Chapter 5

Analysis of the fluid density

Our goal in this chapter is to obtain a uniform control on ¢l 2(g,7;um)- In the pre-
vious section, we have related the kinetic moments ps and jr to the fluid density o,
up to some well-controlled remainders. In this section, we build on those relations to
further analyze o.

We start by taking derivatives in the transport equation satisfied by o. By using
the key Proposition 4.1 (which was precisely the main outcome of Chapter 4), we
obtain a factorization of the equation for the derivatives between

» apurely hyperbolic part, which is the transport operator d; + u - Vy;
* an integro-differential operator part.

This is where the crucial Penrose condition (P), assumed to be satisfied by the initial
data, steps in and allows us to justify that this last operator is actually elliptic in
space-time and therefore can provide LZL2 estimates without loss. This relies on a
semiclassical pseudodifferential analysis, in the spirit of [90].

In this chapter, we will use the notation M;,, which stands for a positive constant
depending only on the initial data.

5.1 Equation for the derivatives of the fluid density

For T € [0, min(T,(R), T (R))), the aim of this section is to prove the following
proposition.

Proposition 5.1. Setting h = %o for || < m, one has

Q free _
(Id— 1 _prG on)[Bth—i-u-Vxh] — R, 1e(0T), (5.1)

with G(t,x,v) = p'(o(t,x))V, f(t, x,v) and
IR 200,7:2cry) < AT, R, NAO) g1 (pay)-
We start with a commutation result for the derivatives in the equation for .

Lemma 5.2. For all |a| < m, 0% satisfies the equation

0:(3%0) +u - Vx(3%0) + divy [ jae r — pa ru] = R,

1 —pr
with
Rl 20,7212y < AT, R).



Analysis of the fluid density 92

Proof. Recall that by Lemma 2.2, the transport equation for o reads

dio+u-Vyio+ T— lex[jf prul =S, S=- divy u

— Pf
We get, for all @ € N9,
9, (0% )+u Vx(350) + [0%, u - Vi]o

(r —pru) = 95,

odivy
+ 2, —}
1- P

divy 0%(jy — pyu) + [

and therefore 9% satisfies the equation

9;(0%0) + u - Vx(0%0) +7 diVx[ja%f — ppe fu] = R*,

where R® is a remainder defined by

div .
R* = 0%S — [0%. u - Vi]o [3“ @ ](]f PFU) —|— dlvx([afc‘,u]pf)
=1 0%S + € + €, + €.
Let us estimate each of these terms in L%(0, T'; L?), for all |a| < m.

Estimate of 05S. We rely on the tame estimate from Proposition A.2 to write

o . 0 .
19,2 Idiva 1 gm + Idivz w0 = &1 + @a.
- pf Loo 1- Pf um
Since m — 2 > d /2, we have, by Lemma 2.20 and (2.5),
1
1©1lli20,1) < lollLoo o, 7ymm—2y Ul 200, 7;mm+1y < A(T, R).
1= pf |l Lo (0,7:100)

For &,, we combine the tame estimate from Proposition A.2 with Lemma A.5, which
provides

||@2||L2(0,T) S ||Q||L°°(0,T;Hm—2) ||u||L2(O,T;Hm)
1

1 —pr

vl oo o, 7;1m)
Lo9(0,T;Lo°)

+ llell2co,7;nm) H

+ llellieo o, 7smm—2) (107 Lso 0. 7:150)) | o7 20, 730m) 12 [0 (0,731
S A(T’ R) + A(T’ R)||10f||L2(0,T;Hm)’

since m — 2 > d /2 and again thanks to Lemma 2.20 and (2.5). We obtain
10%S l20,7:12) < AT, R),

by using Corollary 4.2.
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Estimate of €1. We have —€; = [0%, u-](Vx0). Therefore, the commutator estimate
from Proposition A.1 yields

€1z < IVxullLoo[[Vxollgm—1 + lullum [Vrelloe < [lullamlllam,
since m > 1 + d /2. We then obtain, by Corollary 4.2,
I€1ll20,7502) < NullLeeo,rsmmyllelzo,rypmy < A(T. R).

Estimate of €,. We have
[ © .
€ = | -2 Jaivliy = o
1 —pr

Applying the commutator estimate from Proposition A.1, we get

o
- Py
=C,1 + Cap.

0
1—pr

Idivx (jr — pru) e

1€l < ‘
Hm

Vxl

Iljr — prullam + H

Loe

For €, 1, we infer from Sobolev embedding (since m —2 > 1 + d/2) that

0 0
v < ||VQ||OO+H— oorl
” xl_pf Lo 1= pf il R (l—pf)2 LOO” xf”L
1 2
< lal ’"‘”H— T T
1= pf |00 . (I =pf) Lo t H * f”L
< A(T, R),

thanks to Lemma 2.20 and Corollary 4.2. Therefore, the tame estimate coming from
Proposition A.2 entails

||€2,1 ||L2(0,T) < A(T, R)(||jf||L2(0,T;H'n) + ||f||Loo(o,T;,;e;n—1)||“||L2(0,T;Hm)
+ ||u||L°°(0,T;H’”)”pf”LZ(O,T;H’"))v
since m — 1 > d /2. Invoking Lemma 2.1 and Corollary 4.2, we get
€211l 2¢0,7y = AT, R).
For €, », we observe that sincem — 1 > 1+ d/2,
Idivs(jr = prwdllLee < g llam—1 + llog lm—1 2t lgm—1

therefore we obtain
||'€2,2||L2(0,T) = A(Tv R)v

by using what we have done for &, above.
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Estimate of €3. We have

€ = —2—([0% divy u)(ps) + [0% w0 (Vepy)) = —2— (€31 + C3.).
I —pr 1—pr

Applying Proposition A.1, we get, form + 1 > 2 + d /2,
13,1

12 < [V dive ulleee | o lm—1 + lIdiva wllwm o llLoe S llaellgm1 | of lgm—1

and
€52l < | VxullLee [ Vxpr llgm—1 + [ullum [ Vi pr Lo
< lullam [l og lam + [[ellmm | o [ gm—1-
Taking the L2-norm in time and using Lemma 2.1, we have, for €3 ;,

[€5.1]

L2(0,T;L2) < ||”||L2(0,T;Hm+1)||Pf||L°<>(0,T;Hm—1) - A(T7 R)’
while for €3 » we have

1C3.2l12¢0,7:12) < ullLeeo,7.6m) o7 L2 (0,7:0m)

+ llull 20, 7:1m+ 1yl o7 lLeo (o, 3mm—1y
5 A(T’ R)a

thanks to Corollary 4.2. ]

Let us now transform the equation for the derivatives of ¢ obtained in Lemma 5.2.
To ease readability, let us temporarily set

t
Kﬁre’g [F](t,x) = f /Rdv[VxF](s, x—(t—s)v)-G(t,s,x,v)dvds. (5.2)
0
Lemma 5.3. For h = 950 with |o| < m, one has

dh +u-Vih + IL divy [KTE Jeh) — KE(ehu] = R,
y ,

with
G(t, x,v) = p'(o(t,x))Vy f(t, X, ),

and where the remainder R satisfies
Rl 200,7;12¢Tay) = A(T, R).

Proof. By Lemma 5.2, we have

0

8,h+u-Vxh+1 divy[jae  — poe su] = R*,

with
Rl 20,7212y < AT, R).
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Thanks to Proposition 4.1, we can write

poay = KE(Je0%0) + R*[pr].  jse s = K (J:0%0) + R*[jf].

with G(¢, x,v) := p'(o(t, x))V, f (¢, x, v) and where

“Ra[pf]”Lz(O,T,Hl) = AT, R), HRa Jf]”LZ(o TH!) — = A(T. R).

‘We obtain

Och +u - Vxh 4+ —— — & div, [KI% (Ioh) — K (0 hyu]
of

= R“ —lex[R [ir] —R*[prlu].

Thanks to the aforementioned estimates in L2T H}C we obtain the desired estimate on
the remainder. [

Remark 5.4. In what follows, we shall rely on the following estimate: for all £ > 0
and 0 > O such that £ <m —d/2 — 2, we have

sup ||G(t)||}€e < A(T,R), (5.3)
0<t<T

where we recall that

G(t,x,v) = p'(o(t.x))Vy (1. X, V).

Indeed, we have

17" (@) Vo S ()5
v

S Y LI eOE [ @ |V fe o avdy

|M+\VI<€V =0

SN VA [ WA

ifm—1>{and k > % + £. Invoking Lemma 2.20 by choosing also k < m — 2, we
obtain the estimate (5.3).

Our goal is now to understand the term
div [KTG Jeh) — K Teh)u].

We will show that up to good remainders, it is related to the transport part d,h +
u - Vi h appearing in the equation of Lemma 5.3. This is the object of the following
Lemmas 5.5 and 5.6, which are crucial commutation results.
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Lemma 5.5. For all |o| < m and h = 0%0, we have
divy (KEe[Tehlu) = KE[J:(u - Vih)] + R,
with
IRl 20, 7;2(Tay) = AT, R).
Proof. First, let us prove that for any smooth function §(z, x) we have
divy (KG°[blu) = Kg*l(u - Vah)] + R, (5.4)
with
[Rl200,712cray) < AT, R, Bl 200,7:12(T4Y))- (5.5)
We have

dive (uKE*[B]) = u - VKE[D] + (dive w)KE[D]
= K& Vb)) + (@ive wKg[b] + [u - Vo, KE*[0]

Using the notation d; = dy,, we have
d
e Vi, KE=][B]( ) = 3 [R i, 000 (KE[B]) 0, )
i=1

d
- ; fRd K& [(ui0:9)](t. x),

and then

[u- Ve KE]I0)(2. x)

d t
= ;/]Rd ui(t,x)/o /Rd Ve (0;9)(s, x — (t —s)v) - G(t, x,v)dvds

d t
ALK x , X — _ _ai X,
+§/Rdu(tx)/0 /Rde)(sx (t —s)v) - 9;G(t, x,v)dv ds

d t
B ai AT T Vui(s,x — (t — -G(t,x,v)dvd
;/l;d/o /ﬂ;d s, x — (. —)v)Viu; (s, x — (t —s)v) - G(¢, x,v) dvds

d t
_ ;/Rd /0 /Rd ui(s,x — (t —s)v)Vy(0;H) (s, x — (t —s)v) - G(t, x,v) dv ds,
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SO
[u - Vi, KEE][B] (2. x)

?Sev )G[b](t X)— ?ge.vx)g[f)](LX)

+ Z/Rd Vi (@:9) (s, x — (t —s)v) - ((ui (¢, x) — Wi (s.1,x,v))G(t, x, v)) dv ds,
i=1

where we have set #(s,, x,v) = u(s,x — (t — s)v). We thus get

divy (uKE<TH]) = Kf“[(u Vb)) + (dive WKEH] + KIS o [6] — KIo a[b]
+ ZK?J,e—u 6 10: b,

which gives a decomposition as (5.4). In what follows, we shall constantly use the
estimate (5.3) of Remark 5.4, that is, forall0 < p <m —d/2—2and o > 0,

sup [[G(D)l gz = A(T, R).

0<t<T
Let us estimate the different terms of the previous decomposition in order to prove
(5.5). For the first one, we rely on the smoothing estimate of Proposition 3.1 to
directly get, for{ > 1 4+ d ando > d/2,
|| (divy “)Kﬁee[f)] ”L2(0 T:12)
< A(T.R) sup [|G(1)ll gelbll20,7;02) = AT, R)IIBllL2(0,7:12)

0<t<T

since m > 3 + 3d /2. For the second and third ones, Proposition 3.1 yields

fi fi
HK(rue?Vx)G [b] HL2(0,T;L2) + HK(rge‘Vx)fi[b] HLZ(O,T;LZ)
5( sup [[(u- V)G (t,9)|gr.+ sup ”(G‘Vx)ﬁ(tas)”](’(f)”[)”LZ(O,T;LZ)
0<s,t<T

0<s,t<T
if o > d/2 and p > 1 + d. With the same arguments as in Remark 5.4 to estimate
the terms inside the parentheses, we get (since m > 4 + 3d /2)
f f
“K(r;-eVX)G[b] “L2(0,T;L2) + ”K(réévx)ﬁ[b] ||L2(0,T;L2) < AT, R)||b||L2(0,T;L2)'

For the last term, we observe that the kernel (u; (¢) — u; (¢,s,x,v))G(¢, x, v) vanishes
at s = t; therefore, Remark 3.6 implies

H K?;?—Ti,-)G [9: b] “ L2(0,T;L2)

S A(T) sup T”8s(ui —ui)G(t,9)l gz 161l L20,7502)
0<s,t<

= A(T) sup [[9524i (2, )|k SUPTIIG(I)IIJeg||f)||L2(o,T;L2)
0<t<

0<s,t<T
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forp>7+d/2,k > p+d/2and o > d/2. Using the equation for u, we obtain
(sincem > 9+ d)

”ng-e—ﬁi)G [al [)] ||L2(0,T;L2) =< A(T’ R)”[)”LZ(O,T;Lz)'

All in all, this yields the claimed estimate (5.5).
Now, applying (5.4) and (5.5) with § = J h, we get

divy (uKEPeh]) = KEe[(u - ViIoh)] + R,
with
IR 20,7502cray) < AT, R, Jehll 20,752(Tay) < AT, R, Al 200,502 (T4))-
Finally, observe that
KEC[(u - Vidoh)] = K& (u - Vih)] + KE[[u - Vi, Je]h].
Relying once again on Proposition 3.1, we thus have
| K[ - Ve, Jel] |20 ri2way = AT Rl Ve Jelh| 20 pa2crayy-

Invoking (a variant of the proof of) [21, Theorem C.14] about the commutator between
a differential operator of order 1 and a regularizing operator, we get

|- Vi Jelh | o opay < Nullwrooay Il ),
where this estimate is independent of €. We obtain

K[t - Vi, Je]] A(T. R),

||L2(0,T;L2(Td)) =
which concludes the proof. =

Lemma 5.6. For all |a| <m, h = %0 and G(s,t,x,v) = p'(o(t,x))V, f(t, x,v),
we have
divy KIS [Joh] = —KEe[J:05h] + R,

with
[ RlL20,7:12¢7ay) < AT, R, [|7(0)|[g1 (T a))-

Proof. Recall the definition (5.2) of Klireg. We first write
div, K [Jeh]

= p'(o(t, x)) /Ot /]Rd Vi divy[vIch](s, x — (t —s)v) - V, f(¢, x,v)dvds + R,
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with
R(t,x) = /d VilJeh] (s, x — (t — s)v) - [(v- V) (P’ (0(t, x))Vy f (2, x,v))] dv ds
R

_ free
= Koy v, el

Thanks to Proposition 3.1, we thus have, for £ > 1 + d ando > d/2,

Rl 20,7502(Tay) S ||J8h||L2(O,T;L2(Td))O sup T||(U Vi p (@) Vo f(t.5) ] g2

=s5,I=<

< A(T,R).
Now observe the identity
BS[JSh(s,x — (- s)v)] = (05Jch) (s, x — (t — s)v) + divye (VI h) (s, x — (t — 5)V).

Since

/ ViJeh(t,x) -V, f(t,x,v)dv =0,
R4

we have
t
/ / as[Vngh(s,x —(t— s)v)] - Vy f(t, x,v) dvds
0o JR4

= —/ VJeh(0,x —tv) - Vy, f(t, x,v) dv.
R4

Using the generalized Minkowski inequality and the Sobolev embedding, the last
term is estimated in L?(0, 7, L?) by

[VxJeh(0) ||L2(Td)

/ sup Vo £ x. )] dv
d

R4 xeTd

< A(T, R)|1h(0) [ g1 (T ay-
L2(0,T)

We deduce that we can write

divy K[ [Jeh] = —K§°[0,J6h] + R,

with
||<(R||L2(0,T;L2(1rd)) < A(T,R, ||h(0)||H1(1rd))- u

Combining the results of Lemmas 5.3, 5.5 and 5.6 leads to the proof of Proposi-
tion 5.1.
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5.2 Propagation of the Penrose condition for short times

We now show how to propagate the Penrose stability condition (P) for short times.
This will allow us to study the operator

1d — %ng;e ol

in the following sections; the goal will be to prove its ellipticity.
First, we shall need several estimates on the time derivatives of the solutions. We
have the following basic lemma.

Lemma 5.7. Lets > 0ando > 0. Forall T € (0, T,), the following holds.
(1) Ifs>dands + 1 > d/2, we have

10z f oo 0,7 5¢3)
S\f

1S oo o651y (1t loe o, 731y + AllellLos o, 7zm5+1)))-

|L°°(0,T;Jf;_t‘1)

) Ifs>d/2and o > 1+ d/2, we have

19eps o759 < 18007 ooy S 1F oo 7uget -

3) Ifs>d/2and o > 1 + d /2, we have

[0:0llLoc0,7:L00) < ||”||L°°(0,T;HS)||Q||L°°(0,T;H1+S)

||Q||L°°(0,T;HS)

Lo°(0,T;L°)

1-— IOf
X (“f”LOO(O,T;J((l,""") + ||u||LOO(O’T;H]+s)

1 Do sge+) e oo o, rsm+5))-
Proof. (1) Using the Vlasov equation satisfied by f, we get
10 f llges < I/ g + vV fllges + v - Vo fllseg + 1 Erle - Vo fllses

SIS gy + NESE - Vo flaes:

Next, combining the estimates (A.2) of Lemma A.6 and (2.2) of Lemma 2.7, we have,
fors > d suchthats > 3 +d/2,

|2 Vo f s < TESE oI Tgestt S 1 gt (I @lles + Al s +1))-

hence providing the first estimate.
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(2) To estimate d,pr, we use the fact that 9,07 = —divy j so that we have, by
Sobolev embedding,

10207 I o, 7:100) S 18207 lILoe o, 75m5) S M lLeeco,rsmi+s) S 11 Moo o, 7, 501459

thanks to Lemma 2.1. This gives the second estimate.
(3) To estimate 9,0, we use the equation

0:0=—u-Vyeo— divx(jr — pru 4+ u)o,

1—pr

from which we infer that

100llLo0 (0, T;1.50)
< llullLoeo,7:15) | VxellLee 0,7;15)

1
1 —py

llellLee o, sms) ljr — pru + u||L°°(0,T;H1+S)-

Lo°(0,T;Lo°)

We conclude by using Lemma 2.1. |

Starting from initial data satisfying the Penrose condition (P), we now show that
it is propagated for short times.

Lemma 5.8. There exists Ty (R) > 0 independent of & such that the following holds:
if the initial data (f™™, o™) satisfies the c-Penrose stability condition (P). for some
¢ > 0 then the function (f(t), o(t)) satisfies the 5-Penrose stability condition (P)./»
forall t € [0, min(To(R), T%)].

Proof. Let T < T? and recall the definition (1.4) of the Penrose function P. We start
by writing, for all ¢ € [0, T'],

L= Pr@),00)(x. v, 7. k)
PP [F° iy ik
=1- yrios N gy b v ks)d
l_pf(t,X) 0 ¢ 1+|k|2 ( v vf)( X S) Ky

=1—Pringn(x,y,7,k) + Ao(t, x, ¥, T, k) + Bo(t, x, . 7, k),

where
Ao(t,x,y,1,k)
__P@" ()" ()
1 — prin(x)

x ( / +we—<y+if)sL ((F Ve ) x ks) = (FVy [ (x, ks)] ds)
o 1+|k|2 v v ’ k) v v k]
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and

P'(@"(x)e"(x) P’(Q(LX))Q(RX))

Bo(t, x,y,1,k) == (
0 1 — pgin(x) 1 —pr(t,x)

oo (y+it)s ik
- — - (FV t,x,ks)ds.

Estimate of Ag. Using Taylor’s formula, we have

pl(gin)gin
1 - pf‘in Loo

! ( AN AHin T +o00 k
pede [0 ‘(%vvatf)(e,x, —s)
1— pfin Loe JO 0 |k|

! ( AINY) Hin T k
P'eMe” | (FoV00. /) (Q,x, —s)
[y k|

400 T
Aot x.7.7.k)] < / k| / (7200, £)(0, %, ks)| d6 ds
0 0

IA

ds df

A

sup (1 + %)
0 seR+

Therefore we get, for o > d /2,

|Ao(z, x,y. 7. k)|
1 ( Hin) Hin T .
5 pl(f—)g / sup Z (?Uangatf)(e,x,Ts)‘de
Pre Lo Jo- sert 512, k|
p'(@™e™ T L\
P / ( Z / (1+|v|2)<f|8£Vv8tf(9,x,v)| dv) do
1 _pfi“ Lo JO B=2 R4
p'(e™e™
ST T8/ llisogo rsge3+s
- Pfin oo ! Loo(0,T;H#5™"")

102

de.

for all s > d/2, thanks to the Sobolev embedding. Lemma 5.7 (with 3 + s > d and

3+s5+1>d/2)yields

||8lf||Loo(0,T;Jgg+S) =< A(T7 R)?

thanks to Lemma 2.20, choosing s + 6 < m. Therefore, there exists a universal con-

stant C > 0 such that

p/(Qin)Qin TA(T R)
1 - 'Ofin ’

Loe

Ao(t, X, 7.7, k)] < cH
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Estimate of Bg. Likewise, we have, forall s > d/2suchthat3 +s <m — 1,

P'o(t, x))p(t,x)  p'(e™(x))e"(x)

1Bo(z,x,y,7,k)| £ ”f”Loo(()’T;ggg"‘S)

1 —or(t,x) 1 — prin(x)
T I
<r [0y,
0 1 —pr (0, x)
/
< RT at{p(g)g} _
I —pr J oo, 15000
Now observe that
! 1 , 0
3 { i (Q)Q} = (0d:0 p"(0) + P'(0)3:0) + p (Q)Qt—pfz-
L=pr)  l—pr (I=pr)

Therefore, by Sobolev embedding, we get for all s > d /2,

5 { p'(0)o }
1—pr

<

Lo°(0,T;Lo°)

1 ||3tQ||L°°(0,T;L°°)

= Pf llLee(0,T;Lo®)

X (||Q||L<>°(0,T;Hs)||PN(Q)||L<>°(0,T;HS) + ”p,(Q)”LOO(O,T;HS))
2

+ ‘

Using Lemma 5.7 with Lemma 2.20, we obtain as before

||P/(Q)||L°°(0,T;H~Y) llollLeo(o,T:19) ||3z:0f llL.oo (0, 7:1.5)-
Lo°(0,T;L°°)

1—pr

[Bo(t,x,y,7.k)| < CTA(T, R).
All in all, we have, for all ¢ € [0, T'],

p/(Qin)Qin

Aot x. 7. 7.K)| + [Bo(t.x. y. 7. k)] < c(”
1 — pfin

+ 1)TA(T, R).
LOQ

Consequently, there exists o > 0 independent of ¢ (and depending on ¢) such that,
for To = To(R) satisfying

(

the 5-Penrose stability condition (P)./, holds true for the function (£ (), o(t)) when-
ever 1 € [0, (To(R), T9)], provided that (£, o'") satisfies the c-Penrose stability
condition (P),. [ ]

p/(Qin)Qin
1 - pfin

+ I)To/\(fo, R) < no.
LOO
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5.3 Extension of the solution

In this section, our goal is to construct a suitable extension in time of the solution
(fe, 0e, ug) on the whole line R. This technical step is required in view of the sub-
sequent pseudodifferential analysis (in time-space) of Sections 5.4 and 5.5 — the
symbols being dependent on our solutions. A main issue is to obtain an extension
still satisfying the Penrose stability condition (for all times): we refer to the later
Proposition 5.17.

Define T," (depending on R) as

T} := min(T.(R), T(R), To(R)).

In particular, the Penrose stability condition holds on [0, 7,*] thanks to Lemma 5.8.

Consider two nonnegative nonincreasing cutoffs y, y € €°(R) such that

Vt e R (1) Lo 1=0 d x(@) L 1=0,
s = an =
X 0, r>1 4 1/2, t>1.

s i 9

We set, for § > 0 to be fixed later, ys(¢) := x(t/9).

Given a solution ( f, o, #) to the system (S;), we consider its extension ( f~ ,0, 1)
as follows. Given (Ny, Nr, Np) € N3 to be determined later on (by the number of
derivatives we will use), we define:

Extension in time for u. We set

u(?), tel0, T,

LR -T2
@) = X = T;)kZ Furr) =, +>T1y,
=0

UL tk
x(=1) 3 3 u0) gy, t=0.
k=0
In particular, the extension is 0 after t = 7, 4 1 and before t = —1.

Extension in time for f. We set
AGQR 1[0, 7],

Jvf _m*x\k
Fly = {10 = TOSTD + 00 = T0) 3 AT 1217

tk

. Ny
xs(=t) "+ )((s(—t)k;1 * £(0) 5. t<0.

In particular, the extension is O after t = 7, + ¢ and before t = —§.
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Extension in time for 0. We set

o(n), t [0, 771,

* * * Ne k w =T *
5(t)= K(Z_Te )Q(Ts)+X8(t_Ts)kZ atQ(Ta) k? ’ ZZTS’
=1

. NQ k
2(=Do™ + Xa(—t)kZ K 0(0)%. t<0.
=1

In particular, the extension is constant in time equal to o(7}")/2 aftert = T, + 1 and
equal to o™ /2 before t = —1.

The bounds from above and below (Bl(;’g (T)) on g and py are still valid for ¢ and
P provided that we choose the parameter § small enough.

Remark 5.9. Note that if Tg* < 1, then the Penrose function P F.50) has a compact
support in time contained in [0, 2].

Hereafter, we drop out the tilde notation and we shall always consider this exten-
sion of our solutions. Let us conclude this chapter by explaining how we will deal
with such an extension:

* Replacing the former solution (defined on [0, 7']) by its extension ( f,0,u) on R,
we observe that ( f, 0, u) satisfies (S;) with the addition of a new source term S™"
on the right-hand side which has a support contained in R\[0, 7,7].

*  The results of Chapter 4 and Section 5.1 remain true on [0, 7.").

We also refer to Proposition 5.17 below, where we will prove that if § is chosen
appropriately, the extension (f, o, u) satisfies a Penrose stability condition for all
times (the proof requiring some technical estimates from the upcoming Section 5.4).

5.4 Bounds on the symbols

The aim of this section is twofold:

* to obtain some bounds in terms of the initial data for some symbol seminorms of
the Penrose function introduced in (1.4) (depending on the extension ( f, 0));

* to propagate the Penrose stability condition (P) on the whole line in time for the
extension ( f, o, u).

These two ingredients are required to obtain crucial elliptic estimates in Section 5.5.

Before stating the next lemma, consider the symbol seminorms (C.1), (C.2) and
(C.3) introduced in Appendix C: for any M > 0 and for any symbol a(¢, x, n) with
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n= (y,t,k) € (0,4+00) x R x R¥\{0}, we set

wla] = sup (1 +1)d%allLes  + sup [I(1+1)3:0%allLes,
aeN4 aeN4d
a;€{0,1} a;€{0,1}

sup {005 Veral oo+ [nI05Verdial o}

aeN9 ’ o

«; €{0,1}

+ s ([0S0 Vesal e+ [0, Vesiial,

aeN
a;€{0,1}

0
)
I

Elalm = sup [0% 3#a lioo -
1<|a|<14+M 1.x.n
B=0,1,2,3,4

Lemma 5.10. For (t,x,y,7.k) € R x T4 x (0, +00) x R x R4\{0}, set

+o0 .
ar(t,x,y, v, k) = / e~V ke (FyV, )¢, x, ks) ds. (5.6)
0

The symbol ay is (positively) homogeneous of degree zero in (y, T, k) in the sense that
YV, x), Vn=(y,t,k), VA >0, ar(t,x,An) =ar(t,x,n).

Furthermore, for any A > 0 andr > d /2 + 4, we have

3d
olag] < sup (1403, f ooty 3+ 5 <4 (5.7)
i=0,1
- ; d
i=0,1,2,3,4
Qlar] < 9, 7439 4 5.9
[af] ~ is=li)p1” zf”Loo(R;Jng), + 7 < £ 5.9

Proof. The homogeneity is obtained by performing the change of variable s = SI/ (for
A > 0) in the integrals in s defining as (¢, x, n). In what follows, we will rely on the
estimate

|888“8'3va ft,x,8)|
1 (5.10)

1+Ié|q (/ (1 + o2y PV, 05051 — A £t x,v) [ dv) ,

which is valid for all 0 > d/2, ¢ > 0 and any (§,, ) € N x N¥ x N4,
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Consequently, for any o € N9 with o; = 0, 1, we apply (5.10) with § = 0, 1,
g = 2and B = 0, and obtain, for y(v) = (1 + |[v|?)2,

}afaiaf(t,x,n)‘

k|

_ g
1+ s2k2 &

1
5 +o00
<([,a +|v|2)“|vva§az(1—Av)fa,x,v)!zdv) /
R4 0
+o0 1
8 qa
< 100, [

< ” a(tgf("‘) HJC:;‘HDZH'%-H(

1+s2ds

for all k > 0, thanks to the Sobolev embedding. We then deduce that
wlar] < H(l + t)f||LOO(R;J€;+d+%+K) + ”(1 + t)a’f”Loo(R;,;gf”%“)’

hence the claimed inequality (5.7). The inequality (5.8) can be obtained in the same
way.

Let us now turn to the proof of (5.9). First, observe that by the homogeneity of ar
in n = (y. 7, k), it is enough to estimate the quantities [|0§V, x Bfaf ||L‘;<;L?,°(S+) and
||8§‘8,Vr,k8fa||L?3€Lgo(S+) with§ = 0,1, « € N? with o; = 0, 1, and where

St = {7 =(7,7.k) € (0, +00) x R x RA\{0} | 7% + T2 + [k|* = 1}.
We thus need to estimate the following symbols:

+o0 - -
If"s(t,x,n = e~ T HiDsy, | (azaff’vvvvf)(t,x,ks) ds, neR? |n|=1,

+o00 . - -
I;"S(t,x,ﬁ)=/0 e~ D5k (920208 7,V f ) (1. x. ks) ds. |B € {0. 1},

+o00 - _
ij;fl(z,x,'ﬁ)=/0 e~ TS0y (3298 7, V, £)(t, x, ks) ds,

neR?, |n|=1,q €{1,2},
+o00 . - -
szz(t,x, m) = /(; e THiDs g ), (858$8‘f?vvvf)(t,x,ks) ds,
g2 € {2, 3},

forje ST,
We focus on the terms J f‘ ;IS] and J;, fz by following [90, Lemma 5.5], the treat-

ment of the symbols 7" % and 1 by -8 being similar and involving fewer derivatives.
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If |I:| > 1/2, invoking (5.10) with ¢ = ¢; 4+ 3 and B = 0 yields as before

1

gl = ([ s ppevd - 20" ferof o)

+o00 q1
N
x[ = ds
0 1_|_sq1+3|k|¢11+3

5 +o00
< |09 f(¢
LTI /O

sql
—ds
1 +sa1t3 7

since |E | is~bounded from below We thus obtain a uniform estimate in this case. Oth-
erwise, if |k| < 1/2, then 2 + 72 > 3/4 and we can therefore rely on the exponential
to integrate by parts in s in the integral defining J;" 1.1 (t, x, 7). If g1 = 1, we first get

8
Jffl (t,x,7) =

+o00 . _
o ﬁ/ e~ 05y (3938 7, V, £) (1, x, ks) ds
0
1
y+itT

+o0 R -
/ e~ THDs 5 . (Dgd%0° 7,V f) (1, X, ks)k ds,
and integrating by parts once again yields the estimate (since y? + 72 > 3/4)
P +oo -
|J37 (. x, )| < 02037,V £(2, x,0)] +/ |k|[Dgd2 3% F, V, £ (¢, x. ks)| ds
0
+oo
+ / s|k|?|D2a%9% 7, V, £ (. x, ks)| ds.
0

Using (5.10) withg = 2 and || = 0,1, or ¢ = 3 and |B| = 2, now provides, for all
k>0,

|in’18(z,x,?]')| S “aff(t)||e%4+la\+%+x

+o0 |/€| +oo |E|2S
x 1+ ——ds + —ds
o 1+ |k|?s? o 14 |k|3s3

< o ro] 1+/+oo : ds+/+oo > ds
4+Ia\+ +K o 1+S2 0 1+S3 ’

o+2

whence the uniform estimate for this symbol. If ¢; = 2, we rely on the same strategy
with additional integration by parts and (5.10) with ¢ = 2 and || =0,1,0org = 3
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and [B| = 2,0rq = 4 and |B| = 3 to get
8
|Jf"2 (t,x,?;)}
P +oo _ -
< I . x, )] +/ |k ||Dgd2 3% 7, V, £ (2, x, ks)| ds
0
+o00 ~ -
+/ s|k|*|DZo%0} 7,V £ (1. x. ks)| ds
0
+o0 ~3 .
+/ s?|k|*|DFo%0} 7,V £ (2. x. ks)| ds
0

< “ a(ts f@) ”J€S+|a\+%+
o+3

400 ]: 400 ]:2 400 ]:3 2
x(1+/ |—~|ds+/ #ds—l—/ Lds)
o 1+ |k|?s2 o 1+ |k|3s3 0o 1+ |k|*s*

< ||8‘ff(t)||ﬂ

stial+4 T
o+3

+o0o 1 +o0 s +o00 S2
x (1 d d ds ).
(+/0 1152 s+/0 1452 s-l-/(; 112 s)

Gathering the two cases, we deduce the estimate

H Jﬁ:fl HL?&L?]O(S‘Q‘) 5|| a§f||LOO(R.J€6+|M+%+K

Fo+3 )

for all ¥ > 0. Likewise, we can apply these arguments to JZ ’;2, by invoking again
(5.10) withg = g» +3and f = 1if [k| < 1/2, or withat mostg = 5 and p = 4 if
|k| > 1/2. All in all, we obtain

8
1720, ligs ges+) < | i ”Loo(R;anIT”%“)'
We have finally proved the estimate (5.9). -

In view of Lemma 5.10, it will be useful to have the following estimates on f.

Lemma 5.11. Fork > d and o > 0, we have
sup (14034 f || oo migeiy < AN+ M), o +4<r k+3<m, (511
i=0,1 i

S 197/ | oo migery = AL+ Min), o +4<r k+6<m. (512
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Proof. Thanks to our choice of extension for ( f, 0,u), and picking Ny = 4, N, =3
and N, = 3, it is sufficient to study the estimates on [0, 7] with T € [0, T,*]. Here,
we shall constantly apply Remarks 2.21 and 2.25. Taking all the exponents k large
enough in the following, we can always assume that the Sobolev spaces that we con-
sider are algebras.

We proceed inductively, relying on the equations satisfied by f, o and u. For
i = 0, we directly apply Lemma 2.22 with k < m — 1 to get

- 1
I/ ooo,rsaeky = 1" L ggm—1 + THA(T. R) < Min + 1.
Fori = 1, we apply Lemma 5.7 to get, fork > d andk + 1 > d/2,

”atf”LOO((),T;Je[;)

S oo, 7oty + 1 oo, zsges 1y (Iloso 7oty + Al o, ome+1y):

Therefore, using Remarks 2.21 and 2.25 and the previous estimate on f, we deduce
that

||atf||L00(o,T;Je§) = A(l + Min)
if k <m — 3. Fori = 2, we take one derivative in time in the Vlasov equation and
get
||8$f||Loo(0’T;gg§) < ”atf”LOO(O,T;J{’(]fill)
+ IEg!

reg,&

|L°°(O’T;Hk)||atf||L°°(0,T;,}f§+1)
+ ||atEr%,gLf£”LOO(O,T;H]\')”f”LOO(O’T;Jgg-‘r])
= A+ Min) + A1+ Min)||atEQ’ue”L°°(0,T;J€k)

reg,

if we take k < m — 4. Since
0 EZY. = du —0:0p"(0)J:Vxo — p'(0)J:Vx 010,

it is enough to estimate ||0,u||yx and ||0;0|yx+1. Thanks to the equation for u and o,
we easily get the fact that this involves pr, jr, 0 and u in L*°(0, T'; H¥*2). Using
Lemma 2.22 and Remarks 2.21 and 2.25 with k¥ < m — 4 we obtain

”8?f||Loo(0’T;Jg§) 5 A(l + Min)'

Now, for i = 3, we observe that |93 f l[Loo(0,7:11) 1S estimated by, at most, the quan-
tities
|07 and 07 E&x.|

reg,&

f ”LOO(O,T;J(’(I;_tll) Lo (0,T:35)°
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thus requiring to estimate at most ” 9%u ||Hk and H 9?0 ||Hk+1 . Using again the equation
for u and o, this now involves u in L®(0, T; H**#) and py, jr, 0 in L®(0, T; H¥+3).
Using Lemma 2.22 and Remarks 2.21 and 2.25 with k < m — 5 we obtain

13 £ oo, ogesy < AL+ Min).
The same can be done for i = 4, implying, for k <m — 6,
192 £ oo, ogesy < AL+ Min).
This allows us to conclude the proof. ]

We are now in a position to prove the following result concerning the Penrose
symbol Pr,, whose expression we recall here:

Prolt, x,y,7,1)

P/(o(t. )t x) (7% —(y+it)s ik
= _ . 3.7 V t, , d )
I—Pf(l,x) 0 e 1+ k2 (FuVy f)(t, x,ms)ds

The symbol seminorms (C.1), (C.2) and (C.3) of Py, are first estimated as follows.

Lemma 5.12. Forany k > d/2 and M > 0, we have

o[Prel < A( SUPIHal;QHLOO(R;HdJrk)’ _S%Pl||8ipf||L°<>(]R;Hd+k))w[af], (5.13)
i=0,

i=0,
E[Pf,g]M

<A( sup 9elliounemy  sup  18ps lseqranstey ) Elaylu,
i=0,1,2,3,4 i=0,1,2,3,4

(5.14)

Q[Pr,] < A( .s%pl||8’;Q||Loo(R;Hd+k), 'Sl:)pluaipf||Loo(R;Hd+k)>Q[af]. (5.15)
1=0, =0,

Proof. Since the symbol P, depends only on (y, 7, k) through ay, we only prove

the estimate (5.13), the treatment of (5.14) and (5.15) being similar.
First, we write the symbol Py, as

Prolt.x,y,1,k) = m(o(t,x), pr(t, x)) ag(t,x,y,t.k),

1
1+ |k|?
where ay has been defined in (5.6) and

__ p'lo(t, x))olt, x)
m(Q(Z,X),,Of(Z,X)) L l—pf(t,X) .
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We have

o[Pf,]
S sup H (1 + t)az(m(g, Pf)af) ||L°°(]RXT‘1;L;]’°)

aeN9

«o;€{0,1}

+ sup ||(1 + t)ag(m(«g’ pf)ataf)”Loo(RXTd;LOO)
aeN9 n
a;€{0,1}

+ sup [[(1+0)0%(@rmle. pr)dse + dam(e. pr)tpr)ar) | somurasisey:

aeNd
«;€{0,1}

Using the Leibniz rule, we get, for all o € N9 such that o; € {0, 1},

(14 1)|0%(m(o. pr)ay)|
< Y o po)]|05 P ay| < wlas] Y |08 (o, py)),

B=a B=a

and one can observe that for all k > ‘%,

> [ e, pr))| < e o) la+x < Alllells. llog oo lelsa-e s laa-+x.

B=<a

where we have applied Proposition A.3 and the fact that H*+¢ is an algebra. Doing
the same with the term involving d,ay, we obtain

sup H (1 + t)az(m(g, Pf)af)”LOO(Rde;L;;O)
aeN9
«o; €{0,1}
£ osup 1+ 000 p)3rr) | o mas o
aeN9 "
«o;€{0,1}

= A(”Q”L”(R;LO")’ ||/0f||L°°(R;L°°))||Q||Loo(R;Hd+k)||Pf||Loo(R;Hd+k)w[af]-
Likewise, similar computations — which we omit — show that for all k > %,

s, |85 (191G 0. pr)3r0 + 82G (0. pr)dsprar) | soqgra o)
«; €{0,1}
= A(||Q||Lf><>(lR;L<><>)a o oo (R;100))
X A(”Q”LOO(]R;H‘H‘/")v ”atQ”LOO(]R;Hd‘H‘)v ”pf”LC’Q(]R;Hd“‘k)’ ||atPf||L°°(R;Hd+k))
x wlar].

This concludes the proof of the estimate (5.13) of the lemma, thanks to Sobolev
embedding. |
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We finally obtain the following result, yielding some control on the seminorms of
the Penrose function in terms of the initial data only.

Corollary 5.13. The following hold:

o[Prel £ A1+ M), (5.16)
E[Prolm S A+ M), 2M <m—11-4d/2, (5.17)
Q[Prol < A(1 + Myy,). (5.18)

Proof. We combine the estimates (5.7), (5.8) and (5.9) of Lemma 5.10 with (5.13),
(5.14) and (5.15) of Lemma 5.12. We first get, for 3 + 3d/2 <{ <m — 3,

wlPre = A( sup 1970l qmd+o). sup 13 s I o qratia+0) )
1=0,

1=0,

X sup (1 + 03 f Il oo .58
1=0,

= A( .Sla:)pl ||811;Q“L00(R;Hd+£), vsli)pl ||aif||Loo(R;J€g+e))[\(l + Mi,)
1=0,

1=0,

for 0 > d/2. Hence, by using the equation for o with Remark 2.21 and Lemma 2.22,
and by taking £ <m — 3 — d, we can rely on (5.11) from Lemma 5.11 to obtain
(5.16). Next, we have, ford + M+ d/2 <{ <m —6,

g [?f,Q]M

<A( sup  J0olisqganniey S0 s gt )
i=0,1,2,3,4 i=0,1,2,3,4

X sup ||altf||Loo(R;J€£)
i=0,1,2,3,4

§A( sup (|00l coquppi+rey,  SUD ||a§f||Loo(R,,€1+MH))A(1+Mm)
i=0,1,2,3,4 i=0,1,2,3,4 e

for 0 > d /2. Using (5.12) from Lemma 5.11, the equation for ¢, Remark 2.21 and
Lemma 2.22 with £ + 1 + M < m — 6, we deduce (5.17). Finally, we also have, for
74+3d/2<l<m-3—d,

QPrel = A( .S%P1||3§Q||LOO(R;Hd+€), ,Sltpl||3l}f||Loo(R;Jgg+e))/\(1 + M)
1=0, 1=0,

for 0 > d/2 and as before, we obtain (5.18). [
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5.5 Elliptic estimates through pseudodifferential analysis

Let T € (0, 7). In view of the equation (5.1) on & = 9% obtained in Proposition 5.1,
we initiate the study of the equation

(Id—1 € ngeon)[ﬁ]zﬂz, 0<t<T, (5.19)
—pr

where R isa given source term defined on (0, 7). Given a solution H to this equation,
we want to derive an L2(0, T'; L?) estimate of H in terms of R. This will be possible
thanks to the Penrose stability condition satisfied by ( f(¢), o(¢)) (see the forthcoming
Proposition 5.17).

Note that the operator involved in the equation (5.19) depends on ¢ and f, which
are defined for all times.

Following [90], we would like to link the operator Id — I—Qp/- Kg?e o Jg which
appears in (5.19) to a pseudodifferential operator of order O in time-space. We will
use the following notation for the Fourier transform in time-space, and we also refer

to Appendix C:

V(r.k) e Rx Z¢, Fi.g(t.k) = / eI o1 x) dr dx.
RxT4
For symbols of the form a(t, x,y, 7,k) on [0, T] x T4 x Rt x R x R4\{0} and in
the Schwartz class, we rely on the quantification

opY (a)(h)(t, x) = RN g1 x,y, 1, k) F; ch(z, k) dr dk.

1
The measure on Z< is the discrete measure. Note that the symbols we shall handle
are defined on R x T in the physical space, thanks to the extension procedure from
Section 5.3. Note also that we shall handle symbols defined in the whole space R¢
for the k variable, even if we only use them for k € 74 in the formula.

For y > 0 (which will be chosen large enough in the end, but always independent

of €), we set B
H(t,x):=e"" H(t,x), R(t.x):=e"R(t x).

We can rewrite (5.19) as

H(t,x) —

1 @ e VKIRYI H](1,x) = R(t.x), 0<t<T.  (520)
- Pr

First, let us extend the solution H by zero for times ¢ < 0 and let us choose any
smooth and compactly supported extension in time of H after time 7. We still call
this solution H. The following lemma now provides the link between the integro-
differential equation (5.20) and a pseudodifferential equation.
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Lemma 5.14. We have
e VIKE[e” H](t, x) = p'(o(t, x))OpY (as)(H)(t,x) onR x T,
where ay is defined in (5.6). In particular, the equation (5.20) on H reads

p'(0)o
1—

H— Opy(af)(J H)=S onRxTY, (5.21)

where S is a source term defined on R x T4 such that S|(=00,0) = 0 and Sjjo,11 = R.

Proof. We write

1

H(I,X) = (27-[)—61-}-1

/ kN ¢ H(t, k) dr dk;
Rxz4

therefore,
e VIKEE(eV H)(t, x)

_p "(o(t, x))/ / / oV (1=9) i (TsHh-(x—(t=5)v)) ;.
(2m)d+1 R4 JRxZ4
Vo f(t, x,v)F; xH(t, k)dvdsdr dk,

because H is 0 on negative times. We apply the Fubini theorem (which holds since
y > 0) and get

e VIKE (e H)(2, X)

_ p’(Q(l,X)) ei(rt+k‘x)
(27T)d+1 RxZ4

t
x ( [ e~ HDE=)j k. / eIy £t x, v) dv ds)ﬁ,,xH(z,k) dr dk.
—00 R4

Therefore, setting s’ = ¢ — s,

e VK (e H)(2, x)
+
_ p'(o(t. x)) ol (Tt +kex) (/ ooe—(y+ir)sik / e 7RV, (1, x,v) dv ds)
RxZd 0 R4

(zﬂ)d—f—l

x FrxH(t, k)drdk

’ { . +o0 .
_ Plett,x)) di‘l)) ! (F1Fhex) ( / e~ OIS (FyVy £)(t, X, ks) ds)
(2m) RxZd 0

x FrxH(t, k)drdk

= p'(e(t.x.))Op(ay)(H)(, x).
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This provides the desired equality. That the source term S in the final pseudodifferen-
tial equation (5.21) satisfies Sj(_c0,0) = O follows from the equation and the fact that
H is zero for negative times. u

Having in mind a semiclassical approach (see also Apppendix C), we introduce
the following quantization.

Notation 5.15. For any symbol b(, x, 7, 7.k) on R x T? x Rt x R x R?\{0}, we
set, for ¢ € (0, 1),

be(t,x,y,t.k) .= b(t, x,¢ey,et, €k),
Op”*(b) := Op” (b°).

Lemma 5.16. We have
P’ (©)0p” (ar)(JH) = Op”*(ay,)(H), (5.22)

where

af,Q(t’x7 T]) = p’(Q(t,x))af(t,x, 7])

1+ |k|?

Proof. We have the exact composition formula
P'(0)0p (ay)(JeH) = Op” (@, 1,0)(H),

1
a ly ) = ! ta l» ) PR E
e, fo(t.x. ) = p'e(t. ))ay (t.x, 1) ek
since we are composing on the right by a Fourier multiplier. Since ay,, is homoge-
neous of degree 0 in the variable n (see Lemma 5.10), we have

de, f,0(t, x,m) = p'(o(t, x))ar(t, x, en) = ay,(1, x, £7),

1 + |ek|?
and the conclusion follows. [

In the following proposition, we show that we can choose an extension of ( f, 0, u)
as in Section 5.3 and such that it satisfies a Penrose condition for all times. By the
definition of 7", we know that

vt €0, T;], inf |1— in(,),Q(,)(x, Y, T, k)| = co/2,
(x,y,7.k)

where we recall the expression of the Penrose symbol:

Pr),o) (X, v, T, k)

(ol t oo : 'k
_ ple(t, x)o(t, x) s " gy (1 x, ks) ds.
1—prt.x) Jo 1+ |k|?
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We want this condition to be true for the extension of ( f, 0). We have the following
result, which requires the technical assumption (1.2) on the pressure.

Proposition 5.17. There exists §* = §(co, Mi) > 0 small enough such that, consid-
ering the extension of f and o with respect to T} and §*, we have

vVt e R, inf |1— i]’f(,),g(,)(x, v, T, k)| = co/4.

(x,y,7.k)

Proof. We only treat the case ¢ € (T, +00), as the case of negative times is identical.
Let us set

x5@) = s =T)), x @)=yt —T)),
where we employ the notation of Section 5.3. By the definition of the extension for f,
we have

Pra).ow
_ x5(0)p(elt, x))olt, x)
B 1 —pr(t, x)
oo —(y+it)s ik lrog *
X /o e TW (P Vy IT], x, ks)ds
x5 (0)p'(e(t, x))o(t, x)
1 —pr(t,x)
k .
k; ¢ ]: ) /0 —<V+”>S#]Tk|2 (FoVud* FNT, X, Ks) ds.
(5.23)
We next proceed to the following decompositions: we have
1 _ 1
L=pr () 1= 0y (T2) = 02 (1) oty 9% (T2 S
_ 1 1 o*()
T TR0 T T O (T 1- 07 ()
where
0° (1) e BOTLL O pr (T
1= x5 (Dps (1)
and by writing
(t - *)k

o(t) = 2" (Da(T) + R* (1), R*(1) = ys(t = T; )Z © (1) — =

k=1

we also have

p'e®)e(®) = p'(x*)a(T))) x* (T + S*(1).
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where

S* () = [p' (X" o(T) + R*(1)) = p'(x* (®)o(T)) | x* ()o(T))
+ 0/ (X" (©e(T)) + R* (1)) R* (¢).

Note that
S*t)y= 0 (t—-T)).
t—>TZ
Now, the equality (5.23) turns into

x5O (1 (0e(TH) x* (De(TF)
L= x5@)pr(T5)

+o00 )
/ e~ TS fe (F,Vy TS, x, ks) ds
0

1 =Pr@)00) =
1
X
1+ |k|?
+ E€*0),

with a remainder €*(¢) := — x5 (¢)(I + I + III + IV), where

P ©e(TH) * e(TF)  0*(r)
1—X§(1)Pf(T*) 1—0*@)

+o00 ;
—(y+it)s *
X F,V T, x,ks)ds,
/0 ¢ 1 |k|2(v o )TS x ks) ds

I = f*(’) . ooe—(yﬂf)s = (FoVo )T x.ks)ds,
L= x5@)pr(TF) Jo 1+Ik|
S*(1) Q*@) [T
I = e~ OIS = (F,V, UTS, x, ks)ds,
1= x5 Opr (T 1=0*(0) Jo 1+|k|2 ’
/
v = Pel.x)e(. x)
1—Pf(l x)
G T*)k/ ~rtins__tK k
1T)S . r‘-’vvv T*, , d .
Z e Ve (FoVodX )T, x, ks)ds

We claim that a homogeneity argument shows that

x5O (1 (©o(TF, %) 1 ()T, x)
L= x5@pr(T, x)

L (7 —+iv
OHOS (7,9, f)(T7 x, ks)d
T ] T RN k) ds

inf
(x,y,7.k)

1—
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s * *
> inf |1 - 2T De(Ty, x)
(x.y.7.k) 1 —pr(TY, x)
1 +o0 (y4i7)
— —OHDS o (FV, ST, X, ks)d
T Tk T k) ds
> ¢o/2.

Indeed, we know from Lemma 5.10 that for all x € T¢, the function
+o0 .
(v.7. k) — / e~ VYOS e (T, UTYS, X, ks)ds
0

is homogeneous of degree 0, and since by the assumption (1.2) and by construction
we have
0 < 1 OP' (2 0e(Te ) " 0e(Tdx) _ p/ (o(Ty . x)) o(T; . x)
B 1= x5 ps (T3, x) T 1—pr(T2,x)

we can rely on Remark 1.10 (see (1.5)) to obtain the previous claim. By writing

. €o
inf |1 —Pre)00)(X,y.0.k)| > —— sup |&*(t,x,y,1.k)]|
(x,y,7.k) 2 (k)

thanks to the triangular inequality, it remains to prove that a suitable choice of § can
lead to
Vt € [T, +00), sup |€*(t,x,y,1,.k)| < ‘.
(x,y,7.k) 4

First note that the remainder €* has a factor y3(¢) multiplying all the terms in its
expression, and is therefore compactly supported in time, with support in the inter-
val (T}, T} + §). Relying on the bounds for f* and ¢ depending only on Mi, (see
Remark 2.21 and Lemma 2.22), we can proceed as in the proof of the estimates (5.16),
(5.17) and (5.18) and show that

1€ ()] = AMin) x5 (O] = T | < A(Min)8.

This procedure is allowed since the extension and the remainder €* only involve a
finite number of derivatives in time of ¢ and f at ¢ = T,*. Choosing § small enough
is now sufficient to conclude. ]

We are now in a position to provide the key L?(R, Li) estimate for a solution to
the equation (5.21). We will actually consider a slightly different pseudodifferential
equation, which is

_Plloe
1 —pr

H Op”(ag)(JeH) =8 onRxTH9, (5.24)
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where § = S on [0, T'] and is zero outside [0, T]. The main part of our analysis
will provide an estimate in L?(R; L2) for the solution J¢ of the equation (5.24), and
we will show subsequently that it will provide an L?(0, T, L2) estimate on H, the
solution to the original equation (5.20). This will be based on a causality principle for
the pseudodifferential equation (5.20) (see Lemma 5.19 below).

Proposition 5.18. Assume that ¥ is a solution of the equation (5.24) on R x T¥.
There exists A(My,) > 0 such that, for any y > A(My,), we have

[H N 2@®xray < AMi) IS l2@®xTa)-
In particular, we have
[ #IL20,7yxT ey = A Min) IS |20, 7)xT4)-

Proof. Thanks to (5.22) and Lemma 5.14, the equation (5.24) can be rewritten as

(Id— ¢ Opy’g(af,g))(e%)=8,
1 —pr

where ay,, has been defined in (5.22). Now observe that, recalling the definition (1.4)
of the Penrose symbol Pr,, we have

ar, = Pr,:
1= py f.0 fe

therefore, H satisfies
Op”*(1 = Pro)(H) = §. (5.25)

Relying on Proposition 5.17 on the Penrose condition satisfied by the (extension) of
(f(),0(t)) on R, we can consider
. 1
Cro = =P,

Note that the symbol ¢z, — 1 vanishes outside a compact set in time and hence, in
view of the estimates (5.16), (5.17) and (5.18) of Corollary 5.13 on the symbol Py,
and Faa di Bruno’s formula, we get

wles, = 1]+ Q[cf, — 1] < Al + Myy). (5.26)
Applying Op”**(cy,) to the equation (5.25) yields
J =8 +0p”(crp— 1)(S)
T [0P7 ((¢f0 = D(1 = Pp)) — Op" (e — DOP(1 = P1)] (%)
=S +0p"(cro— D(S)
= [0p"*((¢0 = DPr) — OP"*(c0 = NOP"*(P10) ().
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Using the L? continuity property from Theorem C.2 and the commutation estimates
from Proposition C.3 (recall that P, has compact support in time), we get, for all
y>0andM > 1+ 2d,

[ #llL2®xTa)

C -
< (14 Colero —M)IS i 2@xTa) + ;Q[C},Q — NE[P%, |y 1# 2w xTay

for some constant C > 0 depending only on the dimension. By homogeneity of the
previous seminorms with respect to the semiclassical quantification in ¢ (in particular,
the fact that Q[cj,g — 1] < Q[cyo — 1] for & < 1), we infer that

[ llL2®xTa)
C -
< (14 Coleso = 1)IS i 2@xTa) + ;Q[Cf,a — HE[Pro |yl # I 2®xTe)-

Thanks to (5.26) and the estimate (5.17) of Corollary 5.13, we get

C
[H | 2@@xTay < CA(L+ Min)|[S |l 2wxTa) + ;A(l + Min) | H | 2wxT4)-

Taking y large enough with respect to M, allows us to apply an absorption argument:
we get the existence of some A (Mj,) > 0 such that, for any y > A(Mj,), we have

[#l 2mxTay S AMin)lIS 1 2@®xT )

which was the desired conclusion. The last inequality stated in the proposition follows
from the fact that § is zero outside [0, T']. ]

Let us briefly explain how to obtain a solution J# of the equation (5.24) with
source term §. The main idea is to use the estimate derived in Proposition 5.18.
Indeed, setting

1
Ay = 0p"(1 = Pr,). By :=0p” ’
’ 1 =Pz,

one can repeat the proof of Proposition 5.18 to show that
1
B,A, =1d + ;Cy,

where C, is a bounded operator on L2(R x T¢) whose norm is uniformly bounded
independently of y. Hence, for y large enough, we obtain that B, A4, is invertible on
L?(R x T¢), and so 4, has a left inverse. By the same argument for 4, By, we obtain
that A, is invertible on L*(R x T4) for y large enough. This leads to the existence
of a solution to the equation (5.24).
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Let us now show how to relate the solutions of the equations (5.21) and (5.24) on
[0, T']. This comes from the following causality principle.

Lemma 5.19. Let T > 0. Consider the solution H to the equation (5.21) and a solu-
tion K to the equation (5.24) on R x T4. Then

[0,7] =
Proof. First introduce, for y > 0,
H(t,x)=e""H(t,x), St x):=e"S(t x),
and
F(t,x)=e"H(t,x), St x):=e"8(t x).
In view of the equations (5.21) and (5.24), we have by linearity

p "(0)o

e V(H — H) — _— = 0pY (ap)(Jee TV (H — H)) = e7(S—8) onRx T,
f

Note that the source term of this equation is zero on (—oo, T'] by the definition of S
and §, which satisfy

Sl(=00,11 = 8l(=00.71-
By Proposition 5.18, there exists A(Mj,) such that, for all y > A(M,,),

T ~ ~ ~ ~
| e VA0 = Ty = e = ) g
+o00 ~ _
<A [ IS0 = 50y

for some Yo > 0 and Cy > 0. We thus infer that
g 7 |12 2 oo 2y(T—0) || § S 12
/(; ”H(t)_‘%([)||L2(Td) dr < A(Min) /T e’ HS(t)_S(Z)HLz(Td) dr.

By letting y — o0, we deduce that lo,71 = e 10,77, hence the result. ]

As a consequence, we can finally obtain an estimate for the equation (5.19) on
(0,T) x T4.

Corollary 5.20. Consider H the solution to (5.19) on (0, T) x T2. We have

< A(T, My,) |

”H ||L2(0 T;L2(T4)) — °(R||L2(0,T;L2(Td))'
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Proof. First recall that defining
H(@t,x)=e""H(t,x) and R(,x):=e"" R, x)

and extending H by zero for ¢ < 0, it is solution of (5.21) on R x T¢ with a source
term S satisfying S|(_o0,0) = 0 and S)jo,77 = R. By Lemma 5.19 and Proposition 5.18,
we thus get, for all y > A(M,,),

T r ~
/(; e ! ”H(t)“iz(ﬂrd)dt < A(Min)Z/O e_zyt“R(t)H;(T")dt'

Therefore, taking y = A(Mjy,) provides

”ﬁ”LZ(O,T;LZ(’]I‘d)) < AMDITA (M) ”ﬁHLZ(O,T;LZ(’]I‘d))’

which concludes the proof. |

5.6 Final hyperbolic estimates

To conclude this chapter, it remains to perform an energy estimate on the hyperbolic
part (3; + u - Vy)(h).
Let us observe that by Remark 2.25, we have

ldivx oo, 700 < (14 TV2A(T, R) Min + T2 A(T. R),
by Sobolev embedding (since m > 1 + d/2); therefore, for all t € (0, T"),
||diVx M”Loc(()’z;]_oo) <1+4+2M,,. (527)

We can therefore state the following lemma.

Lemma 5.21. Let T € (0, min(Ts(R), T(R), To(R))). Assume that h is a solution of
the equation
@ +u-Vy)(h)=H, te€l0,T]

The following estimate holds:
: 1 1~
IRl 20,72 rayy < eATMOTT2 (RO ]2 + T2 HIl 20072020 ay))-

Proof. The proof is standard. Due to the hyperbolic nature of the equation, an energy
estimate provides pointwise-in-time L? bounds (in the same spirit as the proof of
Proposition 2.3). For all ¢ € [0, T'], we have

t
IWMMEJM”WW“ﬂWMm+/HW”“%“WWWHMMML
0
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By (5.27), we get by the Cauchy—Schwarz inequality in time that for all # € [0, T'],
T
g 1 ~
1A @)l2 < e“+Mm)T(||h(0)||Lz + T2 / I1H @7 dz),
0

hence the conclusion, taking the L? norm in time on (0, T') in the above inequality. m

Gathering the results presented in Lemma 5.2, Proposition 5.1, Corollary 5.20
and Lemma 5.21, we directly infer the following statement.

Corollary 5.22. Forall |a| <m and all T € (0, min(Ts(R), T (R), To(R))), we have
the estimate 1
”8zQ”L2(0,T;L2(Td)) <T2AM;,, T, R).



