
Chapter 6

Construction from a continuous unicellular map

Our proof of Theorem 1.1 gives a description of the limiting Brownian surfaces as
gluings of elementary pieces, which appear either in the Brownian plane or in the
Brownian half-plane. Although this construction has a clear geometric content, it can
be arguably cumbersome to work with, having in mind, for instance, the universal
character that the spaces SŒg�

L
are expected to bear.

Indeed, we believe that Brownian surfaces arise as universal limits for many more
classes of maps satisfying mild conditions (for instance, uniformly distributed maps)
and a more direct description seems to be useful in order to show such results. In par-
ticular, we believe that the Brownian torus is the scaling limit of essentially simple
triangulations, as considered in [15]. In fact, most of the known results of conver-
gence toward the Brownian sphere use a re-rooting technique due to Le Gall [67],
which, very roughly speaking, says that if maps in a given class are properly encoded
by discrete objects converging to the random snake driven by a normalized Brownian
excursion and if these maps and the limiting object exhibit a property of invariance
under uniform re-rooting, then the limiting space is the Brownian sphere. We expect
this approach to be generalizable to our context and we now give a description of
Brownian surfaces that is a direct generalization of the classical definition of the
Brownian sphere. This can be thought of a continuum version of the Cori–Vauquelin–
Schaeffer bijection, building on a continuum version of a unicellular map (a map with
only one internal face).

For a function f 2 C and s; t 2 I.f / with t < s, we extend (4.1) by setting

f .s; t/ D inf
I.f /nŒt;s�

f

and we set, for s; t 2 I.f /,

zdf .s; t/ D f .s/C f .t/ � 2max¹f .s; t/; f .t; s/º: (6.1)

The difference with (4.2) is that we now take into account the minimum of f on the
“interval” from s _ t to s ^ t on the “circle” I.f /=¹x�.f / D �.f /º.

The Brownian sphere. As a warm-up, let us first recall the definition of the Brown-
ian sphere. It is the metric space SŒ0�¿ D .Œ0; 1�; zdZ/=¹de D 0º, where Z is the random
snake driven by a normalized Brownian excursion e.

Recall that the continuum random tree (CRT) introduced by Aldous [7, 8] is the
R-tree1 Te D .Œ0; 1�=¹de D 0º; de/, hence the Brownian sphere SŒ0�¿ may actually be

1See Section 4.1.1.
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seen as a quotient of the CRT. In fact, Le Gall [65] showed that the pseudometric
zdZ=¹de D 0º.s; t/ D 0 if and only if zdZ.s; t/ D 0 or de.s; t/ D 0, so the topo-
logical space SŒ0�¿ is obtained by a continuous analog to the Cori–Vauquelin–Schaeffer
bijection.

The Brownian disk. Let us turn to the Brownian disk with perimeterL2 .0;1/. It is
the metric space SŒ0�

.L/
D .Œ0; 1�; zdW /=¹dX D 0º, where .X;W / is the pair encoding

a slice with area 1, width L and tilt 0, that is, distributed according to Slice1;L;0
(defined in Section 4.2).

The most natural continuous object generalizing the CRT in the case of the disk
is the gluing

M
Œ0�

.L/
D .Œ0; 1�; dX /=R;

where R is the coarsest equivalence relation containing ¹dX D 0º and ¹.0; 1/º. Since
zdW .0; 1/ D 0, the Brownian disk is also .Œ0; 1�; zdW /=R and can be seen as a quo-
tient of MŒ0�

.L/
. Visually, MŒ0�

.L/
is obtained by taking a circle of length L and gluing

a Brownian forest of mass 1 and length L on it. The random snake W then assigns
Brownian labels to it (with a Brownian bridge multiplied by

p
3 on the circle and

standard Brownian motions everywhere else).

The general case. The CRT and the structure M
Œ0�

.L/
are the continuous equivalent to

the encoding objects of Section 2.2 in the particular cases of the sphere and the disk.
In general, we have a similar yet even more intricate construction, which we now
describe. Let g � 0 be fixed and L D .L1; : : : ; Lb/ be a b-tuple of positive real
numbers. Let then .S; .Ae/

e2 EE.S/
; .H e/

e2 EI.S/
; .Le/

e2 EB.S/
; .ƒv/v2V.S// be a ran-

dom vector distributed according to the distribution ParamL, defined around (3.8).
Conditionally given this vector, we consider the following collection of processes.
For each e 2 EE.S/,

• the process Xe is a first-passage bridge of standard Brownian motion from 0

to �H e with duration Ae ,

• the process Ze is a random snake driven by the reflected process Xe �Xe ,

the processes .Xe; Ze/, e 2 EE.S/, being independent. Independently, the process �e

is a Brownian bridge

• of duration H e from ƒe
�

to ƒe
C

, with variance 1 if e 2 EI .S/,

• of duration Le from ƒe
�

to ƒe
C

, with variance 3 if e 2 EB.S/.

Furthermore, for e 2 EI .S/, the bridges are linked through the relation

�xe.s/ D �e.H e
� s/; 0 � s � H e;

and, except for these relations, are independent. We then set, for each e 2 EE.S/,

W e
t D Z

e
t C �

e
�Xet

; 0 � t � Ae:
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In the end, we obtain a collection of processes .Xe; W e/, e 2 EE.S/, which are
linked through the relations linking �e with �xe , translating the fact that the labels of
the floors of forests grafted on both sides of the same internal edge of the scheme
should correspond.

We arrange the half-edges e1; : : : ; e� incident to the internal face of S according
to the contour order, starting from the root, and we define the concatenation

.Ws/0�s�1 D W
e1 � � � � �W e� ;

which is a continuous process. We define zdW by (6.1) as above and now define the
equivalence relation along which to glue.

Roughly speaking, we glue together Brownian forests coded by the Xe’s accord-
ing to the scheme structure. For s 2 Œ0; 1/, we denote by Œs� the integer in ¹1; : : : ; �º
such that

Œs��1X
iD1

Aei � s <

Œs�X
iD1

Aei and hsi D s �

Œs��1X
iD1

Aei 2 Œ0; AeŒs�/:

By convention, we also set Œ1� D 1 and h1i D 0. We define the relation R on Œ0; 1� as
the coarsest equivalence relation for which s R t if one of the following occurs:

Œs� D Œt �; dXeŒs� .hsi; hti/ D 0; (6.2a)

eŒs� D xeŒt�; X Œs�hsi D X Œs�hsi; X Œt�hti D X Œt�hti;

X Œs�hsi D H eŒt� �X Œt�hti;
(6.2b)

where we wroteX Œs�hsi instead ofXeŒs�.hsi/ for short. Formulas (6.2a) identify num-
bers coding the same point in one of the Brownian forests, while formulas (6.2b)
identify the floors of forests “facing each other”: the numbers s and t should code
floor points (second and third equalities) of forests facing each other (first equality)
and correspond to the same point (fourth equality).

Proposition 6.1. The Brownian surface SŒg�
L

has same distribution as .Œ0; 1�; zdW /=R.

Let us give a similar interpretation as in the case of the disk. Let first .Xs/0�s�1
be the continuous process obtained by shifting and concatenating Xe1 ; : : : ; Xe� .
Then SŒg�

L
may be seen as a quotient of

M
Œg�
L
D .Œ0; 1�; dX /=R;

which can be pictured as follows. Starting from the random vector .S; .Ae/
e2 EE.S/

;

.H e/
e2 EI.S/

; .Le/
e2 EB.S/

/, we first construct the metric graph obtained from S by
assigning either the length H e or Le to the edge corresponding to e. For every half-
edge e incident to the internal face of S , we then glue a Brownian forest of mass Ae
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and length H e or Le on e. We equip this space M
Œg�
L

with Brownian labels (with
variance

p
3 on the boundary edges) and define SŒg�

L
from there by the same process

as in the case of the Brownian disk.

Proof of Proposition 6.1. First of all, recall from Section 3.6 that the Brownian sur-
face SŒg�

L
is defined as the gluing along geodesic sides of a collection of continuum

elementary pieces distributed as follows. Conditionally given

.S; .Ae/
e2 EE.S/

; .H e/
e2 EI.S/

; .Le/
e2 EB.S/

; .ƒv/v2V.S//;

the elementary pieces EPe , e 2 EE.S/, are only dependent through the relation link-
ing EPe with EPxe and, setting �e D ƒe

C

�ƒe
�

,

• if e 2 EB.S/, then EPe is a slice with area Ae , width Le and tilt �e ,

• if e 2 EI .S/, then EPe is a quadrilateral with half-areas Ae and Axe , width H e and
tilt �e .

Furthermore, it is straightforward from the definition of the pairs .Xe; W e/, e 2
EE.S/, that if e 2 EB.S/, then the pair .Xe;W e �ƒe

�

/ is distributed as SliceAe ;Le ;�e .
When e 2 EI .S/, we denote by

. xXe; xW e/ D .XesCAe � 2X
e
sCAe �H

e; W e
sCAe /�Ae�s�0

the process obtained by shifting the Pitman transform of Xe in order to obtain a pro-
cess from �H e to 0, as well as changing the time range to Œ�Ae; 0�. By standard
results on Brownian motion and random snakes, the pair obtained by concatenat-
ing . xXxe; xW xe � ƒxe

�

/ with .Xe; W e � ƒe
�

/ has the law of a process distributed as
QuadAe ;Axe ;He ;�e .

As a result, we may assume that the elementary piece EPe is encoded by

• the pair .Xe; W e �ƒe
�

/ if e 2 EB.S/,

• the concatenation of . xXxe; xW xe �ƒxe
�

/ with .Xe; W e �ƒe
�

/ if e 2 EI .S/.

This yields a collection of elementary pieces with the proper laws and dependencies;
the fact that, for e 2 EI .S/, EPe and EPxe are the same with exchanged shuttles and
maximal geodesics is a simple application of the Pitman transform.

For s 2 Œ0; 1�, we denote by �.s/ the projection in the gluing SŒg�
L

of the point hsi
of the elementary piece EPeŒs� . We claim that �W Œ0; 1�! SŒg�

L
is onto. Indeed, for

each half-edge � 2 EE.S/, recall that the elementary piece EP� is defined as a quotient
of Œ0; A�� and observe that ¹hsi W s such that eŒs� D �º D Œ0; A�/; furthermore, the
“missing point” A� of EP� is glued to a point 0 of some elementary piece, which
is �.s/ for some s satisfying hsi D 0. Writing dS the distance in SŒg�

L
and dR D zdW =R,

it is sufficient to show that, for s; t 2 Œ0; 1�,

dR.s; t/ D dS.�.s/;�.t//:
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As the pseudometric df defined in (4.2) is unchanged by the addition of an addi-
tive constant, setting

d� D

´
dW � if � 2 EB.S/;
yd xW x��W � if � 2 EI .S/;

the quantity dS.�.s/;�.t// is the infimum of sums of the form
P`
iD1 d�i .si ; ti /, where

• �1 D eŒs�, s1 D hsi, �` D eŒt�, s` D hti,

• for all i , it holds that

si ; ti 2

´
Œ0; A�i � if �i 2 EB.S/;

Œ�Ax�i ; A�i � if �i 2 EI .S/;

• for all i ,

(a) either �i D �iC1 2 EB.S/ and dX�i .ti ; siC1/ D 0,

(b) or �i D �iC1 2 EI .S/ and d xXx�i �X�i .ti ; siC1/ D 0,

(c) or the point ti of EP�i is glued to the point siC1 of EP�iC1 .

As d�.u; v/ D 1 whenever uv < 0, we may furthermore assume that, for all i ,
si ti � 0. Now, for each i , we set

zsi D

Œ�i ��1X
jD1

Aej C si if si � 0; zsi D
Œx�i �X
jD1

Aej C si if si < 0;

where we wrote Œ�� the index of the half-edge � in the ordering e1; : : : ; e� of EE.S/.
We define zti similarly. It is easy to check that zs1 D s, zt` D t and that, for each i ,
we have d�i .si ; ti / D dW .zsi ; zti /. Furthermore, for each i , we have the following:

(a) If �i D �iC1 2 EB.S/ and dX�i .ti ; siC1/ D 0, then, unless ti D siC1 D A�i (in
which case zti D zsiC1), it holds that si < A�i and ti < A�i , which yields that
zti R zsiC1 by (6.2a).

(b) If �i D �iC1 2 EI .S/ and d xXx�i �X�i .ti ; siC1/ D 0, then

– if tisiC1 � 0, then zti R zsiC1 by (6.2a) as above,

– if tisiC1 < 0, then zti R zsiC1 by (6.2b).

(c) If the point ti of EP�i is glued to the point siC1 of EP�iC1 , then it implies that
zdW .zti ; zsiC1/ D 0 (recall the situation depicted in Figure 3.4).

As a result, since zdW � dW , it holds that

dR.s; t/ � dS.�.s/;�.t//:

The converse inequality is very similar, noting that R identifies points in the ele-
mentary piece EP� as does dX� D 0 or d xXx��X� D 0, and that zdW encodes all the
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functions d� , together with the gluings of the elementary pieces. The use of zdW and
not dW takes into account the gluings of shuttles with maximal geodesics of elemen-
tary pieces “overflying” the root, as, for instance, in Figure 3.4, the shuttle of EPe14

with part of the maximal geodesic of EPe1 , or part of the shuttle of EPe12 with part of
the maximal geodesic of EPe7 . The details are left to the reader.


