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Courant, Bézout and persistence
Lev Buhovsky

Abstract. We give an overview of some recent applications of the theory of persistence mod-
ules and barcodes to spectral geometry and to the transcendental Bézout problem. The proofs
of most of the results are given in previous works written with coauthors.

1. Introduction

Let (M, g) be a compact and connected Riemannian manifold, possibly with bound-
ary, and consider the induced (positive) Laplace—Beltrami operator A, = —divy Vg
on M. The spectral decomposition of Ag (in case of IM # @, we impose the
Dirichlet boundary conditions) provides us with an infinite sequence 0 < A; < A, <
-+ /" 400 of eigenvalues and a corresponding sequence fi, fa, ... of eigenfunc-
tions, Ag fx = Ak fk, forming an orthonormal basis of L?(M, d V) (here d V, is the
induced Riemannian volume density on M ). Since the famous Chladni experiments
conducted more than two centuries ago, the study of properties of eigenfunctions has
fascinated generations of mathematicians.

For a smooth (or, more generally, continuous) function on M, its nodal set is
Zy ={f =0} C M, and a nodal domain of f is a connected component of the
complement M \ Z¢. In the case of M = [0, 7], the k-th Dirichlet eigenfunction
Jfr(x) = sin kx has exactly k nodal domains. In higher dimensions, there is no such
statement, but there is a fundamental upper bound.

Theorem 1.1 (R. Courant, 1923). A Laplace—Beltrami eigenfunction f has at
most k nodal domains.

Note that in the above-mentioned one-dimensional example of M = [0, rr], in fact
any linear combination of the first k eigenfunctions, ZIEZI ag fe(x) = Z’EZI agsinlx,
has at most k + 1 zeroes on [0, ], and as a result, at most £ nodal domains. Such a
property of eigenfunctions is called the extended Courant property.
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Definition 1.2. We say that the extended Courant property holds on (M, g) if for
every k, any linear combination of first k eigenfunctions of the Laplace—Beltrami
operator has at most k nodal domains.

It is not difficult to see that the extended Courant property holds in dimension 1.
The higher-dimensional case is more complicated and interesting. In case of bounded
Euclidean domains, it was claimed in the footnote of [19, p. 454] (second footnote in
the German original [18, p. 394]) that “Any linear combination of the first n eigen-
functions divides the domain, by means of its nodes, into no more than n subdomains.
See the Gottingen dissertation of H. Herrmann, Beitrdge zur Theorie der Eigen-
werte und Eigenfunktionen, 1932”. However, already in 1956, Pleijel [31, p. 550]
mentioned that he could not find a proof of this statement in the literature.

In 1973, V. Arnold [3, 4] related the extended Courant property to Hilbert’s 16th
problem, pointing out that while the property holds for (R P2, gg), it does not hold
for (RP3, go) due to counterexamples constructed by O. Viro [36]. More recent
works [5-9, 23] provided many more examples where the extended Courant prop-
erty fails, both in the setting of bounded Euclidean domains and in the more general
setting of Riemannian manifolds.

Denote by ¥, the space of all linear combinations of eigenfunctions with eigen-
value < A. Although the extended Courant property was shown to be incorrect in
many cases, one could still ask whether the number of nodal domains of any linear
combination of the first k eigenfunctions is bounded by Ck, where C is a constant.
Or, equivalently,' one could ask whether for any A > 0 and any f € 3, the num-
ber of nodal domains of f is bounded by C(A + 1)*/2, where n is the dimension
of M. In [9], we show that the answer to this question is negative, and that in fact it
is impossible even to have a general asymptotic upper bound.

Theorem 1.3. There exists a Riemannian metric g on the 2-torus, a sequence fkj of
eigenfunctions of the Laplacian Ag, and a sequence of scalars c; € R, such that for
each j the function fy, ; — ¢j has infinitely many nodal domains.

The proof of the theorem combines ideas from analysis and topology. The con-
structed metric is of the Liouville type: ds? = Q(x)(dx? + dy?), (x,y) € T? =
(R/27Z)?. In particular, the variables separate, and the eigenfunctions are of the
form u(x) cosmy and u(x) sinmy, where m € 7Z, and the function u satisfies the
Sturm-Liouville problem

u”(x) + (A0 (x) — m?)u(x) = 0. (1.1)

I"This equivalence follows from the Weyl’s law by which Ax grows asymptotically as k2/7
times a constant.



Courant, Bézout and persistence 335

For such an eigenfunction f, the difference f — ¢ will have infinitely many nodal
domains provided that the function u oscillates appropriately (will have “infinitely
many damped oscillations”) near the level c¢. A crucial observation is as follows: if
the function AQ (x) — m? vanishes at some point x, and moreover oscillates near x.
in a suitable way, then a solution u of (1.1), u’(x4) = 0, is forced to oscillate near x.
as well. Therefore, we construct Q(x) such that the function AQ (x) — m? suitably
oscillates near the level 0, or, equivalently, the function Q(x) oscillates near the level
m? /A for infinitely many values of m. Here, the main difficulty is that the possi-
ble values of A (the eigenvalues of the Sturm-Liouville problem (1.1)) depend on Q
and m, and we somehow need to match the levels where Q oscillates with the values
m? /A for infinitely many m’s. This becomes possible by applying the Brouwer fixed
point theorem in dimensions growing to infinity and by using compactness [9].
Inspired by Theorem 1.3, we ask a general question.

Question 1.4. Is it true that on any closed manifold M of dimension n > 2 there
exists a Riemannian metric as in Theorem 1.3?

It is not difficult to extend Theorem 1.3 from the 2-torus case to manifolds of the
type M = S! x N (where the manifold N is closed), by using a similar reduction to
the one-dimensional Sturm—Liouville problem. But for a general M, such a reduction
is not possible, and new ideas are needed.

Remark 1.5. One could also try other possible ways to generalize Theorem 1.1.
First, one could ask whether the theorem extends to higher-order elliptic differen-
tial operators (e.g., clamped plate problem). Second, notice that the number of nodal
domains is the Oth Betti number of the complement of the nodal set. Hence one could
ask whether the bound in Theorem 1.1 extends to higher-order Betti numbers (of the
complement of the nodal set of an eigenfunction). However, based on Theorem 1.3,
it was shown in [10] that, in general, these two questions have negative answers.

In this survey, we will describe an approach to the extended Courant prop-
erty, based on the so-called coarse count of nodal domains, which leads to positive
results [10, 32, 34]. Moreover, a variant of this “coarse approach” yields applica-
tions to Bézout theorems for eigenfunctions (giving a partial answer to a question
of V. Arnold and L. Polterovich) [10], as well as to the transcendental Bézout
problem [11]. For more details, see Sections 2 and 4.

The coarse approach is a part of a more general picture where the main focus
lies on the interplay between topology and analysis of functions [10]. The topolog-
ical function theory deals with invariants of functions under diffeomorphisms and,
roughly speaking, enables to study oscillations of functions by looking at the topol-
ogy of their sublevel sets. This theory is based on persistence modules and barcodes,
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a mathematical apparatus originating from topological data analysis. On the analysis
side, one considers measurements of functions based on the Sobolev scale. For more
details, see Section 3.

2. Coarse Courant and Bézout

2.1. Coarse Courant

A remarkable and fruitful idea, which goes back to [34], is to disregard small oscil-
lations while counting nodal domains (we call it a coarse count of nodal domains).
More precisely, we have the following definition [34].

Definition 2.1. A nodal domain 2 of a function f is called §-deep for some § > 0
if maxg|f| > 8. Denote by mo(f, §) the number of §-deep nodal domains of a
function f.

In [34], L. Polterovich and M. Sodin showed that on a compact and connected
Riemannian surface’ (M, g), there is an upper bound

mo(f.8) < C min(§~1,872)A, .1

where f € %, is L?(M, Vg)-normalized, and C = C(M, g). This result represents
a version of the extended Courant property for the coarse count of nodal domains.
It was deduced from a general inequality between a generalized Banach indicatrix
of a smooth function and a quantity involving the Sobolev W?2-2-norm of the func-
tion [34]. These and related results were later extended to the framework of the theory
of persistence modules and barcodes [32]. In a consequent work [10], we explored
this direction further and proved a version of (2.1) (a coarse Courant theorem) on
Riemannian manifolds of any dimension.

Theorem 2.2. Let (M, g) be a compact and connected Riemannian manifold of
dimension n, and let k > n/2 be an integer. For any A > 0 and [ € F, with
I £ z2,v,) = 1, and any § > 0, we have

mo(f,8) < C§kQ + 1)"/?, (2.2)

where C = C(M, g, k).

By a surface, we mean a manifold of dimension 2.
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The upper bound in (2.2) is sharp in terms of the power of A + 1, as we show in
the following theorem [10].

Theorem 2.3. Suppose (M, g) is a closed Riemannian manifold. Then there exists
¢ =c(M,g) >0 such that for any A > 0 and § > 0, one can find f € ¥,
£ | 2aa,v,) = 1 for which we have

,()L—l-l)”/z
mo(f.8) Zcm—

2.2. Bézout, eigenfunctions and coarse count

As suggested in the foundational work [21] of Donnelly and Fefferman, eigenfunc-
tions of the Laplace—Beltrami operator with eigenvalue A are expected to share some
common features with polynomials of degree VA when A is sufficiently large. For
instance, this principle can be clearly seen on the sphere S” endowed with the stan-
dard spherical metric: harmonic polynomials of degree d on R"*! correspond to
eigenfunctions of the Laplace-Beltrami operator with the eigenvalue d(d + n — 1).
A real version of the Bézout theorem states that for a generic collection py, ..., py
of real polynomials on R”, of degrees dj, ..., dy, respectively, the number of com-
mon zeroes does not exceed the product did; - - d,. In the 2000s, V. Arnold and
L. Polterovich asked whether eigenfunctions of the Laplace—Beltrami operator sat-
isfy a version of the Bézout theorem. The example of the round sphere S” provides
an evidence here: indeed, due to the above explicit description of the eigenfunc-
tions, one can deduce from the Bézout theorem that for eigenfunctions fi,..., f,
on S with eigenvalues Ay, ..., A,, the number of common zeroes generically
does not exceed 2+4/A; -+ A,. Furthermore, it was proved in [22] that the expec-
tation (in a natural probabilistic setting) of the number of common zeroes equals
2n~"2 /A1 -~ A,. Similar bounds for certain homogeneous Riemannian manifolds
have also been obtained in [1,2].

The “coarse approach”, useful for the Courant theorem and its extensions, is also
applicable to the above-mentioned question of V. Arnold and L. Polterovich. First, let
us define the relevant coarse count [10].

Definition 2.4 (Coarse count of zeroes). Let f1,..., f, : M — R be a collection of
continuous functions on an n-dimensional manifold M. Denote f = (f1,..., fa) :
M — R”. For § > 0, define zo(f, §) to be the number of connected components
of f~1(Bs) which contain zeroes of f (i.e., which intersect f~1(0)), where By =
{|x| <&} C R™.

The following coarse Bézout theorem for linear combinations of eigenfunctions
was shown in [10].
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Theorem 2.5. Let (M, g) be a compact and connected Riemannian manifold of
dimension n, and let k > n/2 be an integer. For every A > 0, and a collection
Sroooos fo € Faowith || fillL2gavey = 1(7 = 1,...,n), for each § > 0 we have

20(f,8) < CRQ + 12 41,
where f = (f1,..., fu),and C = C(M, g, k).

This theorem can be seen as a partial answer to the question of Arnold and
Polterovich. Note, however, that in the theorem the functions j} are assumed to lie
in the same ¥), which corresponds to having the same degree bound in case of poly-
nomials, while in the Bézout theorem the degrees can be different. Therefore, we ask
the following question [10].

Question 2.6. Can we generalize the statement of Theorem 2.5 by assuming that

fj € Fa; for j = 1,...,n and replacing (A + 1)*/2 by /A{--- A, in the upper
bound?

Finally, it is natural to ask whether for the question of Arnold and Polterovich,
the coarse approach is at all necessary. In contrast to the “Courant story” where we
have the counterexample given by Theorem 1.3, an analogous counterexample for the
question of Arnold and Polterovich (the “Bézout story”) is missing. Despite the lack
of enough evidence, we would still conjecture that such a counterexample exists. See
a recent work [35] of V. Stojisavljevi¢ for a possibly related counterexample in the
context of harmonic functions, motivated by the transcendental Bézout problem.

2.3. Persistent Betti numbers and the Sobolev norm

As we will see later, the coarse Courant and coarse Bézout approaches are closely
related, and moreover, Theorems 2.2 and 2.5 can be naturally generalized. Let us first
extend the invariants my, zg to persistent Betti numbers of higher degree.

Definition 2.7. Let M be a smooth manifold of dimension n, and let f : M — R¢
be a continuous map. For any integer 0 < r < n and any § > 0, define the persistent
Betti numbers

my(f.8) = dimIm(H,({| f| > 8}) > H(M \ Zy))
and
zr(f.8) = dimIm(H,(Zy) — H:({| f] < 8})).

Here, |-| stands for the Euclidean norm on R4, Z r={f =0} CM,and H.(X)
stands for the r-th singular homology group of a subset X C M with coefficients in
a field K.
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It is not difficult to see that in the case of r = 0, this definition indeed coincides
with Definitions 2.1 and 2.4. The following result generalizes Theorems 2.2 and 2.5
(cf. Remark 1.5).

Theorem 2.8. Let (M, g) be a compact Riemannian manifold of dimension n, let
A= 0andlet fi,..., fa € Fy be such that | fillL2(m,v,) = 1 foreach 1 <i <d.
Then for any integers k > n/2 and 0 < r < n, and any § > 0, we have

my(f,8) < C8RO + 1)/,
2 (f,8) < CER (L + D)2 4 b (M),

where f = (fi,.... f1) : M - R4 b, (M) =dim H,(M) and C = C(M, g.k,d).

Theorem 2.8 appears to be a spectral geometric application of a general result
which compares between m,, z, and a Sobolev norm. Recall that given a compact
Riemannian manifold M, a real number p > 1 and an integer k£ > 1, for a smooth
map f : M — R the Sobolev norm || f || yy«.» is controlled by the L?-norms of the
derivatives of f up to order k. The Sobolev space W*-? (M ;R?) is the completion of
the space C (M, R%) (consisting of all smooth functions f : M — R?) with respect
to the Sobolev norm |-||yx.». Note that if kp > n = dim M, then by the Sobolev
embedding theorem, the norm ||||y«.» dominates the uniform norm, and the Sobolev
space Wk (M ;R¥) consists of continuous maps, W52 (M;R%) c C(M,R%). We
now formulate the main result of this section [10].

Theorem 2.9. Let (M, g) be a compact Riemannian manifold of dimension n, let
p>1landlet k >n/p, 0 <r <n and d > 1 be integers. Then for any f €
wkr(M:R?) and any § > 0, we have

m,(f.8) < CsR| FInk,

and

2 (f:8) < CEMR|FIME , + be(M),

where b, (M) = dim H, (M), and C = C(M, g, p,k,d).

Theorem 2.8 readily follows from an application of Theorem 2.9 (with p = 2) and
of a priori estimates for the Laplace—Beltrami operator. Therefore, it is not surprising
that Theorem 2.8 generalizes to general elliptic differential operators, with Dirichlet
boundary condition in the case of a non-empty boundary [10] (cf. Remark 1.5).

The statement of Theorem 2.9, involving persistent Betti numbers, is not yet an
ultimate one. In Section 3.1, we discuss the language of persistence barcodes, and in
Section 3.2, we explain the meaning of persistent Betti numbers in that context. This
language will allow us to state Theorem 3.8 (Section 3.2), which is the main result
of [10].
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3. Topology and analysis of functions

3.1. Introduction to persistent modules and barcodes

The notions of a persistence module and a barcode first appeared within the frame-
work of topological data analysis. Below, we review these notions and their relevant
properties. For a detailed account on persistence theory, see [14,30,33].

Definition 3.1. A persistence module (V, ) over a field K consists of a family of
vector spaces V;, ¢ € R over K together with linear maps 75 ; : Vy — V; defined for
all s <1, called structure maps, which satisfy n;; = idy, for all # € R, as well as
Mgt OTys = 7y forallr <s <t.

Important examples of persistence modules appear as topological invariants of
functions. Let f : X — R be a function on a Hausdorff topological space. Define
V(f)r=H{f <t})and nS{, = (is,t)x, Where ig s : { f <s} —{f <t} areinclusions
and H denotes the singular homology with coefficients in a field K.

Persistence modules form a category, where a morphism ¢ : (V, V) — (W, x
is given by a family of linear maps ¢; : V; — W;, t € R such that for all s <t we
have T[SV’[; oy = ¢ 0 ns‘ft. Direct sum of a collection of persistence modules is well
defined and described by a natural (pointwise for each ¢ € R) construction.

Simplest, and in some sense basic, examples of persistence modules are the
following.

")

Definition 3.2. For an interval I C R (which can be either finite or infinite), we
define the interval persistence module K as

s,t

) {K, ift el K, {idK, ifs,1 el
It = =

0, otherwise, 0, otherwise.

General persistence modules can be quite complicated. In practice, one usually
poses certain natural restrictions on persistence modules, under which it becomes
possible to describe them in simple terms. For example, consider the class of point-
wise finite-dimensional persistence modules, namely those (V, i) such that V% is finite
dimensional for each ¢ € R. Then we have a structure theorem which states that any
such persistence module is a direct sum of interval persistence modules.

Definition 3.3. A barcode 8 is a multiset of intervals with finite multiplicities. The
intervals in B are called bars.
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Theorem 3.4 (Structure theorem [20]). To every pointwise finite-dimensional persis-
tence module (V, 1), there corresponds a unique barcode B (V') such that

V.m) = P ®p.a*).

1e8B(V)

Now let f : M — R be a Morse function on a compact manifold M. Recall
that the persistence module (V(f), 7/) is given by V(f); = H{f < t}), and
natural maps ns{ ;. V(f)s = V(f): induced by inclusions of sublevel sets. Then
clearly V(f) is pointwise finite dimensional, and hence the structure theorem gives
us the corresponding barcode which we denote by B( /). The barcode B( /) consists
of a finite number of bars whose endpoints are critical values of f, and it describes
how the space V(f); = H({f < t}) changes when ¢ grows. For a finite bar [s, t)
in B(f), at the level s a new homology class is “born” and at the level ¢ this homol-
ogy class “dies”. An infinite bar [s, +00) corresponds to a homology class that is born
at the level s and never dies, that is, to a genuine homology class of M. The num-
ber of infinite bars in B(f) is equal to the total Betti number of M. By examining
examples, it becomes evident that, in a certain sense, 8( f) reflects the oscillatory
behavior of the function f. See Figure 1.

The space of barcodes admits a remarkable pseudo-metric. We will use (a, b) to
denote any of the intervals (a, b), [a, b), (a, b], [a, b]. Two barcodes B, B’ are called
e-matched, ¢ > 0, if after erasing certain bars of length < 2¢ from each of them, there
exists a bijection ® between the remaining bars, which satisfies

®({a,b)) = (c,d) = |a—c|,|b—-d| <e.
The bottleneck distance between barcodes is defined as

dpoute (B, B') = inf{e | B, B’ are e-matched}.

o 1]

e J)
) =1
\_ | °

| ¢ barcode

R

Figure 1. The barcode of the height function on a deformed sphere.
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It is not difficult to see that dpoye is a pseudo-metric. The counterpart of this distance
is a distance between persistence modules which is called the interleaving distance.
The direct correspondence between interleaving distance and bottleneck distance is
stated in the isometry theorem [12, 15,27]. The following corollary of the isometry
theorem is a key feature of the theory [15].

Theorem 3.5 (Stability theorem). Assume that M is a compact manifold and f, g -
M — R are Morse functions, then

dooute(B(f). B(g)) = dco(f.8).

3.2. The bar counting function and the Sobolev norm

It will be important for us to go beyond Morse functions and to treat general contin-
uous functions 2 : M — R defined on a compact manifold M. This is possible since
for such /& the persistence module V() is still “good enough”.

Definition 3.6. A persistence module (V, ) is called g-tame if 7, ; has a finite rank
for every s < t.

Let M be a compact manifold and & : M — R be a continuous function. Approx-
imating ~ by a Morse function and comparing their persistence modules, it is not
difficult to deduce that the persistence module V (k) is g-tame. Theorem 3.4 (the
structure theorem) continues to hold also for g-tame persistence modules [13]. The
barcode 8B (/) consists of a finite number of infinite bars of the form [s, +00), and of
at most countable number of finite bars of the form [s, ). Moreover, by an approxi-
mation argument and by Theorem 3.5 (the stability theorem which continues to hold
in the case of continuous functions), one concludes that for any § > 0 there exists at
most finite number of bars of length > § in B (/). This observation gives rise to an
important invariant called the bar counting function.

Definition 3.7. For § > 0, we define Ns(h) to be the number of bars of length > § in
the barcode B (h).

Let us remark that the V() naturally decomposes into a direct sum of persistence
modules V,(h), 0 < r < n, where V,(h); = H,({h < t}), and the structure maps
JTA{Z, " Hy,({h < s}) — H,({h < t}) are naturally induced by inclusions of sublevel
sets (n = dim M). Denote by B, () the barcode of V(). As in Definition 3.6, for
8 > 0 we denote by N, s(h) the number of bars of length > § in the barcode B, (h).
From the isomorphism

V), 7x"") = P Ky 7' ),

1€8,(h)
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stated in the structure theorem, we get that for any a < b, the quantity
rk ”5,’5 = dimIm(H,({h < a}) > H,({h < b}))

equals the number of bars [s, ) in 8, (k) such that s <a < b < ¢. It is also not difficult
to deduce that
dimIm(H,({h < a}) - H,({h < b}))

equals the number of bars [s, ) in B, () such that s < a < b <1t, and that
dimIm(H, ({h < a}) — H,(th < b}))

equals the number of bars [s,7) in B, (k) such that s < a < b < ¢. This allows us to
interpret the persistent Betti numbers m,, z, defined in Section 2.3, in the language
of barcodes.

Indeed, let M be a compact manifold of dimension n, let f : M — R? be a
continuous map and let 0 < r < n and § > 0. By the definition of m,( f, §), we have

my(f,8) = dimIm(H, ({h < —8}) — H,({h < 0})),

where i = —| f'|. Hence it follows from the above that m, (f, §) equals the number
of bars [s, ¢) in B, (—| f|) such that s < —§ < 0 < ¢, that is, the number of bars in
Br(—| f]) whose left endpoint is less than —§ and whose right endpoint is either 0
or +oo. Similarly, we conclude that z,(f, §) equals the number of bars in B, (| f])
whose left endpoint is 0 and whose length is greater than §. As a corollary, we get the
bounds

mr(f.8) < Nps(=|f1) = Ns(=|f1]) (3.1)

and

zr (f:8) = Nes(1f D) = Ns(1f D). (3.2)

Now we formulate the general theorem which compares the bar counting function
and the Sobolev norm [10].

Theorem 3.8. Let (M, g) be a compact Riemannian manifold of dimension n, let
p>1landletk >n/pandd > 1 be integers. Then for any f € W&P(M;R?) and
any § > 0, we have

Ns(If1). Ns(=1f ) < CER£10E, + b(M), (3.3)

where b(M) = dim H(M) is the total Betti number, and C = C(M, g, p.k,d).
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By (3.1) and (3.2), Theorem 3.8 implies® Theorem 2.9 from Section 2.3.

Several results akin to Theorem 3.8 were obtained in previous works. In [38],
Yomdin showed an estimate on the magnitude of the oscillations of a smooth func-
tion in terms of the uniform norm of its higher derivatives (we also refer [24, 26, 37]
for earlier related results). Estimates similar to (3.3), stated in the language of persis-
tence barcodes, were known for p = oo and k = 1 [16], and in the case of surfaces
for p = k = 2 [32] (see also [34] for other estimates of this kind).

4. The transcendental Bézout problem and coarse zero count

By the classical Bézout theorem, the number of common zeroes of n polynomials in n
variables is generically bounded by the product of their degrees. The transcendental
Bézout problem asks about what can be said when we have entire functions instead of
polynomials. For an n-tuple fi,..., f, € Hol(C") of entire functions, the number of
their isolated common zeroes can be infinite, and generally one can view f; as poly-
nomials of an infinite degree. In order to make the problem meaningful, introduce the
zero counting function

C(fir) = #(f710) N By),

where f = (f1,..., fn) : C" - C", and B, = {z € C" | |z| < r} is the closed
Euclidean ball of radius » in C” centered at the origin (r > 0). In addition, note
that for a complex polynomial, its degree is directly related to the growth rate of the
polynomial at co. Namely, for p € C|zy, ..., z,], we have k = deg p if and only
if max;|<,|p(2)| = O(r*) when r — +o00. Hence for extending the notion of the
degree to entire maps, it is natural to consider the maximum modulus function

pu(fir) = lgllglf(Z)l.

Now the transcendental Bézout problem would sound as follows: is {( f, r) bounded
in terms of w( f,r)?

Look first at the case of dimension n = 1. For an entire function f € Hol(C), by
Jensen’s formula, we have

S0,

21 ) r
o [ el ido gl o)l =

(we assume f(0) # 0), which readily implies the following corollary.

3 An additional argument is needed for obtaining the additive constants 0 and b, (M) in the
upper bounds for m, and z, in Theorem 2.9.
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e . .
.« . Ck
Zeroes

12 4 8 2k

Ny

Figure 2. Zeroes of the Cornalba—Shiffman counterexample.
Corollary 4.1. For every a > 0, we have

4.1)

(i) < CIog(M),

| £(O)]
where C = (loga)™'.

Note that the estimate (4.1) is sharp when f(z) = e? + 1. Corollary 4.1 can be
viewed as an answer to the transcendental Bézout problem in dimension 1.

It is natural to ask whether the estimate (4.1) generalizes to higher dimensions.
Interestingly enough, it turns out that already in dimension 2 such an estimate cannot
hold because of a remarkable counterexample due to Cornalba and Shiffman [17].
Namely, they constructed an entire map F : C? — C? such that:

e Fisof order 0, that is, for each ¢ > 0, we have log u(F,r) < Cer® forr > 1.

e The growth of {(F, r) is arbitrarily fast. More precisely, we have
o1
F7L0) = {(2’,—,) li=1,2,...;) = 1,...,ci} c C?,
J

where ¢; < ¢z < --- can be any increasing sequence of positive integers. See
Figure 2.

The counterexample of Cornalba and Shiffman implies the negative answer to
the transcendental Bézout problem in dimension 2 and higher.* Nevertheless, let us
show that by following the “coarse approach”, we can obtain positive results. First,
we define the coarse zero count in our setting which is reminiscent of Definition 2.4
from Section 2.2.

Definition 4.2. Let f : C* — C” be an analytic map. For § > 0 and r > 0, define
C(f.r,8) to be the number of connected components of f~!(Bs) N B, that contain
zeroes of f. See Figure 3.

“4For any dimension n > 2, define the mapping F,, : C" — C" by F,(z1.,22,....25) =
(F(z1,22),23,...,2zn). Then F), is of order 0, and the growth of {(F,, r) is arbitrarily fast.
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Figure 3. Coarse zero count.

4 £~ (Bs)
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Figure 4. Coarse zero count for the Cornalba—Shiffman counterexample.

In [11], we show the following result.

Theorem 4.3. For any analytic map f : C" — C" and any a > 1, for each r > 0
and 6 € (0, w( f,ar)/2), we have

2n—1
((for8) < c(log(M)) , 42)

where C = C(n,a).

Estimates analogous to (4.2) for the usual count of zeroes had been previously
proven under positive lower bounds on the Jacobian of f [25,28,29].

It is unclear whether the estimate (4.2) is sharp in terms of the power 2n — 1 in
the upper bound. In the examples known to us, the correct power does not exceed n.
For instance, for f(z1,...,2z,) = (e + 1,...,e*" + 1), it is not difficult to see
that £(f,r,8) ~ r"™ and log u( f, r) ~ r. For the Cornalba—Shiffman counterexample
F : C? — C?, one verifies [11] that £ (F,r,8) ~logr and log u(F,r) = ©((logr)?).
Moreover, [11] contains a careful analysis of the Cornalba—Shiffman counterexample
from the coarse perspective. See Figure 4.
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