
Appendix B

Local well-posedness for (S"): Proof of Proposition 2.18

Recall that we want to find a solution .f";%";u"/, with " > 0, defined on some interval
Œ0; T �" / to the system8̂̂̂̂
ˆ̂̂̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂:

@tf" C v � rxf" � p
0.%"/rx

�
.I � "2�x/

�1%"
�
� rvf" C divvŒf".u" � v/� D 0;

@t .˛"%"/C divx.˛"%"u"/ D 0;

@tu" C .u" � rx/u" C
1

%"
rxp.%"/ �

1

%".1 � �f"/

�
�x Crx divx

�
u"

D
1

%".1 � �f"/
.jf" � �f"u"/;

f"jtD0 D f
in; %"jtD0 D %

in; u"jtD0 D u
in;

where

�f".t; x/ D

Z
Rd
f".t; x; v/ dv; jf".t; x/ D

Z
Rd
f".t; x; v/v dv

and ˛".t; x/ D 1 � �f".t; x/. To do so, we rely on a standard iterative scheme. We
will derive two types of estimates on the inductive solutions to that scheme:

• first, a uniform bound in high regularity which allows us to obtain, through a weak
compactness argument, a weak converging (sub)sequence in spaces with high
regularity. This will be possible if we consider a small enough time of existence.

• second, contraction estimates in low regularity which aim at proving that this
sequence of solutions is a Cauchy sequence in spaces with lower regularity, thus
strongly converging.

This will be enough in order the pass to the limit in the iterative scheme, obtaining
a solution with the aforementioned high order regularity. Note that the first type of
estimates is actually required to prove the second one. Uniqueness will classically
follow from the same computations leading to the contraction estimates.

We fix " > 0 and now drop the dependence on " (though we recall that the time
of existence obtained below will still depend on "): we set

f 0 D f in; %0 D %in; u0 D uin;

and, for all n 2 N, given a triplet .f n; un; %n/ and a time Tn > 0 with

.f n; %n; un/ 2 C.0; TnIH
m
r / � C.0; TnIHm/ � C.0; TnIHm/ \ L2.0; TnIHmC1/;
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we consider the system

( zSnC1)

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂:

@tf
nC1
C v � rxf

nC1
C divv

�
f nC1.En.t; x/ � v/

�
D 0;

@tm
nC1
C divx.mnC1un/ D 0;

@tu
nC1
�

1

mn

�
�x Crx divx

�
unC1

D �.un � rx/u
n
� rx�.%

n/C
1

mn
.jf n � �f nu

n/;

%nC1 D
1

1 � �f n
mnC1;

En WD un � p0.%n/rx
�
.I � "2�x/

�1%n
�
;

f nC1jtD0 D f
in; mnC1

jtD0 D ˛
in%in; unC1jtD0 D u

in;

with

� 0.x/ WD
p0.x/

x
; �.0/ D 0;

and where

�f n.t; x/ WD

Z
Rd
f n.t; x; v/ dv; jf n.t; x/ WD

Z
Rd
f n.t; x; v/v dv:

We also set
R0 WD 100

�
kf in
kHm

r
C kmin

kHm C ku
in
kHm

�
:

Step 1: Construction of .f nC1; %nC1; unC1/ and uniform estimates. In what fol-
lows, we construct the next iteration of the scheme, which is a solution to ( zSnC1),
thus proving that our inductive scheme is well defined. At the same time, we derive
uniform high-regularity estimates for the sequence of solutions.

Let n 2 N. By induction, we assume that there exists T > 0 (depending on ")
such that, for all k D 0; : : : ; n,

kf kkL1.0;T IHm
r /
C kmk

kL1.0;T IHm/ C ku
k
kL1.0;T IHm/\L2.0;T IHmC1/ < R0;

the functions fk and %k are nonnegative, and, for t 2 Œ0; T �,

�fk .t/ �
‚C 1

2
;

�

2
� %k.t/;

�

2
� mk.t/ � 2x�; (B.1)

where ‚, �, � , x� are the constants given in Proposition 2.18. In particular, we have

1 � �fk .t/ �
1 �‚

2
> 0:

Note also that via Sobolev embedding, Lemma A.5 and Lemma 2.1, we have

k%nkL1.0;T IHm/

�





 1

1 � �f n�1






L1.0;T IHm/

kmn
kL1.0;T IHm/
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�
�
1Cƒ.k�f n�1kL1.0;T IHm//

�
k�f n�1kL1.0;T IHm/km

n
kL1.0;t IHm/

�
�
1Cƒ.kf n�1kL1.0;T IHm

r /
/
�
kf n�1kL1.0;T IHm

r /
kmn
kL1.0;T IHm/

� ƒ.R0/:

In what follows, we rely on the a priori estimates of Chapter 2.

First, we can obtain a unique nonnegative solution f nC1 2 C.0;T IHm
r / to the Vlasov

equation by the method of characteristics. In view of the regularization introduced
by J", Proposition 2.14 yields, for all t 2 Œ0; T �,

kf nC1.t/kHm
r

� kf in
kHm

r

� exp
h
C
��
1C kunkL1.0;t IHm/

�
t C

t

"
ƒ
�
k%nkL1.0;t IHm�2/

�
k%nkL1.0;t IHm/

�i
�
R0

100
exp

h
C
�
.1CR0/t C

t

"
ƒ.R0/

�i
:

We then define TŒ1� D TŒ1�.R0/ > 0, with TŒ1�.R0/ < T (depending on ") such that

R0

100
exp

�
C

�
.1CR0/TŒ1� C

p
TŒ1�

"
ƒ.R0/

��
<
R0

3
:

Second, since un 2 C.0; T IHmC1/ is given, we can construct a nonnegative solution
mnC1 to the second equation in ( zSnC1), relying on standard arguments for continuity
equations. We obtain a unique solution mnC1 2 C1.0; T IHm/ such that, for all t 2
Œ0; T �,

kmnC1.t/kHm

� e
kdivx unkL1..0;t/�Td /t=2

�
kmin
kHm C

Z t

0

kun.�/kHmC1km
nC1.�/kHm d�

�
;

thanks to Proposition 2.3. Assuming that eR0t=2 � 2, we infer, by Grönwall’s lemma,
that

kmnC1.t/kHm � 2km
in
kHm exp

�
2

Z t

0

kun.�/kHmC1 d�
�

� 2kmin
kHm exp

�
2
p
tkunkL2.0;t IHmC1/

�
I

therefore, for such times t , we have

kmnC1.t/kHm � 2
R0

100
e2
p
tR0 :

We then define TŒ2� D TŒ2�.R0/ > 0 such that eR0TŒ2�=2 � 2 and

2
R0

100
e2
p
TŒ2�R0 <

R0

3
:
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Third, we define unC1 as the unique solution of the parabolic equation

@tw �
1

mn

�
�x Crx divx

�
w D �.un � rx/u

n
� rx�.%

n/C
1

mn
.jf n � �f nu

n/;

starting from uin, which satisfies

kunC1kL1.0;t IHm/ C ku
nC1
kL2.0;t IHmC1/

�
�
1C
p
tƒ.t; R0/

��
kuin
kHm C

p
tƒ.k%nkL1.0;t IHm//k%

n
kL1.0;t IHm/

C
p
tkunk2L1.0;t IHm/

C
p
t





 1

mn
.jf n � �f nu

n/






L1.0;t IHm�1/

�
:

Here, we have applied the same argument as for the proof of Proposition 2.24, making
k%nkL1.0;t IHm/ appear to get a factor

p
t . The second term inside the parentheses is

controlled by ƒ.R0/, while for the third term we can rely on the same of kind of
arguments (with Remark A.4) to get



 1

mn
.jf n � �f nu

n/






L1.0;t IHm�1/

�





 1

mn






L1.0;t IHm�1/

�
kjf nkL1.0;t IHm�1/ C k�f nkL1.0;t IHm�1/ku

n
kL1.0;t IHm�1/

�
� ƒ.R0/:

We finally obtain

kunC1kL1.0;t IHm/ C ku
nC1
kL2.0;t IHmC1/ �

�
1C
p
tƒ.t; R0/

� R0
100
C
p
tƒ.R0/:

We then define TŒ3� D TŒ3�.R0/ > 0 with TŒ3�.R0/ < T such that�
1C

p
TŒ3�ƒ.TŒ3�; R0/

� R0
100
C
p
TŒ3�ƒ.R0/ <

R0

3
:

Last, we can rely on Lemmas 2.16 and 2.17 to find a time TŒ4� D TŒ4�.R0/ > 0 such
that the condition (B.1) is satisfied for .f nC1;mnC1; unC1/ on the time interval
Œ0;min.TŒ4�; T //.

All in all, we define

T .R0/ WD min
�
TŒ1�.R0/; TŒ2�.R0/; TŒ3�.R0/; TŒ4�.R0/

�
< T;

which may depend on " but which is independent of n. An induction procedure based
on the three previous estimates shows that one can obtain a time T Œ"� > 0 and a
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sequence .f n;mn; un/n2N satisfying, for all n 2 N,

f n 2 C.0; T Œ"�IHm
r /;

mn
2 C.0; T Œ"�IHm/;

un 2 C.0; T Œ"�IHm/ \ L2.0; T IHmC1/;

with (B.1) and the uniform estimate

kf nkL1.0;T Œ"�IHm
r /
Ckmn

kL1.0;T Œ"�IHm/Cku
n
kL1.0;T Œ"�IHm/\L2.0;T Œ"�IHmC1/<R0:

(B.2)

Step 2: Contraction estimates in L1
T

H 0
r �L1

T
L2 �L1

T
L2 \L2

T
H1. If n2Nn¹0º,

we set

gn WD f nC1 � f n; Mn
D mnC1

�mn; wn WD unC1 � un;

which satisfy the system of equations8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂:

@tg
n
C v � rxg

n
C divvŒgn.En.t; x/ � v/�C .En �En�1/ � rvf n D 0;

@tM
n
C divx.Mnun/ D � divx.mnwn�1/;

@tw
n
�

1

mnC1

�
�x Crx divx

�
wn D Sn;

%nC1 WD
1

1 � �f n
mnC1;

En WD un � p0.%n/rx
�
.I � "2�x/

�1%n
�
;

gnjtD0 D 0; Mn
jtD0 D 0; wnjtD0 D 0;

where

Sn
WD

�
1

mnC1
�

1

mn

��
�x Crx divx

�
un � .wn�1 � rx/u

n
� .un�1 � rx/w

n�1

� rx

�
�.%n�1/� �.%n/

�
C

1

mn
.jf n � �f nu

n/ �
1

mn�1
.jf n�1 � �f n�1u

n�1/:

Let us derive some L2 estimates on .gn;Mn;wn/. They will be satisfied on Œ0; zT �
for some zT Œ"� < T Œ"�.

First, we perform L2x;v-weighted estimates in the first equation for gn, and as before
(see (2.3)), we get

d
dt
kgn.t/k2

H0
r

.
�
1C kEn.t/kHm

�
kgn.t/k2

H0
r
C kEn.t/ �En�1.t/kL2kf

n.t/kHm
r
kgn.t/kH0

r
:
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For t 2 .0; T /, we can infer that

kgn.t/kH0
r

.
Z t

0

�
1C kEn.s/kHm

�
kgn.s/kH0

r
ds C

Z t

0

kEn.s/ �En�1.s/kL2kf
n.s/kHm

r
ds

�
p
t
��p

t C kEnkL2.0;t IHm/
�
kgnkL1.0;t IH0

r /
CR0kE

n
�En�1kL2.0;t IL2/

�
.
p
t
��p

t C

p
t

"
R0

�
kgnkL1.0;t IH0

r /
CR0kE

n
�En�1kL2.0;t IL2/

�
:

Choosing zT Œ"� < T Œ"� small enough, independent of n, we can absorb the first term
inside the parentheses on the left-hand side, so that, for all t 2 .0; zT Œ"�/,

kgn.t/kH0
r

.
p
tR0kE

n
�En�1kL2.0;t IL2/:

Then observe that by Sobolev embedding and Proposition A.3, we have

kEn �En�1kL2.0;t IL2/

� kun � un�1kL2.0;t IL2/ C


p0.%n/rxŒJ"%n� � p0.%n�1/rxŒJ"%n�1�

L2.0;t IL2/

� kun � un�1kL2.0;t IL2/ C kp
0.%n/kL1.0;t IL1/



rxŒJ".%n � %n�1/�

L2.0;t IL2/

C kp0.%n/ � p0.%n�1/kL2.0;t IL2/



rxŒJ"%n�1�

L1.0;t IL1/

. kun � un�1kL2.0;t IL2/ Cƒ.R0/
1

"
k%n � %n�1kL2.0;t IL2/

Cƒ.t; R0/
1

"
kp0.%n/ � p0.%n�1/kL2.0;t IL2/

. kun � un�1kL2.0;t IL2/ Cƒ.t; R0/
1

"
kmn

�mn�1
kL2.0;t IL2/:

This yields, for all t 2 .0; zT Œ"�/,

kgnkL1.0;t IH0
r /

.
p
t
�
R0kw

n�1
kL2.0;t IL2/ Cƒ.t; R0/

1

"
kMn�1

kL2.0;t IL2/

�
:

Second, an L2 energy estimate on the second equation for Mn also leads to

kMn.t/kL1.0;t IL2/

� ekdivx unkL1.0;tIL1/t
Z t

0



divx mnwn�1.�/




L2 d�

� eR0t
�Z t

0



wn�1 � rxmn.�/




L2 d� C
Z t

0



mn divx wn�1.�/




L2 d�
�

�
p
teR0t

�
krxmn

kL1.0;t IL1/kw
n�1
kL2.0;t IL2/

C kmn
kL1.0;t IL1/kdivx wn�1kL2.0;t IL2/

�
.
p
tƒ.t; R0/kw

n�1
kL2.0;t IH1/

for all t 2 .0; zT Œ"�/.
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Third, performing an L1T L2 \ L2TH1 estimate by multiplying by wn in the parabolic
equation satisfied by wn yields

1

2

d
dt
kwnk2L2 C

Z
Td

1

mnC1

�
jrxw

n
j
2
C jdivx wnj2

�
D

5X
kD1

Z
Td

Sn
k � w

n

�

dX
iD1

²Z
Td
rxw

n
i � rx

�
1

mnC1

�
wni �

Z
Td

divx wn@i

�
1

mnC1

�
wni

³
;

with

Sn
1 WD

�
1

mnC1
�

1

mn

��
�x Crx divx

�
un;

Sn
2 WD �.w

n�1
� rx/u

n;

Sn
3 WD �.u

n�1
� rx/w

n�1;

Sn
4 WD �rx

�
�.%n�1/ � �.%n/

�
;

Sn
5 WD

1

mn
.jf n � �f nu

n/ �
1

mn�1
.jf n�1 � �f n�1u

n�1/:

For all � > 0, we obtain, by Young’s inequality,

1

2

d
dt
kwnk2L2 C

Z
Td

 
1

mnC1
� �





rx� 1

mnC1

�



2
L1

!�
jrxw

n
j
2
C jdivx wnj2

�
�

5X
kD1

Z
Td

Sn
k � w

n
C
1

�

Z
Td
jwnj2:

Let us focus on the source terms Sn
k

. We have, by Sobolev embedding,Z
Td

Sn
1 � w

n .


��x Crx divx

�
un


2

L1





 1

mnC1
�

1

mn





2
L2
C

Z
Td
jwnj2

. R20





 1

mnC1mn





2
L1
kmnC1

�mn
k
2
L2 C

Z
Td
jwnj2

. ƒ.R0/kM
n
k
2
L2 C kw

n
k
2
L2 :

We next haveZ
Td

Sn
2 � w

n .
Z

Td
jSn
2j
2
C

Z
Td
jwnj2 � krxu

n�1
k
2
L1kw

n�1
k
2
L2 C

Z
Td
jwnj2

� R20kw
n�1
k
2
L2 C kw

n
k
2
L2 ;
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again by Sobolev embedding, while for all ı1 > 0, we have, by integration by parts
and Sobolev embedding,Z

Td
Sn
3 � w

n . krxun�1k2L1kw
n�1
k
2
L2 C kw

n
k
2
L2

C
1

ı1
kun�1k2L1kw

n�1
k
2
L2 C ı1

Z
Td
jrxw

n
j
2

. ƒı1.R0/kw
n�1
kL2 C kw

n
k
2
L2 C ı1

Z
Td
jrxw

n
j
2:

We also have, for all ı2 > 0,Z
Td

Sn
4 � w

n .
1

ı2

Z
Td

ˇ̌
Œ�.%n�1/ � �.%n/�

ˇ̌2
C ı2

Z
Td
jdivx wnj2

. ƒı2.R0/k%
n�1
� %nk2L2 C ı2

Z
Td
jdivx wnj2:

For Sn
5 , we write

Sn
5 D

�
1

mn
�

1

mn�1

�
.jf n � �f nu

n/C
1

mn�1
.jf n � jf n�1/

C
1

mn
.�f n�1 � �f n/u

n�1
C

1

mn�1
�f n.u

n�1
� un/:

Therefore, by Sobolev embedding and Lemma 2.1,Z
Td

Sn
5 � w

n . kjf n � �f nunk2L1




 1

mn
�

1

mn�1





2
L2
C





 1

mn





2
L1
kjf n � jf n�1k

2
L2

C





 1

mn





2
L1
kun�1k2L1k�f n � �f n�1k

2
L2

C





 1

mn�1





2
L1
k�f nk

2
L1ku

n�1
� unk2L2 C

Z
Td
jwnj2

. ƒ.R0/
�
kmn

�mn�1
k
2
L2 C kf

n
� f n�1k2

H0
r
C kun�1 � unk2L2

�
C kwnk2L2 :

We finally obtain

d
dt
kwn.t/k2L2 C

Z
Td

�
1

mnC1
� �R20 � ı1 � ı2

��
jrxw

n
j
2
C jdivx wnj2

�
� ƒı1;2;�.R0/

�

Mn�1.t/


2

L2 C


gn�1.t/

2

H0
r
C


wn�1.t/

2L2�

Cƒ.R0/kM
n.t/k2L2 Cƒ�kw

n.t/k2L2

(B.3)
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for some constant ƒ� > 0. A good choice of �; ı1 and ı2 with respect to inf 1
mnC1

,
combined with Grönwall’s lemma, shows that

kwn.t/k2L2

. eƒ�t
Z t

0

�
kMn�1.�/k2L2 C kg

n�1.�/k2
H0
r
C kwn�1.�/k2L2 C kM

n.�/k
2
L2

�
d�:

Reducing zT Œ"� if necessary so that zT Œ"� � 1=ƒ� , we can integrate in time the previous
differential inequality (B.3) to obtain, for all t 2 .0; zT Œ"�/,

kwn.t/k2L1.0;t IL2/ C kw
n.t/k2L2.0;t IH1/

. ƒ.R0/t
�
kMn�1

k
2
L1.0;t IL2/ C kg

n�1
k
2

L1.0;t IH0
r /
C kwn�1k2L1.0;t IL2/

�
Cƒ.R0/tkM

n
k
2
L1.0;t IL2/:

Combining the three previous points, we reach the following inequality:

kgn.t/kL1.0;t IH0
r /
C kMn.t/kL1.0;t IL2/ C kw

n.t/kL1.0;t IL2/\L2.0;t IH1/

.
p
t
�
R0
p
tkwn�1kL1.0;t IL2/ Cƒ.t; R0/

1

"
kMn�1

kL2.0;t IL2/

�
C
p
tƒ.t; R0/kw

n�1
kL2.0;t IH1/ Cƒ.R0/t kM

n
kL1.0;t IL2/

Cƒ.R0/t
�
kMn�1

kL1.0;t IL2/ C kg
n�1
kL1.0;t IH0

r /
C kwn�1kL1.0;t IL2/

�
;

which is valid for all t 2 .0; zT Œ"�/. Reducing again zT Œ"� if necessary, this means that
for all n 2 Nn¹0º,

kgnkL1.0; zT Œ"�IH0
r /
C kMn

kL1.0; zT Œ"�IL2/ C kw
n
kL1.0; zT Œ"�IL2/\L2.0; zT Œ"�IH1/

�
1

2

�
kgn�1kL1.0; zT Œ"�IH0

r /
C kMn�1

kL1.0; zT Œ"�IL2/

C kwn�1kL1.0; zT Œ"�IL2/\L2.0; zT Œ"�IH1/

�
:

(B.4)

Note that zT Œ"� has been chosen independent of n 2 Nn¹0º.

Step 3: Obtaining a unique solution to (S"). Thanks to the uniform bound (B.2)
and the contraction estimate (B.4), we can deduce that the sequence .fn;mn; un/ is
weakly-? compact in the space

L1.0; zT Œ"�IHm
r / � L1.0; zT Œ"�IHm/ � L1.0; zT Œ"�IHm/ \ L2.0; zT Œ"�IHmC1/;

and is a Cauchy sequence in the space

L1.0; zT Œ"�IH0
r / � L1.0; zT Œ"�IL2/ � L1.0; zT Œ"�IL2/ \ L2.0; zT Œ"�IH1/:
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This shows that the whole sequence converges weakly-? in the first space. The limit
.f;m; u/ belongs in particular to this space with high regularity. Using weak–strong
convergence principles then allows us to prove that the limit is a solution to the system
(S") on .0; zT Œ"�/ in the sense of distributions. We do not detail this part of the proof.
Using the equation and the time derivative of the solution, one can show that the
solution actually belongs to

Xm
zT Œ"�
WD C.0; zT Œ"�IHm

r / � C.0; zT Œ"�IHm/ � C.0; zT Œ"�IHm/ \ L2.0; zT Œ"�IHmC1/:

The uniqueness of the Cauchy problem for (S") in the former space is obtained by
mimicking the contraction estimates of Step 2. In fact, if .f1;m1;u1/ and .f2;m2;u2/

are two solutions in Xm
zT Œ"�

starting at the same initial condition, then performing the
same computations proves that there exists xT Œ"� (depending on kf1;2;m1;2;u1;2kXm

zT Œ"�
)

with xT Œ"� < zT Œ"� and such that, for all t 2 Œ0; xT Œ"��, we have

k.f1 � f2/.t/k
2

H0
r
C k.m1 �m2/.t/k

2
L2 C k.u1 � u2/.t/k

2
L2

�
1

2

�
k.f1 � f2/.t/k

2

H0
r
C k.m1 �m2/.t/k

2
L2 C k.u1 � u2/.t/k

2
L2
�
;

from which we directly infer that .f1;m1; u1/D .f2;m2; u2/ on Œ0; xT Œ"��. Repeating
this procedure starting from xT Œ"� < T 0" , we obtain .f1;m1; u1/ D .f2;m2; u2/ on
Œ0; 2 xT Œ"��. After a finite number of steps, we eventually obtain uniqueness on Œ0; zT Œ"��.


