Chapter 6

The link surgery formula

In this chapter, we give some background on the link surgery formula of Manolescu
and Ozsvith [32], and prove some important preliminary results.

6.1 Statement of the link surgery formula

In this section, we state Manolescu and Ozsvdth’s link surgery formula. We will
describe more detail about the construction in Chapter 9.

If L € S3is alink, write Ky, ..., K, for the components of L. Manolescu and
Ozsvith define the affine lattice over Z*
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Whenever M C L, Manolescu and Ozsvéth define a reduction map
yMH(L) - H(L \ M)
as follows. If K;; U---U K;;, = L\ M, then they set
yM(s) = (Y M(siy).. ... 1/f£4(sz-,-)),
where
Ik(K;, M)
> .

Manolescu and Ozsvith also define a version of the map ¥ for oriented sublinks
of L. See [32, Section 3.7]. The above map ™ corresponds to the case that all
components of M are oriented consistently with L.

yM(si) = si —

Definition 6.1. Suppose # = (X, «, B, W, z,p) is a Heegaard link diagram for (Y, L)
with free base points p, and link base points w U z. We say that J# is link minimal
if each link component of L has exactly one base point from w, and one base point
from z.

Let # = (2, a, B, W, z) be a link minimal Heegaard diagram for an oriented link
L C S3 with no free base points. If M C L, we write H L\M for the diagram obtained
by deleting z; € z for each component K; C L. Note that Manolescu also defines a
reduction JL\M when M is equipped with an orientation. In this case, we delete z;
for each positively oriented component of M, and we delete w; for each negatively
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oriented component of M. The diagram #Z\M is a link minimal diagram with |M |
free base points.

Recall that if (¥, &, B, W, z) is a link minimal Heegaard link diagram for L, then
there is an £-component Alexander grading

A= (Ay.....Ag): Ty N Ty — H(L).

Suppose # is a link minimal Heegaard diagram for L € S3 and J# has no free
base points. If s € H (L), then Manolescu and Ozsvéth define

A~ (HL\M g)
to be the free F Uy, ..., Us]-module generated by monomials
Ul’“ Ul

where x € Ty, N Tg, which satisfy i; > 0 for all j, and A;(x) < s; + i; when-

ever K; € L\ M. Manolescu and Ozsvith equip A~ (H L\M 's) with the differential

which counts Maslov index 1 holomorphic disks, weighted by the product of Uin wi @ .
We will also occasionally write

A~ (JEWM )

for the free F[Uy, ..., U,]-module which has the same generators as 2~ (#L\M ).
Let A denote an integral framing on L. The underlying group of the link surgery
complex is defined to be

eanl)= P ] 2 @M yM ).

MCL seH(L)

The differential D: €4 (L) — €4 (L) decomposes as a sum

D=Y 3 o

NCL jyeq(N)

where Q (/) denotes the set of orientations on N.
Given an oriented sublink N C L (with orientation potentially different from L),
Manolescu and Ozsvith define

Az € 7t~ Hi(S*\ L)

to be the sum of the longitudes of the negatively oriented components of N.
Suppose N € L is an oriented sublink, and that Lo € L is a sublink which
contains N. Write L; = Lo \ N. In this case, the summand ®V of £ maps

?I—(%LO7 wL\LO(S)) to QI_(E}(LI , wL\Ll (S =+ AL,N))
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We write @ivo L for the component of ®V as follows:

of 1o [[ 2@ty o) — [ 2 @eE v s+ AL 7).
seH(L) s€H(L)

Finally, we note that it is often convenient to view € (L, .A) as a 1-dimensional
mapping cone, so we establish some notation for this purpose. If / € L is a com-
ponent, and v € {0, 1}, then we write €} (L) for the subcube consisting of €, C
€A (L, A) ranging over ¢ with J component equal to v. We may decompose

J —J
€ (L) = Cone(€9 (L) —

€A (L)).
In the above, F”/ (resp F~) denotes the sum of ®¥ for every oriented sublink N
of L such that J C N (resp. —J < N)

We will review the construction of the hypercube maps CDN in more detail in
Chapter 9.

6.2 Gradings and algebraic reduction maps

In this section, we state several grading formulas which are useful when working with
the link surgery formula.

Definition 6.2. Suppose that # = (X, &, 8, W, z, p) is a link minimal Heegaard dia-
gram, where w U z are link base points and p are free base points. We call a subset
W C wUzU pacomplete set of base points on K if p C ‘W and ‘W contains exactly
one base point from each link component.

Suppose H is a diagram for a link L in Y, each of whose components is null-
homologous, and s € Spin®(Y) is a torsion. Given a complete set of base points
W on J, there is a well-defined Maslov grading gryy on €FL(H, s). The grading
grqy is induced from the absolute grading of CF~ (Y, W, s) by declaring the natural
quotient map €FL(H,s) — CF (Y, W, s) to be grading preserving. There is also an
{-component Alexander grading AW = (4%, ..., AZV). Note that a complete set of
base points also determines an orientation on L, via the convention that L intersects
the Heegaard surface X negatively at the link base points in ‘W. In particular, we may
equivalently specify the Alexander grading AL by picking an orientation on L.

The variable U; has gryy-grading —2 if w; € W, and 0 if w; ¢ 'W. Similarly, V;
has gryy-grading —2 if z; € ‘W and 0 otherwise. The variable U; for a free base point
pi € p has grqy-grading —2.

Remark 6.3. There are two natural conventions for defining the absolute grading for
multi-pointed 3-manifolds. We recall that adding a base point has the effect on HF
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of tensoring with a 2-dimensional vector space V = & [F. See [41, Section 6]. In
this memoir, we use the convention that the top degree element of V' has absolute
grading 0. This is different from the TQFT convention of [54], where V' is supported
in gradings 1/2 and —1/2.

The following is implicit in the work of Manolescu and Ozsviath [32] (see, in
particular, [32, Section 12]). In particular, the results are not new to our memoir,
however the presentation is helpful.

Lemma 6.4. Let L = Kq U ---U K, denote an £-component link in a 3-manifold Y ,
such that each component is null-homologous, and suppose Y is equipped with a
torsion Spin® structure s. Let # = (X, o, B, W, z,p) be a link minimal Heegaard
diagram, where w and z are link base points and p are free base points. Let € denote
the link Floer complex €FL(H ,s) over F[Uy,...,Us, V1,..., Ve, Uy,...,Uy], where
£ =|w| =|z| and n = |p|.
(1) If W is a complete collection of base points on ¥, and z; € 7. but z; ¢ ‘W,
then the quotient map
Qv € —=>C/(V;—1)
is grading preserving with respect to gry. Similarly, the quotient map
@uiif — €/(u, - 1),

is grading preserving if w; € w but w; ¢ ‘W.

(2) Suppose that K; is a component of L, and let Wy U {w;} be a complete
collection of base points, and write {w;,z;} = K; N (wU z). Let L and K;
have orientations induced by Wy U {w; }. Then

WoU{w; }
LU,y — Swoutz,y = 24; 0 —IK(L\ K, K).
(3) Suppose that W and ‘W' are two complete collections of base points which
coincide at index j. Then
wo_ W
A" =A7".
(4) Let K; C L, and orient both K; and L to intersect ¥ negatively at w, and
suppose i # j. Give € and €/(V; — 1) the Alexander grading A; induced
by the base points w and w \ {w;}. For j # i,

1
45(@v,) = —Ik(K:, K)).

(5) Let K; C L, and orient K; and L to intersect X negatively at w, and suppose
Jj #1i.Give € and € /(U; — 1) the Alexander grading A; induced by the base
points w and w \ {w; }, respectively. Then,

1
4j(@Qu,) = SIk(K;. Kj).
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Proof. Following [54], the Alexander and Maslov gradings may be defined by rep-
resenting Y \ N(L) as Dehn surgery on a framed link J in the complement of an
{-component unlink in S3. We pick a Heegaard triple 7 = (X, &, B9, 8, W, z) which
represents the 2-handle cobordism X(J). We pick a triangle class ¥ € n,(X,y, z)
on 7. In [54, Section 5.5], the following formulas for the Maslov and Alexander
gradings are proven:

gryp (2) = gryp(x) + gryp(y) — %(g(E) W=D —n@) +2nw¥)

N ci(sw))* —2x(X(J)) — 30 (X(J))
4 ' 6.1)
AY (@) = AV x) + A (y) + (1w — nwuopnw) (V)
(c13w¥)). 5;) = [8]-[5)]
5 .

+

In the above, if W is obtained by attaching 2-handles to $3 x [0, 1] in the complement
of an unlink with components u; U --- U uy, then S; is the surface u; x [0, 1] and
S =8y +---+ S;. The classes S and SA‘] are obtained by capping these surfaces with
Seifert surfaces in either end.

With the above in place, claim (1) follows because the formula for grqy does not
change if we delete a base point which is not in ‘W.

Consider now claim (2). An identical argument to [54, Lemma 3.8] implies that
if ¥ is a homology class of triangles on the surgery diagram for the above cobordism,
then

Swoulw, }(¥) — swoutz; 1 (¥) = PDLS;]. (6.2)

We may use the formula in equation (6.1) to evaE_lEte 8 WoUtw; } — EEWoUlz, )+
Firstly, we recall that by straightforward computation HFL(e, B¢, W, z, p) is isomor-
phic to (F @ F)®(¥+PI=1) Thjs computation can be obtained by using topological
invariance of the Heegaard Floer group, and picking a convenient genus 0 Hee-
gaard diagram, so that each w; is immediately adjacent to z;, and so that the attach-
ing curves come in isotopic pairs. Similarly, PTF\L(ﬁO, B,w,z,p) is isomorphic to
(F @ F)®EE=I7I+wI+Ipl=1)  Fyrthermore, for both groups, the non-zero elements
of homology decompose into homogeneously graded summands which have the prop-
erty that

gry(X) = gry/(x) and AV (x) = AW/(X) =0 (6.3)
for all complete collections W, W C w U z U p. Therefore, in our grading formulas,
we may assume that the intersection points x and y satisfy equation (6.3). Using
equation (6.2), we therefore obtain

ErWoUfw;} (2) — &rwyuiz,) (2)

_ wovun () - (cl(s:voww_,}(w» WS
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We may rearrange the above to see that

8rwoUtw, 1 () — 8rwouiz, (2)
= (c1(swoutu;3 (1)), S))
= (c1(swoutw, 3 (¥)), S7)

[S;1- 18] — 2(nz; — nw, ) (¥)
[S1- 1871 = 2(nz; — nuw, )W) + [S\ §;] - [S]

WoUlw; PPN

=24 ) 1[5\ §1- 1))
Wol{w; }

=24, (@) — k(L \ K, K;).

In the last line, we used the equality [§\ §_,~] . [3'_;] = —Ik(L \ K;, K;), which fol-
lows since we capped with negative Seifert surfaces of L (and since we are using the
outward normal first convention for boundary orientations).

We now consider claim (3). We consider the case when ‘W and ‘W’ differ only at a
single index i # j. Assume that ‘W contains w; and that ‘W’ contains z;. Write L’ for
L with the orientation of K; reversed. Computing directly from the definition, shows
that

247 — 47 = (1w @) —crsw (1)), §) = §- 8+ 8- 8.
Here, §'=8- 23}. As before, sy — s = PD[S;]. Hence, the above equation
gives
AY -4 =o.
Consider claim (4) now. For this claim, we apply claim (2), with Wo = W \ {w;}.
Since z; ¢ Wo U {w;j} and z; ¢ Wy U {z;}, by part (1) we know that @y, is homoge-
neously graded with respect to grqy, {w;} and gryy, {z;}: Using claim (2), we obtain

2A(A)) = k(L \ (K; UK;). K;) —Ik(L \ K;,K;) = —Ik(K;. K;).

We now consider claim (5). By claim (3), it is sufficient to compute the grading
change of A]W where W = (w\ {w;}) Up U {z;}. We use claim (4), but note that
with respect to ‘W', the orientation of K; is reversed, while the orientation of K; is
unchanged. |

6.3 On the algebra of the link surgery formula

In this section, we reformulate the algebra of the link surgery formula slightly. We
begin with a convenient description of the underlying group.
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Lemma 6.5. Suppose that ¥ is a link minimal Heegaard diagram for a link L in S3,
which has no free base points. Let M be a sublink of L. Write Sy € F[Uq, ..., Uy,
V1, ..., V] for the multiplicatively closed subset generated by V; for i such that
K; € M. Then there is an F[Uy, ..., Ugl-equivariant chain isomorphism

P A @M yMs) = 53, - eFL (),
seH (L)

where we view U; as acting by U;V; on the right-hand side. Furthermore, if's € H(L),
this isomorphism intertwines the summand A~ (HE\M M (s)) with the subspace of
Syt - €FL(H) in an Alexander multi-grading s.

Proof. The module S;Il - €F L(H) decomposes over Alexander gradings s € H(L).
Hence, it is sufficient to identify the subspace in an Alexander grading s with

AWMy M (s))

in a way which commutes with the actlon of F [U1 ,. .., Ug]. We recall that A‘(J(L\M,
Y™ (s)) is generated by monomials U; 1 U, /* - x such that i; > 0 for all j, and

A7 M) =i < v (s)

for each j such that K; ¢ M. Here, we are writing s = (sy, ..., s¢). Note that by
definition of WJM (s7) (see [32, Section 3.7]), we have

Ab@) = AWM (%) =57 — y M (s)).

Compare Lemma 6.4. Hence we may think of A7 (# L\M "y, M (s)) as being generated
by monomials U" --- U,* - x such that i; > 0 for all j and such that

Af(x) —ij <5
whenever K; ¢ M. We may define a map
ATy M (s)) — Syt - CFL(I)

via the formula

Se—AL(X)-‘rig

S1— A (x)+i1 ¢
V{ - X. ™

ult...ult

Cox e U UV

Remark 6.6. In their construction of the link surgery formula, Manolescu and Ozs-
vith also define inclusion maps IV between the complexes 2~ (H#,s) and some
generalizations of these complexes. See [32, Section 3.8]. We note that the map
I N can be identified with the map for localizing at the variables u,, for i such that
+K; C N and localizing at variables V;, for i such that —K; C N.
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We now discuss some algebraic properties of the maps in the link surgery hyper-
cube. Manolescu and Ozsvéth prove that the hypercube maps in their surgery formula
€a(L)are F[Uy,..., Uy]-equivariant. By the previous lemma, there is a more refined
action of F[Uy,...,Us, V1, ..., V] on the complex €4 (L), though the hypercube
differential does not commute with this action. We now describe how the hypercube
maps interact with the action of this larger ring.

Firstly, we define a ring homomorphism

¢ F[U, V] — F[U,V, V71

via the formulas

$T(W) =V and $%(V) = UV

We write ¢ : F[U, V] — F[U, V, V=] for the canonical inclusion.

We view 51;11 -F[Uy,..., U, Vi, ..., V] as the tensor product over F of £ dif-
ferent rings, which are each isomorphic to F[U, V] or F[U,V, V71].

If N € L\ M, then we define the ring homomorphism

NS FUs, ..., U, Vise o, Vel = Safn - FlUn, . Wg, Vs, Ve

by tensoring the map ¢* for each component K; < N which is oriented oppositely to
L, tensoring ¢° for each component K; € N which is oriented consistently with L,
and tensoring the identity map for the remaining components of L.

Lemma 6.7. Suppose that M C L and N € L\ M. Let ﬁ denote N with a choice
of orientation. Ifa € Sy -F[Uy, ..., U, Vi,.... V], andx € S;! - €FL(H), then

oV (g x) = ¢V (@) - o ().

Proof. We focus on the length 1 maps in the surgery hypercube. The maps of higher
length are analyzed using the same argument. In this case, write N = Kj, where
K; is a component of L. To simplify the notation further, we focus on the case that
M = 0. Let K;, (resp. —K;), denote K; equipped with the orientation which coincides
with (resp. is opposite to) the orientation from L. The map CIfoL\ K; is the canonical
inclusion map

CFL(H) — Vi CFL(H),

which is clearly F[Uq, ..., Us, V1, ..., V]-equivariant. Note that ¢ is just the
canonical inclusion of F[Uy,...,Us, V1,..., V] into Vi_l FUyq, ..., Ue, Ve, ..., V]

The map CIDZ,KL"\ K; is more complicated, as we now describe. Similarly to Lem-
ma 6.5, there are canonical isomorphisms

0;: UL - CFL(H) > CFL(H)/(U; — 1) @ F[H; (L)),
pi: V7L CFL(H) — CFL(H)/ (Vi — 1) @ F[H; (L)].
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Here, IF[H; (L)] denotes the F[7;, T;”']-module generated by T* where @ € H;; (L).
Here, T; is a formal variable. We also view €FL(H)/(U; — 1) and €FL(H)/
Vi — 1) as F[U;, T;, Ti_l]—modules, where U; acts by V; on CFL(H)/(U; — 1),
and by U; on EFL(H)/(V; — 1).

The map 6; is given as follows. Write

Qu,: UTVEFE () — EFL(I)/ (Ui — 1)

for the quotient map, which sends U; to 1 and which sends V; to U;. Then 6; is given

by the formula

6i(x) = Q) ® T .

The map p; is defined similarly.

We write I; for the inclusion of €FL(HK) into U; ! - EFL(H).

Moving the base point z; to w; along a subarc of K; determines a homotopy
equivalence

W, CFL(H) /(Wi — 1) — CFL(I)/(V; — 1)

which preserves A]-L\K’ for j # i. The map V;, .y, is F[U;, T;, T, ']-equivariant,
and is equ1va.r1ant w1th respect to the variables for other link components.

The map @, L\ K; is defined as the composition

—K; . - Ai
q)L ,L\K; = Pi Yo (\pzi—m)i &® Tz )09,' olI;.

We now consider the interaction of ®, L L\ K; with U; and V;. The map I; com-
mutes with U; and V;. The map 6; has the property that

;U -x)=T;"-0;(x) and 6;(V} -x)=U"T"-6;(x).
Similarly,
P -x) = UM T pi(0) and pi(V} %) = T7" - pi ().
which implies that
pi (T -x) =V -p'(x) and p; (U -x) = UV - p; ' (x).
From these relations, it follows that
O g Wix) =V (x) and T (Viex) = UV 0L (),

completing the proof. |
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Example 6.8. We now describe the surgery complex for the unknot @ in our present
notation, and compare it to the traditional notation of [43]. The complex €FK (Q)
has one generator, 1, over F[U, V]. In our notation, v sends WYV e €EFX(0) to
WV e V-1eF K (O). Similarly, &y, sends U V7 to VAT (W V) = U/ V2 —it+A,

Traditionally, one works with the mapping cone formula over FF[U]. We identify
both A(Q,s) € €FK(0Q) and B(0,s) € V' 'E€FK(Q) with F[U] (where U acts
by UV). We identify W'V/ € €FX(Q) with U™"E/) e A(0, s), and we identify
WY/ e VIEeFK(OQ) with Ul € B(Q, s). We can view the previous identification
as giving two isomorphisms

€FK(0) = PF[U] and V'eFX(0) = PHF[U].
SEZ SEZ

In the original notation of Ozsvéth and Szabd,

U' ifs <0,
Uits ifs>0.

Ui=s ifs <0,

iy —
MU)_{W if 5 >0,

hp(U") = {

The map &, sends A(Q, s) to B(Q, s + A). Itis straightforward to see that the above
maps form a commutative diagram

EFK(0) —L 5 vreFK(0)

= =

PByez A0.5) —L= B,z BO.5)

whenever f is one of v or /.



