
Chapter 17

Minimal models for the Hopf link surgery complex

In this chapter, we consider the link surgery complex for the Hopf link as a DA bimod-
ule. We do this via a tensor product

KH K
ƒ WD H K˝K

ƒ
y� KjK ŒI

c�:

In the above, just one algebra output of H K˝K
ƒ is input into KjK ŒI

c�.
We note that the number of generators in the complex H K˝K

ƒ can be reduced by
homotopy equivalence. To this end, we define the maximal ideal m � K , to be the
one which is generated by U;V 2 I0 �K � I0, �; � 2 I1 �K � I0 and U 2 I1 �K � I1.
We make the following definition (compare [6, page 476]).

Definition 17.1. We say that a type-DA bimodule KXK is minimal if ı11 WX!X ˝

K=m is zero.

In the Heegaard Floer literature, one frequently uses the term reduced instead of
minimal. In this chapter, we will explore a minimal model of the Hopf link complex
KH K

ƒ , for which we will write KZK . We will also compute a minimal model of the
complex KH

K

ƒ obtained by using both alpha and beta-parallel arcs on the Hopf link.

17.1 DA-perspectives on the Hopf link complex

In this section, we describe how to view the Hopf link complex as a type-DA module,
and we compute a minimal model. This perspective was first explored in [14].

WriteH DL1[L2 for the Hopf link. WriteP1DF ŒU1;V1� andP2DF ŒU2;V2�,
where Pi contains the variables for Li . Let us write C for CFL.H/.

We may view C as a type-D module over P2. We do this by viewing CP2 as freely
generated by a, b, c and d over P1. The structure map ı1 is shown below:

CP2 Š

aŒU1;V1� bŒU1;V1�

cŒU1;V1� dŒU1;V1�

1jU2

U1j1

1jV2

V1j1

An arrow from x to y labeled by ajb indicates that ı1.x/ has a summand of .a � y/˝ b.
As a type-D module, CP2 is not minimal. We now describe a homotopy equivalent

complex which is minimal. It is helpful to realize that the above description of CP2



Minimal models for the Hopf link surgery complex 218

may be further decomposed as a box tensor product, as follows. Let E2 denote the
exterior algebra on two generators,

E2 WD ƒ
�.�2;  2/:

We consider the following type-DD bimodule E2KP2 . As a vector space, KŠ F . The
type-DD structure map is given by the formula

ı1;1.1/ D �2j1jU2 C  2j1jV2:

We may define a type-A module CE2 , generated freely over P1 by a, b, c and d, with
module structure given by the following diagram:

CE2 D

aŒU1;V1� bŒU1;V1�

cŒU1;V1� dŒU1;V1�

�2

U1

 2

V1

In the above, solid arrows denote them2 actions of E2, while the dashed arrows denote
them1 actions (i.e., internal differentials). To illustrate the notation, if f 2 F ŒU1;V1�,
then

m2.f � b; �2/ D f � a and m1.f � b/ D U1 � f � d:

The action of  2 is similar.
Clearly, there is an isomorphism of type-D modules

CP2 Š CE2 � E2KP2 :

In the above, we have forgotten about the natural action of P1, given by ordinary
multiplication. In fact, we may incorporate additionally this action to obtain bimod-
ules P1C

P2 and P1CE2 , such that

P1C
P2 Š P1CE2 � E2KP2 :

The module P1C
P2 has only ı11 and ı12 non-trivial, and P1CE2 has only m0;1;0, m1;1;0

and m0;1;1 non-trivial. In the next section, we explore minimal models.

17.2 Minimal models for the Hopf link Floer complex

We apply the homological perturbation lemma to obtain minimal models of the Hopf
link bimodules from the previous section. We will define a DA bimodule P1Z

P2

which is homotopy equivalent to P1C
P2 and which has ı11 D 0. The techniques of

this section formalize the construction in [14].
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First, define the chain complex C0 by forgetting about the E2-action on CE2 .
Over F2, C0 is homotopy equivalent to its homology, which we view as the vector
space

Z WD aŒU1�˚ dŒV1�:

Here, aŒU1� denotes a copy of F ŒU1�, generated by a, and similarly for dŒV1�. There
are natural maps

i WZ ! C0; � WC0 ! Z; and hWC0 ! C0

such that i and � are chain maps, i ı� D idC Œm1;h�, � ı i D id, h ı i D 0, � ı hD 0
and h ı h D 0. The map i is given by

i.Un1a/ D Un1a and i.Vn1d/ D Vn1d:

The map � is given by

�.Un1V
m
1 a/ D

´
Un1a if m D 0;

0 otherwise;
and �.Un1V

m
1 d/ D

´
Vm1 d if n D 0;

0 otherwise:

The map h is given by

h.Un1V
m
1 a/D

´
Un1V

m�1
1 c if m � 1;

0 otherwise,
and h.Un1V

m
1 d/D

´
Un�11 Vm1 b if n � 1;

0 otherwise.

The homological perturbation lemma for A1-modules, Lemma 4.1, endows Z with
the structure of a right A1-module over the exterior algebra E2, for which we write
ZE2 , which is A1-homotopy equivalent to CE2 . In fact, the homotopy equivalence is
given explicitly by the homological perturbation lemma. The maps i , � and h extend
to A1-module morphisms i�, �� and h�. We box these morphisms with the identity
map on E2KP2 to obtain maps of type-D modules

…1
WCP2 ! ZP2 ; I 1WZP2 ! CP2 ; and H 1

WCP2 ! CP2 :

Lemma 17.2. The morphisms I 1 and…1 are type-D homomorphisms (i.e., @Mor.I
1/

D 0 and @Mor.…
1/ D 0). Furthermore,

(1) …1 ı I 1 D id.

(2) H 1 ıH 1 D 0.

(3) H 1 ı I 1 D 0.

(4) …1 ıH 1 D 0.

(5) I 1 ı…1 D idC @Mor.H
1/.
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Proof. Lemma 4.1 (the homological perturbation lemma) implies that the stated for-
mulas hold for i�, h� and ��. Boxing with the identity map preserves these relations
since the algebra is E2 (which is an associative algebra), so

.f� � IK/ ı .g� � IK/ D ..f� ı g�/� IK/;

by [25, Remark 2.2.28]. Furthermore, boxing with the identity is a chain map

@Mor.f� � IK/ D .@Mor.f�/� IK/:

See [25, Lemma 2.3.3 (1)].

It is enlightening to compute concrete formulas for the morphisms…1,H 1 and I 1.

Lemma 17.3. The type-D module maps I 1, …1 and H 1 are given by the following
formulas:

(1) I 1 is given by I 1.x/ D x˝ 1, for x 2 Z.

(2) …1 vanishes on Span.b; c/, and satisfies

…1.Ui1V
j
1a/ D

´
U
i�j
1 a˝ U

j
2V

j
2 if i � j;

V
j�i�1
1 d˝ Ui2V

iC1
2 if i < j;

…1.Ui1V
j
1d/ D

´
U
i�j�1
1 a˝ U

jC1
2 V

j
2 if i > j;

V
j�i
1 d˝ Ui2V

i
2 if i � j:

(3) H 1 vanishes on Span.b; c/, and maps Span.a; d/ to Span.b; c/ ˝ P2. It is
given by the formula

H 1.Ui1V
j
1a/ D

8̂̂̂̂
<̂
ˆ̂̂:
Ui1V

j�1
1 c˝ 1C Ui�11 V

j�1
1 b˝ V2 C � � �

C U
i�j
1 b˝ U

j�1
2 V

j
2 if j � i;

Ui1V
j�1
1 c˝ 1C Ui�11 V

j�1
1 b˝ V2 C � � �

C V
j�i�1
1 c˝ Ui2V

i
2 if j > i;

and

H 1.Ui1V
j
1d/ D

8̂̂̂̂
<̂
ˆ̂̂:
Ui�11 V

j
1b˝ 1C Ui�11 V

j�1
1 c˝ U2 C � � �

C U
i�j�1
1 b˝ U

j
2V

j
2 if i > j

Ui�11 V
j
1b˝ 1C Ui�11 V

j�1
1 c˝ U2 C � � �

C V
j�i
1 c˝ Ui2V

i�1
2 if i � j:

Proof. Lemma 4.1 gives a concrete formula for theA1-action onZE2 . We will prove
the first statement, and also compute …1.Ui1V

j
1a/ when i � j in order to illustrate

the technique. We will leave the remaining cases to the reader.
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Firstly, we begin with I 1. We are boxing with IK, so suppose that a1j � � � janj1j
bnj � � � jb1 is the output of repeated applications of ı1;1 on E2KP2 . The homological
perturbation lemma gives a recipe formZnC1.x; a1; : : : ; an/. See Figure 4.1. The recipe
is to include x into C via i . We then applym2.�; a1/, then h, thenm2.�; a2/, then h,
and so forth, until one applies m.�; an/. Then we apply � . The algebra output is the
product bn � � � b1. The m2 action of E2 on C vanishes on the image of i , so there are
no contributions unless n D 0. The formula follows.

We now compute …1.Ui1V
j
1a/ for i � j . We begin at Ui1V

j
1a 2 C . If j D 0, then

h.Ui1V
j
1a/D 0, so our only option is to apply � , which gives Ui1a as claimed. If j > 0,

the only option is to apply h to get Ui1V
j�1
1 c. Then we apply m2.�;  2/ which gives

Ui1V
j�1
1 d˝V2. We then apply h andm2.�; �2/ and we get Ui�11 V

j�1
1 a˝U2V2. We

repeat this procedure until we cannot apply h or m2 anymore. In the case that i � j ,
the final term in this sequence will be U

i�j
1 a˝ U

j
2V

j
2 . All of the remaining claims

follow a similar analysis.

Lemma 17.2 allows us to apply the homological perturbation lemma of DA bi-
modules, Lemma 4.2, which equips Z with a DA bimodule structure P1Z

P2 , and
supplies morphisms of DA bimodules

…1
�WP1C

P2 ! P1Z
P2 ; I 1� WP1Z

P2 ! P1C
P2 ; and H 1

� WP1C
P2 ! P1C

P2

which satisfy relations identical to Lemma 17.2.

Lemma 17.4. The bimodule P1Z
P2 and the morphisms …1

�, I
1
� and H 1

� satisfy the
following relations:

(1) The structure maps ı1j on P1Z
P2 vanish if j ¤ 2.

(2) The maps …1
j and H 1

j vanish unless j D 1.

(3) The map I 1j vanishes if j > 2.

(4) The maps ı1� and I 1� are strictly unital, i.e., they vanish if 1 is an input, except
for ı12 , which satisfies ı12.1˝ x/D x˝ 1. (Note thatH 1

j and…1
j are trivially

unital, since they are only non-trivial if j D 1.)

Proof. The proofs of all statements are by explicit examination of the maps from the
homological perturbation lemma.

We begin with the statements about ı1j . Consider first a sequence of algebra ele-
ments .an; : : : ; a1/ in P1. The rule for computing ı1j is to input via I 1, then applym2,
then we apply pairs of H 1 followed by m2 until we exhaust .an; : : : ; a1/, and then
finally we apply …1. The algebra elements outputs are multiplied together by apply-
ing �2 repeatedly. However, applying m2 does not move an elements position in C

(i.e., a, b, c or d). The map H 1 does change the generator, and it maps Span.a; d/
to Span.c; b/˝ P2, and vanishes on Span.c; b/. If we apply another m2, we remain
in Span.c; b/. We note that …1 and H 1 both vanish on Span.c; b/. In particular, the
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only terms making non-trivial contribution are those with one ı12 , and no H 1 term.
The same argument shows that …1

k
and H 1

k
vanish if k > 1.

To compute the map I 1jC1.aj ; : : : ; a1; x/, the recipe is to first include x into
C ˝ P2 via I 1. This includes x into Span.a; d/ ˝ P2. We then apply ı12.a1; �/.
This preserves Span.a; d/ ˝ P2. Next we apply H 1, which maps Span.a; d/ ˝ P2
to Span.b; c/ ˝ P2. Any further applications of ı12.an;�/ followed by H 1 would
map to zero. Hence we may have I 12 , but not I 1j for j > 2.

The final statement about being strictly unital follows from the homological per-
turbation lemma.

It is helpful to explicitly compute ı12 on P1Z
P2 . Since there is no ı1j for j > 2 by

Lemma 17.4, we compute only ı12.U1;�/ and ı12.V1;�/.

Lemma 17.5. The map ı12 on P1Z
P2 satisfies the following:

(1) ı12.U1;U
n
1a/ D UnC11 a˝ 1.

(2) ı12.V1;U
n
1a/ D

´
Un�11 a˝ U2V2 if n > 0;

d˝ V2 if n D 0:

(3) ı12.V1;V
m
1 d/ D VmC11 d˝ 1.

(4) ı12.U1;V
m
1 d/ D

´
Vm�11 d˝ U2V2 if m > 0;

a˝ U2 if m D 0:

Finally, the complex V�11 C will also be important to understand. Similarly to C ,
the complex V�11 C can be reduced in size via a homotopy equivalence. We note that
V�11 C is the following DA bimodule:

V�11 C Š

aŒU1;V1;V�11 � bŒU1;V1;V�11 �

cŒU1;V1;V�11 � dŒU1;V1;V�11 �

1jU2

U1j1

1jV2

V1j1

In the above, all arrows denote ı11 . The actions of ı12 are given by ordinary polynomial
multiplication. Since V1 is invertible, the arrow labeled V1j1 and the two generators a
and c may be completely canceled from the complex. Hence, the above is homotopy
equivalent to a DA bimodule whose underlying type-D structure is shown below:

bŒU1;V1;V�11 �
U1j1
���! dŒU1;V1;V�11 �:

This complex above may be further reduced as a type-D structure, giving a minimal
model, for which we write V�1

1
P1
W P2 . As a vector space,W Š dŒV1;V�11 �. The same
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homological perturbation argument as before equips W with the bimodule structure

V�1
1
P1
W P2 which has ı1j D 0 unless j D 2. For completeness, we record the actions.

Lemma 17.6. The bimodule V�1
1
P1
W P2 has the following action:

ı12.U
i
1V

j
1 ;V

n
1d/ D V

jCn�i
1 d˝ Ui2V

i
2:

We leave the proofs of Lemmas 17.5 and 17.6 to the reader.

17.3 Minimal models over K

In this section, we describe a minimal model of the DA bimodule K1
H

K2

.�1;0/
. We will

denote the minimal model by
K1

Z
K2

.�1;0/
:

The existence of the minimal model follows from the homological perturbation
lemma for hypercubes of DA bimodules. From the description of K1

H
K2

.�1;0/
it is

clear that there is a filtration by the cube E2. In Section 17.2, we described minimal
models of CFL.H/FŒU2;V2� and V�11 CFL.H/FŒU2;V2�. Note that we may identify
the underlying type-D module H

K2
" with one of these type-D modules, for " 2 E2.

Hence, the construction from Section 17.2 may be viewed as giving morphisms of
type-D structures

…1
" WH

K2
" ! ZK2

" ; I 1" WZ
K2
" ! H K2

" ; and H 1
" WH

K2
" ! H K2

"

which induce a homotopy equivalence of type-D structures, such that furthermore
the algebraic assumptions of the homological perturbation lemma are satisfied. We
obtain a homotopy equivalent hypercube of DA bimodules K1

Z
K2

.�1;0/
by applying

the homological perturbation lemma for hypercubes of DA bimodules, Lemma 4.5.
We now schematically sketch the induced type-D structure map:

ı11 D

Z0;0 Z1;0

Z0;1 Z1;1

L2f 1
1
C�L2f 1

1
L2g1

1
C�L2g1

1
ı12 D

Z0;0 Z1;0

Z0;1 Z1;1

m1
2

L1p1
2
C�L1p1

2
m1
2

L1q1
2
C�L1q1

2
m1
2

m1
2

ı13 D

Z0;0 Z1;0

Z0;1 Z1;1

�H!1
3
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Proposition 17.7. Give the negative Hopf link framing .�1; 0/. The structure maps
of the minimal model K1

Z
K2

.�1;0/
are as follows:

(1) The maps m12 are the same as the ı12 maps in Lemmas 17.5 and 17.6.

(2) The maps L1p12 and L1q12 are given by the same formulas as each other, as
are �L1p12 and �L1q12 . They are determined by the following formulas:

(a) L1p12.�1;U
i
1a/ D V�i�11 d˝ Ui2V

iC1
2 and L1p12.�1;V

j
1d/ D V

j
1d˝ 1.

(b) �L1p12.�1; U
i
1a/ D V

�i�1C�1
1 d ˝ 1 and �L1p12.�1; V

j
1d/ D V

jC�1
1 d ˝

U
jC1
2 V

j
2 .

(c) L1p12.�1;�/ D 0 and �L1p12.�1;�/ D 0.

(3) The maps for˙L2 are as follows:

(a) L2f 11 .U
i
1a/ D Ui1a˝ �2 and L2f 11 .V

j
1d/ D V

j
1d˝ �2.

(b) �L2f 11 .U
i
1a/ D UiC11 a˝ �2 and

�L2f 11 .V
j
1d/ D

´
a˝ V�12 �2 if j D 0;

V
j�1
1 d˝ �2 if j > 0:

(c) L2g11.V
i
1d/ D Vi1d˝ �2.

(d) �L2g11.V
i
1d/ D Vi�11 d˝ �2.

(4) The map �H!13 is determined by the relations

�H!13.�1;V
m
1 ;U

i
1a/ D min.i C 1;m/V�1Cm�i�21 d˝ Um�12 Vm�12 �2;

�H!13.�1;U
n
1;U

i
1a/ D 0;

�H!13.�1;U
n
1;V

j
1d/ D min.n; j /Vj�nC�1�11 d˝ U

j�1
2 V

j�2
2 �2;

�H!13.�1;V
m
1 ;V

j
1d/ D 0;

and that �H!13 vanishes if an algebra input is a multiple of �1. The map
�H!13 also vanishes on pairs of algebra elements with other configurations
of idempotents.

Remark 17.8. We have not enumerated a complete list of the structure maps. Addi-
tional powers of U1 and V1 may be added to arguments in the above maps. There are
no terms of ı1jC1 for j > 2, however. A more minimal list could also have been made
by specifying the length 1 maps on only a and d. As an example of several relations
which are forced by the DA bimodule relations, we have

�H!13.�1;U
i
1V

j
1 ;U

n
1a/ D �H!13.�;V

j
1 ;U

iCn
1 a/

and

�H!13.�1;U
i
1V

j
1 ;V

n
1d/ D �H!13.�;U

i
1;V

jCn
1 d/:
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Proof. All of these computations are performed algorithmically using the homolog-
ical perturbation lemma for hypercubes of DA bimodules, Lemma 4.5. For the first
two sets of equations the computation is essentially straightforward. We first apply the
map I 1" , then we apply a length 1 map of the cube (either with no algebra input, as
for the maps labeled f 11 and g11 , or with an algebra input of �1 or �1, as for the maps
p12 and q12). We leave these computations to the reader, as they are straightforward.

The map �H!13 is more interesting. There is exactly one configuration of a mor-
phism graph which gives a non-trivial evaluation. This occurs for elements x0;0 in the
idempotent " D .0; 0/. The structure graph is shown below:

b�1 a x0;0

I 1

ı12

H 1

�H�12

…1

�2

(17.1)

In the above, the map �H�12 denotes the component of ı12 on H
K1˝K2

ƒ � K1jK1
ŒIc�

contributed by the map component �H�1 of ı1 of H
K1˝K2

ƒ . Concretely, it is given
by the formula

�12.b�1;�/ D

Ui1V
j
1a00 bV

�1�2
1 �� .Ui1V

j
1/c11 ˝ V�12 �2

Ui1V
j
1b00 0

Ui1V
j
1c00 bV

�1�1
1 �� .Ui1V

j
1/d11 ˝ �2

Ui1V
j
1d00 bV

�1�1
1 �� .Ui1V

j
1/c11 ˝ V�22 �2:

We focus on the case that b D i1. Consider first the case that x D Ui1a. If a D
Un1 , then ı12.U

n
1;U

i
1a/ D UiCn1 a˝ 1, however, H 1 vanishes on this element, so we

conclude that
�H!13.�1;U

n
1;U

i
1a/ D 0:

The same argument implies that �H!13.�1;V
m
1 ;V

j
1d/ D 0.
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We now consider the case that x D Ui1a and a D Vm1 . In this case, H 1.Ui1V
m
1 a/

is a sum involving both c and b. The next term in equation (17.1) is an application of
�H�12, which vanishes on multiples of b. In particular, we only need to consider the
terms of H 1.Ui1V

m
1 a/ involving c. There are min.i C 1;m/ such terms. They are

Ui1V
m�1
1 c˝ 1C Ui�11 Vm�21 c˝ U2V2 C Ui�21 Vm�31 c˝ U22V

2
2 C � � � :

(The sum is over all terms in the sequence above where U1 and V1 both have nonneg-
ative exponent.) We then apply �H�12, …1, and then multiply the outgoing algebra
elements by repeatedly applying �2. It is easy check that the application of �H�12,
…1, and �2 on each of the above summands coincide, so we will only consider their
evaluation on Ui1V

m�1
1 c˝ 1. Applying �H�12 gives

V
�1�1
1 �� .Ui1V

m�1
1 /d˝ �2 ˝ 1 D Um�11 V

2mC�1�3�i
1 d˝ �2 ˝ 1:

Applying …1 to the above generator, and then multiplying the algebra elements and
the coefficient min.i C 1;m/ gives

!13.�1;V
m
1 ;U

i
1a/ D min.i C 1;m/Vm�i�2C�11 d˝ Um�12 Vm�12 �2;

which is the stated formula.
We now consider �H!13.�1;U

n
1;V

j
1d/. The terms of H 1.Un1V

j
1d/ which involve

c are
Un�11 V

j�1
1 c˝ U2 C Un�21 V

j�2
1 c˝ U22V2 C � � � :

As before, the sum contains all such elements in the sequence which have nonnegative
powers of both U1 and V1. There are min.n; j / terms in this sum. As before, it is
sufficient to evaluate �H�12 and …1 only on the first term, and then multiply the
result by min.n; j /. Applying �H�12, we obtain

V
�1�1
1 �� .Un�11 V

j�1
1 /d˝ �2 ˝ U2 D U

j�1
1 V

2j�2C�1�n
1 d˝ �2 ˝ U2:

Applying …1 and id˝ �2, and multiplying by the coefficient min.n; j / gives

!13.�1;V
m
1 ;U

i
1a/ D min.n; j /Vj�1�nC�11 d˝ U

j�1
2 V

j�2
2 �2;

which proves the statement.

Remark 17.9. Recall that we write K1
H

K2

ƒ for the Hopf link complex obtained by
using one alpha-parallel arc and one beta-parallel arc. The associated type-D module
over K ˝K is computed in Proposition 16.7. Write K1

Z
K2

ƒ for the minimal model
of the associated type-DA bimodule. We leave it to the reader to verify that K1

Z
K2

.�1;0/

has an identical description to K1
Z

K2

.�1;0/
except that we omit the ı13 term.

The DA bimodule structure maps of K1
Z

K2

.0;0/ are illustrated in Figure 17.1.
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� � � U2a Ua a d Vd � � � E01
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Figure 17.1. The DA bimodule of the negative Hopf link KZ
K

.0;0/. The gray arrows denote ı1
1

.
Subscripts on algebra elements indicating link components are omitted. This coincides with the
bimodule KZK

.0;0/
except for the lack of the !1

3
differential.

We now prove that K1
H

K2

.�1;0/
and K1

Z
K2

.�1;0/
are both Alexander modules, and

are furthermore homotopy equivalent.

Lemma 17.10. The DA bimodule structure maps on K1
H

K2

.�1;0/
and K1

Z
K2

.�1;0/
are

continuous.
Furthermore, all of the maps involved in the homotopy equivalences described in

Proposition 17.7 are continuous.
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Proof. The DA bimodule structure maps on K1
H

K2

.�1;0/
are continuous by virtue of the

facts that the map ı1 on H
K1˝K2

.�1;0/
being continuous, since H.�1;0/ is a finitely gen-

erated vector space, and that K1
H

K2

.�1;0/
is obtained by a tensor product of H

K1˝K2

.�1;0/

with K1jK1
ŒIc�.

The structure maps on K1
Z

K2

.�1;0/
and also the equivalence with K1

H
K2

.�1;0/
are

given by the homological perturbation lemma. These maps are finite compositions of
the maps …1, H 1, I 1, as well as the map ı12 of K1

H
K2

.�1;0/
. Hence, it is sufficient to

show that each of these maps is continuous with respect to the appropriate topology.
The map I 1 is obviously continuous, since it is given by x 7! x˝ 1.

Consider the map …1 applied to elements in I0 �H.�1;0/ � I0. This map is com-
puted in Lemma 17.3. As an example, consider …1.x/ when x D Ui1V

j
1a for i � j

� 0. In this case,
…1.Ui1V

j
1a/ D U

i�j
1 a˝ U

j
2V

j
2 :

Given a finite set of S � N and some n 2 N, we wish to show that all but finitely
many Ui1V

j
1a are mapped into Span.Us1a˝ Ui2V

j
2 W s 2 N n S or j � n/. This is the

case, since of course there are only finitely many i; j � 0 such that 0 � j � n and
i � j 2 S . A similar computation holds for the rest of I0 � H.�1;0/ � I0, so …1 is
continuous in these idempotents. Essentially the same argument applies for the other
idempotents of H .

The map H 1 is verified to be continuous by a very similar argument.

17.4 Comparison with the Eftekhary–Hedden–Levine model

We now compare our Hopf link complex with the dual knot formulas of Hedden–
Levine [11] and Eftekhary [4].

If K � S3, we will write EHLn.K/FŒU;V� for the complex described in the intro-
duction of [11], which is a model for CFL.S3n .K/; �/

FŒU;V� where � is a dual of K
inside of the Dehn surgery.

Proposition 17.11. If K is a knot in S3, then there is a canonical isomorphism

EHLn.K/FŒU;V� Š Xn.K/
K y� KZFŒU;V�:

Proof sketch. Since we do not need this result for any later results, we will not spell
out all details. Instead, we will sketch several important details from which the inter-
ested reader can easily work out the rest of the argument.

Both complexes are mapping cone complexes with similar structures. We will
abbreviate our complex by X�n .K/. We write

EHLn.K/FŒU;V� Š Cone.v0 C h0nWA
�
EHL.K/! B�EHL.K//
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and
X�n .K/

FŒU;V�
Š Cone.v� C h�n WA

�.K/! B�.K//:

We will only consider the claim when n D 1. Furthermore, we will only show that

A�EHL.K/ Š A�.K/

as (infinitely generated) type-D modules over F ŒU;V�. Most of the remaining details
are straightforward extensions of the ideas we present.

We follow the description of EHLC1.K/ given by Hedden and Levine [11]. They
focus on a version of the knot Floer complex which is denoted CFK1.K/. This takes
the form of a free chain complex over F ŒU; U�1� which is filtered by Z ˚ Z. The
generators are of the form Œx; i; j �, where x 2 T˛ \ Tˇ and A.x/ D j � i . The
variable U acts by U � Œx; i; j � D Œx; i � 1; j � 1�. The components i and j are
the two components of the Z ˚ Z-filtration. There is additionally a Maslov grad-
ing grw.Œx; i; j �/D grw.x/C 2i . Given such a filtered chain complex, we can recover
the chain complex CFK.K/ by replacing each F ŒU; U�1� basis element Œx; i; j �
with a single generator x, viewed as having Alexander grading j � i and grw-grading
grw.Œx; i; j �/ � 2i .

We will write A1EHL.K/ for the infinity version of the Hedden–Levine model. (We
will later reformulate this to get the version which is a type-D module over F ŒU;V�.)
By definition,

A1EHL.K/ Š
Y
s2Z

A1s .K/;

for some finitely generated Z˚Z-filtered complexes A1s .K/, as follows. For each x
(an intersection point for a Heegaard diagram of K), the generators are of the form
Œx; i; j �, where A.x/ D j � i , where A.x/ is Alexander grading from CFK.K/. We
will write xi;j for Œx; i; j �. They describe two filtrations 	 and J on these generators
given by the formulas

	.xi;j / D max.i; j � s/; J.xi;j / D max.i � 1; j � s/C s:

Then the Z ˚ Z-filtration of xi;j is .	.xi;j /;J.xi;j //. They also define a Maslov
grading

grw.xi;j / D grw.x/C 2i C
.2s � 1/2 � 1

4
:

See [11, equations (1.5)–(1.10)], noting that we are setting s D sl , k D 1 and d D 1
in their formulas.

We now rewrite 	 and J as follows:

	.xi;j / D i Cmax.0; j � i � s/ and J.xi;j / D max.i � j C s � 1; 0/C j:
(17.2)
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It is helpful to consider the two cases A.x/ � s and A.x/ < s separately. Recalling
that A.x/ D j � i , we compute, using equation (17.2), that

.	;J/.xi;j / D

´
.j � s; j / if A.x/ � s;
.i; i C s � 1/ if A.x/ < s:

We now modify the above algebraic generators to get a type-D module over
F ŒU;V�. We do this using the same procedure as we described to go from CFK1.K/
to CFK�.K/. We write A�EHL.K/ WD

Q
s2Z A

�
s .K/ for the type-D module con-

structed from A1EHL.K/ in this manner. For each generator x in CFK�.K/, we get a
generator x0s of A�s .K/ with Alexander grading

A.x0s/ D

´
s if A.x/ � s;
s � 1 if A.x/ < s:

(17.3)

We have, additionally, that

grw.x
0
s/ D grw.xi;j / � 2	.xi;j / D grw.x/C 2min.0; s � A.x//C

.2s � 1/2 � 1

2
:

(17.4)
We now consider the powers of U and V which appear in the differential. Recall

that in general, if x and y are generators of a knot Floer complex CFK.K/ (for a knot
K in an integer homology 3-sphere) and there is a differential from x to y which is
weighted by UiVj , then

j � i D A.x/ � A.y/ and grw.y/ D grw.x/ � 1C 2i: (17.5)

We now compare this with the type-D structure A�.K/. By construction, this
type-D structure is the tensor product of CFK.K/FŒU;V� with the DA bimodule
shown below:

� � � U2a Ua a d Vd V2d � � �
VjU

Uj1

VjU

Uj1

VjV

UjU

Vj1

UjU

Vj1

UjU

We can give A�.K/ a similar description to A�.K/. The generators of A�.K/ are of
the form x˝ y, where x is a generator of CFK�.K/, and y is of the form Uia or Vid.
We define an Alexander grading on generators via the formula

A0.Uia/ D �i and A0.Vid/ D i C 1:

We then define A�s .K/ � A�.K/ to be the F span of pairs x˝ y where

A.x/C A0.y/ D s:
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It is straightforward to see that A�s .K/ is a subcomplex of A�. We claim that there is
an isomorphism of type-D modules

A�s .K/
FŒU;V�

Š A�s .K/
FŒU;V�:

Note that there is a canonical bijective correspondence between F ŒU;V�-generators
of these complexes, since the generators of both complexes are bijectively identified
with generators of CFK.K/. Therefore, we have a canonical isomorphism of vector
spaces between these modules. We claim that this isomorphism intertwines the dif-
ferential. To see this, note that the differentials on both complexes are also identified
with the ordinary differential of CFK.K/, except with powers of U and V changed.
Therefore, it suffices to show that the powers of U and V appearing in the two differ-
entials coincide.

We consider a differential in CFK.K/ from x to y, weighted by a 2 F ŒU; V�.
We consider its induced weight in A�s .K/ and A0s.K/. Suppose that in A�s .K/, it is
weighted by an algebra element a�, and suppose that in A0s.K/, it is weighted by an
algebra element a0. Our goal is to show that a� D a0.

Using equations (17.3) and (17.5), we observe that

A.a0/ D

8̂̂̂̂
<̂
ˆ̂̂:
0 if A.x/; A.y/ � s;
0 if A.x/; A.y/ < s;
1 if A.x/ � s and A.y/ < s;
�1 if A.x/ < s and A.y/ � s:

(17.6)

Next, we compute, using equations (17.4) and (17.5), that

grw.a
0/ D grw.x/ � grw.y/ � 1C 2min.0; s � A.x// � 2min.0; s � A.y//: (17.7)

Note that grw.a
0/ and A.a0/ uniquely determine a0.

Next, we compute a� and show that it is equal to a0. It is helpful to break the
argument into four cases, parallel to equation (17.6). We will consider two of the four
cases, and leave the rest to the reader.

We consider first the case that A.x/; A.y/ � 0. The corresponding generators of
A
�
s .K/ are of the form

x˝ UA.x/�sa and y˝ UA.y/�sa:

We can write

a D U� grw.a/=2VA.a/ D U�.grw.x/�grw.y/�1/=2VA.x/�A.y/:

Note that

ı12.a;U
A.x/�sa/ D UA.y/�sa˝ U�.grw.x/�grw.y/�1/=2CA.x/�A.y/:
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(Some care must be taken to verify the above formula when A.x/�A.y/ is negative,
but the formula holds regardless of the sign of A.x/ � A.y/.) Hence,

a� D U�.grw.x/�grw.y/�1/=2CA.x/�A.y/:

We observe that A.a�/ D 0 D A.a0/. Also,

grw.a
0/ D grw.x/ � grw.y/ � 1C 2.A.y/ � A.x//;

which is the same as grw.a
�/.

We now consider the third case in equation (17.6), where A.x/ � s and A.y/ < s.
Since A.x/ � s, the corresponding generator of A�s .K/ is of the form x˝ UA.x/�sa.
Also, the generator of A�s .K/ corresponding to y will be of the form y˝Vs�A.y/�1d.
We write

a D U�.grw.x/�grw.y/�1/=2VA.x/�A.y/:

In this case, we have A.x/ � A.y/ > 0. Therefore we can read a� as follows. Firstly,
we have a factor of U�.grw.x/�grw.y/�1/=2. Then, we have an additional factor which is
obtained by composing all of the right moving arrows from UA.x/�sa to Vs�A.y/�1d.
This will give us factors of UA.x/�sV. Therefore,

a� D U�.grw.x/�grw.y/�1/=2CA.x/�sV:

This must coincide with a0, since it has the same .grw; A/-bigrading by equations
(17.6) and (17.7).

It remains to verify that a0 D a� in the cases that A.x/; A.y/ < s and when
A.x/ < s and A.y/ � s. The argument follows from the same line of reasoning as
the two previously analyzed cases. We leave the details to the reader.

The analysis of B�.K/ and the maps v� and h�n follows from similar, albeit
somewhat tedious, reasoning, so we leave the details to the interested reader.


