Appendix C

Unconditional regularity away from lateral boundaries

Proof of Lemma 5.4. We proceed by (horizontal) viscous regularization to obtain uni-
form estimates which pass to the limit.

Let us extend the functions wg, wy into H? functions on the whole interval
(zp, z¢), such that wo(zp) = wp(xg) and wy(z;) = w;(x1). For ¢ > 0, consider the
solution to the elliptic equation

—£02W?E — 32(aW?) + 20, We + B, W*® =,
We|x=x; = Wi, (C.1)

W8|Z=zj = wj.

Let us recall that |z |, z; < z¢ for some small constant zy depending only on «. Clas-
sical results on elliptic equations ensure that if zq is small enough, (C.1) has a unique
solution in H'(Q2) for all ¢ > 0, which satisfies the energy estimate

VEIW 2 + 10: W2 S Whlize + lwoll 2 + w2 + ez + sl 2.
(C.2)
Hence W ¢ is uniformly bounded in L2 H}. It follows that W¢ —~ W in L2 H}, where
W e Z9 is the unique solution to (5.12).
Furthermore, since 7 € L?(2), the compatibility conditions in the corners of the
domain and the fact that  is a rectangle ensure that W¢ € H?(R2) (see [28, Chap-
ter 4]). Hence 0, W¢ € H'(Q) is a weak solution to

—£020, W& — 02(adx W)+ 202 W+ 0,0, W& = dxh+02(dxaW?) — 0, B, W*.

(C.3)
Without loss of generality, we assume from now on that w; = wp = 0 in order to
simplify the computations. This condition can always be satisfied up to a lift of the
boundary conditions. Let p(x) := (x — xo)(x; — x). We multiply (C.3) by p?d, W¢,
integrate by parts and obtain

e / p*(2W*)? + / ap? (05, WE)?
Q Q
< [ o0 @R - [ pEWe 0w
Q Q

+ (IpdxhllL2 + 109x Bz W] L2)llpdx W*]| 2
+ 1109z (W) 21082z WE ] 2
+ 10z lloll 03X WE | 21| 00z WE | 2.



Unconditional regularity away from lateral boundaries 130

The first integral on the right-hand side is uniformly bounded thanks to (C.2). Let us
focus momentarily on the second integral on the right-hand side. Using the equation
satisfied by W¢, we infer

/ P 2WE(z, W*) = [ P2 ZWE[h — B, WE + 92 (aW?) + d2W*].
Q Q
We then perform integration by parts on the right-hand side, which is equal to
o [ @+ [ Paury
Q Q

~2 [ pouptweh— po.w) — [ 20w 0.0 - pow)

+ 2/p8xp8sz€82(och) + / 020, WE(x (d,aW?®) + 0,00, W¥).
Since 0,8 = 0 and w; = wp = 0, we have

/pzastﬁaszg =0.

We also recall that || pdx W¢||;2 < zo|pdx0; WE| 2. Therefore, provided that zq is
small enough, there exists C > 0 such that

1
| rewecowy ze [ 2@we s | pa@.Lwe?
Q Q 2 Jq
= CIRIZs + W12, s + lodehl2).

Gathering all the terms and using the L)zc H Zl estimate on W¢ of (C.2), for z¢ small
enough,

: /SZ PRRW? + /Q o (050 W) < [h]25 + lpdxh2

2 2
+ > lwillge + Y lwil.

i€{0,1} je{t,b}
Hence pd,, W¢ is uniformly bounded in L2. Passing to the limit, we obtain

P Wl 2 s S N2 + pdxhliz2 + D Mwillgz + Y llwjllze.
i€{0,1} jE{t,b}

It follows that pd, W is a weak L2 H} solution to
z0x(p0x W) + B3z (pdx W) — 3§(Olpax W) =g,

paxW|2i =0,
paxW|z=z_,- = paij,
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where
g 1= pdxh — pdx B3 W + p0zz(3xaW) + (xo + x1 — 2x)z0x W.

Since o € C3(Q) and W € Z°, g € L?. Hence, according to Lemma 5.3, we obtain
PO W e Z°. [



