Chapter 7

The knot surgery algebra

In this chapter, we introduce our algebras KX and £. We also describe natural filtra-
tions on K and &£. Using these filtrations, we describe our module categories.

7.1 The algebras J and £

We recall the knot surgery algebra J from the introduction. We define K to be an
algebra over the idempotent ring

I=1y&1,

where each of I; is rank 1 over F = Z /2. We write i( and i; for the generators of I
and I, respectively. We set

Ip- K -TIp =FW,V] and I, X -I; =F[UV, V.

Also,
Ip- X -1I; =0.

We define
I K Iy = F[u,V,V_l] ® (O', ‘L').

That is, elements of Iy - K - Iy can be written as sums of monomials of the form
UV o and W'Vt where i > 0 and J € Z. These algebra elements satisfy the rela-
tions

c-a=¢°@)-0c and T-a=¢"(a) 1,

fora € F[U,V]=1Iy - X - Io. Here, ¢*: F[U, V]—TF[U, V, V1] is the algebra homo-
morphism satisfying ¢*(U) = V=1 and ¢*(V) = UV?. The map ¢°: F[U, V] —
F[U,V,V~1]is the canonical inclusion.

In particular, I - K - I is generated by two special algebra elements ¢ and t,
together with the left action of F[U, V, V~!], which satisfy the relations

ocU = Uo and oV = Vo,
U=Vt and 7V =UV?t.

The link algebra £ is defined as

£y =K QF - Qr K.
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We often write just &£, when £ is determined by context. We view £, as being an
algebra over the idempotent ring

E, =1IQF---®rL

Remark 7.1. The algebra KX admits a more symmetric basis, as follows. We may
view I - X -1, as being F[U, T, T~!], where U = UV and T = V. Then the above
relations become

cU=UT '¢ and oV = To,
U=T"¢ and tV=UTr.

Remark 7.2. The above symmetry may be packaged into an algebra homomorphism
&K —> K
as follows. On I - K - I, we set
EU) =V and &V)=1U.
Onl; - X -1I;, we set
EWU)=U and &V)=V7".

Onl; - K - I, we set
E()=1 and §&(1) =o0.

7.2 Topologies on KX and £

In this section, we describe the topologies on K and £ which we use throughout the
memoir.

Definition 7.3. Suppose that n € N is fixed. We define J,, € K to be the F span of
the following set of generators:
(1) InI - X - Iy, the generators WYV fori >n or j > n (i.e., max(i, j) > n).
(2) In1; - X - I, the generators WV’ o fori > nor j > n.
(3) InI; - X - Iy, the generators W V/ ¢ for j <2i —nori > n.
(4) In1; - X -1, the generators U V/ wherei > n.
The subspace J,, is illustrated in Figure 7.1.

We observe that

Jo=X. Joy1 SJu. and [ Ju = {0}.
neN
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Figure 7.1. The subspace J;,, € X, indicated by the shaded regions. Here, J¢ and J,} denote
the subspaces of J,, which are in the J span of ¢ and t. The dots indicate monomials in the
algebra. The horizontal direction indicates the power of U, and the vertical direction indicates
the power of V.

We will use the subspaces J, as a fundamental basis of 0 in our topology on K. The
condition that (),,cp J» = {0} is equivalent to the inclusion KX — J being injective.

Remark 7.4. The subspaces J7 and J,; can also be described as follows:
Jy=U")0+0- UV,
Ji=U"t+7-(U"V").

Here, (U") C I - X - I; denotes the ideal generated by U = UV, and (U"*, V") C

Iy - X - Iy denotes the ideal spanned by the elements U” and V".

‘We now consider the link algebra. For our purposes, the most natural topology on
the link algebra is the !-topology,

Lo =K ®f - ®f XK.

This topology is first countable, with a basis of opens given by

-1
Fen =Y K ®p J, @F KO C 2.

i=0
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A fundamental result to our memoir is the following.
Proposition 7.5. The map j>: X @ K — K is continuous.

Remark 7.6. Multiplication is not continuous on X ®i X. As an example, V7 ®
Vioc — 0in X ®; K asi — oo, whereas ;2(V" ® Vio) = o /4 0.

Proposition 7.5 follows immediately from the following lemma and the definition
of ® in Section 5.4.

Lemma 7.7. Let J, C K be the subspace defined in Definition 7.3.
(1) Foralln, ur(J, ® K) C Jy (i.e., Jy is a right ideal of X ).
(2) Suppose x € K andn € N are fixed. Then for sufficiently large m,

Uo(x ® J) C Jyy.

Proof. We consider the first claim. We wish to show that u,(x ® a) € J, whenever
x € J, and a € K. We break the argument into cases, depending on the idempotents of
xanda.Ifx,a €I - K -1, the claim follows because wy (x - a) > wy (x) + wy (a),
where wy is the U-adic weight (i.e., wy (@) = max{i : 3a’,a = U’ - a’}). The same
argument applies if x € I; - X -I; and a € I; - K - Ip. The situation that x,a €
Ip - K - I is also clear. We now consider the case that x €I; - K -Ipanda €Iy - K - 1.
Suppose first that x = W'V/ o and a = USV* (for s, > 0). Then x -a = W TSVt g,
which is clearly also in J,,. Similarly, if x = UWV/ 1 and a = U*V?, then

Y-q= ut+t/\7]—s+2t_c‘

By assumption, either i > nor j <2i —n.Ifi > n,theni +t >nsox-a € Jy,.
The second case is equivalent to 2i — j —n > 0. We note that

20+t)—(j—s+2t)—n=5s+2i—j—n=>0

so x -a € J,. This completes the first part of the claim.
We leave the second claim to the reader, as it may be handled similarly. ]

Combining Corollary 5.15 and Proposition 7.5, we also obtain the following.
Corollary 7.8. Suppose £ is topologized as X ®' --- ®' K. Then the map
Ha: L Qe L —> L

is continuous.
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7.3 Alexander modules
In this section, we describe our categories of type-D, A and DA modules. We will

refer to these categories as the categories of Alexander modules.

Definition 7.9. A type-D Alexander module consists of a pair (X, §') where X is a
linear topological right E-module and

% - X ®s &
is a linear topological morphism which satisfies
(d ® p2) o (8! ®idg) 08 = 0.

Recall that a linear topological morphism is the same as a continuous linear map
on completions. If X £ and Y¥£, we define Mor (X £ ;y-f) to be the space of linear
topological morphisms

FLX > Y@L
We write ModZC for the category of Alexander type-D modules.
Type-A Alexander modules are similar, as we see in the following definition.

Definition 7.10. A type-A Alexander module (X, mj) over &£ consists of a linear
topological left E-module X and a collection of linear topological morphisms

m]‘_HZcf é)E é)E £ ®E X =X,
satisfying the Aoo-relations.

Type-DA Alexander modules are defined by the obvious amalgamation of the
above notions.

7.4 Split Alexander modules

We now define the notion of a split Alexander type-A or DA module. Consider the
link algebra £, and suppose that P is a partition of {1, ..., £}. Suppose that X is a
linear topological left E;-module. A P-split continuous linear topological morphism

fi+1:£¢ ®g -+ Qe £ Qg X — X

is a continuous map on completions, where we give cL?j ® X the tree topology
from Section 5.6, where X is the central vertex and we have |P|-rays of length j
extending from this vertex. If pq,..., pp| are the sizes of the elements of P, then
each non-root vertex of the i-th ray is labeled with &£,, (topologized using the !-

topology).
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Note that P-split continuity is preserved by Aso-composition of such maps by
Proposition 5.24.

Definition 7.11. Suppose that P is a partition of {1,...,£}. A P-split type-A Alexan-
der module consists of a linear topological E = E;-module X, equipped with a
P-split linear topological morphism

mjy1:Ly Q-+ Qp £y Qg X — X,
which satisfies the A,,-module relations.

If P is a partition of {1,...,£} and i1, ..., i, are the sizes of the partition elements
(s0iy + -+ ip, = £), we will write

Ly l+ILip X

for a P-split Alexander module.

Once we introduce box tensor products of split Alexander modules, we will show
in Lemma 7.16 that the split-Alexander condition is weaker than the Alexander condi-
tion. In particular, any type-A Alexander module ¢ X is also a split type-A Alexander
module for any partition.

P-split Alexander type-DA modules can be defined similarly to the above, though
we typically need to assume that the underlying space X of the module is linearly
compact for the type-DA structure relations to be meaningful, and for the As,-com-
position of morphisms to be defined. (Note that all of the link surgery modules
we consider in this memoir are linearly compact.) We explain this in the case of
a {{1}, {2}}-split Alexander module g5 X # . Consider the spaces involved in the
composition of 8/, ,, 8/, and Tx ® s, applied to

(K|K) ®E, - g, (K|K) ®, X.

i+j

We topologize the above space using the tree topology for the tree where there are
2 length i 4 j rays attached to a lowest vertex. The lowest vertex is assigned the
space X. Proposition 5.24 shows that 81-1 41 ®1id gives a map from the above space to

(K| K) ®E, -+ ®E, (K|K) ®p, (X & X).

J

The above space is topologized using a tree with a single lowest vertex, and 2 length
i rays extending from this ray. The lowest vertex is assigned the space X ® X.
Lemma 5.27 implies that if X is linearly compact, then the above topological vector
space is isomorphic to the same tensor product, equipped with the tree topology where
the tree I has 2 length i rays connected to a vertex v;, which is above a single
vertex vg. We assign vq the vector space X, and vg the vector space K. See Figure 7.2
for a schematic wheni = j = 1.
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Figure 7.2. Maps appearing in the DA-structure relation for a split Alexander DA bimodule.
Here, the arrows labeled = correspond to the isomorphism from Lemma 5.27, which requires
X to be linearly compact.

7.5 External tensor products

We now discuss external tensor products, focusing on subtleties involving comple-
tions.

We first discuss type-D modules. Suppose that X< and ¥£» are type-D Alex-
ander modules. To form the external tensor products, we assume that X and ¥ are
linearly compact, so that X @ £,, = X ®' £, by Lemma 5.16, and similarly for
Y ® &£,. Under this assumption, we may define the structure map on the tensor prod-
uct as 8;6 idy®lg, +idx ®lg, ® 5;,, with tensor factors reordered, as indicated
below:

XY (X@ENRYRL)=2XR En® YR Ly
2 (XQR'Y)® (£m ® £).

Next, we consider tensoring (split) type-A modules. Suppose that [P is a partition
of {1,...,s} and P’ is a partition of {1,...,r}. Let us write iy, ..., iy, for the sizes
of the elements of P, and jq,..., j, for those of P’. Suppose that we have P and P’
split modules

i, -2 X and 2, 112, Y.

im
We will describe two versions of the external tensor product, namely
! !
Liy 1Ly 11 L (X® ¥Y) and iy 1L | L5, 1L (X ® Y).

We topologize i?js ® X ® Y using the tree topology for a star with m +n — 1
(resp. m + n rays). We label the root X ®' ¥, and we label each other vertex with a
®'-tensor product of copies of X .
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To construct the external tensor product, one must also pick a cellular diagonal
of the associahedron. This construction is recalled in Section 3.5. The fact that the
external tensor product behaves well with completions is implied by the following
result.

Proposition 7.12. Suppose that P and P’ are partitions of {1,...,r} and {1,...,s},
respectively, and that

ﬁ+1:$;®f®x—>x and gj+1:é€;®j®y—>y

are P and P’ split continuous, then their tensor product fj+1 ® gj+1 is both P U P’
and (P U P’)p~p split continuous, for any p € P and p’ € P'. (Here, we write
(P U P")p~p for the partition obtained by merging p and p' in P L' P’.)

We will prove Proposition 7.12 for the module g, ALty 112 (X ®'Y). We
will later see in Lemma 7.16 that the module Lil- |$lm|le| 125, (X R Z/) is a box
tensor product of this module with a split Alexander bimodule ¢, |¢ ;. [[]£im+1, and
hence is also a split Alexander module.

The proof Proposition 7.12 is an immediate consequence of the following general
result about tree topologies.

Lemma 7.13. Let Fk denote the star which has n rays of length k, which all point
towards a root vertex vy. Let (Xy) veV(rk) and (Z/ )UEV(FI\ denote two families of
spaces. Pick a distinguished ray from each of F and T',,. Form a new collection
of spaces (Zv)verk as follows. View Fm yn_1 s being obtained by merging
vertices of the same helght along the distinguished rays. We define Z,, to be either
Xy or Yy for v not along the merged ray. For v along the merged ray, we define 2,
to be X, ®' Y. Then the natural map

Z -k

m+n—1

— Xk ®' Yps

is continuous. See Figure 7.3 for a schematic where m = n = 2.

.\. (0®'0) O/o .\. e O O/O
\. (0®'0) o/ 7 \. o ® o o/
\(0®!0)/ \o o/

Figure 7.3. A schematic of Lemma 7.13. Solid dots denote X, and open dots denote ¥,,.
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Proof. We abbreviate XF’J;, ym and Zrk+ » by X, ¥ and Z, respectively.
Let '
Ux @Y+ XQVy S XY

be an open subspace, where Uy, € X and Vy C ¥ are open subspaces. Let s be an
admissible labeling of F,’f +m—1- Our goal is to show that if p is a point-enhancement
of s, then there is an open-enhancement U, so that

W(Up,p) CUx QY + X ® Vy.

There are two induced labelings sx and sy of I'¥ and T'X, obtained by restrict-
ing s. We make the following claims:

(1) At least one of sy and sy is admissible.

(2) If there is an @-labeled vertex along the merged ray, then both sy and sy are
admissible.

The above claims are straightforward to prove, so we leave the argument to the reader.
Consider first the case that the merged ray has no vertices labeled @. In this
case, the root is labeled X, but all other vertices along the merged ray are labeled p.
Also, in this case, at least one of s and sy is admissible. Suppose, without loss of
generality, that s is admissible. Write vy, ..., vx—; for the p-labeled vertices along
the merged ray. If v is a p-labeled vertex along the merged ray, write p(v) as a sum of
finitely many elementary tensors. For each v € {vy, ..., vg_1}, write Xy 1, ..., Xy,
for these elementary tensors. We consider the N := iy, ---i,,_, point-enhancements
Px,j> Wwhere px_;(w) = p(w) if w is not along the merged ray, and such that py; ;
enumerate all combinations of the x,, , fori € {1,...,k —1}andr € {1,... iy, }.
Since Uy is open, for each py ;, there is an open-enhancement U x; € X so that

W(Ux,iPx.i) S Ux.

We define an open-enhancement of s as follows. If v is in F,’f (the tree for X)), we
define

N
Up(v) = () Ui (v).
i=1

If v is in ¥ (the tree for ¥), set Up(v) = ¥,. Then

W(Up.p) € W(Ux,1.Px,1) @Y+ + W(Ux,n.Px.N) @Y
CUx Q@Y+ XQVy,

as we wanted to show.

Next, we consider the case that s labels a vertex v along the merged ray by @. In
this case, both sy and sy are admissible. Consider a point-enhancement p of s. Write
vy, ...,y for the vertices above vg (which are labeled p by s). Similar to before, by
separating the elements of p into elementary tensors, we obtain point-enhancements
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Px.i and Py, j fori =1,...,Nand j =1,..., M. For each i and j, there are
open-enhancements U x; and Uy, ; of sx and sy (respectively) so that

W(UX,i,px,i) C Ux and 'W(u;y’j,px’j) C Vy.

We then define an open-enhancement U, of s as follows. Suppose s(v) = O. If v is
in F,’f not in the merged ray, we set

N
Up(v) = () Ui (v).

i=1

Ifvisin F,’Z but not in the merged ray, we set

M
Up(v) = ] Uy, (v).

J=1
If v is in the merged ray, we set

N M

o) = ((ew) s+ 28 () ur,o)

i=1 j=1
We observe that
W(Up,p) S (W(Ux,1,Px,1) + -+ WUx,N.Pxn) @Y
+ X ® (W(Uy,1,Py,1) + -+ WUy m, Py m))
CUx QY+ X QVy.

This completes the proof. =

Taking the external tensor product of two type-DA Alexander modules, when the
underlying spaces of the modules are linearly compact, is a straightforward extension.

Remark 7.14. We can see more directly that if ¢; X and ¢; Y are type-A Alexander
modules, then ¢, ny (X ®' Y) is also an Alexander module. Consider two continuous
maps

fj+1:(f’j£€n ®X —> X and gj+1:’f'j<§f,m XX — X,

where

The external tensor product of f;41 and g;j4 is continuous since it may be written
as the following sequence of continuous maps:

T/ (&L ® L) ® (X R Y)
S (T L @X) R (T/Em®Y) > X ®' Y.

The first map is from Corollary 5.15 and the second map is fj+1 ® gj+1.
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7.6 Box tensor products

In this section, we describe the interaction of Lipshitz, Ozsvith and Thurston’s box
tensor product operation with Alexander modules. The simplest case is boxing an
Alexander type-D module X% with an Alexander type-A module ¢ ¥. In this case,

X > X Q¥ and mj LR QLY > Y

are continuous linear maps on the completions. Hence, assuming an appropriate
boundedness condition so that only finitely many terms contribute to the box ten-
sor product (e.g., m; = 0 for j > 0), the differential 3% will be a sum of finitely
many continuous maps. Type-DA modules present no additional complications.

Box tensor products involving split Alexander type-A and DA modules are more
subtle. If £y 1 Liy Y is a split Alexander type-A module, it seems only possible to
tensor with an Alexander type-D module which is itself an external tensor product of
n modules

£ £;
Xy X

In this case, we write
xil ;C,' s
(X, Xy ")|Z|$il|...|$[ny

for the resulting tensor product. Ignoring completions, the tensor product is formed
by taking the external tensor product of the type-D modules X ;.ffj to obtain a type-D
module over &£;, +...4;,. This type-D module is then tensored with the type-A module
using the standard definition (see equation (3.1)). We topologize the underlying space
of the tensor product

(X1®-®@X,)QY

using the graph topology from Section 5.6 for a tree with one root and n rays. Here,
Y is labeled as the root, and X1, ..., X, each form a ray, with an edge pointing to Y.
Proposition 5.24 shows that the structure operations are continuous.

We may also form the tensor product when ¥ or some of the X; are split DA
Alexander bimodules. The output will be a split Alexander DA bimodule, whose
tensor splitting of the incoming algebras is the concatenation of the tensor-splittings
for each of the X;. To illustrate, if ¢, 12, Y%, 2, |1z, X1 and g, |.jz,, X572
are split Alexander DA bimodules, then their tensor product, N, will be a split module
as indicated in the following equation:

£iy Lir\ & £ £
(x_/l|...|$_/’nx1 ,$k1|...|$k1x2 )®$i1|$l_2§y :«fC_il|"'|$.im|$k1|""xkzN

Remark 7.15. The box tensor product operation of split Alexander modules seems
definable using our techniques only when the underlying vector spaces of our modules
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are linearly compact. In this case, the underlying vector space of the tensor product
(X7, y¥) X x|x % is the standard tensor product X ®'Y ®' Z by Lemma 5.16.
Furthermore, assuming linear compactness, the completed box tensor product opera-
tion satisfies the following associativity property:

(X%, Y%) R gxZ = X% B 5((x1%, %) R y%2)
= YR g (X7, x[1)7) R x152).

Note that all of the bordered link surgery modules considered in this memoir are
countable direct products of IF, so are linearly compact.

We now describe a split type-DA Alexander bimodule g s [I1%2 which trans-
forms any Alexander module g, X into a split module j|x X. The structure maps
are the same as for the identity module.

Lemma 7.16. The bimodule x| x[M%2 is a split Alexander bimodule. More gener-
ally, if P is a partition of {1,...,£}, and £y, ..., L; are the sizes of the partition
elements, then ¢, E7 [[]%¢ is a split Alexander bimodule.

Proof. Consider first g5 [I]%2. In this case, the claim follows from Remark 5.23 and
the fact that the natural map

K ®F K — Kk K
is continuous. The case of general £ and P is proven by the same argument. |

Remark 7.17. Lemma 7.16 implies that the ordinary Alexander module condition
is stronger than the split Alexander module condition. In particular, given a type-A
Alexander module g, X, we may always view X as a split Alexander module for any
partition of {1, ..., ¢}.

7.7 Finitely generated J -modules

In this section, we discuss the category of finitely generated type-D modules over £.
We denote by K the completion of the algebra K with respect to the topology
described above. As a vector space, we have the following isomorphisms:

IO'JC ) (= FHU,V]],
I - K -To = F[V,V'[U](z) @ F[V, V" [U]{o),
I - X -1 = F[V, v u].

We may consider the completion of the link algebra £ as well.
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Since multiplication is continuous by Proposition 7.5 and Corollary 7.8, we obtain
a well-defined map on the completed algebras

M2:$ ®E£—>£

Since &£ is an algebra, we may also consider the ordinary category of type-D
modules over this algebra (i.e., ordinary modules and algebras, with no topologies).
Of particular interest to us is the category of finitely generated type-D modules. We
write Modfg for this category.

There is a related category, Modi’ @
&£ which are finitely generated over .

consisting of Alexander type-D modules over

£

Proposition 7.18. The categories Modgg

and Modi are equivalent.

Proof. We define functors in both directions. The functor
F:Mod¥ , — Mod¥

is obtained by taking completions, noting that the completion of X ® & coincides
with the ordinary tensor product X ® £ when X is finitely generated. (Note that
when X is finite-dimensional, X =~ X if and only if X is Hausdorff.)
The functor
G: Modfg — Modﬁg,a

sends a type-D module (X, 81) to itself, where X is equipped with the discrete topol-
ogy. This is well defined due to the fact that if X and ¥ are equipped with the discrete
topology, then a map

fiX->Y® L

is automatically continuous, since {0} € X is open. We observe that F o G is the
identity functor.

On the other hand, G o F maps (X, §!) to (%, 8!). Note that in mod‘f’z’a, the
objects (X, 81) to (X, §1) are canonically isomorphic, since morphisms are defined
to be continuous linear maps on completions. See Definition 5.4 and Remark 5.5. In
particular, there is a natural transformation from G o F to the identity. The proof is

complete. ]






