
Chapter 7

The knot surgery algebra

In this chapter, we introduce our algebras K and L. We also describe natural filtra-
tions on K and L. Using these filtrations, we describe our module categories.

7.1 The algebras K and L

We recall the knot surgery algebra K from the introduction. We define K to be an
algebra over the idempotent ring

I D I0 ˚ I1;

where each of Ii is rank 1 over F D Z=2. We write i0 and i1 for the generators of I0
and I1, respectively. We set

I0 �K � I0 D F ŒU;V� and I1 �K � I1 Š F ŒU;V;V�1�:

Also,
I0 �K � I1 D 0:

We define
I1 �K � I0 D F ŒU;V;V�1�˝ h�; �i:

That is, elements of I1 �K � I0 can be written as sums of monomials of the form
UiVj� and UiVj � where i � 0 and j 2 Z. These algebra elements satisfy the rela-
tions

� � a D �� .a/ � � and � � a D �� .a/ � �;

for a 2 F ŒU;V�DI0 �K � I0. Here, �� WF ŒU;V�!F ŒU;V;V�1� is the algebra homo-
morphism satisfying �� .U/ D V�1 and �� .V/ D UV2. The map �� W F ŒU; V� !
F ŒU;V;V�1� is the canonical inclusion.

In particular, I1 �K � I0 is generated by two special algebra elements � and � ,
together with the left action of F ŒU;V;V�1�, which satisfy the relations

�U D U� and �V D V�;

�U D V�1� and �V D UV2�:

The link algebra L` is defined as

L` WDK ˝F � � � ˝F K:
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We often write just L, when ` is determined by context. We view L` as being an
algebra over the idempotent ring

E` WD I˝F � � � ˝F I:

Remark 7.1. The algebra K admits a more symmetric basis, as follows. We may
view I1 �K � I1 as being F ŒU; T; T �1�, where U D UV and T D V. Then the above
relations become

�U D UT �1� and �V D T�;

�U D T �1� and �V D UT �:

Remark 7.2. The above symmetry may be packaged into an algebra homomorphism

EWK !K

as follows. On I0 �K � I0, we set

E.U/ D V and E.V/ D U:

On I1 �K � I1, we set

E.U / D U and E.Vi / D V�i :

On I1 �K � I0, we set
E.�/ D � and E.�/ D �:

7.2 Topologies on K and L

In this section, we describe the topologies on K and L which we use throughout the
memoir.

Definition 7.3. Suppose that n 2 N is fixed. We define Jn � K to be the F span of
the following set of generators:

(1) In I0 �K � I0, the generators UiVj , for i � n or j � n (i.e., max.i; j / � n).

(2) In I1 �K � I0, the generators UiVj� for i � n or j � n.

(3) In I1 �K � I0, the generators UiVj � for j � 2i � n or i � n.

(4) In I1 �K � I1, the generators UiVj where i � n.

The subspace Jn is illustrated in Figure 7.1.

We observe that

J0 DK; JnC1 � Jn; and
\
n2N

Jn D ¹0º:
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I0 � Jn � I0

I1 � Jn � I1

J �n

J �n

1

�
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1

Figure 7.1. The subspace Jn � K , indicated by the shaded regions. Here, J �n and J �n denote
the subspaces of Jn which are in the K span of � and � . The dots indicate monomials in the
algebra. The horizontal direction indicates the power of U, and the vertical direction indicates
the power of V.

We will use the subspaces Jn as a fundamental basis of 0 in our topology on K . The
condition that

T
n2N Jn D ¹0º is equivalent to the inclusion K !K being injective.

Remark 7.4. The subspaces J �n and J �n can also be described as follows:

J �n D .U
n/ � � C � � .Un;Vn/;

J �n D .U
n/ � � C � � .Un;Vn/:

Here, .U n/ � I1 �K � I1 denotes the ideal generated by U D UV, and .Un;Vn/ �
I0 �K � I0 denotes the ideal spanned by the elements Un and Vn.

We now consider the link algebra. For our purposes, the most natural topology on
the link algebra is the Š-topology,

L` DK ˝ŠF � � � ˝
Š
F K:

This topology is first countable, with a basis of opens given by

J`;n WD

`�1X
iD0

K˝i ˝F Jn ˝F K˝`�i�1 � L`:
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A fundamental result to our memoir is the following.

Proposition 7.5. The map �2WK E̋ I K !K is continuous.

Remark 7.6. Multiplication is not continuous on K ˝ŠI K . As an example, V�i ˝
Vi� ! 0 in K ˝I K as i !1, whereas �2.V�i ˝ Vi�/ D � 6! 0.

Proposition 7.5 follows immediately from the following lemma and the definition
of E̋ in Section 5.4.

Lemma 7.7. Let Jn �K be the subspace defined in Definition 7.3.

(1) For all n, �2.Jn ˝K/ � Jn (i.e., Jn is a right ideal of K).

(2) Suppose x 2K and n 2 N are fixed. Then for sufficiently large m,

�2.x ˝ Jm/ � Jn:

Proof. We consider the first claim. We wish to show that �2.x ˝ a/ 2 Jn whenever
x 2 Jn and a 2K . We break the argument into cases, depending on the idempotents of
x and a. If x;a 2 I1 �K � I1, the claim follows becausewU .x � a/�wU .x/CwU .a/,
where wU is the U -adic weight (i.e., wU .a/ D max¹i W 9a0; a D U i � a0º). The same
argument applies if x 2 I1 �K � I1 and a 2 I1 �K � I0. The situation that x; a 2
I0 �K � I0 is also clear. We now consider the case that x 2 I1 �K � I0 and a 2 I0 �K � I0.
Suppose first that x D UiVj� and aD UsVt (for s; t � 0). Then x � aD UiCsVjCt� ,
which is clearly also in Jn. Similarly, if x D UiVj � and a D UsVt , then

x � a D UiCtVj�sC2t�:

By assumption, either i � n or j � 2i � n. If i � n, then i C t � n so x � a 2 Jn.
The second case is equivalent to 2i � j � n � 0. We note that

2.i C t / � .j � s C 2t/ � n D s C 2i � j � n � 0

so x � a 2 Jn. This completes the first part of the claim.
We leave the second claim to the reader, as it may be handled similarly.

Combining Corollary 5.15 and Proposition 7.5, we also obtain the following.

Corollary 7.8. Suppose L is topologized as K ˝Š � � � ˝Š K . Then the map

�2WL E̋ E L! L

is continuous.
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7.3 Alexander modules

In this section, we describe our categories of type-D, A and DA modules. We will
refer to these categories as the categories of Alexander modules.

Definition 7.9. A type-D Alexander module consists of a pair .X; ı1/ where X is a
linear topological right E-module and

ı1WX ! X E̋ E L

is a linear topological morphism which satisfies

.id˝ �2/ ı .ı1 ˝ idL/ ı ı
1
D 0:

Recall that a linear topological morphism is the same as a continuous linear map
on completions. If XL and YL, we define Mor.XL;YL/ to be the space of linear
topological morphisms

f 1WX ! Y E̋ E L:

We write ModK
a for the category of Alexander type-D modules.

Type-A Alexander modules are similar, as we see in the following definition.

Definition 7.10. A type-A Alexander module .X; mj / over L consists of a linear
topological left E-module X and a collection of linear topological morphisms

mjC1WL E̋ E � � � E̋ E L E̋ E X ! X;

satisfying the A1-relations.

Type-DA Alexander modules are defined by the obvious amalgamation of the
above notions.

7.4 Split Alexander modules

We now define the notion of a split Alexander type-A or DA module. Consider the
link algebra L` and suppose that P is a partition of ¹1; : : : ; `º. Suppose that X is a
linear topological left E`-module. A P -split continuous linear topological morphism

fjC1WL` ˝E � � � ˝E L` ˝E X ! X

is a continuous map on completions, where we give cL˝j
`
˝X the tree topology

from Section 5.6, where X is the central vertex and we have jP j-rays of length j
extending from this vertex. If p1; : : : ; pjP j are the sizes of the elements of P , then
each non-root vertex of the i -th ray is labeled with Lpi (topologized using the Š-
topology).
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Note that P -split continuity is preserved by A1-composition of such maps by
Proposition 5.24.

Definition 7.11. Suppose that P is a partition of ¹1; : : : ; `º. A P -split type-A Alexan-
der module consists of a linear topological E D E`-module X, equipped with a
P -split linear topological morphism

mjC1WL` ˝E � � � ˝E L` ˝E X ! X;

which satisfies the A1-module relations.

If P is a partition of ¹1; : : : ; `º and i1; : : : ; in are the sizes of the partition elements
(so i1 C � � � C in D `), we will write

Li1 j���jLin
X

for a P -split Alexander module.
Once we introduce box tensor products of split Alexander modules, we will show

in Lemma 7.16 that the split-Alexander condition is weaker than the Alexander condi-
tion. In particular, any type-A Alexander module LX is also a split type-A Alexander
module for any partition.

P -split Alexander type-DA modules can be defined similarly to the above, though
we typically need to assume that the underlying space X of the module is linearly
compact for the type-DA structure relations to be meaningful, and for the A1-com-
position of morphisms to be defined. (Note that all of the link surgery modules
we consider in this memoir are linearly compact.) We explain this in the case of
a ¹¹1º; ¹2ºº-split Alexander module KjKXK . Consider the spaces involved in the
composition of ı1iC1, ı1jC1 and IX ˝ �2, applied to

.KjK/˝E2 � � � ˝E2 .KjK/„ ƒ‚ …
iCj

˝E2X:

We topologize the above space using the tree topology for the tree where there are
2 length i C j rays attached to a lowest vertex. The lowest vertex is assigned the
space X. Proposition 5.24 shows that ı1iC1 ˝ id gives a map from the above space to

.KjK/˝E2 � � � ˝E2 .KjK/„ ƒ‚ …
j

˝E2.X E̋ K/:

The above space is topologized using a tree with a single lowest vertex, and 2 length
i rays extending from this ray. The lowest vertex is assigned the space X E̋ K .
Lemma 5.27 implies that if X is linearly compact, then the above topological vector
space is isomorphic to the same tensor product, equipped with the tree topology where
the tree � has 2 length i rays connected to a vertex v1, which is above a single
vertex v0. We assign v1 the vector space X, and v0 the vector space K . See Figure 7.2
for a schematic when i D j D 1.
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Figure 7.2. Maps appearing in the DA-structure relation for a split Alexander DA bimodule.
Here, the arrows labeled Š correspond to the isomorphism from Lemma 5.27, which requires
X to be linearly compact.

7.5 External tensor products

We now discuss external tensor products, focusing on subtleties involving comple-
tions.

We first discuss type-D modules. Suppose that XLm and YLn are type-D Alex-
ander modules. To form the external tensor products, we assume that X and Y are
linearly compact, so that X E̋ Lm Š X ˝Š Lm by Lemma 5.16, and similarly for
Y E̋ Ln. Under this assumption, we may define the structure map on the tensor prod-
uct as ı1

X
˝ idY ˝ 1Ln C idX ˝ 1Lm ˝ ı

1
Y

, with tensor factors reordered, as indicated
below:

X ˝Š Y ! .X E̋ Lm/˝
Š .Y E̋ Ln/ Š X ˝Š Lm ˝

Š Y ˝Š Ln

Š .X ˝Š Y/ E̋ .Lm ˝
Š Ln/:

Next, we consider tensoring (split) type-A modules. Suppose that P is a partition
of ¹1; : : : ; sº and P 0 is a partition of ¹1; : : : ; rº. Let us write i1; : : : ; im for the sizes
of the elements of P , and j1; : : : ; jn for those of P 0. Suppose that we have P and P 0

split modules
Li1 j���jLim

X and Lj1 j���jLjn
Y:

We will describe two versions of the external tensor product, namely

Li1 j���jLimCj1 j���jLjn
.X ˝Š Y/ and Li1 j���jLim jLj1 j���jLjn

.X ˝Š Y/:

We topologize L
˝j
rCs ˝X ˝ Y using the tree topology for a star with m C n � 1

(resp. mC n rays). We label the root X ˝Š Y, and we label each other vertex with a
˝Š-tensor product of copies of K .
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To construct the external tensor product, one must also pick a cellular diagonal
of the associahedron. This construction is recalled in Section 3.5. The fact that the
external tensor product behaves well with completions is implied by the following
result.

Proposition 7.12. Suppose that P and P 0 are partitions of ¹1; : : : ; rº and ¹1; : : : ; sº,
respectively, and that

fjC1WL
˝j
r ˝X ! X and gjC1WL

˝j
s ˝ Y ! Y

are P and P 0 split continuous, then their tensor product fjC1 ˝ gjC1 is both P t P 0

and .P t P 0/p�p0 split continuous, for any p 2 P and p0 2 P 0. (Here, we write
.P t P 0/p�p0 for the partition obtained by merging p and p0 in P t P 0.)

We will prove Proposition 7.12 for the module Li1 j���jLimCj1 j���jLjn
.X ˝Š Y/. We

will later see in Lemma 7.16 that the module Li1 j���jLim jLj1 j���jLjn
.X ˝Š Y/ is a box

tensor product of this module with a split Alexander bimodule Lim jLj1
ŒI�LimCj1 , and

hence is also a split Alexander module.
The proof Proposition 7.12 is an immediate consequence of the following general

result about tree topologies.

Lemma 7.13. Let �kn denote the star which has n rays of length k, which all point
towards a root vertex v0. Let .Xv/v2V.�kn /

and .Yv/v2V.�km/ denote two families of
spaces. Pick a distinguished ray from each of �kn and �km. Form a new collection
of spaces .Zv/v2�k

mCn�1
as follows. View �kmCn�1 as being obtained by merging

vertices of the same height along the distinguished rays. We define Zv to be either
Xv or Yv for v not along the merged ray. For v along the merged ray, we define Zv
to be Xv ˝

Š Yv . Then the natural map

Z�k
mCn�1

! X�kn
˝
Š Y�km

is continuous. See Figure 7.3 for a schematic where m D n D 2.

˝Š

˝Š

˝Š

˝Š

˝Š

Figure 7.3. A schematic of Lemma 7.13. Solid dots denote Xv and open dots denote Yv .
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Proof. We abbreviate X�kn
, Y�km and Z�k

mCn�1
by X, Y and Z, respectively.

Let
UX ˝ Y CX ˝ VY � X ˝Š Y

be an open subspace, where UX � X and VY � Y are open subspaces. Let s be an
admissible labeling of �knCm�1. Our goal is to show that if p is a point-enhancement
of s, then there is an open-enhancement Up so that

W.Up; p/ � UX ˝ Y CX ˝ VY :

There are two induced labelings sX and sY of �kn and �km, obtained by restrict-
ing s. We make the following claims:

(1) At least one of sX and sY is admissible.

(2) If there is an O-labeled vertex along the merged ray, then both sX and sY are
admissible.

The above claims are straightforward to prove, so we leave the argument to the reader.
Consider first the case that the merged ray has no vertices labeled O. In this

case, the root is labeled X , but all other vertices along the merged ray are labeled p.
Also, in this case, at least one of sX and sY is admissible. Suppose, without loss of
generality, that sX is admissible. Write v1; : : : ; vk�1 for the p-labeled vertices along
the merged ray. If v is a p-labeled vertex along the merged ray, write p.v/ as a sum of
finitely many elementary tensors. For each v 2 ¹v1; : : : ; vk�1º, write xv;1; : : : ; xv;iv
for these elementary tensors. We consider the N WD iv1 � � � ivk�1 point-enhancements
pX;j , where pX;j .w/ D p.w/ if w is not along the merged ray, and such that pX;j

enumerate all combinations of the xvi ;r for i 2 ¹1; : : : ; k � 1º and r 2 ¹1; : : : ; ivi º.
Since UX is open, for each pX;i , there is an open-enhancement UX;i �X so that

W.UX;i ; pX;i / � UX :

We define an open-enhancement of s as follows. If v is in �kn (the tree for X), we
define

Up.v/ D

N\
iD1

UX;i .v/:

If v is in �kn (the tree for Y), set Up.v/ D Yv . Then

W.Up; p/ � W.UX;1; pX;1/˝ Y C � � � CW.UX;N ; pX;N /˝ Y

� UX ˝ Y CX ˝ VY ;

as we wanted to show.
Next, we consider the case that s labels a vertex v0 along the merged ray by O. In

this case, both sX and sY are admissible. Consider a point-enhancement p of s. Write
v1; : : : ; vl for the vertices above v0 (which are labeled p by s). Similar to before, by
separating the elements of p into elementary tensors, we obtain point-enhancements
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pX;i and pY;j for i D 1; : : : ; N and j D 1; : : : ; M . For each i and j , there are
open-enhancements UX;i and UY;j of sX and sY (respectively) so that

W.UX;i ; pX;i / � UX and W.UY;j ; pX;j / � VY :

We then define an open-enhancement Up of s as follows. Suppose s.v/ D O. If v is
in �kn not in the merged ray, we set

Up.v/ D

N\
iD1

UX;i .v/:

If v is in �km but not in the merged ray, we set

Up.v/ D

M\
jD1

UY;j .v/:

If v is in the merged ray, we set

Up.v/ D

� N\
iD1

UX;i .v/

�
˝ Y CX ˝

� M\
jD1

UY;j .v/

�
:

We observe that

W.Up; p/ � .W.UX;1; pX;1/C � � � CW.UX;N ; pX;N //˝ Y

CX ˝ .W.UY;1; pY;1/C � � � CW.UY;M ; pY;M //

� UX ˝ Y CX ˝ VY :

This completes the proof.

Taking the external tensor product of two type-DA Alexander modules, when the
underlying spaces of the modules are linearly compact, is a straightforward extension.

Remark 7.14. We can see more directly that if LiX and LjY are type-A Alexander
modules, then LiCj .X ˝

Š Y/ is also an Alexander module. Consider two continuous
maps

fjC1W ET
jLn E̋ X ! X and gjC1W ET

jLm E̋ X ! X;

where
ET jLn D Ln E̋ � � � E̋ Ln„ ƒ‚ …

j

:

The external tensor product of fjC1 and gjC1 is continuous since it may be written
as the following sequence of continuous maps:

ET j .Ln ˝
Š Lm/ E̋ .X ˝

Š Y/

! . ET jLn E̋ X/˝Š . ET jLm E̋ Y/! X ˝Š Y:

The first map is from Corollary 5.15 and the second map is fjC1 ˝ gjC1.
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7.6 Box tensor products

In this section, we describe the interaction of Lipshitz, Ozsváth and Thurston’s box
tensor product operation with Alexander modules. The simplest case is boxing an
Alexander type-D module XL with an Alexander type-A module LY. In this case,

ı1WX ! X E̋ E L and mjC1WL E̋ E � � � E̋ E L E̋ E Y ! Y

are continuous linear maps on the completions. Hence, assuming an appropriate
boundedness condition so that only finitely many terms contribute to the box ten-
sor product (e.g., mj D 0 for j � 0), the differential @� will be a sum of finitely
many continuous maps. Type-DA modules present no additional complications.

Box tensor products involving split Alexander type-A and DA modules are more
subtle. If Li1 j���jLin

Y is a split Alexander type-A module, it seems only possible to
tensor with an Alexander type-D module which is itself an external tensor product of
n modules

X
Li1
1 ; : : : ;X

Lin
n :

In this case, we write

.X
Li1
1 ; : : : ;X

Lin
n / y� Li1 j���jLin

Y

for the resulting tensor product. Ignoring completions, the tensor product is formed
by taking the external tensor product of the type-D modules XLij

j to obtain a type-D
module over Li1C���Cin . This type-D module is then tensored with the type-A module
using the standard definition (see equation (3.1)). We topologize the underlying space
of the tensor product

.X1 ˝ � � � ˝Xn/˝ Y

using the graph topology from Section 5.6 for a tree with one root and n rays. Here,
Y is labeled as the root, and X1; : : : ;Xn each form a ray, with an edge pointing to Y.
Proposition 5.24 shows that the structure operations are continuous.

We may also form the tensor product when Y or some of the Xi are split DA
Alexander bimodules. The output will be a split Alexander DA bimodule, whose
tensor splitting of the incoming algebras is the concatenation of the tensor-splittings
for each of the Xi . To illustrate, if Li1 jLi2

YL, Lj1 j���jLjm
XLi1
1 and Lk1 j���jLkt

XLi2
2

are split Alexander DA bimodules, then their tensor product,N , will be a split module
as indicated in the following equation:

.Lj1 j���jLjm
X

Li1
1 ;Lk1 j���jLkt

X
Li2
2 / y� Li1 jLi2

YL
D Lj1 j���jLjm jLk1 j���jLkt

NL:

Remark 7.15. The box tensor product operation of split Alexander modules seems
definable using our techniques only when the underlying vector spaces of our modules
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are linearly compact. In this case, the underlying vector space of the tensor product
.XK ;YK/ y� KjKZ is the standard tensor product X ˝Š Y ˝Š Z by Lemma 5.16.
Furthermore, assuming linear compactness, the completed box tensor product opera-
tion satisfies the following associativity property:

.XK ;YK/ y� KjKZ Š XK y� K..KIK ;YK/ y� KjKZ/

Š YK y� K..X
K ;K ŒI�

K/ y� KjKZ/:

Note that all of the bordered link surgery modules considered in this memoir are
countable direct products of F , so are linearly compact.

We now describe a split type-DA Alexander bimodule KjK ŒI�
L2 which trans-

forms any Alexander module L2X into a split module KjKX. The structure maps
are the same as for the identity module.

Lemma 7.16. The bimodule KjK ŒI�
L2 is a split Alexander bimodule. More gener-

ally, if P is a partition of ¹1; : : : ; `º, and `1; : : : ; j̀ are the sizes of the partition
elements, then L`1 j���jL j̀

ŒI�L` is a split Alexander bimodule.

Proof. Consider first KjK ŒI�
L2 . In this case, the claim follows from Remark 5.23 and

the fact that the natural map

K ˝�F K !K ˝ŠF K

is continuous. The case of general ` and P is proven by the same argument.

Remark 7.17. Lemma 7.16 implies that the ordinary Alexander module condition
is stronger than the split Alexander module condition. In particular, given a type-A
Alexander module L`X, we may always view X as a split Alexander module for any
partition of ¹1; : : : ; `º.

7.7 Finitely generated K-modules

In this section, we discuss the category of finitely generated type-D modules over L.
We denote by K the completion of the algebra K with respect to the topology

described above. As a vector space, we have the following isomorphisms:

I0 �K � I0 Š FJU;VK;

I1 �K � I0 Š F ŒV;V�1KJUKh�i ˚ FJV;V�1�JUKh�i;

I1 �K � I1 Š F ŒV;V�1�JUK:

We may consider the completion of the link algebra L as well.
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Since multiplication is continuous by Proposition 7.5 and Corollary 7.8, we obtain
a well-defined map on the completed algebras

�2WL E̋ E L! L:

Since L is an algebra, we may also consider the ordinary category of type-D
modules over this algebra (i.e., ordinary modules and algebras, with no topologies).
Of particular interest to us is the category of finitely generated type-D modules. We
write ModL

fg for this category.
There is a related category, ModL

fg;a, consisting of Alexander type-D modules over
L which are finitely generated over F .

Proposition 7.18. The categories ModL
fg;a and ModL

fg are equivalent.

Proof. We define functors in both directions. The functor

F WModL
fg;a ! ModL

fg

is obtained by taking completions, noting that the completion of X E̋ L coincides
with the ordinary tensor product X ˝ L when X is finitely generated. (Note that
when X is finite-dimensional, X Š X if and only if X is Hausdorff.)

The functor
GWModL

fg ! ModL
fg;a

sends a type-D module .X; ı1/ to itself, where X is equipped with the discrete topol-
ogy. This is well defined due to the fact that if X and Y are equipped with the discrete
topology, then a map

f 1WX ! Y E̋ L

is automatically continuous, since ¹0º � X is open. We observe that F ı G is the
identity functor.

On the other hand, G ı F maps .X; ı1/ to .X; ı1/. Note that in modL
fg;a, the

objects .X; ı1/ to .X; ı1/ are canonically isomorphic, since morphisms are defined
to be continuous linear maps on completions. See Definition 5.4 and Remark 5.5. In
particular, there is a natural transformation from G ı F to the identity. The proof is
complete.




