Chapter 7

Generalization to several models of thick sprays

In this chapter, we show how the strategy developed in this work can be applied to
treat several variants of the system (TS), which were presented in Section 1.3.

7.1 Generalization to the non-barotropic case

In this section, we show how to handle the case of the full Navier—Stokes system for
non-barotropic fluids, where we consider the additional internal energy e € R for
the fluid and where the pressure depends on g and e. As explained in the introduction,
the system which is at stake is the following:

I f +v-Vuf +divy[f(u —v) = fVxp(o,e)] =0,

¢ (o) + divy (cou) = 0,

0 (ou) + divy (xou ® u) + aVyep(o,e) — Axu — Vydivyu = jr — pru,
d;(age) + divy(apeu) + p(o, e)(0;a + divy(au)) = / lu —v|?f dv,
a=1-pr. R

Here, we will assume' that the pressure law is given as
p(o.e) = m(ce)

for some given function 7 : RT — R such that 7 € C(RT) N C®(R*\{0}). For
instance, the relation p(o, e) = bge (with b > 0) is a perfect gas pressure law. Simi-
larly to the technical hypothesis (1.2), we shall assume that

y = 7'(y)(y + 7(y)) is nondecreasing on R.

Setting
U = ge,

the system in ( f, 0, u, ¥) can be rewritten as

A f +v-Vif +divy[f(u—v—Vym(9))] =0,

¢ (a0) + divy (ou) = 0,

(TS,) < 9:(cou) + divy(eou @ u) + aVyim(9) — Axu — Vydiveu = jr — pru,
d; (@) + divy (@ u) + m(3)(0ra + divy(au)) = / lv—u|?f dv,
a=1-pr. R

Tt is likely that more general pressures p(o, ) could be treated by our method.



Generalization to several models of thick sprays 134

As we shall see below, it is significant to define the following Penrose symbol of
a function ( f'(x, v), ¥(x)) as

Py (x.y.7.1)
' @D ) + 7@ D] [T _ins ik

= 1= pr () | e m'(ﬁvvvf)(x’sﬂ)ds-
7.1

We can now introduce the following Penrose condition, adapted to (TS, ): there exists
¢ > 0 such that

(pererey) Vx e T4, inf |1 — P;n;rgy (x,y. 7, 77)| > c.
(¥,7,m)€(0,+00) xRxR¥\{0} >

Our main result for the system (TS, ) reads as follows.

Theorem 7.1. There exist mg > 0 and ro > 0, depending only on the dimension, such
that the following holds for all m > mq and r > ry. Let

fin c %:n’ Qin c Hm—l’ uin c Hm’ ﬁin c Hm+1,

such that (£, 9'") satisfies the c-Penrose stability condition (P*"*'®Y). (with ¢ > 0)
and

0<f™ pm<YT<l 0<p=<"d",

O<v=<(l- pfm)Qi“, 1- pfm)z?i“ <v

for some fixed constants Y, ., v, . Then there exist T > 0 and a solution (f,0,u,?)
to (TS,) with initial condition ( f™™, o™, u™, %) such that

feCo. T HY), o0, TEH™,

u € C([0,T; H™) nL2(0, T;H™tY), ¥ e L*(0, T; H™),

and with (f(t), ¥ (t)) satisfying the 5-Penrose stability condition (P"“'*)./, for all
t € [0, T). In addition, this solution is unique in this class.

Let us explain the main strategy for the proof of Theorem 7.1. First, we observe
that the equation for ¢ can be rewritten as

v v
;0 +u- Vi 4+ 1_’_—”() divy(jr — pru)
f

72
AT s "

1
—_ / lv—ul?f dv.
1—pr 1 —pr Jre

Apart from the last term, this equation has exactly the same structure as that for ¢ in
Lemma 2.2. Hence, the following estimate holds:

19O lam < o™ lam (T...... NullLoo o, rsmm+1y Lf I oo 7g0m+1))
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and it features the same loss of derivative as for ¢ in (TS). Note also that the equation
for ¢ can be directly solved once f and u are given. As in Section 2.2, we consider the
regularization —z’ ()], V¥ of the term —V, 7 (1) in the kinetic equation of (TS,)
and introduce the quantity
Non,r (fer0e e, Ve, T) := ”fE”LOO(O,T;J(’,’”—‘) + ||Qs||L°°(O,T;H’"—1)
+ lluellLoe o, 7:mm)nL20,7:m+1y + 1 PellL2(0,7:1m)-
Following the bootstrap procedure we have set for the case of (TS), we mainly want
to control the quantity || J |l 2o, 7:1m)-
Using (7.2) (and dropping the dependence on ¢) it is possible to obtain the fol-
lowing equation for 7 = d%¥ with || < m (see Proposition 5.1):
v v
(Id A
1 —py
with G (¢, x,v) = 7' (8 (¢, x))V, f(¢, x,v) and

[ Rl 20,7127y < AT, R, [|1(0) [lyg1 ().

Following the arguments of Chapter 5, we are thus led to the study of the pseudodif-
ferential equation

7' () (@ + 7(D))
1—pr

Kl o Je)[a,h +u-Vih] =R, 1€(0,7),

H - Op” (as)(J.H) = R on (0,T) x T?,

where ay is defined in (5.6), that is,
op”*(1 - P;f’;rgy)(H) = R.

In particular, this explains the introduction of the Penrose symbol (7.1) above, which
allows us to invert the previous equation for H, up to a small remainder.

Some additional arguments also need to be given to treat the last term in (7.2).
Since

/ |v—u|2fdv=/ o2 f dv + [u|*ps —2u - jy,
R4 R4

we have to include the treatment of the second order moment in velocity m» f(¢, x) :=
[ra [v|2 £(¢, x,v) dv in the analysis of Chapter 4. In addition to Proposition 4.1, we
have the following result.

Proposition 7.2. For all |I| < m, we have, foranyt € (0,T),
aLma f(1.x)
¢
= peto) [ [ 1PV~ (=50 Vv dvds
0

+ R [my f1(t, %),
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where the remainder R [m, f] satisfies
”Rl[mzf]”Lz(O,T;H}C) = AT B).

In particular, we have
a;/ lv—ul?f dv
R4

The fairly straightforward adaptation of the analysis of Chapter 4 is left to the
reader.

< A(T, R).
L2(0,T;L?)

7.2 Generalization to the inelastic Boltzmann case

In this section, we consider the case where one takes into account inelastic collisions
between particles. This corresponds to the following Vlasov—Boltzmann equation in
the coupling (the other equations for (o, u) being unchanged):

A f +v-Vuf +divy[ f(u—v)— fVxp(0)] = Qr(f. f).
(TS-Coll) d; (o) + divy (aou) = 0,

0 (ou) +divy (ou @ u)+aVyip—Au—Vydivyu = jr — pru,
where @, (f, /) stands for a quadratic collision operator of Boltzmann type, in an
inelastic hard-spheres regime. Here, the fixed parameter A € (0, 1) corresponds to

the so-called restitution coefficient: if 'v and v, denote the velocities of two particles
before collision, their respective velocities v and v, after collision are given by

1+ A
. Lo
v=" 5 (u-n)n,
1+ A
Vi = Uy + + (u-n)n,

where 'u :="v — v, is the relative pre-collision velocity and n € S?~! is a unit vector
that points from the particle center with velocity v to the particle center with veloc-
ity v, at the impact. Note that A = 1 corresponds to the standard elastic case.

In this representation, given two distribution functions f = f(v) and g = g(v),
we can consider the following expression for the Boltzmann collision operator, as a
difference of a gain and a loss term,

Qr(f.8) =Qf (f.9) — Q5 ([ 9).

where, setting u = v — v, and # = u/|u|, we define

1
@I(f, 2)(v) = 1z /Rdxgd_l lu-n|b@@-n)f(v)g(vs)dv, dn, .

Q5 (f.9)w) = f(v) /R Ju - b n)g (o) du, dn.

dxSd—
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Here, the function b € L!([—1, 1]) is a given angular collision kernel. For the sake of
simplicity, we consider b = 1. Note that, in the (truly) inelastic case A € (0, 1), we
have 12
1—
0P + Joa? = [0 + [0 = ——

(u-n)?,

thus inducing a loss of kinetic energy at each collision, while mass and momentum
are conserved. We refer to [135] (see also the introduction of [3]) for more details on
this model, which comes from the theory of granular media and describes a cloud of
macroscopic particles whose size is larger than that usually described by the standard
Boltzmann equation with elastic collisions (for so-called molecular gases). To include
dissipative effects, inelastic collisions are thus considered. Note that the presence of
such a collision operator (with a large parameter ¢! in front of it) formally leads
to a biphasic fluid model when starting from (TS-Coll) (see [61]). We also refer to
[13,58,124] for its applications in the study of sprays.

Our main result (which also includes the elastic case A = 1) reads as follows.

Theorem 7.3. Let A € (0, 1]. There exists mg > 0, depending only on the dimension,
such that the following holds for all m > my. Let

e|v|2fin c %6n’ Qin c Hm+1’ uin c Hm’
such that (™, o™) satisfies the c-Penrose stability condition (P). (with ¢ > 0) and
0< fin prn < O <1, 0<p<o" 0<Q§(1—pfm)gi“§§

for some fixed constants ©, u, 0, 0. Then there exist T > 0 and a solution ( f, 0, u)
to (TS-Coll) with initial condition (f™, o™, u'™) such that

P’ e ([0, T); HIY), 0 €20, T; H™),
u € ([0, TI; H™) NL*(0, T; H™ 1),

with (f(t), 0(¢)) satisfying the 5-Penrose stability condition (P)c, for all t € [0, T].
In addition, this solution is unique in this class.

As seen below, the friction term in the kinetic equation comes in handy in order to
treat some of the new terms due to the collision operator. This was remarked already
in [115].

Let us present the main changes that must be considered in our strategy of proof
and that are due to the collision operator. It mainly concerns:

» the energy estimates for f from Chapter 2;
 the integro-differential system for the derivatives of f from Section 4.1.

The rest of Chapter 2 and of Chapter 4 then remains unchanged, as do Chapters 5
and 6.
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7.2.1 New energy estimates for the kinetic part

Let us focus on the energy estimates for the new kinetic equation

I f +v-Vif +divy[f(u —v) = fVap(o) f] = Qr(S. /). (1.4)

Following [115], we first define g(¢, x, v) = e'”'zf(t, x,v) with f solving (7.4).
Setting
E"? =u—Vip(o).

it implies that g satisfies the following modified Vlasov—Boltzmann equation:
18 +v- Veg +divy[(E"? —v)g] = 2v - (E"? —v)g =Th[g.¢].  (7.5)

where, for all functions % (v), h,(v), the operator ' [g, g] = F/{F (g.g] T [g. glis
defined via

1-12

l 7, /.
L[y, ha](v) = —f P (G v*)'”)2|u -n|hy(v)hy('vy) dvy dn,
A2 Jrdxga—1

L [h, ha](v) = hz(v)/ e_|v*|2|u -n|hy(vy) dvy dn.
R4 xSd—1

Note that the additional term 2v - (E**¢ — v)g comes from the friction term in (7.4).
Using

U=y —"v=v—v—-—0+N)u-n)n=v,—v+ 1+ A)A(u-n)n,

we note that for all A € (0, 1) there exists a constant ¢(A) > 0 (and ¢(1) = 0) such
that
1
51, ha] = = / eI P=eW@=v0m?) 0y 3| By (W)ha(vs) dvy dan.
R4 xSd—1

The exponential inside the integral is roughly behaving as e loxPc@v—vs? e
have the following bilinear estimates on the previous collision operators, where some
loss of weights in velocity classically shows up.

Lemma 7.4. There exists s = s(d) > 0 large enough such that, for all ¢ > 0, we
have, for any smooth nonnegative function g = g(x, v),

Z /Td Ad(v)Zaaﬁaf[Fx(g,g)]azafgdxdv < ”g||=27fé||g||=7€g+l-
le|+]Bl=<s '

Proof. We refer to [115, Lemma 2.3] combined with [3, Proof of Theorem A.1]. =

The key estimate allowing us to recover the previous loss of weight then comes
from the following lemma bearing on the extra term 2v - (E*€¢ — v)g.
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Lemma 7.5. Let s > 0 and o > 0. For any smooth nonnegative function g = g(x,v)
and § € (0, 1), we have

Z / / 2"8“8'3 20 - (E"° — v)g]a"‘aﬁg dx dv

lee] +|Bl<s

1
=0 gl + (14 511 el
Proof. We refer to [115, Lemma 2.7]. [

Let us show how one can now obtain an a priori energy estimate for a solution g
to (7.5), that reads

T"e(g)—2v-(E"? —v)g =T(g.8),

where
TUe =, +v-Vy —v-Vy + E“2(1,%) - V, — dId.

The result is the following.

Lemma 7.6. Forallr >0, m >3+ d/2, ¢ >0 and T > 0, and for all smooth
Junctions ( f, 0, u) satisfying

0:g +v-Vyg—v-Vyg+ E*¥%(t,x)-Vy —2v-(E*? —v)g —dg
=Tx(g.8) on[0.T]

and o > ¢ on [0, T], the following holds for all t € [0, T]:

Em.o[8(1)] = 12(0) 3y exp| C (1 + lutllioso.7:0m) + |€mo[8]Ioeo,) T

+ VT A (el ram-2)lelzo.rmmen )
(7.6)

for some universal constant C > 0, where

1 t
Emolg®)] = g Zem + Z/ g (@ 5m  de.
o 0 o+1

Proof. By Lemma 2.9, we first have

d _,
Treafe) = — 3 (0708 g — 9%0f g) — [0408. E"(t.x) - V, ]
/éi=7510

+ 0205 20+ (E"2 —v)g] + 9305 [Ta (S, ).
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The analog of inequality (2.3) from the proof of Proposition 2.10 is, thanks to Lem-
mas 7.4 and 7.5, for all § € (0, 1),

d 2 2
L) By + (1= D)gO) e,
1
< (14 12Ol + LIE OB IOl + 18O gl
1
< (141820l + HIE O ) Il
2 P T S
b lg Ol + 5 s,

Therefore, after absorbing the last term with § = 1/2, we get

d
—Enalg®] 5 (14 IE“CO) [ + Emolg)])Emals ]

Concluding as in the proof of Proposition 2.10, we finally obtain the result. u

The bootstrap argument from Section 2.2 is then carried out with the quantity

Nm,r(g’ Q7 u7 T)

= [1€m—1.0&lllLoo(o, 1) + lCllL20,7;0m) + UllLoo 0,750y nL2 (0,750 +1).

instead of N, ,(f, 0,u, T), by considering the same regularization J, V, ¢ in the equa-
tion (7.5). Taking into account (7.6) and the quantity N, ,(g, 0, u, T'), the content of
Chapter 2 can be modified accordingly. Concerning the local-in-time existence for the
regularized system from Appendix B, we just modify the kinetic part of the scheme
of approximation:

0:8" T + v Vog" ! 4 divy [(E" (¢, x) —v)g" T = 2v - (Ereds — v)g"t!
=TI lg".¢" - Ty lg". ¢" "',
fn+1|t:0 — fin’

where ¢ > 0 is given. We refer to [115] for more details.

7.2.2 Equation for the augmented variable ¥

Let us highlight the main changes that occur at the end of Section 4.1, more pre-
cisely in Notation 4.5. Firstly, recall that the goal is to consider a new unknown

¥F = (0% 02 f)\K|+|L|e{m—1,m}' Here, one has to consider a new coupling matrix

M = (Mz,7).(k.L)):
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which takes into account the collision operator @ and is defined by
. Q
M, &) = Ma,n,&L + MGy k.0

with |I| + |J|, |K]| + |L| € {m — 1, m}, where

* Mu,n,k,L) €R stands for the former terms of the coupling matrix already

appearing in Notation 4.5;

Q, . . ..
M (1.7).(K,L) 1S @ New operator term coming from the collision operator, defined

by the relation

3187 Qi(f, f)

> (;)(;)@A(aiafﬁai‘“ai‘ﬂf)

0<a<I
0<B=<J

Q KqL
- > M5,k [0x 0 /1.
|K|+|L|e{m—1,m}
that is,

Q ) I\(J .
Minwn® = 2. (a)(ﬁ)lfzfzg(ﬂk(axa‘fﬂ')-

o<a<I
0<B=<J
lee|+]B1<1

Hence, M%* is a matrix with operator coefficients, acting on

K qK
¥ = (ax dy f)|K|+|L|e{m—1,m}'

Using the same notation as in Section 4.1, we obtain the following equation for ¥ =
(K05 1) k1 21ctm-1,m (502 €3
TolF +MF + £ =—-Ro— Ry

reg,&

After the composition by (¢, x,v) > (¢, X"%(x, v), V59(x,v)), where Z = (X, V) is
the solution to (4.4), the following equation holds:

$F +MF +£=dF —Ro— R,
with g(z, x,v) = g(¢, X*%(x,v), V59(x, v)). We can still consider the resolvent asso-
ciated to the previous operator M — d1d, that is, the solution s > N (x, v) of
IgN* + [M o Z*0 — d1d] N = 0,
NH = 1d,
whose existence and uniqueness is still provided by the Cauchy-Lipschitz theorem.
Hence, this shows that the contribution of the collision operator @ can be handled

by the modified operator Ml. The strategy of proof followed in the rest of Chapter 4
applies mutatis mutandis.
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7.3 Generalization to the density-dependent drag case

In this section, we show how one can deal with the case of density-dependent drag in
the force acting on the particles, that is, with the notation of the introduction, when
the force in the kinetic equation is

[(t. x,v) = o(t. x)(u(t, x) —v) = Vi [p(2)](, x).

This additional factor also appears in the feedback of particles on the fluid, that is,
in the source term in the Navier—Stokes equations. We are thus led to consider the
following system:

0 f +v-Vif =Vip-Vyf +divy[fo(u —v) — fVip(o)] =0,

9¢ (o) + divy(cou) =0,

0 (cou) + divy (ou @ u) + aVep — Ayu — Vydivyu = o(jr — pru),
a=1-pr.

(1.7)

Our main result on local well-posedness is the following.

Theorem 7.7. Consider the same assumptions of Theorem 1.6. Assume also that f™
is compactly supported in velocity. Then the conclusion of Theorem 1.6 holds for the
density-dependent drag case of system (7.7).

To fix notation, let us assume that
supp /™ C T x B(0, M™), M™ > 0. (7.8)

In what follows, we shall only present the main modifications that have to be added
to the strategy used in this work.

7.3.1 Modification of the energy estimates and of the bootstrap argument

Our first goal is to adapt the energy estimates of Chapter 2 and the bootstrap procedure
to the density-dependent drag case. The main change comes from the estimate for f
from Proposition 2.10.
Indeed, let us set
Tond =0, +v-Vy—ou-Vy + E“2(t,x) -V, — dold,

where E:;rfg = ou — V;p(p). Observe that because of the term pv - V,, (coming
from friction), a growth in velocity can occur in the analysis, that is, if f is controlled
in J¢", then this term would a priori require a control in J", ;. This explains the
additional assumption of compact support in velocity in the next proposition. We
mention though that the use of exponential-weighted norms in velocity could relax
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this assumption (see the work [9] on the Vlasov—Maxwell equations, and also [47] in
the context of fluid-kinetic equations).

Proposition 7.8. Forallr >0,m >34+ d/2, ¢ >0, T > 0 and all smooth functions
(f.0,u) with f having a compact support in velocity:

Vi €[0,T], supp f(t) C T? x B(0, M(1))
for some M € L*°(0, T), satisfying
Tarae (f) =0 on[0,7]

and ¢ > ¢ on [0, T), the following holds. For all t € [0, T), we have
1O < 1) exp[C (1 + 1M ll0.19)
x (7 + VT lulloso,rm el rsmm)
+ VT A (el rm-2)lelzo.ramn ) |
Proof. Let us suppose that there exists M € L.°°(0, T') such that

Vi €[0,T], supp f(z) C T¢ x B(0, M(t)).

G u,0

Since Tdrag (f) = 0, we have, by Lemma 2.9,

d ~
T (0590 1) = = 32 890 1 +[03900. o0 V0]
i=1

Bi#0
—[0208, EL2(t.x) - Vy | f + d[0%05, old] f

X v ~drag X~ v

for all o, B € N?. We take the scalar product of this equality with (1 + |v]?)" 8%65 f,
sum for all || + |8| < m and then integrate on T¢ x R?. For the left-hand side, we
have, as in Proposition 2.10,

3 / (1 + [v]?) T340 (92958 £) o298 1
Td xR4

la|+|Bl<m | 5 ’2
1d , . o20b f
= LSO — Vu(l rL(ERe — gu) A
SOl = S [ Py (B - o) 2
@l +1B|<m
the last term satisfying
5 80208 1|
2 u,o | x-v
/de]Rd Vol +[ul)" (Ed“’g_gv) 2

lal+1B1<m
= (le@ e + I Egig)llLoe ) LS ) [5gpn-
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We now look at the four terms on the right-hand side. For the first, third and fourth
ones, we proceed as in the proof of Proposition 2.10 (with a variant of (A.3)) and get

> [, aswpy
T4 xR4
dr’ag
=1

loe|+[Bl<m
} <_
1
Bi#0

< (L4 1 Ega @ lam + llo@) lam) Il £ @) |5

d . ~.
0% 3B f 4 [0%08  EXC(t,x) - Vy + dgld]f>agga/3f

The treatment of the third term requires the use of the compact support in velocity
of f.Invoking the inequality (A.4), we have

> (1+ [v?) [0%98. o(r, x)v - v, |0%08 f
lot|+1B|<m /TdXRd
<+ M(Z))IIQ(I)HHm||f(f)||§g;n-

All in all, we obtain

%l|f(t)||§€;" S A+ MO+ le®lwm + IE“C@)lwm) | fOWZp (79
if m > d /2. As in the proof of Proposition 2.10, and by Sobolev embedding, we have

IE*“¢@)llnm < llo@) 1@ llwm + A (lo@)llwn-2) llo(@)lpm-+1.

By integrating in time the inequality (7.9), we get
1L£ )15

< 1O +C | (14 M(s))

X (1 +llo) lam ()l + A(llellLoo o, 7:mm-2)) 0(5) [pm—+1 ) 1 ()15 ds

forall# € [0, T') and for some constant C > 0 independent of ¢. Using the Cauchy—
Schwarz inequality and Gronwall’s inequality, this implies, for all ¢ € [0, T'),

1L£ )5
= 1/ O exp[ C(1+ 1M llioe0,) (T + VT llullioeo,7:0m lelzgo.rsem)

+ VT A(lellseo.rsm-2) lellizo ey ) |

and this concludes the proof. |
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The proof of the other estimates from Chapter 2 is mainly unchanged and details
are left to the reader. We need to adapt the bootstrap procedure, by taking into account
the need of a compact support in velocity. We thus define the following modified
condition.

Definition 7.9. Let T > 0. For any nonnegative functions f(¢, x, v) and o(¢, x) on
[0, T'], we define the following property:

0 _
— 5 =00, 5 =(1=pr0)a) =27,

supp /(1) C T4 xB(0, 1 + M™),

<2
B&4(T) Viel.T), {77

where ©, u, 6, 0 are given in the statement of Theorem 1.6 and M™ has been intro-
duced in (7.8).

If 7 > 0 is the maximal time of existence for the system (S.) (with density-
dependent drag term), we introduce the following time for all ¢ > 0:

T = To(R) = sup {T € [0, T,)), Ny (f, 06 us, T) < R and (B, (7)) holds},

where R > 0 has to be chosen large enough and independent of ¢. Here, the quantity
Nmr (fe, 0e, U, T) is exactly the same as in Notation 2.19.

7.3.2 Modification in the straightening change of variable

As a matter of fact, the main difference in the analysis appears in the part related to
characteristics, namely Section 2.3. Our purpose here is to explain how to modify
the arguments of Section 2.3 about the straightening change of variable in velocity,
that is, Lemma 2.26. It turns out that, in the density-dependent drag case, obtaining
a suitable diffeomorphism 3" is not as straightforward as in Lemma 2.26. Indeed,
again because of the term —ov - V, f, there could be a growth in velocity in the
dynamics that prevents our proof of Lemma 2.26, which is based on a perturbative
approach, from directly holding. This is where the assumption of compact support in
velocity appears to be crucial; we do not know whether it is possible to replace it here
by an exponential moment assumption.

With the notation of Section 2.3, we will actually directly straighten the total
kinetic operator

Taragp = 0 +v-Vy —o(t, x)v -V, +F(t,x) -V, —dId
into the free-transport operator

giee — 9, +v-V,.
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For (x,v) € T? x B(0,1 4+ M™) and € [0, T], we consider the solution

st st
s (Xdrag’ Vdrag) (X, U)

to the following system of differential equations:

iXs;z — V! xtt

ds drag — " drag’ drag(x’ U) =X,

d Vs;t _ —Q(S, Xs;t )Vs;t

st 15t _
a drag — drag/ " drag + F(S’X )’ Vdrag(x’ U) = .

drag

Lemma 7.10. Let T > 0 and k > 1. Let F € L2(0, T; W&°(T %)) be a vector field
such that

[IFlli2(0,7;wk.c0(rayy < A(T,R)

for some R > 0. Then there exists T(R) > 0 such that, for all x € T? and all s,t €
[0, min(T'(R), T)], there exists a diffeomorphism

Vsr(x,) 1 B(0,14+M") — B(0,1+ M™)
satisfying, for all v € B(0, 1 + M™),
XSi:lg(x’ 1/fs,t‘(xy U)) =X — (Z — S)U,

and which furthermore satisfies the estimates

1
< det(Dy,(x,v)) < C,

c
and
sup [ 0%, (Y5, (¥, 0) = V) | oqpargay < P(TIATR),  |a| <k,
s,t€[0,T]
sup 92,0595 (%, V) | o (papay < (TATR), (Bl <k—1,
s,t€[0,T]

for some C > 0 and some nondecreasing continuous function ¢ : R™ — R™ vanishing
at 0.

Proof. Let us sketch the proof. Dropping the (x, v) dependence on the trajectories,
we have

t t T
Vit = exp( [ (e xit)ar )= [ewp( [ e x3k) ar JF(e xX38,) or
N S S
from which we deduce that

XS,[

t t
e = X — (/ exp(// o(r, X;r;ég) dr) ds’)v
S A

t t T
+ / / exp( / Q(f/,xgr;;)df/)F(f,xg;;g)dzds/
K s’/ s/



Generalization to the density-dependent drag case 147

1 ! 4 .
:x—(t—s)[v—i— (—/ exp(/ Q(r,Xgr’fl)dr) ds’—l)v
t—s s s/ g
1 Lt ! 1 ~Tst ’ Tt /
- exp oft ,Xdrag) dt’ |F(r, deg) drds’|.
r—=sJs Jy s’

Taking one derivative in velocity, we observe that because of the term

1o f .
( / exp (/ ofz. Xsr’gg) d‘C) ds’ — l)v,
t—sJs s/

we obtain a term where the derivative is not falling on the v factor. Hence, the latter
is a priori unbounded, inducing a potential linear growth in velocity of the derivative.
But since we restrict ourselves to v € B(0, 1 + M), we can however deduce a rough

bound on VUXS;:;g by Gronwall’s inequality, which takes the form

|VoXise| S exp(TA(T, R)(Jv] + 1)) TA(T, R)
< exp(TA(T, R)(2 + M™))TA(T, R).

We can now check that for 7" small enough, for all 0 < s,¢# < T, the map

1 t t .
v U+ (Z_/ exp(/ o(7. Xgiae) d‘() ds’ — 1)1)
— 5 s

s
1 t pt T ’ X-,_-’;t de’ | E%@ Xr;t dr ds’
t—sJs Jy CXp o Q(T ’ drag) T drag(r’ drag) Tdas

is a @! diffeomorphism from B(0, 1 + M") onto its image, since it is a small Lipschitz
perturbation of the identity map. Details are left to the reader. |

As aresult, for small times, we can directly come down to the free-transport case.

7.3.3 Modifications in remainder terms and conclusion of the bootstrap

To conclude, let us point out the last main modifications that have to be made to
conclude the bootstrap argument.

In Chapter 4, one shall be careful when handling the different remainder terms
fRIDiff, CRIDulha, fR]I)“zha, Ry in L2(0, T;H'), because they now involve some terms with at
most m + 1 derivatives on ou stemming from the force field £ S‘r;i. It was somehow
harmless in the linear-drag case because the corresponding terms involved only u,
which has an additional regularity provided by the Navier—Stokes equation, namely
a control in L*®(0, T; H™) N L2(0, T; H™*1) (see the terms S5, Ss, S12, S16). Since
we only have a control of ¢ in L2(0, T'; H™), this requires an additional argument.

The main idea is to rely on the same type of decomposition as in Lemma 4.13
combined with the use of the smoothing estimates from Chapter 3. The expression

8)15 (ou) (K € N9) will involve terms or sum of terms
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e of the form
Qafu or 8K “Buv, (8 o) - e,

withi =1,...,d and |B| =0,..., L#J They are treated using L°° bounds
on o (with Sobolev embeddings) and L? bounds on u;

* of the form _
V, (02 0) - ¢;05 P u,

withi =1,...,d and |B| = |_|K| IJ +1,...,]K]| — 1. These terms are addressed
thanks to Proposition 3.4. We refer to Chapter 4 for the same kind of procedure
for the estimates on remainders via the smoothing estimates of Chapter 3.

Let us briefly conclude by showing how the bootstrap procedure ends when one
considers the condition (B %,[m(T)). Namely, we have to show how to control the
compact support in velocity for f for short times. We rely on the Lagrangian struc-
ture of the equation, which implies a finite propagation in time of the support of f in
velocity, namely

Vi >0, supp f(r) C T? x Vfirgg(supp £imy.

Since .
;0 ;0
Vérag = exp(—/o ofz. Xsrag) dr)v

t t
+ A exXp (_/ Q( Xgra(g)) dz ) drag( XSrgg) dr,
T

the same kind of estimates on the trajectories as those performed in the proof of
Lemma 7.10 give, for all (x,v) € T4 x B, (0, M™),
[VEo

tag| < [Vl + TA(T, R) < M™ + TA(T, R).

As a consequence, choosing 7" small enough (with respect to R) is sufficient to control
the size of the support of f(¢) for short times.



