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Cohomology rings of character varieties

Anton Mellit

Abstract. In this talk, I give an introduction and present some recent progress towards under-
standing the cohomology rings of character varieties of Riemann surfaces, such as a proof
of the P D W conjecture and the computation of the zero-dimensional cohomological Hall
algebra (COHA). In the case of punctured sphere, I present an explicit description relating
the cohomology rings to the Hilbert scheme of C2, refining conjectures of Hausel–Letellier–
Rodriguez-Villegas and Chuang–Diaconescu–Donagi–Pantev. I explain how the general case
should be related to the symplectic geometry of the Hilbert scheme.

1. Classical motivation

One way that character varieties naturally arise is through the study of linear ODEs.
The monodromy theorem associates to a linear ODE a representation of the funda-
mental group. The famous twenty-first Hilbert problem asked if any representation
arises in such a way. A historical review of this subject can be found in [2].

Referring the reader for details and references to [2, Section 3], we briefly
summarize the ideas here. Suppose we have a linear ODE

@

@t
E'.t/ D A.t/ E'.t/ .t 2 C/: (1.1)

Here, A.t/ is an n � n matrix-valued meromorphic function of one complex vari-
able t , and we are looking for vector-valued solutions E'.t/. Let t1; : : : ; tk be the poles
of A.t/ (including1 if necessary), which we call punctures. Choose a basepoint �,
away from the poles of A.t/. In a neighborhood of �, we have an n-dimensional vec-
tor space of local solutions of the ODE (1.1). For any loop 
 based at � avoiding the
punctures, solving the ODE along 
 produces a linear transformation of the space
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Figure 1. Fundamental group of a k-punctured sphere.

of solutions. Choosing a basis of the space of solutions, we obtain the monodromy
representation of the fundamental group

� W �1.�;P
1.C/ n ¹t1; : : : ; tkº/! GLn.C/:

A different choice of basis produces an isomorphic representation.
Another way to think about this is that local solutions to the ODE form a locally

constant sheaf on P1.C/ n ¹t1; : : : ; tkº. Locally constant sheaves are also called local
systems, and they are in a natural bijection with equivalence classes of monodromy
representations; see [43, Corollary 2.6.2].

More explicitly, the fundamental group of P1.C/ n ¹t1; : : : ; tkº is the free group
on k � 1 generators. Drawing loops around the punctures, as shown in Figure 1, one
obtains the following presentation of the fundamental group:

�1.�;P
1.C/ n ¹t1; : : : ; tkº/ D h
1; : : : ; 
k j 
1 � � � 
k D 1i: (1.2)

This presentation of �1 by k generators and one relation is better than the free group
presentation for the following reason. Let us assume thatA.t/ has simple poles. In this
case, analyzing the ODE locally around each puncture and finding a basis of solutions
using the Frobenius method (see [44, Section 4.4]), one can compute the local mon-
odromy matrices �.
i /, up to conjugation. For instance, the characteristic polynomial
of �.
i / coincides with the characteristic polynomial of the matrix exp

�
2�
p
�1Ai

�
,

where Ai is the residue of A.t/ at t D ti .
Using the presentation (1.2), any monodromy representation corresponds to a

k-tuple of n � n matrices M1; : : : ;Mk satisfying

M1 � � �Mk D In; (1.3)

where the local monodromy computation informs us about the conjugacy class of
each Mi .
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To summarize, the local monodromy, which is the data of the conjugacy classes of
the matricesM1; : : : ;Mk , can be determined by an algebraic computation. The global
monodromy, i.e., the representation � up to isomorphism, is the data of the tuple of
matrices M1; : : : ; Mk satisfying (1.3), up to a simultaneous conjugation. Unless in
special cases, we know only how to compute the global monodromy by transcenden-
tal techniques. So it is probably hopeless to look for an algebraic way to compute the
global monodromy exactly. On the other hand, it still makes sense to formulate the
following problem.

Problem 1.1. Given n, k, and a collection of local monodromies (i.e., conjugacy
classes), determine all algebraic relations among the matrix entries of the correspond-
ing monodromy representations that are satisfied by every representation with these
local monodromies.

This is the basic idea about the character variety. Before we give a precise
definition, we consider an example which can be worked out explicitly.

2. The Fricke–Klein example

2.1. Equations

This example was essentially worked out in [13]. Let k D 4, n D 2. Let a1; : : : ; a4 2
C n ¹�2; 2º. We exclude the cases �2 and 2 because in these cases the matrices Mi

do not have distinct eigenvalues, and so the Jordan forms are not completely deter-
mined by the characteristic polynomials. Let us try to parameterize all 4-tuples of
2 � 2 matrices M1;M2;M3;M4 2 SL2.C/, up to conjugation, satisfying

4Y
iD1

Mi D I2; trMi D ai :

Let x D tr.M1M2/, y D tr.M1M3/, z D tr.M2M3/. The following SAGE code
computes the ideal of relations between x; y; z:

R.<m111,m112,m121,a1,m211,m212,m221,a2,m311,m312,m321,a3,x,y,z,a4>=QQ[]
M1=matrix(2,2,[m111,m112,m121,a1-m111])
M2=matrix(2,2,[m211,m212,m221,a2-m211])
M3=matrix(2,2,[m311,m312,m321,a3-m311])
eqns=[M1.det()-1,M2.det()-1,M3.det()-1,(M1*M2*M3).trace()-a4,(M1*M2).trace()-x, \
(M1*M3).trace()-y,(M2*M3).trace()-z]
J=R.ideal(eqns)
J.elimination_ideal([m111,m112,m121,m211,m212,m221,m311,m312,m321])

The computation yields the elimination ideal generated by the single cubic relation
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Ideal (a1*a2*a3*a4 - a1*a2*x - a1*a3*y - a2*a3*z + x*y*z - a3*x*a4 - a2*y*a4 - a1*z*a4
+ a1^2 + a2^2 + a3^2 + x^2 + y^2 + z^2 + a4^2 - 4) of Multivariate Polynomial Ring in
m111, m112, m121, a1, m211, m212, m221, a2, m311, m312, m321, a3, x, y, z, a4 over
Rational Field

So for each 4-tuple of matrices satisfying the conditions, the corresponding
x; y; z 2 C as above produce a solution to the so-called Markov equation with
parameters a1; a2; a3; a4:

xyz C x2 C y2 C z2 � .a1a2 C a3a4/x � .a1a3 C a2a4/y � .a1a4 C a2a3/z

C a1a2a3a4 C a
2
1 C a

2
2 C a

2
3 C a

2
4 � 4 D 0: (2.1)

Conversely, suppose x; y; z 2 C is a solution to the Markov equation. Let us see
that for generically chosen values a1; a2; a3; a4, we can always uniquely recover the
tuple of matrices, up to conjugation.

First, we observe that knowing the traces x; y; z; a1; a2; a3; a4, we can compute
the trace of an arbitrary product of matrices M1; : : : ;M4 and their inverses. Indeed,
given such a product, we first replace any occurrence ofM4 byM�13 M�12 M�11 . Then
using

A�1 D tr.A/I2 � A .A 2 SL2.C//;

we can reduce to the situation when no inverses appear. So we have an arbitrary
product of M1;M2;M3. Using

BA D tr.BA/I2 � A�1B�1 .A;B 2 SL2.C//

and getting rid of the inverses, we rearrange terms modulo products of shorter length
until we obtain a linear combination of I2, M1, M2, M3, M1M2, M1M3, M2M3,
M1M2M3 D M�14 , all of whose traces are explicitly computed in terms of x; y; z
and the parameters.

Knowing the traces of arbitrary products, let us find out if any 4 products form
a basis of the space of 2 � 2 matrices. Indeed, because the trace pairing is non-
degenerate, matrices Q1; : : : ; Qn2 form a basis of the space of n � n matrices if
and only if the n2 � n2 matrix of traces tr.QiQj / is non-degenerate.

Suppose products of M1; : : : ; M4 do span the space of matrices, i.e., the mon-
odromy representation is irreducible, and we choose a basisQ1; : : : ;Q4. Knowing the
traces allows us to express any other product as a linear combination of Q1; : : : ;Q4.
In particular, we recover the ring structure on the 4-dimensional space of linear com-
binations of Q1; : : : ; Q4, and any monodromy representation provides a C-linear
isomorphism of this ring with the matrix ring. Any other monodromy representation
with the same traces would produce a C-linear automorphism of the matrix ring. All
C-linear automorphisms of the matrix ring are inner, i.e., related by a change-of-basis
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transformation, by the Skolem–Noether theorem [28, p. 173], and so we conclude that
the monodromy representations with the same traces are equivalent.

This was under the assumption that the monodromy representation is irreducible.
If the representation is reducible, then in a suitable basis the matrices M1; : : : ; M4

can be written in upper triangular form. In this situation, we cannot determine the
matrices only from the trace information. Denoting the top-left diagonal entry of the
upper triangular matrix Mi by �i , we must have

Q4
iD1 �i D 1. On the other hand, �i

is a root of the polynomial t2 � ai t C 1 which has 2 roots. So this kind of situation is
possible only for special values of the parameters a1; a2; a3; a4.

More precisely, we call a1; a2; a3; a4 generic if none of the 16 products of the
roots of t2 � ai t C 1 (we pick one root from each quadratic equation) equals 1. We
have seen that if the parameters are generic, then all monodromy representations
are irreducible and in one-to-one correspondence with the solutions of the Markov
equation (2.1).

2.2. Geometry of the Markov cubic

In algebraic geometry, given an algebraic varietyX , i.e., a set of solutions to a system
of polynomial equations, we are usually interested in its cohomology ringH�.X;C/.
Hodge theory extended by Deligne to non-compact and singular spaces [10, 11]
endows the cohomology with mixed Hodge structure. Structure constants of the ring
typically encode interesting enumerative information. Sometimes the cohomology
ring as a ring itself can be an interesting object of study, perhaps making a con-
nection with a ring constructed in some other way in a completely different field of
mathematics.

Although the ring structure in the Fricke–Klein situation turns out to be trivial,
the cohomology already has a non-trivial mixed Hodge structure. We explain how to
compute it.

Assuming the parameters a1; a2; a3; a4 2 C n ¹�2; 2º are generic, the cubic X
given by the Markov equation (2.1) is non-singular. Let X � CP3 be the solution set
of the homogenization of (2.1). Its affine part is X � X , and the complement X nX
is given in CP2 as the solution set of the homogeneous equation xyz D 0; thus, it
is a union of three lines forming a triangle. Denote this triangle by �. We refer to
Figure 2. It is straightforward to check that homogenization of any cubic of the form

xyz C x2 C y2 C z2 C lower degree terms

does not have any singularities at infinity. So X is a smooth cubic surface and there-
fore can be obtained as a blowup of CP2 at 6 points (for background, see [21]). The
cubic X , as any other smooth cubic surface, contains 27 projective lines. Three of
them form �. The intersection graph of the 27 lines is well known, and one can see
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Figure 2. Markov’s cubic as the complement of a triangle in the projective plane blown up at
6 points.

that for any triangle, one can choose 6 lines which do not intersect pairwise and do not
contain any of the lines of the triangle. Each side of the triangle intersects 2 of the 6
lines. Blowing down these 6 lines, we obtain a map f W X ! CP2. The 3 lines of �
are isomorphically mapped to 3 lines on CP2. Choosing coordinates appropriately,
one can assume that f .�/ is the complement of C� �C� � CP2. So we have

U D f �1.C� �C�/ D C� �C� � X;

an open subset,1 and the complement X n U is a disjoint union of 6 copies of C:

X D C� �C� tC t � � � tC„ ƒ‚ …
6 copies

:

The 6 copies of C are divided into 3 pairs according to which of the three lines of �
they intersect.

2.3. Cohomology

With this picture in mind, we have several ways to compute the cohomology.
All cohomology groups we consider have complex coefficients. From the relative
cohomology sequence for the pair C� �C� D U � X , we obtain an exact sequence

� � � ! H 1.X/! H 1.U /! H 2.X;U /! H 2.X/! H 2.U /! � � � : (2.2)

1It is possible to explicitly write down the map f and correspondingly the bijection between
an open subset ofX and C� �C�, but the resulting formulas are cumbersome and do not seem
to provide any useful information for our discussion, so we postpone this to another publication.
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Here, sinceU is homotopy equivalent to the 2-torus, we haveH 0.U /DC,H 1.U /D

C2, H 2.U / D C. Consider the pair U; X . The complement X n U is the disjoint
union of 6 copies of C. Let us denote them by Z1; : : : ; Z6. Since both C and X are
non-singular, by the tubular neighborhood theorem we can find disjoint open neigh-
borhoods Vi �Zi , Vi �X , such that each Vi looks like a vector bundle of real rank 2
over Zi Š C. By the excision theorem, we obtain

H�.X;U / D

6M
iD1

H�.Vi ; Vi nZi /:

Using the Thom isomorphism

H�.Vi ; Vi nZi / Š H
��2.Zi /

and the contractibility ofZi ŠC, we conclude thatH 2.Vi ;Vi nZi /ŠC and all other
cohomologies vanish. So we obtainH 2.X;U /ŠC6 and all other cohomologies van-
ish. So the remaining part of the long exact sequence (2.2) vanishes, except for the
isomorphism H 0.X/ Š H 0.U / Š C. The map C2 D H 1.U /! H 2.X; U / D C6

is dual to the map C6 Š H2.X;U /! H1.U / Š C2. Here, a point class on Zi Š C
corresponds to a disc class in H2.X; U / whose boundary is a 1-cycle in U which
gets contractible in U [ Zi . From Figure 2, we see that all 1-cycles in U become
contractible in X , so the map H2.X; U / ! H1.U / is surjective, the dual map is
injective, and we have H 1.X/ D 0, while H 2.X/ is an extension of H 2.U / D C by
H 2.X;U /=H 1.U / Š C4.

This is reflected in the weight filtration on H 2.X/. As a mixed Hodge struc-
ture, the subspace H 2.X; U /=H 1.U / � H 2.X/ is pure of weight 2, while H 2.U /

has weight 4. Thus, we have W2 D H 2.X; U /=H 1.U / � H 2.X/ with dimW2 D 4,
W3 D W2, and W4 D H 2.X/ with dimW4=W2 D 1.

Another way to compute the cohomology is to use the compactification. Let us
denote X0 D X , X1 D X0 nCP1, X2 D X0 n .CP1 [CP1/, X3 D X0 n�, so that
we pass fromXi toXiC1 by removing a line. This leads to exact sequences for each i :

0!H 1.XiC1/!H 2.Xi ; XiC1/!H 2.Xi /!H 2.XiC1/!H 3.Xi ; XiC1/! 0

0! H 3.XiC1/! H 4.Xi ; XiC1/! H 4.Xi /! H 4.XiC1/! 0;

as we will see that the odd cohomologies of Xi vanish at each step. At each step, we
will use that H k.Xi ; XiC1/ D H

k�2.Xi n XiC1/ by the combination of the tubular
neighborhood theorem, excision, and the Thom isomorphism, as detailed in the previ-
ous argument. Since Xi n XiC1 is CP1, C or C�, the latter cohomology is non-zero
only for k D 2; 3; 4. Initially, we have H 0.X0/ D C, H 2.X0/ D C7 (represented
by 7 algebraic cycles: the line in CP2 and the 6 exceptional curves), H 4.X0/ D C,
all other cohomologies vanish.
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For i D 0, we have X0 n X1 D CP1, which has H 0 D C and H 2 D C. These
coincide withH 2.X0;X1/ andH 4.X0;X1/, respectively, and we see that inH 2.X1/

(resp. H 4.X1/), we have one less dimension than in H 2.X0/, respectively, H 4.X0/.
So H 4.X1/ D 0, H 2.X1/ D C6.

For i D 1, we have X1 n X2 D C, which has only H 0 D C. So X2 has one
dimension less in H 2.X2/, while nothing else changes: H 2.X1/ D C5.

Finally, for i D 2, we have X2 n X3 D C�, which has H 0 D C and H 1 D C,
which coincide withH 2.X2;X3/ andH 3.X2;X3/ correspondingly. Thus, two things
happen. First, only 4 dimensions from H 2.X2/ out of 5 contribute to H 2.X3/.
On the other hand, one extra dimension comes from H 3.X3; X2/. The net total is
H 2.X3/ D C5, as in X2, but the nature of the 5 dimensions is different, and corre-
spondingly the weights are different. The 4 dimensions coming from H 2.X2/ have
weight 2, and this is reflected by the fact that they are represented by algebraic cycles.
The remaining class has weight 4 as it comes from H 3.X3; X2/. The weight of
H 1.C�/ is 2, but it gets increased by 2 when we pass to H 3.X3; X2/.

Yet another approach to describe the cohomology is by using differential forms
and Chern classes. Notice that the moduli space X carries four natural line bundles
L1; : : : ;L4. Each point p 2X corresponds to a 4-tuple of 2� 2matricesM1; : : : ;M4.
For each i , the matrix Mi has two one-dimensional eigenspaces, denoted Ei , E 0i .
Letting p vary, one can show that the family of one-dimensional vector spaces
HomC.Ei ; E

0
i / is locally trivial and therefore produces a line bundle, denoted Li .

Its Chern class c1.Li / is an element of H 2.X/. These Chern classes c1.Li / span
W2H

2.X/. To obtain one more class, we use the differential form

! D
dx

x
^
dy

y

on U Š C� � C�, written in the natural coordinates x; y on C� � C�. Let us verify
that ! extends to the whole of X . It is sufficient to consider the neighborhood of one
of the exceptional lines. The blowup is locally described by the equation

x � 1 D zy;

and performing the substitution, we obtain

! D
dz ^ dy

yz C 1
;

which extends to y D 0 in a neighborhood of the line ¹.y; z/ 2 C2 j y D 0º.
These findings can be summarized in Table 1.
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H � WiH
i WiC2H

i =WiH
i

H2 C4 D hc1.Li / j i D 1; 2; 3; 4i C D h! D symplectic formi
H0 C D h1i

Table 1. Cohomology of the Markov cubic.

2.4. Mixed Hodge polynomial

The numerical information about cohomology is packaged in the Poincaré polyno-
mial X

i

qi dimH i .X/:

In the case of an algebraic variety, the information about the weight filtration is
encoded in the mixed Hodge polynomial2

P.X I q; t/ D
X
i;j

qi tj dim.WjH i .X/=Wj�1H
i .X//;

so that the Poincaré polynomial is its t D 1 specialization. From Figure 1, we obtain
that the Poincaré polynomial of X is 1 C 5q2 and the mixed Hodge polynomial is
P.q; t/ D 1C 4q2t2 C q2t4. We prefer to consider a slightly different version of the
mixed Hodge polynomial, which encodes the same information. Let

MH.X I q; t/ WD q
1
2 dimC XP

�
X I q�

1
2 t�

1
2 ; t

1
2

�
:

For instance, in our running example, we obtain

MH.X I q; t/ D q C t C 4:

We should also compare our calculations with the number of points on our variety
over the finite field Fq . Assuming all the lines are defined over the base field, we see
that the first computation produces

.q � 1/2 C 6q D q2 C 4q C 1:

Here, C� � C� gets replaced by F�q � F�q , which has size .q � 1/2, and each of the
six lines C becomes Fq , which has size q. The second computation produces

q2 C 7q C 1 � .q C 1/ � q � .q � 1/ D q2 C 4q C 1:

2Normally, the mixed Hodge polynomial is defined as a polynomial in three variables.
The third variable additionally records the Hodge decomposition of the pure Hodge structure
WjH

i .X/=Wj�1H
i .X/. In our situation, however, this decomposition is typically trivial, i.e.,

the pure Hodge structure is Tate.
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Here, the number of points onX , a smooth cubic surface, is q2C 7qC 1. We remove
subsequently P1Fq of size q C 1, Fq of size q, and F�q of size q � 1. In each case,
one can track how the different powers of q contribute to the cohomology so that q2

corresponds to H 0 and 4q C 1 corresponds to H 2.
In any case, for a general algebraic varietyX , if the number of points is a polyno-

mial of q, then the counting polynomial coincides with the E-polynomial, as shown
by N. Katz in the appendix of [24]. Then we have

jX.Fq/j D q
dimC XP

�
X I �1; q�

1
2

�
D q

1
2 dimC XMH.X I q; q�1/; (2.3)

assuming MH is indeed a polynomial in q, t , which means that all the weights are
even, and the cohomology is concentrated in even degrees.

3. Setup

After reviewing in detail the basic example, we turn to the general setup and precise
definitions. There is no reason to consider only genus 0 complex curves, and the clas-
sical motivation directly extends to the more general case; for instance, ODEs can
be studied on complex curves of arbitrary genus. So we consider a complex curve of
genus g with k punctures.

Definition 3.1. Fix g � 0, n; k � 1 and Jordan forms J1; J2; : : : ; Jk 2 GLn. The
associated genus g character variety X D ChargIJ1;:::;Jk is the quotient space

¹.A1; : : : ; Ag ; B1; : : : ; Bg ;M1; : : : ;Mk/ WMi � Ji ;

A1B1A
�1
1 B

�1
1 � � �AgBgA

�1
g B

�1
g M1 � � �

Mk D I º=PGLn.C/;

where PGLn.C/ acts by simultaneously conjugating all the matrices.

In general, the quotient space is an Artin stack, but we will only consider generic
conjugacy classes in which case the quotient is a smooth affine algebraic variety.

Definition 3.2 ([22]). The data J1; : : : ; Jk are generic if

(1)
Qk
iD1 detJi D 1

(2) for every 0 < n0 < n and every block decomposition Ji �
�
J 0
i
J 00
i

0 J 000
i

�
with

J 0i 2 GLn0 , we have
Qk
iD1 detJ 0i ¤ 1.
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Theorem 3.3 ([22]). For generic data n; k; J1; : : : ; Jk , the quotient space

X D ChargIJ1;:::;Jk

has the structure of a smooth affine algebraic variety.

In fact, considering functions on X of the form

tr.Mi1 or Ai1 or Bi1 � � �Mim or Aim or Bim/;

we can realize X as an algebraic subset of CN for sufficiently large N .
Basically, the same reasoning as in the Fricke–Klein situation can be applied in

general. However, the number of traces one needs to consider is uncontrollably large,
and it seems hopeless to be able to produce all equations by the elimination computa-
tion. Even if we do obtain a complete list of equations, it is not clear which interesting
information we should be able to extract from such a list. For instance, equations in
the case of genus 0, rank 2, five punctures are given in [42, Proposition 2.1]. We do
hope, however, that computing the cohomology ring is an achievable goal.

Problem 3.4. Compute the cohomology ring H�.X;C/.

4. What is known?

Having defined our basic object of study, we explain some important structural
results.

4.1. Non-abelian Hodge correspondence

The non-abelian Hodge correspondence, pioneered by Hitchin [26] and developed by
Simpson [39–41], is a construction of a remarkable bijection between local systems
and stable Higgs bundles, which induces a diffeomorphism between the character
variety and the moduli space that parameterizes stable Higgs bundles.

The construction of the character variety only depends on the topological type
of the Riemann surface. Now we need to view the Riemann surface with punctures
as a compact algebraic curve C over C with marked points. Then a Higgs bundle
is a pair .E; �/, where E is an algebraic vector bundle on C and � a Higgs field,
which is a twisted matrix-valued function on C of a certain kind. More precisely,
� W E ! E ˝ !C .D/, where D D

Pk
iD1Œti � is the divisor on C corresponding to the

marked points t1; : : : ; tk . Explicitly, this means that on an open subset of C where E

is trivialized, � is a matrix whose entries are algebraic differential forms on C with
simple residues at the marked points.

Furthermore, these Higgs bundles are required to be endowed with parabolic
structures at the marked points. This is simply a choice of a partial flag at the fiber
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Local systems Higgs bundles
�1.C /! GLn.C/ .E; �/: E algebraic vector bundle on C ,

� W E ! E ˝ !C Higgs field
punctures, Ji parabolic structure, stability

XB “Betti” moduli space Š XDol “Dolbeault” moduli space

H
itc

hi
n

m
ap E E

5 � P1

t ¤ 0 t D 0 t ¤ 0

C 0
�1

t

affine algebraic variety Hitchin system XDol ! Cdimension=2

cohomology ring H�.XB ;C/ the same ring
weight “W ” filtration W�H� perverse “P ” filtration

Figure 3. Non-abelian Hodge correspondence.

of E at each marked point, preserved by the residue resti � , which acts on that fiber by
a linear transformation. The steps of the partial flag precisely match the dimensions of
the generalized eigenspaces of the Jordan forms Ji . The data of a Higgs bundle with
a parabolic structure have to satisfy a stability condition. The data of the eigenval-
ues and the Jordan blocks of Ji translate into parabolic weights defining the stability
condition, and into the Jordan form of resti � acting on the subquotients of the flag.
Details are given in [39].

The moduli space of Higgs bundles in this context is referred to as the Dolbeault
moduli space XDol, while the character variety is called the Betti moduli space XB .
The non-abelian Hodge correspondence provides a homeomorphism betweenXB and
XDol. In particular, their cohomology rings are isomorphic. We will use X when it is
not important whether we takeXB orXDol. We summarize features appearing on both
sides of this correspondence in the table in Figure 3.

4.2. Generators ofH �.X/

Generators of the cohomology ring are known. There is a general argument in [29]
concerning moduli spaces of sheaves on complex surfaces. With a little modification,
it can be applied to the situation of parabolic Higgs bundles. Basically speaking,
certain Chern class of the complex of vector bundles on XDol � XDol computing
the derived Hom between Higgs bundles is a multiple of the diagonal class. More-
over, there exists a compactification XDol � XDol such that the complex extends to
XDol � XDol, and the Chern class remains a multiple of the diagonal class. Thus,
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the identity map H�.XDol/! H�.XDol/ can be written in terms of the tautological
classes.

Consider the tautological bundle3 E ! XDol � C . For each i 2 ¹0; 1; 2º, � 2
H i .C /, and m 2 Z�0, define

em.�/ WD .�X /�.cm.E/ [ �/ 2 H
2mCi�2.XDol/: (4.1)

Here, cm.E/ 2 H 2m.XDol � C/ is the Chern class and �X is the projection XDol �

C ! XDol. If we have a marked point tj , then each point of XDol gives a flag
0 D Fj0 � Fj1 � � � � � Fjrj D E.tj /. Each subquotient of the flag produces a vector
bundle on XDol, and we take its Chern classes cm;j;` WD cm.Fj`=Fj`�1/.

Theorem 4.1. The cohomology ringH�.XDol/ is generated by the classes em.�/ and
cm;j;`, where � ranges over a basis of the cohomology ring H�.C /.

The cohomology ring of the Riemann surface C has a basis 1 2 H 0.C /, pt 2
H 2.C /, and �1; : : : ; �2g 2 H 1.C / with the product structure given by �i�iCg D
��iCg�i D pt, and all other �i�j being zero.

4.3. Explicit relations ofH �.XDol/

Explicit relations of H�.XDol/ are known for n D 2, k D 1, J1 D �I , and arbi-
trary g [25]. The cohomology is generated by certain elements "1; : : : ; "2g 2
H 1.XDol/, ˛ 2 H 2.XDol/,  1; : : : ;  2g 2 H 3.XDol/, and ˇ 2 H 4.XDol/. These are
certain multiples of e1.�i /, e2.1/, e2.�i /, and e2.pt/. The elements "i generate a copy
of the cohomology ring of the Jacobian of C , and we have

H�.XDol/ D H
�.Jac.C //˝

gM
iD0

^
i
0. /˝CŒ˛; ˇ; 
�=J g�ii ;

where J g�ii � CŒ˛; ˇ; 
� is the ideal generated by an explicit list of polynomials in
˛; ˇ; 
 . Here, 
 D �2

Pg
iD1  i iCg and ^i0. / denotes the primitive part in the

space of i -fold products of  j -classes.

3In fact, the tautological bundle is often not well defined as a vector bundle. It is well
defined as a projective bundle, and the “determinant” det E is also well defined, but the deter-
minant might have no n-th root and correspondingly c1.det E/ 2 H2.XDol;Z/ may not be
divisible by n. Since we are dealing with the cohomology with complex coefficients, this does
not create a problem, and all the Chern classes are still well defined.
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g loops

k legs

n

Figure 4. Comet-shaped quiver with k legs and g loops.

4.4. Weight filtration

SinceXB is an algebraic variety, its cohomology is endowed with the weight filtration
constructed by Deligne in [10, 11]. The weight filtration on H�.XB/ is very easily
described in terms of the tautological generators. The following was shown in [38]
for the case without parabolic points and in [32] in a more general case.

Theorem 4.2. Define the weight of the tautological generators em.�/ and cm;j;` to
be 2m. Then WmH�.XB/ is spanned by products of tautological generators of total
weight � m.

4.5. The pure part

The pure partH�pure.XB/D
L
iWiH

i .XB/ is naturally a subring ofH�.XB/. In [22],
it was conjectured that the Poincaré polynomial of H�pure.XB/ matches that of the
quiver variety associated to the corresponding comet-shaped quiver with g loops
and k legs whose lengths depend on the conjugacy classes Ji ; see Figure 4.

4.6. P D W

Computing the characteristic polynomial of � W E ! E ˝ !C .D/ at all points of C
produces a well-defined polynomial map XDol ! CdimC X=2 called the Hitchin map,
which is known to be proper. This induces a filtration P�H�.XDol/ on H�.XDol/

called the perverse Leray filtration [9]. According to the recently proved P D W

conjecture [8], we have the following theorem.

Theorem 4.3 ([23, 30]). The following equality holds:

Pi D W2i :

4.7. q � t symmetry

Recall the mixed Hodge polynomial q C t C 4 from Section 2.4. Notice that it is
symmetric in the variables q and t . The mixed Hodge polynomials were conjectured
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to be symmetric in q, t in general in [22]. This was called the curious hard Lefschetz
property. Assuming P DW , the curious hard Lefschetz property is a consequence of
the relative hard Lefschetz theorem on the XDol-side. We have the following theorem.

Theorem 4.4 ([32]). The cohomology H�.XB/ satisfies curious hard Lefschetz:

!i W GrWdimC X�2i
H j .XB/! GrWdimC XC2i

H jC2i .XB/

is an isomorphism, where ! is the class of a certain explicit holomorphic 2-form.

In fact, the proof of P DW from [30] relies on this result. On the other hand, the
proof of P D W in [23] is independent of it and therefore provides another proof of
the curious hard Lefschetz.

Similar curious hard Lefschetz property holds for a certain version of the
Khovanov homology of knots (conjectured in [12], proved in [16]).

4.8. Partition function

Perhaps the biggest problem in the field that still remains open is the conjectural for-
mula for the generating function of the mixed Hodge polynomials of all character
varieties given in [22] in terms of a partition function. Here, k (the number of marked
points) and g are fixed. For each i D 1; : : : ; k, let xi WD .xi1; xi2; : : :/ be an infinite
sequence of variables. Suppose we have a sequence �i WD .�i1; �i2; : : :/ of non-
negative integers with

P
j �ij D n. To this we associate a conjugacy class J�i of the

diagonal matrix with eigenvalues having multiplicities �i1; �i2; : : : . For a tuple of
such sequences � D .�1; : : : ; �k/, we choose the eigenvalues arbitrarily so that the
conjugacy classes satisfy the genericity condition (Definition 3.2) and consider the
corresponding character variety XgIJ�1 ;:::;J�k . We take its mixed Hodge polynomial
(Section 2.4) with weight

x�
WD

kY
iD1

Y
j

x
�ij
ij :

The result is a symmetric function in each sequence of variables xi whose coefficients
are polynomials in q and t :

MHg;k.x1; : : : ; xkI q; t/ WD
1X
nD1

X
�1;:::;�k`n

MH.XgIJ�1 ;:::;J�k I q; t/ x�:
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On the other hand, we define the partition function

�g;k.x1; : : : ; xkI q; t/ WD
1X
nD0

X
�`n

zH�.x1I q; t/ � � � zH�.xkI q; t/

�

Y
�2�

�
qa.�/C1=2 � t`.�/C1=2

�2g
.qa.�/ � t`.�/C1/.qa.�/C1 � t`.�//

; (4.2)

where � goes over all partitions (Young diagrams), zH�.xkI q; t/ denotes the modified
Macdonald polynomial, the product goes over the cells of the Young diagram, and
a; ` denote the usual arms and legs statistics (see [15]).

Conjecture 4.5 ([22]). The partition function is related to the mixed Hodge polyno-
mials as follows:

�g;k D Exp
�
�

MHg;k
.q � 1/.t � 1/

�
: (4.3)

Here, Exp denotes the plethystic exponential. It can be defined for any expression
involving some variables a; b; c; : : : as follows:

Exp.f .a; b; c; : : :// WD exp
� 1X
nD1

f .an; bn; cn; : : :/

n

�
:

If a; b; c; : : : are monomials in some variables, then we have

Exp.aC b C c C � � � / D
1

1 � a

1

1 � b

1

1 � c
� � � ;

so plethystic exponential can be thought of as the conversion between infinite sums
and infinite products. There is an inverse operation Log called the plethystic loga-
rithm. So if we focus on computing the mixed Hodge polynomials from (4.3), we can
write

MHg;k D �.1 � q/.1 � t /Log�g;k : (4.4)

4.9. What is known?

Conjecture 4.5 was motivated by a computation performed in [22]. It was shown
that its implication for the number of Fq points is correct (see (2.3)), by counting
representations �1.C / ! GLn.Fq/ using the character theory of the finite group
GLn.Fq/.

Theorem 4.6 ([22]). The number of points over Fq (t D q�1 specialization) deduced
from the conjectural equality (4.3) is correct.
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Initially, in identity (4.4), it was not at all clear that the right-hand side has coef-
ficients which are polynomials in q, t , as they should be because the mixed Hodge
polynomials on the left-hand side are polynomials by definition. Using a new identity
in the combinatorics of Macdonald polynomials established in [14], the author first
proved the following theorem.

Theorem 4.7 ([31]). The coefficients of .q � 1/.t � 1/ Log� are polynomials in q
and t .

Then, together with an approach to count Higgs bundles over Fq by Schiffmann
[36, 37] and a new relationship between the Macdonald polynomials and the affine
Springer fibers, the author proved the following theorem.

Theorem 4.8 ([33, 34]). The Poincaré polynomials (t D 1 specialization) deduced
from the conjectural equality (4.3) are correct.

With the help of this theorem, there is a following line of attack on Conjecture 4.5.
Suppose we managed to construct a “candidate model” M for the cohomology ring
of the character variety so that it comes with a surjective mapM !H�.X/. Showing
surjectivity of the map is plausible because the generators of H�.X/ are known. If
we furthermore manage to show that the dimension of M is exactly as predicted by
Conjecture 4.5, then by Theorem 4.8 the mapM !H�.X/must be an isomorphism.
Partial progress in this direction is discussed in the next sections.

5. COHAs/Coulomb branches

In order to explain our approach, we need to introduce some ideas.

5.1. Cohomological Hall algebra (COHA)

Denote by H2 the Lie algebra of Hamiltonian vector fields on C2. Here, C2 is viewed
as a symplectic variety with symplectic form dx ^ dy, where x and y are the natural
coordinates. Symplectic geometry (for a quick introduction, see, e.g., [1, Chapter 8])
associates to any function f .x; y/ the Hamiltonian vector field

Hf WD
@f

@y

@

@x
�
@f

@x

@

@y
:

The Lie bracket of vector fields is compatible with the Poisson bracket of functions:

ŒHf ;Hg � D H¹f;gº; ¹f; gº D
@f

@y

@g

@x
�
@f

@x

@g

@y
:
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The vector space of functions becomes a Lie algebra with respect to the Poisson
bracket, and it is this Lie algebra we consider.

Explicitly, it is the Lie algebra with basis elements Tr;s for each pair r; s � 0,
corresponding to the functions xrys . The Lie bracket is given as follows:

ŒTr;s; Tr 0;s0 � D .r
0s � rs0/TrCr 0�1;sCs0�1 .r; s � 0/:

The tensor product H2 ˝H
�.C / is naturally a super-Lie algebra. Let H�.X/Œx; y�

be the cohomology ring with two formal variables x, y adjoined. Let n and d be the
rank and the degree of the Higgs bundles parameterized by the moduli space X , and
let � WD d C .1 � g/n be the Euler characteristic.

Theorem 5.1 ([23,35]). The Lie algebra H2 ˝H
�.C / acts onH�.X/Œx; y� in such

a way that T0;m ˝ � satisfies

..T0;m ˝ �/f /.0; 0/ D  m.�/.f /

WD .pm.�/Cm.1 � g/pm�1.� [ pt// [ f .f 2 H�.X//;

and T1;0˝ pt, T1;0˝ 1, T0;1˝ pt, T0;1˝ 1 act as x, �n @
@y

, y, n @
@x
C �, respectively.

Here, pm.�/ is defined similarly to em.�/ in (4.1), except that we use the power
sums of the Chern roots, i.e., mŠ times the m-th component of the Chern character.
Thus, for instance, the central operator T0;0 ˝ pt acts via the multiplication by n,
the rank of the Higgs bundles. The operator T0;1 ˝ 1 commutes with y and acts on
elements of H�.X/Œy� via the multiplication by d C .1 � g/n D �.

Note that quadratic Hamiltonians correspond to the linear action of SL.2;C/
on C2, and so the elements T2;0, T1;1, and T0;2 span a copy of sl2 � H2. In fact,
it is this sl2 that was matched with the relative Lefschetz sl2 in [23] in order to pin
down the perverse filtration algebraically.

5.2. Coulomb branch

The construction described in [3] associates to a pair of a reductive group G and its
representation N an affine Poisson algebraic variety called the Coulomb branch. We
are interested in the situation where G D GLn � C� acts on the space of matrices
N D Cn�n: GLn acts by conjugation and C� by the scalar multiplication.

Then Higgs bundles can be seen as maps from the curve C to the stack N=G.
This is because, more generally, more or less by definition, maps from some space X
to some quotient stack Y=G are pairs of a principal G-bundle X 0 on X and a G-
equivariant map X 0 ! Y . A principal G-bundle on X is a pair of a line bundle L
and a rank n bundle E, and an equivariant map X 0 ! N corresponds to a linear map
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E ˝ L! E. So in the case when L is the tangent bundle of C , we can view Higgs
bundles as maps C ! N=G.

Our hope is that the Coulomb branch has something to do with the cohomology
of our moduli spaces. This is the situation of the adjoint representation with flavor,
and the Coulomb branch is related to the Hilbert scheme [4] of C� � C, which is a
symplectic resolution of singularities of .C� � C/n=Sn. It is not entirely clear why
one should pass from the Hilbert scheme of C� � C to that of C2, but our construc-
tion in [23] in fact first produces an algebra of Hamiltonian fields on C� � C, and
only then it degenerates to the corresponding algebra for C2. Hopefully, this passage
will be clarified by experts in Coulomb branches.

Now suppose we are on Hilbn.C2/. Then H2 acts on many natural objects such
as functions, differential forms, etc. So even if we do not completely understand the
Coulomb branch picture, it is a natural guess to look for our model of the cohomology
ring among natural objects living on the Hilbert scheme.

5.3. Geometric engineering

An indication similar to the one above is given in [7], where a physical explanation of
Conjecture 4.5 is provided via interpreting the left-hand side (the partition function)
as

� D �.Hilbn.C2/; P˝k ˝ .��/˝g ˝O.g � 1//: (5.1)

Here, P is the Procesi bundle (Sn-equivariant bundle coming from Haiman’s identi-
fication Hilbn.C2/ D Sn �Hilb.C2n/), �� is the bundle of differential forms, and �
denotes the equivariant Euler characteristic.

5.4. Proposal

One problem with (5.1) is that the right-hand side does not always have positive
coefficients. So the vector bundle on the right-hand side of (5.1) has higher coho-
mologies. Thus, there seems to be no way to upgrade identity (4.3) to an isomorphism
between vector spaces using (5.1). One can trace the problem to the fact that the fac-
tor � 1

.1�q/.1�t/
is manifestly not positive, when expanded in q and t . To resolve this

issue, we propose to expand in q�1 and t instead. The geometric meaning of this
expansion is different from taking the global sections. Instead, we should take the
local cohomology with respect to a Lagrangian subvariety.

Theorem 5.2 (A. Mellit, M. Romero). Let L� Hilbn.C2/ be the Lagrangian cut out
by the equations

Pn
jD1 x

r
j D 0 (r > 0). Let E be any vector bundle on Hilbn.C2/.

Then for any i ¤ n, we have

H i
L.Hilbn.C2/;E/ D 0:
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Here, H i
L is the functor of local cohomology (see [20]), the derived functor

of taking sections supported at L. Then we expect that (4.3) has the following
interpretation.

Conjecture 5.3. The local cohomology is related to the Borel–Moore homology of a
certain Higgs moduli stack as follows:

Hn
L.P

˝k
˝ .��/˝g ˝O.g � 1//L Š HBM

� .Higgs moduli stack/:

Here, it is not clear which precise Higgs moduli stack should be taken on the
right-hand side. The whole Higgs moduli stack has infinitely many irreducible com-
ponents, and the expectation is that we need to take a nice open substack containing
only finitely many components in each degree, possibly imposing a bound on the
slope. For a bigraded vector space M , we denote by M L the bigraded dual vector
space.

6. Main example

A special case can be worked out in full detail. We take g D 0, i.e., C D P1,
and consider the k C 1-twisted Higgs bundles, so that the Higgs field is a mor-
phism E ! E.k � 1/. Equivalently, we may consider k C 1 marked points with-
out any parabolic structures and conditions on the residue of the Higgs field. The
corresponding specialization of the partition function is given by

�k.zI q; t/ WD

1X
nD0

X
�`n

.�1/.kC1/j�j
�
qn.�

0/tn.�/
�kC1Q

�2�.q
a.�/ � t`.�/C1/.qa.�/C1 � t`.�//

zn: (6.1)

We use the variable z to keep track of the rank. In (4.2), we did not need it because
the rank of each term can be extracted as the degree of the symmetric function in each
set of variables. The first terms of � look as follows:

1C
.�1/k

.1 � t /.1 � q/
z C

qkC1.1 � t2/ � tkC1.1 � q2/

.q � t /.1 � q/.1 � q2/.1 � t /.1 � t2/
z2 C � � � ;

and the first terms of its plethystic logarithm read

Log�k.zI q; t/ D �
1

.1 � q/.1 � t /

 
.�1/kC1z C z2

X
i�0; j�0; iCj�k�2;
iCj�k .mod 2/

qi tj C � � �

!
:

(6.2)
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In (6.1), one can recognize the localization formula for the bundleO.k/ on the Hilbert
scheme (see [18]). We have

�k.zI q; t/ D

1X
nD0

.�1/knzn�.Hilbn.C2/; O.k//:

Let Rx D CŒx1; : : : ; xn�, Rx;y D CŒx1; : : : ; xn; y1; : : : ; yn�. The symmetric
group Sn acts on these, permuting xi and yi simultaneously. For an Sn-module M ,
we denote by MC and M� the subspace of invariant and anti-invariant elements,
respectively. Notice that R�x;y � Rx;y is a module over RCx;y . By .R�x;y/

k we denote
the linear span of k-fold products of elements of R�x;y inside Rx;y . This is also a
module over RCx;y . Haiman obtained the following results about the bundles O.k/.

Theorem 6.1 ([18]). For any k � 0, we have an isomorphism of RCx;y-modules

�.Hilbn.C2/; O.k// Š .R�x;y/
k
� Rx;y ;

and the i -th cohomology ofO.k/ vanishes for i > 0. The RCx -module .R�x;y/
k is free.

For instance, for k D 0 and k D 1, we have

�.Hilbn.C2/; O/ D RCx;y ; �.Hilbn.C2/; O.1// D R�x;y :

From this we can obtain the following presentation for the dual of the local
cohomology.

Proposition 6.2. LetMn;k WDH
n
L.O.k//L. Let�x WD

Q
i<j�n.xi � xj /. For k � 0,

we have

Mn;k D

²
f 2

1

�kx
R�x;y j D.x1; : : : ; xn; @y1 ; : : : ; @yn/f 2 Rx;y .8D 2 .R

�
x;y/

k/

³
:

For k � 1, we have

Mn;k D

²
f 2

1

�k�1x

RCx;y jD.x1; : : : ;xn;@y1 ; : : : ;@yn/f 2Rx;y .8D 2 .R
�
x;y/

k�1/

³
:

For instance, we have Mn;0 D R�x;y and Mn;1 D RCx;y . Equivalence of the two
presentations follows from the fact that if f 2 1

�x
R�x;y satisfies Df 2 Rx;y for all

D 2 R�x;y , then we have f 2 RCx;y .
In the case nD 2, the moduleR�x;y is generated overRCx;y by x1 � x2 and y1 � y2.

So the condition on f is equivalent to

.x1 � x2/
i .@y1 � @y2/

jf 2 Rx;y .i C j D k � 1/:
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Equivalently, in the expansion

f D
X
i;j

.x1 � x2/
i .y1 � y2/

jfij .x1 C x2; y1 C y2/;

we have fij D 0 unless i � 0 or i ��kC 1C j . Note that also fij D 0 unless i C j �
k � 1 .mod 2/. So M2;k has a direct sum decomposition M2;k D R

.�1/k�1

x;y ˚M 0
2;k

,
where M2;k0 has the Hilbert series

1

.1 � q/.1 � t /

X
i�1; j�0; iCj�k�1
iCj�k�1 .mod 2/

q�i tj ;

which exactly matches the z2-term of (6.2) after the substitution q ! q�1.
More generally, we notice that there is a shuffle product Mn0;k ˝ Mn00;k !

Mn0Cn00;k given by

f �g D
X

�2Sn0Cn00=.S
0
n�Sn00 /

.�1/.k�1/j� j�.f .x1; : : : ; xn0 ; y1; : : : ; yn0/

� g.xn0C1; : : : ; xn0Cn00 ; yn0C1; : : : ; yn0Cn00//:

Supported by computer experiments, we formulate the following conjecture.

Conjecture 6.3. Denote by M shuffles
n;k

� Mn;k the span of all shuffle products of the
form f � g for f 2Mn0;k and g 2Mn�n0;k , 0 < n0 < n. Let the space of primitive ele-
ments be the quotientM prim

n;k
WDMn;k=M

shuffles
n;k

. We have an isomorphism of bigraded
vector spaces

H�.X/

"
nX
iD1

xi ;

nX
iD1

yi

#
ŠM

prim
n;k

:

The ring structure of the cohomology is not immediately evident from this
description, but our COHA tells us where to look for it.

Proposition 6.4. The Lie algebra H2 ˝ H
�.P1/ acts on Mn;k by the following

operations:

.Tr;s ˝ pt/f D
nX
iD1

xsi @
r
yi
f;

.Tr;s ˝ 1/f D

nX
iD1

xs�1i @r�1yi
.�s@yiyi � rxi@xi /f:

This action is compatible with the shuffle product and therefore descends to M prim
n;k

.
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Now we describe the ring structure. First we expect that the following is true.

Conjecture 6.5. The space M prim
n;k

is spanned by products of 1

�k�1x

and polynomials
of the form

 s.pt/ WD
nX
iD1

xsi ;  s.1/ WD s

nX
iD1

xs�1i yi :

This conjecture implies that M prim
n;k

is isomorphic to the quotient of the ring of
polynomials in the generators  s.pt/,  s.1/ by a certain ideal. So it endows M prim

n;k

with a ring structure, and it is natural to formulate the following conjecture.

Conjecture 6.6. The isomorphism of Conjecture 6.3 is an isomorphism of rings.

6.1. Some remarks

The Hilbert scheme has long been a source of interesting bigraded modules. For
instance, there was .nC 1/n�1 conjecture and nŠ conjecture proved by Haiman [18].
The .nC 1/n�1 conjecture is about the module of diagonal coinvariants.

Theorem 6.7 ([18]). The following equality holds:

dimRx;y=.R
C
x;y/>0 D .nC 1/

n�1:

An explicit combinatorial presentation of the bigraded Frobenius character of
Rx;y=.R

C
x;y/>0 was known as a shuffle conjecture [17] and was proved in [5]. Also in

this context Haiman observed that the vector space is in a certain sense generated by
the differential operators

Pn
iD1x

s�1
i

@
@yi

, which led to the operator conjectures in [19].
The double coinvariants have been interpreted in terms of Borel–Moore cohomology
of affine Springer fibers in [6].

Our story suggests that there are many more interesting bigraded modules to be
constructed using the Hilbert scheme.

7. Poisson geometry of Coulomb branches

We would like to conclude by explaining a curious formalism which hints at how
Conjectures 6.3–6.6 can be extended to surfaces of higher genus. First, observe that,
in view of (5.1), we should consider the bundle of multiforms, i.e., the g-fold ten-
sor product of the bundle of differential forms on the Hilbert scheme. How does the
Lie algebra H2 ˝ H

�.C / act? Quite naturally, in fact. Take a function f 2 RCx;y ,
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for instance f D
Pn
iD1 x

s
i y
r
i . Symplectic geometry associates to f the Hamiltonian

vector field Hf . Let

 f .pt/ WD multiplication by f ;

 f .1/ WD Lie derivative along Hf :

This is what we had in genus 0. But with multiforms, additional operations arise. For
i D 1; : : : ; g, set

 f .�i / D .df /
.i/:

This is the operation of multiplication by df acting on the i -th component in the
g-fold tensor product. Set

 f .�iCg/ D �
.i/
Hf
;

the operation of insertion of Hf into the i -th component. From

 fg.1/ D LiefHgCgHf ; LiefHg D f LieHg C
gX
iD1

.df /.i/�
.i/
Hg
;

we obtain the following identity:

 fg.1/ D  f .1/ g.pt/C  f .pt/ g.1/C
2gX
iD1

 f .�i / g.�
�
i /:

This formula precisely matches the Künneth decomposition of the diagonal class
in H 2.C � C/, which confirms the consistency of the formalism. Okounkov has
observed that this formalism essentially coincides with the Clifford algebras con-
sidered in [27].
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