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Restricted subgraphs of edge-colored graphs and applications

Benny Sudakov

Abstract. A properly edge-colored graph is a graph with a coloring of its edges such that no
vertex is incident to two or more edges of the same color. A subgraph is called rainbow if all its
edges have different colors. The problem of finding rainbow subgraphs or other restricted struc-
tures in edge-colored graphs has a long history, dating back to Euler’s work on Latin squares.
It has also proven to be a powerful method for studying several well-known questions in other
areas.

In this survey, we will provide a brief introduction to this topic, discuss several results
in this area and demonstrate their applications to problems in graph decomposition, additive
combinatorics, theoretical computer science and coding theory.

1. Introduction

An edge-colored graph is a graph G with assignment of colors to its edges. A sub-
graph H of an edge-colored graph G is called rainbow if all the edges of H have
different colors. The study of rainbow subgraphs and other restricted structures in
edge-colored graphs goes back more than 200 years to the work of Euler [33] on
Latin squares. A Latin square of order n is an n � n array filled with symbols from
¹1; : : : ; nº such that each symbol appears once in every row and column. Well-known
examples of Latin squares are multiplication tables of finite groups. Latin squares
have also connections to 2-dimensional permutations, design theory, finite projec-
tive planes and error correcting codes (see, e.g., [62, 102]). A pair of Latin squares
P D .pi;j / and Q D .qi;j / are called mutually orthogonal if all the n2 ordered pairs
.pi;j ; qi;j / are distinct. According to folklore, Catherine the Great asked Euler, who
was residing at her court at St. Petersburg at the end of 18th century, the follow-
ing question. This question is known as the 36 officers problem and is equivalent to
the existence of mutually orthogonal Latin squares of order 6. Euler introduced it as
follows:
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“The question revolves around arranging 36 officers to be drawn from 6 dif-
ferent regiments so that they are ranged in a square so that in each line (both
horizontal and vertical) there are 6 officers of different ranks and different
regiments.”

Euler could not solve the problem, but was able to demonstrate the existence of the
mutually orthogonal Latin squares when n is odd or a multiple of 4. Observing that
no Latin square of order 2 exists and being unable to find a construction for nD 6, he
conjectured that no mutually orthogonal Latin squares of order n exist for any even
n D 2 .mod 4/.

Euler’s question is equivalent to asking for which values of n there is a Latin
square which can be decomposed into n disjoint transversals, where a transversal
in a Latin square is a collection of cells which do not share the same row, column
or symbol. Indeed, given a Latin square P D .pi;j / which is a disjoint union of
transversals T1; : : : ; Tn, one can construct another n � n array Q D .qi;j / by chang-
ing every entry in the transversal Ti to be the symbol i . It is easy to check from
the definition of transversal that the resulting Q is a Latin square which is orthog-
onal to P . The non-existence of orthogonal squares of order 6 was confirmed by
Gaston Tarry [100] only in 1900. However, Euler’s conjecture resisted solution for
another 60 years until Parker, Bose and Shrikhande [16] in 1960 constructed mutu-
ally orthogonal Latin squares for all orders n � 7, showing that Euler’s conjecture is
false.

Note that every Latin squareLD .`i;j / of order n corresponds to an edge coloring
of the complete bipartite graph Kn;n by coloring the edge ij by the symbol `i;j from
the corresponding cell .i; j /. It is easy to check that this gives a proper edge coloring
of Kn;n, using n colors. An edge coloring is proper if no two edges sharing a vertex
receive the same color. Identifying the cell .i; j / with the edge ij , a transversal in L
corresponds to a rainbow perfect matching (a collection of disjoint edges covering all
the vertices) (see Figure 1). Thus, finding transversals in Latin squares is a special
case of finding rainbow subgraphs in properly edge-colored graphs. Another reason
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Figure 1. Correspondence between a Latin square and a properly edge-colored complete bipar-
tite graph, on the left, and between a transversal and rainbow perfect matching, on the right.
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to study rainbow subgraphs arises in Ramsey theory, more precisely in the canonical
version of Ramsey’s theorem proved by Erdös and Rado [32]. This theorem shows
that locally bounded edge colorings of the complete graphKn contain rainbow copies
of large cliques. An edge coloring is locally k-bounded if each vertex is in at most k
edges of any one color.

In this short survey, we discuss the following general question: Given a particular
class of edge-colored graphs, what rainbow or other edge-constrained subgraphs do
they contain? We present several results in this area and demonstrate their applications
to problems in graph decomposition, additive combinatorics, theoretical computer
science and coding theory. It is of course impossible to cover everything in such
a short article, and therefore the choice of results we present is inevitably biased.
Yet, we hope to describe enough examples and problems from this fascinating subject
to appeal to researchers not only in discrete mathematics but in other areas as well.

2. Cycles with edge-coloring constraints

The study of cycles in graphs has long been one of the central topics in graph theory.
A basic result in this area says that a maximal acyclic graph (with respect to the num-
ber of edges) is a tree, that is, an n-vertex graph with n edges contains a cycle. Finding
cycles in an appropriately defined auxiliary graph often corresponds to finding a cer-
tain dependency between the objects studied. In many situations, this is too simplistic
since one cannot capture all relevant properties of the underlying objects by a simple
graph. As we will see, in some cases, encoding the relations among studied objects
via a properly edge-colored graph gives one significantly more power. In this situa-
tion, however, one usually needs to find a cycle with some special properties. This
leads us to the following very natural question. How many edges in a properly edge-
colored graph will guarantee that there exists a cycle satisfying certain edge-coloring
constraints?

One of the most basic constraints is to ask that a cycle have a color which appears
uniquely, namely a color that is distinct from the colors of all the remaining edges of
this cycle. This is clearly a very special case of the rainbow cycle problem in which all
edges must have a unique color. This problem was first proposed in 2007 by Keevash,
Mubayi, Sudakov and Verstraëte [61], who observed that, somewhat surprisingly, a
linear number of edges is no longer enough to guarantee such a cycle. The construc-
tion which shows this uses Cayley sum graphs together with their canonical edge
coloring (see Figure 2).

Definition 2.1. Given an abelian group � and a subset S � � , let G be the graph
whose vertices are the elements of � . Two vertices x; y are adjacent if and only if
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Figure 2. Cayley sum graph of the group F3
2

with respect to the standard basis and its canonical
edge coloring.

x C y D s for some s 2 S . Moreover, G has a canonical proper edge coloring in
which we color edge .x; y/ by color s D x C y.

To get an example of a properly edge-colored graph without a cycle with a unique
color, consider the Cayley sum graph G of the abelian group Fk2 with respect to the
standard basis S D ¹e1; e2; : : : ; ekº, where ei is a vector whose i -th coordinate is
one and the rest are zero. This graph has n D 2k vertices; it is k-regular and properly
edge colored with the color of the edge .x; y/ being i if x C y D ei . Hence, G has
nk=2 D .n=2/ log2 n edges. Moreover, the sum of the basis vectors corresponding to
colors of the edges of a cycle inG equals twice the sum of elements corresponding to
the vertices of this cycle. In other words, since we are working over F2, the colors of
any cycle in G correspond to the collection of basis vectors whose sum is zero. Since
these vectors are linearly independent, we have that each basis vector (or each color)
should appear in every cycle an even number of times. Thus, no cycle has an edge of
unique color, and we have a construction which shows that more than .n=2/ log2 n
edges are needed in order to guarantee a cycle with a unique color in a graph.

The above bound has the right order of magnitude. This was shown in [61], using
an argument which counts the number of rainbow paths (a path is a walk in which no
vertex is repeated) in the edge-colored graph. Moreover, the proof produces a cycle
with an edge of unique color that has at most logarithmic length.

Lemma 2.2. Any properly edge-colored n-vertex graph with at least 2n log2 n edges
contains a cycle of length at most 2 log2 n with an edge of unique color.

Proof. LetG be a properly edge-colored n-vertex graph with at least 2n log2 n edges.
By deleting vertices of low degree, we can assume that the minimum degree of G is
at least r D 2 log2 n. Let ` D log2 n, and for the sake of contradiction, suppose G
contains no cycle of length at most 2` with an edge of unique color. We will double-
count the number of rainbow paths in G of length `. By our assumption, note that
counting rainbow paths is the same as counting rainbow walks, since if the rainbow
walk intersects itself, we immediately get a desired rainbow cycle. In order to give a
lower bound on the number of rainbow paths, we can then take a vertex v1 2 V.G/
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and greedily count the number of rainbow paths in G of the form v1v2v3 � � � v`C1.
By the minimum degree assumption and since G is properly edge colored, we have
at least r options for v2, then at least r � 1 options for v3, as the second edge of the
path should have a different color from the first edge. With the same reasoning, we
have at least r � .i � 2/ options for vi , concluding that the number of such rainbow
paths is at least n

Q`�1
jD0.r � j / � n`

`.
On the other hand, since there is no cycle with an edge of unique color, we can

upper bound the number of rainbow paths as follows. For each pair of vertices x; y
(there are at most n2 of them), observe that if there is a rainbow path of length `
between them using a set of colors C , then any other rainbow path between x and y
must use the same set of colors C . Therefore, there are at most `Š rainbow paths of
length ` between any pair of vertices. Since n2`Š < n`` for ` D log2 n and large
enough n, this contradiction completes the proof.

2.1. Even covers and locally decodable codes

The above simple lemma has interesting applications to problems in theoretical com-
puter science and coding theory. To describe these applications, we need the following
definition.

Definition 2.3. Let X be a finite ground set, and let H be a collection of subsets
ofX . A non-empty subfamily F �H is called an even cover if it covers every vertex
an even number of times. Equivalently, F is an even cover if

P
E2F vE D 0 over

F2, where vE denotes the characteristic vector of E. The characteristic vector of a
subset E is a 0=1-vector whose coordinates corresponding to the elements of E are 1
and the rest of whose coordinates are 0.

A hypergraph is just a collection of subsets called edges, and a hypergraph is
k-uniform if every subset has size k. When H is a 2-uniform hypergraph, that is, a
usual graph, an even cover is simply an even subgraph, that is, a subgraph whose ver-
tices all have even degree. Such a subgraph is a union of edge-disjoint cycles in H ,
and so an even cover with the smallest number of edges must in fact be a simple
cycle. Hence, in the case of graphs, the length of the smallest even cover equals the
length of the shortest cycle of H , which we call girth. The extremal trade-off between
the size of H (i.e., the number of edges in the graph) and its girth was conjectured
by Bollobás and confirmed by Alon, Hoory and Linial [7] who proved the irregular
Moore bound, which says that every graph on n vertices with average degree d has
girth at most 2dlogd�1.n/e. It is an outstanding open problem whether the constant 2
in this bound can be further improved (for the best known constant, see [71]).

Even covers in k-uniform hypergraphs also correspond to linearly dependent sub-
sets of a system of homogeneous linear equations over F2 which have exactly k
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non-zero coefficients (such equations are called k-sparse). To see why, let us associate
a variable xv with each vertex v 2 V.H / and the k-sparse equation

P
v2E xv D 0

with each edge E in H . Then, observe that for any even cover F , the left-hand sides
of the equations corresponding to E 2 F add up to 0 and are thus linearly dependent.
Thus, size vs. girth trade-offs for k-uniform hypergraphs correspond to the largest
possible size ` of the minimum linear dependency in a system of k-sparse linear
equations with m equations in n variables. Such k-sparse linear equations arise natu-
rally as parity check equations for low-density parity check (LDPC) error correcting
codes, and the size vs. girth trade-offs for k-uniform hypergraphs thus correspond to
rate vs. distance trade-offs for LDPC codes.

By the equivalence between even covers and linear dependencies, it is clear that
every hypergraph with m � n C 1 hyperedges must have an even cover of size at
most n C 1. This is tight as can be seen, for example, by considering a 1-uniform
hypergraph consisting of n singletons. This suggests the following natural question.

Question 2.4. How does the trade-off between the number of edges m of the k-
uniform hypergraph H and the maximum possible girth of H look as m increases
beyond nC 1?

For k-uniform hypergraphs with k > 2, the size vs. girth trade-offs were first stud-
ied by Naor and Verstraëte [83] through applications to rate vs. distance trade-offs for
LDPC codes mentioned above. They showed that every H withm � nk=2 logO.1/.n/
hyperedges on n vertices must contain an even cover of length O.log n/. The
logO.1/.n/ factor was further improved to anO.log logn/-factor in a subsequent work
of Feige [34]. For k D 2, this recovers a coarse version of the irregular Moore bound.
For k > 2, however, there is an interesting regime between the two extreme thresh-
olds ofmD nC 1 (with maximum possible girth of nC 1) andm � nk=2 logO.1/.n/
(with maximum possible girth of O.logn/).

In 2008, Feige [34] formulated a conjecture about this in-between regime that
suggests a smooth interpolation between the two extremes noted above.

Conjecture 2.5. Fix any k � 2. Then, there exists a sufficiently large C > 0 such
that for sufficiently large n and every `, every k-uniform hypergraph H with m �
Cn.n=`/k=2�1 hyperedges has an even cover of length at most O.` log2 n/.

Random hypergraphs witness the quantitative behavior in Feige’s conjecture, up
to a multiplicative factor of log.n/ in m. Indeed, Feige’s conjecture was based on
the hypothesis that random hypergraphs are approximately extremal for the purpose
of avoiding short even covers. The motivation for this conjecture comes from the
question of showing the existence of (and/or efficiently finding) polynomial size refu-
tation witnesses. These are easily verifiable certificates of unsatisfiability of randomly
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chosen k-SAT formulas parameterized by the number of clauses. Feige’s conjecture
implies that the result of Feige, Kim and Ofek [35], that random 3-SAT formulas with
m��.n1:4/ clauses admit a polynomial size refutation witness with high probability,
will extend to the significantly more general setting of smoothed 3-SAT formulas, in
addition to simplifying the construction and arguments based on the second moment
method in [35].

Until recently, not much was known about Feige’s conjecture except for the work
of Alon and Feige [6] that showed a suboptimal version for the case of k D 3, and
that of Feige and Wagner [36] that built an approach to the problem of even cov-
ers by viewing them as an instance of generalized girth problems about hypergraphs.
In 2022, Guruswami, Kothari and Manohar [47] proved Feige’s conjecture up to an
additional loss of a log2k.n/ multiplicative factor in m via a rather involved spectral
argument applied to the so-called Kikuchi graph, which we discuss in more detail
below. Their argument was tightened to reduce the loss down to an O.log n/ mul-
tiplicative factor in m by Hsieh, Kothari and Mohanty in [54]. Using Lemma 2.2,
together with Hsieh, Kothari, Mohanty and Munhá Correia [55], we can give a
substantially simpler, purely combinatorial argument that recovers their result and
improves the logarithmic factors for hypergraphs of odd uniformity. This proof is
particularly short in the case of even uniformity, so we present it here.

Theorem 2.6. For all even k and sufficiently large constant C , every k-uniform n-
vertex hypergraph with at least Cn.n=`/k=2�1 � log2 n hyperedges contains an even
cover of size 2` log2 n.

Proof. Let H be a hypergraph satisfying the assertion of the theorem. We define an
edge-colored graphG, called the Kikuchi graph, as follows (see Figure 3). The vertex
set ofG consists of all `-element subsets of the vertex set V.H /. For two sets S;T of
size `, define an edge S  ! T if there exists an edgeE of the hypergraph H such that
characteristic vectors vS ; vT satisfy vS C vT D vE , that is, jS \Ej D jT \Ej D k=2
and jS \ T j D ` � k=2. Note that G is a subgraph of the corresponding Cayley sum
graph. Color the edge S  ! T in G with color E. An important observation is that

1

2

3

4
S \ T

Figure 3. An illustration of the Kikuchi graph defined above with an edgeE D ¹1; 2; 3; 4º of H

and an edge S  ! T of G colored with E.
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this edge coloring is proper. Indeed, given an `-set S and a color E 2 E.H /, there
exists at most one `-set T satisfying vS C vT D vE , since this implies vT D vS C vE .

Next we apply Lemma 2.2 to show that G contains a cycle of length 2` log2 n
with a unique color. Note that G has N D

�
n
`

�
vertices and each edge E 2 E.H /

creates at least
�
n�k
`�k=2

�
edges of G, since we need to choose the intersection S \ T

which is disjoint from E and combine it with an arbitrary partition of E into two
equal parts. Therefore, the number of edges in G is

e.G/ � e.H /

�
n � k

` � k=2

�
� Cn

�n
`

�k=2�1
log2 n �

�
n � k

` � k=2

�
� 2N log2N:

The last inequality follows from a simple but tedious computation by choosing the
constant C sufficiently large and using thatN D

�
n
`

�
and log2N � log2 n

` D ` log2 n.
Since G is properly colored, Lemma 2.2 implies that it contains the desired cycle of
length at most r � 2 log2N � 2` log2 n.

To finish the proof, take the cycle S1; S2; : : : ; Sr in G given above and consider
the collection of edges ¹Eiº in H which appear as colors in this cycle. By the def-
inition of G, we have vSi

C vSiC1
D vEi

. Thus,
P
i vEi

D
P
i .vSi

C vSiC1
/ D 0.

Since some edge Ei appears in this sum uniquely (i.e., does not cancel out), we got a
nontrivial even cover of size at most r D 2` log2 n, as desired.

The bound in Lemma 2.2 on the number of edges which guarantees a cycle with a
unique color also has an application to another well-known problem related to locally
decodable codes. A binary error-correcting code is a map C W ¹0; 1ºm ! ¹0; 1ºn,
where we view the input as an m-bit “message” and the output as an n-bit code-
word. By a slight abuse of notation, we use C to also denote the set of all codewords:
¹y W 9x 2 ¹0; 1ºm; C.x/ D yº. We say that C is linear if, when viewing the input
and output as Fm2 and Fn2 , respectively, C is an F2-linear map. A code C is called
.q; ı/-locally decodable (LDC) if, in addition, it admits a randomized local decoding
algorithm. Such a local decoding algorithm takes as input any target message bit i
for 1 � i � m and a corrupted codeword y such that dist.y; C.x// � ın for some
x 2 ¹0; 1ºm, where dist counts the number of coordinates in which y and C.x/ differ.
The goal of the algorithm is to access at most q locations in y and output xi cor-
rectly with high probability over the choice of the q locations. In other words, the
local decoder can decode any bit of the message by reading at most q locations of the
received corrupted codeword.

Locally decodable codes are intensely investigated in computer science (see the
survey [110] for background and applications) with applications to probabilistically
checkable proofs, private information retrieval [109] and worst-case to average-case
reductions in computational complexity theory. They also have deep connections with
additive combinatorics and incidence geometry [28]. We are typically concerned with
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codes that are locally decodable with very few queries, such as q D 2 or 3, and the
fundamental question is the smallest possible n D n.m/ such that there is a .q; ı/-
binary LDC C W ¹0; 1ºm ! ¹0; 1ºn. Classical results have essentially completely
resolved the case of q D 2, and we know that codewords must have blocklength
of at least n � 2�.m/ [43, 64], and a matching upper bound is provided by the
Hadamard codes (when ı is constant). The case of q D 3 already presents wide
gaps, where, until recently, the best known lower bound [43, 64] was n � zO.m2/,
while the best known construction [30, 108] gives a 3-query binary linear code with
n � exp.exp.O.

p
logm log logm///. Recently, Alrabiah et al. [10] improved the

quadratic bound above to obtain a lower bound of n � m3=polylogm for 3-query
binary locally decodable codes. As in the case of the results on even covers (men-
tioned above), their proof involves spectral arguments on signed adjacency matrices
of Kikuchi graphs based on matrix concentration inequalities. In [55], we use the
variant of Lemma 2.2 to give a simple and purely combinatorial proof of the follow-
ing result, which recovers their cubic lower bound and has slightly better logarithmic
dependence.

Theorem 2.7. Let C W Fm2 ! Fn2 be a linear map that gives a 3-query locally
decodable code with distance ı > 0. Then, m � Kn1=3 logn for K D 107=ı2.

2.2. Rainbow cycles

As we already mentioned in the introduction, the most natural edge-coloring con-
straint is to ask for a subgraph to be rainbow. In this subsection, we discuss a problem
of finding rainbow cycles in edge-colored graphs. The study of this question was ini-
tiated by Keevash, Mubayi, Sudakov and Verstraëte [61], who asked how many edges
one can have in a properly edge-colored n-vertex graph without containing a rainbow
cycle. The example of the Cayley sum graph of Fk2 with respect to the standard basis,
which we described earlier, gives a lower bound for this problem of �.n log n/, and
it was conjectured in [61] that this is best possible.

Conjecture 2.8. There exists a constant C such that every properly colored n-vertex
graph with at least Cn logn edges contains a rainbow cycle.

The first nontrivial upper bound for the rainbow cycle problem was obtained by
Das, Lee and Sudakov [25], who showed that, for sufficiently large n, having n1Co.1/

edges is enough to guarantee such a cycle. This paper also introduced one of the two
main approaches to the rainbow cycle problem, in which one passes to an expander
subgraph to find in it a rainbow cycle. Expanders are graphs with strong connectivity
properties, and they have many applications across mathematics and computer sci-
ence (see [53]). Another important approach, based on the homomorphism counts,
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was pioneered by Janzer in [57], who proved the first polylogarithmic bound of
O.n.log n/4/ for this problem. Keevash, Mubayi, Sudakov and Verstraëte [61] also
proved that if G is a properly edge-colored n-vertex graph with at least n log2.nC 3/
edges, then for some k it contains a cycle of length k which has more than k=2 dif-
ferent colors. Because of the Cayley sum construction, described at the beginning of
this section, this is tight up to a constant factor. Using a novel variant of the homo-
morphism count technique, Janzer and Sudakov [58] strengthened this substantially
by finding a cycle which is almost rainbow.

Theorem 2.9. If n is sufficiently large, 0 < " < 1=2 andG is a properly edge-colored
n-vertex graph with at least .4n="/ logn edges, then for some k it contains a cycle of
length k with more than .1 � "/k different colors.

Conjecture 2.8 is still open. After several further improvements in [58, 66, 101],
the current best bound was obtained in an impressive paper of Alon, Bucić,
Sauermann, Zakharov and Zamir [5], who came very close to proving the conjecture.

Theorem 2.10. There exists a constant C > 0 such that every properly edge-colored
n-vertex graph with average degree at least C log n log log n contains a rainbow
cycle.

The rainbow cycle problem has interesting applications to questions in other
areas. Next we discuss one such application to a problem in additive combinatorics.

Definition 2.11. Let .�; �/ be a group with identity element e. A subset S � � is
called dissociated if there is no solution to the equation g"1

1 � � �g
"m
m D e for all choices

"i D ˙1, m � 1 and distinct g1; : : : ; gm 2 S .

This definition means that there is no nontrivial relation between elements of S
with exponents ˙1. Therefore, the maximal dissociated sets play to some extent a
similar role in arbitrary groups as linearly independent sets play in vector spaces.
From this definition, it is easy to see that a maximal dissociated subset of a set A � �
generates the set A, using only exponents ˙1. In addition, one can show [73] that
for abelian groups all maximal dissociated subsets of any set A � � have almost
the same size. It is therefore not surprising that controlling the size of a maxi-
mal dissociated subset is relevant for various problems in additive number theory;
see [14, 18, 22, 69, 94]. Dissociated sets also play an important role in harmonic anal-
ysis; see, for example, [68, 91]. The above-mentioned properties lead naturally to a
notion of dimension of a finite subset A of a group � which was defined by Schoen
and Shkredov [96].



Restricted subgraphs of edge-colored graphs and applications 83

Definition 2.12. The additive dimension dimA of subset A of group � is the size of
the largest dissociated subset of A.

A subsetA� � has a small doubling if the cardinality ofA �AD ¹aa0 W a;a0 2Aº
is of orderO.jAj/. The study of the structure of sets with small doubling in the abelian
setting traces back to a celebrated result of Freiman [39] from 1964 and has been
the subject of extensive study ever since; see, for example, [45, 95] and references
therein. There has been a lot of work extending results about sets with small doubling
to nonabelian groups, with a foundational paper of Tao [99] fueling the work in this
direction. One can naturally expect that a set with small doubling should be rather
structured and could be “well approximated” by a “subspace/subgroup” generated by
its maximal dissociated subset. The following theorem, proved in [93] (part 1) and [5]
(part 2), supports this intuition.

Theorem 2.13. Let � be a group, and letA�� be a finite subset with jA �Aj �KjAj
for some positive integer K.

(1) If � is abelian, then dimA � OK.logjAj/.

(2) For general group � , dimA � OK.log1Co.1/jAj/.

The proof of the first statement can be deduced from Lemma 2.2, and we omit it
here. We illustrate the application of Theorem 2.10 by proving the second statement.

Proof. Let A � � with jA � Aj � KjAj, and let S be a dissociated subset of A of
maximum size. Then jS j D dimA. Define an auxiliary bipartite graph H with dis-
joint parts A and B D A � S D ¹as W a 2 A; s 2 Sº such that .a; b/ is an edge of H
if b D as for some s 2 S . Also, color such an edge of H by color s.

By definition, this edge coloring is proper, and the number of vertices of H sat-
isfies jV.H/j � jAj C jA � Aj � OK.jAj/. Moreover, the number of edges in H is
jAjjS j. Therefore, if jS j > CK logjAj log logjAj, for a sufficiently large constant CK
depending on K, we can use Theorem 2.10 to find a rainbow cycle in H . This
cycle has an even length, since H is bipartite. A rainbow cycle with distinct colors
s1; s2; : : : ; s2` appearing in that order implies

s1s
�1
2 s3s

�1
4 � � � s2`�1s

�1
2` D e:

This contradicts that S is dissociated and shows that jS j � CK logjAj log logjAj D
O.log1Co.1/jAj/.

The rainbow cycle problem has several additional interesting applications. For
example, Theorem 2.10 was recently used by Alrabiah and Guruswami [9] to obtain
nearly tight bounds on the dimension of 3-query locally correctable binary linear
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codes. These codes are closely related to locally decodable codes, which we already
mentioned above. For more definitions and history of the problem, we refer the
interested reader to [9].

3. Matchings and transversals in Latin squares

Recall that a Latin square of order n is an n � n array filled with n symbols so that
every symbol appears only once in each row and in each column. A partial transver-
sal of size t is a collection of t cells of the Latin square which do not share the
same row, column or symbol. A transversal (also known as a full transversal) is a
partial transversal of order n. As we already discussed in the introduction, the study
of transversals in Latin squares goes back to the work of Euler on orthogonal Latin
squares.

It is easy to see that for even n, there are many Latin squares without full transver-
sals. For example, consider a Latin squareLD .`i;j / of order 2k which is an addition
table of the cyclic group Z2k . Suppose it has a transversal T D `1;�.1/; : : : ; `2k;�.2k/,
where � is some permutation of 1; : : : ; 2k. By definition, `i;�.i/ is a permutation of
the numbers 1; : : : ; 2k and also `i;�.i/ D i C �.i/ mod 2k. This implies that the sum
of the symbols in the transversal T is

2kX
iD1

i D

2kX
iD1

`i;�.i/ D

2kX
iD1

.i C �.i// D 2

2kX
iD1

i mod 2k:

As
P2k
iD1 i D k mod 2k, this is a contradiction and shows that the addition table

of Z2k has no transversal (see Figure 4).
One central problem concerning Latin squares is to determine which of them have

transversals. This question is very difficult even in the case of multiplication tables of
finite groups. In 1955, Hall and Paige [51] conjectured that the multiplication table
of a group G has a full transversal exactly if the 2-Sylow subgroups of G are trivial
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Figure 4. The addition table of the cyclic group Z4, for which the corresponding Latin square
does not contain a full transversal.
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or non-cyclic. It took 50 years to establish this conjecture. Its proof, which is a com-
bination of works by Wilcox, Evans and Bray, is based on the classification of finite
simple groups (see [103] and the references therein). Recently, two alternative proofs
of this conjecture, using very different methods, were found for large groups.

The first proof was obtained by Eberhard, Manners and Mrazović [29] using tools
from analytic number theory. Remarkably they were also able to obtain a very accu-
rate quantitative bound for the number of transversals in the multiplication tables of
groups which satisfy Hall–Paige conjecture. A different proof of this conjecture, this
time by combinatorial techniques, was given by Müyesser and Pokrovskiy [82]. They
prove a very general theorem about multiplication tables of large groups which gives
a solution to several old combinatorial problems in group theory, including the proof
of Hall–Paige conjecture for large groups.

Another central problem in this area is to determine the size of the largest par-
tial transversal one can find in every Latin square. As we already explained in the
introduction, this is equivalent to finding a maximum rainbow matching in a proper
edge coloring of the complete bipartite graph Kn;n with n colors. The answer to this
problem was famously conjectured more than 50 years ago by Ryser, Brualdi and
Stein [20, 92, 98].

Conjecture 3.1. Every proper edge coloring of the complete graph Kn;n with n col-
ors contains a rainbow matching of size n � 1. Moreover, if n is odd, it contains a
perfect rainbow matching.

Most research towards the Ryser–Brualdi–Stein conjecture has focused on prov-
ing better and better lower bounds on the size of a maximum rainbow matching,
trying to get as close to n � 1 as possible. Here Koksma [67] found rainbow match-
ings of size 2n=3 C O.1/, and Drake [27] improved this to 3n=4 C O.1/. The
first asymptotic proof of the conjecture was obtained by Brouwer, de Vries and
Wieringa [19], and independently by Woolbright [105], who found rainbow match-
ings of size n �

p
n. This was improved in 1982 by Shor [97] to n � O.log2 n/.

His paper had a mistake which was later rectified, using the original approach, by
Hatami and Shor [52]. For nearly 40 years, this was the best known bound for
the Ryser–Brualdi–Stein conjecture. Recently, Keevash, Pokrovskiy, Sudakov and
Yepremyan [62] improved this old bound and showed that one can find a rainbow
matching of size n�O.logn= log logn/ in every proper edge coloring ofKn;n which
uses n colors. Finally, last year, in a groundbreaking development, Montgomery [77]
proved the Ryser–Brualdi–Stein conjecture for large even n.

Theorem 3.2. For every sufficiently large n, every proper edge coloring of the
complete graph Kn;n with n colors contains a rainbow matching of size n � 1.
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While this confirms the conjecture for even n, it falls short of the conjecture by an
additive constant 1when n is odd. This slack is important in many places in the proof,
and it seems that further ideas will be needed to find a perfect rainbow matching for
odd n.

The proofs of the recent bounds on the Ryser–Brualdi–Stein conjecture are rather
involved, so we only briefly discuss some highlights here. One of the key ideas needed
to find transversals of size n �O.logn= log logn/ in [62] is a claim that a union of a
random nearly perfect matching and an arbitrary regular bipartite graph produces with
high probability a good expander, that is, a graph with strong connectivity properties.

Given a copy of Kn;n which is properly colored with n colors, the authors
of [62] begin by finding a large random nearly perfect rainbow matching, contain-
ing n � n1�" edges for some fixed small " > 0. This initial matching is found using
the so-called Rödl nibble [88], which is a celebrated probabilistic technique with
many applications. This matching is then successively modified in several steps, each
time getting a rainbow matching that is one edge larger. At each step, given a current
rainbow matching M , one takes two vertices x; y 2 V.Kn;n/ n V.M/ which are in
different parts, and an x; y-alternating path P , that is, a path such that even edges
in this path are in M and odd edges (starting with the edge containing x) all have
different colors not used on M . Then, removing the even edges of P from M and
adding the odd edges gives a rainbow matching with one more edge. Let us call G
the graph consisting of the edges with the colors not used on M and note that G is
regular (since every vertex touches edges of all the colors). Since M contains an ini-
tial random matching, its union with G is an expander. This essentially implies that
for every pair of vertices not in the matching and every set of C logn=log logn colors
(for some fixed constant C ) not on M , such a path P can be found. Moreover, this
property is sufficiently robust that it can be used to make iterative adjustments (with
some additional care) until the rainbow matching uses all but C logn=log logn of the
original n colors.

An error term of order �.log n= log log n/ is a natural barrier for this method,
since the diameter of the expander graph in this proof is at least �.log n= log log n/.
This means that if M contains more than n � �.log n=log logn/, it will not be
possible to find a path P described above, since such paths must contain at least
�.logn=log logn/ colors which do not appear in M .

A significant part of the work of Montgomery [77] is to exploit the structure of the
proper edge coloring of Kn;n and to find some way to identify approximate algebraic
properties of this edge coloring, as well as the introduction of an “addition structure”
to use these properties. Recall that if the edge coloring was coming from the addition
table of a finite abelian group and we had three edges .x; y/ of color c1 and .x0; y0/
of color c2 and .x; x0/ of color c3, then x C y D c1; x0 C y0 D c2 and x C x0 D c3.
Therefore, the color of the edge .y; y0/ is determined and is equal to c1 C c2 � c3.
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Having many such three-edge paths with colors c1; c3; c2 for which the color of the
fourth edge is the same can be used to find an absorbing structure which, by switch-
ing the edges in the rainbow matching, can free pairs of vertices (that are no longer
covered by rainbow matching). Such an absorbing structure can be found and set
aside, before a large rainbow matching is found disjointly from it, using the method
of distributive absorption.

Absorption is a versatile technique for extending approximate results into exact
ones, which was first systematically used by Rödl, Ruciński and Szemerédi [89].
Such ideas also appeared earlier in work of Erdős, Gyárfás and Pyber [31], and of
Krivelevich [70]. It has since been implemented in many different settings using a
variety of creative constructions. Distributive absorption is an efficient and power-
ful variant of this method, introduced by Montgomery [76], which can be used to
build a global absorbing structure from small local absorbers. For more details about
this very impressive proof, we refer the interested reader to the excellent survey by
Montgomery [78].

A notion closely related to that of a Latin square is the Latin array. A Latin array
is an n � n square array filled with an arbitrary number of symbols such that no sym-
bol appears twice in the same row or column. Latin arrays are natural extensions of
Latin squares and have also been extensively studied. A familiar example of such an
array is a multiplication table for the elements of two subsets of equal size in some
group. Having a Latin array is equivalent to having a proper edge coloring of the
complete bipartite graph Kn;n without any restriction on the number of colors. It is
generally believed that extra colors in a proper edge coloring should help to find large
rainbow matchings. Although there are proper edge colorings of Kn;n with strictly
more than n colors and not even a single rainbow perfect matching, there are sev-
eral results which confirm this intuition. For example, Montgomery, Pokrovskiy and
Sudakov [79] showed that with some very weak additional constraints, one can find
many disjoint rainbow perfect matchings.

Theorem 3.3. For every " > 0 and sufficiently large n, the following holds. Every
proper edge coloring of Kn;n with at least "n colors appearing at most .1 � "/n
times contains at least .1 � "/n edge-disjoint perfect rainbow matchings.

Note that in a proper edge coloring, each color can appear on at most n edges.
Hence, this result suggests that the only Latin arrays without transversals are small
perturbations of Latin squares.

The methods used to study the Ryser–Brualdi–Stein conjecture usually also
apply to give results about general proper edge colorings of Kn;n. For example, the
authors of [62] showed that any such coloring contains a rainbow matching of size
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n � O.log n= log logn/. As a consequence of Theorem 3.3, we only need to con-
sider colorings which are close to the colorings that use exactly n colors. Similarly,
the techniques developed by Montgomery [77] apply to show that every proper edge
coloring of the complete graph Kn;n contains a rainbow matching of size n � 1.

We will finish this section by discussing two extensions of the problem of finding
large rainbow matchings in properly edge-colored bipartite graphs Kn;n.

The first extension considers host graphs that are not complete bipartite graphs.
This problem was proposed by Aharoni and Berger [2], who conjectured that if G
is a bipartite multigraph (i.e., more than 1 edge is allowed between each pair of
vertices) which is properly colored such that at least n � 1 colors have at least n
edges, then it has a rainbow matching of size n � 1. In fact, this is a generalization
of Conjecture 3.1, since a proper n edge coloring of Kn;n clearly contains n � 1
colors of size n. For the problem of Aharoni and Berger, even finding an approxi-
mate solution appeared to be very difficult. It took a sequence of improvements (see
the recent survey by Pokrovskiy [85] for this history, and further related problems),
before Pokrovskiy [84] gave such a solution. He showed that, for each " > 0 and
sufficiently large n, having n � 1 colors with at least .1C "/n edges is sufficient for
a rainbow matching with n � 1 edges. His original proof was rather involved and a
much simpler proof, using a probabilistic sampling trick, was found in [24].

For our second extension, we consider what happens if we no longer require
that the coloring of Kn;n to be proper, asking only that each of n colors appears n
times (this is equivalent to what is known as an equi-n-square). In 1975, Stein [98]
conjectured that every such coloring has a rainbow matching with n � 1 edges.
This ambitious conjecture was open for 40 years but was eventually disproved by
Pokrovskiy and Sudakov [86], showing that one cannot hope for rainbow matching
of size larger than n � c log n. However, there was a belief that every such coloring
at least contains a rainbow matching of asymptotically correct size. After a sequence
of improving bounds [3, 11, 98], Chakraborti, Christoph, Hunter, Montgomery, and
Petrov [21] confirmed this by showing that every coloring of Kn;n in which each
of n colors appears n times contains a rainbow matching with .1� o.1//n edges (and
moreover can even be almost decomposed into such matchings).

The result in [21] is very recent and shows that the study of rainbow subgraphs
remains an active and exciting area. One very interesting open question is an out-
standing conjecture of Stein [98] from 1975, giving a midway point between his later
disproved conjecture and the Ryser–Brualdi–Stein conjecture. It says that, given a
coloring ofKn;n in which each of the n colors appears n times such that in one of the
vertex classes no two edges of the same color meet (i.e., the coloring is proper on one
side), is there always a rainbow matching with n � 1 edges?
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4. Rainbow trees and decomposition problems

One of the most natural problems in the study of rainbow structures is to determine
which graphs appear as rainbow subgraphs in every properly edge-colored complete
graph Kn. Since for even n one can properly color Kn using only n � 1 colors, we
may ask in general only for rainbow subgraphs with at most n� 1 edges. This leads to
a natural question: which n-vertex trees have a rainbow copy in any proper coloring
of Kn?

The special case of this question was considered in 1980 by Hahn [50] who con-
jectured that there is always a rainbow n-vertex path. This was disproved in [74] by
considering a complete graph on the vertex set Fk2 , where the edge .x; y/ is colored
using the color x C y 2 Fk2 n ¹0º. Recall that this graph is precisely the Cayley sum
graph of Fk2 with respect to all non-zero elements of this group, along with its canon-
ical edge coloring. For any path P D x1x2 � � � xn in this coloring, it is easy to see
that the sum of the colors of the edges of this path is x1 C xn 6D 0. But the sum of
all the colors (i.e., all non-zero elements of the group) is zero, showing that there is
no rainbow path covering all the vertices. Nevertheless, it was widely believed that
any properly colored Kn contains a rainbow path covering all but exceptionally few
vertices. In particular, Andersen [12] in 1989 conjectured that one can always find a
rainbow path covering n � 1 vertices. The progress on this conjecture was initially
slow, despite the efforts of various researchers; see, for example, [4, 23, 41, 48, 49].
Several years ago, the problem was resolved asymptotically by Alon, Pokrovskiy and
Sudakov [8], who showed that any properly coloredKn contains both a rainbow path
and a rainbow cycle with n�O.n3=4/ vertices (this error term was slightly improved
in [13]).

For a general tree, until recently, there were no results that showed the existence
of rainbow copies of large trees in properly edge-colored complete graphs. The above
example for the n-vertex path can be extended (see [15]) to show that there are
proper edge colorings of Kn which do not contain rainbow copies of certain span-
ning trees. However, it is still possible that nearly spanning trees exist in all proper
colorings of complete graphs. This follows from the following general result, proved
by Montgomery, Pokrovskiy and Sudakov [80]. Recall that an edge coloring ofKn is
locally k-bounded if each vertex is in at most k edges of any one color. Therefore, a
proper coloring is exactly a locally 1-bounded coloring.

Theorem 4.1. For " > 0; k 2 N and sufficiently large n, any locally k-bounded
edge coloring of Kn contains a rainbow copy of every tree with at most .1 � "/n=k
vertices.

Since a locally k-bounded edge coloring ofKn may have only .n� 1/=k distinct
colors, Theorem 4.1 is tight up to the constant " for each k. One of the distinguishing
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features of this result is that it places no conditions on the trees other than the num-
ber of vertices they may have. In comparison, all of the previous graph packing and
labeling results required a maximum degree assumption, which was conjectured to be
unnecessary. An important tool in the proof of this theorem is to demonstrate that, in
properly colored complete graphs, a large rainbow matching can typically be found
in a random vertex set using a random set of colors chosen with the same density.
In fact, such a matching can cover almost all the vertices in the random vertex set.
This allows most of a large tree to be embedded if it can be decomposed into certain
large matchings. Contrastingly, one needs deterministic methods to embed vertices
in the tree with high degree. These techniques for embedding trees with high degree
vertices may offer new approaches to related problems.

4.1. Graph decompositions, labelings and orthogonal double covers

Theorem 4.1 has applications in several different areas of graph theory. We now dis-
cuss three such applications to graph decompositions, graph labelings and orthogonal
double covers. With each application, this theorem proves an asymptotic form of a
well-known conjecture. In each case, we consider some special edge coloring of Kn,
coming from a graph-theoretic problem, to which we apply Theorem 4.1.

Graph decompositions. We say that a graph G has a decomposition into copies of
a graph H if the edges of G can be partitioned into edge-disjoint subgraphs iso-
morphic to H . In 1847, Kirkman studied decompositions of complete graphs Kn
and showed that they can be decomposed into copies of a triangle if, and only if,
n � 1 or 3 .mod 6/. Wilson [104] generalized this result by proving necessary and
sufficient conditions for a complete graph Kn to be decomposed into copies of any
graph, for large n. A very old problem in this area, posed in 1853 by Steiner, states
that, for every k, modulo an obvious divisibility condition, every sufficiently large
complete r-uniform hypergraph can be decomposed into edge-disjoint copies of a
complete r-uniform hypergraph on k vertices. This problem was the so-called “exis-
tence of designs” question and has practical relevance to experimental designs. It
was resolved only very recently in spectacular work by Keevash [60] (see the sub-
sequent work of [42] for an alternative proof of this result). Over the years, graph
and hypergraph decomposition problems have been extensively studied and by now
this has become a vast topic with many exciting results and conjectures (see, for
example, [40, 106, 107]).

Decompositions of complete graphs into large trees, whose size is comparable
with the size of the complete graph (in contrast with the existence of designs men-
tioned above), also have a long history. The earliest such result was obtained more
than a century ago by Walecki. In 1882, he proved that a complete graph Kn on an
even number of vertices can be partitioned into edge-disjoint Hamilton paths (this is
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a path which visits every vertex of the graph exactly once). Since paths are a very
special kind of tree, it is natural to ask which other large trees can be used to decom-
pose a complete graph. One of the oldest and best-known conjectures in this area,
posed by Ringel in 1963 [87], deals with the decomposition of complete graphs into
edge-disjoint copies of a tree.

Conjecture 4.2. Any tree with nC 1 vertices packs 2nC 1 times into the complete
graph K2nC1.

Note that a complete graph K2nC1 has precisely .2nC 1/ � n edges. Therefore, it
is conceivable to partition it into 2nC 1 copies of the same tree which has n edges.

This conjecture is known for many very special classes of trees such as caterpil-
lars, trees with �4 leaves, diameter �5 trees, trees with �35 vertices and several
other classes of trees (see [40, Chapter 2] and the references therein). There are
also some partial general results in the direction of Conjecture 4.2. Typically, for
these results, an extensive technical method is developed which is capable of almost-
packing any appropriately sized collection of certain sparse graphs; see, for exam-
ple, [17, 37, 65, 75]. In particular, Joos, Kim, Kühn and Osthus [59] proved the above
conjecture for very large bounded-degree trees. Ferber and Samotij [38] obtained an
almost-perfect packing of almost-spanning trees with maximum degree O.n=logn/
(giving what is known as an approximate version of the conjecture). A different proof
of the approximate version of Ringel’s conjecture for trees with maximum degree
O.n=logn/ was obtained by Adamaszek, Allen, Grosu, and Hladký [1], using graph
labelings. Theorem 4.3 can be used to give the first asymptotic solution for Ringel’s
conjecture applicable with no degree restriction.

Theorem 4.3. For " > 0 and sufficiently large n, any .n C 1/-vertex tree packs at
least 2nC 1 times into the complete graph K.2C"/n.

To see the connection between Theorem 4.1 and Conjecture 4.2, consider the
following edge coloring of the complete graph with vertex set ¹0; 1; : : : ; 2nº. This
coloring, which we call the near distance (ND-)coloring, was introduced by Kotzig to
study Ringel’s conjecture; see [90]. Color the edge ij by color k, where k 2 Œn�, if
either i D j C k or j D i C k with addition modulo 2nC 1. As we explain below,
it is easy to show (see also Figure 5) that if an .n C 1/-vertex tree has a rainbow
embedding into the ND-coloring of K2nC1, then Conjecture 4.2 holds for that tree.

Proof of Theorem 4.3. Let ` D .1 C "=3/n. Consider the ND-coloring of the com-
plete graph K2`C1, defined above. This is a locally 2-bounded coloring of K2`C1,
which thus, by Theorem 4.1, contains a rainbow copy of T , S0 say. Now, for
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Figure 5. The ND-coloring of K9 and a rainbow copy of a tree T with four edges. The color
of each edge corresponds to its Euclidean length. By taking cyclic shifts of this tree around the
center of the picture, we obtain 9 disjoint copies of the tree decomposing K9 (and thus a proof
of Ringel’s conjecture for this particular tree). To see that this gives 9 disjoint trees, notice that
each edge must be shifted to the other edges of the same color (since shifts are isometries).

each i 2 Œ`�, let Si be the tree with vertex set ¹v C i W v 2 V.S0/º and edge set
¹¹v C i; w C iº W vw 2 E.S0/º.

Note that the color of vw 2 E.K2`C1/ is the same as the color of the edge
¹v C i; w C iº for each i 2 Œ2`�, and under the translation x 7! x C 1 the edge vw
moves around all 2`C 1 edges with the same color. Thus, each tree Si is rainbow,
and all the trees Si are disjoint.

Graph labeling. Graph labeling originated in methods introduced by Rosa [90] in
1967 as a potential path towards proving Ringel’s conjecture. In the intervening
decades, a large body of work has steadily developed concerning different labelings.
Labeled graphs serve as useful models for a broad range of applications in coding
theory, circuit design, communication networks, database management, secret shar-
ing schemes, cryptology and models for constraint programming over finite domains
(see the extensive survey [40]). One old, well-known, conjecture in this area con-
cerns harmonious labelings. This type of labeling was introduced by Graham and
Sloane [44] and arose naturally out of the study of additive bases. Given an abelian
group � and a graph G, we say that a labeling f W V.G/! � is �-harmonious if
the map f 0 W E.G/! � defined by f 0.xy/ D f .x/C f .y/ is injective. In the case
when � is a group of integers modulo n, we omit it from our notation and simply
call such a labeling harmonious. In the particular case of an n-vertex tree, Graham
and Sloane asked for a harmonious labeling using Zn�1 in which each label is used
on some vertex, so that a single label is used on two vertices – where this exists
we call the tree harmonious. More generally, we also call a graph with m edges and
at most m vertices harmonious if it has an injective harmonious labeling with Zm.
According to an unpublished result attributed by Graham and Sloane [44] to Erdős,
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almost all graphs are not harmonious. On the other hand, Graham and Sloane [44] in
1980 made the following conjecture for trees.

Conjecture 4.4. All trees are harmonious.

This conjecture is known for many special classes of trees such as caterpillars,
trees with at most 31 vertices and some other classes of trees (see [40, Chapter 2] and
the references therein). Moreover, Żak [111] proposed an asymptotic weakening of
this conjecture. He asked to prove that every tree has an injective ZnCo.n/-harmonious
labeling.

Note that, for any injective labeling of the vertices of the complete graph by ele-
ments of an abelian group, the edge coloring which is obtained by taking sums of
labels of vertices is proper. Therefore, we can use Theorem 4.1 to study such color-
ings. In particular, we can obtain the following general result which shows that every
tree is almost harmonious. If � is taken to be the cyclic group, this theorem proves
Żak’s conjecture from [111].

Theorem 4.5. Every n-vertex tree T has an injective �-harmonious labeling for any
abelian group � of order nC o.n/.

Proof. Suppose j�j D `D .1C "/n for some " > 0 and sufficiently large n. Let T be
a tree on n vertices. Identify the vertices ofK` with the elements of � and consider an
edge coloring that colors the edge ij by i C j . This is a proper coloring, so, when n
is large, by Theorem 4.1 it contains a rainbow copy of T , which corresponds to a
harmonious labeling.

Orthogonal double covers. Theorem 4.1 can also be used to obtain an asymptotic
solution for another old graph decomposition problem. An orthogonal double cover
of the complete graph Kn by a graph G is a collection G1; : : : ; Gn of subgraphs
of Kn such that each Gi is a copy of G, every edge of Kn belongs to exactly two
of the copies and any two copies have exactly one edge in common. The study of
orthogonal double covers was originally motivated by problems in statistical design
theory (see [26, Chapter 2]). Since the number of copies in the double cover is n, it
follows that G must have n � 1 edges. The central problem here is to determine for
which graphs G there is an orthogonal double cover of Kn by G. In full generality,
this extends several well-known problems, such as the existence question for biplanes
or symmetric 2-designs (see, e.g., [56]). About 20 years ago, Gronau, Mullin, and
Rosa [46] made the following conjecture about trees.

Conjecture 4.6. Let T be an n-vertex tree which is not a path on 3 edges. Then, Kn
has an orthogonal double cover by copies of T .
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This conjecture is known to hold for certain classes of trees including trees with
diameter �3 and trees with �13 vertices (see [46, 72] for a full list). To see the con-
nection between Conjecture 4.6 and Theorem 4.1, we will consider a Cayley sum
coloring of a complete graph on 2k vertices, where edges are colored by the sum of
their endpoints in the abelian group Zk2 . By considering such a coloring, we can show
that Conjecture 4.6 is asymptotically true whenever n is a power of 2.

Theorem 4.7. Let n D 2k , and let T be a tree on n � o.n/ vertices. Then, Kn con-
tains n copies of T such that every edge of Kn belongs to at most two copies and any
two copies have at most one edge in common.

Proof. Identify V.Kn/ with the group Zk2 . Color each edge ij using the color
i C j 2 Zk2 . By Theorem 4.1, Kn has a rainbow copy S of T . For all x 2 Zk2 , define
a permutation �x W V.Kn/! V.Kn/ by �x.v/ D x C v (with addition in Zk2). Use
�x.S/ to denote the subgraph of Kn with edges ¹�x.a/�x.b/ W ab 2 E.S/º. Notice
that, since �x is a permutation of V.Kn/, �x.S/ is a tree isomorphic to T . We claim
that the family of n trees ¹�x.S/ W x 2 Zk2º satisfies the theorem.

Notice that since �x.a/C �x.b/D aC xC bC x D aC b, the permutations �x
preserve the colors of edges. This implies that the trees �x.S/ are all rainbow. Notice
that the only edges fixed by the permutations �x are those colored by x. Finally,
notice that �x�y ı �y D �x . Combining these, we have that if a color c edge is in two
trees �x.S/ and �y.S/, then x � y D c in Zk2 . This implies that the trees �x.S/ cover
any edge at most twice, and any pair of them have at most one edge in common.

Ringel’s conjecture revisited. Recall the near distance (ND-)coloring, which was
used to prove the asymptotic version of Ringel’s conjecture. It colors the edge ij
of the complete graph K2nC1 by color k, where k 2 Œn�, if either i D j C k or
j D i C k with addition modulo 2nC 1. In the application of Theorem 4.1, we only
used the fact that this coloring is 2-bounded to find a rainbow copy of an arbitrary
tree of size .1 � "/n. But the (ND-)coloring has a lot of structural properties and
is very symmetric. So it is natural to ask whether one can exploit the structure of
the (ND-)coloring to embed in it rainbow trees with exactly n edges. Using several
critical new ideas combined with the approach from Theorem 4.1, this was done by
Montgomery, Pokrovskiy and Sudakov [81].

Theorem 4.8. For every sufficiently large n, the complete graph K2nC1 can be
decomposed into copies of any tree with n edges.

This theorem constructs a decomposition of the complete graph by considering
cyclic shifts of one copy of a given tree (see Figure 5). The existence of such a cyclic
decomposition was separately conjectured by Kotzig [90]. Therefore, this also gives
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a proof of the conjecture by Kotzig for large trees. A different proof of Ringel’s
conjecture for large n was obtained in [63].

The proof of Theorem 4.8 in [81] is rather involved for discussing in detail. It
introduces three key new methods. Firstly, when dealing with very high degree ver-
tices, it uses a completely deterministic approach for finding a rainbow copy of the
tree. This approach heavily relies on the features of the ND-coloring. Secondly, it uses
techniques to embed 99% of any tree T randomly into the ND-coloring in a rainbow
fashion. The techniques in [81] are based on the probabilistic methods in [80], except
we need the random embedding to maintain some degree of independence between
the vertices and the colors used for this embedding. High-degree vertices in T force
dependencies between the vertices and the colors used on any randomized embedding
of large subgraphs of T . These dependencies were a major barrier to generalizing pre-
vious random approaches to Ringel’s conjecture to trees with high-degree vertices.
Maintaining some independence between vertices and colors here is a subtle task and
a critical part of the proof.

Finally, having embedded 99% of the tree T , the embedding in [81] is completed
using absorption. This is a particularly challenging task, and so we prepare for it
during our initial embedding by carefully constructing an absorbing structure which
assists with the precise task of completing the embedding while using each unused
color exactly once. The novelty in [81], compared to the classical applications of the
absorption method, is in the interplay of our constructions with the randomized parts
of our embedding, the constructions themselves and the use of absorption to embed
graphs with high-degree vertices.
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