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The K.�; 1/-conjecture for Artin groups

Mario Salvetti

Abstract. An Artin group GW is the fundamental group of the space YW , which consists of
the regular orbits of a Coxeter group W acting on the complexified Tits cone. The best-known
example occurs whenW is the symmetric group, in which caseGW is the classical braid group,
and YW is the configuration space of n distinct points in C. A famous long-standing conjec-
ture, attributed to Arnol’d, Brieskorn, Pham, and Thom, asserts that the orbit space YW is a
K.�; 1/-space. For finiteW , the conjecture was proved by Deligne (1972) in a landmark paper.
Recently, in collaboration with Giovanni Paolini (2021), we proved the conjecture for the next
significant class of Artin groups of affine type.

We discuss various aspects of our proof, providing an overview of the main methods while
avoiding the numerous technical details. In particular, we focus on combinatorial methods
applied to the so-called dual approach to Artin groups. The latter involves the development
of Garside theory and its application to non-crossing partition intervals. Finally, we highlight
some naturally related problems and conjectures that can be formulated for any Artin group.
Delucchi, Paolini, and Salvetti (2024) have recently resolved these conjectures affirmatively for
all rank-three groups.

1. Introduction

We consider Coxeter groups and their associated Artin groups (precise definitions are
provided below). Since Deligne’s landmark paper [14], which established (among
other results) the K.�; 1/-property for the orbit configuration space of spherical-
type Artin groups, the topological study of this important class of groups has seen
only sporadic progress. However, in recent years, new significant results have rekin-
dled strong interest in this area. In collaboration with Giovanni Paolini, we proved
the K.�; 1/-conjecture for all the affine Artin groups [29]. More recently, further
advancements have been achieved using different approaches, primarily based on
Gromov’s theory of hyperbolic groups [19, 21].
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In this paper, an extended exposition of my talk at the ECM, we focus on our
approach to the K.�; 1/-conjecture. After providing all necessary definitions and
stating the conjecture in its general form, we introduce the so-called dual approach
to the theory. Within this framework, one considers all reflections R as generators
of the Coxeter group W , which in turn defines a length function `R and induces a
poset structure on W . We then consider the interval Œ1; c� in this poset, consisting of
all elements less than or equal to a fixed Coxeter element c. This interval is com-
monly referred to as the non-crossing partition interval, a term originating from the
symmetric group case, as we explain later.

Starting from the non-crossing partition interval, we define a dual Artin group
and an interval complex. The interval complex is a CW-complex whose fundamental
group is the dual Artin group. A key property in Garside theory is when the associ-
ated poset forms a lattice. This lattice property ensures that the dual Artin group is a
Garside group and that the interval complex is a K.�; 1/-space.

Next, we outline the main components of our proof, which partially extend the
theory developed by McCammond and collaborators [26] while introducing combi-
natorial methods. The essential steps are as follows: first, we prove that the interval
complex remains a K.�; 1/-space even when the poset is not a lattice; second, we
construct a dual finite model for the orbit configuration space; and finally, we apply
combinatorial techniques – such as EL-shelling of the poset and discrete Morse theory
– to simplify the interval complex, reducing it to the dual model (see also [18]).

In the last part of the paper, we consider potential generalizations of these con-
structions to arbitrary Coxeter groups and pose a few related questions and conjec-
tures. Our concluding theorem provides affirmative answers to all these questions for
rank-three Artin groups (see [16]).

2. Coxeter groups and Artin groups

A (finitely generated) Coxeter group is a group defined by the presentation

W D
D
S j s2 D 1; sts � � �„ƒ‚…

m.s;t/ factors

D tst � � �„ƒ‚…
m.s;t/ factors

for s 6D t; m.s; t/ ¤1
E

(see [5,22]), where S is a finite set andm W S � S !N [ ¹1º is a function such that
m.s; s/ D 1 for all s 2 S and m.s; t/ D m.t; s/ 2 ¹2; 3; 4; : : :º [ ¹1º for all s ¤ t
in S .

Any Coxeter group can be represented as a group generated by linear reflec-
tions in the real space V D RS . It is convenient to consider the contragredient
�� W W ! GL.V �/ of the Tits representation � W W ! GL.V /, which is given by
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extending to all W the map

� W s 7! rs W x 7! x � 2B.x; es/es; s 2 S:

Here, es denotes the canonical basis vector in V , and B is the symmetric bilinear
form given by

B.es; es0/ WD � cos.�=m.s; s0//

(with B.es; es0/ D �1 if m.s; s0/ D1).
The representation � preserves the bilinear form B . It turns out that W is spheri-

cal (finite) if and only if B is positive definite; W is affine if and only if B is positive
semidefinite (but not definite); W is hyperbolic if B is non-degenerate of signature
.n � 1; 1/.

The action of W on V �, which has a canonical basis given by the dual basis
e�s ; s 2 S , of V , is free on the base chamber

C0 WD
\
s2S

HCs :

Here,Hs D Span¹e�s0 j s
0 2 S; s0 6D sº are the walls of C0, andHCs DHs CRCe�s is

the half-space with boundary Hs which contains C0. Denote by D D C0 the closure
of the base chamber. The stabilizer of a face F � D n C0,

F D

� \
s2T�S

Hs

�
\

� \
s2SnT

HCs

�
; (2.1)

is the parabolic subgroup WT generated by all s 2 T . Notice that for an affine W , all
proper parabolic subgroups are finite.

Let R WD ¹r D w�1sw j s 2 S; w 2 W º be the set of all reflections in W .
Each r 2 R is mapped by �� into a linear reflection in V � with fixed point set
Hr D w

�1:Hs . The collection A D ¹Hr ; r 2 Rº is called the reflection arrangement
of W . The connected components of the complement of

S
r2RHr are the chambers

of the arrangement.
The Tits cone I D

S
w2W w:D is the orbit ofD. One has the following properties

(see [22, 36]):

� I D RS if and only if W is finite; when W is affine, I is a half-space (with
boundary Ann.V ?/).

� D is a fundamental domain for the action of W on I .

� I is a convex cone in RS , which is generally neither open nor closed.

� The reflection arrangement A stratifies I into convex faces, each conjugated
to a unique face of C0. The group W acts simply transitively on the set of
codimension-0 faces (the chambers).
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� Face (2.1) of C0 has stabilizer equal to the parabolic subgroup WT which is gen-
erated by the reflections s 2 T . This face belongs to the interior int.I / if and only
ifWT is finite. More generally, any face F 0 conjugated to F (by elements in some
left coset of WT ) belongs to int.I / if and only if WT is finite.

In particular, all codimension-1 faces of C0 (the walls of C0) belong to int.I / and
a codimension-2 face F D .Hs \ Hs0/ \

�T
t 6Ds;s0 H

C
t

�
is in int.I / if and only if

m.s; s0/ 6D 1.
We now introduce the configuration space associated with W :

Y D .IC/ n
[
r2R

Hr;C;

where IC Š I � RS is the complexification of the Tits cone and Hr;C Š Hr �Hr
is the complexification of the hyperplane Hr . (Equivalently, one can take I � I
instead of IC .) The group W acts diagonally on IC , and it acts freely and properly
discontinuously on Y . Thus, we have the orbit configuration space

YW D Y=W:

Example 2.1. ForW the symmetric group Sn, one has Y ' Cn n
S
i 6Dj ¹zi D zj º as

the space of ordered n-tuples of points in C and YW ' Y=Sn the space of unordered
n-tuples of points in C.

We also recall the Salvetti complexes X � Y and XW � YW which are defor-
mation retracts of the configuration space and of the orbit configuration space of W ,
respectively [33, 34]. In particular, XW contains a jT j-cell for each finite parabolic
subgroup WT . The construction of X closely follows the approach in the original
paper [33], involving only the faces contained within the interior of I (so correspond-
ing to cosets of finite parabolic subgroups; see [36, Thm. 2]). Consequently, XW is a
finite union of subcomplexes associated with the maximal finite parabolic subgroups
of W .

Definition 2.2. The Artin group GW , associated with a Coxeter group W , is the
group presented by the generators and relations of W , except the relations s2 D 1

are omitted. Specifically, it is defined by

GW D
D
S j sts � � �„ƒ‚…

m.s;t/ factors

D tst � � �„ƒ‚…
m.s;t/ factors

for s 6D t; m.s; t/ ¤1
E
:

In Example 2.1 with W D Sn, the Artin group GW is the classical braid
group Brn.

Theorem 2.3 ([7] in the finite case, [35] in general). The following holds:

�1.YW / Š GW :
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(A simple proof of this result can be obtained by examining the 2-skeleton of the
associated complex XW .)

We can now state the main conjecture.

Conjecture 2.4 (K.�; 1/-conjecture). The orbit configuration space YW is a classi-
fying space for the corresponding Artin group GW .

This famous conjecture is usually attributed to Arnol’d, Thom, Brieskorn, Pham,
dating back to the 1960s and 1970s in connection with topological questions in singu-
larity theory. One consequence of the conjecture is the existence of a K.�; 1/-space
given by an explicit finite CW-complex (e.g., the abovementioned XW ).

The conjecture was established by Deligne in the 1970s for spherical Coxeter
groups [14]. Recently, we found [29].

Theorem 2.5 (G. Paolini, M. Salvetti). The K.�; 1/-conjecture is true for all affine
Artin groups.

In previous years, the conjecture was proved in some scattered cases: types
zAn, zCn [28]; large-type Artin groups [20]; FC-type groups [11]; locally reducible

type [10]; type zBn [9]. Several additional related results were established in the mean-
time: a comprehensive survey up to that point can be found in [30]. Following [29],
additional cases were addressed in [19, 21], including cases where the Coxeter dia-
gram is a tree (subjected to certain constraints on the edge labelings) as well as some
finite-volume hyperbolic cases.

3. Quick overview of Garside theory

Deligne’s proof of the spherical case was inspired by and extended the earlier work
by Garside on the braid group [17]. His work, in turn, led to the development of what
is now known as Garside theory (a valuable contribution toward understanding cer-
tain key properties in the finite case was also made by [8], which was published at the
same time as [14]).

A Garside structure on a group G is defined as a pair .M; �/, where M is
a monoid and � 2 M is a distinguished element called the Garside element. The
groupG is the group of fractions ofM . This pair satisfies a list of properties (see [13]
for a comprehensive overview and references up to that point).

The main property of interest is thatM , with respect to the poset structure induced
by the divisibility relation, forms a lattice; that is, any two elements ofM have a least
common multiple (lcm) and a greatest common divisor (gcd). One consequence is the
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existence of a normal form in G, expressed as g D �na; n 2 Z; a 2M . This normal
form provides a solution to the word problem in G.

Now, consider a group G with generating set R D R�1; 1 62 R. Let `R.g/ be
the length of an element g 2 G with respect to R (we can take `R.g/ as the mini-
mal length of an R-factorization of g). We can introduce a partial ordering on G as
follows:

g � g0 ” `R.g/C `R.g
�1g0/ D `R.g

0/

(equivalently, there is a reducedR-factorization of g0 which begins with a reducedR-
factorization of g). The Hasse diagram of .G;�/, graded by the length function `R,
can be viewed as a subgraph of the Cayley graph ofG. Specifically, for g 2 G; r 2 R,
there is an oriented edge (labeled by r) from g to gr if and only if `R.g/ < `R.gr/ (so
`R.gr/ D `R.g/C 1).

Definition 3.1 (See [12, 23, 26]). For 
 2 G, let Œ1; 
� be the interval below 
 in the
poset .G;�/.

(1) The interval groupG
 is the group with generatorsR
 DR\ Œ1; 
� and rela-
tions as follows: for any pair of maximal chains c; c0 of Œ1; 
�, with labels
given by words w;w0 in R, there is a relation w D w0. (Equivalently, there is
a relation for any loop in the (undirected) Hasse diagram of Œ1; 
�.)

(2) The interval complex K
 is the CW-complex (delta-complex) obtained from
the order complex �.Œ1; 
�/ by identifying two simplices if they have the
same edge labels (in particular, all 0-simplices are identified).

Recall that the order complex of a poset P is the simplicial complex whose
q-simplices are the .q C 1/-chains of P .

By examining the 2-skeleton of K
 , it is easy to see that �1.K
 / D G
 .
We say that the element 
 2 G is balanced if its left and right divisors coincide.

Theorem 3.2 (See [2, 12, 26, 27]). Let 
 be balanced and assume that Œ1; 
� is a
lattice. Then:

� The interval group G
 is a Garside group.

� The interval complex K
 is a K.G
 ; 1/.

The Garside structure on G is given by the monoid GC
 which has the same
presentation as G
 . The Garside element is 
 itself.

3.1. Standard and dual Garside structures

When W is finite, the standard Garside structure is defined by taking the set of sim-
ple reflections S as the generating set and using the longest element ı 2 W (with
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respect to length function `S ). In this case, the interval Œ1; ı� coincides with the entire
group W .

The main points, following Deligne’s proof within the previously introduced
framework, can be summarized as follows.

Theorem 3.3. Let W be finite. Then:

(1) The interval group Wı is the standard Artin group GW (and the associated
monoid is the standard Artin monoid as defined in [8, 14]).

(2) The poset Œ1; ı� is a lattice. Therefore, GW is a Garside group and Kı is a
K.GW ; 1/-space.

(3) Kı is homotopy equivalent to the orbit configuration space YW .

Point (1) is not too difficult. Point (2) follows from the fact that the weak Bruhat
order on a finite Coxeter group is a lattice (see, e.g., [4]). Point (3) is the most del-
icate: one can see that Kı is homotopy equivalent to the complex XW mentioned
earlier (see, for instance, [15]).

To introduce the dual Garside structure on W , we take all the reflections R
as a generating set and choose any Coxeter element c 2 W . Recall that a Coxeter
element of W is a product of all the simple reflections in some order or, equiva-
lently, a product of the reflections associated with the walls of a given chamber, in
some order. Thus, there are many Coxeter elements, although most of them are often
conjugate in W . The interval Œ1; c� is commonly referred to as the non-crossing par-
tition poset; we denote it by NC.W; c/. This terminology originates from the case
when W is the symmetric group Sn and c D .1; 2; : : : ; n/. Let Sn act on the n points
Pk D exp

�
2�i
k

�
; k D 0; : : : ; n� 1, in the unit circle. A permutation � belongs to Œ1; c�

if and only if the convex hulls of its cycles do not intersect each other (see Figure 1
for n D 4) (see, e.g., [13, Ch. IX]).

Definition 3.4. The interval group G0W WD Gc is called the dual Artin group of
type W .

We also set KW WD Kc . The following holds.

Theorem 3.5 (See [2], generalizing [3] for the case An; see also [6]). When W is
finite, one has the following:

(1) There is an isomorphism G0W Š GW between the dual and standard Artin
groups.

(2) NC.W; c/ is a lattice (therefore, G0W is a Garside group and KW D

K.G0W ; 1/).
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Figure 1. The non-crossing partition poset NC.S4I c/, where c D .1; 2; 3; 4/.

(3) KW Š YW .Š XW / (by the uniqueness of K.�; 1/ up to homotopy).

Example 3.6. We illustrate the two structures in the case where W is of type A2
(i.e.,W D S3). In this case,W D hS D ¹s1; s2º j s21 D s

2
2 D 1; s1s2s1 D s2s1s2i. The

standard structure is obtained by taking generators S and using the longest element
ıD s1s2s1 as the Garside element. The dual structure uses as generators all reflections
R D ¹s1; s2; s3º, where s3 D s1s2s1. The Garside element is a Coxeter element, say
c D s1s2. We depict the associated posets and the complexes XW , KW in Figure 2.

4. The caseW affine

Let now W be an affine Coxeter group. We want to discuss some main points
from [29]. In the affine case, there is no standard Garside structure because there
is no longest element in W . Attempts have been made to use the dual structure by
choosing a Coxeter element c 2 W . However, the strategy that works in the finite
case does not generally apply here. Specifically, we have the following result.

Theorem 4.1 ([24]). For W affine, the non-crossing partition poset NC.W; c/ forms
a lattice if and only if W is of type zAn (for certain Coxeter elements c), zCn, or zG2.

Nonetheless, several interesting properties were discovered in [26], including the
following.
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Œ1; ı�:

1

ı

s1 s2

s2s1s1s2

s1 s2

s1

s2s1

s2

Œ1; c�:

1

c

s1 s3s2

s1 s3

s1s2

s2

s3

XW Š YW KW D �.NC.W; c//=�

Figure 2. Standard (on the left) and dual (on the right) structures whenW D S3. Arrows of the
same kind must be glued.

Theorem 4.2. For W affine, there is an isomorphism between the dual and standard
Artin groups: G0W Š GW .

We now summarize the main results proved in [29].

Theorem 4.3. Let W be an affine Coxeter group. Then:

(1) The complex KW is always a K.�; 1/-space, even when NC.W; c/ is not a
lattice.

(2) There exists a finite subcomplex X 0W � KW which is homotopy equivalent
to YW .

(3) The complex KW deformation retracts onto X 0W .

The K.�; 1/-conjecture stated in Conjecture 2.4 follows directly from Theo-
rem 4.3.
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4.1. K.�; 1/-property for KW

We quickly outline the strategy to prove part (1) of Theorem 4.3.
To each element w 2 W , acting as an isometry on the affine space, we asso-

ciate the set Min.w/ of points which are minimally moved by w with respect to the
euclidean distance. This set forms an affine subspace. When w is hyperbolic (i.e., it
has no finite fixed points), one has dim.Min.w// D rk.W / � `R.w/C 1. In particu-
lar, for a Coxeter element c, the set Min.c/ is an affine line, referred to as the Coxeter
axis (relative to c).

We rely on the following facts established in [26]. A reflection r 2R0DR\ Œ1; c�
is called vertical if Fix.r/ intersects the Coxeter axis; otherwise, r is called horizon-
tal. WhenW is affine, the set of horizontal reflections Rhor is finite. These reflections
generate a subgroup H of W , which is a direct product of affine Coxeter groups of
type zAi . The poset NC.W; c/ forms a lattice if and only if H is irreducible, which
occurs in the cases covered by Theorem 4.1. Additionally, there is a finite set of
translations T � Œ1; c�.

In cases where the poset NC.W;c/D Œ1; c� is not a lattice, a finite set of additional
new translations Tf � T is added, leading to a larger groupC �W . This construction
ensures that the new interval below c in C , denoted for clarity as Œ1; c�C , becomes
a lattice; furthermore, NC.W; c/ is a subposet of Œ1; c�C . Let then D and F be the
subgroups of C generated by Rhor [ T and Rhor [ Tf , respectively. The Coxeter ele-
ment c belongs to both D and F , giving rise to intervals Œ1; c�D � D; Œ1; c�F � F .
The latter interval is also a lattice.

Using these intervals, we construct additional interval complexes KCc ; K
F
c ,

and KDc . Furthermore, we define the subcomplex KHc � KDc consisting of all
simplices Œx1 j � � � j xk� such that the product x1 � � � xk belongs to H .

The situation is summarized in Figure 3. Here, the complexes KCc ; K
F
c are

K.�; 1/-spaces.
We prove the following in [29]:

� KDc is covered by KHc �R.

� KHc is a K.�; 1/-space, hence KDc is also a K.�; 1/-space.

� KW is a K.�; 1/-space (which follows by a Mayer–Vietoris argument).

4.2. The dual model

When W is finite, we just set X 0W D KW . Therefore, by Theorem 3.5 (3), we have
X 0W Š XW Š YW in this case.

In general, let T � S be such that the parabolic subgroupWT �W is finite. Let c
be the Coxeter element expressed as a product of elements s 2 S , in some order, and
let cT be the product of the elements in T , in the same order as they appear in the
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W C

H D F

KW KCc

KHc �R

KHc KDc KFc

'

Figure 3. Diagrams of groups and complexes.

factorization of c. Then cT is a Coxeter element of WT , and it belongs to the inter-
val Œ1; c�. Moreover, the interval complex KWT constructed from Œ1; cT � � WT is a
subcomplex of KW (see [29, §7]).

We define X 0W in general as

X 0W D
[

WT�W;WT finite

KWT :

To prove that X 0W ' YW , we construct a homotopy equivalence ' W XW ! X 0W .
Note that XW can also be expressed as a union of subcomplexes XWT , correspond-
ing to finite parabolic subgroups. The map ' is constructed by systematically gluing
together homotopy equivalences between the corresponding subcomplexes.

Example 4.4. We show in Figure 4 the example of W D zA2. Here, the Coxeter ele-
ment is w D abc. The dotted line represents the Coxeter axis ofW with respect to w.
In this case, X 0W D KWa;b [ KWa;c [ KWb;c , and XW D XWa;b [ XWa;c [ XWb;c .
Each block KWT is homotopy equivalent to the corresponding block XWT .

4.3. The retraction KW & X 0
W

To prove part (3) of Theorem 4.3, we apply discrete Morse theory to the complexKW .
We construct a discrete flow which contracts all the cells inKW nX 0W (perfect match-
ing). To control this matching, we make use of another result, which is of independent
interest.

Theorem 4.5 ([29]). The poset NC.W; c/ is EL-shellable.

(For the spherical case, an analogous result was proven in [1].) For the edge-
labeled poset NC.W; c/, EL-shellability is equivalent to the following:
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a
b

c
a0

b0c0

X 0
W
Š

ab

a c0

ab

b

c0

ac

a b0

ac

c

b0

bc

b a0

bc

c

a0

XW Š

b

a

c

Figure 4. Case zA2. Arrows with the same labels or colors are glued together.

� There is a total ordering � of the reflections R0 in NC.W; c/ such that every
u 2 NC.W; c/ has a unique increasing minimal factorization u D r1 � � � rk , where
r1 � � � � � rk .

� This factorization is the lexicographically smallest minimal factorization of u.

To define an ordering of the reflections R0, we use an axial ordering method.
Let C0 be the base chamber, and let `c be the Coxeter axis. The Coxeter element c
acts as a translation along `c , and we orient `c accordingly. Fix a point P0 2 `c \ C0
and order R0 as follows:
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� Vertical reflections r such that Fix.r/\ `c lies afterP0 in the `c-orientation: these
are ordered first, following the orientation of `c .

� Horizontal reflections: these are ordered according to a specific construction,
which depends on the detailed structure of each irreducible component of the
horizontal root system.

� Vertical reflections r such that Fix.r/ \ `c lies before P0 in the `c-orientation:
these are ordered last, again respecting the orientation of `c .

Figure 5 illustrates the axial ordering for W D zA2 and W D zG2, where the Coxeter
element is w D abc.

We use the axial ordering as the main tool to construct an explicit matching of the
cells in KW nX 0W , in order to prove part (3) of Theorem 4.3.

Example 4.6. We illustrate the matching in the smallest affine case, W D zA1. Here,
W ŠZ2 �Z2 D hs0; s1 j s2i D 1i andGW Š F Œ2�Š hs0; s1i. The reflectionsR corre-
spond to words of odd length: s�i D s0s1s0 � � � (2i C 1 factors, i � 0), si D s1s0s1 � � �
(2i � 1 factors, i � 1). Thus, W is realized as the isometry group of the real line
generated by reflections with respect to integer points. Let c D s1s0 be the Coxeter
element (acting on the right: c is the translation x 7! x C 2 of the real line). We have
c D siC1si for i 2 Z. The non-crossing partition lattice NC.W; c/ consists of the
elements 1; si ; c with the relations 1 � si � c for i 2 Z. The edge labels are si for
.1; si / and si�1 for .si ; c/ (see Figure 6). Therefore, the dual Artin group is presented
as G0W D hsi j siC1si D sjC1sj 8i; j i, which can be easily seen to be isomorphic
to GW .

The axial ordering here is simply

s1 � s2 � � � � .� sC1 � s�1 �/ � � � � s�1 � s0:

Notice that the unique increasing 2-chain in NC.W; c/ is s1 � s0.
The complex KW is two-dimensional, with one 0-cell Œ �, 1-cells Œsi � for i 2 Z,

and Œc�. The 2-cells are ŒsiC1 j si �, i 2 Z, and their boundaries are represented by
@ŒsiC1 j si � D Œsi � [ Œc� [ ŒsiC1� (see Figure 7).

In Figure 8, we illustrate the Hasse diagram of the face poset F .KW / of KW .
This poset consists of the simplices of KW , ordered by face inclusion. The thick
and dashed arrows indicate a proper matching on F .KW /. The unmatched (criti-
cal) cells are the 0-cell Œ � and two 1-cells Œs0�; Œs1�. These form the subcomplex
X 0W DK¹s0º [K¹s1ºŠ S

1 _ S1ŠXW . Consequently, by standard results in discrete
Morse theory, KW contracts onto X 0W .

The previous example considers the simplest affine group, zA1, and sheds light
on the general procedure used to contract KW onto X 0W . Notice that the face poset
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a
b

c

b0

c0

a0

ab

c
de

f f 0

c0

Figure 5. Type zA2: axial ordering: a � c0 � � � � � b � b0 � � � � � a0 � c. Type zG2: axial
ordering: a � b � c0 � � � � � f � f 0 � � � � d � e � c.

F .KW / (Figure 8) can be divided into two distinct parts: the first part, F1, consists of
the cells Œ � and Œc�, while the second part, F2, consists of the top two rows, excluding
the cell Œc�. These parts are preserved under conjugation by the Coxeter element c
(with the relation c�1sic D si�2).

The contractionKW & X 0W can be carried out in two steps. First, one shrinks F2
onto a finite segment. In Figure 8, this is achieved using the matching indicated by
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c

1

s0 s1 s2s�1s�i�1 s�i si siC1

s�1

s�2

s0

s�1

s1

s0

s2

s1

siC1

si

s�i

s�i�1

Figure 6. The non-crossing partition poset NC.W; c/ for W D zA1.

s0

s�1

s1

s0

s2

s1

siC1

sis�i

s�iC1

c

Figure 7. The interval complex KW , W D zA1: edges with same label are identified.

Œs�1�

Œs0 j s�1�

Œs�2�

Œs�1 j s�2�

Œs3� Œc�

Œ �

Œs0�

Œs1 j s0�

Œs1�

Œs2 j s1�

Œs2�

Œs3 j s2�

Figure 8. The face poset F .KW /: critical cells: Œ �; Œs0�; Œs1�, so KW ' S1 _ S1.

the thick arrows within F2. This results in a contraction of KW onto a finite subcom-
plex K 0, which strictly contains X 0W . In this example, K 0 is the 2-simplex Œs1 j s0�,
together with its boundary cells (and with all vertices identified).

Next, a second matching – indicated by the dashed arrow – connects simplices
in F1 and F2, further contracting K 0 onto X 0W . Specifically, the 1-cell Œc� is matched
with the 2-cell Œs1 j s0�, corresponding to the unique increasing factorization c D s1s0.

A similar, though technically more complex, situation arises in the general case.
First, the Hasse diagram of F .KW / is decomposed into connected pieces, similar
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Œc0 j c j b0�

Œc j b0�Œc0 j c�

Œb j c0 j c�

Œb j c0�

Œa j a0 j b�

Œa0 j b�Œa j a0�

Œb0 j a j a0�

Œb0 j a�

Œa j bc�

Œbc�Œa�

Œc0c j b0�

Œb0�

Œb0jaa0�

Œaa0�

Œaa0 j b�

Œc0c�

Œb j c0c�

Œb�

Œw�

Œ �

Œa j b j c�

Œb j c�Œa j b�

Œa j c j a0�

Œc j a0�Œa j c�

Œc0 j a j c�

Œc0 j a�

Œab j c�

Œc�Œab�

Œac j a0�

Œa0�Œac�

Œc0 j ac�

Œc0�

Figure 9. Components ofKW forW D zA2, with Coxeter elementwD abc. The perfect match-
ing in K0 nX 0

W
is indicated by the thick and dotted arrows.

to F1 or F2, appearing as zigzag sequences (which can be finite or infinite) con-
necting simplices of adjacent dimensions. Retraction of each infinite sequence onto
a finite “interval” reduces KW to a finite subcomplex K 0 containing X 0W . The cells
in K 0 nX 0W are matched either within their own sequence or by connecting different
sequences. The latter type of matching involves splitting certain elements according
to their minimal factorization.

Example 4.7. These constructions are illustrated in Figure 9 for the case whereW is
of type zA2.

There are nine sequences (two of which are finite). The black nodes represent the
cells of X 0W . Each infinite sequence contracts onto the “convex envelope” of the cells
of X 0W ; together, these cells form the finite subcomplex K 0 containing X 0W (compris-
ing both black and white nodes). The matching of the cells inK 0 nX 0W is represented
by the thick black arrows (connecting pairs within the same sequence) and the dotted
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arrows (indicating jumps between different sequences, obtained by “splitting” certain
elements according to their minimal factorization).

4.4. Some general conjectures

The constructions described in the previous sections naturally lead to some interest-
ing questions and conjectures. Below, we provide a list of these, starting with the
K.�; 1/-conjecture as the first main conjecture.

(1) K.�; 1/-conjecture: for any Artin group, YW ' K.GW ; 1/.

(2) Isomorphism of dual and standard Artin groups: G0W Š GW for any Coxeter
group W ; known for spherical and affine Artin groups [2, 26, 29], and it is
natural to conjecture that it holds for all Artin groups.

(3) Interval complex as aK.�; 1/-space:KW 'K.G0W ; 1/. In the case whereW
is of spherical or affine type, the interval complex KW is always a K.�; 1/-
space, even when the lattice property of NC.W; c/ does not hold (see Theo-
rem 4.3 (1)). This observation suggests that Garside theory could potentially
be extended. Therefore, the conjecture is that the interval complex remains a
K.�; 1/-space under certain conditions, which have yet to be characterized,
and are weaker than the lattice property.

(4) Equivalence of complexes:KW ' YW for all Artin groups. A stronger version
of this conjecture is KW & X 0W . This follows directly from our construction
in the affine case. The hope is that a similar construction can be generalized.

(5) Shellability of non-crossing partitions: NC.W; c/ is always shellable. This
has been proven for finite groups [1] and for affine-type groups (from The-
orem 4.5). Recently, G. Paolini discovered (using computational methods)
that, for certain hyperbolic groups, the axial ordering does not yield an EL-
shelling. However, there might exist modifications of the axial ordering that
work (we have identified such modifications in some cases).

It should be noted that some of these conjectures are not independent. For
instance, (3) and (4) imply (1) (this is the strategy used in [29]). Moreover, (4)
implies (2), as it can be deduced by examining the fundamental groups.

Some recent progress for conjecture (2) can be found in [31].

4.5. Rank-three case

We now ask whether the methods used in the affine case can be extended to other
classes of Artin groups. A positive answer includes the class of all rank-three Artin
groups. In Figure 10, we show an example of a rank-three Coxeter group with
exponents mij given by .3; 3; 4/.
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ab

c

Figure 10. Example of a rank-three Coxeter group in the Poincaré model. The hyperbolic disk
is tiled by triangles with angles �

3
; �
3
; �
4

. The Coxeter element is w D abc, and the Coxeter
axis is represented by the dotted line.

In particular, the following theorem implies that all the conjectures listed in
Section 4.4 hold true for rank-three Coxeter groups.

Theorem 4.8 ([16]). Let W be a Coxeter group of rank three and c 2W any Coxeter
element.

(1) NC.W; c/ is a lattice, so KW ' K.G0W ; 1/ (conjecture (3)).

(2) NC.W; c/ is EL-shellable (conjecture (5)).

(3) KW & X 0W (conjecture (4)).

As a consequence, we obtain the following corollary.

Corollary 4.9. Let W be a Coxeter group of rank three and c 2 W any Coxeter
element. Then:

(1) YW ' K.GW ; 1/ (K.�; 1/-conjecture).

(2) G0W Š GW (conjecture (2)).

(3) GW is a Garside group (in particular, the word problem is solvable, and the
center of GW is trivial unless W is finite).
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For the rank-three case, the K.�; 1/-conjecture was already known; all other
properties presented here are new.

The lattice property (1) of Theorem 4.8 follows from the poset inclusion of Œ1; c�
into the poset of linear subspaces of R3 (ordered by inclusion; see [25]).

We remark that the EL-shelling of Theorem 4.8 (2) is also obtained by axial
ordering ofR0 and involves several geometric considerations in the hyperbolic model.

The proof of part (3) of Theorem 4.8 is similar to that of part (3) of Theorem 4.3,
but it is unexpectedly more challenging in certain aspects. In particular, it requires
considering, in addition to the complexes X 0W � K

0 � KW , two extra complexes:

X 0W � K
sparse
W � Kshort

W .Š K 0/ � K
long
W � KW :

Starting from the right, each complex in this chain contracts onto the one
immediately to its left.

Some of these contractions can be performed in general under the presence
of an axial ordering that induces an EL-shelling of NC.W; c/. This suggests that
conjecture (4) might hold at least when NC.W; c/ admits an EL-shelling.

As discussed in Section 4.4, such a result would imply the isomorphism between
the dual and standard Artin groups (conjecture (2)).

Remark 4.10. Several related problems are of particular interest. For example, in the
finite case, Deligne proved in [14] that the complement of a simplicial arrangement
of hyperplanes is a K.�; 1/-space. These families strictly include reflection arrange-
ments. A natural question arises: is the complement of a simplicial affine arrangement
(possibly not a reflection arrangement) always a K.�; 1/-space?

A related long-standing conjecture involves the K.�; 1/-property for the comple-
ments of discriminants of the universal deformation space of non-simple singularities,
such as elliptic singularities (the case of A;D, and E singularities is covered by the
Deligne’s result). The fundamental groups of these spaces are generally not Artin
groups, and their higher homotopy groups remain unknown (see [32]).

Acknowledgments. I would like to express my sincere thanks to the ECM Scientific
Committee for inviting me to speak. I would also like to extend my appreciation to the
ECM Organizers for the excellent coordination of such a large conference. I would
also like to once again mention my coauthor Giovanni, who was my PhD student
and is now a professor in Bologna. I am proud to have worked with such a talented
mathematician.

Funding. The author acknowledges support from the MIUR Excellence Department
Project awarded to the Department of Mathematics, University of Pisa, CUP I57G



M. Salvetti 804

22000700001, and from PRIN 2022 no. 2022S8SSW2 “Algebraic and geometric
aspects of Lie theory.”

References

[1] C. A. Athanasiadis, T. Brady, and C. Watt, Shellability of noncrossing partition lattices.
Proc. Amer. Math. Soc. 135 (2007), no. 4, 939–949 Zbl 1171.05053 MR 2262893

[2] D. Bessis, The dual braid monoid. Ann. Sci. Éc. Norm. Super. (4) 36 (2003), no. 5,
647–683 Zbl 1064.20039 MR 2032983

[3] J. Birman, K. H. Ko, and S. J. Lee, A new approach to the word and conjugacy problems
in the braid groups. Adv. Math. 139 (1998), no. 2, 322–353 Zbl 0937.20016
MR 1654165

[4] A. Björner and F. Brenti, Combinatorics of Coxeter groups. Grad. Texts in Math. 231,
Springer, Berlin, 2006, 366 pp. Zbl 1110.05001 MR 2133266

[5] N. Bourbaki, Groupes et algèbres de Lie (Chapter 4: Groupes de Coxeter et système de
Tits; Chapter 5: Groupes engendrés par des réflexions; Chapter 6: Systémes de racines).
Élém. Math. Fasc. XXXIV, Hermann, Paris, 1968, 288 pp. Zbl 0186.33001
MR 0240238

[6] T. Brady and C. Watt, Non-crossing partition lattices in finite real reflection groups. Trans.
Amer. Math. Soc. 360 (2008), no. 4, 1983–2005 Zbl 1187.20051 MR 2366971

[7] E. Brieskorn, Sur les groupes de tresses [d’après V. I. Arnol’d]. In A. Dold and
B. Eckmann (eds.), Séminaire Bourbaki. Vol. 1971/72. Exposés 400–417, pp. 21–44,
Lecture Notes in Math. 317, Springer, Berlin, 1973 Zbl 0277.55003 MR 0422674

[8] E. Brieskorn and K. Saito, Artin-Gruppen und Coxeter-Gruppen. Invent. Math. 17 (1972),
no. 4, 245–271 Zbl 0243.20037 MR 0323910

[9] F. Callegaro, D. Moroni, and M. Salvetti, Cohomology of Artin groups of type QAn; Bn
and applications. Geom. Topol. Monogr. 13 (2008), 85–104 Zbl 1143.20031
MR 2508202

[10] R. Charney, The Deligne complex for the four-strand braid group. Trans. Amer. Math. Soc.
356 (2004), no. 10, 3881–3897 Zbl 1077.20054 MR 2058510

[11] R. Charney and M. W. Davis, The K.�; 1/-problem for hyperplane complements asso-
ciated to infinite reflection groups. J. Amer. Math. Soc. 8 (1995), no. 3, 597–627
Zbl 0833.51006 MR 1303028

[12] R. Charney, J. Meier, and K. Whittlesey, Bestvina’s normal form complex and the
homology of Garside groups. Geom. Dedicata 105 (2004), no. 1, 171–188
Zbl 1064.20044 MR 2057250

[13] P. Dehornoy, F. Digne, E. Godelle, D. Krammer, and J. Michel, Foundations of Garside
theory. EMS Tracts Math. 22, European Mathematical Society, Zürich, 2015, 691 pp.
Zbl 1370.20001 MR 3362691

https://doi.org/10.1090/S0002-9939-06-08534-0
https://zbmath.org/?q=an:1171.05053&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2262893
https://doi.org/10.1016/j.ansens.2003.01.001
https://zbmath.org/?q=an:1064.20039&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2032983
https://doi.org/10.1006/aima.1998.1761
https://doi.org/10.1006/aima.1998.1761
https://zbmath.org/?q=an:0937.20016&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1654165
https://doi.org/10.1007/3-540-27596-7
https://zbmath.org/?q=an:1110.05001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2133266
https://zbmath.org/?q=an:0186.33001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0240238
https://doi.org/10.1090/S0002-9947-07-04282-1
https://zbmath.org/?q=an:1187.20051&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2366971
https://doi.org/10.1007/BFb0069274
https://doi.org/10.1007/BFb0069272
https://zbmath.org/?q=an:0277.55003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0422674
https://doi.org/10.1007/BF01406235
https://zbmath.org/?q=an:0243.20037&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0323910
https://doi.org/10.2140/gtm.2008.13.85
https://doi.org/10.2140/gtm.2008.13.85
https://zbmath.org/?q=an:1143.20031&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2508202
https://doi.org/10.1090/S0002-9947-03-03425-1
https://zbmath.org/?q=an:1077.20054&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2058510
https://doi.org/10.2307/2152924
https://doi.org/10.2307/2152924
https://zbmath.org/?q=an:0833.51006&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1303028
https://doi.org/10.1023/B:GEOM.0000024696.69357.73
https://doi.org/10.1023/B:GEOM.0000024696.69357.73
https://zbmath.org/?q=an:1064.20044&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2057250
https://doi.org/10.4171/139
https://doi.org/10.4171/139
https://zbmath.org/?q=an:1370.20001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3362691


The K.�; 1/-conjecture for Artin groups 805

[14] P. Deligne, Les immeubles des groupes de tresses généralisés. Invent. Math. 17 (1972),
no. 4, 273–302 Zbl 0238.20034 MR 0422673

[15] E. Delucchi, Combinatorics of covers of complexified hyperplane arrangements. In F. El
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