
Chapter 5

Analysis of the fluid density

Our goal in this chapter is to obtain a uniform control on k%kL2.0;T IHm/. In the pre-
vious section, we have related the kinetic moments �f and jf to the fluid density %,
up to some well-controlled remainders. In this section, we build on those relations to
further analyze %.

We start by taking derivatives in the transport equation satisfied by %. By using
the key Proposition 4.1 (which was precisely the main outcome of Chapter 4), we
obtain a factorization of the equation for the derivatives between

• a purely hyperbolic part, which is the transport operator @t C u � rx;

• an integro-differential operator part.

This is where the crucial Penrose condition (P), assumed to be satisfied by the initial
data, steps in and allows us to justify that this last operator is actually elliptic in
space-time and therefore can provide L2TL2x estimates without loss. This relies on a
semiclassical pseudodifferential analysis, in the spirit of [90].

In this chapter, we will use the notation Min, which stands for a positive constant
depending only on the initial data.

5.1 Equation for the derivatives of the fluid density

For T 2 Œ0;min.T".R/; xT .R///, the aim of this section is to prove the following
proposition.

Proposition 5.1. Setting h D @˛x% for j˛j � m, one has�
Id �

%

1 � �f
Kfree
G ı J"

��
@thC u � rxh

�
D R; t 2 .0; T /; (5.1)

with G.t; x; v/ D p0.%.t; x//rvf .t; x; v/ and

kRkL2.0;T IL2.Td // � ƒ
�
T;R; kh.0/kH1.Td /

�
:

We start with a commutation result for the derivatives in the equation for %.

Lemma 5.2. For all j˛j � m, @˛x% satisfies the equation

@t .@
˛
x%/C u � rx.@

˛
x%/C

%

1 � �f
divx

�
j@˛xf � �@˛xf u

�
D R˛;

with
kR˛kL2.0;T IL2/ � ƒ.T;R/:
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Proof. Recall that by Lemma 2.2, the transport equation for % reads

@t%C u � rx%C
%

1 � �f
divxŒjf � �f u� D S; S D �

%

1 � �f
divx u:

We get, for all ˛ 2 Nd ,

@t .@
˛
x%/C u � rx.@

˛
x%/C Œ@

˛
x ; u � rx�%

C
%

1 � �f
divx @˛x.jf � �f u/C

�
@˛x ;

% divx
1 � �f

�
.jf � �f u/ D @

˛
xS;

and therefore @˛x% satisfies the equation

@t .@
˛
x%/C u � rx.@

˛
x%/C

%

1 � �f
divxŒj@˛xf � �@˛xf u� D R

˛;

where R˛ is a remainder defined by

R˛ WD @˛xS � Œ@
˛
x ; u � rx�% �

�
@˛x ;

% divx
1 � �f

�
.jf � �f u/C

%

1 � �f
divx

�
Œ@˛x ; u��f

�
DW @˛xS C C1 C C2 C C3:

Let us estimate each of these terms in L2.0; T IL2/, for all j˛j � m.

Estimate of @˛xS . We rely on the tame estimate from Proposition A.2 to write

k@˛xSkL2 .




 %

1 � �f






L1
kdivx ukHm C





 %

1 � �f






Hm
kdivx ukL1 D S1 CS2:

Since m � 2 > d=2, we have, by Lemma 2.20 and (2.5),

kS1kL2.0;T / .




 1

1 � �f






L1.0;T IL1/

k%kL1.0;T IHm�2/ kukL2.0;T IHmC1/ � ƒ.T;R/:

For S2, we combine the tame estimate from Proposition A.2 with Lemma A.5, which
provides

kS2kL2.0;T / . k%kL1.0;T IHm�2/ kukL2.0;T IHm/

C k%kL2.0;T IHm/





 1

1 � �f






L1.0;T IL1/

kukL1.0;T IHm/

C k%kL1.0;T IHm�2/
�
k�f kL1.0;T IL1/

�
k�f kL2.0;T IHm/kukL1.0;T IHm/

. ƒ.T;R/Cƒ.T;R/k�f kL2.0;T IHm/;

since m � 2 > d=2 and again thanks to Lemma 2.20 and (2.5). We obtain

k@˛xSkL2.0;T IL2/ � ƒ.T;R/;

by using Corollary 4.2.
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Estimate of C1. We have �C1 D Œ@
˛
x ; u��.rx%/. Therefore, the commutator estimate

from Proposition A.1 yields

kC1kL2 . krxukL1krx%kHm�1 C kukHmkrx%kL1 . kukHmk%kHm ;

since m > 1C d=2. We then obtain, by Corollary 4.2,

kC1kL2.0;T IL2/ . kukL1.0;T IHm/k%kL2.0;T IHm/ � ƒ.T;R/:

Estimate of C2. We have

C2 D

�
@˛x ;

%

1 � �f

�
.divx.jf � �f u//:

Applying the commutator estimate from Proposition A.1, we get

kC2kL2 .




rx %

1 � �f






L1
kjf � �f ukHm C





 %

1 � �f






Hm
kdivx.jf � �f u/kL1

D C2;1 C C2;2:

For C2;1, we infer from Sobolev embedding (since m � 2 > 1C d=2) that



rx %

1 � �f






L1
�





 1

1 � �f






L1
krx%kL1 C





 %

.1 � �f /2






L1



rx�f 

L1

.




 1

1 � �f






L1
k%kHm�2 C





 1

.1 � �f /





2
L1
k�kHm�2



rx�f 

L1

� ƒ.T;R/;

thanks to Lemma 2.20 and Corollary 4.2. Therefore, the tame estimate coming from
Proposition A.2 entails

kC2;1kL2.0;T / . ƒ.T;R/
�
kjf kL2.0;T IHm/ C kf kL1.0;T IHm�1

r /kukL2.0;T IHm/

C kukL1.0;T IHm/k�f kL2.0;T IHm/
�
;

since m � 1 > d=2. Invoking Lemma 2.1 and Corollary 4.2, we get

kC2;1kL2.0;T / � ƒ.T;R/:

For C2;2, we observe that since m � 1 > 1C d=2,

kdivx.jf � �f u/kL1 . kjf kHm�1 C k�f kHm�1kukHm�1 I

therefore we obtain
kC2;2kL2.0;T / � ƒ.T;R/;

by using what we have done for S2 above.
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Estimate of C3. We have

C3 D
%

1 � �f

�
Œ@˛x ; divx u��.�f /C Œ@˛x ; u��.rx�f /

�
D

%

1 � �f
.C3;1 C C3;2/:

Applying Proposition A.1, we get, for mC 1 > 2C d=2,

kC3;1kL2 . krx divx ukL1k�f kHm�1 C kdivx ukHmk�f kL1 . kukHmC1k�f kHm�1

and
kC3;2kL2 . krxukL1krx�f kHm�1 C kukHmkrx�f kL1

. kukHmk�f kHm C kukHmk�f kHm�1 :

Taking the L2-norm in time and using Lemma 2.1, we have, for C3;1,

kC3;1kL2.0;T IL2/ . kukL2.0;T IHmC1/k�f kL1.0;T IHm�1/ � ƒ.T;R/;

while for C3;2 we have

kC3;2kL2.0;T IL2/ . kukL1.0;T;Hm/k�f kL2.0;T IHm/

C kukL2.0;T IHmC1/k�f kL1.0;T IHm�1/

� ƒ.T;R/;

thanks to Corollary 4.2.

Let us now transform the equation for the derivatives of % obtained in Lemma 5.2.
To ease readability, let us temporarily set

Kfree
1;G ŒF �.t; x/ WD

Z t

0

Z
Rd
vŒrxF �.s; x � .t � s/v/ �G.t; s; x; v/ dv ds: (5.2)

Lemma 5.3. For h D @˛x% with j˛j � m, one has

@thC u � rxhC
%

1 � �f
divx

�
Kfree
1;G.J"h/ � Kfree

G .J"h/u
�
D R;

with
G.t; x; v/ WD p0.%.t; x//rvf .t; x; v/;

and where the remainder R satisfies

kRkL2.0;T IL2.Td // � ƒ.T;R/:

Proof. By Lemma 5.2, we have

@thC u � rxhC
%

1 � �f
divxŒj@˛xf � �@˛xf u� D R

˛;

with
kR˛kL2.0;T IL2/ � ƒ.T;R/:
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Thanks to Proposition 4.1, we can write

�@˛xf D Kfree
G .J"@˛x%/C R˛Œ�f �; j@˛xf D Kfree

1;G.J"@
˛
x%/C R˛Œjf �;

with G.t; x; v/ WD p0.%.t; x//rvf .t; x; v/ and where

R˛Œ�f �




L2.0;T;H1/ � ƒ.T;R/;


R˛Œjf �




L2.0;T;H1/ � ƒ.T;R/:

We obtain

@thC u � rxhC
%

1 � �f
divx

�
Kfree
1;G.J"h/ � Kfree

G .J"h/u
�

D R˛ � divx
�
R˛Œjf � � R˛Œ�f �u

�
:

Thanks to the aforementioned estimates in L2TH1x , we obtain the desired estimate on
the remainder.

Remark 5.4. In what follows, we shall rely on the following estimate: for all ` > 0
and � > 0 such that ` < m � d=2 � 2, we have

sup
0�t�T

kG.t/kH`
�
� ƒ.T;R/; (5.3)

where we recall that

G.t; x; v/ D p0.%.t; x//rvf .t; x; v/:

Indeed, we have

kp0.%.t//rvf .t/k
2

H`
�

.
X

j�jCj�j�`

�C�X

D0

k@
x.p
0.%.t///k2L1

Z
Td�Rd

hvi2�
ˇ̌
@�C��
x;v rvf .t; x; v/

ˇ̌2 dx dv

. kp0.%.t//k2Hkkf .t/k
2

Hm�1
�

if m� 1 � ` and k > d
2
C `. Invoking Lemma 2.20 by choosing also k � m� 2, we

obtain the estimate (5.3).

Our goal is now to understand the term

divx
�
Kfree
1;G.J"h/ � Kfree

G .J"h/u
�
:

We will show that up to good remainders, it is related to the transport part @th C
u � rxh appearing in the equation of Lemma 5.3. This is the object of the following
Lemmas 5.5 and 5.6, which are crucial commutation results.
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Lemma 5.5. For all j˛j � m and h D @˛x%, we have

divx
�
Kfree
G ŒJ"h�u

�
D Kfree

G ŒJ".u � rxh/�CR;

with

kRkL2.0;T IL2.Td // � ƒ.T;R/:

Proof. First, let us prove that for any smooth function h.t; x/ we have

divx
�
Kfree
G Œh�u

�
D Kfree

G Œ.u � rxh/�CR; (5.4)

with
kRkL2.0;T IL2.Td // � ƒ.T;R; khkL2.0;T IL2.Td ///: (5.5)

We have

divx
�
uKfree

G Œh�
�
D u � rxKfree

G Œh�C .divx u/Kfree
G Œh�

D Kfree
G Œ.u � rxh/�C .divx u/Kfree

G Œh�C
�
u � rx;Kfree

G

�
Œh�:

Using the notation @i D @xi , we have

Œu � rx;Kfree
G �Œh�.t; x/ D

dX
iD1

Z
Rd
ui .t; x/@i

�
Kfree
G Œh�

�
.t; x/

�

dX
iD1

Z
Rd

Kfree
G Œ.ui@ih/�.t; x/;

and then�
u � rx;Kfree

G

�
Œh�.t; x/

D

dX
iD1

Z
Rd
ui .t; x/

Z t

0

Z
Rd
rx.@ih/.s; x � .t � s/v/ �G.t; x; v/ dv ds

C

dX
iD1

Z
Rd
ui .t; x/

Z t

0

Z
Rd
rxh.s; x � .t � s/v/ � @iG.t; x; v/ dv ds

�

dX
iD1

Z
Rd

Z t

0

Z
Rd
@ih.s; x � .t � s/v/rxui .s; x � .t � s/v/ �G.t; x; v/ dv ds

�

dX
iD1

Z
Rd

Z t

0

Z
Rd
ui .s; x � .t � s/v/rx.@ih/.s; x � .t � s/v/ �G.t; x; v/ dv ds;
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so�
u � rx;Kfree

G

�
Œh�.t; x/

D Kfree
.u�rx/G

Œh�.t; x/ � Kfree
.G�rx/zu

Œh�.t; x/

C

dX
iD1

Z
Rd
rx.@ih/.s; x � .t � s/v/ �

�
.ui .t; x/ � zui .s; t; x; v//G.t; x; v/

�
dv ds;

where we have set zu.s; t; x; v/ D u.s; x � .t � s/v/. We thus get

divx
�
uKfree

G Œh�
�
D Kfree

G Œ.u � rxh/�C .divx u/Kfree
G Œh�C Kfree

.u�rx/G
Œh� � Kfree

.G�rx/zu
Œh�

C

dX
iD1

Kfree
.ui�zui /G

Œ@ih�;

which gives a decomposition as (5.4). In what follows, we shall constantly use the
estimate (5.3) of Remark 5.4, that is, for all 0 < p < m � d=2 � 2 and � > 0,

sup
0�t�T

kG.t/kHp
�
� ƒ.T;R/:

Let us estimate the different terms of the previous decomposition in order to prove
(5.5). For the first one, we rely on the smoothing estimate of Proposition 3.1 to
directly get, for ` > 1C d and � > d=2,

.divx u/Kfree

G Œh�




L2.0;T IL2/

� ƒ.T;R/ sup
0�t�T

kG.t/kH`
�
khkL2.0;T IL2/ � ƒ.T;R/khkL2.0;T IL2/;

since m > 3C 3d=2. For the second and third ones, Proposition 3.1 yields

Kfree
.u�rx/G

Œh�




L2.0;T IL2/ C


Kfree

.G�rx/zu
Œh�




L2.0;T IL2/

.
�

sup
0�s;t�T

k.u � rx/G.t; s/kHp
�
:C sup

0�s;t�T

k.G � rx/zu.t; s/kHp
�

�
khkL2.0;T IL2/

if � > d=2 and p > 1C d . With the same arguments as in Remark 5.4 to estimate
the terms inside the parentheses, we get (since m > 4C 3d=2)

Kfree

.u�rx/G
Œh�




L2.0;T IL2/ C


Kfree

.G�rx/zu
Œh�




L2.0;T IL2/ . ƒ.T;R/khkL2.0;T IL2/:

For the last term, we observe that the kernel .ui .t/� zui .t; s; x; v//G.t; x; v/ vanishes
at s D t ; therefore, Remark 3.6 implies

Kfree

.ui�zui /G
Œ@ih�




L2.0;T IL2/

. ƒ.T / sup
0�s;t�T

k@s.ui � zui /G.t; s/kHp
�
khkL2.0;T IL2/

D ƒ.T / sup
0�s;t�T

k@szui .t; s/kHk sup
0�t�T

kG.t/kHp
�
khkL2.0;T IL2/
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for p > 7C d=2, k > p C d=2 and � > d=2. Using the equation for u, we obtain
(since m > 9C d )

Kfree

.ui�zui /G
Œ@ih�




L2.0;T IL2/ � ƒ.T;R/khkL2.0;T IL2/:

All in all, this yields the claimed estimate (5.5).
Now, applying (5.4) and (5.5) with h D J"h, we get

divx
�
uKfree

G ŒJ"h�
�
D Kfree

G Œ.u � rxJ"h/�CR;

with

kRkL2.0;T IL2.Td // � ƒ.T;R; kJ"hkL2.0;T IL2.Td /// � ƒ.T;R; khkL2.0;T IL2.Td ///:

Finally, observe that

Kfree
G Œ.u � rxJ"h/� D Kfree

G ŒJ".u � rxh/�C Kfree
G

�
Œu � rx; J"�h

�
:

Relying once again on Proposition 3.1, we thus have

Kfree
G

�
Œu � rx; J"�h

�


L2.0;T IL2.Td // � ƒ.T;R/



Œu � rx; J"�h

L2.0;T IL2.Td //:

Invoking (a variant of the proof of) [21, Theorem C.14] about the commutator between
a differential operator of order 1 and a regularizing operator, we get

Œu � rx; J"�h

L2.Td / . kukW1;1.Td /khkL2.Td /;

where this estimate is independent of ". We obtain

Kfree
G

�
Œu � rx; J"�h

�


L2.0;T IL2.Td // � ƒ.T;R/;

which concludes the proof.

Lemma 5.6. For all j˛j � m, h D @˛x% and G.s; t; x; v/ D p0.%.t; x//rvf .t; x; v/,
we have

divx Kfree
1;G ŒJ"h� D �Kfree

G ŒJ"@sh�CR;

with
kRkL2.0;T IL2.Td // � ƒ.T;R; kh.0/kH1.Td //:

Proof. Recall the definition (5.2) of Kfree
1;G . We first write

divx Kfree
1;G ŒJ"h�

D p0.%.t; x//

Z t

0

Z
Rd
rx divxŒvJ"h�.s; x � .t � s/v/ � rvf .t; x; v/ dv ds CR;
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with

R.t; x/ WD

Z
Rd
rxŒJ"h�.s; x � .t � s/v/ � Œ.v � rx/.p0.%.t; x//rvf .t; x; v//� dv ds

D Kfree
.v�rx/.p0.%/rvf /

ŒJ"h�:

Thanks to Proposition 3.1, we thus have, for ` > 1C d and � > d=2,

kRkL2.0;T IL2.Td // . kJ"hkL2.0;T IL2.Td // sup
0�s;t�T

k.v � rxp
0.%//rvf .t; s/kH`

�

� ƒ.T;R/:

Now observe the identity

@s
�
J"h.s; x � .t � s/v/

�
D .@sJ"h/.s; x � .t � s/v/C divx.vJ"h/.s; x � .t � s/v/:

Since Z
Rd
rxJ"h.t; x/ � rvf .t; x; v/ dv D 0;

we have Z t

0

Z
Rd
@s
�
rxJ"h.s; x � .t � s/v/

�
� rvf .t; x; v/ dvds

D �

Z
Rd
rxJ"h.0; x � tv/ � rvf .t; x; v/ dv:

Using the generalized Minkowski inequality and the Sobolev embedding, the last
term is estimated in L2.0; T;L2/ by

krxJ"h.0/kL2.Td /





Z
Rd

sup
x2Td

jrvf .�; x; v/j dv






L2.0;T /
� ƒ.T;R/kh.0/kH1.Td /:

We deduce that we can write

divx Kfree
1;G ŒJ"h� D �Kfree

G Œ@sJ"h�CR;

with

kRkL2.0;T IL2.Td // � ƒ.T;R; kh.0/kH1.Td //:

Combining the results of Lemmas 5.3, 5.5 and 5.6 leads to the proof of Proposi-
tion 5.1.
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5.2 Propagation of the Penrose condition for short times

We now show how to propagate the Penrose stability condition (P) for short times.
This will allow us to study the operator

Id �
%

1 � �f
Kfree
G ı J"

in the following sections; the goal will be to prove its ellipticity.
First, we shall need several estimates on the time derivatives of the solutions. We

have the following basic lemma.

Lemma 5.7. Let s � 0 and � � 0. For all T 2 .0; T"/, the following holds.

(1) If s > d and s C 1 > d=2, we have

k@tf kL1.0;T IHs
� /

. kf kL1.0;T IHsC1
�C1

/

C kf kL1.0;T IHsC1
� /

�
kukL1.0;T IHs/ Cƒ.k%kL1.0;T IHsC1//

�
:

(2) If s > d=2 and � > 1C d=2, we have

k@t�f kL1.0;T IL1/ . k@t�f kL1.0;T IHs/ . kf kL1.0;T IH1Cs
� /

:

(3) If s > d=2 and � > 1C d=2, we have

k@t%kL1.0;T IL1/ . kukL1.0;T IHs/k%kL1.0;T IH1Cs/

C





 1

1 � �f






L1.0;T IL1/

k%kL1.0;T IHs/

�
�
kf kL1.0;T IH1Cs

� /
C kukL1.0;T IH1Cs/

C kf kL1.0;T IH1Cs
� /
kukL1.0;T IH1Cs/

�
:

Proof. (1) Using the Vlasov equation satisfied by f , we get

k@tf kHs
�

. kf kHs
�
C kv � rxf kHs

�
C kv � rvf kHs

�
C kEu;%reg;" � rvf kHs

�

. kf k
H
sC1
�C1

C kEu;%reg;" � rvf kHs
�
:

Next, combining the estimates (A.2) of Lemma A.6 and (2.2) of Lemma 2.7, we have,
for s > d such that s > 3C d=2,

Eu;%reg;" � rvf




Hs
�

.


Eu;%reg;"




Hskf kHsC1

�
. kf k

H
sC1
�

�
ku.t/kHs Cƒ.k%.t/kHsC1/

�
;

hence providing the first estimate.
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(2) To estimate @t�f , we use the fact that @t�f D � divx jf so that we have, by
Sobolev embedding,

k@t�f kL1.0;T IL1/ . k@t�f kL1.0;T IHs/ . kjf kL1.0;T IH1Cs/ . kf kL1.0;T IH1Cs
� /

;

thanks to Lemma 2.1. This gives the second estimate.
(3) To estimate @t%, we use the equation

@t% D �u � rx% �
1

1 � �f
divx.jf � �f uC u/%;

from which we infer that

k@t%kL1.0;T IL1/

. kukL1.0;T IHs/krx%kL1.0;T IHs/

C





 1

1 � �f






L1.0;T IL1/

k%kL1.0;T IHs/kjf � �f uC ukL1.0;T IH1Cs/:

We conclude by using Lemma 2.1.

Starting from initial data satisfying the Penrose condition (P), we now show that
it is propagated for short times.

Lemma 5.8. There exists zT0.R/ > 0 independent of " such that the following holds:
if the initial data .f in; %in/ satisfies the c-Penrose stability condition (P)c for some
c > 0 then the function .f .t/; %.t// satisfies the c

2
-Penrose stability condition (P)c=2

for all t 2 Œ0;min. zT0.R/; T "/�.

Proof. Let T < T " and recall the definition (1.4) of the Penrose function P. We start
by writing, for all t 2 Œ0; T �,

1 � Pf .t/;%.t/.x; 
; �; k/

D 1 �
p0.%.t; x//�.t; x/

1 � �f .t; x/

Z C1
0

e�.
Ci�/s
ik

1C jkj2
� .Fvrvf /.t; x; ks/ ds

D 1 � Pf in;%in.x; 
; �; k/C A0.t; x; 
; �; k/C B0.t; x; 
; �; k/;

where

A0.t; x; 
; �; k/

WD �
p0.%in.x//%in.x/

1 � �f in.x/

�

�Z C1
0

e�.
Ci�/s
ik

1C jkj2
�
�
.Fvrvf /.t; x; ks/ � .Fvrvf

in/.x; ks/
�

ds
�
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and

B0.t; x; 
; �; k/ WD
�
p0.%in.x//%in.x/

1 � �f in.x/
�
p0.%.t; x//%.t; x/

1 � �f .t; x/

�
�

Z C1
0

e�.
Ci�/s
ik

1C jkj2
� .Fvrvf /.t; x; ks/ ds:

Estimate of A0. Using Taylor’s formula, we have

jA0.t; x; 
; �; k/j �




p0.%in/%in

1 � �f in






L1

Z C1
0

jkj

Z T

0

j.Fvrv@tf /.�; x; ks/j d� ds

�





p0.%in/%in

1 � �f in






L1

Z T

0

Z C1
0

ˇ̌̌̌
.Fvrv@tf /

�
�; x;

k

jkj
s

�ˇ̌̌̌
ds d�

.




p0.%in/%in

1 � �f in






L1

Z T

0

sup
s2RC

.1C s2/

ˇ̌̌̌�
Fvrv@tf

��
�; x;

k

jkj
s

�ˇ̌̌̌
d�:

Therefore we get, for � > d=2,

jA0.t; x; 
; �; k/j

.




p0.%in/%in

1 � �f in






L1

Z T

0

sup
s2RC

X
jˇ j�2

ˇ̌̌̌�
Fv@

ˇ
vrv@tf

��
�; x;

k

jkj
s

�ˇ̌̌̌
d�

.




p0.%in/%in

1 � �f in






L1

Z T

0

� X
jˇ j�2

Z
Rd
.1C jvj2/�

ˇ̌
@ˇvrv@tf .�; x; v/

ˇ̌2 dv
� 1
2

d�

.




p0.%in/%in

1 � �f in






L1
T k@tf kL1.0;T IH3Cs

� /

for all s > d=2, thanks to the Sobolev embedding. Lemma 5.7 (with 3C s > d and
3C s C 1 > d=2) yields

k@tf kL1.0;T IH3Cs
� /
� ƒ.T;R/;

thanks to Lemma 2.20, choosing s C 6 � m. Therefore, there exists a universal con-
stant C > 0 such that

jA0.t; x; 
; �; k/j � C




p0.%in/%in

1 � �f in






L1
Tƒ.T;R/:
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Estimate of B0. Likewise, we have, for all s > d=2 such that 3C s < m � 1,

jB0.t; x; 
; �; k/j . kf kL1.0;T IH3Cs
� /

ˇ̌̌̌
p0.%.t; x//�.t; x/

1 � %f .t; x/
�
p0.%in.x//%in.x/

1 � �f in.x/

ˇ̌̌̌
� R

Z T

0

ˇ̌̌̌
@t

²
p0.%.�; x//%.�; x/

1 � �f .�; x/

³ˇ̌̌̌
d�

� RT





@t²p0.%/%1 � �f

³




L1.0;T IL1/

:

Now observe that

@t

²
p0.%/%

1 � �f

³
D

1

1 � �f

�
%@t%p

00.%/C p0.%/@t%
�
C p0.%/%

@t�f

.1 � �f /2
:

Therefore, by Sobolev embedding, we get for all s > d=2,



@t²p0.%/%1 � �f

³




L1.0;T IL1/

�





 1

1 � �f






L1.0;T IL1/

k@t%kL1.0;T IL1/

�
�
k%kL1.0;T IHs/kp

00.%/kL1.0;T IHs/ C kp
0.%/kL1.0;T IHs/

�
C





 1

1 � �f





2
L1.0;T IL1/

kp0.%/kL1.0;T IHs/k%kL1.0;T IHs/k@t�f kL1.0;T IL1/:

Using Lemma 5.7 with Lemma 2.20, we obtain as before

jB0.t; x; 
; �; k/j � CTƒ.T;R/:

All in all, we have, for all t 2 Œ0; T �,

jA0.t; x; 
; �; k/j C jB0.t; x; 
; �; k/j � C
�



p0.%in/%in

1 � �f in






L1
C 1

�
Tƒ.T;R/:

Consequently, there exists �0 > 0 independent of " (and depending on c) such that,
for zT0 D zT0.R/ satisfying

C

�



p0.%in/%in

1 � �f in






L1
C 1

�
zT0ƒ. zT0; R/ � �0;

the c
2

-Penrose stability condition (P)c=2 holds true for the function .f .t/; %.t// when-
ever t 2 Œ0; . zT0.R/; T "/�, provided that .f in; %in/ satisfies the c-Penrose stability
condition (P)c .
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5.3 Extension of the solution

In this section, our goal is to construct a suitable extension in time of the solution
.f"; %"; u"/ on the whole line R. This technical step is required in view of the sub-
sequent pseudodifferential analysis (in time-space) of Sections 5.4 and 5.5 – the
symbols being dependent on our solutions. A main issue is to obtain an extension
still satisfying the Penrose stability condition (for all times): we refer to the later
Proposition 5.17.

Define T ?" (depending on R) as

T ?" WD min
�
T".R/; xT .R/; zT0.R/

�
:

In particular, the Penrose stability condition holds on Œ0; T ?" � thanks to Lemma 5.8.
Consider two nonnegative nonincreasing cutoffs �; � 2 C1.R/ such that

8t 2 R; �.t/ D

´
1; t � 0;

0; t � 1;
and �.t/ D

´
1; t � 0;

1=2; t � 1:

We set, for ı > 0 to be fixed later, �ı.t/ WD �.t=ı/.
Given a solution .f; %; u/ to the system (S"), we consider its extension . zf ; z%; zu/

as follows. Given .Nu; Nf ; N%/ 2 N3 to be determined later on (by the number of
derivatives we will use), we define:

Extension in time for u. We set

zu.t/ D

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

u.t/; t 2 Œ0; T ?" �;

�.t � T ?" /
NuP
kD0

@kt u.T
?
" /

.t�T ?" /
k

kŠ
; t � T ?" ;

�.�t /
NuP
kD0

@kt u.0/
tk

kŠ
; t � 0:

In particular, the extension is 0 after t D T ?" C 1 and before t D �1.

Extension in time for f . We set

zf .t/ D

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

f .t/; t 2 Œ0; T ?" �;

�ı.t � T
?
" /f .T

?
" /C �ı.t � T

?
" /

NfP
kD1

@kt f .T
?
" /

.t�T ?" /
k

kŠ
; t � T ?" ;

�ı.�t /f
in C �ı.�t /

NfP
kD1

@kt f .0/
tk

kŠ
; t � 0:

In particular, the extension is 0 after t D T ?" C ı and before t D �ı.
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Extension in time for %. We set

z%.t/ D

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

%.t/; t 2 Œ0; T ?" �;

�.t � T ?" /%.T
?
" /C �ı.t � T

?
" /

N%P
kD1

@kt %.T
?
" /

.t�T ?" /
k

kŠ
; t � T ?" ;

�.�t /%in C �ı.�t /
N%P
kD1

@kt %.0/
tk

kŠ
; t � 0:

In particular, the extension is constant in time equal to %.T ?" /=2 after t D T ?" C 1 and
equal to %in=2 before t D �1.

The bounds from above and below (B�;�‚ .T /) on % and �f are still valid for z% and
� zf , provided that we choose the parameter ı small enough.

Remark 5.9. Note that if T ?" � 1, then the Penrose function P zf .t/;z%.t/ has a compact
support in time contained in Œ0; 2�.

Hereafter, we drop out the tilde notation and we shall always consider this exten-
sion of our solutions. Let us conclude this chapter by explaining how we will deal
with such an extension:

• Replacing the former solution (defined on Œ0; T ?" �) by its extension .f; %;u/ on R,
we observe that .f;%;u/ satisfies (S") with the addition of a new source term Snew

on the right-hand side which has a support contained in RnŒ0; T ?" �.

• The results of Chapter 4 and Section 5.1 remain true on Œ0; T ?" /.

We also refer to Proposition 5.17 below, where we will prove that if ı is chosen
appropriately, the extension .f; %; u/ satisfies a Penrose stability condition for all
times (the proof requiring some technical estimates from the upcoming Section 5.4).

5.4 Bounds on the symbols

The aim of this section is twofold:

• to obtain some bounds in terms of the initial data for some symbol seminorms of
the Penrose function introduced in (1.4) (depending on the extension .f; %/);

• to propagate the Penrose stability condition (P) on the whole line in time for the
extension .f; %; u/.

These two ingredients are required to obtain crucial elliptic estimates in Section 5.5.
Before stating the next lemma, consider the symbol seminorms (C.1), (C.2) and

(C.3) introduced in Appendix C: for any M � 0 and for any symbol a.t; x; �/ with
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� D .
; �; k/ 2 .0;C1/ �R �Rdn¹0º, we set

!Œa� WD sup
˛2Nd
˛i2¹0;1º

k.1C t /@˛xakL1t;x;� C sup
˛2Nd
˛i2¹0;1º

k.1C t /@t@
˛
xakL1t;x;� ;

�Œa� WD sup
˛2Nd
˛i2¹0;1º

®

j�j@˛xr�;ka

L1t;x;�
C


j�j@˛xr�;k@ta

L1t;x;�

¯
C sup

˛2Nd
˛i2¹0;1º

®

j�j@˛x@�r�;ka

L1t;x;�
C


j�j@˛x@�r�;k@ta

L1t;x;�

¯
;

„Œa�M WD sup
1�j˛j�1CM
ˇD0;1;2;3;4



@˛x@ˇt a

L1t;x;�
:

Lemma 5.10. For .t; x; 
; �; k/ 2 R � Td � .0;C1/ �R �Rdn¹0º, set

af .t; x; 
; �; k/ WD

Z C1
0

e�.
Ci�/sik � .Fvrvf /.t; x; ks/ ds: (5.6)

The symbol af is (positively) homogeneous of degree zero in .
; �; k/ in the sense that

8.t; x/; 8� D .
; �; k/; 8� > 0; af .t; x; ��/ D af .t; x; �/:

Furthermore, for any A > 0 and r > d=2C 4, we have

!Œaf � . sup
iD0;1

k.1C t /@itf kL1.RIH`
r /
; 3C

3d

2
< `; (5.7)

„Œaf �M . sup
iD0;1;2;3;4

k@itf kL1.RIH`
r /
; 4CM C

d

2
< `; (5.8)

�Œaf � . sup
iD0;1

k@itf kL1.RIH`
r /
; 7C

3d

2
< `: (5.9)

Proof. The homogeneity is obtained by performing the change of variable s D s0

�
(for

� > 0) in the integrals in s defining af .t; x; �/. In what follows, we will rely on the
estimateˇ̌
@ıt @

˛
x@
ˇ

�
Fvrvf .t; x; �/

ˇ̌
.

1

1C j�jq

�Z
Rd
.1C jvj2/�Cjˇ j

ˇ̌
rv@

ı
t @
˛
x.I ��v/

q
2 f .t; x; v/

ˇ̌2 dv
� 1
2

;
(5.10)

which is valid for all � > d=2, q > 0 and any .ı; ˛; ˇ/ 2 N �Nd �Nd .
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Consequently, for any ˛ 2 Nd with ˛i D 0; 1, we apply (5.10) with ı D 0; 1,
q D 2 and ˇ D 0, and obtain, for �.v/ D .1C jvj2/

�
2 ,ˇ̌

@ıt @
˛
xaf .t; x; �/

ˇ̌
.
�Z

Rd
.1C jvj2/�

ˇ̌
rv@

ı
t @
˛
x.I ��v/f .t; x; v/

ˇ̌2 dv
� 1
2
Z C1
0

jkj

1C s2jkj2
ds

.


�@ıt @˛xf .t; x/

H3v.Rd /

Z C1
0

1

1C s2
ds

.


@ıt f .t/



H
3Cj˛jCd

2
C�

�

for all � > 0, thanks to the Sobolev embedding. We then deduce that

!Œaf � .


.1C t /f 



L1
�

RIH
3CdCd

2
C�

�

� C 

.1C t /@tf 


L1
�

RIH
3CdCd

2
C�

�

�;
hence the claimed inequality (5.7). The inequality (5.8) can be obtained in the same
way.

Let us now turn to the proof of (5.9). First, observe that by the homogeneity of af
in � D .
; �; k/, it is enough to estimate the quantities k@˛xr�;k@

ı
t af kL1t;xL1� .SC/ and

k@˛x@�r�;k@
ı
t akL1t;xL1� .SC/ with ı D 0; 1, ˛ 2 Nd with ˛i D 0; 1, and where

SC WD
®
z� D .z
; z�; zk/ 2 .0;C1/ �R �Rdn¹0º j z
2 C z�2 C jzkj2 D 1

¯
:

We thus need to estimate the following symbols:

I
˛;ı
1 .t; x; z�/ D

Z C1
0

e�.z
Ciz�/sn �
�
@˛x@

ı
tFvrvf

�
.t; x; zks/ ds; n 2 Rd ; jnj D 1;

I
˛;ı
2 .t; x; z�/ D

Z C1
0

e�.z
Ciz�/sszk �
�
@
ˇ

�
@˛x@

ı
tFvrvf

�
.t; x; zks/ ds; jˇj 2 ¹0; 1º;

and

J
˛;ı
1;q1

.t; x; z�/ D

Z C1
0

e�.z
Ciz�/ssq1n �
�
@˛x@

ı
tFvrvf

�
.t; x; zks/ ds;

n 2 Rd ; jnj D 1; q1 2 ¹1; 2º;

J
˛;ı
2;q2

.t; x; z�/ D

Z C1
0

e�.z
Ciz�/ssq2 zk �
�
@�@

˛
x@
ı
tFvrvf

�
.t; x; zks/ ds;

q2 2 ¹2; 3º;

for z� 2 SC.
We focus on the terms J ˛;ı1;q1

and J ˛;ı2;q2
by following [90, Lemma 5.5], the treat-

ment of the symbols I ˛;ı1 and I ˛;ı2 being similar and involving fewer derivatives.
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If jzkj � 1=2, invoking (5.10) with q D q1 C 3 and ˇ D 0 yields as before

ˇ̌
J
˛;ı
1;q1

.t; x; z�/
ˇ̌

.
�Z

Rd
.1C jvj2/�

ˇ̌
rv@

ı
t @
˛
x.I ��v/

q1C3

2 f .t; x; v/
ˇ̌2 dv

� 1
2

�

Z C1
0

sq1

1C sq1C3jzkjq1C3
ds

. k@ıt f .t/k
H
4Cq1Cj˛jC

d
2

C

�

Z C1
0

sq1

1C sq1C3
ds;

since jzkj is bounded from below. We thus obtain a uniform estimate in this case. Oth-
erwise, if jzkj � 1=2, then z
2C z�2 � 3=4 and we can therefore rely on the exponential
to integrate by parts in s in the integral defining J ˛;ı1;q1

.t; x; z�/. If q1 D 1, we first get

J
˛;ı
1;1 .t; x; z�/ D

1

z
 C iz�

Z C1
0

e�.z
Ciz�/sn �
�
@˛x@

ı
tFvrvf

�
.t; x; zks/ ds

C
1

z
 C iz�

Z C1
0

e�.z
Ciz�/ssn �
�
D�@˛x@

ı
tFvrvf

�
.t; x; zks/zk ds;

and integrating by parts once again yields the estimate (since z
2 C z�2 � 3=4)

ˇ̌
J
˛;ı
1;1 .t; x; z�/

ˇ̌
.
ˇ̌
@˛x@

ı
tFvrvf .t; x; 0/

ˇ̌
C

Z C1
0

jzkj
ˇ̌
D�@˛x@

ı
tFvrvf .t; x;

zks/
ˇ̌
ds

C

Z C1
0

sjzkj2
ˇ̌
D2�@

˛
x@
ı
tFvrvf .t; x;

zks/
ˇ̌
ds:

Using (5.10) with q D 2 and jˇj D 0; 1, or q D 3 and jˇj D 2, now provides, for all
� > 0,

ˇ̌
J
˛;ı
1;1 .t; x; z�/

ˇ̌
.


@ıt f .t/



H
4Cj˛jCd

2
C�

�

�

�
1C

Z C1
0

jzkj

1C jzkj2s2
ds C

Z C1
0

jzkj2s

1C jzkj3s3
ds
�

.


@ıt f .t/



H
4Cj˛jCd

2
C�

�C2

�
1C

Z C1
0

1

1C s2
ds C

Z C1
0

s

1C s3
ds
�
;

whence the uniform estimate for this symbol. If q1 D 2, we rely on the same strategy
with additional integration by parts and (5.10) with q D 2 and jˇj D 0; 1, or q D 3
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and jˇj D 2, or q D 4 and jˇj D 3 to getˇ̌
J
˛;ı
1;2 .t; x; z�/

ˇ̌
.
ˇ̌
J
˛;ı
1;1 .t; x; z�/

ˇ̌
C

Z C1
0

ˇ̌
zk
ˇ̌ˇ̌

D�@˛x@
ı
tFvrvf .t; x;

zks/
ˇ̌
ds

C

Z C1
0

s
ˇ̌
zk
ˇ̌2ˇ̌D2�@˛x@ıtFvrvf .t; x; zks/ˇ̌ ds

C

Z C1
0

s2
ˇ̌
zk
ˇ̌3ˇ̌D3�@˛x@ıtFvrvf .t; x; zks/ˇ̌ ds

.


@ıt f .t/



H
5Cj˛jCd

2

C

�C3

�

�
1C

Z C1
0

jzkj

1C jzkj2s2
ds C

Z C1
0

jzkj2s

1C jzkj3s3
ds C

Z C1
0

jzkj3s2

1C jzkj4s4
ds
�

.


@ıt f .t/



H
5Cj˛jCd

2

C

�C3

�

�
1C

Z C1
0

1

1C s2
ds C

Z C1
0

s

1C s3
ds C

Z C1
0

s2

1C s4
ds
�
:

Gathering the two cases, we deduce the estimate

J ˛;ı1;q1




L1t;xL1� .SC/

.


@ıt f 



L1
�

RIH
6Cj˛jCd

2
C�

�C3

�
for all � > 0. Likewise, we can apply these arguments to J ˛;ı2;q2

, by invoking again
(5.10) with q D q2 C 3 and ˇ D 1 if jzkj � 1=2, or with at most q D 5 and ˇ D 4 if
jzkj � 1=2. All in all, we obtain

J ˛;ı2;q1




L1t;xL1� .SC/

.


@ıt f 



L1
�

RIH
7Cj˛jCd

2
C�

�C4

�:
We have finally proved the estimate (5.9).

In view of Lemma 5.10, it will be useful to have the following estimates on f .

Lemma 5.11. For k > d and � > 0, we have

sup
iD0;1



.1C t /@itf 

L1.RIHk
� /
� ƒ.1CMin/; � C 4 < r; k C 3 < m; (5.11)

sup
iD0;1;2;3;4



@itf 

L1.RIHk
� /
� ƒ.1CMin/; � C 4 < r; k C 6 < m: (5.12)



Analysis of the fluid density 110

Proof. Thanks to our choice of extension for .f; %; u/, and picking Nf D 4;N% D 3
and Nu D 3, it is sufficient to study the estimates on Œ0; T � with T 2 Œ0; T ?" �. Here,
we shall constantly apply Remarks 2.21 and 2.25. Taking all the exponents k large
enough in the following, we can always assume that the Sobolev spaces that we con-
sider are algebras.

We proceed inductively, relying on the equations satisfied by f , % and u. For
i D 0, we directly apply Lemma 2.22 with k � m � 1 to get

kf kL1.0;T IHk
� /
� kf in

kHm�1
�
C T

1
4ƒ.T;R/ �Min C 1:

For i D 1, we apply Lemma 5.7 to get, for k > d and k C 1 > d=2,

k@tf kL1.0;T IHk
� /

. kf kL1.0;T IHkC1
�C1

/
Ckf kL1.0;T IHkC1

� /

�
kukL1.0;T IHk/Cƒ.k%kL1.0;T IHkC1//

�
:

Therefore, using Remarks 2.21 and 2.25 and the previous estimate on f , we deduce
that

k@tf kL1.0;T IHk
� /
� ƒ.1CMin/

if k � m � 3. For i D 2, we take one derivative in time in the Vlasov equation and
get

k@2t f kL1.0;T IHk
� /

. k@tf kL1.0;T IHkC1
�C1

/

C kE%;ureg;"kL1.0;T IHk/k@tf kL1.0;T IHkC1
� /

C k@tE
%;u
reg;"kL1.0;T IHk/kf kL1.0;T IHkC1

� /

� ƒ.1CMin/Cƒ.1CMin/k@tE
%;u
reg;"kL1.0;T IHk/

if we take k � m � 4. Since

@tE
%;u
reg;" D @tu � @t%p

00.%/J"rx% � p0.%/J"rx@t%;

it is enough to estimate k@tukHk and k@t%kHkC1 . Thanks to the equation for u and %,
we easily get the fact that this involves �f ; jf ; % and u in L1.0; T IHkC2/. Using
Lemma 2.22 and Remarks 2.21 and 2.25 with k � m � 4 we obtain

k@2t f kL1.0;T IHk
� /

. ƒ.1CMin/:

Now, for i D 3, we observe that k@3t f kL1.0;T IHk/ is estimated by, at most, the quan-
tities 

@2t f 

L1.0;T IHkC1

�C1
/

and


@2tE%;ureg;"




L1.0;T IHk

� /
;
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thus requiring to estimate at most


@2t u

Hk and



@2t %

HkC1 . Using again the equation
for u and %, this now involves u in L1.0; T IHkC4/ and �f ; jf ; % in L1.0; T IHkC3/.
Using Lemma 2.22 and Remarks 2.21 and 2.25 with k � m � 5 we obtain

k@3t f kL1.0;T IHk
� /
� ƒ.1CMin/:

The same can be done for i D 4, implying, for k � m � 6,

k@4t f kL1.0;T IHk
� /
� ƒ.1CMin/:

This allows us to conclude the proof.

We are now in a position to prove the following result concerning the Penrose
symbol Pf;%, whose expression we recall here:

Pf;%.t; x; 
; �; �/

D
p0.%.t; x//%.t; x/

1 � �f .t; x/

Z C1
0

e�.
Ci�/s
ik

1C jkj2
� .Fvrvf /.t; x; �s/ ds:

The symbol seminorms (C.1), (C.2) and (C.3) of Pf;% are first estimated as follows.

Lemma 5.12. For any k > d=2 and M � 0, we have

!ŒPf;%� � ƒ
�

sup
iD0;1

k@it%kL1.RIHdCk/; sup
iD0;1

k@it�f kL1.RIHdCk/

�
!Œaf �; (5.13)

„ŒPf;%�M

� ƒ
�

sup
iD0;1;2;3;4

k@it%kL1.RIH1CMCk/; sup
iD0;1;2;3;4

k@it�f kL1.RIH1CMCk/

�
„Œaf �M;

(5.14)

�ŒPf;%� � ƒ
�

sup
iD0;1

k@it%kL1.RIHdCk/; sup
iD0;1

k@it�f kL1.RIHdCk/

�
�Œaf �: (5.15)

Proof. Since the symbol Pf;% depends only on .
; �; k/ through af , we only prove
the estimate (5.13), the treatment of (5.14) and (5.15) being similar.

First, we write the symbol Pf;% as

Pf;%.t; x; 
; �; k/ D m.%.t; x/; �f .t; x//
1

1C jkj2
af .t; x; 
; �; k/;

where af has been defined in (5.6) and

m.%.t; x/; �f .t; x// WD
p0.%.t; x//%.t; x/

1 � �f .t; x/
:
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We have

!ŒPf;%�

. sup
˛2Nd
˛i2¹0;1º



.1C t /@˛x.m.%; �f /af /

L1.R�Td IL1� /

C sup
˛2Nd
˛i2¹0;1º



.1C t /@˛x.m.%; �f /@taf /

L1.R�Td IL1� /

C sup
˛2Nd
˛i2¹0;1º



.1C t /@˛x..@1m.%; �f /@t%C @2m.%; �f /@t�f /af /

L1.R�Td IL1� /
:

Using the Leibniz rule, we get, for all ˛ 2 Nd such that ˛i 2 ¹0; 1º,

.1C t /
ˇ̌
@˛x.m.%; �f /af /

ˇ̌
.
X
ˇ�˛

ˇ̌
@ˇx .m.%; �f //

ˇ̌ˇ̌
@˛�ˇx af

ˇ̌
� !Œaf �

X
ˇ�˛

ˇ̌
@ˇx .m.%; �f //

ˇ̌
;

and one can observe that for all k > d
2

,X
ˇ�˛

ˇ̌
@ˇx .m.%; �f //

ˇ̌
. km.%; �f /kHdCk � ƒ.k%kL1 ; k�f kL1/k%kHdCkk�f kHdCk ;

where we have applied Proposition A.3 and the fact that HkCd is an algebra. Doing
the same with the term involving @taf , we obtain

sup
˛2Nd
˛i2¹0;1º



.1C t /@˛x.m.%; �f /af /

L1.R�Td IL1� /

C sup
˛2Nd
˛i2¹0;1º



.1C t /@˛x.m.%; �f /@taf /

L1.R�Td IL1� /

� ƒ
�
k%kL1.RIL1/; k�f kL1.RIL1/

�
k%kL1.RIHdCk/k�f kL1.RIHdCk/!Œaf �:

Likewise, similar computations – which we omit – show that for all k > d
2

,

sup
˛2Nd
˛i2¹0;1º



@˛x�Œ@1G.%; �f /@t%C @2G.%; �f /@t�f �af �

L1.R�Td IL1� /

� ƒ
�
k%kL1.RIL1/; k�f kL1.RIL1/

�
�ƒ

�
k%kL1.RIHdCk/; k@t%kL1.RIHdCk/; k�f kL1.RIHdCk/; k@t�f kL1.RIHdCk/

�
� !Œaf �:

This concludes the proof of the estimate (5.13) of the lemma, thanks to Sobolev
embedding.
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We finally obtain the following result, yielding some control on the seminorms of
the Penrose function in terms of the initial data only.

Corollary 5.13. The following hold:

!ŒPf;%� . ƒ.1CMin/; (5.16)

„ŒPf;%�M . ƒ.1CMin/; 2M < m � 11 � d=2; (5.17)

�ŒPf;%� . ƒ.1CMin/: (5.18)

Proof. We combine the estimates (5.7), (5.8) and (5.9) of Lemma 5.10 with (5.13),
(5.14) and (5.15) of Lemma 5.12. We first get, for 3C 3d=2 � ` < m � 3,

!ŒPf;%� � ƒ
�

sup
iD0;1

k@it%kL1.RIHdC`/; sup
iD0;1

k@it�f kL1.RIHdC`/

�
� sup
iD0;1

k.1C t /@itf kL1.RIH`
r /

� ƒ
�

sup
iD0;1

k@it%kL1.RIHdC`/; sup
iD0;1

k@itf kL1.RIHdC`
� /

�
ƒ.1CMin/

for � > d=2. Hence, by using the equation for % with Remark 2.21 and Lemma 2.22,
and by taking ` < m � 3 � d , we can rely on (5.11) from Lemma 5.11 to obtain
(5.16). Next, we have, for 4CMC d=2 < ` < m � 6,

„ŒPf;%�M

� ƒ
�

sup
iD0;1;2;3;4

k@it%kL1.RIH1CMC`/; sup
iD0;1;2;3;4

k@it�f kL1.RIH1CMC`/

�
� sup
iD0;1;2;3;4

k@itf kL1.RIH`
r /

� ƒ
�

sup
iD0;1;2;3;4

k@it%kL1.RIH1CMC`/; sup
iD0;1;2;3;4

k@itf kL1.RIH1CMC`
� /

�
ƒ.1CMin/

for � > d=2. Using (5.12) from Lemma 5.11, the equation for %, Remark 2.21 and
Lemma 2.22 with `C 1CM < m � 6, we deduce (5.17). Finally, we also have, for
7C 3d=2 < ` < m � 3 � d ,

�ŒPf;%� � ƒ
�

sup
iD0;1

k@it%kL1.RIHdC`/; sup
iD0;1

k@itf kL1.RIHdC`
� /

�
ƒ.1CMin/

for � > d=2 and as before, we obtain (5.18).
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5.5 Elliptic estimates through pseudodifferential analysis

Let T 2 .0;T ?" /. In view of the equation (5.1) on hD @˛x% obtained in Proposition 5.1,
we initiate the study of the equation�

Id �
%

1 � �f
Kfree
G ı J"

��
zH
�
D zR; 0 � t � T; (5.19)

where zR is a given source term defined on .0;T /. Given a solution zH to this equation,
we want to derive an L2.0; T IL2/ estimate of zH in terms of zR. This will be possible
thanks to the Penrose stability condition satisfied by .f .t/; %.t// (see the forthcoming
Proposition 5.17).

Note that the operator involved in the equation (5.19) depends on % and f , which
are defined for all times.

Following [90], we would like to link the operator Id � %
1��f

Kfree
G ı J" which

appears in (5.19) to a pseudodifferential operator of order 0 in time-space. We will
use the following notation for the Fourier transform in time-space, and we also refer
to Appendix C:

8.�; k/ 2 R � Zd ; Ft;xg.�; k/ D

Z
R�Td

e�i.� tCk�x/g.t; x/ dt dx:

For symbols of the form a.t; x; 
; �; k/ on Œ0; T � � Td � RC � R � Rdn¹0º and in
the Schwartz class, we rely on the quantification

Op
 .a/.h/.t; x/ D
1

.2�/dC1

Z
R�Zd

ei.� tCk�x/a.t; x; 
; �; k/Ft;xh.�; k/ d� dk:

The measure on Zd is the discrete measure. Note that the symbols we shall handle
are defined on R � Td in the physical space, thanks to the extension procedure from
Section 5.3. Note also that we shall handle symbols defined in the whole space Rd

for the k variable, even if we only use them for k 2 Zd in the formula.
For 
 > 0 (which will be chosen large enough in the end, but always independent

of "), we set
zH.t; x/ WD e
tH.t; x/; zR.t; x/ WD e
tR.t; x/:

We can rewrite (5.19) as

H.t; x/ �
%

1 � �f
e�
tKfree

G Œe
 �J"H�.t; x/ D R.t; x/; 0 � t � T: (5.20)

First, let us extend the solution H by zero for times t < 0 and let us choose any
smooth and compactly supported extension in time of H after time T . We still call
this solution H . The following lemma now provides the link between the integro-
differential equation (5.20) and a pseudodifferential equation.
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Lemma 5.14. We have

e�
tKfree
G Œe
 �H�.t; x/ D p0.%.t; x//Op
 .af /.H/.t; x/ on R � Td ;

where af is defined in (5.6). In particular, the equation (5.20) on H reads

H �
p0.%/%

1 � �f
Op
 .af /.J"H/ D S on R � Td ; (5.21)

where S is a source term defined on R�Td such that Sj.�1;0/ D 0 and SjŒ0;T � DR.

Proof. We write

H.t; x/ D
1

.2�/dC1

Z
R�Zd

ei.� tCk�x/Ft;xH.�; k/ d� dkI

therefore,

e�
tKfree
G .e
 �H/.t; x/

D
p0.%.t; x//

.2�/dC1

Z t

�1

Z
Rd

Z
R�Zd

e�
.t�s/ei.�sCk�.x�.t�s/v//ik

� rvf .t; x; v/Ft;xH.�; k/ dv ds d� dk;

because H is 0 on negative times. We apply the Fubini theorem (which holds since

 > 0) and get

e�
tKfree
G .e
 �H/.t; x/

D
p0.%.t; x//

.2�/dC1

Z
R�Zd

ei.� tCk�x/

�

�Z t

�1

e�.
Ci�/.t�s/ik �

Z
Rd
e�ik�v.t�s/rvf .t; x; v/ dv ds

�
Ft;xH.�; k/ d� dk:

Therefore, setting s0 D t � s,

e�
tKfree
G .e
 �H/.t; x/

D
p0.%.t; x//

.2�/dC1

Z
R�Zd

ei.� tCk�x/
�Z C1

0

e�.
Ci�/sik �

Z
Rd
e�ik�vsrvf .t; x; v/ dv ds

�
� Ft;xH.�; k/ d� dk

D
p0.%.t; x//

.2�/dC1

Z
R�Zd

ei.� tCk�x/
�Z C1

0

e�.
Ci�/sik � .Fvrvf /.t; x; ks/ ds
�

� Ft;xH.�; k/ d� dk

D p0.%.t; x; //Op.af /.H/.t; x/:



Analysis of the fluid density 116

This provides the desired equality. That the source term S in the final pseudodifferen-
tial equation (5.21) satisfies Sj.�1;0/ D 0 follows from the equation and the fact that
H is zero for negative times.

Having in mind a semiclassical approach (see also Apppendix C), we introduce
the following quantization.

Notation 5.15. For any symbol b.t; x; 
; �; k/ on R � Td �RC �R �Rdn¹0º, we
set, for " 2 .0; 1/,

b".t; x; 
; �; k/ WD b.t; x; "
; "�; "k/;

Op
;".b/ WD Op
 .b"/:

Lemma 5.16. We have

p0.%/Op
 .af /.J"H/ D Op
;".af;%/.H/; (5.22)

where
af;%.t; x; �/ WD

1

1C jkj2
p0.%.t; x//af .t; x; �/:

Proof. We have the exact composition formula

p0.%/Op
 .af /.J"H/ D Op
 .za";f;%/.H/;

za";f;%.t; x; �/ WD p
0.%.t; x//af .t; x; �/

1

1C j"kj2
;

since we are composing on the right by a Fourier multiplier. Since af;% is homoge-
neous of degree 0 in the variable � (see Lemma 5.10), we have

za";f;%.t; x; �/ D p
0.%.t; x//af .t; x; "�/

1

1C j"kj2
D af;%.t; x; "�/;

and the conclusion follows.

In the following proposition, we show that we can choose an extension of .f;%;u/
as in Section 5.3 and such that it satisfies a Penrose condition for all times. By the
definition of T ?" , we know that

8t 2 Œ0; T ?" �; inf
.x;
;�;k/

j1 � Pf .t/;%.t/.x; 
; �; k/j � c0=2;

where we recall the expression of the Penrose symbol:

Pf .t/;%.t/.x; 
; �; k/

D
p0.%.t; x//%.t; x/

1 � �f .t; x/

Z C1
0

e�.
Ci�/s
ik

1C jkj2
� .Fvrvf / .t; x; ks/ ds:
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We want this condition to be true for the extension of .f; %/. We have the following
result, which requires the technical assumption (1.2) on the pressure.

Proposition 5.17. There exists ı? D ı.c0;Min/ > 0 small enough such that, consid-
ering the extension of f and % with respect to T ?" and ı?, we have

8t 2 R; inf
.x;
;�;k/

j1 � Pf .t/;%.t/.x; 
; �; k/j � c0=4:

Proof. We only treat the case t 2 .T ?" ;C1/, as the case of negative times is identical.
Let us set

�?ı .t/ WD �ı.t � T
?
" /; �?.t/ WD �.t � T ?" /;

where we employ the notation of Section 5.3. By the definition of the extension for f ,
we have

Pf .t/;%.t/

D
�?
ı
.t/p0.%.t; x//%.t; x/

1 � �f .t; x/

�

Z C1
0

e�.
Ci�/s
ik

1C jkj2
� .Fvrvf /.T

?
" ; x; ks/ ds

C
�?
ı
.t/p0.%.t; x//%.t; x/

1 � �f .t; x/

�

NfX
kD1

.t � T ?" /
k

kŠ

Z C1
0

e�.
Ci�/s
ik

1C jkj2
�
�
Fvrv@

k
t f
�
.T ?" ; x; ks/ ds:

(5.23)
We next proceed to the following decompositions: we have

1

1 � �f .t/
D

1

1 � �?
ı
.t/�f .T ?" / � �

?.t/
PNf
kD1

@kt �f .T
?
" /

.t�T ?" /
k

kŠ

D
1

1 � �?
ı
.t/�f .T ?" /

C
1

1 � �?
ı
.t/�f .T ?" /

Q?.t/

1 �Q?.t/
;

where

Q?.t/ WD
�?
ı
.t/
PNf
kD1

@kt �f .T
?
" /

.t�T ?" /
k

kŠ

1 � �?
ı
.t/�f .T ?" /

;

and by writing

%.t/ D �?.t/%.T ?" /CR
?.t/; R?.t/ WD �ı.t � T

?
" /

N%X
kD1

%.k/.T ?" /
.t � T ?" /

k

kŠ
;

we also have

p0.%.t//%.t/ D p0
�
�?.t/%.T ?" /

�
�?.t/%.T ?" /C S

?.t/;
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where

S?.t/ WD
�
p0
�
�?.t/%.T ?" /CR

?.t/
�
� p0

�
�?.t/%.T ?" /

��
�?.t/%.T ?" /

C p0
�
�?.t/%.T ?" /CR

?.t/
�
R?.t/:

Note that

S?.t/ D O
t!T ?"

.t � T ?" /:

Now, the equality (5.23) turns into

1 � Pf .t/;%.t/ D 1 �
�?
ı
.t/p0

�
�?.t/%.T ?" /

�
�?.t/%.T ?" /

1 � �?
ı
.t/�f .T ?" /

�
1

1C jkj2

Z C1
0

e�.
Ci�/sik � .Fvrvf /.T
?
" ; x; ks/ ds

CE?.t/;

with a remainder E?.t/ WD ��?
ı
.t/.IC IIC IIIC IV/, where

I D
p0
�
�?.t/%.T ?" /

�
�?.t/%.T ?" /

1 � �?
ı
.t/�f .T ?" /

Q?.t/

1 �Q?.t/

�

Z C1
0

e�.
Ci�/s
ik

1C jkj2
� .Fvrvf /.T

?
" ; x; ks/ ds;

II D
S?.t/

1 � �?
ı
.t/�f .T ?" /

Z C1
0

e�.
Ci�/s
ik

1C jkj2
� .Fvrvf /.T

?
" ; x; ks/ ds;

III D
S?.t/

1��?
ı
.t/�f .T ?" /

Q?.t/

1�Q?.t/

Z C1
0

e�.
Ci�/s
ik

1Cjkj2
� .Fvrvf /.T

?
" ; x; ks/ ds;

IV D
p0.%.t; x//%.t; x/

1 � �f .t; x/

�

NfX
kD1

.t � T ?" /
k

kŠ

Z C1
0

e�.
Ci�/s
ik

1C jkj2
�
�
Fvrv@

k
t f
�
.T ?" ; x; ks/ ds:

We claim that a homogeneity argument shows that

inf
.x;
;�;k/

ˇ̌̌̌
1 �

�?
ı
.t/p0

�
�?.t/%.T ?" ; x/

�
�?.t/%.T ?" ; x/

1 � �?
ı
.t/�f .T ?" ; x/

�
1

1C jkj2

Z C1
0

e�.
Ci�/sik � .Fvrvf /.T
?
" ; x; ks/ ds

ˇ̌̌̌
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� inf
.x;
;�;k/

ˇ̌̌̌
1 �

p0.%.T ?" ; x//%.T
?
" ; x/

1 � �f .T ?" ; x/

�
1

1C jkj2

Z C1
0

e�.
Ci�/sik � .Fvrvf /.T
?
" ; x; ks/ ds

ˇ̌̌̌
� c0=2:

Indeed, we know from Lemma 5.10 that for all x 2 Td , the function

.
; �; k/ 7!

Z C1
0

e�.
Ci�/sik � .Fvrvf /.T
?
" ; x; ks/ ds

is homogeneous of degree 0, and since by the assumption (1.2) and by construction
we have

0 �
�?
ı
.t/p0

�
�?.t/%.T ?" ; x/

�
�?.t/%.T ?" ; x/

1 � �?
ı
.t/�f .T ?" ; x/

�
p0
�
%.T ?" ; x/

�
%.T ?" ; x/

1 � �f .T ?" ; x/
;

we can rely on Remark 1.10 (see (1.5)) to obtain the previous claim. By writing

inf
.x;
;�;k/

j1 � Pf .t/;%.t/.x; 
; �; k/j �
c0

2
� sup
.x;
;�;k/

jE?.t; x; 
; �; k/j

thanks to the triangular inequality, it remains to prove that a suitable choice of ı can
lead to

8t 2 ŒT ?" ;C1/; sup
.x;
;�;k/

jE?.t; x; 
; �; k/j �
c0

4
:

First note that the remainder E? has a factor �?
ı
.t/ multiplying all the terms in its

expression, and is therefore compactly supported in time, with support in the inter-
val .T ?" ; T

?
" C ı/. Relying on the bounds for f and % depending only on Min (see

Remark 2.21 and Lemma 2.22), we can proceed as in the proof of the estimates (5.16),
(5.17) and (5.18) and show that

jE?.t/j � ƒ.Min/�
?
ı .t/jt � T

?
" j � ƒ.Min/ı:

This procedure is allowed since the extension and the remainder E? only involve a
finite number of derivatives in time of % and f at t D T ?" . Choosing ı small enough
is now sufficient to conclude.

We are now in a position to provide the key L2.R;L2x/ estimate for a solution to
the equation (5.21). We will actually consider a slightly different pseudodifferential
equation, which is

H �
p0.%/%

1 � �f
Op
 .af /.J"H / D � on R � Td ; (5.24)
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where � D S on Œ0; T � and is zero outside Œ0; T �. The main part of our analysis
will provide an estimate in L2.RIL2x/ for the solution H of the equation (5.24), and
we will show subsequently that it will provide an L2.0; T; L2x/ estimate on H , the
solution to the original equation (5.20). This will be based on a causality principle for
the pseudodifferential equation (5.20) (see Lemma 5.19 below).

Proposition 5.18. Assume that H is a solution of the equation (5.24) on R � Td .
There exists ƒ.Min/ > 0 such that, for any 
 � ƒ.Min/, we have

kHkL2.R�Td / � ƒ.Min/k�kL2.R�Td /:

In particular, we have

kHkL2..0;T /�Td / � ƒ.Min/k�kL2..0;T /�Td /:

Proof. Thanks to (5.22) and Lemma 5.14, the equation (5.24) can be rewritten as�
Id �

%

1 � �f
Op
;".af;%/

�
.H / D � ;

where af;% has been defined in (5.22). Now observe that, recalling the definition (1.4)
of the Penrose symbol Pf;%, we have

%

1 � �f
af;% D Pf;%I

therefore, H satisfies
Op
;".1 � Pf;%/.H / D � : (5.25)

Relying on Proposition 5.17 on the Penrose condition satisfied by the (extension) of
.f .t/; %.t// on R, we can consider

cf;% WD
1

1 � Pf;%
:

Note that the symbol cf;% � 1 vanishes outside a compact set in time and hence, in
view of the estimates (5.16), (5.17) and (5.18) of Corollary 5.13 on the symbol Pf;%
and Faà di Bruno’s formula, we get

!
�
c"f;% � 1

�
C�

�
c"f;% � 1

�
� ƒ.1CMin/: (5.26)

Applying Op
;".cf;%/ to the equation (5.25) yields

H D � C Op
;".cf;% � 1/.�/

C
�
Op
;"

�
.cf;% � 1/.1 � Pf;%/

�
� Op
;".cf;% � 1/Op
;".1 � Pf;%/

�
.H /

D � C Op
;".cf;% � 1/.�/

�
�
Op
;"

�
.cf;% � 1/Pf;%

�
� Op
;".cf;% � 1/Op
;".Pf;%/

�
.H /:
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Using the L2 continuity property from Theorem C.2 and the commutation estimates
from Proposition C.3 (recall that Pf;� has compact support in time), we get, for all

 > 0 and M > 1C 2d ,

kHkL2.R�Td /

�
�
1C C!Œcf;% � 1�

�
k�kL2.R�Td / C

C



�Œc"f;% � 1�„

�
P"f;%

�
M kHkL2.R�Td /

for some constant C > 0 depending only on the dimension. By homogeneity of the
previous seminorms with respect to the semiclassical quantification in " (in particular,
the fact that �Œc"

f;%
� 1� � �Œcf;% � 1� for " � 1), we infer that

kHkL2.R�Td /

�
�
1C C!Œcf;% � 1�

�
k�kL2.R�Td / C

C



�Œcf;% � 1�„

�
Pf;%

�
MkHkL2.R�Td /:

Thanks to (5.26) and the estimate (5.17) of Corollary 5.13, we get

kHkL2.R�Td / � Cƒ.1CMin/k�kL2.R�Td / C
C



ƒ.1CMin/kHkL2.R�Td /:

Taking 
 large enough with respect toMin allows us to apply an absorption argument:
we get the existence of some ƒ.Min/ > 0 such that, for any 
 � ƒ.Min/, we have

kHkL2.R�Td / . ƒ.Min/k�kL2.R�Td /;

which was the desired conclusion. The last inequality stated in the proposition follows
from the fact that � is zero outside Œ0; T �.

Let us briefly explain how to obtain a solution H of the equation (5.24) with
source term � . The main idea is to use the estimate derived in Proposition 5.18.
Indeed, setting

A
 WD Op
 .1 � Pf;%/; B
 WD Op

�

1

1 � Pf;%

�
;

one can repeat the proof of Proposition 5.18 to show that

B
A
 D IdC
1



C
 ;

where C
 is a bounded operator on L2.R � Td / whose norm is uniformly bounded
independently of 
 . Hence, for 
 large enough, we obtain that B
A
 is invertible on
L2.R�Td /, and soA
 has a left inverse. By the same argument forA
B
 , we obtain
that A
 is invertible on L2.R � Td / for 
 large enough. This leads to the existence
of a solution to the equation (5.24).
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Let us now show how to relate the solutions of the equations (5.21) and (5.24) on
Œ0; T �. This comes from the following causality principle.

Lemma 5.19. Let T > 0. Consider the solutionH to the equation (5.21) and a solu-
tion H to the equation (5.24) on R � Td . Then

H jŒ0;T � D H jŒ0;T �:

Proof. First introduce, for 
 > 0,

zH.t; x/ WD e
tH.t; x/; zS.t; x/ WD e
tS.t; x/;

and

zH .t; x/ WD e
tH.t; x/; z�.t; x/ WD e
t�.t; x/:

In view of the equations (5.21) and (5.24), we have by linearity

e�
t . zH � zH / �
p0.%/%

1 � �f
Op
 .af /

�
J"e�
 �. zH � zH /

�
D e�
t . zS � z�/ on R � Td :

Note that the source term of this equation is zero on .�1; T � by the definition of S
and � , which satisfy

S j.�1;T � D � j.�1;T �:

By Proposition 5.18, there exists ƒ.Min/ such that, for all 
 � ƒ.Min/,Z T

0

e�2
t


 zH.t/ � zH .t/



2
L2.Td / dt �



e�
 �. zH � zH /


2

L2.R�Td /

� ƒ.Min/
2

Z C1
T

e�2
t


 zS.t/ � z�.t/

2L2.Td / dt

for some 
0 > 0 and C0 � 0. We thus infer thatZ T

0



 zH.t/ � zH .t/


2

L2.Td / dt � ƒ.Min/
2

Z C1
T

e2
.T�t/


 zS.t/ � z�.t/

2L2.Td / dt:

By letting 
 !C1, we deduce that zH jŒ0;T � D zH jŒ0;T �, hence the result.

As a consequence, we can finally obtain an estimate for the equation (5.19) on
.0; T / � Td .

Corollary 5.20. Consider zH the solution to (5.19) on .0; T / � Td . We have

 zH

L2.0;T IL2.Td // � ƒ.T;Min/


 zR

L2.0;T IL2.Td //:
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Proof. First recall that defining

zH.t; x/ WD e
tH.t; x/ and zR.t; x/ WD e
tR.t; x/

and extending H by zero for t < 0, it is solution of (5.21) on R � Td with a source
term S satisfying Sj.�1;0/D 0 and SjŒ0;T �DR. By Lemma 5.19 and Proposition 5.18,
we thus get, for all 
 � ƒ.Min/,Z T

0

e�2
t


 zH.t/

2L2.Td / dt � ƒ.Min/

2

Z T

0

e�2
t


 zR.t/

2L2.Td / dt:

Therefore, taking 
 D ƒ.Min/ provides

 zH

L2.0;T IL2.Td // � e
ƒ.Min/Tƒ.Min/



 zR

L2.0;T IL2.Td //;

which concludes the proof.

5.6 Final hyperbolic estimates

To conclude this chapter, it remains to perform an energy estimate on the hyperbolic
part .@t C u � rx/.h/.

Let us observe that by Remark 2.25, we have

kdivx ukL1.0;T IL1/ .
�
1C T 1=2ƒ.T;R/

�
Min C T

1=2ƒ.T;R/;

by Sobolev embedding (since m > 1C d=2); therefore, for all t 2 .0; T ?" /,

kdivx ukL1.0;t IL1/ � 1C 2Min: (5.27)

We can therefore state the following lemma.

Lemma 5.21. Let T 2 .0;min.T".R/; xT .R/; zT0.R///. Assume that h is a solution of
the equation

.@t C u � rx/.h/ D zH; t 2 Œ0; T �:

The following estimate holds:

khkL2.0;T IL2.Td // � e
.1CMin/T T

1
2

�
kh.0/kL2 C T

1
2 k zHkL2.0;T IL2.Td //

�
:

Proof. The proof is standard. Due to the hyperbolic nature of the equation, an energy
estimate provides pointwise-in-time L2 bounds (in the same spirit as the proof of
Proposition 2.3). For all t 2 Œ0; T �, we have

kh.t/kL2 � e
kdivx ukL1.0;tIL1/tkh.0/kL2 C

Z t

0

ekdivx ukL1.0;tIL1/.t��/k zH.�/kL2 d�:
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By (5.27), we get by the Cauchy–Schwarz inequality in time that for all t 2 Œ0; T �,

kh.t/kL2 � e
.1CMin/T

�
kh.0/kL2 C T

1
2

Z T

0

k zH.�/k2L2 d�
�
;

hence the conclusion, taking the L2 norm in time on .0;T / in the above inequality.

Gathering the results presented in Lemma 5.2, Proposition 5.1, Corollary 5.20
and Lemma 5.21, we directly infer the following statement.

Corollary 5.22. For all j˛j �m and all T 2 .0;min.T".R/; xT .R/; zT0.R///, we have
the estimate

k@˛x%kL2.0;T IL2.Td // � T
1
2ƒ.Min; T; R/:


