
© 2026 EMS Press
This work is licensed under a CC BY 4.0 license
DOI 10.4171/9ECM/11

2024Sevilla
ECM

Self-affine sets and measures – A survey

Balázs Bárány

Abstract. Self-affine sets can be expressed as affine copies of themselves. The dimension
theory, when the defining mappings are similarities, is relatively well understood, but the under-
standing of the general case is far from being complete. Here, we provide an overview from the
most basic definitions of the topic to the most recent results.

1. Introduction

There is no widely accepted definition of fractals. However, most authors would call
a set fractal if, on infinitely many scales, its smaller parts resemble the whole. The
self-affine sets provide a model for that phenomenon. This class includes several
well-known fractal sets, like the triadic-Cantor set, the Sierpiński gasket, the von
Koch curve, and the graph of Takagi’s function. One of the central problems of geo-
metric measure theory is determining the “size” of these objects in several aspects,
for example, finding the Hausdorff or box-counting dimension. This paper aims to
introduce the most basic definitions and to survey the most recent results of the topic.

1.1. Basic definitions

Let 	 be a finite set of indices, and let ˆ D ¹fi .x/ D Aix C tiºi2	 be a finite tuple
of invertible contractive affine mappings on Rd . That is, Ai 2 GLd .R/ such that
kAik < 1 for every i 2 	 and ti 2 Rd , where k�k denotes the induced matrix norm
by the usual Euclidean norm on Rd . Hutchinson [33] showed (in a much higher
generality) that there exists a unique non-empty compact set X such that

X D
[
i2	

fi .X/: (1.1)
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We call the set X self-affine. In the special case, when all the affine mappings
of ˆ are similarities, that is, fi .x/ D �iOix C ti , where �i 2 .0; 1/ is the scaling,
Oi 2O.d;R/ is an orthogonal matrix and ti 2Rd , then we call the setX self-similar.

The construction of X relies on an iterative application of the maps in ˆ, so we
call ˆ an iterated function system or IFS for short. Sometimes, we also call the set X
the attractor of the IFS ˆ. To construct X , take R > 0 sufficiently large such that
every map inˆmaps the closed ball B.0;R/ to itself, that is, fi .B.0;R//� B.0;R/.
For instance, the choice R D maxi2	ktik.1 � kAik/

�1 is sufficient. Then for every
n � 1, let

Xn D
[
i12	

� � �

[
in2	

fi1 ı � � � ı fin.B.0;R//: (1.2)

It is easy to see that the set Xn is non-empty, compact and XnC1 � Xn for every
n � 1. Hence, X D

T1
nD1 Xn is a non-empty compact set by Cantor’s intersection

theorem, and X clearly satisfies (1.1). The uniqueness of the set X relies on simple
properties of the Hausdorff metric on compact subsets of Rd . For details, see, for
example, the book of Bárány, Simon and Solomyak [8, Theorem 1.3.6]. For some
examples of self-similar and self-affine sets, see Figure 1.

Let us now consider the following Markovian random walk on X , which is also
called the chaos game, introduced by Barnsley [9]. Let p D .pi /i2	 be a probability
vector (i.e., pi � 0 for every i 2 	 and

P
i2	 pi D 1). Starting from an initial point

Y0 2 X , let us choose a function fi1 randomly fromˆ according to p and jump to the
point Y1 D fi1.Y0/. It continues iteratively generating a sequence of random points
Y2;Y3; : : :, where YnD fin.Yn�1/ and the indices in are independently and identically
distributed (i.i.d.) according to p. This process has a unique stationary measure; more
precisely, there exists a unique compactly supported Borel probability measure � such
that

� D
X
i2	

pi .fi /��; (1.3)

where f�� denotes the pushforward of the measure � with respect to the map f .
For a proof, see, for example, Edgar’s book [14]. We call the measure � a self-affine
measure, and if ˆ consists only of similarities, then we call � a self-similar measure.

The attractor X of ˆ has a strong connection with symbolic coding. Namely,
every point in X can be associated with infinite sequences formed by the symbols
in 	 (associated with the functions of ˆ). That is, let†D 	N be the set of one-sided
infinite sequences, called symbolic space. For a finite word j 2 †� D

S1
nD0 	n, let

us define the cylinder set Œj� by Œj1; : : : ; jn� D ¹i 2 † W i1 D j1; : : : ; in D jnº. The
natural Borel � -algebra on † is the one which is induced by the cylinder sets. For
brevity, we introduce the following notation: for a finite word jD .j1; : : : ; jn/ 2 †�,
let fj D fj1 ı � � � ı fjn be the iterates of the maps of ˆ in the prescribed order by j.
We will also adapt this notation later for the product of matrices and real numbers.
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Figure 1. Examples of self-affine sets: the Sierpiński gasket, Barnsley’s fern (source:
Wikipedia) and Takagi’s nowhere differentiable function graph.

For every i D .i1; i2; : : :/ 2 †, we define the symbolic coding map as

�.i/ D lim
n!1

fi1 ı � � � ı fin.0/:

The set † is a compact metric space equipped with the natural metric d.i; j/ D
2�j i^ j j, where j i^ j j D min¹n � 0 W inC1 ¤ jnC1º, and the map � W† ! X is
Hölder continuous and surjective but not necessarily injective.

Denote �.i1; i2; : : :/ D .i2; i3; : : :/ as the left-shift operator on †. As simple as
this mapping is, its dynamic structure is equally rich, which plays an essential role in
dynamical systems theory. It is easy to see that

�.i/ D fi1.�.� i//: (1.4)

Hence, the left-shift operator and its properties benefit the study of self-affine sets.
We call a Borel probability measure � on † left-shift invariant if � D ���, that is,
�.A/D �.��1A/ for every Borel set A�†. We call a left-shift invariant probability
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measure � ergodic if �.A/ D 0 or �.A/ D 1 for every invariant set A D ��1A. One
of the main advantages of ergodicity is Birkhoff’s ergodic theorem, which roughly
states that the time average equals the space average. That is, for every f W†! R
�-integrable map, 1

n

Pn�1
kD0 f .�

k i/!
R
f .j/d�.j/ as n!1 for �-almost every i.

One of the most basic left-shift invariant ergodic measures is the family of Bernoulli
measures. Namely, for a probability vector p D .pi /i2	 , let � be the measure such
that

�.Œi1; : : : ; in�/ D pi1 � � �pin :

The measure � on † is � -invariant and ergodic; furthermore, ��� D �, where � is
the self-affine measure defined in (1.3). For an introduction to ergodic theory, see, for
example, Walter’s book [62].

For an ergodic left-shift invariant measure � on †, let us denote the entropy of �
by h�. That is,

h�D lim
n!1

�1

n

X
i2	n

�.Œi�/ log�.Œi�/D lim
n!1

�1

n
log�.Œi jn�/ for�-almost every i;

where i jn denotes the first n symbols of i 2 †. The second equality follows from
the Shannon–McMillan–Breiman theorem. Note that if � is a Bernoulli measure with
probability vector p D .pi /i2	 , h� D �

P
i2	 pi logpi .

One of the cardinal questions of fractal geometry is determining the dimension of
self-affine sets and measures. Let us introduce the dimension concepts we will study.

1.2. Dimension concepts

In this note, we will be particularly interested in the Hausdorff (or covering) dimen-
sion and the Minkowski (or box-counting) dimension of sets. For a bounded set
E � Rd , let Nı.E/ be the minimal number of balls with radius ı > 0 needed to
cover E. We define the lower and upper box-counting dimensions by

dimB.E/ D lim inf
ı!0

logNı.E/
� log ı

and dimB.E/ D lim sup
ı!0

logNı.E/
� log ı

:

If the lower and upper Minkowski dimensions of E coincide, then we say that the
Minkowski dimension of E exists, and we denote the common value by dimB.E/.

Before we define the Hausdorff dimension, we define the s-dimensional (outer)
Hausdorff measure of a set E � Rd by

H s.E/D sup
ı>0

H s
ı .E/; where H s

ı .E/D inf
²X

i

jUi j
s
W E �

[
i

Ui and jUi j < ı
³
:

Let dimH .E/ be the Hausdorff dimension of the set E defined as

dimH .E/ D inf¹s > 0 W H s.E/ D 0º:
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For the basic properties of the Minkowski and Hausdorff dimensions, see Falconer’s
book [15]. Both dimension concepts measure how well a set fills the available space
via effective covers with balls in some proper sense. We must mention here that
there are other essential dimension concepts, like the Tricot (packing) and Assouad
dimensions. Both play a significant role in geometric measure theory. For their defin-
itions and basic properties, we direct the reader to Falconer’s book [15] and Fraser’s
book [26].

We also introduce dimension concepts for measures via local dimension. Let � be
a Borel probability measure on Rd . We define the upper and lower local dimensions
of � at the point x by

d �.x/ D lim sup
ı!0

log �.B.x; ı//
log ı

and d �.x/ D lim inf
ı!0

log �.B.x; ı//
log ı

:

We say that the local dimension exists at x if the two values above coincide, and
we denote the common value by d�.x/. We define the lower and upper Hausdorff
dimensions of the measure � by

dimH .�/ D inf¹dimH .E/ W �.E/ > 0º D ess inf
x��

d �.x/

and

dimH .�/ D inf¹dimH .E/ W �.Ec/ D 0º D ess sup
x��

d �.x/:

For proof of the above equalities, see the book by Przytycki and Urbański [55,
Section 7.6]. Let us note that the lower and upper Tricot dimensions can be defined
similarly by using the upper local dimension

dimP .�/ D ess inf
x��

d �.x/ and dimP .�/ D ess sup
x��

d �.x/:

Finally, we say that the measure � is exact dimensional if dimH .�/ D dimP .�/. In
this case, we denote the coinciding dimension values of � by dim.�/.

2. Quick overview of self-similar sets and measures

Let us first briefly consider the special case in which all the maps of the IFS
ˆ D ¹fiºi2	 on Rd are similarities. That is, fi .x/ D �iOix C ti , where 0 < �i < 1
is the scaling, Oi 2 O.d;R/ is an orthonormal matrix and ti 2 Rd is the translation
parameter. Iterative construction (1.2) of the self-similar set X provides a naive cover
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of X and so a natural upper bound of the dimension of X . In particular, choosing
�max D maxi �i , one can see that

H s
�nmaxR

.X/ �
X
i2	n

jfi.B.0;R//j
s
D Rs

�X
i2	

�si

�n
for every n 2 N: (2.1)

In the last equality, we have used that all the maps fi are similarities, and so
fi.B.0; R// is a closed ball centred at fi.0/ with radius R � �i. Hence, dimH .X/ �
s0.ˆ/, where s0.ˆ/ is the unique solution of the equation

P
i2	 �

s
i D 1. We call the

quantity s0.ˆ/ the similarity dimension of the IFS ˆ. In particular, Hutchinson [33]
showed that

dimB.X/ � min¹d; s0.ˆ/º: (2.2)

A central problem is when the lower bound dimH X � min¹d; s0.ˆ/º can be estab-
lished. For that, we introduce some separation between the cylinder sets and the open
set condition (OSC). We say that the IFS ˆ satisfies the open set condition if there
exists an open and bounded setU �Rd such that fi .U /�U and fi .U /\ fj .U /D;
for every i ¤ j 2 	. Many self-similar objects satisfy the OSC, for instance, the
Sierpiński gasket in Figure 1. Hutchinson [33] showed the following.

Theorem 2.1. If a self-similar IFS ˆ satisfies the OSC, then

dimH .X/ D dimB.X/ D s0.ˆ/:

Falconer [19] showed that regardless of any separation condition, dimH .X/ D
dimB.X/, and in particular, the box-counting dimension of X exists.

The idea of the proof is the following: consider the natural self-similar meas-
ure � in (1.3) defined by the probabilities pi D �s0.ˆ/i . In other words, let �
be the pushforward of the Bernoulli measure � defined by the probability vector
.�s0.ˆ/i /i2	 . An easy-to-see consequence of the open set condition is that there exists
a constant C > 0 such that for every r > 0 and every x 2 X ,

#¹fi.U / W fi.U / \ B.x; r/ ¤ ; and �i � r < �i�º � C;

where i� D .i1; : : : ; in�1/ for i D .i1; : : : ; in/. Since X � U , we get

�.B.x; r// �
X

i2†�Wfi.U /\B.x;r/¤;
and �i�r<�i�

�
s0.ˆ/
i � Crs0.ˆ/;

and so dimH .X/ � dimH .�/ � s0.ˆ/. In particular, we have shown the following
variational principle:

dimH .X/ D max¹dim.���/ W � is left-shift invariant and ergodic on †º; (2.3)
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where the dimension maximum is attained at the Bernoulli measure with probability
vector .�s0.ˆ/i /i2	 . Let us note that Feng and Hu [22] verified (2.3) with supremum
for general self-similar sets regardless of the overlapping structure.

The dimension of self-similar measures can be studied analogously. Namely,
let � be an ergodic left-shift invariant probability measure on †. Let us denote
by ��.ˆ/ the Lyapunov exponent of � concerning the IFS ˆ. That is, ��.ˆ/ D
�
P
i2	 �.Œi �/ log�i . The quantity represents the average shrinking rate of the dia-

meter fi jn.X/ as n ! 1 for a �-typical i. One can show easily, relying on the
Shannon–McMillan–Breiman theorem and Birkhoff’s ergodic theorem, that for every
ergodic measure � on †,

dimP .���/ � min
²
d;

h�

��.ˆ/

³
;

where we recall that h� denotes the entropy of the measure �. We call the quantity
on the right-hand side the Lyapunov dimension of the measure �. Furthermore, if the
open set condition holds, then

dim.���/ D
h�

��.ˆ/
I (2.4)

see Edgar [14, Theorem 5.2.5] or [8]. Feng and Hu [22] showed that regardless of
any separation condition, the pushforward of any ergodic left-shift invariant measure
is exact dimensional.

It is clear that dimH .X/ D min¹d; s0º does not always hold. Consider, for
example, the IFS ˆ D ¹f1.x/ D x=3; f2.x/ D x=3C 1; f3.x/ D x=3C 3º, which
has similarity dimension 1. However, f1 ı f3 D f2 ı f1, and so the IFS ˆ0 D

¹fi ı fj º.i;j /2¹1;2;3º2n¹.1;3/º has the same attractor X , and the similarity dimension
of ˆ0 is log9 8 < 1. One of the long-standing conjectures in fractal geometry claims
that having a completely coinciding map is the only way on the real line to drop the
dimension of the attractor strictly below the similarity dimension. This is called the
exact overlap conjecture. More precisely, for a self-similar IFS ˆ on the line with
attractor X , if dimH X < min¹1; s0.ˆ/º, then there exists an exact overlap, that is,
there are i ¤ j 2 †� such that fi � fj. The higher-dimensional analogue of this
conjecture is false; see, for example, [8, Example 7.6].

To handle the overlapping situation (i.e., when the open set condition fails) on the
real line, Hochman [29] introduced the exponential separation condition (ESC). The
IFS ˆ satisfies the exponential separation condition if there exists an " > 0 such that
for infinitely many n 2 N,

min
i¤j2	n

.jlog�i � log�jj C jfi.0/ � fj.0/j/ > "
n:
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Hochman [29] showed that if a self-similar IFS ˆ on the line satisfies the ESC, then
for every self-similar measure � D

P
i pi .fi /��,

dim.�/ D min
²
1;
�
P
i pi logpi

�
P
i pi log�i

³
;

and in particular,
dimH .X/ D min¹1; s0.ˆ/º:

The proof relies on an entropy growth theorem proved by Hochman [29] using meth-
ods from additive combinatorics. For some heuristics and intuition on the proof, see
the survey paper of Hochman [30].

Jordan and Rapaport [35] showed that the dimension result can be extended to a
more general family of measures, that is, if the self-similar IFS ˆ satisfies the ESC,
then for every left-shift invariant ergodic measure �,

dim.���/ D min
²
1;

h�

��.ˆ/

³
:

For more recent developments on the dimension theory of self-similar sets and
measures, we direct the reader to the survey paper of Varjú [61].

3. Self-affine systems

3.1. The affinity and Lyapunov dimensions

Now, we turn to the main topic of this survey, the self-affine sets, namely, when the
IFS ˆ D ¹fi .x/ D Aix C tiºi2	 consists of invertible affine mappings. If one wants
to cover the self-affine set X similarly to (2.1), one will immediately face the follow-
ing problem: the sets fi.B.0; R// are no longer balls. To overcome this difficulty,
Falconer [18] introduced the singular value function.

Let A be a d � d invertible matrix. Let us denote the singular values of A
by ˛1.A/ � � � � � ˛d .A/ > 0. Note that ˛1.A/ D kAk, where k�k is the oper-
ator norm induced by the usual Euclidean norm. Let us recall that for finite words
iD .i1; : : : ; in/ 2†�, we use the notations fi D fi1 ı � � � ı fin and Ai D Ai1 � � �Ain .
Then for every i 2 †�, the set fi.B.0; R// is an ellipse whose main semi-axes have
lengths ˛1.Ai/ � R; : : : ; ˛d .Ai/ � R. One can cover the ellipse fi.B.0; R// with one
square of side length ˛1.Ai/ � R or with at most d˛1.Ai/=˛2.Ai/e-many squares of
side length ˛2.Ai/ �R, and so on; see Figure 2. For a given s 2 Œ0; d � and given d � d
matrix A, it is easy to see that

min
kD1;:::;d

˛1.A/ � � �˛k�1.A/

˛k.A/k�1
˛k.A/

s
D ˛1.A/ � � �˛bsc.A/ � ˛bscC1.A/

s�bsc:
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R � ˛2.Ai/

R � ˛1.Ai/fi.B.0;R//

R � ˛2.Ai/

R � ˛1.Ai/fi.B.0;R//

Figure 2. Two ways to cover the ellipse fi.B.0; R// with squares of side lengths R � ˛1.Ai/

and R � ˛2.Ai/.

Hence, the most economic cover for a given s > 0 using the sets fi.B.0; R// is
covering fi.B.0; R// with squares of side length ˛bscC1.Ai/ � R. This motivates the
definition of singular value function. Namely, for a given s > 0 and d � d invertible
matrix A, let

's.A/ WD

8̂̂̂̂
<̂
ˆ̂̂:
˛1.A/

s if s 2 Œ0; 1�;

˛1.A/ � � �˛k.A/˛kC1.A/
s�k if s 2 .k; k C 1�

for some k 2 ¹1; : : : ; d � 1º;

j˛1.A/ � � �˛d .A/j
s=d if s > d:

(3.1)

And so taking ˛max D maxi ˛1.A/, we have

H s
˛nmaxR

.X/ � Rs �
X
i2	n

's.Ai/:

In particular, dimH .X/ � s for every s > 0 for which
P

i2	n '
s.Ai/! 0 as n!1.

More generally, Falconer [18] showed that

dimH .X/ � dimB.X/ � min¹d; s0.ˆ/º; (3.2)

where

s0.ˆ/ D inf
²
s > 0 W

1X
nD1

X
i2	n

's.Ai/ <1

³
:

We call the quantity s0.ˆ/ the affinity dimension of ˆ.
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The singular value function is sub-multiplicative, see Falconer [18], and so by
Fekete’s lemma, the sub-additive pressure function

Pˆ.s/ D lim
n!1

1

n
log

� X
i2	n

's.Ai/

�
is well defined, strictly monotone decreasing and continuous. Furthermore, P.0/ D
log #	 and P.s/! �1 as s !1. Moreover, the affinity dimension s0.ˆ/ is the
unique root Pˆ.s0.ˆ//D 0. Let us note that the affinity dimension is the natural gen-
eralisation of the similarity dimension, since ˛1.�O/ D � � � D ˛d .�O/ D � of every
O 2 O.d;R/ and � 2 .0;1/.

It is natural to ask whether the affinity dimension can be calculated explicitly or
approximated efficiently. Unfortunately, the naive approximation

P
i2†n'

sn.Ai/D1

gives us the extremely inefficient js0.ˆ/ � snj D O.1=n/ error rate. However,
Pollicott and Vytnova [53] were able to introduce an approximation method with
a super-exponential O.e�cn

2
/ approximation rate, where n stands for the number of

iterates required, for a certain class of planar matrices (like matrices with strictly pos-
itive entries) using zeta functions. This has been generalised recently by Morris [49]
for higher dimensions.

The non-conformal structure of the IFS also necessitates the modification of
the Lyapunov dimension compared to the self-similar situation following Jordan,
Pollicott and Simon [34]. As we mentioned, the Lyapunov exponent measures the
average shrinking rate of the cylinder sets at a typical point. However, the non-
conformality of the system implies that this rate is different in different directions.

Let � be a left-shift invariant ergodic probability measure on †. By Oseledets’
multiplicative ergodic theorem, see Krengel’s book [43], we define the i th Lyapunov
exponent �i�.ˆ/ by

�i�.ˆ/ D lim
n!1

�1

n

Z
log˛i .Ai jn/d�.i/

D lim
n!1

�1

n
log˛i .Ai jn/ for �-almost every i 2 †

for i D 1; : : : ; d . Then we define the Lyapunov dimension of the measure � by

dimL.�/ D min

´
d; min
kD1;:::;d

´
k � 1C

h� �
Pk�1
nD1 �

n
�.ˆ/

�k�.ˆ/

µµ
:

Rossi [59] showed that for every ergodic left-shift invariant measure �,

dimH .���/ � dimP .���/ � dimL.�/: (3.3)

A natural question arises: under which circumstances are the inequalities in (3.2)
and (3.3) equalities? The first results to answer this question were considering “typ-
ical systems” in the sense of Lebesgue-typical choice of translation parameters
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t D .ti /i2	 2 Rd �#	 . More precisely, Falconer [18] and Solomyak [60] showed the
following.

Theorem 3.1. If kAik < 1=2 for every i 2 	, then for d � #	-dimensional Lebesgue
almost every t D .ti /i2	 ,

dimH .Xt / D dimB.Xt / D min¹d; s0.ˆt /º;

where we write the IFS ˆt D ¹x 7! Aix C tiºi2	 and the attractor Xt of ˆt .

Solomyak [60] improved the previous bound 1=3 of Falconer [18] to 1=2. Let
us also note that Edgar [13], based on Przytycki and Urbański [54], pointed out
that the bound 1=2 is sharp. Namely, for every " > 0, there exists a planar self-
affine IFS ˆ D ¹x 7! A1x C t1; x 7! A2x C t2º such that maxikAik D 1=2 C "

but dimH .X/ < min¹2; s0.ˆ/º for any choice of .t1; t2/.
A similar result to Theorem 3.1 has been shown by Jordan, Pollicott and

Simon [34] for the pushforward of ergodic measures.

Theorem 3.2. If kAik < 1=2 for every i 2 	 and � is an ergodic left-shift invariant
measure on †, then for d � #	-dimensional Lebesgue almost every t , the measure
.�t /�� is exact dimensional; moreover,

dim..�t /��/ D dimL.�/;

where �t W†! Xt denotes the natural projection with respect to the IFS ˆt D ¹x 7!
Aix C tiºi2	 to the attractor Xt .

The above theorems provide us with the value of dimensions for typical systems
in some sense, but they do not provide simple, verifiable, sufficient conditions for
particular systems. Before the recent developments on the Ledrappier–Young formula
for self-affine systems (see Section 3.5) and the entropy growth theorem introduced
by Hochman [29], only very few particular examples were known; see, for instance,
Hueter and Lalley [32] or Falconer [20]. In the remaining part of the paper, we will
give “relatively” easily verifiable geometric and algebraic conditions which ensure
that equalities hold in (3.2) and (3.3), with heuristics on the necessity of them.

3.2. Self-affine carpets

First, let us make a detour now for a class of planar self-affine systems for which we
see the atypical behaviour. Let us consider the following simple example:

ˆ D

²
f1.x; y/ D

�
x

3
;
y

4

�
; f2.x; y/ D

�
x C 2

3
;
y

4

�
;

f3.x; y/ D

�
x

3
;
y C 3

4

�
; f4.x; y/ D

�
x C 2

3
;
y C 3

4

�³
: (3.4)
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Figure 3. The maps of the IFS ˆ defined in (3.4).

Every map of this IFS maps the unit square Œ0; 1�2 to itself. For a visualisation of
that, see Figure 3. Let us observe that the orthogonal projections of the attractor X
of ˆ are self-similar sets, and X is the Cartesian product of these projections. More
precisely, the orthogonal projection to the x-axis is the triadic-Cantor set C1=3, and let
us denote the projection to the y-axis by C1=4. Then X D C1=3 �C1=4. Using dimen-
sion formula (2.2) for self-similar sets and the properties of Hausdorff dimension
regarding product sets, we get that

dimH .X/ D dimH .C1=3/C dimH .C1=4/ D
log 2
log 3

C
log 2
log 4

:

However, it is easy to calculate the affinity dimension in this particular case. Namely,
Ai D

�
1=3 0
0 1=4

�
for every i 2 ¹1; 2; 3; 4º, and so ˛1.Ai/ D 3

�j i j and ˛2.Ai/ D 4
�jij

for every i 2 †�. Thus,

s0.ˆ/ D 1C
log 4 � log 3

log 4
>

log 2
log 3

C
log 2
log 4

D dimH .X/:

The drop in the dimension here is due to the alignment structure. That is, since
the sets fi.Œ0; 1�

2/ for high iterates are relatively long and thin rectangles positioned
in columns above each other, a square of side length 3�n in an optimal cover captures
many cylinders at once. This leads us to a smaller dimension value than our naive
cover, which covers every cylinder set individually.

Self-affine sets of this kind are collectively called self-affine carpets and have
been intensively studied. Bedford [10] and McMullen [48] independently studied the
following class: let a > b � 2 be integers, and let A� ¹0; : : : ; b � 1º � ¹0; : : : ; a� 1º
be such that it contains at least two elements. Let

ˆ D

²
f.i;j /.x; y/ D

�
x C i

b
;
y C j

a

�³
.i;j /2A

:



Self-affine sets and measures – A survey 289

Figure 4. The images of the unit square in a Bedford–McMullen system, a Gatzouras–Lalley
system and a Barański system.

For a visualisation of the images of the unit square, see the first image in Figure 4.
Let A1 be the set of i 2 ¹0; : : : ; b � 1º for which there exists j such that .i; j / 2 A,
and for every i 2 A1, let Ti D ¹j W .i; j / 2 Aº. Bedford [10] and McMullen [48]
established the following dimension formulas:

dimB.X/ D log #A1

�
1

log b
�

1

log a

�
C

log #A
log a

and

dimH .X/ D
log
�P

i2A1
.#Ti /

logb
loga
�

log b
:

From the formulas above, it is clear that dimH .X/ D dimB.X/ if and only if
#Ti D #Tj for every i; j 2 A1. Further simple algebraic manipulations show that

dimH .X/ D s0.ˆ/ if and only if #A D #A1 or #Ti D
#A
a

for every i;

and
dimB.X/ D s0.ˆ/ if and only if #A D #A1 or #A1 D b:

This shows that Bedford–McMullen sets fall into the set of “exceptions” in the
Falconer–Solomyak theorem for the majority of cases.

Without going into the details, we mention that several generalisations of
Bedford–McMullen carpets have appeared. Lalley and Gatzouras [44] studied planar
systems where they kept the alignment structure and the order of the contraction
rates, but the width and height of the rectangles may vary. Barański [2] also kept the
alignment structure in both x- and y-directions but not the order of the contractions.
(See Figure 4 for their visualisation.) Kenyon and Peres [40] generalised the result of
Bedford and McMullen for higher-dimensional systems. Feng and Wang [24] gave
a formula of the box-counting dimension for general planar carpet-like systems in
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which the linear parts of the maps are diagonal matrices and the images of the open
unit square are disjoint, relying on the contraction ratios and the dimension of the pro-
jections to the coordinate axis, which was generalised by Kolossváry [41] for higher
dimensions.

Recently, considerable attention has been paid to overlapping carpet-like systems
beyond Falconer’s and Solomyak’s “typicality” results. Fraser and Shmerkin [27]
studied overlapping Bedford–McMullen carpets, in which they allowed overlaps
between the columns, relying on the result on self-similar systems by Hochman [29].
Very recently, using entropy growth theorems and additive combinatorial methods,
Rapaport [58] studied overlapping carpet-like sets in arbitrary dimensions. For further
discussion and dimension formulas, see, for example, [8, Section 11.5].

3.3. Self-affine systems in R2 and R3 with separation and irreducibility

It is clear from the previous section that we cannot expect easily verifiable conditions
to provide equalities in (3.2) when the linear parts of the maps are diagonal. More
generally, similar exceptional behaviour can be observed if the maps only preserve a
common subspace corresponding to the strongest contraction rate, see, for example,
Kolossváry and Simon [42], or they preserve a finite collection of subspaces; see
Fraser [25]. To avoid these cases, let us introduce the concept of strong irreducibility.

Let AD ¹Aiºi2	 be a finite collection of d � d invertible matrices. We say that A

is strongly irreducible if there is no finite collection V1; : : : ; VN of proper subspaces
of Rd such that

AiVk �

N[
jD1

Vj for every i 2 	 and k 2 ¹1; : : : ; N º:

We say that a self-affine IFSˆD ¹x 7!AixC tiºi2	 is strongly irreducible if the cor-
responding collection of matrices ¹Aiºi2	 is strongly irreducible. It is clear that the
systems discussed in Section 3.2 are not strongly irreducible. One would think naively
that if we avoid alignments, and have separation, like an open set condition, we
might achieve equality of the affinity dimension and the Hausdorff dimension of the
attractor. Unfortunately, this is not the case. Let ˆ D ¹f1.x/ D A1x; f2.x/ D A2xº
be such that the matrices A1; A2 are invertible and have strictly positive entries and
the images of the unit open square are disjoint f1..0; 1/2/ \ f2..0; 1/2/ D ;; see
Figure 5. Clearly, the attractor X D ¹0º is a single point; however, the affinity dimen-
sion of ˆ is positive, since for every i 2 †�, 's.Ai/ � .mini ˛2.Ai //sj i j by the
super-multiplicativity of the mini-norm. Thus, we need a stronger assumption than
the open set condition.
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f1.�/

f2.�/

Figure 5. The IFS ˆ satisfies the open set condition, but the attractor is a singleton.

We say that an IFS ˆ D ¹fiºi2	 satisfies the strong open set condition (SOSC) if
there exists a non-empty, open and bounded set U � Rd such that

fi .U / � U and fi .U / \ fj .U / D ; for every i ¤ j 2 	 and U \X ¤ ;;

where X is the attractor of ˆ. Bandt and Graf [1] showed that the open set condi-
tion and the strong open set condition are equivalent for self-similar systems. This is
clearly not the case for general self-affine systems.

Bárány, Hochman and Rapaport [4] showed that these two assumptions are
enough for the dimension to be equal to the natural upper bounds in (3.2) and (3.3)
on the plane.

Theorem 3.3. Let ˆ D ¹fi W x 7! Aix C tiºi2	 be a self-affine IFS on R2 such that
it satisfies the strong open set condition and the strong irreducibility. Then for every
self-affine measure � D ���, where � is the corresponding Bernoulli measure,

dim.�/ D dimL.�/ and dimH .X/ D dimB.X/ D s0.ˆ/: (3.5)

Note that the equation above indicates that the self-affine measure � is exact
dimensional; this and some ideas of the proof will be discussed later in Sections 3.4
and 3.5. Let us mention that in this form, the result of Bárány, Hochman and
Rapaport [4] does not exclude that the IFS ˆ consists only of similarities (or that
the IFS ˆ is conjugated to a self-similar IFS); however, that case already follows
from the result of Hutchinson, Theorem 2.1. To avoid such redundancy, we introduce
the concept of proximality. We say that a finite collection A D ¹Aiºi2	 of matrices
is proximal if there is a finite product Ai for some i 2 †� which has maximal eigen-
value in modulus with multiplicity one. We use the same term similarly for the IFS,
too.
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Let us mention that the result of Bárány, Hochman and Rapaport [4] also remains
valid in some not strongly irreducible cases, for example, for the graph of Takagi’s
function. Let us consider the parametrised family of maps

T�.x/ WD

1X
nD0

�nd.2nx;Z/;

where d.:;Z/ denotes the distance from the closest integer. The graph of T� is a
self-affine set invariant for the IFS

ˆ� D

²
f1.x; y/ D

�
x

2
; �y C

x

2

�
; f2.x; y/ D

�
x C 1

2
; �y C

1 � x

2

�³
I

see the third image in Figure 1. It is clear that the IFS ˆ is not strongly irreducible;
however, the commonly preserved direction corresponds to the weaker contraction
� > 1=2, and the invariant directions of the strong contraction have a rich enough
structure to avoid the occurrence of alignments. In particular, Bárány, Hochman and
Rapaport [4, Corollary 7.6] showed the following: for every � 2 .1=2; 1/,

dimH .graph.T�// D dimB.graph.T�// D s0.ˆ�/ D 2 �
log�
log 2

;

where graph.T�/ denotes the graph of T� over the interval Œ0; 1�.
The concept of exponential separation has been generalised for self-affine systems

by Hochman and Rapaport [31], and they extended Theorem 3.3 for exponentially
separated planar systems, omitting SOSC. Very recently, Rapaport [57] generalised
the result on self-affine measures of Theorem 3.3 for systems in R3, and relying on
that, Morris and Sert [51] established the result for the dimension of sets.

Theorem 3.4. LetˆD ¹fi Wx 7! Aix C tiºi2	 be a self-affine IFS on R3 such that it
is proximal, strongly irreducible and it satisfies the strong open set condition. Then for
every self-affine measure � D ���, where � is the corresponding Bernoulli measure,

dim.�/ D dimL.�/ and dimH .X/ D dimB.X/ D s0.ˆ/: (3.6)

Rapaport [57] also gained dimension results for self-affine measures in higher
dimensions, but with additional, most likely technical assumptions. So, the problem
is open in Rd for d � 4.

Let us briefly describe here the strategy of the proofs of Theorems 3.3 and 3.4
compared to the strategy of the sketch in Section 2 in the self-similar case. First,
we need a sequence of self-affine measures, whose affinity dimension approximates
the affinity dimension arbitrarily well, to show the results for the dimension of sets



Self-affine sets and measures – A survey 293

in (3.5) and (3.6). This is needed because the methods of proving the dimension res-
ults on measures strongly rely on the structure of self-affine measures. We will discuss
the possibility of this approximation in detail in Section 3.4.

Another essential tool is the so-called Ledrappier–Young formula, which allows
us to study the dimension of the planar/spatial measure via its orthogonal projections.
Namely, the dimension of a self-affine measure is the Lyapunov dimension if and
only if the dimension of the orthogonal projections is as large as possible. We will
discuss it in Section 3.5. However, the projections of � share a lot of common prop-
erties with self-similar measures, and by proper approximations, the entropy growth
theorem of Hochman [29] is applicable, which allows us to establish the maximality
of the dimension of the projections in reasonably many directions.

Let us note that it is an open problem whether under the conditions of The-
orems 3.3 and 3.4 we have dim.���/ D dimL.�/ for a general left-shift invariant
ergodic measure.

Another open problem is whether the dimension of self-affine sets can be
achieved via a dimension-maximising ergodic left-shift invariant measure. That is,
does (2.3) hold for self-affine systems? In general, the answer is negative. Das and
Simmons [12] constructed a self-affine setX in R3 with a special alignment structure
such that

dimH .X/ > sup¹dimH .���/ W � is ergodic and left-shift invariantºI

hence, (2.3) does not hold in general. However, we do not expect this phenomenon
for sets under certain irreducibility assumptions (like under the assumptions of
Theorems 3.3 and 3.4). Still, we have only partial results on the existence of
dimension-maximising measures; see Bárány and Rams [7].

3.4. Thermodynamic formalism

As we mentioned at the end of Section 3.3, the results on the dimension of the
measures in Theorems 3.3 and 3.4 rely strongly on the structural properties of self-
affine measures, so to verify the dimension results for the sets in (3.5) and (3.6), we
need to find a proper way to approximate the affinity dimension s0.ˆ/ via self-affine
measures, possibly by taking a high iterate of the IFS ˆ.

So let ˆ D ¹x 7! Aix C tiºi2	 be a self-affine IFS. As Falconer [18] pointed
out, the singular value function 's , defined in (3.1), is sub-multiplicative, that is, for
all A;B matrices, 's.AB/ � 's.A/'s.B/. Relying on this property, Käenmäki [36]
showed that for every ergodic left-shift invariant measure �,

s0.ˆ/ � dimL.�/:
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Moreover, there always exists a left-shift invariant ergodic measure � such that the
equality holds in the preceding formula. We call this measure the Käenmäki measure.
Käenmäki and Vilppolainen [38] pointed out that the Käenmäki measure is not neces-
sarily unique; however, under mild irreducibility assumptions, it is. More precisely,
Feng and Käenmäki [23] showed that for planar IFSˆ, if the matrices are irreducible
(there is no proper subspace V of R2 such that AiV D V for every i 2 	), then the
Käenmäki measure is unique; furthermore, there exists a constant C > 0 such that for
every i 2 †�,

C�1's0.ˆ/.Ai/ � �.Œi�/ � C's0.ˆ/.Ai/: (3.7)

The uniqueness has been generalised for higher dimensions by Käenmäki and
Morris [37] under certain irreducibility assumptions on the exterior product of
matrices.

In general, it is not likely that the Käenmäki measure is a Bernoulli measure
unless the linear parts of the IFS ˆ have a very special structure. This has been
recently verified by Morris and Sert [50].

Morris and Shmerkin [52] proved the following approximation result for planar
self-affine IFS ˆ with proximality, strong irreducibility: for every " > 0, there exists
n � 1 and a subset Gn � †n such that the IFS ˆ0 D ¹fiºi2Gn is strongly irreducible
and proximal; furthermore, the Lyapunov dimension of the self-affine measure

�0 D
1

#Gn

X
i2Gn

.fi/��
0

is at least s0.ˆ/ � ".
Property (3.7) has a crucial role in this statement. A possible natural strategy is to

approximate the affinity dimension with the Lyapunov dimension of Bernoulli meas-
ures of higher order; one needs to take a sufficiently large n and a sufficiently large
subset Gn � †n such that

#Gn � e
nh� ; ˛k.Ai/ � e

�n�k�.�/ and ˛1.AiAj/ � C˛1.Ai/˛1.Aj/

for all i; j 2 Gn;

where � is the Käenmäki measure and C is a universal constant, independent of n. It
is not trivial that such a constant C > 0 can be found, but in the proximal and strongly
irreducible case, it is; see, for example, Bárány, Jordan, Käenmäki and Rams [5]. The
approximation result for higher dimensions under certain irreducibility conditions
was generalised recently by Morris and Sert [51].

3.5. The Ledrappier–Young formula

One of the main tools of the proofs of Theorems 3.3 and 3.4 is the exact dimensional-
ity of self-affine measures and the so-called Ledrappier–Young formula. The problem
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of the existence of local dimensions has a long history for self-affine measures and
also in smooth dynamical systems. For an invariant measure in high-dimensional
C 1C˛ systems, Ledrappier and Young [45, 46] proved the existence of the local
dimensions along stable and unstable local manifolds and established a connec-
tion between conditional entropies, Lyapunov exponents and local dimensions. The
adaptation of their method for self-affine systems remained an open question for
almost three decades. The first special case was established by Feng and Hu [22]
for self-affine systems, where the matrices were diagonal.

Let us illustrate the problem for planar self-affine systems with proximality,
strong irreducibility and the strong open set condition. For a proper subspace V �R2,
let us denote the orthogonal projection by projV WR

2
! V . The projective circle, that

is, the set of all proper subspaces of R2, is denoted by PR1. A 2 � 2 invertible mat-
rix A naturally defines an action on the projective circle PR1, which is also denoted
by A with a slight abuse of notation. Let � D ��� be a self-affine measure with the
corresponding Bernoulli measure �. Furthermore, let i 2 † be a “�-typical” point.
Then take the ball B.�.i/; ˛2.Ai jn// centred at �.i/ with radius ˛2.Ai jn/. Heurist-
ically, it intersects only the cylinder fi jn.X/. Let V 2 PR1 be a subspace close to
the shortest main semi-axis of Ai jn.B.0; 1//. Using the invariance of the measure �
and (1.4), we get that

�.B.�.i/; ˛2.Ai jn/// � �.fi jn.X/ \ B.�.i/; ˛2.Ai jn///

� pi jn�.f
�1

i jn .B.�.i/; ˛2.Ai jn////

� pi jn�

�
proj�1

ATi jn
V
B

�
projATi jnV

�.�n i/;
˛2.Ai jn/

˛1.Ai jn/

��
:

(3.8)
For a visualisation, see Figure 6.

Hence, studying the local dimension of � requires understanding the local dimen-
sion of .projV /��. But observe that as n goes to infinity, the direction of the ortho-
gonal projection ATi jnV takes a random walk on the projective circle similarly to the
chaos game defined in Section 1.1. For a proximal and strongly irreducible collec-
tion of matrices AT D ¹ATi ºi2	 , there exists a unique stationary Borel probability
measure �F , called the Furstenberg–Kesten measure, with strictly positive Hausdorff
dimension such that

�F D
X
i2	

pi .A
T
i /��F :

For a proof, see, for example, the book of Bougerol and Lacroix [11]. The name of
the measure originates back to the paper by Furstenberg and Kesten [28], who stud-
ied the Lyapunov exponents of random matrix products and gave a formula for it by
using �F .
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fi1 ı � � � ıfin .X/

X

x fin
�1
ı � � � ıfi1

�1

y

proj.y/

Ain
T
� � �Ai1

T

Figure 6. Applying the inverses of the maps of the IFS on a ball centred at x D �.i/ with
radius ˛2.Ai jn/, which is mapped to an ellipse centred at y D �.�n i/ comparable with
proj�1

ATi jn
V
B
�
proj

ATi jn
V
�.�n i/; ˛2.Ai jn /

˛1.Ai jn /

�
\X .

Taking the logarithm on both sides of (3.8) and dividing by log ˛2.Ai jn/, the
heuristic argument gives us the following, proven by Bárány and Käenmäki [6].

Theorem 3.5. Let ˆ D ¹x 7! Aix C tiºi2	 be a planar self-affine IFS such that it is
proximal, strongly irreducible and satisfies the strong open set condition. Let �D���
be a fully supported self-affine measure (i.e., pi > 0 for every i 2 	) with Bernoulli
measure �. Then every fully supported self-affine measure � is exact dimensional;
moreover, for �F -almost every V 2 PR1, the projected measure .projV /�� is exact
dimensional and

dim.�/ D
h�

�2�.ˆ/
C

�
1 �

�1�.ˆ/

�2�.ˆ/

�
dim..projV /��/ for �F -almost every V:

For a more detailed discussion on the Furstenberg–Kesten measure and the
Ledrappier–Young formula, see [8].

Theorem 3.5 has significant consequences. It is easy to see that

dim.�/D dimL.�/ if and only if dim..projV /��/Dmin
²
1;

h�

�1�.ˆ/

³
for �F -a.e. V:

Hence, to study the dimension of �, one needs to understand the dimension of
typical projections of �. Several results appeared before Theorem 3.3 using the
Ledrappier–Young formula, which were relying on the dimension estimates on excep-
tional sets of orthogonal projections of measures by Marstrand [47], Kaufman [39]
and Falconer [17] and studying the dimension of �F ; see, for example, Bárány [3],
Bárány and Rams [7], Falconer and Kempton [16] and Rapaport [56]. While the proof
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of Theorem 3.3 relies on the Ledrappier–Young formula and the observation that the
projections of � share a lot of common properties with self-similar measures, and by
proper approximations, the entropy growth theorem of Hochman [29] is applicable.

Finally, let us mention that Feng [21] generalised the Ledrappier–Young formula
in a very wide generality and established the following regularity property.

Theorem 3.6. Let ˆ D ¹x 7! Aix C tiºi2	 be a self-affine IFS on Rd , and let � be
an ergodic measure on †. Then the measure ��� is exact dimensional.
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