
Chapter 15

The pair-of-pants bimodules

In this chapter, we describe several bimodules KjKW
K
˛ˇ;ˇ

and KjKW
K
˛ˇ;˛

. The bimod-
ules are related by the transformer bimodule

KjKW
K
˛ˇ;ˇ

y� KT K
' KjKW

K
˛ˇ;ˇ :

We call these the pair-of-pants bimodules. Other choices of ˛ and ˇ in the subscripts
can also be constructed by tensoring in copies KT K to switch from ˛ to ˇ and vice-
versa.

After defining these bimodules and proving several basic properties, we will prove
the following.

Theorem 15.1. Suppose that L1; L2 � S3 are framed links with distinguished com-
ponents K1 � L1 and K2 � L2. Write n D jL1j and m D jL2j. Let A1;˛ and A2;ˇ
be systems of arcs for L1 and L2. Suppose that the arc for K1 is alpha-parallel and
the arc for K2 is beta-parallel. (The other arcs need not be alpha- or beta-parallel.)
Let A˛ and Aˇ be the system of arcs for L1#L2 which use an alpha-parallel (resp.
beta-parallel) arc for K1 (resp. K2). Then

.Xƒ1.L1;A1;˛/
K˝Ln�1 ;Xƒ1.L2;A2;b/

K˝Lm�1/ y� KjKW
K
˛ˇ;˛

' Xƒ1Cƒ2.L1#L2;A˛/LnCm�1

and

.Xƒ1.L1;A1;˛/
K˝Ln�1 ;Xƒ1.L2;A2;ˇ /

K˝Lm�1/ y� KjKW
K
˛ˇ;ˇ

' Xƒ1Cƒ2.L1#L2;Aˇ /LnCm�1 :

15.1 TheW˛ˇ;˛ andW˛ˇ;ˇ bimodules

We now define theW˛ˇ;˛ andW˛ˇ;ˇ bimodules. We considerW˛ˇ;ˇ first. This bimod-
ule has a ı13 which is identical to the merge module M . Additionally, there is a ı15 ,
determined by the following formula:

ı15.ajb; a
0
jb0; 1j�; � j1; i0/ D i1 ˝ V�1@U.ab/a

0.U@U C V@V/.b
0/�: (15.1)

In the above, a; b; a0; b0 2 I1 �K � I1.
The module W˛ˇ;˛ is similar, except it has

ı15.ajb; a
0
jb0; 1j�; � j1; i0/ D i1 ˝ V�1@U.ab/b

0.U@U C V@V/.a
0/�:
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Lemma 15.2. The bimodules KjKW
K
˛ˇ;˛

and KjKW
K
˛ˇ;ˇ

satisfy the DA bimodule
structure relations. Furthermore, both are split Alexander bimodules when we give
the incoming algebra factors the discrete partition.

Proof. We consider the structure relations first. We take the perspective of map-
ping cone bimodules from Section 14.3. We begin by considering the merge module
KjKM

K . We define bimodules KjK Œm"�
K for " 2 ¹0; 1º by

.I" ˝ I"/ � KjKMK
� I":

The bimodule structure relations are easily seen to be satisfied. There are two DA
bimodule morphisms

S1�;T
1
�WKjK Œm0�

K
! KjK Œm1�

K

as follows. We set S1j D 0 if j ¤ 3. We set S13.1j�; � j1; i0/ D i1 ˝ � . The map T1�
is similar, but with � replacing � . The DA bimodule endomorphisms S1� and T1� are
easily seen to be cycles. Furthermore,

KjKM
K
D Cone

�
S1� C T1�WKjK Œm0�

K
! KjK Œm1�

K
�
:

Note that we may form four DA bimodule endomorphisms �l�, �
r
�,  

l
� and  r� of

KjK Œm1�
K by adapting the construction from Section 14.2. Here, �l� differentiates

with respect to U on the left factor of K ˝K , while �r� differentiates with respect to
U on the right factor. We may also view these maps as endomorphisms of KjK Œm1�

K

by boxing with the identity map on Œm1�. With respect to the above notation, we
observe that

KjKW
K
˛ˇ;˛ D Cone

�
Œm0�

S1�C.idCV
�1.�l�C�

r
�/ı.U�

l
�CV 

l
�//ıT

1
�

���������������������������! Œm1�
�
: (15.2)

The map
.idC V�1.�l� C �

r
�/ ı .U�

l
� C V r�// ı T

1
�

is a cycle since it is the composition of cycles. Similarly, S1� is a cycle by direct
computation. Hence the DA bimodule relations are satisfied for KjKW

K
˛ˇ;˛

. The same
argument works for KjKW

K
˛ˇ;ˇ

.
Finally, the claim about split continuity is proven by an easy modification of the

proof for the merge module, from Lemma 8.3.

15.2 Proof of Theorem 15.1

We now give a proof of Theorem 15.1.
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Proof of Theorem 15.1. The proof is based on our formula for changing the path in
the link surgery formula of Corollary 13.5. It is easier to analyze the surgery hyper-
cubes, instead of their interpretation as type-D modules, so we focus on the statement
in terms of hypercube complexes first.

LettingK1 � L1 andK2 � L2 be the special components, and suppose that A1;˛
and A2;ˇ are systems of arcs such that K1 has an alpha-parallel arc and K2 has a
beta-parallel arc. We use the meridional � -basic systems considered in Section 9.3,
which we assume are algebraically rigid. These were constructed in Lemma 9.8. By
Theorem 12.1, we know that

Cƒ1Cƒ2.L1#L2;A1;˛#A2;ˇ /

Š Cone
�
C0.L1/˝ C0.L2/

FK1 jFK2CF�K1 jF�K2
�����������������! C1.L1/˝ C1.L2/

�
:

(Recall that we are writing F˙Ki for the sum of all surgery maps for oriented sublinks
of Li which contain˙Ki .)

The above surgery hypercube is for the system of arcs A1;˛#A2;ˇ . The arc in
A1;˛#A2;ˇ for K1#K2 is the co-core of the connected sum band. The present state-
ment instead involves � -basic systems of Heegaard diagrams for L1#L2 which use
an alpha- or beta-parallel arc on K1#K2. If we want to change the arc to be alpha-
parallel, we may stack the above hypercube for Cƒ1Cƒ2.L1#L2;A1;˛#A2;ˇ / with
the hypercube for moving the base point in a loop following K2 in the subcube
C1.L1/˝ C1.L2/. We may compute this cube using Corollary 13.5. The effect on
the resulting surgery hypercube is to replace F �K1 jF �K2 with the expression

.idC V�1ˆw ıAŒK2�/.F
�K1 jF �K2/WC1.L1#L2/! C1.L1#L2/:

We are using Proposition 11.8 to identify C".L1#L2/ Š C".L1/˝ C".L2/, for
" 2 ¹0; 1º. The differential on each C".L1#L2/ is the tensor product differential, i.e.,
@1 ˝ idC id˝ @2. In particular, the map ˆw on C".L1#L2/ is intertwined with the
map

ˆw1 ˝ idC id˝ˆw2
under the connected sum isomorphism C1.L1#L2/ Š C1.L1/˝ C1.L2/. Similarly,
using the connected sum formulas for hypercubes in Propositions 10.1 and 11.8, it is
straightforward to see that with respect to the isomorphism C1.L1#L2/Š C1.L1/˝

C1.L2/ the map AŒK2� is intertwined with id˝AŒK2�. By Lemma 13.30 we see that

id˝AŒK2� D id˝ .Uˆw2 C V‰z2/;

as endomorphisms of C".L1/˝ C".L2/. We conclude that

ˆw ıAŒK2� D .ˆw1 ˝ idC id˝ˆw2/ ı .id˝ .Uˆw2 C V‰z2//:

The addition of this term is encoded exactly by the extra ı15 term in equation (15.1)
(cf. Lemma 14.3), so the proof is complete.
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15.3 Relation with the AA-identity bimodule

We recall that the AA-identity bimodule KjK ŒI
c� from Section 8.4 admits an exten-

sion to a bimodule
KjK ŒI

c�FŒU �:

It follows from Theorem 12.1 and Proposition 13.2 that we may use KjK ŒI
c� to

obtain a valid model of the link surgery formula when taking the connected sum
of two links (i.e., the resulting hypercube has the correct module actions on the
remaining knot components). It is not clear from this argument whether tensoring
with KjK ŒI

c�FŒU � gives a valid model. In this section, we show that indeed tensoring
with KjK ŒI

c�FŒU � produces a valid model, via the following algebraic result.

Proposition 15.3. There is a homotopy equivalence

KjKW
K
˛ˇ;˛

y� K ŒD0�FŒU � ' KjK ŒI
c�FŒU �:

The same holds if we replace W˛ˇ;˛ with W˛ˇ;ˇ .

The above proposition will be verified in several steps.

Lemma 15.4. The operations �1� and  1� satisfy the following relations:

(1) As morphisms from K Œi0�K to K Œi1�K , we have

�1� ı s
1
� ' s

1
� ı �

1
� and  1� ı s

1
� ' s

1
� ı  

1
� :

Similarly,

t1� ı �
1
� ' V2 1� ı t

1
� and t1� ı  

1
� ' V�2�1� ı t

1
� :

(2) As morphisms from KjK Œm0�
K to KjK Œm1�

K we have

�l� ı S
1
� ' S1� ı �

l
� and  l� ı S

1
� ' S1� ı  

l
�

and
T1� ı �

l
� ' V2 l� ı T

1
� and T1� ı  

l
� ' V�2�l� ı T

1
�:

The same relations hold with �r� and  r� in place of �l� and  l�.

Proof. We begin with two algebraic relations on K . If f 2 I1 �K � I1 and g 2 I0 �
K � I0 are such that �a D b� then

�@U.a/ D V2@V.b/� and �@V.a/ D V�2@U.b/�:

We verify the above equations. If a D UiVj , then b D �� .a/ D UjV2j�i . Then

�@U.a/ D �@U.U
iVj / D � iUi�1Vj D iUjV2j�iC1� D V2@V.b/�

as claimed. Similarly,

�@V.a/ D �jU
iVj�1 D jUj�1V2j�2�i� D V�2@U.b/�:
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We now consider the equation �1� ı s
1
� ' s1� ı �

1
�. We define a morphism h1�W

K Œi0�K ! K Œi1�K via the formula

h12.f �; 1/ D 1˝ @U.f /�:

One checks easily that @Mor.h
1
�/D �

1
� ı s

1
� C s

1
� ı �

1
�. The other relations with t1� and

�1� and  1� are proven similarly.
We now consider the relations for S1� ı �

l
� ' �

l
� ı S

1
�. Define f 1� WD S1� ı �

l
� and

note that f 1� has f 14 non-trivial, and this map satisfies

f 14 .� j1; 1j�; aja
0; i0/ D i1 ˝ �@U.a/a

0:

Note that more generally, f 14 .a� ja
0; bjb0�; cjc0; i0/ D i1 ˝ aa

0bb0�@U.c/c
0, though

we omit the extra possible coefficients on the � terms to simplify the notation. Define
g1� WD �

l
� ı S

1
� and note that g1� has only g14 non-trivial, and

g14.aja
0; � j1; 1j�; i0/ D i1 ˝ @U.a/a

0�:

There is a third map of interest, k1�, which has

k14.� j1; aja
0; 1j�; i0/ D i1 ˝ a

0�@U.a/:

A homotopy h1� between f 1� and k1� is given by

h13.a� ja
0; bjb0�; i0/ D i1 ˝ aa

0b0�@U.b/:

A homotopy between k1� and g1� is constructed similarly. The other relations in the
lemma statement are proven by minor modifications of the above argument.

Lemma 15.5. There is a homotopy equivalence

KjKW
K
˛ˇ;˛

y� K ŒD0�FŒU � ' .KT K ;KT K/ y� KjK ŒI
c�FŒU �:

The same holds if we replace W˛ˇ;˛ with W˛ˇ;ˇ .

Remark 15.6. The above statement does not hold if we replace W˛ˇ;˛ with W˛˛;˛ ,
W˛˛;ˇ , Wˇˇ;˛ or Wˇˇ;ˇ .

Proof of Lemma 15.5. The argument is similar to the proof of Lemma 14.8. The key
is to observe that we may define a homotopy @W D U@U C V@V, and that @W com-
mutes with the action of U D UV.

In our present context, we want to view both modules in the statement as AA-
bimodule mapping cones. For " 2 ¹0; 1º, write

KjK Œmd"�FŒU � WD .I" ˝ I"/ � KjK ŒIc�FŒU �:
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Both of the bimodules in the statement may be viewed as a mapping cone of an AA-
bimodule morphism from Œmd0� to Œmd1�.

Similar to equation (15.2), we may view W˛ˇ;˛ y� D0 as the mapping cone of

S� C .idC V�1.�l� C �
r
�/.U�

l
� C V l�// ı T�: (15.3)

We observe that the morphism H0;1;0W Œmd1�! Œmd1� given by H0;1;0.x/ D @W.x/
satisfies

@Mor.H0;1;0/ D U�l� C U�r� C V l� C V r� :

In particular, we obtain that

idC V�1.�l� C �
r
�/.U�

l
� C V l�/

D idC V�1�l�.U�
l
� C V l�/C V�1�r�.U�

l
� C V l�/

' idC V�1�l�.U�
l
� C V l�/C V�1�r�.U�

r
� C V r�/

' idC �l� 
l
� C �

r
� 

r
�

' .idC �l� 
l
�/.idC �

r
� 

r
�/:

In the last equivalence, we are using the fact that

�l� 
l
��

r
� 

r
� ' 0

since �l� 
l
� ' V�1�l�.U�

l
� C V l�/ (and similarly for �r� 

r
�), so

�l� 
l
��

r
� 

r
� 'V�2�l��

r
�.U�

l
�CV l�/.U�

r
�CV r�/'V�2�l��

r
�.U�

l
�CV l�/

2
' 0:

Hence, the map in equation (15.3) is homotopy equivalent to

S� C .idC �l� 
l
�/.idC �

r
� 

r
�/T�:

Arguing similarly to the proof of Lemma 15.4, one sees that the above map is homo-
topic to the map whose cone is

.KT K ;KT K/ y� KjK ŒI
c�FŒU �;

completing the proof.

Lemma 15.7. There is a homotopy equivalence

.KT K ;KT K/ y� KjKM
K y� KT K

' KjKM
K :

Proof. The proof is similar to the proof of Lemma 15.5. We observe first by com-
puting algebraically using the techniques of Lemma 15.4 that .KT K ; KT K/ y�
KjKM

K y� KT K is homotopy equivalent to the mapping cone

Œm0� Œm1�:
S1�C.idC.�

l
�C�

r
�/. 

l
�C 

r
�//.idC�

l
� 

l
�/.idC�

r
� 

r
�/T

1
�

(15.4)
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One observes by direct computation that

.idC .�l� C �
r
�/. 

l
� C  

r
�//.idC �

l
� 

l
�/.idC �

r
� 

r
�/ ' .idC �

l
� 

r
�/.idC  

l
��

r
�/:

We define the mapping cone complexes

KjKX WD Œm0� Œm1�;
S1�C.idC�

l
� 

r
�/.idC 

l
��
r
�/T

1
�

and

KjKY WD Œm0� Œm1�:
S1�C.idC 

l
��
r
�/T

1
�.idC�

l
� 

r
�/

We now claim that KjKX and KjKY are homotopy equivalent. We construct a homo-
topy equivalence F by way of the following diagram:

KjKX
K

KjKY
K

F D

Œm0� Œm1�

Œm0� Œm1�

idC�l� 
r
�

S1�C.idC�
l
� 

r
�/.idC 

l
��
r
�/T

1
�

idC�l� 
r
�

S1�C.idC 
l
��
r
�/T

1
�.idC�

l
� 

r
�/

The length 2 map above is a morphism which realizes the chain homotopies

.idC �l� 
r
�/
2.idC  l��

r
�/T

1
� ' .idC  

l
��

r
�/T

1
�.idC �

l
� 

r
�/
2;

and
ŒidC �l� 

r
�; S

1
�� ' 0:

Note that by a similar construction we can construct a map in the opposite direction:

KjKY
K

KjKX
K

G D

Œm0� Œm1�

Œm0� Œm1�

idC�l� 
r
�

S1�C.idC 
l
��
r
�/T

1
�.idC�

l
� 

r
�/

idC�l� 
r
�

S1�C.idC�
l
� 

r
�/.idC 

l
��
r
�/T

1
�

Note that since .idC �l� 
r
�/
2 ' id as a map from Œmi � to Œmi �, it follows that G ı F

is homotopic to a map J WKjKXK ! KjKX
K which takes the following form:

KjKX
K

KjKX
K

J D

Œm0� Œm1�

Œm0� Œm1�

id

S1�C.idC�
l
� 

r
�/.idC 

l
��
r
�/T

1
�

id

S1�C.idC�
l
� 

r
�/.idC 

l
��
r
�/T

1
�

Note that J 2 D id. Therefore, the map F has a left homotopy inverse J ı G since
J ıG ı F ' id. One may modify the construction above to construct a right inverse
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to F by similar reasoning. By basic algebra, the left and right inverses of F must be
homotopic. Hence F is a homotopy equivalence.

Finally, we use Lemma 15.4 to see that

.idC  l��
r
�/T

1
�.idC �

l
� 

r
�/ ' .idC  

l
��

r
�/
2T1� ' T1�:

It follows that the .KT K ;KT K/ y� KjKM
K � KT K (shown in equation (15.4))

is homotopy equivalent to the mapping cone

Cone.S1� C T1�WKjK Œm0�
K
! KjK Œm1�

K/

which is the definition of KjKM
K .

Proposition 15.3 is now proven as follows. Lemma 15.5 implies that

KjKW
K
˛ˇ;˛

y� K ŒD0�FŒU � ' .KT K ;KT K/ y� KjKM
K y� K ŒD0�FŒU �:

Lemmas 14.7 and 15.7 imply that

.KT K ;KT K/ y� KjKM
K y� K ŒD0�FŒU � ' KjKM

K y� KT K y� K ŒD0�FŒU �:

Lemma 15.5 implies that the above is homotopy equivalent to

KjKM
K y� K ŒD0�FŒU �;

which is the definition of KjK ŒI
c�FŒU �.

15.4 Relation with the bordered invariant of S 1 �P

In this section, we sketch why the bimodules KjKW
K
˛ˇ;ˇ

and KjKW
K
˛ˇ;˛

can nat-
urally be interpreted as the bordered invariants for S1 � P , where P denotes a 2-
dimensional disk with 2 subdisks removed. In fact, this is a consequence of the
connected sum formula and a computation from [3] of the invariant for the identity
mapping cylinder over the 2-torus.

Proposition 15.8. The bimodules KjKW
K
˛ˇ;ˇ

and KjKW
K
˛ˇ;˛

are the bordered invari-
ants for S1 � P , for various choices of arc systems on the boundary components.

Remark 15.9. The arc systems on the boundary are compatible with the following
gluing convention:

(1) We glue alpha bordered boundary components to alpha bordered boundary
components, and vice-versa.

(2) KjKIc has one alpha bordered boundary and one beta bordered boundary
component.
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Since we switch from type-D to type-A by tensoring with KjKIc, this convention
means that a type-A component of K is “alpha bordered” if the arc system is beta-
parallel, whereas a type-D component of K is “alpha bordered” if the corresponding
arc system is alpha-parallel.

Proof of Proposition 15.8. A surgery description of S1 � P is given in Figure 15.1.
We can view the 5-component link appearing in this surgery description as being
obtained as the connected sum of two copies of a 3-component link J , as shown in
Figure 15.1. (The link J is a connected sum of two Hopf links.) Write A˛;ˇ for an arc
system on J where the top component is alpha-parallel, and the bottom component
is beta-parallel. The middle component can have either alpha- or beta-parallel arc.
Write KX0.J;A˛;ˇ /

K for the DA bimodule where the left action is the top-most
component of J , and the right action is for the bottom-most component. The middle
component is surgered out. (I.e., we take the type-D module for the 3-component link,
tensor KD0 to the middle component, and tensor KjKIc to the top component.) It is
proven in [3, Theorem 1.7] that

KX0.J;A˛;ˇ /
K
' KX0.J;Aˇ;˛/

K
' K ŒI�

K : (15.5)

(This computation is obtained by tensoring two copies of the Hopf link complex
which we compute in Chapter 16 of the present memoir.) It follows from our con-
nected sum formula that if KjKX.L/K denotes the surgery module for the 5-compo-
nent link describing S1 � P , then

KjKX.L/K ' .KX0.J;A˛;ˇ /
K ;KX0.J;Aˇ;˛/

K/ y� KjKW
K
ˇ˛;˛:

By equation (15.5), the above is homotopy equivalent to KjKW
K
ˇ˛;˛

, completing
the proof.

0 00 0
#

D
J J

Figure 15.1. A Kirby diagram for S1 � P . The components marked 0 are surgered, while a
tubular neighborhood of the unmarked components is removed. On the right, we describe the
5-component link as a connected sum of two copies of a 3-component link J .


