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Introduction to inverse problems for non-linear partial
differential equations

Matti Lassas

Abstract. We consider inverse problems for non-linear hyperbolic and elliptic equations and
give an introduction to the method based on the multiple linearization, or on the construction of
artificial sources, to solve these problems. The method is based on self-interaction of linearized
waves or other solutions in the presence of non-linearities. Multiple linearization has success-
fully been used to solve inverse problems for non-linear equations which are still unsolved for
the corresponding linear equations.

1. Introduction

In this paper, we consider inverse problems for non-linear elliptic and hyperbolic par-
tial differential equations to demonstrate the multiple linearization method. In this
method, the non-linearity helps one to solve inverse problems for non-linear equa-
tions which are still unsolved for the corresponding linear equations. Our aim is to
give a review of recent progress on these inverse problems and discuss the main ideas
of the proofs in simple cases.

In the case, where the underlying equation is linear, a standard example is the
inverse problem of Calderón [15]. This problem arises in electrical impedance tomog-
raphy (EIT), a method proposed for medical and industrial imaging, where the objec-
tive is to determine the electrical conductivity or impedance in a medium by making
voltage-to-current measurements on its boundary. Another example of Calderón’s
inverse problem is the determination of an unknown potential q.x/ in a Schrödinger
operator �C q.x/ from boundary measurements, first solved in [63] in dimensions
n � 3.

Let us next consider analogous inverse problems under non-linear settings. Let
� � Rn be a bounded domain with C1-smooth boundary, and consider the equation

�uC a.x; u/ D 0 in �:
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The Dirichlet problem for this equation is related to maintaining a temperature (or
concentration or population) f on the boundary. The boundary measurements for
such an equation, provided that it is well posed for some class of boundary val-
ues, may be encoded by a Dirichlet-to-Neumann map ƒa, which maps the boundary
value f to the flux (i.e., the normal derivative)ƒa.f /D @�uj@� of the corresponding
equilibrium state across the boundary.

Since the 1990s, inverse problems for non-linear elliptic equations have been
widely studied. A standard method, introduced in [29] in the parabolic case, is
to show that the first linearization of the non-linear Dirichlet-to-Neumann map is
actually the Dirichlet-to-Neumann map of a linear equation and to use the theory
of inverse problems for linear equations. For the semilinear Schrödinger equation
�u C a.x; u/ D 0, the problem of recovering the potential a.x; u/ was studied
in [61] in dimensions n � 3 and in [26, 30] in dimension n D 2. In addition, inverse
problems have been studied for quasilinear elliptic equations [31, 58, 62], the degen-
erate elliptic p-Laplace equation [13, 59], and the fractional semilinear Schrödinger
equation [45]. Certain Calderón-type inverse problems for quasilinear equations on
Riemannian manifolds are considered in [51]; see also references in [1, 65].

Let us introduce the mathematical setting to study canonical examples of non-
linear elliptic equations. We will denote by .M; g/ a compact Riemannian manifold
with C1 boundary @M , where dim.M/ D n, n � 2. Let q 2 C1.M/. We will
consider semilinear elliptic equations of the form´

�guC qu
m
D 0 in M;

u D f on @M;
(1.1)

where m 2 N and m � 2. Here, �g is the Laplace–Beltrami operator, given in local
coordinates by

�gu D
1

det.g/1=2

nX
j;kD1

@

@xj

�
det.g/1=2gjk

@u

@xk

�
;

where g D .gjk.x// and g�1 D .gjk.x//. As usual, we denote the Euclidean Laplace
operator, corresponding to the Euclidean metric g.e/ D ıjk in Rn by �.

The Dirichlet problem for (1.1) with a boundary condition uj@� D f has a
unique small solution u for sufficiently small boundary data f 2 C s.@M/, where
s > 2 with s … N. More precisely, this means that there is ı > 0 such that whenever
kf kC s.@M/ � ı, there is a unique solution u to (1.1) satisfying kukC s.M/ � cı. We
will call u the unique small solution and denote it by uf to indicate the boundary
value. Here, C s is the standard Hölder space for s > 2 with s … N (often written



Inverse problems for non-linear equations 517

as C k;˛ if s D kC ˛, where k 2 Z and 0 < ˛ < 1). Hence, the Dirichlet-to-Neumann
map is defined by using the unique small solution in the following way:

ƒM;g;q W ¹f 2 C
s.@M/ j kf kC s.@M/ � ıº ! C s�1.@M/;

ƒM;g;q W f 7! @�uf j@M ;

where @� denotes the normal derivative on the boundary @M . In what follows, we
denote the Dirichlet-to-Neumann map byƒM;g to when q D 0. WhenM D � � Rn

and g is the identity matrix, we denote the Dirichlet-to-Neumann map by ƒq .
Next, we consider the case when � � Rn for n � 2 and �g is the Euclidean

Laplacian.

Theorem 1.1 ([46, Reconstruction of non-linear term]). Let n � 2, and let � � Rn

be a bounded domain with C1 boundary @�. Let q1; q2 2 C1.�/. Assume the
Dirichlet-to-Neumann maps ƒqj for equation (1.1) with potentials qj , j D 1; 2,
satisfy

ƒq1.f / D ƒq2.f /

for all f 2C s.@�/with kf kC s.@M/<ı, where ı > 0 is any sufficiently small number.
Then q1 D q2 in �.

In the pioneering studies of the problem, the first- and the second-order lin-
earizations of the non-linear Dirichlet-to-Neumann map have been used in the
works [61, 62] related to non-linear equations with matrix coefficients and in [31]
for a non-linear conductivity equation (see also [18]).

Next, we present the outline of the proof of Theorem 1.1. For equation (1.1)
with quadratic non-linearity, that is, m D 2, the first linearization of the non-linear
Dirichlet-to-Neumann map ƒq , linearized at the zero boundary value, is just the
Dirichlet-to-Neumann map for the standard Laplace equation

DjfD0ƒq.f / W C
s.@�/! C s�1.@�/; f 7! @�vf j@�;

where s > 1 is not an integer, vf is the unique solution of �vf D 0 in � with
vf j@� D f . Thus, the first linearization does not carry any information about the
unknown potential q. For a quadratic non-linearity, the second linearization of the
map f ! ƒq.f /, denoted by D2jfD0ƒq.f /Œ�; ��, is a symmetric bilinear form from
C s.@�/ � C s.@�/ to C s�1.@�/. The second-order linearization is given by

D2
jfD0ƒq.f /Œf1; f2� D @"1@"2u"1f1C"2f2 j"1D"2D0 on @�:

That is, one considers boundary data f D "1f1 C "2f2 2 C s.@�/, where "1; "2 are
sufficiently small parameters, and takes the mixed derivative

w.x/ D
@

@"1

@

@"2

ˇ̌̌̌
"1D"2D0

u"1f1C"2f2.x/
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of the solutions of u"1f1C"2f2.x/ of equation (1.1) with the coefficients q,mD 2 and
the boundary value f D "1f1 C "2f2. This yields the equation

�w D �2qvf1vf2 ; (1.2)

where vfk are harmonic functions, that is, the solutions to the linearized equation
�v D 0 with the Dirichlet boundary value vf2 j@� D fk . Moreover,

D2
jfD0ƒq.f /Œf1; f2� D @�wj@�:

Assume next that there are two potential functions q1 and q2 such that

ƒq1.f / D ƒq2.f / for all f 2 C s.@M/; kf kC s.@M/ � ı:

Taking the mixed second-order derivative of the Dirichlet-to-Neumann maps yields
@�w1 D @�w2 on @�, where �wj D �2qj vf1vf2 and wj j@� D 0. Subtracting equa-
tion (1.2) for q1 and q2 and integrating the resulting equation against the harmonic
function vf3 and using integration by parts yields the formulaZ

�

.q1 � q2/vf1vf2vf3 dx D �
1

2

Z
�

.�w1 ��w2/vf3 dx

D �
1

2

Z
@�

.@�w1 � @�w2/vf3 dS.x/ D 0: (1.3)

To apply this formula, let us denoteQD q1 � q2. When k 2R3, there are �1; �2 2C3

satisfying
�1 � �1 D 0; �2 � �2 D 0; �1 C �2 D ik;

where � � � D �1�1 C �2�2 C �3�3 for � D .�1; �2; �3/; � D .�1; �2; �3/ 2 C3. We
define

v1.x/ D e
�1�x; v2.x/ D e

�2�x; v3.x/ D 1:

These functions satisfy�vj D 0, and we can use formula (1.3) with fj D vj j@�, that
is, vfj D fj . The Fourier transform yQ.k/ of Q.x/ (i.e., extended as a zero function
in Rn n�) satisfies

yQ.k/ D

Z
�

Q.x/eik�x dx D

Z
�

Q.x/e�1�x � e�2�x � 1 dx D

Z
�

Qv1v2v3 dx D 0:

Hence, Q D 0, that is, q1 D q2. These arguments (with some details) prove
Theorem 1.1.

Analogous inverse problems for various non-linear elliptic equations using
multiple linearization has been studied in [16, 21, 35, 39–41].

We move on to describe our next result. By using higher-order linearizations,
we can solve the following simultaneous recovery on a two-dimensional Riemannian
surface and coefficients of equations.
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Theorem 1.2 ([46, Simultaneous recovery of metric and potential]). Let .M1; g1/

and .M2; g2/ be two compact connected manifolds with mutual C1 smooth bound-
aries @M1D @M2DW @M and dim.M1/D dim.M2/D 2. Letm� 2, and letƒMj ;gj ;qj
be the Dirichlet-to-Neumann maps ƒMj ;qj W f 7! @�uj@M of the problem

�gj uC qju
m
D 0 in Mj

for j D 1; 2. Let s > 2 with s … N and assume that

ƒM1;g1;q1f D ƒM2;g2;q2f on @M

for any f 2 C s.@M/ with kf kC s.@M/ � ı, where ı > 0 is sufficiently small. Then
there exist a diffeomorphism ‰ WM1 !M2 and a positive smooth function � on M1

such that for x 2M1, we have

.�‰�g2/.x/ D g1.x/; �q1 D q2 ı‰ in M1; (1.4)

with ‰j@M D Id and � j@M D 1.

For the linear equation �gu C qu D 0, an analogous result has been proved
whenM is a domain in R2 with a Riemannian metric [28], whenM is a manifold and
the potential q is zero [55], and when the conformal class of the manifold .M; g/ is
a priori known [24]. The recovery of properties of both the manifold and potential up
to the gauge transformation (1.4) was a long-standing open question that was solved
in 2024 in by Cârstea, Liimatainen, and Tzou (see [17]) using much more advanced
techniques that the problem for the non-linear equation needs.

Next, we consider the inverse obstacle problem for elliptic equations with power-
type non-linearities. Let � � Rn be a bounded, connected open set with a C1-
smooth boundary @�. Let D be an unknown cavity in �. More precisely, D � �
is an open set with a smooth boundary @D such that D � �. Moreover, let m 2 N
with m � 2. Consider the following semilinear elliptic equation, with an unknown
coefficient q D q.x/ and an unknown relatively compact domain D � �:8̂<̂

:
�uC qum D 0 in � nD;

u D 0 on @D;

u D f on @�:

(1.5)

For s > 1 and s 2 N, let f 2 C s.@M/ with kf kC s.@�/ < ı, where ı > 0 is any
sufficiently small number. Then by the well-posedness of (1.5) [46, Proposition 2.1]
again, one can define the corresponding Dirichlet-to-Neumann mapƒD;q on @� with

ƒD;q W ¹f 2 C
s.@M/ j kf kC s.@M/ � ıº ! C s�1.@�/; ƒD;q W f 7! @�uf j@�;
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where s > 1 is not an integer and u is the unique small solution of (1.5). The inverse
obstacle problem is to determine both the unknown cavityD and potential q from the
Dirichlet-to-Neumann map ƒD;q .

Theorem 1.3 ([47, Simultaneous recovery: Cavity and potential]). Let � � Rn be
a bounded domain for n � 2 with a C1-smooth boundary @�. Let D1; D2 b �
be non-empty open cavities with C1-smooth boundaries and qj 2 C1.� n Dj /.
Let ƒDj ;qj W f 7! @�uj@�, j D 1; 2, be the Dirichlet-to-Neumann maps for equa-
tion (1.5) withD D Dj and q D qj , j D 1; 2. Assume that ƒD1;q1f D ƒD2;q2f for
all sufficiently small f 2 C1.@�/ on @�. Then D1 D D2 and q1 D q2 in � nD1.

The simultaneous recovery of an obstacle and an unknown surrounding potential
in dimensions n � 3 is a long-standing open problem. This problem is closely related
to the partial data Calderón problem studied in [27,34], where the boundary is known
a priori, but the boundary measurements are done only on a subset of the boundary.

2. Inverse problems for waves

Let us consider a linear wave equation

@2t u.t; x/ � c.x/
2�u.t; x/ D 0 in R ��;

where � � Rn and c.x/ is the wave speed. This equation models, e.g., acoustic
waves in an isotropic medium. In inverse problems, one has access to measurements
of waves (the solutions u.t; x/) on the boundary, or in a subset of the domain �, and
one aims to determine unknown coefficients (e.g., c.x/) in the interior of the domain.

We will consider anisotropic materials, where the wave speed depends on
the direction of propagation. This means that the scalar wave speed c.x/, where
x D .x1; x2; : : : ; xn/ 2 �, is replaced by a positive definite symmetric matrix
.gjk.x//n

j;kD1
. Anisotropic materials appear frequently in applications such as seis-

mic imaging, where one wishes to determine the interior structure of the Earth by
making various measurements of waves on its surface.

To model waves in an anisotropic medium mathematically, let .N; g/ be an
n-dimensional Riemannian manifold with boundary and consider the wave equation

@2t u.t; x/ ��gu.t; x/ D 0 in .0;1/ �N;

@�ujRC�@N D f; ujtD0 D 0; @tujtD0 D 0;
(2.1)

where �g is the Laplace–Beltrami operator corresponding to a smooth time-
independent Riemannian metric g on N . We denote by SN the unit sphere bundle,
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SN D ¹.y; �/ 2 TN j k�kg D 1º, and the unit speed geodesic of .N; g/ emanating
from a point .y; �/ 2 SN by ˛y;�.t/ D expp.t�/.

The solution of (2.1), corresponding to the boundary value f (which is interpreted
as a boundary source), is denoted by uf D uf .t; x/.

Let us assume that the boundary @N is known. The inverse problem is to recon-
struct the manifold N and the metric g when we are given the boundary @N , as a
manifold, and the response operator

ƒN;g W f 7! uf jRC�@N ;

which is also called the Neumann-to-Dirichlet map. Physically, ƒN;gf describes the
measurement of the medium response to any applied boundary source f .

It is convenient to interpret the anisotropic wave speed .gjk.x// also in a domain
of the Euclidean space as the inverse of a Riemannian metric, thus modeling the
medium as a Riemannian manifold. This is due to the fact that if ‰ W N ! N is a dif-
feomorphism such that ‰j@N D Id, then all boundary measurements for the metric g
and the pullback metric ‰�g coincide. Thus, to prove uniqueness results for inverse
problems, one has to consider properties that are invariant in diffeomorphisms and
try to reconstruct those uniquely, for example, to show that an underlying manifold
structure can be uniquely determined. In practice, the inverse problem in a subset of
the Euclidean space is solved in two steps. The first is to reconstruct the underlying
manifold structure. The second step is to find an embedding of the constructed mani-
fold in the Euclidean space using additional a priori information; see [32]. Below, we
will concentrate on the first step.

In the 1990s, the combination of the boundary control method developed by
Belishev [6] and generalized for Riemannian manifolds in [7] and Tataru’s unique
continuation theorem [64] gave a solution to the inverse problem of determining the
isometry type of a Riemannian manifold .N; g/ with given boundary @N and the
Dirichlet-to-Neumann map ƒN;g .

Theorem 2.1 ([7,64]). Let .N1; g1/ and .N2; g2/ be compact Riemannian manifolds
with boundary. Assume that there is a diffeomorphism ˆ W @N1 ! @N2 such that

ˆ�.ƒN1;g1f / D ƒN2;g2.ˆ
�f / for all f 2 C10 .RC � @N1/:

Then .N1; g1/ and .N2; g2/ are isometric Riemannian manifolds.

Above,ˆ�f .t; x/D f .t;ˆ.x// is the pullback of f inˆ or, more precisely, that
of IdR �ˆ W R � @N1 ! R � @N2.

The original method to prove Theorem 2.1 was based on combining the spec-
tral theory for the Laplace operator and control theory for the wave equation. An
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alternative way to prove Theorem 2.1 is to show that the hyperbolic Dirichlet-to-
Neumann map ƒN;g can be used to determine a sequence of Dirichlet boundary
values fj for which the corresponding waves ufj .x;T / focus at time T > 2diam.N /;
see [10, 19, 36].

Theorem 2.2 ([36, Focusing of waves]). Let T > 2 diam.N /, z 2 @N , s > 0, and
y 2 N be a point on the normal geodesic emanating from z, y D ˛z;�.s/ such that
dist.y; @N / D s. Using the Neumann-to-Dirichlet map ƒN;g , one can construct a
sequence of boundary sources fj 2 C10 ..0; T / � @N/, j D 1; 2; : : :, such that for
some Cy 6D 0 at the time T

lim
j!1

�
ufj .T; x/

@tu
fj .T; x/

�
D

�
0

Cyıy.x/

�
for x 2 N;

where the limit takes place in the space of generalized functions, that is, in D 0.N / �

D 0.N /.

LetG.t;xIy/ be Green’s function of the wave operator, that is, the wave produced
by a point source at the point y at the time zero:

.@2t ��g/G.t; xIy/ D ı.0;y/.t; x/ on .t; x/ 2 RC �N;

Gj.t;x/2RC�@N D 0; GjtD0 D 0; @tGjtD0 D 0;

where�g operates in the x coordinate. Theorem 2.2 implies that the waves ufj .t; x/
converge in the sense of distributions to G.t � T; xI y/ in the domain x 2 N , t > T .
This means that using the Dirichlet-to-Neumann map, it is possible to construct
functions .ƒN;gfj /.x; t � T / that converge, as j ! 1, to the boundary values
@�G.�; �I y/jRC�@N of the waves G.�; �I y/ produced by point sources Cyıy.x/ at
the time t D 0. The first time t > 0 when the wave G.�; �I y/ is observed to be
non-vanishing at the boundary point x 2 @N is defined to be

ty.x/ D sup¹t 2 R j the interval ¹zº � .0; t/ has a neighborhood

U � R � @N such that @�G.�; �; y/jU D 0º:

Using the finite propagation speed of waves and Tataru’s unique continuation theo-
rem [64], it turns out that ty.x/D dg.x; y/; see [54]. Thus, Theorem 2.2 implies that
the Dirichlet-to-Neumann map ƒN;g for the wave equation determines the functions

t˛z;�.s/.x/ D dg.x; ˛z;�.s// for x; z 2 @N and s > 0 such that dist .x; z/ D s:
(2.2)

Later, we will return to these data, but before that, we consider the consequences of
Theorem 2.1.
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Theorem 2.1 can also be used to prove the uniqueness of several other inverse
problems. The equivalence of inverse spectral problems and several inverse boundary
value problems for wave and heat equations is considered in [33]. In particular, the
above results and [33] imply the following theorem.

Theorem 2.3 ([33]). Suppose .N; g/ is a compact smooth Riemannian manifold
with boundary @N . Then the boundary @N and Neumann-to-Dirichlet map ƒ W

@�ujRC�@N 7!ujRC�@N , for the heat equation .@t ��g/uD 0 or for the Schrödinger
equation .i@t � �g/u D 0, with vanishing initial data ujtD0 D 0 determine the
Neumann-to-Dirichlet map for the wave equation, and therefore the manifold .N; g/
up to an isometry.

The stability of the solutions of the above inverse problems has been analyzed
in [4, 5, 12, 14, 42, 52, 60].

Without making strong assumptions about the geometry of the manifold, the
existing uniqueness results for the inverse problems for the linear hyperbolic equa-
tions with vanishing initial data are limited to equations whose coefficients are time
independent or real-analytic in time (see, e.g., [2, 4, 7, 20, 25, 32, 37, 38, 44, 53]). The
reason for this is that these results are based on Tataru’s unique continuation the-
orem [64]. This sharp unique continuation result does not work for general wave
equations whose coefficients are not real-analytic in time, as shown by Alinhac [3].
Solving the inverse problem of finding the Riemannian metric (up to an isometry),
that is, proving Theorem 2.1, can be reduced to determining the metric from pas-
sive observations from sources inside the domain, and due to this, we next consider
passive observations from the point sources.

2.1. Inverse problems with passive measurements

2.1.1. Lorentzian light observation sets and waves on a Riemannian manifold.
Let us consider a body in which there spontaneously appear point sources that create
propagating waves. In this subsection, we assume that the velocity of the waves is
independent of time and depends only on the spatial variables and model the wave
speed using a Riemannian metric. We consider the inverse problem where we detect
such waves either outside or at the boundary of the body and aim to determine the
unknown wave speed inside the body. As an example of such a situation, one can con-
sider the micro-earthquakes that appear very frequently near active faults. The related
inverse problem is whether the surface observations of elastic waves produced by
the micro-earthquakes can be used in the geophysical imaging of Earth’s subsurface,
that is, to determine the speed of the elastic waves in the studied volume. Below, we
consider a highly idealized version of the above inverse problem. We consider the
problem on an n-dimensional manifold N with a Riemannian metric h D hij .x/ that
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corresponds to the travel time of a wave between two points (below, we will consider
Lorentzian metric tensors for which we reserve the symbol g and use now the letter h
for the Riemannian metric). The Riemannian distance of points x; y 2 N is denoted
by dh.x; y/. For simplicity, we assume that the manifold N is compact and has no
boundary. To do this, we assume that the manifold contains a known part F and the
metric is unknown outside this set, that is, inN nF . When a spontaneous point source
produces a wave at some unknown point x 2N nF at some unknown time t 2R, the
produced wave is observed at the point z 2 F at time Tx;t .z/ D dh.z; x/C t . Note
that these functions are analogous to functions (2.2) (that were defined for the mani-
folds with boundary) with the source points x D ˛z;�.s/. These observation times at
two points z1; z2 2 F determine the distance difference function

Dx.z1; z2/ D Tx;t .z1/ � Tx;t .z2/ D dh.z1; x/ � dh.z2; x/:

Physically, this function corresponds to the difference of times when the waves pro-
duced by the point source at .x; t/ are observed at z1 and z2. Below, we assume that
there are a large number of point sources and that we are given the set F and the
family of functions ¹Dx j x 2 Xº � C.F � F /, where X � N is either the whole set
N n F or a dense subset of X .

Next, let .N1; h1/ and .N2; h2/ be compact and connected Riemannian manifolds
without boundary. Let dhj .x; y/ denote the Riemannian distance of points x;y 2Nj ,
j D 1;2. For x 2Nj and z1; z2 2Fj , we denoteDj

x .z1; z2/D dhj .x;z1/� dhj .x;z2/.
To prove the uniqueness of the passive imaging inverse problem, we assume the

following:

(i) The map � W F1 ! F2 is an isometry, that is, dh1.z; w/ D dh2.�.z/; �.w//
for all z; w 2 F1.

(ii) The collections Dj .Nj / D ¹D
j
x .�; �/ j x 2 Nj º � C.Fj � Fj / with j D 1; 2

are equivalent, that is, ¹D1
x.�; �/ j x 2 N1º D ¹D

2
y.�.�/; �.�// j y 2 N2º.

Theorem 2.4 ([54, Distance difference functions determine the manifold]). Let
.N1;h1/ and .N2;h2/ be compact and connected Riemannian manifolds of dimension
n � 2 without boundary. Let Fj � Nj , j D 1; 2, be closures of non-empty open sets
having a smooth manifold. Suppose the above conditions (i) and (ii) are valid. Then
the manifolds .N1; h1/ and .N2; h2/ are isometric.

We will not consider here the proof of Theorem 2.4 which is based on Riemannian
geometry. Instead, we discuss next how the distance difference functions on a
Riemannian manifold .N; h/ determine the earliest light observation sets on the
Lorentzian manifoldM D R�N with the product Lorentzian metric g D �dt2 C h
and consider the determination of the Lorentzian metric using the knowledge of these
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sets. Let .N; h/ be a Riemannian manifold. We denote the unit speed geodesic of
.N; h/ emanating from a point .y; �/ 2 SN by ˛hy;�.t/ D expp.t�/. Here, SN D
¹.y; �/ 2 TN j k�kh D 1º is the unit sphere bundle of N . Using the Riemannian
manifold .N; h/, we define a product manifold M D R � N . When U � N is
an open set having coordinates X W U ! Rn, X.x/ D .x1.x/; x2.x/; : : : ; xn.x//,
we define a Lorentzian metric g D �dt2 C h.x/ that is given in local coordinates
.t; x1; : : : ; xn/ 2 R � U by

g D �dt2 C

nX
j;kD1

hjk.x
1; : : : ; xn/dxjdxk :

Below, we denote the time coordinate also by x0 D t . Let p D .t0; y/ 2 R � N
and � D @

@t
C � be a vector at the point p, where .y; �/ 2 SN . Observe that

g.�; �/ D �1C k�k2
h
D 0, that is, � is a future-pointing light-like vector. The curve


p;� W R! R �N ,

p;�.s/ D .t0 C s; ˛

h
y;�.s//;

is a geodesic of the Lorentzian manifold .M; g/. Also, let U � R � F be an open set
where we consider observations. For the point p 2M , we define the light observation
set with the observation set U �M by setting

PU .p/ D

²

p;�.s/ 2M j s � 0; � D

@

@t
C �; k�kh D 1

³
\ U:

Let � W SN ! R[ ¹1º be the cut locus function on the manifold .N; h/, defined by

�.y; �/ D sup¹s � 0 j disth.˛y;�.s/; y/ D sº:

Then the earliest light observation set of the point p D .t0; y/ with the observation
set U �M is

EU .p/ D

²

p;�.s/ 2M j 0 � s � �.y; �/; � D

@

@t
C �; k�kh D 1

³
\ U:

Next, we consider the earliest light observation sets on general Lorentzian manifolds,
which may not be of the product type.

2.2. Inverse problems on Lorentzian manifolds

2.2.1. Notations in a Lorentzian spacetime. Let .M; g/ be a .1C n/-dimensional
time-oriented Lorentzian manifold of signature .�;C;C; : : : ;C/, where n � 2.
OnM , we use local coordinates .x0;x1; : : : ;xn/, where x0D t is the time coordinate.

Let LpM D ¹� 2 TpM n ¹0º j g.�; �/ D 0º be the set of light-like vectors in the
tangent space TpM .
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Let expp W TpM ! M be the exponential map on .M; g/. The geodesic starting
at p in the direction � 2 TpM n ¹0º is the curve 
p;�.t/ D expp.�t/, t � 0.

Let � W Œ�1; 1�!M be a smooth future-pointing time-like geodesic and U �M
be an open neighborhood of �.Œ�1; 1�/.

Let q 2M . The set of future-pointing light-like vectors at q is denoted by

LCqM D ¹� 2 TqM n 0 j g.�; �/ D 0; � is future pointingº:

A vector � 2 TqM is time-like if g.�; �/ < 0 and space-like if g.�; �/ > 0. Causal
vectors are the collection of time-like and light-like vectors, and a curve 
 is time-like
(light-like, causal, future pointing) if the tangent vectors P
 are time-like (light-like,
causal, future pointing).

For p; q 2 M , the notation p � q means that p; q can be joined by a
future-pointing time-like curve. The chronological future and past of p 2M are

IC.p/ D ¹q 2M j p � qº; I�.p/ D ¹q 2M j q � pº:

Similarly, for p; q 2M , the notation p < q means that p 6D q and p; q can be joined
by a future-pointing causal (i.e., time-like or light-like) curve. We denote p � q if
p < q or p D q. The causal future and past of p 2M are

JC.p/ D ¹q 2M j p � qº; J�.p/ D ¹q 2M j q � pº:

We will denote throughout the paper the causal diamond sets as

I.p; q/ D IC.p/ \ I�.q/; J.p; q/ D JC.p/ \ J�.q/:

To emphasize the Lorentzian structure of .M; g/, we sometimes write I˙M;g.p/ D
I˙.p/ and J˙M;g.p/ D J

˙.p/.
A time-oriented Lorentzian manifold .M; g/ is globally hyperbolic if there are

no closed causal paths in M , and for any p; q 2 M , the set J.p; q/ is compact [9].
According to [8], a globally hyperbolic manifold is isometric to the product manifold
R �N with the Lorentzian metric given by

g D �ˇ.t; y/dt2 C �.t; y/; (2.3)

where ˇ W R �N ! RC and � is a Riemannian metric on N depending on t .

2.3. Passive measurements on a Lorentzian manifold

2.3.1. The set of the earliest light observations. Let s�; sC 2 .�1; 1/, s� < sC,
and p˙ D �.s˙/. Next, define the light observation sets and consider in particular
the case when W � I�.pC/ n J�.p�/ is a relatively compact open set; see Figure 1
(left).
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Figure 1. Left: When there are no cut points, the earliest light observation set EU .q/ is the
intersection of the cone and the open set U . The cone is the union of future-pointing light-
like geodesics from q, and the ellipsoid depicts U . Right: The unknown set W � I�.pC/ n
J�.p�/ contains source points. Light cones emanating from these points (the red segment) are
observed in the set U .

Definition 2.5. Let .M; g/ be a globally hyperbolic Lorentzian manifold.

(i) For q 2M , let

LC.q/ D expq.L
C
qM/ [ ¹qº D ¹
q;�.s/ 2M j � 2 L

C
qM; s � 0º �M

be the future-directed light cone emanating from the point q.
The light observation set of q in the observation set U is PU .q/DLC.q/\

U 2 2U .

(ii) The earliest light observation set of q 2M in U is

EU .q/ D ¹x 2 PU .q/ j there exist no point y 2 PU .q/

and a future-pointing time-like path ˛ W Œ0; 1�! U

such that ˛.0/ D y and ˛.1/ D xº � U:

(iii) Let W � M be open. The collection of the earliest light observation sets
with source points at W is

EU .W / D ¹EU .q/ j q 2 W º � 2
U :

Note EU .W / is defined as an unindexed set, that is, for an element EU .q/ 2 EU .W /,
we do not know what the corresponding point q is.

Above, 2U D ¹U 0 j U 0 � U º is the power set of U . Below, when we say that
the set U is given as a differentiable manifold, we mean that we are given the set U
and the local coordinate charts on it for which the corresponding transition maps are
C1-smooth.

The set PU .q/ can be viewed as a model of a measurement where light emitted
by a point source at q is recorded in U . As gravitational wave packets propagate at the
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speed of light, PU .q/ could also correspond to an observation where a gravitational
wave is generated at q and detected in U .

The following theorem says, roughly speaking, that observations of a large num-
ber of point sources in a region W determine the structure of the spacetime in W , up
to a conformal factor.

Theorem 2.6 ([43]). Let .Mj ; gj /, where j D 1; 2, be two open globally hyper-
bolic Lorentzian manifolds of dimension 1 C n, n � 2. Let �j W Œ�1; 1� ! Mj be
a future-pointing time-like path, let Uj �Mj be a neighborhood of �j .Œ�1; 1�/, and
let Wj �Mj be such that Wj � I�Mj ;gj .�j .1// n J

�
Mj ;gj

.�j .�1// are open and rel-
atively compact sets. Assume that there is a conformal diffeomorphism � W U1 ! U2
such that �.�1.s// D �2.s/, s 2 Œ0; 1�, and

¹�.EU1.q// j q 2 W1º D ¹EU2.q/ j q 2 W2º:

Then there is a diffeomorphism ‰ W W1 ! W2 and a strictly positive function ˛ 2
C1.W1/ such that ‰�g2 D ˛g1 and ‰jU1\W1 D �.

Next, we consider an alternative formulation of the above inverse problem where
the data are given in terms of functions, not as a collection of sets.

Assume that the open set U � M , where observations are made, is of the form
U D

S
a2A �a.�1; 1/, where �a W .�1; 1/! M , a 2 A � Rk are time-like curves

that depend continuously on a.
Let p1; p2 2 �a0 , a0 2 A. Also, letW � J�.p2/ n J�.p1/ be an open, relatively

compact set. The observation time function Fq W A! R for a point q 2 W is

Fq.a/ D min¹s 2 R j there exists a future-directed light-like

geodesic from q to �a.s/º:

That is, Fq.a/ is the first time when we observe on �a light that comes from q.
By Definition 2.5, the set EU .q/ determines the function Fq in A via the formula

Fq.a/ D s; where s 2 Œ�1; 1� is such that �a.s/ 2 EU .q/; a 2 A:

As Fq W A ! R is continuous, this determines Fq.a/ for all a 2 A. On the other
hand, Fq determines EU .q/ via the formula

EU .q/ D ¹�a.Fq.a// j a 2 Aº:

Due to this, Theorem 2.6 has the following equivalent formulation.

Theorem 2.7 ([43]). Let .M; g/ be a globally hyperbolic Lorentzian manifold of
dimension 1C n � 3. Assume that �a.�1; 1/ �M , a 2 A � Rm are time-like paths,



Inverse problems for non-linear equations 529

U D
S
a2A�a is open, and p1; p2 2 �a0 . LetW � J�.p2/ n J�.p1/ be a relatively

compact open set and W 0 � W be dense. Then .U; gjU / and the collection of the
observation time functions,

¹Fq W A! R j q 2 W 0º � C.A/;

determine the topological and differentiable type of the manifold W and the
conformal class of the metric g in W .

We will outline the ideas of the proof of Theorem 2.7 below in Section 3.

2.4. Active measurements: Inverse problems for non-linear wave equations

Let .M; g/ be a .1 C n/-dimensional globally hyperbolic Lorentzian manifold and
assume, without loss of generality, that M D R �N with a metric of form (2.3). Let
t0 > 0 and consider the semilinear wave equations

�gu.x/C a.x/u.x/m D f .x/ for x 2 .�1; t0/ �N; (2.4)

u D 0 in .�1; 0/ �N; (2.5)

wherem� 2 is an integer. Here, a 2C1.M/ is a nowhere vanishing function and�g
is the wave operator, or the Lorentzian Laplace operator:

�gu D
nX

j;kD0

jdet.g/j�1=2
@

@xj

�
jdet.g/j1=2gjk

@

@xk
u

�
:

Let � W Œ�1;1�!M be a time-like curve andU be its open, relatively compact neigh-
borhood. The solution of (2.4)–(2.5) exists when the source f is supported in U and
satisfies kf kCk.U / < ", where k 2 ZC is sufficiently large and " > 0 is sufficiently
small. For such sources f , we define the measurement operator

LU W f 7! ujU :

Theorem 2.8 ([22, 43]). Let .M; g/ be a globally hyperbolic .n C 1/-dimensional
Lorentzian manifold, n � 2. Let � be a time-like path containing pC and p�. Let
U � M be a neighborhood of �, and let a W M ! R be a nowhere vanishing C1-
smooth function. Then .U; gjU / and the measurement operator LU determine the
topology, differentiable structure, and the conformal class of the metric g in the
double cone IM;g.p�; pC/.

We will outline the ideas of the proof of Theorem 2.8 below in Section 3.
The proof of Theorem 2.8 uses the results on the inverse problem for passive

measurements for point sources, described below, and the non-linear interaction
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Figure 2. Four plane waves propagate in space. When the planes intersect, the non-linearity
of the hyperbolic system produces new waves. Left: Plane waves before interacting. Middle
left: The two-wave interactions (red line segments) appear but do not cause singularities prop-
agating to new directions. Middle right and Right: All plane waves have intersected, and new
waves have appeared. The three-wave interactions cause conic waves (the black surface). Only
one such wave is shown in the figure. The interaction of four waves causes a microlocal point
source that sends a spherical wave in all future light-like directions.

of waves having conormal singularities (see Figure 2). There are many results on
such non-linear interaction, starting with the studies of Bony [11] and Melrose and
Ritter [56].

2.4.1. Stability results and numerical reconstruction. As discussed below, any
globally hyperbolic Lorentzian manifoldM is isometric to a product manifold R�N
equipped with the product metric (2.3). Let � � N be a smooth submanifold of
dimension n with smooth boundary and denote the lateral boundary of Œ0; T � �� �
M by † WD Œ0; T � � @�. We denote the Sobolev space of functions having s weak
derivatives on † by H s.†/, and the closure of C10 .†/ in H s.†/ is denoted by
H s
0 .†/.

We consider the non-linear wave equation8̂<̂
:
�gu.t; x/C q.t; x/u.t; x/m D 0 in Œ0; T � ��;

u D f on Œ0; T � � @�;

u.0; x/ D @tu.0; x/ D 0 on �;

(2.6)

where we assume that the exponent m is an integer greater than or equal to 4.
Let W be a compact set belonging to both the chronological future IC.†/ and

past of I�.†/ of the lateral boundary † D Œ0; T � � @�:

W � I�.†/ \ IC.†/ \ .Œ0; T � ��/:

Theorem 2.9 ([50, Stability estimate]). Suppose .M;g/;M DR�N , is a .1C n/-
dimensional globally hyperbolic Lorentzian manifold.

Let T > 0, and let � � N be an open set with smooth non-empty boundary. Let
m � 4 be an integer, s 2 N with s C 1 > .nC1/

2
, and r 2 R with r � s. Let j D 1; 2.
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Figure 3. Reconstruction of the coefficient q.x; t/ in equation @2t u.x; t/ � @
2
xu.x; t/ C

q.x; t/u.x; t/2 D 0, x 2 Œ0; 1�, t 2 Œ0; T �, from the data f ! h 0; ƒqf iL2.@��Œ0;T �/,
where ƒq is the Dirichlet-to-Neumann map, and  0 is a suitably chosen ‘device function’.
Above, the data have additive Gaussian noise, and the signal-to-noise ratio is 12 dB. Left:
Ground truth of the potential q.x; t/. Center: Numerical reconstruction. Right: Error in recon-
struction. For numerical results, see [49], and for mathematical analysis, see [48, 50].

Assume that qj 2 C sC1.R ��/ satisfy kqj kC sC1 � c0, j D 1; 2, for some c0 > 0.
Let ƒj W H sC1

0 .†/! H r.†/ be the corresponding Dirichlet-to-Neumann maps of
the non-linear wave equation (2.6).

Let "0 > 0, L > 0, and ı 2 .0; L/ be such that

kƒ1.f / �ƒ2.f /kHr .†/ � ı

for all f 2 H sC1
0 .†/ with kf kH sC1.†/ � "0. Then there exists a constant C > 0,

independent of q1; q2 and ı > 0, such that

kq1 � q2kL1.W/ � Cı
�.s;m/;

where �.s;m/ D 8.m�1/
2m.m�1/.8s�nC13/C2m�1

.

Numerical reconstructions based on Theorem 2.9 in the .1C 1/-dimensional case
are shown in Figure 3.

3. Ideas for proofs and reconstruction methods

3.1. Light observation sets and the inverse problem for passive observations

In this subsection, we outline the proof of Theorem 2.7. Below, letW D cl.W / be the
closure of W in M such that W � J�.pC/ n I�.p�/. The set A �W is compact,
and the map F W W ! C.A/, F .q/ D Fq , is continuous.
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Next, we will show that the map F W W ! F .W /, F .q/ D Fq , is injective. To
prove this, we assume the opposite: Assume that there are q1; q2 2 W that satisfy
Fq1 D Fq2 . Then

EU .q1/ D EU .q2/:

This implies that all light-like geodesics from q1 to U go through q2, and hence, q1
is in the past of q2, or vice versa. Without loss of generality, we can assume that q1
is in the past of q2. Let a1 2 A and p1 D �a1.F

C
q1
.a1// 2 �a1.Œ�1; 1�/. Let now


q1;�1.Œ0; `1�/ be a light-like geodesic from q1 to p1, that is, p1 D 
q1;�1.`1/ 2

�a1.Œ�1; 1�/. Next, let a2 2 A be such that 
q1;�1 \ �a2.Œ�1; 1�/ D ;. Let p2 D
�a2.f

C
q1
.a2//2�a2.Œ�1;1�/ and 
q1;�2.Œ0;`2�/ be a light-like geodesic from q1 to p2,

that is, p2 D 
q1;�2.`2/ 2 �a2.Œ�1; 1�/. Then, as 
q1;�1 \�a2.Œ�1; 1�/D ;, �2 and �1
are not parallel. As all light-like geodesics from q1 to U go through q2, we see that
there are t1 2 .0; `1/ and t2 2 .0; `2/ such that

q2 D 
q1;�1.t1/; q2 D 
q1;�2.t2/:

As the vectors �2 and �1 are not parallel, the geodesics 
q1;�1 and 
q2;�2 are not
the same paths, and we see that the path ˇ D 
q1;�1.Œ0; t1�/ [ 
q1;�2.Œt2; `2�/ is a
union of two causal paths from the point q1 to q2 and then from q2 to p2. Since
the geodesics 
q1;�1 and 
q2;�2 are not the same paths with different parametriza-
tions, the path ˇ is not a geodesic. As the manifold .M; g/ is globally hyperbolic,
this implies that there is a time-like path from q1 to p2, and hence, it is not possible
that p2 D �a2.F

C
q1
.a2// 2 �a2.Œ�1; 1�/, as we assumed above; see Figure 4. This

contradiction implies Fq1 6D Fq2 . Thus, the map F W W ! F .W /, F .q/ D Fq , is
injective.

The map F W W 7! C.A/ is continuous and injective. As W is compact, these
imply that the map F W W 7! C.A/ is a homeomorphism. Thus, F .W / � C.A/

and W are homeomorphic. Furthermore, as W is an open subset of the manifold M ,
we can see that F .W /� C.A/ andW are homeomorphic, so we can consider F .W /

x1

�

q2

q1

�a

q

Figure 4. Left: Picture on proving that q1 D q2 by contradiction. Right: The functionXEa W q!
.Fq.aj //

nC1

jD1
D .f Caj .q//

nC1

jD1
2 RnC1 defines coordinates near a point q on M .
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as a topological manifold which is a homeomorphic copy of the original manifoldW .
Thus, we have reconstructed W as a topological manifold.

Next, we consider the reconstruction of W as a differentiable manifold. Below,
we will only consider how the coordinate functions on F .W / are constructed and
omit the proof that this construction gives a differentiable structure on F .W / which
makes it diffeomorphic to W . For details on this, we cite [43].

For a 2 A, let us define the evaluation function EaŒF � D F.a/. For q0 2 W ,
let us choose nC 1 parameters aj 2 A, j D 1; 2; : : : ; nC 1. When the parameters
.a1; a2; : : : ; anC1/ are chosen in a generic way, that is, this .nC 1/-tuple is in an open
and dense subset ofAnC1, the functionXEa.q/D .Fq.aj //

nC1
jD1 D .f

C
aj
.q//nC1jD1 2RnC1

defines smooth coordinates on M near q0 (here, we omit this part of the proof;
see [43] on details). This implies that for any F .q0/ 2 F .W / and generic param-
eters aj 2 A, j D 1; 2; : : : ; nC 1, there is a neighborhood V � F .W / such that
the function XEa W F ! .Eaj ŒF �/

nC1
jD1 2 RnC1 defines coordinates in W such that the

map F is a local diffeomorphism near the point q0 from the manifold W to F .W /.
Next, we will consider the construction of the Lorentzian metric on F .W /

which makes it conformal to .W; gjW /. To this end, let us consider a point f0 D
F .q0/ 2 F .W / and its open neighborhood W � F .W /, where Ea D .aj /nC1jD1 defines
coordinates XEa W W ! RnC1 near f0.

When B � A is a sufficiently small neighborhood of the point a1, the function
a ! f Ca .q0/ is smooth for a 2 B . Let df Ca denote the co-derivative of the map
f Ca W W ! R. We see that the co-vectors df Ca jq0 2 T

�
q0
M; a 2 B are light-like

co-vectors at q0. Let G D F�gjW be the metric gjW pushed forward in the map F to
the manifold F .W / and Ea W F .W /! R be the evaluation maps, Ea W f ! f .a/.
Then we see that the co-derivatives

dEajF .q0/ 2 T
�
F .q0/

F .W /; a 2 B

are light-like co-vectors with respect to the metric G.
As a 2B is above arbitrary, we see that the set ¹s dEajF .q0/ 2 T

�
F .q0/

F .W / j a 2

B; s > 0º contains an open subset of the light cone in the space .T �F .q0/F .W /; G/.
As the light cone is a quadratic variety, this set determines the whole light cone in
.T �F .q0/F .W /; G/. These sets determine the conformal class of the metric G on
F .W / at the point F .q0/.

3.2. Non-linear interaction of waves and inverse problems for active
measurements

In this subsection, we outline the proof of Theorem 2.8. To do this, we consider the
non-linear equation �uC u4 D f in R1C3, that is, we introduce the techniques by
considering the Minkowski space R1C3 and the wave operator�D @2

x0
�
P3
jD1 @

2
xj

.



M. Lassas 534

Let us consider the solutions uE".x/ of the non-linear wave equation

�uE" C .uE"/4 D 0

that depend on parameters E" D ."1; "2; "3; "4/ 2 R4. Let us assume that uE"jE"D0 D 0.
Then the linearized waves

uj .x/ D @"j uE"jE"D0; j D 1; 2; 3; 4;

satisfy�uj D 0. Moreover, the fourth-order derivative

w D @"1@"2@"3@"4uE".x/jE"D0 (3.1)

satisfies
�w D S; S D �24u1u2u3u4:

We say that S is an artificial source produced by the 4-wave interaction.
We use coordinates x D .t; y1; y2; y3/ 2 R1C3 and consider, as an example, the

linearized waves uj .t; y1; y2; y3/ given by

u1.t; y/ D ı.t � y1/; u2.t; y/ D ı.t � y2/;

u3.t; y/ D ı.t � y3/; u4.t; y/ D ı

�
t �

.y1 C y2/
p
2

�
:

Then
u1u2u3u4 D ıp.t; y/; where p D .0; 0; 0; 0/ 2 R1C3;

and the 4-wave interaction, w.x/, is the solution of the wave equation

�w D S; S D �24u1u2u3u4 D �24ıp: (3.2)

In physical terms, S corresponds to an (artificial) point source in the spacetime.
We now turn our attention to a general globally hyperbolic, .1C 3/-dimensional

Lorentzian manifold when m D 4. The proof of Theorem 2.8 is based on the anal-
ysis of the interaction of four waves. Analogously to (3.1), the derivative w D
@"1@"2@"3@"4uE"jE"D0 of the solution uE" of (2.4)–(2.5) with the source

fE".x/ D

4X
jD1

"jfj .x/; E" D ."1; "2; "3; "4/;

is given by formula (3.2), where uj .x/ are solutions to the wave equation�guD fj .
When fj is a C1-smooth function outside the point pj 2M , the linearized wave

uj D ��1g fj produced by the source fj is microlocally similar to Green’s functions
(i.e., the fundamental solution of the wave equation) corresponding to a point source
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at the point pj . Let us denote the light cones in M emanating from the point pj to
future by Kj , and, for simplicity, assume that the light-like geodesics of M have no
cut or conjugate points. Then, in M n ¹pj º, the linearized solutions uj are conor-
mal distributions that are non-smooth on surfaces Kj (see [23, 57]). Then the two
waves u1 and u2 are singular on hyper-surfaces K1 and K2, respectively, and these
singularities interact onK1 \K2. This interaction creates only singularities that prop-
agate along K1 and K2 on which the original singularities u1 and u2 propagate
on. The interaction of the three waves u1, u2, and u3 happens on the intersection
K123 D K1 \ K2 \ K3 which is a curve in the spacetime. As N �K123 contains
light-like directions that are not in the union N �K1 [ N �K2 [ N �K3, this inter-
action produces interesting singularities that start to propagate. These singularities
correspond to the black conic wave in Figure 3 (we note that these singularities pro-
duced by 3-wave interaction can also be used to determine the light observation sets;
see [22]). Finally, singularities of all four waves uj , j D 1; 2; 3; 4, interact at the
point ¹qº D

T4
jD1Kj . The singularities from the point q propagate along the light

cone emanating from this point, and with suitably chosen sources fj , the wave w is
singular at any given point of the light cone L.q/. Thus, S1234 can be considered as
a microlocal point source that sends singularities in all directions as a point source
located at the point q, and these singularities are observed in the set U . In this way,
the non-linear interaction of waves determines the intersection of the light cone L.q/

and the observation domain U . Hence, we can determine the earliest light obser-
vation sets EU .q/ for an arbitrary point q 2 I.p�; pC/. By letting q vary through
the set I.p�; pC/, we can apply Theorem 2.6 to recover the topology, differentiable
structure, and the conformal class of g in I.p�; pC/.
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