Chapter 5

Optimizers

In the previous chapter, we constructed a Bellman candidate B of a special form
(Theorem 4.4.8 and Remark 4.4.6). We claim that it coincides with the Bellman func-
tion B .. Section 2.2.2 suggests a method to prove the claim. We have to construct an
optimizer ¢, for each x € Q. (see Definition 2.2.6). Here we will follow the same
strategy as when we were constructing Bellman candidates: we will first study the
local behavior of the optimizers (i.e., how do optimizers vary when x runs through
one figure), this is done in Section 5.2, and then “glue” these local scenarios together
in Section 5.3. The optimizers for the BMO case were built in [17], and here we will
follow a similar strategy for the general case. In Sections 5.1 and 5.2 we will not
use evolution, so ¢ is fixed and we omit the subscript ¢ till Section 5.3. In particu-
lar, we will write E instead of E, and Q = E¢ \ E instead of ., see Section 2.1
for the definitions of these objects. In Section 5.4 we will consider the cases when
conditions (2.1.7) and (2.1.8) are violated.

5.1 Abstract theory

We begin with an abstract description of what optimizers look like. First, as men-
tioned in Section 2.2.2, it is natural to construct monotone optimizers. It is not difficult
to build a monotone function ¢, such that (¢,) = x and B(x) = (f(¢x)). The main
difficulty is to verify that ¢, € Aq. It was noticed in [16] that it is more natural to
argue geometrically. The notion of a delivery curve is useful in this context.

Definition 5.1.1. Let B be a Bellman candidate on the domain 2. Suppose ¢: [/, r] —
Ofixed §2 18 an integrable function. The curve y: (/, r] — €2, given by the formula

y(n) & (@), tedr], (5.1.1)

is called a delivery curve if B(y(t)) = (f(¢))[1,r] for any = € (/, r] (in particular,
y(t) € Q). The function ¢ is called the generating function for y.

In other words, y is a curve that “delivers” optimizers to the point. The word
“curve” here means a parametrized curve, because the definition depends on the
parametrization. The advantage of considering such a curve is that it allows to verify
the condition that ¢ is a test function (i.e., ¢ € A Q).

The main feature we will use is the formula

y(©) + (= Dy'(r) = ¢(2), (5.1.2)
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y(7)

Figure 5.1. Illustration to the proof of Lemma 5.1.2.

which can be obtained by differentiation of (5.1.1). In particular, this formula shows
that the tangent to y at t points in the direction of ¢ (7). Thus, one can reconstruct the
values of ¢ by looking at the points on the fixed boundary that “are indicated” by the
tangents of the corresponding delivery curve. We will use this principle very often.
Moreover, equation (5.1.2) allows us to reconstruct ¢ from y.

Lemma 5.1.2. A curve given by formula (5.1.1) is convex if its generating function
is monotone.

Proof. We will give a proof for the case of an increasing generating function ¢. The
case of decreasing function is symmetric.

Let us assume for a while that the function ¢ is C 2_smooth. In such a case, we
may differentiate (5.1.2) and get

(r=Dy"(r) = =2y'(1) + ¢'(v).

Thus, the curvature of y, which is ()/{)_3 det( J’/’,/, ), has the same sign as det( Zj ),
because y; > 0. We use (5.1.2) once again to express y’ and rewrite the determinant

in the following form:
/ 1 _
det(y,) = — det((p /y) .
¢ -1 ¢

This expression is positive, because ¢’ is a tangent vector to Ogxeq 2 at ¢(t), with
@1 > 0, and y(7) belongs to 2, see Figure 5.1.

We only have to get rid of the smoothness assumption. One can approximate ¢
by smooth increasing functions ¢, : (I, r] = Ogxeq €2 in such a way that the curves y,
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generated by ¢, converge to y pointwise. Each y, is a convex curve (in the sense
that these curves are the graphs of convex functions in the standard coordinates) and
yn — y pointwise. Therefore, y is a convex curve itself. ]

(@)1e.r1

Figure 5.2. Illustration to the proof of Lemma 5.1.3.

The following lemma links the condition that y is convex with the condition that
@ € Ag (see Figure 5.2 for a visualization of the proof). The symbol y’(r) in the
lemma below means the left derivative, which always exists due to convexity.

Lemma 5.1.3. Suppose that y is a curve parametrized by the interval (I, r] and given
by (5.1.1). Let it be convex in the sense that it is the graph of a convex function in the
standard coordinates. Suppose also that the tangent line

b ={y(r)+sy'(r) | s € R}

does not cross the domain & (see Definition 2.1.1). Then, for any t € [l, 1), we have
(@) € Q.

Proof. Since the curve y is convex, it lies above the line £,. The domain E also lies
above the line £,. We note that (¢);,,] is a convex combination of (¢); ; and (@) [z,r]-
Thus, (@), is separated from E by £,. On the other hand, (¢)[; ] surely belongs
to By, so it lies inside 2. [

In the following corollary, we write y'(t), t € (I, r], meaning any of the one-sided
derivatives.

Corollary 5.1.4. Suppose that y is a delivery curve on (I, r]. Let it be convex in the
sense that it is the graph of a convex function in the standard coordinates. Suppose
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also that the tangent line
be={y(x) +sy'(1) | s € R}

does not cross the domain E for any t € (I, r]. Then the function ¢ that generates y
belongs to Ag.

Before we pass to constructing specific delivery curves, we should postulate a
heuristic principle that will help us to guess them. Since a delivery curve “con-
sists of optimizers”, it has to avoid the directions in which the Bellman candidate
is non-linear. Thus, we guess that delivery curves should go either along the extremal
segments or along the free boundary.

In Section 5.2 we will construct delivery curves for each elementary figure of the
foliation. In the general case, a figure will have special points on the free boundary;
we call them incoming and outgoing nodes. The idea is as follows: if we have special
delivery curves for the incoming nodes, then we can construct a delivery curve for any
point in the domain. Moreover, if the domain has outgoing nodes, then we construct
special delivery curves for them. Every outgoing node for some domain is at the same
time an incoming node for its neighbor domain. Continuing delivery curves along
these special nodes allows us to construct optimizers for all the points in 2.

5.2 Local behavior of optimizers

5.2.1 Optimizers for tangent domains

Consider a tangent domain Qg (11, u») foliated by the segments S(u) = [g(u), w(u)],
u € [uy, usz], that are tangent to the free boundary of Q. Let B be a standard can-
didate on Qg(u1, uz). This domain has two linear parts of the boundary, namely,
S(u1) and S(u2). The tangency points w(u1) and w(u2) on the free boundary are the
incoming and outgoing nodes of Qg (u1,us), respectively. Recall the positive-valued
function A,

Au)(gu) —w) =w'(w), u € fur,usl, (5.2.1)

introduced in (2.1.6).

Suppose ¥ is an optimizer for the incoming node w(u;) (see Figure 5.3 below)
defined on the interval (/,/1]. Our aim is to build the optimizers for all the points
inside Qgr(uy, uz). We start with the points w(u), u € [uy, us], lying on the free
boundary. We look for a function ¢ on ([, r] for some r > /; such that ¢ = ¢ on (I, /4]
and its delivery curve y goes along the free boundary from w(u;) to w(u,) on [/1, r].
We will find a monotone function u: [[1, 7] — [u1, u3] such that the function

p(t) = g(u(?)) (5.2.2)
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generates the required delivery curve y(f) = (¢)[,¢ that will coincide with w(u(?)),
t € [ly, r]. This is equivalent to the equation

t
= Du) = [ o
We differentiate this identity with respect to ¢ and obtain

w@) + ¢ —DHw' @O’ (1) = o) = gu®)).

Using (5.2.1), we obtain (z — [)A(u(¢))u’(t) = 1. We solve this differential equation
with the boundary condition u (/1) = u; and get

_ u(t)
log - L_ / A(v) dv. (5.2.3)
L—1"J,

1

Since the function A is positive and C !-smooth (see Section 2.1.4), equality (5.2.3)
defines the required C2-smooth increasing function u on the interval [/, r] (and the
function ¢ defined by (5.2.2)), where

r=101+ —l)exp(/uzl(v)dv).

We want to use Lemma 5.1.3 to verify that the function ¢ belongs to Ag. By con-
struction, the curve y(¢), t € (I1, r], coincides with a part of the free boundary e 2.
Therefore, this part of the curve is convex and its tangents do not cross the domain E.
In order to use Lemma 5.1.3, we need the convexity of the curve y on the whole
interval (/, r). This consideration leads to the proposition below.

Proposition 5.2.1. Let B be a candidate on Qr(u1, us). Suppose that there exists
a non-decreasing optimizer ¥ for B at the point w(uy). Let also ¥ < g(uy). Then
there exists a non-decreasing optimizer ¢y for B at every point x € Qgr(u1, Uz);
moreover, x =< g(uz).

Recall that the ordering < on dgyeq 2 was introduced in Remark 2.1.2.

Proof. We have constructed the desired function ¢y for the points x € Qg(u1,uz) N
Ofree 2. For any point x € Qgr(u1, us), there exists a unique u € [u1, uo] such that
x € S(u). We already know the optimizers at the endpoints w(u) and g(u) of this
extremal segment. Namely, they are ¢,,(,) on an interval (/, r] and the constant
function @4 ) = g(u). We will obtain the desired optimizer ¢, extending the func-
tion @y, (,,) by the constant g(u) to some interval (r, r1] of appropriate length.

To prove the proposition, we need to show two things. First, we need to verify that
the function ¢, lies in A o. Second, we need to prove the equality B(x) = (f(py)) for
the candidate B.
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gur)

Qr(u1,u2)

Figure 5.3. Delivery curves inside a tangent domain.

We start with the verification of convexity of the curve y = y, generated by
¢ = @x. By Lemma 5.1.2, the curve generated by ¥, i.e., ¥|¢,1,], is convex and its
tangent line at the point w(u1) coincides with the tangent line to the free boundary
(this is a consequence of the condition ¢ < g(u1) and (5.1.2)). Then the curve y
goes along the free boundary, which is convex, and then it goes along the tangent
line S'(u). Therefore, this curve y is convex. Let [ <t < v < ry. If © <[y, then the
point (¢)[s,7 lies on the curve generated by v/, and thus it lies in €2 by the assumption.
If © > [, then the tangent line to y at y(t) is the tangent line to the free boundary
by construction. Therefore, this tangent line do not cross the domain &, and we use
Lemma 5.1.3 to conclude that (¢)[; -] lies in 2. This proves that ¢ € Aq.

It suffices to show that B(y(s)) = (f(¢))[1,s) for s € [[1,71], because for s € (/, /1],
this follows from the fact that v is an optimizer. Thus, we need to check the following
identity: )

(s =DB(y(s)) — (lh =) B(y (1)) =/l fle(r)) dz. (524
1
After differentiating with respect to s, we obtain the following equivalent identity
(because (5.2.4) holds for s = [1):

B(y(s)) + (s = D(VB(y(5)).7'(s)) = f(¢(s)) = B(p(s)).

Since B is a Bellman candidate (see Definition 2.2.4), the gradient V B is constant on
the extremal segment containing y(s) and ¢(s), therefore

(5.1.2)

B(gp(s)) = B(y(s)) = (VB. (¢(s) = y(5))) (s = D(VB,y'(5)). L

We briefly state a symmetric proposition.
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Proposition 5.2.2. Let B be a candidate on 2y (uy, us). Suppose that there exists
a non-increasing optimizer W for B at the point w(uz). Let also g(uz) < . Then
there exists a non-increasing optimizer ¢ for B at every point x € Q (u1,u,); more-
over, g(u1) < @x.

The proof of similar propositions for infinite domains is slightly more compli-
cated and requires the additional assumptions (2.1.7) and (2.1.8). We will use these
assumptions together with the following technical lemma.

Lemma 5.2.3. Leto € R. Let ¥ and Y be two piecewise monotone continuous func-
tions on [o, +00) with a finite number of intervals of monotonicity. Suppose that
lim4oo 0 = 0. Then the integration by parts formula is valid:

+o0 v v
[ ?dY = lim / vdY = -Y(o) (o) — lim [ Y dv
o o v—=>+00 Ji

v—>+400
+o0
= —Y(0)d¥(0) —/ Y dv, (5.2.5)
(o2
where both limits exist (finite or infinite).
Symmetrically, for piecewise monotone continuous functions ¥ and 'Y on (—00, 0]
with a finite number of intervals of monotonicity, if lim_, ¥ = O, then
o o [
/ dY = lim ﬂdY:Y(G)z?(o)—vEmoo/ Y dv
%

——
—00 v o0 v

= Y(0)¥ (o) — / " yav. (5.2.6)

—0o0

where both limits exist (finite or infinite).

Proof. We give the proof of (5.2.5). The proof of (5.2.6) is similar.

Since the integration by parts formula is valid on any finite interval, without loss
of generality, we may assume that both ¥ and ¢ are monotone and do not change
the sign on [0, +00). Then both integrals in (5.2.5) are monotone with respect to v,
therefore both limits exist, finite or infinite.

First, assume that [ 0+°° ¥dY converges. Take any v > ¢ and write the integration
by parts formula on the interval [o, v]:

/v ddY +Y(o)d(o) =YW)d(v) — [v Y d9v. (5.2.7)

The left-hand side of (5.2.7) has a finite limit when v — 4o00. The first summand
on the right-hand side is of the same sign as the second one (because sign(¢’) =
—sign(¥})), therefore both summands have finite limits. If the limit of the first sum-
mand was nonzero, the limit of the second one would be infinite. Indeed,

Const
Y it 2.
[Y(z)| > EIGk T — +00, (5.2.8)



Optimizers 106

therefore

‘/m Y(f)dz‘/‘(f)‘ > Const - ‘ /+o<> dﬁi(f))) = +o0, (5.2.9)

because ¥ (+00) = 0. Thus, the first summand on the right-hand side of (5.2.7) van-
ishes at +o0o. Formula (5.2.5) is proved.

Now, let us assume that | G+°° Y d?¥ converges. The integral on the left-hand side
of (5.2.7) is monotone with respect to v, thus it has a finite or infinite limit when v
tends to 4o0o. Therefore, the first term on the right-hand side of (5.2.7) also has
a finite or infinite limit. If this limit is nonzero, then we have (5.2.8) and (5.2.9),
which contradicts our assumption. Thus, the first summand on the right-hand side
of (5.2.7) vanishes, the left-hand side of (5.2.7) has a finite limit when v tends to 400,
and (5.2.5) is proved.

Finally, if both limits in (5.2.5) are infinite, we need to show that the infinities on
both sides have the same sign. We may assume that ¢} is positive and decreasing. We
may also assume that ¥ is monotone and non-negative at infinity. If ¥ were bounded
at infinity, then the limit on the left-hand side of (5.2.5) would be finite. Therefore, Y
increases at infinity, and both sides of (5.2.5) are equal +oo. |

Lemma 5.2.4. Suppose that condition (2.1.7) is satisfied. Then condition (2.1.13) is
equivalent to the fact that B, given by (3.3.3), i.e.,

Ba(v) = ﬁ(v)—/v exp(—/tv L}{)ﬁ’(f)dr, (5.2.10)

—o0 K2 —

satisfies the inequality B2(v) < +o00 for any v € R. Moreover,

/_ f(x) exp(—/ )t) dt
= —(w1(v) — g1(v)[k3(v) + (K (V) — k2(v))B2(V)]. (5.2.11)

Here A = Ag, kK = kg, and W = Wwg.

Proof. Let us modify the expression in the exponent on the right-hand side of (5.2.10).
Using (3.3.2), (2.1.6), and (2.1.11), we obtain

K./
/ 2 —log(ks — k) + log(g1 —wy) + | A. (5.2.12)
Ky — K
First, we claim that
v K,/
/ 2 = too, (5.2.13)
—o00 K2 — K

which is equivalent to

Jim_(k2(0) = k(D) e1(0) ~ wr(e)exp(~ [ 1) =o.
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by (5.2.12). Recall that (g1 — w1)k = (g2 — w>), and therefore
Jim_c(0)(e1 () = wa(@)exp(~ [ 4)
= rEr_noo(gz(t) —wy (7)) exp(—/ A) =0, (5.2.14)

due to condition (2.1.7). The function k» = g, /g is increasing by the convexity of
the curve g. There are two cases. If x, is bounded on —oo, then

lim_ieo(1)(81(2) — wy (1)) exp( - / 2) =0, (5.2.15)

due to the same condition (2.1.7). If k5 is not bounded on —oo, then k() — —o0 as
T — —00, and then we use the fact that 0 > k» > k, provided 7 is sufficiently close
to —oo. Therefore, |k2| < |k| and (5.2.15) follows from (5.2.14). Thus, the claimed
divergence in (5.2.13) is proved.

We wish to use Lemma 5.2.3 with

/

P(r) = exp(—/rv Ki,{) and Y(r) = K(7)

K2

to integrate by parts and rewrite formula (5.2.10) for B8,. We verify the hypotheses of
Lemma 5.2.3. It is clear that k5, > 0, k, > «, therefore the function ¥ is monotone and
tends to 0 at —oo due to (5.2.13). The function Y is piecewise monotone according
to Condition 2.1.11. Thus, by Lemma 5.2.3, we get

pa(v) = /_v Klz#exp(—/tv <2 )S?(t)dr

oo k2(7) — k(T) Ky — K
(" Kk5(7) _/” K
= /_oo —Kz(‘l,')—K(‘C) exp( j Kz_/{)dr. (5.2.16)
Now we plug (5.2.12) into (5.2.16) and obtain
1 1
P = 0= @ - e
x/_ 15 (1) (g1(x) — w1 (7)) exp(—/ k) dr. (5.2.17)

The next step is to integrate by parts again, using Lemma 5.2.3 once more, this time
with

9(2) = (1(2) — w1 (1)) exp(~ / 1) ad ¥() = k().

We verify the hypotheses of Lemma 5.2.3. First, we have that  — 0 when 1 — —o0,
due to (2.1.7). Second, we calculate ' using the relation (g; — wi)A = wj]. This



Optimizers 108
yields
¥(0) = (MD)(g1(®) —wi(D) + g} (r) — wi (2)) exp(~ / 2)

@2.16) g1(@) exp(— /U )L) > 0.

Thus, ¥ is monotone. Finally, Y is piecewise monotone by Remark 2.1.12. Thus, we
may apply Lemma 5.2.3 and integrate by parts in (5.2.17):

k3(v) 1 1
(V) —k(V)  K2(V) k() g1(v) —wi(v)

X /v Kg(r)gi(r)exp(—/rv)L)dr.

—00

B2(v) =

Since k3 g7 = f', we get

_ k3(v) 1 . v
P = =) m) =) &)= wl(v) / f'@exp(= /rk>df‘

This completes the proof of (5.2.11).
Condition (2.1.13) states that the left-hand side of (5.2.11) is greater than —oo.
According to (5.2.11), this is equivalent to 8, < 400. |

Let us turn back to consideration of optimizers.

Proposition 5.2.5. Let B be the standard candidate on Qr(—00, us). There exists a
non-decreasing optimizer ¢x for B at every point x € Qr(—00, us). Moreover, we

have gx < g(u2).

Proof. By Definition 3.3.8 of a standard candidate in the domain Qg (—o0, u5), the
function B, given by (3.3.3) is finite. Thus, the integral in (5.2.10) converges.

We begin with the points on the free boundary. When this is done, we will auto-
matically get the desired optimizer ¢, for any x € Qgr(—o0, u3). To this end, we pick
any finite u1 such that x € Qg(u1,u2) and use Proposition 5.2.1. Moreover, it suffices
to construct an optimizer for x = w(u;) only.

Similar to the case of a bounded domain 2r, we would like to construct a function
@:(1,r] = Ofixea 2 on some interval (/, r] such that the curve y(¢) = (@) ;) generated
by ¢ goes along the free boundary from the infinity to w(u;). As before, we will find
a function in the form ¢(¢) = g(u(t)), where u: (I, r] — (—o0, u,] is a monotone
function. The previous reasoning (see (5.2.3)) leads us to the following relation:

u(t2) t2 _l
/ A(v) dv = log , I<ti<th<r. (5.2.18)
u(ty) n—1
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We want to have u(r) = u,. We substitute z, = r into (5.2.18) and obtain

u2 r—1
/ Aw)ydv=log——, Il <t;<r. (5.2.19)
u(t)) =1

According to condition (2.1.7), we have
uz
/ A(v) dv = 400, (5.2.20)
—o0

therefore (5.2.19) defines the function u on (/, r).
We may choose the length of the segment (/, r) to be equal 1, namely, we may
take [ = 0, r = 1. We get an explicit formula for the inverse function ¢ = #(u):

t = exp(— /uzk(v) dv). (5.2.21)

Corollary 5.1.4 guarantees ¢ € Agq, provided we know that

l/otgp = wu(), te1].

t

Therefore, for any ¢ € (0, 1], we need to check that

/t @ = tw(u(r)). (5.2.22)
0

Moreover, in order to prove that ¢ is an optimizer for B, we also need to verify that

B(w(u())) = (f(@))o.q = ; /0 f(u(s))ds. (5.2.23)

We start with (5.2.22). First, we prove that the limit of the right-hand side is zero
ast — 0. It is equivalent to

us
lim wi(u)exp(—[ /\(v)dv)zo, i=1,2. (5.2.24)

Fixi = 1, 2. If the function w; is bounded on —oo, then (5.2.24) follows from (5.2.20).
If w; is not bounded on —oo, then we apply L’Hopital’s rule:

i w; (u) . w; (1)
lim — . — —_ lmm )
A o0 e Ay exp ([ )
P20 im (it - giyexn(— [ 1) = o

due to condition (2.1.7).
We calculate the integral on the left-hand side of (5.2.22):

/: p(t)ydr = /0’ gu()dr V=" /u(t)/\(v)g(v) exp(— /vuz A) dv. (5.2.25)

—0o0
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Note that

/k(v)g(v) exp(— /vuz /\) dv

uz

—
W

= [ (w’(v)+l(v>w(”))exp(‘/ b

= u)(v)exp(—/vu2 )L),

which converges to zero as v — —oo because of (5.2.24). This proves that the integral
in (5.2.25) converges and is equal to
uz

w((r)) exp(— /u ) A) — tw(u(t)).

Relation (5.2.22) is now proved.
We turn to the proof of (5.2.23). The right-hand side of (5.2.23) can be rewritten
using (5.2.21) in the following way:

: /0 fuends = exp [ () 3)- /0 ' futs df exp(~ / () 1]

u(t)

T=u(s)

f(@A(r) exp(— /tu(t) )k) dt (5.2.26)

= f(u()) - _L:) f'(x) exp(— /ru(l) )&) dr.

The integration by parts is guaranteed by Lemma 5.2.3, with

v(r) = exp(— /ru(t) k) and Y = f.

Finally, using (5.2.11), we obtain (5.2.23), see representation (3.2.2) for the relation
between B and S,. [

Proposition 5.2.6. If (2.1.7) holds but (2.1.13) fails, then B(x; f) = 400 for any
x e \ aﬁxed Q.

Proof. Tt suffices to prove B(w(v); f) = +oo for any v € R. Condition (2.1.7)
guarantees that the function ¢ constructed in the proof of Proposition 5.2.5 is a test
function for the point w(v). The failure of (2.1.13) means

[ roee(- [ a)ar = .

whence, by Lemma 5.2.3,

(@) o] <5226>/ f(f)/\R(r)exp< [ )tR)dT=—|—oo. m

We state analogous propositions for the left tangent domain at +oco.



Local behavior of optimizers 111

Proposition 5.2.7. Let B be the standard candidate on Q2 (U1, +00). There exists
a non-increasing optimizer ¢x for B at every point x € Qr(u1, +00). Moreover, we
have g(u1) < @x.

Proposition 5.2.8. If (2.1.8) holds but (2.1.14) fails, then B (x; f) = 400 for any
x e \ 8ﬁxed Q.

5.2.2 Optimizers for all other figures

The optimizers for chordal domains are easy to construct. Indeed, the proposition
below is a straightforward consequence of formula (3.4.1).

Proposition 5.2.9. Suppose that B is the standard candidate on a chordal domain
Qen([ao,bo], [a1,b1]). Let g(a) and g(b) be the endpoints of a chord from this chordal
domain, a € [ag,a1], b € [by, by]. Let

x =og(a) + (1—-a)g(bh),
where a € [0, 1]. Then the optimizer ¢x: [0, 1] = Ofixea R is given by the formula

ox = g(a) x10,a] + 8B X (@,1]-

Proof. 1t is obvious that {(p,) = x, and the linearity of B on the chord implies that
B(x) = (f(¢x))[0,1]- It is clear that all the averages (¢x)s lie on [g(a), g(b)] C 2 for
J C [0, 1], therefore, ¢ € Ag. ]

Remark 5.2.10. We suggested a non-decreasing optimizer ¢, for a chordal domain.
One can also construct a non-increasing optimizer ¢x = g(b) x[0,1-a] + &(@) X (1—a,1]-

Definition 5.2.11. The construction above works also for the special case of a long
chord. In this situation the tangency point with the free boundary is called the outgo-
ing node of this chord.

Let us now pass to the case of multicups.

Proposition 5.2.12. Let B be the standard candidate on QCIMCUP({ai}{;I). Then
there exists a monotone optimizer ¢ for B at any point x € QClMcup({ai}f;l) and,
moreover, g(al) < gy < g(aj) pointwise.

Proof. Fix x € QClMcup({ai}le) and represent it as a convex combination of three
points g(a1), g(az), g(as) for some ay,a»,as € Ule a;:

x =a18(ar) +azxglaz) +asglas); o1 +ox+az3=1, «a; =20.
Without loss of generality, we may assume that a; < a, < a3. We put

ox(7) = gla) xjo,e1] + &(a2) X (@1 .21 +ao] T &(a3) X (@) +a,1]-
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The equality (¢x) = x is evident, and the relation B(x) = (f(¢x))[0,1] follows from
the linearity of B on the closed multicup. The averages (¢, ) s lie in the multicup for
all J C [0, 1], thus, ¢ € Ag. ]

Proposition 5.2.13. Let B be the standard candidate on Qycup({ai }le). Then there
exists a monotone optimizer ¢x for B at any point x € Qycup({a; }f-‘zl) and, moreover,

g(a}) < ¢x < g(a}) pointwise.

Proof. If x € 0fixea 2, then ¢y = X x[o,1] is the optimizer. So, in what follows we
assume X ¢ 0fxeq $2. Consider the open convex set 2’ that is the interior of the convex
hull of E and the points g(a)) and g(a}). Since x ¢ @', by the separation theo-
rem, there exists a line » = x(x) that passes through x and does not intersect Q.
Let y and z be the leftmost and the rightmost points of the intersection of the line
%(x) with the boundary of Qyeup({a; }{-czl). For each crossing point (y and z) there
are two possibilities: either it lies on an arc g(a;), i € {1,2,...,k}, or on a seg-
ment [g(a§),g(a§+l)], ie{l,2,....k—1}.

Figure 5.4. Construction of an optimizer in a multicup.

If y lies on the chord [g(a7), g(ai.ﬂ)], then we can write
y =ayg(a)) + (1 —ay)g(ajy,) forsomeay € [0, 1].
Similarly, if z lies on the chord [g(a}), g(a) )], then
z=(1—-as)gla}) + ozzg(a}ﬂ) for some «, € [0, 1].

So, in any case, y = o, g(b1) + (1 —ay)g(h2), z = (1 —az)g(b3) + azg(bs) (see
Figure 5.4), where b; € Ule a; (if y is an intersection of » with an arc, then we may
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take by = by; similarly with z) such that

g1(b1) < y1 < g1(b2) < g1(b3) < 21 < g1(by).
It is convenient to define the optimizer ¢, on the segment [y, z1]:
g(b1), teJi=[y,y1+ay(z1—x1)),
gba), te o=y +a(z1—x1),z1—x1+ y1),
g(b3), te€J3=[z1—x1+y1,21 —az(x1 = y1)),
g(bs), 1€ Js=[z1—0z(x1—y1) z1].

ox (1) = (5.2.27)

As usual, the equalities (@) = x and (f(¢x))[y,,z,] = B(x) are evident. However, if
we draw the delivery curve for ¢,, we can see that in some cases it does not fall under
the scope of Lemma 5.1.3 (the tangent may cross the free boundary), so we prove
directly that ¢, lies in A q.

We claim that a point (@), where J C [y1, z1], either belongs to one of the
segments [g(b1), g(b2)] and [g(b3), g(b4)], or it is separated from the free boundary
by . Once the claim is proved, we obtain ¢, € Agq.

We will consider different cases of the position of J inside [y, z1]. If J intersects
not more than two of the intervals Jy, J», J3, J4 in (5.2.27), then the claim is obvious.
If J intersects all four intervals, then we may represent x as a linear combination
of {¢x)s, g(b1), and g(by). Since g(by) and g(b4) lie above x (i.e., in the same
half-plane with the free boundary), the point () s lies below .

So, we may suppose that J intersects three intervals from (5.2.27). Without loss
of generality, we may assume that J N J4 = &. Then (@) s is a convex combination
of g(b3) and a point from [y, g(b,)] (since J, C J). Both these points lie below x.
Therefore, (¢, ) is separated from the free boundary by . ]

Remark 5.2.14. The optimizer ¢, we constructed for a multicup domain is non-
decreasing. One can construct a non-increasing optimizer in a similar way.

Definition 5.2.15. The endpoints of the arc of the free boundary that is the part of
the boundary of a multicup are called the outgoing nodes of the multicup.

Proposition 5.2.16. Let Q,,,(u) be an angle with the vertex g(u) and the bound-
ary tangent lines Sy, and Sy with the tangency points wy, and wg, respectively. Let
B be the standard candidate on Q.e(u). Let Yr be a non-decreasing optimizer
for the point wg, and let Y1 be a non-increasing optimizer for the point wy, such
that Yr < g(u) and g(u) < Y pointwise. Then there exists an optimizer for every
point X € Qang(u).

Proof. The proof of this proposition is very similar to the proof of Proposition 5.2.13.
First, there exist numbers o1, o2, 3 such that

X =oiwr +a28(m) +azwr; a1 +ar+az=1, o; =0.
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Second, by Remark 2.1.5, we may model ¥r and v on any interval. Suppose that y¥/g
is defined on [0, «r1], and ¥ is defined on [0, a3]. Define the optimizer ¢, on [0, 1] by
the formula
Yr(7), t € [0,a1),
ox(7) = g, T € [, 01 + a2),
YLl —1), T€or +oz 1]

As usual, the equalities (¢x) = x and (f(¢x))[o,1] = B(x) are evident. We have to
verify that ¢, € Aq. Let x = x(x) be a line passing through x that does not inter-
sect &. First, we prove that yy, lies above x and yy, lies above x as well. It suffices
to prove the claim concerning yy,. Since Yr is non-decreasing, Lemma 5.1.2 says
that the curve yy, is a graph of a convex function. Therefore, it lies above its tangent
line at the point wg. Due to (5.1.2), this tangent line contains the segment [wg, g(u1)].
Therefore, yy, lies above the tangent line to the free boundary at the point wr and on
the left of this point. Thus, yy, lies above »x.

Let J C [0, 1] be an interval. We have to prove that (¢, ) € €. Consider several
cases of position of J inside [0, 1].

Suppose that [o1, @1 + 2] C J. Then we claim that (@, ) s is separated from the
free boundary by x. Since x is a convex combination of (¢)[0,a;)\J> (©)[a; +as,1]\J >
and (@) s, and the first two points lie above »x, the point {(¢) s lies below x, indeed,
see Figure 5.5.

Qang (u) Orec 2

Figure 5.5. Optimizer in Q,ng(11).

If o1, @1 + 2] is not contained in J, then we can apply Lemma 5.1.3 to the func-
tion ¢|s. Indeed, ¢|s is a monotone function, and the tangent to the corresponding
curve at the endpoint does not intersect the free boundary. |
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Definition 5.2.17. The points wgr and wy, introduced in Proposition 5.2.16 are called
the incoming nodes of the angle.

Proposition 5.2.18. Suppose that B is the standard candidate in a right trolley-
bus Qur(U1, U). Suppose ¥ is a non-decreasing optimizer for the point wr(u1)
such that < g(uy) pointwise. Then, for any x € Qur (U1, U2), there exists a non-
decreasing optimizer ¢y such that ¢ < g(us).

Proof. Choose any point x € Qr(u1,u2). The trolleybus Q2 (11, u2) lies inside
the triangle with the vertices g(u1), g(u2), and wg(u1). Thus, there exist ag, o1, o2
such that

x =oowr(u1) +o18(u1) +o282); oo +oar+ar=1, o =0.

By Remark 2.1.5, we may assume that ¥ is defined on [0, «tg]. Define the optimizer @,
on [0, 1] by the formula

W(T)’ TE [O’ ag),
ox(t) = 1 g(uy), 7 € [ag, @ + o),
guz), 7 €log+ay,l].

Itis clear that (¢ )[0,1] = x and (f(¢x))[0,1] = B(x). We only have to verify ¢, € Aq,
i.e., (px)s € Q for any interval J C [0, 1]. Take a line »x = x(x) that passes through x
and such that the point g(u;) together with the domain E lie above this line, see
Figure 5.6. As in the proof of Propositions 5.2.13 and 5.2.16, we will have to consider

different cases of location of J inside [0, 1].

Qu.r(u1,u2)

Figure 5.6. Delivery curves inside a trolleybus.

If [g, o + 1) C J, then (@) s is separated from the free boundary by »x, (this
reasoning is completely analogous to that used in Propositions 5.2.13 and 5.2.16).
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If J N oo + o1, 1] = @, then the situation falls under the scope of Lemma 5.1.3.

If J N[0,a0) = &, then {px) s C [g(u1), g(uz2)].

We have considered all the cases and verified that ¢, € A . Moreover, it follows
from the construction that ¢, is non-decreasing and ¢, < g(u»). |

As usual, we have a symmetric proposition.

Proposition 5.2.19. Let B be the standard candidate in a left trolleybus Q1 (U1, U2).
Suppose ¥ is a non-increasing optimizer for the point wy,(uz) such that ¥ > g(uz).
Then, for any x € Q1. (U1, U2), there exists a non-increasing optimizer ¢y such that
¢x = g(ur).

It remains to construct the optimizers for multitrolleybuses, birdies, and multi-
birdies. Formulas from Section 3.8.1 will help us in this task.

Proposition 5.2.20. Suppose that B is the standard candidate in a right multitrolley-
bus Qe r { o }{-‘=1). Suppose Y is a non-decreasing optimizer for the point wg(al)
such that ¢ < g(a'). Then, for any x € Qyr ({a; }f‘=1), there exists a non-decreasing
optimizer that does not exceed g(aj).

Proof. We apply (3.8.11) and decompose a multitrolleybus in an alternating sequence
of right trolleybuses and multitrolleybuses Q2 r(a;) on solid roots. We consider
each such multitrolleybus as a tangent domain with the candidate B on it (note that
this is not a standard candidate for the tangent domain). Applying Proposition 5.2.18
to the trolleybuses and Proposition 5.2.1 to the tangent domains consecutively, we
build optimizers for all the points inside Q2w,r ({a; }f.;l). ]

Proposition 5.2.21. Suppose that B is the standard candidate in a left multitrolleybus
Qe ({a; }5?:1). Suppose Y is a non-increasing optimizer for the point wy.(a} ) such
that > g(ay). Then, for any x € QMtr,L({ai}le), there exists a non-increasing
optimizer that is not less than g(a').

Definition 5.2.22. Let w_ and w be the left and the right endpoints of the arc of the
free boundary that is the part of the boundary of a trolleybus (or a multitrolleybus).
These points are called the incoming and outgoing nodes of the trolleybus (or the
multitrolleybus): for the case of Qg (and Qe r), the incoming node is w— and
outgoing is w, and vice versa for the case of Q1. (and Qpp,1)-

Proposition 5.2.23. Let B be the standard candidate in a multibirdie Qppira ({a,-}f-;l).
Let YR be a non-decreasing optimizer for the point wg(a\) such that Y < g(a)),
let Y. be a non-increasing optimizer for the point wy(a}) such that Y. = g(a}).
Then there exists an optimizer for every point x € Qmpira ({Q; }f.‘=1).

Proof. We apply (3.8.13) (with any choice of j) and decompose the multibirdie into
two multitrolleybuses and an angle. Applying corresponding previous propositions
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outgoing  incoming

long chord W = W4
QMcup ({ai }f'c:]) W—, W4

Qmir,r ({ai }i'€=1)
Qtr,R(ul, Mz) W4 w_
Qr(uy,uz)

QMtr,L({ai }{'€=1)

QuL(u1,u2) w— W
Qr(ur,uz)
Qang(w)
Qmbira({ai Yo )

w—, W4

Table 5.1. Outgoing and incoming nodes of the domains of linearity.

for each of the domains, we build optimizers for all the points inside Q2ppira ({a; }f.‘zl).
The proof is complete. |

Definition 5.2.24. The points wg(a!) and wy(ay ) in Proposition 5.2.23 are called
the incoming nodes of the multibirdie Qypia({a; }g‘zl).

5.3 Global optimizers

Before passing to global optimizers, we collect the information about incoming and
outgoing nodes for a vertex or an edge in the foliation graph. These nodes are points
on the free boundary that are used to transfer the delivery curve from one domain
to another. For some figures, the optimizers inside them are constructed by using the
optimizer coming from the right or from the left (for example, to build optimizers in a
trolleybus, we need an optimizer for a special point on the free boundary, see Propo-
sitions 5.2.18 and 5.2.19). The incoming node is the point we start the delivery curve
from, whereas the outgoing node is the point where it leaves the figure. In Table 5.1,
we give a precise description. We extend our notation from Definition 5.2.22 for other
domains £: let w— and w4 be the left and the right endpoints of the arc of the free
boundary Oy €2 Which is the part of the boundary of £.

Other figures (separated from the upper boundary) have no incoming or outgoing
nodes at all. Now we see that the propositions of Sections 5.2.1 and 5.2.2 are of the
following form: if there is a monotone optimizer for the incoming node satisfying a
certain restriction (if there are incoming nodes for the figure in question), then we
can build monotone optimizers satisfying a similar restriction for all the points in the
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domain, in particular, for the outgoing nodes (if there are any). These propositions
are well suited for induction. To state the general theorem about optimizers, we need
Definition 4.4.5 (see Remark 4.4.6 and the paragraph before it, where it is explained
that an admissible graph generates the Bellman candidate).

Theorem 5.3.1. Let ¢ < ey, and let T' () be an admissible graph for € and f. The
Bellman candidate B, generated by T () admits an optimizer at every point of Q.

Proof. The proof of the theorem consists in inductive application of the propositions
from Section 5.2.1 and 5.2.2. The details are the same as in the special case of the
parabolic strip, see Theorem 5.3.1 in [17]. ]

Theorem 5.3.1 that we have just proved justifies the arguments given in Sec-
tion 2.2.3. Also, the candidate B, constructed by the admissible graph I"(¢) coincides
with the Bellman function B and with the minimal locally concave function Bgq, | r.

Theorem 5.3.2. For any & < &max, the constructed Bellman candidate B¢ coincides
with B, and Bgq, 1.

5.4 Remarks concerning global conditions

In this section we discuss conditions (2.1.7) and (2.1.8).

As the reader has seen, these technical conditions were used only during different
steps of constructing optimizers. Here we discuss what happens when they fail. We
note that construction of optimizers does not use any evolution arguments and deals
with the fixed ¢.

5.4.1 Behavior at —oo

Since we have the right-left symmetry, let us consider the behavior at —oo, namely,
condition (2.1.7). In what follows, we omit the index R, i.e., we write A, w, x instead
of AR, WR, KR-
If (2.1.7) is not fulfilled, and the foliation for the function B contains a domain
QR (—00, v) of the right tangents coming from —oo, the statement of Proposition 5.2.5
is not valid in the sense that there are no optimizers ¢y for x € Qr(—00, V) \ Jfixed 2.
However, for any such x, there is a sequence of test functions ¢, € A g such that
(¢n) = x and B(x) = limy,— 400 (f(¢,)). We call such {¢, }, an optimizing sequence
for x. All the propositions from Section 5.2 remain true if we replace the word opti-
mizer by optimizing sequence.
We now give some details on how to construct these functions ¢, for x = w(v).
~, v € R such that v, < v;f < v, v] — —oo, and the

Consider first sequences v,,, v,
chord [g(v},), g(v;})] is tangent to Dgee 2. The tangent point is w(v,"). Consider the
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domain Qg (v;5, v) and let y, be the delivery curve that starts at the point g(v;) and
goes to w(v,") along the chord, and then proceeds along ds 2 until the point w(v).
Build a test function ¢, on [0, 1] that generates this curve yy,:

g(v,), 1 e[0,a),

¢n(1) = 18)). 1 €fara) (5.4.1)
gu()), t€lar,1].

The parameters ¥ = u(¢) and ¢ = ¢(u) are related as in (5.2.21):
v
logt = —/ A, t € l], (54.2)
u(t)

and u(an) = v, ie.,

0y = exp(— /vi )L). (5.4.3)

The value of «; is determined by the relation that represents the point w(v;") as a
convex combination of g(v;) and g(v;}):

Qr — 0

2 ewy) + g(v) = w(vy),
o2
namely,

ot g1(vy) —wi(v))

o ) -ay)
Remark 5.4.1. Since ¢, defined by (5.4.1) generates the delivery curve y,, we have
(g(@n))0,1] = w(v). Moreover, Corollary 5.1.4 guarantees ¢, lies in A g, therefore
it is a test function for w(v).

5.4.4)

The following theorem generalizes Proposition 5.2.5 to the case where condi-
tion (2.1.7) fails.

Theorem 5.4.2. Let B be the standard candidate on Qgr(—00, v). Then, for every
point x € Qr(—00, v), there exists a sequence of non-decreasing test functions ¢, x
being an optimizing sequence for B at x; moreover, ¢n x < g(v).

The proof of Theorem 5.4.2 will be given for different cases of condition (2.1.7)
failure separately, namely, we consider three cases:

(A) exp(— f_voo A) # 0, i.e., the integral f_voo A converges,

(B) f_voo A = 400, and the function

v

91(1) = (g1(x) — wi (1)) exp(— / 2) (54.5)

T

does not tend to zero as T — —o0,
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©) [' A= +4o00, ¥ (—00) = 0, and the function

92(0) 2 (ga(0) — wa(e) exp(~ [ 1) (546)

does not tend to zero as T — —00.

Remark 5.4.3. For any function {: R — R, we use the notation ¥ (—oo) for either a
finite or an infinite limit lim;_, _», ¥ (7). We will often use this notation for the func-
tions that are monotone in a neighborhood of —o0, e.g., f, k3, & that are monotone
by Condition 2.1.11 and Remark 2.1.12, as well as for ¢ and ©», whose monotonicity
will be proved in Lemma 5.4.4.

Lemma 5.4.4. The functions ¥ and ¥, defined by (5.4.5) and (5.4.6), are monotone
in a neighborhood of —oo and have finite limits at —oo. Moreover, % and V| are
positive, and

sign ¥, = sign ¥, = sign g, = signk, = signk (5.4.7)

in a neighborhood of —oo.

Proof. The function ¥ is positive and increasing:
v
9 (0) 2" ¢l (1) exp(— [ x) > 0. (5.4.8)
T

Therefore, ¥ (—o0) is finite.
The similar formula for the derivative of ¥,

95(7) = g5(2) eXp(— /t v k), (5.4.9)

implies that sign 95 (7) = signk»(t), whereas sign 9, (t) = sign (7). From the geo-
metric assumption on the domain €2, the point w(t) lies on a segment connecting
g(7) and some g(7—), 7— < 7. It follows from the convexity of Jxeq 2 that

ka(12) < k(1) < K2(7). (5.4.10)

Whence, signk, = signk in a neighborhood of —oo, and sign ¢, = sign ¥, as well.
Therefore, the limit ¥, (—o0) is finite. [

Preparing for the proof of Theorem 5.4.2, we calculate (f(¢,))[0,1]:

1
(Fom)our) = 01 f(7) + (@2 — o) f(07) + / Fu()) di (5.4.11)

(5.42) ’

a1 )+ @ =) ) + [ Faiaoess( [ 4) du
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u=v

= a1 f(v;) + (@2 — 1) f(v])) + f(”)eXP(_ /u” A)‘ ry

_/v: f’(u)exp(—/: 2) du B

= (s = 1w)) + 10 = [ rwes(- [ 2)au (54.12)

_ fH — fv,)
g1(v) — g1(vy)

91 (v +f(v)—/v: f’(u)exp(— [A) du. (5.4.13)

In the latter equality we use (5.4.4), (5.4.3), and (5.4.5). We apply the Cauchy mean

value theorem to find v, € [v;,, v,[] such that

SR = f) _ ') _
1) —gi1(vy)  &1(vn)

K3 (Vn).

We use this to rewrite (5.4.13):

v

(fon) o) = ko001 57) + ) = [ faesp( [ 2)du. a1

5.4.2 Case (A): f_voo A converges

Lemma 5.4.5. If f_voo A < 400, then the limits g(—o0) and w(—o0) are finite and
coincide. Thus, ¥1(—00) = 0 and ¥, (—o0) = 0.

Proof. We note that A > 0, therefore the hypothesis of the lemma is equivalent to the
convergence of the integral. From (5.4.8), we have

v

P](1) < g (x) < 9] (2) exp( / 2).
—0o0
By Lemma 5.4.4, ¢ (—o0) is finite, and therefore [*__ 9] < +o00.So, [* g} < 400,
which means g, (—o0) is finite.
Since the limit g;(—o0) is finite and the curve (g1, g2) is convex, we see that
the limit of g, at —oo is not —oo. Therefore, g,(—o0) is either finite or +oo. If
g2(—00) = 400, then g5, < 0 in a neighborhood of —oo. From (5.4.9), we have

%)

By Lemma 5.4.4, 5 (—0o0) is finite, therefore f_voo ¥, > —oo. Thus, ffoo gh > —00,
which means g5 has a finite limit at —oo. This is a contradiction.

We have proved that g = (g1, g2) has a finite limit at —co. From the geometric
assumption on the domain €2, any point w(t) lies on a segment connecting g(t) and

v

950> &5(0) > D exp( [

—00



Optimizers 122

some g(7_), — < 7. Since both points g(7) and g(7_) tend to the same limit, the
limit of w(t) as T — —oo exists and w(—oo0) = g(—00). ]

Corollary 5.4.6. If [*__ A < oo, then (k — k)(g1 — wy) tends to 0 at —co.

Proof. From Lemma 5.4.5 we know that g; — w; tends to 0 at —oo.

If K, > 0 in a neighborhood of —oo, then k»(—00) is finite because k5 > 0. Since
any point w(t) lies on a segment connecting g(t) and some g(7_), 7— < 7, we have
an inequality x2(7—) < k(t) < k2(t). Therefore, k (—00) = K3 (—00), and the claim
is proved.

If k» < 0 in a neighborhood of —oo, then 0 < k3 — k < —«k. Therefore, by Lem-
ma 5.4.5, we have

(k2 — 1) (g1 —w1)| < [k(g1 —w1)| = [g2 — w2 =0,
as the argument tends to —oo. ]

Corollary 5.4.7. If [* A < 400, then [ £ 4o

o0 Ko2—K

Proof. The statement follows from (5.2.12) and Corollary 5.4.6. |
Lemma 5.4.8. If [* 1 < +ooand f(—o0) = —o0, then K (—o0) = —oc.

Proof. Assume on the contrary that & > C; in a neighborhood of —oco for some
C, € R. Then we have k5 > Cyk} because k, > 0. Integration of this inequality
yields k3 < Ciky + C; for some C, € R. Multiply this by positive g to obtain
[’ < Ci1g5 + C,g]. Integrating this inequality, we get f > C1 g2 + C»g1 + C; for
some C3 € R. This inequality contradicts the hypothesis that f(—o0) = —o0, since
the functions g; and g, have finite limits at —oo by Lemma 5.4.5. ]

Proposition 5.4.9. If f_voo A < 400 and there exists a standard candidate B on
QRr(—00, ), then f(—o00) > —o0.

Proof. Let us assume the contrary: f(—oo) = —oo. Then, by Lemma 5.4.8, we have
K(—o00) = —o0, therefore K > 0 in a neighborhood of —oo. By (3.3.4), B} > 0 in
the same neighborhood of —oo. This contradicts the existence of the standard candi-
date B on Qg (—00, v), see Definition 3.3.8. m

Proposition 5.4.10. If [*._ 1 < +coand f(—o0) = +o0, then B(x; f) = 400 for
any x € Q \ Ofixeq 2.

Proof. 1t suffices to prove B(w(v); f) = +00. We construct a sequence of test
functions ¢, for the point w(v) by (5.4.1). The condition f_voo A < +o00, together
with (5.4.3), guarantees that a, is separated from 0. Therefore, from the condition
f(=00) = 400 and (5.4.11), we obtain that (f(¢,))[o,1] tends to +oo, and thus
B(w(); f) = +oo. [
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Proposition 5.4.11. Suppose that f_"oo A < 400 and the limit f(—o0) is finite. Let B
be the standard candidate on Qgr(—00, v). Then, for every point x € Qgr(—00, v),
there exists a sequence of non-decreasing test functions ¢, x being an optimizing
sequence for B at x; moreover, ¢, x =< g(v).

Proof. As before, it suffices to prove the claim for the case x = w(v) = wgr(v).

In what follows, we omit the subscript x in our notation. We use the sequence of

functions ¢, defined by (5.4.1). All these functions are non-decreasing and satisfy the

inequality ¢, < g(v). Therefore, we only need to verify that (f(¢,))[0,1] = B(w(v)).
Recall (3.2.2):

B(w()) = f(v) + (w1 (v) — g1(v)[k3(v) + (k(v) —Kk2(v))B2(v)],  (5.4.15)
where 3, is given by (3.3.3), i.e.,

pat) =5 - [ e~ [ )R

—00 Ky — K

_ (" 7 K K3(7)
—/_ooexp< /r Kz—;c);cz(z)—x(r)df' (5.4.16)

Here we have used Lemma 5.2.3 with

ﬁ:exp(—/thzKéK) and Y =K.

Note that ¢(—oo) = 0 by Corollary 5.4.7.
We use (5.4.12) to evaluate the limit of (f(¢,))[o,1]:

<

' )L) d
f) —/_oo k3(u)gy(u) exp(— /: )t) du
OLY fv) — /_ ' i3 () (1) du.

oo

Jim (f(ea))jo) = f(v) _/_:o f,(u)eXp(_/u

Integrate by parts using Lemma 5.2.3 with ¥ = k3 and ¢ = ¢; (by Lemma 5.4.5, we
have ¥ (—oo0) = 0) to obtain

v

Jim (£(@n))jo,1) = f(v) —k3(v)(g1(v) — w1 (v)) +/ 3 () (u) du.

—0o0

Thus, to check that the limit coincides with (5.4.15), it suffices to verify the identity

/_ i3 ()91 (u) du = (k(v) — k2(v) (W1 (V) — g1(v))

v B vk K% (u)
X/_ooexp( /u Kz—/c)/cz(u)—/c(u)du’ (5.4.17)




Optimizers 124

which follows from (5.2.12):

910 = (g1(0) — wi () exp(~ [

)
_ (a(v) — k() (g1(v) — ut;ll ) exp(— /v L)

Ko (u) — K (u) Ky — K

(5.4.18)

The proof is complete. ]

Propositions 5.4.9, 5.4.10, and 5.4.11 prove Theorem 5.4.2 in case (A).

54.3 Case B): [ A = +00,#1(—00) > 0

Proposition 5.4.12. If f_voo A = +o00, B1(—00) > 0, and k3(—00) = —o0, then
B(x; f) = +oo forany x € Q \ Ofixeq 2.

Proof. 1t suffices to prove B(w(v)) = +00. We consider the sequence ¢, defined
in (5.4.1); they are test functions for w(v), see Remark 5.4.1. Since the sign of «3
coincides with the sign of f”, from (5.4.14), we see that (f(¢,))[0,1] = +00. ]

Lemma 5.4.13. If fi}oo A = 400 and 1 (—00) > 0, then the limit k(—00) is finite

and ; ,
K
/ 2 = too0.
—o00 K2 — K

Proof. By Lemma 5.4.4, both ¢ (—o0) and 1, (—00) are finite. Since ¢ (—o0) > 0,
K(—o0) = % is finite as well. From (5.4.10) and the monotonicity of k, we
conclude that k5 (—00) = k(—00).

From (5.2.12), we have

/” ) L O S TO)
C ok Pk k@) S P(r)

and the right-hand side tends to 400 as T goes to —oco. ]

Proposition 5.4.14. If f_voo A = +o0, 1 (—00) > 0, and there is a standard candi-
date B on Qgr(—00,v), then k3(—00) < +o00.

Proof. Assume on the contrary that x3(—o0) = +o0. First, we claim that K (—o0) =
—o0. If not, then & > C; for some C; € R in a neighborhood of —o0, i.e., k% > C;k5.
Integration of this inequality yields k3 < Cyx, + C; for some C, € R. This contra-
dicts to the assumption x3(—00) = +o00 by Lemma 5.4.13. Hence, & (—o0) = —00
and & > 0 in a neighborhood of —co. By (3.3.4), 85 > 0 in the same neighborhood
of —oo, which contradicts the existence of the standard candidate B on Qg(—o0, v).
We conclude that k3(—00) < +00. [
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Proposition 5.4.15. Suppose that f_voo A =+4o0, B1(—00) > 0, and k3(—00) is finite.
Let B be the standard candidate on Qg (—00,v). Then for every point x € Qg (—00,v),
there exists a sequence of non-decreasing test functions ¢n x being an optimizing
sequence for B at x; moreover, ¢, x =< g(v).

Proof. It suffices to prove the claim for the case x = w(v) = wg(v). In what follows,
we omit the subscript x in our notation. We use the sequence of functions ¢, defined
by (5.4.1). All these functions are non-decreasing and satisfy ¢, < g(v). Therefore,
we only need to verify that (f(¢,))[0,1] = B(w(v)).

We calculate the limit using (5.4.14):

Jim (f(gn)io.n =~ k(-0 (-00) + f0) = [ f@enp(~ [ 4)de

— — i3(—00) B (—00) + f(v) - / e5(0)9] (2) d e

—00

k5(0)(7)d.

= /() —i3(0) (g1 (v) —wi (V) + /_

Then, we use (5.4.15), (5.4.16), and (5.4.17) to conclude that (f(¢))[0,1] = B(w(v)).
The proof is complete. ]

o0

Propositions 5.4.12, 5.4.14, and 5.4.15 prove Theorem 5.4.2 in case (B).

54.4 Case (C): [° A = 400, #1(—00) = 0, #2(—00) # 0

Lemma 5.4.16. If f_voo A = 400, B1(—00) = 0, and ¥,(—0o0) # 0, then we have
Kk2(—00) = k(—00) = —oo. In particular, g, < 0 in a neighborhood of —oc and
192(—00) < 0.

Proof. We easily obtain that k(—o0) = g?g:g; is infinite. From (5.4.10) and the
monotonicity of x,, we conclude that k;(—00) = k(—00) is infinite as well. Since
the function «» is increasing, both these limits are —oo. Then g5 = gik> <0Oina

neighborhood of —co, and from (5.4.7), we obtain that ¥, (—o0) < 0. ]

Proposition 5.4.17. If [° A = 400, $1(—00) = 0, ¥2(—00) # 0, and K (—o0) =
400, then B(x; ) = +oo for any x € Q \ Ofixeq 2.

Proof. It suffices to prove that B (w(v)) = +00. We consider the sequence ¢, defined
in (5.4.1); they are test functions for w(v), see Remark 5.4.1. Using (5.4.6), we
rewrite (5.4.12) in the form
S = fv,)
(f(en))o1] = — & 5
g2 (v) — g2(vy)

s a» v
= D+ s = [ pwen(= [ )au 5419

0200+ 1) = [ S wes(= [ 3)
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for some v, € (v}, v;}). Since we have ¥,(—o0) < 0 and g5 < 0 in a neighborhood
of —oo (see Lemma 5.4.16), it suffices to prove that f ( 00) = +o00. Th1s follows
from the 1dent1ty A K3 and the L"Hopital rule: Kz( oo) —o00, and 3( 00) =

K(—o0) = 4o00. We see that (f(@n))0,11 = +00. ]

Proposition 5.4.18. Iff_voo A =400, B1(—o0) = 0, §2(—00) # 0, and there is a
standard candidate B on Qg(—00, v), then K (—o0) > —o0.

Proof. Assume on the contrary that K (—o0) = —oo. Then & > 0 in a neighborhood
of —oo. By (3.3.4), we see that 8, > 0, which is impossible for the standard candi-
date B, see Definition 3.3.8. ]

Proposition 5.4.19. Let [ A = +oo, ¥1(—00) = 0, and ¥»(—0c0) # 0, and let
K(—o0) be finite. If B is the standard candidate on Qr(—00,v), then, for every point
x € Qr(—o00,v), there exists a sequence of non-decreasing test functions ¢, x being
an optimizing sequence for B at x; moreover, ¢, x < g(v).

Proof. It suffices to prove the claim for the case x = w(v) = wr(v). In what follows,
we omit the subscript x in our notation. We use the sequence of functions ¢, defined
by (5.4.1). All these functions are non-decreasing and satisfy ¢, < g(v). Therefore,
it suffices to verify that (f(¢))[0,1] = B(w(v)).

First, we note that g{—,/ = ﬁ—; and k; (—00) = —o0, by Lemma 5.4.16, and therefore,
by the L’Hopital rule,

/ Ké
L (—00) = 2 (~00) = K(~00).
82 k>
We calculate the limit using (5.4.19):

Jim (f@n)) o) = —K(c0a(-0) + f) = [ f@rew(- [ 4)de

= R(—00)Pa(—00) + f(v) - / (D)9 (1) d

—00

= —R(—00)Pa(—00) + £(v) — k3(v)(g1 (1) — w1 (1))
+ / ()1 (0) d.

oo

where in the latter equality, we integrate by parts using Lemma 5.2.3 with ¥ = «3
and 9 = . Then, we use (5.4.17) to rewrite this formula in the form

im (f(n))jo,1) = () + (w1 (v) =g1())k3 (V) + (Wi (V) = £1(V)) (K (V) —K2(V))

—R(—00)5(—00) vk (1)
) ((w1<v) 5 )k — ) T /_oo exp / P —K)Kz(f) — k(1) ).
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We need to verify that the expression in the large parentheses coincides with 8, given
by (3.3.3). We have the following formula for §,:

sz(v)—/v exp(—/rv Kz"—ék)ﬁ’(r)dr

—0o0

= K(—00) exp<— /_oo KzKi K) + /—oo exp(— /r szi K) Kz(:;(—t?f(f) ar

Therefore, it suffices to verify that

v /

—95(=00) = (1(v) — w1 (V) (k2(v) — K (v)) exp(—/ = )

—o00 K2 — K

v

— (£1(0) ~ W ) ka(0) ~ x0) Tim_exp(~ [ 2

(5.4.18)

K2 (u)
K (u)
where all the limits exist. Since the limit ¥, (—o0) is finite and nonzero, it suffices to

prove that ’%(—oo) = 0; note that this limit exists. We rewrite x, and « in terms of
and ¥,:

Jim (k20) = @)t ) = lim ((Z5 1)), (54.20)

0 / /
K = _25 K2 = g_/z = 19_37
191 gl 291
therefore (log [5,])
K2 0g U2
2 (— =—-—=2" (—0). 5.4.21
(00 = gy o) (5:4.21)

Since log ¥ (—o0) = —o0, and the limit (5.4.21) exists, we finish the proof by the
L’Hopital rule:

log [
0= 0g|2|_

_ (log|d2])
00) = & V2)

.
log % (log 1) (—o0) = K( 00)- -

Remark 5.4.20. As opposed to cases (A) and (B), in case (C), we have
v i
/ 2 < 00,
—o00 K2 — K

Propositions 5.4.17, 5.4.18, and 5.4.19 prove Theorem 5.4.2 in case (C). Thus,
we have completed the proof of the theorem.

which follows from (5.4.20).

5.4.5 Behavior at +o00

We formulate the analog of Theorem 5.4.2 for the behavior at 4-0o that generalizes
Proposition 5.2.7 for the case when condition (2.1.8) fails.
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Theorem 5.4.21. Let B be the standard candidate on Qi (v, +00). Then, for every
point x € QL (v, +00), there exists a sequence of non-increasing test functions ¢, x
being an optimizing sequence for B at x; moreover, g(v) < @, x.

Since the situation is absolutely symmetric, we omit the proof of this theorem.

5.4.6 When B = 4+00?

We collect the conditions on the behavior of the function f at both infinities that
guarantee B (x; f) = +oo forany x € Q \ Ofixeq 2.

Propositions 5.4.10, 5.4.12, 5.4.17, and 5.2.6 describe the conditions at —oco, see
Table 5.2.

condition on €2 condition on f
(A) exp(— 2o AR) # 0 f(=00) = +o00
(B) ‘;’i‘z(__ o({)—jo“) - i3(—00) = —00
© exp(— [Loo Ar) =0, K(—00) = +00
1 (=00) =0, ¥2(—00) # 0
17 PC S0 2r) = 0. [P fi@ exp(= [P Ar) dT = —o0

P (—00) =0, ¥2(—00) =0

Table 5.2. Conditions at —oo for B = +o0.

Here v € R is arbitrary, the conditions do not depend on v. We underline that
Condition 2.1.11 is of crucial importance for these results. If Condition 2.1.11 is
violated, the problem of characterizing the functions f for which B is infinite, is
more involved, see [17, Lemma 6.1.4].

Remark 5.4.22. In case (A), the conditions [*_ f'(t)exp(— [ Ar) dT = —occ and
f(—00) = +o0 are equivalent. In cases (B) and (C), the conditions on f look differ-
ent, but in case (C), the condition & (—o0) = +o0 is equivalent to Z{:—é(—oo) = 400,
which is symmetric to the condition Z{:—{(—oo) = k3(—00) = —oo that appears in
case (B).

As usual, we omit the symmetrical statements for the case of 400 but collect the
corresponding results in Table 5.3. Therein,

90 = (e —wyew( [ 1), cer

where v is a fixed parameter, v € R.
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condition on 2 condition on f
(A exp(f,7A) #0 f(+00) = +00

exp(f”Loo AL) =0,
B v =
(B) BL(J00) # 0 Kk3(+00) = +00

exp(f,"** AL) =0,
C v K =
©  greo) =0, 0400y £0 TN = Fee

400 _

01g SPUy M) =0 [F® i@y exp(fF L) dt = +o00

L (+00) =0, ¥ (+00) =0

Table 5.3. Conditions at +oo for B = +00.

Remark 5.4.23. The function B (-; f) is infinite on Q2 \ 0gxeq €2 if the pair (2, f) sat-
isfies one of the conditions listed in the tables presented in this subsection. If (2, f)
satisfies none of the conditions, then the function B(-; f) is finite on £ and can be
constructed using the procedure described in this memoir.

5.4.7 Examples of domains

In Section 2.1.1 we have seen several examples of the domains that satisfy condi-
tions (2.1.7) and (2.1.8). Now we present the domains that satisfy conditions (A),
(B), or (C). We provide examples of the required behavior when 7 tends to —oco. The
case of 400 is obviously symmetric.

(A) g(t) = (¢' + €2, e® +2e%/%), w(t) = (', e*), A@t) = e'/?,

2

B) g0 =@.(+1+2e).  wn) = (1t A=,

2 e—t

t B 1
(©) “”:O+Tiﬁﬁiﬁ) wn = e A =1+



