Appendix B

Local well-posedness for (S.): Proof of Proposition 2.18

Recall that we want to find a solution ( fe, 0¢, U ), with & > 0, defined on some interval
[0, T) to the system
0 fe+v-Vyfe— p/(Qe)vx [(I - 82Ax)_1Qs] Vo fe +divy[ fe(ue —v)] =0,
0¢ (0e0¢) + divy(ae0sus) = 0,
1
Orute + (Ug - Vy)ug + Q_VxP(Qe) -
£
_ 1
0s(1 — Pfg)

_ in __ in __ .,in
f8|t=0_f » Qejp=0 = Q@ 5 Ugit=0=U ",

———(Ayx + Vi divy)u
Qs(l_Pfg)( x x x) e

(]fe - pfsus)’

where
pfg(t,x)zf Sfe(t, x,v)dv, jfg(t,x)zf fe(t, x,v)vdv
R4 R4

and o, (2, x) = 1 — pr.(t, x). To do so, we rely on a standard iterative scheme. We
will derive two types of estimates on the inductive solutions to that scheme:

» first, a uniform bound in high regularity which allows us to obtain, through a weak
compactness argument, a weak converging (sub)sequence in spaces with high
regularity. This will be possible if we consider a small enough time of existence.

* second, contraction estimates in low regularity which aim at proving that this
sequence of solutions is a Cauchy sequence in spaces with lower regularity, thus
strongly converging.

This will be enough in order the pass to the limit in the iterative scheme, obtaining
a solution with the aforementioned high order regularity. Note that the first type of
estimates is actually required to prove the second one. Uniqueness will classically
follow from the same computations leading to the contraction estimates.

We fix ¢ > 0 and now drop the dependence on ¢ (though we recall that the time
of existence obtained below will still depend on €): we set

fO — fin QO — Qin UO — uin
and, for all n € N, given a triplet ( /", u", 0") and a time 7,, > 0 with

(f". 0" u") € €0, T: J") x €(0, T,,: H™) x C(0, T,; H™) N L2(0, T, H" 1),
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we consider the system

atfn+l +v- fon-i-l + divv[fn+l(En(Z,x) — U)] =0,

9, "t 4 div, (m" T u") = 0,

1
du"tl — —n(Ax + V, divx)u”Jrl
m

~ 1 )

(Sn+1) = —(" - Vu" — Vym(o") + E(]f" - pf”un)7
1
1— prn
E" .= un _ p/(Qn)vx[(I _ 82Ax)_lQn],

n+1 _ in n+1 __ ,in __in n+1 __ ,,in
f |[:0_f ) m |f=0_a Q ) u |l=0_u )

n+1 __
0 =

Iun-i—l

with ,
) =2 )(Cx), 7(0) = 0,

and where
psn(t,x) :=/ S, x,v)dv,  jea(t,x) ::/ f™(t, x,v)vdv.
R4 R4

We also set
Ro = 100(|l /™[l ger + 1™ [ + [[u™ [z ).

Step 1: Construction of (f”+1, o"*1, y"*1) and uniform estimates. In what fol-
lows, we construct the next iteration of the scheme, which is a solution to (§ ntly,
thus proving that our inductive scheme is well defined. At the same time, we derive
uniform high-regularity estimates for the sequence of solutions.

Let n € N. By induction, we assume that there exists 7 > 0 (depending on ¢)
such that, forallk =0, ..., n,

k k k
If ||L°°(0,T;J€}") + [l [|Loo o, 7;1m) + [|u ||L°°(0,T;Hm)mL2(0,T;Hm+1) < Ry,
the functions f; and gy are nonnegative, and, for ¢ € [0, T],

O+1 0 _
pr() = ——. % <o, 5 =mi(n) <28, (B.1)

where ©, u, 6, 0 are the constants given in Proposition 2.18. In particular, we have

> 0.

I— Iofk (t) >
Note also that via Sobolev embedding, Lemma A.5 and Lemma 2.1, we have
0" lILee 0, 731m)

<

[|m” ||L°°(O,T;Hm)
Lo°(0,T;H™)

1— ,Ofn—l
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< (1 + Adllpgn—tllLeso,;1m) ) lpgn—1 llLoe (0,7 10" | Loo 0,151
< (14 AU Moo, 0D 1™ HlLeo o, 78 00 oo 0, 750m)
< A(Ro).

In what follows, we rely on the a priori estimates of Chapter 2.

First, we can obtain a unique nonnegative solution /"1 € €(0,T; #™) to the Vlasov
equation by the method of characteristics. In view of the regularization introduced
by J., Proposition 2.14 yields, for all ¢ € [0, T],

LA™ @) e
< 1/ e

t
oo (14 I o)+ A1 o) o)

< IRT(()) exp[C ((1 + Ro)t + gA(Ro))].

We then define T7;) = T[1j(Ro) > 0, with T[;3(Ro) < T (depending on ¢) such that

Ro exp|:C ((1 + Ro)Tpiy + —"T[I]A(RO))] < %.

100 €

Second, since u" € C(0, T; H™*1) is given, we can construct a nonnegative solution
m” 1 to the second equation in (5" 1), relying on standard arguments for continuity
equations. We obtain a unique solution m”*! € C1(0, T; H™) such that, for all t €
[0,T1],

[ 1 (1) ||
. A t
E€”dlvxunllLoo((O't)XTd)t/z(||mm||Hm +/ ||Mn(f)||Hm+1 ||l’tln+l(‘f)||Hm dT),
0

Rot/2

thanks to Proposition 2.3. Assuming that e < 2, we infer, by Gronwall’s lemma,

that
t
Ol < 20 exp(2 [ 1 @)l i)
0
< 2™ s exp (237 4" 20 0m1) )
therefore, for such times ¢, we have

R
n+1 0 2.tRg
m t m < 2— .
[ ®)lam < 1006

We then define 7[5 = T[»j(Ro) > 0 such that eRoT21/2 < 2 and

2&62«/ Ti21Ro &_
100 3
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Third, we define u"*! as the unique solution of the parabolic equation
d;w — F(Ax + Vi dlvx)w =—" - Vou" — Vyem(o") + W(]fn — prau’),

starting from u™™, which satisfies
" | Loo 0,050m) + ||”n+1||L2(0,z;Hm+1)
< (1+ViAG, Ro))(lluinlle + VIA(IQ" Lo 0.0mm) 10" Lo (0.1:0m)
+ \/;””n”]%oo(o,t;Hm)

+ Vi

L.
W(‘]fn —pfnun)

Lw(o,t;Hm—l))

Here, we have applied the same argument as for the proof of Proposition 2.24, making
0™ oo (0.¢:1my appear to get a factor /7. The second term inside the parentheses is
controlled by A(Rg), while for the third term we can rely on the same of kind of
arguments (with Remark A.4) to get

1
—(jyn — prau”)
H m” Lo°(0,6;Hm—T)

<\l= (L oo o,5mm=1y + o7 oo 0,05mm =1y 1" oo 0,501
m Lw(O,t;Hm_l)
< A(Ro).
We finally obtain
Ry
||un+1||L°°(0,t;Hm) + ||un+1||L2(0,t;Hm+l) < (1 + \/;A(l, RO))W + ‘/;A(RO)

We then define 7731 = T[31(Ro) > 0 with T[3(Ro) < T such that

R R
(1 + VT T, Ro) ) 156 + VTEIA(RD) < <.

Last, we can rely on Lemmas 2.16 and 2.17 to find a time T[4) = T[41(Ro) > 0 such
that the condition (B.1) is satisfied for (f”*!, m”*! 4"*1) on the time interval
[0, min(7{4y, T')).

All in all, we define

T(Ro) = min(7}1j(Ro). T21(Ro). T31(Ro). Tia1(Ro)) < T,

which may depend on ¢ but which is independent of n. An induction procedure based
on the three previous estimates shows that one can obtain a time Tl > 0 and a
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sequence (f", m",u"),eN satisfying, foralln € N,
fm e e, Tk g3m,
m” € C(0, T[e];Hm),
u" € (0, Tl H™) N L?(0, T; H™ 1),

with (B.1) and the uniform estimate

||fn||L°°(0,T[€1;J€;") + ||mn||L°°(0,T[€1;Hm) + ”un”LOO(O,T[S];Hm)ﬂLZ(O,T[E];Hm"'l) < Ry.
(B.2)

Step 2: Contraction estimates in L7 ¥ x L‘;°L2 X L‘;°L2 N LZTHI. If n € N\{0},
we set

gn — fn+1 _ fn mr = Inn-i—l —m" w = un+1 —yt
which satisfy the system of equations
38" +v-Veg" +divy[g"(E"(t,x) —v)] + (E" —E" ') -V, [ =0,
;M + dive (M"u") = —divy (m" w1,

1
8,w” — W(Ax + Vx divx)w" = @n,

n+1 — 1 mn+1

1 — IOfn
E" :=u" — p'(")Vi[I — 2 Ax) " 0"].
gn|t=0 =0, Smn\t:o =0, w"\t=0 =0,

0

where

1 1 . _ _ _
@n = (mn“"l — F) (Ax + Vx lex)un — (wn 1. Vx)un - (un L. Vx)wn !

(jfn—l — an—l Mn_l).

_ |
= Va[m(@" ™) = w(@] + —(ipn —pot") = —

Let us derive some L2 estimates on (g", ", w"). They will be satisfied on [0, 7]
for some 7€l < Tl

First, we perform wa—weighted estimates in the first equation for g”, and as before
(see (2.3)), we get

d
g O
S (L IE Ol 18" O + 1E"(0) = E" Ol 0) g 18" 1) -
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For ¢t € (0, T), we can infer that
llg" ()]l 50
t t
< /0 (1+ 1E ()11 ) 18" (5) e s + /0 IE"(s) = E" )2l /7 (5) L e dis
= */;((\/;"‘ ||En||L2(0,t;Hm))||gn||L<>o(o,;;3e§)) + R0||E" - En_l ||L2(0,t;L2))

Ji _
SVI((VE+ R0 )18 o ey + RoIE" = E" iz )

Choosing Tlel < 7l small enough, independent of n, we can absorb the first term
inside the parentheses on the left-hand side, so that, for all 7 € (0, T'l¢]),

18" )l 0 S VIROIE" = E™ 20,02,
Then observe that by Sobolev embedding and Proposition A.3, we have
IE" — E" i20,12)
< flu" - u"! ||L2(0,t;L2) + ” P (@")VxlJe0"] — P/(Qn_l)vx[JeQn_l]“Lz(o,t;Lz)
< Ju" —u"! lL20,602) + 12" (@) lLso(0,r:1.0) || Ville(@" — "] ||L2(0,,;L2)
+ ”p,(gn) - p,(Qn_l)”Lz(O,t;Lz) H vx [JEQn_l] ||Loo(0,t;Loo)
_ 1 -
Sl — w2 12y + A(RO)EHQ" — 0" Mli20.0:12)

1 _
+ A(t, RO)EHP/(Q") - p'(" 1)||L2(0,t;L2)

1
-1 —1
< u” —u” ||L2(O,t;L2) + A(t, RO)g”mn —m” ||L2(0,t;L2)~

This yields, for all ¢ € (0, %),
— 1 _
18" oo 0,65960) < V1 Rollw™ Mz (0,1:02) + At Ro) =~ M Hli2(0,1:12) )-
©.:9) -

Second, an L? energy estimate on the second equation for 9" also leads to
" (1) | Loo (0,152
t
< elldivxunlieo(o.r:n00)t / [dive m"w" ™ (7) | dr
0

P t
efo! (/ ” w"™ - Ve (7) ||L2 dr + / Hmn divy w" ™ (7) ”Lz df)
o 0

VieRo! (” Vet [|oo (o500 [|w" ™! li20.6:2)

IA

IA

. -1
10" o 0,100 Ve 07~ 20,02

< VEA(t, Ro)||w" ! 120,11

forall € (0, T'e1).
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Third, performing an L°L? N L%H! estimate by multiplying by wy, in the parabolic
equation satisfied by w” yields
1d
5 llw

1 .
> n“iz + /]rd W(|wan|2 + |d1Vx wn|2)

5
_E: n n
k=1"T

d
1 . 1
_Z{/Td vxw;’.vx(—mm)w;f_Ad div, wnai(m)w?}’

i=1

with

] = (; _ )(Ax + V, divx)u",

Inn-i—l m”

&% = —(w" - Vou",
@) =" Vouw" !,

G} = —Vi[n (") — m(")].

L. . _
G5 : W(Jf" — pau”) — F(Jf”_l — ppn—ru” Y.

For all n > 0, we obtain, by Young’s inequality,
2

1d, .0 1 1
20" ”L2+/Td<W_”‘VX(W)
L
5
EZ 62~w”+1/ lw™ |2
P nJre

Let us focus on the source terms &}’ We have, by Sobolev embedding,

)(|wa"|2 + |divy w”lz)

2
[t ur < [0+ Veae i

1
mn+1mn

1 1
mn-i—l mn L2

2

2
<R R PR

LOO

< ARo) I [IE> + w”[IE>

‘We next have

f G- w” 5/ |@§|2+/ [w"? < [V oo 0" 711 +f w"|?
Td Td Td Td

< Rolw" I + w” g2,
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again by Sobolev embedding, while for all §; > 0, we have, by integration by parts
and Sobolev embedding,

[, 5w S 1T s + s
1
+_un—12 wn—12+5/ anZ
o ez + 80 [ 190
< A (R0 gz + "l + 81 [ [V

We also have, for all 6, > 0,

1
/ S w' < o | |ln@ ) =@ +5 / dive w” |
Td 2 JTd Td

S A (Ro)le"™ =l 482 [ ldiviu”

For @%, we write

| R :
1 (an - ]f”fl)

mh mn—l mh

1 1 .
@g:( — )(] n—pfnu")—}—

1 n—1 1 n—1 n
+ E(pfn—l —pr)u" " 4 TP " —u").

Therefore, by Sobolev embedding and Lemma 2.1,

1 2 1 2
6"-11)"5 P — nunzoo - 4= fen — Jene 2
JI B N =t [ P I T
1 2
0 Cd I TR
m” ||| oo S L
1 2
2 n—1 nj2 n|2
n|lyoo||U —u w
+ ]t I+ [t

< ARo) ([l = "2, 4 /7 = S 20 + =2

2
+ w" L2

We finally obtain

d 1 .
—[w" @), + /d(ﬁ —nR§ — &1 —82)(|wa”|2 + [divy w”[?)
T

dr
< Mg o R ([ Oz + 8" O g + 0" O]2)
+ AR ()72 + Agllw" ()17

(B.3)
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for some constant A, > 0. A good choice of 7, §; and §, with respect to inf #
combined with Gronwall’s lemma, shows that

" @)%
t
et [ (I @12 + 18 Ol + 10" @1, + [ @) ér
0 r

Reducing Tl if necessary so that Tkl <1 /Ay, we can integrate in time the previous
differential inequality (B.3) to obtain, for all ¢ € (0, T[e]),

10" (P sogor2) + 10" O 220,001,
S A(RO)I(”Emn_I ||12f>°(0,t;L2) + ||gn_1||im(0,t;J€9) + w" ||i“(0,t;L2))
+ AR o .1:12)-
Combining the three previous points, we reach the following inequality:
8" (Dl oo 0,6:300) T IR () llLoo(o,r:2) + W (D) ILoo0,0:.2)nL2 0,011
S VI(RovI0"™ ey + A Ro) I 20,02
+ VAL, R0)||wn_1||L2(o,t;Hl) + A(Ro)t |M" || Lo (0,:1.2)

+ AR (1T ooqor2) + 18" oogoisredy + 10" lioqarz))-

which is valid for all ¢ € (0, Tel). Reducing again Tlel if necessary, this means that
for all n € N\{0},

”gn”LOO((),T"[s];JgQ) + ”gnn ”]_00(0,?[8];142) + ”wn ”]_00(0,?[8];LZ)mLZ(o,f[S];Hl)
1
—1 —1
=< E(”gn ||LOO(O,T[8];]€’9) + ”EIR” ”Loc(o,f"[s];LZ) (B.4)
—1
+ [lw” ”LOO(O,T[*?];L2)r\L2(0,T[81;H1))'

Note that 7'¥] has been chosen independent of n € N\{0}.

Step 3: Obtaining a unique solution to (S;). Thanks to the uniform bound (B.2)
and the contraction estimate (B.4), we can deduce that the sequence ( f;,, iy, uy) is
weakly-+ compact in the space

L0, T g0m) 5 L°(0, T H™) x L= (0, T, H™) N L2(0, T¥); B+,
and is a Cauchy sequence in the space

L0, T #°) x L0, T1: L?) x L=(0, T¥1; L2) N L2(0, T, H').
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This shows that the whole sequence converges weakly-« in the first space. The limit
(f,m,u) belongs in particular to this space with high regularity. Using weak—strong
convergence principles then allows us to prove that the limit is a solution to the system
(S¢) on (0, T[s]) in the sense of distributions. We do not detail this part of the proof.
Using the equation and the time derivative of the solution, one can show that the
solution actually belongs to
P = €O, TE gem) x (0, TF H™) x €(0, TFL H™) n L2 (0, T H™ .

The uniqueness of the Cauchy problem for (S;) in the former space is obtained by
mimicking the contraction estimates of Step 2. In fact, if (f1,m1,u1) and (f2, m2,u5)
are two solutions in X’%’[S] starting at the same initial condition, then performing the
same computations proves that there exists 7'¥! (depending on || f1 2, 2,112
with T!¢! < Tlé] and such that, for all 7 € [0, T[E]], we have

(A — fz)(t)||§€9 + [[(my — m)OI7> + (1 — u2) @I

=< %(Il(fl = O30 + (1 — 1) (OIF2 + 11 —u2) OIIF2).

Xr"T}[S] )

from which we directly infer that ( fi, my,u1) = (f>, m2,u5) on [0, T[]]. Repeating
this procedure starting from 7€l < T/, we obtain (fi, my,u1) = (f2, ma, uz) on
[0, 2T [€1]. After a finite number of steps, we eventually obtain uniqueness on [0, 7],



