Chapter 15

The pair-of-pants bimodules

In this chapter, we describe several bimodules | WQJE 8 and g\ x ng - The bimod-
ules are related by the transformer bimodule

J{|]{WQJ§,I3 24 J('T‘K ~ ](‘|J(Wa¢7/§’ﬂ.

We call these the pair-of-pants bimodules. Other choices of @ and 8 in the subscripts
can also be constructed by tensoring in copies j 7% to switch from « to 8 and vice-
versa.

After defining these bimodules and proving several basic properties, we will prove
the following.

Theorem 15.1. Suppose that Ly, L, C S? are framed links with distinguished com-
ponents Ky € Ly and Ky C Ly. Writen = |Ly{| and m = |L;|. Let Ay o and A, g
be systems of arcs for L1 and L,. Suppose that the arc for K, is alpha-parallel and
the arc for K, is beta-parallel. (The other arcs need not be alpha- or beta-parallel.)
Let Ay and Ag be the system of arcs for L1#Ly which use an alpha-parallel (resp.
beta-parallel) arc for Ky (resp. K;). Then

(xAl(le-Al,a)Jc®$n71 ) XAI(Lzyﬂz,b)J{Qw’"*l) X JC\JCWQJE,O(
jad XA1+A2(L1#L27 Aa)$n+m—1
and

(XA, (L1, Apo)KOEn=1 Xp, (Lo, Az p) 7 OLm=1) W g5 WK 4
~ XA1+A2(L1#L2,Aﬂ)£"+m_1 .

15.1 The Wyg « and Wyg g bimodules

We now define the Wyg o and W5 g bimodules. We consider Wg g first. This bimod-
ule has a §} which is identical to the merge module M. Additionally, there is a 83,
determined by the following formula:

Sialb,a'|b', 1|t, t|1,ip) = iy ® V" 'y (ab)a’ (Udy + Vav)(b')z. (15.1)

In the above, a,b,a’,b’ €1, - X -1;.
The module W,g , is similar, except it has

8i(alb,a'|b', 1T, t|1,ip) = i1 ® V" 'y (ab)b'(Udy + Viv)(a')z.
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Lemma 15.2. The bimodules y | WjﬂC o and x| x Wa']g 8 satisfy the DA bimodule
structure relations. Furthermore, both are split Alexander bimodules when we give
the incoming algebra factors the discrete partition.

Proof. We consider the structure relations first. We take the perspective of map-
ping cone bimodules from Section 14.3. We begin by considering the merge module
J(|JCMJ<. We define bimodules J<|Jc[mg]‘K for e € {0, 1} by

I ® L) g M” -1,

The bimodule structure relations are easily seen to be satisfied. There are two DA
bimodule morphisms

8L T s mol® — g fmy] %

as follows. We set 8} = 0if j # 3. We set 83(1]o,01,ip) = i1 ® 0. The map T
is similar, but with 7 replacing . The DA bimodule endomorphisms S and T} are
easily seen to be cycles. Furthermore,

K156 M7 = Cone(8] + TL: x5 (Mol ™ — 5 [m1]%).

Note that we may form four DA bimodule endomorphisms ¢i, oL, Wi and v, of
X| 5 [m1]% by adapting the construction from Section 14.2. Here, ¢.. differentiates
with respect to U on the left factor of K ® K, while ¢, differentiates with respect to
U on the right factor. We may also view these maps as endomorphisms of |5 [m,]*
by boxing with the identity map on [m;]. With respect to the above notation, we
observe that

81+Gd+V ! (@ +1)o (UL +VYi))oT]

m]). (152

KK Wan,a = Cone([mo]

The map
(id + VH(@L + ¢7) o (UL + Vyl)) o T1

is a cycle since it is the composition of cycles. Similarly, 8! is a cycle by direct
computation. Hence the DA bimodule relations are satisfied for g5 ng’ - The same
argument works for |5 nga 5

Finally, the claim about split continuity is proven by an easy modification of the

proof for the merge module, from Lemma 8.3. ]

15.2 Proof of Theorem 15.1

We now give a proof of Theorem 15.1.
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Proof of Theorem 15.1. The proof is based on our formula for changing the path in
the link surgery formula of Corollary 13.5. It is easier to analyze the surgery hyper-
cubes, instead of their interpretation as type-D modules, so we focus on the statement
in terms of hypercube complexes first.

Letting K1 € L and K> € L, be the special components, and suppose that A 4
and A, g are systems of arcs such that K; has an alpha-parallel arc and K, has a
beta-parallel arc. We use the meridional o-basic systems considered in Section 9.3,
which we assume are algebraically rigid. These were constructed in Lemma 9.8. By
Theorem 12.1, we know that

Cp +8, (L1#Lo, Ay o# A5 )

FK FK F—K F—K
~ Cone(€%(Ly) ® €°(Ly) — N 2H T2

€'(L1) ® €' (L2)).

(Recall that we are writing F X for the sum of all surgery maps for oriented sublinks
of L; which contain +K;.)

The above surgery hypercube is for the system of arcs Ay q#A, g. The arc in
Ar,a#A, g for K1#K5 is the co-core of the connected sum band. The present state-
ment instead involves o-basic systems of Heegaard diagrams for L;#L, which use
an alpha- or beta-parallel arc on K #K>. If we want to change the arc to be alpha-
parallel, we may stack the above hypercube for €, A, (L1#L2, A1 o#A, g) With
the hypercube for moving the base point in a loop following K> in the subcube
€1(L,) ® €'(L,). We may compute this cube using Corollary 13.5. The effect on
the resulting surgery hypercube is to replace F~X1|F~X2 with the expression

(id + V7 1dy, 0 A, (F K FK2) €N (L #L,) — €1 (L1#L,).

We are using Proposition 11.8 to identify €°(L1#L,) =~ €%(L1) ® €%(L,), for
¢ € {0, 1}. The differential on each €¢(L#L>) is the tensor product differential, i.e.,
01 ® id 4 id ® 0. In particular, the map &, on €¢(L1#L,) is intertwined with the
map

Dy, ®id +id @ Dy,

under the connected sum isomorphism €1 (L #L,) = €!(L,) ® €!(L,). Similarly,
using the connected sum formulas for hypercubes in Propositions 10.1 and 11.8, it is
straightforward to see that with respect to the isomorphism €1 (L #L,) = €(L,) ®
€!(L,) the map [k, is intertwined with id ® #4|k,]. By Lemma 13.30 we see that

id ® Arg,) =1d ® (UDy, + VV;,),
as endomorphisms of €¢(L1) ® €¥(L,). We conclude that
Dy 0 Ax,] = (Py, ®id +id ® Py,) 0 (1d @ (UDy, + V).

The addition of this term is encoded exactly by the extra 2 term in equation (15.1)
(cf. Lemma 14.3), so the proof is complete. |
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15.3 Relation with the AA-identity bimodule

We recall that the AA-identity bimodule jy|x[I®] from Section 8.4 admits an exten-
sion to a bimodule
%1% [P0y

It follows from Theorem 12.1 and Proposition 13.2 that we may use g |x [[®] to
obtain a valid model of the link surgery formula when taking the connected sum
of two links (i.e., the resulting hypercube has the correct module actions on the
remaining knot components). It is not clear from this argument whether tensoring
with g% [[®]r[u] gives a valid model. In this section, we show that indeed tensoring
with g |x [[®]F[u] produces a valid model, via the following algebraic result.

Proposition 15.3. There is a homotopy equivalence
JC\J(WQJE,O, X x[Dolrv) = x1x[IPlrw)-
The same holds if we replace Wyg o with Wyg g.
The above proposition will be verified in several steps.

Lemma 15.4. The operations ¢} and W} satisfy the following relations:
(1) As morphisms from xlio]” to x[i1]%, we have
plosl ~slogpl and ylosl~sloyl.
Similarly,
thopl ~V2ylotl and tloyl ~V72plor)l
(2) As morphisms from J{‘Jc[mo]x to J(|](‘[m1]'x we have
plo8l ~8lopl and yloSl~8loyl

and
Tlogl ~V2yloTl and Tloyl ~V72¢l o7l
The same relations hold with ¢~ and . in place of pL. and L.

Proof. We begin with two algebraic relations on K. If f €I;- KX -I; and g € I -
K -1 are such that ta = bt then

(@) = V?ov(b)r and Tdv(a) = V 20y (b)t.
We verify the above equations. If ¢ = U/V/, then b = ¢ (a) = U/ V?/ 7%, Then
Ty (a) = (WYY = il = WV T = V29 (b)t
as claimed. Similarly,

Tdy(a) = WV = jW IV 727 = V729 (b)t.



Relation with the AA-identity bimodule 197

We now consider the equation ¢! o sl ~ sl o ¢l. We define a morphism hl:
xlio]” — x[i1]% via the formula

hy(fo,1) = 1 ® du(f)o.

One checks easily that dyor(hl) = ¢l o sl + sl o L. The other relations with z} and
¢} and ¥} are proven similarly.

We now consider the relations for 81 o ¢L ~ ¢L o 8. Define f,! := 8L o ¢% and
note that f,! has /! non-trivial, and this map satisfies

£l 1o,ald  ig) = i1 ® cdy(a)d’.

Note that more generally, f,!(acl|a’,b|b'o, c|c’,ig) = i1 ® aa’bb'cdy(c)c’, though
we omit the extra possible coefficients on the o terms to simplify the notation. Define
gl := ¢! 0 8! and note that g! has only g} non-trivial, and

gilald’,ol1,1]0,ip) = i1 ® du(a)a'o.

There is a third map of interest, ki, which has

ki(o|l,ald’, 1|o,ip) = iy ® a'ady(a).
A homotopy hl between f,! and k! is given by
hi(ac|a’,b|b'o,ip) = iy ® aa'b'o oy (b).

A homotopy between k! and gl is constructed similarly. The other relations in the
lemma statement are proven by minor modifications of the above argument. ]

Lemma 15.5. There is a homotopy equivalence
K1 Wi o B s [Dolrwy = (xTH. xT%) & 515 [1Plr(0)-
The same holds if we replace Wyg o with Weyg g.

Remark 15.6. The above statement does not hold if we replace Wy o With Wy g,
Waa,p- Wap.a Or Wpp g

Proof of Lemma 15.5. The argument is similar to the proof of Lemma 14.8. The key
is to observe that we may define a homotopy dw = Udy + Vdv, and that dv com-
mutes with the action of U = UV.

In our present context, we want to view both modules in the statement as AA-
bimodule mapping cones. For ¢ € {0, 1}, write

sixmder = I ® L) - x5 [ ]r)-
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Both of the bimodules in the statement may be viewed as a mapping cone of an AA-
bimodule morphism from [mdp] to [md;].
Similar to equation (15.2), we may view W,g o X g as the mapping cone of

Su + (id + V(B + L) (UBL + VYL)) 0 T (15.3)
We observe that the morphism Hy 1,0: [md;] — [md;] given by Hy 1,0(X) = dw(X)
satisfies
dvor(Ho.1,0) = UpL + UL + Vil + vyl
In particular, we obtain that
id + V7 (h + 6L (Ugk + Virl)
= id + V' gL (Ul + Vi) + VI LUGL + V)
~ id + V7 gL (Ul + VYl) + VL UGS + V)
~id + gLyl + ¢Lyl
~ (id + $Lyi)(id + ¢Lyl).
In the last equivalence, we are using the fact that
Py ~ 0
since pLyrl ~ V1pL (UpL + VL) (and similarly for ¢ 7)), so
PLYAPLYL ~ V2PLPLUSL + VYL (UL + VYL) = V2 hlel (Ul + Vi) ~ 0.
Hence, the map in equation (15.3) is homotopy equivalent to
S« + (id + ¢Lyl) (id + LY L) T

Arguing similarly to the proof of Lemma 15.4, one sees that the above map is homo-
topic to the map whose cone is

e T7 xT5) B 015 [1P]r 10y,
completing the proof. |
Lemma 15.7. There is a homotopy equivalence
(xTH, 5 T5) R g aeM* R 5 T5 ~ g oM™
Proof. The proof is similar to the proof of Lemma 15.5. We observe first by com-

puting algebraically using the techniques of Lemma 15.4 that (37 %, 57 %) X
x|xM K K 5T % is homotopy equivalent to the mapping cone

SL+(d+ @@L+ (Wh+yD)) (d+ohyl) d+eLy)T)
[my] > [my].

(15.4)
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One observes by direct computation that
(id + (@ + $D (Wi + ¥YD)(d + L) (id + ¢yl = (id + Ly l)(id + Yigl).
We define the mapping cone complexes

SL+Gd+elyl)(d+yiel)TL
x|xX = [mg] > [mq],

and
8L+Gd+yhel)Thd+¢lyl)
x|lxY = [mg] > [my].

We now claim that g% X and 5% Y are homotopy equivalent. We construct a homo-
topy equivalence F by way of the following diagram:

xix X% [nTO] — SL+(id+ohyl) (d+ylel) T [nlll]
lF = idtelyl - el id+plyl
v T ~— +
V& 1 (i / 1yl gpry ==
KIK [my] ——————— sl+Ga+vle)TLGa+ely) ————— [my]

The length 2 map above is a morphism which realizes the chain homotopies
(id + L) (d + Yo pD)Th = (d + YadD)To(id + $Ly D)%,

and
lid + ¢Lyl, 8L ~o0.

Note that by a similar construction we can construct a map in the opposite direction:

KK Y% [Hllo] ES— \\ 8L+Ga+yloD) TG+ hyl) ———— [nrln]
lG = id+¢lyl - Tl id+elyl
L T v
x* Uy db bl v Gddwrl ol )T ==
KIX [mo] SL+Gd+elyD)d+ylel)T ———— [my]

Note that since (id + ¢Ly)? ~ id as a map from [m;] to [m;], it follows that G o F
is homotopic to a map J: 55 X K x|xX K which takes the following form:

x|x X% [HTO] S — . 81+ A+l YD) (d+yl ¢ T ————— [nlll]
lJ = id T e id
L T —— 4
x* 14 Gdaol v Gdswrl 1 TTe-
KX [my] ———————— sl+Gd+elyl)(d+ylgl)Th —————— [my]

Note that J2 = id. Therefore, the map F has a left homotopy inverse J o G since
J o G o F ~ id. One may modify the construction above to construct a right inverse
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to I by similar reasoning. By basic algebra, the left and right inverses of F' must be
homotopic. Hence F is a homotopy equivalence.
Finally, we use Lemma 15.4 to see that

(id + YD) To(d + PLy]) = (id + Yi9))°T, = T,
It follows that the (5T %, xT %) &K s M* R 5T % (shown in equation (15.4))
is homotopy equivalent to the mapping cone
Cone(8L + T: x5 [mo]™ — x| 5[m;]7)
which is the definition of x| M %. n

Proposition 15.3 is now proven as follows. Lemma 15.5 implies that
K15 W o 8 x[Dolruy = (75, 5T7) B g6 M 8 5[ Dolro).
Lemmas 14.7 and 15.7 imply that
(e TH, xTH) & g5 MP R ge[Dolwiyy = s M B g TH B x[Dolriuy.
Lemma 15.5 implies that the above is homotopy equivalent to
K19 M* R 5[ Dol

which is the definition of | x [I®]r[u]-

15.4 Relation with the bordered invariant of S x P

In this section, we sketch why the bimodules | Wajg, P and g% Wang,a can nat-
urally be interpreted as the bordered invariants for S' x P, where P denotes a 2-
dimensional disk with 2 subdisks removed. In fact, this is a consequence of the
connected sum formula and a computation from [3] of the invariant for the identity
mapping cylinder over the 2-torus.

Proposition 15.8. The bimodules |5 Wa‘]g ) and g\ x Wa‘]g o @re the bordered invari-

ants for S' x P, for various choices of arc systems on the boundary components.
Remark 15.9. The arc systems on the boundary are compatible with the following
gluing convention:

(1) We glue alpha bordered boundary components to alpha bordered boundary
components, and vice-versa.

(2) x|xI® has one alpha bordered boundary and one beta bordered boundary
component.
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Since we switch from type-D to type-A by tensoring with |12, this convention
means that a type-A component of K is “alpha bordered” if the arc system is beta-
parallel, whereas a type-D component of X is “alpha bordered” if the corresponding
arc system is alpha-parallel.

Proof of Proposition 15.8. A surgery description of S! x P is given in Figure 15.1.
We can view the 5-component link appearing in this surgery description as being
obtained as the connected sum of two copies of a 3-component link J, as shown in
Figure 15.1. (The link J is a connected sum of two Hopf links.) Write A, g for an arc
system on J where the top component is alpha-parallel, and the bottom component
is beta-parallel. The middle component can have either alpha- or beta-parallel arc.
Write 5 Xo(J, Aq, ,3)‘K for the DA bimodule where the left action is the top-most
component of J, and the right action is for the bottom-most component. The middle
component is surgered out. (Le., we take the type-D module for the 3-component link,
tensor g Dy to the middle component, and tensor J<|J<H3 to the top component.) It is
proven in [3, Theorem 1.7] that

7 X0(J, A p)® ~ 3 X0(J, Aga) ~ 5[ (15.5)

(This computation is obtained by tensoring two copies of the Hopf link complex
which we compute in Chapter 16 of the present memoir.) It follows from our con-
nected sum formula that if g 5 X (L)* denotes the surgery module for the 5-compo-
nent link describing S! x P, then

217 X (L) > (5 Xo (. Aa,p)™ . 3 X0 (J. Ap.a)™) B g1 WL -

By equation (15.5), the above is homotopy equivalent to j|x Wﬂ‘}i o> completing

the proof. |

Q) Q, L A)
G - R, 06

Figure 15.1. A Kirby diagram for S! x P. The components marked 0 are surgered, while a
tubular neighborhood of the unmarked components is removed. On the right, we describe the
5-component link as a connected sum of two copies of a 3-component link J.



