Chapter 3

Averaging operators related to the dynamics with
friction

For any smooth vector field G(¢, s, x, v) € R4, we consider the following integral
operator Kféee acting on functions H (z, x):

KE[H](1,x) = /0 L HIGx = 0 = 590)- G5, x,0) do s,

This operator, featuring an apparent loss of derivative in space, was systematically
studied in [90]. It was proved in [90, Proposition 5.1 and Remark 5.1] that this loss is
only apparent, provided that the kernel is sufficiently smooth and decaying in velocity.
The statement goes as follows.

Proposition 3.1. Let T > 0. If p > 1 + d and 0 > d /2, then, for all functions H €
L?(0. T:L*(T4)),

HKféee[H]HLz(O’T;Lz(W)) < sup |G 9) g2 1H |l 20,7;12(T4)) -
0<s,t<T

As already noted in [90], this smoothing estimate is reminiscent of (but different
from) the so-called kinetic averaging lemmas. Namely, Proposition 3.1 provides the
gain of one full derivative.

Averaging lemmas are well known to provide powerful regularity and compact-
ness results in the study of kinetic equations. Loosely speaking, moments in velocity
of the solutions appear to gain some regularity compared to the solutions themselves,
which are just transported along the flow of the equation. We refer to [1,71,72] for the
introduction of the averaging lemmas, and to [6-8, 62,73, 104, 106, 127] for several
extensions of such results.

A thorough comparison between standard kinetic averaging lemmas and the esti-
mate from Proposition 3.1 can be found in [79]. We finally refer to [88] for the use of
Proposition 3.1 for a slightly different purpose, as well as to [44] for an extension of
this proposition.

In this section, we prove crucial smoothing estimates adapted to kinetic equa-
tions with friction, in the spirit of Proposition 3.1. First, we define the corresponding
integral operator.
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Notation 3.2. For any smooth vector field G(z, s, x, v), we define the following inte-
gral operator acting on functions H (¢, x) by

t
fric — _ s .
KG [H](, x) ._/0 /Rd[VxH](s,x+ (1—=e")v)-G(t,s,x,v)dvds,

where (7, x) e Rt x T4,

Assuming that the kernel G is sufficiently smooth and decaying in velocity, we
will prove several continuity and regularization estimates for Kfc'fe and KfGric (see
Propositions 3.4, 3.5 and 3.7 below).

In what follows, ¥, will refer to the Fourier transform on T4 x R? defined as

Fenhlh, £) = / ek Ly dedy, (K, E) € Z4 x RY.

Td xR4

Our first result is the following.

Proposition 3.3. There exists C > 0 such that the following holds. Suppose that
Giq)(t, 5, x,v) is a kernel of the form

Gigl(t,s,x,v) = (t —5)79(t,5,x,0),
with g € N. For every T > 0 satisfying
”gnTJhm

= sup ( S sup sup {(1+|m|)SZ(1+|s|>51|<$x,v§><z’s,m,s>|}2)

o<t<T 7 0551 £eRd

1
2

< 400

Jorsy > 14+ 2q and s, > d/2 + 24, we have

f firi

H Vg K(r;e[z] [H] ”LZ(O,T;LZ(Td)) + H Vg KCr?l[cq] [H] ||L2(0,T;L2(Td))

< ClG 1,515 1 H I 2(0,7:02 (T )
Proof. We only give the proof in the case of Kgi[cq] (the proof is similar for KfG‘e[‘;]).
Writing, for all > 0,

H(t.x) = Y He(t)e*™ inL2(TY),
kezd

we have

t
K& [H](,x) 2/0 > Hk(S)e"k'x(ik)'/Rd T FETTVG g (1,5, x, v) du ds
kezd

=/t > Hi(s)e ¥ (ik) - (F, G (t.s. x. k(e'™ — 1)) ds.

0 kezd
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We now expand Gig) in Fourier series along the x variable so that
.
Kg[cq] [H](, x)

= ) Y ko / t Hi(5)(ik) - (FrwGig) (2,5, €, k('™ — 1)) ds
0

kezd lezd

=Y Uy /Ot H(5)(ik) - (FrwGig) (.5, 0 — k. k(e — 1)) ds,

tezd kezd

and then

VIKGS gyag[H](, x)

=Y N0 ) /t(z — ) Hi(5)(ik) - (Fxw§)(t.5.€ — k. k(e — 1)) ds.
0

Lezd kezd

By the Parseval equality and the Cauchy—Schwarz inequality (in frequency and time),
we get

” V)z K?tiis)g [F] (t) H i2(Td)

t 2
= Z || Z / (t — ) Hi(s)(ik) - (FrnG) (1.5, € —k, k("™ —1))ds
Lezd kezd 0
t
<> |£|2q( > / (z—s)2‘1|f1k(s)|2|k-(}‘x,vﬁ)(z,s,e—k,k(ef—s—1))|c1s)
tezd kezd *°
t
X ( Z / |k (Fenw&)(t.5, € — k. k(e ™ — 1))|ds).
kezd ”°
Integrating in time yields
ric 2
H VJ‘gKt(t—s)ﬁ[F] ||L2(O,T;L2(><Td))
< 3 P
tezd
T ot L,
x/ / Z (t — )| He(9)|” |k - (Few8)(t, 5.0 — k. k('™ — 1)) ds dt
0 0

kezd

t
X sup  sup Z / |k (Frn9)(t, 5,0 —k, k(e — l))|ds
ezd te(0,T) /' 7y /0

= (I) x (II).
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A first step is to note that

t
> [ Faf)s = ke~ s
kezd
S
o U+ Kl — D)

< > sup (1 +[E)%Fenb(t.s.L — k.6 ds

kez.d s€(0,t)

geR4
=Y s (1 + DS b~k [ s
- X,V Lt ’ ’
ity o T+ Kl = )"
€

and that the change of variable T = |k|(¢ — s) in the last integral yields

/’ k| i < /+°°d_f < 4oo
o T+[klt—s)* " ~—Jo (A+1) ’

provided that @ > 1. With this observation, we can treat the term (II) and obtain, by
the Cauchy—Schwarz inequality in k,

(I) < sup sup > sup (1+[ED"[Feo& (5. —k. &) < [F]7.51.5,
£e24 te(0,T) | g 5€(0,1)
£cR9

for s; > 1 and s, > d/2. For the term (I), we use the Fubini—-Tonelli theorem and get
@
T pt R
<> |e|2q/ / > = ) H(9) P[] | Fren G (1. 5. £ — k. (e' ™ — 1))| ds dt
o Jo

Lezd kezd

T T

:/ Z |Hk(s)|2/ Z(z—s)2‘1|E|2‘1|k||$x,v;9(z,s,e—k,k(e’—s—1))|dzds
0 keza 5 tezd

S ”HHI%Z(O,T;LZ(T‘]))

T
X sup sup / Z (t — )P k||(FrvE) (.5, € — k, k(e —1))| dr.
kezd 0=s<T Js , 4

Note that the last expression can be taken into account for k € 74 only (indeed, the
term corresponding to k = 0 vanishes in (I)). We then have

T
sup sup [0 =] Y (P (T8, L k(S — )]
S

kezd 0<s<T

Lezd
g
< su u
kepd 0<s<T Js (1 + [k[(e™* = 1))*1

X Y P+ [k — D) (Frew§) (5. £ — k. k(e = 1))| dr
Lezd
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g [ U
< su u
kezd 0<s<T 1+ |k|(€t S = 1))“‘

x sup sup Y [P sup(l + [E]*)[(Fr G (5. L — k. £)|
H

0<s<T s<t<T tezd

B G i
< su u
kezd 0<s<T (1 + |k|(z — )™

x sup sup Y |€+k[* sup(l + EI"D(Few9)(E 5. L8]
0<s<T s<t<T€ 7d

Therefore,
T
sup  sup / (t —5)*|k| Z 16129 (Fx v G)(t,5,€ —k, k('™ —1))| dt
kezd 0<s<T Js tezd

3 T =)k
< sup sup
kezd 0=s<T Js (14 [k|(z —s))

X sup  sup Z|e|2‘1sgp(1+|s|“1)|<m£)(zses>|

0<s<T s<t<T

Lezd
N /T (Z_S)2q|k|1+2t1 dt
sup sup
kepd 0<s<T Js (L + [k[(t —s))*1

x sup sup Y sup(l + [E[*)[(Fr§)(1.5.L.6)]
0<s<Ts<t<Te 7.d £

= Sl + Sz.

Let us treat these two terms separately.

First term. We have, by the Cauchy—Schwarz inequality,

T 2
(t —s)™k|
S1 < sup sup
keza 0=s<T Js (L +[k|(z —s))

x sup  sup ( 3 sup {(1 + €202 1 +|&|“1>|(?x,vﬁ)(z,s,e,s>|}2)2

0<s<T s<t<T tezd

if ap > d /2. For the integral term, we write, for oy > 3,

T (t—s)¥|k| » 1 /IkI(T—s) 724 q
sup  sup = sup sup —dr
kepd 0<s<T Js (1 + |k|(z —s))™ weza KI?? 0<s<T Jo 1+ 7)™

1 /+OO T2q
=< —dr,
kezd [k (I+0)*
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which is a finite constant independent of k and T (since oy > 1 + 2¢); therefore,

D=

Si < sup (Z sup sup {(1+|z|24+“2><1+|§|“1>|<3~‘x,v5><z,s,e,5)|}2) .

0=t<T \ , =7 0=s=l geRd

Second term. We have, for a, > d/2,

T (l‘ _S)2q|k|1+2q

S, < sup sup
kezd 0<s<T Js (1 + k[t —s))™

X sup sup (Z

0<s<T s<t<T tezd

1

sup {(1 + |m|*2)(1 + |g|°‘1)|(f"x’vﬁ)(t,s,€,§)|}2)2.

The integral term now reads, for o7 > 3,

T (l _ s)2q|k|1+2q

sup sup
kezd 0=s=T Js (1 + k[t —5))*

|\k|(T—s) _L,Zq +o00 .L,Zq
= sup sup / —drf/ ——dr;
kezd 0<s<T Jo 1+ )« 0 1+ )~

therefore,
1
2
S2 < sup ( S s sup {(1+ )1+ I, L D)
0<t<T tezd 0<s<t gcRd
We have thus proved that

(S ||H||i2(0,T;L2(Td))(||§| T,s1,s T ”g”T,Sl,Sz-ﬂCI)

fors; > 1+ 2q and s, > d/2 + 2¢q. All in all, we get
” V;IKfGri[Cq] [H]HLz(O,T;Lz(’]Td)) = C||§||T,s1,sz||H||L2(0,T;L2(1rd)),
which ends the proof. u

We then deduce the following two propositions. The first one is a direct conse-
quence of Proposition 3.3 with ¢ = 0, and states the continuity of nge and Kf(r;ic on
L212

T-x*

Proposition 3.4. There exists C > 0 such that, for every T > 0, if p > 1 4+ d and
o > d /2 then, for all H € L2(0, T;L3(T%)),
free fric
HKG [H]”L2(0,T;L2(Td)) + ”KG [H]”L2(0,T;L2(Td))
=C sup (|G ) zzlHl200,712(TY)-

0<s,t<T
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Proof. By Proposition 3.3 with ¢ = 0, we have
f fri
H Kéce[H] HL2(0,T;L2(Td)) + H Kélc[H] ”L2(0,T;L2(1rd))
< ClG7,s1,5: 1 H I 20,7502 (T )

for any s; > 1 and s, > d /2. Now, appealing to [90, Remark 5.1], one can prove that
forall p > 14 d and 0 > d/2, there exist s, > d /2 and s; > 1 such that

1GlT.s1.5 S sup  [[G(2,9)ll 2
[oa

0<s,t<T
hence the result. [

When the kernel G vanishes along the diagonal in time {t = s}, Proposition 3.3
with ¢ = 1 leads to the following additional regularizing effect of the operators Kg (as
already observed in [91]). Loosely speaking, the operators Kféee and Kfcr;iC are bounded
from LZL2 to L2 H. in this case.

Proposition 3.5. There exists C > 0 such that, if the kernel G satisfies

G(t,t,x,v) =0
then the following holds. Let T > 0. If p > 7+ d and o > d/2, then, for H €
L2(0, T;L%(TY)),

fi fri
”Kéee[H] ||L2(0,T;H1(Td)) + ”KGHC[H] HLZ(O,T;H1 (T4))
<CA+T) sup [0sG(t, )| gz 1 H I 20,7:12(T4))-

0<s,t<T
Proof. Since G(t,t,x,v) = 0, Taylor’s formula shows that

G(t,s,x,v) = (t —S)G(t,s,x,v),

1
G(t,s,x,v) = —/ asG(t,t + t(s —t),x,v)dr.
0
By Proposition 3.3 with ¢ = 1, we get, for s; > 3 and s, > d/2 + 2,
fre fri
“ ViKG [H] HL2(0,T;L2(Td)) + H ViKg[H] “L2(0,T;L2(Td))
< ClG7,s1,5: 1 H [l 2(0,7:02(T )
To conclude, we observe that
- = 2
{4+ 1mD2 A+ [ED* [(Frw G2, 5,m, )|}
1 2
< (D24 D [ 1T @GN0t + 2 = 0. )] de)

1 0
5/0 {1+ [m))2 (1 + [ED* | Fren(@sG) (1, 1 + (s —1),m, £)|} de;
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therefore,

” Vxnge[H] ”L2(0,T;L2(Td)) + ” vfoGric[H] ”LZ(O,T;Lz(’JI‘d))
= C|9;G|

T,S1,S2||H||L2(0,T;L2(Td))-

Now, appealing to [90, Remark 5.1], one can prove that forall p >2{ +s+ 1+ d
and o > d/2 (with £,s € R™T), there exist s, > £ + d/2 and s; > s + 1 such that

1GIT.s1.5, & sup G 5)]| g2
o

0<s,t<T
Since G(z,t, x,v) = 0, we also have

IGI

T,s1,82 5 T sup ”aSG(I’S)”J(;'
0<s,t<T

By Proposition 3.4, and taking £ = s = 2, we end up with the desired conclusion. m

Remark 3.6. A variant of Proposition 3.5 holds in the following form: there exists
C > Osuchthat,for p >7+d ando > d/2, if

G(t,t,x,v) =0,
then we have, for all H € L2(0, T; H~ (T %)),

fi fri
”Kéee[H]||L2(0,T;L2(Td)) + ”Kélc[H]”Lz(O,T;LZ(Td))
<CA+T) sup [[0sG W )l gz H 200,151 (1))

0<s,t<T

We do not detail the proof, which follows the same lines as that of Proposition 3.5.

We finally investigate the smoothing properties of the difference operator Kfcrfe -
KfGric. A somewhat surprising result is the fact that this operator gains one additional
derivative. This is the content of the following proposition.

Proposition 3.7. There exists C > 0 such that, for every T > 0, if p > 8 + d and
o > 14d/2then, forall H € L2(0, T;L>(T%)),

|KES[H] — KE[H] “Lz(o,T;H1 (TdY)
<Co(T) sup (G, 9)lgr | HI200,7:12(m4))

0<s,t<T

where ¢ : RT — R is a continuous nondecreasing function.
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Proof. Following the computations performed in the proof of Proposition 3.5, we
have

KEC[F](t, x) — KE[F] (¢, x)

=Y e"“{ > /0 Fr(s)(ik) - [(FewG)(t, 5, £ — k., k(t — 5))

LezZd kezd

— (FenG) (5,0 —k k(e —1))] ds}.

Therefore, if we set
Ot,s,L,k) = (FxvG)(t,5,£ =k, k(t —5)) — (FxvG)(t,5,£ —k, k('™ — 1)),
we get
|V (KE(H] = KETH) O |2
WD /t|ﬁk<s)||k||®(t,s,ﬁ,k)|ds)z.
tezd kezd *°
We also have, by setting §,”, = (F,G)(t,5.£ —k. "),
0,5, £, k)| = [, (k(e'™ = 1)) = G, (k(t — )|
= |G k(1 = 5) + k(t —$)°p(t —5)) = G, (k(t —9))]

< QSEPI]WEgé’_Sk (&5" (k(t = 5))) |kl (2 = $)*p(t = 5),

where p(2) =} ;50 (zi_lz)' and ég’s (z) =z 4+ 0z(t — s)p(t — s). By continuity, there
exists 8* € [0, 1] (which may depend on all the other variables) such that

O, 5.£.k)] < Ve, (52 Kt — ) |IkI(¢ — )20 (¢ - 5).
This yields

|V (KEIH] = KE[H]) ()] 2pa)

t 2
<3 W( > | |Hk(s)||k|2<z—s)%o(z—s>|vg5;fk(sgf<k(r—s)>)}ds)

Lezd kezd

< ZW( > |ﬁk(s>|2|k|2<r—s)3¢(z—s)2|vg£gfk(sgf(k(r—s)))|ds)

Lezd kezd

x( 3 [0 |k|2(r—s)|Vsﬁ£fk(sé’f<k(r—s)))|ds),

kezd
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thanks to the Cauchy—-Schwarz inequality. As in the proof of Proposition 3.5, we
obtain by integrating in time that

|V (K& [H] — KEE[H]) Hiz((O,T)xT"’)

T [t .
(ZW | [ 3 ipkra = -

tezd kezd
x |Veg, ", (€52 (k(t — 5)))| ds dt)

X sup sup Y /0 k12t — 5)|VeG, " (£ (k(t — 5)))| ds

tezd 1€(0.T) | cra

= (A) x (B).

IA

First, we note that forall § € [0, 1],k € Z¢ and 0 <5 <1,

65" (k(t —5))| = |k(t —5) + Ok (t — 5)*¢(t —5)]
= [k[(t = $)[1 4 0 —5)¢(r —5)]
> k| = ).

For (B), we thus have
(B)< sup sup Y / (1+ 152 e = D) [Vegi, (553 k(e — 5)))|
tezd 1(0.T) ' ya /0
lk|*(t = s)
(1 + €3 (k(z = 5))Pr

KP@—s)
+IklE—s)P

= sup sup 3 sup {(1+ 6D VA0 [

tezd 1€(0.T) | cra 5:€

Since

/t kPP ) d /lkt ‘ d <[+OO ! dr < +o0
s = —dr — —  _dr
o (1+[k|(z—s))k o (I+Dh T Jo (1+0)hk

if B1 > 2, we get

(B) < sup sup Y sup{(1+ [ENPIIVeE, (B}
€ezd 1€(0.T) | cra 5

By choosing 8, > d/2 and by the Cauchy—Schwarz inequality, this yields

®)< sup (Z sup{(1+|k|>52<1+|5|)*‘"|vgﬁ,i’%s>|}2)2.

te(0,T) kezd s5,€
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Let us estimate the other term, (A). By the Fubini—-Tonelli theorem, we have

T t R
=Y P /0 [0 S A PIkPE = )30l — 5)°

Lezd kezd
x | Ve, (§7 (k(t —s)))| ds dt

T R T
- /0 S UBOP [ Y 1EPKPC -9t -2

kezd Lezd
x |Veg,”, (657 (k(t —s)))| dt ds

= ” H ”I%Z(O,T;Lz('lfd))

T
X sup  sup / Z |€|2|k|2(z—s)3(p(t—s)2|V§;€é’_Sk($;’f(k(t—s)))|dt.

kezd 0<s<T Js tezd

As in the proof of Proposition 3.3, we have

T
sup  sup / k12t = )%t —5)> Y 1| Ve85 (657 (k(t — 5))) | dr
keZd 0<s<T Js tezd

Tk = 5)p(t —5)°
< sup sup/ dr
kezaoss<tJs (14 k[t —s))*

x sup sup Y [ sup(l + [£]*")|Veg, (6]

0<s<T s<t<T tezd
T lk* (@ = 5)%( —5)?
+ sup sup / dr
kezaoss<TJs (14 k[t —s))*

x sup sup Y sup(l + [E[*)| V5,4 ()]

0<s<T s<t<T tezd

=: T 4+ Ts.

We treat these two terms separately.

First term. In Ty, the integral term can be bounded via

b /T k2t — 5)*p(t — 5)?
su su
kezd ossspr s (L4 k|@ —s)™

1 ) +o00 .[3
< sup —= sup @(T —s) / ——dt
kezd k|2 0<s<T ] 1+7)n

) 1 +o0 T3
< @(T)* sup —/ ——drt
weza kI* Jo  (1+1)%

< o(T),
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provided that &y > 4. This implies that for any a, > d/2,
1

Ty S @(T)* sup  sup (Z sup{(l+|m|2+“2)(1+|s|°“)|vg€£f@|}2)2'

0=<s<T s<t<T mezd

Second term. In T, the integral term can be bounded in a similar way via

T |14 3 2 +00 3
k|*(t — r—
sup sup / K7 — )79t — 5) dt < sup (T —s)2/ LA
ke7d 0<s<T Js (1 + [k[(t —s))™ 0<s<T 0 1+ )

) +oo ‘L’3
< o(T —d
_fﬂ()/o 1+ o) T
S o(T)%,

provided that a; > 4. This implies that for any ap > d/2,
1

T> < o(T) swp sup (Z sup{<1+|m|“2>(1+|5|“1>|vgﬁms>|}2)2.

0<s<T s<t<T mezd
Allin all, we get, foroy > 4and oy > 2+ d/2,

(A) 5 q)(T)ZHHHI%Z(O,T;LZ(']I‘d))

x sup  sup ( ) sup{<1+|m|“2>(1+|s|“1)|vg£:,;%s>|}2)

0<s<T s<t<T mezd

(S

5 QD(T)Z ” H ||]%2(0,T;L2(Td))
1

< sup ( T sup sup{(1+|m|“2)<1+|s|“1>|vgﬁ,;S<s>|}2)2.

0<t<T Za 055t &
We have thus proved that for s; > 4and s, > 2 4+ d/2,
” Vx (nge[H] - KIGHC[H]) HLz(O,T;Lz(’]I‘d)) Se(Mve G||T,s1,s2 | H ||L2(O,T;L2(Td))’

where we have used the seminorm ||-||7,s, s, from Proposition 3.3. We can now con-
clude as in the proof of Proposition 3.5. We observe that forall p > 20 + s+ 1+ d
ando > 1+ d/2 (with £,s € R"), there exist s; > s + 1 and so > £ + d /2 such that

V@ Glirsise S sup G 5)]o-

0<s,t<T

By taking £ = 2 and s = 3, and by finally using Proposition 3.3, we reach the desired
conclusion. |



