Appendix A

Uniqueness of weak solutions for linear problems

The purpose of this appendix is to prove the following uniqueness result, which is
a slight generalization to the case of variable coefficients of the uniqueness result of
[8, Section 5] for (2.1).

Lemma A.1. Let Q = (x¢,x1) X (2p, 2;), where xo < x1 and zp, <0 < z;. Let o €
C2(Q) such that infa > 0 and B € L®(Q). Assume that one of the two following
conditions is satisfied:
o cither ||Blloc € 1and ||0;0]00 < 1,
o or|zp|,z¢ < zo, for some small constant zy depending only on «.
Let g € L2H; 1, 8o € L2(Z0), 81 € £L2(21). There exists at most one weak solution
UelL2H] to
z0xU + po;U — 9;;(eU) = g,
Uls, = do,
Ulg, =41,
U|Z=Zt = U|z=zl7 =0.

The proof follows the arguments of Baouendi and Grisvard in [8], which concern
the case of the model equation (2.1). For the reader’s convenience, we recall the main
steps of the proof here, and adapt them to the present (slightly different) context. The
proof involves the spaces B defined in (1.25) and A := 8 N H(RQ).

Note thatif U € L?((xo,x1), H} (zp,2;)) is a weak solution to (A.1), then U € B.
Indeed, it follows from the weak formulation that for any V' € H(} (),

(A.1)

(ZaxU, V)LZ(H1),L2(Hé)=—/Qaz(aU)an—/Q,BazUV+(g, V>L2(H71),L2(Hé)'
By density, this formula still holds for V € L2(H, ), and therefore zd, U € L2(H; ).

We then recall the following result from [8].

Lemma A.2. The set A is dense in B. Furthermore, there exists a constant C depend-
ing only on 2, such that fori € {0, 1},

Zy
Vo € A, / 2] [o (e )P dy < C o3
V4

b

As a consequence, the applications
VE A > Vx=y; € Lg(zb,zt)

can be uniquely extended into continuous applications on B.
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As a consequence, Baouendi and Grisvard [8] obtain the following corollary.

Corollary A.3. Forallu,v € B,

(z0xu, U>L2(H*1),L2(H(§) + (z0xv, u>L2(H*1),L2(H(})

Zy Zt
- / (Cuv) xx, — / (U0 x—xe.
zp zp

Proof. Thanks to Lemma A.2, it suffices to prove the identity when u, v € 4. In that
case, the left-hand side is simply

/Zaxuv+zu8xv=/ 0y (zuv).
Q Q

The result follows by integration. |

Proof of Lemma A.1. Let U € L2(H,) be a weak solution to (A.1) with g = 0 and
8; = 0. As mentioned above, U € B. According to Corollary A.3, for any V € B
suchthat V =00n dQ2 \ (X9 U Xy),

—(ZaxV, U)LZ(H_I),LZ(H(;) + /;Z(ﬂazUV + Olean + OlazUan) =0.

Now, let h € C2°(2) be arbitrary, and let V € L2(H|) be a weak solution to
—z0xV —0,(BV) —ad,,V = h,
Visa\(zouzp = 0.

(The existence of weak solutions for this adjoint problem is proved in the same way as
existence for the direct problem in Proposition 2.2 in the case || 8||co <K 1, ||tz [loo < 1,
and Lemma 5.3 in the case |zp|, z; small).

Then V € 8B, and choosing U as a test function in the variational formulation for

V', we obtain
/ hU = 0.
Q

Thus U = 0. Uniqueness of weak solutions to (A.1) follows. ]



