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Symmetries of Grothendieck rings in representation theory
David Hernandez

Abstract. We review certain new symmetries of Grothendieck rings that have emerged in
representation theory.

Categories of representations of groups, or more generally, bialgebras and quantum
groups, are endowed with monoidal structures. The Grothendieck ring of such a cat-
egory has a basis consisting of classes of simple objects, with structure constants
defined as multiplicities of simple representations in the decomposition of tensor
products. The resulting rings together with their bases can have a very intricate struc-
ture, and many of them are fundamental with important applications (for example,
leading to algorithms to compute the dimension of simple representations).

In recent years, new symmetries of Grothendieck rings have emerged, which
can be used to better understand these rings. We will discuss these symmetries and
illustrate some of their applications.

First, cluster symmetries give powerful tools to investigate the structure of
the Grothendieck rings [19]. As an application, we have obtained the proof of
long-standing conjectures on character formulas for simple finite-dimensional rep-
resentations of quantum affine algebras (which are infinite-dimensional quantum
groups) [14].

Second, motivated by symmetries of quantum integrable models arising in
physics, we established remarkable relations in associated Grothendieck rings [8],
generalizing the celebrated Baxter relations; these relations led us to the discovery
of a surprising new action of the Weyl group on these Grothendieck rings [9]. These
Weyl group symmetries are also closely related to the cluster symmetries [15].
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1. Grothendieck group
To start with, let us recall the general construction of Grothendieck groups.

1.1. Grothendieck group of an additive category

Let € be an additive category with distinguished short exact sequences
A—> B —C. (1.1)

For example, one may consider the case of an abelian category with all ordinary exact
sequences.

Definition 1.1. The Grothendieck group K(€) of € is the group generated by the
elements [M] for each isomorphism class of objects M in €, with the relations

[A] + [C] = [B]
for each exact sequence (1.1).

We obtain the important algebraic structure K (€) attached to the category €. We
will discuss many examples in this lecture.

The main original motivation appeared in algebraic geometry. Consider the €
category of coherent sheaves on an algebraic variety X. The Grothendieck group

K(X) = K(€)

is one of the starting points of K-theory in algebraic geometry. Historically, such con-
structions were first studied by Grothendieck for categories of coherent and locally
free sheaves on schemes, in proving the Riemann—Roch theorem.

Another basic but fundamental example is obtained for a field k: the cate-
gory € = V of finite-dimensional k-vector spaces. The isomorphism classes are
parametrized by the dimension. Then V is semi-simple, and the direct sum descends
to the sum in the Grothendieck group, that is, for V' and W in 'V, we have

Ve W]=[V]+ [W].

This implies that K('V) is freely generated by the class [k] of the one-dimensional
vector space
K(V)=2Zk]|~Z

as we have
[V] =dim(V) - [k]

for Vin'V.
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1.2. Grothendieck groups in representation theory

We now discuss the Grothendieck group of finite-dimensional representations of an
algebra.

Let + be an algebra over a field k and ¥ be the category of finite-dimensional
representations of .

We have the following classical and fundamental result.

Theorem 1.2 (Jordan-Holder series). Each object M in ¥ admits a series of
subobjects
M=MyDM;D---D My ={0}

with M; | M; + simple object.
Consider a simple object V. Then the number ny (M) of occurrences of V as a
quotient M; | M; 1, depends only on M and not on the series of subobjects.

Such a series is called a composition series or a Jordan—Holder series of the rep-
resentation. A simple quotient M; / M; 1 is called a composition factor of M, and its
number of occurrences is called its multiplicity.

For completeness, let us briefly recall the arguments of the proof.

Proof. The existence of the series is obtained by induction on the dimension of the
representation. The uniqueness of ny (M) is also proved by induction on the dimen-
sion: it is obvious for a simple representation. In general, assume that we have two

series M; and Ml.’ as above. If M; = Ml/, we can conclude using the induction

hypothesis for this representation. Otherwise,
M > M, DM NM,|

and
M > M| D> M NM

are the first few terms of composition series with the same composition factors. Using
the induction hypothesis, they have the same composition factors. ]

One can then define the length of a module M as the sum

(M) = > ny (M).

V simple class in ¥

As a consequence of Theorem 1.2, we obtain that

K= P 2z

V simple class
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has a canonical basis parametrized by simple classes. The Grothendieck group is a
group with a distinguished basis.

The coefficients on the basis are the multiplicities of simple representations, that
is, for M object in ¥, one has

M= > av(DV].

V simple class

> vV

V simple class

In general, an element

with all ny > 0 is called the class of an actual representation.
If one of the ny < 0, this is the class of a virfual representation. The Grothendieck
group allows us to treat in a uniform way actual and virtual representations.

2. Monoidal categories

We now assume that an abelian category € has a monoidal structure, that is, we have
tensor products M ® N for M, N objects in € with isomorphisms

MRIN)P~MQR(NQP)
as well as a unit object 1 in € so that for any object M in €,
M1~19M ~ M.
We have additional compatibility properties with the abelian structure (see [28]).

Remark 2.1. We do not assume that the category is necessarily a tensor category, that
is, we do not assume that the category admits dualities compatible with the monoidal
structure.

Let us discuss important examples of monoidal categories.

(1) The category 'V of finite-dimensional k-vector spaces has a natural monoidal
structure.

(2) For a group G, the category of finite-dimensional representations of G (that
is, of its group algebra k[G]) has a monoidal structure. The action of g € G
on a pure tensor v ® w € V' ® W in a tensor product of representations is
defined by

g-vew) =(g-v)R®(g-w).
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(3) For a Lie algebra g, the category of finite-dimensional representations of g
(that is, of its universal enveloping algebra U(g)) has a monoidal structure.
The action of g € g on a pure tensor v ® w € V' ® W in a tensor product of
representations is defined by

g-Rw =(g-v)Rw+v (g w).

This is an infinitesimal version of the group action above.
(4) More generally: for a Hopf algebra H, that is, an algebra with a coproduct
and a counit,

A:H—HQ®H and ¢: H — k.

The category of finite-dimensional representations of H has a monoidal
structure. This includes all examples above and new examples, in particular
the Drinfeld—Jimbo quantum groups

Uq(a)

associated to ¢ € C* \ {—1, 1} quantum parameter and g simple Lie algebra.
It is a g-deformation of U(g), originated from mathematical physics. For
example, U, (s,) is the algebra by generators E, F, K*! and relations
5 s K—K!
KE =¢q°EK, KF=q "FK and [E, F]=——+.
q9—4

(5) Hecke algebras, and their variations such as quiver Hecke algebras (as defined
by Khovanov-Lauda and Rouquier), give rise to categories of representations
which have a monoidal structure via convolutions.

(6) In various geometric contexts, convolution diagrams
P q
X 1 < X 2 —> X 3

of regular morphisms p, g between remarkable varieties allow us to consider
convolution products and then monoidal structures on certain categories of
sheaves (see, for instance, [1,5] and references therein).

3. Grothendieck ring

3.1. Grothendieck ring of a monoidal category

Let us define the Grothendieck ring of € monoidal category.
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Proposition 3.1. The Grothendieck group K(€) of € inherits a ring structure such
that
[M]-[N]=[M ® N]

for M, N objects in € and the class [1] € K(€) is the neutral element.
Example 3.2. For € = 'V the category of finite-dimensional vector spaces on a

field k, the group isomorphism
K€ ~7Z

is a ring isomorphism. This follows, for example, from the formula dim(V @ W) =
dim(V) dim(W).
Remark 3.3. If the category is braided, that is,

MIN=NQIM

for all objects M, N in €, then the Grothendieck ring is commutative. The converse
statement is false: there are non-braided monoidal categories whose Grothendieck
ring is commutative. We will see examples below.

3.2. Grothendieck rings in representation theory

Let € be the category of finite-dimensional representations of a bialgebra H. The
Grothendieck ring

K@) = P zv]

V simple

has a canonical basis ([V']) v simple, and the constant structures on this basis are positive
constant structures: they are given by the multiplicities of simple modules in tensor
products (sometimes called Clebsch—Gordan coefficients or fusion coefficients).

Remark 3.4. If H is a Hopf algebra, € is a tensor category, and dualities induce ring
automorphisms of K(€), which preserve the canonical basis.

Example 3.5. Let € be the category of finite-dimensional representations of the Lie
algebra s[,(C). Then we have a ring isomorphism

K(€) ~ Z[X]
with the polynomial ring in one variable X . Here,

X =[V], where V = C? is the natural representation.
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It is well known that s!, (C) has a simple complex representation of dimension n + 1
for any n > 0 and that this representation is unique up to isomorphism. Let us denote
by Q, the isomorphism class of this representation in K(€). Then the basis (Q)n>0
of simple classes satisfies the induction relation

0n = Qnt1Qn—1 + 1. 3.1)
One can compute the canonical basis of simple classes
(00,01,.05,..)=(1,X,X*>—-1,X3-2X,..),
which is different from the standard monomial basis of Z[X].

Remark 3.6. Note that, independently of Grothendieck rings, it is not clear a priori
that the inductive sequence (3.1) with initial conditions Q¢ = 1 and Q; = X, a priori
in Q(X), defines a sequence in the ring Z[X].

3.3. Applications of Grothendieck rings in representation theory

The study of Grothendieck rings of categories of representations has led to interesting
developments in various directions. Let us list some of them.

Representation theory. There is a close relation between the understanding of the
global structure of Grothendieck rings and the description of the structure of simple
representations. For example, if one knows the structure of certain simple repre-
sentations, one may extract information on the simple constituents of their tensor
products.

Example 3.7. This approach will be discussed below to compute the characters of
simple representations of quantum affine algebras from the characters of fundamental
representations, following [29] and then [14, 16].

Categorification. One can sometimes realize an algebra 4 as a Grothendieck ring:
A >~ K(€).

The categorified structure + inherits a canonical basis from the canonical basis of the
Grothendieck ring.

Example 3.8. The coordinate ring C[N], with N a unipotent subgroup of a Lie
group G, can be realized from representations of quiver Hecke algebras [27,32] or
of quantum affine algebras [20], leading to a categorical interpretation of its dual
canonical basis. A basic example is also explained in Example 3.5.
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Quantum integrable models. Certain Grothendieck rings can be identified with the
ring of commuting operators of a quantum integrable model via the transfer-matrix
construction. Indeed, a quantum integrable model involves a space W (the quan-
tum space) with a family of commuting operators on this space (including quantum
Hamiltonians). The transfer-matrix construction defines a ring morphism

T : Ko(€) — End(W),

where € is the category of representations of an algebra of symmetry of the sys-
tem. Hence, any relation in Ko (€) (a “universal relation”) gives relations between
the eigenvalues of the operators on V for any related quantum integrable model.

Example 3.9. The famous XXZ model can be realized using the representation
theory of the quantum affine algebra associated to s, (see below).

The aim of this lecture is to discuss certain symmetries of Grothendieck rings
and their consequences. The main examples of symmetries we present are cluster
symmetries and Weyl group symmetries.

4. Cluster algebra symmetries

We discuss the first symmetries of Grothendieck rings in this lecture in the context of
cluster algebras.

4.1. A quick review of cluster algebras

The theory of cluster algebras was introduced by Fomin—Zelevinsky [7]. A cluster
algebra is a commutative algebra with a distinguished set of generators grouped into
overlapping subsets (the clusters, obtained by an inductive process called mutation).
Each element of the cluster algebra can be expressed as a rational fraction of the ele-
ments of a cluster. From a geometric point of view, one might think about a variety
with various sets of local coordinates, and each element of the algebra of functions
over this variety can be expressed locally in terms of the local coordinates. Then the
mutations can be understood as a regular change of coordinates.

More precisely, the cluster algebra 4 ¢ is a commutative algebra associated with
a quiver Q (without loops or 2-cycles). It has a distinguished set of generators (the
cluster variables) defined by a combinatorial process. Cluster algebras have many
incarnations in various fields, and in particular in representation theory as we will
discuss below.

The cluster algebra 4 attached to the quiver Q (with a set of vertices Q) is a
subring of the field

F =Q(Xi)ieg,-
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with free variables X; which are called the initial cluster variables (they form the ini-
tial cluster). The cluster algebra + ¢ is defined as the subalgebra of ¥ generated by
the cluster variables, obtained inductively from the initial variables by an inductive
process called mutations. For example, the first-step mutated variables X" are defined

by the formula
xixy=[[x+[]x.
Jj—i J<i

where the arrows — and < are those in the initial quiver Q (then the quiver also
gets mutated in the process). The number of cluster variables is not necessarily finite.
In addition, the cluster variables are grouped into overlapping subsets called clusters,
which are all in bijection with Q. The cluster monomials are defined as the mono-
mials in the cluster variables of the same cluster. In some situations, one may have
additional non-mutable cluster variables: they are called frozen variables, and they
belong to all clusters.

One of the fundamental properties of cluster algebras is the Laurent phenomenon:
any cluster variable can be expressed as a Laurent polynomial in the cluster variables
of a given seed. In the initial seed, this can be written as

Ao C Z[XF icg,.-
Example 4.1. Consider a Q quiver of type A,
e —>oe.

We have the initial cluster variables (X1, X>) and five cluster variables:

1+X, 14+X; 14+X1+X,

X1, X2, )
X X5 X1X>

’

There are also five clusters:

1+ X 1+X, 14+ X X
(X1, X2), * 2 X, ). * = T ,
X X1 X1X;
1+X; 1+X1+ X, 1+ X, X
X, X1 X» ’ X, ')

Remark 4.2. This example should not be misleading: in general, the number of
clusters is not equal to the number of cluster variables.

4.2. Monoidal categorification of cluster algebras

In this lecture, we focus on the relation between cluster algebras and monoidal cat-
egories (there are also important relations with additive categories; see [26] and
references therein).
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Definition 4.3 ([19]). A monoidal category M is a monoidal categorification of a
cluster algebra # if there exists a ring isomorphism

¢ A—> K(M)
so that the cluster monomials are sent to simple classes.

In [19], a stronger version is also discussed, where it is required that ¢ induces
a bijection between the cluster monomials and the real simple classes (whose tensor
square is also simple). In the definition above, the simple modules corresponding to
cluster monomials are called reachable modules. They have the property to be real,
as the square of a cluster monomial is a cluster monomial.

A monoidal categorification can be regarded as a cluster symmetry of the
Grothendieck ring or as a categorical realization of the cluster algebra. It gives useful
information on the monoidal category: for example, it points out remarkable sim-
ple representations (corresponding to cluster variables), and it gives a factorization
of simple representations corresponding to cluster monomials (in the same way as
cluster monomials factorize as a product of cluster variables).

The original examples [19] were obtained from the finite-dimensional representa-
tions of quantum affine algebras. Many developments in monomial categorifications
in this context have followed; one can cite, for instance, [3,24,30,31] and in different
contexts [4].

In all known examples, the cluster symmetry is related to the defect of sym-
metry of the category which produces relations in the Grothendieck ring: we have
objects V', W so that

V' ® W is not isomorphicto W ® V

but
VeW]l=[WeV]

in the Grothendieck ring (examples will be given below).

4.3. Quantum affine algebras

Consider g a complex simple Lie algebra (for example, g = sl5) of rank » (that is,
n = 1 for g = sl,). Then we can construct the affine Kac—-Moody algebra g, which
is a central extension of the loop algebra'

qg®C[t,t71].

'We do not consider the derivation element in this lecture.
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For ¢ € C* a quantum parameter (which is assumed not to be a root of unity),
we have the corresponding quantum affine algebra U, (g). It is a Hopf algebra and a
g-deformation of the universal enveloping algebra U(g).

Let € be the category of finite-dimensional representations of U, (g): it has a
very rich structure. This monoidal category is neither semi-simple nor braided. The
simple objects of € have been parametrized in terms of Drinfeld polynomials by
Chari—Pressley, that is, of n-tuples (P;(z))1<i<n of monic polynomials. In particu-
lar, for 1 <i <n and a € C*, we have the fundamental representation V; (@) which
corresponds to the n-tuple (1,...,1,1 —za,1,...,1) with a degree 1 polynomial in
position i.

Theorem 4.4 ([12]). The Grothendieck ring K(€) is commutative and polynomial:
K(\C)) = Z[Xi,a]lsign,aec*»

with X; o = [Vi 4] the class of a fundamental representation.

4.4. Monoidal categorification — Examples

As a first example, consider the complex Lie algebra g = sl,. We define M as the
monoidal Serre subcategory of the category € of finite-dimensional representations
of U, (sl,)-representations generated by two fundamental representations

Vi(l), Vi(g?).
Then we obtain a monoidal categorification
K(M) ~ Ap

with Q of type A, (as above) with one frozen variable. The total number of cluster
variables is 3. Indeed, there is a simple representation W in M of dimension 3 so that
we have exact sequences

01— Vi(gH)QVi(1) > W — 0,
0—->W — V1(1)®V1(q2) —-1-—0,

which come from degenerated braidings (which are not isomorphisms as the two
tensor products are not isomorphic)

Vilg®) ® Vi(l) = Vi() @ Vi(g?) and Vi(1) ® Vi(g®) — Vi(g®) ® Vi(D).

These exact sequences correspond to the unique mutation relation in the cluster
algebra Ap:
Vi@)IVi(D)] =1+ [W].
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The two clusters are (V1(g2), W) and (V;(1), W). As an application, we obtain that
every simple representation in M can be factorized into these three representations.
Note that there are infinitely many simple classes in this category M, which have the
following form with a, b > 0:

(1 (1) @ WP and (Vi(g?)® @ WP.

As another example, consider the complex Lie algebra g = sl3. We define M
as the monoidal Serre subcategory of the category € of finite-dimensional U, (sl3)-
representations generated by the four fundamental representations

Vl(l)’ Vl(qz)’ V2(q)v VZ(q3)

Then we obtain a monoidal categorification
K(M) ~ Ap

with QO of type A, (as above) with two additional frozen variables. The total number
of cluster variables is 7.

As an application, we obtain that every simple representation in M can be fac-
torized into these seven representations. Note that there are infinitely many simple
classes in this category M.

4.5. Global structures

For a general simple Lie algebra g, a cluster algebra structure has been obtained
on K(€7) for €~ a large subcategory” of € [21]. Then Kashiwara—Kim—Oh—Park
established the following conjecture in [21].

Theorem 4.5 ([25]). The category €~ of finite-dimensional representations of a
quantum affine algebra U4 (Q) is a monoidal categorification of a cluster algebra.

As an application, we could prove for simple representations corresponding to
cluster monomials, a conjecture that I formulated in 2004 [16] for non-simply laced
types. Using cluster algebra methods, the result extends the results obtained by
Nakajima [29] in simply laced types.

Theorem 4.6 ([14]). The dimension (and character) of simple representations cor-
responding to cluster monomials can be obtained from an algorithm (a la Kazhdan—
Lusztig).

This large subcategory is sufficient to describe all simple modules by using spectral
parameter shifts.
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Remark 4.7. The algorithm is partly based on the existence of a quantization of
the Grothendieck rings, introduced in [29, 33] for simply laced types using quiver
varieties (and generalized in [16] using a different method). The deformation is then
identified with a natural quantization of the cluster algebra (the quantum cluster alge-
bra). Recently, with R. Fujita [13], we proposed a construction of monoidal Jantzen
filtrations for monoidal categories, with certain degenerated braidings, in order to give
a purely categorical construction of such quantum Grothendieck rings. This is based
on distinguished filtrations by submodules

M=My>M;D---D My =1{0}
which lead to deformed classes

[M], = Ztr[Mr/Mr—l]

r>0

and to a deformation * of the product of the Grothendieck ring by considering
filtrations of tensor products.
As an illustration, in the first example of Section 4.4, we have the filtrations

Vi(g*) ® V1(1) 15 {0} and Vi(1)® Vi(g*) D W > {0}
which lead to the deformed products

V@] * Vi)l =¢W]+1 and [Vi(D]* [Vi(g?)] = [W]+ L.

S. Shifted quantum affine algebras

Next we handle shifted quantum groups. The shifted quantum affine algebras form a
new class of quantum groups closely related to (quantized K-theoretical) Coulomb
branches (in the sense of Braverman-Finkelberg—Nakajima [2]). They were intro-
duced by Finkelberg—Tsymbaliuk [6] in the study of these K-theoretical Coulomb
branches.

Consider g and g as above. The algebra ‘L(Z’ (@) can be seen as a variation of the
quantum affine algebra U, (Q) depending on a shift parameter: a coweight p of the
Lie algebra g (for example, in the s[,-case, we can see u as an integer). For u = 0,
ug (g) is essentially U4 (g). These algebras have a very interesting representation
theory.

Theorem 5.1 ([17]). The algebra Ul (§) has a non-zero finite-dimensional represen-
tation if and only if | is codominant.
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In general, UL (§) has an abelian category O of representations (which might
be finite dimensional or infinite dimensional). Recall that # is the rank of g.

Theorem 5.2 ([17]). The simple objects in OF are parametrized by n-tuples of
rational fractions ¥ = (Vi (2))1<i<n regular at 0, with the degree condition

deg(vi(2)) = ai(p),
where «; is the simple root of g attached to the vertex i of the Dynkin diagram.

Example 5.3. For 1 <i <n,a € C*, consider ¥ defined by ¥;(z) = 1if j # i and

W) = g

1 —zaq"i’

with r; the length of the simple root «;. Then we recover the finite-dimensional fun-
damental representation V;(a) of the ordinary quantum affine algebra (the rational
fractions v (z) should not be confused with the Drinfeld polynomials).

Example 5.4. For 1 <i <n,a € C*, consider
V= ((1-2a)%7)1<j<n.

The associated simple representation of ‘U‘qoiv (Q) is called the positive prefundamental
representation Li+ , (here, ®,’ is a fundamental coweight). It is of dimension 1 !

Example 5.5. For 1 <i <n,a € C*, consider
¥ = ((1 —Za)_si’j)lsjsn-

The associated simple representation of U, o’ (@) is called the negatlve prefunda-
mental representation L; . It is infinite dlmensmnal In addition, U, o’ (@) contains
a copy of the ordinary quantum affine Borel algebra U (b) Then, restrlcted to this
subalgebra, L; , is the simple prefundamental representation constructed in [18] as a
limit of 51mple ﬁmte dimensional representations.

Without loss of generality, we may assume that all roots and poles of the rational
fractions are integral powers of g.
One obtains an abelian category

P o~

1 coweight

The (completed) sum of Grothendieck groups

Ko(0™) = €P Ko(0")
w
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has a (topological) ring structure® induced by the fusion product construction (which
defines a representation V * W in O*** from simple representations V, W in O
and O*, respectively). This ring can be considered as an analogue of a Grothendieck
ring. In addition, it is commutative.

Consider the subcategory €" C @" of finite-dimensional representations of
shifted quantum affine algebras. Its Grothendieck ring K(€*") contains as a sub-
ring the Grothendieck ring K (€) of finite-dimensional representations of the ordinary
quantum affine algebra.

Theorem 5.6 ([17,21,25]). The ring Ko(€™") is isomorphic to a cluster algebra
AT, With an explicit quiver I'o. The initial cluster variables are classes of positive
prefundamental representations. The cluster monomials correspond to certain classes
of simple modules.

Example 5.7. For g = sl,, the quiver 'y is the infinite linear quiver

h—> 0 ——> @ —> .-,

The initial seed is formed of classes of one-dimensional positive prefundamental
representations

+ + +
=L L, — L — L, —

(up to factors by invertible representations, which we omit in these notes for clar-
ity). The first-step mutations are given by certain remarkable relations called Baxter
T Q-relations

(LT Vi@] = L], .1+ L], ).

where V7 (a) is the two-dimensional fundamental representation. In fact, this relation
is also relevant from the point of view of quantum integrable models.

Theorem 5.8 ([15]). The Grothendieck ring Ko(O™) is isomorphic to (a comple-
tion of) a cluster algebra Ar;_, with an explicit quiver |

The proof is partly based on additional symmetries of the Grothendieck ring that
will be discussed in the next section.

Example 5.9. For g = sl,, the new quiver I'_ is obtained from the older quiver I'oo
by just inverting the direction of one arrow:

> 0> 0 — 0 —> 0 —> -,

31t is proved in [22] that the subcategory of finite length representations is stable under the
fusion product, and so it gives rise to a (non-topological) ring structure on Ko(O*%).
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Then the initial seed is made of positive and negative prefundamental representations
R Liqz — Ltl «— Ll_,q_2 — Ll_’q_4 — e
The mutation at the vertex corresponding to Ltl yields
ce—> L'l‘:qz <~ Ll_’1 — Ll_’q,2 — Ll_’q,4 — .-
as we have the remarkable Q Q-relation
[LYALT,] =1+ LT LIILT, ). (5.1)

Similarly, the mutation at the vertex corresponding to Ll_q_2 translated the seed in
the other direction:

+ + + -
— Ll’q2 — L, — Ll’q_2 «— Ll’q_4 — e
In general, we conjecture the following.

Conjecture 5.10 ([15]). All cluster monomials in Arp;_ correspond to classes of
simple objects in O through our isomorphism.

This general conjecture is, for the moment, only known in the following case.

Theorem 5.11 ([15]). The conjecture is true for ¢ = sl,.

6. Symmetry of ¢g-characters
We now discuss certain group symmetries of Grothendieck rings.

6.1. Classical theory

Let us briefly recall the well-known Weyl group symmetry of classical characters.
Let g be a complex finite-dimensional simple Lie algebra of rank n and K¢(g) be the
Grothendieck ring of its finite-dimensional representations. The character morphism,
which encodes the dimension of weight spaces of finite-dimensional representations,
defines an injective ring morphism

X1 Ko(@) = Z[y;  Ti<izn.
The image of y can be characterized as an invariant subring

Im(x) = (Z[y;" i<i=n)" .
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where the Weyl group W is generated by the simple reflections s;, 1 <i < n, which
act by the explicit formula
_Si . C i
si(yj) = yja; 7, wherea; = 1_[ yk’ .

1<k<n

Here, a; corresponds to a simple root, and the Cj; are coefficients of the Cartan matrix
of g.

Example 6.1. For g = sl,, the Cartan matrix C = (2), and we have

ay = y12,
si(y1) = yia7' = it
sT(y1) = y1,

st +yiH) =1+ o7
Im(y) = Z[yi' DY = Z[y: + »7')

6.2. g-characters

The analogue of characters for finite-dimensional representations of quantum affine
algebras U, () are g-characters (as defined by Frenkel-Reshetikhin [12]). It defines
an injective ring morphism on the Grothendieck ring K (€) of the category € of finite-
dimensional representations (here, we assume that the quantization parameter g € C*
is not a root of unity):

Xq - K('C)) - ¥Y = Z[Yiil]lgisn,aec*-

It is a refinement of characters for the action of the underlying finite-type quantum
group U, (g) (as we can recover the ordinary by removing the spectral parameters a).

Example 6.2. Fora € C*, the fundamental representation V; (a) of U, (;I;) satisfies

Xa(Vi(@) = Yia + Y,

,aq?

If we forget the spectral characters, we recover the ordinary character Y, + Yl_l.

There are monomial analogues of simple roots (we give here the formula for
simply laced types):
Aja = Yl

s

—1
,aq—! Yi,aq 1_[ Yj,a .
JIC;i=—1

For example, for ¢ = sl,, we have 4, , = Yl,aq—l Yiaq.
We may wonder what the analogue of the Weyl group symmetry is in this context.
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6.3. Symmetry of ¢g-characters

We introduce in [9] the following operators:
8i.j
=8, ; “iaq™3
O1(Yja) = YiaA, il 5
i,aqg~!

for1 <i,j <mnanda € C*. Here, X, 4 is the solution of the g-difference equation

Sia =14 4,5 45—

,a

in a sum

n= v

wew

of completions Yv of Y, parametrized by the Weyl group.

Example 6.3. For g = sl,, we have

21 a -3
©1(Y1a) =Y} .
Lag z:1,aq*1

Here, X , is the couple

(14 A7,(1+ 47}

l,aq—2(1 +---)), _Al,aqz(1 + Al,aq4(1 +-+4))-

It belongs to
=Y oy

Remark 6.4. One component of these operators is related to operators defined in [23]
on a different space.

Now ¥ embeds in I1 diagonally, and we have the following analogue of the
classical result.

Theorem 6.5 ([9]). The ®; are involutions and define a Weyl group action (with the
simple reflections acting as ©; ). Moreover, we have the ring of invariants

Y = Im(x,).
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6.4. Interpretation of the Weyl group action

Let us explain an interpretation of the Weyl group action above, which is connected
to the cluster algebra symmetry.

Theorem 6.6 ([8, 17]). The replacement of the variables
+
rag—1)
Yig = #
[Lz ,aq
in the q-character of finite-dimensional representations gives a well-defined relation
in (the fraction field) of K(O™).

Note that originally, this theorem was established in [8] in the context of repre-
sentations of Borel subalgebra of quantum affine algebras (as in Example 5.5, in order
to prove Frenkel-Reshetikhin conjecture on spectra of quantum integrable models),
but it can also be stated for representations of shifted quantum affine algebras.

Motivated by quantum integrable models and Bethe ansatz equations, we expect
that the class [LJr ] can be replaced in the theorem by the class of other simple rep-
resentations that we denote by LJr (see [11]). This is exactly how one can write the
defining formula of the operator ®l, which is now interpreted as a substitution of
simple classes in the Grothendieck ring.

We can now relate this picture to cluster algebra symmetry. Indeed, starting from

[L ., and using the Weyl group action, one can introduce for a general
w e W,z € 1 ,
0.
Theorem 6.7 ([10] Generalized Q Q-systems). The series Q¥ satisfy the Q Q-
system

e K(O).

(wsi) (@) Hw(w;”) (wsl)(wv) w(w) _ w(wv)
Qaq Qaq—l - Q Qaq - 1_[ Q
JIC; j=—1

Hence the same relation is satisfied by elements in an orbit under the Weyl group
action.

Example 6.8. For g = sl5, this Q Q-system is the quantum Wronskian relation
Qaq Qaq*l - Qaq*l Qaq =1, (6.1)

where we have denoted Q, = Qa and Qa = Qa



D. Hernandez 486

These Q O-system relations are crucial in the construction of the cluster algebra

structure on K(O") in [15], as they appear in mutations of the cluster algebra (for
example, compare equations (5.1) and (6.1)). Hence, cluster symmetries are related
to group symmetry of Grothendieck rings in these examples, which one could find
quite intriguing.
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