker `0, namely,

f 1� WD
g1�
kg1� k�

�R�
g0�
kg0� k�

; where R� WD
�
g1�
kg1� k�

;
g0�
kg0� k�

�
�

:

In particular, kf 1� k� D .1 �R
2
� /
1
2 and `0.f 1� / D hg

0
� ; f

1
� i D 0. Thus

I0.�; `
1/ �

hf 1� ; g
1
� i�

kf 1� k�
D .1 �R2� /

1
2 kg1� k� D .1 �R

2
� /
1
2 I.�; `1/: (6.9)

Thus, to prove (6.7), it is sufficient to prove that the ratio R2� is bounded away from 1.
By (6.6), for every .c0; c1/ 2 S1,

C��
�N�
� kc0g

0
� C c1g

1
� k� � CC�

�N� : (6.10)

In particular,
C��

�N�
� kgj� k� � CC�

�N� : (6.11)

By homogeneity, from (6.10), for every .c0; c1/ 2 R2,

C 2��
�2 N� .c20 C c

2
1/ � c

2
0kg

0
� k
2
� C c

2
1kg

1
� k
2
� C 2c0c1hg

0
� ; g

1
� i� � C

2
C�
�2 N� .c20 C c

2
1/:

Substituting cj  cj =kg
j
� k� and using (6.11) leads to the fact that, for every .c0; c1/2

R2,
�2.c20 C c

2
1/ � c

2
0 C c

2
1 C 2R�c0c1 � �

�2.c20 C c
2
1/;

where � WD C�=CC. In particular, using .c0; c1/ D .1; 1/ and .1;�1/ yields �2 �
1CR� and �2 � 1 �R� . Hence, (6.9) proves that

I0.�; `
1/ � �2I.�; `1/;

which implies (6.7) with C D ��2. So `0 and `1 form a “strongly independent basis”
and Lemma 6.2 follows from [43, Theorem 2].

6.2 Interpolated theory in the case of the linear shear flow

In this section, we consider the problem (2.1) at the linear shear flow, with van-
ishing boundary data. We proved in Section 2.2 (see Proposition 2.5) that, when
f 2 L2xL

2
z , the solutions to this problem have Z0 regularity, and in Section 2.3 (see

Proposition 2.10) that they haveZ1 regularity when f 2H 1
xL

2
z and the two orthogo-

nality conditions (2.15) are satisfied. Here, we establish an interpolated theory for the
problem (2.1) with source terms f 2 H �

x L
2
z , � 2 .0; 1/, see Proposition 2.36. This

interpolated theory involves the difficulty exposed in Section 6.1. We define Y0, Y1
and Y

Ǹ

1 by (6.1), (6.2) and (6.3) respectively, endowed with their usual norms. For
� 2 .0; 1/, let Y� WD ŒY0; Y1�� . The identification of the space Y� is classical and
provided by the following lemma.
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Lemma 6.5. Let � 2 .0;1/. Let Y� WDŒY0;Y1�� , for the complex interpolation method.

• When � 2 .0; 1=2/, Y� D H
�
x L

2
y .

• When � D 1=2, recalling that �˙ D � \ ¹˙y > 0º

kf k2Y1=2 � kf k
2

H
1=2
x L2y

C

Z
�C

f 2.x; y/

jx � x0j
dx dy C

Z
��

f 2.x; y/

jx � x1j
dx dy:

• When � 2 .1=2; 1/, Y� D ¹f 2 H
�
x L

2
y Ifj†0[†1D0º, with the usual norm.

Proof. This follows from classical interpolation theory for intersections (see [45,
Theorem 13.1 and equation (13.4), Chapter 1]), and from (one-sided versions of)
the equalityH 1=2

00 .x0; x1/D ŒH
1
0 .x0; x1/;L

2.x0; x1/� 1
2

(see also [45, Theorem 11.7,
Chapter 1]).

In order to extend the theory of Chapter 2 to fractional tangential regularity, we
start by identifying the spaces ŒY0; Y

Ǹ

1�� . More precisely, we prove the following
characterization.

Lemma 6.6. Let Y0, Y1 and Y
Ǹ

1 be given by (6.1), (6.2) and (6.3) respectively. Then,

• For every � 2 .0; 1=6/, ŒY0;Y
Ǹ

1�� D Y� with equivalent norms.

• For every � 2 .1=6; 1/, the linear forms `0 and `1 admit continuous extensions to
Y� and

ŒY0;Y
Ǹ

1�� D
®
f 2 Y� I `0.f; 0; 0/ D `1.f; 0; 0/ D 0

¯
;

endowed with the norm of Y� .

Remark 6.7. The threshold at 1=6 is consistent with the observation of Remark 2.33
that the maps `j .�; 0; 0/ are bounded on H �

x L
2
z for every � > 1=6.

For � 2 .0; 1/, we use the notations of the previous paragraph, in particular the
norm k � k� of (6.4) and the function I.�; �/ of (6.5), with Y0 and Y1 defined as above.

To derive the estimates required to apply Lemma 6.2, two strategies would be pos-
sible. Both rely on the explicit knowledge of the singular radial solutions constructed
in Section 2.4, which are involved in the orthogonality conditions. First, one could
impose periodic boundary conditions on f , compute a 2D Fourier-series represen-
tation of (an extension by parity of) the singular profiles and estimate the functions
I working in the Fourier space. Such a frequency-domain approach is carried out
in [5], assuming some appropriate asymptotic decay of the Fourier transform of the
profile defining the orthogonality condition. We choose a second strategy, which stays
in the spatial domain, and involves estimates using cut-off functions whose space-
scale are linked with the parameter � . This strategy is related to the one used in [63]
and inspired by the links between the K functional of real interpolation theory and
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the notions of modulus of continuity and modulus of smoothness of functions (see,
e.g., [37]).

To prove Lemma 6.6, we intend to apply Lemma 6.2. Hence, we need to bound
from below and from above the functions I.�; `j /. By Definition 2.12, `j .f; 0; 0/ DR
�
@xf ˆj . As highlighted in Corollary 2.32, the profiles ˆj can be decomposed

as the sum of a singular radial part, an x-independent part, and a regular part. The
singular radial part is the one that will be dominating the behavior of the orthogonality
conditions. Thus, we start by two lemmas concerning estimates from above and from
below for integrals of the form

R
�
.@xf / Nu

i
sing, before moving to the general case.

Lemma 6.8. Let h 2 H 1
xL

2
z such that h D 0 on †0 [†1. Then, for � 2 .0; 1/,ˇ̌̌̌ Z

�

.@xh.x; z// Nu
i
sing.x;�z/ dx dz

ˇ̌̌̌
. ��1=6.khkL2 C �k@xhkL2/;

where Nuising is defined in Definition 2.26.

Proof. By symmetry, it is sufficient to prove the result with i D 0, which we assume
from now on, and we drop the indexes i D 0 on ri and ti involved in Definition 2.26.
We also let �.x; z/ WD �i .x;�z/ of Definition 2.26 and ƒ.t/ WD ƒ0.�t /, where ƒ0
is defined in Proposition 2.21. With these notations

Nu0sing.x;�z/ D r
1
2ƒ.t/�.x; z/: (6.12)

In particular, since ƒ0.C1/ D 0, Nu0sing.x0;�z/ D 0 for z 2 .�1; 0/. We split the
integral to be estimated depending on whether r � �˛ or r � �˛ , where ˛ > 0 is to
be chosen later. Let � 2 C1.RI Œ0; 1�/ such that �.s/ � 1 for s � 1 and �.s/ � 0 for
s � 2.

Step 1. Estimate in the region: r � �˛ . By Cauchy–Schwarz,ˇ̌̌̌ Z
�

@xh � r
1
2ƒ.t/� � �.r=�˛/

ˇ̌̌̌
� k�k1kƒk1k@xhkL2

�Z
�

r�2.r=�˛/

� 1
2

:

Using the polar-like change of coordinates of (2.23) and (2.26), one hasZ
�

r�2.r=�˛/ D

Z 1
0

Z
R

3r3

.1C t2/2
r�2.r=�˛/ dr dt . .�˛/5:

Hence, in this region,ˇ̌̌̌ Z
�

@xh � r
1
2ƒ.t/� � �.r=�˛/

ˇ̌̌̌
. .�˛/5=2k@xhkL2 :

Step 2. Estimate in the region: r � �˛ . We intend to integrate by parts in x. At x D x1,
Nu0sing.x;�z/ D 0 for z 2 .�1; 1/ because � D 0. At x D x0, when z > 0, h D 0 by
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assumption, and, when z < 0, Nu0sing.x;�z/ D 0 as recalled above. Hence, there is no
boundary term andZ

�

@xh � r
1
2ƒ.t/� � .1 � �.r=�˛// D �

Z
�

h@x
�
� � r

1
2ƒ.t/.1 � �.r=�˛//

�
:

First, one easily boundsˇ̌̌̌ Z
�

h@x� � r
1
2ƒ.t/.1 � �.r=�˛//

ˇ̌̌̌
� khkL2kƒk1k@x�kL2 max

�
r
1
2 . khkL2 :

For the second term, when @x hits on the function expressed in .r; t/ coordinates, we
use the derivative formula (2.27):Z

�

h�@x
�
r
1
2ƒ.t/.1 � �.r=�˛//

�
D

Z
�

h�
.1C t2/

1
2

3r2
ƒ.t/@r

�
r
1
2 .1 � �.r=�˛//

�
�

Z
�

h�
t.1C t2/

3
2

3r3
r
1
2 .1 � �.r=�˛//@tƒ.t/:

We bound both terms using the Cauchy–Schwarz inequality and the polar-like change
of coordinates (2.23) with Jacobian determinant (2.26). In particular, on the one hand,Z

�

1C t2

9r4
ƒ2.t/

�
@r.r

1
2 .1 � �.r=�˛///

�2
D

Z 1
0

Z
R

3r3

.1C t2/2
1C t2

9r4
ƒ2
�
@r.r

1
2 .1 � �.r=�˛///

�2 dt dr

.
Z 1
0

�
r�1.1 � �.r=�˛//2 C r.�0.r=�˛//2=.�˛/2

� dr
r

D .�˛/�1
Z 1
1

�
s�1.1 � �.s//2 C s.�0.s//2

� ds
s

. .�˛/�1:

On the other hand,Z
�

t2.1C t2/3

9r6
r.1 � �.r=�˛//2.@tƒ.t//

2

D

Z 1
0

Z
R

3r3

.1C t2/2
t2.1C t2/3

9r6
r.1 � �.r=�˛//2.@tƒ.t//

2 dt dr

.
�Z

R
t2.1C t2/.@tƒ.t//

2 dt
�Z 1

0

1

3r2
.1 � �.r=�˛// dr . .�˛/�1

by the integrability property t3@tƒ.t/ D O.1/ of Lemma 2.24.
Thus, gathering the estimates in this region proves thatˇ̌̌̌ Z

�

@xh � r
1
2ƒ.t/� � .1 � �.r=�˛//

ˇ̌̌̌
. .�˛/�

1
2 khkL2 :

Gathering the estimates in both regions and choosing˛D1=3 concludes the proof.
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Lemma 6.9. There exists a family .hi� /�2.0;1/ of non-zero, smooth, compactly sup-
ported functions on � such that, as � ! 0,ˇ̌̌̌ Z

�

.@xh
i
� .x; z// Nu

i
sing.x;�z/ dx dz

ˇ̌̌̌
& ��1=6.khi�kL2 C �k@xh

i
�kL2/;

and
R
�
@xh

j
� Nu
i
sing D 0 for j ¤ i , where Nuising is defined in Definition 2.26.

Proof. As in the previous lemma, by symmetry, it is sufficient to prove the result with
i D 0, which we assume from now on, and we drop the indexes i D 0 on ri and ti
involved in Definition 2.26. We also let �.x; z/ WD �i .x;�z/ of Definition 2.26 and
ƒ.t/ WD ƒ0.�t /, where ƒ0 is defined in Proposition 2.21. With these notations, one
has (6.12).

Let ˛ > 0. Let H 2 C1c .RI Œ�1; 1�/ and � 2 C1c .RI Œ�1; 1�/ such that supp � �
.1=2; 3=2/. For � 2 .0; 1/, we define

h� WD �.r=�
˛/H.t/:

By the support properties of H and �, one checks that h� is both smooth and com-
pactly supported in �. Moreover, it is non-zero if H ¤ 0 and � ¤ 0.

Let � > 0 be sufficiently small such that the support of h� is included in the region
where � � 1. Note that with this choice, we also have

R
�
@xh� Nu

1
sing D 0. Then, using

the formula (2.27) for @x and the determinant (2.26),Z
�

@xh� Nusing.x;�z/ dx dz

D

Z 1
0

Z
R
r
1
2ƒ.t/

�
.1C t2/

1
2

3r2
.�˛/�1�0.r=�˛/H.t/

�
t .1C t2/

3
2

3r3
�.r=�˛/H 0.t/

�
3r3

.1C t2/2
dt dr

D

Z 1
0

Z
R

r
1
2ƒ.t/

.1C t2/
3
2

�
r.�˛/�1�0.r=�˛/H.t/ � t .1C t2/�.r=�˛/H 0.t/

�
dt dr

D .�˛/3=2
�Z

R

H.t/ƒ.t/

.1C t2/
3
2

dt
Z 1
0

s
3
2 �0.s/ ds �

Z
R

tH 0.t/ƒ.t/

.1C t2/
1
2

dt
Z 1
0

s
1
2 �.s/ ds

�
:

Note that since � 2 C1c ..0;C1//,Z 1
0

s
3
2 �0.s/ ds D �

3

2

Z 1
0

s
1
2 �.s/ ds:

We claim that we may choose � and H such thatZ 1
0

s
1
2 �.s/ ds D

3

2

Z
R

H.t/ƒ.t/

.1C t2/
3
2

dt C
Z

R

tH 0.t/ƒ.t/

.1C t2/
1
2

dt D 1:
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The claim for � is obvious. As for H , we assume that suppH � .0;C1/ and we
write the sum of integrals asZ

R
H.t/

�
3

2

ƒ.t/

.1C t2/
3
2

�
d

dt

�
tƒ.t/

.1C t2/
1
2

��
dt

D �

Z 1
0

H.t/
d

dt

�
tƒ.t/

.1C t2/1=2
t�3=2.1C t2/3=4

�
t3=2.1C t2/�3=4 dt:

Since ƒ.t/ ¤ Ct1=2.1C t2/�1=4 on RC, the claim for H follows.
The above choice of � and H ensures thatZ

�

@xh� � r
1
2ƒ.t/� D �.�˛/3=2:

Using once again the formula (2.27) for @x and the change of coordinates of the
Jacobian (2.26), one obtains that kh�kL2 . .�˛/2 and k@xh�kL2 . 1=�˛ . Similarly,
using (2.28) to compute @3zh� and the same technique, k@3zh�kL2 . 1=�˛ . Thus,
choosing ˛ D 1=3 leads to

kh�kL2 C �k@xh�kL2 C �k@
3
zh�kL2 . .�˛/2;

which concludes the proof.

We are now ready to prove Lemma 6.6.

Proof of Lemma 6.6. This is an application of Lemma 6.2 with N� D 1=6. Therefore,
we need to find constants C˙ > 0 such that, for every � 2 .0; 1/ and .c0; c1/ 2 S1,

C��
�1=6
� I.�; c0`0 C c1`1/ � CC�

�1=6:

Let .c0; c1/ 2 S1 and f 2 Y1. By Definition 2.12,

`j .f; 0; 0/ D

Z
�

@xf ˆj ;

where ˆj is the solution to (2.12).
By Corollary 2.32, there exists .d0; d1/ 2 R2 n ¹0º such that

c0`0.f; 0; 0/C c1`1.f; 0; 0/ D

Z
�

@xf .d0 Nu
0
sing.x;�z/C d1 Nu

1
sing.x;�z//

C

Z
�

@xf

�
ˆreg C .c1 � zc0/�.z/1z>0

�
; (6.13)

where ˆreg 2 Z
1. By linearity, d0, d1 and ˆreg are uniformly bounded for .c0; c1/ 2

S1. The first term corresponds to the one studied in Lemmas 6.8 and 6.9. We want
to integrate by parts in the second term. Since f 2 Y1, fj†0[†1 D 0. At x D x0
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and z2.�1; 0/, ˆj D0 by (2.12). Moreover, Nu0sing.x0;�z/D0 because ƒ0.C1/D
0 and Nu1sing.x0;�z/ D 0 because Nu1sing is compactly supported near .x1; 0/. Hence,
ˆreg.x0; z/ C .c1 � zc0/�.z/1z>0 � 0 on .�1; 0/. The same conclusion holds at
x D x1 and z 2 .0; 1/. Thus, we can integrate by parts with no boundary term and the
second term is estimated asˇ̌̌̌ Z

�

@xf .ˆreg C .c1 � zc0/�.z/1z>0/
ˇ̌̌̌
� kf kL2k@xˆregkL2 : (6.14)

Step 1. Bound from above. For � 2 .0; 1/, using Lemma 6.8 and (6.14),

jc0`0.f; 0; 0/C c1`1.f; 0; 0/j . ��1=6.kf kL2 C �kf kY1/:

Step 2. Bound from below. For � 2 .0; 1/, let us assume that f� WD h� , where h� is
constructed in Lemma 6.9, which ensures that f� is compactly supported in � so
satisfies .f� /j†0[†1 D 0. Substituting in (6.13) and integrating by parts yields

c0`0.f� ; 0; 0/C c1`1.f� ; 0; 0/ D �

Z
�

h�@xˆreg C
X
i2¹0;1º

di

Z
�

.@xh� / Nu
i
sing.x;�z/:

By Corollary 2.32 and linearity, min.jd0j; jd1j/ is uniformly bounded from below.
We choose h� as either h0� or h1� of Lemma 6.9 accordingly. Thus, by Lemma 6.9, as
� ! 0,

jc0`0.f� ; 0; 0/Cc1`1.f� ; 0; 0/j & ��1=6.kh�kL2C�kh�kY1/�Ckh�kL2k@xˆregkL2

& ��1=6.kh�kL2 C �kh�kY1/

D ��1=6.kf�kL2 C �kf�kY1/

for � > 0 sufficiently small. This concludes the proof.

To conclude this section, we turn towards the proof of Proposition 2.36.

Proof of Proposition 2.36. Step 1. Case ı0 D ı1 D 0 and 1�>1=2fj†i D 0. By Propo-
sition 2.5, for every f 2 L2.�/, there exists a unique solution u 2 Z0.�/ to (2.1)
with ı0 D ı1 D 0 and kukZ0 . kf kL2 . By Proposition 2.10 and Proposition 2.6, for
every f 2 H 1

xL
2
z such that fj†0[†1 D 0 (so that �0 D �1 D 0) and `0.f; 0; 0/ D

`1.f; 0; 0/D 0, this solution satisfies u 2 Z1.�/ with kukZ1 . kf kH1xL2z . Hence, by

interpolation, the mapping f 7!u is bounded from ŒY0;Y
Ǹ

1�� toZ� .�/. Moreover, by
Lemma 6.5 and Lemma 6.6, when � 2 .0; 1/ n ¹1=6; 1=2º, ŒY0;Y

Ǹ

1�� D H
�
x L

2
z (with

null boundary conditions on†0 [†1 when � > 1=2, and null linear forms constraints
when � > 1=6). This proves estimate (2.50) in the case of vanishing boundary data.
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Step 2. Arbitrary boundary data. When ı0 and ı1 are arbitrary, we extend them to
.�1; 1/ in such a way that the extension belongs to H 2

0 .�1; 1/. We then lift the
boundary data by setting ul.x; z/ D �.x � x0/ı0 C �.x � x1/ı1, with � 2 C1c .R/,
supported in B.0; .x1 � x0/=2/, and equal to 1 in a neighborhood of zero. This intro-
duces a source term fl D z@xul � @zzul 2 H

1
xL

2
z in the equation, whose trace on

†i is �ı00i , so that the trace of f � fl on †i is z�i . When � < 1=2, we immediately
obtain the desired result thanks to the previous step.

For � > 1=2, we first note that, since u; ul 2 Z1.�/, by Proposition 2.10,

`j .f � fl ; 0; 0/ D 0:

We further decompose f � fl into f � fl D z�0�.x � x0/C z�1�.x � x1/C gl ,
where gl 2 H �

x L
2
z is such that glj†0[†1 D 0. Using Proposition 2.15 we construct

hl 2 C
1
c .�/ such that

khlkH1xL2z . k�0kH1.†0/
C k�1kH1.†1/

and

`j .z�0�.x � x0/C z�1�.x � x1/C hl ; 0; 0/ D `j .gl � hl ; 0; 0/ D 0:

We then apply the result of the first step to the system with source term gl � hl
(which vanishes on †0 [ †1) and homogeneous boundary data, and the result of
Proposition 2.10 to the system with source term z�0�.x � x0/C z�1�.x � x1/C hl
and homogeneous boundary data, using the conditions �0.1/ D �1.�1/ D 0. This
concludes the proof.


