
Appendix C

Unconditional regularity away from lateral boundaries

Proof of Lemma 5.4. We proceed by (horizontal) viscous regularization to obtain uni-
form estimates which pass to the limit.

Let us extend the functions w0; w1 into H 2 functions on the whole interval
.zb; zt /, such that w0.zb/ D wb.x0/ and w1.zt / D wt .x1/. For " > 0, consider the
solution to the elliptic equation8̂̂<̂
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(C.1)

Let us recall that jzbj; zt � z0 for some small constant z0 depending only on ˛. Clas-
sical results on elliptic equations ensure that if z0 is small enough, (C.1) has a unique
solution in H 1.�/ for all " > 0, which satisfies the energy estimate
p
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(C.2)
HenceW " is uniformly bounded in L2xH

1
z . It follows thatW "*W in L2xH

1
z , where

W 2 Z0 is the unique solution to (5.12).
Furthermore, since h 2 L2.�/, the compatibility conditions in the corners of the

domain and the fact that � is a rectangle ensure that W " 2 H 2.�/ (see [28, Chap-
ter 4]). Hence @xW " 2 H 1.�/ is a weak solution to
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(C.3)
Without loss of generality, we assume from now on that wt D wb D 0 in order to
simplify the computations. This condition can always be satisfied up to a lift of the
boundary conditions. Let �.x/ WD .x � x0/.x1 � x/. We multiply (C.3) by �2@xW ",
integrate by parts and obtain
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The first integral on the right-hand side is uniformly bounded thanks to (C.2). Let us
focus momentarily on the second integral on the right-hand side. Using the equation
satisfied by W ", we inferZ
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We then perform integration by parts on the right-hand side, which is equal to
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Since @zˇ D 0 and wt D wb D 0, we haveZ
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We also recall that k�@xW "kL2 � z0k�@x@zW
"kL2 . Therefore, provided that z0 is
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Gathering all the terms and using the L2xH
1
z estimate on W " of (C.2), for z0 small

enough,
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Hence �@xzW " is uniformly bounded in L2. Passing to the limit, we obtain
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It follows that �@xW is a weak L2xH
1
z solution to8̂̂<̂
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where

g WD �@xh � �@xˇ@zW C �@zz.@x˛W /C .x0 C x1 � 2x/z@xW:

Since ˛ 2 C 3.x�/ and W 2 Z0, g 2 L2. Hence, according to Lemma 5.3, we obtain
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