Chapter 2

Triangulation persistence categories: Algebra 101

This chapter contains the main algebraic machinery introduced in the memoir and
is self-contained, except for some basic elements of homological algebra, as can be
found in [61].!

In Section 2.1 we briefly introduce the notion of triangular weight and discuss
its application to measuring the complexity of cone decompositions in triangulated
categories. In Section 2.2 we introduce persistence categories, which are, in short,
categories enriched by persistence modules. Triangulated persistence categories are
introduced in Section 2.3. In Section 2.4 we prove the main algebraic result of the
chapter, namely that the oo-level of a TPC carries a specific triangular weight induced
by the persistence structure. Finally, in Section 2.5 we discuss some classes of natural
TPC examples that are not symplectic in nature (the symplectic examples are deferred
to Chapter 3).

2.1 Triangular weights

In this subsection we introduce triangular weights associated to a triangulated cat-
egory D. Using such a triangular weight w on D we define a class of so-called
fragmentation pseudometrics d; on Obj(D). All categories used in this memoir (in
particular, D) are assumed to be small unless otherwise indicated.

Definition 2.1. Let D be a triangulated category and denote by Ty its class of exact
triangles. A triangular weight w on D is a function

w: Tp — [0,00)

that satisfies properties (i) and (ii) below:

(1) [Weighted octahedral axiom] Assume that the triangles Ay : A - B — C —
TA and A, : C - D — E — TC are both exact. There are exact triangles Aj :
B—D—F —>TBand Ay : TA — F — E — T?A making the diagram below

'A version of this chapter appeared earlier as an independent preprint [11]. The only
changes compared to [11], besides minor corrections of imprecisions, concern the relations
to Verdier localization in Section 2.3.2.
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commute, except for the bottom-right square, which anti-commutes:

A 0 TA TA
B D F TB
C D E TC
TA 0 T24 T24

and such that
w(A3z) + w(Ag) < w(Ar) + w(As).

(i1) [Normalization] There exists some wq € [0, co) such that w(A) > wq for

all A € Tp and w(A’) = wy for all triangles A’ of the form 0 — X X x - o,

X € Obj(D), and their rotations. Moreover, in the diagram in (i), if B = 0 we may
take As to be

A3;:0—- D — D —0. 2.1

Remark 2.2. (a) Neglecting the weight constraints, given the triangles Ay, Aj, Aj
as in point (i), the octahedral axiom is easily seen to imply the existence of A4 making
the diagram commutative, as in the definition.

(b) The condition in point (ii), above equation (2.1), can be reformulated as a
replacement property for exact triangles in the following sense: if A, : C — D —
E — TC is exact and C is isomorphic to A" (= TA), then there is an exact triangle
A" — D — E — TA’ of weight at most w(Aj) + w(A) — wy, where Aq is the
exact triangle 7714’ - 0 — C — A'.

Given an exact triangle A : A — B JoC 5 TAin D and any X € Obj(D),
there is an associated exact triangle X @ A: A > X & B xef y @ C — TA and
a similar one, A @ X. We say that a triangular weight w on D is subadditive if, for
any exact triangle A € Tg and any object X of O, we have

w(X ® A) < w(A)

and similarly for A & X.

The simplest example of a triangular weight on a triangulated category D is the
flat one, wy(A) = 1, for all triangles A € Tgp. This weight is obviously subadditive.
A weight that is not proportional to the flat one is called non-flat.

The interest of triangular weights comes from the next definition, which provides
a measure of the complexity of cone decompositions in D; this leads in turn to the
definition of corresponding pseudometrics on the set Obj(D).
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Definition 2.3. Fix a triangulated category £ together with a triangular weight w
on D. Let X be an object of O. An iterated cone decomposition D of X with lin-
earization £(D) = (X1, X2, ..., Xy) consists of a family of exact triangles in D:

AM: X1 —>0-Y - TX,

A22X2—>Y1—>Y2—>TX2
A3:X3—>Y2—>Y3—>TX3

Ay Xy —> Yy 1> X—>TX,.

To accommodate the case n = 1 we set Yy = 0. The weight of such a cone decompo-
sition is defined by

n

w(D) =Y w(A;) — wo.

i=1
This weight of cone decompositions naturally leads to a class of pseudometrics

on the objects of D, as follows.
Let ¥ C Obj(D). For two objects X, X’ of D, define

837(X, X = inf{w(D) | D is an iterated cone decomposition of X
with linearization (Fy,..., T 'X',..., Fy), (2)
where F; € ¥,k > O}.

Note that we allow here k = 0, i.e., the linearization of D is allowed to consist of
only one element, 7! X', without using any elements F; from the family #. Frag-
mentation pseudometrics are obtained by symmetrizing 6%, as below.

Proposition 2.4. Let D be a triangulated category and let w be a triangular weight
on P. Fix F C Obj(€) and define

d¥ : Obj(€) x Obj(€) — [0, 00) U {+00}

by
d¥ (X, X') = max{8¥ (X, X"), 8% (X', X)).

(i)  The map d¥ is a pseudometric, called the fragmentation pseudometric
associated to w and ¥ .

(i) If w is subadditive, then
d¥(A® B,A'® B") <d*(A,A") + d¥(B, B') + wy. (2.3)

In particular, if wog = 0, then Obj(D) with the operation given by @& and
the topology induced by d¥ is an H-space. (Recall that a topological space
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is called an H-space if there exists a continuous map i : X X X — X with
an identity element e such that (e, x) = u(x,e) = x forany x € X.)

The proof of Proposition 2.4 is based on simple manipulations with exact trian-
gles. We will prove a similar statement in Section 2.3.4 in a more complicated setting
and we will then briefly discuss in Section 2.3.4.1 how the arguments given in that
case also imply Proposition 2.4.

Remark 2.5. (a) If ¥ is invariant under translation, in the sense that 7% C ¥ and,
moreover, ¥ is a family of triangular generators for €, then the metric d¥ admits
finite values. This is not difficult to show by first proving that §¥(0, X) is finite for all
X € Obj(€) (it is immediate that §¥ (X, 0) is finite).

(b) It is sometimes useful to view an iterated cone decomposition as in Defini-
tion 2.3 as a sequence of objects and maps forming the successive triangles A; below

Yo—mYVY1—.. —wYy—— Yy 1 — ... Yy ——Y,

/ / /
/ / /
/ // /
Ay 7/ Ai+1 y An /
/ / /
/ / /
A Vv A
X1

Xi+1 Xn
2.4)
where the dotted arrows represent maps ¥; — TX; and Yo =0, Y, = X.

(c) The definition of fragmentation pseudometrics is quite flexible and there are a
number of possible variants. One of them will be useful later. Instead of §% as given
in (2.2), we may use

n

§$(X, X' = inf{z w(A;) | A; are successive exact triangles as in (2.4)

i=1

withY; =X, X=Y,,and X; € F,n e N}.
2.5

For this to be coherent we need to assume here 0 € . Comparing with the defi-
nition of §¥ in (2.2), § ¥ corresponds to only taking into account cone decompositions
with linearization (T~'X’, Fy,. .., F,) and with the first triangle Ay : T~ X’ — 0 —
X’ — X'. There are two advantages to this expression: the first is that it is trivial to
see in this case that QT' satisfies the triangle inequality, which does not even require
the weighted octahedral axiom. The other advantage is that one starts the sequence of
triangles from X', and thus the negative translate 7! X’ is not needed to define § ¥
There is an associated fragmentation pseudometric d ¥ obtained by symmetrizing & 37,
and this satisfies a formula similar to (2.3). Of course, the disadvantage of this frag-
mentation pseudometric is that it is larger than d ¥ and thus more often infinite.
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2.2 Persistence categories

We introduce in this section the notion of a persistence category — a category whose
morphisms are persistence modules and such that composition respects the persis-
tence structure — and then proceed with a number of related structures and immediate
properties.

2.2.1 Basic definitions

View the real axis R as a category with Obj(R) = {x | x € R} and, for any x, y €
Obj(R), the hom-set
i ifx <y,
homg (x, y) = { =7 " =7
@ if x > y.
By definition, forany x < y <z inR, i, oiy, = ix,,. We denote this category by
(R, <). It admits an additive structure. Explicitly, consider the bifunctor & : (R, <) x
(R, <) — (R, <) defined by &(r,s) :=r + s, where 0 € R is the zero object and,
for any two pairs (r, s), (', s") € Obj((R, <) x (R, <)),

(iryriss) ifr <r’ands </,

homg, <)xr,<) (7, ), (', ) = ,
] otherwise,

and further @ (i, is,s) 1= iy 45,7+ € hommg <)(r +5,7" 4 5’). Fix a ground field k
and denote by Vecty the category of k-vector spaces.

Definition 2.6. A category € is called a persistence category if it is endowed with
the following additional structure. For any A, B € Obj(€), we are given a functor
E4.B : (R, <) — Vecty such that the following two conditions are satisfied:

(i) The hom-set in € is home(A, B) = {(f,r) | f € E4,p(r)}. We write
homg (A4, B) := E4,g(r), or simply hom” (A4, B), when the ambient cat-
egory € is not emphasized.

(i) The composition o : homg (A, B) x homg (B, C) — homr€+s (4,C)in €
is a natural transformation from E4 g X Ep,c to E4,c o @ (with @ the
product (R, <) x (R, <) — (R, <)). Explicitly, the following diagram com-
mutes:

homy (A4, B) x homg (B, C) N homg™ (4, C)
EA,B(ir.r’)XEB,C(iS.s’)l J/EA,C (ir+s,r’+s/)

O’ ,s")

homy (4, B) x hom% (B, C) ——4 homf, **'(4, C)
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Remark 2.7. Item (i) means that each hom-set home (A4, B) is a persistence k-module
with persistence structure morphisms E4, g (i) for any r < s in R. Here, we use the
weakest possible definition of a persistence k-module, in the sense that no regular-
ities, such as the finiteness of the dimension of hom{ (4, B) or the semi-continuity
when changing the parameter r, are required (see [47, Subsection 1.1]).

We will often denote an element in home (A, B) by a single symbol f instead
of a pair (f, r). We will use the notation ( 7 ] = r to denote the real number r and
refer to this number as the shift (or persistence level) of f. For each A € Obj(€), the
identity I4 := (14,0) € hom% (A, A) is of shift 0. If one of the objects A or B is the
zero object, then home (A, B) contains only the zero morphism, denoted by 0, and
it lies in homy (A4, B) for any r € R. For brevity, we will denote from now on the
structural morphisms E4 g (irs) by irs.

A persistence structure allows us to consider morphisms that are identified up to
r-shift and, similarly, objects that are negligible up to a shift by r.

Definition 2.8. Fix a persistence category €.

(i) For f,g € homg (A, B), we say that f and g are r-equivalent for some

r>0if
lva+r(f —8) =0.
We write f ~, g if f and g are r-equivalent.

(i) Two morphisms f € homg (A4, B) and g € homé (A, B) are oo-equivalent,
written f ~o g, if there exist r, 7’ > 0 with &« + r = B + r’ such that
loatr(f) = ip,p+r(8)-

(iii) An object K € Obj(€) is called r-acyclic for some r > 0 if its identity
morphism lg € hom% (K, K) has the property that 1x ~, 0.

Obviously, if f ~, g then f >~ g for all s > r. Notice also that ~~, is indeed
an equivalence relation. Indeed, for r # oo this follows immediately from the fact
that i g : homg (A4, B) — hom@ (A, B) is a linear map, and it is an easy exercise for
r = oo.

Definition 2.9. Given a persistence category €, there are two categories naturally
associated to it, as follows:

(i)  the 0-level of €, denoted by €, which is the category with the same objects
as € and, for any 4, B € Obj(€), with home, (4, B) := hom% (A, B).

(ii)  the limit category (or co-level) of €, denoted by €, which again has the
same objects as € but, for any 4, B € Obj(€),

home_ (4, B) := h_r)n homg (A4, B),

a—>00
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where the direct limit is taken with respect to the morphisms
iq,p : homg(A4, B) — homé(A, B)
for any a < B.

Remark 2.10. (a) In general, a persistence category is not pre-additive as the hom-
sets home (A4, B) are generally not abelian groups. However, it is easy to see that
both €y and €, are pre-additive (the proof is immediate in the first case and a simple
exercise in the second).

(b) The limit category €., can be equivalently defined as the quotient category
€/ ~ 0, which is defined by

Obj(€/ ~x) = Obj(€) and home,~ (A, B) =home(A, B)/ ~o .

Two objects A, B € Obj(€) are said to be 0-isomorphic, and we write A = B,
if they are isomorphic in the category €p. This is obviously an equivalence relation,
and it preserves r-acyclics in the sense that if K ~, 0 and K = K’, then K’ ~, 0.

2.2.2 Persistence functors

Persistence categories come with associated notions of persistence functors and nat-
ural transformations relating them, as described below.

Definition 2.11. Given two persistence categories € and €', a persistence functor
F :€ — €’ is a functor that is compatible with the persistence structures. More
explicitly, the action of ¥ on morphisms restricts to maps (¥4,8), : home (4, B) —
homg, (¥ (A), ¥ (B)) defined for any A, B € Obj(€) and r € R. Moreover, for every
r < s we have the following commutative diagram:

Fap)r
homiz (4. B) — 2B, hom, (7 (4). 7 (B))
5| |i=
7, s
hom (A, B) — 42" s hom,(F (4), F (B))

where i fs and i FS/ are persistence structure maps in € and €’, respectively. In partic-
ular, for each f € home (A, B) with |_f_-| = r, we have ff“A,B(fﬂ =r.

For any functor E : (R, <) — Vectx and o € R, we denote by X*E : (R, <) —
Vecty the a-shift of E, defined by X“E(r) = E(r + o) and 2*E(iy5) = E(ir4a,5+a)
forany i, s : 7 — 5,7 <.

Definition 2.12. Given two persistence functors between two persistence categories
F,8 € — €, apersistence natural transformation n : ¥ — § is a natural trans-
formation for which there exists r € R such that for any A € Obj(€), the morphism
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F (A) — §(A) belongs to homy, (¥ (A), §(A)). We say that 7 is a natural trans-
formation of shift r.

Remark 2.13. (a) The morphisms 14 : ¥ (4) — §(A4), A € Obj(€), give rise to the
following commutative diagrams for all X € Obj(€) and for any &« < € R:

homg, (X, ¥ (A)) e, homg, "(X,8(A)) (2.6)

ia,Bl lia-i-r,ﬂ-i-r

hom?, (X, F (4)) —2%— Morl,”" (X, §(A))

and
homt,(‘g (4), X) a4, homt), "(F(4),X) 2.7

iaﬁl lia+rﬁ+r

hom?, (§(A), X) —=— hom&," (7 (4), X)

(b) Given two persistence categories €, €’, the persistence functors themselves
form a persistence category denoted by PFun(€, €’), where

hompguce,en(F.§) = { (n,7) | n is a natural transformation from ¥ to § of shift r}.

When € = €/, simply denote PFun(€, €’) by PEnd(€). It is easy to verify that
PEnd(€) admits a strict monoidal structure.

Definition 2.14. Let €', €” be two persistence categories. A persistence functor
F € — €" is called an equivalence of persistence categories (or persistence equiv-
alence) if there exists a persistence functor § : €” — €’ such that § o ¥ is isomorphic
to les via a persistence natural transformation of shift 0, whose inverse also has
shift 0, and the analogous condition holds for ¥ o § too. We will say that €" and €”
are persistence equivalent or equivalent as persistence categories.

Standard arguments show that a persistence functor ¥ : €’ — €” is an equiv-
alence of persistence categories if and only if it is full and faithful (in the obvious
persistence sense) and for every object Y € Obj(€”) there exists X € Obj(€’) such
that Y is O-isomorphic to ¥ (X) (i.e., the latter two objects are isomorphic in the
0-level subcategory €; of €").

2.2.3 Shift functors

The role of shift functors, to be introduced below, is to allow morphisms of arbitrary
shift (as well as r-equivalences) to be represented as morphisms of shift 0, at the cost
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of “shifting” the domain (or the target); see Remark 2.19. This turns out to be very
helpful in the study of triangulation for persistence categories.

View the real axis R as a strict monoidal category (R, +) induced by the addi-
tive group structure of R. In other words, Obj(R) = {x | x € R} and, for any x, y €
Obj(R), homg (x, y) = {nx,y}, such that n, x = 1, and, forany x, y,z € R,y ; 0
Nx,y = Nx,z. In particular, 0y, oy x = 1, and 7y x o nx,y = 1x; hence each mor-
phism 7y, is an isomorphism. The monoidal structure is defined by ®(x, y) :=
X + y on objects and, for any two morphisms (1, 1s,s), We have & (1,7, 1s,s’) 1=
Nr+4s,r’+s'-

Definition 2.15. Let € be a persistence category. A shift functor on € is a strict
monoidal functor ¥ : (R, +) — PEnd(€) such that X(nx,y) : Z(x) = Z(y) is
a natural transformation of shift |_Z(nx,y)-| =y—xforany x,y € R and 1y, €
homg (x, y).

For later use, we write X" := X(r) € PEnd(€) and, for brevity, we denote
¥ (ny.s) by nys forr,s € R. We let (1,5)4 be the respective morphism "4 — X9 A4.

Remark 2.16. Since X is a strict monoidal functor, it preserves the monoidal prod-
uct. Therefore, =5 o X7 = X715 and X% = 1. Moreover, since each Nr,s 1S an iso-
morphism in (R, +), the corresponding natural transformation 7, is a natural iso-
morphism. We also have X" (1;,5/)4 = (Ns+r,s/+r)4 for each object A in € and all
r,s,s" €R.

In particular, this implies that for any Y, A € Obj(€) and o € R, we have an

isomorphism
(Mo,r)a° oatr

homi (Y, A) ——— homg™" (Y, X" A). (2.8)
Similarly, for any A, X € Obj(€) and « € R, we have an isomorphism

o(n0.r)4

homg " (X" A4, X) ——— homg (4, X). (2.9)

Further, for any A, B € Obj(€), the isomorphisms (2.8) and (2.9) imply the existence
of an isomorphism

homg™*~" (2" 4, ©* B) ~ hom$ (4, B). (2.10)
In particular, when r = s, we get a canonical isomorphism

X" :homg (A4, B) — homg (X" A4, X" B). (2.11)



Triangulation persistence categories: Algebra 101 16

Finally, the diagrams (2.6) and (2.7) imply that the following diagrams, obtained by
setting ¥ = %% and § = X7, are commutative for any o < f:

hom (X, A) 14° hom&%* (X, 5 4) 2.12)
iavﬁl li(x+r,[3+r
(mo.r)ae

home (X, ) —— MoréJrr(X, 3" A)

and

hom (X" 4, x) 2004 m&H (4, X) (2.13)

ia,Bl lia-i-r,ﬁ-i-r

homé(E’A, X) M>homé+r(A, X)

All the horizontal morphisms in (2.12) and (2.13) are isomorphisms, but the vertical
morphisms (which are the persistence structure morphisms) are not necessarily so.

Assume that € is a persistence category (with persistence structure morphisms
denoted by i, ) endowed with a shift functor X. To ease notation, for A € Obj(€),
r > 0, we consider (7, o)A € homg' (X7 A4, A) and (19,—r)4 € homg' (4, 77 A), and
we will denote below by 77, the maps

N2 =i_ro((Mr0)a) or i =i_ro((No-r)a)- (2.14)

Thus n4 € hom%(E’A, A)ornd e hom% (A,X7" A), depending on the context. Note
that there is no ambiguity of the notation n;‘l due to the canonical identification via X"
in (2.11). The notions discussed before, r-acyclicity, r-equivalence, and so forth, can
be reformulated in terms of compositions with appropriate shift morphisms 17;4.

The next lemma is a characterization of r-equivalence that follows easily from
the diagrams (2.12) and (2.13).

Lemma 2.17. Suppose that f € hom®(A, B). Then iy q+r(f) = 0 for some r > 0 if
and only if f ond =0inhom® (X" A, B) and (equivalently) if and only if n8 o f =0
inhom®(4, X7"B).

In particular, we easily see that for two morphisms f, g € hom*(4, B), f ~, g
if and only if f o n;“ =go n;“. Moreover, r-equivalence is preserved under shifts.
Further, it is immediate to check that / € hom®(A4, B) and g € hom? (4, B) are
oo-equivalent if and only if there exist r, 7’ > 0 with o + r = f + r’ such that

fond=gon? in hom*" (4, B),

where we identify both hom® (=" A, B) and hom? (£7" 4, B) with hom®*” (4, B)
through the canonical isomorphisms in Remark 2.16.
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Here is a similar characterization of r-acyclicity.

Lemma 2.18. K =, 0 is equivalent to each of the following:

i nfk=o
(i) iga+r i hom*(A4, K) — hom®*" (A, K) vanishes for any o € R and A.
(i) ig.a+r : hom*(K, A) — hom**" (K, A) vanishes for any a € R and A.

Proof. Point (i) is an immediate consequence of the definition of r-acylics in Defini-
tion 2.8 and of Lemma 2.17 applied for A, B = K, f = 1x. We now prove (ii). The
proof of (iii) is similar and will be omitted. It is obvious that (ii) implies K ~, 0 by
specializing to A = K, a = 0 and applying iy, to 1x. To prove the converse, we first
use the diagram (2.12) to deduce that the map iy o+, factors as

(i—r.0(Mmo.—r)K)o (m—r.0)k©°
—_—

hom® (4, K) hom*(A4, 27" K) hom**" (4, K) .

ioz.a—i—r

Therefore, since (17—,0)x© is an isomorphism, for any f € hom®(A4, K) we have
ia,a+r(f) = 0if and only if i, o(10,—r )k © f = 0. From point (i) we know that this
relation is true for f = 1g. Now, for any f € hom*(4, K), we write f = 1g o f
and conclude that i, o(o—r )k © f = i—r0(o—r o lxg) o f = 0. [

In particular, we see that K is r-acyclic if and only if any of its shifts X% K is so.

Remark 2.19. (a) Assume that € is a persistence category endowed with a shift
functor ¥ and that fi, fo € homg (A, B). Then, for all practical purposes, we may
replace f; with the €, morphisms ﬁ € hom%(E"‘A, B), where ﬁ = fi © (Na,0)A4.
The property f1 ~~, f> is equivalent to

T sy T~ say
Jion “ =0 faon 7,

which is a relation in €.

(b) Shift functors are natural in many geometric examples. Nonetheless, for a
given persistence category €, the existence of a shift functor X on € is a constraining
additional structure. In particular, a persistence category € endowed with a shift func-
tor 3 contains considerable redundant information. Indeed, the isomorphism (2.10)
implies that all the morphisms in € are determined by the morphisms in €, together
with X. In other words, given a category €, endowed with a shift functor X (appro-
priately defined), one can define a persistence category € with the same objects as €y
by using (2.10) to define morphisms of arbitrary shifts out of the morphisms in €.
We will see such an example in Section 2.2.4.

(c) There is an obvious way to formally complete any persistence category €
to a larger persistence category € that is endowed with a canonical shift functor.
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This is achieved by formally adding objects X" X for each r € R and X € Obj(€),
and defining morphisms such that the relations in Remark 2.16 are satisfied. In view
of this and of the redundancy at point (b), one could prefer to replace the notion
of a persistence category with a structure consisting of a category — corresponding
to €y — and a shift functor. This leads to an equivalent formalism. We stick in this
memoir with the formalism of persistence categories as introduced in Definition 2.6,
as we found it easiest to handle in algebraic manipulations and because it corresponds
naturally to most of our geometric examples.

2.2.4 An example of a persistence category

We give an example of a persistence category that is constructed from persistence
k-modules. To some extent, this is the motivation of the definition of a persistence
category. Recall that for a persistence k-module V, V[r] denotes another persistence
k-module which comes from an r-shift from V in the sense that

Vir] _ |V
V[r]s = Vr4r and by ™ = bstretr

A persistence morphism f : V — W is an R-family of morphisms f = { f;} that
commutes with the persistence structure maps of V and W, i.e., f; o th = LXX o fs.
Similarly, one can define an r-shifted persistence morphism f[r], where (f[r]); =
f r+t-

Let Modk be the category of persistence k-modules; then we claim that > Mody
can be enriched to be a persistence category €% Md% Indeed, let Obj(€? Mody) =
Obj(PMody), and for objects V, W in ’Mody, define

homee 2 voay (V. W) := {{hom!f’Modk(Vv W{rD}rer; {ir,s}r,se]R,rfs}- (2.15)

Here, hom% 2yioq (V. W) = homppgoq, (V, W(r]), and homgpyieg, (¢, -) consists of per-
sistence morphisms. For any r < s, the well-defined persistence morphism lY\;{r’, 15
W [r] — W(s] induces structure maps i, 5 := L,“_Yr’, 4s©1n (2.15). Moreover, the com-
position o, 5) : homy, pyeq, (U, V) X homg pyee, (V, W) — homg;sMMk (U, W) is de-
fined by

(f,8) > glr]o f,
where we use the identification hompyea, (V, W)[r] = hompmoq, (V[r], W(r]) for
any r € R. Moreover, for the following diagram, where r < r’ and s < s”:

o(r.s)

homppeq, (U, V[r]) x hompyieq, (V, W[s]) ——— home (U, W[r + s5])

’r,r’X’s.s/J llrﬂ-s,r/-i-s’

°@r/.s")

hom pyeq, (U, V[r']) x Homppeq, (V, W(s']) —— home (U, W[r' 4 s'])
(2.16)



Persistence categories 19

we have

(O(r’,s’) o (ir,r’ X is,s’))(fv g) = O@,s") (ir,r’(f)’ ig s’ (g))
= is,s’(g)[r/] oy (f)
=Y g0 oY, 1o f)

\%\% A%
= L-+r’+s,'+r’+s’ ° g[r/] ° L-+r,‘+r’ °© f

M W

= lygs,4r+s' O bgrds, 4r/4s © g[r] © f
w

= lyrgs, +r+s © (g[r] o f)

= (lr+s,r’+s’ o O(s,t))(fv 2,

where the fifth equality is due to the fact that g is a persistence morphism (so,
in particular, it commutes with the persistence structure maps). Therefore, the dia-
gram (2.16) is commutative and €M g a persistence category in the sense of
Definition 2.6.

Since hom% ro, (V. W) = hompygeq, (V, W), we have Eg) Modk — PMod. An
example of a persistence endofunctor on €¥Mdk denoted by X% : ©PModk _; ¢ PModi
is defined by

S¥(V):=V[—a] and Z*(f) = f[—«] 2.17)
for any « € R. It is immediate to see that X% is a persistence endofunctor on €%Modk

for any @ € R in the sense of Definition 2.11.
We now define a shift functor on €¥Modk  denoted by

Y : (R, +) — PFun(eModk),

by
Y(a) := X% asdefinedin (2.17) and 148 = 1.[—4]

for any o, B € R. Indeed, evaluate 7, g on any object V:

(Na,8)v = 1v[—a] € hompyoqy (V[—a], V[—a])
= hompwmoq (V[—a], V[-B + B —a])
= hom® %, (V[—a]. V[-B])
= hom?2% (3%V, 2PV).

© P Modg

In other words, 74, is a persistence natural transformation of shift 8 — « as in Defi-
nition 2.12. Therefore, ¥ defines a shift functor on €% Modk_

Finally, for each r > 0, recall that the notation ny in (2.14) denotes the composi-
tioni_, o o (nr.0)v. In particular, 5, € hom%j)l\,[ndk (2£7V,V) =homppmoq (V[—r], V)
equals the composition

\4

Ty[— Lyp.©
) V-] Ay,

V[-r]
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which is just L,Y,’., the persistence structure maps of V. Assume that objects in > Mody
admit sufficient regularities so that they can be equivalently described via barcodes
(see [25]). In this case, by Lemma 2.18 (i), the r-acyclic objects in €M are pre-
cisely those persistence k-modules with only bars of length at most r in their barcodes
(see [57-59]).

Remark 2.20. (a) The way that the category $Mody is enriched to €7M% above is
also investigated in the recent work [13, Section 10]. In particular, the morphism set
defined in (2.15) coincides with the enriched morphism set in [13, Proposition 10.2],
and €PMdk is similar to Mod% in [13, Proposition 10.3] (when taking R = k and
P =R).

(b) The notion of a persistence category endowed with shift functors is very nat-
ural in persistence considerations, as already mentioned in point (a) above. The same
notion appears in [51] under the name of a locally persistent category, and the 0-level
(from Definition 2.9) appears in that work, where it is called the underlying cate-
gory of the respective locally persistent category. The definition of interleaving of
persistence modules adapts trivially to this context — of persistence categories or,
equivalently, locally persistent categories — to provide a (pseudo)distance, possibly
infinite, on the objects of such a category, as in Definition 2.84. The work [51] ana-
lyzes and establishes key properties — for instance, completeness — for interleaving
distances of this sort under certain assumptions — such as existence of products, or
co-products, or a model structure, or existence of limits — on the O-level category.

Starting from Section 2.3, we focus on properties of persistence categories with
0-levels that have the structure of triangulated categories. In practice, this means that
they are often homotopy categories of other categories. From this perspective, while
we work, in some sense, at the homotopy level, [51] is geared towards considering
0-levels that directly have a model category structure. In our case, the triangulation
is tied to the persistence structure by some simple axioms. If € is such a category,
called a triangulated persistence category (TPC), then we will see that the co-level is
endowed with a categorical weight induced by the persistence structure, and the gen-
eral machinery in Section 2.1 leads to a class of fragmentation (pseudo)metrics on the
objects of €. These fragmentation metrics extend, on the one hand, interleaving-type
metrics and, on the other hand, complexity measurements such as those mentioned
in Remark 1.2; they are also similar to classical notions in topology such as cone-
length [19]. In Section 3 we show that certain derived Fukaya categories admit TPC
refinements and thus their objects are endowed with persistence fragmentation met-
rics. The interest of this class of fragmentation metrics in this symplectic context is
that, under favourable geometric assumptions, these metrics are both non-degenerate
and finite while interleaving-type distances take infinite values.

Some elementary relations between interleaving and the rest of the algebraic
machinery in the memoir appear in Section 2.4.3.4. Moreover, it is likely that, in some
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cases, some of the deeper properties of the interleaving distances discussed in [51] can
be related in more substantial ways to our fragmentation metrics; however, we will
not pursue these questions here.

2.3 Triangulated persistence categories

This section is central for the rest of the memoir. It investigates triangulation proper-
ties in the context of persistence categories. We start with two key definitions in Sec-
tion 2.3.1: Definition 2.21, which introduces the notion of a triangulated persistence
category (TPC) — a persistence category € with a shift functor whose 0-level € is
triangulated — and Definition 2.26, which introduces the notion of an r-isomorphism.
We then discuss a number of useful properties of r-isomorphisms. These properties
are, in some sense, “‘shift”’-controlled analogs of properties that appear when defin-
ing the Verdier localization of a triangulated category. Indeed, in Section 2.3.2 we
see that the acyclics of finite order in € form a triangulated subcategory A€y of €y,
and that the Verdier localization of €y with respect to this subcategory is the co-level
category €, of €, which is therefore itself triangulated. The main aim of our alge-
braic formalism is to construct a notion of weighted exact triangles in € — and this
is pursued in Section 2.3.3, in particular in Definition 2.3.3. We then discuss in Sec-
tion 2.3.4 associated fragmentation pseudometrics.

2.3.1 Main definitions

We will consistently use below the characterization of r-equivalence in Lemma 2.17
as well as that of r-acyclics in Lemma 2.18.

Definition 2.21. A triangulated persistence category is a persistence category €
endowed with a shift functor ¥ such that the following three conditions are satisfied:

(i)  The O-level category € is triangulated with a translation automorphism
denoted by T'. Note that, in particular, € is additive, and we further assume
that the restriction of the persistence structure of € to €y is compatible with
the additive structure on €, in the obvious way. Specifically, this means
that home (4 @ B, C) = homy (A, C) @ homy (B, C) for all r < 0, and
the persistence maps i, s, ¥ < s < 0, are compatible with this splitting. The
same also holds for homg (4, B @ C).

(i)  The restriction of X" to End(€y) is a triangulated endofunctor of €y for
each r € R. Note that each of the functors X7, being a triangulated func-
tor, is also assumed to be additive. We further assume that all the natural
transformations 7,5 : " — X%, 5,r € R, are compatible with the additive
structure on €.
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(iii) Forany r > 0 and any A € Obj(€), the morphism 4 : "4 — A defined
in (2.14) embeds into an exact triangle of €y,

A
AT A4S K> TS A,

such that K is r-acyclic.

Example 2.22. The fundamental example of a triangulated persistence category is
provided by the homotopy category of filtered (co)-chain complexes over a field k,
H°FX\. The objects are filtered cochain complexes (C, ) over k, with

C:--.cC®cCfc... (@a<BeR),

and 9 does not increase filtration; hence each C=* is itself a cochain complex — a
more complete description is given in Section 2.5.2. The morphisms are homotopy
classes of filtered chain maps

hom”(C,C") = {f : C — C'| f is achain map, f(C=%) C (C")=*"T"}/~,,

where the relation ~~, is cochain homotopy via a homotopy / : C* — C*~! such that
h(C=%) C (C")=**T. The translation functor is defined as usual by translating degree
(and keeping the filtration unchanged), namely (7’C)* = C'*1, and with the obvious
action on morphisms. The shift functor acts on objects by [Z" C]=% = C=%"" with the
obvious differential and the obvious action on morphisms. The 0-level of H°F X\,
[H°FXK\]o, is the subcategory with the same objects but whose morphisms come
only from filtration-preserving chain maps. This is a triangulated category because,
for chain-preserving maps, the mapping-cone construction is filtration preserving.
The r-acyclics in this case are filtered complexes C such that 1¢ is chain homotopic
to 0 through a chain homotopy that shifts filtration by at most r.

Note that we also have the (full) subcategory FK ,ig C F K of finitely gener-
ated filtered cochain complexes, which is also a TPC. The category [H°F XK f(g]oo is
equivalent to the usual homotopy category of finitely generated cochain complexes.

Remark 2.23. (a) Given that €, is triangulated, the functors homy (X, —) and
homy (—, X) are exact for s = 0. This property, together with the fact that X° is
a triangulated functor for all s and the relations in Remark 2.16, implies that these
functors are exact for all s € R.

(b) Condition (ii) requires in particular that ¥ and 7 commute. Thus, TX" X =
3"TX for each object X, and for any f € hom%(A, B) we have X'Tf =TX" f.
Additionally, each X" preserves the additive structure of €y, and it takes each exact
triangle in €y to an exact triangle. Moreover, the assumptions above imply that we
have canonical isomorphisms

homg (A @ B,C) = homp(A,C) @ home(B,C) Vr e R,
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and the persistence maps i, are compatible with these isomorphisms. The same
holds also for hom¢ (A4, B @ C). Finally, the maps r];‘l, A € Obj(€y), r > 0, are com-
patible with the additive structure on €.

Notice also that the functor T extends from €, to a functor on €. Indeed, T
is already defined on all the objects of € as well as on all the morphisms of shift 0.
For f e hom” (A4, B), we define Tf = T(f o (1r.0)4) © (0,r)T4- It is easily seen that
with this definition 7 is indeed a functor and it immediately follows that 7' ((n,.5)4) =
(nr,s)T4 for all objects A in € and r, s € R. Further, by using the identifications in
Remark 2.16, it also follows that T is a persistence functor. In particular, we have
nT4 = T4 for each object A in €.

(c) Given that 0-isomorphisms preserve r-acyclicity, as noted in Section 2.2.1,
condition (iii) in Definition 2.21 does not depend on the specific extension of r;;“ to
an exact triangle.

(d) In a way similar to Remark 2.19 (b), the data encoded in a triangulated per-
sistence category is determined by the triangulated category €y together with an
appropriate shift functor ¥ : (R, +) — End(€p). From this data it is easy to define
a triangulated persistence category € with the same objects as €y, that has €y as its
0-level and with morphisms endowed with a persistence structure such that (2.12) and
(2.13) are satisfied with respect to the given shift functor . We do not give further
details here, but we will see such an example in Section 2.5.4.

It is clear that TPCs form a category with respect to persistence functors that
respect the additional structure. The appropriate notion is formalized below.

Definition 2.24. Let € and €” be two TPCs. A persistence functor  : €' — €” is
called a TPC functor if it satisfies the following conditions:

(i) F is compatible with the shift functors Zes, Xer~ of the two categories,
namely ¥ o ¥y, = Xp, 0o F forall r € R, and (1,5)7(4) = F ((0r,5)4)
for all A € Obj(€’) and all r, 5.

(i)  The O-level F¢; : €5 — €y of the functor ¥ is triangulated.

In the definition above, the fact that ¥ |¢; maps €, to € follows from the
assumption that ¥ is a persistence functor. Modifying Definition 2.14, we now give
the definition of an equivalence between TPCs.

Definition 2.25. Let €’ and €” be two TPCs. A TPC functor ¥ : €’ — €” is called
a TPC equivalence if there exists a TPC functor § : €” — €’ such that both ¥ o §
and ¢ o ¥ are isomorphic to the respective identity functors via persistence natural
transformations of shift 0.

Standard results in triangulated categories (e.g., [39, Section 1.2]) imply that a
TPC functor ¥ : € — €” is a TPC equivalence if and only if it is an equivalence of
persistence categories.
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Definition 2.26. Let € be a triangulated persistence category. A map f € hom% (A,B)
is said to be an r-isomorphism (from A to B) if it embeds into an exact triangle in €y

ALB—)K—)TA

such that K ~, 0. In this case, we write f : A >~, B.

Remark 2.27. (a) If f is an r-isomorphism, then f is an s-isomorphism for any
s > r. It is not difficult to check, and we will see this explicitly in Remark 2.30,
that for r = 0 this definition is equivalent to the notion of 0-isomorphism introduced
before (namely, isomorphism in the category Cp).

(b) The relation T(r]f< ) = an implies that TK is r-acyclic if and only if K is
r-acyclic and, therefore, f is an r-isomorphism if and only if 7f is one.

(c) From Definition 2.21 (iii) we see that for any » > 0 and A € Obj(€) we have

ndTTA~, A

Proposition 2.28. Any triangulated persistence category € has the following prop-
erties:
i) If f: A— B isan r-isomorphism, then there exist ¢ € hom% (B,X7"A)
and Y € homg (" B, A) such that

pof=ndin hom@ (A4, 277A4) and foy = n8 in hom¢ (" B, B).

The map  is called a right r-inverse of f and ¢ is a left r-inverse of f.
They satisfy "¢ >, .

(i1)  If f is an r-isomorphism, then any two left r-inverses ¢, ¢’ of [ are them-
selves r-equivalent, and the same conclusion holds for right r-inverses.

(i) If f:A~ Bandg: B ~; C,thengo f : A ~,45 C.

Proof. (i) We first construct ¢. In €y, the morphism f : A — B embeds into an exact
triangle A - B & K X TA with K ~, 0. Using the fact that ¥ and 7" commute,
the following diagram is easily seen to be commutative:

K—" 74

nk l lan 4

Il QRN LY o

Thus n74 o h = £7"h o nX = 0, since K is r-acyclic (and so nX = 0). By rotating
exact triangles in €y we obtain a new €y-exact triangle K LY TA -L TB =5 TK
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and consider the diagram below (in €y):

K" a7 rp_ T 7k

R

0— > 7TA—L sy 7TT4A— 0

The left square commutes, so we deduce the existence of a map
¢ € homZ(TB, 27" TA)

that makes the middle and right squares commutative. The desired left inverse of f is
¢ =T~ '¢. A similar argument leads to the existence of {. We postpone the identity
"¢ ~, ¥ after the proof of (ii).

(ii) If ¢, ¢’ are two left inverses of f then (¢ — ¢’) o f = 0. Therefore

@—dNonf=@—9¢)o(foy)=(@—¢)o floy =0.

Lemma 2.17 implies that ¢ ~, ¢’. The same argument works for right inverses. We
now return to the identity X" ¢ ~, ¥ (using the notation from (i)). We have the fol-
lowing commutative diagram:

A
S B v A /B\"’" S A

Therefore, n4 o ¥ = ¢ o nB. By the naturality properties of 1 we also have ¢ o n8 =
r];‘1 o X"¢. Thus, by Lemma 2.17, "¢ ~, .
(iii) We will make use of the following lemma.

Lemma 2.29. If K - K" — K’ — TK is an exact triangle in €y, K ~, 0 and
K’ ~;0, then K" ~,, 0.

Proof of Lemma 2.29. We associate the following commutative diagram to the exact
triangle in the statement:

hom*(K”, K) —— hom*(K”, K”) ———— hom*(K", K')

l I I

homa+s (K”, K) homoz-l—s (K//, K//) h homa+s (KN, K/)

o| |

homoc—f-r-i—s (K// K) n homa+r+s (K// K//)
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Here, the vertical morphisms are the persistence structure maps. The rightmost verti-
cal map and the lower-leftmost vertical map are both 0 due to our hypothesis together
with Lemma 2.18. The functor hom®* (K", —) is exact which implies that t o v = 0
and, again by Lemma 2.18, we deduce K" ~, 4, 0. [

Returning to the proof of Proposition 2.28, point (iii) now follows immediately
by using the octahedral axiom to construct the following commutative diagram in €y:

K
|
K
—— K’

with exact rows and columns, and applying Lemma 2.29 to the rightmost column. m

Remark 2.30. (a) Points (i) and (ii) in Proposition 2.28 imply that the notion of
0-isomorphism f : A — B, as given in Definition 2.26 for r = 0, is equivalent to an
isomorphism in €. In particular, for r =0, f admits a unique inverse in hom% (B, A).

(b) Point (iii) in Proposition 2.28 shows that being r-isomorphic (for a fixed r)
cannot be expected to be an equivalence relation on Obj(€) (unless r = 0).

Here are several useful additional results and corollaries.
The first is a version of the five-lemma in the TPC context.

Proposition 2.31. Consider the following commutative diagram in €y:

A B C TA (2.18)
|
uJ/ vl w | Tul
4
A B’ C’ TA

such that the two rows are exact triangles. If u is an r-isomorphism and v is an
s-isomorphism, then:

(i)  There exists an (r + s)-isomorphism w making the diagram commutative.

(1) Any w making the diagram commutative is a 3(r + s)-isomorphism.

Proof. Part (i) of the proposition is an easy consequence of Lemma 2.29 and the
octahedral axiom in €.

To show part (ii) we will use the following notation. For an object Z € Obj(€),
we denote by Hz the functor home (Z, —) : € — €PModk (the target of this functor
is an obvious enrichment of the category of persistence modules; see Section 2.2.4).
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Similarly, denote by H 7 the (contravariant) functor home (—, Z). Further, if U and V/
are persistence modules and F : U — V is a morphism in €¥M%  we say that F is:

e r-epiif for all y € V there exists x € U such that F(x) = i,(y). (Here and in
what follows, i, stands for the persistence structural map on homc (A, B) whose
restriction to hom* (4, B) is the map iy o+, : hom¢ (A4, B) — hom"(‘;” (4, B),
o €R)

e r-mono if for all x € U with F(x) = 0 we have i (x) = 0.

The proof is based on properties of right and left inverses that are contained in the
following statement.

Lemma 2.32. Let ¢ € home, (M, N).
(1) ¢ admits a right r-inverse if and only if Hz (¢) is r-epi for all Z € Obj(€).
The existence of a right r-inverse implies that H, (¢) is r-mono for all Z.
(i) ¢ admits a left r-inverse if and only if H7(¢) is r-epi for all Z € Obj(C).
If such a left r-inverse exists, then Hz(¢) is r-mono for all Z.

(iii)) Consider a morphism of exact triangles as in (2.18). Assume that for every
Z € Obj(€), Hz(u) is r-epi and s-mono and that Hz(v) is r'-epi and
s'-mono. Then Hz(w) is (r' +r + s')-epi and (s + s’ + r)-mono for all Z.

(iv) If ¢ admits a right r-inverse and a left s-inverse, then ¢ is a (r + 5)-iso-
morphism.

Proof of Lemma 2.32. We start with (i). Assume that ¢ admits a right r-inverse ¥ €
home, (27N, M). Let h € hom&(Z, N). We have honZ =nN o STh = o (Y o
X'h) = Hz(¢)(y o X'h), with o X'h € homg (X" Z, M) = hom{;r"‘(Z, M).
Therefore

igatr(h) = (honF)o(nos)z =¢o (o= ho(no,)z).

It follows that Hz(¢) is r-epi. Conversely, assume that Hy (¢) is r-epi. Then n
is in the image of Hpy(¢), which means that ¢ admits a right r-inverse. To fin-
ish with (i), let k € hom§ (N, Z) be such that k o ¢ = 0. We write 0 = k o ¢p =
kogoy =konY =nZ o Xk, which means i,(k) = 0 € homrf+“(N, Z). Thus
H7(¢) is r-mono.

Point (ii) is entirely similar to (i).

For point (iii), we first notice that, by assumption, the maps Hz(u) and Hz(v)
satisfy the epi and mono conditions with constants that are the same for all objects Z
in €. It is immediate to see that Hz (T u) is r-epi (respectively, s-mono) if and only if
Hyp—17(u) is r-epi (and, respectively, s-mono). This implies that Hz (T u) is r-epi
and s-mono, and that Hz(T'v) is r’-epi and s’-mono for all / € Z (and all Z). We
now apply the exact functor Hz to the diagram (2.18), and we obtain two long exact
sequences of persistence modules related by comparison morphisms. The desired
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conclusion follows by direct diagram chasing, as in the proof of the classical five-
lemma.

For point (iv), we use the triangulated structure of €, to obtain an object K and
the following commutative diagram in €y:

M pm 0 ™ (2.19)
idJ/ ¢l Pl idl
M—2N K ™

whose rows are exact triangles. Given that ¢ admits a right r-inverse, we deduce
from (i) that Hz(¢) is r-epi for all objects Z in €. The existence of a left s-inverse
implies, by (ii), that Hz(¢) is also s-mono for all Z. We now use (iii) to deduce
that Hg (p) is (r + s)-epi. This implies that i,45(idg) is in the image of Hg(p).
But p is the null map, so i,4;(idg) = 0. Hence K ~, 1 0. It follows that ¢ is an
(r + s)-isomorphism. ]

We now return to the proof of the second point of Proposition 2.31 with the nota-
tion and the assumptions there. We denote by K any object that completes the map w
to an exact triangle

C1>C/—>K—>TC.

An r-isomorphism admits both right and left r-inverses. Thus, points (i) and (ii) of the
lemma show that Hz (1) is r-epi and »-mono and that Hz (v) is s-epi and s-mono for
all objects Z in €. Point (iii) of the lemma then implies that Hz(w) is (25 + r)-epi
and (2r + s)-mono for all Z. We now consider a diagram just as (2.19) but with
M =C,N =C’, ¢ = w, and we use point (iii) of the lemma to deduce that the map
Hg (p) is 3(r + s)-epi, which means that K is 3(r + s)-acyclic. ]

Corollary 2.33. If f : A — B is an r-isomorphism, then any right inverse €
hom®(=” B, A) (given by (i) in Proposition 2.28) is a 2r-isomorphism. The same
conclusion holds for any left inverse.

Proof. By the octahedral axiom (in €;), we have the commutative diagram

B——¥"B——0

[

A B K

where K” — K’ — K — TK" is exact. By (iii) in Definition 2.21, K’ ~, 0. There-
fore, by Lemma 2.29, K" ~5, 0 and thus v is 2r-isomorphism. A similar argument
applies to the left inverse of f. |
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Remark 2.34. The fact that left and right inverses of r-isomorphisms are only 2r-iso-
morphisms has significant impact on the various algebraic properties of TPCs. How-
ever, this seems unavoidable. For example, it is easy to construct examples of r-iso-
morphisms in the (homotopy) category of filtered cochain complexes that admit a
unique right inverse which cannot be better than a 2r-isomorphism.

The next consequence is immediate but useful, so we state it separately.

Corollary 2.35. If f : A — B is an r-isomorphism, then for any u,u’ € hom%(B ,C)
suchthatuo f =u'o f, we have u >, v, i.e., u and u’ are r-equivalent. Similarly,
ifv,v' € hom%(D,A) and fov= fov, thenv ~, v

Corollary 2.36. Assume that the following diagram in €y:

K A2 u TK
ﬂkl fl f’l nTKl
K B—Y B TK

is commutative, that the two rows are exact, and that K ~, 0. Then the induced
morphism f' is unique up to r-equivalence.

Proof. Since K ~, 0, by definition, ¢ is an r-isomorphism. For any two induced mor-
phisms f/, f; € homg(A’, B'), we have f] o¢ = fJ o¢ =1 o f and the conclusion
follows from Corollary 2.35. |

Corollary 2.37. Let ¢ : A — A’ be an r-isomorphism. Then for any f € hom% (A, B),
there exists ' € hom% (A’, 277" B) such that the following diagram commutes in €y:

A—2 s u

.l

B ,yTR

Proof. Since ¢ : A — A’ is an r-isomorphism, there exists a left r-inverse denoted by
Y:A'— X" Asuchthaty ogp = nA. Set f/:= X" f oy chomZ(4,Z"B). m

Similar direct arguments lead to the next consequence.

Corollary 2.38. Consider the following commutative diagram in €y:
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where f € homg(A, B), f' € hom@(A'.B’), and ¢, are r-isomorphisms. Let ¥/, '
be any left inverses of ¢, @', respectively. Then the diagram

A sra

1
,‘p/

B ——X7B

is r-commutative, in the sense that X" f o ~, ¥’ o f’. A similar conclusion holds
for right inverses.

2.3.2 Relation to Verdier localization

Proposition 2.39. Let € be a triangulated persistence category and let A€ be the
Sull subcategory of € with objects the r-acyclic objects of € (for all v > 0).

(i)  The category A€ is a triangulated persistence category on its own, with
0-level denoted by ACy (= (ATC)g), the full subcategory of €y whose
objects are those of AC.

(1)  The infinity level € of € coincides with the Verdier quotient (a.k.a. local-
ization) €y / A€y of €y by ACy. In particular, €o is triangulated.

Remark 2.40. (a) The collection S of all r-isomorphisms (for every r > 0) forms a
multiplicative system in €. The Verdier quotient above is the same as the localization
S~1€y of €y by S. For a definition of the localization, see [40, Subsection 1.6].

(b) A result somewhat similar to Proposition 2.39, established for Tamarkin cate-
gories, appears in [37, Proposition 6.7].

Proof. For the first point of the proposition we first notice that the subcategory of
acyclics, A€, is a persistence category. It is obviously endowed with a shift functor
by restricting the shift functor of €. Moreover, its 0-level is clearly a full subcategory
of €. Finally, Lemma 2.29 implies that A€y is a triangulated subcategory of €,
which implies that it is a TPC.

We now turn to the second point of the proposition. By inspecting the definition
of Verdier localization (for instance in [43, Chapter 2]), we see that the localization
of €y at A€y, denoted by €y/ A€y, is a category with the same objects as €, and
having as morphisms A — B equivalence classes of roof diagrams:

A< A i) B
w1th U an r 1s0m0rphlsm for some r >0, and f’ € homg,(A’, B). Two roof diagrams
A A LS Band 4 L A S B are equivalent if they are related by a third roof
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diagram A <= A}, =2 B in the sense that there are maps a’, a/ in €y making the
following diagram commutative:

The category €, appears in Definition 2.9. Its objects are the same as those of €
and its morphisms are

home__ (A4, B) = 1_11_)n homg (4, B) = 133)1 home, (X" A4, B),

r—>00 r—>0o0

where the second equality comes from (2.9). Given a morphism f € home__ (4, B),
this means that f is represented by f >"A — B for some r > 0 as well as by all
compositions 254 =5 37 A L5 B. We now define a functor

(O3 '600 — f()/eA)f’O

It is the identity on objects and for a morphlsm f e h0m~@(>o (A, B) we let (f)
be the equivalence class of a roof diagram A <— X" A4 L5 B, where f:3A— B
represents f. Any two roof diagrams that are associated to two representatives of f
are immediately seen to be equivalent, and as a result ® is well defined.

It remains to show that ® is an isomorphism. Surjectivity is immediate. Fix H
a roof diagram A Ay LN B. As a is an r-isomorphism (for some r), we deduce
from Proposition 2.28 the existence of a right r-inverse ¢ : X" A — A’ of a such that
ao¢ = n;‘l. Therefore, we may define a new roof diagram H', A <= ¥ A bod, .
The roof diagrams H’ and H are clearly equivalent, and thus their equivalence class
belongs to the image of .

We now show that @ is injective. For this we consider the commutative diagram

7];'4/ f//

o
|

1p

1p

|
oy b, |
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with each row a roof diagram. We need to show that f” and f’ represent the same
element in €. In fact, u is an s-isomorphism for some s > 0. Letv : ¥4 — A’ be
a right inverse of u. Now consider the commutative diagram

A sra L p
1, P 15

At syt g
14 a’ 1

A s S

where @' = a’ ov,@" = a” ov, f = f owv. Notice that we have n4 o @’ = nd =
nr o n4_,. This means, by Corollary 2.35, that @’ ~, n2_,. Similarly, we have a” ~,/
nf_r,. For r” > max{r, r'} we deduce @’ o n4, = nf_r+r,, and a”’ o 17;4,, = n;“_r,+r,,.
Thus, by composing on the middle node with n;“,, 354 5 S5 A, we get a new
commutative diagram similar to the one above but with a” and @’ being replaced with
nf_ rpr and nf_ » 4> Tespectively. We deduce that f” and f” give in Cx the same
element as f ) r];“,,, which concludes the proof. |

Remark 2.41. By the properties of Verdier localization, the category € is triangu-
lated in such a way that, by definition, a triangle in €, is exact if it is isomorphic
with the image (in € ) of an exact triangle from €.

2.3.3 Weighted exact triangles

The key feature of a triangulated persistence category € is that there is a natural way
to associate weights to a class of triangles larger than the exact triangles in .

Definition 2.42. A strict exact triangle in € is a pair A = (A,r) wherer € [0, +00)
and A is a diagram

A:aS5BSCcS 5714
in €y with i € hom (4, B), ¥ € homZ(B, C), and & € hom®(C, 7" TA), such

that the following holds. There exists an exact triangle A % B = C’ = TA in €,
with ¥ = i, an r-isomorphism ¢ : C’ — C, and a right r-inverse of ¢, denoted by
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¥ 1 X"C — C’, such that the following diagram commutes:

¥rC (2.20)

The weight of the strict exact triangle A is the number r, and we denote it by w(&).

Remark 2.43. (a) To simplify terminology, we will often denote strict exact triangles
by the diagram A, with the weight identified implicitly by the amount of down “‘shift”
of the last term. Notice that if ¥°A4 # A for all s, then the diagram A determines the
weight of the triangle. However, when this is not the case, it is necessary to indicate
the weight explicitly. For example, for any r > 0, the pair (0 — X g 'GN 0,7)
is a strict exact triangle of weight r because ¥°0 = 0 in €y and two such triangles
are different as soon as the corresponding weights are different. In what follows, we
will not always write strict exact triangles as pairs. We will often simply write that
a diagram A as above is strict exact of weight w(A) = r. Although there is a slight
imprecision in writing w(A) = r (since A does not determine r), the meaning of this
should be clear: (A, r) is a strict triangle of weight r.

(b) Any exact triangle in €y is a strict exact triangle of weight 0. Conversely, it is
a simple exercise to see that a strict exact triangle of weight 0 is exact as a triangle
in '6().

(c) Consider the following diagram:

s B =0,

A—2 sp—2 s —2 4TA

Sk

C—" .57T4A

which is derived from the commutative diagram (2.20). The two squares in the dia-
gram are not commutative in general, but they are r-commutative. Indeed, since
¢ is an r-isomorphism, let 1/7 :C — X77C’ be a left r-inverse of ¢. As ¢ is a
right r-inverse of ¢, we deduce from Proposition 2.28 (i) that X" ~, 1; There-
fore, Togp =S TwoS "Yod~ STwoyod = Z_’wonf/ =nTow.
Using Corollary 2.35, we also see that ¥ o X7 ~, v o n5, because ¢ o Y 0 79 =
povony.
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(d) Because T commutes with X and with the natural transformations 7, it imme-
diately follows that this functor preserves strict exact triangles as well as their weight.

Example 2. 44 Recall that the map X" 4 2> A embeds into an exact triangle in €,
YA A4S K5 TS A, where K is r-acyclic. We claim that the diagram

A
YA A5 kS T4

is a strict exact triangle of weight r. Indeed, we have the commutative diagram

YK
77?4 v w
YA A K TS A
\ lﬂK
K

where the upper-right triangle is commutative since K is r-acyclic (so r}f =0 by
Lemma 2.18 (i)). Moreover, 1k is an r-isomorphism (recall that TX" A = X" TA).
Note that the diagram

A

A A4S0 TA

is also a strict exact triangle of weight r.

Proposition 2.45 (Weight invariance). Strict exact triangles satisfy the following two
propetrties:
()  Suppose the two diagrams A~ B> C and A’ *> B’ = C’ are isomorphic
in €y, i.e., we have the following commutative diagram in Cy:

A-—*.Bp_ Y ,C (2.21)

oL

A —— B ——

Then A% B LN C completes to a strict exact trlangle of welght r, denoted

by A : AL BEL C By "TA if and only if A’ %> B’—)C’completes

fo a strict exact triangle of weight r, denoted by A’ : A’ oY oo
TTTA Moreover A and A’ are isomorphic in €.

i) 1A L BS C 5 2 TTA satisfies w(A) =1, then A : A% B S
C Y sy satisfies W(A") = r + s for s > 0, where W’ is the com-
position

Z rTA

C—>E rrqa S sresTy,
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Proof. (i) The property claimed here immediately follows from the fact that, in €, all
0-isomorphisms admit inverses. Therefore, if A = B — C completes to a strict exact
triangle A, then the desired map w’ for A’ can be chosen as W’ = T(f)ow o h™!,
where A1 is the inverse of map 4 in (2.21). The weight can be easily deduced from
Definition 2.42.

(i1) By definition, there exists a commutative diagram

¥ C
A" B Y 'Y T4
\l¢
v
C

Set ¥/ = ¢ o> € € hom” (X7*+5C, C’). Then ¥’ is an (r + s)-right inverse of ¢.
Consider the diagram

xrtse

wl ww/
il

A—LtsBp—Y s —2% T4

~

C

where @’ : C — 7" 7*TA is defined by @’ = n> ' 74 o i, and notice that the upper-
right triangle is commutative. ]

Proposition 2.46 (Weighted rotation property). Given a strict exact triangle
AatBEcZxrTA
satisfying w(A) = r, there exists a triangle
RA): B> w14 527

satisfying w(R(A)) = 2r, where W' ~, W and il is the composition

=T =~TTB
7osTA = srrp I w27

We call R(A) the (first) positive rotation of A.



Triangulation persistence categories: Algebra 101 36

Proof. By definition, there exists a commutative diagram

¥ C
A" B Y 'Y T4
\jﬁ
v
C

where A % B - C’' = TA is an exact triangle in ©€g and ¥ is a right r-inverse of ¢.
By the rotation property of €y, B > C’ % TA ~T% TB is an exact triangle in €.
We now construct the following diagram in €y in which the upper squares will be
commutative and the lower square r-commutative:

B v c’ w TA— T . TB (2.22)
ﬂBl ¢l d_Jl ﬂTBl
B v C w TA' W TB

| |

srel 2T y-ryy

Here the second row of maps comes from embedding B 2 C into an exact triangle
B> C 25 A” — TB forsome A” in €y and A’ = T~' A”. The map ¢ is then induced
by the functoriality of triangles in € and is an r-isomorphism by Proposition 2.31 (i).
So far this gives the three upper squares of the diagram and their commutativity. To
construct the lower square, let ¥ be a left r-inverse of ¢ (i.e., ¥ o ¢ = an). By
Corollary 2.33, 1 is a 2r-isomorphism.

We claim that the lower square in the diagram (2.22) is r-commutative, and there-
fore we have Y o w’ ~, X "w o X7 = w.

Indeed, let ¥’ be a left r-inverse of ¢. By using the commutativity of the upper-
middle square in the diagram (2.22), we deduce ¥y ow’ o ¢p = S 7w oy’ o . As ¢
is an r-isomorphism, we obtain

Yow ~ S Twoy ~ T Two XY = 1w,

because, by Proposition 2.28, we have X"y ~, v. This shows that the lower square
is r-commutative and that the related r-identity holds.
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We next consider the diagram

rTA
éonZAl s2r
B—'sc—" st4—* TR
NG
STTA

where it' = 272" (u’ o ¢ o nT4) and @’ = ¥ o w’. Given that V is a 2r-isomorphism,
this means that we have a strict exact triangle of weight 2r of the form

BLcZ a4l 518
We already know that i’ = 1 o w’ ~~, . On the other hand,
70 =u'o(pon)y=-Tion™ = T8 o374,
which concludes the proof. ]

Remark 2.47. An entirely similar argument also shows that there exists a strict exact
triangle of weight 2r and of the form

R YA):T7'Y"C > 4—- B—X7C,

which is the (first) negative rotation of A. Note that R"!(R(A)) # R(R™1(A)) # A.

Remark 2.48. Proposition 2.46 describes a rotation of weighted exact triangles that
does not preserve weights. Indeed, the rotation of the weight-r triangle A considered
there has weight 2r. It is not clear to what extent one can improve this. Ideally, one
would like to be able to rotate A into a weighted exact triangle B - C — X7"T4A —
Y7"TB of the same weight r. There is some evidence, coming from symplectic
topology, indicating that in certain circumstances this might be possible (see Sec-
tion 3.5.1.9). However, the algebraic setting in this memoir, in particular the definition
of weighted exact triangles, might be too general to render this feasible, at least with-
out additional assumptions on A.

Proposition 2.49 (Weighted octahedral formula). Given two strict exact triangles
k
rMcELFSxE sTE

and ,
A XS5 4L B ssTx
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with w(Ay) = r and w(Ay) = s, there exists a diagram

E 0 TE TE (2.23)
B T8

F—%% .4 C TF

o 1 = Ta)onZF

X—* s4—Y .p b y—sTx

k ==5(Tk)

STTE ——0—— X" ST?E —— X" ST?E

with all squares commutative except for the bottom-right one, which is r-anti-com-
mutative, such that the triangles

A3:F>A—>C—>TF and As:TE —->C — B —> X7 T?E

are strict exact with w(Az) = 0 and w(A4) = r + 5.

By forgetting the ¥’s (or assuming that r = s = 0), this is equivalent to the usual
octahedral axiom in a triangulated category (namely €p) and the bottom-right square
is commutative up to sign (or anti-commutative).

Proof of Proposition 2.49. By definition, there are two commutative diagrams

E 5B
W{ =5b
F X—* 4 Y p_ & Srx
o \‘ \?l
sy x—? Ny B
b
'k
TE
(2.24)

with ¢ an r-isomorphism and ¢ an s-isomorphism, and v and 3 are their right
r- and s-inverses, respectively. By the octahedral axiom in €y, we construct the fol-
lowing diagram, with all squares commutative except for the bottom-right one, which
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is anti-commutative:

E 0 TE TE
F—2 .4 C TF
o 14 w To'
X% 4 v . pr_ 0 Ty
§ t T8
2 Ir2p 2
TE 0 T2E T2E

Thuso” =uogoa’,t = —T§ o 6. We denote by

Ay FEs A C > TF

the respective exact triangle in €y so that, as in Remark 2.43, w(A3) = 0. The map
w € hom®(C, B”) is induced from the commutativity of the middle-left triangle. We
now consider the following diagram:

F A C TF (2.25)
a’l 14 w Ta’l
X' 4 v g0 Ty

¢l 14 ¢’ T¢l

X—¥% oY g & . 7x

A—" B b s-sTx

The three long rows are exact triangles in €y, and we deduce the existence of ¢’ €
hom®(B”, B’) making the adjacent squares commutative. This is an r-isomorphism
by Proposition 2.31 (i). We fix a right r-inverse ¥, € hom®(X" B’, B”) of ¢'. The
composition ¢” = ¢ o ¢’ € hom®(B”, B) is an (r + s)-isomorphism by Proposi-
tion 2.28 (iii). Let ¥ = v, o X753 (recall ¥5 from (2.24)) and notice that ¥ is a
right (r + s)-inverse of ¢”.

We are now able to define the triangle Ay:

¢// E—r—s (t 1/,//)
ow B <)

Ay:TE — C > TST2E.
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The following commutative diagram shows that A4 is strict exactand w(A4) =r + s:

Zr—i—sB
[
,llf//
TE c—» .pr_t ,12F
J/¢//
¢/'ow
B

It is easy to check that all the squares in (2.23), except the bottom-right one, are
commutative.

We now check the r-anti-commutativity of the bottom-right square. We need
to show that X75(Tk) o b ~, —X7"75(¢t o "), which is equivalent to X" (Tk) o
X' Sh ~, —t o . Given that the B”(TX')(TX)B’ square in (2.25) commutes,
Corollary 2.38 yields the following r-commutative diagram:

YR 28  yrrx

| |

B —°% . rx

Now consider the following diagram, commutative except for the middle square,
which is r-commutative:

Er-ﬁ-sB
r+s
Er%l N
Xrg
v S'B ———3'TX
X"(Tk)
Wzl TVIIl \
pr—"*% rx T8 S r2p
—
Write
—toy" = (T8)o(0oyz)o X s
~, (T8) o (Ty1) 0 £"g) 0 "3 = I'(Tk) o T b,
which completes the proof. u

Given a triple of maps A : A = B 5 C 2 D with shifts [u], [v], [w] € R,
it is useful to introduce a special notation for an associated triple in €y, denoted by
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351:52:83:54 A for 51, 52, 53, 54 € R satisfying the following relations:

—s1 4+ 52+ [u] <0,
—s2 4+ 53+ [v] <0,
—s3 + 54 + [w] < 0.

The triple 251525354 A has the form
siig o gop oy Dossp, (2.26)

where u is the composition of the composition 51 AMA % B M>ES2B
and the persistence structure map i_g, 45, [4],05 1-€-

U= i—s1+sz+|'u'|,0((770,sz)B ouo (nsl,O)A)-

The definitions of v and w are similar and, in particular, [u#] = [v] = [w] = 0. The
inequalities above ensure that the resulting triangle (2.26) has all morphisms in €.
For s; = s, = s3 = 54 = k (which implies that [u], [v], [w] < 0) we write, for
brevity,
KA = BS2S3Sip

Remark 2.50. Assume that A : A > B = C = X" TA is strict exact of weight
w(A) =r.

(a) It is a simple exercise to show that the triangle YA ¥k4 - kB —
£FC — S7"TKTA is strict exact and w(ZFA) = 7.

(b) For s > 0, Proposition 2.45 (ii) claims that £%9:0-75 A is strict exact of weight
r 4 s. It is again an easy exercise to see that £%%~5=5A is strict exact of weight
r—+s.

Proposition 2.51 (Functoriality of triangles). Consider two strict exact triangles as
below, with f € hom®(Ay, A2) and g € hom®(B;, B,):

Ay A2 g, Mo, Y w4,
A
A, A2 B, ST A,

and assume that w(A1) = r and w(Aj;) = s. Then there exists a morphism h €
hom®(Cy, 7" Cy,) inducing maps relating the triangles Ay — X007 Ay as in
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the following diagram:

Ay B Cy XTTTA,
f l gl hl L{Azoz—rrf
Ay —— By, ——X77C, —— X7775TA,
where the middle square is r-commutative and the right square is s-commutative.
The proof is left as an exercise.

Proposition 2.52. Let A : A _i> B % C % S7"TA be a strict exact triangle of
weight r in € and let N : A2 B> C' 2 TA be the exact triangle in €y asso-
ciated to A as in Definition 2.42. There are morphisms of triangles h : 2" A — A’
and h' : A" — 7" A such that the compositions h’ o h and h o 3"’ have as vertical
maps the shifted natural transformations ng;) defined in (2.14).

Proof. We use the notation in Definition 2.42 and consider the diagram below:

T yre —EP 1y

| |1

v C’ v TA

% |

C Y o3 TA

X'u )

nr“l np
HAJ( 1z

Seth, = (7;;4, nf, ¥, 174) and i) = (14,15, ¢, an). Notice that /1, as well as 1} are
not morphisms of triangles because the bottom-right square is only r-commutative,
and the same is true for the top-middle square, as discussed in Remark 2.43 (c). Let
h = hyon, and i’ = n, o h’| (Where we view 7, as a quadruple of morphisms of the
form n;"). It follows that both / and &’ are morphisms of triangles. Moreover, given
that ¢ o = nf, it is clear that &’ o h = n3,. The other composition, # o 3" h’, has
a term of the form ¥ o 1, o 1, o ¥3”; thus, by Proposition 2.28, this coincides with
173Cr/ , as claimed. ]

S
<
Z——m——

<

b
<y

Remark 2.53. Proposition 2.52 shows that a strict exact triangle of weight r is
approximately isomorphic, in a sense similar to interleaving, to an exact triangle
in fo.

2.3.4 Fragmentation pseudometrics on Obj(€)

In a triangulated persistence category there is a natural notion of iterated cone decom-
position, similar to the corresponding notion in the triangulated setting from Sec-
tion 2.1.
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Definition 2.54. Let € be a triangulated persistence category, and let X € Obj(€).
An iterated cone decomposition D of X with linearization (X1, X2, ..., X,), where
X; € Obj(€), consists of a family of strict exact triangles in €,

Al: X1 —>0->Y - XTX,

Ar: Xo =Y =Y, > X2TX,

As: Xz =Y, > Y3 —> X73TX;

Ay Xy =Y 1= X —=>3XTTX,.

The weight of such a cone decomposition is defined by

n

w(D) =Y w(A)).

i=1
The linearization of D is denoted by £(D) = (X1, ..., Xn).

Proposition 2.55. Assume that X admits an iterated cone decomposition D with
linearization (X1, ..., X,) and, for some i € {1,...,n}, X; admits an iterated cone
decomposition D' with linearization (A1, ..., Ay). Then X admits an iterated cone
decomposition D" with linearization

(X1 Xie  TAL o TAg, Xiss o Xn).
Moreover, the weights of these cone decompositions satisfy w(D") = w(D) + w(D’).

A cone decomposition D" as in the statement of Proposition 2.55 is called a
refinement of the cone decomposition D with respect to D’.

Example 2.56. A single strict exact triangle A — B — X — X" TA can be regarded
as a cone decomposition D of X with linearization (T ! B, A) such that w(D) = r.
Assume that A fits into a second strict exact triangle £ — F — A — X7°TE of
weight s. Thus we have a cone decomposition D’ of A, with linearization (T~ F, E)
and w(D’) = s. Diagram (2.23) from Proposition 2.49 yields the commutative dia-

gram
EFE—0——TFE

| ]

F——B—Y

L]

A——B—X

for some object ¥ € Obj(€). In particular, we obtain a strict exact triangle TE —
Y — X — X "ST2E of weight r + s. Thus, we have a refinement of D with respect
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to D’ as follows:
T7'B—-0—B—B

D'":=3F—>B—>Y—>TF
TE -Y - X - X" TE.
Moreover, w(D"”) = r + s = w(D) + w(D’).

Proof of Proposition 2.55. By definition, the cone decomposition D consists of a
family of strict exact triangles in € as follows:

Aiv: Xioi—=>Yio—=Yi - X7 1X
A,’ . X,' — Yi—l —> Y, — E_rin.

Aiv1: Xip1 =Y =Y — XX

We aim to replace the triangle A; by a sequence of strict exact triangles
A;:TA; — Bj_y — Bj — S5 T?4;
for j € {l,...,k}, with By = Y;_1, Bx = Y;, and such that

k
D w(h)) = w(Ai) + w(D). (2.27)
j=1
In this case, the ordered family of strict exact triangles (A, ..., A;j—1, Zl, R Zk,
Ait1,...,Ay,) forms the refinement D”, and (2.27) implies that

k n
wD = Y w@d)+ Y w@R)=Y wl;)+wD)=wD)+wD),

je{1,...,n\{i} j=1 Jj=1
as claimed.
In order to obtain the desired sequence of strict exact triangles, we focus on A;
and, to shorten notation, we rename its terms by A = X;, B = Y;_;, C = Y;, and

r = r; so that, with this notation, A; is a strict exact triangle A - B — C — X7 TA.
We now fix notation for the cone decomposition D’ of A = X;. It consists of the
following family of strict exact triangles:

Al A1 > 0—>2Z1 > X7 TA
AIZ : A2 g Zl g Z2 d E_szTAz

A;c—l . Ak—l — Zk_2 — Zk—l — E_Sk_l TAk—l
Ay Ax = Zg—y > A > Tk TAy.
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We will apply Proposition 2.49 iteratively. The first step is the following commutative
diagram, obtained from (2.23),

A —— 0 ——= TA

| 1]

Zk—l ——B— Bk—l

| o=

A B C

for some By_; € Obj(€). Define
Ag : TAx = By — C — 775k T2 4,

We have B
w(Ag) =1+ sp = w(A;) + w(Ay). (2.28)

We then consider the following commutative diagram, again obtained from (2.23),

Ak—l 50— TAk—l

|

Zin——>B— Bp_»

]

Zk—l —— B —— Bk—l
for some Bj_, € Obj(€). Define Ax_; to be the strict exact triangle
Ag—1: TAg—y — Br—g — Bp—y — T 5=1T?2 44 ;.

Then
w(Bko1) = sk = w(Af_y).

Inductively, we obtain B; € Obj(€) and strict exact triangles
A TA; — Bi—y — B; — 275 T?4;
for 2 <i <k — 1 such that

w(A;) = s; = w(A}). (2.29)
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The final step lies in considering the diagram

Al ——0—— TA, (2.30)

L]

0——B——8B

| 1]

Zl—>B—>Bl

for some B € Obj(€). Define A; to be the strict triangle

A] . TAI — B — Bl — Z_SITAl.

Then —
w(Ay) = w(A) = s1. (2.31)

Together, the ordered family (A1, ..., Ax) forms the desired sequence of strict exact
triangles. Finally, the equalities (2.28), (2.29), and (2.31) yield

k k

Y w@) =si+sa+tstr=Y wd)+w(d)=w(D)+wA),
j=1 Jj=1
as claimed in (2.27). [ ]

Let ¥ C Obj(€) be a family of objects of €. For two objects X, X’ € Obj(€),
define, just as in Section 2.1,

, = inf{w is an iterated cone decomposition o

§¥ (X, x’ inflw(D) | D i i d d iti f X
with linearization (F7q, ..., T-'x', ..., Fp), (232
where F; € ¥,k € N}.

Corollary 2.57. With the definition of §¥ in (2.32), we have the inequality
8$(X, X/) < SW(X, X//) + 8$(X'/, X/)
forany X, X', X" € Obj(€).

Proof. For any € > 0, there are cone decompositions D and D’ of X and X", respec-
tively, such that

w(D) <8F (X, X")+¢ and w(D')<8F¥(X" X')+e
with linearizations

¢D)=(F,....,T'X",...,F) and D)= (F/,....T7'X',..., F]),
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respectively, Fj, Fj’ € ¥ . This means that T~' X" has a corresponding cone decom-
position 7! D’ with linearization £(T~'D’) = (T'F{,..., T72X',..., T_IFIQ).
Proposition 2.55 implies that there exists a cone decomposition D” of X that is a
refinement of D with respect to 7! D’ such that

(D" = (Fy,....F{,.... T 'X' ... F..... Fy)

and
w(D") = w(D) + w(D') < 8¥ (X, X") + 8T (X", X') + 2e,

which implies the claim. u

Finally, there are also fragmentation pseudometrics specific to this situation with
properties similar to those in Proposition 2.4.

Definition 2.58. Let € be a triangulated persistence category and let ¥ C Obj(€).
The fragmentation pseudometric

d¥ : Obj(€) x Obj(€) — [0, 00) U {+00}
associated to ¥ is defined by
d¥ (X, X'y = max{$¥ (X, X"), s (X', X)}.

Remark 2.59. (a) Itis clear from Corollary 2.57 that d ¥ satisfies the triangle inequal-
ity and, by definition, it is symmetric. It is immediate to see that ¥ (X, X) = 0 for
all objects X (this is because of the existence of the exact triangle in €y, 77! X —
0 — X — X). It is of course possible that this pseudometric is degenerate, and it is
also possible that it is not finite.

(b)If X € ¥, then §¥ (T X,0) = 0 because of the exact triangle X — 0 — TX —
TX . On the other hand, §% (0, TX) is not generally trivial. However, the exact triangle
TX — TX — 0 — T?X shows that, if TX € %, then SW(O, TX)=0.

(c) It follows from the previous point that if # = Obj(€), then d* (X, X’') = 0 (in
other words, the pseudometric d ¥(—, —) is completely degenerate). More generally,
if the family ¥ is T invariant (in the sense that if X € ¥, then TX, T7lX € ¥),
then T is an isometry with respect to the pseudometric d¥ and d ¥ (X, X') = 0 for all
X. X' e¥.

(d) Remark 2.5 (c) applies also in this setting, in the sense that we may define
at this triangulated persistence level fragmentation pseudometrics d ¥ given by (the
symmetrization of) formula (2.5) but making use of weighted triangles in € instead
of the exact triangles in the triangulated category D.

Recall that by assumption €y is triangulated and thus additive. Therefore, for any
two objects X, X’ € Obj(€y) = Obj(€), the direct sum X & X' is a well-defined
object in Obj(€).
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Proposition 2.60. For any A, B, A’, B’ € Obj(€), we have
d¥(A® B, A ®B)<d¥ A, 4)+d4d¥(B,B).

Proof. The proof follows easily from the following lemma.

Lemma 2.61. Let A:A— B - C - X "TAand A: A— B - C — Z°TA
be two strict exact triangles with w(A) = r and w(A’) = 5. Then

AN:A®A—B®B—CaC— 2 "HT4 9 TA)
is a strict exact triangle with w(A”) = max{r, s}.

Proof of Lemma 2.61. By definition, there are two commutative diagrams

rc »5C
TN T\
A B C’ TA A B C’ TA
¢ C
This yields the commutative diagram
zmaxirsiC @ C
weaz/?J \
APA——BOB——C' ®C' ——TA®TA
\ l«bead?
CoC

and it is easy to check that ¢ @ ¢ is a max{r, s}-isomorphism. [

Returning to the proof of the proposition, it suffices to prove that §¥ (A4 & B,
A" @® B') < §%(A, A)) + §¥ (B, B’). For any € > 0, by definition there exist cone
decompositions D and D’ of A and B, respectively, with £(D) = (Fy, ..., F;_1,
T'A, Fit1.....Fy)and {(D’) = (F{,....,T~'B’,..., F/,) such that

w(D) <8¥(4,A)+e€ and w(D') <8¥(B,B') +e.
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The desired cone decomposition of A & B is defined as follows:

FiL—-0—E —-X"'TF
F2 e El e E2 e Z_rzTFz

Fo—>E, 1 —>A— X "TF;
Fl >A®0—> A®E, > S TF]

"o.__ ,
DU = \F > A®E > A®E) > S "TF.,,

(2.33)

T7'B > A®E, > A®E,  — 3 "5p

> AQE, ,—>A®B—>SvTF..

Here we identify 0 @ F/ = F/. The first s triangles come from the decomposi-
tion of A, and the following s’ triangles are associated, using Lemma 2.61, to the
respective triangles in the decomposition of B and to the triangle 0 - A — A — 0
(of weight 0). It is obvious that w(D”) = w(D) + w(D’) and thus §¥ (4 @ B,
A @ B') <8§%(A,4) + 6% (B, B). "

The next statement is an immediate consequence of Proposition 2.60.

Corollary 2.62. The set Obj(€) with the topology induced by the fragmentation
pseudometric d¥ is an H -space relative to the operation

(A, B) € Obj(€) x Obj(€) — A ® B € Obj(€).

2.3.4.1 Proof of Proposition 2.4. We now return to the setting in Section 2.1. Thus,
D is a triangulated category, w is a triangular weight on D in the sense of Defini-
tion 2.1, and the quantities w(D) (associated to an iterated cone decomposition D),
8%, and d¥ are defined as in Section 2.1.

The first (and main) step is to establish a result similar to Proposition 2.55.

Namely, if X admits an iterated cone decomposition D with linearization (X1, ..., X,)
and some X; admits a decomposition D’ with linearization (A4y, ..., Ag), then X
admits an iterated cone decomposition D" with linearization (X1,..., Xj—1,TAq,...,

TAr, Xi+1,...,Xy) and

w(D") < w(D) + w(D'). (2.34)
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For convenience, recall from Section 2.1 that the expression of w(D) is

n

w(D) = Z w(A;) — wo, (2.35)

i=1

where wo = w(0 - X v x 0) for all X. To show (2.34) we go through exactly
the same construction of the refinement D” of the decomposition D with respect
to D’, as in the proof of Proposition 2.55, assuming now that all shifts are trivial
along the way. The analog of the diagram (2.30) that appears in the last step of the
construction of D” remains possible in this context due to point (ii) of Definition 2.1.
By tracking the respective weights along the construction and using Remark 2.2 (b)
to estimate the weight of TA; — B — B; — T2 A from (2.30), we deduce (with the
notation in the proof of Proposition 2.55) that

k

D w(A)) < w(D') + w(A;) — wo,
j=1

which implies (2.34). Once formula (2.34) is established, it immediately follows
that §¥ (—, —) satisfies the triangle inequality. Further, because the weight of a cone
decomposition is given by (2.35), it follows that the cone decomposition D of X with
linearization (T~1 X) given by the single exact triangle 77!X — 0 — X — X is of
weight w(D) = 0. As a consequence, §¥ (X, X) = 0. It follows that d¥(—, —) is a
pseudometric, as claimed in point (i) of Proposition 2.4.

Assuming now that w is subadditive, the same type of decomposition as in equa-
tion (2.33) can be constructed to show that §¥(4 @ B, A’ @ B') < §¥(4, 4') +
§%(B, B") 4+ wy, which implies the claim. [

2.4 A persistence triangular weight on €,

The purpose of this section is to further explore the structure of the limit category €
associated to a triangulated persistence category €. We already know from Sec-
tion 2.3.2 that the category € is triangulated. The main aim here is to use the
properties of the weighted exact triangles introduced in Section 2.3.3 to endow €y
with a triangular weight, in the sense of Section 2.1.

2.4.1 Weight of exact triangles in €,

In this section we will use the weighted strict exact triangles in € to associate weights
to the exact triangles in €.
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Assume that € is a persistence category and recall its co-level €4 from Defini-
tion 2.9: its objects are the same as those of € and its morphisms are

home__ (A4, B) = h_r)n homg (A4, B)
a—>00

for any two objects A, B of €. For a morphism f in €, we denote by | f_ ] the corre-
sponding morphism in €, and if f = [f] for f € home__ and f € home, we say
that f_ represents /. We use the same terminology for diagrams (including triangles)
in € in relation to corresponding diagrams in €, in the sense that a diagram in €
represents one in €y if the objects in the two cases are the same and the morphisms
in the diagram in € represent the corresponding ones in the €, diagram. Clearly, all
r-commutativities and r-isomorphisms in € become, respectively, commutativities
and isomorphisms in €. For instance, if K is r-acyclic, then K is isomorphic to 0
in €.

For further reference, notice also that the hom-sets of €4, admit a natural filtration
as follows. For any A, B € Obj(€) and f € home__ (A4, B), let the spectral invariant
of f be given by

o(f):= inf{k eRU{—o0}| f = [f] for some f € hom’é(A, B)} (2.36)

and
homg” (4, B) = {f € home_ (4, B) | o(f) < a}.

Assume from now on that € is a triangulated persistence category. In this case,
we have already seen in Section 2.3.2 that €, is identified with €/ A€, the Verdier
quotient of €y by the subcategory of acyclics. Thus € is triangulated with its exact
triangles defined through isomorphism with the image in €, of the exact triangles
in €y; see Remark 2.41.

Before proceeding, we notice that the shift functor X associated to € (see Defini-
tion 2.21) induces a similar functor X : (R, +) — End(€). We continue to use the
same notation for the r-shifts X" and the natural transformations 7, : " — X°. At
the same time, in contrast to morphisms in €, there is no meaning to the “amount of
shift” for a morphism in €, (though one can associate to such a morphism its spectral
invariant as above). Similarly, the functor T' (which is defined as in Remark 2.23 (b)
on all of €) also induces a similar functor on €.

Given a triple of maps A : A - B — C — D in €, the shifted triple X°1-52-53:54 A
was defined in (2.26), and we will use the same notation for similar triples in €.
Note however that in €, the inequalities relating the s;’s and the shifts of u, v, w are
no longer relevant (in fact, do not make sense) and the shift X°1-52-53-4 will be used
in €4, without these constraints.

Definition 2.63. The unstable weight weo(A) of an exact triangle A : 4 > B >
C % TA in € is the infimum of the weights of the strict exact triangles in € of the
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form (A, r), where
~ u/ _q v/ s w/ _r
A:A—YX9B —-3Y°C — X7"TA,

0<g<s<r,and A represents A in the following sense: the class of the composition
A% x4 B 1229, B in €., equals u, and similarly for v/ and w’. The weight of A,
w(A), is given by

W(A) = inf{weo (¥ A) | s > 0}.

Remark 2.64. By definition, w(A) < weo(A), and Example 2.72 below shows that
this inequality can be strict.

For the weight w of exact triangles in €, defined as above, recall that w, denotes
the normalization constant in Definition 2.1 (ii). The main result is the following.

Theorem 2.65. Let € be a triangulated persistence category. The limit category €
with the triangular structure coming from the identification €y >~ €y/ A€ in Propo-
sition 2.39 admits w as a triangular, subadditive weight with wy = 0.

A persistence refinement of a triangulated category D is a TPC, denoted by D,
such that 500 = . The triangular weight w as in Theorem 2.65 is called the per-
sistence weight induced by the respective refinement. The following consequence of
Theorem 2.65 is immediate from the general constructions in Section 2.1.

Corollary 2.66. Ifa small triangulated category D admits a TPC refinement D, then
Obj(D) is endowed with a family of fragmentation pseudometrics d, defined as in
Section 2.1, associated to the persistence weight w induced by the refinement D, and
it has an H-space structure with respect to the topologies induced by these metrics.

Remark 2.67. (a) We have seen in Section 2.3.4, in particular Definition 2.58, that
for a TPC ‘€ there are fragmentation pseudometrics d ¥ defined on Obj(€). The met-
rics d¥ associated to the persistence weight @ on €4 through the construction in
Section 2.1 are defined on the same underlying set, Obj(€). The relation between

them is
d¥ <a¥

for any family of objects %. The interest in working with ¢ ¥ rather than with d¥ is
that if ¥ is a family of triangular generators of €, and is closed under the action
of T, then d ¥ is finite (see Remark 2.5).

(b) As discussed in Remark 2.5 (c) (and also in Remark 2.59 (d)), in this setting
too we may define a simpler (but generally larger) fragmentation pseudometric of the
type 47

We postpone the proof of Theorem 2.65 to Section 2.4.2. Here, we present a few
examples shedding some light on Definition 2.63.
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Example 2.68. Assume that A : A % B2 C % R "TAis astrict exact triangle of
weight r in €. Consider the following triangle in €,

Aw:AS BSC L T4,

where u = [i], v = [0],and w = [C B, y-rg -r0ra TA]. We claim that A

is an exact triangle in €, and weo (Aso) < r. Indeed, by construction, A is repre-
sented by

Aoo: A% B ¢ B=r0ao® 1y

and [u] = [v] =0, [(n—r,0)4 c W] = r + 0 = r. Now, the shifted triangle Aso =
%0:0.0.=r A  obviously equals A, the initial strict exact triangle of weight r. Thus,
[As] = Aso and w(A) = 1. Therefore, Weo(Aso) < 7.

Remark 2.69. A special case of the situation in Example 2.68 is worth emphasizing.
Any exact triangle in €y induces an exact triangle in €, with unstable weight equal
to 0. This implies that any morphism f € home__ (A, B) with o(f) < 0 can be com-
pleted to an exact triangle of unstable weight 0 in €. Indeed, we first represent f
by a morphism f € homg (A4, B) with o < 0. If  # 0, we shift / up using the per-
sistence structure maps and set f/ = fa,0( /). We obviously have [ '] = f. We then
complete f” to an exact triangle in €. The image of this triangle in €4 is exact, of
unstable weight 0, and has f as the first morphism in the triple.

Example 2.70. Consider the strict exact triangle A : A - 0 — X7"TA Ls—r14
in €, which is of weight » > 0 (see Remark 2.50 (b)). Let Ay be the following
triangle in €oo:

Ao :A—0—S7TA "% T4,

We claim that if o(14) = 0, then W(Ac) = Woo(Ax) = r. Indeed, assume that
Woo(Awso) = s < r. Then there exists a strict exact triangle in € of the form

A->0->27T4 L 2574,

with ' > r, of weight s and such that [w'] = 0, [n—s,0 0 W' © N—p—/] = [N—r.0]-
Notice that [(7—s,0 cw 0o n—p_)] =r —r’ + 5. Thus, as r’ > r > s, we deduce
0 ([n=r,0]) < r. By writing 14 = 19— © n—r0 We deduce o(14) < 0. We conclude
that Weo(Aoo) = 7. We next consider a triangle %00k A

Y 4 50— 27TA — FTA
and rewrite it as
AN:B—0—Y"*TB - TB,

with B = X% A. Suppose that weo(A’) < r + k; then o(15) < 0, by the previous argu-
ment. This implies o (14) < 0 and again contradicts our assumption. Thus weo(A") =
r+kand w(Ax) =r.
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Remark 2.71. For an object A € Obj(€) we always have o(l4) < 0. We have seen
just above that if o ([(7—r,0)4]) < 7, then o(14) < 0. The same conclusion remains
true if o ([(no,—r)4]) < —r by the same argument. Another useful observation is that
if the map 5 : X*A — A is an r-isomorphism, with » < s, then o(l4) <r —s.
Indeed, if 15 is an r-isomorphism, then it has a left r-inverse ¢ : ¥" A — X4 with
ns o ¥ = n,, which implies o ([n,]) < o([ns]) < —s and thus o (l4) < r —s.

Example 2.72. Let f € home_ (A, B) and suppose that o(f) > 0. We will see
here that we can extend f to an exact triangle in €4, of unstable weight at most
o(f) + € (for any € > 0) but, at the same time, no triangle extending f has unsta-
ble weight less than o(f). Fix o(f) <t < o(f) + € and let f € hom{ (4, B) be
a representative of f. Consider the composition f’: A 1, g to—0b, y—t g Thep

fle hom% (A, 27" B). There exists an exact triangle in €
f’ _ v/ w
A:A—3Y'B—>C—>TA
for some C € Obj(€y). In particular, w € hom% (C, TA). Next, consider the triangle
n000-1A - 4, 57 5 ¢ 5 £7ITA, where w = T4 o w.

By Remark 2.50 (b), %0077 A is a strict exact triangle in € of weight . Finally,

consider the following triangle in €, obtained by shifting up the last three terms of
E0,0,0,—t A:

A-A F=(-1.0)of’ B vi=x’ st w:=x"w’ TA

Its image in € is the triangle

Aoo: AT p B sic L 7y
and is exact. In the terminology of Definition 2.63, the representative A of Ao is
the strict exact triangle X%%%~% A In particular, woo(As) < ¢. Notice that Defini-
tion 2.63 immediately implies that any triangle A” : A 4y B—> D — TA in €s
satisfies weo (A”) > o (f) (because, with the notation of the definition, the weight of
the triangle A in that definition is at least q). At the same time, W (A ) = 0 because
%40.07 (A ) has as representative

SIA: YA —> B — XIC - XITA,
which is exact in €.

Remark 2.73. (a) The definition of the weights of the exact triangles in € is
designed precisely to allow for the construction in Example 2.72. This is quite differ-
ent compared to the case when the spectral invariant of f is non-positive (compare
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with Remark 2.69) because the persistence structure maps can be used to “shift” up
but not down. It also follows from Example 2.72 that for f € home_ (A4, B) with
o(f) > 0 we have

o(f) = inflwe(A) [ A: AL B> C — TA).

(b) It is not difficult to see that if we, (%% A) < r for a triangle A in € and
s > 0,then woo(A) <1 + 5.

Example 2.74. Let A : A - B — C — TA be an exact triangle in €. It is clear
that, in € and for s < 0, the corresponding triangles of the form Ay : ¥4 — B —
C — X*TA (defined using the (pre)-composition of the maps in A with the appro-
priate maps n’s on A) have the property w(As) = 0. On the other hand, if s > 0
this is no longer the case, in general. Indeed, assuming s > 0 and w(Ay) = 0, it fol-
lows that for some possibly even larger » > 0 we have weo(A,) = 0. This means
that for any sufficiently small € > 0O there is an exact triangle in €y of the form
A —> Y ¢B > C' — XTA, where r’ > r, together with an e-isomorphism
¢ : C' — 27<"C satisfying the conditions in Definition 2.42, with 0 < €’ < ¢” < ¢
(see Definition 2.63). This triangle can be compared to a shift ~2¢ A of the initial A
(the constant 2 is necessary to ensure the commutativity of the rectangles in the com-
parison diagram; see Remark 2.43 (c)). The resulting commutative diagram is

STA— B C’ ' TA

ln/‘ lnB lnzcgw ln*’

YA —— 0B — - TEC —— NT€TA

The map out of C’ in this diagram is a 3e-isomorphism and, by Proposition 2.31 (ii),
we deduce that 77;4, 42¢ 18 @ 15€-isomorphism. We can take € as small as needed and

we deduce o(14) < —r' < —s.

Example 2.75. Let A: A — 0 — X"TA — TA be a triangle in €, with the last map
(the class of) r;rTA and with 7 > 0. Assuming o (14) = 0, we claim that wso(A) = r and
w(A) = 0. Indeed, the fact that i(A) = 0 is obvious because "0 A : "4 — 0 —
3"TA — X" TA is exact in €y. Now assume that weo(A) < r. Then there is a triangle
A—0— X" TA% £75TA which is strict exact in € and with s > 5" and weo (A) <
s < r. Using the definition of strict exact triangles and the existence of the exact
triangle A - 0 — TA — TA in €y, we deduce that there exists an s-isomorphism
¢ : TA — Y"=5'TA with a right inverse 1 : £57"~5'T4 — TA that coincides with
nT4 in €u. As a result, ¢ coincides with 77({13—5/ in € and thus 0 = [¢] >r — s’
(o (14) = 0 implies that 0([n({f_s,]) = r —s'). Therefore, s’ > r, which contradicts
our assumption § < r.
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Example 2.76. Another example of interest is given by the triangle in Coo:
A:0—-X—>X'X —0,

where the map X — X" X is the class of (1o,,)x. We claim that woo(A) < |r|. We
start with the case r > 0. In that case, by shifting down the last two objects by r,
we obtain a strict exact triangle in €: (0 - X — X — 0, r) (here it is important
to view strict exact triangles as pairs (triangle, weight) as in Definition 2.42). In the
case r < 0, there is a strict exact triangle in €: (0 > X — X" X — 0, —r) that can
be reached from A by shifting down the last object by |r|. This shows the claim.
Additionally, it is easy to see that if 0 (1x) = 0, then weo(A) = r.

Example 2.77. In this example we consider an exact triangle in €,
A:0—-X—-Y —0.

We claim that w(A) = inf{r > 0| 3 an r-isomorphism ¢ : XX — Y with0 <s <r}.
By the definition of the weight of triangles in €, we are looking for strict exact
triangles in € of the form

0= X—=>X7°Y - X770,r)

with s < r. The unstable weight, in this case equal to the stable weight, is obtained by
infimizing r. The existence of such a strict exact triangle is equivalent to the existence
of an r-isomorphism ¢ : X — X7"Y, which shows the claim.

Example 2.78. Consider an exact triangle in €, of the form
A:T'X>0->Y - X.

We claim that weo(A) = inf{r > 0 | 3 an r-isomorphism ¢ : XX — Y with 0 <
s <r}and w(A) = inf{r > 0| 3 an r-isomorphism ¢ : ¥*X — Y with s > 0}. The
relevant strict exact triangles (of weight r) in this case are

T7'X 50> XY > 277X

with s < r. Again, the existence of such a triangle is equivalent to the existence of an
r-isomorphism ¢ : X — X£7°Y, which provides the estimate for we. To estimate w,
we apply the same argument but replace X by =¥ X with k positive. The condition
then becomes that ¢ : ¥ X — 2 7Y is an r-isomorphism and that s < r.

Example 2.79. Consider an exact triangle in € of the form

A:T'X > K—>Y — X,
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where K is k-acyclic. We claim that
w(A) > inf{r > 0| 3 an (r + 2k)-isomorphism ¢ : X*X — Y withs > 0}.

We thus assume that there exists a strict exact triangle A’ : T71X — 751K —
Y72 — ¥77X of weight r, with s; < s, < r, that represents A. As this is strict
exact, there is an exact triangle in €y of the foom 7-!X — 751K — C — X that
maps to A as in Definition 2.42. In particular, there is an r-isomorphism C — ¥752Y .
The fact that K ~; 0 immediately implies that there is a k-isomorphism C — X. We
consider a right k-inverse of it, ¥k X — C.Thisa 2k-isomorphism. By composition
we get a (2k + r)-isomorphism %X — Y752V . The constraint s, < r is eliminated
by applying the same argument as in Example 2.78, replacing X with X° X for some
non-negative s.

Remark 2.80. It is useful to know how the weights of triangles in €4, behave with
respect to rotation. Thus let A : A % B = C > TA be an exact triangle in €u
of unstable weight r. Then its first positive rotation R(A) : B > C = T4 —Tu
TB is 0f unstable welght at most 2r. Indeed, by definition, there exists a trlangle
A:A —> B%cCc3 T A representing A such that the shifted triangle A4S
sp Y w0 Y w74 (where we put 11 = [u], t, = [v], t3 = [w], and
r =t + tp + t3) is a strict exact triangle in € of weight r. By Proposition 2.46, the
first positive rotation

RA):zhpLynnc,yrrq s wh2rrp
is a strict exact triangle in € of weight 2r. We have

u” = _(no,—t1—2r)B ouo (n—r,O)A
U/ = (nO,—tl—lz)C ovo (7’—11 ,O)B

w" >y w = (nO,—r)A owo (n—tl—tz,O)C'

Consider a new triangle:

’

~ »t »t 7"
SRR : B 2 s 2L sy 2 s

By Remark 2.50 (a), X' R(A) is also a strict exact triangle in € of weight 2r. By
shifting this triangle up we get to B - C — TA — TB, which represents R(A);
thus weo (R(A)) < 2r. In a similar way, using Remark 2.47, one can treat the negative
rotation R™1(A) of A.
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2.4.2 Proof of Theorem 2.65

There are two steps. The first is to show that each exact triangle in €, has finite
unstable weight. The second step is to show that w satisfies Definition 2.1 and is
subadditive with wy = 0.

2.4.2.1 Every triangle in € has finite unstable weight. Let A: A = B = C =
TA be an exact triangle in Coo. Thus, there exist a triangle Z/ A5 BS5CS
TA in € and an exact triangle in €y, A’ : A’ LB Lo T, together with
isomorphisms in €y, @ : A' — A, b : B" — B, ¢ : C' — C, such that the resulting
map (a,b,c,—Ta) of triangles in €, is an isomorphism of triangles. We may assume
that the shifts x of u, y of v, and z of w are all non-negative.

We represent the maps a, b, ¢ by s-isomorphisms @ : ¥” A’ — A, b : "B’ — B,
¢ :X"C’ — C, which is possible by taking s and r sufficiently large. We now consider
the diagram in Cy:

sra 2 srp

|

A——X*B
1ot
This diagram r’-commutes for r sufficiently large. Lemma 2.17 shows that, by tak-
ing r sufficiently large, we may assume that the above square commutes in €y (at the
cost of making both r and s very large). We complete the diagram to the right, thus
obtaining a new diagram in €y:

sra ZW ywrp EV osrer  EW sy

| e ) .

A——3 TFB — 5 TTXTVTIC Ty w Ty
Nxou v w
with each square commutative and with the arrows marked with (—)” being com-
positions of (—) with the appropriate 1’s. The commutativity in €, for the second
square requires possibly a shift by —¢ of the third term in the bottom row. Similarly,
the commutativity of the third square requires a shift by —¢’ for the last term of the
row (this is a variant of Proposition 2.51). Obviously, the top row is exact in €y and
the vertical maps are k-isomorphisms, each for a different value of k. At the cost of
yet again increasing ¢ and ¢/, we can intercalate between the two rows a new exact
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triangle in Cp:

sra ZW ywrp EV osrer EW sy

i P |

A—— 3B c” TA
Nxou v

L |

Ay T — 3 T TIC — o TN TA
x© v w

The map ¢”” is induced by the first two vertical maps between the top rows, and thus
it is a k-isomorphism for some sufficiently large k. Given that ¢” is such an isomor-
phism too, by possibly increasing ¢ we obtain the existence of a k’-isomorphism d
with k’ very large. By possibly increasing ¢ we can also get the commutativity of
the bottom-right square. Again by possibly increasing ¢’ we may ensure that k' =
X+ y+t+t + w (recall that any k’-isomorphism is also a k”-isomorphism for
k” > k'). This means that the bottom row is a strict exact triangle in € of weight k’.
To end the proof, we notice that this triangle is of the form A as in Definition 2.63.

2.4.2.2 The weighted octahedral axiom in €. To finish the proof of Theorem 2.65
we need to show that the weighted octahedral axiom is satisfied by w, that w satisfies
the normalization in Definition 2.1 (ii) with wy = 0, and that it is subadditive. We start
below with the weighted octahedral axiom and will end with the other properties.

Lemma 2.81. The weight w as defined in Definition 2.63 satisfies the weighted octa-
hedral axiom from Definition 2.1 (1).

Proof. Recall that given the exact triangles Aj : A - B - C - TAand A, : C —
D — E — TC in €4 we need to show that there are exact triangles A3 : B — D —
F — TB and Ay : TA - F — E — T?A making the diagram below commute,
except for the bottom-right square, which anti-commutes:

A 0 TA TA
B D F TB
C D E TC
TA 0 T?A T?A

and such that wW(A3z) + wW(A4) < wW(A1) + w(Ay).
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In €, there are triangles A : A — B — C — TE with non-negative morphism
shifts ¢y, 5, t3, and A, :C - D — E — TC with non-negative morphism shifts
k1,k», k3, representing A and A, respectively, and such that the associated triangles

Aj:A—XMB » ST2C 5 STTTA, wherer = 1) + 1, + 13,
and
Ay:C 3 Mp sy hiep L 5757C, wheres = ki + ka + ks,
are strict exact triangles in € of weight r and s, respectively. Consider X ~/1772 As:
TThTRA,  wThTRC 5 nThiththp L sThichemn—h p o smsth-b e

The weighted octahedral property for strict exact triangles in €, stated in Proposi-
tion 2.49, implies that we can construct the following diagram in €, commutative
except for the bottom-right square, which is r-anti-commutative:

A 0 TA TA

> B sy hi-thi—2p D’ >~UTB

yhhC —s wnhiththp vkt p st

XT'TA 0 STST24 ——— R TST?4
(2.37)
Here the triangle A, : X1 B — S~Ki=1—2p . D’ > $71 TB is an exact triangle
in €. The triangle A} : SX1t2 B — p — skhith+p’ . yki+ TR obtained by
shifting A% up by k; + #1 + 12, is also exact in €. Let [A}] be the image of this
triangle in €o. We put F = SK1+11+2 D/ and take Aj to be the triangle in €op

As:B—-D—F—TB

obtained by applying X %1712:0.0.=k1=%2 5 [A”]. We obviously have weo ([A%]) = 0
and thus w(A3) = 0.

The next step is to identify the triangle A4. Proposition 2.49 implies that the third
column in (2.37),

Ay :TA— s Rt p o sohickatich g yr=s72 4

is a strict exact triangle in €. Let [A};] be the image of this triangle in €, and let A4
be given by applymg EO,kl +t1+1t2,k1 kot +Ht2,r+s to [A:‘_]

Ay:TA—>F — E —> T?A.
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We deduce from Definition 2.63 that weo(A4) < r + s and thus also W(A4) <r + .
The commutativity required in the statement follows from that provided by Propo-
sition 2.49 for (2.37). ]

Remark 2.82. For the triangle A3 produced in the proof above, it is easy to see that
Woo(A3) < k1 + 1. Therefore we have

Woo(A3) + Weo(Ag) < (k1 +12) + (r +5) <2(r +5) = 2(Weo (A1) + Weo(A2)).

Thus the weight w satisfies a weak form of the weighted octahedral axiom.

The next step in proving Theorem 2.65 is to show the normalization property in
Definition 2.1 (i1). This property is satisfied with the constant wo = 0. Indeed, any
triangle 0 - X — X — 0 and all its rotations are exact in €y, and thus they are of
unstable weight equal to 0. The last verification needed is to see that, if B = 0 in the
diagram of the weighted octahedral axiom, then the triangle A3 (constructed in the
proof of Lemma 2.81) can be of the form A3 : 0 - D — D — 0. This is trivially
satisfied in our construction because if B = 0 we may take 11 = t, = 0 and the triangle
Ay:0—>x*ipL n-kip o

Finally, to finish the proof of Theorem 2.65 we need to show that w is subadditive.
Thus, assuming that A : A — B — C — TA is exact in €4, and that X is an object
in €, we have w(X @ A) < w(A), where the triangle X & A has the form X & A :
A— X®B — X & C — TA. We consider the strict exact triangle in €

A:A— TR £TIT2C & nTITRTETY

associated to A as in Definition 2.63, where s; > 0, 1 <i < 3. Consider the triangle

X

Ny
A0 IIY S TSRy 0,

This triangle is obtained from the exact triangle in €y 0 — X751 X Lysix o
by applying %0:0.752,752 "and it is of weight at most s,. By Lemma 2.61 we have
w(A' @ A) < w(A) We now note that A’ @ A can be viewed as being obtained
from X @ A by applying T 51-751752,-51-52753_and thus weo(X @ A) < w(A),
which implies the claim. The proof for A @ X is similar.

2.4.3 Some properties of fragmentation pseudometrics

The purpose of this section is to rapidly review some of the properties of the per-
sistence fragmentation pseudometrics. We start by recalling the main definitions; we
then discuss some algebraic properties and relations to standard notions such as the
interleaving distance.
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2.4.3.1 Persistence fragmentation pseudometrics: Review of main definitions.
Assume that € is a TPC. We have defined in Sections 2.3.4 and 2.4.1 three simi-
larly defined types of measurements on the objects of € which, after symmetrization,
define fragmentation pseudometrics on Obj(€). In Section 2.3.4, this construction
uses directly the weight w of the strict exact triangles in € (making use of Proposi-
tion 2.49), and it gives rise to the pseudometrics ¥ as in Definition 2.58, as well as
to a simplified version d ¥ mentioned in Remark 2.59 (d).

In Section 2.4.1 we have endowed the triangles of the category €, with weights:
an unstable weight weo as well as a (smaller) stable weight w, as given in Defini-
tion 2.63. Working in the category €, has a significant advantage over working in the
category € because, in contrast to the latter, in €4, any morphism can be completed
to an exact triangle of finite weight. Moreover, when we have a (translation-invariant)
family of triangular generators ¥, the fragmentation pseudodistance relative to &
is finite; see Remark 2.5 (a). Finally, in €4 exact triangles have the standard form
expected in a triangulated category and do not involve shifts. Therefore, we will focus
here on the fragmentation pseudometrics defined using w, and, mainly, w.

An important remark at this point is that the unstable weight wo, does not satisfy
the weighted octahedral axiom (but only its weak form, as discussed in Remark 2.82),

and thus only the pseudometrics of the form Q_ i can be defined using it. By contrast,
W does satisfy the weighted octahedral axiom and there is a pseudometric d¥ asso-
ciated to it through the construction in Section 2.1. Both w and w, are subadditive
and satisfy the normalization property in Definition 2.1 with wy = 0.

To eliminate possible ambiguities, we recall the definitions of the two relevant
pseudometrics here. Both of them are based on considering a sequence of exact trian-
gles in €, as below:

Yo—Y1—..—Y,— Y1 —...— Y — Y,

/ / /
/ / /
/ / /
Al / Al‘+1 // An /
/ , /
/ / /
A VA VA
X1

Xi1 Xn
(2.38)
where the dotted arrows represent maps Y; — 7' X;. We fix a family of objects ¥ in €
with 0 € ¥ and define

n
Ef(X, X' = inf{z Woo(A;) | A; are successive exact triangles as in (2.38)
i=1

with X' = Yo, X = Yy, and X; € F,n € N,
(2.39)
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and
_ n
§F(x.x) = inf{z W(A;) | A; are asin (2.38) with Yo = 0, X = Yy, X; € F,
i=1
l n € N except for some j such that X; = T71X'%.
(2.40)
Finally, the pseudometrics d d and d¥ are obtained by symmetrizing é(ﬁ and §7,
respectively:

a7 (x, X'y = max(3” (X, x'), 8" (X', X)),
d¥ (X, X") = max{§¥ (X, X"), ¥ (X', X)}.

2.4.3.2 Algebraic properties. There are many fragmentation pseudometrics of per-
sistence type associated to the same weight, depending on the choice of family ¥. In
fact, the choices available are even more abundant for the following two reasons:

(1)  Triangular weights themselves can be mixed. For instance, if € is a TPC,
there is a triangular weight of the form wt = w + wy that is defined on €
(where wy is the flat weight defined in Section 2.1).

(i1)) Fragmentation metrics themselves can also be mixed. If d¥ and d¥’ are
two fragmentation pseudometrics (whether defined with respect to the same
weight or not), then the expressions ad ¥ + d* with a, B > 0, as well as
max{d Fa¥ ,}, are also pseudometrics.

In essence, although it is not easy to produce interesting subadditive triangular
weights on a triangulated category, once such a weight is constructed — as in the case
of the persistence weight w defined on €4 (Where € is a TPC) — one can associate
to it a large class of pseudometrics, either by combining the weight with the flat one
and/or by “mixing” the pseudometrics associated to different families . Another
useful (and obvious) property relating the pseudometrics ¥ and d¥ associated to
the same triangular weight is the following:

(i) IfF C F/ thend¥ <d¥.
The last useful construction has to do with making the metrics invariant with
respect to the action of the shift functor.

(iv) For a given fragmentation metric d* we define its shift-invariant version
d¥(X,Y) = max{6¥ (x.7),8¥ (v, X)}. (2.41)

Here -
§¥(X,Y) = inf §¥ (XX, 2°Y)
r,se€R

is the shift-invariant version of the semi (pseudo)metrics 8% as in (2.39) and (2.40).
It is immediate to see that §% satisfies the triangle inequality. By symmetrizing, we



Triangulation persistence categories: Algebra 101 64

obtain indeed a pseudometric that is obviously bounded above by d¥. In case the
family ¥ is closed under the action of X7 for all r € R, the metrics of type d ¥ have
the property that d¥(X,Y) = d¥(X"X, £7Y) for all r € R. In this case, the shift-
invariant metric associated to d ¥ has a simpler form d¥ (X, Y) = inf,er d ¥ (27 X, Y).
The interest of this type of shift-invariant pseudometric is that it compares the “shape”
of objects, in contrast to a comparison of the objects themselves that is sensitive to
translations (the spectral distance in symplectic topology is of this type). Thus, for
instance, two Morse functions f and f + k with k € R are not distinguished by
shift-invariant-type pseudometrics.

2.4.3.3 Vanishing and non-degeneracy of fragmentation metrics. We fix here a
TPC denoted by € together with the associated weights and pseudometrics, as above.
We will denote by d % the pseudometric associated to the family consisting of only
the element 0. In view of point (iii) above, d (% is an upper bound for all the pseudo-
metrics d 7.

It is obvious, as noticed in Remark 2.59, that in general d¥ is degenerate. For
instance, if ¥ = Obj(€) then d¥ = 0. The rest of Remark 2.59 also continues to
apply to d¥. We list below some other easily proven properties. We assume for
all the objects X involved here that o(1x) = 0, and we will use the calculations in
Examples 2.70, 2.72, 2.74, and 2.75. Recall the notion of r-isomorphism from Def-
inition 2.26; in particular, this is a morphism in €,. A 0-isomorphism is simply an
isomorphism in the category €y and is denoted by =.

(i) IfX =X thend®(X,X)=0= iy(X, X’) for any family £
(i) We have
28 (x, X"
> inf{r € R | 3 an r-isomorphism ¢ : £¥ X’ — X for some k > 0}
> §0% (x, x").

For the first inequality, consider a sequence of triangles (2.38) of total
weight at most r. We intend to show that, for some k > 0, there exists
a 2r-isomorphism kX’ — X. We make use of Examples 2.77, 2.78,
and 2.79. We assume, without loss of generality, that 7~ X’ appears in the
Jjth triangle. The first triangles are of the form 0 — Y; — Y; 41 — Ofori <
Jj — 1 with Yo = 0. By Example 2.78 we deduce that Y;_; is rg-acyclic and
that rg is at most the sum of the weights of the first j — 1 triangles. The next
triangle is of the form T~! X’ — ¥;_; — Y¥; — X’ and of weight r;. Exam-
ple 2.79 shows that there exists a (2r¢ + r;)-isomorphism X’ — Z7KY;.
The next triangles, of the form 0 — Y; — Y;4; — 0, have weights r;,
and there are r;-isomorphisms Y; — Y75 Y; 41 with r; > s; (see Exam-

ple 2.77). Putting things together, we have 2r > 2r" > 2ry + rj 4«4 r1n,
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and there is a 2r’-isomorphism X’ — X 7517527537 S» X' This implies that
2 8% > inf. For the second inequality, assume that ¢ : X’ — %X is an
r-isomorphism. We need to construct a cone decomposition of w-weight at
most r. We first assume k < r. The first triangle is T71X' - 0— X':itis
exact in €y and of weight 0. The second triangle is 0 — X’ — X — 0. The
associated strict exact triangle is (0 - X’ — DIRLY G 0,7), and it uses ¢
in an obvious way to compare with the exact triangle 0 — X’ — X’ — 0
in €y. So we are left with the case k > r. In this case, the first triangle
is T7'X' - 0 - ¥ 7X’ — X'. Its w-weight is null. The next trian-
gle is 0 — ¥ X’ — X — 0, the associated strict exact triangle being
(0— Zk7X" — 57X — 0,r), where ¢ is now used to compare with the
exact triangle 0 — K7 X' — Sk X’ 0.

(iii) We have

3{0}

(X. X"
= inf{r € R | 3 an r-isomorphism ¢ : XX’ — X withr > k > 0}.

This happens because the first triangle in the sequence (2.38) is 0 — X’ —
Y; — 0 and the next triangles are of the form 0 — Y; — Y;+; — 0. Each
of them has a weight estimated by the numbers r; for which there is an
ri-isomorphism Y; — X7 Y; 1 with 0 < s; < r;, which shows the claim.

(iv) Wehave d{®(X, =" X) = r for any r € R (this follows from Examples 2.70
and 2.75).

(v)  For the shift-invariant metric d {0} induced by d{% through the formula
(2.41) we have d{O}(X, 2"X)=0forall X andr € R.

Thus d %} s finite for pairs of objects that are isomorphic in €, and d O} x, X"
is the optimal upper bound r such that there are s-isomorphisms in € with s < r, from
some positive shift of X to X’ and, similarly, from some positive shift of X’ to X. To
some extent, d can be viewed as an abstract analog of the interleaving distance in
the theory of persistence modules (cf. [47, Section 1.3]). We explore the relation with
interleaving in more detail in Section 2.4.3.4 (see also Proposition 2.105).

Remark 2.83. There is another pseudometric d 9 which means that ¥ = @. In this
case, by definition, this d? is again an algebraic analog of the interleaving distance.
We will not use this pseudometric later in the memoir, so we do not further discuss
its properties here.

For d o there is the additional constraint that the respective shifts should also be

bounded by r. As a consequence:
(vi) If d%(X, X’) = 0, then X and X’ are O-isomorphic up to shift. More-
over, if X and X’ are not 0-isomorphic, they are both periodic in the sense



Triangulation persistence categories: Algebra 101 66

that there exist k and k' (not both null) and 0-isomorphisms kX - X,
K x> X
(vii) Ifd'®(X,X') =0, then X = X'

In summary, this means that the best we can expect from the fragmentation pseu-
dometrics is that they should be non-degenerate on the space of 0-isomorphism types.
From now on, we will say that a fragmentation pseudometric is non-degenerate if this
is the case. Assuming no periodic objects exist, the metric d'o js non-degenerate in
this sense. However, the distance it measures for two objects that are not isomorphic
in € is infinite. On the other hand, a metric such as d ¥ (as well as i_ ¥ ), where ¥ is
a family of triangular generators of €, is finite but is in general degenerate.

The last point we want to raise in this section is that mixing fragmentation pseu-
dometrics can sometimes produce non-degenerate ones. We will see an example of
this sort in the symplectic Section 3.1, but we end here by describing a more general,
abstract argument. Fix two families %;, i = 1, 2, of generators of €. Consider the
mixed pseudometric defined by

d¥%2 = max{d*, d*2). (2.42)

The idea is that if these two families are “separated” in a strong sense, then the mixed
metric is non-degenerate. For instance, denote by %A the subcategory of € that is
generated by %;. Now assume that Obj (371A) N Obj (?ZA) = {0} (this is of course quite
restrictive). We now claim that i_ F1.92 ig non-degenerate and that dF1-%2 satisfies
a weaker non-degeneracy condition, namely, that df-"2 (X, 0) = 0 if and only if
X = 0. This latter fact follows immediately by noticing that 4%i (X, 0) = 0 means
that X € ?}A. We leave the former as an exercise.

2.4.3.4 Fragmentation pseudometrics, the interleaving pseudometric, and other
algebraic measurements. The aim of this section is to describe relations between the
fragmentation pseudometrics introduced above and the interleaving distance, which is
well known in persistence theory as well as in Morse and Floer theory. A discussion
of the bottleneck distance, which is closely related to interleaving, is included in
Section 2.5.2.

Adapting the definition of the interleaving distance [47] to TPCs is immediate.

Definition 2.84. Let € be a triangulated persistence category with shift functor 3.
Given two objects X, Y € Obj(€), the interleaving distance between X and Y is
defined by

din(X.Y) = inf{r 2 0| 3¢ € home, (5" X.Y). ¥ € homg, ('Y, X)
such that ¥ o ' = X, ¢ o X'y = n¥ }.

It is a simple exercise to check that this is indeed a pseudometric.
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We will also make use of the shift-invariant version:

d(X,Y) = inf din(E"X,Y),
reR

which we will refer to as the shift-invariant interleaving pseudometric.

Lemma 2.85. Let € be a triangulated persistence category and let X, Y be two
objects in €. If ¢ : X — Y is an r-isomorphism, then di,(X,Y) < r. Conversely,
if din(X,Y) = s, then for any r > s there exist 4r-isomorphisms "X — Y and
'Y — X.

Proof. We start with the first part of the lemma. By the results in Section 2.3.1, ¢ has
aright r-inverse ¥ : 'Y — X suchthat¢ oy = nf’. Let¢ =¢o r)f be such that
we have the diagram
2r =y r ¢’
Y —- ¥ X —Y
with ¢’ o =" = n¥ . We now consider the composition ¥ o "¢’

=r

X >r
sy " vy X2 yry Xox,

Proposition 2.28 claims that v is r-equivalent to a left inverse of ¢. Thus we have
YoXlp~, nf, and hence ¥ o X7¢/ = nfr, which shows the claim.

We pass to the second part of the lemma and now assume that di, (X, Y) =5 <r.
We fix morphisms f : "X — Y andg:X"Y — X suchthatgo X7 f = nfr and f o
Yeg = ngr. This means that both f and g have right and left 2r-inverses. Therefore,
by Lemma 2.32 (iv), they are both 4r-isomorphisms. ]

Recall now the largest of our metrics from Section 2.4.3.1, d {0}, and its shift-
invariant version d{o}; see also Sections 2.4.3.2 and 2.4.3.3.

Corollary 2.86. In the setting above we have

1 — — o~
5 dm(X.Y) < dOX,Y) <4din(X,Y).

In particular, all shift-invariant pseudometrics of the type d¥ have as upper bound

4 - (the shift-invariant interleaving pseudometric).

Proof. We start with the first inequality from the left. Assume that % (X,Y) = s and
fixr > s, r <s + €. This means that there exists m € R such that J{O}(EmX, Y)<r.
In particular, S{O}(EmX ,Y) < r. Thus, by point (ii) in Section 2.4.3.3, we deduce that
there exists some k > 0 and a 2r-isomorphism ymtkx 5y, By the first point of
Lemma 2.85 we deduce that dip (™%X, Y) < 2r, and thus c?i\m(X, Y) < 2r, which
implies the desired inequality.
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We now turn to the second inequality. Let s = Ji\m(X ,Y), and let r be such that
s <r <s + €. There exists m € R such that d;, (X" X, Y) < r. From the second point
of Lemma 2.85, we deduce that there are 4r-isomorphisms X" MY Y and XY —
™ X . This means, by point (ii) in Section 2.4.3.3, that §\% (=™ X, Y) < 4r and
5Oy, SmX) < 4r. Thus 41 (=™ X, Y) < 4r, and we conclude that {0} (X, Y) <
4din (X, Y). n

2.4.3.5 Other algebraic measurements. Other algebraic pseudometrics based on
measuring the weight of cone decompositions — and not necessarily individual trian-
gles — have appeared in [10]. The basic measurement introduced there can be viewed
as a sort of extension of the interleaving distance and is easily formulated in the TPC
setting (and in fact in any persistence category). To fix ideas, let € be a TPC and let
f X — Y be a morphism in €. We define

p(f) = inf{max(T/1+Tgl.5.0) | g: ¥ — X, go f = Ix}.

The way this is used in [10] is the following. Consider a triple (1, Y, ¢) consisting
of an iterated cone decomposition 1 in €y with final term Y,,, as below:

Yo—Y1—--—Yy—m Y1 — - — Yy —— Y,

/ / /
/ / /
/ // /
Ay v/ it1 Ap 7
/ , /
/ / /
v v v
X1

A
Xit1 Xn

and with ¢ : Y — Y, a morphism in € that induces an isomorphism in €. The
weight W of such a triple is defined by W(1, Y, ¢) = p(¢). This can be used to
compare objects X, Y in € relative to a family of objects ¥, which we assume to be
closed under the action of £, by defining, for two objects X, Y,

z¥(, X)
=inf{W(n, Y, ¢) | 3j,Vi# j, X;i e F, T7'X = X;, ¢ : Z¥Y - ¥,,, k e R}.

Such a Z¥ can be obviously symmetrized and it is shift invariant (because ¥ is
closed under the action of X and we included the parameter k in the infimum). How-
ever, the fact that the triangle inequality is satisfied is non-trivial, and it is not clear
whether this is true for general TPCs. As we will see later in Remark 2.103, the tri-
angle inequality holds in important examples such as the homotopy category of a
filtered pre-triangulated dg-category, and similarly for filtered modules over a filtered
Ao-category (this is the case treated in [10]). This subtlety is related to the degree of
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precision in constructing maps induced on cones. Nonetheless, there is a simple way
to compare some of our pseudometrics and Z¥.

Lemma 2.87. In the setting above we have
zZ¥(Y, X) <4-87 (1. X).

Proof. Assume that §¥ (Y, X) = r. This means that there exists k € R and a sequence
of exact triangles 7o in €op

O—>Y1—> -—Y; —>Y,+1—>---—>Yn_1—>Yn

/
/
/
H—l / An /
/
/
A
t+1
(2.43)

with X; € ¥ for all indices except for X, in which case X; = »!T-1X for some
[ € R. Moreover, Y, = Y and w(A;) = r; with ) ; r; = r + € (for any small €).

The aim is to construct another sequence 7 of exact triangles, this time exact
in f(),

00— Y, —---— Y] —>I7,+1—>---—>I7n_1—>17,,

/ /
/ /
/ /
;o ;o
17 P41 / Ay
/ /
/ /
" v
X1 Xit1
(2.44)

such that for each i there is a k; € R with X = Yki ' X; and there is some ¢ : ¥ — Y
that is a 2(r + €)-isomorphism. Assuming this construction is achieved, we deduce
from Lemma 2.85 that Y and Y, are 2(r + ¢)-interleaved and thus p(¢p) < 4(r + ¢€),
which implies the claim.

The first step is to replace the sequence 7., with a sequence 7 of strict exact
triangles in €:
Ar: X{—>0—>Y - X71TX]
Ay: X) =Y > Y, > X72TX]
Asz: X5 —>Y) > Y, —> Z7BTX,

An: X, —>Y, | —>Y —>3"TX,,

N
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where the (—)’ are appropriate shifts of the corresponding nodes of the sequence 7oo.
Such triangles exist by the definition of the weight w. We now proceed by induction:
we assume that we have constructed the first k triangles as in 7 together with an
Sk = 2(r1 + r2 + - -+ + ry)-isomorphism ¢y : ¥, — Y). We now consider the strict
exact triangle Ag41:

. ) Uk+1 / ” ’
Agtr: Xk+1 Y, Yk+1 TXk+1
lf
li —r /
Ve P XTRRITXG

as in Definition 2.42 with f an rg-isomorphism and the top row an exact triangle
in €y. We consider the two exact triangles in €,

Uk+1

X Sy vy —— X, (2.45)
[ ol
u/ —_
Xllc+1 Yi Y]é’-”-l ) TXl/c+1

where u’ = ¢y o U1 and & is induced from the first square on the left. In particular,
h is an sg-isomorphism. So now we consider

/ g —Tk+1 4 h k41 n
Yepp— X% Yipp — 2 Yivrs

where g is a left r¢1-inverse of f, and we notice that /1 o g is an sg 4 1-isomorphism.
We will take the map ¢y 4 to be the composition ¢y = h o g and we put Yr41 =
TTTkH1Y M . We take the triangle

’ ja—
S kY —— DAY —— BTHTX]

—rk+1 /
X X k+1°

k+1
which is the bottom row in (2.45) shifted by X7"%+! as the (k + 1)st exact triangle in
the sequence 7). Finally, we adjust the first k triangles already constructed by shifting
them all down by X7"%+1, This produces a sequence of k + 1 triangles, each exact
in €y, with the desired properties, together with the map ¢y 1; this completes the
induction step. |

Possibly more useful than the actual statement of Lemma 2.87 is the method
of proof: we produced a sequence 7 of exact triangles in €y, as in (2.44), and a
2r-isomorphism ¢ : Y,, — Y, out of the sequence of triangles in €, in (2.43) whose
sum of weights is r.

Using a right inverse ¥ : 'Y, — Y, of ¢ we can transform the last €, exact
triangle into a strict exact triangle of weight 4r. The interest of this construction —
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and this will be used in the applications in Section 3.1 — is that we obtain in this
way a method to bound §F (Y, X) both from below and from above by a simpler
quantity Q% (Y, X), defined as the infimum of the sum of the weights of the triangles
in decompositions as in (2.43), but with the first n — 1 triangles of weight 0. Thus the
weight of such a decomposition equals the weight of A,. To summarize what was
discussed above we have:

Corollary 2.88. For any objects X,Y, we have
87 (v, x) < 0F(¥, X) <487 (v, x).

Remark 2.89. If in the inequality above one could avoid the factor 4, then we would
have a simpler description of the fragmentation pseudometrics discussed here by
replacing sequences of strict exact triangles in € with corresponding sequences in €y,
followed by an s-isomorphism, where s is the sum of the weights of the initial trian-
gles. However, this coefficient has to do with the fact that left (or right) inverses of
k-isomorphisms are, in general, only 2k-isomorphisms (see also Remark 2.34), and
a factor of at least 2 is basically unavoidable.

2.5 Examples

2.5.1 Filtered dg-categories

The key property of dg-categories, introduced in [12] (see also [27]), is that they admit
natural, pre-triangulated closures. The 0-cohomological category of this closure is
triangulated. We will see here that there is a natural notion of filtered dg-categories.
Such a category also admits a pre-triangulated closure, defined using filtered twisted
complexes, following closely [12]. Its 0-cohomological category is a triangulated per-
sistence category.

2.5.1.1 Basic definitions. Following a standard convention, we work in a co-homo-
logical setting and we keep all the sign conventions as in [12]. For our purposes it
is convenient to view a filtered cochain complex over the field k as a triple (X, 9, £)
consisting of a cochain complex (X, d) and a filtration function £ : X — R U {—o0}
such that forany a,b € X and A € k\ {0}, £(Aa + b) < max{{l(a),L(b)}, £(a) = —o0
ifand only if a = 0, and £(0a) < £(a). We denoteby X=" ={x e X [{(x) <r}C X
the filtration induced on X by the filtration function £. Clearly, X =" is again a filtered
cochain complex. The family {X="},cr determines the function £. The cohomol-
ogy of a filtered cochain complex is a persistence module: V" (X) = H(X=";Kk),
whose structural maps i, s are induced by the inclusions ¢, 5 : X Sy XS5 r <.
We have omitted the grading here, as is customary. If it needs to be indicated, we
write, for instance, [V"(X)]' = H'(X=";k). We denote this (graded) persistence
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module by V(X):
V(X) := ({Vr(X)}re]R, {ir,s . Vr(X) - VS(X)}r,se]R,rss)- (2.46)

Given two filtered cochain complexes X = (X, 0, Ix)and Y = (Y, oY, Ly), their
tensor product is a filtered cochain complex (X ® Y, 0%, {g) givenby (X ® Y)i =

D= (Xi ® Y;) and
1°(x®@y) =" () @y + (D"x @97 (y) Lela ®b) = tx(a) + Ly ().

If (X, {€x) and (Y, £y) are filtered vector spaces, we call a linear map ¢ : X — Y
r-filtered it Ly (¢(x)) < €x(x) + r for all x € X. A O-filtered map is sometimes
called (for brevity) filtered. For more background on this formalism, see [59].

The next definition is an obvious analog of the notion of dg-category in [12, Sec-
tion 1].

Definition 2.90. A filtered dg-category is a preadditive category 4 where
(i) forany A, B € Obj(+), the hom-set hom 4 (A, B) is a filtered cochain com-
plex with filtrations denoted by hom "(A, B) such that, for each identity
element, we have £(14) = 0 and 14 is closed

(i)  the composition is a filtered chain map:

homy (B, C) ® homy (A4, B) — homy (A4, C);

(iii) for any inclusions LAB, and L , the composmon morphism satisfies the

compatibility condition Ls e (g) oL r/(f) = Lr+s vyg(go f) forany f €
hom3’ (A, B) and g € hom3*(B, C).

Remark 2.91. A filtered dg-category is trivially a persistence category by forget-
ting the boundary maps on each homy (A, B). Explicitly, for any A, B € Obj(A),
define E4p : (R, <) — Vectx by Eqp(r) = hom "(A, B) and Egg(irs) = trs :
homA (4, B) —> hom *(A, B).

The (co)homology category of a filtered dg-category #, denoted by H(+), is a
category with
Obj(H(4A)) = Obj(+4)

and, for any 4, B € Obj(H(+4)),

homi(ay (4, B) =V (hom(4, B)) = ({H* (hom (A, B))}, . Airsrs)

is the persistence module as described in (2.46). It is immediate to see that, for any
filtered dg-category #A, its (co)homology category H(+) is a (graded) persistence
category.
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2.5.1.2 Twisted complexes. It is easy to construct a formal shift completion of a
dg-category.
Definition 2.92. Let 4 be a filtered dg-category. The shift completion A of A is a
filtered dg-category such that

(i)  the objects of XA are

Obj(E+) = {Z"A[d] | A € Obj(4A),r € R,andd € Z},
where

YA =4, XI5(TA) =34, A[0] = A,
(Aldi])[d2] = Aldy + do], (X" A)[d] = Z7(A[d])

forany r,s € Rand dy,d>,d € Z;

(i) forany X"A[d4], X% B[dp] € Obj(+A), the hom-set hom(X" A[d4], Z° B[dg])
is a filtered cochain complex with the same underlying cochain complex
of hom(A, B) but with degree shifted by dp — d4 and filtration function
Csralaq)zsBldg) = taB +5— 7.

Remark 2.93. It is immediate to check that X4 as given in Definition 2.92 is still a
filtered dg-category.

The category X+ carries a natural functor ¥ : (R, +) — PEnd(X4A) defined on
objects by X7 (A) = X" A and with an obvious definition on morphisms such that X"
is filtration preserving. For any r, s € R, the natural transformations 1, : ¥ — X
are such that (1,5)4 : ¥ A — X°4 is induced by the identity map 14 for each 4 €
Obj(+). In this context, we have a natural definition of (one-sided) twisted complexes
obtained by adjusting [12, Section 4, Definition 1] to the filtered case.

Definition 2.94. Let 4 be a filtered dg-category. A filtered (one-sided) twisted com-
plex of A is apair A = (D]_; " Ai[d;].q = (¢ij)1=i,j<n) such that the following
conditions hold:

(1) X" A;[d;] € Obj(EA), where r; € R and d; € Z.
(il) ¢qij € homx4 (X7 A;[d;], " A;[d;]) is of degree 1, and g;; = Ofori > j.
(iil)  dhomqij + D=1 9ik © gkj = 0.
(iv) Forany qij, Lsrj 41,157 4,14;1(@ij) =< 0-
Remark 2.95. We will mostly work with filtered one-sided twisted complexes as

defined above, but, more generally, the pair A = (D}_, =" A;[d;].q = (¢ij)1=i,j<n)
subject only to (i), (ii), and (iii), is called a one-sided twisted complex.
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Itis easy to see that there are at least as many filtered one-sided twisted complexes
as one-sided twisted complexes; this follows from the statement below, whose proof
we leave to the reader.

Lemma 2.96. Given a twisted complex (@?:1 Aildil,.q = (qij)), there exist (ri)1<i<n
such that condition (iv) in Definition 2.94 is satisfied for the filtration-shifted twisted
complex (@?:1 X' Aildi], g = (qij)).

2.5.1.3 Pre-triangulated completion. We will see next that the filtered twisted com-
plexes over 4 form a category that provides a (pre-)triangulated closure of +. The
0-cohomology category of this completion is a triangulated persistence category.

Definition 2.97. Given a filtered dg-category <A, define its filtered pre-triangulated
completion, denoted by Tw(), to be the category with the following properties:

(1)  Its objects are

Obj(Tw(A)) := {filtered one-sided twisted complexes of X A}.

(i) For A = (@ % A;[d;].q) and A’ = (@ =" A/[d]], ') in Obj(Tw()),
a morphism f* € homry ) (A, A’) is a matrix of morphisms in A, denoted
by f = (fij) : A — A’, where

fij € homy (27 4;[d;], Er’{A; [d/]).

(ili) The hom-differential is defined as follows. For any f € homryu)(A4, 4")
as in (ii) above, define

Ay (f) 1= (dvom fij) + 4’ f — (=) fq,

where deg( f;;) = [, and the right-hand side is written in matrix form. The
composition f’ o f is given by matrix multiplication.

Lemma 2.98. Given a filtered dg-category A, its filtered pre-triangulated completion
Tw(A) is a filtered dg-category.

Proof. The key step is to note that there exists a filtration function on homry,4) (A4, A’)
for any A, A" € Obj(Tw(+A)). For any [ = (fij) € homrya)(4, A), set

Lo () =max{lyy ot i)
It is easily checked that £44/ is a filtration function and that it satisfies the other
required properties. u

The first step towards triangulation is to define an appropriate cone of a morphism.
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Definition 2.99. Let A be a filtered dg-category and Tw(+) be its pre-triangulated
completion. Let

A= (P =" 41d)).q = @irsisizn):
A = (D= 4ild])lq = @ih<ijm)

be two objects of Tw(+), and let f : A — A’ be a closed, degree-preserving mor-
phism. Define the A-filtered mapping cone of f, where A > £44/(f), by

Cone? (/) = (@ A @ @ Sl + 11, q)
i J

/
where g, = (% _f q

), with ¢’, g, f all block matrices.

Remark 2.100. (a) The condition A > £44/( f) guarantees that Cone* ( f) is indeed
a filtered one-sided twisted complex over X s. Therefore, Tw(+) is closed under tak-
ing degree shifts, filtration shifts, and filtered mapping cones of (degree-preserving)
closed morphisms.

(b) Notice that a A-filtered cone can also be written as a O-filtered cone but for a
different map.

(c) Given a filtered dg-category A, it is easy to see that every object in Tw(A)
can be obtained from objects in X+ by taking iterated O-filtered mapping cones.

The 0-cohomological category associated to a dg-category is a triangulated cate-
gory. The next result is the analog in the filtered case.

Proposition 2.101. If A is a filtered dg-category and Tw(A) is its filtered pre-trian-
gulated completion, then the degree-0 cohomology category H°(Tw(#)) is a trian-
gulated persistence category.

In view of this result, it is natural to call a filtered dg-category + pre-triangulated
if the inclusion A — Tw(A) is an equivalence of filtered dg-categories.

Corollary 2.102. Let A be a filtered pre-triangulated dg-category. Then its degree-0
cohomology category H® () is a triangulated persistence category.

Proof of Proposition 2.101. It is trivial to notice that the category H%(Tw(#)) is a
persistence category. It is endowed with an obvious shift functor as defined in Sec-
tion 2.5.1.2. The first thing to check is that the 0-level category [H °(Tw(+))]o, with
the same objects as H°(Tw(+)) and only the shift 0-morphisms, is triangulated; see
Definition 2.21. The family of triangles that will provide the exact ones are the trian-
gles of the form

AL B cone®(£) 5 A[l]
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associated to the O-cones, as given in Definition 2.99. From this point on, checking
that [H°(Tw(+))]o is triangulated comes down to the usual verifications showing
that the H® of a dg-category is triangulated, with a bit of care to ensure that the
relevant homotopies preserve filtration. We leave this verification to the reader. It is
then automatic that X7 is triangulated when restricted to [H°(Tw(+4))]o. The last
step is to show that the morphism 4 : £" 4 — A has an r-acyclic cone in Tw(A).
In this context of filtered dg-categories, an object K is r-acyclic if the identity 1x €
homry4) (K, K) is a boundary of some element € homi:( A)(K , K).

The map n4 € Mor%w( A)(E’ A, A) is induced by the identity. By definition, we
have Cone’(n4) = A @ X" A[1] and

e (1
co 0 _q/ ’

where ¢ is the structural map of the twisted complex 4 and ¢’ = X"¢. Consider a
homotopy

K = ((Uo(,)r)A 8) :Coneo(nf) — Coneo(n;‘l)[l].

Note that £(K) = r. We have

(6 o)+ (6 %) (aons )+ (s )6 %)
dK_(O 0)+(0 _q/ (770,r)A 0 + (no,r)A 0 0 —C]/

( 14 0 ) .

- = 0(pAys

—q" o (Mo,r)a + (Nor)aoq lLsrap Cone® ()

because %" o (10,r)4a = (10,r)4 © q and this concludes the proof. -

Remark 2.103. (a) In the filtered dg-category Tw(+), we can replicate all the con-
structions in Section 2.3 at the chain level, similarly to the definition of r-acyclic
objects mentioned in the proof above. For instance, r-isomorphisms are replaced
by r-quasi-isomorphisms (meaning filtration-preserving morphisms that induce an
r-isomorphism in homology), and all the functorial-type constructions of that section
can be pursued at the chain level, by replacing commutativity at the chain level by
commutativity up to homotopy.

(b) One advantage of working at the chain level instead of in the general setting
of triangulated persistence categories is that the maps ¢ induced on cones through
diagrams of the form

A%B—)Cone(f)

Lok
A’ —>f/ B’ —— Cone(f")
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are defined explicitly in terms of the homotopy making the square on the left com-
mutative. An example relevant for this memoir is that, in the homological category
of a filtered dg-category, the measurement Z¥(—, —) from Section 2.4.3.5 satisfies
the triangle inequality. The proof follows closely the arguments in [10, Lemma 6.11],
with all weakly filtered maps there being replaced with filtered ones here.

2.5.2 Filtered cochain complexes

In this section we discuss the main example of a filtered dg-category, the category of
filtered co-chain complexes. As we shall see, this is pre-triangulated and thus, in view
of Corollary 2.102, its homotopy category is a triangulated persistence category.

We will work over a field k and will denote the resulting category by F K. The
objects of this category are filtered cochain complexes (X, d, £), where (X, d) is a
cochain complex and ¢ is a filtration function, as in Section 2.5.1.1. Given two filtered
cochain complexes (X, dx, £x) and (Y, dy, £y), the morphisms homgx, (X, Y) are
linear graded maps f : X — Y such that the quantity

Uf) =inf{r e R [ Ly (f(x)) < €x(x)+r Vxe X} (2.47)

is finite. The filtration function on homg, (X, Y) is then defined through (2.47). The
differential on homg g, (X,Y) is given, as usual, by d( f) = dy o f — (=D £ ooy,
and it obviously preserves filtrations. The composition of morphisms is also obviously
compatible with the filtration and therefore K is a filtered dg-category.

There is a natural shift functor on F K, X : (R, +) — PEnd(F Ki), defined by

Y(X,0,€x) = (X,0,4x + 1)
and

X'(f)=f forany f € Morgy, (X.Y).

Moreover, for r, s € R, there is a natural transformation from ¥” to ¥* induced by
the identity.

Assume that f : (X, dx, fx) — (Y, dy,Ly) is a cochain morphism such that
£(f) < 0. In this case, the usual cone construction Cone( f) = (Y @ X[1], 0co), with

_(oy f
aCO_(O _aX)7

produces a filtered complex and fits into a triangle of maps with £ < 0:
x L v L cone(f) 5 X111.

The standard properties of this construction immediately imply that the dg-category
F Xy is pre-triangulated and thus the 0-cohomological category, H° Xy, is a trian-
gulated persistence category.
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It is useful to make explicit some of the properties of this category:
(i)  The objects of H° %X are filtered cochain complexes (X, dx, £x).

(i)  The morphisms in hoerLIO?Jck (X,Y) are cochain maps f : (X, dx,lx) —
(Y, 0y, Ly) such that £(f) < r up to chain homotopy % : f >~ f’ with
Lh) <r.

(iii) A filtered complex (K, dg,{g) is r-acyclic if the identity 1 is chain homo-
topic to 0 through a chain homotopy /4 : 1x >~ 0 with £(h) < r.

(iv) The construction of weighted exact triangles, as well as their properties, can
be pursued in this context by following closely the scheme in Section 2.3.3.

(v)  The limit category [H°F K x]oo has as morphisms chain homotopy classes
of cochain maps (where both the cochain maps and the homotopies are
assumed to be of bounded shifts). Its objects are still filtered cochain com-
plexes. It is triangulated, with translation functor 7X = X[1], as expected.

Remark 2.104. The example of the dg-category ¥ Kk can be extended in a number
of ways, and we mention a couple of them here.

(a) Assume that we fix a filtered dg-category . There is a natural notion of
a filtered (left/right) module M over 4. Such modules, together with filtered maps
relating them, form a new filtered dg-category, denoted by Mod 4. The 0-cohomology
category associated to this filtered dg-category, HMod 4, is pre-triangulated because
the category Mod 4 is naturally endowed with a shift functor, just like K, as well as
an appropriate cone construction over filtered, closed, degree-preserving morphisms.

(b) Similarly to (a), we may take + to be a filtered Aoo-category and consider the
category Mod 4 of filtered modules over +. Again this is a filtered dg-category and it
is pre-triangulated (the formalism required to establish this fact appears in [10], in a
version dealing with weakly filtered structures).

As mentioned at the beginning of Section 1.1, there exists a quantitative com-
parison between two filtered cochain complexes X, Y, called the bottleneck distance
and denoted by dpo (X, Y). This is best expressed in the barcode language from [3]
or [59].

For completeness, we specify the version of barcodes used here. A barcode B =
{(Ij,mj)}jeg is a collection of pairs consisting of intervals /; C R and positive
integers m; € Zxo, indexed by a set ¢, and satisfying the following admissibility
conditions:

* ¢ is assumed to be either finite or equal to Zxy.
* Eachinterval /; is of the form I; = [a;, bj), with —oo < a; < bj < oo.

* Inthecase § = Zxo, we assume that a; — oo as j — oo.
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The intervals I; are called bars and, for each j, m; is called the multiplicity of the
bar /;. To such a barcode one can associate a persistence module V(8) that satisfies
the following conditions:

* (Lower semi-continuity) For any s € R and any ¢ > s sufficiently close to s, the
map is; : M* — M is an isomorphism.

e (Lower boundedness) For s sufficiently small, M* = 0.
¢ (Tameness) For every s € R, dimg(M°*) < oo.

The module V(8B) is defined as the direct sum of the elementary persistence mod-
ules V(1) for each bar I in the barcode 8. Here V([a, b))’ =k if s € [a, b) and
V(a, b))’ =0 if s & [a, b). Conversely, the Normal Form Theorem in [47, Sec-
tion 2.1], or the main result in [25], says that any persistence module M with the
three properties above can be decomposed as a direct sum of persistence modules of
the form V([a, b)) and V([c, 00)) in a unique way, up to permutation. Thus we can
associate to it a barcode B (M) consisting of the intervals [a, b) and [c, 00) appearing
in the decomposition.

The homology H(X) of a filtered cochain complex X is a persistence mod-
ule whose barcode can be read out of the normal form of X. More precisely, by
[59, Proposition 7.4] (see also [3]) there is a filtered isomorphism (in the category
H°F X)) as follows:

X~ P E@e P El.d). (2.48)

[a,+00)€B(X) [c,d)eB(X)
where E;(a), E2(c,d) € Obj(FK) are filtered cochain complexes defined by

Eia)=("—=0—->k{x)—>0—---),L(x) =a)
and

Es(c,d) = ((---—>0—>k<y)3>k(x> = 0—-), Uy) =c.lx) =4d),

where ¢ > d and d(y) = kx for some 0 # k € k. The notation B (X) in (2.48) stands
for a collection of intervals of two types: finite or semi-infinite intervals in R of the
form [c, d), with ¢ < d and possibly with d = +o00; and intervals of length 0, [c, d],
withc = d.

In what follows, sometimes for brevity, we write E([) for Ei(a) when [ =
[a, +00), and for E>(c,d) when I = [c,d), with [ € B(X). Then dpu (X, Y) is
defined as the infimum 7 satisfying the following conditions: there exist some subsets
consisting of certain “short intervals” B (X )short C B(X) and B(Y )short C B(Y) such
that

(i)  each short interval [c, d) satisfies 2(d — ¢) < 7;

(i)  there is a bijection o : £(x) \ £(X)short = E(V) \ £(Y)shorts



Triangulation persistence categories: Algebra 101 80

(iii) if o([a,b)) = [c,d), then max{|la —c|,|b —d|} < T;
(iv) ifo([a,00)) = [c,00),then |a —c| <.
In what follows, we assume that the cardinalities of the barcodes, #|8(X)| and

#|B(Y)|, are both finite. The following result compares the fragmentation pseudo-
metric d¥ defined in Definition 2.58 with the bottleneck distance dp, defined above.

Proposition 2.105. Let € = H°F K\ and let ¥ C Obj(€) be a subset containing 0.
Then
d¥(X,Y) < Cxydoo(X. Y),

where Cx,y = 4min{#B(X)|,#B(Y)|} + L.

Proof. Tt is immediate to see that we may assume that both 8’(X) and B'(Y) do
not contain any 0-length bars, and thus 8’(X) = B(X), and similarly for Y. It suf-
fices to prove the conclusion when B (X) and 8(Y) have the same cardinality of the
infinite-length bars (otherwise by definition dyo (X, Y) = +00 and the conclusion
holds trivially). Let 7 := dpo (X, Y) + € for an arbitrarily small € > 0. Since d ¥ (-, -)
is invariant under filtered isomorphisms (applied to either of its two inputs), by (2.48)
and by reordering summands we obtain

df(X,Y)§d$< e en P E*(o(m)

Te€B(X)\B(X)short o (1)eBX)\BY Ishort
+dff( O B0 D Em),
JE.B(X)shgn J/Eﬂ(y)shorl

where the inequality is given by the triangle inequality of d ¥ with respect to the direct
sum; see Proposition 2.60. For d ¥ with short intervals, both €D ; B(X)gon E2(J) and
D e B )anon E>(J') are acyclic objects in €; therefore by (i) in the definition of dy
above, triangles

0—>0— @ E>(J)—>0 and 0—0— EB E>(J)) =0
JG:B(X)short J/GD(B(Y)short

are weight-7 exact triangles (here we identify >*0 with 0 for any shift A € R). Thus,

ds“'( D Ev. @ Ez(J/))sdf( P Ez(J),O)

JE:B(X)short J/€£(X)shorl JE£(X)short

+ dT’(O, b E2(J’)) <t

J/Eﬂ(B(X)shorl
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On the other hand, by Proposition 2.60 again, for d¥ with non-short intervals, we
have

d5°'< e o D E*(au)))

I€B(X)\B(X)short o(1)eB(Y)

< > d¥(E.(1).E.(0(D))).

IEQ(X)\:B(X)Shorl

Since dpot (X, Y) < 400, the bijection o will always map a finite interval to a finite
interval and a semi-infinite interval to a semi-infinite interval, so it suffices to consider
the following two cases.

Case I. Estimate d¥ (E1(a), E1(c)). We need to build the desired cone decomposi-
tion. Without loss of generality, assume a > c¢. Then the identity map (x) g, (,) —
(x)E, (c) (With negative filtration shift) implies that the triangle Eq(a) — E1(c) —
K — E;(a)[1] is a weight-0 exact triangle (in fact in €;), where K is the filtered map-
ping cone. Then in the following cone decomposition (with linearization (0, E1(c))):

0-0—->K—=>0
Ei(c) > K — E{(a) — E1(c)[1]
the first triangle is a weight-(c — a) exact triangle, since it is readily verified that K is
(¢ — a)-acyclic. Then §¥ (E|(a), E1(c)) < (¢ —a) + 0 < 7 by (iv) in the definition
of dpor above. On the other hand, consider the following cone decomposition with
linearization (0, E1(a), 0) (note that, by definition, y-@-af 1(a) = E1(c)):
0-0—->0—-0
Ei(a) > 0 — =" 9E (@) > @I E (a)[1] (2.49)
0— Eqi(c) = Eq1(c) = 0,

where the second triangle has weight a — ¢ > 0 by Remark 2.50 (b). Therefore,
8¥(E(c), E1(a)) <0+ (a —c) + 0 < t, which implies that

d¥(E\(a), E1(c)) < t. (2.50)

Case II. Estimate d¥ (E,(a, b), Ex(c,d)). We will carry out the estimation as fol-
lows:

dj:(EZ(av b)’ EZ(C’ d)) = d‘?(EZ(av b)’ EZ(C’ b)) + dT(EZ(Cv b)’ EZ(dv b))

Moreover, we will only estimate d ¥ (E5(a, b), E»(c, b)) with a > ¢; other situations
can be handled in a similar and symmetric way. Similarly to Case I above, consider
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the cone decomposition

0-0—->K—0
E>(c,b) > K — Ex(a,b) — Ex(c,b)[1],

where E»(a,b) — Ez(c,b) is the identity map (X) g, 4.5) = (*) g, (c.p) (and similarly
for the generator y), with a negative filtration shift, and K is the cone. Since K is
(a — ¢)-acyclic, we have §¥ (E,(a, b), Ex(c, b)) <0+ (a —¢) < 1. On the other
hand,

8¥(Ea(c.b), Ex(a, b))
< 8% (Ea(c,b), S Ea(c, b)) + 87 (Ez(a, b + a — ¢), Ex(a, b)),

where §¥ (Ex(c, b), 24 ¢ E5(c, b)) < a — ¢ by a similar cone decomposition to that
in (2.49). Meanwhile, since b + a — ¢ > b, the identity map from E,(a,b +a —c) to
E>(a,b) (with negative filtration shift) yields ¥ (E(a,b + a —c¢), Ex(a,b)) <a —c.
Therefore, together we have, by (iii) in the definition of dy,o above,

djﬁ'(EZ(aib)v EZ(va)) = 2((1 - C) = 21’7

which implies
d¥ (Ex(a,b), Ex(c.d)) < 4t. (2.51)

Therefore, by (2.50) and (2.51) together, we have

d¥(X,Y) < #BX)\ B(X)shor| - 47 + 7
< (4#|B(X)\ B(X)shor| + D(dpot(X, Y) + €)
< (min{#BX)|.#BX)[} + D(doa(X. Y) + €),

where the last inequality holds since ¢ is a bijection by (ii) in the definition of dy
above. Let € — 0, and we complete the proof. |

2.5.3 Topological spaces +

There are many topological categories consisting of topological spaces endowed with
additional structures (indicated by the + in the title of the subsection) that can be
analyzed with the tools discussed before. We will discuss here two elementary exam-
ples. They both fit the following scheme: we will have a triple consisting of a (small)
category K, an endofunctor Tk : K — K, and a class of triangles A x in K of the
form

A— B — C — TxA.
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In these cases, the objects of K have an underlying structure as topological spaces
and, similarly, the morphisms in K are continuous maps, while the functor 7% cor-
responds to the suspension of spaces.

The aim is to define fragmentation pseudometrics on the objects of K by first
associating to the triangles in A x a weight wyx : Ax — R with some reasonable
properties, and then defining the quantities §¥(X,Y) and QW(X ,Y) as in, respec-
tively, (2.2) and (2.5), taking into account only decompositions appealing to triangles
A; € Ag. Notice that §¥ is not generally defined in this setting as its definition
requires to desuspend spaces. On the other hand, as soon as wy is given, §3: can be
defined by formula (2.39) with w x replacing ws, there, and with each triangle in the
sequence (2.38) being replaced with a triangle in A . We assume that the family
is such that 0 € ¥, and in most cases we assume implicitly that ¥ consists of all the
objects F such that there are triangles in A x of the form FF — A — B — Ty F. The
resulting § ¥ trivially satisfies the triangle inequality. The pseudometric d ¥ obtained
by the symmetrization of §$ exists in this case too (see Remark 2.5 (c)). Based on
the various constructions discussed earlier in the memoir, there are two approaches
to define a weight w x (that is not flat), and they both require some more structure:

(A) The additional structure in this case is a functor @ : KX — €, where € is
a TPC; in the examples below, € = H? %K — the triangulated persistence
homotopy category of filtered cochain complexes. We also require that ®
commutes with 7' (at least up to some natural equivalence), and that for each
A € Ay the image ®(A) of A is exact in € (and thus w(P(A)) < oo,
where w is the persistence weight introduced in Definition 2.63). In this
case, for each A € A x we put

wy(A) = w(P(A)).

(B) This second approach requires first that the morphisms homyx (A4, B) are
endowed with a natural increasing filtration compatible with the compo-
sition. Secondly, there should be a shift functor X% : (R, +) — End(X)
compatible with the filtration on morphisms and that commutes with Tx.
Moreover, the triangles in A x have to be part of a richer structure, such
as a model category or a Waldhausen category (compatible with the func-
tor X x ). In this case, the definition of weighted triangles can be carried out
by following the steps in Section 2.3.3, but at the space level, without mov-
ing to an algebraic category. This approach goes beyond the scope of this
memoir and will not be pursued here.

Remark 2.106. Of course, it is also possible to mix in some sense the two approaches
mentioned above. For instance, in the two examples below the category X carries a
shift functor X x as in (B), but also a functor ® as in (A), such that ® commutes with
the shift functors in the domain and target. In that case we can use ® to pull back
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to K more of the structure and weights in € (of course, this remains less precise than
constructing weights at the space level).

2.5.3.1 Topological spaces with action functionals. We will discuss here a cate-
gory denoted by AJop, . The objects of this category are pairs (A, f4) where A =
(A, x4) is a pointed topological space and f4 : A — R is a continuous function
bounded from below by the value f4(x4) of f4 at the base point x4 of A. We will
refer to f4 as the action functional associated to A. The morphisms in this category
are pointed continuous maps ¥ : A — B such that there exists r € R with the property
that fp(u(x)) < fa(x) + r forall x € A.
We will see that there is a natural contravariant functor

®: ATop, - [H'F Koo (2.52)
inducing a weight W7y, and the associated pseudometrics d ¥ on Obj(ATop,)
along the lines of point (A) above.

Remark 2.107. The condition on f4 being bounded from below is one possible
choice in this construction. Its role is to allow the constant map u : (A, f4) — (B, fB)
to be part of the morphisms of AJop,.

Before proceeding with the construction of the functor ®, we discuss some fea-
tures of AJT0p, . Notice first that the morphisms are filtered, with the rth stage being
<r
homZz (A, B)

={u: A — B | ucontinuous, u(x4) = *p, fpu(x)) < fa(x) +r Vx € A}.
There is an obvious family of functors ¥ 4505, : (R, +) — ATop, defined by

j&'fop* (Av fA) = (A7 fA + S)

and being the identity on morphisms. The next step is to define the translation functor
T 4505, - At the underlying topological level this is just the topological suspension,
but we need to be more precise about the action functional. Given an object (A4, f4),
we first define the cone (CA, fc4). We take CA to be the reduced cone; in other
words, the quotient topological space CA = A x [0, 1]/(A x {1} U x4 x [0, 1]). To
define fc4 we first consider the homotopy s4 : A x [0, 1] — R,

Ja(x) if 0
ha(x.1) = { o
(2 =26)(fa(x) — fa(xa)) + fa(xa) if 3

IA

t

IA
— N

<t<

The map fc4 : CA — R is induced by k4. We now define the reduced suspension,
SA = CA/A x {0}, and take fs4 to be the map induced to the quotient by the homo-
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topy iy : A x[0,1] = R,

2t(fa(x) — fa(xa)) + fa(xa) if
(2 =20)(fa(x) = fa(x4) + fa(xq) if

We put T'(A, f4) = (SA, fsa). It is immediate to see that 7" extends to a functor on
AJop, and that it commutes with X. Moreover, both ¥ and 7" so defined commute
and are compatible with the filtration of the morphisms, in the sense that they take
hom=" to hom=" for each r. Moreover, composition of morphisms is also compati-
ble with the filtrations, in the sense that it takes hom="1 (B, C) x hom="2(4, B) to
hom="1%"2(4, C).

We now define the class of exact triangles A 47, . For this we consider a mor-
phism u : (A, f4) — (B, fp) and we first define its cone Cone(u). As a topological
space this is, as expected, the quotient topological space (B U CA)/~, where the
equivalence relation ~ is generated by f(x) ~ x x {0}. The base point of Cone(u)
is the same as that of B. The action functional frone(w) is induced to the respective
quotient by

— N—

hy(x, 1) = {

= O
IA
IA

=t =

fB(x) if x € B,
(1 =20)(fBu(y)) — fB(*B))

+ 2t(fa(y) — fa(x4)) + fB(xB)
2 =20)(fa(y) = fa(xa)) + fa(xp) ifx = (y,1) € Ax[3,1].

G(x) = if x = (y,1) € Ax[0. 3],

There is an obvious inclusion i : (B, fg) — Cone(u), and there is also a projection
p : Cone(u) — TA (that contracts B to a point). This map belongs to our class of mor-
phisms because the functional fp is bounded from below. The class A 475, consists
of triangles A:

A:a2 BL Cone(u) B TA, (2.53)

We finally construct the functor ® : ATop, — [H°F XK. This functor will be
contravariant, since the objects of ¥K are cochain complexes (rather than chain
complexes).

First we fix some notation. For a pointed topological space X, we denote by
C (X) the reduced singular chain complex of X with coefficients in k, and by C*(X )
the reduced singular cochain complex. We denote by Cy(X) and C*(X) the corre-
sponding non-reduced complexes. If Y C X is a pointed subspace, then C. (X,Y)and
C*(X,Y) are the relative (co)chains. Consider an object of ATop.,, (A, fa), and let
A" = (f4)"(—o0, r]. Notice that the spaces A=" are pointed (if non-void). There
is a filtration of C*(A) defined by

C*(A)=" =im{C*(4, A=) — C*(4)}.
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Thus the filtration up to s € R of C* (A) consists of the cochains in A that vanish over
the singular chains of A=~ C A. Itis clear that the cochain differential preserves this
filtration. Moreover, the filtration is increasing, and if f € homir%p* (A, B), then f
pulls back the cochains in B that vanish over B=? to cochains in A that vanish over
A=97" Asaresult, C*(f): C*(B) — C*(A) shifts filtration by r. Finally, we define
the functor ®. For each object (A, f4) of ATop, we take ®(A, f4) to consist of the
cochain complex C*(A) together with the filtration {C*(A)="} defined above. For a
morphism u : (A, f4) — (B, fg) we take ®(u) = [C*(u)], where [—] represents the
cochain-homotopy class of the respective cochain morphism.

The definition of the morphisms in AJop, implies that ®(u) is indeed a mor-
phism in [H° %X ]so. Moreover, because we are using everywhere reduced cochain
complexes (and we work in the pointed category), we have that ®(A) is exact in
[H°F XK\ ]oo for each of the triangles in A ATop, - Further, the functor ® also inter-
changes the shift functors in the domain and the target.

In all cases, the weight w47, is well defined, as are the associated fragmen-
tation pseudometrics d ¥(=,-) on the objects of AJop,. Roughly speaking, these
fragmentation pseudometrics measure how much “weight” is needed to obtain a given
topological space via successive cone attachments of spaces in .

Remark 2.108. (a) The choice of the class A 455, given above is quite restrictive,
with the consequence that the resulting pseudometrics are often infinite. One alterna-
tive is to enlarge this class to all triangles in AJ0z , that are homotopy equivalent to
those in the initial class through maps (and homotopies) of filtration 0.

(b) From some points of view, working in the pointed category of spaces endowed
with an action functional is not natural. Other choices are possible, in particular ones
for which the translation functor 7" more closely imitates dynamical stabilization.

(c) The restriction of ® to compact topological spaces admits an obvious lift to
H° % X\. However, without this restriction, such a lift does not seem to be available
in full generality.

2.5.3.2 Metric spaces. The category Metr( that we will consider here has as objects
path-connected metric spaces (X, dx) of finite diameter. The morphisms are Lipschitz
maps. Recall that ¢ : X — Y is a Lipschitz map if there exists a constant ¢ € [0, 00),
called the Lipschitz constant of ¢, with the property that dy (¢ (x),¢(v)) <cdx(x,y)
forall x,y € X.

Remark 2.109. The finite-diameter condition imposed here — indicated by the sub-
script O — is necessary for some of the constructions below. The connectivity assump-
tion is more a matter of convenience.

We will construct a functor as in (2.52) with one main modification. For conve-
nience, we prefer to define a covariant functor and thus our target category will not
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be a category of cochain complexes but rather one of filtered chain complexes (the
passage from one to the other is formal, replacing C* by C_, and vice versa). We
will denote the category of filtered chain complexes over k by #.K . This behaves
just as a usual dg-category, except that the differential on the space of morphisms is
of degree —1. With this change, we will construct

D : Metrg — [HoF K ]oo (2.54)

as well as related structures on Metr¢, as in point (A) at the beginning of the section
(see also Remark 2.106).

We start by noting that there is an obvious increasing filtration of the morphisms
in Metro, with

homj{mO (X,Y) ={u: X — Y | the Lipschitz constant of u is at most e }.

It is immediate to see that this filtration is compatible with composition. There is
also a family of functors Xy, : (R, +) — Metro defined by rescaling the metric,
3%(A,dyq) = (A,e*dy), and by acting as the identity on morphisms. As in the example
in the previous section, we will next define the translation functor 7 ., and the class
of triangles A ., The first step is to construct the metric cone C’A for an object
(A, d4) in our class. Topologically, the cone C’ A will be this time the unreduced cone
over A. Thus it is defined by C'A = A x [0, 1]/A x {0}. To define the metrics d¢- 4,
first let D4 be the diameter of A. We then put

D . p
dera((x.0). (v.0) = S =1 + min{e. o'} da(x. y).

It is immediate to see that this does indeed define a metric on C’A. A similar construc-
tion yields T'(A, d4). Topologically, we will first define the (non-reduced) suspension
S’ A as the topological quotient of A x [—%, %], with 4 x {—%} identified to a point S
and A x { +%} identified to a different point N. We now define ds’4 by

D .
dS’A((x’t)v(y7t/)) = 7A|t _t/| +m1n{% - |t|’ % - |Z/|}dA(X,y),

and again it is immediate to see that this defines a metric on S’A. We now put
T(A,dg) = (S'A,ds 4). The next step is to define the triangles in A s, For
this we assume that u : (4, d4) — (B, dp) is a morphism in our category, and we
want to define the (non-reduced) cone of u, Cone’ (u). Topologically, this is, as usual,
BUC’'A/[{x} x {0} ~u(x) | x € A]. To define a metric on Cone’ (1), we first notice
that, givenamap g : X — Y and a pseudometric dy on Y, there is a pullback pseudo-
metric on X given by g*dy (a,b) = dy(g(a), g(b)). We now let A’ = u(A) C B and
we denote by # : A’ < B the inclusion. Notice that Cone’(#) C C’B. Thus Cone’ (i1)
is endowed with a metric given by the restriction of the metric d¢’g on C’B. There
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are obvious projections 7 : Cone’(#) — Cone’(#) and p : Cone’(u) — S’A. Here p
collapses B to the point S in the suspension and sends each point (x,t) € C'A to
(x,t— %). We now define

deone'(uy = T dc'p + p*dsi 4.

Notice that if u is not injective and B is not a single point, then both pseudometrics
in the right-hand side of the equality are degenerate. Nonetheless, dcope () iS non-
degenerate. Finally, the class of triangles A ., consists of triangles

AN Cone'(u) & S'A,

where i is the inclusion and p is the projection above.

With this preparation, we can now define the functor ®' from (2.54). Consider an
object (A, d4) in our category and the associated singular complex Cx(A). This chain
complex is filtered as follows:

Cksr(A) = {Z a;o; | a; € k, o; a singular simplex of diameter at most e’}.

4

In other words, in the expression above, oj : A¥ — A4 is a continuous map with the
standard k-simplex as domain and such that d4 (o; (x), 0; (y)) < e” forany x, y € A¥.
Consider the constant map ¢ : A — *. This induces an obvious surjection Cx —
Cx (%), and we denote by Cy(A) the kernel of this map (this is quasi-isomorphic to the
reduced singular chain complex of A — because A is connected — but is independent
of the choice of base-point). There is an induced filtration C=" (4). We now put

®'(A,dy) = C«(A) with the filtration {C="(A)},.

Further, for a morphism u : (4, d4) — (B, dp) we take ®'(u) = [Cx«(u)], the chain
homotopy class of the singular chain map C, (1) (restricted to the C (—) complexes).

It is easy to see that this @’ is indeed a functor as desired and that ®'(A) is exact
for each triangle A as defined above and, again, @’ interchanges the shift functors
in the domain and target. In summary, the weight W ., is well defined, as are the
quantities § ¥ and the pseudometrics associated to them.

Remark 2.110. (a) Similarly to Remark 2.108, the definition of the triangles in
A pere,, 18 highly restrictive and, in this case, even the objects in our category are
subject to a constraint — finiteness of the diameter — that might be a hindrance in
applications. One way to apply the methods above to the study of spaces of infinite
diameter is to consider triangles of the form A : A —- B — C — S’ A, where A is
of finite diameter and such that S’ A admits a metric as above, and to analyze when
@’(A) is of finite persistence weight in [HoF K] oo-
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(b) In studying metric spaces of infinite diameter by these methods, it is likely
that the most appropriate structure fitting with the cone construction is that of a length
structure, in the sense of Gromov, as in [35, Chapter 1, Section A]. We will not pursue
this theme further here.

2.5.3.3 Further remarks on topological examples. (A) In the topological examples
above — for instance in AJop, — it is natural to see what the quantities éf(—) mean
even for the flat weight wq, which associates to each exact triangle the value 1. Of
course, in this case § y(A, B) simply counts the minimal number of cone attachments
in the category 4 J0p , needed to obtain A out of the space B by attaching cones over
spaces in the family ¥ using the family of triangles A 455, . Given that the weight is
flat, the question is independent of filtrations and shift functors, and it reduces to the
identical question in the category of pointed spaces Jog . In the examples below we
will focus on this category and on §$(A, ), which is one of the most basic quantities
involved.

It is useful to keep in mind that there are two more choices that are essential
in defining §T (A, =x): the choice of family ¥ and the choice of the class of exact
triangles Aggp, ; see also Remark 2.108 (a).

i F= {SO, St ... Sk .. -}; Agep, are the triangles A L B— Cone(u) —
SA asin (2.53) (but omitting the action functionals). In this case, § {ﬁ(A, x) =
k < oo means that A has the structure of a finite CW-complex with k cells.

(i) F ={S°S', ..., Sk ...}; we now take Agy,, to be the triangles that
are homotopy equivalent to the triangles A — B — Cone(u) — SA from
(2.53). In this case, ¥ (A, %) = k means that 4 is homotopy equivalent to a
CW-complex with k cells. This number is obviously a homotopy invariant.
It is clearly bounded from below by the sum of the Betti numbers of A.

(iii) F consists of all pointed spaces with the homotopy type of CW-complexes;
Aqgop, are as at (ii). In this case, the definition of Q}—(A, *) coincides with
that of the cone-length, C1(A), of A (for a space A with the homotopy
type of a CW-complex). Cone-length is a homotopical invariant of interest
because it is at most one greater than the Lusternik—Schnirelmann cate-
gory [19], which, in turn, provides a lower bound for the minimal number
of critical points of smooth functions on manifolds. Incidentally, as noted
by Smale [54], a version of the Lusternik—Schnirelmann category provides
also a measure of the complexity of algorithms; see [22] for more on this
subject.

(iv)  Atthis point, we will change the underlying category and place ourselves in
the pointed category of finite-type, simply-connected rational spaces TO’]?,(?
(see [31]). We take ¥ to consist of finite wedges of rational spheres of
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dimension at least 2. The triangles A%p;? are as in (ii) (in the category
of rational spaces), but we will also allow in A%p(g “formal” triangles
of the form S™!'F — x — F, where F € ¥ (desuspending is not pos-
sible in our category, but we still want to have, for a rational 2-sphere S2,

§$(S 2 %) = 1). In this setting, it turns out that
8% (A, x) = CI(A) = nil(A)

(see [20]). Both equalities here are non-trivial: the first because in the def-
inition of Cl we use cones over arbitrary (rational) spaces, while in this
example ¥ consists of only wedges of spheres. For the second equality,
nil(A) is the minimal order of nilpotence of the augmentation ideal 4 of a
rational differential graded commutative algebra 4 representing A (recall
that, by a celebrated result of Sullivan [55], the homotopy category of ratio-
nal simply-connected spaces is equivalent to the homotopy category of
rational differential graded commutative algebras, the representative of a
given space being given by the so-called PL-de Rham complex of A).

(B) One of the difficulties of extracting a triangulated persistence category from a
topological category such as those considered in this section is very basic and has to
do with the difference between stable and unstable homotopy. In essence, recall that
if € is a TPC, then the 0-level category €y is required to be triangulated. However, in
unstable settings, homotopy categories of spaces are not triangulated.

®

An instructive example is a variant of our discussion concerning the cate-
gory Metrq. In this case the morphisms hom e, (A, B) carry an obvious
topology as well as a filtration, as described in Section 2.5.3.2. We can now
consider a new category, Metr, with the same objects as JMetr( but with
morphisms hom Hetro (A, B) = S« (hom ey, (A, B)), where S«(—) stands
for cubical chain complexes. These morphisms carry an obvious filtration
obtained by applying the cubical chains to the filtration of hom e, (4, B).
The composition in this category is given by applying cubical chains to the
composition hom ey, (B, C) x hom e, (4, B) — hom s, (A, C) and
composing with the map

S* (homMet’)‘o(Ba C)) ® S* (homMet'I‘() (A, B))
— Sx(hom ey, (B, C) X hom s, (A, B))

induced by taking products of cubes. It follows that f(eﬁco is a filtered
dg-category (in homological formalism). Thus all the machinery in Sec-
tion 2.5.1 is applicable in this case. Moreover, this category carries an obvi-
ous shift functor. However, [ Hg ﬂeﬁo]oo is not triangulated and thus ﬂe)ﬁ%o
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is not pre-triangulated (quite far from it). Indeed, hom, ' = et o] (A, B)is
the free abelian group generated by the homotopy classes of Lipschitz maps
from A to B. As a result, the translation functor (which is in our case the
topological suspension) is certainly not an isomorphism.

(i) As mentioned before, in point (B) at the beginning of Section 2.5.3, one
way to bypass these issues is to introduce a sort of filtered Waldhausen cat-
egory or a similar formalism and to develop a machinery parallel to that of
TPCs in this unstable context. The structure present in AJop, and Metrq
suggests that such a construction is possible and will be relevant in these
cases.

(iii) There is yet another, more geometric, approach to associating to each of
AJop, and Metrg a triangulated persistence category. This is based on
moving from these categories to stable categories, where the underlying
objects are the spectra obtained by stabilizing the objects of the original
categories and the morphisms come with an appropriate filtration induced
from the respective structures (action functionals or, respectively, metrics)
on the initial objects. This seems likely to work and to directly produce a
TPC, but we will not pursue the details at this time.

2.5.4 Filtrations in Tamarkin’s category

This section is devoted to an example of a triangulated persistence category that
comes from the filtration structure present in Tamarkin’s category. This category was
originally defined in [56], based on singular supports of sheaves, and was used to
prove some non-displaceability results in symplectic geometry, as well as other more
recent results related to Hamiltonian dynamics (see [36]).

2.5.4.1 Background on Tamarkin’s category. Let X be a manifold, and let D (kx)
be the derived category of sheaves of k-modules over X. In particular, this is a tri-
angulated category. For any A € Obj(D(ky)), due to microlocal sheaf theory as
established in [40], one can define the singular support of A, denoted by SS(A), as a
conical (singular) subset of T* X . We refer to [40, Chapter V] for the precise defini-
tion of SS(A) and a detailed study of its properties. Now, let X = M x R, where M is
a closed manifold, and denote by t the co-vector coordinate of 7*R in 7*(M x R).
Consider the full subcategory Dy <o) (Kaprxr) of O (kprxr) defined by

Obj(Dir <0y (karxr)) = {4 € Obj(D(karxr)) | SS(A) C {z < 0}}.

If A— B — C — A[l] is an exact triangle in O (kpsxr), then SS(C) C SS(4) U
SS(B). This implies that Dy <oy (Kprxr) is a triangulated subcategory of Dk, -
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Tamarkin’s category is defined by
T (M) := Diz<oy(knrxr) ™, (2.55)

where L,/ denotes the left orthogonal complement of Dy, <oy (Karxr) in D (Kprxr)-
Then 7 (M) is also a triangulated subcategory. Note that 7 (M) C D0y (Kyrxr)
by definition. When M = {pt}, Tamarkin’s category 7 ({pt}), together with a con-
structibility condition, can be identified with the category of persistence k-modules
(see [63, Section A.1]).

Remark 2.111. There exists a restricted version of Tamarkin’s category, denoted by
Ty (M), where V C T*M is a closed subset (see [63, Section 3.2]). This restricted
Tamarkin category is useful to prove the non-displaceability of some subsets in 7* M
(see [2]). In this memoir, we will only focus on 7 (M).

One way to understand the definition (2.55) is that 7 (M) is an admissible sub-
category (see [44, Definition 1.8]), in the sense that for any object A in D (Kyrxr)
one can always split 4 in the form of an exact triangle

B— A— C — B[l] (2.56)

in D(kyrxr), where B € T(M) and C € Dyr<oy(kpxr). In fact, this splitting can
be achieved in a rather concrete manner, which involves an important operator called
sheaf convolution on objects in O (kprxr). Explicitly, for any two objects A, B in
D (karxr), the sheaf convolution of A and B is defined by

AxB:=8'"Rsy(r]'A® ;' B),

where ; : (M x R)? — M x R are the projections to each factor of M x R, s leaves
the (M x M)-part unchanged but adds up two inputs on the R-factors, and & is
the diagonal embedding from M to M x M. For instance, Kasx[0,00) * Karx[0,00) =
K1 x[0,00)» Where Ky for a closed subset V' denotes the constant sheaf supported on V.
Moreover, this operator is commutative and associative. An important characteriza-
tion of an object in 7 (M) is that (see [56, Proposition 2.1])

A € Obj(T(M)) ifandonlyif A *Kprxo,00) = 4.

which implies that (i) for any object A in D (Kprxr), the sheaf convolutions B :=
A * Kprx[0,00) and C := A * Kprx(0,00)[1] provide the desired exact triangle for a
splitting of A in (2.56); (ii) sheaf convolution is a well-defined operator on 7 (M).
With the help of sheaf convolution, the R-component generates a filtration struc-
ture in 7 (M) as follows. For any r € R, consider the map 7, : M xR — M xR
defined by (m,a) + (m,a + r). One can show that for any object A in T (M), the
induced object is (7;)+ A = A * Kprx[r,00) (see [63, Lemma 3.2]). In fact, {(7} )« }rer
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defines an R-family of functors on 7 (M). Moreover, if r < s, then by the restric-
tion map Kazx[r,00) = Kamrx[s,00), W€ have a canonical morphism 7, 5(A4) : (T;)«A —
(Ts)«A. At this point, notice that for r < s there does not exist a non-zero morphism
from Kpsx[s,00) t0 Kpsx[r,00), SO the canonical map 7, s respects the partial order <
on R. For any r <'s, 7,5 is viewed as a natural transformation from (7} )« to (Ty)x.
Finally, we call an object A in 7 (M) a c-torsion element if 7g . (4) : A — (T¢)«A is
zero. For instance, when M = {pt}, the constant sheaf ki, 5y € 7 ({pt}) with a finite
interval [a, b) is a (b — a)-torsion.

We end this subsection with a discussion of the hom-set in 7 (M). It is more
convenient to consider derived hom, that is, Rhomg(31)(4, B) for any two objects
A,BinT (M).Lemma 3.3 in [63] (or Lemma 3.8 (1) in [56]) provides a more explicit
way to express such Rhom, that is,

Rhomg 37y (A4, B) = Rhomg (K[o,00), Rt Hom™ (A, B)). (2.57)

By taking the cohomology at degree 0, we obtain homg(ar)(A4, B) as a k-module.
Here, w : M x R — R and Hom™(-,-) is the right adjoint functor to the sheaf convo-
lution (see [2, Definition 3.1]). The right-hand side of (2.57) is relatively computable,
since they are all (complexes of) sheaves over R (cf. [63, Section A.2]). Moreover, by
using the adjoint relation between Hom™ (-, -) and the sheaf convolution, one obtains
a shifted version of (2.57), that is,

Rhomg (a7 (A, (T;)+ B) = Rhomg (Kjo,0). (T7)+(R7s Hom™ (A, B))).  (2.58)
Therefore, for any r < s, there exists a well-defined morphism
(2% - homg a1y (A, (T1)« B) — homg(ar) (A4, (Ts)« B), (2.59)

which is induced by the morphism t, 5(Rm«Hom™ (A, B)). Finally, we have a canon-
ical isomorphism,

T, : hOIn'j'(M)((Tr)*A, (Tr)*B) ~ hOmg"(M)(A, B), (2.60)

which is induced by the sheaf convolution with Kps [ «0)- In particular, 7, commutes
with the morphism L;‘f gB defined in (2.59).

2.5.4.2 Persistence category from Tamarkin’s shift functors. We have seen before
that Tamarkin’s category is endowed with a shift functor. We now discuss the persis-
tence structure induced by this shift functor; see Remark 2.23 (d).

Definition 2.112. Given the category 7 (M) as above, define an enriched category
P (M) as follows. The object set of Obj(# (M)) is the same as Obj(T (M), and the
hom-set is defined by

homgp (s (A, B) = {{homsar)(A. (Tr)«B)}rer. {13 brser, r=s }

for any two objects A, B in (M), where Lﬁng is the morphism defined in (2.59).
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Remark 2.113. Definition 2.112 can be regarded as a generalization of (2.15) in
Section 2.2.4, since when M = {pt}, Tamarkin’s category 7 ({pt}) can be identified
with the category of persistence k-modules. Also, Definition 2.112 fits with geometric
examples. Indeed, recall a concrete computation of homg(a7)(A4, B) when both 4
and B are sheaves coming from generating functions on M (see [63, Section 3.9]). In
this case, homg a7y (A4, B) can be identified to a (Morse) persistence k-module in the
classical sense.

Lemma 2.114. The category P (M) from Definition 2.112 is a persistence category.
Proof. Consider the functor E4, g : (R, <) — Vecty defined by
E4,8(r)(= hom' (4, B)) = homg () (4, (T7)«B),

and, for the morphism i, s when r <, set E4 p(iys) = t, s . Notice that the compo-
sition E4,g(r) X Ep,c(s) = E4,c(r + s) is well defined due to (2.60). Indeed, for
any f € E4 p(r) and g € Ep c(s), the composition is defined by

(f.8) = Tr(g) o f € homgar)(A, (Tr45)«C).

Then, forany r < r’, s <s’, we have

( r (SS/ (g))) rr’ (f)_tr-|—sr’+s’(T (g) f)
which completes the proof that (M) is a persistence category. ]

We now list some properties of the persistence category & (M).

(a) The O-level category J?(M ) has the same objects as (M), but
homg)(M)O(A, B) = homT(M)(A, B).

We use the fact that (Ty)x = 1. Thus, P(M)e = T (M). This category is
triangulated, as we have seen above.

(b) The oo-level, # (M )0, has the same objects as (M), but

homgp (a1, (A, B) = lim homg ar)(4, (T7)«B),

r—>0o0

where the direct limit is taken via the map Lf}B. This limit category has been
considered in [37, formula (81) and Proposition 6.7], where it is viewed from
the perspective of a categorical localization on torsion elements. This can be
regarded as a special case of Proposition 2.39 in Section 2.3.2, where the
localization is established for a general triangulated persistence category.

(¢) On P (M), each (T,)« is a persistence functor for any r € R, i.e., (T;)« €
P (End(P(M))), since T, commutes with 7, 5.
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(d) There exists a natural shift functor on & (M ). Define
Y: (R, +) > P(End(P(M)))
by X(r)(= ") = (T—)«. Forany r, s € R and 7, s € homg(r, 5), define
E(rs) = Lr_p)u-)-
Then, for any object A in (M),

E(Mrs)a = Lr_,),a € homg ) (T-r)« A, (T—r)«A)
= homg () (T-)x A, (Ty—)+ ((T-)« 4))
= E(r_).A(T—5)2a(s = T)
= hom’ " ((T_,)« A, (T—s)+A).

In other words, ¥ (7,5)4 is a natural transformation of shift s — r. In partic-
ular, the morphism 77;‘1 =1i_r0((Nr0)4) € hom®(X7 A, A) is well defined for
any r > 0. It is easy to check that n4 = (7_,0)(A).

(e) The r-acyclic objects in (M) are precisely the r-torsion elements in 7 (M).
Indeed, by definition, an object A in P (M) is r-acyclic if and only if 17;4 =
7_r0(A4) : (T-;)«xA — A is the zero morphism, which coincides with the
definition of an r-torsion element under the isomorphism (2.60).

(f) Recall that for each r, hom” (—, X') = homg(ar)(—, (T)« X). This is an exact
functor due to (2.58) on P (M )¢ = 7 (M). Similarly, hom" (X, —) is also an
exact functor on P(M)g = T(M).

Lemma 2.115. For any r > 0 and any object A in P (M), the morphism
r];‘1 (T-)«A—> A

embeds into the exact triangle

A
(T_)Ad 25 A K — A 2.61)
in T (M) = P (M), where K is r-acyclic.

Proof. Since T (M) is a triangulated category, the morphism n;“ embeds into an exact
triangle as (2.61). By item (e) above, we need to show that K is an r-torsion element.
By [37, Lemma 6.3 (ii)], which provides a criterion for testing whether an object in
an exact triangle is a torsion element, it suffices to verify that the following diagram
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is commutative for some morphism o:

A
(T A —" 5 4

roJ(<T;1)*A)J_k//////iz//’//////\{nxr(A)
A

T,). A
T, (n) (Tr)

Indeed, this diagram is commutative if we choose @ = 14 and use the functorial
properties of 7_,. ]

Remark 2.116. By the definition of an r-isomorphism given earlier, Lemma 2.115
implies that the morphism 4 € hom®((7,)« A4, A) is an r-isomorphism. On the other
hand, [63, Section 3.10] defines an interleaving relation between two objects in 7 (M),
which is similar to r-isomorphism in the sense that A and (7, )« A are r-interleaved.

Example 2.117. Let M = {pt} and consider T ({pt}). For A = K[g,), we know that
(T—r)+A = K[—r,00) for any r > 0. Then we have an exact triangle in T ({pt}):
T—r.0(4)
k[—r,c><>) - k[O,oo) g k[—r,O)[l] g k[—r,oo)[l]a
where, as we have seen, K[, ¢)[1] is an r-torsion element (so r-acyclic). Here, by def-

inition, 7_,,0(A) is the restriction map from K[_, ) to K[o ), and the exact triangle
is from [40, (2.6.33)].

The properties stated in (a) and (d) above, together with Lemmas 2.114 and 2.115,
imply the main consequence of this section.

Corollary 2.118. The category P (M), introduced in Definition 2.112, is a triangu-
lated persistence category.



