Chapter 2

Preliminaries

In this chapter, we initiate the bootstrap strategy that will be used to prove The-
orem 1.6. Throughout this work, we will constantly rely on the following lemma
(which is a straightforward consequence of the Cauchy—Schwarz inequality).

Lemma 2.1. For any nonnegative measurable function f(x,v) and k € N, we have

d
VleN, Vr > — +k, H/ lv[¥£(-, v) dv
2 R4

< 1l e
H¢

In particular, we have
d
VEEN, Vr> = lprlue < Ifl e

d
VEEN, Vr> o+ 1 (e < Ifl e

2.1 Energy estimates

Our aim is to obtain some a priori estimates for smooth solutions to the system (TS).
We first study the fluid density o, which is shown to satisfy a hyperbolic-type equa-
tion.

Lemma 2.2. Let T > 0, ¢ > 0 and (f, 0,u) satisfying (TS) on [0, T] with 1 — pr > ¢
on [0, T]. Defining the operator L%/ as
LS =9 4+ u -V + B,

where
1
—pPr

B*/ = 1 dive[F +ulld, F(t,x):= (jr — pru)(t, x),

the fluid density o satisfies
L4 o =0 onl0,T].
Proof. The transport equation for g in (TS) can be rewritten as

(1—pr) (B0 +u-Vio) +0(3:(1 = pr) +u-Vi(1 = pr)) + (1 — pr)odivy u = 0.
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Integrating the Vlasov equation in the v variable, we obtain the equation of conserva-
tion
drpr +divy jr =0

therefore d;(1 — pr) = divy jr and we get

O=8,Q+u-VxQ+1

'pr [divy jy — - Veps] + odivyu

o . ..
dive[jr — pru] +
T—p T,

0
1 —py

=dio+u-Vyo+ pr divy u 4 o divy u

— d0+u-Vio+ diveljs — prul + 1_@ divy u.
We recognize the expression of the Brinkman force F := j; — pru and therefore o
satisfies the equation

d;0+u-Vyo+ 1 divy[F + ul]o =0,

which is the claimed result. [

We are now able to derive a Sobolev estimate bearing on the fluid density g, in
which we control £ derivatives of ¢ by £ + 1 derivatives of f and u.

Proposition 2.3. For all {,r > 14+ d/2, ¢ >0, T > 0, and all smooth functions
(f.0,u) such that 1 — py > c and

£4fo=0 onl0,T],
we have the estimate
Ve [0.7). lle®llye = Q" e T exp[TeT DT Qy(T.u. )],
where

Cr(u, f) = [ldivx oo (o, 7yxrey + 21B™ oo 0,1y
Qe(T u, ) = [ull oo, 7m0

‘|

1 ( 2 2
1 e ety + 100 ey )-
1= o7 |l Lo 0.7:10) Loo(0,T; 7,7 ) Lee(0,T;H )

Remark 2.4. Note that for the same exponents £ and r, one has

Cr(u, f)

< lullooo,7:m6) + H

2 2
(112 e, + 1o ey )-

1 = pf [l Loo(0,7:1.00)
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Remark 2.5. Let us mention that, for any smooth solution ( f, o, u) to (TS), the func-
tion (1 — pr)o satisfies

L40[(1 — pr)e] = 0.

As a consequence, the result of Proposition 2.3 holds for (1 — pr)e instead of g, by
considering @, (T, u,0) and C7(u, 0).

Proof of Proposition 2.3. The proof is standard but for the sake of completeness and
for highlighting the dependence on f and u, let us write it. First, suppose we have a
smooth function / satistying

£f () =8,
where S is a given smooth source term. Performing an L2-energy estimate, we get
d
ChI7 = =200 Vb )iz = 2B hh)yz + 2(S. By
_ / (divy u — 2B )| dx + 2(S. h)y2.
Td

By the Cauchy-Schwarz inequality, this yields, for all ¢ € (0, T),

%||h(t)||iz < Cr(u, HIKOIE + 21Ol 7012,

where

Cr(u, f) = [[divx ull oo, ryxr ) + 21 B* llLoo(0.7)xT )

By Gronwall’s inequality, we deduce that

t
1A (@)l 2 < [h(0)|| 2T @12 4 / eCTNU=D2) §(7) || > dr.
0

Now, let us assume that ¢ is such that £*7 (¢) = 0. Let 8 € N such that |8| < ¢.
Since

LS (0f0) = [, u- Vi + B Jo,
the first part of the proof with & = afg and § = —[3§,u Y, 4+ B“’f]Q leads to
1080(0)|l12 < (188 0(0) | 2eCT @ 1/2

t
b [ a8 9, 4 ot o
0

We can estimate the commutator

[0 Vs + B Jo = [#f.0](Vao) + [#. B"/] (@)
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thanks to Proposition A.1. This gives

> 08w Vi + B o]
0<|B|<t

= 2 Rl ole+ D2 (15 8]0,

0=|B|=<t 0=<|B|=<t
S [Vxule [Vxellge-1 + llullge [ Vel

+ IV B |l lollye-1 + 1B e llolloo
< lulluellelue + 118" Iuellelue

by Sobolev embedding, since £ > 1 + d /2. By summing on 8, we eventually get, for
allr € 10,71,

t
lo@)lye < eCﬂ"’f”/Z(ngmnHe 4 /O

@ le + 1B e ]llo(@) e df)-
Again by Gronwall’s inequality, we get, for all € [0, T'],

llo(®) e

< eCT(u,f)T/ZHQin TeCT(u,f)T/Z(

I exp| el oo, ra1ey + 18" oo mner) |

Finally, we write, for all t € (0, T),

vl Loo 0,710y + ||Bu’f||Loo(o,T,Hf)
1
1 —pr

< Nlloco e + H ldivalir = pru + ullymeio pary

Lo ((0,T);HY)
and use

ldiveljr — o) [ge < 1S gt + 1 et Talles + uallgen.
viaf + 1 > d/2 and Lemma 2.1 with » > 1 + d /2. This concludes the proof. ]

Let us now start the study of the kinetic equation satisfied by f.

Definition 2.6. For any vector field u(z, x) and function o(¢, x), we define the kinetic
transport operator T %€ as

T"€:=0;+v-Vy—v-Vy, + E"8(t,x) -V, — dId,

where
E™2(t, x) = u(t,x) — p'(0)Vxo(t, x).
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By developing the divergence (in v) term in the kinetic equation, the Vlasov equa-
tion for f in (TS) can be rewritten as

THwef =0.
We now state several standard useful estimates to handle the force field E%-€.

Lemma 2.7. Let T > 0. If o > ¢ > 0 on [0, T] for some given constant c, then the
following hold:

* Forallk = 0andt €[0,T], we have

1" (e)llnx = Allle®)lILoe)llo() Il - 2.1

e Forallk >34+d/2andt € [0, T], we have

IE“e) e < lu@lae + A(le@ le—2) le@ st 22)

Proof. To prove (2.1), we rely on the paralinearization theorem of Bony applied to p’
(see Proposition A.3 and Remark A.4), thanks to the assumption on the pressure p
and the lower bound on p.

To prove (2.2), we only have to estimate the term p’(0)Vyo. We rely on the
following tame estimate for products (see Proposition A.2):

17" (@) Vxe®)llux < I1P" (@)L [ Vxo@ llux + 17" (@) [l Vxo(®) Lo
S 1P (e@)liLello@llye+r + 117" (@) ik | Vao (@) Lo

Therefore by Sobolev embedding we have, for s; > d/2 and s, > 1 +d /2,
IE*2@) e < lu@ e + 11" @) st le@llg+1 + 12" (0() I o) 2.

With s; = 55 = k — 2, this yields

IE*2 @)l < lu@llae + 12" @) lue—2lle@ llue+1 + 1P (@) |k l0(0) |2

In view of (2.1), there exists a continuous nondecreasing function Cy,_, : Rt - R*
such that

IE* 2Ol < llu@llux + Crpr (lo(@llLeo) (@) k2110 (@) | x-+1
+ Cr,p (lo@) [[L=o) o () I 0 (@) l|p—2

and finally, by using Sobolev embedding (with k —2 > d/2), we get

IE*@) e S 1u@)llix + Cr,pr (0@ lle—2) 0 i1

for another function ék, p of the same type. This concludes the proof. |
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Notation 2.8. Let k € [[1,d]]. For B € N9, let ¥ € N9 and B¥ € (N U {—1})? be
defined as

BX = (Br... . Bro1. Bk + 1 Brsis - Ba),

ﬂ_k = (:31’“"/3/(—1’13/( - 17:3k+11""ﬂd)'

We have the following straightforward lemma of commutation for the kinetic
equation.
Lemma 2.9. For any «, € N and for any smooth function f(t,x,v), we have
d ~ —
[9208. 7e]f = Y (0% 08" £ — 0908 1) + [0%08, E™2(1.x) - V, ] £
ﬂi;élo
The Sobolev estimate for the kinetic equation goes as follows, showing that we

can control m derivatives of f by m + 1 derivatives of o and m derivatives of u.

Proposition 2.10. Forallr > 0, m >3 + d /2, ¢ > 0, there exists C > 0 such that,
Sforall T > 0 and all smooth functions (f, 0, u) satisfying

T (f)=0 onl0,T]
and o0 > c on [0, T], we have, forallt € [0, T],

1LF O3 < 1£O)Fpm exp[C (1 + [ullLooo,7:m) T
+ VTA (llello o r:mm—2)) lollzeo rmm+1y)]-

Proof. By Lemma 2.9, we have
d ~ —_—
T35 f) = — Y (0% 07 f — 0500 f) — [0500. EM(t.x) - Vi f
éi=7510
for all ., B € N?. We take the scalar product of this equality with (1 4 |v|?)” 8%35 f,

sum for all || + |8| < m and then integrate on T¢ x R?. For the left-hand side, we
observe that

3 / (1 + [v]2) T2 (39208 £)o9P f
| +1B|<m ¥ TOXRY

1d
= 5 3 IO = 1 SOl

o x [ avnprats

la|+1Bl<m
x [V Vy —v-V, + E"@(t,x) - V,](3205 f)
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_1d
T 2dr

B 2
5 2y i [ 19590 /]
* /deRd(l )" diva (vT

£ O3 = d1LF @) 5

la|+|Bl<m
. 8298 f?
> d(l+|v|2>’dwv(<E"f9—v>%)+d||f<z>||§f,m
laf+18]<m Y TR
1d |oal 1|2

2 _ 2y\r u,0 _
IO = > [ Py e

2di o +B|<m 2

and that the last term satisfies

aaB r|2
> Va4 oy (e — oy S L
T4 xR4 2

ol +1BI<m
< (L4 [|E2(@) o)l £ O 15

We now look at the two terms on the right-hand side. For the first one, we have

d —_
= X[ Py S O] 0308 )00 S S 1S
o] +18l<m ¥ T K iz
while for the second one, we write

2 /T IR A RO R A V)

loe|+|Bl=m
<A+ PP [a505, X0 x) - Vol f |2 I/ e
S NE @)l 1| () 3gm-

by the Cauchy—Schwarz inequality and the product law (A.3) in Sobolev spaces (since
m > 1+ d) of Lemma A.6. All in all, we obtain

d
Ellf(t)llﬁm < A+ E*@)liee + 1B () ) | f () 5
< L+ IEC@) i) [ £ ()11

if m > d /2. Invoking the estimate (2.2) of Lemma 2.7, and by integrating in time the
inequality (2.3), we obtain

L) g
< [ £ O3

t
+ C/O (1 + lu@lln + A(lelloo o, 7:mm—2)) 10() lm+1 ) ILf (5) 1 3¢y ds

2.3)
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forall¢ € [0, T') and for some constant C > 0. Using the Cauchy—Schwarz inequality
and Gronwall’s inequality, this implies, for all t € [0, T'),

1O < 17O exp[C (1 + oo, ra0m) T
+ ﬁA(”QHLOO(O,T;Hm—Z))||Q||L2(0,T;HM+1))],

and this concludes the proof. |

The estimates given by Proposition 2.3 and Proposition 2.10 show a possible loss
of derivative between f and p. This constitutes the main obstacle of the analysis.

2.2 Regularization of the system and setup of the bootstrap

To (temporarily) bypass this problem, we introduce the following regularized version
of the equations. Since the pressure gradient in the force field of the Vlasov equation
seems to cause estimates with a loss of derivative, we smooth out this precise term.
For all ¢ > 0, we consider

0t fe+v-Vy fe+divy[ fe(ue — U)]_p,(Qs)vx[(I_ngx)_lQe]‘vvfs =0,

O¢ . .
dive[jf, — proue] = —
— Pfe gl Jete l_pfs

[Ax + Ve divy]u,

atQ5+ua'vas+ 1 divy ug,

1
(Se) §0sug + (Ug-Vi)ug + _pr(Qe) -
Qs 0s(1 — pr,)

= ————(jf. — Pr.Ue).
0e(1—py,) Pe et

__ gin __ in __ .,in
f8|t=0—f v Qejp=0 = @, Ugir=0 = U,

where
pr.(t,x) = / Je(t, x,v)dv, jrn(t,x) = / Sfe(t, x,v)vdv.
R4 R4
Let us highlight that we have used the rewriting of the transport equation for o, based

on Lemma 2.2.

Definition 2.11. For all ¢ > 0, we define the regularized kinetic transport operator

G UgsQ¢e
Jreg,s as

JUe0e .= 9, 4+ v-Vy —v-V, + EX0 (¢, x) -V, — dId,

reg,e reg,e

where

Eng8e(1,x) = ug(t, x) = p'(0e) Valle0el(t, x),  Jei= (I —&*Ay) 7"

reg,e
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Remark 2.12. The regularization through the operator J, could appear as quite arbi-
trary. In view of the equivalent Penrose condition (1.5) appearing in Remark 1.10, it
is actually possible to consider a more general Fourier multiplier

& = m(eD),

associated to a smooth function m : R¢ — (0, 1] such that
C
Vk e R, m(k) < ——.
() = 1+ |k|?

For all ¢ > 0, the Vlasov equation satisfied by f in (S.) can be recast as

T Ug,Qe —
Treg.s =0.

Relying on the elliptic regularity provided by J., we now have the following estimates

for the regularized force field Ege®.

Lemma 2.13. Lete >0andT > 0.Ifo > c > 00n [0, T], then, forallk >3+ d/2
andt €10, T],

1
1E e Ollwe < Tu@lle + —A (Qle®llwx—2) lo() - (24)

Thanks to the regularization, we can overcome the loss of derivative exhibited by
the estimate of Proposition 2.10, up to some factor which is diverging when ¢ — 0.

Proposition 2.14. Forallr > 0, m > 3 + d /2, ¢ > 0, there exists C > 0 such that,
foralle > 0, T > 0 and all smooth functions (f, 0, u) satisfying

T%e(f)y=0 on[0,T]

reg,&

and 0 > c on [0, T, the following holds for all t € [0, T]:

1/ )3 = 1 O30 exp[C (1 + lloego,rimm) T

JT
+ = A(lelhoeo, ) el rm ) |

Proof. The proof is the same as for Proposition 2.10, using (2.4) instead of (2.2) to
conclude. ]

We shall also need the following condition about pointwise bounds for the densi-
ties.

Definition 2.15. Let T > 0. For any nonnegative functions f(¢, x, v) and o(z, x) on
[0, T'], we define the property

O+1 u

7_5 ta
S 5 =e)

NSNS

B (T) Ve e[0.T], pr(1) < < (1—pr(0)olt) < 28.

where ©, i, 8, 0 are given in the statement of Theorem 1.6.
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We will be able to propagate the condition (Bg’e(T)) thanks to the following
lemmas, giving some rough pointwise control for the local particle density and the

fluid density.

Lemma 2.16. Assume that pyin < ©. For any £,r > 1 + d /2, any smooth solution
f(t,x,v) to the Vlasov equation in (S;) satisfies, for all T > 0,
”pf”LOO(O,T;LOC(’]Td)) =0+ CT”f”LOO((),T;J(f)v
1= prlleeo,rireecrdayy = © + CT N f llLoo 0,758

where © has been introduced in the statement of Theorem 1.6 and C = Cy > 0 only
depends on £. Furthermore, if © + CT”f”LOO(o,T;Jf,?) < 1, then, for all t € [0, T]
and x € T,

1 1
<
1—pf(t,x) ~ 1_®_CT||f||Loo(0,T;3{r@)
1 1

> .
L=pr(t,x) ~ © + CT| fllLooo.7:5

Proof. Integrating the Vlasov equation with respect to the velocity, one gets the con-
servation law d;py + divy jz = 0. We thus have

pr(t) = pgin +/0 divy (jr)(s) ds.

Therefore, by using Sobolev embedding, we get, for all ¢ € [0, T,

t
Lo () lieocrdy < lpynlliseqray + /0 v (i) () oo gray ds
<O + CT|jsllLooqo,7:mE(TY)>

for some C = C; > 0, provided that £ > 1 + d /2. We obtain the conclusion by using
Lemma 2.1. The last estimates stated in the lemma then follow directly. ]

Lemma 2.17. Assume that0 < 0 < (1 —psn)o™ < 0. Let T > 0. For £ > 1 +d /2,
any smooth solution (f(t, x,v), 0(t, x),u(t, x)) to (S;) satisfies, for all t € [0, T],

QCXP(_T||“||L°°(0,T;H€)) < (1 —pr@)o() < gexp(T”u”LC’O(O,T;Hf))v
where 6, 0 have been introduced in the statement of Theorem 1.6.

Proof. The proof is a straightforward application of the method of characteristics
applied to (1 — pr)o, as the solution to the continuity equation

3:((1 = pr)e) + divx((1 — pr)ou) = 0.

We obtain the conclusion in view of the assumption on (1 — pfin)gi“. |
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The following proposition then shows that, thanks to the regularization, we can
actually build for all £ > 0 a local solution to the regularized system (S;).

Proposition 2.18. There exist ro > 0 and mo > 0 such that the following holds. For
all € > 0, the system (S;) is locally well posed in Sobolev spaces, that is, if r > ry,
m > mg and

(fin,gin’ uin) e (%:n x H™ x H™

satisfies
0< fin prin <O <1, 0<pu<o", 0<Q§(1—pfm)gi“§§

Sfor some fixed constants ©, u, 6, 0, then there exist T = T(e) > 0 and a unique
solution (fe, 0e, Ug) to the regularized system (S;) on (0, T (¢)] such that

and starting at (f™, o™, u™). Furthermore, the condition (Bg’e(T)) is satisfied by
(fer0¢e) with T = T (e).

Proof. The proof is mainly based on the a priori estimates we have just derived,
through a classical approximation procedure. Because of the regularization on the
gradient of g, in the Vlasov equation, the procedure is fairly standard. For the reader’s
convenience, we write the proof in Appendix B. [

Hereafter and until the end of this work, we consider exponents r > 0 and m > 0
which can be taken large enough. Their values will be specified later, at the end of
the proof.

We now introduce the following quantity, in view of the expected result of Theo-
rem 1.6.

Notation 2.19. For any functions f(z, x,v), o(¢, x) and u(z, x), we set
N (f.0:0.T) = || fllpooo,7:90m—1) T llellL2(0,78m)
+ [lull oo 0, 7:mmy L2 0,730+ 1
where T > 0.

The proof of Theorem 1.6 will rely on a bootstrap argument. Let ¢ > 0. From
Proposition 2.18, consider the maximal time of existence 7,* for the system (S;). By
definition, Proposition 2.18 ensures that

VT < T[, Nmr (fe, 0esue, T) < +00 and (B’(;’G(T)) holds.
So we can consider the time

Te = Te(R) i= sup {T € [0, T*), Nynr(fe, 06, e, T) < R and (BL5” (7)) holds},
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where R > 0 will be chosen large enough and independent of e. By continuity, we
observe that T, > 0 if R is taken large enough and independent of ¢. In particular, for
allt € [0, T;] we have

1 2
< .
I—pr(t) ~ 1-0

Our main goal is to prove that R can be chosen large enough so that there exists
T(R) > 0 independent of ¢ such that

(2.5)

1-0
0< <1—pr(),

Ve e (0,1), T(R) < To(R).

Such a lower bound independent of ¢ will pave the way for a compactness argument
when ¢ — 0, leading to the existence of a solution for (TS) on [0, T(R)]. In what
follows, we will work on the interval of time [0, T].

We have the following trichotomy:

» Either 7, = 400 and Ty = T, — in this case there is nothing to do, because we
have the control Ny r(fe, Os, Ue. T) < R for all times T > 0;

* or T} < +ooand Ty = T, — we shall soon see that this case is impossible, as it
leads to a contradiction;

» otherwise, T, < T and Ny, r (fe. 0s. Ue, Tg) = R.

Let us show how to exclude the second case. We need the following lemma.
Lemma 2.20. Lete>0.Ifm>3+d/2andr > 1+ d /2, we have, forall T €0, Ty),
loellLeoo. 700y S NQellioeo,7smm—2) < A(T, R, [l0™ [gm—2)-

Proof. From Proposition 2.3, we know that for all 7 € [0, T;) and ¢ € [0, T],
loe (@) llm—2 < [l0™ [m—2eCm—2T4e: /T exp[ TeCrn—2TteJIT @, o (T, u, f)],

provided that m —2,r > 1 + d /2, where

Cm—Z(Ta Ug, fs) =< R + 2R2

’

L°°(0,T;L°°)

— Pfe
(Qm—Z(Ta Ug, fa) <R+ 2R2

s

Lo°(0,T;HM—2)

— Pre

because Ny r(fe, 0c, e, T) < Rforall T € [0, T¢). By Sobolev embedding and the
bound (2.5), this means that for r > 1 +d/2andm > 1 + d/2 + 2 we have, for all
T €10, T,),

||Q8||L°°(0,T;L°°) < ||Qs||L0°(0,T;Hm—2)

in 1
= A\ T, R, 0" lgm—2,

L=pp

L°°(O,T;Hm—2))
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To conclude, we only have to understand the last term in the previous function A: by
Lemma A.S5, there exists a continuous nonnegative nondecreasing function C,, such
that

< 14 Cu(llof. Lo, 1:09) 07 oo o,7:mm—2) S A(R),
Lo0(0,T;HMm—2)

=
1 —py,

thanks to Lemma 2.1 and the fact that Ny, »(fz, 0e, Ue, T) < R. This concludes the
proof. ]

Remark 2.21. A careful inspection of the proof of Proposition 2.3 reveals that for all
k<m-2withk >3+d/2,r>14+d/2and T €0, T,),

losllLoe o, 71y < AUl ) + TA(T. R).

As a corollary, we can now exclude the second case written above: if Ta* < 400
and T, = T}, then according to Proposition 2.14 and Lemma 2.20,

sup || fe(0) %
te[0,T.F)

. T.
< /™15 CXP[C ((1 +R)T: + VTe

&

A(T, R, ||Qi"||Hm_2))] < 4o00.

The previous inequality means that the solution could be continued beyond 7", which
is impossible by the maximality of 7,*. This case is thus impossible.

From now on, we assume that 7, < T and Ny, ,(fe, 0. Ue, Tz) = R. In view of
our bootstrap strategy, we need to estimate Ny, r(fe, 0, Ue, T) forall T < T.

At the end of this section, we show that the term || f¢ |} oo (g 7 gey—1y and the term
[uellLoo(0,7:1m)L2 (0, 7;mm+1) can be handled by energy estimates. The main part of
the upcoming analysis will be to provide a uniform control in ¢ for [[o|l;.2(¢o, 7 5m)-

In the following lemma, we give an estimate, independent of &, for the term
Il fellLoo 0. 1:30—1y 0 Nom,r (fo, Qe tts, T), forall T < T.

Lemma 2.22. Form > 1+ d/2+ 2 and r > 1 4+ d /2, the solution (fs, 0¢,U¢) to
(Se) satisfies, forall T € [0, Ty),

: 1
| follooqo.rsgern—ty < I/ ™ g1 + THA(T. R).

Proof. Following the same steps leading to (2.3) in the proof of Proposition 2.10, we
have, for all ¢ € [0, T¢),

d
Ellfs(t)llif;n_l S (U4 IEwg2 O =) 1 Lo 51
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since m — 1 > d/2; therefore,

2
”fs”LOO(O,T;J(’rm_l) r

< s+ 1ol T.,gml)(T + [ 1B Ol ds).
r £ E) r 0

Using now the estimate (2.2) from Lemma 2.7, we get

T
[ 1B s as
S \/T”us“Lz(O,T;Hm*l) +VTA (“QE”LOO(O,T;H’"*Z)) leell 2o, 7:1m)-
We thus infer that for all 7' € [0, T,),
1 fel oo 0,701
A
+ Cll el oo o 7251
x (T + VT el 20,1 +VTA (loelloego.ram—) 06 l2c0.ra0m)-

where C > 0 is independent of €. Since Ny, (fe, 0, Ue, T) < Rforall T € [0, Ty),
this gives

2
” f;‘z‘ ||L°°(0,T;J€;”_l)

< 1/ yps + CR(T + VTR + VT A(l0c oo o.7:10m-2) R)-

In order to obtain a uniform bound in & for the term A (|||l o0 (o, 7:m—2)), We apply
Lemma 2.20, leading to the conclusion of the lemma. ]

We conclude this section by estimating the term ||u¢ | oo (o, 7:4m)n12(0, 7;m+1) iN
N (fe, 0¢,ue, T). To this end, we will crucially rely on the smoothing provided by the
differential operator A + V, div, from the Navier—Stokes equation for u,. Indeed,
we have the following classical lemma.

Lemma 2.23. The differential operator —A, — Vy divy, is elliptic.
Proof. The operator —A, — V, divy is associated to the matrix Fourier multiplier
Lk)=kPly+k®k (keZ?).
One can then prove (see e.g. [57]) that
2738 kP < |det LK),

which yields the desired ellipticity. |
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We are now able to prove the following proposition.

Proposition 2.24. Form >2+d /2 andr > 0, for all ¢ > 0, the solution ( fg, 0¢, Us)
to (S;) satisfies, forall T € [0, Tg),

”ua”LOO(O,T;H'") + ”us”Lz(O,T;Hm“‘l)
< (14 TN R) ([ + TYV2A(T R) + A(T. R) sl 0, 70m):

Proof. First, we rewrite the equation for u, as

dus — 0 ((1 = pg,)0e)(Ax + Vi divi)u, = F,
with

F = —(ug - Vy)u, — Vym(os) + 0((1 - pfs)Qs)(jfs - Pfsua),
where o (s) == % (s) = f; @ dz. We then apply Bf in the equation for |B| <
m — 1, which gives
3 (Fue) — o ((1 = pr)oe) (Ax + Vi divi) (9 ue)
= 3£F + [35,0((1 - Pfg)Qs)]((Ax + Vi divy)u,),

and then multiply the equation with —(A, + Vy divx)(ag u) so that, by integrating
on T and with an integration by parts,

1d

2dt Jpa

4 [ o1 prea) (A + Vadive) @uo) ax
T

(IVxBuc|? + |divy 0P uel?) dx

= —/ (Ax + Vi divy)(@Pu,) - 08 F dx
Td

- / [af, 0((1 - pfg)Qs)]((Ax + Vi diVx)ua) “(Ax + Vi diVx)(ague) dx.
Td

Thanks to the Cauchy—Schwarz and Young inequalities, and after integration in time,
we get, forallnp > Oand? € (0,7),

1

E/W|vxa£u€(z)|2dx

+ /0 /Td (0((1 = pr)oe) = n) [(Ax + Vi dive) 9 ue|? dx ds

1 . )
< —/ (|Vx8§u‘“ 2y |divy 3By 2) dx
2 Td
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+i/t/ 198 F|2 dx ds
o [ (= ppea (s + Vi avouof* ax o

Let us deal with the last term: by the commutator inequality from Proposition A.1,
we have

/T 1[88.0((1 = p7.)0) J((As + Vi diviyus) | dx
= M([[Veo (1 = p7)00) oo (A + Vi diva)utelFn-
+ o (1= 1 )0e) [ 1A + Vi divue 2o
M (0" ((1 = 1.)06) Vo (1 = pr)00) [f e el
o (1 = pr)oe) s 1(Ax + Vi diveue 2 )

for some constant M > 0 independent of time. Combining the Sobolev embedding
(with m > 2 4+ d/2) and Remark A.4, we get

/ | 108001 = prea) (s + Vv ds

t
< MZ_nA(”(l — Pf.)0¢ “Loo(o,T;Hm—l))/O ||ME(T)||IZ_I,,, dr
for another constant M > 0. Note that by Remark 2.5, we have

(1= pr)ee]| oo (o 7sggm—1) = AT R, uellLooo,rs0m) < AT, R).

All in all, we get, forall n > Oand ¢ € (0, 7),

—||V Bl us(t)HL2 / / (1—pfF)Q8)—T))|(A + Vi dlvx)aﬂus| dx ds

AT, R
.y ATR)

< lu™ I +

t
[0 142 (0) [ .

_”F”]%Z(O,T;Hm—l)
n
Thanks to the condition (B‘(f)’g (T)), we can choose n = 1/ 46 so that
1
V(t,x) €[0,T] x T, 7 <o ((1=pg)oe)(t.x) —n.

Summing for all || = m and invoking the elliptic regularity for the operator —A, —
V, div, given by Lemma 2.23, we get, for all t € (0, T),

e < late @)1 + 22, gy

< ”um”Hm + ||F||L2(0 T H"m— l) + A(T R)/ ”M&‘(‘E)HH’" dT
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By Gronwall’s lemma, we deduce that for all t € (0, T),
||”s(t)||12qm E A(T7 R)(”um”Iz—Im + ” F ”iz(O,T;H”’_]))’
which then implies, by using again the previous inequality, that for all ¢ € (0, T),

||u€||i°°(0,T;Hm) + ||u8||1%2(0,T;Hm+])
< U+ AT R (1™ + 1F 1220 rm1))-

To conclude, let us now estimate the norm of the source term F'. We have

T
IF gy = [ (10t e mes + 19500

1 2
+ | dr
” (1= ps.)os Hm—l)

T
S/O (e @) Fm-1 e (@ I + 7 (e () Ipm) de

(Jfe = Proue) ()

2
(]fe - pfaué‘)

1
e ”— |
(1 - pfg)Qé‘ LOO(O,T;H’”_I)

In the rest of the proof, we shall make a constant use of the condition (Bg’e (T)). By
Proposition A.3, we have

(@) llm < AdlleeliLee) lloe [wm

from which we infer, thanks to Sobolev embedding (taking m > 2 + %), that

4
120zt < T e llfoo o rapemy + Al ooy 1061 o, 710y

+T ! (J ) i
T Ufe T PfU
(I —pr.)ee 4 s Lo°(0,T;Hm—1)
< TR* + A(0e oo 0,72 1261720 710,
1 2
+ T || ——————(f — Prlts) ;
(1= pg)os /=~ e Loo(0,T;H7 1)

since N r(fe, 0es Ue, T) < R for all T € [0, T). The first term is then addressed
thanks to Lemma 2.20 and it remains to estimate the last term. For this one, we have

(-]fa - pfau8)

[
(I— PfS)Qa

S ‘

< AT.R)

Lo°(0,T;HMm—1)
1

(=pr)ee Gr. = pfette) lLooo,7:mm—1)

Lo°(0,T;H™m—1)

(1 = p£)0e Lo 0. 7:m—1)
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thanks to Lemma 2.1 and Ny, » (fe, 05, Ue, T) < Rforall T € [0, T;). By Remark A 4,
we then have by Sobolev embedding

Ur = pru)

1
H (1= ps.)oe Lo (0.7:Hm 1)
< AT, R [[(1 = pg)eellLoe 0,750 (1 = p£,) Qs llLoo (0, 750m-1)
< A(T, R, [|(1 — pg)0ell oo 0, 7:1m—1y)
< A(T, R, |luellLoeo,7;1m))
< AT, R),

where we have also used Remark 2.5. This concludes the proof. ]

Remark 2.25. By looking at the previous proof, we have, for T' € [0, T¢),

”u&‘”ioo(o’T;Hk) + ||u||iZ(O,T;Hk+1)
< [4"2 + TA(T. B) + AT R)leel2 o ane
< Il + TA(T. R) + TA(T. R)e2moro, 71

forall k > 2 4 d/2 such that k < m — 2; therefore, by Remark 2.21, we obtain

[uellLooo,7smky + luelli2o, smk+1y
S (L+ T2 R) (W™l + 0™l ) + TV2A(T, R).

So far, Lemma 2.22 and Proposition 2.24 show that it remains to control the
second term in N (f, 0¢, Ue, T), that s, ||0¢ll 2, 7;um) to carry out a bootstrap argu-
ment. This will constitute the heart of our analysis and will be the purpose of the
remaining chapters.

2.3 Trajectories and straightening change of variable

In this last preliminary section, we study the trajectories associated to a Vlasov equa-
tion with friction and force field F(z, x). We show that for small times their geometry
can be simplified thanks to a straightening change of variable in velocity. Loosely
speaking, this allows us to boil down the dynamics to that associated with free trans-
port with friction. This procedure will be useful in Chapter 4.

Let T > 0. Given F(s, x) € R? a given vector field defined on [0, 7] x T¢ and
satisfying

F € L?(0, T; Wh(T4)),

we can consider, thanks to the Cauchy-Lipschitz theorem, the solution

S > (Xs;t(x,v),Vs;’(x, v)) eT? xR?
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of the following system of ODE:s:

d_ .. .
— X5 (x,v) = V¥ (x,v),
ds

d_ .. . .
d—VS”(x, v) = =V (x,v) + F(s, X*'(x, v)),
s

X5 (x,v) = x,

Vi(x,v) = v.

Later on, we will apply this to F = E5’¢%, which has been defined at the begin-
ning of Section 2.2 (see the end of the current section). Integrating the previous
system of ODEs, we have

S
XSt (x,v) =x+ (1 —e v+ / (1 —e"*)F(r, X" (x,v)) dr, (2.6)
t
S
VS (x,v) = v + [ e F(7, X7 (x,v)) dr.
t

Considering the full kinetic transport operator
TF=0;4+v-Vy—v-V, +F(,x) V, —dId,

the method of characteristics shows that a smooth function f(z, x, v) satisfying

{%fzu
f|t=0 = fin

can be represented as
ft,x,v) = ed’fin(XO;’(x, v), V¥ (x, v)).
Note also that for all ¢, s € [0, T'], the map
(x,v) > (X5 (x,v), V¥ (x, )
is a diffeomorphism from T4 x RY to itself, whose Jacobian value is edGs=1)
The main goal of this section is to prove that for short times, and modulo a

straightening change of variable in velocity, it is possible to come down to the free
dynamics with friction associated to the transport operator

f]"fric :at+v.vx—v~vv—dld-
This corresponds to the previous system of ODEs with F = 0, and for which the
solution (XS, VA is

XSt

_ t—s st __ t—s
fe =X+ =", Vg . =e v

fric

Namely, we have the following lemma.
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Lemma 2.26. Let T > 0 and k > 1. Let F € L2(0, T; W&°(T %)) be a vector field
such that

IFll2¢0,7;wk.co(rayy = A(T,R)

for some R > 0. There exists T (R) > 0 such that, for all x € T¢ and all times s,t €
[0, min(T (R), T)], there exists a diffeomorphism Vs ;(x,-) : R4 — R satisfying, for
allv e RY,

X, Yse (x,0)) = x + (1=,

which furthermore satisfies the estimates

1
& = detDy(x.v) < C. @.7)
sup || ag,v (Ws,t (X, 'l)) - v)”Loo(’][‘dXRd) = ¢(T)A(T’ R)’ |/3| = k’ (28)
s,t€[0,T]
sup ]|| 08 085V (%, 0) | oo (pa sy < @(MATR), Bl <k -1, (29
s,t€el0,T

for some C > 0 and some nondecreasing continuous function ¢ : R™ — R vanishing
at 0.

Proof. We follow the approach of [89]. We observe that if we set

X5 (x,v) =

[X5 (x,0) —=x = (1 — &' *)v].

1 —e'=s

it suffices to prove that for s, small enough, the mapping ¢*** : v > v + X*% (x, v)
is a small Lipschitz perturbation of the identity: denoting its inverse by ¥ ((x, -), it
will satisfy

v = ¢s,t (X, U) + is’t (X’ ws,t (X, U)), (210)

and the first conclusion of the lemma will follow. We introduce the remainder
Y5 (x,v) = X5 (x,v) —x — (1 —e" ),

which, in view of (2.6), satisfies, for all s, ¢ € [0, T],

t
YS;Z(X, V) = / (er—s _ 1)F(t, Xr;t(x, v)) dr
s (2.11)

= /l(er_s —DF(r,x + (1 =€ v + Y™ (x, v)) dr.

We now have

X5 (x,v) =

1 d .
] / (e =DF(t.x + (I =" ")v + Y™ (x,v)) dr. (2.12)
e - s



Trajectories and straightening change of variable 43

Thus, estimates on Y and its derivatives obtained thanks to (2.11) shall provide esti-
mates on X and its derivatives via (2.12).
Let us assume that s < ¢ (the case s > ¢ can be treated similarly). First, we have

IV Y [lige,

t
=< / (€ = DIIViF(z.x + (1 = ") + Y™ (x,0)) ige, (1 + [ V2 Y™ 155, do
S

t
< / (€ — D[ VeF@) e (14 [ Vx Y 20, ) do
S

LJ%?U)‘

< (€7 = DT 2 ViFlyao,ao) (1 + sup Vo Y™
=

By the assumption on the vector field F, we get

VY™

lLeo, < (e = )TV2A(T, R)(l + sup |V, Y™ IL%)-
’ <t ’

In the remainder of the proof, ¢ : RT™ — R* will stand for a generic continuous
function, vanishing at O, that may change from line to line. This yields

(eT —1)TYV2A(T,R) < o(TA(T.R)

V, Y
IV —(eT —1)TV2A(T,R) ~
(2.13)

|Lge, < sup [V Y™
- T<t

lLge, < 1
for 7' small enough. In a similar way, we have

t
VoY flige </ (€ = DIIVxF(D)[luge, (1 — ™" + [V Y™ |lig0,) do
s

X, —

< @7 = )TN R) (14 swp 9 iz, )
T<t '

therefore,
” Vv YS St

lLge, < @(T)A(T.R) (2.14)

x,v

for 7' small enough. We then deduce the following estimates:

= 1 P .
IR, < g [ € = DIVaF@ g, (1 -+ 19,7
S

T'Y2A(T, R)(1 + o(T)A(T,R))

IA

L, Lge,) dt

A

thanks to (2.13), as well as

~.. 1 ro _ .
||VvXS’t||L§?v = m/ (e — 1)||VxF(T)||L§?U(1 —et T+ ||Vth’t||L§<fv)dT
N

< T'Y2A(T,R)(1 + ¢(T)A(T,R))



Preliminaries 44

thanks to (2.14). This proves that for 7' small enough, we have

IVaX* ge, + IVoX* |lLg2, < @(T)A(T,R). (2.15)

For T small enough, we therefore obtain the existence of the desired diffeomorphism
¥s.r (x, ). We also have
b~ -1
0 < |det(Vyy,(v))| = |det(Id + V. X (x, ¥, (v))| -

We thus infer the uniform bound (2.7) from the estimate (2.15) and the continuity of
M > |det(M)], reducing T (R) if necessary.

Let us finally prove the estimates (2.8) and (2.9). For (2.8), we proceed by induc-
tion on the length of «. In view of (2.10), we obtain the result for |o| = 0. For the
case |a| = 1, we differentiate the identity (2.10) and get, with V = V, or V = V,,,

V(o =y () = VR (x5, (0) = VR (0, )V 0 = 37 (0):
therefore, thanks to (2.15) (reducing again T (R) if necessary), we have

IV igs,
= [[VXS g,

|V (35 @) = v) | o6, < < ¢(T)A(T.R).

This yields the result for || = 1. If 1 < || < k and if the result holds for all |&| < ||,
we apply 9%, in (2.10) and apply Faa di Bruno’s formula:

0%, (W (0) =) = Y Cupd X (20, 0) [ 02 ,2(x,0),)™,
v 1<|B|<le|
1<j=<2d

z(x,v) == (x,¥5,(v)),

where the sum is taken on (u, v) such that 1 < |u| < |¢| and vy € N\{0} with

V1<j<2d, Z Vg, = [ and Z vlgj,B:oz.
1<|B|<l|e| 1<|B|<]|
1<j=<2d

We proceed as in the case |a| = 1. We isolate the terms with multi-indices w such
that || = 1 (giving associated vg, = 1forall 1 < j <2d): the terms 9% , Vs, (given
by vy; = 1) in the product are treated as above, while derivatives of order strictly less
than |«| are bounded thanks to the induction hypothesis. This procedure is allowed,
provided that uniform bounds (in time) of the same type for ||X** ||W§_go k < la))
hold true.

Such bounds are obtained by performing the same induction at the level of Y**
first (using the same principle as before with (2.11)) and then for Xs:t (arguing as
before with (2.12)).
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Concerning the estimate (2.9), we have by (2.10)
05y, (v) = =3, K7 (2. ¥, (0) = VXS (00, 5 ()Y (v),

and by (2.12)

t—s

~ . e -
aSXS,t(x’ U) — _m)(s,t(x7 U)
1 ! —S -7 Tt
—mler F(T,x+(1—€ )U+Y’(X,U))df
Since

X, v —

and TeT /(eT — 1) is bounded in a neighborhood of 0, we obtain an estimate on
the term ||, X% (x, V)|lLge, and then on ||05y5, (v)]|Lee, as before. Using the same
induction procedure as for (2.8), we finally obtain (2.9). ]

Remark 2.27. From the Wﬁjﬁo-bounds we have obtained on Y* along the proof,
and because
Y5 (x,v) = X (x,v) —x — (1 —e" ),

we can infer that
Sll’:lp ]”a XSt(x U) X = (1 _el_s)v)”Loo(']ftngg) E(P(T)A(T, R)$ |ﬂ| fk
s,t€[0,T B
(2.16)
Likewise, by considering
W (x,v) = V9 (x,v) — e v,
one can obtain the estimate

sup |08, (Vsu(x.v) — <@(M)AT,R), |B]<k. (2.17)

“)”LO@(T;’ng)
s,t€[0,T]

Let us conclude this section by showing that in Lemma 2.26 one can consider

(T,F) = (T, Et:0%)

reg,&

for a given ¢ > 0, where (7%, Er'égfs) have been defined in the set-up of the bootstrap
argument of Section 2.2. Let us prove that the assumptions of Lemma 2.26 indeed
hold with k = |m — 2 — d/2]. By the estimate (2.2) from Lemma 2.7, we have, for
allt € (0,T;)and ¢ <m —1—-d/2,

| Btz )] yeoo < || Evesi (@) ypms

S lue@llgm—1 + A (llee@)llm—2) [l (@) [l
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Appealing to Lemma 2.20, and using Ny r(fe, Oe, Ue, Te) < R for all T < T, we
deduce that

” Er%éjgs ||L2(O,T;Wks00(’]1‘d)) = A(T, R)

fork = |m—-2—-4d/2].



