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Weak mixing in polygonal billiards

Giovanni Forni

Abstract. We survey known and conjectural ergodic properties of billiards in rational and non-
rational polygons. The directional flows of billiards in rational polygons were proved to be
ergodic in almost all directions by Kerckhoff, Masur and Smillie in 1986. In the same paper,
the authors derived the existence of aGı dense set of ergodic (non-rational) polygons. In recent
joint work, we have proved analogous results for the weak mixing property. In joint work with
Jon Chaika, we have proved the existence of a Gı dense set of weakly mixing (non-rational)
polygons and recently with Francisco Arana-Herrera and Jon Chaika, we have characterized the
property of weak mixing in almost all directions of translation surfaces with applications to bil-
liards in rational polygons. All these results are based on techniques of Teichmüller dynamics
and their application to the weak mixing problem following the joint work with A. Avila from
2007. Recent advances rest on measure rigidity results of Eskin, Mirzakhani and Mohammadi
and related work of Chaika and Eskin on the multiplicative ergodic theorem in Teichmüller
dynamics and results of Filip and Wright on the relevant (Kontsevich–Zorich) renormalization
cocycle.

1. Introduction

Dynamical systems have long been classified as stable or random, as in the title of
the classical book [40], depending on whether nearby orbits tend to stay close to each
other or on the contrary diverge exponentially fast with time. Systems in the first
class, which are the domain of KAM theory and variational methods (weak KAM
theory, Aubry–Mather theory), but also of exotic Liouvillean behavior, as in exam-
ples constructed by the Anosov–Katok approximation by conjugation [18], are often
called elliptic, while systems in the second class are called hyperbolic. Hyperbolic
systems are described by a well-developed theory, which includes uniformly hyper-
bolic (Anosov) systems, non-uniformly hyperbolic systems (Pesin’s theory), partially
hyperbolic systems, dominated splitting and so on.
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Dynamical systems with intermediate behavior, characterized, for instance, by
polynomial divergence with nearby orbits, often called parabolic, are less understood,
with the exception of homogeneous unipotent flows (the domain of Ratner’s theory).

The general investigation of parabolic dynamical phenomena has come to be con-
sidered an important part of the theory of dynamical systems, especially following the
vision of A. Katok (see, for instance, [29]).

Planar billiards have played an important role in the development of the theory at
least since the work of G. D. Birkhoff, perhaps that of a “playground”, an expression
that “should be understood as ‘testing area’: various questions, conjectures, methods
of solution, etc. in the theory of dynamical systems are ‘tested’ on various types of
billiard problems” [34].

Thus, smooth convex (Birkhoff) billiards (Figure 1, left) are a classical example
of elliptic, stable, dynamical behavior, while billiards with strictly convex scatter-
ers (Sinai’s billiards) and those with focusing-defocusing mechanism, such as the
famous Bunimovich stadium, are models of hyperbolic, random, dynamics, uniform
and non-uniform.

Billiards in polygons (Figure 1, right) exemplify parabolic dynamics, although
the (local) behavior of orbits is elliptic with singularities [34], as splitting of nearby
trajectories only occurs at vertices of the polygon.

According to A. Katok, “George D. Birkhoff was the first to consider billiards
systematically as models for problems of classical mechanics. Birkhoff considered
billiards only in smooth convex domains” [34].

However, R. H. Fox and R. B. Kershner took up the study of geodesics on a ratio-
nal polyhedron, since “the problem may be considered as an elementary illustration
of the ‘billiard ball’ problem considered by Birkhoff in Chapter VI of his Colloquium
Publication Dynamical Systems and was suggested to us by Wintner” [26].

The topological dynamics of this problem was investigated several decades later
by A. Zemlyakov and A. Katok [48] in paper which brought billiards in polygons
fully into the developing theory of dynamical systems.

In this lecture, we review ergodic theoretic properties of billiards in polygons up
to recent results by the author and collaborators.
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Figure 1. Convex (Birkhoff) and polygonal billiards.
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2. Billiards in polygons

A polygonal billiard is the dynamical system given by the motion of a light ray in a
polygonal (planar, Euclidean) mirror chamber P , or equivalently by the free motion
of a single point mass in P with elastic collisions at the boundary. It is therefore given
by straight linear motion inside the polygon and reflection at the boundary according
to the law of reflection angle of incidence = angle of reflection.

Its (3-dimensional) phase space, after the reduction given by the (kinetic) energy
integral, can be identified with the space P � T=E, with E expressing the reflection
equivalence relation at @P . Indeed, the configuration space of the billiard is the poly-
gon P , and since the kinetic energy is an integral of motion, it can be normalized.
Since trajectories which hit a corner are not continued, the billiard flow is defined
almost everywhere (on the complement of countably many hypersurfaces).

For background on billiards in polygons, we refer the reader to the survey by
H. Masur and S. Tabachnikov [39].

2.1. Mechanical systems

The motion of two point masses m1, m2 on the interval Œ0; 1� with elastic collisions
between them and at the endpoints is equivalent to a billiard in a right triangle with
an angle equal to arctan.

p
m1=m2/.

The motion of three point masses m1, m2, m3 on a circle with elastic collisions
between them is equivalent to a billiard in an acute triangle with angles

arctan
�
mi

r
m1 Cm2 Cm3

m1m2m3

�
for i D 1; 2; 3:

This lecture reviews results and conjectures on the following fundamental
question.

Question 2.1. How chaotic can a polygonal billiard be?

This question is motivated within the theory of dynamical systems by the consid-
eration that billiards in polygons are a basic example of a parabolic system (or elliptic
with singularities). The question is of interest also from the point of view of the semi-
classical approach to quantum mechanics as billiards in polygons are an example of
“weakly chaotic” classical dynamical system [42].

A similar, more general question concerns geodesic flow on flat compact ori-
entable surfaces with conical singularities. In fact, the double of a Euclidean polygon
is a flat sphere with conical singularities at the vertices of the polygon.
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2.2. Rational versus non-rational polygons

There is a well-known fundamental dichotomy between billiards in rational and
non-rational polygons.

Definition 2.2. A polygon P � R2 is called rational if the group GP � SO.2/ gen-
erated by reflections with respect to the edges of P is finite. Whenever GP is infinite,
the polygon P is called non-rational. If P is a simply connected polygon, then P is
rational if and only if all of its angles are rational multiples of the round angle.

In the rational case, the map ‚ W P � T ! T=GP , defined as

‚ W .x; v/! Œv�GP for all .x; v/ 2 P � T ;

is a prime integral of motion, that is, a function invariant along orbits of the billiard
flow, with values in the interval T=GP (note that when GP is infinite, the quotient
T=GP is not Hausdorff).

As a consequence, the billiard flow leaves invariant the level sets of the prime inte-
gral ‚, hence the phase space of a rational billiard is foliated by invariant surfaces.
The invariant surfaces can be constructed either as an appropriate branched cover of
the double of the polygon, which in the simply connected case is a flat sphere with
conical points of rational angle [26] or by the so-called “unfolding construction” [48].

The invariant surfaces are translation surfaces since they inherit from the
Euclidean plane a flat translation structure, that is, an atlas whose coordinate changes
are given by translations of R2. The restrictions of the billiard flow to the invariant
surfaces are linear flows called translation flows. Thus, the ergodic theory of rational
billiards is part of that of translation flows.

The billiard flow of a rational polygon cannot even be topologically transitive,
not to mention ergodic, on its (3-dimensional) phase space. The simplest meaningful
ergodic theoretical questions therefore concern the restriction of the billiard flow to
the random invariant surface (in the random directions) with respect to the Lebesgue
measure on the angle.

The genus of the invariant surface can be computed explicitly by the Euler for-
mula (see [39]). For any rational polygon P with � � 3 edges and angles of ampli-
tudes .m1�=n1; : : : ;m��=n� /, the genus gP of the invariant surfaces is given by the
formula

gP D 1C
#GP
4

�
� � 2 �

�X
iD1

1

ni

�
:

From this formula, it follows that the invariant surfaces are tori (gP D 1) only for the
following completely integrable polygons (listed in terms of their angles):�
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that is, for rectangles, isosceles right triangles, equilateral triangles and half-
equilateral right triangles.

In recent decades the mathematical theory of generic translation flows (and of
locally Hamiltonian flows on surfaces, which are singular time changes of transla-
tion flows) has developed tremendously, thanks to the discovery of renormalization
dynamical systems for the dynamics of interval exchange transformation and transla-
tion flows: the Rauzy–Veech–Zorich induction algorithm [41, 43, 49] and H. Masur’s
Teichmüller geodesic flow [38]. The former can be regarded as a symbolic version of
the latter, for an appropriate coding. Depending on the problem, each point of view
has its own advantages; however, the connection with Teichmüller theory has brought
in powerful tools from Hodge theory and algebraic geometry.

However, the theory of rational billiards has lagged behind that of generic trans-
lation flows, since translation surfaces coming from rational polygons (by unfolding)
are very symmetric and therefore form a “small” exceptional set in the space of all
translation surfaces. The renormalization theory cannot be directly applied, but in
principle dynamical properties of rational billiards can be studied, thanks to the magic
wand theorem of Eskin, Mirzakhani and Mohammadi [16, 17] and related results
on the Lyapunov spectrum of the relevant renormalization cocycles, the Rauzy–
Veech cocycle over Veech’s “zippered rectangles” flow [41,43] or its continuous time
version, the Kontsevich–Zorich cocycle over the Teichmüller flow [13, 20–23, 36].

In contrast to the rational case, no renormalization dynamics is known for bil-
liards in non-rational polygons. As a consequence, the mathematical theory of such
billiards is much less developed. Most of the results on billiards in non-rational poly-
gons are proved by fast approximation methods, which leverage results on translation
flows and on rational polygonal billiards.

Indeed, the dichotomy between rational and non-rational billiards can be viewed
as an instance of a more general dichotomy in the study of parabolic dynamical sys-
tems between “renormalizable” and “non-renormalizable”: the simplest example of
a renormalizable flow is a flow along the full unstable, often called “horospherical”,
foliation of a (partially) hyperbolic system which is a special property not verified by
most parabolic flows, not even in some approximate sense.

Natural conjectures on the dynamics of non-renormalizable parabolic flows are
often beyond the reach of current methods. For instance, in homogeneous dynam-
ics, it is well known that the effective equidistribution of non-horospherical unipotent
flows is much harder than that in the horospherical case (see, for instance, [37]). How-
ever, for the flow of a non-rational billiard, no renormalization approach is in sight,
as there is no known hyperbolic system rescaling its orbits.
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3. Dynamical properties of billiards in polygons

All billiards in polygons have zero entropy, as no hyperbolicity is present and the
divergence of nearby orbits is subexponential [32]. In fact, nearby orbits can only
diverge at corners, and the system is in fact elliptic (no-divergence) as long as the
trajectories stay away from corners of the polygon.

3.1. Rational polygons

The billiard flow in a rational polygon has the following dynamical properties:

� it is uniquely ergodic on almost all invariant surfaces [35], with polynomial speed
of ergodicity [4];

� it is never mixing, that is, it is not mixing on any invariant surface [31].

All of the above results are in fact proved for ALL translation surfaces. Additional
results have been proved for generic translation surfaces; for instance,

� the translation flow in a fixed direction is weakly mixing for almost all transla-
tion surfaces with respect to the canonical absolutely continuous (Masur–Veech)
measure on the relevant stratum of translation surfaces [6].

The unique ergodicity and weak mixing results can be refined with estimates on
the Hausdorff dimension of the set of non-uniquely ergodic directions (see [15] and
references therein for unique ergodicity and [8] for weak mixing).

In recent work with F. Arana-Herrera and J. Chaika, we have been able to com-
pletely classify rational polygons whose billiard flow is weakly mixing on almost all
invariant surfaces.

Definition 3.1 ([27]). A polygon is almost integrable if its boundary is drawn on the
planar grid obtained from a completely integrable polygon under the subgroup of the
group of isometries of the plane generated by reflections with respect to its edges.

Our results prove in a strong form a conjecture of E. Gutkin [27].

Theorem 3.2 ([2]). A billiard in a rational polygon is weakly mixing on almost all
invariant surfaces (in almost all directions), unless the polygon is almost integrable
or it is the rotation of a polygon with only vertical and horizontal sides such that the
horizontal sides or the vertical sides have commensurable lengths.

In light of A. Katok non-mixing result quoted above, our theorem completes the
description of the weak mixing property in the random direction for rational polygo-
nal billiards. For the reasons explained above, there were so far few results on weak
mixing in rational polygons. A. Katok and E. Gutkin [28] proved the weak mixing
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property in a given direction for topologically generic billiard tables in certain classes
of polygons. More recently, A. Avila and V. Delecroix [5] proved a result for transla-
tion surfaces which implies weak mixing in almost all directions for regular polygons
with at least five edges and other special tables (unfolding to non-arithmetic Veech
surfaces).

The above theorem is derived by a standard argument from the following result
for translation surfaces. We recall that a translation surface can be defined as a pair
.X; !/ of a Riemann surface and a holomorphic differential ! on X . We have the
following theorem.

Theorem 3.3 ([2]). For any translation surface .X; !/, the following properties are
equivalent:

(1) The directional flow of .X; !/ is weakly mixing in almost all directions.

(2) The directional flow of .X; !/ is weakly mixing in some direction.

(3) The surface .X; !/ does not have an affine circle factor.

(4) The (tautological) plane T .!/ D R � Re.!/ C R � Im.!/ � H 1.X;R/ has
trivial intersection with the lattice H 1.X;Z/.

The core of the theorem is (4)) (1).
We note that, as weak mixing is equivalent to the existence of a measurable circle

factor, by the above theorem, the existence of a measurable circle factor in a positive
measure set of directions implies the existence of an affine circle factor.

As mentioned above, the conclusion of the theorem was known in the special
case of Veech translation surfaces [5]. D. Aulicino, A. Avila and V. Delecroix have
announced a generalization to any surface in a rank one suborbifold, which includes
countably many L-shaped billiards with a barrier.

3.2. Non-rational polygons

The mathematical theory of billiards in non-rational polygons is much less advanced,
and the main results are derived by approximation:

� The set of ergodic polygons is a dense Gı [35].

� The set of topologically weakly mixing polygons is a dense Gı [9].

An effective version of the above ergodicity result of Kerckhoff, Masur and
Smillie [35], with an estimate on the speed of approximation of the angles by rationals
sufficient for ergodicity, has been proved by Y. Vorobets [45].

A few years ago, in a collaboration with J. Chaika, we proved that the weak mix-
ing property of the billiard flow is topologically generic among polygons, a result first
conjectured in the work of E. Gutkin and A. Katok [28].
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Theorem 3.4 ([14]). The set of weakly mixing polygonal billiards is a dense Gı .

The drawback of all of the above results is that ergodic properties are estab-
lished for polygons with Liouvillean non-rational angles (that is, extremely well-
approximable by rationals), which is a set of measure zero.

Conjecturally, polygons with angles of amplitudes equal to badly approximable
(Diophantine) or random multiples of the round angle should exhibit stronger chaotic
properties, but in the absence of a renormalization theory such conjectures remain for
now out of reach.

Several conjectures can be drawn from numerical evidence in the mathematical
physics literature. For instance, it is suggested that

� completely irrational acute triangles are mixing [12],

� typical right triangles may not be even ergodic [46], except in the Liouvillean
case [30].

We are therefore led to formulate the following questions.

Question 3.5. The following questions are open:

� Is the non-rational billiards with random angles (with respect to the Lebesgue
measure) ergodic? (see [33, Question 3])

� Does there exist a mixing polygonal billiard?

� Does there exist a relatively mixing translation surface/rational billiard?

4. Strategy and outline of the proofs

In the remainder of the paper, we outline the strategy to prove weak mixing for trans-
lation flows and interval exchange transformations (IETs) developed in [6, 8, 44] and
the proofs of Theorem 3.4 from [14] and Theorem 3.3 from [2], emphasizing the
novelties in the approach required in carrying out elimination of eigenvalues for an
arbitrary given translation surface.

4.1. Weak mixing from eigenvalue elimination

We begin by recalling the definition of weak mixing and state some equivalent ergodic
properties. A flow � on .X; �/ is weakly mixing if

(1) for all f; g 2 L2.X; �/ of zero average,

1

T

Z T

0

jhf ı �t ; gij
2dt ! 0I
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(2) the Koopman operator on L2.X; �/ has no non-constant eigenfunctions, no
non-trivial atomic spectral measures; or

(3) the flow � � on .X � Y;�˝ �/ is ergodic for any ergodic flow  on .Y; �/.
It is enough to consider the set of all linear flows on T ; or

(4) the square flow � � � on .X �X;�˝ �/ is ergodic.

In the proof of Theorem 3.4 on the existence of weakly mixing (non-rational)
polygons, we derive square ergodicity (the equivalent property (4)), hence weak
mixing, from the following.

Theorem 4.1 ([14]). For every translation surface .X; !/, for every ˛ ¤ 0, the set
of directions � 2 T such that the directional flow �� on .X; !/ has eigenvalue ˛ has
zero Lebesgue measure in T .

We note that it is crucial for the argument that the above result holds for all
translation surfaces (indeed, it holds even for the genus 1 case of the flat torus).

We prove that for a dense Gı set of polygons, the billiard flow is square ergodic
by the following steps (in reverse order):

(1) (Fast approximation) Square ergodicity for a Gı -dense set of tables fol-
lows from ergodicity for rational tables on almost all products of invariant
surfaces by a Baire category argument (as in [35], from a suggestion of
M. Boshernitzan and A. Katok, applied in our work to the square dynamics.)

(2) (Spectral theory of products) A product flow fails to be ergodic if and only if
the factors have a common non-trivial eigenvalue. Thus, by Fubini ��1 � ��2

fails to be ergodic for a positive measure set of .�1; �2/ 2 T2 if and only if
there exists ˛ eigenvalue of �� for a positive measure set of � 2 T .

In the proof of Theorem 3.2 on the weak mixing in almost all directions in trans-
lation surfaces, we prove that the Koopman operator has no non-constant eigenvalue
with measurable eigenfunction (equivalent property (2)).

In summary, the proofs of Theorem 3.4 (in fact of Theorem 4.1) and of The-
orem 3.3 are based on the elimination of eigenvalues of translation flows, more
precisely of an arbitrary fixed eigenvalue in the proof of Theorem 3.4 [14] and of
the full line of possible eigenvalues in the proof of Theorem 3.3.

The classical tool for the elimination of eigenvalues since W. Veech’s work in
the 1980s is the so-called Veech criterion [44]. This criterion has also been exploited
later in [6, 8] and is sufficient for the elimination of a fixed eigenvalue as in Theo-
rem 4.1. However, the elimination procedure presents important novelties compared
with earlier works. The Veech criterion is, on the contrary, not sufficient for the elim-
ination in the proof of Theorem 3.3. For this reason, we have introduced in [2], in the
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proof of Theorem 3.3, a strengthened criterion, based on the general partial rigidity
of translation flows [31].

4.2. The Veech criterion

We formulate the criterion in terms of the Kontsevich–Zorich (KZ) cocycle on the
(real) Hodge bundle with fiber H 1.X;R/ at every translation surface .X; !/ in a
stratum of the moduli space of Abelian differentials. Indeed, the moduli space of
translation surfaces is stratified by fixing multiplicities of zeros of the holomorphic
1-form !. Strata are determined by a vector � D .k1; : : : ; k� / 2 N� of multiplicities
of the zeros, which satisfies the topological constraint

P�
iD1 ki D 2g � 2 for surfaces

of genus g � 2.
Let yH .�/ and H .�/ WD yH .�/=�g denote a stratum in the Teichmüller space,

respectively, in the moduli space, of Abelian differentials on Riemann surfaces of
genus g � 2 (the moduli space H .�/ is the quotient of the Teichmüller space yH .�/

by the action of the mapping class group �g ). There is a natural action of the group
SL.2; R/ on yH .�/ which commutes with that of �g , hence a natural action of
SL.2;R/ on H .�/. This action can be defined by post-composition of charts of a
translation atlas with elements of SL.2;R/ as linear maps of R2 or equivalently for
all .X; !/ 2 H

.1/
g ,�

a b

c d

�
�

�
Re.!/
Im.!/

�
D

�
aRe.!/C b Im.!/
c Re.!/C d Im.!/

�
for

�
a b

c d

�
2 SL.2;R/:

Definition 4.2. The KZ cocycle ¹gKZ
t º is the restriction to the Teichmüller flow

¹gtº D diag.et ; e�t / < SL.2;R/ of the projection to the bundle . yH .�/�H 1.R//=�g
of the cocycle

SL.2;R/ � id W yH .�/ �H 1.R/! yH .�/ �H 1.R/:

We can now state a weak mixing criterion for translation flows from [44].

Theorem 4.3 (Veech criterion). If the real number ˛ is an eigenvalue for the vertical
flow �t on .X; !/, then the following holds: for every compact set K � H .�/, there
is `K > 0 such that, if for some ` � `K and a diverging sequence .tn/, for all n 2 N,
we have gtn�`.!/; gtn.!/; gtnC`.!/ 2 K, then

lim
n!C1

gKZ
tn
.!; ˛ � Re.!// D 0 in H 1.R/=H 1.Z/:

Recent developments concerning the Veech criterion include the proof, based
on Hodge theory, of a slightly stronger version [25] and an effective Veech crite-
rion to prove effective weak mixing (polynomial speed of convergence of Cesaro
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averages of correlations) for translation flows [10, 11, 24] and interval exchange
transformations [7].

Proof of the Veech criterion (outline). Let K be a fixed compact subset of the mod-
uli space of Abelian differentials. It is enough to prove that for a given canonical
basis B.t/ WD ¹a1.t/; : : : ; ag.t/; b1.t/; : : : ; bg.t/º of the homology of the surface,
composed of curves of bounded length for gt .!/ 2 K, the periodsZ

a1.t/

˛ Im.!/; : : : ;
Z
ag.t/

˛ Im.!/;
Z
b1.t/

˛ Im.!/; : : : ;
Z
bg.t/

˛ Im.!/

are close to integers. By definition of the Teichmüller flow, there exists a constant
CK > 0 such that any loop 
.t/ 2B.t/ has horizontal length at least C�1K et and verti-
cal length at most CKe�t on .X;!/. Let us assume that all homology classes of loops
in B.t/ can be realized by paths composed of exactly one (long) vertical and one
(short) horizontal segment. Let f denote an eigenfunction of eigenvalue ˛ 2 R n ¹0º
for the vertical flow �s on .X; !/. We can integrate the eigenvalue equation for f
along the vertical segment 
v.t/ D ¹�s.x/ j 0 � t � Lv.t/º of any path 
.t/ 2 B.t/

to get
f ı �Lv.t/.x/ D e

2�i˛Lv.t/f .x/:

Since the distance d.x; �Lv.t/.x// on .X; !/ equals the length of vertical component
of 
 , and since f can be chosen with constant unit modulus, under the hypothesis
that f is continuous, we have that, as t !C1,ˇ̌̌̌

f ı �Lv.t/.x/

f .x/
� 1

ˇ̌̌̌
! 0;

hence

d.˛Lv.t/;Z/ D d

�Z

.t/

˛ Im.!/;Z
�
! 0:

The argument is therefore complete in case there is a continuous eigenfunction of
eigenvalue ˛ 6D 0. In general, the eigenfunction may be only measurable. In this case,
in order to apply Luzin’s theorem, which states that restrictions of the eigenfunction
to sets with complements of arbitrarily small measure are continuous, we assume that
the vertical segment of every loop 
.t/ 2 B.t/ (in fact of a subset of B.t/ which
spans the homology of the surface) belongs to a vertical rectangle R
.t/ of area uni-
formly bounded below. The lower bound on the area of the rectangles ensures that
Luzin sets with complement of sufficiently small measure intersect all of them, and
therefore that it is possible to choose loops with vertical components starting at points
of continuity of the eigenfunction. In the statement of the Veech criterion, the condi-
tion that the Teichmüller orbit has three consecutive returns (at times tn � `, tn and
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tn C `) to a compact set has precisely the role of enforcing a uniform equivalence of
the area of all vertical rectangles R
.t/ in a decomposition of the surfaces, hence a
uniform lower bound on the area of each of them.

In Figure 2, which illustrates the Veech criterion, the symbol RV denotes the
Rauzy–Veech map, a discrete time version of the Teichmüller flow, and the sequence

I1 I2 I3 I4
h1

h2 h3

h4

v1

v2
v3

v4

v4

v3
v2

v1

M

Eigenfunction
equation

@u

@y
D 2�i˛u

u 2 L2.M/

u.x; hk/ D e
2�i˛hku.x; 0/

for x 2 Ik

Permutation: .4 3 2 1/ D �
Horizontal data: .`1; `2; `3; `4/ D `
Vertical data: .h1; h2; h3; h4/ D h 2 H.�/ D R4

h
.n/

1

v
.n/

1

h
.n/

2

v
.n/

2

v
.n/

3

h
.n/

3

v
.n/

4

h
.n/

4

Horizontal data: .`.n/
1
; `
.n/

2
; `
.n/

3
; `
.n/

4
/ D `.n/

Vertical data: .h.n/
1
; h
.n/

2
; h
.n/

3
; h
.n/

4
/ D h.n/

.`.n/; h.n// D .RV/n.`; h/

u.x; h
.n/

k
/ D e2�i˛h

.n/

k u.x; 0/

for x 2 Ik

u.x; h
.n/

k
/ � u.x; 0/ (Luzin’s theorem)

) ˛h.n/ D ˛An.`/.h/

close to Z4 � R4

Figure 2. The Veech criterion.
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of matrices .An.`/.h// represents the Rauzy–Veech cocycle, a discrete version of
the KZ cocyle, along the orbit .RVn.`; h//. We are neglecting to keep track of the
permutation along the orbit of the Rauzy–Veech map.

4.3. Elimination of eigenvalues

The Veech criterion leads to the notion of a weak stable space W! � H 1.X;R/ at
almost all .X;!/, as the set of all cohomology classes such that the conclusion of the
Veech criterion holds, that is, the set of all c 2 H 1.X;R/ such that gKZ

t .!; c/ “con-
verges” to H 1.Z/. The Veech criterion implies that the vertical flow on a translation
surface .X; !/ 2 H is weakly mixing if RŒRe.!/� \W! D ¹0º.

We list below the basic elementary properties of the weak stable space:

(1) W! is saturated by subspaces parallel to the stable space of the Kontsevich–
Zorich cocycle on H 1.R/.

(2) W! coincides with the union of integer translates of the stable space if the
forward Teichmüller orbit is bounded.

(3) W! only depends on Im.!/.

A couple of elimination schemes were introduced in [6]: the first, called linear
elimination, is carried out on the heights parameters (first return times) of translation
flows and is sufficient to prove that almost all translation flows are weakly mixing
(but not for the proof of weak mixing for almost all IETs); the second, called proba-
bilistic elimination, is carried out on the transverse parameters of a translation flows
for a fixed vector of heights parameters, and it is adapted to the case of IETs. In fact,
for IETs on d intervals, the vector of heights can be taken to be .1; : : : ; 1/ 2 Rd .

4.3.1. Linear elimination. The linear elimination is based on a Hausdorff dimen-
sion bound from [6], which can be stated as follows.

Lemma 4.4. For almost all forward Oseledets regular points .X; !/ with respect to
the Kontsevich–Zorich cocycle, we have the following inequality for the Hausdorff
codimension of the weak stable space:

H-codim.W!/ � #¹positive KZ exponentsº:

The above result also holds for the effective weak stable space [11, 24].
For Veech surfaces, the weak stable space W! is the union of integer translates

of the Oseledets stable space [5]. Avila, Aulicino and Delecroix have announced a
generalization of this result to all rank one SL.2;R/-invariant suborbifolds.

For any SL.2;R/-invariant suborbifold M, the number of positive KZ exponents
in TM�H 1.X;†;R/ is equal to the rank of M [19], hence when rank.M/� 2weak
mixing of the vertical flow holds for almost all translation surfaces in M (with respect



G. Forni 402

ı

1
2

3

A.J /

J

Figure 3. Repulsion and spreading.

to the canonical SL.2;R/-invariant probability measure) since W! only depends on
Re.!/ and the vector of heights (return times) of the vertical flow is Im.!/ (and both
vector belong to the projection of TM inH 1.X;C/). In fact, by dimensional reasons,
we have that RŒIm.!/� \W! D ¹0º for almost all Im.!/.

4.3.2. Probabilistic elimination. In this elimination scheme, introduced in [6], the
vector RŒRe.!/� is fixed. The scheme analyzes the dynamics on the bundle H 1.R/
modulo H 1.Z/ with toral fibers over strata of the moduli space of line segments
approximately aligned with the top unstable Oseledets subspace.

There are two main effects (see Figure 3):

� Repulsion: under the hypothesis that the second Lyapunov exponent of the KZ
cocycle is strictly positive (�2 > 0), line segments are repelled away from the
nearest integer point (under the action of the KZ cocycle).
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� Spreading: for sufficiently long excursions of the Teichmüller orbit, a line seg-
ment can get dilated (under the action of the KZ cocycle) and spread to several
line segments near multiple nearby integer points.

We note that the phenomenon of “spreading” is a priori compatible with the Veech cri-
terion, since the latter does not constrain the orbit of the cohomology class under the
Kontsevich–Zorich cocycle when the Teichmüller orbit is outside of a given compact
subset of a stratum.

With sufficiently high probability, a line segment is repelled “far enough” from
integer points and eliminated, since by the Veech criterion its points cannot be eigen-
values (for the vertical flow). It is possible to estimate that the probability of escaping
elimination by spreading goes to zero with time [6]. A version of the probabilistic
elimination for effective weak mixing of IETs is carried out in [7].

The probabilistic elimination is well adapted to the proof of (effective) weak
mixing for directional flows of almost all translation surfaces with respect to the
Masur–Veech measure on strata [6, 7].

4.4. Weakly mixing polygonal billiards

We recall that proof of density of weakly mixing (non-rational) polygons is based
on the elimination for a given translation surface of a single (fixed) eigenvalue, that
is, on the proof of Theorem 4.1. The elimination is carried out separately for each
irreducible subbundle of the Hodge (real cohomology) bundle:

� For the “tautological” plane T! DRŒRe.!/�CRŒIm.!/�: an elementary transver-
sality argument to eliminate intersections with the stable subspace RŒIm.!/�.

� For isometric subbundles: Veech’s isometric elimination from [44].

� For “hyperbolic” (at least one positive exponent) subbundles: repulsion without
spreading for a positive measure set of directions (for any given surface).

We note that, for the KZ cocycle, irreducible subbundles are either hyperbolic or iso-
metric, never “parabolic” [19] (in the sense that either there is exponential growth of
typical vectors or there is no growth at all).

4.4.1. Controlled hyperbolic elimination. The crucial novelty in the above elimi-
nation scheme is a controlled repulsion which achieves elimination (again based on
the Veech criterion) before spreading occurs. The essential technical ingredient is the
following large deviation result.

Theorem 4.5 ([14]). For any translation surface .X;!/, there exist � > 0 and ı > 0
such that (along the Teichmüller horocycle orbit segment ¹hs! j s 2 Œ�1;1�º) for large
T > 0 and for c 2 H 1.X;R/, we have

Leb¹s 2 Œ�1; 1�jgKZ
T .hs!; c/j < e

�T
º < e�ıT :
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This result both improves upon and complements large deviation estimates
of [1, 5, 8]. It is based on the results of Eskin and Mirzakhani [16] and Eskin,
Mirzakhani and Mohammadi [17], on the results of Chaika and Eskin on the
Oseledets theorem in almost all directions for arbitrary surfaces [13].

By the recurrence result of J. Athreya [3], for a fixed surface, the probability of
an excursion outside a given compact set K of a stratum is exponentially small with
the length of the excursion: there exists � > 0 such that, for any S > 0,

Leb¹s 2 Œ�1; 1� j Ut2ŒS;SCT �gt .hs!/ \K D ;º < e��T :

From the above estimates, we derive that if at some time we have a cohomology class
c 2 H 1.X;R/ such that d.c; H 1.Z// � 
 (sufficiently small), then there exist an
integer class z 2 H 1.X;Z/ and a time t WD t .s/ within Œ�log 
=2;�3 log 
=4� such
that, outside a set of s of measure 
� (� > 0),

gt .hs!/ 2K and d.gKZ
t .hs!; c/;H

1.Z// � 
��kc � zk D d.c;H 1.Z//1��:

Iteration of this argument produces controlled repulsion away from the integer lattice
outside a set of “small” measure (for 
 small). Indeed, the norm of the cohomol-
ogy class c � z (hence the distance of the cohomology class from the integer lattice)
grows under the Kontsevich–Zorich cocycle like 
 .1��/

k
! 1 as k !1, while the

measure of the discarded set is at most
1X
jD0


�.1��/
j

;

a quantity which converges to zero as 
 ! 0.
A density type argument then completes the proof of Theorem 3.4.

4.5. Weak mixing in rational polygonal billiards

The challenge in this work is to go from elimination of a single eigenvalue to the
elimination of the whole line of potential eigenvalues. By the Veech criterion, it
is not restrictive to focus on a single segment J � R � Im.!/ contained in a small
neighborhood of a lattice point z 2 H 1.X;Z/. Let

H 1.X;R/ D T! ˚ T
?
!

denote the decomposition of the cohomology space as a direct sum of the so-called
tautological subbundle T! D R Re.!/˚ R Im.!/ and of its symplectic orthogonal.
Let �! denote the projection onto the subspace T ?! . An important remark is that,
since J � RŒIm.!/� � T! , we have

�!.J � z/ D ��!.z/ 2 T
?
! ;
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which is a single vector (for all points of J ) to which the controlled repulsion argu-
ment outlined in Section 4.4.1 from [14] can be applied. However, since the projection
of J belongs to the unstable subspace of the Kontsevich–Zorich cocycle, the Veech
criterion cannot avoid dilation and spreading of the interval J to a collection of
intervals near finitely many lattice points whenever the Teichmüller orbit makes an
excursion outside a given compact set.

This difficulty is overcome in [2] by introducing a refined weak mixing crite-
rion, which implies that, as long as the projection �!.z/ remains sufficiently small
under the Kontsevich–Zorich cocycle, the tautological projection of the interval J � z
remains confined to a neighborhood of the origin. Hence, there is no spreading in the
tautological plane, and the controlled repulsion on T ?! , by increasing the norm of
�!.z/, leads to a contradiction with the Veech criterion.

In the argument, it is important that we can restrict to subbundle on which the
Kontsevich–Zorich cocycle is fully hyperbolic. Indeed, the line R � Im.!/ is con-
tained in the tautological plane T! � H 1.X;R/, which in turn is contained in the
subbundle given by the sum of all of its Galois conjugate of the projection of the
tangent space of the SL.2;R/-orbit closure of .X; !/ onto the absolute cohomology.
It was proved by A. Wright [47] that this Galois subbundle is defined over Q, hence
it has a well-defined integral lattice. The Veech criterion still holds for the restriction
of the cocycle to the Galois subbundle, hence the argument can be carried out in this
restricted set up. In addition, by a result of S. Filip [19], all the Lyapunov exponents
of the Kontsevich–Zorich cocycle on the Galois subbundle are all non-zero.

4.5.1. A weak mixing criterion. The refined weak mixing criterion is based on the
notion of a rigidity configuration. Roughly speaking, a rigidity configuration for a
translation surface is an immersed rectangle of large vertical size and small horizon-
tal size which contains an embedded sub-rectangle whose area is uniformly bounded
from below. A rigidity configuration is a pair .J;R/with J a horizontal interval andR
an embedded rectangle with top and bottom horizontal sides in J . It is characterized
by the following parameters: the vertical height of the maximal immersed rectangle
with base J , the vertical size V > 0 of R, the horizontal length H > 0 of J , the area
� > 0 of the maximal embedded sub-rectangle R� � R (see [2, Definition 3.2]).

We then have the following crucial existence statement.

Proposition 4.6 ([2, Proposition 4.1]). Let H1 be a stratum of unit area Abelian dif-
ferentials. Then, for every compact set K �H1, there exist constantsL0DL0.K/�

1 and C D C.K/� 1 such that, for every .X;!/ 2K and every L� L0, there exists
a .V;H; �; L/-rigidity configuration .J;R/ of .X; !/ with the following properties:

(1) L=C � V � C � L.

(2) � � 1=C .
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(3) If 0 < t < logL is such that gt .X; !/ 2K , then H < C � e�t .

An argument reminiscent of the proof of Veech’s criterion (see [44] or [14]) then
establishes the following (see [2, Definition 3.3 and Lemma 3.4]).

Theorem 4.7 (Weak mixing criterion). Let .X; !/ 2 H be a translation surface. If
the vertical flow is ergodic and ˛ is an eigenvalue for the vertical flow on .X;!/, then
for every " > 0 and compact K � H1, there exists t0 WD t0.";K; ˛/ > 0 such that
for all t > t0, both of the following two conditions hold:

(1) For all .V; H; �; L/-rigidity configuration such that V � et , at least one of
the following holds:

� < " or dR.˛V;Z/ < ":

(2) (Veech criterion) for all L > t such that .XL; !L/ 2K ,

d.gL � ˛ Im.!/;H 1.XLIZ// < ":

Let us recall the splitting H 1.X;R/ D T! ˚ T ?! as a direct sum of the tautolog-
ical plane and of its symplectic orthogonal, and let, as above, �! be the projection
onto T ?! and .I � �!/ the projection onto the tautological plane. Let then .I � �!/C

denote the composition of the projection onto T! and the projection onto the unstable
(1-dimensional) subspace of T! along the (1-dimensional) stable space.

Proposition 4.8. Let H1 be a stratum of unit area Abelian differentials over a mod-
uli space of Riemann surfaces. Then, for every compact set K � H1, there exist
constants C D C.K/ � 1 and t0 WD t0.K/ > 0 with the following property. Let
.X; !/ 2 H1 be any translation surface. Consider t � t0 such that the following
conditions hold:

(1) gt .X; !/ D .Xt ; !t / 2K .

(2) There exists z 2 H 1.Xt ;Z/ such that d.gKZ
t � ˛ Im.!/; z/ < 1=.2C 2/.

Suppose ˛ 2R n ¹0º has the property that dR.V˛;Z/ < 1=C for all V > et=C 00 when-
ever .X;!/ has a .V;H;1=C;L/-rigidity configuration. Let ˇ 2R be the unique real
number such that .I � �!/C.z/ D gKZ

t � ˇ Im.!/ 2 H 1.Xt ;R/. Then,

dR.˛; ˇ/ � C � k�!.z/k � e
�t :

The significance of the above proposition stands in the fact that as long as the
norm k�!.z/k stays small, since the vector .I � �!/.z � ˇ Im.!// belongs to the
stable Oseledets space in the tautological plane, the norm of the vector z � ˛ Im.!/
remains small for a time of the order logk�!.z/k. It then follows from the large devi-
ation Theorem 4.5 as in Section 4.4.1 that if 
 WD k�!.z/k is sufficiently small, there
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exists a time t WD t .s/2 Œ�log 
=2;�3 log
=4� such that, outside a set of s of measure

� (� > 0),

gt .hs!/ 2K and kgKZ
t .�!.z//k � 


��
k�!.z/k D k�!.z/k

1��:

Iteration of this argument produces controlled repulsion away from the integer lat-
tice outside a set of “small” measure (for 
 small). Indeed, by Proposition 4.8, there
exists z 2 H 1.Z/ n ¹0º such that the norm of the vector z � ˛ Im.!/ remains under
control (and less than 1=2) up to the time t 2 Œ�log 
=2; �3 log 
=4�, while the
norm of its projection �!.z � ˛ Im.!// D �!.z/ grows, under the assumption that
�!.z/ 6D 0. The latter assumption is ensured by the hypotheses that the tautological
plane T! contains no non-zero integer points. By a finite iteration of the procedure
just described, we can prove that, outside of a set of parameters of small measure, the
norm kgKZ

t .z � ˛ Im.!//k D d.gKZ
t .˛ Im.!//;Z/ grows larger than a preassigned

constant, thereby contradicting the Veech criterion for weak mixing and completing
the argument.
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