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Differential calculus and optimization in persistence
module categories

Steve Oudot

Abstract. Persistence modules are representations of products of totally ordered sets in the
category of vector spaces. They appear naturally in the representation theory of algebras, but
in recent years, they have also found applications in other areas of mathematics, including
symplectic topology, complex analysis, and topological data analysis, where they arise from
filtrations of topological spaces by the sublevel sets of real-valued functions. Two fundamental
properties of persistence modules make them useful in such contexts: (1) the fact that they are
stable under perturbations of the originating functions and (2) the fact that they can be approx-
imated, in the sense of relative homological algebra, by classes of indecomposable modules
with an elementary structure. In this text, we give an introduction to the theory of persistence
modules, then we explain how the above properties can be leveraged to build a framework
for differential calculus and optimization with convergence guarantees in persistence module
categories.

1. Introduction

Broadly speaking, persistence modules are representations of posets in the category
of vector spaces over a fixed field. While these objects have been studied for decades,
particularly in representation theory, the name persistence modules was coined by the
topological data analysis (TDA) community at the turn of the 21st century [55] to
emphasize the role played by these modules in the study of the topology of sublevel
sets of functions defined on data. Meanwhile, TDA has shed a different light on these
objects, raising new questions for mathematicians: a whole new theory of persistence
modules has emerged, called persistence theory [48], centered around the definition
of invariants for persistence modules that can be effectively computed from data, that
are provably stable under perturbations of the data, and whose constructions can be
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differentiated so that their parameters can be optimized in machine or deep learning
contexts.

This text is a walk-through of persistence theory, including its basic results and
some of its latest developments. By no means is it an exhaustive account of the theory
or of its connections to other areas of mathematics; for such accounts, the reader can
refer to recent textbooks on the subject [24,49, 50]. The story arc here is the study of
a particular class of invariants for persistence modules called barcodes, which play a
central role in the 1-parameter instance of the theory — focused on the sublevel sets
of R-valued functions — and which have recently been adapted as signed barcodes
to the multi-parameter instance of the theory — focused on R”-valued functions. Our
goal is to unveil the meaning of these invariants in terms of the structure of persis-
tence modules and to show how, ultimately, their construction can be differentiated
and optimized in data analysis contexts.

The text is organized as follows: Section 2 introduces persistence modules, and
Section 3 connects them to the topology of sublevel sets of functions; Sections 4
and 5 study their structure and stability properties, which are leveraged in Sections 6
and 7 to build a framework for differential calculus and optimization with persistence
modules; the text concludes with Section 8, giving some directions for possible future
developments on the subject.

2. Persistence modules

Informally, a persistence module is a diagram of vector spaces and linear maps
indexed by a poset. Formally, we fix a poset (P, <) and a field k. The order rela-
tion < is omitted in the notations whenever it is obvious from the context. We make
no assumption on k; in particular it does not have to be algebraically closed, and its
characteristic can be arbitrary. For now, we make no assumption on P either.

Definition 2.1. A persistence module over P is a functor M : P — vecty, where vecty
denotes the category of finite-dimensional vector spaces over k, and where P is iden-
tified with the category having one object for each element p € P and a unique mor-
phism for each pair of comparable elements p < g € P. A morphism of persistence
modules M — N is a natural transformation between functors M, N: P — vecty.

Below is an example of a poset P, represented by its Hasse diagram (left), and of
a persistence module M over P (right). The diagram on the right-hand side commutes
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by functoriality of M.
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From now on, unless otherwise specified, we assume our poset P to be a finite
product of totally ordered sets, as is the case for instance in the above example:

n
P = 1_[ T;, where each T; is totally ordered.

i=1

Here, n € N* is fixed and considered as the number of parameters of the persistence
modules over P; thus, we speak of n-parameter persistence modules. Note that the
totally ordered sets 7; can be arbitrary; in particular, they are not required to be finite.

We write vect]f; for the category of persistence modules over P. As a category
of functors from a small category to an abelian category, vect]fg is itself abelian. This
means in particular that it has a zero object, called the zero (or trivial) persistence
module and denoted by 0. The category also has pointwise finite direct sums, that is,
direct sums (P, M; such that the set {j | M;(p) # 0} is finite for every p € P.
Moreover, Hom-sets are k-vector spaces, with composition being bilinear, and every
morphism has a kernel and a cokernel. The other properties of an abelian category
will be used implicitly in this text.

Persistence modules as modules. As their name suggests, persistence modules can
be viewed as modules over a certain algebra k P defined from the indexing poset P.
This algebra is freely generated by the pairs of comparable elements in P:

kP = k({(P,tI)U’SqGP})’
with multiplication given by

(p.q") ifqg=rp,
0 otherwise,

(p.q)-(p'.q") = {

and extended by linearity.
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There is an embedding of vect]f; into the category Modgp of right modules
over k P, given by the fully faithful additive functor vectﬂf — Modg p defined on
objects by M + P ,cp M), with right multiplication:

( > mp) (g, ) = M(q < r)(my).

pEP

Thus, persistence modules can be viewed as right modules over the algebra k P.
When P is finite, the embedding vect]{: < Modg p induces an equivalence of abelian
categories vectg p >~ mody p, where mody p is the category of finite-dimensional right
k P-modules.

3. Sublevel sets topology

The typical use case of persistence modules is in the study of the topology of sublevel
sets. Given a topological space X and a function f = (f1,..., fn): X — R”, both
of which can be arbitrary, one considers the sublevel sets of f, written F(¢) for every
t =(t1,...,t,) € R" and defined as follows — see Figure 1 for an illustration:

F(t):= () i (=00, 1:]).
i=1

Letting P = R”, viewed as the product of n copies of the totally ordered real line and
equipped with the induced product order <, one gets

F(s)C F(t) Vs<teR"

This yields a functor F: P — Top, where Top denotes the category of topological
spaces, defined as above on objects and sending each morphism s < ¢t € R” to the

F(1)

Figure 1. The t = (1, £2)-sublevel set of the function f = (f1, f2): X — R2 defined by the
orthogonal projections onto the coordinate axes.
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Figure 2. Filtration of the distance function (excerpt with 10 different levels ¢, starting at = 0).

inclusion map F(s) — F(t). This functor is called the filtration of the sublevel sets
of f.

Assuming (as we do from now on) that the sublevel sets of f each have finite-
dimensional singular homology in every degree, one post-composes F by the sin-
gular homology functor H, in some fixed degree % with coefficients in k to get
a persistence module H.(f): R" — vectk called the persistent homology of f in
degree *.

Let us give two classic examples in the context of TDA.

Example 3.1. Let A C R¥ be a finite set of data points. Take X = R? and define
f:R? — R as the distance to the data

f(x) = min[lx — al|>.
acA

Its sublevel sets are unions of Euclidean balls of the same radius around the data
points, as illustrated in Figure 2. The corresponding 1-parameter persistence mod-
ules in singular homology of degrees 0 and 1 over k, denoted by Ho( f) and H;(f),
respectively, are shown below (restricted to the same 10 indices ¢ as in Figure 2).

Ho(f): k¥ —5k® —»k? —sk?—»k "k -k —k-—"sk "ok,

0 0 0

k-2 k 2 ety o so—0o—10.

Hi(f): 0 k?

As singular homology in degree 0 captures path-connected components, the pointwise
dimension of Hg( f) gives the evolution of the number of connected components in
the union of balls: initially 84 (since there are 84 data points in A), it decreases mono-
tonically as the radius increases and the balls grow, until it stabilizes at 1, at which
point the union of balls forms a single connected component. The arrows in Hy( f)
encode how the connected components merge as the radius increases.

Similarly, singular homology in degree 1 captures holes in the union of balls: ini-
tially 0, it becomes non-trivial when holes appear in the filtration. Of notable interest
is the fifth arrow in the sequence, which is nonzero and encodes the fact that the main
hole present at the fifth step of the filtration of Figure 2 is still present at the sixth
step, while the other holes do not persist across steps.
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Figure 3. Bi-filtration of the distance function and co-density estimator (excerpt with 10 differ-
ent levels for the distance and 7 for the co-density). Distance levels are represented horizontally
and co-density levels vertically. The indices highlighted by thick rectangles arranged ina 3 x 3

grid exhibit three connected components that merge pairwise in three different ways, then all
together.
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Example 3.2. Let again A C R? be a finite set of data points. Take X = R¢ and

define f = (f1, f»): R? — R2 as the combination of the distance to the data with
some co-density estimator:

S1(x) = min|lx —al,
acA
fo(x)=#ae A||x—al, > e} forsome fixed parameter ¢ > 0.

Its sublevel sets are unions of Euclidean balls of the same radius around data points
with high enough density, as illustrated in Figure 3. The corresponding 2-parameter
persistence module in singular homology of degree 0 over k restricts to the following
persistence module over the 3 x 3 grid highlighted in Figure 3.

(3.1)
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More broadly, in the context of TDA, one builds persistence modules from data,
similarly to Examples 3.1 and 3.2. Then one computes invariants on these mod-
ules: a variety of invariants have been proposed, and in this text, they all take the
form of barcodes, that is, multisets of intervals in the indexing poset. Then one turns
these barcodes into vectors in order to feed them to some machine or deep learning
architecture. The corresponding pipeline is illustrated in Figure 4. Two fundamental
properties of persistence modules make this pipeline relevant for data analysis:

(Structure) Persistence modules can be decomposed, or approximated in the
sense of homological algebra, by certain classes of modules with an elementary
structure called interval modules; this is where their barcodes are defined from.

(Stability) Persistence modules and their barcodes are stable with respect to per-
turbations of their originating functions; this enables the use of barcodes as stable
features for data.

The next two sections are devoted to fleshing out these properties: Section 4 for the
structure, Section 5 for the stability.

4. Structure of persistence modules

As before, let (P, <) be a poset and k a field. Unless otherwise stated, we make no
assumption on P. There are a variety of ways to encode the structure of persistence
modules over P, and here, we report on two of them: via direct sum decomposi-
tions (Section 4.1) and via homological approximations (Section 4.2). In both cases,
interval modules play a central part in the story, so we begin by giving their definition.

Definition 4.1. An interval of P is a subset I C P that is both convex and connected
with respect to the order < on P, that is,

(Convex) s,tel —uelVs<uc<t,

(Connected) s,te€l = 3Ir e N*, Nu;}/_oCI:s=up<u;>--->u, =1.

Definition 4.2. Given an interval I C P, the corresponding interval module kj is
defined by

k ifr el,

0 otherwise,

idg ifs,rel,

0 otherwise.

kr(2) = { ki(s <t) = {

Interval modules are useful for applications because they are entirely character-
ized by their support, which is an interval of P and therefore a geometric object. This

makes it possible for practitioners to think purely in terms of the geometry of these
intervals, thus forgetting about the algebra. Examples will be given in the following.
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4.1. Direct sum decompositions

A persistence module M is said to be decomposable if it decomposes as M ~ N & N’
for some modules N, N’ # 0. Otherwise, if no such decomposition exists, M is called
indecomposable. Note that interval modules are indecomposable: this is because their
endomorphism ring is isomorphic to k, hence local. Therefore, interval modules can
serve as building blocks for decomposing arbitrary persistence modules. The hope
is that no other types of indecomposables appear in the decomposition, which is
what happens for instance when the poset P is totally ordered — an important special
case that encompasses the study of the topology of the sublevel sets of real-valued
functions as in Example 3.1.

Theorem 4.3 ([11, 22]). Suppose (P, <) is totally ordered. Then any M € vect]f:
decomposes as follows:
M ~ @ k]A s

jeJ
where J is a potentially infinite or even uncountable indexing set, and where each I;

is an interval of P. This decomposition is unique up to isomorphism and reordering
of the terms.

When P is finite, this is just Gabriel’s theorem [27] specialized to the case of A,-
type quivers. The version of the result stated here, due to Botnan and Crawley-Boevey,
makes no assumption on P (besides being totally ordered) nor on M.

Example 4.4. The persistence modules from Example 3.1 decompose as follows.

idg idg id idy idy idg idy idy idg

Ho(f) ~ k —5k 5 k —5 k —55 k 55 k —55 k — k —5 k — k

idk idk idy

@k k k k 0 0 0 0 0 0

idg idk

@k k k 0 0 0 0 0 0 0

(k-5 k—0—0—0—0—0—30—0—>0)°
&k —0—0—0—0—0—0—0—0—0)7°,
Hi(f) ~0—30—30—30—k -k —20—30—30—30
0—30—30—30—k—30—30—30—30—0
0—30—30—3k—0—30—30—30—30—0
H0—30—k—30—30—30—30—30—30—>0
(0 k 0 0 0 0 0 0 0 0)3.
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Interval decompositions, when they exist, provide a direct interpretation of the
structure of the persistence modules: in Example 4.4, for instance, the supports of
the interval summands of Hy( /) encode the lifespan of each path-connected compo-
nent in the union of balls as the radius grows; meanwhile, all but one of the interval
summands of H;(f) are supported on singletons, indicating that the corresponding
holes appearing in the growing union of balls have an ephemeral existence, while
the non-singleton interval has a corresponding hole (the main one in Figure 2) that
lasts over two levels in the excerpt. This motivates the use of interval decompositions
— when they exist — in applications. Or, rather, it motivates the use of their associ-
ated barcodes, which encode the (unique) geometric information contained in each
decomposition, that is, the supports of the interval summands.

Definition 4.5. Suppose a persistence module M over an arbitrary poset P decom-
poses as a direct sum of interval modules:

M ~ @ ]klj, where each /; is an interval of P.
jeJ

Then M is called interval decomposable, and by uniqueness of the decomposition
up to isomorphism and reordering of the terms, the multiset of intervals involved in
the decomposition is unique. This multiset is called the barcode of M, denoted by
Bar(M):

Bar(M) :={I; | j € J}.

Example 4.6. The interval decompositions of Example 4.4 lead to the following
barcodes (in blue).

Bar(Ho(f)) = * o )
.« (6
(75)
Bar(Hy (/) = o
s

Unfortunately, when P is not totally ordered, for instance, when P is a finite
product of n > 1 totally ordered sets, interval decomposability is no longer guaran-
teed, even though every persistence module M still decomposes into indecomposable
summands.
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Theorem 4.7 ([11]). For any poset (P, <), any M € vectHI; decomposes as follows:

M:@M-,

jeJ
where each summand M; is indecomposable with local endomorphism ring. This
decomposition is unique up to isomorphism and reordering of the terms.

The summands M; appearing in the decomposition may not be interval mod-
ules: for instance, the persistence module (3.1) is indecomposable yet not an interval
module, being not of pointwise dimension < 1. And such summands do appear in
applications, since (3.1) is coming from Example 3.2. From the algebraic standpoint,
the situation is even worse: not only may persistence modules have non-interval sum-
mands, but in fact the algebra kP is generally of wild representation type, since
for instance one can embed the representation category of the following wild-type
quiver into the representation category of kP when P contains a large enough
n-dimensional (n > 1) grid.

For us, this means that, unless P is very small (not more than a handful of elements),
when n > 1, there is no canonical classification of all the indecomposable persistence
modules over the poset P; therefore, parametrizing the indecomposables to build up
unique barcodes from direct sum decompositions is an impossible task.

4.2. Homological approximations

Given the above shortcoming, and the importance of working with invariants that
can be interpreted in application contexts, the TDA community has made significant
efforts in the past decade to propose alternative invariants from which meaningful
barcodes can be built. These invariants are necessarily incomplete, considering the
wild representation type of k P. Here, we describe one class of such invariants, based
on homological approximations of the modules.

From now on, we assume that the poset P is finite, so its algebra k P is finite
dimensional. We can then rely on the well-established theory of representations of
Artin algebras. The indecomposable projectives in this setting are the interval mod-
ules k[, o), Where [p,00) :={g € P | g > p} is the principal upset at p in P. Thus, by
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taking successive projective approximations, we can build left resolutions of any per-
sistence module M by interval modules of this type. Moreover, assuming M admits
finite projective presentations, the minimal such resolution has finite length, bounded
by the cardinality of P, or, more tightly, by the number n of its parameters when P
is a product of # finite totally ordered sets, by Hilbert’s syzygy theorem.

0—— @ k[p,oo) S @ k[p,oo) — i —> @ ]k[p,oo) —» M.
peJn pEJn—1 peJo

As the minimal resolution is unique up to isomorphism, the supports of the summands
in the various terms of the resolution are uniquely defined — so are the multisets J;
for 0 <i < n. We can then gather the supports to form a barcode: more precisely, for
reasons that we will explain afterward, we build a composite object called the signed
barcode of M, denoted by Bar_ (M), composed of two regular barcodes; the first
one (called the positive part and denoted by Barir (M)) gathers the supports coming
from even degrees in the resolution, and the second one (called the negative part and
denoted by Bar (M)) gathers the supports coming from odd degrees:

Bar (M) := (Bar (M), Bar_ (M)),

where { Barj_(M) = licon {[p,00) | p € Ji},

(4.1)
Barm (M) = | icon 41 {[p. 00) | p € Ji}.

Compared to regular barcodes, signed barcodes put signs on their intervals based on
the parity of the degree in the resolution in which they appear. This twist is moti-
vated by what happens in the Grothendieck group Ky, where the resolution yields the
following signed decomposition of the equivalence class [M] of M:

[M]ZZ(—I)i(Z[k[p,oo)])z Y Epol— D Kol

ieN pEJi peuieven Ji peuiodd Ji

Note that some terms may cancel out in this alternating sum, in which case they disap-
pear from the decomposition of [M] in K. By contrast, we keep them in the positive
and negative parts of the signed barcode (4.1), thus preserving all the information
contained in the terms of the minimal projective resolution of M. In practice, this
is more costly to compute, since we have to go through computing the resolution as
opposed to directly decomposing M in Kj. But it yields a stronger invariant, with
provable stability properties as we shall see in the next section.

The biggest limitation of this approach is that it does not make use of the full
set of intervals in P to approximate the modules, restricting itself to using the sub-
set of principal upsets. In order to enable the use of larger collections of intervals to
build our resolutions, we rely on the theory of relative homological algebra for Artin
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algebras developed in [3]. Let thus .I be a set of intervals in P. In view of the above
discussion, we assume that I contains all the principal upsets [p, o) for p € P. The
bottom line is to make the interval modules k; for / € .I projective. For this, we con-
sider only those short exact sequences on which all the Hom functors Hom(k;, —)
for I € I are exact. Let &7 denote the collection of such sequences:

E&r={0—L—>M — N — 0Oexact | 0 > Hom(k;, L) - Hom(k;, M)
— Hom(k;, N) — Oexactforall I € T}.

Proposition 4.8 ([3]). Suppose P is finite and I contains the principal upsets in P.
Then:

@) vectﬂ{: equipped with & 1 has the structure of an exact category,
(ii) vect]f: has enough projectives relative to &7,

(iii) the projectives relative to & 1 are the finite direct sums of interval modules of
typeky forl € I.

Item (i) implies that we may consider projective resolutions of persistence mod-
ules relative to &z, when they exist. Item (ii) comes from our assumption that I
contains all the principal upsets in P, so the projectives relative to &7 include in
particular the usual projectives. This item ensures that every persistence module does
admit projective resolutions relative to & 7. Finally, item (iii) guarantees that the terms
in such resolutions are finite direct sums of interval modules supported on elements
of I as desired. We can then take projective resolutions of any persistence module M
relative to & 7. More precisely, we take the minimal such resolution, as shown below.

0—>EBk1—> @ k1—>---—>€Bk1—>@k1—»M.
IeJ, IeJ,— IeJy IeJy

Provided this resolution has finite length, we can form a signed barcode as before, but
this time relative to our choice of family I of intervals:

Barf (M) = | J;con i

Barz(M) := (Bar} (M), Bar;(M)), where !
! Barz (M) = | l;con41 /i

Again, the signs in the barcode match with the ones in the decomposition of the
equivalence class [M] of M in the Grothendieck group Kg; T relative to &7, and the
difference is that the signed barcode keeps the terms that cancel out in Ké; T

[M]=Z(—1)"(Z[k1])= Y k- Y k@2

ieN IeJ; Iel_licvcn Ji Ieuiodd Ji
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Figure 5. The signed barcode Bar (M) of the indecomposable module M of Example 4.9,
represented as an actual barcode in the Euclidean plane, where, by convention, each interval
[p,o0) \ [¢,00) gives rise to a copy of the line segment [p, ¢), while each interval [p, co) gives
rise to a copy of the diagonal ray starting at p. The bars in the barcode are colored according to
their sign: blue for positive, red for negative.

Example 4.9. Let us consider the indecomposable module M from (3.1). Let T =
{[p,o0) \ [¢,00) | p < g € P U{oo}}. The minimal projective resolution of M rel-
ative to &7, which has length 1, is shown below without specifying the differentials
(which are irrelevant to our invariant) and with the supports of the summands in the
resolution colored blue or red depending on the parity of their degree in the resolution.

ki kid g 000
idu[iifuliidl n‘gi)uliﬂ‘k e L0
k9 ko idT . idTl mT id[ . idT . idT [100)] .
Lol MR Rk O
0 k—k—k ® — K3 K2
idT id idT i ldT kLk‘»O k—0-—0 id [(11‘1)411] (1]
k—k-——k uﬁ . idT ‘ id [ [
e B BT
uﬁ . idT } d [ [ 00
Kk o LI L

The blue supports form the positive part of the signed barcode Bar (M), while the
red supports form the negative part; see Figure 5 for an alternative representation of
Bar (M) as an actual barcode in the Euclidean plane. Note that if we replaced M by
M ® ky,, where ky, is the interval module appearing in degree 1 in the above resolu-
tion, then the minimal projective resolution would gain one copy of k;, in degree 0,
which would be added to the positive part of the signed barcode but would cancel out
with the copy of k7, in degree 1 in the relative Grothendieck group Kf I

The intervals considered in the above example are called hooks, because when P
has two parameters, they have the shapes of (possibly degenerate) hooks, as we saw in
the example. We therefore write I = {hooks} for their family. These intervals are of
particular interest to us because their corresponding interval modules are quotients of
two usual indecomposable projectives, so in this sense, {hooks} is the simplest family
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of intervals to consider beyond the principal upsets. Another related consideration is
that the intervals that appear in the direct sum decomposition of finitely presented
modules in the 1-parameter setting (Theorem 4.3) are right open, and therefore, they
are precisely the 1-dimensional hooks.

For the previous construction to make sense, it is important that the minimal
projective resolution of M relative to &7 has finite length, for otherwise the alter-
nating sum in (4.2) is not defined. Another motivation is that, in practice, one can
only store finite barcodes on a computer. This is why bounding the global dimension
gldimgf (vectﬂf ) of the persistence module category relative to the chosen set I of
intervals has become a prominent question for the TDA community in recent years.
Here are some of the results obtained.

Theorem 4.10 ([2, 9, 12, 13, 16, 44]). For any finite poset (P, <), one has that
gldim&* (vectﬂlz ) < oo for the following sets I of intervals:

o I = {hooks},

o I ={segments} ={[p.q]| p<qe€ P},
o I ={upsets}:={[0Q,0)| Q C P}, where[Q,00) :={s€ P|3qe Qs.ts>q}

o I = {single-source intervals} = {[p,o0) N (=00, Q] | p € P, Q C P}, where
(—00,Q0]:={se€ P|3qeQsts=gq}

o I = {intervals}.

Almost all the upper bounds on the global dimension obtained so far depend on
the size of the poset P; therefore, they do not yield any interesting upper bound
when P is infinite, for instance, when P = R”. A notable exception is the bound
obtained for hooks, which depends only on the number n of parameters of P. More
precisely, it was proven in [13] that gldim8<h°°ks} (vect]f: ) is exactly 2n — 2 when
P = ]_[:'=1 T; with each T; finite and totally ordered. This linear dependence in n
of the global dimension is remarkable in that it is of the same order as its coun-
terpart in the usual projective setting, where Hilbert’s syzygy theorem implies that
gldim(vectﬂi ) = n. The result was then naturally extended to the case P = R", assum-
ing the modules under consideration are finitely presented and denoting by vect%j}p
the corresponding full subcategory.

Theorem 4.1 ([13]). gldim®tis (vectf ) = 27 — 2.

Note that this result recovers the interval decomposition theorem (Theorem 4.3)
for finitely presented 1-parameter persistence modules as a special case: indeed,
when n = 1, the global dimension relative to hooks is 2 — 2 = 0, which means that
every finitely presented persistence module over R is projective relative to & {pooks}
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and hence interval decomposable with right-open (i.e., hook) intervals. A more gen-
eral and systematic treatment of the connection between the finite and infinite poset
settings can be found in [1, 10].

5. Stability of persistence modules

Throughout this section, we assume the ground poset P to be R” equipped with the
product order, denoted by <.

5.1. Interleaving distance

Expressing the stability of persistence modules requires first equipping their category
vect]ﬂfn with a metric. Among the many choices of metrics available, one turns out
to be universal in the context of sublevel sets topology: the interleaving distance. In
some sense, this distance measures the defect of isomorphism between persistence
modules. In order to define it, we first introduce the e-shift functor —[e], parametrized
by ¢ > 0 and defined on objects by

Me](t) == M(t + £1),
Mlel(s <t) = M(s + el <t +¢el),
1

where 1 .= | : | € R",

and likewise on morphisms.

For any object M, there is a natural morphism 73,: M — M|e] given by
n3 (1) = M(t <t + ¢l). Furthermore, we have the identities M [¢][¢'] = M [ + €]
and ’718\4[8/] = 1y, [¢'] for any &, &’ > 0.

Definition 5.1. Two persistence modules M, N: R" — vecty are e-interleaved if
there exist morphisms f: M — NJ[e] and g: N — Me] such that the following
diagram commutes.

n5s 5y €]

M M e] M[2¢]

J\/ f[e]\/ (5.1
y nfv\ s nfv[s]\»
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Such a pair of morphisms ( f, g) is called an e-interleaving of the modules M, N. The
interleaving distance d;(M, N) is defined by

di(M,N) :=inf{e > 0 | M, N are ¢-interleaved}.

When ¢ = 0, diagram (5.1) collapses to the standard commutative diagram for
isomorphism M ~ N. In this sense, the interleaving distance measures the defect
of isomorphism between M and N. It satisfies the triangle inequality, because inter-
leavings compose to interleavings. It may take infinite values when no interleaving
between the modules exists. Finally, while being isomorphic is equivalent to being
O-interleaved and therefore implies being at interleaving distance 0, the converse is
not true: for instance, some modules (e.g., k; for any singleton {¢} C R") are called
ephemeral modules because they are at interleaving distance 0 from the zero mod-
ule without being isomorphic to it. Thus, the interleaving distance is an extended
pseudo-distance on isomorphism classes of persistence modules. It has been shown
to be an extended distance on the quotient of the persistence module category by the
full subcategory of ephemeral modules [7, 17].

The next result justifies the use of the interleaving distance in the context of
sublevel sets topology. It says indeed that d; is a stable metric, in fact the most
discriminative stable metric, in that context.

Proposition 5.2. For any topological space X, functions f, g: X — R”", and
homology degree x,

di(H«(f), Hx(@) = |f = glloo = Sugllf(X) —8()|loo-

Moreover, assuming either that n = 1 or that k is a prime field, d; is the maxi-
mum extended pseudo-distance on vect%n that satisfies the above inequality for any
space X, functions f, g, and homology degree *.

The second part of the proposition is due to Lesnick [37]. The first part follows
immediately from the commutativity of the diagram below for any ¢ > || f — g||o and
any ¢ € R”, which, by functoriality of H, induces a commutative diagram like (5.1)
at the singular homology level, hence an e-interleaving between H (/) and H.(g).

(=00, 1)) ——=— f~1 (=00, 1 + l]) ——— f~1((—o0, 1 + 2¢1])

c \

g 1 ((—o0,1]) = g ((—oo, t + £l)) s g ' ((—o0,t + 2¢1))
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5.2. Bottleneck distance

Definition 5.1 does not provide any clear avenue for computing the interleaving dis-
tance. This is due to the size of the search space, which, up to shifts, is the product
of the Hom-spaces between the two modules under consideration. The idea behind
the bottleneck distance is to turn the computation into a combinatorial assignment
problem, whose search space is much smaller. For this, it leverages the direct sum
decompositions of the modules and restricts its focus to those interleavings that fac-
tor through these decompositions, considering partial matchings between the direct
summands of the two modules under consideration.

In the following, M, N are two persistence modules over R”, and M ~ P ies My
and N >~ ;. N; are their direct sum decompositions as per Theorem 4.7.

Definition 5.3. A partial matching between the summands of M and N is a bijec-
tion J/ — L’ between some subsets J' € J and L’ € L. The modules M, N are
bottleneck ¢-interleaved if there is a partial matching J 2 J’ 1) L’ C L such that

di(Mj,Ny(j))fs Vj GJ/,
&i(M;, 0) <& Vjied\J,
&(N;, 0) < ¢ VieL\L.

We call such a partial matching a bottleneck e-interleaving of the modules M, N. The
bottleneck distance dp(M, N) is defined by

dy(M, N) :=inf{e < 0| M, N are bottleneck e-interleaved}.

From a bottleneck e-interleaving of M, N, it is straightforward to build an
e-interleaving of M, N, by taking the direct sum of all the interleaving mor-
phisms between summands of M and of N. By construction, this e-interleaving
factors through the direct sum decompositions of M and N in that it restricts to
e-interleavings between their matched summands on the one hand, between their
unmatched summands and the zero module on the other hand. Hence the name
bottleneck e-interleaving, and the following immediate inequality:

VM, N:R" - vecty, d&(M, N) < dy(M, N). (5.2)

The converse inequality does not hold in general. Indeed, not every e-interleaving
of M, N factors through their direct sum decompositions, nor can it be turned into
one that does without increasing ¢. See, e.g., [4]. However, the converse inequality
does hold in the 1-parameter setting, which yields the so-called isometry theorem.

Theorem 5.4 (Isometry [6,18,21,37]). Forall M, N e vectX, di(M, N) =dy(M, N).
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From a practical standpoint, this result, combined with Theorem 4.3, implies that,
for persistence modules over R, computing the bottleneck distance is a way of com-
puting the interleaving distance d; exactly and efficiently, since it boils down to a mere
assignment problem between interval modules, whose pairwise interleaving distances
are easy to compute. For persistence modules over R” with n > 1, by (5.2) the bottle-
neck distance still provides an upper bound on d;, and in the special case of interval
decomposable modules, it is still computable in polynomial time [25]. There also
exist non-trivial lower bounds on d; that can be computed in polynomial time, for
instance, the matching distance [33, 36]. However, computing the interleaving dis-
tance itself, whether exactly or within any factor less than 3, is known to be NP-hard
over R” when n > 1, even for interval decomposable persistence modules [8].

5.3. Signed bottleneck distance

Since the bottleneck distance dy, is computable and relevant on interval decomposable
modules, and since signed barcodes are made of (pairs of multisets of) intervals, it is
a natural idea to adapt dy, to them. Let I be a fixed set of intervals of R”. Given any
persistence modules M, N over R” that have well-defined signed barcodes Barz(M)
and Barz(N) relative to I, we define their signed bottleneck distance as follows:

df(M, N) = db(kBar;(M) ® kparz(v). kBm}r(N) @ Kpary (1)) (5.3)

where, for any multiset Bar of intervals of R”, kg, denotes the interval decompos-
able module @, g, k7. The intuition behind this definition comes from geometric
measure theory: if we view multisets of intervals as point measures on the space of
intervals of R”, then dy is the Wasserstein-oco distance for a specific choice of cost
function on transport plans, and (5.3) is its signed version for signed measures. Note
that the signed version does not satisfy the triangle inequality; however, it satisfies
a certain universality property that makes it canonical among the dissimilarities on
signed barcodes [13,47].

Assume now that I contains all the principal upsets of R”, and let & 7 be the class
of short exact sequences on which the Hom functors Hom(k;, —) are exact for all
I el

Theorem 5.5 ([47, Theorem 8.4]). Assume that:
i) {t+el|tel}eIforall € Iande >0,
.. o . & R”
(i) m = gldim®* (vectk,fp) < 00,
(iii) there is a constant ¢ > 0 such that dy(Bar(M), Bar(N)) < ¢ d;(M, N) for
all M, N € vectﬁ'}p that are & r-projective.
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Rn
Then, forall M, N € vectk’fp,
df(M. N) < c(m + 1) di(M. N).

Note that assumption (i) here differs from assumption (a) in [47, Theorem 8.4]:
it is in fact a sufficient condition for (a) to hold in our context, and one that is
more readily verifiable. For instance, it clearly holds when I = {principal upsets}
or I = {hooks}.

For I = {principal upsets}, Hilbert’s syzygy theorem provides (ii) with m = n,
while Bjerkevik’s stability theorem for free modules [4] provides (iii) withc =n — 1
(assuming n > 1), hence we have ag < (n? — 1) d; in this setting. For I = {hooks},
Theorem 4.11 provides (ii) with m = 2n — 2, while an adaptation of Bjerkevik’s sta-
bility proof to the case of hook modules (see [13]) provides (iii) with ¢ = 2n — 1,
hence we have ag < (2n — 1)2 d; in this setting.

Example 5.6. Let M, N:: R? — vectg be the two interval modules whose sup-
ports and minimal projective resolutions relative to hooks are depicted in Figures 6
and 7, respectively. Their signed bottleneck distance, realized by the partial match-
ing between their signed barcodes shown in Figure 8, is equal to their interleaving

Figure 6. Minimal & (..} -projective resolution of the interval module M of Example 5.6.

Figure 7. Minimal & g,00ks} -projective resolution of the interval module N of Example 5.6.
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‘\—/

Bar{hooks} (M) Bar{hooks} (N)

Figure 8. Partial matching realizing a;h""‘“’ (M, N) in Example 5.6.

distance and so bounded from above by (2 x 2 — 1)?> = 9 times their interleaving
distance.

6. Differential calculus

Let R” be our poset, equipped with the product order, and let vectﬁf; > be our persis-
tence module category of interest. The finite presentedness assumption is motivated
by the fact that, in TDA applications, persistence modules come from finite data. Note
that vectﬁj:p is an essentially small category, so it makes sense to talk about set maps
from or to it, provided we consider its objects up to isomorphism — which we do from
now on. Our goal is to characterize what it means for a map from or to vect%j}p to be
differentiable and to define derivatives for such maps so that the chain rule applies.
The main obstruction is that the category does not come equipped with a differential
structure on its object set, so we must define one.

6.1. Setup

With TDA applications in mind, we place ourselves in the context of sublevel sets
topology, described in Section 3. Let X be a fixed topological space, which we
assume to be the underlying space of some finite simplicial complex K. We con-
sider functions X — R” that are defined simplexwise, meaning that they are the
geometric realizations in X of functions f = (f1,..., fu): K — R”". We further
assume that every f considered is monotonic in the sense that each f; is monotonic
with respect to the face inclusion order on K, that is, f;(0) < f;(7) for all simplices
0 C t € K. These monotonic functions K — R” form a closed convex affine cone
in (R™)*X, denoted by (R”)4X, which is the intersection of the closed half-spaces
{f=U1,..., fn): K—>R"| fi(0) < fi(v)} for all pairs of simplices 0 € 7 € K and
all coordinates i € [1,n]. In the following, for the sake of simplicity of the exposition,
we identify the functions f € (R”)4X with their geometric realization in X.
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Every function f € (R")4X has a well-defined persistent (singular) homology
H.(f) as a function X — R”. Meanwhile, thanks to its monotonicity as a function
K — R”, f also has a well-defined persistent (simplicial) homology, which is iso-
morphic to H.(f). Since K is finite, H«(f) is finitely presented, and there is an
upper bound, depending only on n and #K, on the size of its minimal presentation.

In practice, the monotonic functions K — R” are built from data, so there is a map
®:R™ — (R")4K from some parameter space that we assume to be the Euclidean
space R (or some subanalytic subset): for instance, R can be the space of labeled
point clouds with r points in R (in which case m = dr) or the parameter space of
some neural network architecture. This setup is summarized in the first part of the
following pipeline.

m n\£LK R”
R T) (R ) T()) vectk’fp ——— Barcodes T) R

Pers XL

The second part of the pipeline is for maps from the persistence module cate-
gory. Generally speaking, one may consider maps to any Euclidean space (or any
subanalytic subset), but anticipating the next section on optimization, we take R as
the codomain. In order to leverage the theory developed in the previous sections,
we assume that the map £L: vectﬁ’”fp — R under consideration factors through some
metric space of invariants. In our setting, it is either the space of finite barcodes
equipped with the bottleneck distance (when n = 1) or the space of finite signed bar-
codes equipped with the signed bottleneck distance (when n > 1); in either case, we
write Barcodes for the space of invariants. To complete the picture, we call persistent
homology map and write Pers for the composite map (R”)4X — veCtE;-p
and we write W for the map Barcodes — R through which &£ factors.

As the space of barcodes does not come equipped with a differential structure, we
lift it to a disjoint union of Euclidean spaces as illustrated below.

— Barcodes,

|2 RCr+DE

R™ —— (R")4K —— vectR”. —— Barcodes — SR
@ H. () k., fp v

Pers L

Specifically, we map each proper hook [s, ) with s < ¢ € R” to the vector (s,¢,1) €
R27*1 and each principal upset [¢, 00) to the vector (¢,¢,1) € R?"*!. Given a fixed
total order on the bars (proper hooks and principal upsets) in R”, we now map each
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barcode with k bars to the vector in R@” DX whose coordinates are given by the list
of the coordinates of the images of its bars in R?"*1, sorted according to the total
order on bars. In the following, we take the total order on bars induced by the lexico-
graphic order on the coordinates of their images in R?"*1. For example, in the case
n = 1, the barcode

{[0, 00), [-1,3.2), [0,2.5)}

is sent to the vector
(-1,3.2,1,0,0,1,0,2.5,1) € R%;

in the case n = 2, the barcode

{{(0.0).(3.2)). [(=1.1).(2,2)). [(2,3). 00)}

is sent to the vector
(-1,1,2,2,1,0,0,3,2,1,2,3,2,3,1) e R'°,

For signed barcodes Bar = (Bar™, Bar™), we map Bar™ to R@#+D#Ba™ a6 above,
and we map Bar~ to R+ D#8a™ by cending each of its proper hooks [s, ) with
s <t €R"to(s,t,—1) and each of its principal upsets [t, o0) to (¢, ¢, —1), keep-
ing the same total order on bars as before. In other words, the last coordinate of the
image of each bar encodes its sign in the signed barcode. Then we concatenate the two
vectors in R@#+D@Bart +#Bar™) Eorinctance, in the case 1 = 2, the signed barcode

({[(0,0)(0, 1)), [(0,0), (1, D)}, {[(0,0). (1,0))})

is sent to the vector

(0,0,0,1,1,0,0,1,1,1,0,0,1,0,—1) € R'>.

Let us write p: Barcodes — |_|7 R@n+Dk

and signed barcodes. This map clearly admits a left inverse ¢, since every (signed
or regular) barcode can be reconstructed from its vectorization. Note that p is not
onto, given the special form of the vectors obtained in R?"*!. Note also that p is not
continuous either, because barcodes with different numbers of bars are sent to differ-
ent terms of the disjoint union | |72, R"+Dk However, p is good enough for our
purposes, as we will see in the next subsection.

for the resulting lifting map on barcodes

As mentioned previously, there is a global upper bound, depending only on n
and #K, on the size of the minimal presentations of the persistent homology H«(f)
of the monotonic maps f: K — R”". As a consequence, there is also a global upper
bound on the size of their (signed or regular) barcode. Thus, in effect, Barcodes is
lifted to a finite disjoint union of Euclidean spaces, which, in the following, we view
as a subanalytic subset of some real analytic manifold.
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6.2. Results

Proposition 5.2, combined with Theorem 5.4 (case n = 1) or 5.5 (case n > 1),
implies that the persistent homology map Pers is Lipschitz continuous. In prac-
tice, the maps @ and W are chosen by the user, and the most common choices are
known to be locally Lipschitz continuous. Under this assumption, the composite map
W o Pers o ®: R™ — R is also locally Lipschitz continuous, and therefore differen-
tiable almost everywhere in R™, by Rademacher’s theorem [20, Theorem 3.4.1 and
Remark 3.4.2]. In the following, we aim at getting some control over the singular set
of the map in R™ and at deriving a chain rule to compute the map’s derivatives at its
regular points. For this, we assume that the maps ® and W o g are subanalytic,' an
assumption that is verified by most common choices of maps ® and W in practice.
The key point is that p o Pers has an elementary structure, described next.

Proposition 6.1 ([15,40,51]). There is an affine Whitney stratification of (R")<X
such that the map p o Pers is affine on each stratum.

In effect, the stratification is given by the restriction, to the cone (R”)4X, of the
arrangement of hyperplanes { f = (f1,..., fn): K = R" | fi(0) = f;(t)} for all pairs
of simplices 0 # t € K and all coordinates i € [1,n]. The intuition behind the result
is that, for any monotonic functions f, g: K — R” belonging to the same stratum, the
coordinate functions f; and g; induce the same pre-order on the simplices of K, so
the persistent homologies H.«( f) and H«(g) are isomorphic persistence modules up
to a monotonic piecewise affine reparametrization of each coordinate axis in R”; as a
consequence, the (signed or regular) barcodes of H.«( f) and H«(g) are the same up
to the reparametrization of the coordinates of their bars’ endpoints.

Corollary 6.2. Assume ® and VW o q are subanalytic. Then p o Pers o ® and
W o Pers o ® are subanalytic as well, and there is a finite C' Whitney stratification
of R™ such that p o Pers o ® and W o Pers o ® are differentiable on top-dimensional
strata, V o q is differentiable on the images of these strata via p o Pers o ®, and the
following chain rule applies:

Vi (W oPers o @) = V(,opersod)(x) (VY © q) Jx(p o Pers o D).

That p o Pers o ® is subanalytic follows from Proposition 6.1 and the assumption
that @ itself is subanalytic. Then the composition W o g o p o Pers o & = W o Pers o ®

IStrictly speaking, we see W o ¢ as a map from the finite disjoint union of Euclidean
spaces in which barcodes coming from monotonic maps K — R’ are lifted, and as men-
tioned previously, we see this finite disjoint union as a subanalytic subset of some real analytic
manifold.
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is also subanalytic. The existence of a finite C ! Whitney stratification of R™ such that
both p o Pers o ® and W o Pers o ® are differentiable on the top-dimensional strata
and that W o ¢ is differentiable on the images of these strata via p o Pers o ® follows
from the Whitney stratifiability of subanalytic sets and maps [28,29]. The chain rule
in top-dimensional strata is then the usual chain rule for differentiable maps between
differentiable manifolds.

Remark 6.3. Corollary 6.2 extends to more general o-minimal structures for which
Whitney stratifiability holds, such as for instance analytic-geometric categories [53].

6.3. Examples

We now explore two concrete examples of maps ® (Example 6.4) and ¥ (Exam-
ple 6.5) that are popular in applications. We provide explicit formulas for their
derivatives, which can be combined via the chain rule of Corollary 6.2. For the
sake of simplicity, our examples deal only with the 1-parameter version (n = 1)
of pipeline (6.1). Other examples involving more parameters can be found in the
literature; see, e.g., [46,51].

Example 6.4 (Rips filtration). Let r € N* be fixed, and let K be the full sim-
plex on [1, r], whose faces are in one-to-one correspondence with the power set
201N\ {@}. As before, X is the underlying space of K. For any finite set A =
{ay, ..., a,} of labeled points in Euclidean space R?, we consider the geometric
realization in X of the following monotonic function f4: K — R:

Jfa(io}) =0 Vl<ip=r,

Sfalio. ... is}) = Oinjal)is”aij —ajla Vs>=landV1 <ip<---<ig=<r.

This function is called the Rips filtration of the labeled point set A. It serves as a
combinatorial approximation to the distance to A in the ambient space R? (see, e.g.,
[48, Chapters 4-5] for the precise connection). Its parameters are the coordinates of
the labeled points of A in R?. We consider the subspace of monotonic functions
f4: K — R for A ranging over all the sets of r labeled points in R¢ (with possible
repetitions of the points). Referring to pipeline (6.1), we thus have n = 1, m = dr,
and ®: A > f4. This map ® is known to be subanalytic [26], and it admits a C!
Whitney stratification where each top-dimensional stratum is the locus of the labeled
point clouds that have nonzero and distinct pairwise distances inducing the same total
order on the pairs of labels, while the union of the lower-dimensional strata is com-
posed of those labeled point clouds with at least one trivial or two equal pairwise
distance(s). The derivatives of ® at A € R4” in some top-dimensional stratum have



S. Oudot 702

the following elementary expression: for any simplex o € K,

a; —aj . . .
—— if 3 i eost|a —ajll, = max ||a;r —aila,
(8<1>(A)) _Nia<ah J# lai —ajll2 i’,j’ea” ir—ajl2
o

8a,-

0 otherwise.

Note that, even if A itself is in a top-dimensional stratum S4, its image f4 may be (in
fact, is generally) located in a stratum T4 of the affine Whitney stratification of R4X
that is not top dimensional. This is because the appearance of an edge in the Rips fil-
tration is concomitant to the appearance of all its cofaces that have it as their longest
edge. Therefore, the map p o Pers per se may not be differentiable at 4 € R4X,

The composite map p o Pers o ®, however, is differentiable at A. More precisely,
the pairwise distances in each point cloud A’ € Sy4 yield the same total order on the
pairs of indices 1 <i < j < r. In turn, this total order yields a unique pre-order <4
on the simplices of K by the (increasing) values of f4; in other words, the point
clouds in S4 are mapped to the stratum 74. Then fixing a priori a total order <g on
the simplices of K, the point clouds in S4 induce the same total lexicographic order
<4:= (=24, <k). In turn, <4 yields a unique assignment of the simplices of K to the
finite endpoints of the bars in the barcode of Hy( f4/) for any A’ € S4, hence a unique
assignment ¢ of the simplices of K to coordinates in the lifting space R3*, where k
is the number of bars in the barcode of H«( f4). The derivatives of p o Perso ® at A
then have the following simple expression: for any coordinate 1 </ < 3k,

(8(p o Pers o CID)(A))
da; I
a; —aj ifl =¢(o) forsomeo € Kand3dj #i €0
llai —a; |2 st flai —ajll2 = i}}}aéallai’ —ajl2,

if / =2 mod 3 and (p o Pers o ®)(A4); =
(p o Pers o ®)(A4);—; (bar endpoint at
infinity),

= d(p o Pers o ®)(A)
( da; )1—1

0 otherwise.

Recall from our setup (Section 6.1) that p sends infinite bars [z, 00) to vectors (¢, 1, 1),
hence the second case in the above expression for the derivatives of p o Pers o ®.

Example 6.5 (Total persistence). For n = 1, let W: Barcodes — R map each finite
barcode to the sum of the lengths of its finite bars, also known as its total persistence:

VBar € Barcodes, W(Bar) := Z (sup I —inf 7).

I eBar
sup I <oo
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This sum is finite and can be rearranged as follows:

VBar € Barcodes, W(Bar) = Z sup I — Z inf /.

I €Bar 1 €Bar
sup I <oo sup I <oo

Pre-composing W by ¢ gives the following linear map R3** — R for every barcode

size k:
k—1 k—1
X = E X3i4+2 — E X3i+1-
i=0 i=0

One can indeed check that W o g as defined above yields ¥ o g o p = W, the crux of
the matter being that the contribution of every infinite bar / to (¥ o g o p)(Bar) is
zero as desired because / is mapped to (inf /,inf 7, 1) by p thentoinf/ —inf/ =0
by Wogq.

The derivatives of W o ¢ are then constant for every barcode size k:
—1 if/ =1 mod 3,
1 if | =2 mod 3,

0 otherwise.

I(Wogq)
ax;

7. Optimization

Referring again to pipeline (6.1), we assume &£ is some loss function on persistence
modules that one seeks to minimize over the choice of parameter vector x € R from
which the modules originate. We also assume the maps ® and W o ¢ have been cho-
sen to be subanalytic and locally Lipschitz continuous — as the most common choices
in practice are. Then, by Corollary 6.2, the composite map F := W o Pers o ® itself
is subanalytic, so it is differentiable almost everywhere in R™ and has a well-defined
Clarke subdifferential dF (x) at every point x € R™:

oF (x) == CH{ lim VF(yi) | (yi)ien — x and F differentiable at every y,-},
1—>00

where CH is the notation for the convex hull in R™. We consider the following
differential inclusion:

d—); € —0F(x(¢)) for almosteveryt > 0,

whose solutions are the trajectories of the subgradient of F'. In order to approximate
these trajectories, we use the stochastic subgradient descent algorithm, whose descent
step is written as follows:

Xig1:=x; —o;(gi + &),
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where (x;);en is the sequence of iterates, (g; € 0F(x;))ieN is any sequence of
subgradients of F at the iterates, (®;);eN iS a sequence of non-negative learning
rates, and (&;);en is a sequence of random variables (the stochastic part of the
descent). We make the following standard assumptions on these quantities — see [23,
Assumption C]:

(i) D jeny@ = +oo, while ) ; aiz < 400,
(i) sup;enllxill2 < 400 almost surely,

(iii) almost surely, conditioned on the past, each &; has zero mean, and its sec-
ond moment is bounded from above by w(x;) for some fixed function
u:R™ — R that is bounded on bounded sets.

Under these assumptions, one can show that stochastic subgradient descent
converges almost surely to critical points of F.

Theorem 7.1 ([23, Corollary 5.9]). Given that F is subanalytic and locally Lipschitz
continuous, under assumptions (i)—(ii), almost surely every limit point x of the
sequence of iterates (Xj)ieN is critical for F (ie., 0 € 0F(x)), and the sequence
of function values (F(x;))ieN converges.

We now give two illustrative examples of applications. For the sake of simplicity,
we show basic applications that rely on the choices of maps ® and W from Exam-
ples 6.4 and 6.5. In particular, the persistence modules involved in our examples have
only one parameter. Other, more elaborate applications involving persistence mod-
ules with more parameters and/or relying on different choices of maps ® and W have
been considered in the literature, notably in deep learning contexts; see [15,46,51]
for some examples.

Example 7.2 (Topological optimization). Let A be a finite set of samples drawn inde-
pendently from the uniform distribution on the square [—1, 1]?> C R?, as illustrated in
Figure 9 (left). The goal is to move the points around in order to create as large ‘holes’
as possible in the distribution. For this, we use the setup of Examples 6.4 and 6.5, let-
tingd = 2,n = 1,m = 2#A, ® be the Rips filtration for labeled point clouds in R2,
and W be the opposite of the total persistence. Since we are interested in creating
1-dimensional holes, we consider homology in degree 1, so in the following, Pers
stands for persistent homology in degree 1. Our approach is to minimize the func-
tional W o Pers o @, that is, to maximize the total persistence in homology degree 1 of
the Rips filtration of A — recall that the Rips filtration of A serves as a combinatorial
approximation of the distance to 4 in R?, as mentioned in Example 6.4.

Applying stochastic subgradient descent with standard parameter values to the
functional W o Pers o @, starting from A, gives the result shown in Figure 9 (cen-
ter) after 100 steps. As expected, 1-dimensional holes have started appearing in the
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Figure 9. Left: The input point cloud A. Center: The output after 100 steps of stochastic sub-
gradient descent on the functional W o Pers o @, starting from A, where persistent homology is
taken in degree 1. Right: Output after 100 steps of stochastic subgradient descent on the regu-
larized functional (¥ o Pers o ®)(A4) + A Y, 4 max{0, [la|lcc — 1}

distribution. However, the functional does not converge, as the optimization process
keeps dispersing the points indefinitely. This is because scaling the data points by a
factor v > 0 results in scaling their pairwise distances by v, and therefore scaling the
functional by v as well. And indeed, our initial objective of creating as large holes as
possible in the distribution without any further requirements is ill-defined.

We therefore modify our objective by adding the constraint that the points of A
should remain in the square [—1, 1]2. We treat this as a soft constraint and add the
following regularization term to our functional, where A is a user-defined mixing
parameter:

A Zmax{O, lalloo — 1}
acA
Stochastic subgradient descent applied to the regularized functional eventually con-
verges, thanks to the regularization term, and the output, depicted in Figure 9 (right),
qualitatively meets our new objective.

Example 7.3 (Topological regularization). Let A be a finite set of data points in
Euclidean space R3, sampled from two entangled thickened circles, as illustrated
in Figure 10 (left). The goal is to project the data down to 2 dimensions, while pre-
serving the geometry and underlying topological structure of the data as much as
possible.

In order to do this, we use an autoencoder architecture, which implements the
composition of two maps:

e aprojection map g: R?® — R2, called the encoder, parametrized by some vector

0 €0,

o anembedding map t,: R? — R3, called the decoder, parametrized by some vector
w € Q.
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Figure 10. (From [15]) Left: The input point cloud A4 in 3 dimensions, with data coming from
the two thickened circles marked in different colors. Center: Projection of A to 2 dimensions
by the autoencoder trained for 100 epochs with the standard functional (7.1). Right: Projection
of A to 2 dimensions by the autoencoder trained for 100 epochs with the regularized functional.

The idea is then to make the composite map ¢, o 7g: R3 — R3 as close to the identity
of R3 as possible. For this, we set the parameters 6,  in such a way as to minimize
the quadratic error between the points of A and their image through ¢, o my:

min 3 [la = (1 © ) (@)]3. (7.1)

7 acd

The resulting projection of the point cloud A to 2 dimensions after this training phase
is shown in Figure 10 (center). Besides the unavoidable metric distortion of the data,
we see a break in the topological structure of its underlying two circles. In order to
repair it, we add the following regularization term to our functional, which measures
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the discrepancy between the persistent homology in degree 1 of the Rips filtration
of A and that of its projection g (A):

A dy((Pers o ®3)(A), (Pers o ®;)(mg(A))),

where A > 0 is a user-defined mixing parameter, O, is the Rips filtration for labeled
point clouds in R¥, Pers is the persistent homology map for homology in degree 1,
and d; is a variant of the bottleneck distance between persistence modules (Defi-
nition 5.3) where the maximum of the interleaving distances between their interval
summands is replaced by the sum of these interleaving distances. As can be seen
from Figure 10 (right), adding this regularization term to the functional helps the
trained projection map mg better preserve the topological structure of the two circles
underlying the data.

8. Perspectives

Many of the results presented in this text are preliminary and call for further inves-
tigations in order to consolidate and extend the parts of the theory of persistence
modules they contribute to. Here, we report on a few concrete directions for future
developments related to the differentiation, optimization, and application of the TDA
pipeline.

Theorem 7.1 provides convergence guarantees for stochastic subgradient descent
on functionals that factor through the persistence module category vectﬁf,nfp, but the
result says nothing about the convergence rate. Theoretical bounds on the conver-
gence rate were obtained in [39] for the case n = 1, using a stratified variant of
gradient sampling. Whether similar bounds can be obtained when n > 1 remains
open.

Strictly speaking, the framework described in Sections 6 and 7 does not equip the
persistence module category vect%j}p itself with a differential structure but rather takes
a detour through a certain lift of the space of (signed) barcodes. An important follow-
up question is whether the differential structure on the lifting space can be pushed
down to the space of (signed) barcodes, and from there, to the persistence module
category vect]}é; > itself. This was shown in [40] to be possible in the case n = 1, using
the theory of diffeological spaces [32] and leveraging the Lipschitz continuity of the
left inverse g to the lifting map p as well as the isometry theorem, Theorem 5.4.
Whether this is also possible when n > 1 remains open, and the main bottleneck is
that, in this setting, (signed) barcodes are no longer a complete algebraic nor metric
invariant of persistence modules.

The question of computing (signed) barcodes efficiently is central for applica-
tions. While it is possible to use standard computer algebra systems like GAP [52] for
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this purpose, in terms of algorithmic complexity, these libraries do not scale up well
with the size of the simplicial complexes on which filtrations are built — these sim-
plicial complexes may contain millions of simplices in practice. Dedicated software
libraries have been developed over the years by the TDA community, which include
highly efficient routines to compute barcodes in the 1-parameter setting [5,31,42]. In
the multi-parameter setting, effective algorithms to compute minimal projective reso-
lutions of 2-parameter persistence modules were recently proposed [34, 38], opening
an avenue for the efficient computation of their signed barcodes relative to principal
upsets. The computation can be made even more efficient in the special case of persis-
tence modules induced in homology of degree 0 [45]. However, computing minimal
projective resolutions relative to other classes of projectives remains largely open
despite some promising developments [16].

Barcodes and their signed version are but one of many existing invariants for
persistence modules. Indeed, given that barcodes are not a complete invariant in
the multi-parameter setting, a wealth of other invariants have been proposed, among
which are the generalized persistence diagrams [35], elder-rule staircodes [14], multi-
persistence module approximations [41], multigraded Hilbert series [30], generalized
rank invariant landscapes (GRIL) [54], meta-diagrams [19], or birth-death func-
tions [43], to name a few. While some of them like GRIL are provably stable and
differentiable [46, 54], many still have unknown theoretical behavior in terms of sta-
bility and differentiability. In order to prevent the parallel development of multiple
specialized frameworks for differential calculus and optimization with each one of
these invariants, there is a need for the emergence of a unified theory that would
encompass most of them. A first attempt in this direction was made recently [51],
encouraging further investigation.
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wishes to thank the anonymous referee for their useful feedback.
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