
Chapter 4

Analysis of the kinetic moments

Following the bootstrap procedure initiated in Section 2.2, we aim at controlling the
term k%"kL2.0;T IHm/ uniformly in " and for T < T". In view of the transport equation
bearing on %" (see Lemma 2.2), we will relate the kinetic moments �f" and jf" to the
fluid density %" itself.

In this section, to ease readability, we drop out the subscript " when we refer to
the solution. Recall that ƒ will always stand for a nonnegative continuous function
which is independent of ", nondecreasing with respect to each of its arguments, that
may depend implicitly on the initial data and that may change from line to line.

For all T 2 Œ0; T"/ small enough, the goal of this chapter is to prove the following
result.

Proposition 4.1. Let T 2 .0;min.T".R/; xT .R///. For all jI j � m, we have, for any
t 2 .0; T /,
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where the remainders RI Œ�f � and RI Œjf � satisfy
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We recall the definition of the time T".R/ from our bootstrap procedure presented
in Section 2.2, as well as the definition of the time xT .R/ from Lemma 2.26 in Sec-
tion 2.3. Note that the latter is independent of ". In the rest of this section, we will
always implicitly consider times T > 0 such that

T < min.T".R/; xT .R//:

From Proposition 4.1, thanks to the analysis of Chapter 3, we can immediately
infer the following corollary.

Corollary 4.2. For m > 2C d , � > 1C d=2 and jI j � m, we have
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Proof. By Proposition 4.1, we can write
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we can use the estimate from Proposition 3.1 to get
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by Sobolev embedding, Proposition A.3 and Lemma 2.20. The same argument applies
for



@Ixjf 

L2.0;T IL2/.

Our strategy to prove Proposition 4.1 goes as follows:

• first, we take derivatives in the Vlasov equation to obtain a system of coupled
kinetic equations satisfied by the augmented unknown

�
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J
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jI jCjJ jDm�1;m

;

• next, we study the average in velocity of F by relying on the Duhamel formula
and the Lagrangian point of view of Section 2.3. We isolate the leading terms and
prove estimates for the remainders, using crucially the techniques developed in
Section 2.3 and Chapter 3.

4.1 The integro-differential system for derivatives of moments

4.1.1 Applying derivatives

We start with the following algebraic lemma, where we apply @Ix@
J
v to the Vlasov

equation. Let us recall the notation y̨k and x̨k for shifted indices (see Notation 2.8).

Lemma 4.3. For any I D .i1; : : : ; id /; J D .j1; : : : ; jd / 2 Nd such that jI j C jJ j 2
¹m � 1;mº and for any smooth function f .t; x; v/, we have�
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and R
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Proof. Using Lemma 2.9, we have
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Since the force Eu;%reg;".t; x/ does not depend on v, we expand the commutator as�
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Note that if J ¤ 0 then jI j �m� 1, and if jI j D 1;2 then J ¤ 0. The terms that cannot
be considered as remainders in the last sum are those for which jI j � j˛j C jJ j C 1 2
¹m � 1;mº, that is, those with j˛j 2 ¹1; 2º. We thus have�
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Let us estimate the remainder R
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0 in H1
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First case: mC1
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provided that � > jI � ˛j C d=2. Since jJ j C 1C jI j � j˛j C d=2 �mC 1� j˛j C
d=2 � mC1Cd
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Likewise, we have, for all k,
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Second case: 3 � j˛j < mC1
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All in all, we have proved that for all t 2 Œ0; T �,
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By the estimate (2.2) from Lemma 2.7 and by Lemma 2.20, we finally have

R
I;J
0




L2.0;T IH1

r /
� ƒ.T;R/:

With the same exact arguments, we easily obtain
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and this concludes the proof.

Remark 4.4. We will actually obtain an improved L2.0;T IH1
r / estimate for the term

R
I;J
1 (or, more precisely, for related terms) at the end of the current section.



Analysis of the kinetic moments 64

We can see MI;JF appearing in Lemma 4.3 as a linear combination of F K;L D

@Kx @
L
v f . More precisely, we can write, for all .I; J /,
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Let us observe that the coefficients of the operator M involve only 0, 1 or 2 derivatives
of the force field Eu;%reg;".t; x/, but nothing coming from f .

We finally introduce the following additional notation which will allow us to
reformulate Lemma 4.3 in a compact way.

Notation 4.5. We consider the following quantities:

(1) R0 and R1 are the vectors defined by
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4.1.2 The semi-Lagrangian approach

If f satisfies the Vlasov equation (in a strong sense), we have @Ix@
J
v .T

u;%
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for any I; J . We can apply Lemma 4.3 to obtain the following coupled system of
equations satisfied by the family F D .@Ix@

J
v f /I;J :

T u;%
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For any function g.t; x; v/, we set

zg.t; x; v/ D g.t;Xt I0.x; v/;Vt I0.x; v//;
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where
s 7! ZsIt .x; v/ D

�
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�
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d
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d
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sIt .x; v//; Vt It .x; v/ D v 2 Rd :
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After the composition by .t; x; v/ 7! .t;Xt I0.x; v/;Vt I0.x; v//, we thus obtain, by the
method of characteristics,

@t zF C zM zF C zL D d zF � zR0 �
zR1: (4.5)

To deal with the coupling matrix M, we introduce the following resolvent.

Definition 4.6. For all .x; v/ and s; t � 0, we define the resolvent operator Ns;t .x; v/
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The resolvent is well defined thanks to the Cauchy–Lipschitz theorem. We also
have

NsIt .x; v/ D ed.s�t/NsIt .x; v/;
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For the upcoming analysis, we need the following bounds on the resolvent.

Lemma 4.7. For all 0 � k < m � 3 � d=2, we have
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By the definition of coefficients of the matrix M, we also have
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thanks to estimate (2.2) from Lemma 2.7, and by Sobolev embedding (with m � 1 >
2C d=2). Grönwall’s lemma leads to the conclusion.
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We first obtain the following decomposition for the kinetic moments of the vec-
tor F .

Lemma 4.8. We haveZ
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Proof. We only explain the case of the moment of order 0, the other being similar.
Starting from the equation (4.5) and using the resolvent operators N and N defined in
(4.6) and (4.7), we have
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After a composition by the map .t; x; v/ 7! .t;X0It .x; v/;V0It .x; v//, we obtain

F .t/ D edt
�
Nt I0 ı Z0It

�
FjtD0 ı Z0It

�

Z t

0

ed.t�s/
�
Nt Is ı Z0It

��
R0.s;ZsIt /CR1.s;ZsIt /

�
ds

�

Z t

0

ed.t�s/
�
Nt Is ı Z0It

�
L.s;ZsIt / ds:

We reach the desired conclusion by integrating in velocity.
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4.2 First remainders

Let us show straightaway that some of the previous terms can be considered as
remainders.

Lemma 4.9. We have
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By the estimate (2.2) from Lemma 2.7, we get
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k	1inkL2.0;T IL2/ . ƒ.T;R/kf in
kHm

r
:

We also have�
	0in
�
.I;J /

.t; x/ D edt
Z

Rd

X
.K;L/

Nt I0
.I;J /;.K;L/

.Z0It .x; v//
�
FjtD0

�
.K;L/

.Z0It .x; v// dv;

and

rx

�
	0in
�
.I;J /

.t; x/

D edt
Z

Rd

X
.K;L/

rxZ0It .x; v/rxNt I0
.I;J /;.K;L/

.Z0It .x; v//
�
FjtD0

�
.K;L/

.Z0It .x; v// dv

C edt
Z

Rd

X
.K;L/

Nt I0
.I;J /;.K;L/

.Z0It .x; v//rxZ0It .x; v/rx
�
FjtD0

�
.K;L/

.Z0It .x; v// dv:

The same procedure as before, using Lemma 4.7 with kD 1 and the pointwise bounds
(2.16) and (2.17) from Remark 2.27, gives

krx	0inkL2.0;T IL2/ C krx	1inkL2.0;T IL2/ . ƒ.T;R/kf in
k

H
mC1
r

:

We now estimate the terms 	0
R0

and 	1
R0

. We rely on the same arguments as
before, with an additional Cauchy–Schwarz inequality in time leading to

k	0R0kL2.0;T IL2/ � ƒ.T;R/
X
I;J





Z t

0

Z
Rd



R
I;J
0 .s;ZsIt .�; v//




L2 ds dv






L2.0;T /

� ƒ.T;R/





 Z t

0

kR0.s/kH0
r

ds






L2.0;T /
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� ƒ.T;R/T kR0kL2.0;T IH0
r /

� ƒ.T;R/;

thanks to (4.2) in Lemma 4.3. We obtain the same result for 	1
R0

. Using again (4.2)
for the first order derivative, we also have

k	R0kL2.0;T IH1/ C k	
1
R0
kL2.0;T IH1/ . ƒ.T;R/:

For the estimate in L2.0; T IL2/ of the last term 	0
R1

, we end up with the conclusion
thanks to the inequality (4.1) in Lemma 4.3, combined with the same arguments as
before.

Note that the previous lemma does not give any control on krx	0
R1
kL2.0;T IL2/ C

krx	1
R1
kL2.0;T IL2/. The treatment of these terms requires additional arguments that

we will develop in the next sections. For now, we merely state the result and postpone
the proof to the end of Section 4.4.

Lemma 4.10. We have

	0R1kL2.0;T IH1/ C k	
1
R1
kL2.0;T IH1/ � ƒ.T;R/:

4.3 Leading terms and conclusion

In this section, we focus on the following two terms:

L0.t; x/ WD �

Z t

0

ed.t�s/
Z

Rd
Nt Is.Z0It .x; v//L.s;ZsIt .x; v// dv ds

and

L1.t; x/ WD �

Z t

0

ed.t�s/
Z

Rd
v ˝ Nt Is.Z0It .x; v//L.s;ZsIt .x; v// dv ds:

The goal is to prove that L0 and L1 can be decomposed as a sum of a leading term
and a remainder in L2TH1. This will imply the result stated in Proposition 4.1. Since
the treatment of L1 is similar, we focus on L0.

First, we have the following decomposition, which introduces several remainder
terms that we shall estimate later on. Recall the definition of the straightening diffeo-
morphism  s;t .x; v/ from Lemma 2.26.

Lemma 4.11. For jI j � m, we have

ŒL0�.I;0/.t; x/ D �

Z t

0

Z
Rd
@IxE

u;%
reg;".s; x � .t � s/v/ � rvf .t; x; v/ dv ds

C RDiff
I .t; x/C RDuha

I;1 .t; x/C RDuha
I;2 .t; x/;
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with

RDiff
I .t; x/ WD

Z t

0

Z
Rd

�
@IxE

u;%
reg;".s; x � .t � s/v/ � @

I
xE

u;%
reg;".s; x C .1 � e

t�s/v/
�

� rvf .t; x; v/ dv ds;

RDuha
I;1 .t; x/ WD �

X
K

Z t

0

Z
Rd
@Kx E

u;%
reg;".s; x C .1 � e

t�s/v/ � HK;I .s; t; x; v/ dv ds;

RDuha
I;2 .t; x/ WD �

X
K

Z t

0

Z
Rd
@Kx E

u;%
reg;".s; x C .1 � e

t�sv// �HK;I .t; s; x; v/ dv ds;

where HK;I and HK;I are vector fields defined by

HK;I .t; s; x; v/ WD Nt Is.Z0It .x;  s;t .x; v///.I;0/;.K;0/Js;t .x; v/rvf .t; x;  s;t .x; v//

� rvf .t; x; v/;
(4.9)

and

HK;I .t; s; x; v/ WD

Z t

s

ed.t��/Nt Is
�
Z0It .x;  s;t .x; v//

�
.I;0/;.K;0/

�
�
rxf .�;Z� It .x;  s;t .x; v/// � rvf .�;Z� It .x;  s;t .x; v///

�
� Js;t .x; v/ d�;

(4.10)

with
Js;t .x; w/ D jdet.Dw s;t .x; w//j:

Proof. Let T 2 .0;min.T".R/; xT .R///. We have, for jI j � m,

ŒL0�.I;0/.t; x/

D �

X
.K;L/

Z t

0

ed.t�s/
Z

Rd
Nt Is.Z0It .x; v//.I;0/;.K;L/@Kx @

L
vE

u;%
reg;".s;X

sIt .x; v//

� rvf .s;ZsIt .x; v// dv ds

D �

X
K

Z t

0

ed.t�s/
Z

Rd
Nt Is.Z0It .x; v//.I;0/;.K;0/@Kx E

u;%
reg;".s;X

sIt .x; v//

� rvf .s;ZsIt .x; v// dv ds; (4.11)

since Eu;%reg;" does not depend on the v variable. By Lemma 2.9, we know that
T u;%

reg;".rvf / D rvf � rxf:

Invoking the Duhamel formula, we get

rvf .t; x; v/ D e
d.t�s/

rvf .s;ZsIt .x; v//

C

Z t

s

ed.t��/
�
rvf .�;Z� It .x; v// � rxf .�;Z� It .x; v//

�
d�;
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and therefore

ed.t�s/rvf .s;ZsIt .x; v//

D rvf .t; x; v/C

Z t

s

ed.t��/
�
rxf .�;Z� It .x; v// � rvf .�;Z� It .x; v//

�
d�:

Inserting this expression in (4.11) yields

ŒL0�.I;0/.t; x/ D L1I .t; x/C L2I .t; x/;

where

L1I .t; x/ WD �
X
K

Z t

0

Z
Rd

Nt Is.Z0It .x; v//.I;0/;.K;0/@Kx E
u;%
reg;".s;X

sIt .x; v//

� rvf .t; x; v/ dv ds;

L2I .t; x/ WD �
X
K

Z t

0

Z
Rd

Z t

s

ed.t��/Nt Is.Z0It .x; v//.I;0/;.K;0/@Kx E
u;%
reg;".s;X

sIt .x; v//

�
�
rxf .�;Z� It .x; v// � rvf .�;Z� It .x; v//

�
d� dv ds:

Let us transform these two expressions in order to make the terms R1I .t; x/, R
2
I .t; x/

and R3I .t; x/ appear.

First term. We first focus on L1I , which will produce the leading term in the result.
Using the change of variable v D  s;t .x; w/ coming from Lemma 2.26, we have
(since t � xT .R/)

L1I .t; x/ D �
X
K

Z t

0

Z
Rd

Nt Is.Z0It .x;  s;t .x; v///.I;0/;.K;0/

� @Kx E
u;%
reg;".s; x C .1 � e

t�s/v/ � rvf .t; x;  s;t .x; v//Js;t .x; v/ dv ds;

where Js;t .x; w/ D jdet.Dw s;t .x; w//j. We obtain

L1I .t; x/ D �
X
K

Z t

0

Z
Rd
@Kx E

u;%
reg;".s; x C .1 � e

t�s/v/ � rvf .t; x;  t;t .x; v//

� Nt It .Z0It .x;  t;t .x; v///.I;0/;.K;0/Jt;t .x; v/ dv ds

�

X
K

Z t

0

Z
Rd
@Kx E

u;%
reg;".s; x C .1 � e

t�s/v/ � HK;I .t; s; x; v/ dv ds;

with

HK;I .t; s; x; v/ WD Nt Is.Z0It .x;  s;t .x; v///.I;0/;.K;0/Js;t .x; v/rvf .t; x;  s;t .x; v//

� Nt It .Z0It .x;  t;t .x; v///.I;0/;.K;0/Jt;t .x; v/rvf .t; x; v/:
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Now observe that, since Nt It D Id and  t;t D Id, we have

rvf .t; x;  t;t .x; v//Nt It .Z0It .x;  t;t .x; v///.I;0/;.K;0/Jt;t .x; v/

D 1IDKrvf .t; x; v/I

therefore,

L1I .t; x/ D �

Z t

0

Z
Rd
@IxE

u;%
reg;".s; x C .1 � e

t�s/v/ � rvf .t; x; v/ dv ds

�

X
K

Z t

0

Z
Rd
@Kx E

u;%
reg;".s; x C .1 � e

t�s/v/ � HK;I .s; t; x; v/ dv ds

D �

Z t

0

Z
Rd
@IxE

u;%
reg;".s; x � .t � s/v/ � rvf .t; x; v/ dv ds

C RDiff
I .t; x/C RDuha

I;1 .t; x/:

Second term. To deal with the term L2I , we apply again the change of variable v D
 s;t .x; w/ from Lemma 2.26 and get (since T � xT .R/)

L2I .t; x/ D �
X
K

Z t

0

Z
Rd
@Kx E

u;%
reg;".s; x C .1 � e

t�sv// �HK;I .t; s; x; v/ dv ds;

where

HK;I .t; s; x; v/

WD

Z t

s

ed.t��/Nt Is
�
Z0It .x;  s;t .x; v//

�
.I;0/;.K;0/

�
�
rxf .�;Z� It .x;  s;t .x; v///�rvf .�;Z� It .x;  s;t .x; v///

�
Js;t .x; v/ d�;

which means that L2I .t; x/ D RDuha
I;2 .t; x/. Combining the previous decompositions

finally yields the conclusion.

We now have the following lemma, which is the continuation of Lemma 4.11,
in which we express ŒL0�.I;0/ as a sum of a leading term and a remainder that is
controlled in L2TH1. The proof, which is rather lengthy and technical, is based on the
smoothing estimates of Chapter 3; we postpone it to Section 4.4.

Lemma 4.12. We have, for all jI j D m,

ŒL0�.I;0/.t; x/

D p0.%.t; x//

Z t

0

Z
Rd
rxŒJ"@Ix%�.s; x�.t�s/v/ � rvf .t; x; v/ dv dsCRI .t; x/;

with
kRIkL2.0;T;H1/ � ƒ.T;R/:
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We can finally proceed with the proof of Proposition 4.1.

Proof of Proposition 4.1. We only treat the case of @Ix�f , that of @Ixjf being similar.
First invoking Lemma 4.8, we have

@Ix�f D Œ	
0
in�.I;0/ C Œ	

0
R0
�.I;0/ C Œ	

0
R1
�.I;0/ C ŒL

0�.I;0/:

Thanks to Lemmas 4.9, 4.10 and 4.12, we infer that

@Ix�f .t; x/ D p
0.%.t; x//

Z t

0

Z
Rd
rxŒJ"@Ix%�.s; x � .t � s/v/ � rvf .t; x; v/ dv ds

C Œ	00 �.I;0/.t; x/C Œ	
0
R0
�.I;0/.t; x/C Œ	

0
R1
�.I;0/.t; x/C RI .t; x/;

where the previous remainders are estimated as

k	0inkL2.0;T IH1/k � ƒ.T;R/kf
in
k

H
mC1
r

;

k	0R0kL2.0;T IH1/ C k	
0
R1
kL2.0;T IH1/ � ƒ.T;R/;

kRIkL2.0;T;H1/ � ƒ.T;R/:

This concludes the proof.

4.4 Estimates of last remainders

In this section, we mainly aim at giving a proof for Lemma 4.12 and Lemma 4.10, that
we have previously stated. We shall rely on the crucial smoothing estimates derived
in Chapter 3 to treat the different remainders. Broadly speaking, there are three types
of terms requiring a gain of regularity:

Type I. Terms that will be treated thanks to the continuity estimate of Proposition 3.1,
as in [90], and of Proposition 3.4. Such terms will be useful to treat rx	0

R1
and

rx	1
R1

in the proof of Lemma 4.10.

Type II. Terms involving a kernel vanishing on the diagonal in time. They will be
treated by the regularization estimate of Proposition 3.5. Such terms will appear in
the proof of Lemma 4.12, as well as for the remainders RDiff

I ;RDuha
I;1 and RDuha

I;2 .

Type III. Terms involving the difference between the integral operators Kfree and
Kfric (see Chapter 3). They will be handled thanks to the regularization estimate of
Proposition 3.7. They will also appear in the treatment of the different remainders.

Let us mention that the previous gains require to control a fixed number of deriva-
tives of the kernels that are involved (see again Chapter 3).

Recall also the expression

Eu;%reg;".t; x/ D u.t; x/ � p
0.%/rxŒJ"%�.t; x/;
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as well as Notation 2.8 for shifted indices. In order to check that the assumptions
of the smoothing estimates of Chapter 3 are satisfied, it is convenient to have the
following result.

Lemma 4.13. For any K 2 Nd such that jKj > 0, we have

@Kx E
u;%
reg;" D �p

0.%/rxŒ@
K
x J"%�C @Kx u

�

b
jKj�1
2 cX
`D0

X
iD1;:::;d
ˇ2BK.i;`/

�
K
y̌i

�
rx

�
@
xKi�ˇ
x J"%

�
rx

�
@ˇxp

0.%/
�
� ei

�

jKj�1X
`Db jKj�12 cC1

X
iD1;:::;d
ˇ2BK.i;`/

�
K
y̌i

�
rx

�
@ˇxp

0.%/
�
� eirx

�
@
xKi�ˇ
x J"%

�
;

where

BK.i; `/ WD
®
ˇ 2 Nd

j jˇj D `; 0 < y̌i � K
¯
; i D 1; : : : ; d; ` D 0; : : : ; jKj � 1:

Proof. The proof follows directly from the Leibniz formula, which provides

@Kx E
u;%
reg;" D �p

0.%/rx@
K
x %C @

K
x u

�

jKj�1X
`D0

X
iD1;:::;d
ˇ2BK.i;`/

�
K
y̌i

�
rx

�
@ˇxp

0.%/
�
� eirx

�
@
xKi�ˇ
x J"%

�
;

and yields the desired result.

In the next lemma, we show how to obtain the leading term of Lemma 4.12 (up
to some good remainder) from the integral term of Lemma 4.11.

Lemma 4.14. We have

�

Z t

0

Z
Rd
@IxE

u;%
reg;".s; x � .t � s/v/ � rvf .t; x; v/ dv ds

D p0.%.t; x//

Z t

0

Z
Rd
rxŒJ"@Ix%�.s; x� .t � s/v/ � rvf .t; x; v/ dv dsC zRI .t; x/;

where the remainder zRI satisfies

zRI

L2.0;T IH1/ � ƒ.T;R/:

Proof. Let us introduce the following vector fields:

G1.s; t; x; v/ D Œp
0.%.s; x � .t � s/v// � p0.%.t; x//�rvf .t; x; v/;
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and

G
ˇ
3;i .s; t; x; v/ WD

�
rx

�
@ˇxp

0.%/
�
.s; x � .t � s/v/ � ei

�
rvf .t; x; v/;

G
K;ˇ
4;i .s; t; x; v/ WD

�
rx

�
@
xKi�ˇ
x J"%

�
.s; x � .t � s/v/ � rvf .t; x; v/

�
ei

for

ˇ 2 BK.i; `/D
®
ˇ 2 Nd

j jˇj D `; 0 < y̌i � K
¯
; i D 1; : : : ; d; `D 0; : : : ; jKj � 1:

Thanks to Lemma 4.13, we can write

�

Z t

0

Z
Rd
@IxE

u;%
reg;".s; x � .t � s/v/ � rvf .t; x; v/ dv ds

D p0.%.t; x//

Z t

0

Z
Rd
rxŒJ"@Ix%�.s; x � .t � s/v/ � rvf .t; x; v/ dv ds

C S1.t; x/C S2.t; x/C S3.t; x/C S4.t; x/;

where

S1.t; x/ WD Kfree
G1
Œ@IxJ"%�;

S2.t; x/ WD �
Z t

0

Z
Rd
@Ixu.s; x � .t � s/v/ � rvf .t; x; v/ dv ds;

S3.t; x/ WD
b
jI j�1
2 cX
`D0

X
iD1;:::;d
ˇ2BI .i;`/

�
I
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�
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G
ˇ

3;i
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@
xI i�ˇ
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S4.t; x/ WD
jI j�1X

`Db jI j�12 cC1

X
iD1;:::;d
ˇ2BI .i;`/

�
I
y̌i

�
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G
xIi ;ˇ

4;i

�
@ˇxp

0.%/
�
:

The treatment of the term S2 will follow from a straightforward estimate. The terms
S3 and S4 are terms of Type I and we will use the continuity estimates provided by
Proposition 3.1. The term S1, which already contains I derivatives of %, is a term of
Type II (since G1.t; t; x; v/ D 0) and we will rely on the regularization estimate of
Proposition 3.5.

Estimate of S1. Since G1.t; t; x; v/ D 0, we apply Proposition 3.5 to get

kS1kL2.0;T IH1/ . .1C T / sup
0�s;t�T

k@sG1.s; t/kH`
�
k@Ix%kL2.0;T IL2/

. .1C T / sup
0�s;t�T

k@sG1.s; t/kH`
�
k%kL2.0;T IHm/

for ` > 7C d and � > d=2. A direct computation gives

@sG1.s; t; x; v/ D p
00.%/Œ@s%C v � rx%�.s; x � .t � s/v/rvf .t; x; v/:
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We thus have, for all 0 � s; t � T ,

k@sG1.s; t; x; v/k
2

H`
�

. CT
X

j�jCj�j�`

�C�X

D0

�
k@
x.p

00.%/@s%.s//k
2
L1 C k@



x.p
00.%/rx%.s//k

2
L1
�

�

Z
Td�Rd

hvi2�C2j@�C��
x;v rvf .t; x; v/j
2 dx dv

. CT
�
kp00.%/@s%.s/k

2
Hk C kp

00.%/rx%.s/k
2
Hk
�
kf .t/k2

Hm�1
�C1

. CT kp
00.%.s//k2Hk

�
k@s%.s/k

2
Hk C krx%.s/k

2
Hk
�
kf .t/k2

Hm�1
�C1

for k > d
2
C ` > d

2
C 1C d and m � 1 > ` > 1C d . Using the equation satisfied

by %, we get
kp00.%.s//kHk � ƒ.k%.s/kHk /k%.s/kHk

and
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Hk C k%kHkC1 ;

thanks to the algebra property of Hk . Taking k C 1 < m � 3 and using the bootstrap
assumption combined with (the proof of) Lemma 2.20, we obtain

sup
0�s;t�T

k@sG1.s; t/kH`
�

. ƒ.T;R/:

Estimate of S2. Using the generalized Minkowski inequality followed by the Cauchy–
Schwarz inequality, we have, for r > d=2,
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by Sobolev embedding in the last line, since m � 1 > 1C d=2. This yields

kS2kL2.0;T IL2/ . ƒ.T;R/:

Likewise, since m � 1 > 2C d=2, we have

krxS2kL2.0;T IL2/ . kf kL1.0;T IHm�1
r /kukL2.0;T IHm/

C kf kL1.0;T IHm�1
r /kukL2.0;T IHmC1/

� ƒ.T;R/;

which gives the conclusion.

Estimate of S3 and S4. For all 0 � jˇj �
�
jI j�1
2

˘
and i D 1; : : : ; d , we use Proposi-

tion 3.1 (after taking one derivative in space) to get
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for ` > 1C d and � > d=2; therefore


Kfree
G
ˇ

3;i

�
@
xI i�ˇ
x J"%

�



L2.0;T IH1/

. sup
0�s;t�T



Gˇ3;i .t; s/

H
`C1
�
k%kL2.0;T IHm/ :

We have, for all 0 � s; t � T ,

Gˇ3;i .t; s/

2H`C1
�

� CT
X

j�jCj�j�`C1

�C�X

D0



@
xrx.@ˇxp0.%//.s/

2L1
�

Z
Td�Rd

hvi2�
ˇ̌
@�C��
x;v rvf .t; x; v/

ˇ̌2 dx dv

. CT kp
0.%/k2L1.0;T IHk/kf .t/k

2

Hm�1
�

;

provided that m � 1 � `C 2 and k > d
2
C j
 j C 1C jˇj. Since ` > 1C d and d

2
C

j
 j C 1C jˇj � d
2
C `C 2C m�1

2
, a condition such as 3d C 9 < m ensures that

Gˇ3;i .t; s/

H

`C1
�

. CT kp
0.%/kL1.0;T IHm�2/kf kL1.0;T IHm�1

� / � ƒ.T;R/;

thanks to (2.1) from Lemma 2.7, Sobolev embedding and Lemma 2.20. We thus
obtain 


Kfree

G
ˇ

3;i

�
@
xI i�ˇ
x J"%

�



L2.0;T IH1/

� ƒ.T;R/:

We proceed in the same way for S4: for all
�
jI j�1
2

˘
C 1 � jˇj � jI j � 1 and all

i D 1; : : : ; d , we take one derivative in space and apply Proposition 3.1 to write, for
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` > 1C d and � > d=2,


Kfree

G
xIi ;ˇ

4;i

�
@ˇxp

0.%/
�




L2.0;T IH1/
� sup
0�s;t�T



G xI i ;ˇ4;i .t; s/




H
`C1
�
kp0.%/kL2.0;T IHm/:

The kernel G
xI i ;ˇ
4;i is estimated as before: using the Leibniz rule, we have, for all

0 � s; t � T , 

G xI i ;ˇ4;i .t; s/


2

H
`C1
�

. CT k%k
2
L1.0;T IHk/kf .t/k

2

Hm�1
�

;

provided thatm� 1 > 2C ` and k > d
2
C j
 j C 1C jxI i j � jˇj. Since ` > 1C d and

d

2
C j
 j C 1C jxI i j � jˇj �

d C 2`CmC 1

2
;

a condition such as 3d C 9 < m ensures that

G xI i ;ˇ4;i .t; s/




H
`C1
�

. CT k%kL1.0;T IHm�2/kf kL1.0;T IHm�1
� /:

Therefore, by Sobolev embedding, the bound (2.1) in Lemma 2.7 and Lemma 2.20,
we obtain 


Kfree

G
xIi ;ˇ

4;i

�
@ˇxp

0.%/
�




L2.0;T IH1/
� ƒ.T;R/:

The remaining task is to show that the remainder terms RDiff
I ;RDuha

I;1 and RDuha
I;2

introduced in Lemma 4.11 are well controlled in L2.0; T IH1/. For the first one, we
have the following lemma.

Lemma 4.15. We have 

RDiff
I




L2.0;T IH1/ � ƒ.T;R/:

Proof. In view of Lemma 4.13, let us write, for 0� j�j �
�
jKj�1
2

˘
and

�
jKj�1
2

˘
C 1�

j�j � jKj � 1,�
rx

�
@
xKi��
x J"%

�
rxŒ@

�
xp
0.%/��eiCrxŒ@

�
xp
0.%/��eirx

�
@
xKi��
x J"%

��
.s; x�.t�s/v/

� rvf .t; x; v/

�

�
rx

�
@
xKi��
x J"%

�
rxŒ@

�
xp
0.%/��eiCrxŒ@

�
xp
0.%/��eirx

�
@
xKi��
x J"%

��
.s;xC.1�et�s/v/

� rvf .t; x; v/

D

�
rx

�
@
xKi��
x J"%

�
.s; x � .t � s/v/ � rx

�
@
xKi��
x J"%

�
.s; x C .1 � et�s/v/

�
�G8;�;i .s; t; x; v/

Crx

�
@
xKi��
x J"%

�
.s; x C .1 � et�s/v/ �G9;�;i .s; t; x; v/
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CrxŒ@
�
xp
0.%/�.s; x � .t � s/v/ �GK10;�;i .s; t; x; v/

C

�
rxŒ@

�
xp
0.%/�.s; x � .t � s/v/ � rxŒ@

�
xp
0.%/�.s; x C .1 � et�s/v/

�
�GK11;�;i .s; t; x; v/;

where

G8;�;i .s; t; x; v/ WD rxŒ@
�
xp
0.%/�.s; x � .t � s/v/ � eirvf .t; x; v/;

G9;�;i .s; t; x; v/

WD
�
rxŒ@

�
xp
0.%/� � ei � rxŒ@

�
xp
0.%/�.s; x C .1 � et�s/v/ � ei

�
rvf .t; x; v/;

GK10;�;i .s; t; x; v/

WD
�
rx

�
@
xKi��
x J"%

�
.s; x � .t � s/v/ � rx

�
@
xKi��
x J"%

�
.s; x C .1 � et�s/v/

�
� rvf .t; x; v/ei ;

GK11;�;i .s; t; x; v/ WD rx
�
@
xKi��
x J"%

�
.s; x C .1 � et�s/v/ � rxf .t; x; v/ei :

By Lemma 4.13, we can thus rewrite

RDiff
I D S5 C S6 C S7 C S8 C S9 C S10 C S11;

where

S5.t; x/ WD �
Z t

0

Z
Rd

�
@Ixu.s; x C .1 � e

t�s/v/ � @Ixu.s; x � .t � s/v/
�

� rvf .t; x; v/ dv ds;

and

S6 WD Kfree
G6

�
@IxJ"%

�
� Kfric

G6

�
@IxJ"%

�
;with

G6.t; s; x; v/ WD p
0.%.s; x � .t � s/v//rvf .t; x; v/;

S7 WD Kfric
G7

�
@IxJ"%

�
;with

G7.t; s; x; v/ WD
�
.p0.%/.s; x � .t � s/v/�p0.%/.s; x C .1 � et�s/v//rvf .t; x; v/

�
;

S8 WD
b
jI j�1
2 cX
`D0

X
iD1;:::;d
ˇ2BI .i;`/

�
I
y̌i

��
Kfree
G8;ˇ;i

�
@
xI i�ˇ
x J"%

�
� Kfric

G8;ˇ;i

�
@
xI i�ˇ
x J"%

��
;

S9 WD
b
jI j�1
2 cX
`D0

X
iD1;:::;d
ˇ2BI .i;`/

�
I
y̌i

�
Kfric
G9;ˇ;i

�
@
xI i�ˇ
x J"%

�
;

S10 WD
jI j�1X

`Db jI j�12 cC1

X
iD1;:::;d
ˇ2BI .i;`/

�
I
y̌i

�
Kfree
GI
10;ˇ;i

�
@ˇxp

0.%/
�
;
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S11 WD
jI j�1X

`Db jI j�12 cC1

X
iD1;:::;d
ˇ2BI .i;`/

�
I
y̌i

��
Kfree
GI
11;ˇ;i

�
@ˇxp

0.%/
�
� Kfric

GI
11;ˇ;i

�
@ˇxp

0.%/
��
:

Let us explain how to estimate each of these terms. The term S5 will be estimated by
a direct proof. All the other terms actually require the smoothing estimates coming
either from Proposition 3.5 or Proposition 3.7:

• for S6; S8 and S11, the difference of the operators Kfree and Kfric appears; these
terms are therefore of Type III, and we will apply Proposition 3.7;

• since the kernelsG7,G9 andG10 vanish on the diagonal ¹s D tº, the terms S7;S9
and S10 are of Type II, and we will appeal to Proposition 3.5.

Let us now turn to the estimates.

Estimate of S5. The argument is the same as for S2 above. We obtain

kS5kL2.0;T IL2/ . ƒ.T;R/:

Estimate of S6; S8 and S11. By Proposition 3.7, we have, for all ` > 8 C d and
� > 1C d=2,

kS6kL2.0;T IH1.Td // . sup
0�s;t�T

kG6.t; s/kH`
�
k@Ix%kL2.0;T IL2.Td // � ƒ.T;R/;

thanks to the bound (2.1) in Lemma 2.7, Lemma 2.20 and provided that we can take
m � 2 � d

2
C 8C d .

Likewise, for S8, we use Proposition 3.7 to get

kS8kL2.0;T IH1/ . sup
0�s;t�T

0�jˇ j�b jI j�12 c

iD1;:::;d

kG8;ˇ;i .s; t/kH`
�
k%kL2.0;T IHm�1/

for all ` > 8C d and � > 1C d=2. As in the treatment of S3 above, we deduce that

kS8kL2.0;T IH1/ . CT kp
0.%/kL1.0;T IHm�2/kf kL1.0;T IHm�1

� /k%kL2.0;T IHm�1/

� ƒ.T;R/;

sincem> 3d C 21. We argue in the same way for S11 (see the treatment of S4 above)
and obtain

kS11kL2.0;T IH1/ � ƒ.T;R/:

Estimate of S7;S9 and S10. We proceed exactly as in the estimate of S1 above, since
G7.t; t; x; v/ D 0. Here, we have

@sG7.s; t; x; v/ D
�
p00.%/Œ@s%C v � rx%�.s; x � .t � s/v/

� p00.%/Œ@s%C e
t�sv � rx%�.s; x C .1 � e

t�s/v/
�
rvf .t; x; v/:
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Using the triangle inequality with Proposition 3.5, we end up with

kS7kL2.0;T IH1/ � ƒ.T;R/:

For S9, using G9;ˇ;i .t; t; x; v/ D 0 for 0 � jˇj �
�
jI j�1
2

˘
, we also have, by Proposi-

tion 3.5, 


Kfric
G9;ˇ;i

�
@
xI i�ˇ
x J"%

�



L2.0;T IH1/

. .1C T / sup
0�s;t�T

k@sG9;ˇ;i .s; t/kH`
�
k%kL2.0;T IHm�1/

for all ` > 7C d and � > d=2. We then proceed, as in the estimate of S1, to deal with
the time derivative, combined with what we have done for the estimate of S3 (since
m > 3d C 19, for instance) and get

kS9kL2.0;T IH1/ � ƒ.T;R/kf kL1.0;T IHm�1
� /k%kL2.0;T IHm�1/ � ƒ.T;R/:

Finally, we apply the same exact arguments as before for S10 (see the estimate of S4
above, for instance) to get

kS10kL2.0;T IH1/ � ƒ.T;R/k%kL2.0;T IHm�1/ � ƒ.T;R/:

The second term RDuha
I;1 from Lemma 4.11 is estimated thanks to the following

lemma.

Lemma 4.16. We have 

RDuha
I;1




L2.0;T IH1/

� ƒ.T;R/:

Proof. Let us introduce the following vector fields:

G
K;I
14;i;ˇ

.s; t; x; v/ WD
�
rx

�
@ˇxp

0.%/
�
.s; x C .1 � et�sv// � ei

�
HK;I .s; t; x; v/;

G
K;I
15;i;ˇ

.s; t; x; v/ WD
�
rx

�
@
xKi�ˇ
x J"%

�
.s; x C .1 � et�sv// � HK;I .s; t; x; v/

�
ei

for

ˇ 2 BK.i; `/D
®
ˇ 2Nd

j jˇj D `; 0 < y̌i �K
¯
; i D 1; : : : ; d; `D 0; : : : ; jKj � 1;

where we recall the expression of the kernel H defined in (4.9) by

HK;I .t; s; x; v/

WD Nt Is
�
Z0It .x;  s;t .x; v//

�
.I;0/;.K;0/

Js;t .x; v/rvf .t; x;  s;t .x; v//�rvf .t; x; v/:

By Lemma 4.13, we now decompose RDuha
I;1 as

RDuha
I;1 D S12 C S13 C S14 C S15;
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where

S12.t; x/ WD �
X
K

Z t

0

Z
Rd
@Kx u.s; x C .1 � e

t�s/v/ � HK;I .t; s; x; v/ dv ds;

and
S13 WD

X
K

Kfric
G13

�
@Kx J"%

�
;with

G13.t; s; x; v/ WD p
0.%/.s; x C .1 � et�s/v/HK;I .t; s; x; v/;

S14 WD
X
K

b
jKj�1
2 cX
`D0

X
iD1;:::;d
ˇ2BK.i;`/

�
I
y̌i

�
Kfree
G
K;I
14;i;ˇ

�
@
xKi�ˇ
x J"%

�
;

S15 WD
X
K

jKj�1X
`Db jKj�12 cC1

X
iD1;:::;d
ˇ2BK.i;`/

�
I
y̌i

�
Kfree
G
K;I
15;i;ˇ

�
@ˇxp

0.%/
�
:

Let us estimate each of these terms. Note that HK;I .t; t; x; v/ D 0, so the kernels
appearing in S13;S14 and S15 vanish in the diagonal in time: these terms are therefore
of Type II and we will rely on the regularization property from Proposition 3.5 to
handle them.

Estimate of S12. We proceed as in the estimate for S2 above and first get, for k >
1C d

2
,

kJ8kL2.0;T IH1/ .
X
K



HK;I




L1.0;T IHk
r /
kukL2.0;T IHmC1/:

Now observe that for s; t we have

HK;I .s; t/




Hk
r

.


J s;t

Wk;1x;v



NsIt .Z0It .�;  s;t //rvf .t; �;  s;t /




Hk
r
Ckf .t/k

H
kC1
r

.


J s;t

Wk;1x;v

�
1C kZ0ItkWk;1x;v

��
1C k s;tk PWk;1x;v

�
� kNt IskWk;1x;v

X
j
 j�k



@
x;v.rvf /.t; �;  s;t /

H0
r
C kf .t/k

H
kC1
r

. ƒ.T;R/
X
j
 j�k



@
x;v.rvf /.t; �;  s;t /

H0
r
C kf .t/k

H
kC1
r

;

thanks to the estimate (2.9) of Lemma 2.26, Remark 2.27 and Lemma 4.7, and since
m > 4C d . To handle the last sum, we writeZ

Td�Rd

ˇ̌
@
x;vrvf .t; x;  s;t .x; v//

ˇ̌2
.1C jvj2/r dx dv

�

Z
Td�Rd

ˇ̌
@
x;vrvf .t; x;  s;t .x; v//

ˇ̌2
�
�
1C jv �  s;t .x; v/j

2
C j s;t .x; v/j

2
�r dx dv;
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and apply the change of variable v 7! w D  s;t .x; v/ from Lemma 2.26, combined
with the bounds (2.8) and (2.7) to get (choosing k such that k C 1 � m � 1)

HK;I .s; t/




Hk
r
� ƒ.T;R/:

Taking a supremum in time we obtain

kS12kL2.0;T IH1/ � ƒ.T;R/;

which yields the result.

Estimate of S13;S14 and S15. Since HK;I .t; t; x; v/D 0, we first observe the cancel-
lation G13.t; t; x; v/ D 0. By Proposition 3.5, we therefore have, for ` > 7C d and
� > d=2,

kS13kL2.0;T IH1/

. .1C T /
X
K

sup
0�s;t�T



@s�p0.%.s; x C .1 � et�s/v//HK;I .s; t/�

H`
�

�


@Kx %

L2.0;T IL2/

. CT
X
K

sup
0�s;t�T



p00.%/@s%.s; x C .1 � et�s/v/HK;I .s; t/

H`
�

�


@Kx %

L2.0;T IL2/

C CT
X
K

sup
0�s;t�T



p00.%/rx%.s; x C .1 � et�s/v/HK;I .s; t/

H`
�C1

�


@Kx %

L2.0;T IL2/

C CT
X
K

sup
0�s;t�T



p0.%.s; x C .1 � et�s/v//@sHK;I .s; t/

H`
�

�


@Kx %

L2.0;T IL2/:

The first two terms can be handled by arguments similar to those used for S1 and S12,
a fixed number of derivatives being involved. For the last one, we proceed as for the
other terms, combined with the arguments used for S12, and write, for all t; s,

kp0.%.s; x C .1 � et�s/v//@sHK;I .s; t/kH`
�

� CT kp
0.%/kL1.0;T IHm�2/k@sH

K;I .s; t/kH`
�

� ƒ.T;R/
�
kJ s;tkW`;1x;v

krvf .t/kH`
�

C k@sJ
s;t
kW`;1x;v

krvf .t; �;  s;t /kH`
�
C krvf .t/kH`C1

�

�
� ƒ.T;R/;

since m > 3d=2C 11. This yields

kS13kL2.0;T IH1/ � ƒ.T;R/:
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Next, for S14, we use the fact that GK;I
14;i;ˇ

.t; t; x; v/ D 0 for 0 � jˇj �
�
jKj�1
2

˘
and

i D 1; : : : ; d so that by Proposition 3.5, we have


K
G
K;I
14;i;ˇ

�
@
xKi�ˇ
x J"%

�



L2.0;T IH1/

. .1C T / sup
0�t;s�T



@sGK;I14;i;ˇ
.s; t/




H`
�
k%kL2.0;T IHm/

for ` > 7C d and � > d=2. Next, we have, for all t; s,

@sGK;I14;i;ˇ
.s; t/




H`
�

.


@s�rx�@ˇxp0.%/�.s; x C .1 � et�s/v/�HK;I .s; t/

H`

�

C


rx�@ˇxp0.%/�.s; x C .1 � et�s/v/@sHK;I .s; t/

H`

�
:

The first term can be handled by arguments similar to those used for S9 and S12. The
second can be addressed by the same procedure where one relies on the arguments
for handling S13. Likewise, we obtain

kS14kL2.0;T IH1/ � ƒ.T;R/:

We finally estimate the third term RDuha
I;2 from Lemma 4.11.

Lemma 4.17. We have 

RDuha
I;2




L2.0;T IH1/

� ƒ.T;R/:

Proof. We proceed as before by introducing the vector fields

G
K;I
18;i;ˇ

.t; s; x; v/ WD
�
rx

�
@ˇxp

0.%/
�
.s; x C .1 � et�sv// � ei

�
HK;I .s; t; x; v/;

G
K;I
19;i;ˇ

.t; s; x; v/ WD
�
rx

�
@
xKi�ˇ
x J"%

�
.s; x C .1 � et�sv// �HK;I .s; t; x; v/

�
ei ;

where

ˇ 2 BK.i; `/D
®
ˇ 2Nd

j jˇj D `; 0 < y̌i �K
¯
; i D 1; : : : ; d; `D 0; : : : ; jKj � 1:

Let us also recall the expression of the kernel H defined in (4.10) by

HK;I .t; s; x; v/

WD

Z t

s

ed.t��/Nt Is.Z0It .x;  s;t .x; v///.I;0/;.K;0/

�

�
rxf

�
�;Z� It .x;  s;t .x; v//

�
� rvf

�
�;Z� It .x;  s;t .x; v//

��
Js;t .x; v/ d�:

Thanks to Lemma 4.13, we can write

RDuha
I;2 D S16 C S17 C S18 C S19;
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where

S16.t; x/ WD �
X
K

Z t

0

Z
Rd
@Kx u.s; x C .1 � e

t�sv// �HK;I .t; s; x; v/ dv ds;

and

S17 WD Kfric
G17

�
@Kx J"%

�
;with

G17.t; s; x; v/ WD p
0.%.s; x C .1 � et�s/v//HK;I .t; s; x; v/;

S18 WD
X
K

b
jKj�1
2 cX
`D0

X
iD1;:::;d
ˇ2BK.i;`/

�
I
y̌i

�
K
G
K;I
18;i;ˇ

�
@
xKi�ˇ
x J"%

�
;

S19 WD
X
K

jKj�1X
`Db jKj�12 cC1

X
iD1;:::;d
ˇ2BK.i;`/

�
I
y̌i

�
K
G
K;I
19;i;ˇ

�
@ˇxp

0.%/
�
:

Let us estimate these terms, as we have done previously. Let us observe the cancella-
tion HK;I .t; t; x; v/ D 0; therefore, the terms S17; S18 and S19 are of Type II and we
can rely on Proposition 3.5.

Estimate of S16. We mainly proceed as for S12, the kernel being changed from H
to H. Hence, we only have to give an estimate for kHK;I .s; t/kHk

r
(for k and r large

enough). As in the estimate of S12, we use Wk;1
x;v bounds on  s;t ;ZsIt and NsIt from

Lemma 2.26, Remark 2.27 and Lemma 4.7 to write



HK;I .s; t/


2

Hk
r

. ƒ.T;R/kJ s;tk2
Wk;1x;v

�
1C kNsItk2

Wk;1x;v

�
�





Z t

s

�
rxf .�;Z� It .�;  s;t // � rvf .�;Z� It .�;  s;t //

�
d�




2

Hk
r

. ƒ.T;R/
X
j
 j�k

Z
Td�Rd

hvi2r
ˇ̌̌̌Z t

s
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� It .�;  s;t //

�
d�
ˇ̌̌̌2
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By the generalized Minkowski inequality, and performing the change of variable
v 7! w D  s;t .x; v/ from Lemma 2.26 followed by .x; w/ 7! Z0It .x; w/, the last
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expression is bounded byX
j
 j�k
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�1=2
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�2
:

Here, we have used the bounds on the Jacobian from (2.7), as well as the bound on
jv �  s;t .x; v/j via (2.8). It follows that

HK;I .s; t/
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C krvf .�/k

2

Hk
r

±
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and therefore
kS16kL2.0;T IH1/ � ƒ.T;R/:

Estimate of S17; S18 and S19. We mainly proceed as for S13; S14 and S15, using
Proposition 3.5. As before, the kernel has just been changed from H to H. Hence, we
only have to provide an estimate for k@sHK;I .s; t/kHk

r
(for k and r large enough).

We have

@sH
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D @sJ
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Using the same Wk;1
x;v bounds on J s;t , NsIt and PWk;1

x;v bounds on  s;t as before, as
well as on their time derivatives, we obtain

k@sH
K;I .s; t/kHk

r
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This finally yields

kS17kL2.0;T IH1/ C kS18kL2.0;T IH1/ C kS19kL2.0;T IH1/ � ƒ.T;R/;

which ends the proof.

We end this section by giving a proof of Lemma 4.10. Let us mention that it
only requires the continuity estimate coming from Proposition 3.4 and not those of
Propositions 3.5 and 3.7.

Proof of Lemma 4.10. In view of the estimate (4.8) of Lemma 4.9, we only have to
prove that

krx	0R1kL2.0;T IL2/ C krx	1R1kL2.0;T IL2/ � ƒ.T;R/:

We only write the proof for rx	0
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. Let us recall that
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For the first term, there is no derivative on R1. We can proceed exactly as for R0

in Lemma 4.9, relying on the estimate (4.8).
The second term is more involved, since rxŒR1�.K;L/ contains several types of

terms:

• Some are of the form

1jKj>2
L¤0

rx

�
rv@

L
v f

�
@Kx E

u;%
reg;":

They involve at mostm derivatives of % and at most 2C .m� 3/Dm� 1 deriva-
tives of f . We can bound this term in L2.0; T IH0

r /, following the argument used
for R0 in the proof of Lemma 4.3. Its contribution to rx	0

R1
is handled as in the

proof of Lemma 4.9 (for the term rx	0
R0

).

• Some are of the form
rx

�
rv@

L�˛
x @Kv f

�
@˛xE

u;%
reg;";

with jKj>1 and j˛j Dm� 1. They involve at mostm derivatives of % and at most
three derivatives of f . We can also bound this term in L2.0; T IH0

r /, following
the argument used for R0 in the proof of Lemma 4.3. As before, we can follow
the proof of Lemma 4.9 to control its contribution to rx	0

R1
.

• Some are of the form
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x @Kv f;

with jKj > 1 and j˛j D m � 1. These terms involve at most mC 1 derivatives
of % and cannot be directly treated as the previous ones. We need to rely on the
smoothing estimates from Chapter 3 (by making some terms of Type I appear).

We then focus on the last two types of terms, and we have to deal with
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for jKj C jLj � m. Let us turn to the estimates of these terms in L2.0; T IL2/.
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Estimate of WK;L
1 when m�2

2
� jLj<m� 2. Since jKj C jLj �m, this implies that

jKj � 1 C m=2. As in the proof of Lemma 4.9, we have, by the Cauchy–Schwarz
inequality,
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with k > d
2
C 1C jKj. Since d C 6 � m, we can choose k such that
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and conclude as in the proof of Lemma 4.3. We obtain in that case
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Estimate of WK;L
1 when 1� jLj � m�2

2
� 1. In that case, we only have jKj �m� 1.

We shall rely on the smoothing estimate of Proposition 3.4 (to treat terms of Type I)
and to recover the loss of the extra derivative on %. To do so, we first writeˇ̌
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and we perform the change of variable v 7!  s;t .x; w/ from Lemma 2.26 in the last
integral (since t � xT .R/) to getˇ̌
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thanks to the bounds (2.7) of Lemma 2.26, Remark 2.27 and Lemma 4.7.
Relying on the decomposition of Lemma 4.13, we can make the operator Kfric

appear, hence dealing with terms of Type I, and apply Proposition 3.4 (combined
with the bounds on ZsIt and  s;t ) to estimate the last integral in L2.0; T I L2/. The
proof follows the same lines as that of Lemma 4.14. Note that Proposition 3.4 only
requires an estimate of rv@Lv f in L1.0; T IH s

r / with s > 1C d . Sincem > 2d C 2,
we obtain in that case 
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Estimate of WK;L
2 . To treat this term, we observe that it involves at most two deriva-

tives of f and the gradient of m � 1 derivatives of the force field Eu;%reg;". Hence, we
can proceed exactly as we did previously for WK;L

1 . We likewise obtain
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L2.0;T IL2/ � ƒ.T;R/:

This concludes the proof of Lemma 4.10.


