
Chapter 4

Convergence of composite slices

The goal of this chapter is to prove Theorem 2.6 on the convergence of slices to
their limiting slices. To this end, we are first going to derive a “free” version of this
result by finding slices with a free area and tilt within the uniform infinite half-planar
quadrangulation. The latter is known to converge to the Brownian half-plane, which
itself contains a “flow” of continuum slices with free areas and tilts; these are shown
to be the scaling limits of the discrete slices. We conclude by a conditioning argu-
ment to pass from free to fixed area and tilt. First, let us start with deterministic
considerations.

4.1 Metric spaces coded by real functions

Here we borrow some material from [13, Section 2.1], with however several slight
differences, in order to describe in a unified fashion the various random metric spaces
we will use. Let C (resp. C .2/) be the set of continuous functions of one variable
(resp. of two variables) defined on some nonempty closed interval:

C D
G

I closed interval
I¤¿

C.I;R/

and
C .2/ D

G
I closed interval

I¤¿

C.I 2;R/:

For a function f 2 C.I;R/, we denote by I.f / D I its interval of definition and by
x�.f / D inf I and �.f / D sup I its extremities. The set C is naturally equipped with
the topology of uniform convergence over compact subsets of R; more precisely, the
topology induced by the following metric:

distC .f; g/ D jarctan.x�.f // � arctan.x�.g//j C jarctan.�.f // � arctan.�.g//j

C

X
n�1

1

2n
sup

t2Œ�n;n�

jf .x�.f / _ t ^ �.f // � g.x�.g/ _ t ^ �.g//j:

We also equip C .2/ with a straightforward adaptation distC.2/ .
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4.1.1 R-trees coded by functions

R-trees. For f 2 C and s, t 2 I D I.f / with s � t , set

f .s; t/ D inf
Œs;t�

f (4.1)

and, for s, t 2 I , set

df .s; t/ D f .s/C f .t/ � 2f .s ^ t; s _ t /: (4.2)

This formula defines a pseudometric on I , which is continuous as a function from I 2

to R�0, since df .s; t/ � 2!.f I Œs ^ t; s _ t �/, where !.f I J / D supJ f � infJ f .
We let Tf D .I=¹df D 0º; df / be the associated quotient space, and pf W I ! Tf be
the canonical projection, which is continuous since df is. The space Tf is a so-called
R-tree, that is, satisfies the following:

• For every two points a; b 2 Tf , there exists a geodesic from a to b, that is, an iso-
metric mapping �a;bW Œ0;df .a;b/�! Tf with �a;b.0/D a and �a;b.df .a; b//Db.

• The image of the path �a;b , which we denote by Ja; bKf , is the image of any
injective path from a to b.

If I is compact, we let a�.f / D pf .t�/, where t� is any point at which f attains
its overall minimum. In this case, for t 2 I and a D pf .t/, the geodesic segment
Ja; a�.f /Kf is given by

Ja; a�.f /Kf D pf .¹s 2 Œt ^ t�; t _ t�� W f .s/ � f .u/; 8u 2 Œs ^ t; s _ t �º/:

In the case where I is unbounded, we will systematically make the extra assumption
that 8<:when x�.f / D �1; inf

t�0
f .t/ D �1 or lim

t!�1
f .t/ D1;

when �.f / D1; inf
t�0

f .t/ D �1 or lim
t !1

f .t/ D1:
(4.3)

In particular, it holds that

8s 2 I; lim
jt j!1; t2I

df .s; t/ D1; (4.4)

which implies that Tf is locally compact, as the reader may easily check.

Gluing two R-trees. Next, given two functions f; g 2 C with common interval of
definition

I D I.f / D I.g/

both satisfying (4.3), we define another pseudometric on I as the quotient pseudo-
metric (defined by (3.2))

Df;g.s; t/ D dg=¹df D 0º; (4.5)
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and equip the quotient set Mf;g D I=¹Df;g D 0º with the metric Df;g . Note that
Df;g W I

2 ! R�0 is continuous since

jDf;g.s; t/ �Df;g.s
0; t 0/j � Df;g.s; s

0/CDf;g.t; t
0/

� 2!.gI Œs ^ s0; s _ s0�/C 2!.gI Œt ^ t 0; t _ t 0�/:

For this reason, the canonical projection pf;g W I !Mf;g is continuous. We may view
.Mf;g ; Df;g/ as gluing the R-tree Tg along the equivalence relation defining the
R-tree Tf . In fact, since either of df .s; t/ D 0 or dg.s; t/ D 0 implies Df;g D 0,
the canonical projection pf;g factorizes as

pf;g D �f ı pf D �g ı pg ;

where �f W Tf ! Mf;g and �g W Tg ! Mf;g are two surjective maps. Note that these
functions are continuous: if an D pf .tn/ converges to some point a, then, up to taking
extractions (and using (4.4) if I is unbounded), we may assume that tn converges to
some limit t , and then pf .t/ D a by continuity of pf , while �f .an/ D pf;g.tn/ con-
verges to pf;g.t/ D �f .a/. As a consequence, every geodesic segment Ja; bKf in Tf ,
and every geodesic Jc; dKg in Tg is “immersed” into Mf;g via the mappings �f , �g .

4.1.2 Composite slices coded by two functions

Slice trajectory. We say that .f; g/ is a slice trajectory if f; g 2 C have common
interval of definition I ,

8s; t 2 I; df .s; t/ D 0 ) g.s/ D g.t/; (4.6)

if inf I D �1, then

lim
t!�1

f .t/ D C1 and inf
t�0

g.t/ D �1;

and, if sup I D1, then

inf
t�0

f .t/ D �1 and inf
t�0

g.t/ D �1:

In particular, f and g both satisfy (4.3) in the case where I is noncompact, and the
quantity f .inf I / 2 R [ ¹C1º is always well defined.

In the remainder of this section, we fix a slice trajectory .f;g/, and call the metric
space

Slf;g D .Mf;g ;Df;g/

the slice coded by .f; g/. For the moment, we focus on deterministic considerations;
the functions f , g will be randomized in the following section.
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Marks and measures. The slice Slf;g naturally comes with the following distin-
guished elements.

Geodesics sides. For every t 2 I , we set

�t .r/ D inf¹s � t W g.s/ D g.t/ � rº for r 2 R�0 such that inf
s�t
s2I

g.s/ � g.t/ � r;

„t .r/ D sup¹s � t W g.s/ D g.t/ � rº for r 2 R�0 such that inf
s�t
s2I

g.s/ � g.t/ � r:

In particular, we have dg.�t .r/; „t .r// D 0 for every t 2 I and every r satisfying
both inequalities above.

We extend the definition given in Section 3.2 of geodesics to paths �W Œ0;1/!X

that satisfy (3.1) for every s, t 2 R�0. In this case, the point �.0/ is called the origin
of �, its length is set to length.�/ D 1 by convention, and the range of � is called
a geodesic ray. The geodesic ray uniquely determines the geodesic � by the same
argument as for finite length, since the origin of a geodesic ray is the unique point a
such that, for any s > 0, the number of points in the ray at distance s from a is one.

We observe that �t and „t are geodesics (possibly of infinite length) from t for
the pseudometrics dg and Df;g , in the sense that, for every r , r 0 such that �t .r/
and �t .r 0/ are defined,

dg.�t .r/; �t .r
0// D Df;g.�t .r/; �t .r

0// D jr 0 � r j; (4.7)

and the same holds with„t in place of �t . This fact is immediate for dg by definition.
In fact, when I is compact, one checks that the images of pg ı �t and pg ı„t are
the geodesic segments Jpg.t/; a�.gjŒt;sup I �/Kg and Jpg.t/; a�.gjŒinf I;t�/Kg in Tg .

For Df;g , this fact follows from the bound

jg.s/ � g.s0/j � Df;g.s; s
0/ � dg.s; s

0/; s; s0 2 I;

where the first inequality is an easy consequence of the fact that .f; g/ is a slice
trajectory.

Therefore, for t 2 I , the paths defined by


t .r/ D pf;g.�t .r//; 0 � r � g.t/ � g.t; sup I /; r 2 R;

�t .r/ D pf;g.„t .r//; 0 � r � g.t/ � g.inf I; t/; r 2 R;

are two geodesics (possibly of infinite length) from pf;g.t/, sharing a common initial
part. As mentioned in Section 3.2, we will often identify these paths with the pairs
formed by their origins and image sets, the latter being �g.Jpg.t/; a�.gjŒt;sup I �/Kg/
and �g.Jpg.t/; a�.gjŒinf I;t�/Kg/ when I is compact.

The slice Mf;g comes with zero, one, or two geodesic sides. If inf I > �1, then
the geodesic 
 D 
inf I is called the maximal geodesic ofMf;g , and, if supI <1, the
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geodesic � D �sup I is called the shuttle of Mf;g . If inf I D �1 (resp. sup I D 1),
we let 
�1 (resp. �1) be the empty set. If I is a bounded interval, then the paths 
inf I

and �sup I have a common endpoint at the apex

x� D pf;g.s�/ D �g.a�.g//;

where s� denotes any point s in I such that g.s/ D infI g.

Base. For x 2 R, we define

Tx D inf¹t 2 I W f .t/ D �xº 2 R [ ¹1º;

the hitting time of level �x by the function f , with the convention that inf ¿ D1.
Note that, for x 2 R, Tx ¤ �1 because of the fact that .f; g/ is admissible. By con-
vention, we also set T1 D �T�1 D1. The base of Slf;g is the set

ˇ D pf;g
�®
Tx W �f .inf I / � x � � inf

I
f
¯
\R

�
:

Note that the set inside brackets projects via pf to a geodesic in Tf . When I is com-
pact, the base is the path �f .Jpf .T�f .inf I//; pf .T� infI f /K/, and in general, it is the
increasing union of the paths

�f .Jpf .Tx/;pf .Ty/Kf /; �f .inf I / � x < y � � inf
I
f; x; y 2 R:

Measures. Finally, denoting by LebJ the Lebesgue measure on the interval J , the
slice Slf;g is endowed with the following measures:

• the area measure � D .pf;g/�LebI ,

• the base measure �, defined as the pushforward of LebŒ�f .inf I/;� infI f �\R by the
mapping x 7! pf;g.Tx/.

Gluing slices. In what follows, we will make a slight abuse of notation and identify
intervals of the form Œa;1�, Œ�1; a� for a 2 R and Œ�1;1� with the intervals
Œa;1/, .�1; a� and R, respectively. For L, L0 in the extended line R [ ¹˙1º such
that �f .inf I / � L � L0 � � infI f , we define the restrictions f .L;L

0/ and g.L;L
0/

of f and g to the interval ŒTL; TL0 � \ I , yielding also a slice trajectory. We may
therefore define the slice coded by .f .L;L

0/; g.L;L
0// and denote it by

Sl.L;L
0/
D .M .L;L0/;D.L;L0// D .Mf .L;L0/;g.L;L0/ ;Df .L;L0/;g.L;L0//:

We let p.L;L0/W ŒTL; TL0 � ! M .L;L0/ be the canonical projection, 
 .L;L
0/, �.L;L

0/,
ˇ.L;L

0/ be the maximal geodesic, shuttle, and base, and �.L;L
0/, �.L;L

0/ be the area
and base measures of Sl.L;L

0/.
This family of metric spaces is compatible with the gluing operation in the fol-

lowing sense, illustrated in Figure 4.1.
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ˇ .L
0;L00/

pf;g.TL00 /
pf;g.TL0 /ˇ .L;L

0/

Sl.L;L
0/ Sl.L

0;L00/


 .L
0;L00/

�.L
0;L00/

x
.L0;L00/
�

�.L;L
0/
 .L;L

0/

x
.L;L0/
�

pf;g.TL/

Figure 4.1. Gluing slices encoded by a slice trajectory: the gluing of Sl.L;L
0/ with Sl.L

0;L00/

results in Sl.L;L
00/. Here, TL > �1 and TL00 < 1. We denoted by x.L

0;L00/
� the apex

of Sl.L
0;L00/ and x.L;L

0/
� the apex of Sl.L;L

0/, which, on this example, is also the apex
of Sl.L;L

00/. Consequently, the shuttle �.L;L
00/ is obtained by the union of �.L

0;L00/ and the part
of �.L;L

0/ that is not glued to 
 .L
0;L00/, whereas the maximal geodesic 
 .L;L

00/ D 
 .L;L
0/, as

stated at the end of Proposition 4.1. The bases and measures simply add up. The fact that the
slices depicted here are topological disks does not hold true in general; it will, however, be the
case for the random processes we will consider in the upcoming sections.

Proposition 4.1. Let �f .inf I / � L < L0 < L00 � � infI f be in the extended real
line. Then

Sl.L;L
00/
D G.Sl.L;L

0/;Sl.L
0;L00/
I �.L;L

0/; 
 .L
0;L00//:

Moreover, the marks and measures satisfy


 .L;L
00/
D 
 .L;L

0/
[ .
 .L

0;L00/
n �.L;L

0//;

�.L;L
00/
D �.L

0;L00/
[ .�.L;L

0/
n 
 .L

0;L00//;

ˇ.L;L
00/
D ˇ.L;L

0/
[ ˇ.L

0;L00/;

�.L;L
00/
D �.L;L

0/
C �.L

0;L00/;

�.L;L
00/
D �.L;L

0/
C �.L

0;L00/;

with the convention that, in the right-hand side, sets and measures are identified with
their images and pushforwards by the canonical projections in Sl.L;L

00/.

Proof. In the disjoint union ŒTL; TL0 � t ŒTL0 ; TL00 �, in order to avoid ambiguities due
to the fact that the point TL0 belongs to both intervals (thus should be duplicated),
we use a superscript 0 for points in the first interval and a superscript 1 for points
in the second interval. We observe that dg.L;L00/ can be seen as a quotient pseudo-
metric d=R1, where d is the disjoint union pseudometric on ŒTL; TL0 � t ŒTL0 ; TL00 �
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given by d.s; t/ D dg.s; t/ if s, t belong to the same of the two intervals above and
d.s; t/ D1 otherwise, and R1 is the coarsest equivalence relation containing

¹.„TL0 .r/
0; �TL0 .r/

1/; 0 � r � g.TL0/ � g.TL; TL0/ _ g.TL0 ; TL00/º:

Note also that, as TL0 is a hitting time, the equivalence relation ¹df .L;L00/ D 0º

factorizes over these two intervals, in the sense that if df .L;L00/.s; t/ D 0 with s ¤ t ,
then s, t must belong to the same interval ŒTL; TL0 � or ŒTL0 ; TL00 �. So if R2 is the
equivalence relation on the above disjoint union given by .si ; tj / 2 R2 if and only if
df .s; t/ D 0 and i D j 2 ¹0; 1º, using (3.3), we have

D.L;L00/
D .d=R1/=R2 D .d=R2/=R1 D .D

.L;L0/
tD.L0;L00//=R1;

which is precisely the quotient metric of G.Sl.L;L
0/;Sl.L

0;L00/
I �.L;L

0/; 
 .L
0;L00//.

Checking the claimed formulas for the marks and measures of Sl.L;L
00/ is straight-

forward.

We finish this paragraph with a very strong identity, saying that the distances in
a slice Sl.L;L

0/ encoded by a restriction of the slice trajectory .f; g/ are in fact the
restrictions of the distances in the “whole” slice Slf;g .

Corollary 4.2. Let .f; g/ be a slice trajectory on the interval I , and �f .inf I / �
L � L0 � � infI f . Then D.L;L0/ is the restriction of the function Df;g to ŒTL; TL0 �.

Proof. This is a direct consequence of the preceding proposition, which entails that
Df;g is the pseudometric obtained by gluing Sl.L;L

0/ with Sl.L
0;sup I/ along �.L;L

0/

and 
 .L
0;sup I/, and then by gluing the resulting space Sl.L;sup I/ with Sl.inf I;L/ along


 .L;sup I/ and �.inf I;L/. Since at each stage, the spaces that are glued together are
isometrically embedded in the resulting gluing, we obtain that Sl.L;L

0/ is isometrically
embedded in Sl.inf I;sup I/

D Slf;g .

4.2 Random continuum composite slices

We now randomize the functions f , g considered in the preceding section in var-
ious ways to construct random spaces of interest. For a fixed continuous function
f 2 C with 0 2 I.f /, the snake1 driven by f is a random centered Gaussian process
.Z

f
t ; t 2 I.f // with Zf0 D 0 and with covariance function specified by

EŒ.Zft �Z
f
s /
2� D df .s; t/; s; t 2 I.f /: (4.8)

1Literally, this is rather called the “head of the snake driven by f ”; see [63].
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As soon as f is Hölder continuous, which will always be the case in this memoir,
this process admits a continuous modification; we systematically consider this con-
tinuous modification of Zf . If now Y is a (almost surely Hölder continuous) random
function, then the random snake driven by Y is defined as the Gaussian process ZY

conditionally given Y .
By (4.8), it holds that Zfs D Z

f
t whenever df .s; t/ D 0, so that, provided f sat-

isfies the required limit conditions if I.f / is noncompact, the pair .f; Zf / is a slice
trajectory. In what follows, we will let .X;W /W .f; g/ 7! .f; g/ be the canonical pro-
cess on C2.

Below and throughout this work, we use, for any process Y defined on an inter-
val I , the piece of notation Y t D infs�t;s2I Ys .

Let us proceed to the definition of continuum slices, which arise in Theorem 2.6.
Fix A;L 2 .0;1/ and� 2 R. We let SliceA;L;� be the probability distribution under
which

• the process X is a first-passage bridge2 of standard Brownian motion from 0

to �L with duration A,

• conditionally givenX , the processW has the same law as .ZtC��X t ; 0� t�A/,
whereZ is the random snake driven byX �X , and �=

p
3 is a standard Brownian

bridge of duration L and terminal value �=
p
3, independent of X and Z.

To be more precise, the process � D .�t ; 0 � t � L/ is Gaussian, with EŒ�t � D
t�=L for t 2 Œ0; L� and

Cov.�s; �t / D 3
s.L � t /

L
; 0 � s � t � L:

With this definition, it is simple to see that SliceA;L;� is indeed carried by slice tra-
jectories defined on the interval I D Œ0; A�.

Definition 4.3. The (composite) slice with area A, width L and tilt �, generically
denoted by SlA;L;�, is the 5-marked3 2-measured metric space SlX;W under the law
SliceA;L;�, endowed with the marking

@SlA;L;� D .ˇ; 
0; �A/

comprising its base and two geodesic marks, namely its maximal geodesic and its
shuttle, as well as its area and base measures �, �.

The piece of notation @SlA;L;� for the marking comes from the fact that the union
of the three marks gives the topological boundary of SlA;L;�, as stated in Lemma 3.11.

2A first-passage bridge of Brownian motion can be defined from Brownian motion stopped
when first hitting �L by absolute continuity; see [25].

3Recall from Section 3.2 that each geodesic mark counts for 2 marks, the first one being its
marked extremity.
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4.3 The Brownian half-plane, and its embedded slices

There is a natural relation between slices and the Brownian half-plane [13,52], which
we now introduce. Let .Bt ; t � 0/, .B 0t ; t � 0/ be two independent standard Brownian
motions, and let .…t DB

0
t � 2 inf¹0�s�tºB 0s; t � 0/ be the so-called Pitman transform

of B 0, which is a three-dimensional Bessel process. Recall the piece of notationX t D

infs�t Xs . We let Half be the probability distribution on C2 under which

• the process X has same distribution as .Bt1¹t�0º C…�t1¹t<0º; t 2 R/, and

• conditionally givenX , the processW has same distribution as .ZtC ��X t ; t 2R/,
whereZ is the random snake driven byX �X , and �=

p
3 is a two-sided standard

Brownian motion,4 independent of X and Z.

The measure Half is carried by slice trajectories defined on the interval R. We
note that we can make this definition more symmetric using standard excursion the-
ory, in a way similar to the encoding triples of [75]. For this, we let TL�D limL0"LTL0
and denote by

X .L/ D .LCXTL�Ct ; 0 � t � TL � TL�/;

W .L/
D .WTL�Ct ; 0 � t � TL � TL�/

the excursion of X above its past infimum at level �L and the corresponding piece
ofW , respectively. Note first that the process �L DWTL , L 2R, is under Half a stan-
dard two-sided Brownian motion multiplied by

p
3. Then, conditionally given �, the

point measure on R � C � C given by

M.dL dX dW / D
X

L2RWTL¤TL�

ı.L;X.L/;W .L//

is a Poisson measure with intensity 2dLN�L.d.X; W //, where Nx is the � -finite
“law” of the lifetime process and head of the Brownian snake (started at x) driven
by the Itô measure of positive excursions of Brownian motion. The process .X;W /
is then a measurable function of � and M by Itô’s reconstruction theory of Brownian
motion from its excursions.

Definition 4.4. The Brownian half-plane, which is generically denoted by BHP, is the
1-marked 2-measured metric space SlX;W considered under Half, endowed with the
one mark @BHP D ˇ, its area measure � and its base measure �.

There is only one mark here, the base; there is no maximal geodesic nor shut-
tle since the interval of definition is R. The name comes from the fact that BHP is

4This means that .�x=
p
3;x � 0/ and .��x=

p
3;x � 0/ are independent (one-dimensional)

standard Brownian motions issued from 0.
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homeomorphic to the half-plane R � R�0, its boundary as a topological manifold
being equal to the base; see [13, Corollary 3.8].

In the light of Proposition 4.1, the Brownian half-plane can be seen to have a nat-
ural Markov property. First, let �t W f 7! f .t C �/ � f .t/ be the translation operator
on C . We claim that Half is invariant under �TL , since its action simply consists in
translating byL the time in process �, and the first coordinate of M, which leaves their
laws invariant. For similar reasons, for every L 2 R, the processes .X .0;L/; W .0;L//,
.X .�1;0/; W .�1;0// and .�TLX

.L;C1/; �TLW
.L;C1// are independent under Half,

since they are respectively functionals of the independent random elements

.�x; 0 � x � L/; M..0; L� � C � C/;

.�x; x � 0/; M..�1; 0� � C � C/;

.�LCx � �L; x � 0/; M..L;1/ � C � C/:

Free slices. Note that, under Half, the process X .0;L/ is simply a standard Brow-
nian motion killed at its first hitting time of �L, while the process .W .0;L/

Tx
=
p
3;

0 � x � L/ is a standard Brownian motion killed at time L. For this reason, the law
of .X .0;L/; W .0;L// under Half is the mixture

FSliceL D
Z 1
0

qL.A/ dA
Z

R
p3L.�/ d�SliceA;L;�; (4.9)

where pt , qx are defined after (3.8). In what follows, a random metric space with
same law as Sl.0;L/ under FSliceL will be referred to as a free (composite) slice of
width L. This, together with Proposition 4.1, yields the following result.

Proposition 4.5. FixL<L0<L00 in the extended line. Then, under Half, it holds that
Sl.L;L

00/
DG.Sl.L;L

0/;Sl.L
0;L00/
I �.L;L

0/; 
 .L
0;L00//, where the spaces Sl.L;L

0/, Sl.L
0;L00/

are independent. Moreover, if L and L0 are finite, then Sl.L;L
0/ is a free slice of width

L0 � L.

Recall that this result is illustrated in Figure 4.1, which can be completed by
extending the brown segment into a line, letting the half-plane above be BHP, the
line being its base ˇ D ˇ.�1;1/. This also suggests that Sl.L;L

0/ is the bounded
connected component of the complement of 
 .L;L

0/ [ �.L;L
0/ in BHP. More precisely,

the following holds.

Proposition 4.6. For every L < L0 in R, almost surely under Half, the geodesics

 .L;L

0/ and �.L;L
0/ meet only at the apex x.L;L

0/
� , and meet the base ˇ only at their

respective origins pX;W .TL/ and pX;W .TL0/. Moreover, Sl.L;L
0/ is the closure of the

bounded connected component of the complement of the union of these two paths
in BHP. It is therefore homeomorphic to the closed unit disk, with boundary given by
the union of the three sets ˇ.L;L

0/, 
 .L;L
0/ and �.L;L

0/, which meet only at pX;W .TL/,
pX;W .TL0/ and x.L;L

0/
� .
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Proof. This proposition is proved in the same way as [13, Lemma 6.15]. Let us recall
briefly the ideas. For any point t 2R, we let†t .r/D inf¹s � t WXs DXt � rº for 0�
r � Xt �X t , so that the range of pX ı†t is the geodesic path JpX .t/; pX .T�X t /KX
in TX . Its image by �X defines a path �t starting at pX;W .t/ and ending at the point
pX;W .T�X t / of the base. Moreover, almost surely, any path �t , t 2 R, do not inter-
sect a geodesic 
s , s 2 R, except possibly at the starting point of either pX;W .s/
or pX;W .t/. This implies that any point pX;W .t/ of Sl.L;L

0/ that is not in the union

 .L;L

0/ [ �.L;L
0/ can be linked to the bounded segment ˇ.L;L

0/ of the base of BHP
by the path �t without intersecting 
 .L;L

0/ [ �.L;L
0/ except perhaps at its endpoint.

This latest possibility can be discarded by noting that, with probability 1, we have
T�X t … ¹TL; TL0º. Similarly, a point pX;W .t/ of BHP outside of Sl.L;L

0/ is linked
to the unbounded set ˇ n ˇ.L;L

0/ of the base of BHP by the path �t , which does
not intersect 
 .L;L

0/ [ �.L;L
0/. This means that Sl.L;L

0/ is the closure of the bounded
connected component of BHP minus 
 .L;L

0/ [ �.L;L
0/.

The above discussion shows that the Brownian half-plane contains a natural
“flow” of free slices. We can also link directly the slices of Section 4.2 with the
Brownian half-plane via an absolute continuity argument. Recall the definitions of pt
and qx after (4.9).

Lemma 4.7. Let us fix 0 < K < L, as well as A > 0 and � 2 R. For every non-
negative function G that is measurable with respect to the � -algebra generated by
.X .0;K/; W .0;K//, we have

SliceA;L;�ŒG� D HalfŒ'A;L;�.TK ; K;WTK / �G�;

where

'A;L;�.A
0; L0; �0/ D

qL�L0.A � A
0/

qL.A/

p3.L�L0/.� ��
0/

p3L.�/
: (4.10)

Proof. This comes from similar statements for Brownian bridges and first-passage
bridges; see, for instance, [19, (18) and (19)]. For bounded measurable functions f , g
on C , for 0 < A0 < A and 0 < K < L,

SliceA;L;�Œf .X jŒ0;A0�/ � g.�jŒ0;K�/� (4.11)

D Half
h
f .X jŒ0;A0�/

qL�XA0 .A � A
0/

qL.A/
1¹XA0>�Lº � g.�jŒ0;K�/

p3.L�K/.� � �K/

p3L.�/

i
:

Here, the factor 3 in the index of the Gaussian density function comes from the fact
that �=

p
3 is a bridge of standard Brownian motion. We replace A0 by TK by a stan-

dard argument, writing

f .X .0;K// D lim
n!1

X
i�0

1¹.i�1/2�n<TK�i2�nºf .X jŒ0;i2�n�/;



Convergence of composite slices 66

using dominated convergence and applying the above equality (4.11) to A0 D i2�n,
noting that 1¹.i�1/2�n<TK�i2�nºf .X jŒ0;i2�n�/ is a function of X jŒ0;i2�n�.

The result follows by noting that W .0;K/ is built in the same way from X .0;K/

and �jŒ0;K� under SliceA;L;� as from X .0;K/ and �jŒ0;K� under Half.

We may now prove the statement about the topology and Hausdorff dimension of
a slice.

Proof of Lemma 3.11 for slices. First, almost surely, the Brownian half-plane is ho-
meomorphic to the half-plane [13, Corollary 3.8], is locally of Hausdorff dimension 4
and its boundary is locally of Hausdorff dimension 2. The latter facts are obtained
from similar statements for Brownian disks [21] thanks to [13, Theorem 3.7] allowing
us to couple arbitrary balls of BHP centered at the root pX;W .0/ with balls of large
enough Brownian disks, centered at a point on the boundary.

Hence, under the probability distribution Half, for any L < L0, by Corollary 4.2,
the metric space Sl.L;L

0/ is almost surely locally of Hausdorff dimension 4 and its
base ˇ.L;L

0/ is locally of Hausdorff dimension 2. Furthermore, it is homeomorphic to
the disk by Proposition 4.6 and its boundary is the union of its three marks ˇ.L;L

0/,

 .L;L

0/ and �.L;L
0/, whose pairwise intersections are identified singletons.

Now, arguing under SliceA;L;�, we use the fact from Proposition 4.1 that Sl.0;L/D
G.Sl.0;L=2/; Sl.L=2;L/I �.0;L=2/; 
 .L=2;L//. Lemma 4.7 entails that, almost surely, un-
der this probability distribution, the law of Sl.0;L=2/ is absolutely continuous with re-
spect to that of the same random variable under Half, and so is homeomorphic to
a disk. Now, we observe that, under SliceA;L;�, the process �TL=2.X

.L=2;L/;W .L=2;L//

has same distribution as .X .0;L=2/; W .0;L=2//, which we leave as an exercise to the
reader. Therefore, under this law, Sl.L=2;L/ has same distribution as Sl.0;L=2/ and both
are homeomorphic to a disk. We conclude that the same is true for Sl.0;L/ since it
is obtained by gluing two topological disks along two segments of their boundaries.
The identification of the marks given in Proposition 4.1 easily yields the desired prop-
erty on the marks of Sl.0;L/. The facts on the local Hausdorff dimension are obtained
similarly.

4.4 The uniform infinite half-planar quadrangulation

We now define a slight variant of the classical uniform infinite half-planar quadrangu-
lation (UIHPQ) [13,14,33,43], the half-planar version of the uniform infinite random
planar quadrangulation, in the following way. Let F1 D .Tk; k 2 Z/ be a two-sided
sequence of independent Bienaymé–Galton–Watson trees with a geometric offspring
distribution of parameter 1=2. Conditionally on F1, we let �01 be a uniformly chosen
well-labeling condition function, meaning that every tree Tk is assigned a well-
labeling condition function giving label 0 to its root vertex, independently, uniformly
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at random. Lastly, and independently of F1 and �01, we let .bk; k 2 Z/ be a doubly-
infinite walk with shifted geometric steps, meaning that b0 D 0 almost surely, and
that bk � bk�1, k 2 Z, are independent and identically distributed random variables
with P .b1 D r/ D 2�r�2 for every r 2 ¹�1; 0; 1; 2; : : :º. For a vertex v 2 Tk , we
let �1.v/D bk C �01.v/, and call .F1; �1/ the infinite random well-labeled forest.
We then embed F1 in the plane in such a way that all trees are contained in the upper
half-plane, and the root �k of Tk is located at the point .k; 0/ 2 R2. We also link
consecutive roots �k , �kC1 by a line segment. We then let .ci ; i 2 Z/ be the sequence
of corners of the upper half-plane part of the resulting map, in contour order from left
to right, with origin the first corner c0 incident to �0. The UIHPQ is then the infinite
mapQ1 obtained by applying the CVS construction to .F1; �1/, that is, by linking
every corner to its successor as defined in Section 2.1, and removing all edges of the
forest afterward. The root of Q1 is defined as the corner preceding the arc from c0
to its successor. Note that, in this case, there is no need to add an extra vertex with
a corner c1.

Remark 4.8. The difference between this definition of the UIHPQ and the one ap-
pearing in the mentioned references is a slight rooting bias. Indeed, the simplest
way to obtain the usual definition is to consider a two-sided simple random walk
.zi ; i 2 Z/ and construct the sequence .bk; k 2 Z/ from it as follows. Let S# D
¹i 2 Z W ziC1 � zi D �1º be the set of descending steps of .zi ; i 2 Z/ and i0 D
sup.S# \ Z�0/ the index of the descending step preceding 0. Then we define the
sequence .bk; k 2 Z/ by reindexing .zi � zi0 ; i 2 S

#/ with Z in such a way that i0
corresponds to the index 0. The UIHPQ is then constructed as above with this bridge
but rooted at the corner preceding the arc linking s�i0.c0/ to its successor s�i0C1.c0/
instead of the convention we presented. Apart from this slight root shift, the resulting
law of .bk; k 2 Z/ is not exactly that of a doubly-infinite bridge with shifted geomet-
ric steps. The first step gets a size-biased distribution P .b1 D r/ D .r C 2/2�r�3,
r � �1, whereas all other steps get the desired shifted geometric distribution. See the
discussion in [13, Section 4.5.2] for more information.

The construction we use here has the advantage of making the law of the slices
invariant by translation.

Convergence toward the Brownian half-plane. Denoting by vi the vertex of F1
incident to ci and by ‡.i/ 2 Z the index of the tree to which vi belongs, we define
the contour and label processes on R by

C.i/ D dT‡.i/.vi ; �
‡.i// � ‡.i/ and ƒ.i/ D �1.vi /; i 2 Z;

and by linear interpolation between integer values; see Figure 4.2. As is well known,
the part of the contour process corresponding to Tk (counting the edge linking �k

to �kC1) has the same distribution as a simple random walk started at �k and killed
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.F1; �1/

��2 ��1 �0 �1 �2 �3 �4

C

ƒ

Figure 4.2. Contour and label processes associated with .F1; �1/. The edges of the floor
are represented with dashed lines. The tree T0 and the corresponding part of the encoding
processes are highlighted (the corresponding floor edge and the final descending step of the
contour function are also highlighted). For instance, �3 D 17 on this example. The contour
process can be thought of as recording the height of a particle moving at speed one around the
forest. In this point of view, the root �k should be at height �k for each k 2 Z; this can be
achieved, for instance, by vertically translating each tree in such a way that �k is mapped to
location .k;�k/ instead of .k; 0/.

when first hitting �k � 1. Finally, for k � 1, we denote by �k the hitting time of �k
by C ; its value is thus also equal to k plus twice the number of edges in the first k
trees T0; : : : ;Tk�1.

As the vertices of the encoding objects are preserved through the CVS bijection,
the vertex vi can also be seen as a vertex of Q1. Let us define

D1.i; j / D dQ1.vi ; vj /; i; j 2 Z:

We extend D1 to a continuous function on R2 by “bilinear interpolation,” writing
¹sº D s � bsc for the fractional part of s and then setting

D1.s; t/ D .1 � ¹sº/.1 � ¹tº/D1.bsc; btc/C ¹sº.1 � ¹tº/D1.bsc C 1; btc/

C .1 � ¹sº/¹tºD1.bsc; btc C 1/

C ¹sº¹tºD1.bsc C 1; btc C 1/: (4.12)
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We then define the renormalized versions of C , ƒ, and D1: for every s; t 2 R,
we set

C.n/.s/D
C.2ns/
p
2n

; ƒ.n/.s/D
ƒ.2ns/

.8n=9/1=4
; D.n/.s; t/D

D1.2ns; 2nt/

.8n=9/1=4
: (4.13)

The next result can be seen as a reformulation of [52, Theorem 1.11] or [13,
Theorem 3.6], proving the convergence of the UIHPQ to the Brownian half-plane
defined in Section 4.3.

Proposition 4.9. On C � C � C .2/, it holds that

.C.n/; ƒ.n/;D.n//
.d/
�!
n!1

.X;W;DX;W /; (4.14)

where the limiting triple is understood under Half.

This statement does not appear in this exact form in the aforementioned refer-
ences, which do not explicitly focus on the processes C.n/, ƒ.n/, X , W . In [13,
Remark 6.16], it was however mentioned how to extend the results therein in order to
take into account these processes, so we will follow the line of reasoning sketched in
that work.

Proof. The proof proceeds via established convergence results for random quadran-
gulations with one external face to Brownian disks. Fix some numberK > 0. We will
sample a quadrangulation with one external face, whose areas and perimeters are so
large that, in a neighborhood of 0 of amplitude K, this rescaled large quadrangula-
tion and its limit, a Brownian disk of large area and perimeter, are indistinguishable
from the rescaled UIHPQ and the Brownian half-plane, in a sense to be made precise.
In the following, we will use for all the objects related to the quadrangulation with
one external face or the limiting Brownian disk a similar notation as for those related
to the UIHPQ or the Brownian half-plane, only with a superscript prime symbol 0.

Fix L > 0, which should be thought of as being large. For n � 1, we sample the
aforementioned quadrangulationQ0n with one external face as follows. First, consider
a uniform random element .M 0n; �

0
n/ of

!
MŒ0�

an;.ln/
, where

an D bnLc and ln D bL
p
2nc:

We can view this as a labeled forest .F 0n; �
0
n/ with ln trees arranged in a circle, and

rooted at �0; : : : ; �ln�1, where �0 is the root of the tree containing the root cor-
ner of f�. We let C 0n, ƒ0n be the contour and label process of this forest, defined as
above, starting from the tree rooted at �0. We let Q0n D CVS.M 0n; �

0
nI f�/ be the

rooted quadrangulation encoded by .M 0n; �
0
n/, and we let D0n.i; j / D dQ0n.v

0
i ; v
0
j /

for 0 � i; j � 2an C ln, where v0i is the i -th visited vertex of F 0n in contour order,
viewed as a vertex of Q0n. As usual, we extend D0n into a continuous function on
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Œ0; 2an C ln�
2. Finally, we extend the definition of these processes to the interval

Œ�2an � ln; 2an C ln� by the simple translation formulas

C 0n.t/ D C
0
n.t C 2an C ln/C ln; ƒ0n.t/ D ƒ

0
n.t C 2an C ln/;

t 2 Œ�2an � ln; 0�;
(4.15)

D0n.s; t/ D D
0
n.s C .2an C ln/1¹s<0º; t C .2an C ln/1¹t<0º/

s; t 2 Œ�2an � ln; 2an C ln�:
(4.16)

The idea behind this extension is that we are going to consider these processes in
neighborhoods of 0, so that we are really interested in the behavior of these processes
when the argument is close from 0 or from 2an C ln.

Define their rescaled versions: for s; t 2 Œ�2an � ln; 2an C ln�,

C 0.n/.s/D
C 0n.2ns/
p
2n

; ƒ0.n/.s/D
ƒ0n.2ns/

.8n=9/1=4
; D0.n/.s; t/D

D0n.2ns; 2nt/

.8n=9/1=4
: (4.17)

Then by [25, (26) and Theorem 20], one has the joint convergence

.C 0.n/; ƒ
0
.n/;D

0
.n//

.d/
�!
n!1

.X 0; W 0;D0/ (4.18)

in distribution in C.Œ0;L�/�C.Œ0;L�/�C.Œ0;L�2/, where .X 0;W 0;D0/ is an explicit
limiting process, which is the encoding process of the Brownian disk of area L and
width

p
L. In particular, the processD0 is a measurable function of the pair .X 0;W 0/.

Due to the formulas in (4.15) and (4.16), this implies the convergence of these pro-
cesses on C.Œ�L;L�/�C.Œ�L;L�/�C.Œ�L;L�2/, where .X 0;W 0;D0/ are extended
to functions on Œ�L;L� or Œ�L;L�2 in a similar way as above. Note that we choose
to omit the dependence of .X 0; W 0; D0/ on L for lighter notation, but we will need
later to choose L appropriately.

Now recall that K > 0 is a fixed number. The first crucial observation is that we
may choose L large enough, so that with high probability, the laws of the restric-
tions of .X 0;W 0;D0/ and .X;W;DX;W / to the interval Œ�K;K� are very close. More
precisely, given " 2 .0; 1/, fix r > 0 and A > 0 such that

P
�

max
�K�t�K

DX;W .0; t/ > r
�
<
"

3
; P .T�A < �K < K < TA/ � 1 �

"

3
:

Then [13, Proposition 6.6] and its proof (Lemmas 6.7 and 6.8) show that there exists
L0 > 0 such that, for L>L0, the two processes .X;W / and .X 0;W 0/ can be coupled
in such a way that on some event F of probability P .F / � 1 � "=3, we have

Xt D X
0
t ; Wt D W

0
t ; DX;W .s; t/ D D

0.s; t/; (4.19)

for every s; t 2 ŒT�A; TA� such that max.DX;W .0; t/; DX;W .0; s// � r . Given our
choice of r , A, we see that with probability at least 1 � ", (4.19) holds for every
s; t 2 Œ�K;K�.
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Our second important observation is that, still with K and " fixed, and possibly
up to choosing L even larger than the above, albeit in a way that does not depend
on n, the laws of .C.n/;ƒ.n/;D.n// and .C 0

.n/
;ƒ0

.n/
;D0

.n/
/ in restriction to the interval

Œ�K;K� are also close, in the sense that they can be coupled in such a way that these
restrictions coincide with probability at least 1 � ". This follows from the proof of
[13, Theorem 3.6], a minor difference being that this proposition establishes that the
balls of radius .8n=9/1=4r centered at the root in Q1 and Q0n are isometric, rather
than giving a statement on D.n/ and D0

.n/
. Therefore, in order to show that the latter

coincide on Œ�K;K�, one again has to choose in the first place a radius r > 0 so that
uniformly over n, with probability at least 1� "=3, the vertices v0i for integers i lying
in Œ�2Kn; 2Kn� (where we naturally let v0i D v0

iC2anCln
for i � 0), all belong to

this ball. The existence of such an r is guaranteed by the convergence (4.18) and the
continuity ofD0. Finally, we see that both sides of (4.18) can be coupled in such a way
that with probability at least 1 � ", they coincide with both sides of (4.14). Since "
was arbitrary, we conclude that (4.14) holds in restriction to Œ�K;K�. Since K was
arbitrary, this concludes the proof.

Seeing a slice as part of the UIHPQ. We consider a fixed L > 0 and a sequence
.ln/ 2 NN such that

ln
p
2n
�!
n!1

L

and, for each n, we let .Fn; �n/ be the random well-labeled forest obtained by keep-
ing only the labeled trees T0; : : : ; Tln�1 of the infinite random well-labeled forest
.F1; �1/, as well as the root �ln of the tree Tln . In particular, the forest Fn has ln
independent Bienaymé–Galton–Watson trees with Geometric.1=2/ offspring distri-
bution, and the labels of the root vertices of the trees (including �ln) follow a ran-
dom walk of length ln whose step distribution is a shifted Geometric.1=2/ given by
P . � D r/ D 2�r�2 for r � �1.

Recall that .ci ; i 2Z/ denotes the sequence of corners of the infinite random well-
labeled forest .F1; �1/ and that vi is the vertex of F1 incident to ci . According to
the construction of Section 2.3, .Fn; �n/ encodes a slice Qn, which is part of the
UIHPQ Q1 constructed from the whole infinite forest .F1; �1/. More precisely,
the maximal geodesic (resp. shuttle) can be read inside the UIHPQ as the chain of
arcs linking c0 (resp. c�ln ) to its subsequent successors5 and the edges of the slice are
given by the arcs from ci to s.ci / for 0 � i < �ln . As a consequence, the vertex vi
can be seen both as a vertex of Q1 and as a vertex of Qn for 0 � i � �ln .

Furthermore, we can check that Qn is in fact isometrically embedded in Q1
in the sense that, whenever 0 � i; j � �ln , it holds that dQn.vi ; vj / D D1.i; j /.

5Recall Section 2.1.
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Indeed, similarly to Proposition 4.1, Q1 can be obtained as the gluing of the infinite
quadrangulation corresponding to the trees Tk , k < 0, of .F1;�1/, withQn and then
with the infinite quadrangulation corresponding to the trees Tk , k � ln, of .F1; �1/
along the proper shuttles and maximal geodesics. Alternatively, one may also argue
that there are no shortcuts outside Qn: for 0 � i; j � �ln , any path linking vi to vj
in Q1 may be shortened to a path that stays within Qn since the maximal geodesic
and shuttle are geodesics and since the path c0! s.c0/! s2.c0/! � � � is a geodesic
ray that disconnects Q1.

The contour function, label function and pseudometric corresponding to Qn are
thus obtained by restricting to Œ0; �ln � the analog functions corresponding to Q1.
After rescaling, their joint limit is a direct consequence of Proposition 4.9.

Corollary 4.10. On C � C � C .2/, it holds that

.C.n/jŒ0;�ln=2n�; ƒ.n/jŒ0;�ln=2n�;D.n/jŒ0;�ln=2n�2/
.d/
�!
n!1

.X .0;L/; W .0;L/;D.0;L//;

where we used the notation of Section 4.1, that is,

(a) the pair .X .0;L/; W .0;L// is the restriction to the interval Œ0; TL� of .X;W /
distributed under Half,

(b) D.0;L/ D DX.0;L/;W .0;L/ is the random pseudometric on R defined by (4.5).

Proof. By the Skorokhod representation theorem, we may and will assume that the
convergence (4.14) holds almost surely. Classically, the almost sure path properties
ofX at time TL, namely, the fact thatX immediately visits the interval .�L� ";�L/
after time TL, yield that �ln=2n almost surely converges to TL. Corollary 4.2 then
yields the result.

4.5 Scaling limit of conditioned slices

We now derive Theorem 2.6 from the results of the previous section by standard
conditioning arguments.

Convergence of the encoding processes. First, without loss of generality, we may
assume that the contour and label processes .C;ƒ/ of the infinite random well-labeled
forest defined in Section 4.4 are the canonical processes, considered under the proba-
bility distribution P1 on the canonical space. Next, for a; l 2N and ı 2Z, we denote
by Pa;l;ı the distribution of .C jŒ0;2aCl�;ƒjŒ0;2aCl�/, where .C;ƒ/ is distributed under
P1Œ � j �l D 2a C l; ƒ.�l/ D ı�. The corresponding forest encoded by this random
process is thus composed of l Bienaymé–Galton–Watson trees with Geometric.1=2/
offspring distribution and uniform admissible labels, conditioned on the fact that the
total number of edges in the trees is a and the label of the root of the last vertex-tree
is ı. Similarly to the slice it encodes, we will say that the forest has tilt ı.
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For every measurable nonnegative functional G, it thus holds that

Ea;l;ı ŒG� D E1ŒG..C.k/;ƒ.k//; 0 � k � �l/ j �l D 2aC l; ƒ.�l/ D ı�:

Let .Fk; k � 0/ be the natural filtration associated with the canonical process .C;ƒ/.
Note that ..C.k/;ƒ.k//; 0 � k � �l/ is the pair of contour and label processes of the
first l trees in the forest, and that F�l is the � -algebra generated by these first l trees
(with their labels and that of the root �l ). Recall from Proposition 2.3 the definitions
of Q`, P`.

Lemma 4.11. Fix 0 < k < l , as well as a 2 N and ı 2 Z. For every nonnegative
functional G that is F�k -measurable, we have

Ea;l;ı ŒG� D E1Œˆa;l;ı.�k; k;ƒ.�k// �G�;

where

ˆa;l;ı.t; l
0; j / D

Ql�l 0.2aC l � t /

Ql.2aC l/

Pl�l 0.ı � j /

Pl.ı/
:

Proof. It suffices to prove the result when G is the indicator of the contour and label
processes of a given well-labeled forest with l 0 trees, .t � l 0/=2 edges, and tilt j .
In this case, Ea;l;ı ŒG� is equal to the number of ways in which one can complete this
labeled forest into a well-labeled forest with l trees, a edges and tilt ı, which is the
number of forests with l � l 0 trees, a C .l 0 � t /=2 edges and tilt ı � j , divided by
the number of well-labeled forests with l trees, a edges and tilt ı. We conclude by
Proposition 2.3.

In addition to the already fixed sequence .ln/, we consider two sequences .an/,
.ın/ satisfying (2.4). We will need the following direct consequence of the local limit
theorem [26, Theorem 8.4.1]. Recall the definition of 'A;L;� given in (4.10).

Lemma 4.12. If the integer-valued sequence .l 0n/ satisfies l 0n=
p
2n! L0 2 .0; L/,

it holds that

sup
0�t�an; j2Z

ˇ̌̌
ˆan;ln;ın.t; l

0
n; j / � 'A;L;�

� t
n
; L0;

� 9
8n

�1=4
j
�ˇ̌̌
�!
n!1

0:

We start with the following conditioned version of Corollary 4.10.

Proposition 4.13. On C � C � C .2/, the triple .C.n/; ƒ.n/; D.n/jŒ0;�ln=2n�2/ consid-
ered under Pan;ln;ın converges in distribution to .X; W; DX;W /, considered under
SliceA;L;�.

Proof. The joint convergence of the first two coordinates is standard; see, for exam-
ple, [19, Corollary 16]. Let us fix " 2 .0; L/, define l"n D ln � b"

p
2nc, so that

l"n=
p
2n! L � ", and set D"

.n/
D D.n/jŒ0;�l"n=2n�

2 and D0
.n/
D D.n/jŒ0;�ln=2n�2 .
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By the usual bound (2.1), for every i; j 2 Œ0; �ln �,

jD1.i ^ �l"n ; j ^ �l"n/ �D1.i; j /j � D1.i; i ^ �l"n/CD1.j; j ^ �l"n/

� 4.!.ƒnI �ln � �l"n/C 1/;

where !.f I �/ denotes the modulus of continuity of f . This implies that

distC.2/.D
"
.n/;D

0
.n// �

�ln � �l"n
2n

C 4!
�
ƒ.n/;

�ln � �l"n
2n

�
CO.n�1=4/:

From the joint convergence of the first two coordinates, we have, for every � > 0,

lim sup
n!1

Pan;ln;ın.distC.2/.D
"
.n/;D

0
.n// � �/

� SliceA;L;�.A � TL�" C 4!.W IA � TL�"/ � �/;

which tends to 0 as "! 0 since TL�" ! TL D A almost surely under SliceA;L;�.
We next show that D"

.n/
under Pan;ln;ın converges in distribution to D.0;L�"/ under

SliceA;L;�, and use the principle of accompanying laws [92, Theorem 9.1.13] to con-
clude that, jointly with the convergence of .C.n/; ƒ.n// to .X;W /, the process D0

.n/

converges to the distributional limit of D.0;L�"/ as "! 0, which is none other than
D.0;L/, due to Corollary 4.2.

To prove the claimed convergence of D"
.n/

to D.0;L�"/, we denote by C "
.n/

and ƒ"
.n/

the restrictions of C.n/ and ƒ.n/ to Œ0; �l"n=2n� and let F be a nonnegative
bounded continuous function. Using Lemma 4.11, then Corollary 4.10 (for the choice
of L � " instead of L) and Lemma 4.12 gives

Ean;ln;ın ŒF .C
"
.n/; ƒ

"
.n/;D

"
.n//� D E1Œˆan;ln;ın.�l"n ; l

"
n; ƒ.�l"n//F.C

"
.n/; ƒ

"
.n/;D

"
.n//�

�!
n!1

HalfŒ'A;L;�.TL�"; L � ";WTL�"/F.X
.0;L�"/; W .0;L�"/;D.0;L�"//�;

the latter being equal to SliceA;L;�ŒF .X .0;L�"/; W .0;L�"/; D.0;L�"//� according to
Lemma 4.7.

GHP convergence. We infer from Proposition 4.13 the GHP convergence of Theo-
rem 2.6 by a standard method. First, by Skorokhod’s representation theorem, we may
assume that we are working on a probability space on which the convergence of
Proposition 4.13 is almost sure. We let SlA;L;� be the continuum slice coded by
the limiting process, and Sln be the slice encoded by the forest whose rescaled con-
tour and label processes make up the pair .C.n/; ƒ.n//. As mentioned before Corol-
lary 4.10, Sln is isometrically embedded in Q1, so that the process D.n/jŒ0;�ln=2n�2
under Pan;ln;ın projects into the metric of �n.Sln/.

Then, from this almost sure convergence, we easily deduce that the distortion of
the correspondence Rn given by

Rn D ¹.vb.2anCln/sc;pX;W .As// W s 2 Œ0; 1�º
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between �n.Sln/ minus its shuttle and SlA;L;� tends to 0 as n!1. Forgetting the
marks and measures, this gives the desired convergence in the 0-marked Gromov–
Hausdorff topology.

In order to include the marking and measures, we use the technique of enlarge-
ment of correspondences already used in the proof of Lemma 3.9. Namely, we fix
" > 0 and let R"

n be the set of points of the form .v;x/ in Sln � SlA;L;� such that there
exists .w; y/ 2 Rn satisfying dSln.v; w/ < .8n=9/

1=4" and D.x; y/ < ". As before,
the distortion of R"

n is at most dis.Rn/C 4". Let us start with the marks.

Marks. For a function f 2 C defined over the interval I , we say that s 2 I is a left-
minimum of f if f .t/ � f .s/ for every t � s in I , and we call it strict if f .t/ > f .s/
for t < s in I . Note that the points of the form vi and pX;W .s/, where i and s are
left-minimums of ƒn and W respectively belong to the maximal geodesics of Sln
and SlA;L;�, and that all points in these sets are in fact of this form, where we can
even require the stronger property that i and s are strict left-minimums.

By the uniform convergence of ƒ.n/ toward W , for every � > 0, the following
holds provided n � n0 for some n0: every strict left-minimum of ƒ.n/ is at distance
at most �=2 from some (not necessarily strict) left-minimum of W , and vice-versa,
exchanging the roles of ƒ.n/ and W . Up to increasing n0, we furthermore assume
that j.2an C ln/=2n�Aj < �=2 as soon as n � n0. Choosing � small enough so that
jD.n/.s; t/�D.n/.s

0; t 0/j � " for every n, js � s0j � �, jt � t 0j � �, we deduce that the
extended correspondence R"

n is compatible with the maximal geodesics for n � n0.
The argument is similar for the shuttles. This time, we note that elements of the

shuttle of SlA;L;� are of the form pX;W .s/, where s is a right-minimum of the func-
tion W (with an obvious definition), while elements of the shuttle of Sln are at
distance 1 from points of the form vi , where i is a right-minimum of the functionƒn.

The mark corresponding to the base is also treated similarly. Recall from Sec-
tion 2.3 that vertices of the base are at distance at most Bn D max1�i�ln jƒn.�

i / �

ƒn.�
i�1/j C 1 from some element of the floor ¹�0; : : : ; �lnº of the forest coding the

slice. The process of labels .ƒn.�i /; 0 � i � ln/ forms a random walk with shifted
Geometric.1=2/ increments conditioned to be equal to ın at time ln, so, under our
assumptions, it converges, after rescaling by

p
2n in time and .8n=9/1=4 in space,

to a continuous process (which is easily checked to be the Brownian bridge � D
.WTx ; 0 � x � L/), so that Bn D O.n1=4/ almost surely. Therefore, the base of Sln is
at Hausdorff distance O.n1=4/ from the floor ¹�i ; 0 � i � lnº. In turn, these vertices
are exactly those of the form vi , where i is a left-minimum of the contour process Cn.
Moreover, by definition, the base of SlA;L;� consists of the points pX;W .s/, where s
is a left-minimum of the process X . Therefore, the same argument as for the maxi-
mal geodesic – replacing the processes ƒn and W by Cn and X – shows that, almost
surely, for every n large enough, the correspondence R"

n is also compatible with the
bases of Sln and of SlA;L;�.



Convergence of composite slices 76

Measures. Finally, let us deal with the convergence of the measures, starting with the
area measure. To this end, note that, for t in Œ0; 2an C ln�, the contour process Cn at
time t has either a left derivative equal toC1 or to �1. Letting int D dte in the former
case and int D btc in the latter case, the image of LebŒ0;.2anCln/=2n� by t 7! vin

2nt
is

the counting measure on the set of all nonfloor vertices of the encoding forest, divided
by n. Since the number of floor vertices is O.

p
n/, the counting measure on all ver-

tices of Sln (except on the shuttle) divided by n is at vanishing Prokhorov distance
from the counting measure on nonfloor vertices of the forest, divided by n. Let !n
be the image of the Lebesgue measure on Œ0; A ^ ..2an C ln/=2n/� by the mapping
t 7! .vin

2nt
;pX;W .t//. Then !n is carried by the correspondence R"

n for every n large
enough, and its image measures on Sln and SlA;L;� by the coordinate projections are
at vanishing Prokhorov distances from �Sln=n and �.0;L/, respectively.

For the base measure, we let !0n be the image of the Lebesgue measure on
Œ0; L^ln=

p
2n� by the mapping t 7! .v�

b
p
2ntc

;pX;W .Tt //. Then !0n is carried by R"
n,

by the above discussion on the mark corresponding to the base. Moreover, the coor-
dinate projections of !0n are at vanishing Prokhorov distance, respectively, from the
counting measure on ¹�0; : : : ; �lnº divided by

p
2n, and �.0;L/. We now observe

that, in turn, the counting measure on ¹�0; : : : ; �lnº divided by
p
2n, is at vanish-

ing Prokhorov distance from the renormalized counting measure (with multiplicities)
�ˇn=
p
8n of the base. To justify this, observe from Section 2.3 and the definition

of the interval CVS bijection that the sequence ƒn.w0/; : : : ; ƒn.w2lnCın/ of labels
of the vertices w0; : : : ; w2lnCın of the base, taken in contour order, forms a simple
random walk starting with a �1 step, and conditioned on hitting ın at time 2ln C ın.
Moreover, if we write the set ¹j 2 ¹0; : : : ; 2lnC ın � 1º Wƒn.wjC1/ �ƒn.wj /D�1º
of down steps of this walk as ¹j0; j1; : : : ; jln�1ºwith 0D j0 < j1 < j2 < � � � < jln�1,
then the i -th root �i is equal to wji for 0 � i < ln. Now consider a uniform ran-
dom variable U in Œ0; 1/. Then wjblnUc is a uniformly chosen forest root, while
wb.2lnCın/U c is a vertex of the base chosen with probability proportional to its mul-
tiplicity (and excluding �ln in both cases). Moreover, a standard large deviation esti-
mate entails that max0�k<ln jjk � 2kj D O.log n/ in probability. In turn, this easily
implies that dSln.wjblnUc ; wb.2lnCın/U c/ D O.log n/ in probability, showing that the
uniform measure on the ln � L

p
2n elements of ¹�0; : : : ; �ln�1º is at vanishing

Prokhorov distance from the law of the vertex incident to a corner uniformly cho-
sen among the 2ln C ın � L

p
8n corners incident to the base.

Conclusion. By Lemma 3.3, we finally obtain that

lim sup
n!1

d.5;2/GHP .�n.Sln/;SlA;L;�/ � ":

Since " > 0 was arbitrary, this concludes the proof of Theorem 2.6.


