Chapter 9

o -basic systems of Heegaard diagrams

In this chapter, we define the notion of a o-basic system of Heegaard diagrams. The
notion is a very small generalization of Manolescu and Ozsvéth’s basic system. These
are collections of Heegaard diagrams which can be used to compute the link surgery
formula. We use the small distinction in notation to disambiguate the notions, and to
highlight the algebraic significance of these systems. For these systems, the maps &V
vanish unless N = +K (i.e., a single component, oriented consistently with L), or
N contains only negatively oriented components relative to L. We also describe how
to construct a o-basic system for the connected sum of two links.

9.1 Systems of arcs

In this section, we define the notion of a system of arcs, which is a necessary piece of
auxiliary data used to define the link surgery formula.

Definition 9.1. Suppose that (S 3. L,w,z) is an oriented, multi-pointed link, which
is link minimal (i.e., each component of L contains exactly one base point of w, and
one base point of z).

(1) A system of arcs for L consists of a set A = {A;,..., Ay} of pairwise disjoint
arcs satisfying that 04; = A; N L = {w;, z; }.

(2) We say that an arc A; is beta-parallel if A; is isotopic to a push-off of the
subarc of L; which goes from z; to w;.

(3) We say that A; is alpha-parallel if A; is isotopic to a push-off of the subarc
of L; which goes from w; to z;.

Note that an arc A; is beta-parallel if for any Heegaard diagram of (Y, L, w, z),
A; is isotopic to the subarc of K; € L which lies in the beta handlebody Ug. A similar
remark holds for alpha-parallel arcs.

Given a link minimal (L, w, z) there are two distinguished systems of arcs, A
and Ag, which are the ones which have only alpha-parallel arcs, or only beta-parallel
arcs, respectively.

Remark 9.2. Manolescu and Ozsvath’s notion of good sets of trajectories [32, Defi-
nition 8.26] corresponds to our notion of a system of alpha-parallel arcs.
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9.2 o-basic systems of Heegaard diagrams

In this section, we define the notion of a o-basic system of Heegaard diagrams. Our
notion is a small adaptation of Manolescu and Ozsvath’s construction.

Definition 9.3. Suppose that (L, w, z) is a minimally pointed, n-component link in a
3-manifold Y, and suppose that A = (A, ..., Ay) is a system of arcs for (¥, L, w,z).
A o-basic system of Heegaard diagrams for (Y, L, A) consists of the following data:
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A tuple of positive integers d = (d,...,dy) wheren = |L]|.

A collection of Heegaard diagrams H(M ) = (H;).ck(a)- We assume all Hee-
gaard diagrams have the same underlying Heegaard surface X, which we also
assume contains the arcs Ay, ..., Ag. We write # = (2, o, Be, We, Ze, P)s
where w, and z. are link base points and p, are free base points.

For each component i € {1,...,n}, we have a formal labeling of each of the
intervals [0, 1],...,[d; — 1, d;] as being either an alpha incrementing interval,
a beta incrementing interval or a surface isotopy interval.

A decomposition of each arc A; into a concatenation of oriented subarcs
li1,.... 1 j;, as well as a choice of surface isotopies ¢; 1,...,¢; ;. We as-
sume ¢; ; is supported in a small neighborhood of /; ; and moves the initial
endpoint of /; ; to the terminal endpoint.

We assume that the following conditions are satisfied:

)]
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w, ={w; : g =0}andz, = {z; : &; = 0}.

Let #, = (2, ag, Be, We, Ze, p,) and let ¢; = (0,...,1,...,0) € {0, 1}"

denote a length 1 vector (i.e., a direction). As described above, the interval

I = [g;, & + e;] is labeled as either an alpha incrementing interval, a beta

incrementing interval, or a surface isotopy interval.

(a) If I is an alpha incrementing interval, then B, = B.y., while agy;
and e differ. Furthermore, p,,,, = p, unless &; = 0, in which case
Pete; = Ps U{zi}.

(b) If I is a beta incrementing interval, then the same holds as above except
with the alpha and beta curves interchanged.

(c) If I is a surface isotopy interval, then H#; ., is the image of #; under
one of the surface isotopies ¢;, ; described above. Similarly, w, ., = W,
and ze4., = z.. If &; > 0, then p,,, = ¢, (p,). If & =0, thenp,,. =
$i,j (P U zi).

The faces on opposite sides of the box have the same Heegaard diagrams. In

more detail, if ¢ € E(d) and &; = 0, then

aa-i—die,' = g, ﬂs-}—die,- = ﬁé" ps—i—diei = Pe U {wl}
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We illustrate an example of a o-basic system in Figure 9.1.
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Figure 9.1. An example of a o-basic system of Heegaard diagrams for the Hopf link. At the top,
we show the underlying Heegaard link diagram of the Hopf link, with an arc system consisting
of two beta-parallel arcs A; and A, (shown as dashed arcs). For this example, the subdivi-
sions of A and A, are trivial (i.e., consist of a single arc). The labels of the arrows indicate
whether the corresponding subintervals are “alpha incrementing intervals”, “beta incrementing
intervals” or “surface isotopies intervals”. We label the w base points as solid circles, the z base
points as open circles, and the free base points as squares.
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Remark 9.4. The terminology o-basic system refers to the fact that when we use
such systems of Heegaard diagrams to construct the link surgery formula, the result-
ing complexes have ®*Xi equal to inclusions for localization, and ®M = 0 if M has
more than one component and contains a positively oriented component. In particular,
using these diagrams we obtain models of the type-D modules X A (L)%¢ where the
components weighted by o; are very simple. Our definition is slightly more general
than Manolescu and Ozsvith’s notion of a basic system of Heegaard diagrams, which
has the same algebraic properties with respect to the differential.

The following definition plays an important role in our proof of the connected
sum formula for surgery hypercubes.

Definition 9.5. Suppose that £ = (B¢, 0;,¢/)ccE, is a weakly admissible hyper-
cube of handleslide equivalent beta attaching curves on a pointed Heegaard surface
(X, w,z,p) (where w, z are link base points and p are free base points). We say £
is algebraically rigid if each Tg, N Tp_, has 28 (E)+Iwl+Ipl=1 jntersection points (the
minimal possible number). We make a parallel definition for alpha hyperboxes. We
say a hyperbox of attaching curves is algebraically rigid if each sub-hypercube is
algebraically rigid.

Note that a hypercube of attaching curves being algebraically rigid is a prop-
erty of the attaching curves, and has nothing to do with the chains 6, .. Therefore,
abusing notation slightly, we will say a o-basic system of Heegaard diagrams I is
algebraically rigid if it has the property that Tg, N Tp_, has 2% E)+Iwel+Ipel jntersec-
tion points whenever |¢’ — g|p o < 1 and none of the intervals [, & + ¢;] is a surface
isotopy interval for i such that &; < ¢;. We make the same assumption for the alpha
curves.

9.3 Meridional o -basic systems

In this section, we describe a particular family of o-basic systems which are useful in
our proof of the pairing system. Similar diagrams are ubiquitous in Heegaard Floer
theory. For example, they are the diagrams which Ozsvéth and Szabé use to prove the
mapping cone formula [43].

Definition 9.6. We say that a o-basic system of Heegaard diagrams H for (Y, L),
with a system of arcs A, is a meridional o-basic system if the following hold:

(1) Each arc of A is either beta-parallel or alpha-parallel.

(2) The diagram H(@) = (X, &, B, w, z) has the following property. Suppose
K; € L is a component with corresponding arc A; € A and base points w;, z;.
Then A; is either alpha-parallel or beta-parallel. If A; is alpha-parallel, then
A; is disjoint from the alpha curves, and intersects a single beta curve B7.
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A similar assumption is made if A; is beta-parallel. In particular, if |L| = £,
there are n special alpha and beta circles, denoted o and j JS .

(3) In each Heegaard diagram of HH, there are similarly £ special alpha and beta
curves, and the rest are designated as non-special. The non-special alpha
curves of each subcube of I consist of small Hamiltonian translates of the
non-special curves of .

(4) If K; € L is a component whose arc A; is beta-parallel, then the compo-
nent of ¥ \ B which contains the base points of K; is a punctured disk which
contains a special beta circle 87 as two of its boundary components. Glu-
ing the two B boundary components together, we obtain a punctured torus.
We assume that K;-axis direction of J{ realizes the isotopy of 87 in a loop
around this punctured torus (handlesliding ;] over the boundary punctures).
We make an analogous assumption for components with beta-parallel deco-
ration.

Lemma 9.7. Suppose L is an {-component link in S and A is a system of arcs
for L such that each arc is either alpha-parallel or beta-parallel. Then there exists
a link minimal, weakly admissible, algebraically rigid o-basic system of Heegaard
diagrams for (S3, L, A).

Proof. Except for the claim about admissibility, existence of such a o-basic system
is clear since the construction is given in Definition 9.6.

Admissibility is verified as follows. We first verify admissibility for each hyper-
cube of alpha and beta Lagrangians appearing in the construction. For concreteness,
suppose that £, is a hypercube of alpha attaching curves appearing in the con-
struction. For appropriately chosen Hamiltonian translates, admissibility of &£, is
equivalent to admissibility of the diagram where we delete the tuples of curves which
appear only as small translates of each other, and surger X along these curves as well.
The resulting Heegaard diagram is a union of tori, and admissibility is straightforward
to arrange. See Figure 9.2.

Admissibility of each pair (£, &£ g) may be arranged by winding one of the cubes
(say £o) relative to &£g, following the procedure described in [39, Section 4.2.2] and
[41, Section 3.4]. [ ]

9.4 Basic systems for general systems of arcs

We now consider general systems of arcs. Generalizing Lemma 9.7, we prove the
following.

Lemma 9.8. Suppose that A is a system of arcs for L € S3. Then there is an alge-
braically rigid o-basic system of Heegaard diagrams for (L, A).
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Figure 9.2. Some of the beta curves and a base point translation from Lemma 9.7. The first
arrow is a base point translation, and the remainder are holomorphic polygon counting maps.
The dashed arc on the top is ¢;.

Proof. The proof is similar to the proof of Lemma 9.7. We begin with a minimally
pointed Heegaard diagram (X, e, 8, w, z) for (Y, L) such that each arc A; is embed-
ded in ¥ and such that the arcs A; are pairwise disjoint. By performing an isotopy of
a and B supported in a neighborhood of the arcs A;, we may assume that each A; is
the concatenation of two arcs A and A? such that AY is disjoint from B and A? is
disjoint from . We assume that BAf = {z;,x;} and dA¥ = {wj;, x;}, for some point
Xi € 3.

We now stabilize the Heegaard diagram 2|L| times, as shown in Figure 9.3. For
each A;, we introduce two stabilizations. One of the stabilizations corresponds to
attaching a 1-handle with feet near z; and x;. We introduce a new alpha and a new
beta curve. The alpha curve runs parallel to Af} . The new beta curve, denoted f7,
is the belt-sphere of the 1-handle. Similarly, the other stabilization corresponds to
attaching a 1-handle with feet near x; and w;. Here, the new beta curve runs parallel
to AY. The new alpha curve, o7, is the belt sphere of the 1-handle.
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Figure 9.3. Top: the Heegaard surface (X, o, 8, w, z) and the arc A; from Lemma 9.8. Bottom:
the stabilized Heegaard surface (X', &', B’, w, z) and the arc A’. Also shown are the special
curves &} and 7.

We write (X', a’, B’, w, z) for the stabilized Heegaard diagram. We handleslide the
arcs A; into the new stabilization tubes to obtain arcs A; C ¥'. The arcs A, ... ’A/e
are still isotopic to the arcs in A.

By definition of a Heegaard link diagram, the base points w;, z; € X are contained
in a single component 4; € X \ & and also a single component B; € X \ . Note
that the point x; € X is contained in A; since there is a path A? from x; to z; which
is disjoint from e. Similarly, x; € B;. Write A; and B; for the analogous components
of ¥\ &’ and X’ \ B’. Note that A} is obtained by removing four disks from A4;, and
similarly for B;.

We define our o-basic system of Heegaard diagrams as follows. In the i-th axis
direction, we first move ; around B; by a sequence of handleslides across the curves
of B. This is similar to the case of meridional o-basic systems in Lemma 9.7. We
perform a sequence of isotopies and handleslides to move B3 to the other side of z;,
so that z; may be moved to x; without crossing any attaching curves. Write z; for
X;, thought of as a base point. The next step in the i-th axis direction is to move o
around A; so that it moves to the other side of zlf , allowing zlf to be moved to w; .

Note that since 8] moves only around B;, and o moves only around A}, the
B; may be moved around simultaneously (for different i) and similarly different o]
may be moved simultaneously. Additionally, the original curves e and B are also
unchanged in this process. In particular, we may build the different axis directions
of the hypercube simultaneously to build the o-basic system of Heegaard diagrams.
By a similar argument to Lemma 9.7, we may choose the constituent hypercubes of
attaching circles to be algebraically rigid and weakly admissible. ]
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9.5 Tensor products of hypercubes of attaching curves

If £ is a hypercube of attaching curves on (X, w, z), and £/ is a hypercube of
attaching curves on (X', w,’, '), of dimensions #n and m, respectively, we now define
an (n + m)-dimensional hypercube £5 ® £ on (X U X', wU W',z U z'). We note
that the construction of £g ® £g is essentially identical to Lipshitz, Ozsvith and
Thurston’s construction of a connected sum of chain complexes of attaching circles
[26, Definition 3.40].

We begin with the underlying attaching curves of £ ® &£g/, which we denote
by (8(e,v)) (e,v)€E, xE,, » Where n = dim(&£g) and m = dim(£ /). We set §,,,) to be a
small translation of B, U B,. We assume the small translations are chosen so that the
copies of B, from &, ,) and 8., intersect in 28 (E+wI=1 points, and similarly for
the translated curves on X'.

Before defining the morphisms of £ ® £/, we begin with some helpful termi-

nology.

Definition 9.9. If ¢, ¢’ € [, we say that there is an arrow from ¢ to ¢’ if & < &',

(1) We say that an arrow from (e, v) € E,, x E,, to (&', V') is mixed if ¢ < ¢’ and
v <V,

(2) We say that an arrow from (g, v) to (&, V') is non-mixed if ¢ = &’ orv = V',

We now describe the morphisms of £ 4 ® &£ g/. We define the chainsin £5 ® £/
for each mixed arrow to be zero. For the arrow from (e, v) to (g, v’), where v < v/,
we use the chain
®2:8 ® ®v,v’»

where ®Z£ denotes the top degree generator (recall that we have perturbed one copy
of B¢ slightly in the definition), and ®,, , denotes the chain from &£ g-. Similarly, for
the arrow from (g, v) to (¢/, v), where ¢ < &', we use the chain

Ope ® OF .

Remark 9.10. We will only use the above construction in the case that £g and &£
are algebraically rigid. In this case, £g ® &£’ is also algebraically rigid, and the
hypercube relations are automatic.

9.6 Basic systems and connected sums

In this section, we define a connected sum operation on ¢-basic systems of Heegaard
diagrams.

We begin by defining a connected sum operation for systems of arcs. Let L and
L, be links in §3, with distinguished components K; and Kj, respectively. If A,
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and A, are two systems of arcs for L and L,, we can form their connected sum
A1#A, by taking the connected sum of L and L, at wy € Ly and z, € L,. We then
concatenate the arcs for the components K; and K, to obtain the arc for K;#K>.
A priori, this operation is asymmetric between L and L».

The most important special cases of this construction are the following:

(#-1) o connected sums: Suppose Aq and A, are systems of arcs for L; and
L5, such that the arcs for K; and K, are both alpha-parallel. We form a
system of arcs for Li#L, by using an alpha-parallel arc for K;#K>, and
using the remaining arcs without change.

(#-2) BB connected sums: These are analogous to aa.

(#-3) af connected sums: Suppose that A, and A, are systems of arcs for L and
L5, such that the arc for K; is alpha-parallel while the arc for K, is beta-
parallel. We form the system A;#A, by using the co-core of the connected
sum band as the arc for K1#K5.

These special cases are illustrated in Figure 9.4.

We now describe how to realize the above connected sum operations on the level
of o-basic systems of Heegaard diagrams. Suppose that we have o-basic systems
H; and H, for L, and L,. We focus on the largest hyperbox of the system, since
the smaller hyperboxes are determined by the compatibility condition with respect to
inclusion.

We take the connected sum of the Heegaard surfaces ¥; and ¥, at wy € K; and
z, € K5, deleting those two base points, and leaving z; and w,. See Figure 9.5.

We write j{go)’ J—Cgl) C H; for the codimension 1 subboxes where the K;-com-
ponent is 0 (resp. where the K-component is maximal). Write 9—(;0) and ngl) for the
analogous subboxes of H,.

L | ro—s| L r
L :l “: Ll L L/-\?I\Ll

Figure 9.4. The connected sums of two alpha-parallel arcs (top row), and the connected sum of
one alpha-parallel arc and one beta-parallel arc (bottom row).
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Figure 9.5. Forming the connected sum of two o-basic systems of Heegaard diagrams. The
dashed arcs denote the arcs in our o-basic system. On the left, we begin with an alpha-parallel
arc for K1 and a beta-parallel arc for K»>. On the right, we have the arc for the connected sum.

We first construct a hyperbox of Heegaard diagrams on X;#3,, which we denote
9{1#5{50). We build this hyperbox similarly to the tensor product procedure from
Section 9.5. We build an analogous hyperbox of Heegaard diagrams f}{gl) ® I, of
dimension (£; + £, — 1). Note that since these hypercubes take place on the con-
nected sum X#3,, as opposed to the disjoint union, we may not be able to build
the chains in the constituent hypercubes of attaching curves using the tensor product
operation. Nonetheless, we may always use the curves so-constructed, and fill in the
morphisms of these hypercubes using the standard filling construction of Manolescu—
Ozsvath [32, Lemma 8.6].

Both H; ® J—(;O) and 5—(51) &® H, share J—(El) ® 3{50) as a codimension 1 subface.
In particular, we may stack H{; ® J-Cg)) and 3{51) ® H,. Hence, for the connected
sum Li#L,, we use

Ho#H, = St(3H, @ H HW @ 3¢,), 9.1

where St denotes stacking hyperboxes. This construction yields a o-basic system of
Heegaard diagrams for L{#L,, whose largest hyperbox is given by equation (9.1).

Remark 9.11. If J{; and JH, are algebraically rigid, then J;#3{; is also algebraic-
ally rigid.

Remark 9.12. Note that St(ngo) ® Hs, J—CEI) ® H,) does not naturally define a o-
basic system of Heegaard diagrams. This is because the Heegaard diagrams must
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encode an isotopy of the base point z; to the base point w, on the connected sum of
the Heegaard surfaces. The stacking in equation (9.1) naturally encodes an isotopy
(concatenating the isotopy from z; to wj, the isotopy of the base point across the
connected sum tube from w; to z5, and the isotopy of z, to w,). The alternate stacking
does not naturally encode an isotopy of this sort.



