Chapter 2

Hypercubes and Heegaard Floer homology

In this chapter, we describe some background on Heegaard Floer homology and

homological algebra.

2.1 Background on Heegaard Floer homology

We will assume that the reader is familiar with the basics of Heegaard Floer homo-
logy [39], as well as its refinements for knots [37,47] and links [41]. We provide a
brief review to establish notation.

Definition 2.1 ([41, Definition 3.1]). We consider the following notions of Heegaard
diagram in this memoir:

)]

2

A multi-pointed Heegaard diagram consists of a tuple
(Z,a,B,w)

as follows. Here, X is a surface of genus g and w = {wq, ..., w,} is a non-
empty collection of base points. Also, &« = {o1,...,®g4n—1}, s a collection
of pairwise disjoint embedded curves on ¥ which are linearly independent in
Hi(2\ w). We assume 8 = {B1.....Bg+n—1} satisfies the same condition.
In particular, X \ « consists of # components, each of which contains a single
base point w; € w, and similarly for X \ .

A Heegaard link diagram with free base points consists of a tuple

(2, 0,8,w,2,p)
satisfying the following. We assume that w = {wq, ..., w¢}, z = {z1,...,2¢}
and p = {p1,..., pm} are collections of base points. Let n = £ + m. We
assume that o = {&1,...,dg4p—1}and B = {B1, ..., Bg+n—1} are collections

of pairwise disjoint, embedded curves which each span a rank g summand of
H{(X). We assume that each component of X \ & (resp. X \ B) contains
either a single base point of p, or contains one base point from w and one
base point from z.

Remark 2.2. Occasionally, it is helpful to allow the collections w and z to contain
free base points. In this case, we assume that if p € w U z is the sole base point in a
component of X \ &, then it is the sole base point in a component of X \ B.
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The curves a, B C ¥ determine two handlebodies, Uy and Ug, with boundary .
A Heegaard link diagram with free base points determines a 3-manifold ¥ and an
oriented link L € Y. In Uy, the link L is a push-off of a collection of smoothly
embedded, pairwise disjoint arcs in X \ e which connect the link base points of w to
the link base points of z. In Ug, we assume L is a push-off of a collection of smoothly
embedded, pairwise disjoint arcs which connect the link base points of z to the link
base points of w. We follow the orientation convention that L intersects X positively
at z and negatively at w.

Remark 2.3. Typically we assume that if w; and z; are in a component of X \ e, then
they are also in a component of X \ B. This ensures that (X, oz, 8, W, Z, p) represents
a link with £ components and each component has 2 base points.

If # = (2, e, B, w) is a multi-pointed Heegaard diagram for Y and s € Spin°(Y),
we define CF™ (#, ) to be the free F[Uy, ..., U,]-module generated by intersection
points x of the Lagrangian tori

To =a1 X+ Xagyp—1 and Tg =1 X - X Bgyn1

in the symmetric product Sym# *"~1(X), such that sy (x) = s. See [39, Section 2.6]
for the definition of the map sy: T, N Tg — Spin®(Y).

The differential counts pseudo-holomorphic representatives of Maslov index 1
flowlines in Sym# "1 (X) via the formula

wq (@) wn
0= Y #M@/RU U Dy, @.1)
pem(x.y),
u(g)=1
extended equivariantly over F[Uy, ..., Uy].

We will frequently make use of Lipshitz’s cylindrical reformulation of Heegaard
Floer homology [23]. In this formulation, the differential counts holomorphic curves
of potentially higher genus in X x [0, 1] x R. We refer the reader to [23] for additional
background.

Definition 2.4 (Cf. [39, Section 4.2]). We make the following definitions regarding
admissibility of Heegaard diagrams:

(1) A periodic domain on a Heegaard multi-diagram # = (X, y1,..., ¥, W) is
a 2-chain P on ¥ such that 0P is an integral linear combination of the curves
from yq,...,y, and nw(P) = 0.

(2) A Heegaard diagram for a pointed 3-manifold # = (X, ., 8, W) is weakly
admissible if each non-trivial periodic domain has both positive and negative
multiplicities.

3) If #H = (X, a, B, w,z,p) is a Heegaard link diagram with free base points,
then we say that # is weakly admissible if (X, &, 8, q) is weakly admissible
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for each collection q € w U z U p such that q contains all of the free base
points and exactly one link base point from each link component.

(4) We say that a Heegaard multi-diagram (X, y1,. .., ¥x,q) is weakly admissible
if each periodic domain has positive and negative multiplicities. A Heegaard

multi-diagram with link base points (X, y1, ..., ¥, W, Z, p) is called weakly
admissible if it is weakly admissible for each collection q C wU z U p as
above.

Given a weakly admissible Heegaard diagram J¢, we can define a completed
version of the Heegaard Floer homology CF™ (), which is freely generated by x €
To N Tp (with no restriction on Spin® structures) over the ring F[Uy, ..., U,].

We now discuss link Floer homology. In this memoir, we use a slightly different
version of link Floer homology than appeared in [41]. If (X, &, 8, W, z) is a Heegaard
link diagram with no free base points and with |w| = |z| = £, we use a version of
the link Floer complex which is a free, finitely generated chain complex over the ring
F[Uy,...,Ug, V1,...,V]. This version was considered in [53] and [55]. We define
CFL(E,a, B,W,z,9) to be generated over F[Uq, ..., U, Vq,..., V] by intersection
points x € Ty, N Ty such that sy(x) = . The differential is similar to (2.1), except
that we weight a holomorphic curve by

urltwl (¢)vr1tz1 @ uzwe (¢)sze (¢).

In the case of a doubly pointed Heegaard knot diagram, # = (X, «, 8, w, z2),
we write €F K (H, s) for the complex which is freely generated over F[U, V] by
intersection points x € Ty, N Tg.

2.2 Hypercubes and hyperboxes of chain complexes

We now describe Manolescu and Ozsvath’s algebraic formalism of hypercubes and
hyperboxes of chain complexes [32, Section 5]. Define

E, :=1{0,1}" C R",
with the convention that Eg = {0}. Ifd = (dy, ..., d,) € Z=°, we define
E(d) :={(i1,...,in) €Z" :0<ij <d;,Vj}.

If &, &' € E(d), we write ¢ < & if the inequality holds for each coordinate of ¢ and ¢’.
We write ¢ < ¢’ if ¢ < ¢’ and strict inequality holds at one or more coordinates.

Definition 2.5. An n-dimensional hypercube of chain complexes (Cg, D¢ ¢ )ecE,
consists of the following:
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(1) A group C;, foreach ¢ € E,.

(2) For each pair of indices ¢, ¢’ € E,, such that ¢ < &', a linear map
Dee:Co — Cy.
Furthermore, we assume the following compatibility condition holds whenever ¢ <&’

Z Dy groDgy =0. (2.2)
& <En,,
e<e'<e
Definition 2.6. If d € (Z>°)", a hyperbox of chain complexes of size d consists of
a collection of groups (C;)scE ), together with a linear map D, s whenever ¢ < &’
and |¢' — ¢|po < 1. Furthermore, we assume that the analog of (2.2) holds whenever
e<é&"and|e” —¢e|pee < 1.

Hypercubes and hyperboxes of the same size form dg-categories. If € =
(Ce, Dg¢r)sek, and €' = (Cy, D ,)ecE,, are two hypercubes of the same dimen-
sion, then a morphism of hypercubes F consists of a collection of linear maps

. /
FE,S’- Cg — CE/’

ranging over all ¢, &’ € E, such that ¢ < &’. We write Hom(€, €’) for the space of
morphisms. There is a natural morphism differential dyjo, on Hom(€, €’), given by

Onor(Fleer = ) Divgno Feer + Forgr o Degr. 2.3)
'€k,
858/58”
Remark 2.7. In Section 3.6, we will give an alternate perspective on hypercubes, and
show that the category of hypercubes of chain complexes is equivalent to the category
of type-D modules over a certain algebra.

2.3 Compressing hyperboxes

Manolescu and Ozsvath [32, Section 5] describe an operation called compression
which takes a hyperbox € = (C¢, D¢ ¢)seR(a) Of size d = (d1, ..., d,) and returns an
n-dimensional hypercube €= (6 & 138,8/) ¢cE, - The underlying complexes are given
by the formula

..... en) = Cldyey,....dnen)-

The hypercube structure maps are more complicated. We first illustrate the construc-
tion in the 1-dimensional case. Suppose € is the 1-dimensional hyperbox of chain

complexes

Jfo.1 f1.2 Jn—1.n

Co Ci Cn.
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The compression of the above hyperbox is the hypercube

Co JSn—1,n9"0f0,1 C,.
In Section 3.6, we give an alternate description of compression in the 1-dimensional
case in terms of box-tensor products of DA bimodules over a certain algebra.

The same description also works for hyperboxes of size (1,...,1,d). Thatis, we
view € as a 1-dimensional hyperbox where the complex at each point of E(d) is a
hypercube of dimension n — 1. Compression in this case is given by composition of
hypercube morphisms.

For a hyperbox € of size (d1, ..., dy), the compression may be defined by iter-
ating the above construction. Doing so requires a choice of ordering of the axis
directions. For concreteness, we pick the standard ordering of 1, . . ., n. Given a hyper-
box € we define the partial compression of the i-th axis direction, denoted ¢; (€), to
be the following hyperbox of size (dy,...,di—1,1,di+1,...,d,). We view the € as
a 1-dimensional hyperbox (of hyperboxes) of size (d;), where the complex at each
point in E(d;) is a hyperbox of size (dy,...,di—1,di+1,...,dy). The hyperbox at
point j € {0, ..., d;} has an underlying group consisting of the sum of all complexes
at points ¢ € E(d) with &; = j. We apply the composition perspective of compression
for 1-dimensional hypercubes to obtain ¢; (€). We then define the compression

€ =(cho--0c))(E).

Compare [30, Section 4.1.2].

Of course, we can compress the hyperbox € using any ordering of the axis direc-
tions. The following is well known, and we do not claim originality for the following,
though we include it for completeness.

Lemma 2.8. If€ is a hypercube of chain complexes and Cisits compression, then C
is independent up to homotopy equivalence of hypercubes from the choice of ordering
of the axis directions.

Proof. Given the inductive nature of the construction, it suffices to prove the case
when n = 2. Let € be a hyperbox of size (dy,d>). Write c2(c1(€)) and ¢ (c2(€)) for
the two compressions of €. Note that the length 1 maps of ¢;(c;(€)) and ¢1(c2(€))
coincide, so it suffices to consider the diagonal maps. Since we are considering hyper-
cubes of dimension 2, it suffices to show that the two diagonal maps are themselves
chain homotopic since such a chain homotopy can be used to build a morphism of
hypercubes F:cz(c1(€)) — ¢1(c2(€)) which is a homotopy equivalence. The com-
ponents of F' which preserve cube points act by the identity. We define F to have no
components which increase only one cube point. We will define F' to have a com-
ponent from cube point (0, 0) to cube point (1, 1), which acts by the above chain
homotopy between the length 2 maps of ¢2(c1(€)) and ¢ (c2(€)). Assuming we can
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construct such a chain homotopy, the map F is clearly a homotopy equivalence. We
now describe how to construct this chain homotopy.

Write Cx(P,) for the following chain complex over F = Z /2. There are two
generators in degree 0, denoted eje, and eze;. We define d(e;jej) = 0. There is a
single generator in degree 1, denoted /; », which satisfies

oh = ejex + ezeg.

We view eje; and eze; as the paths along the boundary of a 2-dimensional cube from
(0,0) to (1, 1), and we think of /; » as the diagonal. We think of C«(P,) as the cell
complex for the 2-dimensional permutohedron.

We now define another chain complex C«( Py, 4,). The generators consist of con-
catenations of ej, ep and /1 such that the total number of 1 subscripts appearing
is d1, and the total number of 2 subscripts appearing is d5. The differential sums over
all ways of breaking a single s » into (ejex + eze;). We think of the generators of
C« (P4, ,d,) as corresponding to paths in [0, d;] x [0, d>] from (0, 0) to (dy, d») which
consist of concatenations of three types of segments (horizontal unit length segments,
vertical unit length segments, or diagonal segments of L!-length 2).

Note that the hyperbox structure maps of € give a chain map

Cy (Pd1 ,dz) — Hom(Cy,p, Cd1 ,dz)'
The two compression procedures give chain maps

1,2, ¢2,1: Cx(P2) = Ci(Pyg, ,a,)-

Note that ¢; j(e1e2) = e?'e%? and ¢; j(ese1) = 2" for both choices of i, j. In

order to show that the diagonals of €; > and €, are chain homotopic, it suffices
to show that the maps ¢y, and c;,; are themselves chain homotopic. To do this, it
suffices to show that the homology of Py, 4, satisfies

F ifn =0,

H,(Py 2.) =
n(Par.a,) {o itn > 0.

To establish this, we describe a filtration <, on C«(Pyq,,4,). Given an arrow se-
quence w € Py, 4,, vView w as giving an embedded piecewise linear curve in [0, d;] x
[0, d2] € R?. Consider the region R between w and the arrow sequence eflegz. We
define the filtration level of w to be the number of unit squares in [0, d;] x [0, d»] with
integral corners and whose interiors intersect R non-trivially. Note that the subspace
F<p is preserved by 0.

We now define a homotopy H: Cx(Pg,,4,) = Cs+1(Py,,4,). The map H sums
over all ways of replacing one subword e;e; with i; . We observe that [ + [0, H]
acts by the identity on ef‘ egz. We leave it to the reader to verify that if @ is a word
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with filtration level n > 0, then (I 4 [d, H])(w) is a sum of arrow words of filtration
level at most n — 1. Therefore, (I + [0, H])" gives a homotopy equivalence between
C«(Pg,,4,) and IF (concentrated in degree 0) for N > 0. This completes the proof. =

2.4 A-categories and twisted complexes

We now recall the notion of a twisted complex in an Aso-category. We refer to [50,
Section 3.1] for more background on this construction.

We recall that an A-category € consists of a set of objects O (€), a collection of
morphisms Hom(L, L) for L, L’ € O(€), together with a collection of higher com-
positions (i )n>1, as follows. We assume that if Lo, L1 € O(€), then Hom(Lo, L1)
is a vector space. We assume that for each sequence Ly, ..., L, € O(€), the map u,
takes the form

Un:Hom(Lg, L1) ® --- ® Hom(L,—1, L,) — Hom(Ly, L1).

Furthermore, we assume that for all xq, ..., X, (where x; € Hom(L;_1, L;)) the fol-
lowing associativity condition holds:

ZZ/’LH j+l(le-- » Xji—1, Uj— z+1(Xz7--~,Xj),Xj+1,---7Xn)=0-

i=1j=i

If € is an Ayo-category, the additive enlargement X€ of € is defined as follows.
The objects of X€ consist of formal sums of the form @, .; X; ® V;. Here, X; denote
objects of €, V; denote graded vector spaces over F = Z /2, and I denotes a finite
index set. The symbols ® and €p are just notation. (For our purposes, we can take
V; =TF foralli.)

A morphism in € from B;c; Xi ® Vi to P;c; ¥; ® W; consists of a collec-
tion (6;,; ® fi,j)ier,jes wWhere 6; ;: X; — X, is a morphism in € and f; ;:V; —
Wi; is a linear map of vector spaces. We will typically write such a morphism as
2 jyerxs i ® fij

If € is an Ayo-category, then Y€ is naturally also an A,-category, with compo-
sitions

E(Z Oig.iv ® figuirs-- - Z Oi—1in ® fin—1,in)
i0,i1 in—1,in
= >y Bigiy s Oiy i) ® fin_rin 07+ 0 fignin)-
10501 5--5in

It is straightforward to verify that X€ is an A,-category.
Finally, we define the category of twisted complexes Tw €. A twisted complex
(X, 8) in € consists of an object X = (X;, V;)ier in Z€ where [ is a finite partially



Hypercubes and Heegaard Floer homology 18

ordered set, together with an endomorphism § € Homsze(X, X). If § =3, ; 8;; ®
fi,j» we assume that §; ; = O unless i < j. Furthermore, we assume the following
version of the Maurer—Cartan equation is satisfied:

D> ur€@.....8 =0.
N— —

n>1

A morphism in Tw € is the same as a morphism in €. Finally, we note that Tw € is
itself an Aoo-category, with compositions

PO O =Y u,?f,.o+,..+,.n(5,....,5,91,5,...,5,92,...,9,,,5,...,5).

10seesin=>0 io i1 in

2.5 Hypercubes of attaching curves

The notion of a hypercube of chain complexes adapts to other categories. We now
describe the appropriate notion of a hypercube in the Fukaya category. See [32, Sec-
tion 8] and [24, Section 3], where such objects are referred to as hyperboxes of
Heegaard diagrams, and chain complexes of attaching curves, respectively. These
may naturally be viewed as twisted complexes in the Fukaya category, using the
framework described in Section 2.4.

Definition 2.9. A hypercube of handleslide equivalent attaching curves
Cfﬂ = (ﬂss ®8,5’)56En

on (X, w) consists of a collection of beta attaching curves 8., which are each pair-
wise related by a sequence of handleslides and isotopies, together with distinguished
morphisms O, € CF (X, B, B, w) whenever ¢ < ¢’. We assume, furthermore,
that the Heegaard multi-diagram containing all 2" beta curves is weakly admissible
(see Definition 2.4). Finally, we assume that for each pair ¢ < ¢’ € E,, the following
relation is satisfied:

> beyebon ©@eriene o Oy ) = 0. 2.4)

e=g|<-<ep=¢

In the above, fﬂ81 Be,, denotes the holomorphic polygon counting map.

.....

Sometimes in Heegaard Floer theory it is helpful to have a notion of a hypercube
of beta attaching curves, or a hypercube of alpha attaching curves. We define a hyper-
cube of beta attaching curves to be the object described in Definition 2.9, however, we
define a hypercube of alpha attaching curves as the following modification: for each
e < ¢’ we have a chain ®, . € CF™ (X, &/, &, W), and the compatibility condition in
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equation (2.4) holds, as long as we write the indices in the opposite order. Clearly any
hypercube of attaching curves can be viewed as either a hypercube of alpha attaching
curves or beta attaching curves (by possibly reversing the order of indices), but the
terminology is occasionally helpful.

If £, and £ are hypercubes of handleslide equivalent attaching curves on
(X, w), of dimension m and n respectively, then there is an (n + m)-dimensional
hypercube of chain complexes

(C(s,v)a D(s,v),(s’,v’))(s,v)e]EnxEm = CF_(E, :ﬁa, iﬁ s W)7

whenever the diagram containing all attaching curves is weakly admissible. For each
(e,v) € Eytm, we set
Cev)y = CF (2, a, By, W).

The structure maps are given by the following formula:

D(g,v), e, (X)
= E : fots,-,n-,ots],ﬁvl,-..,ﬂvj (Og 15+ Opper s X, ®vlsv2""’®vj—lyvj)'

e=g)<-<g;=¢,
v=vj<--<p;j=p’

It is straightforward to see that CF™ (X, £4, £g, W) is a hypercube of chain com-
plexes.

The case when there are link base points w, z base points is a straightforward
modification of the above construction, using variables U; and V; in the definition of
the Floer complexes.

We observe that a hypercube of attaching curves &£ = (¥, 0¢,¢/)ccE, may natu-
rally be interpreted as a twisted complex of Lagrangians in the Fukaya category. The
index set / in the definition of a twisted complex is the cube E,,, and the partial order
is the natural ordering of cube points.

Correspondingly, there is a natural notion of a morphism between two hyper-
cubes of attaching curves, and the resulting category is an As-category. If £ =
(Ve Xe,e')ecE, and £ = (y;, ¥, )ecE, are n-dimensional hypercubes of attach-
ing curves, then a morphism ® from &£ to £’ consists of a collection of chains
&, € CF (pe, y,,. W) ranging over all ¢, &’ € E, with ¢ < &’. Of course, the set
of morphisms is none other than the Floer complex CF™ (2, £, £/, w).

Suppose £1, ..., £, are n-dimensional hypercubes of attaching curves, where
£i = (Yie, (Oi)ee)ecE, - The composition operator

UV CF (L1, £2) ® -+ ® CF (L1, £n) — CF (L1, £4)
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is given as follows. If ®; ;11 € CF~(&£;, £;+1), then
U (D1 ;... Pyt )

= E iy +otin+n(O1, ... O1, P12,0,,...,0,,
. - — ———’ ——————
115ee0in=>0 i1 i
¢2,37 R} q)n—l,n’ ®n, cee ®n)
——

in
In the above, ®; =), _./(®;),,, viewed as an element in the group P, _,, CF~ (i c.

Vi), and similarly for ®@; ; ;. Additionally, j4;, 4.4, +n is declared to vanish on
non-composable Floer chains, e.g., u2(x,y) = 0 if x € CF (po, y1) and y €

CF™(y1.y2) where y1 # p.

2.6 More hypercubes

We now collect several additional constructions and basic properties. Firstly, if € =
(Ce, Dggr)eek,, and €' = (C;, D) | ,)veE,, are two hypercubes of chain complexes
over a ring R, we may define their external tensor product

€ :=€CQRrC,

as follows. The hypercube & = (E(c,1). 8(e,v),(e’,v")) (e,v)€E xE,, 15 the tensor product
in the ordinary sense: As groups, we set

E(s,v) = Cs ®R C\g
and the structure maps are given by

D, @1 ifv =1/,
5(8,1}),(8’,\)’) =431I® D\/J,v’ ife =¢,

0 ife <& andv < V.

Additionally, if € and €’ are two hyperboxes of size dg x {d} and do x {d'},
such that the restrictions € |ggy)x{a} and €'|g@y)xoy coincide (in both underlying
groups and structure morphisms), then we may stack € and €’ to obtain a hyperbox
of size dg x {d + d’}, which we denote St(€, €’). The following lemma records
some interactions between stacking and the external tensor product.

Lemma 2.10. The operations of stacking and compressing satisfy the following:

(1) Stacking hyperboxes of attaching curves commutes with pairing: If £, £
and &£ g are hyperboxes of attaching curves, and £ g and £ gr may be stacked
along a codimension 1 face, then

SUCF ™ (La. £5). CF (L4 £)) = CF (Lo, SULp. £57)).
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(2) Stacking hyperboxes of chain complexes commutes with tensoring hyper-
boxes: If '€ and €' are stackable hyperboxes of chain complexes, and D
is another hyperbox of chain complexes, then

St(E,€) ® D = SE, D) ® SL(E, D).

(3) Compressing hyperboxes of chain complexes commutes with tensor products
of hyperboxes. If € and D are hyperboxes of chain complexes, and € denotes
compression, then there is a choice of ordering of the axis directions used to
compute the compression so that

CRD=2C®D.

Proof. Claim (1) is essentially the definition of the pairing between hyperboxes. Sim-
ilarly, (2) is clear. For claim (3), we use the inductive perspective on compression from
Section 2.3. Suppose that € is a hyperbox of size (dy,...,d,) and D is a hyperbox
of size (d}, ..., d,,). We use the partial compression operations ¢ described in Sec-
tion 2.3. To show the main claim, it suffices to show that

GERD) =)D and ¢;1,(ERD) =€ Qc;(D) (2.5)

ifl <i <mand1 < j < m. We focus on the equation ¢; (€ ® D) = ¢;(€) ® D
when 1 < i < n. Recall that the differential on € ® D is the tensor product De ®
I + 1 ® Dg. Therefore, if we view € ® D as a hyperbox of size (d;), then only
the components of De ® I will increase the E(d;) index, while the components of
Ie ® Do will preserve the E(d;) index. From this observation, equation (2.5) is
straightforward, and the main claim follows. [

A more sophisticated extension of Lemma 2.10 concerns commuting a tensor
product operation on attaching curves and the pairing operation on hypercubes of
attaching curves. See Propositions 10.1 and 11.8.






