
Chapter 7

Generalization to several models of thick sprays

In this chapter, we show how the strategy developed in this work can be applied to
treat several variants of the system (TS), which were presented in Section 1.3.

7.1 Generalization to the non-barotropic case

In this section, we show how to handle the case of the full Navier–Stokes system for
non-barotropic fluids, where we consider the additional internal energy e 2 RC for
the fluid and where the pressure depends on % and e. As explained in the introduction,
the system which is at stake is the following:8̂̂̂̂

ˆ̂̂<̂
ˆ̂̂̂̂̂:

@tf C v � rxf C divv
�
f .u � v/ � f rxp.%; e/

�
D 0;

@t .˛%/C divx.˛%u/ D 0;

@t .˛%u/C divx.˛%u˝u/C ˛rxp.%; e/ ��xu � rx divx u D jf � �f u;

@t .˛%e/C divx.˛%eu/C p.%; e/.@t˛ C divx.˛u// D
Z

Rd
ju � vj2f dv;

˛ D 1 � �f :

Here, we will assume1 that the pressure law is given as

p.%; e/ D �.%e/

for some given function � W RC ! R such that � 2 C.RC/ \ C1.RCn¹0º/. For
instance, the relation p.%; e/ D b%e (with b > 0) is a perfect gas pressure law. Simi-
larly to the technical hypothesis (1.2), we shall assume that

y 7! � 0.y/.y C �.y// is nondecreasing on R:

Setting
# WD %e;

the system in .f; %; u; #/ can be rewritten as

(TSe)

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

@tf C v � rxf C divv
�
f .u � v � rx�.#//

�
D 0;

@t .˛%/C divx.˛%u/ D 0;

@t .˛%u/C divx.˛%u˝ u/C ˛rx�.#/ ��xu � rx divx u D jf � �f u;

@t .˛#/C divx.˛#u/C �.#/.@t˛ C divx.˛u// D
Z

Rd
jv � uj2f dv;

˛ D 1 � �f :

1It is likely that more general pressures p.%; e/ could be treated by our method.
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As we shall see below, it is significant to define the following Penrose symbol of
a function .f .x; v/; #.x// as

Penergy
f;#

.x; 
; �; �/

WD
� 0.#.x//Œ#.x/C �.#.x//�

1 � �f .x/

Z C1
0

e�.
Ci�/s
ik

1C jkj2
� .Fvrvf /.x; s�/ ds:

(7.1)
We can now introduce the following Penrose condition, adapted to (TSe): there exists
c > 0 such that

(Penergy) 8x 2 Td ; inf
.
;�;�/2.0;C1/�R�Rdn¹0º

ˇ̌
1 � Penergy

f;#
.x; 
; �; �/

ˇ̌
> c:

Our main result for the system (TSe) reads as follows.

Theorem 7.1. There existm0 > 0 and r0 > 0, depending only on the dimension, such
that the following holds for all m � m0 and r � r0. Let

f in
2 Hm

r ; %in
2 Hm�1; uin

2 Hm; # in
2 HmC1;

such that .f in; # in/ satisfies the c-Penrose stability condition (Penergy)c (with c > 0)
and

0 � f in; �f in < ‡ < 1; 0 < � � %in; # in;

0 < � � .1 � �f in/%in; .1 � �f in/# in
� x�

for some fixed constants ‡;�; �; x�. Then there exist T > 0 and a solution .f; %; u; #/
to (TSe) with initial condition .f in; %in; uin; # in/ such that

f 2 C.Œ0; T �IHm�1
r /; % 2 C.Œ0; T �IHm�1/;

u 2 C.Œ0; T �IHm/ \ L2.0; T IHmC1/; # 2 L2.0; T IHm/;

and with .f .t/; #.t// satisfying the c
2

-Penrose stability condition (Penergy)c=2 for all
t 2 Œ0; T �. In addition, this solution is unique in this class.

Let us explain the main strategy for the proof of Theorem 7.1. First, we observe
that the equation for # can be rewritten as

@t# C u � rx# C
# C �.#/

1 � �f
divx.jf � �f u/

D �
# C �.#/

1 � �f
divx uC

1

1 � �f

Z
Rd
jv � uj2f dv:

(7.2)

Apart from the last term, this equation has exactly the same structure as that for % in
Lemma 2.2. Hence, the following estimate holds:

k#.t/kHm � k%
in
kHmˆ

�
T; : : : ; kukL1.0;T IHmC1/; kf kL1.0;T IHmC1

r /

�
;
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and it features the same loss of derivative as for % in (TS). Note also that the equation
for % can be directly solved once f and u are given. As in Section 2.2, we consider the
regularization �� 0.#/J"rx# of the term �rx�.#/ in the kinetic equation of (TSe)
and introduce the quantity

Nm;r.f"; %"; u"; #"; T / WD kf"kL1.0;T IHm�1
r / C k%"kL1.0;T IHm�1/

C ku"kL1.0;T IHm/\L2.0;T IHmC1/ C k#"kL2.0;T IHm/:

Following the bootstrap procedure we have set for the case of (TS), we mainly want
to control the quantity k#"kL2.0;T IHm/.

Using (7.2) (and dropping the dependence on ") it is possible to obtain the fol-
lowing equation for h D @˛x# with j˛j � m (see Proposition 5.1):�

Id �
# C �.#/

1 � �f
Kfree
G ı J"

��
@thC u � rxh

�
D R; t 2 .0; T /;

with G.t; x; v/ D � 0.#.t; x//rvf .t; x; v/ and

kRkL2.0;T IL2.Td // � ƒ.T;R; kh.0/kH1.Td //:

Following the arguments of Chapter 5, we are thus led to the study of the pseudodif-
ferential equation

H �
� 0.#/.# C �.#//

1 � �f
Op
 .af /.J"H/ D R on .0; T / � Td ;

where af is defined in (5.6), that is,

Op
;"
�
1 � Penergy

f;#

�
.H/ D R:

In particular, this explains the introduction of the Penrose symbol (7.1) above, which
allows us to invert the previous equation for H , up to a small remainder.

Some additional arguments also need to be given to treat the last term in (7.2).
Since Z

Rd
jv � uj2f dv D

Z
Rd
jvj2f dv C juj2�f � 2u � jf ;

we have to include the treatment of the second order moment in velocitym2f .t;x/ WDR
Rd jvj

2f .t; x; v/ dv in the analysis of Chapter 4. In addition to Proposition 4.1, we
have the following result.

Proposition 7.2. For all jI j � m, we have, for any t 2 .0; T /,

@Ixm2f .t; x/

D p0.%.t; x//

Z t

0

Z
Rd
jvj2rxŒJ"@Ix%�.s; x � .t � s/v/ � rvf .t; x; v/ dv ds

CRI Œm2f �.t; x/;
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where the remainder RI Œm2f � satisfies

RI Œm2f �

L2.0;T IH1x/
� ƒ.T;R/:

In particular, we have



@IxZ
Rd
jv � uj2f dv






L2.0;T IL2/

� ƒ.T;R/:

The fairly straightforward adaptation of the analysis of Chapter 4 is left to the
reader.

7.2 Generalization to the inelastic Boltzmann case

In this section, we consider the case where one takes into account inelastic collisions
between particles. This corresponds to the following Vlasov–Boltzmann equation in
the coupling (the other equations for .%; u/ being unchanged):

(TS-Coll)

8̂<̂
:
@tf C v � rxf C divv

�
f .u � v/ � f rxp.%/

�
D Q�.f; f /;

@t .˛%/C divx.˛%u/ D 0;

@t .˛%u/Cdivx.˛%u˝ u/C˛rxp��xu�rx divx u D jf � �f u;

where Q�.f; f / stands for a quadratic collision operator of Boltzmann type, in an
inelastic hard-spheres regime. Here, the fixed parameter � 2 .0; 1/ corresponds to
the so-called restitution coefficient: if 0v and 0v? denote the velocities of two particles
before collision, their respective velocities v and v? after collision are given by8̂<̂

:
v D 0v �

1C �

2
.0u � n/n;

v? D
0v? C

1C �

2
.0u � n/n;

where 0u WD 0v � 0v? is the relative pre-collision velocity and n 2 Sd�1 is a unit vector
that points from the particle center with velocity v to the particle center with veloc-
ity v? at the impact. Note that � D 1 corresponds to the standard elastic case.

In this representation, given two distribution functions f D f .v/ and g D g.v/,
we can consider the following expression for the Boltzmann collision operator, as a
difference of a gain and a loss term,

Q�.f; g/ D QC
�
.f; g/ �Q�� .f; g/;

where, setting u D v � v? and yu D u=juj, we define

QC
�
.f; g/.v/ D

1

�2

Z
Rd�Sd�1

ju � nj b.yu � n/f .0v/g.0v?/ dv? dn;

Q�� .f; g/.v/ D f .v/

Z
Rd�Sd�1

ju � nj b.yu � n/g.v?/ dv? dn:
(7.3)
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Here, the function b 2 L1.Œ�1; 1�/ is a given angular collision kernel. For the sake of
simplicity, we consider b � 1. Note that, in the (truly) inelastic case � 2 .0; 1/, we
have

jvj2 C jv?j
2
D j
0vj2 C j0v?j

2
�
1 � �2

2
.0u � n/2;

thus inducing a loss of kinetic energy at each collision, while mass and momentum
are conserved. We refer to [135] (see also the introduction of [3]) for more details on
this model, which comes from the theory of granular media and describes a cloud of
macroscopic particles whose size is larger than that usually described by the standard
Boltzmann equation with elastic collisions (for so-called molecular gases). To include
dissipative effects, inelastic collisions are thus considered. Note that the presence of
such a collision operator (with a large parameter "�1 in front of it) formally leads
to a biphasic fluid model when starting from (TS-Coll) (see [61]). We also refer to
[13, 58, 124] for its applications in the study of sprays.

Our main result (which also includes the elastic case � D 1) reads as follows.

Theorem 7.3. Let � 2 .0; 1�. There exists m0 > 0, depending only on the dimension,
such that the following holds for all m � m0. Let

ejvj
2

f in
2 Hm

0 ; %in
2 HmC1; uin

2 Hm;

such that .f in; %in/ satisfies the c-Penrose stability condition (P)c (with c > 0) and

0 � f in; �f in < ‚ < 1; 0 < � � %in; 0 < � � .1 � �f in/%in
� x�

for some fixed constants ‚, �, � , x� . Then there exist T > 0 and a solution .f; %; u/
to (TS-Coll) with initial condition .f in; %in; uin/ such that

ejvj
2

f 2 C
�
Œ0; T �IHm�1

0

�
; % 2 L2.0; T IHm/;

u 2 C
�
Œ0; T �IHm

�
\ L2.0; T IHmC1/;

with .f .t/; %.t// satisfying the c
2

-Penrose stability condition (P)c=2 for all t 2 Œ0; T �.
In addition, this solution is unique in this class.

As seen below, the friction term in the kinetic equation comes in handy in order to
treat some of the new terms due to the collision operator. This was remarked already
in [115].

Let us present the main changes that must be considered in our strategy of proof
and that are due to the collision operator. It mainly concerns:

• the energy estimates for f from Chapter 2;

• the integro-differential system for the derivatives of f from Section 4.1.

The rest of Chapter 2 and of Chapter 4 then remains unchanged, as do Chapters 5
and 6.
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7.2.1 New energy estimates for the kinetic part

Let us focus on the energy estimates for the new kinetic equation

@tf C v � rxf C divvŒf .u � v/ � f rxp.%/f � D Q�.f; f /: (7.4)

Following [115], we first define g.t; x; v/ D ejvj
2
f .t; x; v/ with f solving (7.4).

Setting
Eu;% D u � rxp.%/;

it implies that g satisfies the following modified Vlasov–Boltzmann equation:

@tg C v � rxg C divvŒ.Eu;% � v/g� � 2v � .Eu;% � v/g D ��Œg; g�; (7.5)

where, for all functions h1.v/; h2.v/, the operator ��Œg; g� D �C� Œg; g�� �
�
�
Œg; g� is

defined via

�C
�
Œh1; h2�.v/ WD

1

�2

Z
Rd�Sd�1

e�jv?j
2� 1��

2

2 ..0v�0v?/�n/
2

ju � nj h1.
0v/h2.

0v?/ dv? dn;

��� Œh1; h2�.v/ WD h2.v/

Z
Rd�Sd�1

e�jv?j
2

ju � nj h1.v?/ dv? dn:

Note that the additional term 2v � .Eu;% � v/g comes from the friction term in (7.4).
Using

0u D 0v? �
0v D v? � v � .1C �/.

0u � n/n D v? � v C .1C �/�.u � n/n;

we note that for all � 2 .0; 1/ there exists a constant c.�/ > 0 (and c.1/ D 0) such
that

�C
�
Œh1; h2� WD

1

�2

Z
Rd�Sd�1

e�jv?j
2�c.�/..v�v?/�n/

2

j.v � v?/ �njh1.
0v/h2.

0v?/dv? dn:

The exponential inside the integral is roughly behaving as e�jv?j
2�c.�/jv�v?j

2
. We

have the following bilinear estimates on the previous collision operators, where some
loss of weights in velocity classically shows up.

Lemma 7.4. There exists s D s.d/ > 0 large enough such that, for all � � 0, we
have, for any smooth nonnegative function g D g.x; v/,X

j˛jCjˇ j�s

Z
Td

Z
Rd
hvi2�@˛x@

ˇ
v Œ��.g; g/�@

˛
x@
ˇ
v g dx dv . kgk2

Hs
�
kgkHs

�C1
:

Proof. We refer to [115, Lemma 2.3] combined with [3, Proof of Theorem A.1].

The key estimate allowing us to recover the previous loss of weight then comes
from the following lemma bearing on the extra term 2v � .Eu;% � v/g.
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Lemma 7.5. Let s � 0 and � > 0. For any smooth nonnegative function g D g.x; v/
and ı 2 .0; 1/, we haveX

j˛jCjˇ j�s

Z
Td

Z
Rd
hvi2�@˛x@

ˇ
v

�
2v � .Eu;% � v/g

�
@˛x@

ˇ
v g dx dv

. �.1 � ı/ kgk2Hs
�C1
C

�
1C

1

ı
kEu;%k2Hs

�
kgk2

Hs
�
:

Proof. We refer to [115, Lemma 2.7].

Let us show how one can now obtain an a priori energy estimate for a solution g
to (7.5), that reads

T u;%.g/ � 2v � .Eu;% � v/g D ��.g; g/;

where
T u;%

D @t C v � rx � v � rv CE
u;%.t; x/ � rv � d Id:

The result is the following.

Lemma 7.6. For all r � 0, m > 3 C d=2, c > 0 and T > 0, and for all smooth
functions .f; %; u/ satisfying

@tg C v � rxg � v � rvg CE
u;%.t; x/ � rv � 2v � .E

u;%
� v/g � dg

D ��.g; g/ on Œ0; T �

and % � c on Œ0; T �, the following holds for all t 2 Œ0; T �:

Em;� Œg.t/� � kg.0/k
2
Hm
�

exp
h
C
��
1C kukL1.0;T IHm/ C kEm;� Œg�kL1.0;T /

�
T

C
p
Tƒ

�
k%kL1.0;T IHm�2/

�
k%kL2.0;T IHmC1/

�i
(7.6)

for some universal constant C > 0, where

Em;� Œg.t/� WD kg.t/k
2
Hm
�
C
1

4

Z t

0

kg.�/k2
Hm
�C1

d�:

Proof. By Lemma 2.9, we first have

T u;%.@˛x@
ˇ
v g/ D �

dX
iD1
ˇi¤0

�
@y̨
i

x @
x̌i

v g � @
˛
x@
ˇ
v g
�
�
�
@˛x@

ˇ
v ; E

u;%.t; x/ � rv
�
g

C @˛x@
ˇ
v Œ2v � .E

u;%
� v/g�C @˛x@

ˇ
v Œ��.f; f /�:
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The analog of inequality (2.3) from the proof of Proposition 2.10 is, thanks to Lem-
mas 7.4 and 7.5, for all ı 2 .0; 1/,

d
dt
kg.t/k2

Hm
�
C .1 � ı/kg.t/k2

Hm
�C1

.
�
1C kEu;%.t/kHm C

1

ı
kEu;%.t/k2Hm

�
kg.t/k2

Hm
�
C kg.t/k2

Hm
�
kg.t/kHm

�C1

.
�
1C kEu;%.t/kHm C

1

ı
kEu;%.t/k2Hm

�
kg.t/k2

Hm
�

C
2

1 � ı
kg.t/k4

Hm
�
C
1 � ı

2
kg.t/k2

Hm
�C1

:

Therefore, after absorbing the last term with ı D 1=2, we get

d
dt

Em;� Œg.t/� .
�
1C kEu;%.t/k

2
Hm C Em;� Œg.t/�

�
Em;� Œg.t/�:

Concluding as in the proof of Proposition 2.10, we finally obtain the result.

The bootstrap argument from Section 2.2 is then carried out with the quantity

Nm;r.g; %; u; T /

WD kEm�1;� Œg�kL1.0;T / C k%kL2.0;T IHm/ C kukL1.0;T IHm/\L2.0;T IHmC1/;

instead of Nm;r.f;%;u;T /, by considering the same regularization J"rx% in the equa-
tion (7.5). Taking into account (7.6) and the quantity Nm;r.g; %; u; T /, the content of
Chapter 2 can be modified accordingly. Concerning the local-in-time existence for the
regularized system from Appendix B, we just modify the kinetic part of the scheme
of approximation:8̂̂<̂

:̂
@tg

nC1
C v � rxg

nC1
C divvŒ.En.t; x/ � v/gnC1� � 2v � .Eu;%reg;" � v/g

nC1

D �C
�
Œgn; gn� � ��� Œg

n; gnC1�;

f nC1jtD0 D f
in;

where " > 0 is given. We refer to [115] for more details.

7.2.2 Equation for the augmented variable F

Let us highlight the main changes that occur at the end of Section 4.1, more pre-
cisely in Notation 4.5. Firstly, recall that the goal is to consider a new unknown
F D

�
@Kx @

K
v f

�
jKjCjLj2¹m�1;mº

. Here, one has to consider a new coupling matrix

M D
�
M.I;J /;.K;L/

�
;
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which takes into account the collision operator Q� and is defined by

M.I;J /;.K;L/ WDM.I;J /;.K;L/ CM
Q�
.I;J /;.K;L/

;

with jI j C jJ j; jKj C jLj 2 ¹m � 1;mº, where

• M.I;J /;.K;L/ 2 R stands for the former terms of the coupling matrix already
appearing in Notation 4.5;

• M
Q�
.I;J /;.K;L/

is a new operator term coming from the collision operator, defined
by the relation

@Ix@
J
vQ�.f; f / D

X
0�˛�I
0�ˇ�J

�
I

˛

��
J

ˇ

�
Q�

�
@˛x@

ˇ
v f; @

I�˛
x @J�ˇv f

�
D

X
jKjCjLj2¹m�1;mº

MQ
.I;J /;.K;L/

�
@Kx @

L
v f

�
;

that is,

M
Q�
.I;J /;.K;L/

.�/ WD
X
0�˛�I
0�ˇ�J
j˛jCjˇ j�1

�
I

˛

��
J

ˇ

�
1KDI�˛
LDJ�ˇ

Q�

�
@˛x@

ˇ
v f; �

�
:

Hence, MQ� is a matrix with operator coefficients, acting on

F D
�
@Kx @

K
v f

�
jKjCjLj2¹m�1;mº

:

Using the same notation as in Section 4.1, we obtain the following equation for F D�
@Kx @

K
v f

�
jKjCjLj2¹m�1;mº

(see (4.3)):

T u;%
reg;"F CMF CL D �R0 �R1:

After the composition by .t; x; v/ 7! .t;Xt I0.x; v/;Vt I0.x; v//, where Z D .X;V/ is
the solution to (4.4), the following equation holds:

@t zF C zM zF C zL D d zF � zR0 �
zR1;

with zg.t; x; v/D g.t;Xt I0.x; v/;Vt I0.x; v//. We can still consider the resolvent asso-
ciated to the previous operator M � d Id, that is, the solution s 7! Ns;t .x; v/ of´

@sN
sIt
C
�
M ı ZsI0 � d Id

�
NsIt
D 0;

Nt It
D Id;

whose existence and uniqueness is still provided by the Cauchy–Lipschitz theorem.
Hence, this shows that the contribution of the collision operator Q� can be handled
by the modified operator M. The strategy of proof followed in the rest of Chapter 4
applies mutatis mutandis.
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7.3 Generalization to the density-dependent drag case

In this section, we show how one can deal with the case of density-dependent drag in
the force acting on the particles, that is, with the notation of the introduction, when
the force in the kinetic equation is

�.t; x; v/ D %.t; x/.u.t; x/ � v/ � rxŒp.%/�.t; x/:

This additional factor also appears in the feedback of particles on the fluid, that is,
in the source term in the Navier–Stokes equations. We are thus led to consider the
following system:8̂̂̂̂
<̂
ˆ̂̂:
@tf C v � rxf � rxp � rvf C divvŒf%.u � v/ � f rxp.%/� D 0;

@t .˛%/C divx.˛%u/ D 0;

@t .˛%u/C divx.˛%u˝ u/C ˛rxp ��xu � rx divx u D %.jf � �f u/;
˛ D 1 � �f :

(7.7)

Our main result on local well-posedness is the following.

Theorem 7.7. Consider the same assumptions of Theorem 1.6. Assume also that f in

is compactly supported in velocity. Then the conclusion of Theorem 1.6 holds for the
density-dependent drag case of system (7.7).

To fix notation, let us assume that

supp f in
� Td

� B.0;M in/; M in > 0: (7.8)

In what follows, we shall only present the main modifications that have to be added
to the strategy used in this work.

7.3.1 Modification of the energy estimates and of the bootstrap argument

Our first goal is to adapt the energy estimates of Chapter 2 and the bootstrap procedure
to the density-dependent drag case. The main change comes from the estimate for f
from Proposition 2.10.

Indeed, let us set

T
u;%

drag D @t C v � rx � %v � rv CE
u;%.t; x/ � rv � d%Id;

where Eu;%drag WD %u � rxp.%/. Observe that because of the term %v � rv (coming
from friction), a growth in velocity can occur in the analysis, that is, if f is controlled
in Hm

r , then this term would a priori require a control in Hm
rC1. This explains the

additional assumption of compact support in velocity in the next proposition. We
mention though that the use of exponential-weighted norms in velocity could relax
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this assumption (see the work [9] on the Vlasov–Maxwell equations, and also [47] in
the context of fluid-kinetic equations).

Proposition 7.8. For all r � 0,m > 3C d=2, c > 0, T > 0 and all smooth functions
.f; %; u/ with f having a compact support in velocity:

8t 2 Œ0; T �; supp f .t/ � Td
� B.0;M.t//

for some M 2 L1.0; T /, satisfying

T
u;%

drag .f / D 0 on Œ0; T �

and % � c on Œ0; T �, the following holds. For all t 2 Œ0; T �, we have

kf .t/k2
Hm
r
� kf .0/k2

Hm
r

exp
h
C
�
1C kMkL1.0;T /

�
�

�
T C
p
T kukL1.0;T IHm/k%kL2.0;T IHm/

C
p
Tƒ

�
k%kL1.0;T IHm�2/

�
k%kL2.0;T IHmC1/

�i
:

Proof. Let us suppose that there exists M 2 L1.0; T / such that

8t 2 Œ0; T �; suppf .t/ � Td
� B.0;M.t//:

Since T
u;%

drag .f / D 0, we have, by Lemma 2.9,

T
u;%

drag

�
@˛x@

ˇ
v f
�
D �

dX
iD1
ˇi¤0

@y̨
i

x @
y̌i

v f C
�
@˛x@

ˇ
v ; %.t; x/v � rv

�
�
�
@˛x@

ˇ
v ; E

u;%
drag.t; x/ � rv

�
f C d

�
@˛x@

ˇ
v ; %Id

�
f

for all ˛;ˇ 2Nd . We take the scalar product of this equality with .1C jvj2/r@˛x@
ˇ
v f ,

sum for all j˛j C jˇj � m and then integrate on Td �Rd . For the left-hand side, we
have, as in Proposition 2.10,X
j˛jCjˇ j�m

Z
Td�Rd

.1C jvj2/rT
u;%

drag

�
@˛x@

ˇ
v f
�
@˛x@

ˇ
v f

D
1

2

d
dt
kf .t/k2

Hm
r
�

X
j˛jCjˇ j�m

Z
Td�Rd

rv.1C jvj
2/r �

�
E
u;%
drag � %v

� ˇ̌@˛x@ˇv f ˇ̌2
2

;

the last term satisfyingX
j˛jCjˇ j�m

Z
Td�Rd

rv.1C jvj
2/r �

�
E
u;%
drag � %v

� ˇ̌@˛x@ˇv f ˇ̌2
2

�
�
k%.t/kL1 C kE

u;%
drag.t/kL1

�
kf .t/k2

Hm
r
:
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We now look at the four terms on the right-hand side. For the first, third and fourth
ones, we proceed as in the proof of Proposition 2.10 (with a variant of (A.3)) and getX
j˛jCjˇ j�m

Z
Td�Rd

.1C jvj2/r

�

 
�

dX
iD1
ˇi¤0

@y̨
i

x @
y̌i

v f C
�
@˛x@

ˇ
v ; E

u;%
drag.t; x/ � rv C d%Id

�
f

!
@˛x@

ˇ
v f

.
�
1C kE

u;%
drag.t/kHm C k%.t/kHm

�
kf .t/k2

Hm
r
:

The treatment of the third term requires the use of the compact support in velocity
of f . Invoking the inequality (A.4), we haveX

j˛jCjˇ j�m

Z
Td�Rd

.1C jvj2/r
�
@˛x@

ˇ
v ; %.t; x/v � rv

�
@˛x@

ˇ
v f

. .1CM.t//k%.t/kHmkf .t/k
2
Hm
r
:

All in all, we obtain

d
dt
kf .t/k2

Hm
r

. .1CM.t//
�
1C k%.t/kHm C kE

u;%.t/kHm
�
kf .t/k2

Hm
r

(7.9)

ifm > d=2. As in the proof of Proposition 2.10, and by Sobolev embedding, we have

kEu;%.t/kHm . k%.t/kHmku.t/kHm Cƒ.k%.t/kHm�2/ k%.t/kHmC1 :

By integrating in time the inequality (7.9), we get

kf .t/k2
Hm
r

� kf .0/k2
Hm
r
C C

Z t

0

.1CM.s//

�

�
1Ck%.s/kHmku.s/kHmCƒ

�
k%kL1.0;T IHm�2/

�
k%.s/kHmC1

�
kf .s/k2

Hm
r

ds

for all t 2 Œ0; T / and for some constant C > 0 independent of ". Using the Cauchy–
Schwarz inequality and Grönwall’s inequality, this implies, for all t 2 Œ0; T /,

kf .t/k2
Hm
r

� kf .0/k2
Hm
r

exp
h
C
�
1C kMkL1.0;T /

��
T C
p
T kukL1.0;T IHm/k%kL2.0;T IHm/

C
p
Tƒ

�
k%kL1.0;T IHm�2/

�
k%kL2.0;T IHmC1/

�i
;

and this concludes the proof.
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The proof of the other estimates from Chapter 2 is mainly unchanged and details
are left to the reader. We need to adapt the bootstrap procedure, by taking into account
the need of a compact support in velocity. We thus define the following modified
condition.

Definition 7.9. Let T > 0. For any nonnegative functions f .t; x; v/ and %.t; x/ on
Œ0; T �, we define the following property:

(B�;�‚;M in.T /) 8t 2 Œ0;T �;

8̂<̂
:�f .t/�

‚C 1

2
;
�

2
�%.t/;

�

2
� .1��f .t//%.t/� 2x�;

suppf .t/�Td
�B.0; 1CM in/;

where ‚, �, � , x� are given in the statement of Theorem 1.6 and M in has been intro-
duced in (7.8).

If T �" > 0 is the maximal time of existence for the system (S") (with density-
dependent drag term), we introduce the following time for all " > 0:

T" D T".R/ WD sup
®
T 2 Œ0; T �" /; Nm;r.f"; %"; u"; T / � R and (B�;�‚;M in.T /) holds

¯
;

where R > 0 has to be chosen large enough and independent of ". Here, the quantity
Nm;r.f"; %"; u"; T / is exactly the same as in Notation 2.19.

7.3.2 Modification in the straightening change of variable

As a matter of fact, the main difference in the analysis appears in the part related to
characteristics, namely Section 2.3. Our purpose here is to explain how to modify
the arguments of Section 2.3 about the straightening change of variable in velocity,
that is, Lemma 2.26. It turns out that, in the density-dependent drag case, obtaining
a suitable diffeomorphism  

sIt
x is not as straightforward as in Lemma 2.26. Indeed,

again because of the term �%v � rvf , there could be a growth in velocity in the
dynamics that prevents our proof of Lemma 2.26, which is based on a perturbative
approach, from directly holding. This is where the assumption of compact support in
velocity appears to be crucial; we do not know whether it is possible to replace it here
by an exponential moment assumption.

With the notation of Section 2.3, we will actually directly straighten the total
kinetic operator

Tdrag;F D @t C v � rx � %.t; x/v � rv C F.t; x/ � rv � d Id

into the free-transport operator

T free
D @t C v � rx :
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For .x; v/ 2 Td � B.0; 1CMin/ and t 2 Œ0; T �, we consider the solution

s 7!
�
XsItdrag;V

sIt
drag

�
.x; v/

to the following system of differential equations:8̂̂<̂
:̂

d
ds

XsItdrag D VsItdrag; Xt Itdrag.x; v/ D x;

d
ds

VsItdrag D �%
�
s;XsItdrag

�
VsItdrag C F

�
s;XsItdrag

�
; Vt Itdrag.x; v/ D v:

Lemma 7.10. Let T > 0 and k � 1. Let F 2 L2.0; T IWk;1.Td // be a vector field
such that

kFkL2.0;T IWk;1.Td // � ƒ.T;R/

for some R > 0. Then there exists xT .R/ > 0 such that, for all x 2 Td and all s; t 2
Œ0;min. xT .R/; T /�, there exists a diffeomorphism

 s;t .x; �/ W B.0; 1CMin/! B.0; 1CMin/

satisfying, for all v 2 B.0; 1CMin/,

XsItdrag.x;  s;t .x; v// D x � .t � s/v;

and which furthermore satisfies the estimates

1

C
� det.Dv s;t .x; v// � C;

and

sup
s;t2Œ0;T �



@˛x;v . s;t .x; v/ � v/ 

L1.Td�Rd /
� '.T /ƒ.T;R/; j˛j � k;

sup
s;t2Œ0;T �



@ˇx;v@s s;t .x; v/

L1.Td�Rd /
� '.T /ƒ.T;R/; jˇj � k � 1;

for someC >0 and some nondecreasing continuous function ' WRC!RC vanishing
at 0.

Proof. Let us sketch the proof. Dropping the .x; v/ dependence on the trajectories,
we have

VsItdrag D exp
�Z t

s
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�
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�
v �

Z t

s
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�
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�

F
�
�;X� Itdrag

�
d�;

from which we deduce that

Xs;tdrag D x �
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�
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�
� 0;X�

0It
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�
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�
d� ds0
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D x � .t � s/

�
v C

�
1

t � s

Z t

s

exp
�Z t

s0
%
�
�;X� Itdrag

�
d�
�

ds0 � 1
�
v

�
1

t � s

Z t

s

Z t

s0
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�Z �

s0
%
�
� 0;X�

0It
drag

�
d� 0
�

F
�
�;X� Itdrag

�
d� ds0

�
:

Taking one derivative in velocity, we observe that because of the term�
1

t � s

Z t

s

exp
�Z t

s0
%
�
�;X� Itdrag

�
d�
�

ds0 � 1
�
v;

we obtain a term where the derivative is not falling on the v factor. Hence, the latter
is a priori unbounded, inducing a potential linear growth in velocity of the derivative.
But since we restrict ourselves to v 2 B.0; 1CMin/, we can however deduce a rough
bound on rvXsItdrag by Grönwall’s inequality, which takes the formˇ̌

rvXsItdrag

ˇ̌
. exp.Tƒ.T;R/.jvj C 1//Tƒ.T;R/

. exp.Tƒ.T;R/.2CM in//Tƒ.T;R/:

We can now check that for T small enough, for all 0 � s; t � T , the map

v 7!v C

�
1

t � s

Z t

s

exp
�Z t

s0
%
�
�;X� Itdrag

�
d�
�

ds0 � 1
�
v

�
1

t � s

Z t

s

Z t

s0
exp

�Z �

s0
%
�
� 0;X�

0It
drag

�
d� 0
�
E
u;%
drag

�
�;X� Itdrag

�
d� ds0

is a C1 diffeomorphism from B.0;1CMin/ onto its image, since it is a small Lipschitz
perturbation of the identity map. Details are left to the reader.

As a result, for small times, we can directly come down to the free-transport case.

7.3.3 Modifications in remainder terms and conclusion of the bootstrap

To conclude, let us point out the last main modifications that have to be made to
conclude the bootstrap argument.

In Chapter 4, one shall be careful when handling the different remainder terms
RDiff
I , RDuha

I;1 , RDuha
I;2 , RI in L2.0; T IH1/, because they now involve some terms with at

most mC 1 derivatives on %u stemming from the force field Eu;%drag. It was somehow
harmless in the linear-drag case because the corresponding terms involved only u,
which has an additional regularity provided by the Navier–Stokes equation, namely
a control in L1.0; T IHm/ \ L2.0; T IHmC1/ (see the terms S2, S5, S12, S16). Since
we only have a control of % in L2.0; T IHm/, this requires an additional argument.

The main idea is to rely on the same type of decomposition as in Lemma 4.13
combined with the use of the smoothing estimates from Chapter 3. The expression
@Kx .%u/ (K 2 Nd ) will involve terms or sum of terms
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• of the form
%@Kx u or @

xKi�ˇ
x urx.@

ˇ
x%/ � ei ;

with i D 1; : : : ; d and jˇj D 0; : : : ;
�
jKj�1
2

˘
. They are treated using L1 bounds

on % (with Sobolev embeddings) and L2 bounds on u;

• of the form
rx.@

ˇ
x%/ � ei@

xKi�ˇ
x u;

with i D 1; : : : ; d and jˇj D
�
jKj�1
2

˘
C 1; : : : ; jKj � 1. These terms are addressed

thanks to Proposition 3.4. We refer to Chapter 4 for the same kind of procedure
for the estimates on remainders via the smoothing estimates of Chapter 3.

Let us briefly conclude by showing how the bootstrap procedure ends when one
considers the condition (B�;�‚;M in.T /). Namely, we have to show how to control the
compact support in velocity for f for short times. We rely on the Lagrangian struc-
ture of the equation, which implies a finite propagation in time of the support of f in
velocity, namely

8t > 0; supp f .t/ � Td
� Vt I0drag.supp f in/:

Since

Vt I0drag D exp
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�;X� I0drag
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� 0;X�

0I0
drag

�
d� 0
�
E
u;%
drag

�
�;X� I0drag

�
d�;

the same kind of estimates on the trajectories as those performed in the proof of
Lemma 7.10 give, for all .x; v/ 2 Td � Bv.0;M in/,ˇ̌

Vt I0drag

ˇ̌
� jvj C Tƒ.T;R/ �M in

C Tƒ.T;R/:

As a consequence, choosing T small enough (with respect toR) is sufficient to control
the size of the support of f .t/ for short times.


