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The Poisson–Dirichlet problem in domains with Ahlfors
regular boundary

Ariel Barton, Svitlana Mayboroda, and Alberto Pacati

Abstract. We present an announcement of some recent results concerning well-posedness of
the Poisson–Dirichlet problem with boundary data in Besov spaces with fractional smoothness.
This is a far-reaching generalization as previously known theorems concerning well-posedness
of the Poisson problem in such intermediate smoothness classes were mostly restricted to the
context of Lipschitz domains and coefficients satisfying strong regularity assumptions.

1. Introduction: The general context

The purpose of this note is to describe some recent results concerning the Poisson
problem, and the Dirichlet problem with data of fractional smoothness, for second-
order elliptic operators with real coefficients in very general domains.

Poisson’s equation ��u D h, for a given function h and an unknown function u,
was historically one of the first differential equations to be studied, due in large part
to its many applications in physics and beyond. A natural generalization is to replace
the Laplace operator �� by an arbitrary divergence form elliptic operator �divAr
for some specified matrixA (which may be only bounded, measurable, and uniformly
positive definite). Considering Poisson’s equation not in all of Euclidean space, but
only in a given open subset �, requires specifying the behavior of u on the bound-
ary @�; we will impose Dirichlet boundary conditions, that is, specify the values
of u on the boundary. (It is also common in the theory to specify Neumann bound-
ary conditions, that is, to specify � � Aru, where � denotes the unit outward normal
vector to �; we refer the interested reader to [3, 7, 26, 69] for some results on the
Poisson–Neumann problem.)

We thus will discuss the Poisson–Dirichlet problem

�divAru D h in �; u D f on @� (1.1)
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for specified �, A, f , and h.
In a few situations, the range of spaces allowing for well-posedness of the

Poisson–Dirichlet boundary problem above is very well understood. Such situa-
tions include VMO and small-BMO coefficients and domains (see [51, 68], among
others), and Lipschitz domains with coefficients satisfying a Dini-type continuity
condition [56] or independent of the direction transverse to the boundary [7].

In recent years, endpoint results, pertaining to boundary data f lying in Lp.@�/,
have been established considerably beyond Lipschitz domains: first, in chord-arc do-
mains [22, 42], then in so-called 1-sided nontangentially accessible domains with a
uniformly rectifiable boundary [37], and finally, on domains with a uniformly rec-
tifiable boundary that satisfy a weak local John condition [5]. The latter is a sharp
condition, necessary and sufficient for well-posedness results for the Laplacian [5].
Finally, boundary value problems in domains with lower-dimensional boundaries
were treated in [24] (a later but much simpler treatment is in [28]).

Most of these results were proven in (or may be generalized to) the generality
of coefficients satisfying variations of the so-called DKP condition, which controls
oscillations of the coefficients near the boundary.

Note that t -independence is meaningless in domains that lack a distinguished
direction (in particular, in domains where there is no constant direction transverse to
the boundary) and that all of these “endpoint” estimates are in spaces with integer
smoothness. Our results, by contrast with the endpoint estimates listed above, need
neither t -independence nor the DKP condition.

The results of this note (described in Sections 4 and 5) treat well-posedness of
boundary problems in intermediate spaces of fractional smoothness. We will show,
for the first time, that well-posedness in a wide range of Besov spaces can be estab-
lished by a “blind” mechanism, in the full generality of domains with Ahlfors regular
boundary (possibly of lower codimension) that satisfy the weak local John condition,
and general real elliptic equations, without any additional restrictions on the coeffi-
cients. Furthermore, given endpoint (that is, Lp.@�/) results such as those above, the
range of Besov spaces can be expanded in, again, a “blind” fashion, with no further
requirements on the domains or coefficients beyond those above and those required
by the endpoint results.

The methods are new, as [7, 49] relied on layer potentials, not available in such
a general setting, [41] worked with the Laplacian on Lipschitz domains and the case
p > 1 only, and [51, 56, 68] were confined to continuous, VMO, or near-VMO coef-
ficients and Lipschitz domains. The full proofs will appear in [9] (the case f D 0,
that is, u D 0 on @�) and [8] (full generality), and in this note, we only announce the
upcoming results and put them into historic context.

We remark that Lp.@�/ represents the “zero smoothness” endpoint; an alterna-
tive endpoint is the “smoothness 1” endpoint, often called the regularity problem. The
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regularity problem, like the Lp-Dirichlet problem, has been investigated extensively.
However, our results will not make use of the regularity problem, but only the Lp-
Dirichlet problem and a duality argument, to expand the range of Besov spaces. For
this reason, we will not discuss known results for the regularity problem.

2. Definitions

In this section, we will provide all of the definitions needed to state our main results.
An experienced reader can skip them and move on to Section 3. Some additional def-
initions are necessary to state the corollaries to our second main result and also to
discuss the history of the Poisson problem and the Dirichlet problem with boundary
data in fractional smoothness spaces; these definitions will be deferred to Section 6
or to the discussion.

2.1. Geometric conditions

Definition 2.1 (Ahlfors regularity). If � � Rn and 0 < d < n, then we say that the
boundary @� is d-Ahlfors regular if there exists a constant A > 0 such that

1

A
rd
� �.B.x; r/ \ @�/ � Ard

for all x 2 @� and all r with 0 < r < diam.�/; here, � denotes the Hausdorff
d-dimensional surface measure.

Remark 2.2. Following [20], we do not require the boundary dimension d to be
an integer. Our main results (Theorems 4.1 and 5.1) are known only in the case
d � n � 1, that is, the classical codimension 1 case and the higher codimension case.

Definition 2.3 (Interior corkscrew condition). We say that � satisfies the inte-
rior corkscrew condition if there is a constant ~ 2 .0; 1/ such that if x 2 @� and
0 < r < diam�, then there is a point Ar.x/ (called a corkscrew point) such that

Ar.x/ 2 B.x; r/ and B.Ar.x/; ~r/ � �:

Definition 2.4 (Weak local John domain). Let � � Rn be open. Let x 2 @�, and let
y 2�. We say that � is a �-carrot path from x to y if � is a connected rectifiable path,
which we require to be parameterized by arc length, such that � W Œ0; T �! � [ ¹xº

is continuous, �.0/ D x, �.T / D y, and dist.�.t/; @�/ � �t for all t 2 Œ0; T �.
Now, suppose in addition that @� is d-Ahlfors regular for some 0 < d < n.

Let y 2 �, let � , � 2 .0; 1�, and let N � 2. We say that y is a .�; �; N /-weak
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local John point if there is a Borel set F � B.y; N dist.y; @�// \ @� such that
�.F /� ��.B.y;N dist.y;@�//\ @�/ and such that if x 2F , then there is a �-carrot
path from x to y.

We say that � is a weak local John domain if there exist constants � 2 .0; 1�,
� 2 .0; 1�, and N � 2 such that every y 2 � is a .�; �;N /-weak local John point.

Remark 2.5. A domain with lower-dimensional Ahlfors regular boundary (that is,
with d < n � 1) necessarily satisfies the interior corkscrew condition (see [20, Lem-
ma 11.6]). It also necessarily satisfies the weak local John condition: by [20, Lem-
ma 2.1], such a domain must satisfy the Harnack chain condition (defined in many
places in the literature, or see Definition 6.2 below), and by connecting corkscrew
points with Harnack chains, we can construct carrot paths to a point y in the domain
from any nearby boundary point x.

2.2. Functions and function spaces

Definition 2.6. Let � � Rn be a d-Ahlfors regular set, let 0 < s < 1, and let
1� p �1. The Slobodeckij space Pƒs;p.�/ is defined to be the set of all equivalence
classes (up to addition of constants and sets of measure zero) of locally integrable
functions f W � ! R such that the norm

kf k Pƒs;p.�/ D

�Z
�

Z
�

jf .x/ � f .y/jp

jx � yjdCps
d�.y/ d�.x/

�1=p
(or the corresponding sup norm when p D1) is finite.

It is clear that the Slobodeckij spaces are Banach spaces.

Definition 2.7 ([31, Definition 2.1], [33, Definition 7]). Let � � Rn be a d-Ahlfors
regular set, let z 2 � , and let % > 0. We let �.z; %/ D � \ B.z; %/. A measurable
function a W � ! R is said to be a block in �.z; %/ if

� a is supported in �.z; %/,

� ja.x/j � %�d=2 for all x 2 �.z; %/ (and thus for all x 2 �), and

� ja.x/ � a.y/j � jx � yj%�d=2�1 for all x, y 2 � .

Remark 2.8. In the setting of Hardy spaces, it is customary to work with atoms,
which are blocks with the additional requirement

R
�
a d� D 0. However, the Besov

spaces are closer in character to the Hardy–Sobolev spaces, that is, functions whose
gradient lies in a Hardy space. The moment condition

R
Rd ra D 0 is trivially true

for any compactly supported function a, and so moment conditions are not usually
required of Hardy–Sobolev atoms; thus, we do not require them of our blocks.
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Definition 2.9. Let � � Rn be a d-Ahlfors regular set, let 0 < s � 1, and let
d=.dC s/ < p � 1 (so s C d � d=p > 0). We define the atomic space PAs;p.�/ as

PAs;p.�/ D

´
1X
kD1

�kak W

1X
kD1

j�kj
p%

d�dp=2�sp
k

<1;

where each ak is a block in �.zk; %k/ for some zk 2 �

µ
;

and let the norm in PAs;p.�/ be given by

kf k PAs;p.�/ D inf

´ 
1X
kD1

j�kj
p%

d�dp=2�sp
k

!1=p
W f D

1X
kD1

�kak

for blocks ak in �.zk; %k/

µ
:

It is straightforward to establish (and we will do so in the forthcoming paper [8])
that if

P1
kD1j�kj

p%
d�dp=2�sp
k

<1, then
P1
kD1 �kak converges in the Banach space

PƒsCd�d=p;1.�/, and in fact PAs;p.�/ embeds into PƒsCd�d=p;1.�/. Thus, the infinite
sums above are meaningful.

Definition 2.10. Let � � Rn be a d-Ahlfors regular set for some 0 < d < n, let
0 < s � 1, and let d=.dC s/ < p � 1.

We define the Besov space PBp;ps .�/ by

PBp;ps .�/ D

8<:
Pƒs;p.�/; 1 � p � 1;

PAs;p.�/;
d

dC s
< p < 1;

with the norm in PBp;ps .�/ given by the norm in the Slobodeckij space Pƒs;p.�/ or
atomic space PAs;p.�/.

In Euclidean spaces, the Besov spaces PBp;qs .Rd/ and the related Triebel–Lizorkin
spaces PF p;qs .Rd/ (they are equal if p D q) encompass many known function
spaces. See [65, Sections 2.3.5, 5.2.3, 5.2.4] and [52, Proposition 3]. For exam-
ple, the Lebesgue spaces satisfy Lp.Rd/ D PF

p;2
0 .Rd/ if 1 < p < 1; the Sobolev

spaces PW k;p.Rd/ (of functions f whose kth gradient rkf lies in Lp.Rd/) sat-
isfy PW k;p.Rd/ D PF

p;2

k
.Rd/; the Hardy spaces satisfy Hp.Rd/ D PF

p;2
0 .Rd/ if

d=dC 1 < p < 1; the spaces PC ˛.Rd/ of Hölder continuous functions satisfy
PC ˛.Rd/ D PB

1;1
˛ .Rd/ for 0 < ˛ < 1; the Slobodeckij spaces Pƒs;p satisfy the

above relation PBp;ps .Rd/ D Pƒs;p.Rd/ for 0 < s < 1 and 1 � p � 1 (and indeed
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there exists a Slobodeckij-type characterization of PBp;qs .Rd/ for any 0 < s < 1, any
1 � p < 1, and any 1 � q � 1, not only for q D p), and the Bessel potential
spaces Lps D .I ��/�s=2.Lp/ satisfy Lps D F

p;2
s . Even with the restrictions p D q,

0 < s < 1, and d=dC s < p �1, there are many equivalent characterizations of the
Besov spaces PBp;ps .Rd/.

In [34], Besov spaces were generalized from the Euclidean setting to the setting
of spaces of homogeneous type. An active area of research consists of studying these
spaces; we mention in particular that by [59], our Slobodeckij characterization of the
Besov spaces for p� 1 coincides with the characterization in [32,34], and by [33], the
inhomogeneous Besov spaces have an atomic characterization; it is natural to expect
the homogeneous Besov spaces to have an atomic characterization (specifically, the
atomic characterization used above), but we have not been able to find this result in
the literature on spaces of homogeneous type.

2.3. Boundary values

Definition 2.11 (Boundary trace). Following [43], if��Rn, if u W�!R is locally
integrable, and if f W @�! R, then we say that u D f on @� if

lim
r!0C

1

rn

Z
B.x;r/\�

ju � f .x/j D 0 (2.1)

for � -almost every x 2 @�.

In most reasonably behaved domains, this coincides with most other notions of
trace. We will use this definition in Theorems 4.1 and 5.1. We mention that some of
the results described in Section 3 were proven under different notions of trace (most
prominently traces in the sense of Sobolev spaces); however, the different notions of
trace can generally be shown to be equivalent as needed.

We observe that if� satisfies the interior corkscrew condition, then the value of f
is uniquely determined in that, for each x 2 @�, there can be at most one f .x/ 2 R
such that formula (2.1) is valid.

2.4. Elliptic differential operators

Definition 2.12 (Ellipticity). Let � � Rn and suppose that @� is d-Ahlfors regu-
lar. Let A be a matrix-valued function. We say that the operator �divAr is elliptic,
or, respectively, the matrix A is elliptic, if each A.x/ is an n � n matrix of real, not
necessarily symmetric, coefficients that satisfy the following positive definiteness and
boundedness conditions:

� � A.x/� � � dist.x; @�/dC1�n
k�k2; (2.2)

j� � A.x/�j � ƒ dist.x; @�/dC1�n
k�k k�k (2.3)
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for all �, � 2 Rn and almost every x 2 Rn n @�.

The main results (Theorems 4.1 and 5.1) of the present paper hold in the full
generality of real elliptic matrices, with no further restrictions on A.

Definition 2.13 (Weak solutions). We will consider solutions to �divAru D h in
the case where h is the divergence of some vector field EG.

We will use the weak definition of �divAru D �div EG; that is, if u W �! R is
a real-valued function, we say that �divAru D �div EG in � in the weak sense if,
for every ' W �! R that is smooth and supported in a compact subset of�, we have
that Z

�

r' � Aru D

Z
�

r' � EG:

Recall that A is elliptic and therefore invertible. For notational convenience,
we will usually take our data to be EH D A�1 EG; thus, we consider solutions to
�divAru D �divA EH , meaning functions u that satisfyZ

�

r' � Aru D

Z
�

r' � A EH for all ' 2 C10 .�/: (2.4)

This notational convention will considerably simplify the statement of Theorem 4.1
below.

We now state three known facts concerning solutions to �divAru D 0 or
�divAru D �divA EH that we will reference in the statement of our main results.

First, for any domain� with d-Ahlfors regular boundary, 0 < d � n � 1, and for
any real elliptic operator �divAr as above, for every function f defined on @� that
is continuous and compactly supported, there is a unique solution u to the Dirichlet
problem 8̂̂<̂

:̂
�divAru D 0 in �;

u D f on @�;

u is continuous and bounded on �:

(2.5)

That this holds for d D n � 1 is the fact that Ahlfors regular boundaries satisfy the
classic Wiener criterion [67]; that it holds for d < n � 1 is [20, Lemma 9.4].

The second result we wish to mention is Meyers’s reverse Hölder estimate for
gradients. This estimate states that if A satisfies conditions (2.2)–(2.3), then there
exist C and " > 0 depending only on the dimension n (and d) and on the elliptic-
ity constants � and ƒ such that if �divAru D �divA EH in B.x; r/ � �, and if
EH 2 L2C".B.x; r//, then ru 2 L2C".B.x; r=2// and�«

B.x;r=2/

jruj2C"
�1=.2C"/

� C

�«
B.x;r/

jruj2
�1=2

C C

�«
B.x;r/

j EH j2C"
�1=.2C"/

:

(2.6)
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The same of course is true for solutions to �divA�ru D �divA� EH , possibly with a
different value of ".

Finally, we wish to state the boundary De Giorgi–Nash estimate. This estimate
is well known in the case d D n � 1 and is still true if 0 < d < n � 1; see [20,
Lemmas 8.13 and 8.16]. It states that there exist an ˛ > 0 and C > 0 such that if
�divAruD 0 in�, if uD 0 on @�\B.�; r/ for some � 2 @� and some r > 0, and
if x 2 B.�; r=2/ \�, then

ju.x/j �

�
jx � �j

r

�˛
C

rdC1

Z
�\B.�;r/

ju.y/j dist.y; @�/1Cd�n dy: (2.7)

3. A brief history of the Poisson–Dirichlet problem in spaces
with fractional smoothness

In this section, we will briefly review the history of the problems which we consider
in this note. That is, we will review the history of the Poisson–Dirichlet problem,
with one degree of smoothness for the solutions and between zero and one degree of
smoothness of the boundary values, for second-order linear elliptic differential equa-
tions, with real coefficients and without lower-order terms, in domains in Euclidean
space.

3.1. Higher codimension and energy solutions

Let 0 < d < n, n � 2, let� � Rn be such that @� is d-Ahlfors regular for some real
number d with 0 < d < n, and let A satisfy the ellipticity conditions (2.2)–(2.3). The
Lax–Milgram lemma yields unique solvability of the Poisson problem

�divAru0 D �divA EH 0 in �; u0 D 0 on @� (3.1)

for all EH0 2 L2.�;w/ and with the estimate

kru0kL2.�;w/ � Ck EH0kL2.�;w/;

where u0D 0 on @� in the sense that u0 lies in PW 1;2
0 .�Iw/, the closure of C10 .�/ in

PW 1;2.�Iw/ (the Sobolev space of functions with gradient inL2.�Iw/), and wherew
is the measure given by dw D dist. � ; @�/dC1�n dm,m denoting Lebesgue measure.
This method of solution is extremely general, relying only on the fact that PW 1;2

0 .�Iw/

is a Hilbert space and on the upper and lower boundsZ
�

r' � Ar � ƒk'k PW 1;2
0

.�Iw/
k k PW 1;2

0
.�Iw/

;

Z
�

ru � Aru � �kuk2
PW

1;2
0

.�Iw/



The Poisson–Dirichlet problem in domains with Ahlfors regular boundary 609

on functions ',  , u 2 PW 1;2
0 .�I w/. Indeed, this construction is valid in many

situations beyond that of this paper, such as systems and higher-order equations.
The estimate

kru0kLp.�;w/ � Ck EH0kLp.�;w/ (3.2)

is also true for all p sufficiently close to 2. This can be derived by using the fact that
PW
1;p
0 .�Iw/, 1 < p <1, is an interpolation scale and using Šneı̌berg’s lemma.

Problem (1.1), with the notation of formula (2.4), becomes

�divAru D �divA EH in �; u D f on @�: (3.3)

If @� is d-Ahlfors regular, 0 < d < n, then we can extend an arbitrary f 2
PB
p;p

1�1=p
.@�/ to a function F in PW 1;p.�Iw/ of comparable norm. (The extension

result is valid even if d is not an integer.) See [43] if d D n � 1, [20, Chapter 7]
and [21, Chapter 8] if p D 2, and [8] in the general case. Letting F be this extension,
u0 the solution to the homogeneous Poisson problem (3.1) with data EH0 D EH �rF ,
and u D u0 C F yields a solution u to the Poisson–Dirichlet problem (3.3) with the
estimate

krukLp.�;w/ � Ck EHkLp.�;w/ C Ckf k PBp;p

1�1=p
.@�/: (3.4)

(Trace theorems often allow us to clarify the sense in which u D f on @�; see the
above references.) This construction is very well known in the codimension 1 case
(d D n � 1) and is explained in detail in the general case in [20, Lemma 9.1].

We emphasize that up until the present work, in the higher codimension case, this
construction of solutions to the Poisson–Dirichlet problem, restricted to boundary
data in the particular Besov space PBp;p

1�1=p
.@�/ for p sufficiently close to 2, was the

only known result for the Dirichlet–Poisson problem with boundary data of fractional
smoothness. All of the following results in this section apply only to coefficients that
satisfy the ellipticity conditions (2.2)–(2.3) in the particular case d D n � 1.

3.2. The Poisson problem with Sobolev estimates

A natural line of study is to seek conditions on� and A such that estimate (3.2) holds
for a wider range of p.

The estimate kru0kLp.�/�Ck EH0kLp.�/ for all 1<p <1 has been established
in the case where A satisfies (2.2)–(2.3) (with d D n � 1) and lies in the space VMO
of vanishing mean oscillation and where @� is a bounded C 1 domain. See [4,25,47].
For any fixed p 2 .1;1/, the result continues to hold if A and � are allowed to
deviate slightly from these assumptions; see [11, 12] for the details.
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3.3. The Poisson–Dirichlet problem with weighted Sobolev estimates

Recall that in Section 3.1, we used the fact that a function f 2 PBp;p
1�1=p

.@�/ may
be extended to a function F in the Sobolev space PW 1;p.Rn/. It is also possible to
extend functions in PBp;ps .@�/ for a range of s, and not merely the particular value
s D 1 � 1=p, if we take our extensions to lie in a weighted Sobolev space with an
appropriate weight. In particular, if 0 < s < 1, 1� p �1, and @� is .n � 1/-Ahlfors
regular, then any f 2 PBp;ps .@�/ may be extended to a function F withZ

Rn

jrF.x/jp dist.x; @�/p�1�ps dx � kf kp
PB

p;p
s .@�/

:

See [8, 20, 46, 51, 56, 60, 61, 64, 66]. The case of bounded Lipschitz domains is [56,
Proposition 4.1] and the l D 1 case of [46, Theorem 2.10], but the result was known
earlier in smoother domains.

This suggests consideration of the Dirichlet–Poisson problem (3.3) with the
estimate Z

�

jru.x/jp dist.x; @�/p�1�ps dx

� C

Z
�

j EH.x/jp dist.x; @�/p�1�ps dx C Ckf kp
PB

p;p
s .@�/

: (3.5)

This problem was studied in [56] (which in fact considered the case where L is the
Hodge Laplacian in a Lipschitz domain in a compact Riemannian manifold) and [51]
(which in fact studied the problem for elliptic systems of arbitrary even order, not
only for the second-order equations that are the focus of the present note).

The paper [51] established a result similar to those of the previous section. Specif-
ically, if A satisfies (2.2)–(2.3) (with d D n � 1) and lies in VMO, and if � is a
bounded Lipschitz domain whose unit outward normal also lies in VMO (this is
a moderate generalization of the C 1 condition), then estimate (3.5) holds for any
1 < p <1 and any 0 < s < 1. Moreover, again as in the unweighted case of the previ-
ous section, for any fixed p and s in this range, ifA is sufficiently close to VMO and�
is a Lipschitz domain with sufficiently small constant, then estimate (3.5) holds.

The p D 2, s D 1=2 case of these results is the energy solutions of Section 3.1,
while the s D 1 � 1=p case is the previous section.

The paper [56] established estimate (3.5) in general bounded Lipschitz domains
(without the VMO or near-VMO condition on the normals) but for a restricted range
of s, p, and A. Specifically, they required the coefficients A to be symmetric and to
satisfy the Dini-type condition

jA.x/ � A.y/j � !.jx � yj/;

Z 1

0

p
!.t/

t
dt <1
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s

1
p

.1; 1
2
� "�/ı

.1; 1/ı

1
2
C "ı

a
ı

.1 � a�; 1/
ı

Figure 1. Values of the parameters .s; 1=p/ such that estimate (3.5) holds, for solutions to prob-
lem (3.3) in a Lipschitz domain, where A satisfies a Dini-type continuity condition. This region
includes the edges at p D 1 and p D1 but does not include the edges at s D 0 or s D 1.

which is certainly stronger than lying in VMO. They were then able to establish esti-
mate (3.5) for all s and p such that the point .s; 1=p/ lies in the hexagonal region
illustrated in Figure 1 for some ", "�, a, a� > 0.1

3.4. General weights

More general weights may be considered. By [1], if 1 < p < 1, if ! is a
Muckenhoupt Ap weight, if A is symmetric and the BMO norm of A is small enough,
and if � is a Lipschitz domain with a sufficiently small Lipschitz constant, then
solutions to the Poisson problem (3.1) satisfy the estimate

kru0kLp.�I!/ � Ck EH0kLp.�I!/: (3.6)

1The paper [56], along with its predecessors [54, 55], does not work with arbitrary second-
order operators in Lipschitz domains in Rn but with the Hodge Laplacian�g defined on a com-
pact Riemannian manifold with metric g; more precisely, they work with the Schrödinger-type
operator L D ��g C V for a nonnegative potential V .

We may return to the Euclidean situation of the present paper as follows. Given a bounded
Lipschitz domain � in Rn, one may easily construct a compact n-dimensional manifold M
with � contained in one coordinate chart. In local coordinates, the Hodge Laplacian is given
by
p
jgj�g D div.

p
jgjg�1r/, and so we can attain any real symmetric coefficient matrix A

by choosing an appropriate metric on the chart containing �. The technical requirements on
the potential V in [54–56] may be dealt with by choosing V D 0 in a neighborhood of � and
V > 0 in appropriate subsets of M n�.
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The result was generalized to quasi-convex domains in [68, Theorem 1.10]. This
builds on the earlier results [2,62], among others, which proved the same result under
stronger assumptions on !.

As noted in [10, formula (2.5)] and the proof of Lemma 2.3 of [56], if � � Rn

is a Lipschitz domain, then !.x/ D dist.x; @�/p�1�ps is a Muckenhoupt Ap weight
for any 1 < p <1 and any 0 < s < 1, and so the results of the previous section fall
under this umbrella.

3.5. Equivalence of norms

Inequalities (3.5) and (3.6) are in fact equivalences of norms. Observe that we may
write inequality (3.5) in the form

kuk PW 1;p.�I!s;p/
� Ckf k PBp;p

s .@�/ C Ck
EHkLp.�I!s;p/

for the weight !s;p.x/ D dist.x; @�/p�1�ps . If u is any function in PW 1;p.�I!s;p/,
where � is as in the previous sections, then the boundary trace of u exists and lies in
the Besov space PBp;ps .@�/; indeed, we have the reverse estimate

ku
ˇ̌
@�
k PBp;p

s .@�/ � Ckuk PW 1;p.�I!s;p/
:

This was proven in the generality of Lipschitz domains in [56, Proposition 4.1] and as
the l D 1 case of [46, Theorem 2.10]; similar results were already known in smoother
domains (see [48,60,61,64,66]) or in the unweighted case p � 1� ps D 0 (see [43]).
Thus, inequality (3.5) implies that

1

C
kf k PBp;p

s .@�/ � kuk PW 1;p.�I!s;p/
� Ckf k PBp;p

s .@�/ C Ck
EHkLp.�I!s;p/:

With some care, we can also get an equivalence of norms for the Poisson data EH
in inequality (3.5) or EH0 in inequality (3.6). If divA E‰ D divA EH0, then the solu-
tion u with data E‰ must equal the solution with data EH0, and so estimate (3.6) may
be strengthened to

kru0kLp.�I!/ � C inf
®
k E‰kLp.�I!/ W div.A E‰ � A EH0/ D 0

¯
:

In particular, divA EH0 D divAru, and so we may take E‰ D ru0. Thus, the reverse
estimate

inf
®
k E‰kLp.�I!/ W div. E‰ � EH0/ D 0

¯
� Ckru0kLp.�I!/

is trivially satisfied. Inequality (3.6) thus implies an equivalence of norms

kru0kLp.�I!/ � inf
®
k E‰kLp.�I!/ W div.A E‰ � A EH0/ D 0

¯
:

Similarly, inequality (3.5) implies an equivalence of norms

krukLp.�I!/ � kf k PBp;p
s .@�/ C inf

®
k E‰kLp.�I!/ W div.A E‰ � A EH/ D 0

¯
:
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ı

Figure 2. Values of the parameters .s; 1=p/ such that solutions to the Dirichlet–Poisson prob-
lem (3.3) in the domain above a Lipschitz graph, for real symmetric coefficients constant in the
vertical direction, satisfy estimate (3.7).

3.6. Transversally constant coefficients and weighted averaged
Sobolev estimates

Moving beyond Dini-type or VMO coefficients to another class of variable coefficient
elliptic matrices, in [3,7] the authors considered coefficients constant in the direction
transverse to the boundary (but merely bounded measurable in all other directions).
In [7] (written by two of the authors of the present paper), we showed that if � is
the domain above a Lipschitz graph, and for such coefficients that in addition are real
symmetric, we still have well-posedness of the Poisson–Dirichlet problem (3.3), with
estimate (3.5) replaced by the estimateZ
�

�«
B.x;dist.x;@�/=2/

jrujˇ
�p=ˇ

dist.x; @�/p�1�ps dx

� C

Z
�

�«
B.x;dist.x;@�/=2/

j EH jˇ
�p=ˇ

dist.x; @�/p�1�ps dx C Ckf kp
PB

p;p
s .@�/

(3.7)

for ˇ sufficiently close to 2 and for .s; 1=p/ in the hexagon in Figure 2. The parame-
ters ", "�, a, and a� in that figure are all positive. (In the case whereA is real, constant
in the transverse direction, but not necessarily symmetric, we have well-posedness for
a smaller range; namely, the range of Figure 2 for a, a� still positive, but for ", "�

merely greater than �1=2. See the region at the bottom of Figure 4 below.)
The ˇ-power averages were inspired by the modified nontangential maximal

function of [44] and were introduced for much the same reason: if A lacks smooth-
ness properties, then solutions u to even the homogeneous problem divAru D 0
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no longer have gradients with high degrees of integrability. The gradient ru may
be locally in Lˇ only for ˇ close to 2, and so these weighted averaged spaces are
more appropriate to such differential equations. Even for p much larger than ˇ, these
spaces preserve the trace result

kf k
p

PB
p;p
s .@�/

� C

Z
�

�«
B.x;dist.x;@�/=2/

jrujˇ
�p=ˇ

dist.x; @�/p�1�ps dx;

and so estimate (3.7) is an equivalence of norms. See [7, Theorem 6.3].
As mentioned above, we used layer potential techniques, which introduce harsh

restrictions both on the coefficients and on the domains. Our results also crucially
used the endpoint results (which may be viewed as the s D 0 and s D 1 bound-
aries of the hexagon in Figure 2); that is, with the techniques of [7], the results for
Besov boundary values do not stand alone but require the results for boundary data in
Lp.@�/ (or in the Sobolev space PW 1;p.@�/, that is, at the smoothness 1 endpoint)
and the layer potential bounds.

The paper [3] applies the so-called “first-order approach” (developed in the
endpoint theory of Lp.@�/ boundary data) to the Dirichlet problem

�divAru D 0 in �; u D f on @�;

with f in a fractional smoothness space, either the Besov spaces considered in this
note or the related Hardy–Sobolev spaces.

Like [7], they considered coefficients constant in the direction transverse to the
boundary. Again like [7], their direct well-posedness results for boundary data of
fractional smoothness require endpoint results, that is, results for boundary data in
Lp.@�/ or PW 1;p.@�/.

However, unlike [7], the methods of [3] encompass general complex coefficients,
and even elliptic systems rather than equations. In particular, [7] is confined to equa-
tions and also to a restricted class of coefficients (specifically, those that satisfy the De
Giorgi–Nash condition; this includes all real coefficients but misses many complex
coefficients). Instead, [3] can build upon endpoint results for a much broader class
of coefficients, including complex self-adjoint coefficients, and constant or triangular
coefficients in the half-space Rn

C, to produce results for Besov data.

3.7. The Poisson problem without equivalence of norms

We mention one further class of results concerning the Poisson problem with rough
variable coefficients. The equivalence of norms described in Section 3.5 is a highly
desirable property, in that it implies that the estimates in the preceding sections can-
not be improved: the norms on the right-hand side of estimates (3.5), (3.6), and (3.7)
clearly cannot be weakened without a corresponding weakening of the norms on the
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left-hand side. Thus, most of the existing theory has focused on estimates with such
equivalences of norms.

The homogeneous Dirichlet problem

�divAru D 0 in �; u D f on @� (3.8)

has been studied extensively. The paper [3], mentioned in the previous section, con-
sidered the Dirichlet problem with boundary data in fractional smoothness spaces;
however, there is much more extensive literature on the Dirichlet problem with data f
in the Lebesgue space Lp.@�/ or in the boundary Sobolev space PW 1;p.@�/ and its
generalizations. The most common estimates (taking the role of estimates (3.5), (3.6),
and (3.7) in the above sections) are of the forms

kNukLp.@�/ C kA2.ıru/kLp.@�/ � Ckf kLp.@�/; (3.9)

k zN.ru/kLp.@�/ � Ckf k PW 1;p.@�/; (3.10)

where ı.y/ D dist.y; @�/, and where N , zN , and A2 denote the nontangential maxi-
mal function, modified nontangential maximal function, and Lusin area integral given
by

A2. EH/.x/ D

�Z

.x/

j EH.y/j2ı.y/�n dy

�1=2
;

Nu.x/ D sup

.x/

juj; zN.ru/.x/ D sup
y2
.x/

�«
B.y;ı.y/=2/

jruj2
�1=2

; (3.11)

where 
.x/D ¹y 2� W jx � yj< 2ı.y/º. The Dirichlet problem with these estimates
does generally have an equivalence of norms; that is, if �divAru D 0 in � and
Nu 2 Lp.@�/ or A2.ıru/ 2 L

p.@�/, then in many situations, the boundary values
of u are known to exist (in the sense of nontangential limits) and lie inLp.@�/. These
types of results have their origin in Fatou’s celebrated result [27] that a bounded har-
monic function in the unit disk has a boundary trace; for real coefficients in Lipschitz
domains, these boundary results follow from [13, 17].

Major difficulties arise when we try to consider the Poisson–Dirichlet problem
with Dirichlet data f in Lp and with estimates on the solution u compatible with
the estimates of the homogeneous Dirichlet problem. For example, consider the func-
tion v.x/ D �.x/ sin.logjlog.xn/j/, where � is a smooth cutoff function supported in
B.0; 1=2/. If we let � be the half-space, then it is straightforward to establish that
A2.ırv/ is bounded and compactly supported and thus lies in Lp.@Rn

C/ for all p;
however, v clearly does not even possess Dirichlet boundary values in any sense. It is
thus impossible to have unique solvability of the Poisson–Dirichlet problem

�divAru D �divA EH in Rn
C; u D f on @Rn

C;
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with the natural estimate

kA2.ıru/kLp.@Rn
C
/ � Ckf kLp.@Rn

C
/ C CkA2.ı EH/kLp.@Rn

C
/

for arbitrary f and EH , for example, for f D 0, EH D rv.
It is, however, possible to solve the Poisson–Dirichlet problem with estimates of

the form

kA2.ıru/kLp.@�/ C k
zNukLp.@�/ � Ckf kLp.@�/ C Ck EHkX

or
k zN.ru/kLp.@�/ � Ckf k PW 1;p.@�/ C Ck

EHkY;

that is, with the same estimates on the Dirichlet data f and solutions u as are tradi-
tional in the theory of the homogeneous Dirichlet problem, but for function spaces X

and Y that do not yield an equivalence of norms in the Poisson problem. Such esti-
mates were found in the works [6, 40, 58], either implicitly as part of the method of
attack on the Lp-Dirichlet problem [6, 40] or explicitly as a main result [58].

Specifically, [6, 40] established the estimates

kA2.ırL
�1.divA EH//kLp.@�/ C k

zN.L�1.divA EH//kLp.@�/

� kzC1.ı EH/kLp.@�/;

k zN.rL�1.divA EH//kLp.@�/ � kA2. EH/kLp.@�/;

k zN.rL�1.divA EH//kLp.@�/ � kC1.ı divA EH/kLp.@�/

for an appropriate range of p, for L D �divAr, and for

zC1 EH.x/ D sup
r>0

1

�.B.x; r/ \ @�/

Z
B.x;r/\�

�«
B.y;dist.y;@�/=2/

j EH j2
�1=2

dy

dist.y; @�/
;

in the case where the coefficients A are transversally independent (as in Section 3.6),
where the underlying domain� is either the upper or lower half-space, and where EH
is always supported in the upper half-space. (The paper [40] considered the case
of complex coefficients that satisfy the local De Giorgi–Nash–Moser condition,
while [6] considered arbitrary complex coefficients and higher-order operators.)

The estimates on L�1 were used explicitly in [6, 40], but the above estimates can
be used to establish well-posedness of the Poisson–Dirichlet problem, given well-
posedness of the homogeneous Dirichlet problem. If w D L�1.div A EH/ satisfies
zN.rw/ 2 Lp.@�/, then w possesses boundary values (in the sense of nontan-

gential limits) that necessarily lie in the boundary Sobolev space PW 1;p.@Rn
C/ D

PW 1;p.Rn�1/; see [44]. If the homogeneous Dirichlet problem (3.8), with esti-
mate (3.10), is well posed, then by taking u D w C v, where v is the solution to
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the Dirichlet problem with boundary data f �wj@Rn
C

, we recover a solution u to the
Poisson–Dirichlet problem (3.3) that satisfies the estimate

k zN.ru/kLp.@Rn
C
/ � CkA2. EH/kLp.@Rn

C
/ C Ckf k PW 1;p.@Rn

C
/:

A similar but more complicated argument is valid for the Dirichlet problem with
f 2 Lp.@Rn

C/. Namely, if EH is supported in Rn
C, then w D L�1.divA EH/ is a solu-

tion to �divArw D 0 in the lower half-space, and so it has boundary values in
Lp.@Rn

�/ by the abovementioned Fatou-type results [13, 17]. The operator L�1 div
has adequate continuity properties which implies that w takes the same values on
the boundary of the upper half-space Rn

C. Thus, w
ˇ̌
@Rn
C

lies in Lp.@Rn
C/, and so by

the same argument as above, well-posedness of the Dirichlet problem (3.8) with esti-
mate (3.9) immediately yields well-posedness of the Poisson–Dirichlet problem (3.3)
with the estimate

k zNukLp.@Rn
C
/ C kA2.ıru/kLp.@Rn

C
/ � Ckf k PW 1;p.@Rn

C
/ C Ck

zC1.ı EH/kLp.@Rn
C
/:

The paper [58] (like the present paper) works exclusively with real coefficients
but in a much more general geometric setting than the half-space. Furthermore,
their treatment of the Poisson–Dirichlet problem is much more explicit than that
of [6, 40]. They show that if @� is .n � 1/-Ahlfors regular, if � satisfies the interior
corkscrew condition, and if Rn n � is unbounded, then solvability of the homoge-
neous Dirichlet problem (3.8) with estimate (3.9) is in fact equivalent to solvability
of the homogeneous Poisson problem (3.1), with the estimate

k zNukLp.@�/ � CkzC1.ı EH/kLp.@�/;

and also to solvability of the homogeneous Poisson problem for�divA�r, whereA�

denotes the transpose of A, with the estimate

k zN.ru/kLp0 .@�/ � Ck
zC1.ı divA EH/kLp0 .@�/

for p0 the Hölder conjugate of p, that is, 1=pC 1=p0D 1. Under slightly stronger con-
ditions on the domain and coefficients, namely uniform rectifiability of the boundary
and a Dahlberg–Kenig–Pipher condition on the coefficients, they establish equiva-
lence of the above conditions to solvability of the so-called regularity problem, that is,
the homogeneous Dirichlet problem (3.8) with estimate (3.10), again with A replaced
by A� and p by p0.

As noted above, this version of the Poisson problem does not have equivalence
of norms in the sense of Section 3.5, but the given estimates are the best estimates
known in the context of Lp boundary data, are equivalent to quite strong conditions
(indeed, the main estimate) in the theory of the homogeneous Dirichlet problem, and
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thus may be reasonably conjectured to be among the best estimates possible in this
setting.

3.8. The Laplace operator and other estimates

Thus far, we have focused on estimates of solutions u to the Poisson problem that
satisfy local Sobolev estimates, that is, solutions where the gradient ru satisfies an
estimate that locally reduces to membership in L2 or Lp . We have done this because
the main new results of this note (to be described in Sections 4 and 5) are phrased in
these terms.

However, many important results, particularly the earliest results, instead estab-
lished estimates on solutions to the Poisson problem (1.1) of the form

kuk PBp;q

sC1=p
.�/ � Ckhk PBp;q

sC1=p�2
.�/ C Ckf k PBp;q

s .@�/ (3.12)

or

kuk PF p;q

sC1=p
.�/ � Ckhk PF p;q

sC1=p�2
.�/ C Ckf k PBp;p

s .@�/; (3.13)

where PBp;q
�

and PF p;q
�

denote the Besov and Triebel–Lizorkin spaces. (The precise
statement of the estimates varies from paper to paper.)

It is often possible to pass from Besov or Triebel–Lizorkin estimates on solutions
to weighted Sobolev estimates such as (3.5); see, for example, [41, Theorems 4.1
and 4.2].

Estimates of the form (3.12) or (3.13) are unsuited for solutions to �divAru D
�divA EH , or even to �divAru D 0, for rough coefficients A. Such solutions u
do not generally display any higher regularity and so cannot be expected to lie in
PB
p;q

sC1=p
.�/ for sC 1=p > 1. See the discussion in [7, Chapter 10], or compare the two

papers [55,56]; both consider the Dirichlet–Poisson problem in Lipschitz domains for
coefficients A satisfying the same Dini-type condition, but [55] used the traditional
estimate (3.12), while [56] used estimate (3.5), and so [55] has a somewhat artificial
upper bound on s C 1=p which [56] does not need to impose.

However, many important results are known in the context of estimate (3.12)
or (3.13).

The paper [41], concerning only the Laplacian, is one of the foundational papers
in the theory of the Poisson problem and of the Dirichlet problem with boundary
data of fractional smoothness; indeed, it preceded all of the results described in
Sections 3.2–3.7. That paper established estimate (3.13) in Lipschitz domains for
q D 2 and for s and p as in Figure 1. They provided examples establishing sharpness
of these results (that is, of Lipschitz domains such that estimate (3.13) fails for any
.s; 1=p/ outside of the given region). In the case of C 1 domains, they established this
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estimate for all s 2 .0; 1/ and all p 2 .1;1/. (The VMO condition of [51] described
in Section 3.3 is a mild generalization of the C 1 condition.)

The paper [49] removes the restriction on q in estimate (3.13) (and (3.12)) and
expands the available values of p and s into the range p < 1, specifically to the
range 1=p < 1C s C a� � 1=n � 1 (in Lipschitz domains) or 0� 1=p < 1C s=n � 1
(in C 1 domains). See Figure 2. We observe that [49] precedes the papers [3, 7]
described in Section 3.6 and that the paper [7] explicitly works with the same ranges
of s and p as the Lipschitz case of [49].

The results of [41, 49] for C 1 domains with estimate (3.12) or (3.13) also hold in
bounded convex domains; see [53].

3.9. Hölder continuous boundary data

We conclude this section with a discussion of the recent result [15]. This result con-
siders the Dirichlet problem (2.5) with Hölder continuous boundary data; this is the
p D 1 (bottom) edge of the region in Figure 2 and thus falls within the ambit of
boundary value problems with data of fractional smoothness.

We remark that [15] is not the only paper to treat Hölder continuous boundary
values, but in the setting of real elliptic coefficients, it contains (provably) the most
general possible result. In particular, they place no assumptions on the coefficients
beyond the ellipticity conditions (2.2)–(2.3) (with dDn � 1). They showed that if @�
satisfies a criterion of Wiener type, then the solution u to the continuous Dirichlet
problem (2.5) satisfies the estimate

kuk PC s.�/ � Ckf k PC s.@�/ (3.14)

for all s > 0 sufficiently small, where PC s denotes spaces of Hölder continuous func-
tions. Their result is sharp; they show that their Wiener-type criterion is a necessary,
as well as a sufficient, condition for estimate (3.14) for arbitrary f 2 PC s.@�/.

We remark that Ahlfors regularity of @� for d D n � 1 (or indeed for any
d 2 .n � 2;n/) implies their Wiener-type criterion and thus is a sufficient condition
for Hölder well-posedness.

The p D1, EH D 0 analogue of estimate (3.7) is

sup
x2�

�«
B.x;dist.x;@�/=2/

jrujˇ
�1=ˇ

dist.x; @�/1�s � Ckf k PC s.@�/;

and it follows immediately (for ˇ sufficiently close to 2) from estimate (3.14) and the
Caccioppoli and Meyers estimates for solutions to �divAru D 0.
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4. The Poisson problem for very general domains and coefficients

Our first main theorem establishes well-posedness of the Poisson–Dirichlet problem
for any second-order elliptic differential equation with real coefficients satisfying
suitable upper and lower bounds and with very mild conditions on the underlying
domains.

Theorem 4.1. Let � � Rn, n � 3, be a connected open set whose boundary @�
is d-Ahlfors regular in the sense of Definition 2.1 for some real number d with
0 < d � n � 1. If d D n � 1, then we additionally require that � satisfies the weak
local John condition and the interior corkscrew condition.2

We require that Rn n� be unbounded, that is, either � is bounded3 or both �
and @� are unbounded.

Let L D �divAr be a linear differential operator associated to real, not neces-
sarily symmetric, coefficients A that satisfy the positive definiteness and boundedness
conditions (2.2)–(2.3).

There are then numbers a, a� 2 .0; 1� and ", ı > 0 such that if .s; 1=p/ lies in
the open pentagon indicated in Figure 3, and if 2 � ı < ˇ < 2C ", then for all f in
the Besov space PBp;ps .@�/ defined in Definition 2.10 above, and all EH 2 Lˇ

loc
.�/

such that the right-hand side of bound (4.2) is finite, there is a unique solution u to
the Poisson–Dirichlet problem´

�divAru D �divA EH in �;

u D f on @�
(4.1)

that satisfiesZ
�

�«
B.x;dist.x;@�/=2/

jrujˇ
�p=ˇ

dist.x; @�/d�nCp�ps dx

� Ckf k
p

PB
p;p
s .@�/

C C

Z
�

�«
B.x;dist.x;@�/=2/

j EH jˇ
�p=ˇ

dist.x; @�/d�nCp�ps dx

(4.2)

2If d < n � 1, then, as noted in Remark 2.5, the weak local John and interior corkscrew
conditions are automatically satisfied.

3It is straightforward to establish that if � � Rn is bounded, then @� has dimension at
least n � 1; in our circumstances, this means that d D n � 1.
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Figure 3. Values of the parameters .s; 1=p/ such that the PBp;p
s .@�/-Dirichlet problem and

associated Poisson problem for L are solvable. By Remark 4.2, the illustrated region is convex.

for some constant C depending on p, s, A, and � but not on f or EH . If p D1 and
0 < s < a, then there is a unique solution to problem (4.1) that satisfies

sup
x2�

�«
B.x;dist.x;@�/=2/

jrujˇ
�1=ˇ

dist.x; @�/1�s

� Ckf k PB1;1
s .@�/ C C sup

x2�

�«
B.x;dist.x;@�/=2/

j EH jˇ
�1=ˇ

dist.x; @�/1�s:

Furthermore, we have that a�max.˛; 1� d/ and a� �max.˛�; 1� d/, where ˛
and ˛� are the numbers in the boundary De Giorgi–Nash estimate (2.7).

Finally, 2 C " may be taken to be the number in Meyers’s reverse Hölder esti-
mate (2.6) for L, and 2 � ı may be taken to be the Hölder conjugate of the number
in Meyers’s reverse Hölder estimate for L�.

Expressed algebraically, the pair .s; 1=p/ satisfies the conditions of Theorem 4.1
if either

d

dC a�
< p � 1 and

d

p
C 1 � d � a� < s < 1

or

1 � p � 1 and
1 � a�

p
< s < aC

1 � a

p
:

We observe that, with the exception of the Sobolev estimate (3.4) for p suf-
ficiently close to 2 in Section 3.1, the Dirichlet problem with Hölder continuous
boundary data of [15] (see Section 3.9), and the Poisson–Dirichlet problem without
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equivalence of norms of [58] (see Section 3.7), all of the results for the Poisson and
Dirichlet problems described in Section 3 were shown exclusively in fairly regular
(Lipschitz or quasi-convex) domains with boundary of codimension 1, or in domains
with a higher degree of smoothness, and for coefficients satisfying some regular-
ity assumption. Our result is the first to produce well-posedness for a broad range of
.s; 1=p/ for arbitrary real elliptic coefficients and for domains in the above generality.

Because fundamental solutions and Green’s functions display different behavior
in two dimensions and in higher dimensions, certain estimates in our proof of The-
orem 4.1 work only if the ambient dimension n is at least three. The case n D 2 is
currently being investigated.

Remark 4.2. Interpolation methods can generally be used to show that if the PBp;ps -
Dirichlet problem is well posed for .s; 1=p/ D .s0; 1=p0/ and .s; 1=p/ D .s1; 1=p1/,
then it is well posed whenever .s; 1=p/ lies on the line segment connecting the two
points .s0; 1=p0/ and .s1; 1=p1/. Indeed, such techniques were used in [9] to prove
Theorem 4.1. Thus, regions such as those in Figure 3 (or Figures 1–2) are generally
expected to be convex.

The region of Figure 3 is indeed convex. To see this, observe that the given region
is a polygon, and thus we need only establish convexity in a neighborhood of each
vertex. The vertices at the origin, .a; 0/, .1; 1/, and .1; 1C a�=d/ clearly have convex
neighborhoods. We are left with the vertex at the point .1 � a�; 1/.

The uppermost edge (connecting the points .1 � a�; 1/ and .1; 1 C a�=d/) has
slope 1=d. The adjacent edge connecting the point .1 � a�; 1/ to the origin has slope
1=.1� a�/. But because a� � 1� d, we see that 1=.1� a�/� 1=d, and so there must
be a convex neighborhood of the vertex .1 � a�; 1/ as well.

5. An extrapolation result

The result of the previous section is valid in the greatest known generality of coef-
ficients and domains. It is essentially a consequence of the De Giorgi–Nash–Moser
and Meyers inequalities which are a part of fundamental elliptic theory. As a con-
sequence, we observe that the pentagon in Figure 3 is necessarily smaller than the
hexagon in Figure 2.

The goal of our project, however, was to exploit new well-posedness results for
the Dirichlet problem in Lp to obtain an enhanced range of Besov spaces. We now
return to this task, and the theorem below will generalize and recover most of the
results in Section 3, in particular, those in Figure 2, and will go far beyond that.

To this end, recall that the Dirichlet problem is well posed in Lp for some
1 < p <1 if for any f 2 Lp.@�/ the solution u to the continuous Dirichlet
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problem (2.5) satisfies the nontangential estimate

kNukLq.@�/ � Cqkf kLq.@�/ (5.1)

and if such a solution is unique. Here, N is the nontangential maximal function of
formula (3.11).

Well-posedness of the Dirichlet boundary value problem in Lp is a powerful fea-
ture. It has long been known that it is equivalent to (quantitative) absolute continuity
of harmonic measure with respect to the Hausdorff measure on the boundary; see [36,
Section 4] or [35] for a detailed discussion. Under suitable connectivity assumptions
and assumptions on the coefficients, well-posedness of the Lp-Dirichlet problem for
some p is equivalent to uniform rectifiability for dD n� 1; see [5,38]. We will high-
light some recent work in this context in Section 7. For now, let us state our second
main result.

Theorem 5.1. Suppose that the conditions of Theorem 4.1 are satisfied.
Suppose furthermore that there is a q 2 .1;1/ such that the Lq-Dirichlet prob-

lem is well posed. That is, suppose that there is a q 2 .1;1/ and a Cq <1 such that
if f is continuous and compactly supported, then the solution u to problem (2.5) also
satisfies estimate (5.1).

Then there is a number b� 2 .0; 1� such that the conclusions of Theorem 4.1 are
valid for .s; 1=p/ in the region indicated on the left in Figure 4.

If instead there is a q� 2 .1;1/ such that the solution u to problem (2.5), with A
replaced by A�, satisfies estimate (5.1) (with q replaced by q�), then there is a
b 2 .0; 1� such that the conclusions of Theorem 4.1 are valid for .s; 1=p/ in the region
indicated on the right in Figure 4.

Furthermore, the numbers b� and b satisfy the estimates

b � ˛; b� � ˛�; b � 1C
d

q�
� d; b� � 1C

d

q
� d;

where ˛ and ˛� are the boundary De Giorgi–Nash exponents for L and L�.
(In the event that q and q� both exist, the conclusions of Theorem 4.1 are valid

for .s; 1=p/ in the region indicated on the bottom in Figure 4.)

Theorem 4.1 is essentially the q D q� D 1 case of Theorem 5.1; note that
estimate (5.1) for q D 1 reduces to the classical maximum principle. Expressed
algebraically, the pair .s; 1=p/ satisfies the conditions of Theorem 4.1 if

p D1 and 0 < s < b;

p � 1 and
d

p
� dC 1 � b� < s < 1;
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1
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Figure 4. Values of the parameters .s; 1=p/ such that the PBp;p
s .@�/-Dirichlet problem for L

is solvable, given solvability of the Lq-Dirichlet problem for �divAr (on the left) or the
Lq� -Dirichlet problem for �divA�r (on the right) with nontangential estimates. Because
b� � 1 � d C d=q, by an argument similar to that in Remark 4.2, the illustrated region is
convex. In the common case that q and q� both exist, the PBp;p

s .@�/-Dirichlet problem for
�divAr is solvable for values of .s; 1=p/ as in the bottom picture.

or

1 < p <1; 0 < s < 1; and
q � p

qp � p
.1 � b�/ < s < bC

q�

pq� � p
.1 � b/:

As in Remark 4.2, the condition b� � 1 C d=q � d implies that the regions in
Figure 4 are convex in a neighborhood of the point .1 � b�; 1/ and thus are convex.

Our methods of proof do not require that the number d in Theorem 4.1 or 5.1 be
an integer. However, in most of the cases in which the nontangential estimate (5.1) is
known to hold for a finite q, the boundary @� is of integer dimension. (Some excep-
tions do exist; see in particular [18].) That is, in most of the known applications of
Theorem 5.1, d is an integer.
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6. Further definitions

In Section 7, we will discuss some known cases in which the Lq-Dirichlet problem
is well posed and thus some cases in which we may apply Theorem 5.1. It is known
that the Lq-Dirichlet problem requires additional conditions on the coefficients and
domains, beyond those listed in Theorem 4.1; see [14, 57]. That is, such results nec-
essarily require more stringent conditions on the coefficients and domains. Thus, in
this section, we will define some of those more stringent conditions.

6.1. Geometric conditions

Definition 6.1 (Uniformly rectifiable). Let d, n be integers with 1 � d � n � 1, and
let F be a closed subset of Rn. We say that F is uniformly rectifiable (or uniformly
d-rectifiable) if F is d-Ahlfors regular and has big pieces of Lipschitz images; that
is, if there exist positive constants � and M such that if x 2 F and 0 < r < diamF ,
then there is a Lipschitz function ' W Bd.0; r/! Rn, where Bd.0; r/ � Rd is the
d-dimensional ball of radius r such that the Lipschitz constant of ' is at most M and
such that

�.F \ Bn.x; r/ \ '.Bd.0; r/// � � r
d:

Definition 6.2 (Harnack chains). Let � � Rn. We say that � satisfies the Harnack
chain condition if there are constants M � 1 and m 2 .0; 1/ such that if x, y 2 �,
then there is an integer N , depending only on the ratio

jx � yj

min.dist.x; @�/; dist.y; @�//

such that there is a chain of open balls ¹BkºNkD1 with x 2B1, y 2BN ,Bk \BkC1¤;
for all 1 � k < N , and m diam.Bk/ � dist.Bk; @�/ �M diam.Bk/.

By [20, Lemma 2.1], and as noted in Remark 2.5, if @� is d-Ahlfors regular for
some 0 < d < n � 1, then � automatically satisfies the Harnack chain condition.
However, the higher codimension condition does not guarantee uniform rectifiability.

Definition 6.3 (Chord-arc domain). Let� � Rn. We call� a chord-arc domain if�
satisfies the interior corkscrew condition (Definition 2.3) and the Harnack chain con-
dition, if @� is .n � 1/-Ahlfors regular, and if �, in addition, satisfies the exterior
corkscrew condition, that is, if the exterior domain Rn n� also satisfies the interior
corkscrew condition.

Remark 6.4. By connecting corkscrew points with Harnack chains, we can con-
struct a �-carrot path from any point x 2 @� to any point y 2 � with jx � yj <
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N dist.y; @�/, where � depends only on N , the dimension n, and the corkscrew and
Harnack chain constants. Thus, a chord-arc domain is a weak local John domain and
so satisfies the conditions of Theorem 4.1.

Remark 6.5. A chord-arc domain necessarily has uniformly rectifiable boundary;
this follows from [22] or [63] combined with [39].

Definition 6.6 (Chord-arc surfaces with small constant). Let � � Rn be closed and
unbounded. We say that � is a chord-arc surface with constant " if, for every x 2 �
and r > 0, there is a Lipschitz function 'x W Rn�1 ! R with Lipschitz constant at
most " and a rigid motion Tx such that if

G D ¹Tx..y; '.y/// W y 2 Rn�1
º;

then G \ B.x; r=2/ ¤ ; and

�.� \ B.x; r/ nG/C �.G \ B.x; r/ n �/ < "rn�1:

Remark 6.7. By [23, Lemma 5.4] and the following remarks, if � � Rn and @� is
a chord-arc surface with sufficiently small constant ", then � and Rn n � are both
chord-arc domains.

6.2. Conditions on coefficients

In this section, we will state one form of the Dahlberg–Kenig–Pipher (DKP) condi-
tion on coefficients A. Early forms of this condition were proposed by Dahlberg and
investigated by Kenig and Pipher in [45], and many weaker forms have been studied.

In particular, for simplicity of exposition, we will state the DKP condition only
in the classical codimension 1 case (that is, d D n � 1). However, generalizations of
these notions to the higher codimensional case have been investigated (see [19, 30])
and are also a present active area of research.

Definition 6.8 (The weak DKP condition). Let � � Rn be open and such that @� is
.n � 1/-Ahlfors regular. Let A be a matrix-valued function defined on� that satisfies
the ellipticity conditions (2.2)–(2.3) for some ƒ > � > 0 with d D n � 1.

We say that A satisfies the weak DKP condition with constant M in � if
A D B C C , where

sup
x2@�

sup
r>0

1

rn�1

Z
B.x;r/\�

jrB.y/j2 dist.y; @�/C jC.y/j2
1

dist.y; @�/
dy DM <1:
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7. Corollaries of Theorem 5.1

The Lq-Dirichlet problem has been a subject of intense study over the past few
decades, and so bound (5.1) is known to be valid in many cases beyond Lipschitz
domains. A complete survey of such results is beyond the scope of this note; in this
section, we will describe a few such results.

7.1. Higher codimensional results

The most elegant (albeit not the most general) of the known results for the Dirichlet
problem in the higher codimensional case was established in [24] (and later by
another method in [28]) and is as follows.

Let d be an integer with 1 � d � n � 2. Let � � Rn and suppose that @� is
d-Ahlfors regular and uniformly rectifiable. (By Remark 2.5, because d < n � 1, we
have that � satisfies the conditions of Theorem 4.1.)

If ˇ > 0, define the function Dˇ W �! R by

Dˇ .x/ D

�Z
@�

jx � yj�d�ˇ d�.y/

��1=ˇ
:

By [19, Lemma 5.1], Dˇ .x/ � dist.x; @�/.
Let Aˇ .x/ D Dˇ .x/

dC1�nI , where I is the identity matrix, and let Lˇ D
div Aˇr (as defined by Definition 2.13). Observe that A satisfies the ellipticity
conditions (2.2)–(2.3) and is also a symmetric matrix, and hence Lˇ D L�ˇ .

By [28, Theorem 1.14] or [24, Theorem 1.1], the harmonic measure associated
to L is in A1.�/; by [50, Theorem 4.1], this implies that the Lq-Dirichlet problem is
well posed for some q 2 .1;1/.

Thus, for a uniformly rectifiable boundary, and for the operator Lˇ , ˇ > 0, we
have that the conditions of Theorem 5.1 are satisfied, and so the solution to the
Poisson–Dirichlet problem (4.1) satisfies estimate (4.2) for all .s;1=p/ in the hexagon
at the bottom of Figure 4.

Especially in the higher codimensional setting, the question of coefficients A for
which the Lq-Dirichlet problem is well posed is an active area of research, and we
expect further results of this type to be proven soon. Some (somewhat complicated)
results of this type are known; we refer the interested reader to [19,30] for the details.

7.2. The Laplace operator and the DKP condition

We now turn to known results for the codimension 1 case, that is, the case dD n� 1.
As in the previous section, the most elegant known results are those for a partic-

ular operator; as is usual in the codimension 1 case, the favored particular operator
is the Laplacian. By [5], if � � Rn is a weak local John domain and satisfies the
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interior corkscrew condition, and if @� is .n � 1/-Ahlfors regular and uniformly rec-
tifiable, then there is a q 2 .1;1/ such that the Lq-Dirichlet problem is well posed
for L D ��, that is, for coefficients A D I , where I is the identity matrix.

There has been considerable investigation into the weakest possible sufficient
conditions (and the strongest possible necessary conditions!) for well-posedness of
the Lq-Dirichlet problem. Many forms of the DKP condition have been investigated
under many conditions on domains. We will now mention one known well-posedness
result for operators satisfying a quite weak version of the DKP condition (defined
above); this is not the only such known result, and in fact, some results are known in
more general domains.

Specifically, if � � Rn is a chord-arc domain, and if A satisfies the weak DKP
condition of Definition 6.8 in � for some finite M , then there is a q 2 .1;1/ such
that the Lq-Dirichlet problem for �divAr is well posed.

This is based on known results as follows. By [29, Theorem 1.21], if � � Rn

is open, if @� is .n � 1/-Ahlfors regular and uniformly rectifiable, if A satisfies the
weak DKP condition, and if �divAru D 0 and u is bounded in �, thenZ

B.x;r/\�

jru.y/j2 dist.y; @�/ dy � Ckuk2L1�.B.x; r/ \ @�/ (7.1)

for all x 2 @� and all r > 0.
By [16, Theorem 1.1], if � is a 1-sided chord-arc domain, then the Carleson

condition (7.1) implies that the harmonic measure for �divAr lies in A1.@�/.
Let !y be the harmonic measure for �divAr with pole at y, and let ky be the

Radon–Nikodym derivative of !y with respect to the surface measure. As observed
just following [16, Definition 2.13], their A1 condition implies that there exist a
C <1 and a p 2 .1;1/ such that if x 2 @�, 0 < r < diam�, and y D Ar.x/ is
the corkscrew point to x at scale r , then�«

�.x;r/

.ky/p d�

�1=p
� C

«
�.x;r/

ky d�:

It is well known (see, for example, [36, Proposition 4.5]) that this reverse Hölder
estimate on the harmonic measure yields well-posedness of the Lq-Dirichlet problem
for q D p=.p � 1/, that is, for q the Hölder conjugate of p.

7.3. The small DKP condition

We conclude this discussion by mentioning a “small constant” result. That is, notice
that the results of the previous two sections all imply the existence of a q 2 .1;1/
such that the Lq-Dirichlet problem is well posed, without ever specifying precise val-
ues of q. By requiring more of our coefficients and domains, it is possible to choose
a value of q and find situations in which the Lq-Dirichlet problem is well posed.
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Specifically, let q 2 .1;1/, let n� 3 be an integer, and letƒ> � > 0. Then there
is a ı > 0 (depending on q, d, ƒ, and �) such that if

(1) � � Rn,

(2) @� is a chord-arc surface with constant at most ı (as defined in Defini-
tion 6.6),

(3) A satisfies the ellipticity conditions (2.2)–(2.3) (with d D n � 1), and

(4) A satisfies the weak Dahlberg–Kenig–Pipher condition in � with constant at
most ı (as defined in Definition 6.8),

then the Lq-Dirichlet problem is well posed.
This result follows from known results in the literature by a line of argument sim-

ilar to the previous section. First, by the recent results of [23], the given conditions
imply a quantitative local A1-type condition on the harmonic measure.4 Second, one
can show that this A1-type condition implies a local reverse Hölder condition on the
density (that is, the Radon–Nikodym derivative with respect to the surface measure)
of the harmonic measure. Finally, as before, by [36, Proposition 4.5], this reverse
Hölder estimate yields well-posedness of the Lq-Dirichlet problem.

The precise form of the A1-type condition varies from paper to paper, and some
work must be done to relate particular forms to the required reverse Hölder condi-
tion. Moreover, in the small constant case, we must at every step ensure that our
results work for the chosen value of q and not, as in the previous section, merely for
sufficiently large finite q. This means that the argument for this result is somewhat
more involved than in the previous section; we will give the details in the appendix
of [9].

We emphasize that all of the results mentioned in Section 7 (and many other
recent advancements in this spirit) extrapolate automatically to well-posedness within
the subregions in Figure 4 by virtue of Theorem 5.1. In particular, in the small
constant case, the region includes arbitrarily large compact subsets of the square
.0; 1/ � .1;1/. We emphasize that this is not a result of the more traditional interpo-
lation between the Dirichlet problem and the regularity problem, as in most of these
cases, the regularity problem has not been treated.

Funding. Svitlana Mayboroda is partially supported by the NSF RAISE DMS
1839077 and the Simons Initiative of Geometry of Flows. Svitlana Mayboroda

4The weak DKP condition required by [23] is not quite that required by [29]. To lighten
the exposition, we have chosen to state only the stronger of these two weak DKP conditions.
It is straightforward to establish that the weak DKP condition of [23] implies the weak DKP
condition of [29] in the setting of [23], that is, in domains � such that the Whitney boxes
of [23, formula (1.2)] have volume comparable to rn.
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