Chapter 4

Analysis of the kinetic moments

Following the bootstrap procedure initiated in Section 2.2, we aim at controlling the
term [|0¢ || 2 (o, 7;m) uniformly in & and for 7' < T,. In view of the transport equation
bearing on g, (see Lemma 2.2), we will relate the kinetic moments pr, and jy, to the
fluid density o, itself.

In this section, to ease readability, we drop out the subscript ¢ when we refer to
the solution. Recall that A will always stand for a nonnegative continuous function
which is independent of &, nondecreasing with respect to each of its arguments, that
may depend implicitly on the initial data and that may change from line to line.

Forall T € [0, T¢) small enough, the goal of this chapter is to prove the following
result.

Proposition 4.1. Let T € (0, min(Ts(R), T (R))). For all |I| < m, we have, for any
te(0,T),

Ipr(t,x)
= P/(Q(l,x))/o /Rde[JgB)ICQ](s,x—(t—s)v) -V f(t, x,v)dvds+ R [pr](t, x),

L jr(t,x)
= p'(o(t, x))//vV [Je BIQ (s, x—=(t—s)v) -V, f(¢, x, v)dvds+RI[Jf](t x),

where the remainders R’ [pr] and RI[j r] satisfy
IR o1 20.mmy < AT R R Uirll 20, 7my < AT R).

We recall the definition of the time T (R) from our bootstrap procedure presented
in Section 2.2, as well as the definition of the time T (R) from Lemma 2.26 in Sec-
tion 2.3. Note that the latter is independent of ¢. In the rest of this section, we will
always implicitly consider times 7" > 0 such that

T < min(Ts(R), T (R)).

From Proposition 4.1, thanks to the analysis of Chapter 3, we can immediately
infer the following corollary.

Corollary 4.2. Form >2+d,o > 1+d /2 and |I| < m, we have

[o%pr ”L2(0 ra2) = AT R),

lo%r ||L2(0 ra2) = AT R).
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Proof. By Proposition 4.1, we can write
drpr = P'(QKG[J:0ve] + R [pr],

with G(¢,x,v) = V, f(¢,x,v) and ||R1[pf] ||L2(0 by = A(T, R). Since the kernel G
satisfies, for p > 1 + d,

sup G llser < 1 f looqo.rien—1) < AT, R),

0<t<T

we can use the estimate from Proposition 3.1 to get

19207 200702y S 17/ @ 200,759 AT, B [3%0] 20, 712,
+ ||R1[pf]||L2(O,T;L2)
< C(llelloso,sm—2) AT, R) + A(T, R)
< A(T. R),

by Sobolev embedding, Proposition A.3 and Lemma 2.20. The same argument applies

I

for 9% ||L2(0,T;L2)‘ "
Our strategy to prove Proposition 4.1 goes as follows:

» first, we take derivatives in the Vlasov equation to obtain a system of coupled

kinetic equations satisfied by the augmented unknown (8)16 a7 fg)‘ 1T |=metm’
* next, we study the average in velocity of ¥ by relying on the Duhamel formula
and the Lagrangian point of view of Section 2.3. We isolate the leading terms and
prove estimates for the remainders, using crucially the techniques developed in

Section 2.3 and Chapter 3.

4.1 The integro-differential system for derivatives of moments

4.1.1 Applying derivatives

We start with the following algebraic lemma, where we apply 3297 to the Vlasov
equation. Let us recall the notation &k and @* for shifted indices (see Notation 2.8).

Lemmad.3. Forany I = (i1,...,ig),J = (j1.....jqa) € N% such that |I| + |J| €
{m — 1, m} and for any smooth function f(t,x,v), we have

[020]. T f = 0Lo] EXE, - Vo f + MM + R + Ry

x%v > Jreg,e reg,&

where

. IqJ
¥ o= (axav f) 1,JeN4, ’
[I|+]|J|e{m—1,m}
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d
MIIF = Y 1,0 (07077 1 ~00] 1)
p=1
+1|1|>2 Z (a)a"‘E:é:gQS. vai—aagf
O<a<l/
la|e{1,2}

+1|I| 128 Erega agvvﬁ

'ﬂ - 1|”>28 Ereg8 Vvagf + 1|I|>1 Z ( )8aErlégge vai_“agf,
1717 O<a<I/ o
la|=m—1
where i
[E2s% ”1_2(0 190 = MT. R), 4.1)

LJ . . o
and R" is a remainder satisfying

I ) = A(T.R). (42)
Proof. Using Lemma 2.9, we have
I1qJ
Lo (748 1) )
_ Jreg’,e(aiaif) F 3 100 (0707 £ — 00l £) + [oo]. X2, -V, £
=1

Since the force E:é;fs (¢, x) does not depend on v, we expand the commutator as

[0L0]. E(t,x) - Vy]f

X v

= 11¢081Er1::gga 8;)’va+1|1|>1 Z (a)aaErLéng a)’c—aa;)’va.

O<a<I

Note thatif J £ O0then |/| <m —1,andif |[/| = 1,2 then J # 0. The terms that cannot
be considered as remainders in the last sum are those for which |I| — |a| + |[J| + 1 €
{m — 1, m}, that is, those with || € {1, 2}. We thus have

[0La], EXe, - ]f=1|5|¢08 IEL Ny f + 1112120l EL2 9]V, f
=0

x v Hreg,e reg,& reg,&
o U0 I—aqJ
+ 1752 Z (a)axEregs Uax avf

O<a<I

loe]e{1,2}

+ RN 4RI
where

ﬂ{"] = 1‘1|>281Er1éggs 81{va + 1|I\>1 E aotEruegQg an)Ic_aal{f’
710 0<a<t V¢
|le|=m—1
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1
IJ . , —
Ry = 11> § : (a)agErLégé,?a'vva)Ic aaif-
O<a<l
3<|a|<m—2

Let us estimate the remainder R/ in #!: setting y(v) = (1 + |v]?)"/2, we have

[Ro" ey = D0 IxSERE - Vo8] f]] 2,

O<a<l
3<|a|<m—2

d
Y (1 E vl g,
k=1

O<a<I
3<|a|<m—2

+ |02 ELE, 0 VL] f |1

reg,e

[0 g, 90 Vu0E 0 £ 2 )

First case: mT“ < |la| <m — 2. We have, for all k,

|2 Esg, -0l e+ 08 B Vu0i0l

X ~reg,e reg,e

= (Jos ez ) [ @RI wakal e ao

reg,e

2+ |88 Ene

reg,e

VB [ 202|900 1 v,

provided thato > |I —a|+d/2.Since |[J|+ 1+ |I|—|a|+d/2<m+1—|a| +

d/2 < m+;+d, and since m > 4 + d, we can find such a ¢ so that

e, - Vool £+ |10 B Vot 0
S “ Efs ”Hmﬂ I/ 1l gern—1-

Likewise, we have, for all k,
_ 2 2
| X0 Ete, - 85, Voo™ 3y f 2, = [ Elefe it /R X203 £ o dv.

provided thato > 1+ |l —a|+d/2.Since |J|+ 1+ 1+ |I|—|a| +d/2 <m +
2—|a|+d/2 < W,and since m > 6 + d, there exists such a o so that

| XSE - 9 Vody ™05 £ 2 < NE wm—1[Lf Il ggpn1-

The same procedure can be applied for the terms H X0% Efele - 0y, Vydl7%07 f ||L2_ .
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Second case: 3 < |u| < m+1 We have

|, V=l £y, + X Bt ool £

reg,&e reg,e

< (lasEg oo )X 900L70) £ 2,

v [0 LS,

reg,e

reg,e

S EC o I et

provided that 0 > 1 + |a| + d/2. Since 1 + || + d/2 < w andm > 5+d,
we can find such a o so that

203 Eg - Vud i8] f |15, = | EXE,

reg,& reg,&

[P
Likewise, we have, for all k,

PO N Ak T N oo N P A P

reg,e reg,e

~ || Ereg,

I ey

provided that 0 > |I — a| + d/2. Since |a| + d /2 < ”‘Jrzﬂ and m > 4 + d, there
exists such a o so that

| x0% EX2, - Vvaxaglc_aaif”L%,v o o

reg,&

\Hm 1||f||,;em L.

reg,e

The same procedure can be applied for the terms H X0% Efele - 0y, Vydl7%07 f ||L2
All in all, we have proved that for all ¢ € [0, T'],

[R67 ]2 5 1B gt 1 Ol g
< 1 oo o, 701y | ES2o () | yym—r
< R|E(0)]|ym-1.

By the estimate (2.2) from Lemma 2.7 and by Lemma 2.20, we finally have

| Ry 1, < AT, R).

With the same exact arguments, we easily obtain
1,J
[ R 20,060y = AT R),
and this concludes the proof. ]

Remark 4.4. We will actually obtain an improved L2 (0, T'; #,!) estimate for the term
R I (or, more precisely, for related terms) at the end of the current section.
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We can see M/ ¥ appearing in Lemma 4.3 as a linear combination of % %L =
9K 9L f. More precisely, we can write, for all (1, J),

M F = Z M0y, k,0) FEL,

K,L
d
M, = Y Vpro(Lig pyeiin.ir — Lk0=1,0))
r=1 J
+ 1|I|=1,2 Z I(K’L):(ijﬁ)a){:(Erife,g‘:)e)p
p=1

d
I
+2 X (a)l(K,L)=(1—a,fﬂ)33(Eriéife)P-

Let us observe that the coefficients of the operator M involve only 0, 1 or 2 derivatives
of the force field Eepe(f, x), but nothing coming from f.
We finally introduce the following additional notation which will allow us to
reformulate Lemma 4.3 in a compact way.
Notation 4.5. We consider the following quantities:
(1) R and R; are the vectors defined by
1,J _ 1,J .
Ro = (R ) I,JeN4 . Ri=(Ry7) 1,JeN4 ’

1]+|J |€fm=1,m} [I]+|7 |€tm=1,m}

(2) M is the linear map defined by

M = (M.1).k.L)) (I.7).(K.L) ;
1T LI K| FILIe0m—1.m)

(3) &£ is the vector defined by
I9J pu,
£ = (axav Er”;gf’s . va) 1.JeN?,
[I+]J |e{m—1,m}
4.1.2 The semi-Lagrangian approach

If f satisfies the Vlasov equation (in a strong sense), we have %97 (‘Tre"g’f; f)=0

for any I, J. We can apply Lemma 4.3 to obtain the following coupled system of
equations satisfied by the family & = (3£3; £); ;-
TelF + MF + &£ =—-Ro— Ry (4.3)

reg,&

For any function g(¢, x, v), we set

g(t.x,v) = g1, X" (x,v), V:¥(x,v)),
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where
s> 75 (x,v) = (Xs§t(x, v), V¥ (x, U))

is the solution to

d_ .. . ;
X (x,0) =V (x0). X (x0) = x e T,
s “4.4)

d_ .. ) . )
d—V”(x, v) = =V (x,v) + Er’éé‘-’g(s,Xs”(x, v)), VE(x,v) =v e RY.
< ;

After the composition by (¢, x,v) — (£, X"(x,v), V:%(x,v)), we thus obtain, by the
method of characteristics,
3F+MF+E=dF — Ro— Ry. (4.5)
To deal with the coupling matrix M, we introduce the following resolvent.

Definition 4.6. For all (x,v) and 5,7 > 0, we define the resolvent operator > (x, v)
as the solution s — N> (x, v) of

N + [M 0 Z%° — dId] M =0,
(4.6)

NH = 1d.
The resolvent is well defined thanks to the Cauchy-Lipschitz theorem. We also

have
NS (x,v) = eCTON (x, v),

where

8SNS;Z 4 M on;ONS;t — 0,
“.7

N = Id.
For the upcoming analysis, we need the following bounds on the resolvent.

Lemma 4.7. Forall0 <k <m —3—d/2, we have

sup N e+ sup [NT oo+ sup 9N oo < AT R).

0<s,t<T 0<s,t<T 0<s,t<T
Proof. We have
)
N* =1d — f [M o ZFOINT dr.
t
By the definition of coefficients of the matrix M, we also have

”M“LZ(O,T;L‘X’) < sup ”agEHLZ(O,T;LOO) < A(T,R),

loe|<2

thanks to estimate (2.2) from Lemma 2.7, and by Sobolev embedding (with m — 1 >
2 + d/2). Gronwall’s lemma leads to the conclusion. [
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We first obtain the following decomposition for the kinetic moments of the vec-
tor ¥ .

Lemma 4.8. We have

/ F(t,x,v)dv
R4
= In(t.x) + I% (t.x) + 1%, (t.x)

t
_/ ed(t—s)/ NS (2% (x, v)) £(s, Z5 (x, v)) dv ds,
0 R4

/ v F (¢ x,v)dv
RA
=I5t x)+ I}RO(I,X) + I}Rl(t,x)

t
‘/ et / v ® N (2% (x, v)) £(5, 2% (x, v)) dv ds,
0 R4

where

I = e [ NSO@ () T (2 3 ) o,

I%j(z,x) = —/

t
ed(’_s)[ NS (2% (x, v))R; (s, Z* (x,v))dvds, j =0,1,
0 R4

It x) = et /Rd v ® NUO(Z% (x, v)) Fjy=0(Z% (x, v)) dv,

t
T (t.x) = —/0 ed(’—“[Rdv ® NES(Z% (x, v))R; (5, 2% (x,v)) dvds, j =0, 1.

Proof. We only explain the case of the moment of order 0, the other being similar.
Starting from the equation (4.5) and using the resolvent operators 9t and N defined in
(4.6) and (4.7), we have

~ ~ t ~ ~ ~
Ft) = NCF—0 — / NES[L(s) + Ro(s) + Ri(s)] ds
0
t
= eUNOF, g — / eAUINIS[L(s) + Ro(s) + Ri(s)] ds.
0

After a composition by the map (¢, x, v) — (¢, X% (x,v), V% (x, v)), we obtain

‘rf;'(t) — edt [Nt;O ° ZO;t]%z:o o ZO;t
t
- / e/UINSS 0 29 ] (Ro(5.Z°") + R1(5.2°)) ds
0
t
—/ eI NIS 0 2% £ (5, Z5 ) ds.
0

We reach the desired conclusion by integrating in velocity. |
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4.2 First remainders

Let us show straightaway that some of the previous terms can be considered as
remainders.
Lemma 4.9. We have
||I31||L2(0,T;H1)“ + ||Iiln||L2(0,T;H1) < A(T, R)||fin||3gﬁ1+1v
1 2%, 20,700y + 1 L2, 20,01y < AT, R).
||I,7zl 20,7502y + ||I$1 l12¢0,7:12) < A(T, R). (4.8)

Proof. We shall first estimate the term . We have

200,20 < 4T sup N[ es, [ |Fo(Z% (x. v))]| du
0<t<T

< A(T, R)Z/ 0207 £z (x, v))| dv,

thanks to Lemma 4.7 with k = 0. Using the generalized Minkowski inequality and
the Cauchy—Schwarz inequality, we get

0
|| Iin ||L2(0,T;L2)

Ia]fln(ZO t( v))||L2 dv

L2(0,T)

1/2
([]I‘d Rd (1 + |U |8181{fin(zo;t(x,v))|2dxdv)

L2(0,T)

since 2r > d. We then perform the change of variable (x, v) — Z%(x, v), which
yields

/Td Rd(l + |v|2)r‘a)1c81{fin(zogt(x,v))|2dx dv

< A(T, R) (14 [V3(x, v)[?) 8287 £ (x, v)|? dx d.
TdxR4

Since t
Vi (x,v) = e"v +/ FTERL (1, X (x,v)) dr,
0

reg,&

we have by Sobolev embedding

2

<P+ TIERE

reg,& reg, 6‘||L2(()’T;Hm_1)’

t
V(e 0)? < ol + ‘/0 | Eves (D llLee dz
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By the estimate (2.2) from Lemma 2.7, we get

IVE0(x,v)|> < [v|*A(T, R),

and then
/ (1+ IVE(x, v)12) (8297 £1(x, v)|* dx dv
T4 xR4
2\ |9l 9J fin 2
sA(T,R)/ (1+ v?)"|0%0; f™(x,v)| dxdv
T4 xR4
S AT RS e
This implies

I8l 0.7:2) < AT RS ™ ez

Likewise, using 2r > d + 1, we have

1Tl 0.72) < AT RS ™ ez

We also have

[Z0] g,y (0 0) = € / > NGy @ e 0D [Fir=o] ) @ (x. v)) v,

(K,L)
and

[Il(r)l](l n(t:x)

=e /R Z V. Z% (x,v)V, N(, ”, (KL)(ZO;’(x,v))[’fﬂtzo](K’L)(ZO;’(x,v))dv
(K,L)

—I—edt/ Z IOJ) (K, L)(ZO (x, V) VX Z% (x, ) Vi [ Fls= 0](K’L)(ZO;’(x,v)) dv.
(K,L)

The same procedure as before, using Lemma 4.7 with k = 1 and the pointwise bounds
(2.16) and (2.17) from Remark 2.27, gives

Vs Ll 702y + 1V Tillz .2y S AT RIS ggmer

We now estimate the terms I %0 and T }RO. We rely on the same arguments as
before, with an additional Cauchy—Schwarz inequality in time leading to

/[ | RS (5,25 (-, v) | > ds dv

]
”IRO ||L2(0 T;12) =

L2(0,T)

L2(0,T)
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< AT, R)T [|Roll 20,7:50)
S A(Tv R)’

thanks to (4.2) in Lemma 4.3. We obtain the same result for I }Ro‘ Using again (4.2)
for the first order derivative, we also have

||I=Ro||L2(O,T;H1) + ”I;QOHLz(O,T;H]) < A(T’ R)-

For the estimate in L2(0, T'; L?) of the last term I ,» we end up with the conclusion
thanks to the inequality (4.1) in Lemma 4.3, combined with the same arguments as
before. ]

Note that the previous lemma does not give any control on ||V, I %1 lL2¢0,7:12) +
IV I ;21 lL20,7;.2)- The treatment of these terms requires additional arguments that
we will develop in the next sections. For now, we merely state the result and postpone
the proof to the end of Section 4.4.

Lemma 4.10. We have

I?RI ||L2(0,T;H1) + ||I=1¢zl I|L2(0,T;H1) = A(T7 R)-

4.3 Leading terms and conclusion

In this section, we focus on the following two terms:

t
01, x) = — / 4= / NES(Z% (x, v))£L(s, Z% (x, v)) dv ds
0 R4

and

t
LU, x) = _/ ed(f—”/ v @ NES (2% (x, v)) £ (s, Z5 (x, v)) dv ds.
0 R4

The goal is to prove that £° and £! can be decomposed as a sum of a leading term
and a remainder in LZTHI. This will imply the result stated in Proposition 4.1. Since
the treatment of ! is similar, we focus on £°.

First, we have the following decomposition, which introduces several remainder
terms that we shall estimate later on. Recall the definition of the straightening diffeo-
morphism v ;(x, v) from Lemma 2.26.

Lemma 4.11. For |I| < m, we have

t
(2% 1.0)(, X) = —/0 /]Rd BiErﬁé‘fs(S,x —(t—s)v)-Vy f(t,x,v)dvds

+ RPN, x) + RPPAE x) + RPGAE x).
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with
t
iff . I pu, I ru, _
R (. x) = / /Rd [0 Exeile(s,x = (t = 5)v) — 0y Efgl. (s, x + (1 —e'*)v)]
0

-Vy f(t,x,v)dvds,

t
DUha(I X) = Z/ / BKEr”é:gQS(s,x + (1 =€) -HE (5,1, x,v)dv ds,
= Jo

t
D“ha(t x) = K E™C (s,x + (1 —e'5v)) - 951 (1,5, x,v) dv ds,
o Jra reg,&
K

where HE! and $%-1 are vector fields defined by

HS (2,5, x,0) = N (Z% (x, Yy 0 (X, 0)) (1,00, (k005 (X, V) Vi £, X, Yrg 1 (X, 0))

- Vy f(t. x,v), 4.9)

and

t
SBK’I (t, 5, X, U) — / ed(t—l’)Nt;S (ZO;t(x’ ws,t (X, ,U)))(I,O)’(K’O)

N

X (Ve f(, 25 (x, Y5, (x, ) — Vi f(T. Z5" (x, Yrg 1 (x, 1))
x ¥ (x,v) dr,

(4.10)
with iy
J ’ (x7 w) = |det(waS,l(xv w))|
Proof. Let T € (0, min(T;(R), T(R))). We have, for |I| < m,
(€% (1,0 (2. x)
t
- _ Z / ed(t—s)/ NI;S(ZO;Z(X, v))(I,O),(K,L)a)IC{aLErléggg(svXS;I(X, v))
(K.L)"° R4

-V f(5,Z5 (x,v)) dv ds

--¥ / 109 [N ) 1.0k B 5.5 (. 0)
R4
Vo f(5,Z5" (x,v)) dv ds, 4.11)
since Er'éfg does not depend on the v variable. By Lemma 2.9, we know that
Treae(Vo ) = Vy f = Vi f.
Invoking the Duhamel formula, we get

Vo f(t, x,v) = ed(t_s)VUf(s,ZS;t(x, v))

+ / t eV, f(2, 25 (x, ) — Vi f (2, Z% (x, v))) dt

N
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and therefore
U=y, (5, Z5 (x,v))

=V, f(t,x,v) + / t e (Vy £ (2, 25 (x,v)) — Vi f (2, Z% (x, v))) dr.

N

Inserting this expression in (4.11) yields
[€%(r0) (2, %) = £ (2, %) + £LF(2, %),
where
t
Lit,x)==)_ / /R N (Z0 (x,0)) (1,0, (k.00 0% EX%2,(5. X5 (x,v))
=< J0

-V f(t, x,v)dvds,

t t
Li(tx)==)_ /0 /R ) / eUTON (2% (x,v)) (1,00, (k.00 0K EX2, (5, X5 (x,v))
K S
(Va f(1. 27" (x,v)) = Vy f(1. 2% (x, v))) dT dv ds.

Let us transform these two expressions in order to make the terms fR} (z,x), TR% (t,x)
and R3 (1, x) appear.

First term. We first focus on L}, which will produce the leading term in the result.
Using the change of variable v = ¥ (x, w) coming from Lemma 2.26, we have
(sincet < T(R))

t
e == [ [ N@ v oo
K 0 R4
X BfE"’Q (s,x + (1 —e" ™)) - Vy f(t, x, Y1 (x, 0)) I (x, v) dv ds,

reg,&

where J (x, w) = |det(Dy, ¥ ¢ (x, w))|. We obtain

t
Lp(t.x) = _Z/o /l‘&d 8fEr'§’g‘;’5(s,x + (1 =e")) - Vy f(t, x, ¥4 (x,v))
K
X NOHZO (2, Y0 (6, 0))) 1,00, k.0) 3" (%, v) dv ds

t
— Z/ / BfEr’ézé?g(s,x + (1 =€) g&1 (t,s,x,v)dvds,
K /0 R4

with

HSL (2,5, x,0) = N (Z% (x, Yy 0 (X, 0)) (1,00, (k0035 (X, V) Vi £, X, Yrg 1 (X, 0))
- Nl;t (Zo;t (X, wt,t (X, U)))(I,O),(K,O)Jt’t (X, U)vv f(tv X, U).
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Now observe that, since N = Id and ¥, , = Id, we have

Vo £, %, e (3, V)INEZY (3, Yre (X, 0))) (2,00, k.0)9"" (x, v)
= 11=Kva(t,x, U),

therefore,

t
L1(t,x) = —/ /Rd 8;Er'%‘:’8(s,x + (1 —e" ) -V, f(t,x,v)dvds
0

t
— Z/ / BfEr“e;gf’s(s,x + (1 —e)) -BE (5,1, x,v) dv ds
K Y0 JRY

t
= —/ / BfCEr"e’gQS(s,x —(t—s5)v)-V, f(t,x,v)dvds
0 JRY ’
+ RPN, x) + RPP2(2, x).

Second term. To deal with the term £?, we apply again the change of variable v =
Y5, (x, w) from Lemma 2.26 and get (since T < T'(R))

t
L3t x) = _Z/o /Rd BfEr“e’gf’s(s,x + (1 =) - 95511, 5,x,v) dv ds,
K

where

sk (t,s,x,v)
t d . .
:Z/ eUTON (2% (x, Y (3. 0))) (1. 0) (k.00

s
X (VX f(T9 Zr;t (x7 ws,t (X, 'U))) _vv f(T’ Zr;t ()C, ws,l (X, U)))) Js’t ()C, 'U) dT’
which means that L%(z, x) = Rll)’uzha(t, x). Combining the previous decompositions
finally yields the conclusion. ]

We now have the following lemma, which is the continuation of Lemma 4.11,
in which we express [80](1,0) as a sum of a leading term and a remainder that is
controlled in L%H'. The proof, which is rather lengthy and technical, is based on the
smoothing estimates of Chapter 3; we postpone it to Section 4.4.

Lemma 4.12. We have, for all |I| = m,
(€% (1,0 (2. x)
t
= pf(Q(t,x))/ /d Vx[Jga)ICQ](S,X—(l‘—s)v)-va(t,x,v)dv ds+R; (2, x),
0o JR

with
IRr 20,711y < A(T, R).
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We can finally proceed with the proof of Proposition 4.1.

Proof of Proposition 4.1. We only treat the case of 9% pr, that of alj ' being similar.
First invoking Lemma 4.8, we have

pr = Il + TR w0 + TR, )00 + €00

Thanks to Lemmas 4.9, 4.10 and 4.12, we infer that

Wy (1, %) = p/(0(t, %) /0 A Valledlel(sx (0 = 5)) - Vo £t 3, v) dv s

+ [ 200y (0. %) + [T .0 (1. %) + [T R, 2.0 (2. X) + Ri (2, %),

where the previous remainders are estimated as

Il | < AT RIS g1
”IeORO”Lz(O,T;H]) + ||I=OR1 ||L2(0,T;H1) < AT, R),
IRz ll20,7,m1) < AT, R).

This concludes the proof. |

4.4 Estimates of last remainders

In this section, we mainly aim at giving a proof for Lemma 4.12 and Lemma 4.10, that
we have previously stated. We shall rely on the crucial smoothing estimates derived
in Chapter 3 to treat the different remainders. Broadly speaking, there are three types
of terms requiring a gain of regularity:

Type I. Terms that will be treated thanks to the continuity estimate of Proposition 3.1,
as in [90], and of Proposition 3.4. Such terms will be useful to treat VI =0R1 and
VxIelﬂl in the proof of Lemma 4.10.

Type II. Terms involving a kernel vanishing on the diagonal in time. They will be
treated by the regularization estimate of Proposition 3.5. Such terms will appear in
the proof of Lemma 4.12, as well as for the remainders RPIf, RPu and RP4a,

Type IIL. Terms involving the difference between the integral operators K™ and
K¢ (see Chapter 3). They will be handled thanks to the regularization estimate of
Proposition 3.7. They will also appear in the treatment of the different remainders.
Let us mention that the previous gains require to control a fixed number of deriva-
tives of the kernels that are involved (see again Chapter 3).
Recall also the expression

ERL.(t,x) = u(t,x) — p'(0)Vx[Jc0](t, x),
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as well as Notation 2.8 for shifted indices. In order to check that the assumptions
of the smoothing estimates of Chapter 3 are satisfied, it is convenient to have the
following result.

Lemma 4.13. For any K € N? such that |K| > 0, we have

K E™e = —p'(0)Vi[0KT 0] + 8Ku

reg,&

|K|—1

| K= p s .

-2 > Bi Vi(3y PJe0) Vi (357 (0)) - e

£=0 i=1,..., d

BeBr (i0)

|K|—1 _'

P 2D O (L C O
o=KLy g

ﬁEBK(l 5)

where
Br(i,0) ={BeN?||B|=C0<B <K}, i=1,....d, £=0,....|K| L
Proof. The proof follows directly from the Leibniz formula, which provides

0% Els = —p'(@Vidy 0 + 05 u

reg,&
IK|-1 .
L T () nere)-avef i)
p— 1, s
ﬂlEBK(l 9]
and yields the desired result. |

In the next lemma, we show how to obtain the leading term of Lemma 4.12 (up
to some good remainder) from the integral term of Lemma 4.11.

Lemma 4.14. We have
t
- / / BIEr';ng(s,x —({t—s)v)-Vy, f(t,x,v)dvds

= p'(o(t, x))/ / [T xQ 1(s, x—(—s)v) - Vy f(2, x, v)dvds—i—fRI(t X),

where the remainder R satisfies

|2 li200,7m1) = AT R).

Proof. Let us introduce the following vector fields:

Gi(s.1,x,v) = [p'(e(s,x — (1 =5)v)) = p'(e(t. X))V f(t, x, V),
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and
GEi(s.1,%,0) = (Vu (9 /(@) (s, x — (t = $)) - 1)V f (2, x, V),
GiP(s.1.x.0) = (Va (05 P1o0) (5. x — (1 = 5)v) - Vi (1. x,v))es

for

BeBy(i, ) ={BeN?||f|l=00<p <K} i=1,...d, £=0,... |K —1.

Thanks to Lemma 4.13, we can write
t
—/ / 8;Er’ég98(s,x —( —s)v)-Vy f(t,x,v)dvds
= p/(o(t, x))/ / V. [J:0L 20l(s,x — (t —s)v) -V, f(t,x,v)dvds

+ S1(t,x) + S2(2, x) + S3(f, x) + S4(t, x),
where

S1(1,x) == Kg[01Js0],

S,(t, x) == —/0 /]Rd chu(s,x —(t—s)v) -V, f(t,x,v)dvds,

[ L=
1 Fi_
0= 3 (g K [l
(=0 i=1
ﬂele(tlf)
[I]-1

Satx)y= > Y ( )Kfref,ﬁ[afp’(g)]-

=t 1,...d
{="5—]+1 ée]B o

The treatment of the term S, will follow from a straightforward estimate. The terms
S5 and S4 are terms of Type I and we will use the continuity estimates provided by
Proposition 3.1. The term S;, which already contains I derivatives of g, is a term of
Type 1I (since G1(¢,¢, x,v) = 0) and we will rely on the regularization estimate of
Proposition 3.5.

Estimate of Sy. Since G1(¢,t, x,v) = 0, we apply Proposition 3.5 to get

IS1lli2o sy S (A +T) sup [05Gi(s, 1)l goe 0%l 20,7512)
0<s,t<T

SA+T) sup 10,G1(s. 0l et lollzco zsmmy

0<s,t<T

for{ > 7+ d and 0 > d /2. A direct computation gives

0sG1(s.1,x,v) = p"(0)[0s0 + v - Vx0|(s, x — (t —s)v)V, f(£. x, V).
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We thus have, forall 0 < s, < T,

n+v
scr Y Y (10X " (©@dse(s)) F + 197(p" (@) Vxe(s) 7o)
[p]+|v|<L y=0

<[ P, A P ar
Td xR4 ’

< Cr(Ilp"(@)3s0() 5 + IIP"(Q)VxQ(S)IIﬁk)||f(t)||§€;n+—11

< Crllp" (@) 7k (1950(9) 74 + IIVxQ(S)Ilﬁk)IIf(I)||§€gn+—11
for k > % + £ > %l 4+ 14+dandm—1>{¢ > 1+ d. Using the equation satisfied
by o, we get
12" (e llux = Alllo(s) ) llo(s) [l

and

10s0($) [lx + [[Vxo($) [l

< Tl | Vol + H [diva (7 — pya + ) e + lolhoesr.

=
L= pr flu

thanks to the algebra property of HX. Taking k + 1 < m — 3 and using the bootstrap
assumption combined with (the proof of) Lemma 2.20, we obtain

Sup ”aSGl(S? Z)”Jfoe_ < A(T’ R)

0<s,t<T

Estimate of S,. Using the generalized Minkowski inequality followed by the Cauchy—
Schwarz inequality, we have, for r > d/2,

[S2lL.2¢0,7:12)

t ANAEYE _ _ 5
/0 (/1rdXRd(1+|”| ) |9%u(s, x — (& — 5)v)|

1/2
X |V, f(t, x,v)]*dx dv) ds

! YAV 2
L[ st

1/2
X |Vy f(t,y + (t —s)v,v)]>dy dv) ds

<

L2(0,7)

IA

L2(0,T)

IA

1/2 t
swp ([ s Py o) | [t so

tel0,T]

L2(0,T)

A

1 oo 0, 7;6m=1) e llL20,7300m)
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by Sobolev embedding in the last line, since m — 1 > 1 + d /2. This yields
||SZ||L2(0 T;L2) ~ < A(T, R).
Likewise, since m — 1 > 2 4+ d /2, we have

IVxSallizo,72) < 1S oo 0,756y 1120, 750

+ ”f”LOO((),T;]f,{"—l)||u||L2(0,T;Hm+1)
< A(T, R),

which gives the conclusion.

Estimate of S3 and S4. Forall 0 < |f] < Ll”T_IJ andi =1,...,d, we use Proposi-
tion 3.1 (after taking one derivative in space) to get

HKfree 81’ 8Q]

B I'-B
voTm osssl,ltper Gai(t:9) | g1 195 el 20,7y

for{ > 1+ d and 0 > d/2; therefore

” Kfree 81’ Q]

<
T~ 4 utP 1G5 (2.9)] we+r llellizeo,rimm) -

We have, forall0 < s, < T,

|G2t.) | Gee1
u+v

SN A NCIARIO] S
lul+Iv|<€+1 y=0
X ()7, f (2, x, v)}2 dx dv
T4 xR4

5 CT||p/(Q)||im(0’T;Hk)||f(t)||§€gn—1 s

provided thatm — 1 > ¢ + 2 and k > %+|y|+1+ |B|. Since £ > 1 —I—dand%—i—
lyl+ 1+ 8] < % + €42+ -1 acondition such as 3d + 9 < m ensures that

” Gf,,- (z,s) Hggﬁﬂ S CT||P/(Q)||L°°(0,T;Hm—2)||f||Loo(o,T;gegn—l) < A(T, R),

thanks to (2.1) from Lemma 2.7, Sobolev embedding and Lemma 2.20. We thus
obtain

HKfree aI’ aQ] A(T, R).

L2(0,T; Hl)

proceed in the same way for S4: for all LMT_IJ +1<|Bl <|I|—1 and all
=1,...,d, we take one derivative in space and apply Proposition 3.1 to write, for
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{>14+dando >d/2,

< sup |G, I, ) | geet1 17" @120, 7:00m)

Kfree /
H ”B p(g)] L2(0,T:HY) ~ g<gr<T

The kernel Giji’ﬂ is estimated as before: using the Leibniz rule, we have, for all
0<s,t<T,

T, 2
e )Y =y o ) RPN [ ]

provided thatm — 1 > 2 4 £ and k >%+ ly| + 14 |I'| —|B]. Since £ > 1 + d and

d = d+20+m+1
—+ Wl +1+ "= Bl < ————,
2 2

a condition such as 3d + 9 < m ensures that

I,
H G4,iﬂ(t,s) He;gfjl S CT”Q“LOO(O,T;H’”—Z)”f”LOO(O,T;J[(’T"—I)-

Therefore, by Sobolev embedding, the bound (2.1) in Lemma 2.7 and Lemma 2.20,
we obtain

< A(T, R). [

Kfree ﬂ /
H Gl B[ x7'(©)] L2(0,T:H!) ~

The remaining task is to show that the remainder terms fRlef fRD“h“‘ and IRD“hd
introduced in Lemma 4.11 are well controlled in L2 0, T; H! ). For the first one, we
have the following lemma.

Lemma 4.15. We have

|RY A(T, R).

lff||L2(0THI)

Proof. Inview of Lemma 4.13, let us write, for 0 < |u| < L@J and L#J +1<
vl < K[ -1,
(Vx[afi 10|V [04 p'(0)]-ei + Vi [3% P’ (0)]-€iV [3fi_”JsQ]>(s, X—(t—5)V)

-V f(t, x,v)

—(Vx (0K ~110] V[0 p' (@))€ + V[0 p' (0)] € [0K JEQ]) (s.x+ (I—e" ™))
-V f(t,x,v)

=(Ve[0 e (5. = (1 = 5)v) = V[ U] .3 4+ (1 =)

X Gg,pu,i(s,1,x,0)

+ Vx[afi_”JSQ](s, x4+ (1—e7*)) - Goyils,t,x,0)
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+ Ve[02p(@)](s. x = (t = $)v) - Gy, i (5.1, X, v)
+ (Ve3P (@15, = (2 = $)v) = Va[02p' ()]s, x + (1 = ¢~ )))
X GlKl’v,i (s, t,x,v),
where

Gg,pu,i(s,t,x,0) == Vi [0¥p'(0)](s,x — (t —5)v) - €; Vy f (2, x,V),
Gou,i(s,t,x,v)

= (Vx[0¥ p'(0)] - e — Vi[3% p'(0)](s, x + (1 — €' ™)v) - &) Vy f (2, X, v),
Gllf)’v,i (s, t,x,v)
= (Vx [8§i_”JsQ](s,x —(t—5)v)— Vx[afi_”Jgg](s, x+ (1—e)))
* va(tv-xz v)elv
GlKl,v,i(svt’x’v) = Vx[afi_vJsQ](S,X + (1 =€) - Vi f(t. x,v)e;.
By Lemma 4.13, we can thus rewrite
R = S5 + 86 + S7 + Sg + S + S10 + S11,

where
Ss(t,x) = —/ / [0Lu(s,x + (1 —e")v) — dLu(s, x — (t —5)v)]
0 JR4

-V f(t, x,v)dv ds,

and

Se = Kge[011,0] — Kg<[0LTs0]. with

Go(t,s,x,v) = p'(e(s. x — (t —5)v)) Vo f (£, X, V),

S7 = K [911c0]. with

Gr(t.5.x,v) = [(p'(0)(s.x — (t =5)v) = p' (@) (s, x + (1 = "))V, f (2. x, V)],
L5

som > X (L), T ] [T el

(=0 i=1,....d

o'E £ (Dt

Si0:= Z Z d (B{i)ngfo.ﬁ.i [35#(9)],

=1 1.,
=l I+1 éeB G0
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1 |
Su= >, ) (gi)( fécflﬂ.[351)’(9)]—1(2“?]B,[afp’(e)])-
Z=L%J+l i=1,....,d o o
BeB;(i,0)

Let us explain how to estimate each of these terms. The term S5 will be estimated by
a direct proof. All the other terms actually require the smoothing estimates coming
either from Proposition 3.5 or Proposition 3.7:

» for S¢, Sg and Sy, the difference of the operators Kfree and Kfrie appears; these
terms are therefore of Type III, and we will apply Proposition 3.7;

e since the kernels G7, Gg and G vanish on the diagonal {s = ¢}, the terms S, Sg
and S;o are of Type II, and we will appeal to Proposition 3.5.

Let us now turn to the estimates.

Estimate of Ss. The argument is the same as for S, above. We obtain
IS5l 20,720 S A(T, R).

Estimate of S¢,Ss and S11. By Proposition 3.7, we have, for all £ > 8 + d and
o>144d/2,

IS6llL20,7;m1 (rayy S sup [[Ge(r, )| g 1920l 20, 7:12(ray) < AT R),

0<s,t<T
thanks to the bound (2.1) in Lemma 2.7, Lemma 2.20 and provided that we can take
m—-2>%48+4d.
Likewise, for Sg, we use Proposition 3.7 to get

ISsll20,r:uy & sup  [Gsp,i(s. Dl e llell2o,mmm-1)
0<s,t<T

o<IBl<| L5
i=1,...,d

forall £ > 8 + d and 0 > 1 + d/2. As in the treatment of S3 above, we deduce that

||SS||L2(0,T;H1) < CT”p/(Q)HLOO(O,T;Hm—z)”f”LOO(O,T;J({;'—I)||Q||L2(O,T;Hm—l)
< A(T,R),
since m > 3d + 21. We argue in the same way for S1; (see the treatment of S4 above)

and obtain
IS11llL2¢0,73m1) < A(T, R).

Estimate of S7,S¢ and S19. We proceed exactly as in the estimate of S; above, since
G7(t,t,x,v) = 0. Here, we have
95G7(s.1.x,v) = [p"(0)[ds0 + v - Vxol(s, x — (1 — 5)v)

— P"(@)0s0 + ' v - Viol(s, x + (1 — " *)v) |V, £ (2, x, V).
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Using the triangle inequality with Proposition 3.5, we end up with
IS71lL200,7;1u1) = A(T, R).

For So, using Gg g i (¢,2,x,v) = 0for 0 < |B] < LWT_IJ we also have, by Proposi-
tion 3.5,

fric I'-p
)KG%‘-" [0 7 3ee] 12(0,T;H1)

S(1+T) sup

0<s,t<T

105 Go,p.i (s, D)l goe lll2 0, 7:mm—1)

forall{ > 7 + d and 0 > d /2. We then proceed, as in the estimate of S1, to deal with
the time derivative, combined with what we have done for the estimate of S3 (since
m > 3d + 19, for instance) and get

||S9||L2(0,T;H1) < A(T, R)”f”LOO(o,T;Jfl’T"—l)||Q||L2(O,T;Hm—1) < A(T, R).

Finally, we apply the same exact arguments as before for S;¢ (see the estimate of S4
above, for instance) to get

[S10llL2(0,7:m1) < AT, R)llell 20, 70m—1) < A(T, R). n

The second term SQID”Iha from Lemma 4.11 is estimated thanks to the following
lemma.
Lemma 4.16. We have
|7

||L2(0,T;H1) E A(T, R)

Proof. Let us introduce the following vector fields:
Gﬁ’,g,ﬂ (s,t,x,v) := (Vx(afzp’(g))(s,x + (11— et_sv)) . e,-)HK’I (s, t,x,v),
Gle’,f,,s (s,t,x,v) = (Vx(afi_ﬁJEQ)(s,x + (1 —e"Sv))-HE (5,1, x, v))e,-
for
BeBg(i,f)={BeN?||B|=0<p <K\, i=1,...,d =0, |K -1,
where we recall the expression of the kernel H defined in (4.9) by

HK’I(t,s,x, v)
= N (Z% (x, sz (x, U)))(I,O),(K,O)Js,t(x’ V)V, f(t, X, s (x,0)) =V, £, x, v).

By Lemma 4.13, we now decompose JQIDUIha as

R = S12 + S13 + S14 + Sis.
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where
t
Sia(t,x) = —Z/ / Bfu(s,x + (1 =€) -HE (1,5, x,v)dv ds,
= Jo Jrd
and

Si3 = ZKfang 8KJ3Q with

G13(t,s,x v) = p'(0)(s,x + (1 — e’_s)v)HK’I(t,s,x, v),

[ =L

se=X X X (p)Ken, Pl

= i=1,..d
BeBk (i,0)

|K|—1
=y Y% ( )KfGK [0 p'(@)].

K |K| 1
=L foe 5)

Let us estimate each of these terms. Note that HX/ (z,t,x,v) = 0, so the kernels
appearing in S13, S14 and S;5 vanish in the diagonal in time: these terms are therefore
of Type II and we will rely on the regularization property from Proposition 3.5 to
handle them.

Estimate of S12. We proceed as in the estimate for S, above and first get, for k >
144
2 b

K,I
1 sz 0,701y < D HE (oo 0,756 1ll20,7500m+1)-
K

Now observe that for s, ¢ we have

koo [N 20 s D)V £ (1 W) g+ 1F O

[HE (.0 =

<177 e ( wize) (1 W ltoe)
x ”Nt’snwl;go Z || a;,v(vvf)(l’ ) WS,I)” Jg}l:) + ||f(l)||J€}{C+1
lvI<k
SATR) 3 B Tol ) Vs | + 1S Ol

lyl<k

thanks to the estimate (2.9) of Lemma 2.26, Remark 2.27 and Lemma 4.7, and since
m > 4 + d. To handle the last sum, we write

/ |07, Vo £ (. x, s (. 0) [ (1 + [0]?)" dx do
T4 xR4 ’
S/ d|a%,vvvf(t7x’ WS,t(x7v))|2

Td xR
X (1 + IU - ‘/’s,t(X, v)|2 + |1//S,t(x7v)|2)r dx dv’
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and apply the change of variable v = w = V¥, ;(x, v) from Lemma 2.26, combined
with the bounds (2.8) and (2.7) to get (choosing k such thatk + 1 <m — 1)

[HE (5,0) | 4o < A(T. R).
Taking a supremum in time we obtain

[S12lli2¢0,7;m1) < A(T, R),
which yields the result.

Estimate of S13,S14 and S15. Since HK! (z,t,x,v) =0, we first observe the cancel-
lation G13(¢,¢, x,v) = 0. By Proposition 3.5, we therefore have, for £ > 7 + d and
o>d/2,

||Sl3||L2(0,T;H1)
A+ sup [os[p(els x4 (1= NH (s.0)]

K 0<s,t<
x || 8JIC(Q||L2(O,T;L2)

SCry . sup [ p"(@dse(s, x + (1= ))HS (5,0)] 4

K 0<s,t<T
x H BJIC('QHLZ(O,T;LZ)
+Cr Y sup [[p"(@)Vxolsx + (1= HS (5,0 e

K 0<s,t<T
x ” aJIc<QHL2(0,T;L2)

+Cr Y sup [ p/ols,x + (1= ™)) HS (5,0)] e
K 0<s,t<T

X ” a)Ic<QHL2(0,T;L2)'

The first two terms can be handled by arguments similar to those used for S; and S5,
a fixed number of derivatives being involved. For the last one, we proceed as for the
other terms, combined with the arguments used for S;,, and write, for all ¢, s,

17" (as, x + (1 — e =*)v)aHS (s, 1)|
< Crllp" (@)oo o, 7:mm—2) 1 3sHS T (5, 1)
< AT RY(17% Iy oo Vo £
+ 105 oo Vo £ Vsl g + Vo f O] ge1)
= AT, R),
since m > 3d /2 + 11. This yields
IS131lL2¢0,75m1) < A(T, R).
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Next, for S14, we use the fact that G14 ; ﬂ(t,t,x v) =0for0 < |B] < LlKl IJ and
i =1,...,d so that by Proposition 3.5, we have

<ot [0 e

L2(0,T;HY)

S(A+T) sup HB G14,,3(S t)”]géé ol 2o, 7:mm)

0<t,s<

for{ > 7+ d and 0 > d /2. Next, we have, for all 7, s,

185G 155 5050 3¢ < [3s[V (35 P/ (@)) (5. x + (1 = e =)0) JHS (5.0) |
+ [ V2 (95 0/ (@) (5, x + (1 = =) 0)3HS (5, 1)) gpe

The first term can be handled by arguments similar to those used for Sg and S;,. The
second can be addressed by the same procedure where one relies on the arguments
for handling S;3. Likewise, we obtain

IS14ll2¢0,7:1m1) < AT, R). =
We finally estimate the third term leDuzha from Lemma 4.11.
Lemma 4.17. We have

” :RDuha ” A(T R)

L2(0,T;H!) —

Proof. We proceed as before by introducing the vector fields
18 : ﬁ(t §,X,0) = (Vx(afgp’(g))(s,x + (1 —e"*v))- ei)SBK’I(s,t,x, V),
19113(1 §,X,0) = (Vx(afi_ﬂJsg)(s,x + (1 =€) - 581 (5,1, x, v))ei,
where
BeBg(i,)={BeN?||B|=0<p <K}, i=1,...,d, £=0,... K —1.
Let us also recall the expression of the kernel $ defined in (4.10) by
skl (t,s,x,v)
= /t eLUTONES (2% (x50 (X, 0)))(1,0),(K.0)

X (fo(f» Z7(x, Vs (X, v))) - va(l', 7 (x, Vs, (x, U)))) 3 (x, v) dz.

Thanks to Lemma 4.13, we can write

RDUhd = Si16 + S17 + S1s + S19,
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where
t
Si6(t, x) = — Z/ / Ku(s, x + (1 —e'Sv)) - 651 (1,5, x,v) dv ds,
x J0 JRA

and

S17 == K¢, [95T.0]. with
Gi7(t,5,x,v) == p'(o(s. x + (1 — e Hu)oX1 (1,5, x, v),
| &=L
0=y 3 () ol
ﬂeBK(t 6)
|K|—1
so= Y % (5 )Keys, 80 @)

K go K1 4y =1,
=S S

Let us estimate these terms, as we have done previously. Let us observe the cancella-
tion HK-1 (t,t,x,v) = 0; therefore, the terms S;7, S1g and S;9 are of Type II and we
can rely on Proposition 3.5.

Estimate of S16. We mainly proceed as for S;5, the kernel being changed from H
to $. Hence, we only have to give an estimate for |55 (s, 1)|| e (for k and r large
enough). As in the estimate of Sy,, we use Wl;jio bounds on ¥ ;, Z*" and N** from
Lemma 2.26, Remark 2.27 and Lemma 4.7 to write

|95 (s, 1) G

v ( ves)
whS wh:S°

[fo(f, Z% (- Ys0)) = Vo f (.27 (-, Yrsy)) | de

<A(TR)Z/

lvi<k

2

gk

[0% (Vs )T, Z5 (-, Y50))

ded
2

- a%,v (Vo )z, VAR (s Ws,z))] dr| dx dv.

By the generalized Minkowski inequality, and performing the change of variable
v > w = Yy, (x, v) from Lemma 2.26 followed by (x, w) = Z% (x, w), the last
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expression is bounded by

Z (/S (/deRd (U>2r{3§,v(vxf)(t, Z5 (- Ys.t))

lyl<k

) 1/2 2
— 0%, (Vo /)@ Z5 (e[ dx dv) df)

saan X ([([, | o @ner

lyl<k

> 1/2 2
— 07, (Vo /) (. x.0)| dxdv) df) _

Here, we have used the bounds on the Jacobian from (2.7), as well as the bound on
|[v — Vs (x, v)| via (2.8). It follows that

957 5.0 es < AT RN = sup {1V f(©)gs + IV O}

0<t<T

and therefore
IS16ll2¢0,7;m1) < AT, R).

Estimate of S17,S18 and S19. We mainly proceed as for Sy3, S14 and S;s, using
Proposition 3.5. As before, the kernel has just been changed from H to $. Hence, we
only have to provide an estimate for |[d;H%1 (s, 1)]| e (for k and r large enough).
We have

856K’1 (s,t,x,v)
= 05 J S N (Z% (o0, Y5, (%, 0))) (1,0), (K0

x / e [V f (2, 27 (x, Y5, (x, ) = Vi f (2, 27 (x, Y5 e (x, v))) ] de
+ JS”;S {NS(Z% (x, W0 (X, 0))) (1,0).(K.0) }

x / "t [V f (2, 25 (x, Y50 (X, 0))) = Vi f (2, 25 (x, Ys e (x, v))) ] do
+J s”ls\l“s (Z% (. Y5, (X, 0)))(1,0).(K,0)

% /St ed<’—f>as[vxf(r,z’2’(x, Vst (X, 0)) = Vo (7, Z5 (x, Ysp (x, v)))] dr

— edU=ISINTS (204 (x, s 1 (X, 1)) (2.0).(K.0)
X [V (5, Z5 (x, s (x, 1)) — Vi (5, Z5 (x, W0 (x, v)))].

o0

Using the same Wl,ijv bounds on J*, N* and W];ﬁo bounds on v ; as before, as
well as on their time derivatives, we obtain

195557 (s, )l gox < A(T, R).
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This finally yields
[S17[l 2¢0,7:11) + [S18lli2(0,7;m1) + [IS19llL2(0, 71y = A(T, R),
which ends the proof. |

We end this section by giving a proof of Lemma 4.10. Let us mention that it
only requires the continuity estimate coming from Proposition 3.4 and not those of
Propositions 3.5 and 3.7.

Proof of Lemma 4.10. In view of the estimate (4.8) of Lemma 4.9, we only have to
prove that
IViTk, 20,72 + Ve IR, 20,52 < AT, R).

We only write the proof for VI 221 . Let us recall that

t
T (t.x) = _/ 4= /}Rd NS (2% (x, v)) R (s, Z5 (x, v)) dv ds,
0

where
K,L
Ri = (‘(Rl )|K|+|L|€{m—1,m}’
with
‘(R _1|K|>28 Eregs VUava_‘_1|K|>1 Z ( )8QE$;’Q8 vai—aava_
L#0 O<a<K o
lae|=m—1

We have, for all (1, J),
[If)R ](1 »{6X)

- f “ S)/ > NG k. @ @Rk 1) (5, 25 (x,v)) dv ds;

(K,L)

therefore,

VX[Igh](I,J)([’x)

t
= _[0 ed<t—S>fR > VLZ%(x,v)Vy NG ko) @ (x,v)

(K,L)
x [R1]k.0)(s,Z° (x,v)) dv ds

t
- /0 4= / D NG k@ (6, 0))VRZ% (x, v)

(K,L)
x Vy[R1lk,L) (s, Z* (x,v)) dv ds.
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For the first term, there is no derivative on ;. We can proceed exactly as for R
in Lemma 4.9, relying on the estimate (4.8).

The second term is more involved, since V,[R1](k,1) contains several types of
terms:

¢ Some are of the form
1|K\>2Vx[vv35f]8§Erléfe‘
L#0

They involve at most m derivatives of o and at most 2 4+ (m — 3) = m — 1 deriva-
tives of f. We can bound this term in L2(0, T'; #?), following the argument used
for Ry in the proof of Lemma 4.3. Its contribution to V, I <0R1 is handled as in the
proof of Lemma 4.9 (for the term V, T =OR0)'

¢ Some are of the form
Vi [Vodi™ 0K flo2ELe

reg,e’

with | K| > 1 and |¢| = m — 1. They involve at most i derivatives of ¢ and at most
three derivatives of f. We can also bound this term in L2(0,T; J(ro), following
the argument used for Ry in the proof of Lemma 4.3. As before, we can follow
the proof of Lemma 4.9 to control its contribution to VI %1.

*  Some are of the form
12 Vi [0 Bl [V 0y .
L#0
and of the form
V[0 ERE, |V, 00K 1
with |K| > 1 and |e¢| = m — 1. These terms involve at most m + 1 derivatives
of o and cannot be directly treated as the previous ones. We need to rely on the

smoothing estimates from Chapter 3 (by making some terms of Type I appear).

We then focus on the last two types of terms, and we have to deal with

t
K,.L . - ; ;
WL (1 x) = - /0 (4= /R N ey @ )

x VxZ% (x, v)1k|»2 Vi [0X EX2 1V, 05 £ (5,25 (x, v)) dv ds,
L#0

reg,e
and

W1, x) = —/

t
d(t—s)/ 18 0;t
e N (Z™" (x,v))
A e UKL

x Vi Z% (x, v)1|x|>1

L :
x Y (a)vx[aggr’gge]vvag—“af £(s,Z5 (x,v)) dv ds

O<a<K
la|=m—1

for |[K| + |L| < m. Let us turn to the estimates of these terms in L?(0, 7; L?).
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Estimate of WIK’L when mT—z <|L| <m—2. Since |K|+ |L| < m, this implies that
|K| <14 m/2. As in the proof of Lemma 4.9, we have, by the Cauchy—Schwarz
inequality,

| w;or < A(T.R)| V<K E%e, - v,k

reg,e v vf“L2(0,T;]€,(.))’

and, by setting y(v) = (1 + |v|?)"/2, we have

[1Vx05 Ele - Vo0 S 1z, < [ Va0x Bl e [ V003 /.2,

S NENge 1SN gon—1
with k& > % + 1 + |K]|. Since d 4+ 6 < m, we can choose k such that

Wi < AT R L

reg,e

LZ(O,T;HW'—I)”f||L°°(O,T;J€;"_l) = A(Tv R)’

and conclude as in the proof of Lemma 4.3. We obtain in that case

K,L
H Wl HLZ(O,T;LZ) = A(T’ R)'
Estimate of WlK’L whenl <|L| < mT—z — 1. Inthat case, we only have |K| <m — 1.
We shall rely on the smoothing estimate of Proposition 3.4 (to treat terms of Type I)

and to recover the loss of the extra derivative on g. To do so, we first write

(WL, x)| < AT, R) | VaZ% | oo sup N
x,v <T

x 1ig|>2
L#0

/ / BKEr“e’gQE]V aL f(s. 7% (x,v))dv ds|,

and we perform the change of variable v — ¥ ;(x, w) from Lemma 2.26 in the last
integral (since ¢t < T (R)) to get

(WS 0| < AT, R)1|K|>2

/ / c[0KEXL |(s.x + (1 — e *)w)

X V0% f(5. 2% (x, Y50 (x. w))) dw ds |,

thanks to the bounds (2.7) of Lemma 2.26, Remark 2.27 and Lemma 4.7.

Relying on the decomposition of Lemma 4.13, we can make the operator K¢
appear, hence dealing with terms of Type I, and apply Proposition 3.4 (combined
with the bounds on Z%* and v ;) to estimate the last integral in L?(0, T'; L?). The
proof follows the same lines as that of Lemma 4.14. Note that Proposition 3.4 only
requires an estimate of V,,0% f in L®(0, T'; #5) with s > 1 + d. Since m > 2d + 2,
we obtain in that case

| Wt < A(T, R).
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Estimate of WZK’L. To treat this term, we observe that it involves at most two deriva-
tives of f and the gradient of m — 1 derivatives of the force field Er'éigf’g. Hence, we
can proceed exactly as we did previously for WIK’L. We likewise obtain

[w, < A(T.R).

L2(0,T;L?)

This concludes the proof of Lemma 4.10. ]



