Appendix A

Some classical (para-)differential inequalities on T? and
T4 x R¢

We recall and state several classic inequalities of (para-)differential type. First, we
have the following tame estimate for commutators (see [111, Lemma 3.4]).

Proposition A.1. Let s > 1. There exists Cs > 0 such that, for any functions g, E €
HS N L, we have

Viel <s, [0 Elg|2 < Cs(IVxEllise llgllgs—1 + [ EJus gllioe).-

The following result is about tame estimates in Sobolev spaces (see e.g. [10,
Corollary 2.86]).

Proposition A.2. Lets > 0. There exists Cg > 0 such that, for all wy,w, € HS N L,
we have
lwiwalluy < Cs(lwilleee [wallus + llwi s [[wallies).
We also recall the following result of Bony about Sobolev continuity of the com-
position by a smooth function (see e.g. [ 10, Corollary 2.87] or [53, Proposition 1.4.8]
for a more precise version).

Proposition A.3. Let I be an open interval of R containing 0. Let s > 0 and let o
be the smallest integer such that o > s. There exists Cy > 0 such that, for any F €
WOFTLoo (1 R) with F(0) = 0 and for any w € H® taking values in J € I, we have

IFw)llis < Cs (1 + [lwllLee)” | F llweeo oy lwlls -

Remark A.4. Note thatif 0 ¢ / and w € H® takes values in J € I, we can extend F
outside / by a smooth extension such that F'(0) = 0, and the previous proposition
remains valid. Indeed, by Faa di Bruno’s formula, we observe that || F(w)||gs only
involves F through its derivatives evaluated at w.

Lemma A.5. Forallk e Nand g : T? — Rt such that0 < ¢ < g < C < 1, we

have
1
Hl—g

for some nondecreasing continuous function Cy : Rt — R,

< 1+ Cr(llgllLe) g g«
Hk

Proof. We rely on Proposition A.3 by writing

1
H | = IF©) = FO)lhws + 1.
_g k

and this directly concludes the proof. |
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Let us finally state several product and commutator laws using weighted Sobolev
norms.

Lemma A.6. Let s > 0. Consider a smooth nonnegative function y = y(v) such that
[0Y x| <y xforally e N9 such that |y| < s.
e Forany functions [ = f(x,v), g = g(x,v) and any k > s/2, we have

Ixfele, < W lyroollxgllng., + lglyreelxf lns.,- (A1)
e For any functions a = a(x), F = F(x,v) and any s > d, we have
IxaFllus , < llallgollxFlus , + lallus | F s, - (A2)

*  Forany vector field E = E(x) and any function f = f(x,v), the following holds
forall so > 1 +d and all o, B € N? satisfying |o| + || = s > 1:

| 2[8595. E(x) - Volflliz, S WENgollxf lus, + 1Elug 1S s, (A3)

e For any functions a = a(x), f = f(x,v) such that f has a compact support
in velocity, the following holds for all so > 1 + d and all o, B € N9 satisfying
lo| + Bl =5 =1:

| x[8595 . a(x)v - Vol fliz, < 0+ Mp)lallysollxf lug, + laliug xS s,
(A4)
where
supp / C T¢ x B(0, My), My € (0,400).

Proof. We refer to [90, Lemma 3.1] for the proof of (A.1), (A.2) and (A.3). Let us
briefly sketch the proof of (A.4). By expanding the commutator, we have to estimate
terms of the form
Iy = H)(B%aaff(vi)avi 3§_y3§_uf“L§'v
for some 1 <i < d and with (y, u) # (0,0), y <o, u < B and [u| <2.Ify # 0
and 1 # 0, then 1,,,, = 0 or 3y (v;) = 1 and we can conclude as for (A.3). If y = 0
and u > 0, then 8% (v;) = 0 or 1 and we conclude by Sobolev embedding in x, since
Ly < llalliee |2 f lns , - Lastly, if y > 0 and i = 0, we rely on the compact support
in velocity for f to get
Ly < My | x%adu 857795 2 .

Vi ¥x

and we end the proof as for (A.3). [ ]



