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Unstable vortices and non-uniqueness for 2D Euler
and «-gSQG
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Abstract. In the sixties, Yudovich proved global existence and uniqueness of solutions for the
2D Euler incompressible equation in L' N L°°. This result extends to the case with a force
in LI(L' N L°°). Global existence in L' N L?, 1 < p < oo, was obtained by R. DiPerna
and A. Majda in 1987, but the problem of uniqueness, in this range of p, has remained open
until Vishik’s work in 2018. Indeed, M. Vishik proved that there are forces in L} (L] N L?),
1 < p < 00, such that at least two different solutions exist for 2D Euler starting in the same ini-
tial datum. A nice exposition of the proof of this result can be found in D. Albritton et al. (2024).
In this paper, we will present an alternative approach to prove this theorem. More precisely, we
will show a different way to construct unstable radial vortices with compact support which also
give rise to non-uniqueness. This strategy also works for a-gSQG, 0 < o < 1. This family of
transport equations, with velocity u = —V-L(—A)~1+%0, for the scalar 6, interpolates from
2D Euler (o = 0) to the surface quasi-geostrophic equation (o = 1).

1. Introduction

This article is a written version of the talk “Unstable vortices and non-uniqueness
for 2D Euler and o-gSQG” in the 9ECM. This talk consisted of a review of some
results concerning non-uniqueness in 2D and 3D Euler, Navier—Stokes and gener-
alized surface quasi-geostrophic equations and a presentation of some results by
the author and his collaborators, Daniel Faraco, Francisco Mengual, and Marcos
Solera-Diana. A wide part of these results is published in [19].

The main topics of this paper will be the 2D Euler equations, the surface
quasi-geostrophic equation (SQG) and, an interpolation between both of them, the
generalized surface quasi-geostrophic equation (¢-gSQG).

The forced Navier—Stokes system models the motion of an incompressible fluid.
It consists of two equations for the velocity, u(x, ¢), and the pressure, p(X,?), and
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reads
du+ (u-Viu=—-Vp+vAu+g, (x1)ecR?xR", (1.1)
V.u=0, (x,1) e R xRT, (1.2)
u(x, 0) = u®(x), (1.3)

where u°(x) is the given initial datum, g(x, ¢) a divergence-free force, v > 0 is the
viscosity and d = 2, or 3. The forced Euler equations arise in the case without vis-
cosity, v = 0, and can be written in terms of the vorticity, w (X, ¢). In dimension 2, the
vorticity is given by

w=Vt.u

and, assuming decay at infinity, one can find the following transport equation for it:

0w +u-Vo = f, (x,1) e R”ZxR™, (1.4)
u=ViaTle, (1.5)
w(x,0) = w°(x), (1.6)
where N
1 ( -y)
Alo(x) = 27 Jer =y — 5 ody,
and
f=Vtg

The SQG equation has a geophysical origin (see [81]). Roughly speaking, it mod-
els the evolution of the temperature of the air on the Earth and comes from the general
quasi-geostrophic system after some assumptions and approximations. The forced
SQG has the form

90 +u-Vo = f, (x,1) e RZxR™, (1.7)
u=-—via)ig, (1.8)
0(x,0) = 0°(x), (1.9)
where
R e
Ix—yl

In [31], P. Constantin, A. Majda and E. Tabak proposed SQG as a scalar 2D model of
the 3D Euler equation because of the similarity between their structures. Since then,
there has been intense research on it to understand the behavior of its solutions.
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The «-generalized SQG equation also has a geophysical origin and, mathe-
matically, is an interpolation between 2D Euler and SQG. Indeed, forced «-SQG
reads

30 +u-Vo = f. (x,7) e RZxR™,
u=-Vi(-A)~%9,
(x,0) = 0°(x),

where

0(y)

2 x—yl|*

(—A)%6(x) = Cq /R

Then for o = 0 we obtain 2D Euler, and for « = 1 we obtain SQG. We remark
that, for «-gSQG, the velocity is an operator of degree 1 — o, and this makes a big
difference between the members of this family of transport equations.

In this paper, we focus on the uniqueness problem for a-gSQG, with 0 < « < 1.
One could also consider the case 1 < o < 2, which has been studied in the literature,
but we will skip it here. The starting point for us will be the celebrated Yudovich’s
theorem.

Theorem 1.1 (Yudovich). Letwy € L' (R?) N L>®(R?)and f € L'([0,T], L*(R?) N
L>®(R?)) for all T > 0. Then there exists a solution

w(x,1) € L*®([0, T], L' (R?) N L>®(R?)),

with
u(x,7) € L=([0, T], L3(R?)),

to (1.4), (1.5) and (1.6) for all T < oo. In addition, this solution is unique in the class
L>®([0,T), LY(R?) N L*®(R?)).

Actually, Yudovich proved this theorem in [91] with f = 0, but his proof can be
extended to the case with f € L}(L! N L°) as shown in [2].

The question of existence in L' N L? with 1 < p < oo was addressed by
R. DiPerna and A. Majda [48], who gave a positive answer. However, the question
of whether there can be more than one solution in the class Lj"’(L1 N L?), with
1 < p < oo, for the same initial datum remains open today in most of the cases.
However, very recently, there have been some remarkable advances in this question.
In [86, 87], M. Vishik proved the following theorem.

Theorem 1.2 (Vishik). For any 2 < p < oo, there exists a force

fellL'nL?) withge LIL?, (1.10)
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where g = VL A™! f, with the property that there are two different solutions
wp,w; € L°(L' N LP)  withvy,vy € LL?, (1.11)
where v; = VJ-A_la)j, to the Euler equation starting from w° = 0.

Thus, this result states that there exists at least a force such that uniqueness fails
for 2D Euler in the class L (L! N L?) for any 1 < p < oco. A nice exposition of
Vishik’s proof of Theorem 1.2 can be found in [2], where the authors, apart from
elaborating on some details, improve it in several aspects. In addition, in [19], the
author, together with D. Faraco, F. Mengual and M. Solera-Diana, gave a proof of
Theorem 1.2 which is different in several points from Vishik’s proof: mainly, in the
construction of the unstable vortex which gives rise to non-uniqueness. The main
purpose of this paper is the presentation of this construction and its extension to
a-gSQG. After Vishik’s result, the main open question in this context is whether The-
orem 1.2 can be proven with f = 0. In [9], this problem has been partially solved.
Indeed, E. Brue, M. Colombo and A. Kumar claim that there exists a small ¢ such
that uniqueness fails in L' N L17¢, Despite the great interest of this last paper, its
analysis exceeds the scope of this review, and we will not go into details about it.

This paper is organized as follows. In Section 2, we will review some results
concerning local and global existence for 2D Euler, SQG and «-SQG. In Section 3,
we will present some literature dealing with the problem of non-uniqueness in fluid
mechanics without forcing. This section will consist of two parts: in the first one,
we shall consider papers that approach the problem using convex integration, and in
the second one, those dealing with self-similar solutions. In Section 4, we will give
some more details about what is known about uniqueness in fluid mechanics when
we introduce a force. Finally, in Section 5, we will sketch our proof of Theorem 1.2.

2. Local and global existence of solutions

Global existence and uniqueness of classical solutions to the 2D Euler equa-
tions was proven by W. Wolibner [89] and E. Holder [63] with velocity C kY for
k>1and y > 0. Local well-posedness in C*? had been previously established by
L. Lichtenstein [77] and N. Gunther [61]. Local well-posedness in H?®, s > % +1,
was proven by D. Ebin and J. Marsden [49] in a compact domain and by T. Kato [72]
in R¢. Local well-posedness in W52, s > % + 1, was provided by J.P. Bourguignon
and H. Brezis [6] in a compact domain and by T. Kato and G. Ponce [73] in R4,

The global well-posedness in 2D sharply contrasts with the 3D case due to vortex
stretching, as demonstrated by T. Elgindi [50], who showed finite-time singularities
with w°® € C? for some 0 < y < 1 in the unforced case (see also [24,39]). D. Cérdoba
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and L. Martinez-Zoroa [35] upgrade the regularity of the singular solutions in the
forced case with f € L°C 2=¢_ For numerical studies about singularities in R3, one
can consult [64] and [88]. In the case with boundaries, we refer to the works [25]
and [26] where J. Chen and T. Hou claimed finite-time singularities for smooth initial
data and finite energy. Let us also mention the work [76] by Kiselev and Sverék for
the related issue on small-scale creation in two dimensions.

J. Bourgain and D. Li [5] and, independently, T. Elgindi and N. Masmoudi [51]
showed strong ill-posedness in C* k> 1.See [4] for ill-posedness in H g+1 and [74]
for ill-posedness in W %+1-P_ Instantaneous gap loss of Sobolev regularity with initial
vorticity in H B.o< B < 1, has been proven in [37] by D. Cérdoba, L. Martinez-Zoroa
and W. Ozanski.

For SQG, global existence of solutions in L? was provided by S.G. Resnick [82].
F. Marchand [78] extended this result to L? for p > %. Local well-posedness in H*,
s > 2, can be found in [20] and [31] (see also [32] for well-posedness in a bounded
domain). J. Wu [90] showed existence in C" N L9, r > 1 and ¢ > 1. The prob-
lem of whether SQG presents finite-time singularities is one of the most outstanding
problems in mathematical fluid mechanics. A. Kiselev and F. Nazarov [75] showed
norm inflation and S. Friedlander and R. Shvydkoy [53] unstable eigenvalues in
the spectrum. In addition, exponential growth of the C2-norm has been shown by
S. He and A. Kiselev [62]. There are also examples of global solutions with non-
trivial dynamics. See, for example, [3, 18,57, 58]. Ill-posedness in Ck, k > 2, and
in H®, s € (3/2,2), was proven by D. Cérdoba and L. Martinez-Zoroa [34] (see
also [51, 69]). Instantaneous loss of regularity in H®, with s € (3/2, 2), has been
recently proven in [38].

In the case of «-gSQG, in [21], D. Chae, P. Constantin, D. Cérdoba and
F. Gancedo extended Resnick’s result, showing also global existence in L2. In [22],
a global existence criterion is shown: solutions in C?, ¢ > 1, exist as far as the
LY([0, T), C%)-norm is under control. The possible formation of singularities is still
unknown. Finally, let us remark that existence and uniqueness in the spaces H 1T+
was proven in [23] (see Theorem 1.2 and take 8 =2 — a — ¢ and P (&) = |€|7¢). For
the more singular case « > 1, the interested reader can consult [21] for well-posedness
and [36] for ill-posedness.

3. Uniqueness without forcing

In this section, we will take the force equal to zero and approach the problem of
uniqueness into two different ways: convex integration and self-similar solutions.
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3.1. Convex integration and non-uniqueness

In the last decades, convex integration has been applied to the uniqueness problem
in incompressible fluid mechanics with great success. We can highlight, for example,
the proof of Onsager’s conjecture for the Euler equations. This conjecture states that
there exist solutionsu € C%, with @ < % which dissipate kinetic energy. It was solved
in 3D in [12] and [65] after a series of works which used convex integration. The fact
that solutions of the Euler equations in C%, with & > % do conserve energy had been
previously proven in [33]. See also the work [28] by A. Cheskidov, P. Constantin,
S. Friedlander and R. Shvydkoy on critical regularity.

The first proofs of non-uniqueness for the Euler equations were provided indepen-
dently by V. Scheffer [83] and A. Shnirelman [85]. They proved the existence of solu-
tions with compact support in time whose velocity u € Li - After that, C. De Lellis
and L. Székelyhidi [42] introduced a systematic way to run convex integration in the
problem which produced solutions with u € L?"Li and compact support in space
and time. In a series of papers, the same authors improved the regularity and proper-
ties of these non-unique solutions (see [43—46]). Regularity C 5 was achieved in [10]
by T. Buckmaster, C. De Lellis, P. Isett and L. Székelyhidi and regularity L th x%_
in [11]. Finally, P. Isett proved, in [65], non-uniqueness for 3D Euler with velocity
inC3 and T. Buckmaster, C. De Lellis, V. Vicol and L. Székelyhidi dissipation of
kinetic energy also in C 37, See also the work [80] by M. Novack and V. Vicol on an
intermittent Onsager theorem, based on their joint work [13] with T. Buckmaster and
N. Masmoudi, as well as the work [55] on the L>-based strong Onsager conjecture
by V. Giri, H. Kwon and M. Novack.

The dissipative part of the Onsager conjecture in dimension 2 is harder to deal
with and was solved recently in [56] by V. Giri and R.-O. Radu by means of convex
integration. We refer to the recent work [47] by De Rosa and Park for the related issue
on anomalous dissipation in two dimensions.

To the best of our knowledge, the problem of non-uniqueness for the unforced
Euler equation in the velocity class L2 N C” remains open in the regime % <y<l

In [79], F. Mengual proved the existence, for any 2 < p < oo, of initial data
v° € L? with w® € L' N L? for which there are infinitely many admissible solutions
v € C,L?. This result shows the sharpness of Yudovich’s proof of uniqueness, but
with the drawback that the vorticity information is lost for positive times.

We emphasize that the convex integration method allowed for proving non-
uniqueness of Navier—Stokes solutions in [15] by T. Buckmaster and V. Vicol,
with u € C;H# for small B, and sharpness of the Ladyzhenskaya—Prodi—Serrin
criteria [29] by A. Cheskidov and X. Luo.

Convex integration has also been applied to study the lack of uniqueness for SQG.
The first result in that direction was provided by T. Buckmaster, S. Shkoller and
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V. Vicol [14]. They proved non-uniqueness with A=10 € C UC}? , with l < B < 3
and o0 < (2ﬁ B P. Isett and A. Ma improved this regularity in [67] and obtalned an
analogous result for ¢-gSQG in [68] (see also [27]). Very recently, what is considered
the dissipative part of Onsager’s conjecture for SQG has been proven: independently,
M. Dai, V. Giri and R.-O. Radu [41] and S. Looi and P. Isett [66] have proven energy

dissipation and non-uniqueness of solutions in C2

3.2. Self-similar solutions and non-uniqueness

In this section, we will explain the relation between non-uniqueness and the stability
of self-similar solutions. For the sake of clarity, we will take as a model the 2D Euler
equation, although similar arguments can be applied to other equations including, of
course, @-gSQG. We have borrowed the following argument from [71].

We will look for self-similar solutions, i.e., solutions with the form

w(x, 1) = 1*QtPx),
where o, § € R. Introducing this ansatz in (1.4), we get

ar®~H (@Q(E) + BE - VQ(E)) + **u[Q](§) - VQ(E) =0,

where N
(3
u[Q](§) = o P =———di and §=1t’x
Thus, taking ¢« = —1, we obtain the time-independent equation
Q) + (B +u[Q](§)) - VQ(§) = 0. 3.

Let us assume that €2 satisfies (3.1) and look for solutions of the form
w(x, 1) = t71QPx) + 7' Q(Px, 1).
Thus, € needs to satisfy

13:Q(5,1) + Q1) + (BE +u[Q](5,1) - VQ(E, 1)
+u[Q(,1)- VQ(E, 1) = 0. (3.2)

At the linear level, we find that (3.2) reads
10 Quin(§,1) — L[] Q1in = 0, (3.3)

where

Lin2 = —1—(BE +u[Q]) -V
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Next, let us assume that there exists W (nice) such that
E[QIW = AW,
with A € C and Re(A) > 0. These properties give us the following solution for (3.3)
Qin(§.1) = W),

which starts from zero at time ¢ = 0, i.e., Q};, (£, 0) = 0. Thus, we have two different
solutions starting from zero for (3.3), namely, €25, and 0.
Going further, we now write

C()(X, t) = [_19(5-') + t_lglin(g’ t) + I_IQcor(év t)
to try to include the nonlinear terms in (3.2) that we have neglected in (3.3). Thus,

tathor(é7 t) - i[Q]Qcor = \?'V[Qlin’ Qcor](‘i:’ t)’
Qcor(éa O) =0,

where
ﬁ[Qlina Q(:()r] = _u[Qlin + Qcor] : V(Qlin + Qcor)-

Notice that the initial condition 2.(&,0) = 0 gives us some hope to find a solution
Qcor(€, 1) of a smaller order than Qy;,(€,7) atr = 0. Let us assume that we have such
a solution. We have then constructed two of them, namely,

wo(x, 1) =t 1Q(tPx),
w1(x,1) = t71QEPx) + 1 Qi (1Px, 1) + 17 Qe (P x, 1).

Finally, if 2, Qjin and Q¢or € LY L7, a straightforward computation shows that

lwi C.0)l|lLr < Ct™' "7
for both i = 0, 1. If p = oo, we fail; however, for any p < co, we can take B such
that
w; =0 inlL?

for bothi =0, 1.

In dimension 2, it is well known that Leray—Hopf solutions of the Navier—Stokes
systems are unique. However, the same question in 3D is an open problem. Let us
remind the reader of the definition of a Leray—Hopf solution. We will include in it a
force, since it will be needed in the following sections.
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Definition 3.1. Let 7 > 0, u®° € L?(R3) be a divergence-free vector field and
ge L([0,T); L>(R?)). A Leray—Hopf solution on R3 x (0, T') with initial datum u®
and force g is a divergence-free vector field

ue L®(0,7), L>(R%) N L2([0, T), H'(R?))

which
(1) belongs to Cy ([0, T], L?(R?)) and attains the initial data: u(x, 0) = u°,

(2) solves the forced Navier—Stokes equations in the sense of distributions on
R3 x (0, T') for some pressure p € L1 (R3 x (0, T)) and

loc

(3) satisfies the energy inequality for all ¢ € (0, T]:

1 T
—/ lu(x, t)|2dx+/ |Vu(x, s)|>dxds
2 R3 0

1 T
< —/ |u°(x)|2dx+/ g(x,s)-u(x, s)dxds.
2 Jr2 0

In a couple of papers, [70, 71], H. Jia and V. Sverdk explored the ideas at
the beginning of this section to study the uniqueness of Leray—Hopf solutions of
the 3D Navier—Stokes equations (without forcing). Indeed, in [70], they proved the
existence of self-similar solutions.

Theorem 3.2 (Jia, Sverdk). Assume u° is scale invariant and locally Hélder contin-
uous in R3 \ {0} with V -u°® = 0 in R3. Then the Navier-Stokes equations have at
least one scale-invariant solution u(x, t) which is smooth in R3 x (0, 0o) and locally
Holder continuous in R3 x [0, 00) \ {(0,0)}.

Here, a scale-invariant solution satisfies Au(Ax, A%t) = u(x, ¢), and the theorem
is proven by looking at self-similar solutions of the form u(x, ¢) = - (Xl_%).

After this theorem, they also proved that these self-similar solutions could yield
non-uniqueness of Leray—Hopf solutions in [71]. In order to do it, they need to
assume that, roughly speaking, there exist unstable self-similar solutions satisfying
several conditions. We shall make this statement more precise. The linearization of the
Navier—Stokes equations around a family of self-similar solutions Uy, parameterized
by o, reads

t0:¢9 = £59,
where |
Fod = AD + g Y+ 56— Us Ve — VU, (3.4)

We define the domain of £, as

D={peX:0;¢ 00X andx V¢ € X},
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with
X={pecL*RHNL*R3>:V.-¢ =0}

Then two different Leray—Hopf solutions exist for Navier—Stokes starting in the same
initial data if the following condition (B) is satisfied:

(B) For o < 0y, the eigenvalues of £, C {A € C : Re < —§ < 0} U {A1(0)}
for some § > 0 and A1(0) < 0. The eigenvalue A;(0) is simple. Moreover,
limg5 A1(0) = 0.

In [71], an additional condition (A) is given, which also yields non-uniqueness.
Remarkably, in [60], J. Guillod and V. Sverak found numerical evidence of the
existence of self-similar solutions satisfying condition (B).

There have been several authors who have studied the existence of self-similar
solutions for 2D Euler. In [52], V. Elling showed the existence of self-similar solutions
satisfying

lim w(x,1) = r-#&(6). (3.5)

t—0t

More precisely, the result can be formulated as follows.

Theorem 3.3 (Elling). Given ¢ > 0 and € (% oo), there is an Ny € N so that a
weak solution of 2D Euler satisfying (3.5) exists for all initial data @& satisfying the
following conditions:

(1) Periodicity: @ is 2W”—perioa’icfor N > Ny.

(2) Dominant rotation: the Fourier coefficients satisfy

O = e Y 3.
n#0

For a-gSQG, 0 < o < 1, introducing some new ideas, C. Garcia and J. Gomez-
Serrano [54] proved the existence of self-similar solutions.

Theorem 3.4 (Garcia, Gémez-Serrano). Let o € (0,1) and y € (1,1 + «). Then

there exists € > 0 such that for ciny 2W”-periodic 8 € Brr(1y(1,€) and %, the
initial condition 0° = r~TY=9§ describes a self-similar solution for a-gSQG for

any N > 1.

And, in [84], F. Shao, D. Wei and Z. Zhang improved Elling’s result for 2D Euler
allowing > %, No =2 and @ € L'(T).

To conclude this section, we will comment on the program by A. Bressan,
R. Murray and W. Shen, collected in the papers [7, 8], to prove non-uniqueness for
2D Euler. This program is based on some numerical simulations by W. Shen which
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show two different behaviors of the evolution of two different sequences of initial
data which converge to the same function.

These two sequences of initial data are constructed in the following way. First,
we define

B(x) = r(0),
where Q € C* is nonnegative periodic and such that
QO +7)=0Q@0), QO) =0 if% <6<n

And now we take

1

e m, |X| <e, 0, x| < e,

w(x), |x|>e.

m®={ @®={

w(x), |x|>e,

The numerical simulations by W. Shen show that, on one hand, the sequence of w{
gives rise to a spiral-shaped structure at the point x = (0, 0). On the other hand, the
sequence w5 yields two spiral-shaped structures whose origins move from the point
x = (0, 0). These two different evolutions are reminiscent of the Kaden and Pullin
spirals (see [30] and references therein).

4. Uniqueness with forcing

After the seminal works [86, 87] by M. Vishik, there have been some advances in
the study of the Euler and Navier—Stokes equations with forcing. Apart from the
papers [86,87] and [2] dealing with the forced 2D Euler equations, here we will high-
light the work [1] where D. Albritton, E. Bru¢ and M. Colombo prove non-uniqueness
of Leray—Hopf solutions with force in L} L2(R3).

Theorem 4.1 (Albritton, Brug, Colombo). There exist T >0, g€ L'((0,T), L?(R?))
and two distinct Leray—Hopf solutions u;, u, to the forced Navier—Stokes system on
R2 x (0, t) with force g and initial condition u® = 0.

In the next section, we will briefly sketch Vishik’s proof in [86,87] and [2].

To conclude this section, let us comment that, in the forced case, A. Bulut,
M. Huynh and S. Palasek [16], using convex integration, proved that the regularity
in 3D can be upgraded to C 2~ The same authors applied a similar strategy to SQG
in [17]. For other applications of convex integration to forced equations, we refer to
the work [40] by M. Dai and S. Friedlander, and the references therein.
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5. Sketch of the proof

In this section, we will sketch our proof of Theorem 1.2. The strategy is similar to
the one in either [86, 87] or [2], except for the construction of the unstable vortex,
which is totally different. In addition, the properties of our unstable vortex, which
plays a fundamental role in the proof, enable us to simplify, in [19], some arguments
and computations.

The proof of Theorem 1.2 divides into three steps: Eulerian, self-similar and
nonlinear instability.

5.1. Eulerian instability

We start by recalling how linear stability for the Euler equation leads to the Rayleigh
stability equation, which we found convenient to express in vorticity form, contrary
to the usual practice.

Given a background (steady) vorticity w, a perturbation @ + ew is a second
solution to the Euler equation if the deviation w satisfies the equation

(0 —L)w +e(u-Vw) = 0.

Here, £ = £5 is the linearization of the 2D Euler equation around @. The
linearization can be written as
£=T+K, (5.1

where T is a transport operator, K is a compact operator, and they are defined by
Tw =—-u-Vo, Kw=-u-Vo.
We have to study the linear equation
0; — L)w'™ =0 (5.2)

and seek solutions
wiin(t,%) = e w(x), (5.3)
with Re(4) > 0. This leads to the eigenvalue problem
Lw = Alw. 5.4

Since the operator £ is real, the real-valued solutions to (5.2) will be recovered
by replacing (5.3) with wyi, (7, X) = Re(e* w(x)).

We restrict ourselves to radial profiles w(x) = w(r). Next, we choose the func-
tion space on which the eigenvalue problem will be solved. Given 0 > n € N, we seek
eigenfunctions in the subspace of L? formed by purely n-fold symmetric vorticities

U, = {w e L?: w(x) = w,(r)e'"?). (5.5)
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Definition 5.1. We say that the vortex w is unstable if, for some n € N, there exists
0 # w € U, satisfying (5.4) with A € C.

For w € U,, we arrive at the Rayleigh stability equation

v, o,w [ r
—Gwn + = / K, (—)wn(s) ds = zw,, (5.6)
r n Jo s
where vy is the angular velocity, K, are explicit kernels which came from (1.5), and
we have replaced A = —inz. Thus, we can write
w, = ho,w,

in terms of some profile /. For that /4, equation (5.6) reads as

Vg (1) *

1
; /’l(l‘)—l-;/o

We emphasize that equation (5.7) only needs to be solved in the support of d,w. This
fact will play a very important role in our analysis. Indeed, this is the reason why we
work with the Rayleigh equation in vorticity form.

Thus, Eulerian instability reduces to finding a vortex that admits nontrivial solu-
tions (4, z) of (5.7) with Iz > 0. We will show that this is indeed the case and
therefore land in our first main result.

Kn(g)(ha,w)(s) ds = zh(r), resupp(d,@). (5.7)

Theorem 5.2. There exists an unstable vortex Q € C2°(R?) with zero mean.

Our proof of Theorem 5.2 is split into two steps: the construction of a piecewise
constant unstable vortex and a regularization. This strategy was already proposed by
E. Grenier [59] in the context of the stability of shear flows.

5.1.1. Piecewise constant unstable vortex. We now explain how to construct an
unstable vortex of the form

w = clio,r) = Iy

in terms of some parameters 0 < r; < r, < oo and ¢ > 0, to be determined. Firstly,
we choose ¢ so that the mean of w equals zero

/ o(x)dx =27 /oo w(r)rdr =0.
R2 0

This condition guarantees that v € L2. Moreover, v is Lipschitz and compactly
supported with supp(v) = supp(w) = B;,. Secondly, since

supp(d, w) = {r1,r2},
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equation (5.7) turns into two conditions for the vector 7 = (h(ry), h(r2)) that can be
written as a linear system
Ah = zh, (5.8)

where the matrix A € R?*? depends on the parameters rq, 7, and the frequency 7.
Thus, there is an eigenvector s # 0 if and only if z is a root of the characteristic
polynomial det(A — z). Finally, we can choose ry, r» such that the roots z, z* of
det(A — z) satisfy Iz > 0.

5.1.2. Regularization. We now explain how to prove the existence of a smooth vor-
tex w® which is also unstable for some small ¢ > 0. Similarly to Step 5.1.1, now we
need to solve the Rayleigh stability equation (5.7) in the intervals B.(r;) for j = 1,2.
We rescale variables around r; writing r = r; + ea with o € [ = (—1,1). Next,
we make the asymptotic expansions for eigenfunctions and eigenvalues. Namely, we
write

he(r) = h(rj) + egj(a), z° =z + ¢y,

for some profiles ¢ = (g1, g2) € L?(1)? and a constant y € C, to be determined. We
also expand

. v 1 [ r e
atg = Lot — | Ky(L)(e0,T)(s)ds = (4 +eB)g.
r n Jo N

where B is another linear operator in L2(/)2. Therefore, the Rayleigh stability
equation (5.7) can be rewritten in the rescaled variables as

(A° —zh* = (A—2)h + (A —z)g + &(B — y)h + &*(B — y)g = 0.

Notice that the zeroth-order term vanishes by (5.8). Since ¢ > 0, we want to find
(g, y) satisfying

(A—2)g =(y—Bh+e(y—-B)g. (5.9)
The first step consists of “inverting” the operator (4 — z). Unfortunately, since
z,z* are the eigenvalues of A, the kernel and the image of (A — z) are given by
Ker(A — z) = span(h) and Im(A — z) = span(h™*). We bypass this obstacle by choos-
ing y in such a way that the right-hand side of (5.9) becomes “parallel” to ~*. This
allows us to write (5.9) in the form

(g.y) = H +¢R,

where H depends only on the (%, z) solving (5.8), while the remainder R also depends
on (g, y). Thus, there is an explicit solution for ¢ = 0, and for small enough & > 0,
a fixed point argument in L2(7)? x C yields a solution as well. Once & > 0 is fixed,
Theorem 5.2 holds by taking

Q="
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From now on, the smooth vortex Qis fixed, and thus we will omit & for the sake
of simplicity. The use of capital letters will become clear in the following step.
5.2. Self-similar instability
Let us start by writing the Euler equation in self-similar coordinates

X

" (abt)d

1
= —1logt, X
T b &

in terms of two parameters 0 < a, b < 1 to be determined.
It is straightforward to check that (w, f), given by the change of variables

w(t,x) = ﬁﬂ(r, X), f(t,x)= F(7,X),

1
(abt)?

is a solution to the Euler equation if and only if (2, F) solves the self-similar Euler
equation
0:Q4+V-VQ—-bSQ = F, (5.10)

where S = S, is the linear operator defined by
SQ=@+X:-V)Q. (5.11)

Notice that (5.10) agrees with the 2D Euler equation but for the extra term bS €2,
which vanishes (formally) as b — 0.
We take the background solution as the time-dependent vortex

wolt,X) = %Q(X), (7, %) = (abt)a 1V (X), (5.12)

where Q is the unstable vortex from Theorem 5.2. Given 2 < p < oo, we fix the
parameter a in the regime
O0<ap<?2,

to guarantee that the integrability condition (1.11) is satisfied. Indeed, we have the
scaling

2 _ 105 2_ 10
lwo@)llLr = (abt)@~H[QLr,  Iluo(®)]z2 = (@bt)a™!|[V]| 2. (5.13)

The force is defined ad hoc in such a way that (5.12) becomes a solution. By the
radial symmetry of the vortex (and defining the pressure properly), the quadratic term
in the Euler equation vanishes, i.e., V- VQ = 0. Thus, the force is defined by

0w = ﬁ drup = g,
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or, equivalently, _
F(X)=-bSQ, G(X)=b(a—S)V.

Observe that (22, V, F, G) are supported on {|X| < r, + ¢}, and that the integrability
condition (1.10) is also satisfied

(abt)irn~!
ab(% —-1)
(5.14)

Analogously to Step 5.1, the deviation Q of a close but different solution Q + £
to the self-similar Euler equation must satisfy

(abt)a!

———||G|lz2.
bz 710l

/ 1F)lLr ds = I, / lg(s) 2 ds =
0 0

(3 — £p)Q + (V- VQ) =0, (5.15)

where £; = Ib,s_z is the linearization of the self-similar Euler equation (5.10)
around €2
Ep =L +bS (5.16)

for S defined in (5.11). The unstable solutions in the limit ¢ — O are governed by
exponentially growing solutions to the linearized problem, which we denote by

Q" (7, X) = ATW(X). (5.17)
Hence, we need to understand the corresponding eigenvalue problem
LpW = AW, (5.18)
this time for the linear operator £, = &£, 5.

Definition 5.3. We say that the vortex Qis self-similarly unstable if, for some n € N,
there exists 0 # W e U, satisfying (5.18) with A € C..

Remarkably, M. Vishik showed that the spectrum o (£3) N C1 converges (in a
suitable sense) to a(£) N C4 as b — 0. To this end, it is useful to decompose

£y =ab + Ty + K, (5.19)
where
TpQ2=—(V->bX)-VQ, KQ=-V.VQ,

with V = V-A~1Q. Notice that the first term only shifts the spectrum by ab. The
transport operator T3 is invertible in C4. Since K is compact, the operator theory
allows us to conclude that o(£5) N C4 consists of isolated eigenvalues. Since the
dependence on b is continuous, there is hope to find an eigenvalue A, € o(£5) N C4
closeto A € o(£) N C4. Actually, the following result can be proven.
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Theorem 5.4. The vortex Q described in Theorem 5.2 is self-similarly unstable for
some b > 0. Moreover, the corresponding eigenfunction satisfies W € C2(R?).

5.3. Nonlinear instability

The last step for proving Theorem 1.2 requires controlling the nonlinear effects. We
decompose the deviation into

Q = Qiin + €Qor,
where the correcting term €2°° must satisfy the equation

(0 — £5)Qcor + (Viin + €Veor) - V(QUin + €Qcor) = 0, (5.20)
Na

coupled with the initial condition
Qeorlr=—c0 = 0. (5:21)

Recall that Qp;, = Eﬁ(e“ W), while Vy,, V.o are the velocities associated to iy,
Qcor, respectively. If we interpret £ as a forcing term, since the linear part decays as
¢™*7 and the contribution of the quadratic term is expected to be negligible for short
times, one can naively expect to gain a slightly faster exponential decay by exploiting
the Duhamel formula. We can prove the following result.

Theorem 5.5. There exists a solution Qo to (5.20) and (5.21) satisfying
1Qcor(D) e = 0(eReD), (5.22)
as T — —oQ.

We conclude this section by showing how Theorems 5.4 and 5.5 allow proving
Theorem 1.2. Coming back to the Eulerian coordinates, Theorems 5.4 and 5.5 imply
that the vorticity

we = wo + £Wlin + £ Weor

satisfies that w.|;=¢ = 0, and it is a solution to the Euler equation. We just need to

show that for different &’s in we have different solutions. We recall that

1 = 1 1
wO(ta X) = %Q(X), a)lin(l,x) = Eglin(ﬁ X): wcor(ta X) = %Qcor(fa X)’

where we have applied the convention that capital letters and t stand for self-similar
variables. Thus, by applying the scaling

loim® e = (@bt)ar R W)L, Now e = (abt)ar o),
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and the reverse triangle inequality, we obtain

(abt)'~ar e | (0 — wp) () |Lr > |e — EI(IRE ST W)Lr — o(1)).

If IA # 0, the right-hand side is positive in a sequence of times 7 = 79 — Zg—zk — —00
as k — oo. If IA = 0, we can assume from the beginning that W is real valued.
Otherwise, it would suffice to take its imaginary part instead. This allows us to con-
clude that w, # wz whenever ¢ # g. Finally, it can be proven that the velocities

u, = VAo, belong to L L2.

6. Extension to a-gSQG, with0 <o <1

An advantage of our construction of an unstable vortex for 2D Euler is that it can
be adapted to construct unstable vortices for «-gSQG, 0 < a < 1. In fact, Step 5.1.1
works almost the same for the whole range 0 < « < 1. In this case, we have to consider
the equation

o0
%/ (I,,,a(g)h(s) — Il,a(g)h(r))arg(s)sl_“ ds = zh(r), r € supp(d,0),

° 6.1)
instead of (5.7). The main difference in the analysis, when we take 6 as a step func-
tion, is that the kernels I, o are not explicit unlike the kernel K, in the case o = 0.
In addition, for the special case @ = 1, one has to take care of a cancellation to obtain
a suitable analog of equation (5.8). In all the cases, 0 < o < 1, equation (5.8) can be
analyzed to get unstable eigenvalues.

Step 5.1.2 also works in the case 0 < o < 1. Nevertheless, for 0 < o < 1, some
extra effort is needed because of the lack of explicitness of the kernels. The main
difference arises in the case & = 1. Here, in addition to the complexity of the ker-
nels, one has to deal with the loss of a factor log(e) in the asymptotic expansion of
equation (6.1) (with 9,0 given by the regularized profile).

Step 5.2 can be adapted as well to the case 0 < o < 1. This is mainly because the
operator K in (5.19) is still compact in this case. However, for Step 5.3, one needs
to find new energy estimates to include the nonlinear interactions. In this issue, the
degree of regularity of the velocity plays a dramatic role.

Both Steps 5.2 and 5.3 are much more involved in the case @ = 1. For exam-
ple, the operator K in (5.19) is not compact anymore. In addition, the estimates we
yield for ¢ < 1 to include the nonlinear part degenerate at « = 1. In order to solve
both problems, one needs to take into account some skew-symmetric properties of the
velocity which are not needed for o < 1.
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At the end of the day, these ideas are able to produce non-uniqueness for forced
a-gSQG, with 0 < @ < 1, in the space H®, s < 1 4+ «. We remark again that well-
posedness in H*, withs > 1 + @, 0 < o < 1, was proven in [23] and [31] for @ = 1.
The precise statements of the theorems and proofs will be published in a forthcoming

paper.

Acknowledgments. We thank D. Faraco, F. Mengual and M. Solera-Diana for their
great help with the writing of this paper.

Funding. This work was partially supported by grant PID2020-114703GB-100
funded by MCIN/AEI/10.13039/501100011033 and by a 2023 Leonardo Grant for
researchers and cultural creators, BBVA Foundation. The BBVA Foundation accepts
no responsibility for the opinions, statements and contents included in the project
and/or the results thereof, which are entirely the responsibility of the authors. This
work was also supported by the Severo Ochoa Programme for Centres of Excellence,
grant CEX2019-000904-S, funded by MCIN/AEI/10.13039/501100011033.

The author also acknowledges support from grants RED2022-134784-T and
RED2018-102650-T funded by MCIN/AEI/10.13039/501100011033.

References

[1] D. Albritton, E. Brué, and M. Colombo, Non-uniqueness of Leray solutions of the forced
Navier—Stokes equations. Ann. of Math. (2) 196 (2022), no. 1, 415-455
7Zbl 1497.35337 MR 4429263

[2] D. Albritton, E. Brué, M. Colombo, C. De Lellis, V. Giri, M. Janisch, and H. Kwon,
Instability and non-uniqueness for the 2D Euler equations, after M. Vishik. Ann. of Math.
Stud. 219, Princeton University Press, Princeton, NJ, 2024, 136 pp. Zbl 1560.35147
MR 4729618

[3] W. Ao, J. Davila, M. del Pino, M. Musso, and J. Wei, Travelling and rotating solutions to
the generalized inviscid surface quasi-geostrophic equation. Trans. Amer. Math. Soc. 374
(2021), no. 9, 6665-6689 Zbl 1477.35153 MR 4302173

[4] J. Bourgain and D. Li, Strong ill-posedness of the incompressible Euler equation in
borderline Sobolev spaces. Invent. Math. 201 (2015), no. 1, 97-157 Zbl 1320.35266
MR 3359050

[5] J. Bourgain and D. Li, Strong illposedness of the incompressible Euler equation in integer
C" spaces. Geom. Funct. Anal. 25 (2015), no. 1, 1-86 Zbl 1480.35316 MR 3320889

[6] J.P.Bourguignon and H. Brezis, Remarks on the Euler equation. J. Funct. Anal. 15 (1974),
no. 4, 341-363 7Zbl 0279.58005 MR 0344713


https://doi.org/10.4007/annals.2022.196.1.3
https://doi.org/10.4007/annals.2022.196.1.3
https://zbmath.org/?q=an:1497.35337&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4429263
https://doi.org/10.1515/9780691257846
https://zbmath.org/?q=an:1560.35147&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4729618
https://doi.org/10.1090/tran/8406
https://doi.org/10.1090/tran/8406
https://zbmath.org/?q=an:1477.35153&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4302173
https://doi.org/10.1007/s00222-014-0548-6
https://doi.org/10.1007/s00222-014-0548-6
https://zbmath.org/?q=an:1320.35266&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3359050
https://doi.org/10.1007/s00039-015-0311-1
https://doi.org/10.1007/s00039-015-0311-1
https://zbmath.org/?q=an:1480.35316&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3320889
https://doi.org/10.1016/0022-1236(74)90027-5
https://zbmath.org/?q=an:0279.58005&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0344713

(7]

(8]

(91

[10]

(11]

[12]

[13]

[14]

[15]

[16]

(7]

(18]

[19]

(20]

(21]

A. Castro 370

A. Bressan and R. Murray, On self-similar solutions to the incompressible Euler equa-
tions. J. Differential Equations 269 (2020), no. 6, 5142-5203 Zbl 1442.35313
MR 4104468

A. Bressan and W. Shen, A posteriori error estimates for self-similar solutions to the Euler
equations. Discrete Contin. Dyn. Syst. 41 (2021), no. 1, 113-130 Zbl 1460.35268
MR 4182316

E. Brue, M. Colombo, and A. Kumar, Flexibility of two-dimensional Euler flows with
integrable vorticity. 2024, arXiv:2408.07934v1

T. Buckmaster, C. De Lellis, P. Isett, and L. Székelyhidi, Jr., Anomalous dissipation for
1 /5-Holder Euler flows. Ann. of Math. (2) 182 (2015), no. 1, 127-172 Zbl 1330.35303
MR 3374958

T. Buckmaster, C. De Lellis, and L. Székelyhidi, Jr., Dissipative Euler flows with
Onsager-critical spatial regularity. Comm. Pure Appl. Math. 69 (2016), no. 9, 1613—-1670
Zbl 1351.35109 MR 3530360

T. Buckmaster, C. De Lellis, L. Székelyhidi, Jr., and V. Vicol, Onsager’s conjecture for
admissible weak solutions. Comm. Pure Appl. Math. 72 (2019), no. 2, 229-274
7Zbl 1480.35317 MR 3896021

T. Buckmaster, N. Masmoudi, M. Novack, and V. Vicol, Intermittent convex integra-
tion for the 3D Euler equations. Ann. of Math. Stud. 217, Princeton University Press,
Princeton, NJ, 2023, 246 pp. Zbl 1535.35002 MR 4649134

T. Buckmaster, S. Shkoller, and V. Vicol, Nonuniqueness of weak solutions to the SQG
equation. Comm. Pure Appl. Math. 72 (2019), no. 9, 1809-1874 Zbl 1427.35200
MR 3987721

T. Buckmaster and V. Vicol, Nonuniqueness of weak solutions to the Navier—Stokes
equation. Ann. of Math. (2) 189 (2019), no. 1, 101-144 Zbl 1412.35215 MR 3898708

A. Bulut, M. K. Huynh, and S. Palasek, Convex integration above the Onsager exponent
for the forced Euler equations. 2023, arXiv:2301.00804v1

A. Bulut, M. K. Huynh, and S. Palasek, Non-uniqueness up to the Onsager threshold for
the forced SQG equation. 2023, arXiv:2310.12947v1

A. Castro, D. Cordoba, and J. Gémez-Serrano, Global smooth solutions for the inviscid
SQG equation. Mem. Amer. Math. Soc. 266 (2020), no. 1292, 89 pp. Zbl 1444.35003
MR 4126257

A. Castro, D. Faraco, F. Mengual, and M. Solera, A proof of Vishik’s nonuniqueness
theorem for the forced 2D Euler equation. J. Reine Angew. Math. 2025 (2025), no. 824,
253-288 7Zbl 1569.35181 MR 4926947

D. Chae, The quasi-geostrophic equation in the Triebel-Lizorkin spaces. Nonlinearity 16
(2003), no. 2, 479-495 Zbl 1029.35006 MR 1958612

D. Chae, P. Constantin, D. Cérdoba, F. Gancedo, and J. Wu, Generalized surface quasi-
geostrophic equations with singular velocities. Comm. Pure Appl. Math. 65 (2012), no. 8§,
1037-1066 Zbl 1244.35108 MR 2928091


https://doi.org/10.1016/j.jde.2020.04.005
https://doi.org/10.1016/j.jde.2020.04.005
https://zbmath.org/?q=an:1442.35313&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4104468
https://doi.org/10.3934/dcds.2020168
https://doi.org/10.3934/dcds.2020168
https://zbmath.org/?q=an:1460.35268&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4182316
https://arxiv.org/abs/2408.07934v1
https://doi.org/10.4007/annals.2015.182.1.3
https://doi.org/10.4007/annals.2015.182.1.3
https://zbmath.org/?q=an:1330.35303&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3374958
https://doi.org/10.1002/cpa.21586
https://doi.org/10.1002/cpa.21586
https://zbmath.org/?q=an:1351.35109&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3530360
https://doi.org/10.1002/cpa.21781
https://doi.org/10.1002/cpa.21781
https://zbmath.org/?q=an:1480.35317&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3896021
https://doi.org/10.1515/9780691249568
https://doi.org/10.1515/9780691249568
https://zbmath.org/?q=an:1535.35002&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4649134
https://doi.org/10.1002/cpa.21851
https://doi.org/10.1002/cpa.21851
https://zbmath.org/?q=an:1427.35200&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3987721
https://doi.org/10.4007/annals.2019.189.1.3
https://doi.org/10.4007/annals.2019.189.1.3
https://zbmath.org/?q=an:1412.35215&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3898708
https://arxiv.org/abs/2301.00804v1
https://arxiv.org/abs/2310.12947v1
https://doi.org/10.1090/memo/1292
https://doi.org/10.1090/memo/1292
https://zbmath.org/?q=an:1444.35003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4126257
https://doi.org/10.1515/crelle-2025-0025
https://doi.org/10.1515/crelle-2025-0025
https://zbmath.org/?q=an:1569.35181&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4926947
https://doi.org/10.1088/0951-7715/16/2/307
https://zbmath.org/?q=an:1029.35006&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1958612
https://doi.org/10.1002/cpa.21390
https://doi.org/10.1002/cpa.21390
https://zbmath.org/?q=an:1244.35108&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2928091

(22]

(23]

(24]

(25]

[26]

(27]

(28]

[29]

(30]

(31]

(32]

(33]

(34]

(35]

(36]

Unstable vortices and non-uniqueness for 2D Euler and «-gSQG 371

D. Chae, P. Constantin, and J. Wu, Inviscid models generalizing the two-dimensional
Euler and the surface quasi-geostrophic equations. Arch. Ration. Mech. Anal. 202 (2011),
no. 1,35-62 7Zbl 1266.76010 MR 2835862

D. Chae and J. Wu, Logarithmically regularized inviscid models in borderline Sobolev
spaces. J. Math. Phys. 53 (2012), no. 11, article no. 115601, 15 pp. Zbl 1329.76027
MR 3026546

J. Chen, Remarks on the smoothness of the C!** asymptotically self-similar singular-
ity in the 3D Euler and 2D Boussinesq equations. Nonlinearity 37 (2024), no. 6, article
no. 065018, 32 pp. Zbl 1541.35368 MR 4752549

J. Chen and T. Y. Hou, Finite time blowup of 2D Boussinesq and 3D Euler equations with
cle velocity and boundary. Comm. Math. Phys. 383 (2021), no. 3, 1559-1667
Zbl 1485.35071 MR 4244260

J. Chen and T. Y. Hou, Stable nearly self-similar blowup of the 2D Boussinesq and 3D
Euler equations with smooth data I: analysis. [v1] 2022, [v3] 2023, arXiv:2210.07191v3

X. Cheng, H. Kwon, and D. Li, Non-uniqueness of steady-state weak solutions to the
surface quasi-geostrophic equations. Comm. Math. Phys. 388 (2021), no. 3, 1281-1295
Zbl 1477.35272 MR 4340931

A. Cheskidov, P. Constantin, S. Friedlander, and R. Shvydkoy, Energy conservation and
Onsager’s conjecture for the Euler equations. Nonlinearity 21 (2008), no. 6, 1233-1252
Zbl 1138.76020 MR 2422377

A. Cheskidov and X. Luo, Sharp nonuniqueness for the Navier—Stokes equations. Invent.
Math. 229 (2022), no. 3, 987-1054 Zbl 1504.35221 MR 4462623

T. Cieslak, P. Kokocki, and W. S. Ozaniski, Well-posedness of logarithmic spiral vortex
sheets. J. Differential Equations 389 (2024), 508-539 Zbl 1558.76028 MR 4708579

P. Constantin, A. J. Majda, and E. Tabak, Formation of strong fronts in the 2-D
quasigeostrophic thermal active scalar. Nonlinearity 7 (1994), no. 6, 1495-1533
Zbl 0809.35057 MR 1304437

P. Constantin and H. Q. Nguyen, Local and global strong solutions for SQG in bounded
domains. Phys. D 376-377 (2018), 195-203 Zbl 1398.35006 MR 3815216

P. Constantin, E. Weinan and E. S. Titi, Onsager’s conjecture on the energy conservation
for solutions of Euler’s equation. Comm. Math. Phys. 165 (1994), no. 1, 207-209
Zbl 0818.35085 MR 1298949

D. Cérdoba and L. Martinez-Zoroa, Non existence and strong ill-posedness in C* and
Sobolev spaces for SQG. Adv. Math. 407 (2022), article no. 108570, 74 pp.
Zbl 1504.35566 MR 4452676

D. Cérdoba and L. Martinez-Zoroa, Blow-up for the incompressible 3D-Euler equations
1
with uniform C1-27¢ 0 L? force. 2023, arXiv:2309.08495v1

D. Cérdoba and L. Martinez-Zoroa, Non-existence and strong ill-posedness in C*-# for
the generalized surface quasi-geostrophic equation. Comm. Math. Phys. 405 (2024), no. 7,
article no. 170, 53 pp. Zbl 1543.35244 MR 4768540


https://doi.org/10.1007/s00205-011-0411-5
https://doi.org/10.1007/s00205-011-0411-5
https://zbmath.org/?q=an:1266.76010&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2835862
https://doi.org/10.1063/1.4725531
https://doi.org/10.1063/1.4725531
https://zbmath.org/?q=an:1329.76027&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3026546
https://doi.org/10.1088/1361-6544/ad45a2
https://doi.org/10.1088/1361-6544/ad45a2
https://zbmath.org/?q=an:1541.35368&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4752549
https://doi.org/10.1007/s00220-021-04067-1
https://doi.org/10.1007/s00220-021-04067-1
https://zbmath.org/?q=an:1485.35071&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4244260
https://arxiv.org/abs/2210.07191v3
https://doi.org/10.1007/s00220-021-04247-z
https://doi.org/10.1007/s00220-021-04247-z
https://zbmath.org/?q=an:1477.35272&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4340931
https://doi.org/10.1088/0951-7715/21/6/005
https://doi.org/10.1088/0951-7715/21/6/005
https://zbmath.org/?q=an:1138.76020&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2422377
https://doi.org/10.1007/s00222-022-01116-x
https://zbmath.org/?q=an:1504.35221&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4462623
https://doi.org/10.1016/j.jde.2024.02.019
https://doi.org/10.1016/j.jde.2024.02.019
https://zbmath.org/?q=an:1558.76028&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4708579
https://doi.org/10.1088/0951-7715/7/6/001
https://doi.org/10.1088/0951-7715/7/6/001
https://zbmath.org/?q=an:0809.35057&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1304437
https://doi.org/10.1016/j.physd.2017.08.008
https://doi.org/10.1016/j.physd.2017.08.008
https://zbmath.org/?q=an:1398.35006&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3815216
https://doi.org/10.1007/BF02099744
https://doi.org/10.1007/BF02099744
https://zbmath.org/?q=an:0818.35085&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1298949
https://doi.org/10.1016/j.aim.2022.108570
https://doi.org/10.1016/j.aim.2022.108570
https://zbmath.org/?q=an:1504.35566&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4452676
https://arxiv.org/abs/2309.08495v1
https://doi.org/10.1007/s00220-024-05049-9
https://doi.org/10.1007/s00220-024-05049-9
https://zbmath.org/?q=an:1543.35244&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4768540

(37]

(38]

(39]

[40]

(41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

[49]

[501]

[51]

[52]

A. Castro 372

D. Cérdoba, L. Martinez-Zoroa, and W. S. Ozariski, Instantaneous gap loss of Sobolev
regularity for the 2D incompressible Euler equations. Duke Math. J. 173 (2024), no. 10,
1931-1971 Zbl 1547.35518 MR 4776418

D. Cordoba, L. Martinez-Zoroa, and W. S. Ozanski, Instantaneous continuous loss of
regularity for the SQG equation. Adv. Math. 481 (2025), article no. 110553, 49 pp.
Zbl 08111016 MR 4963986

D. Cérdoba, L. Martinez-Zoroa, and F. Zheng, Finite time singularities to the 3D incom-
pressible Euler equations for solutions in C°°(R3\ {0}) N C** N L?. Ann. PDE 11
(2025), no. 2, article no. 19, 56 pp. Zbl 1572.35171 MR 4929621

M. Dai and S. Friedlander, Non-uniqueness of forced active scalar equations with even
drift operators. Phys. D 467 (2024), article no. 134271, 13 pp. Zbl 1542.35309
MR 4769113

M. Dai, V. Giri, and R.-O. Radu, An Onsager-type theorem for SQG. 2024, arXiv:
2407.02582v1

C. De Lellis and L. Székelyhidi, Jr., The Euler equations as a differential inclusion. Ann.
of Math. (2) 170 (2009), no. 3, 1417-1436 Zbl 1350.35146 MR 2600877

C. De Lellis and L. Székelyhidi, Jr., On admissibility criteria for weak solutions of the
Euler equations. Arch. Ration. Mech. Anal. 195 (2010), no. 1, 225-260 Zbl 1192.35138
MR 2564474

C. De Lellis and L. Székelyhidi, Jr., The /-principle and the equations of fluid dynamics.
Bull. Amer. Math. Soc. (N.S.) 49 (2012), no. 3, 347-375 Zbl 1254.35180 MR 2917063

C. De Lellis and L. Székelyhidi, Jr., Dissipative continuous Euler flows. Invent. Math. 193
(2013), no. 2, 377-407 Zbl 1280.35103 MR 3090182

C. De Lellis and L. Székelyhidi, Jr., Dissipative Euler flows and Onsager’s conjecture.
J. Eur. Math. Soc. (JEMS) 16 (2014), no. 7, 1467-1505 Zbl 1307.35205 MR 3254331

L. De Rosa and J. Park, No anomalous dissipation in two-dimensional incompressible
fluids. SIAM J. Math. Anal. 57 (2025), no. 5, 5771-5790 Zbl 08113981 MR 4969534

R. J. Diperna and A. J. Majda, Concentrations in regularizations for 2-D incompressible
flow. Comm. Pure Appl. Math. 40 (1987), no. 3, 301-345 Zbl 0850.76730
MR 0882068

D. G. Ebin and J. Marsden, Groups of diffeomorphisms and the motion of an incompress-
ible fluid. Ann. of Math. (2) 92 (1970), no. 1, 102-163 Zbl 0211.57401 MR 0271984

T. M. Elgindi, Finite-time singularity formation for C 1% solutions to the incompressible
Euler equations on R>. Ann. of Math. (2) 194 (2021), no. 3, 647-727 Zbl 1492.35199
MR 4334974

T. M. Elgindi and N. Masmoudi, L°° ill-posedness for a class of equations arising in
hydrodynamics. Arch. Ration. Mech. Anal. 235 (2020), no. 3, 1979-2025
Zbl 1507.35153 MR 4065655

V. Elling, Self-similar 2d Euler solutions with mixed-sign vorticity. Comm. Math. Phys.
348 (2016), no. 1, 27-68 Zbl 1351.35114 MR 3551260


https://doi.org/10.1215/00127094-2023-0052
https://doi.org/10.1215/00127094-2023-0052
https://zbmath.org/?q=an:1547.35518&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4776418
https://doi.org/10.1016/j.aim.2025.110553
https://doi.org/10.1016/j.aim.2025.110553
https://zbmath.org/?q=an:08111016&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4963986
https://doi.org/10.1007/s40818-025-00214-2
https://doi.org/10.1007/s40818-025-00214-2
https://zbmath.org/?q=an:1572.35171&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4929621
https://doi.org/10.1016/j.physd.2024.134271
https://doi.org/10.1016/j.physd.2024.134271
https://zbmath.org/?q=an:1542.35309&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4769113
https://arxiv.org/abs/2407.02582v1
https://doi.org/10.4007/annals.2009.170.1417
https://zbmath.org/?q=an:1350.35146&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2600877
https://doi.org/10.1007/s00205-008-0201-x
https://doi.org/10.1007/s00205-008-0201-x
https://zbmath.org/?q=an:1192.35138&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2564474
https://doi.org/10.1090/S0273-0979-2012-01376-9
https://zbmath.org/?q=an:1254.35180&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2917063
https://doi.org/10.1007/s00222-012-0429-9
https://zbmath.org/?q=an:1280.35103&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3090182
https://doi.org/10.4171/JEMS/466
https://zbmath.org/?q=an:1307.35205&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3254331
https://doi.org/10.1137/25M1773167
https://doi.org/10.1137/25M1773167
https://zbmath.org/?q=an:08113981&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4969534
https://doi.org/10.1002/cpa.3160400304
https://doi.org/10.1002/cpa.3160400304
https://zbmath.org/?q=an:0850.76730&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0882068
https://doi.org/10.2307/1970699
https://doi.org/10.2307/1970699
https://zbmath.org/?q=an:0211.57401&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0271984
https://doi.org/10.4007/annals.2021.194.3.2
https://doi.org/10.4007/annals.2021.194.3.2
https://zbmath.org/?q=an:1492.35199&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4334974
https://doi.org/10.1007/s00205-019-01457-7
https://doi.org/10.1007/s00205-019-01457-7
https://zbmath.org/?q=an:1507.35153&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4065655
https://doi.org/10.1007/s00220-016-2755-z
https://zbmath.org/?q=an:1351.35114&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3551260

(53]

[54]

[55]

[56]

[57]

(58]

(591

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

Unstable vortices and non-uniqueness for 2D Euler and «-gSQG 373

S. Friedlander and R. Shvydkoy, The unstable spectrum of the surface quasi-geostrophic
equation. J. Math. Fluid Mech. 7 (2005), no. suppl. 1, S81-S93 Zbl 1064.76046
MR 2126131

C. Garcia and J. Gémez-Serrano, Self-similar spirals for the generalized surface quasi-
geostrophic equations. J. Eur. Math. Soc. (JEMS) (2024), DOI 10.4171/JEMS/1549

V. Giri, H. Kwon, and M. Novack, The L3-based strong Onsager theorem. [v1] 2023, [v3]
2025, arXiv:2305.18509v3, to appear in Ann. of Math. (2)

V. Giri and R.-O. Radu, The Onsager conjecture in 2D: a Newton—Nash iteration. Invent.
Math. 238 (2024), no. 2, 691-768 Zbl 1556.35231 MR 4809443

L. Godard-Cadillac, Smooth traveling-wave solutions to the inviscid surface quasi-
geostrophic equations. C. R. Math. Acad. Sci. Paris 359 (2021), no. 1, 85-98
Zbl 1459.76021 MR 4229041

P. Gravejat and D. Smets, Smooth travelling-wave solutions to the inviscid surface
quasi-geostrophic equation. Int. Math. Res. Not. IMRN 2019 (2019), no. 6, 1744-1757
Zbl 1415.35079 MR 3932594

E. Grenier, On the nonlinear instability of Euler and Prandtl equations. Comm. Pure Appl.
Math. 53 (2000), no. 9, 1067-1091 Zbl 1048.35081 MR 1761409

J. Guillod and V. Sverdk, Numerical investigations of non-uniqueness for the Navier—
Stokes initial value problem in borderline spaces. J. Math. Fluid Mech. 25 (2023), no. 3,
article no. 46, 25 pp. Zbl 1522.35363 MR 4593274

N. Gunther, On the motion of fluid in a moving container. Izvestia Akad. Nauk USSR, Ser.
Fiz.-Mat. 20 (1927), 1323-1348

S. He and A. Kiselev, Small-scale creation for solutions of the SQG equation. Duke
Math. J. 170 (2021), no. 5, 1027-1041 Zbl 1473.35579 MR 4255049

E. Holder, Uber die unbeschriinkte Fortsetzbarkeit einer stetigen ebenen Bewegung in
einer unbegrenzten inkompressiblen Fliissigkeit. Math. Z. 37 (1933), no. 1, 727-738
Zbl 0008.06902 MR 1545431

T. Y. Hou and S. Zhang, Potential singularity of the axisymmetric Euler equations with
C“ initial vorticity for a large range of «. Multiscale Model. Simul. 22 (2024), no. 4,
1326-1364 Zbl 1551.35344 MR 4805859

P. Isett, A proof of Onsager’s conjecture. Ann. of Math. (2) 188 (2018), no. 3, 871-963
Zbl 1416.35194 MR 3866888

P. Isett and S.-Z. Looi, A proof of Onsager’s conjecture for the SQG equation. [v1] 2024,
[v3] 2025, arXiv:2407.02578v3

P. Isett and A. Ma, A direct approach to nonuniqueness and failure of compactness for the
SQG equation. Nonlinearity 34 (2021), no. 5, 3122-3162 Zbl 1473.35580
MR 4260790

P. Isett and A. Ma, On the conservation laws and the structure of the nonlinearity for SQG
and its generalizations. 2024, arXiv:2403.08279v1


https://doi.org/10.1007/s00021-004-0129-3
https://doi.org/10.1007/s00021-004-0129-3
https://zbmath.org/?q=an:1064.76046&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2126131
https://doi.org/10.4171/JEMS/1549
https://doi.org/10.4171/JEMS/1549
https://doi.org/10.4171/JEMS/1549
https://arxiv.org/abs/2305.18509v3
https://doi.org/10.1007/s00222-024-01291-z
https://zbmath.org/?q=an:1556.35231&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4809443
https://doi.org/10.5802/crmath.159
https://doi.org/10.5802/crmath.159
https://zbmath.org/?q=an:1459.76021&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4229041
https://doi.org/10.1093/imrn/rnx177
https://doi.org/10.1093/imrn/rnx177
https://zbmath.org/?q=an:1415.35079&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3932594
https://doi.org/10.1002/1097-0312(200009)53:9<1067::aid-cpa1>3.0.co;2-q
https://zbmath.org/?q=an:1048.35081&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1761409
https://doi.org/10.1007/s00021-023-00789-5
https://doi.org/10.1007/s00021-023-00789-5
https://zbmath.org/?q=an:1522.35363&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4593274
https://doi.org/10.1215/00127094-2020-0064
https://zbmath.org/?q=an:1473.35579&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4255049
https://doi.org/10.1007/BF01474611
https://doi.org/10.1007/BF01474611
https://zbmath.org/?q=an:0008.06902&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1545431
https://doi.org/10.1137/22M1542453
https://doi.org/10.1137/22M1542453
https://zbmath.org/?q=an:1551.35344&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4805859
https://doi.org/10.4007/annals.2018.188.3.4
https://zbmath.org/?q=an:1416.35194&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3866888
https://arxiv.org/abs/2407.02578v3
https://doi.org/10.1088/1361-6544/abe732
https://doi.org/10.1088/1361-6544/abe732
https://zbmath.org/?q=an:1473.35580&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4260790
https://arxiv.org/abs/2403.08279v1

[69]

[70]

(71]

[72]

(73]

[74]

[75]

[76]

(771

(78]

(791

[80]

[81]

(82]

[83]

A. Castro 374

[.-J. Jeong and J. Kim, Strong ill-posedness for SQG in critical Sobolev spaces. Anal.
PDE 17 (2024), no. 1, 133-170 Zbl 1533.35273 MR 4702316

H. Jia and V. Sverik, Local-in-space estimates near initial time for weak solutions of the
Navier-Stokes equations and forward self-similar solutions. Invent. Math. 196 (2014),
no. 1, 233-265 Zbl 1301.35089 MR 3179576

H. Jia and V. Sverak, Are the incompressible 3d Navier—Stokes equations locally ill-posed
in the natural energy space? J. Funct. Anal. 268 (2015), no. 12, 3734-3766
Zbl 1317.35176 MR 3341963

T. Kato, Nonstationary flows of viscous and ideal fluids in R3.J. Funct. Anal. 9 (1972),
no. 3, 296-305 Zbl 0229.76018 MR 0481652

T. Kato and G. Ponce, Commutator estimates and the Euler and Navier—Stokes equations.
Comm. Pure Appl. Math. 41 (1988), no. 7, 891-907 Zbl 0671.35066 MR 0951744

J. Kim and L.-J. Jeong, A simple ill-posedness proof for incompressible Euler equations
in critical Sobolev spaces. J. Funct. Anal. 283 (2022), no. 10, article no. 109673, 34 pp.
Zbl 1496.76023 MR 4470735

A. Kiselev and F. Nazarov, A simple energy pump for the surface quasi-geostrophic equa-
tion. In H. Holden and K. Karlsen (eds.), Nonlinear partial differential equations. The
Abel Symposium 2010, pp. 175-179, Abel Symp. 7, Springer, Berlin, 2012

Zbl 1250.35034 MR 3289364

A. Kiselev and V. Sverdk, Small scale creation for solutions of the incompressible
two-dimensional Euler equation. Ann. of Math. (2) 180 (2014), no. 3, 1205-1220
7Zbl 1304.35521 MR 3245016

L. Lichtenstein, Uber einige Existenzprobleme der Hydrodynamik homogener, unzusam-
mendriickbarer, reibungsloser Fliissigkeiten und die Helmholtzschen Wirbelsitze.
Math. Z. 23 (1925), no. 1, 89-154 JFM 51.0658.01 MR 1544733

F. Marchand, Existence and regularity of weak solutions to the quasi-geostrophic equa-
tions in the spaces L” or H=Y2, Comm. Math. Phys. 277 (2008), no. 1, 45-67
Zbl 1134.35025 MR 2357424

F. Mengual, Non-uniqueness of admissible solutions for the 2D Euler equation with L?”
vortex data. Comm. Math. Phys. 405 (2024), no. 9, article no. 207, 28 pp.
Zbl 1546.35146 MR 4788287

M. Novack and V. Vicol, An intermittent Onsager theorem. Invent. Math. 233 (2023),
no. 1, 223-323 Zbl 1530.35200 MR 4601999

J. Pedlosky, Geophysical fluid dynamics. Springer Study Ed., Springer, New York, 1979,
626 pp. Zbl 0429.76001

S. G. Resnick, Dynamical problems in non-linear advective partial differential equations.
Ph.D. thesis, The University of Chicago, 1995 MR 2716577

V. Scheffer, An inviscid flow with compact support in space-time. J. Geom. Anal. 3 (1993),
no. 4, 343-401 Zbl 0836.76017 MR 1231007


https://doi.org/10.2140/apde.2024.17.133
https://zbmath.org/?q=an:1533.35273&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4702316
https://doi.org/10.1007/s00222-013-0468-x
https://doi.org/10.1007/s00222-013-0468-x
https://zbmath.org/?q=an:1301.35089&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3179576
https://doi.org/10.1016/j.jfa.2015.04.006
https://doi.org/10.1016/j.jfa.2015.04.006
https://zbmath.org/?q=an:1317.35176&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3341963
https://doi.org/10.1016/0022-1236(72)90003-1
https://zbmath.org/?q=an:0229.76018&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0481652
https://doi.org/10.1002/cpa.3160410704
https://zbmath.org/?q=an:0671.35066&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0951744
https://doi.org/10.1016/j.jfa.2022.109673
https://doi.org/10.1016/j.jfa.2022.109673
https://zbmath.org/?q=an:1496.76023&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4470735
https://doi.org/10.1007/978-3-642-25361-4_9
https://doi.org/10.1007/978-3-642-25361-4_9
https://doi.org/10.1007/978-3-642-25361-4
https://doi.org/10.1007/978-3-642-25361-4
https://zbmath.org/?q=an:1250.35034&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3289364
https://doi.org/10.4007/annals.2014.180.3.9
https://doi.org/10.4007/annals.2014.180.3.9
https://zbmath.org/?q=an:1304.35521&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3245016
https://doi.org/10.1007/BF01506223
https://doi.org/10.1007/BF01506223
https://www.emis.de/cgi-bin/jfmen/MATH/JFM/quick.html?first=1&maxdocs=20&type=html&an=51.0658.01&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1544733
https://doi.org/10.1007/s00220-007-0356-6
https://doi.org/10.1007/s00220-007-0356-6
https://zbmath.org/?q=an:1134.35025&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2357424
https://doi.org/10.1007/s00220-024-05065-9
https://doi.org/10.1007/s00220-024-05065-9
https://zbmath.org/?q=an:1546.35146&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4788287
https://doi.org/10.1007/s00222-023-01185-6
https://zbmath.org/?q=an:1530.35200&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4601999
https://doi.org/10.1007/978-1-4684-0071-7
https://zbmath.org/?q=an:0429.76001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2716577
https://doi.org/10.1007/BF02921318
https://zbmath.org/?q=an:0836.76017&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1231007

[84]

[85]

[86]

(87]

[88]

[89]

[90]

[91]

Unstable vortices and non-uniqueness for 2D Euler and «-gSQG 375

F. Shao, D. Wei, and Z. Zhang, Self-similar algebraic spiral solution of 2-D incompress-
ible Euler equations. Ann. PDE 11 (2025), no. 1, article no. 13, 91 pp. Zbl 08063100
MR 4902133

A. Shnirelman, On the nonuniqueness of weak solution of the Euler equation. Comm.
Pure Appl. Math. 50 (1997), no. 12, 1261-1286 Zbl 0909.35109 MR 1476315

M. Vishik, Instability and non-uniqueness in the Cauchy problem for the Euler equations
of an ideal incompressible fluid. Part I. 2018, arXiv:1805.09426v1

M. Vishik, Instability and non-uniqueness in the Cauchy problem for the Euler equations
of an ideal incompressible fluid. Part II. 2018, arXiv:1805.09440v1

Y. Wang, C.-Y. Lai, J. Gémez-Serrano, and T. Buckmaster, Asymptotic self-similar blow-
up profile for three-dimensional axisymmetric Euler equations using neural networks.
Phys. Rev. Lett. 130 (2023), no. 24, article no. 244002, 6 pp. MR 4608987

W. Wolibner, Un theoréme sur I’existence du mouvement plan d’un fluide parfait,
homogene, incompressible, pendant un temps infiniment long. Math. Z. 37 (1933), no. 1,
698-726 Zbl 0008.06901 MR 1545430

J. Wu, Solutions of the 2D quasi-geostrophic equation in Holder spaces. Nonlinear Anal.
62 (2005), no. 4, 579-594 Zbl 1116.35348 MR 2149903

V. I. Yudovich, Non-stationary flows of an ideal incompressible fluid (in Russian). Zh.
Vychisl. Mat. Mat. Fiz. 3 (1963), no. 6, 1032—-1066. Zbl 0129.19402 English translation.
USSR Comput. Math. Math. Phys. 3 (1963), no. 6, 1407-1456 Zbl 0147.44303

MR 0158189

Angel Castro
Instituto de Ciencias Matematicas, Nicolds Cabrera 13-15, 28049 Madrid, Spain;
angel_castro@icmat.es


https://doi.org/10.1007/s40818-025-00203-5
https://doi.org/10.1007/s40818-025-00203-5
https://zbmath.org/?q=an:08063100&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4902133
https://doi.org/10.1002/(sici)1097-0312(199712)50:12<1261::aid-cpa3>3.0.co;2-6
https://zbmath.org/?q=an:0909.35109&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1476315
https://arxiv.org/abs/1805.09426v1
https://arxiv.org/abs/1805.09440v1
https://doi.org/10.1103/physrevlett.130.244002
https://doi.org/10.1103/physrevlett.130.244002
https://mathscinet.ams.org/mathscinet-getitem?mr=4608987
https://doi.org/10.1007/BF01474610
https://doi.org/10.1007/BF01474610
https://zbmath.org/?q=an:0008.06901&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1545430
https://doi.org/10.1016/j.na.2005.03.053
https://zbmath.org/?q=an:1116.35348&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2149903
https://zbmath.org/?q=an:0129.19402&format=complete
https://doi.org/10.1016/0041-5553(63)90247-7
https://zbmath.org/?q=an:0147.44303&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0158189
mailto:angel_castro@icmat.es

