Appendix B

Proofs of functional analysis results

B.1 An abstract existence principle

As Fichera in [22], we use the following abstract existence principle (see [19, Theo-
rem 1]), which allows skipping a viscous regularization scheme.

Lemma B.1. Let Hy, H, and H be three Hilbert spaces. Let F; € L(H;; H) for
i € {1,2}. Then the following statements are equivalent.
* It holds that range F; C range F,.

e There exists a constant C > 0 such that
Vh e H, ||F1*h||g{/1 < C||F2*h||g{/2. (B.1)

o There exists G € L(Hy; Hy) such that F1 = F»G.
Moreover, when these hold, there exists a unique G € £(Hy; H,) such that ker G =
ker Fy, range G C (range ;)1 and |G| = inf{C > 0;(B.1) holds}.

Indeed, this yields the following weak Lax—Migram result, where the linear right-
hand side is assumed to be continuous for the weaker norm.

Lemma B.2. Let U and V be two Hilbert spaces with 'V continuously embedded in
W. Let a be a continuous bilinear form on U x 'V and b be a continuous linear form
on U. Assume that there exists a constant ¢ > 0 such that, for every v € V,

a(v,v) = cl|v]}3.

Then, there exists u € W such that ||[uy < 2||b| 2 and, for everyv € V, a(u,v) =

b(v).

Proof. Set H := £(V), H; := L), F; :=1Id (from £(U) to £(V)), H, := U
and F, : U — £(V) defined by Fou := a(u,-). Then F;" =Id (from V to U) and
F)v = a(-,v). Moreover,

I1Fyvllzqn = la. v)l/llvlhv = cllvllv = el F{ vl

So (B.1) holds with C = 1/c and Lemma B.1 yields the existence of G € £(L(U); U)
such that F; = F»,G and ||G|| < L. The conclusions follow by setting u := Gb. m
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B.2 Product and composition rules in Sobolev spaces

Lemma B.3 (Pointwise multiplication). Pointwise multiplication of two functions is
a continuous bilinear map

e from H32(—1,1) x H¥?(—1,1) to H¥?*(—1,1),

o from H'?(xg, x1) x H*(xq,x1) to H2(xg, x1) for any s > 1/2,

o from HY?(xg, x1) x H*(xq.x1) to H¥ (xg.x1) for any s’ < min(s, 1/2),
o from H*(xo,x1) x H% (x0,x1) to H% (xo,x1) foranys > 1/2, 5 > 5.

Proof. These are particular cases of [10, Theorem 7.4]. n

Lemma B.4 (Composition of H functions). Let o €(0,1/6), and let Q, = (xo,x1) X
2
R, Q. = (x0,X1) X (24, 2,). For f € HOH! N LAH(Qy) and Y € HF " H}(Q,),

such that A < 3,Y < A~! for some positive constant A,

If G Y 2D e 2.y < Civin U lge 2 + 1/ ligamy)

and

If G Y, 2D oo (zpoz) o o)) S Clv L g gy + 17 122 g1)-
1
In a similar way, if f € Hx2+0L§ N LW, (Q,),

I1f Cx., Y(X,Z))IlHéJroL%(QZ < C||Y||(||f||Hx%+aL% 1Sl pooppo0)-

Proof. Using the classical definition of fractional Sobolev spaces, for all z € (zp, z;),

1Y G o = 1Y G Ry
/ / /G Y (. Z))—f(x Y P

|1+20

We start with the 7 L? estimate. Integrating with respect to z, the norm of the first
term is bounded by the square of the L2 norm of f after a change of variable with
bounded Jacobian. We then decompose the second integral into

/ /xl /(. Y (x,2)) — (X Y(x, Z))|2

|x _ x/|1+20

dx’

/ /xl |/ Y (x,2)) — f(x" Y (', Z))Iz

|x_x |1+20

Once again, the first integral is bounded by || f ”12L1” ;2 after vertical integration. As
X V4

1/2

for the second one, using the embedding H'(—1,1) < C!/2, we have

|f( Y (x.2) = f( Y (2D < 10y £ ~)||25|Y(x,2) Y’ 2)l.
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2
. 2+0
Since Y € HY ' HJ},

Y Y(x', ,
[ / I, 12, DT g

1 1 1 1/2
< 17C.2) §+a( [ s ot - ! 3dedx’)
Hy x0 Jxo Y

< 2
S 30 1 By

The first estimate follows. The other ones go along the same lines and are left to the
reader. u

Lemma B.5 (Composition with a Q! function). Let ¢ € Q' () such that ¢ (x, £1) =
+1. Assume that there exists m > 0 such that 9,¢(x,z) € [m~',m]. Let o € [0, 1].
There exists C(m, o) such that, for any g € H)‘CTLg N Li(WyUA),

lg(x, e, N2 < Clgllpgrz + A+ 1PIGDNIEN 2 pos).  (B2)
x Lz x Lz o x( y )

Proof. Throughout the proof, we set G(x, z) := g(x, ¢(x, z)). First, note that, since
the Jacobian of the change of variable z — ¢ (x, z) is bounded from below, for any

p.q € [1,00], 1
IGllLpre =maliglipepa. (B.3)

In particular, |G ||;2 < m? llg|lz 2. Furthermore, for o = 1,
0xG(x,2) = 9xg(x, ¢(x,2)) + 0x¢p(x,2)0,&(x, p(x, 2)).
Hence,
10:Gll.2 < 10x8) 0 Bllz> + 19xPll 0o all(Byg) 0 Gl 2 s  (BA)
By the “fractional trace theorem” [45, equation (4.7), Chapter 1],
1956l 0 172 < 1058l 27,2 + 105bll2 2 < bl 1.
Hence, we obtain from (B.3) and (B.4) that
19xGll> < 19xgllL2 + dllorligll 2 w4y

Now, note that the application g + G is linear. By interpolation, we obtain, for any
o €(0,1),
1G g1z < Iglagrz + (L + 11501202 o),

which concludes the proof. u
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Corollary B.6. Let ¢ € Q' N L2ZH} such that ¢(x, £1) = 1 and ||¢p — z| g1 +
lp — Z”L)%H;‘ <L 1. Let ¥ (x, y) be such that ¥ (x,¢(x,z)) = z for all (x,z) € Q.
Theny € Q' N LJZCH;‘ and

I =ylor + 1V = yl2ps S P —zllor + 1l —zllL2 54

Proof. In this statement and this proof, we use the variable y as second argument for
¥, z as second argument for ¢. First, observe that 0,y (x, y) = 1/(3:¢(x, ¥ (x,y))),
so that |0y — 1||pec < [|0;¢ — 1|z In particular, the associated changes of ver-
tical variables are defined and bounded so that estimates such as (B.3) hold and will
be used abundantly.

Step 1. Vertical regularity of . By the “fractional trace theorem” [45, equation (4.7),
Chapter 1], for ¢ € Q' N L2H, ¢ € HYH2 N L2H?} < C2(H2). In particular,
92¢ € L. Differentiating the definition ¥ (x, ¢(x, z)) = z, we obtain the following
relations and estimates. First, we already said that d, € L°°. Second, 851// e L?
since

—(0:¢)°93% 0o p = (dy 0 ¢) (3:29) .
—
Lo® Lo
Third, 8J3,1ﬂ € L? since
—(0:¢)*03Y 0 =32y 0 0.¢d2¢ +0,W 0 03¢ .
N e’ N e’ N e’

N———
12 Lo Lo 12

Fourth, omitting the composition with ¢ in every occurrence of ¥ in order to alleviate
the notation,

—(3z¢)43;1”
=6 0¥ (0:0)°02¢+ 2y (3(074)> +4 (3:¢) (33¢) ) + 9 Dy a4¢ .

—_—— ——— \,_/ N—— S—— N——
L2 Lo L2H1 Lo Lo LooLZ Loo L2

Remembering that 1/(d,¢) € L°, we conclude that

¥ (x.») =yl gs S llo(x.2) = zllgr + llPp(x, 2) =zl L2 ya-

Step 2. Integer horizontal regularity of . This step uses that dx¢ € LS L2 which
follows from ¢ € H£/3L§. Note however that, even for ¢ € Q' N L2 Hy4, one does
not have d,¢ € L°°. We proceed similarly for the integer horizontal regularity. First,

—0xY o = 8y¢°¢&cﬂ-

Loe L2
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Second,
—(0:)dxy Y 0p =y o 0:¢ 0xdp +0yYog Oz .
L2} LT LYLZ Le 12
Third,
—(0:0)*0xyy ¥ 0 ¢ = 2059 0 2 xz¢p + b, (B.5)

where, omitting once again the composition with ¢ in the derivatives of i,

h = 3;1ﬂ dx¢p (az¢)2+axy1/f 8§¢ + 3§¢ Ixp 8§¢ + 0:¢ 0xzz¢.
—_— —— —— o — ~——— — N — —
L2H} LPLE L% L2 Le L2H! LLE L% Lee L2
From (B.5) and & € L?, we obtain that
[0xyy¥lir2 < Al + ||8xz¢||L§Hzl “ayy‘p”LgoLg
SNz + 1Ce,2) =zl gy g2 1 A10yy ¥l + 10xyy ¥ liL2).

Hence, using the smallness of ||¢(x, z) — Z||H%sz, we conclude that

19 (e y) = Ylgiaz < 160e.2) = zllgr + (x.2) — 2l 2 5.

Step 3. Fractional horizontal regularity of . Eventually, to obtain the H f / 3L§ reg-
ularity, we write

.
g V)

and we apply Lemma B.5 with ¢ = 2/3. Let us first assume that ¢ is smooth (so that
Y is smooth as well by usual results) and then argue by density. Estimate (B.2) yields

1Well g2rags S 00e8/0:0 ] 22 + (L4 VI 10:0/0:612 12

3x1/f(x,y) = -

Since we already know that { can be estimated in H ; H?2, we can use (the Peter—Paul
version) of Young’s inequality to obtain

1l 22 S 1058/ 275 2 + 1920 /0:0 1112 g2 + 1020 /0:8 1135,
Moreover, one easily proves, using standard product rules, that
||3x¢/32¢||H§/3L% F10x¢/0:0l 1252 S 6(x,2) =2l g1+l (x, 2) =zl L2 g2 < 1.
Hence we obtain
||Wx||H§/3L§ S llg(x,2) = zllgr + ¢(x. 2) = zll L2 s

when ¢ is smooth and [|¢ (x, z) — z[|g1 + [|¢(x,2) — 2|2 g2 <K 1. We conclude by
density. |
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B.3 Extension operators

We start with Lemma 1.6, which allows extending functions from Z%(Q2) to Z°(R?).

Proof of Lemma 1.6. Up to translation and rescaling, we assume that (x¢,x1) = (0, 1).

We start by constructing a continuous horizontal extension operator denoted Pj
from Z°((0,1) x (=1,1)) to Z°(R x (=1,1)). Let y € C*®(R; [0, 1]) such that y = 1
on (0,1) and supp y C (—1,2). Let ¢ € Z°((0,1) x (—1,1)). For x € (—1,2) and
z € (=1,1),let

¢(—x,z) if x € (—1,0),
(OxP)(x,z) := 1 ¢(x,2) if x € (0,1),

¢p2—x,z) ifxe(1,2),
(Px¢)(x,z) := x(x)(Qx¢)(x,2).

First, || Px|l 2 __ ;2 . = 3. Moreover, d*(Py¢p) = Pr0%¢ fork = 1 and k = 2. Hence
(| Px ||L§sz_>L§sz < 3. Eventually,

[120x(QxP) L2 ((=1.2)x(=1.1y) = 3120xP ] L2¢(0,1)x(=1,1))>

so that
[20x (Px@)ll 2 < 3z0xll2 + 201 I @]l L2

Thus P, is a continuous extension map from Z°((0,1) x (—=1,1)) to Z°(R x (—1,1)).

We now construct a continuous upwards vertical extension operator denoted by
P4 from Z°(R x (—1,1)) to Z°(R x (=1, +00)). We proceed in a classical manner
(see, e.g., [4]), by considering a weighted linear combination of rescaled reflections.
For¢ € Z°(R x (—1,1)),x € Rand z € (=1, 00), let

¢(x,z) if z e (—1,1),
3p(x,2—2z)—2¢(x,3—2z) ifz e (1,2),

(P1¢)(x,2) := x+(2)(Q+¢)(x.2),

(Q+9)(x.2) := {

where y+ € C*°(R;[0,1]) issuch that y+ = 1on(—1,1) and supp y+ C (—2,1 + %).
The chosen coefficients ensure that both Q¢ and d,(Q ¢) are continuous at z = 1.
Hence Py¢ € L2 H? and

I P+&ll 12 (R: 2 (=1, 400))

= [1P+dll L2 ®:m2-1,1y) T 1P+PllL2 5201 400y = C+ 19112 2



Embeddings 125

for some constant C4 depending only on || x+ || y2.c0. Moreover, using that y(z) =0
forz > 1+ %,

120 (P2 @:L21 400 = 1205 (Ped)I L2 miL2114 1))
< ||ax¢”L§(]R;L2(%,1))

= ||Zax¢||L)2€(R;L2(%,1))'

Hence P, is a continuous extension map from Z°(R x (—1, 1)) to Z*(R x (=1, +00)).
The extension for z < —1 is performed in a similar fashion and left to the reader. =

B.4 Embeddings

We collect in this paragraph various embedding results used throughout the memoir.

B.4.1 Embedding of the Pagani space Z° in sz / 3L§

We start with an easy one-dimensional inequality.

Lemma B.7. For ¢y € CX(R),

Wiz < llz¢llL2 + 10229 | L2

Proof. On the one hand, for |z| > 1,

[ v = vz

On the other hand, for every (z¢, z) € (-2, 2),

109 (2)] <[99 (z0)| + 2[1922 | 2. (B.6)
Moreover, by classical Sobolev embeddings,

109 221,20 S W22y + 10229 21 2) < N2¥ 2wy + 1022 | 2wy -
Thus, integrating (B.6) for z¢ € (1, 2),
10z [lLoe(—2.2) S 2V llL2@w) + 11922¥ | L2(R)-

Now, writing ¥ (z) = ¥ (zo) + J, ZZO Y’ and integrating for z¢ € (1,2) yields
V12 SV lza) Hz¥ 2@y H 102 2@y Sz ¥ | 2@y + 1022V [ L2 w).

which concludes the proof. =

We then turn towards the proof of the key result ZO(R2) — HZ2/>L2(R2).
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Proof of Proposition 1.7. Let ¢ € C2°(R). By Lemma B.7, one has
¥l Sz iz + 1022l 2. (B.7)

Using standard dimensional analysis arguments (e.g., by introducing the rescaled
function ¥y, : z — ¥ (Az) for A > 0 and optimizing the choice of 1), one deduces
from (B.7) that

2 1
(RZVERSN EAZ RPY P2 P (B.8)

Let ¢ € C(R?). Let $(£, z) denote the Fourier-transform of ¢ in the horizontal
direction. Then using (B.8) and Holder’s inequality,

2 . , = 1 2y%3 % 2)2ded
6020, = [0+ 163132 dg 0z
S 181 + [ 16130266201 1022906 )1

S0+ ([ eP=ipe ol azae) ([ pedeofaza)

4 2
SNlZ2 + 120:91172 1922011,

Hence ||¢||Hz/3L2 < |l¢ |l zo. This concludes the proof, by density of C2°(R?) in
Z°(R?). [

B.4.2 Embedding of the Baouendi—Grisvard space 8 in Hx1 / 3L§

Once again, we start with a one-dimensional inequality of Hardy type.

Lemma B.8. For ¢ € L%(0,1),
2

1 1 z 4
/0 (2—2/0 s¢(s) dS) dz < §||¢|Iiz. (B.9)

Proof. For z € (0, 1), by the Cauchy—-Schwarz inequality

(/0 5(5) ds)2 < (/0 %(5)s ds)(/oz e ds) =% (/ #(s)st ds)

Hence, by Fubini,

/01 (Ziz /OZS¢(S) ds)zdz < %/ —4+2(/ > (s)s2 ds) dz
[ wost([ie)a

_ 2wt eet-as= [ g2wa—s
=2 /0 P51t - )ds =1 /O 62(5)(1—s)ds,

which implies (B.9). ]
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We then turn towards the proof of the embedding.

Proof of Lemma 1.13. Step 1. Extension to (xg, x1) X R with compact vertical sup-
port.

Letu € L?((xo,x1), H) (—1,1)) such that zd,u € L*((xo,x1)), H ' (—1,1). We
first extend u to (xg, x1) X (—3, 3) by setting, for all x € (xo, x1) and z’ € (0, 2),

u(x,1+z") = —u(x,1-2",
ulx,—1—-z2" = —u(x, -1 +z’).

It is clear that the above extension belongs to L?((xg,x1), Hy (—3,3)), and we further
extend u by zero on (xg,x1) X {z € R, |z| > 3}. We then take y € C°(R) such that
supp y C (=3/2,3/2),and y = 1 on (—1, 1), and we prove that uy € B((xg, xX1) X
R). Using a partition of unity, we write y = y_1 + xo + x1, where supp y+1 C
(£1/2,+£3/2), and supp yo C (—3/4,3/4). It is clear that you € B((xg, x1) X R),
and therefore by symmetry is sufficient to prove the result for yu.

Let us take ¢ € Hg ((xg, x1) x R) be arbitrary, and compute

x1
1 := —/ /Z)(luaxqb.
xg JR

By definition of u# on (x¢, x1) x (1,2),
X1 1
I = —/ / zu(x,z)x1(z)0xp(x,z) dx dz
X0 0
X1 1
—I—/ [ 1+ 2Nu(x, 1 =2 y1(1 + z")3xp(x, 1 + 2') dx dz’
X0 0

X1 1
= —/ / zu(x,z)x1(z)0x¢(x,z) dx dz
X0 0

X1 1 1 ’
+/ / (1+Z/)(1_Z/)u(x’l_Z,)X1(1+Z,)ax¢(x,1+Z’) dx dz’.
X0 0 —Z
(B.10)

Since zdyu € L2((xo,x1), H 1(—1,1)), we may write zdyu = f + d,g, with f,g €
L?((xg,x1) x (=1,1)). Then

2

X1 1 .
1=/x0 /(;(f‘f‘azg)(X,Z)[Xl(Z)(b(X,Z)— . X1(2—2)¢(x,2—z)]dxdz,

The assumptions on supp y; ensure that the quantity within the brackets belongs to
L?((xo,x1), H} (0, 1)). We conclude that for all ¢ € Hy ((xo,x1) x R),

x1
_[ [ ZY1U0x
xg JR

< lulls(oxx© )@l 2 g1
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It follows that zy19u € L?((xo,x1), H'(R)), and

I xull8(xo,x)xR) < 1l B((x0,x1)%(0,1))-

Step 2. The vertical anti-derivative of yu belongs to Z°.

We now work with the extension of the previous step, and we set U := — || Zoo XU.
Let us prove that U € Z%((xo,x1) x R4). Since 02U = 9, (yu) € L*((xo,x1) x R4),
it suffices to prove that z0, U € L?((xg,x1) x R4 ). Hence we take ¢ € L2((xg, x1) X
R ) arbitrary, and we compute, after observing that U is supported in {z < 3/2},

/xxl /O°° $9xU(x,5)¢(x,5) dx ds

= —/):1 /(;oos(/:/z Ox yu(x,z) dz)¢(x,s) ds dx

X1 o | z
= —/ / —(/ slo<s<3/2P(x,5) dS)ZaxX”(xJ) dx dz.
X0 0 Z 0

||Sax U I|L2((xo,x1)XR+)

1 zZ
<lxuls sup H—( | s10<s<3/2¢(x,s>ds)
peL2, 12 0
161, 2 <1

Therefore

L%(H} (0. 400))

The claim therefore follows from the following result, which is postponed to the third
and last step.

Lemma B.9. Forall zg > 0, there exists a constant Cy,, such that for all Y € L*(R),

1 z
H ;(/0 510<s<zow(s) dS) ‘

From there, we infer that U € Z°((x¢,x1) x R4),and |U| 70 < |lu|| g. Using the
embedding Z° — H;BHZ], we deduce that 0,U = yu € H;/3L§((x0,x1) xRy).
Since y = 1 on (—1, 1), we obtain the desired result.

Step 3. Proof of (B.11).
First, note that for all s € (0, +00),

= Cooll¥llz2w)- (B.11)
H(0,+00)

z
‘ / §locs<zg ¥ (5) ds| < Cay inf(s>2. DY [ 2.
1]

Thus we only need to prove that

z0 1 z 2
[7 (5 [svors) o< cqlviz.

This is a rescaling of inequality (B.9) of Lemma B.8. |



