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Sketches of nonuniformly elliptic Schauder theory
Cristiana De Filippis

Abstract. Schauder theory is a basic tool in the study of elliptic and parabolic PDEs, asserting
that solutions inherit the regularity of the coefficients. It plays a central role in establish-
ing higher regularity for solutions to a broad class of elliptic problems exhibiting ellipticity,
including those involving free boundaries. In the linear setting, Schauder theory dates back
to the 1920-1930s and is now considered classical. Nonlinear extensions were developed in
the 1980s. All these classical results are restricted to uniformly elliptic operators and heavily
rely on perturbative techniques — freezing the coefficients and comparing the solution to that of
a constant-coefficient problem. However, such methods fail in the nonuniformly elliptic setting,
where homogeneous a priori estimates break down and standard iteration arguments no longer
apply. Here, we give a brief survey of recent progress including the solution to the long-standing
problem of proving the validity of Schauder estimates in the nonlinear, nonuniformly elliptic
setting.

Notation. Through this note, 2 € R”, n > 2, denotes an open, bounded domain
with Lipschitz boundary; B = B, = B,(xo) € Q2 will denote a ball compactly con-
tained into €2, centred at x¢ with radius ¢ > 0. We shall also denote B, = B,(0r~).
Sometimes we shall use symbols “Z”, “<” with subscripts, to indicate that a cer-
tain inequality holds up to constants whose dependencies are marked in the subfix.
With Q¢ C R” being a measurable subset with bounded positive Lebesgue measure
0<|Q0] <o00,N 3k > 1,k € R being numbers and w: 2y — R* being an integrable
map, we denote

(w)q, = ][ w(x)dx := 1 w(x)dx
Qo |QO| Qo
its integral average and (w — k)4 := max{w — k, 0} its upper truncation. Finally,
whenever introducing various objects instrumental to our presentation, unless clearly
stated, we will implicitly assume that all the quantities involved are regular enough to
ensure the exposition is well defined.
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1. Measuring ellipticity: Equations and functionals

The Laplace equation Au = 0 is the most prominent among elliptic partial differential
equations of the form
—divA(x, Du) =0 in £, (1.1)

defined by means of a Carathéodory regular' vector field A: Q x R" — R”.
Ellipticity means that 9, A(x, z), whenever it exists, is a (symmetric), positive definite
R™*"_matrix.” More precisely, we shall consider (1.1) under the condition

g1(x, |z2Dnsxn < 02A4(x,2) < g2(x, |2 Lnxn, (1.2)

where the Carathéodory-regular functions g1, g2: 2 x (0, 0c0) — (0, 00) are the smal-
lest and the largest eigenvalues of 0, A, respectively. To avoid technical complica-
tions, unless otherwise stated, we shall assume that g; and g, vanish at most when
|z] = 0, and that 0, A(x, z) always exists except when |z| = 0. The class of equa-
tions (1.1), subject to (1.2), appears in the modelling of a large variety of stationary
phenomena such as the theory of electrostatic or electromagnetic potentials, or in the
search for vibration modes in elastic structures. We are interested in the regularity of
solutions. Measuring the ellipticity of (1.1) provides crucial regularity information.
To fix ideas, let us consider the linear equation

—div(A(x)Du) =0 in Q, (1.3)

where, for simplicity, 4 is a measurable, symmetric and positive definite R"*"-
matrix. The standard ellipticity quantifier is the ellipticity ratio R, defined as the
ratio of the highest eigenvalue of +4 to the lowest eigenvalue of A

R(x) := highest eigenvalue of 4(x)

. 1.4
lowest eigenvalue of A (x) 14

The condition
| R || oo (B) is finite for all balls B € (1.5)

!This means that x — A(x, z) is measurable for every choice of z € R”, and z > A(x, z)
is continuous for a.e. x € Q. It serves to ensure that the composition x — A(x, D(x)) is
measurable whenever D is a measurable vector field.

2For simplicity, we assume that d; A is symmetric, i.e., 8Zj A; = 0;;A; forevery 1 <i,
J <n.This is the case when A comes from a potential and equation (1.1) is variational, as (1.15)
below. As a matter of fact, in this note, we shall consider only the variational case.
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classifies (1.3) as a uniformly elliptic PDE [69, Chapter 3]; if otherwise, || R || oo () is
not finite for at least one ball B € €2, equation (1.3) is called nonuniformly elliptic.’
In order to extend this notion to the nonlinear elliptic setting (1.1)—(1.2), let us con-
sider the simplified equation —div A(Du) = 0 and (formally) differentiate it in the
s-direction, s € {1,...,n}. We find out that every component vs := D;u solves

—div(A(x)Dvg) =0, A(x):= 3, A(Du(x)), (1.6)

i.e., second derivatives of u solve a linear equation with matrix coefficient 4 being
a nonlinear, measurable function of Du. Back to the general case, the adaptation
of (1.4) to the nonlinear framework (1.1) towards gradient regularity is then quite nat-
ural [120,125]. Keeping (1.2) and (1.6) in mind, we introduce the pointwise ellipticity
ratio for |z| # 0,
R(x,z):= M, 1.7)
g1(x,]z])

and, again for |z| # 0, the nonlocal one [41],

Supyep &2(x, |2[)

R ,B) :=
@B = e g1 (v, 1))

(1.8)

for any ball B € €2. Quantities (1.7) and (1.8) are well defined thanks to the ellipticity
condition (1.2) (with the obvious agreement that R (z, B) = oo when the denominator
in (1.8) is zero*). Moreover, by definition,

{R(x,Z) < R(z,B) forxeB, (1.9)

A(x,2) = A(z) = R(x,z) = R(z,B).
As suggested in [41], we adopt a slightly more refined taxonomy for uniform
ellipticity.
e A is uniformly elliptic if

sup R(z,B) <g 1 (1.10)

|z|>0

for all balls B € Q.

3Since in this note we are mainly interested in local regularity properties, here we are using
suitably localized notions of uniform and nonuniform ellipticity, that slightly differ from the
classical ones. Specifically, the finiteness of the ellipticity ratio is analysed only on interior
balls, rather than on the whole domain as usually done [69], i.e., 2 is taken instead of B in (1.5).
This naturally suits interior regularity. Of course, this distinction is not strictly necessary in our
setting.

“This will never occur in the situations considered here.
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e A is softly nonuniformly elliptic if it is pointwise uniformly elliptic, i.e.,

sup R(x,z) gl (1.11)

X€B,|z|>0

holds for all balls B € €2, but

sup R(z,B) = +o0 (1.12)

|z|>0

holds for some ball B € 2.

o Ais (strongly, pointwise) nonuniformly elliptic if®

sup  R(x,z) = 400 (1.13)

X€B,|z|>0

on some ball B € Q.

The classical definition of nonuniform ellipticity only prescribes to distinguish
between the occurrence of (1.11) and (1.13) (with B replaced by €2). Instead, here
we consider an intermediate notion that on the other hand becomes immaterial in the
autonomous case in the second line of (1.9). Specifically, the pointwise ellipticity ratio
captures how the growth of the gradient variable affects ellipticity, while the nonlocal
one governs the way space-dependent coefficients mix-up with gradients and indic-
ates how much coefficients deviate from merely having a perturbative effect. Let us
stress that, when dealing with nonuniformly elliptic problems, it is more natural to
consider the variational setting, which provides the correct notion of solution (min-
imizer) in the natural energy setting. Specifically, we consider variational integrals of
the type

F(w, ) :=/ F(x, Dw)dx, (1.14)
Q

governed by an elliptic integrand F: Q2 x R” — [0, +00). The catch between the
functional ¥ and equation (1.1) is the Euler-Lagrange equation

~divd,F(x,Du) =0 inQ. (1.15)

>In line with [120], possible alternative definitions of uniform ellipticity can be given by
replacing (1.10) and (1.11) with

lim sup R(z,B) <oo and lim sup sup R(x, z) < oo,

|z] =00 |z]| o0 X
respectively. This is according to the fact that one is interested in proving Lipschitz continuity
of solutions, after which in several cases the problems in question become uniformly elliptic
again. Therefore, one is essentially interested in looking at those situations, where ellipticity
weakens and the gradient becomes simultaneously large.
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solved by minimizers under reasonable structure conditions. Thanks to (1.15), letting
A = 0 F, the positions in (1.7) and (1.8) can be directly adapted to the variational
framework: functions g; and g, in (1.2) now become lower and upper bounds for the
lowest and the highest eigenvalues of the Hessian 9, F, respectively. It is convenient
to clarify the notion of minimality we are adopting.

Definition 1.1 (Minima). A functionu € Wléc’l (R2) is a (local) minimizer of the func-

tional # in (1.14) if, for every ball B € Q, F(-, Du) € L'(B) and ¥ (u,B) < ¥ (w,B)
holds for every w € u + WOI’I(B).

1.1. Master examples

Basic model examples capturing some of the main aspects of the ellipticity notions
discussed above are in the following.

1.1.1. Uniform ellipticity. This is the case of equations of the p-Laplace type,

. 2 —0
{ div(a(x)|Du|P~*Du) =0 in €, (1.16)

l<p<oo, 15<aelL(R2).

A direct computation yields®

max{l, p — 1} SUp,ep a(x) max{l, p — 1}

infyeg a(x) min{l, p — 1}

R(x,z) < R(z,B) <

min{l, p — 1}’
for all balls B € 2. After the foundational contributions of Ural’tseva [130]
and Uhlenbeck [129] on the case a(-) = 1, maximal regularity for energy solu-
tions” to (1.16), i.e., gradient Holder continuity, was established in the works of
DiBenedetto [50] and Manfredi [98]; see also Kuusi and Mingione [90] for related
borderline cases.

1.1.2. Soft nonuniform ellipticity. A significant example is the double-phase integ-
ral
D(w, Q) := / |Dw|? + a(x)|Dw]|? dx,
Q (1.17)
l<p<g<oo, 0<aelLX(Q).

loc

In this note, with some abuse of notation, we interchange sup and esssup, the correct
meaning being clear from the context.

"Energy solutions to (1.1) with |A(x, z)| < |z|9~! 4+ 1, ¢ > 1, are those distributional solu-
tions u € ngc’l (R2) satisfying the additional requirement u € Wllc'q (2), while distributional
solutions are only required to satisfy A(-, Du) € Llloc(Q; R™). These are sometimes called
very weak solutions and might be irregular [118]. In the case (1.16), an energy solution u is

distributional solution such that u € W];c’p ().
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In this case, we have

l,g — 1
R(x.z) < dmaxilg -1
pmin{l, p — 1} (1.18)
— max{l,qg — 1 _ ’
R.py < Lmld U 1z 1),

pmin{l, p — 1}

By the first line of (1.18), the integrand governing the functional £ is uniformly
elliptic in the classical sense, i.e., (1.11) holds. As a matter of fact, considering
a(x) = |x|*, we have R(z, B,) &~ r%|z|9"P + 1 so that (1.12) holds. The possible
blow-up of R indicates that the vanishing of the coefficient a is solely respons-
ible for the (mild) nonuniformity in (1.17). The functional £ was introduced by
Zhikov [82, 132] in the setting of homogenization, and to investigate the occurrence
of the Lavrentiev phenomenon. The mix-up of the coefficient a and gradient variable
in (1.17) might lead to the formation of singularities even in scalar, nondegenerate
problems, as shown by Esposito, Leonetti and Mingione [54], Fonseca, Maly and
Mingione [57] and Balci, Diening and Surnachev [5,6]. A complete regularity theory
was eventually obtained by Baroni, Colombo and Mingione [10,34]. We will further
discuss (1.17) in Section 4.3. Another popular example of softly nonuniformly elliptic
functional is the variable exponent one

wl—>/ | Dw|P™ dx, (1.19)
Q

where p: Q2 — (1, 00) is a measurable function such that 1 < p < p(-) < ¢ < o0, and
for which we have

lg—1
R(x.z) < dmaxilg =1
pmin{l, p — 1}
_ l.g—1
R(z,B) < Mmaxﬂﬂ, 1/]z])0%8P.

~ pmin{l, p — 1}

Maximal regularity for minima of functionals modelled by the one in (1.19) was
established by Acerbi and Mingione in [1]. Specifically, for minimizers u of (1.19), a
Schauder-type result holds, asserting that the gradient Du is locally Holder continu-
ous whenever the exponent function p itself is Holder continuous. More examples of
softly nonuniformly elliptic functionals are discussed in [4, 74].
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1.1.3. Strong nonuniform ellipticity. A mostly celebrated example in this class is
given by the area integral,®

w > / 1+ |Dw|?dx, (1.20)
Q

and the related Euler—Lagrange equation, i.e., the minimal surface equation

) ( Du )
—div| —==| =
V1 + |Dul?
intensively studied, for instance, in the seminal work of Bombieri, De Giorgi
and Miranda [19], Ladyzhenskaya and Ural’tseva [94], Simon [121], Giusti [71],
Giaquinta, Modica and Soucek [68] and Trudinger [127]; see also Bildhauer and
Fuchs [17], Beck and Schmidt [12, 13], and Gmeineder and Kristensen [72, 73] for
recent advances and more general structures. The pointwise ellipticity ratio of (1.20)
(that coincides with the nonlocal one being the functional autonomous) features a
quadratic rate of blow-up, i.e., R(z) = 1 + |z|2. Analogous considerations hold for
more general area-type functionals:

w.—>/(1+|Dw|m)1/mdx, m>1,
Q

for which R(z) ~ 1 + |z|™ for sufficiently large |z|; see [13, 68]. Variational integ-
rals at linear growth are far from being the only strongly nonuniformly elliptic
examples. Strong rates of nonuniformity are indeed typical of several functionals
arising through various fields, such as fluid dynamics, materials science or nonlin-
ear elasticity. Examples are given by slow-growing functionals [17, 60, 116] (nearly
linear growth conditions),

w / |[Dw|log(1 + |[Dw]) dx, (1.21)
Q

satisfying R (z) = log(1 + |z|) for |z| large, or convex polynomials,

n
w|—>/|Dw|p+Zai(x)|D,~w|qi dx,
Q

i=1 (1.22)
l<p=<qg1 <--=<¢gu <00,

0<a;j(-) e LX(Q), iefl,...,n},

loc

8Beware! In this case, the integrand in question has linear growth, so that the natural ambi-
ent function space is BV, and the problems must be formulated accordingly, as for instance
in [67, 68]. Therefore, the discussion here is formal and only regards the ellipticity ratio. We
refer to [12, 13] for a larger discussion on functionals with linear growth.
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in which case we find

R(x,2) + R(z,B) Spgr.l L

[a; |l oo ) |z

for x € B (see [21,40,54,59, 101]), or integrands at fast exponential growth, i.e.,

w+—>/ exp(a(x)|Dw|?) dx,
Q

l<p<oo, 1ZaclL(Q),

where
R(x.2) ~ |27 + 1, R(zB) ~ (2] + 1)elsesdlzl”

for |z| large; see [11,41,104]. A novel class of integrals, first considered in [43] and
appearing as a combination of classical nearly linear growth ones (1.21) and weighted
power terms, is that of log-double-phase problems, i.e.,

w > Dw|log(1 + |Dw]) + a(x)|Dwl? dx,
/ﬂ| [og(1 + [Dw]) + a(x)| Duw)| .

l<g<oo, 0=<aelLlX(Q).

loc

The related ellipticity ratios behave as hybrids of those of (1.17) and (1.21), i.e.,

R(x,2) Sqlog(1 + |z]) + 1,
R(z,B) Sq log(1 + |z]) + [lallzeom)lz]9 + 1.

The functional in (1.23), readable as a limiting configuration of (1.17) as p — 1 while
approaching nearly linear growth conditions as in (1.21), leads to sharp outcomes on
the validity of Schauder theory for anisotropic problems whose growth is arbitrarily
close to linear [39,43,47] and offers deep insights on subtle singularity phenomena
for more general nonautonomous area-type integrals.

2. Polynomial nonuniform ellipticity

A mostly common rate of nonuniformity for equations and functionals is the polyno-
mial one, meaning that the pointwise ellipticity ratio behaves (at infinity) as a positive
power of the gradient variable, i.e.,

R(x,2) ~z|>1 1z|?, §>o. (2.1)

See, for instance, the foundational regularity works of Serrin [119], Ladyzhenskaya
and Ural’tseva [94], Ivanov [80], Simon [121], Trudinger [125-127] and Ural’tseva
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and Urdaletova [131]. Note that many such results rely on the existence of strong
solutions and on the availability of total derivatives, the latter requiring smoothness
assumptions on coefficients that automatically rule out the classical Schauder setting.
Marcellini’s innovative variational approach [100, 101, 103] to nonuniformly elliptic
equations (1.1) marked significant progress. The key condition in Marcellini’s work
is trapping the lowest and highest eigenvalues of d, A4 between two different powers
of the gradient variable in a way to extend the p-Laplace-type behaviour, i.e.,

{|Z|”_2}Inx,, < 0,A(x,2) < |z|9%L,xn in the sense of matrices 2.2)

forsome 1 < p <gq andall |z] > 1, x € 2,

the growth at infinity of the related ellipticity ratio can be controlled in terms of the
difference g — p,
R(x,2) S 21777, |z] = L. (2.3)

This naturally relates to (2.1). The growth rate of R can be tamed by taking g — p
sufficiently small, so that the asymptotic in (2.3) suggests that only a moderate blow-
up rate of R gives hope for regular solutions.’ In fact, building on earlier works of
Marcellini [101, 103] and Giaquinta [63], Min-Chun [107] proved that for n > 6, the
function

4 2
u(x) = "24 tn (2.4)
-1
oo xiz
which is unbounded on the line (0, ..., 0, x, ), minimizes the convex polynomial
1
wF{/WwF+?QMﬁM. (2.5)
Q

The functional in (2.5), which is of the type in (1.22), highlights a peculiarity of
nonuniformly elliptic problems: already for strongly convex, autonomous functionals

Fo(w, Q) :=/QF0(Dw)dx,

|z|? < Fo(z) S 14 |z]7, 1< p<=<gq<o0,

(2.6)

satisfying (2.2) with 0, A = 9, Fy, minimizers may be unbounded when a constraint

of the type

9 <140, limo,=0 2.7)
p n

Conditions (2.2) and (2.3) can be recast in the variational setting by replacing 4 with 9, F,
and 0, A with 0. F.
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is violated. This is an element of sharp contrast with the uniformly elliptic setting. In
fact, uniform ellipticity allows the formation of singularities only in vectorial prob-
lems [48, 105, 110, 111, 123], while Marcellini, Giaquinta and Min-Chun’s counter-
examples are scalar. In particular, the regularity of minima of (2.6) does not hold for
arbitrary choices of p and ¢, that actually must satisfy a precise quantitative con-
straint involving exponents (p, ¢) and the ambient dimension n. The optimal bound
in (2.7) is known only at the 0-order scale: Marcellini [103] exhibited an unbounded
minimizer of an integral of type (2.6) provided that

pn—1)

and l<p<n-—1 (2.8)
n—1-—p

q >

holds, which is consistent with the construction in (2.4) and (2.5): dimensional con-
dition n > 6 is indeed equivalent to 4 > 2(n — 1)/(n — 3). Local boundedness of
minima in violation of (2.8), i.e.,

pn—1)
—1-p

l<p<g<o if p>n—1,

l<g=< ifl<p<n-—1,

was obtained thirty years later by Hirsch and Schiffner [78] via fine optimization
techniques, also relying on methods by Bella and Schéffner [ 14, 15]. Nonetheless, the
analogous issue at the gradient level, in full generality, is still open. Marcellini [103]
proved gradient higher differentiability and local Lipschitz continuity for minima
of (2.6) with (2.2) in force'’ if

q 2

— < 1 + )

)4 n
a constraint later on updated to

g<1+

p n—1

by Bella and Schéffner [14, 16, 112]. In case Fj is an elliptic convex polynomial, the
above restrictions were improved to

-1
2<p<q<?7D pnsy,
n—3 2.9
2<p<g<o0 ifn € {2, 3}

by Koch, Kristensen and the author [40]. When p = 2, (2.9) matches the threshold
determined in [63, 101, 107] and yields sharp gradient regularity; the general case

108ee [103] for precise assumptions, or see (4.1) below.
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p # 2 is still far from being understood. Aside from the optimal bound under which
gradient regularity can be achieved, the theory for autonomous, nonuniformly elliptic
functionals is at a very advanced stage. It is therefore natural to wonder what happens
when external ingredients come into play, specifically if the Schauder theory still
holds for nonuniformly elliptic problems. For a further discussion of nonuniformly
elliptic problems and techniques, we refer to [38,44].

3. Uniformly elliptic Schauder theory

Consider the linear equation with variable coefficients (1.3), where the matrix 4 is
symmetric (for simplicity), bounded and elliptic, i.e., I,,x, < A € L°°. Schauder
theory claims

A c CO,Q(Q;RI’!X”) — Du € Clgéa(Q,Rn), o € (0, 1) (31)

loc

That is, the gradient of the solution inherits the same degree of regularity of coeffi-
cients; this is optimal (and fails in the borderline case o« = 1). This kind of results
was pioneered by Hopf [79], Giraud [70], Caccioppoli [28] and Schauder [113, 114]
in various forms, and today is known as Schauder estimates, with parabolic, fully non-
linear and vectorial analogs [2, 3, 30]. Schauder theory is a basic tool in elliptic and
parabolic PDEs and in the calculus of variations, influencing diverse areas of analysis
such as nonlinear diffusion, potential theory, field theory or differential geometry. The
classical outcome is twofold:

e regularity estimates of type (3.1), local or global, establishing the principle that
solutions to nonautonomous equations are as regular as the ingredients allow;

¢ boundedness or compactness of the inverse of certain elliptic operators;

see [84]. The latter allows proving the existence of solutions via fixed point theorems,
that was a standard argument before the introduction of energy methods and Sobolev
spaces. Here, we shall be interested in the former. The results in [28,70,79,113,114]
rely on potential theoretic techniques. However, more direct approaches are avail-
able today avoiding the use of representation formulas, as we shall see in a few lines
directly in the nonlinear case. For instance, Campanato [31] used suitable function
spaces, Trudinger [128] used convolution techniques and Leon Simon [122] used
blow-up methods. The nonlinear theory dates back to the 1980s, with the work of
Giaquinta and Giusti [64-66], DiBenedetto [50] and Manfredi [98]. The underlying
principle is essentially to use the fact that Holder continuity of coefficients allows us
to prove the closeness of the original solution u to that of “frozen” problems of the
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type
{ —div(A(x0)Dv) =0 in B, (xo).

vV=u on 0B, (xg),
on small balls B,(xo) € 2. Let us see an application of this principle directly in the

nonlinear case
—div((A(x)Du - Du)?=2/2 A(x)Du) = 0, (3.2)

where we consider an energy solution u € Wléc’p (2), p > 1; note that (3.2) reduces
to (1.3) for p = 2. For a given ball B,(xg) € 2, the related nonlinear lifting
(balayage) can be defined as the solution to the Dirichlet problem

{ —div((4(x0) Dv - Dv)P=D/24(x)Dv) = 0 in B, (xo),

v=u on 3B, (xg).

Thanks to Ural’tseva—Uhlenbeck theory [129, 130], Dv is locally Holder continuous
in B,(xg), and

1DV 7008, 5 x0)) SIAILo By (o0 ][ |Dvl? dx,
By (x0)
][ |Dv — (Dv) B, (xp)|” dx (3.3)
By (x0)
o\ Pop
< - Dv — (D Pdx
Sn.pulAlLoo (B, x |Dv — (Dv)B,(xo)l
1, P14l Loo (B (xo)) (.Q) ][l;g(xo) 0(x0)

hold on all concentric balls B, (x9) C Bo(x9) € B, (xo) (see, for instance, [98], [91,
Theorem 3.2]). Here, B9 = Bo(n, p) € (0, 1) is a universal Holder continuity expo-
nent, which can be taken to be By = 1'' when p = 2. Moreover, the a-Holder
continuity of the matrix +# grants the validity of the comparison estimate

Du — Dv|? dx <p p il .. po min{2,p} DulPdx.  (3.4)
,D5>[A]o.a Br(xq)
By (x0) o By (x0)
The combination of (3.3) and (3.4) allows transferring smoothness from v to u

][ |Du — (Du)p, |Pdx < rPP, B := min{Bo, @ min{2/p,1}} (3.5)
By (x0)

'Tn the linear case, this is in fact a classical result of Campanato [31], and the second line
of (3.3) holds with o = 1. When p # 2, the second line of estimate (3.3) is a rigid form of
Ural’tseva—Uhlenbeck theory, and one cannot take Bo = 1 in general, by counterexamples.
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for all sufficiently small p, that implies that

Du e C¥P (Q:R™) (3.6)

loc

via a classical integral characterization due to Campanato and Meyers. Note that in
the linear case p = 2, we can take Sy = 1 and therefore 8 = «. This allows us
to recover (3.1). The very same circle of ideas applies to equations as in (1.1) sat-
isfying the same growth/ellipticity and oscillation features as the models in (1.16)
and (3.2), and to nonautonomous problems governed by general uniformly elliptic
operators [97].

Remark 3.1. We identify three aspects of the uniformly elliptic Schauder theory
developed between the early 1930s and the end of the 1980s.

e Proof by perturbation. That is, use of the Holder continuity of coefficients to
be quantitatively close to a uniformly elliptic problem with constant (frozen)
coefficients (3.4), whose solutions (liftings) enjoy homogeneous excess decay
estimates (3.3), and then exploit homogeneity to recover similar integral decay
estimates for solutions to the original nonautonomous problem (3.5).

e Smooth data never obstruct the regularity of energy solutions (3.1).

e Lipschitz bounds via gradient Holder continuity. In the classical theory of uni-
formly elliptic equations, the standard way to achieve gradient L°°-bounds in
nonautonomous, uniformly elliptic problems with Holder coefficients as (3.2) is
to prove first gradient Holder continuity for some exponent, and then retain local
boundedness.

The last point of Remark 3.1 is of particular interest here. Indeed, when the (non-
linear) equation in question is nondegenerate or nonsingular, the Lipschitz informa-
tion is employed afterwards to, in a sense, linearize the equation and establish that
the gradient of solutions shares the same Holder exponent as the coefficient. As an
example, consider the nondegenerate p-Laplace equation

{—div(a(x)(lDu|2 + 1)(1)—2)/2Du) =0 inQ, 3.7)

l<p<oo, 15aeCX*(R), aec(1).

C

In this case, the technique outlined in this section leads to (3.6). Further regularity
techniques, explained in [45, Section 5], eventually lead to

Du € C2P(Q:R") = Du € L®(Q:;R") = Du € C2%*(Q:R")  (3.8)

loc loc loc
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and therefore to the same sharp result of the linear case notwithstanding'? p # 2. Note
that the bootstrap in (3.8) only works in the nondegenerate/nonsingular case (3.7). We
also stress the fact that the second implication in (3.8) works also when the equations
considered are nonuniformly elliptic (but still nondegenerate), as, when the gradient
is known to be bounded, equations in a sense become uniformly elliptic again. As
remarked above, the first implication in (3.8) is instead essentially the only way to get
gradient L°°-bounds in the presence of Holder coefficients in the classical theory. We
will turn back on these points in Section 4.4, where in fact this way is reversed.

4. Nonuniformly elliptic Schauder theory

Here, the focus will be on nonautonomous variational integrals of the type (1.14)
verifying

Z F(x,2) € C*(R"\ {0}) N C'(R"),

|z|? < F(x,z) S 1+ |z]4,

(0:: F(x, 28.8) 2 (0% + 1217 *" P2, @)
0::F(x.2)| S (2 + 22 + (2 + 217

|02 F(x1,2) = 92 F(x2,2)| S [x1 — x2|*(1 + |z]971)

for all z € R \ {0}, £ € R", x, x1, x2 € Q and some'® p € [0,1], a € (0, 1]; as
usual, 1 < p < g. Note that under such assumptions, Definition 1.1 implies that any
minimizer automatically belongs to Wl(}c’p (2). Moreover, (4.1) implies the following
growth bound on the (pointwise) ellipticity ratio:

R(x,z) S |z|77P + 1.

Note that functionals (1.17), (1.19), (1.22) and (4.18) are all specific instances
of (4.1) for suitable choices of p, g, © and Holder continuous dependence on Xx.

121n fact, already in the degenerate case (3.2), the standard derivation of (3.6) goes as fol-
lows: in a first step, one combines the first line of (3.3) and (3.4) to obtain that Du belongs to a
suitable Morrey space. Then one uses this to combine this time the second line of (3.3) and (3.4)
to get that Du is locally Holder continuous with some exponent [98]. In particular, this implies
that Du is locally bounded. Finally, one uses this last information to recombine, in a different
way, the second line of (3.3) and (3.4) to get (3.6). The derivation of (3.8) in the nondegenerate
case (3.7) is more delicate but follows similar steps [45, Section 5].

3The parameter p serves to distinguish the degenerate case 1 = 0 from the nondegenerate
one ¢ > 0. We refer to [45] for comments on the assumptions (4.1).
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For nonautonomous integrals as (1.14) subject to (4.1) and p < ¢, the regularity of
minima unavoidably finds an obstruction in the possible occurrence of Lavrentiev
phenomenon, that is, for instance,

inf F(w, B) < inf F(w, B) 4.2)
w€u0+W01’p(B) w€u0+W01‘q(B)

with ug € WH®(B) for some ball'* B € Q. In other words, as shown in [54,
Section 3], in connection to (4.2), it is possible that minima u fail even the basic
regularity upgrade u € Wi;c’q (2). The occurrence of phenomena like (4.2) leads to
consider a larger class of functionals based on lower semicontinuous envelopes built
along sequences of more regular functions. The Lebesgue—Serrin—Marcellini (LSM)

relaxation (extension) ¥ of functional ¥ in (1.14) is defined as

Fw,U):= inf {liminf?'(wi, U):w; = win Wl’p(U)} 4.3)
{w,—}CW1~"(U) i—00

whenever U C 2 is an open subset. Quantifying the distance between ¥ and ¥ leads
to define the Lavrentiev gap functional £ ¢ [25] as

F(w,B)— % (w,B) if F(w,B) < oo,

Lr(w, B):= {o if 7 (. B) = 0o

for every ball B € 2, which in a sense provides a quantitative measure of the

occurrence of phenomena like (4.2). Note that

e F(,U)< 7 (-, U). Indeed, the convexity of z — F(-, z) implied by the third line
of (4.1) grants the W 1-P-weak lower semicontinuity of % . It follows that £ # is
non-negative.

e F(,B) = F(,B) for every ball B € , when ¥ is autonomous, i.e., the
integrand F does not depend on x. This follows from a simple convolution
argument [54, Lemma 12].

e F(.U)=F(,U)on WH(U). Therefore, ¥ can be thought of as an exten-
sion of ¥, when this last functional is initially defined on the smaller space
WL4(U), to the whole W P (U). This explains the use of the word extension'’
when referring to % .

4By standard density arguments, (4.2) does not occur when p = ¢.

5The LSM relaxation was first introduced by Marcellini in [100, 102] to describe cavit-
ation phenomena in nonlinear elasticity, and it is connected to similar, earlier constructions
of Lebesgue [96] and Serrin [117]. It was eventually intensively developed in the literat-
ure [20,37,39,42,46,54,56,58,73, 101, 115]. Variants of the definition in (4.3) are possible
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The LSM relaxation naturally comes along with a notion of minimality.

Definition 4.1 (Relaxed minima). A function u € Wl;ép (2) is a (local) minimizer
of ¥ in (4.3) if, for every ball B € 2, ¥ (u,B) < oo and ¥ (4, B) < ¥ (w, B) hold
forevery w € u + Wol’p(B).

The approach used in [54], eventually widely adopted afterwards in the literature,
prescribes to prove regularity of (local) minimizers of % '° rather than those of % .
But then

e  When o
4142, (4.4)

D n
minima of % also (locally) minimize % . Therefore, F can be used to detect
regular minima of ¥ . In a sense, drawing a parallel with the classical theory

of elliptic equations, minima of ¥ detected by ¥ correspond to distributional
solutions to (1.1) that are also energy solutions. See Theorem 4.3.

e When the Lavrentiev gap functional vanishes on a minimizer u of the original
functional ¥, that is, when £ ¢ (14, B) = 0 holds for all balls B € €2, then

FW,B)=Fu,B)+Lsu,B)=Fu,B) < F(w,B)<F(w,B) (4.5)

holds whenever w € u + Wol’p (B). Therefore, u is also a minimizer of the 7,
and its regularity properties can be derived from the regularity results available
for minima of . See Corollary 4.4. The Lavrentiev gap actually vanishes in a
variety of situations, as for instance detailed in [54, Section 5]. See Corollary 4.6.

Within this framework, specifically thought for nonautonomous functionals, we shall
describe key aspects in a rich regularity theory initiated by the seminal work of
Esposito, Leonetti and Mingione [54]. This theory explores the interplay between
coefficient regularity, the growth behavior of the ellipticity ratio and the presence of
the Lavrentiev phenomenon, ultimately culminating in the recent establishment of
Schauder estimates for nonuniformly elliptic problems by Mingione and the author
in [42,45].

and, often, useful. For instance, the following local version is largely studied in the literature:

Froe(w,U) 1= inf

1 liminf  (w;, U) : w; — w in Wl’p(U)}.
{w; yCTW,,

(;fl (U) { 1 —>00
For both % and Fiq. very interesting measure representation results are available [56]. We refer
to [115] for further variants and related results. Most of the results for ¥ presented here extend
to Fioc.

1This, in a sense, automatically excludes the occurrence of phenomena like (4.2) and allows

us to concentrate on a priori estimates for more regular solutions.
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4.1. Lavrentiev phenomenon

A classic in the calculus of variations, the Lavrentiev gap phenomenon occurs
whenever variational integrals admit different infima if considered on the full class
of admissible functions or on a smaller, yet dense subclass of more regular functions
(cf. (4.2)). This apparent anomaly was first observed by Lavrentiev [95]. Later on,
Mania [99] considered the functional

1
I1(w) = / (x —w?)?|w’|® dx,
0
when defined on the two different function spaces

W = {w e WH®(0,1) : w(0) =0, w(l) = 1},
W= {we WbH(0,1): w(0) =0, w(l) = 1}.

Obviously, u(x) = x!/3 minimizes I; on ‘W', while explicit computations yield

inf I1(w)>0= inf I;(w)= TI1(u)
weW>® wewl

(cf. [36, Lemma 4.43]). Mania’s example cannot be detected via standard finite ele-
ment methods (i.e., taking piecewise affine functions that are Lipschitz continuous).
One could argue that I; lacks coercivity. This issue was eventually fixed by Ball and
Mizel [9] by looking at functional

1
w / elw|? + (x* — w®)?|w’|™ dx,
0

with m > 27, and ¢ > 0, that nonetheless presents the same pathological behavior
as I in (4.2). See also [77] for the gap problem in stochastic control theory and [8]
for numerical approximation schemes that spot lower energy singular minimizers
despite the fact that the cost of any sequence in the admissible class of Lipschitz
continuous functions is bounded away from the true minimum value.'’

4.2. Approximation in energy

The (absence of) Lavrentiev phenomenon admits other, more application-friendly and
general formulations beyond the one in (4.2):

« coincidence between the functional ¥ and the LSM relaxation 5 ;

o density of smooth maps in the related Lagrangian space'® [82, Chapter 14].

7Note that in this case, when a minimizer over the smoother admissible class exists, the
usual approximation schemes converge to this suboptimal solution.
18That is, the class of all functions w € W !-1(B) with finite energy ¥ (w, B) < oo.
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Indeed, notice that whenever w € W2 (B) is such that ¥ (w, B) < oo, then there
exists a sequence w; — w in W12 (B) such that ¥ (w;, B) — F (w, B). It follows
that ¥ (w, B) = ¥ (w, B) if and only if there exists a sequence

w; — w weakly in WP (B) and F (w;, B) - ¥ (w, B). (4.6)

This is called approximation in energy. If the integrand F is nonautonomous, the
occurrence of the Lavrentiev phenomenon connects to the way space-depending coef-
ficients and gradient variable interact; in particular, (4.6) may be violated even in
simple cases. A paradigm of such irregularity phenomena is the celebrated Zhikov’s
checkerboard example [82,132]; consider the functional in (1.19) with Q = 8; C R?
and, with x = (x1, x») € R?, set

if x1x2 <0,
px) = P T l<p<2<q. 4.7)
q ifxixy >0,

In polar coordinates (x1, x2) = (g cos 8, ¢ sin ), define

1 if x1,x > 0,
) sinf if xo >0 > x1, 4.8)
wy(x) 1= .
* 0 ifxl,)C2<0,

cosf ifx; >0>xy

(see Figure 1). The Lagrangian space generated by the functional in (1.19) is given
by
WIPO(By) := {w € WHY(By) : |Dw|PY € L1(B))).

The integral in (1.19) is clearly well defined and finite on W -*®)(8B;). Zhikov proved
that despite w, € W1P0)(B;), energy approximation by smooth maps in the sense

Exponent p Function wx

Figure 1. Zhikov’s checkerboard. Source [6].
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of (4.6) fails. This discussion highlights an interplay between gradient variable and
space-depending coefficient, that is stronger than the one observed in the case of
the p-Laplace energy: indeed, now coefficients no longer have a perturbative role
and might dramatically affect the growth/ellipticity features of the integral.'” We will
deepen these facts in Section 4.3; here, we would simply note the huge amount of
information obtained from the analysis of the Lavrentiev phenomenon: functional
analytic properties of Lagrangian spaces, relaxation of functionals and, what matters
most here, the possibility of constructing SOLAs,” i.e., building up energy approx-
imations of general nonautonomous functionals, a crucial aspect of the analysis
described in Section 4.4 (see comments after Theorem 4.5).

4.3. Soft nonuniform ellipticity

Before focusing on classical, strong nonuniform ellipticity in the sense of (1.13), let
us consider the softly nonuniformly elliptic case of the double-phase functional £
in (1.17), where from now on we assume that

0<aeC2*Q), aec(,1] (4.9)

Behind a rather simple structure, energy & hides several interesting (ir)regularity
aspects. In fact, building on previous two-dimensional constructions of Zhikov [133,
134] concerning the Lavrentiev phenomenon, it was discovered by Esposito, Leonetti
and Mingione [54] that, whenever exponents (p, ¢) and « verify

p<n<n+ta<gq (:>z>1+g), (4.10)
P n

it is possible to construct an integrand as in (1.17) and (4.9), and a Lipschitz-

regular boundary datum 1o € W1 (8B1), such that the solution to the corresponding

Dirichlet problem exhibits a one-point singularity that forbids its membership to
1,9 .

W (B1), i.e.,

u > min D(w,B1), ugWii(B). (4.11)
weug+W,y? (B1)

An even more striking example was shown by Fonseca, Maly and Mingione [57],
who, under the same conditions of [54] (but obviously with a different, much more

19Tn fact, this already happens in the examples (1.17), (1.19) and (1.23).

20Solution obtained by limiting approximations. These are solutions obtained as limits, in
suitable sense, of solutions to more regular problems, like for instance minima of approximating
uniformly elliptic functionals.
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complex coefficient a), exhibited a solution to (4.11) whose set of its essential dis-
continuities forms a Cantor-type fractal of almost maximal Hausdorff dimension
n — p. This result was eventually sharpened”' by Balci, Diening and Surnachev [5,6],
who constructed bounded minima of £ whose set of essential discontinuities has
Hausdorff dimension equal to n — p, and therefore do not belong to any better
Sobolev space than wl.p (B1). All in all, there are minima of convex, scalar, uni-
formly elliptic (in the classical sense) variational integrals that are as bad as any other
competitor! This oddity confirms how delicate regularity issues are when dealing with
nonuniform ellipticity, even if only a soft form of it is present. The key idea behind
these examples is that the coefficient a vanishes where certain low-integrable compet-
itor maps wx (no better than W 1-?) are nonconstant, i.e., a(x)| Dw«(x)|? = 0. These
malicious competitors in (4.11) decrease the total energy below the energy of any
possible W 1-9-competitor once highly varying traces (m > 0 and —m) on the upper
and lower parts of d8; are chosen; see Figure 2.

This finally creates a nonvanishing Lavrentiev gap, and the situation is similar to
the one described in Section 4.2; see (4.7) and (4.8). Choosing a coefficient a with
a fractal-type geometry allows us to distribute the corresponding singularities on a
Cantor fractal with maximal Hausdorff dimension. In particular, the results in [5,57]
highlight that, in the presence of very mild types of nonuniformity as the one in
the first line of (1.18), smooth coefficients do no longer guarantee regular solutions

Low-regularity competitor Coefficient a

Figure 2. Low-regular competitor vs. coefficient a. Figure 2 is a modification of the one in [6].

2!More precisely, in [57] for every & > 0, the authors construct an example where the
Hausdorff dimension of the set of essential discontinuity points of the minimizer is larger than
n — p — &, still keeping (4.10) and with ¢ — p < o + . Note that any minimizer of D belongs
to Wléc’p (R2), and that the Hausdorff dimension of the set of essential discontinuities of any

1, :
W,o. ” -function cannot exceed n — p.
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(cf. (3.1) and Remark 3.1). All such examples rely on the fact that under the con-
sidered condition the Lavrentiev gap of O does not vanish &£ o # 0. Condition (4.10)
violates (4.4), under which maximal gradient regularity is consequently expected. The
first general regularity result is again in [54], where it is proved that if ¥ minimizes D,
then??

9 1+% — £5(.B)=0 VBeQ,
p n 4.12)
— u e WHQ), 0<8=46(np.q.a).
Then in [10,34] it is proved that
q o 1,8 _
—<l4+-—=ue(C, (), 0<p=p(n,pqua) <l (4.13)
)4 n

This is the best amount of regularity achievable in degenerate problems [130], already
when a = 0. Let us highlight that the strategy in [10,34] is still perturbative. The soft
nonuniformity of & in (1.18) still allows us to use certain perturbation methods of
the type sketched in Section 3, or, at least, “half” of them. More precisely, with refer-
ence to the “Freeze & Compare” scheme in Section 3, the main difficulty here lies in
deriving homogeneous comparison estimates (cf. (3.4)), the validity of homogeneous
reference estimates for suitable liftings being guaranteed by the pointwise uniform
ellipticity in the first line of (1.18). Indeed, the proof of (4.13) conceptually goes as
follows.

e Using pointwise uniform ellipticity in the first line of (1.18). The “frozen”
integrand with constant coefficient ag

Po(z) :=|z|? + aolz|?, ag €[0,00)

is uniformly elliptic, and its ellipticity ratio is bounded independently of ag by
the first line of (1.18). With B, (x¢) € 2 being an arbitrary ball, this implies that
the solution v € u + W, *” (B, (xo)) of the Dirichlet problem,

V> min / Po(Dw)dx, 4.14)
u+Wg 7 (Br(x0)) J Br (x0)

22The additional equality case ¢/p = 1 + a/n is a typical effect of the pointwise uniform
ellipticity of the double-phase integrand, allowing us to get some extra small initial gradient
integrability.
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features intrinsically homogeneous excess decay estimates of type (3.3), i.e.,

| Po(Dv)||Loo(B, 2 (x0)) Sn,p,q][ Po(Dv)dx,

r

][ Po(Dv — (Dv)p, (x)) dx (4.15)
BU(XO)

o\ P

gn,p,q (_) ][ Po(Dv — (DU)BQ(xo)) dx
e B (x0)

for all concentric balls By (x9) C By(xo) € By (xo) and with 81 = B1(n, p,q) €

(0, 1) being independent of ag; compare with (3.3), to which (4.15) reduces when

ag = 0. See [52,97] for a proof. Estimate (4.15) holds for any choice of 1 < p <g;

no upper bound on ¢/ p is needed.

Rebalancing the soft nonuniform ellipticity in the second line of (1.18). This is
the point where the optimal bound ¢/p < 1 + «/n crucially enters the game.
With M large enough, to be quantitatively chosen, the p-phase is said to occur
when??

inf a < Mla]og:B, (xo)"*- (4.16)
By (xo)

The g-phase instead occurs otherwise. In the p-phase, the original minimizer
is compared to the solution of (4.14) with ag = 0. In the (p, g)-phase, instead,
one chooses ag = infp, (x,) a. Via a delicate comparison scheme based either on
reverse Holder inequalities [34] or on quantitative harmonic-type approximation
lemmas [10], one arrives at

][ Po(Du — Dv)dx < rﬂz][ Po(Du) dx (4.17)
B, /2(x0) By (xo)

for some B, € (0, 1).

Estimates (4.15) and (4.17) are homogeneous estimates when considered with
respect to the intrinsic quantity Po(Du) and, as such, can now be matched and
iterated in the setting of a delicate exit time argument based on the occurrence
of (4.16) at various scales. This eventually yields gradient Holder continuity for u.

The viewpoint in [10, 34] has been further developed; see [4, 7, 24, 26,27, 55, 83]
and references therein for a nonexhaustive list of relevant contributions. In particu-
lar, Hastd and Ok [74-76] extended the outcome of [10] to a very large family of

23 As usual

_ la(x) —a(y)]
[aJo.a: B, (x0) = sup —
X, YEBr(x0);:x#£y |x — y|
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softly nonuniformly elliptic problems, again, by means of a perturbative approach
that strongly relies on the pointwise uniform ellipticity of the class of integrands
considered. The whole body of techniques described above heavily relies on point-
wise uniform ellipticity (soft nonuniform ellipticity) and fails to deliver results in
the presence of strong nonuniform ellipticity (1.13), even for the most basic model
examples.

Remark 4.2. It is worth noting that in the counterexample provided in [57], the para-
meter « can be taken as any positive number @ > 0, and not necessarily restricted to
the interval o € (0, 1], provided that p and ¢ are chosen accordingly, as in (4.10).>*
This shows that pathological minimizers can arise even when the coefficients have
arbitrary degrees of smoothness, as long as p and ¢ are sufficiently far apart.

4.4. Nonuniformly elliptic Schauder estimates

The discussion in Section 3 highlights that, while for PDEs driven by uniformly
elliptic operators as in (1.10), the classical Schauder implication

Holder continuous coefficients == Holder continuous first derivatives

holds for energy solutions, already for the mild nonuniformity in (1.11) and (1.12)
regularity of solutions is no longer guaranteed in general, not even by smooth ingredi-
ents. However, as seen in Section 4.3, perturbation techniques are still available
for soft nonuniformly elliptic equations or functionals, the main difficulty being
getting close, in a homogeneous fashion, to a suitably “frozen” Dirichlet problem,
whose solution features homogeneous excess decay estimates. Such a circle of ideas
immediately breaks down already for the very simple model

Fa(w, Q) := / a(x)Fo(Dw)dx, 1<aeC%(Q),ac(01], (4.18)
Q
where Fj is as in (4.1). In fact, recalling (1.7), in view of (4.1), the best bound on the

ellipticity ratio we have is still

__ highest eigenvalue of a(x)d; Fo(z)

R(x,z) S |z|97P + 1.

™ Tlowest eigenvalue of a(x)0d,, Fo(z)

Therefore, any hope of recovering uniformly elliptic proof schemes as in Section 4.3
vanishes. The validity of the Schauder theory in the nonuniformly elliptic setting is
a classical problem raised at several stages in the literature. For instance, in his MR

241 this case, one takes a € Clel-{a},
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review” of Giaquinta and Giusti’s paper [66], Lieberman remarks how the authors’
approach does not apply when uniform ellipticity conditions are violated, unless a
priori Lipschitz bounds are assumed. However, these gradient estimates are available
only if equations or functionals are uniformly elliptic, or if an unnatural amount of
smoothness is imposed on coefficients and heavy regularity is a priori assumed on
solutions. In other terms, regularity for nonuniformly elliptic problems with Holder
continuous coefficients could be delivered only for a priori Lipschitz continuous solu-
tions.”® The central role of gradient bounds is also remarked by Ivanov [81, pp. 7
and 15]: in view of the results of Ladyzhenskaya and Ural’tseva [93], the issue of
solvability of boundary value problems for a nonuniformly elliptic or parabolic equa-
tion reduces to the possibility of constructing a priori estimates of the L°°-norm of
the gradients of solutions for a suitable one-parameter family of similar equations.
This means finding uniform a priori gradient estimates for regularized problems. The
importance of deriving Lipschitz bounds in nonuniformly elliptic problems as a start-
ing point for higher regularity was also stressed by Giaquinta and Giusti [66, p. 56].
In addition to these considerations, Schauder theory does not always hold even in the
case of soft nonuniform ellipticity (1.11)—(1.12) (cf. Section 4.3). This emphasizes
how delicate the issue of establishing Schauder theory is for strongly nonuniformly
elliptic problems (1.13). Such a long-standing problem has been settled in [42,45],
through a novel approach based on a direct proof of gradient boundedness, that does
not make any use of Holder gradient estimates.”’ This alters the classical paradigm
described in the third point of Remark 3.1. The following results appear in [45].

Theorem 4.3. Under assumptions (4.1) and (4.4), let u € Wléc’p () be a local
minimizer of the LSM-extension ¥ of the functional ¥ in (1.14). Then
e Du is locally Holder continuous in 2.

e u is also a minimizer of ¥ .
Recalling (4.5), we have the following corollary.

Corollary 4.4. Under assumptions (4.1) and (4.4), let u € Wi;c’p (2) be a local min-
imizer of the functional ¥ in (1.14). If £ - (u,B) = 0 holds for all balls B € 2, then u
is a minimizer of ¥ and hence Du is locally Hélder continuous in 2.

»Math. Rev. MRO749677.

260n the other hand, in such cases the problems considered are essentially again uniformly
elliptic as in the present setting the ellipticity ratio blows-up only when the gradient blows-up.

?'The same approach also leads to settling the long-standing issue of proving gradient
Holder continuity of minima of nondifferentiable, nonuniformly elliptic variational integrals.
The additional difficulty in this case is that in general the Euler-Lagrange equation is not
available. See [42].
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If integrand F is nondegenerate or nonsingular, in the sense that p > 0 in (4.1),
we recover the classical Schauder-type implication (3.1).

Theorem 4.5. In Theorem 4.3 and Corollary 4.4, assume that ;p > 0 and o € (0, 1)
in (4.1), and that 0, F is continuous. Then Du € coe (2;R"™).

loc

In particular, Theorems 4.3 and 4.5 highlight that the LSM-extension F provides
a selection principle capable of identifying/producing regular minimizers of the
original functional ¥, while excluding those that are irregular due to the appear-
ance of Lavrentiev-type phenomena. In Corollary 4.4, the role of the assumption
£ ¢ (4, B) = 0 is rather natural: via the occurrence of the approximation in energy, it
is possible to approximate the original minimizer with a sequence of minimizers of
more regular functionals for which a priori regularity estimates, in fact described in
the next section, apply. The Lavrentiev gap functional vanishes in a large variety of
situations, for instance as detailed in [54, Section 5]. As an example, a condition of
the type F(x, z) ~ G(z), for |z| large, where G: R" — [0, c0) is a convex function,
guarantees that £ = 0. As a consequence, we have the following corollary.

Corollary 4.6. Let u € WV1(Q) be a minimizer of the functional in (4.18), where Fy
satisfies the first to fourth lines of (4.1) and (4.4) holds. Then, Du is locally Holder
continuous in . If w > 0 and 3, F is continuous, then u € C,-*(Q2) when o < 1.

As a matter of fact, an interesting twist is that, on several occasions, assump-
tion (4.4) itself guarantees that the Lavrentiev gap vanishes. For instance, this happens
when F(x,z) &~ |z|? 4+ a(x)|z|? holds for large |z| and (4.4) is satisfied. This last
fact does not even require that F satisfies (4.1) and holds for general Carathéodory
integrands; compare with (4.12).

4.5. Key steps in the proof of Theorem 4.3

The proof offers a general body of methods and perspectives that might be useful in a
number of problems with lack of ellipticity and/or regularity of external ingredients.

The main arguments leading to Theorem 4.3 can be outlined as follows.”

e Almost Lipschitz continuity via fractional Moser’s iteration. The gradient of min-

ima belongs to L! _for all 1 <7 < oo via a combined use of interpolation

28For simplicity, we describe how a priori estimates are obtained; the results then follow by
approximation procedures for which we refer to [45]. Keep in mind the comments made after
Theorem 4.5.
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inequalities and a fractional Moser-type iteration. The first step is showing that a
relaxed bound on g/ p, i.e.,

pa/2 it p <2,
g<p+4a if2<p<n, 4.19)
pa/n ifn<p

implies that any (locally) bounded minimizer has a locally integrable gradient
with an arbitrary large, finite power (local boundedness of minima under the
assumptions used here follows by [78]). In this respect, (4.19) is optimal by
counterexamples working for bounded minimizers [54], where minima fail to
be W4 -regular; compare (4.19) with (4.10). In the autonomous case,” results
of this type were known, and classical, starting by the work of Ladyzhenskaya
and Ural’tseva [94], see also [10, 32, 33, 39, 131], where dimension-free gap
bounds are proved to be effective when in the presence of bounded minimizers.
The techniques used for them require differentiating the Euler—Lagrange equa-
tion (1.15), which is impossible in the presence of Holder coefficients. In [45],
higher integrability estimates are instead achieved by means of fine Besov spaces
techniques, sometimes employed in uniformly elliptic problems with a certain
lack of ellipticity, such as degenerate PDEs in the Heisenberg group [53], or in
nonlocal problems [18,22,23,51, 61, 62]. The underlying principle is that deal-
ing with strong nonuniform ellipticity requires similar efforts as those needed to
compensate for the lack of strong forms of monotonicity. This is delicate to handle
and heavily relies on a sharp numerology to keep the optimal conditions (4.19).
Specifically, we prove that

=¢ (4.20)

[,

holds for &2 € R”, |h| > O sufficiently small, and with integro-differentiability
exponents t; /" 00, 0 < & \( 0 and ¢; — oo. In (4.20), rg denotes the double
finite differences operator in the direction® 4. Via basic embedding properties
of Besov spaces, (4.20) implies that Du € LIOC for every i, and therefore in
all Lebesgue spaces with finite exponent, locally. We stress that the validity
of (4.19) guarantees that sequence {f; };en in (4.20) diverges. Estimates leading

Pwith the exception of the specific double-phase case, see [10].

OWith t > 0, h € R", set Q¢ := {x € Q : dist(x, Q) > t}; the finite difference operators
T LY QR > LY R"), 17 LY (Q:R™) > L1 (Q0)5: R") are defined as 1, w(x) :=
w(x + h) — w(x) and rﬁw = 1 (tpw), respectively.
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to (4.20) implement a fractional Moser-type iteration that does not directly lead
to Du € L{°, as the integrability gain from #; to #; 4 is linear rather than geo-
metric. A fractional Moser’s iteration is a natural idea to use in this setting as it
relies on the basic observation that ¢-Holder continuity means almost -fractional
differentiability, in the sense that

(4.1) (4th line)
€

X 0,F(x,z2) C% — x> 0,F(x,z) e W5t

forall s € (0,), t € [1,00), thus aligning with classical Moser’s iteration in the
differentiable setting, where in fact one uses that x +— 9, F(x,z) € WH®,

e Fractional Caccioppoli inequalities on level sets. A standard formulation of
gradient Caccioppoli inequalities on level sets for autonomous, quasilinear
uniformly elliptic PDEs, such as div(|Du|?~2Du) = 0, reads as

sz |Dqup—xyq25f' (Dul” —2dx  @21)
By /2 (xo o (x0

for any x > 0 and all balls B,(xo) € 2. Estimate (4.21) builds on the classical
Bernstein method, that prescribes differentiating the equation to prove that suit-
able convex functions of |Du|, such as for instance | Du|?, are subsolutions to
linear, uniformly elliptic equations with measurable coefficients; hence, they sat-
isfy (4.21). In this respect, see the seminal work of Uhlenbeck [129]. This yields
local boundedness for | Du| since (4.21) grants its membership to upper De Giorgi
classes, i.e., classical De Giorgi’s iteration applies. This argument breaks down in
the presence of merely Holder continuous coefficients, as the Euler—Lagrange
equation is no longer differentiable. Nonetheless, the fractional, renormalized
Caccioppoli inequality on level sets

P (Dul? )43 5, e
< M2b][ (|Dul? — k)3 dx + M?** ][ 1+ |Du|™dx (4.22)
B (x0) Bo(xo0)
holds whenever M > || Dul|o0(B,(x)) for some B € (0, 1), m € (1, 00), on any
ball B,(xo) € 2. In (4.22), the number b = b(n, p, ¢, «) is an explicit function

such that b — 0 when ¢ — p. There are three major differences between the
classical (4.21) and the formulation (4.22), as introduced in [42,45].%" First, the

31 Fractional Caccioppoli-type inequalities in the setting of nonlinear potential theory were
pioneered by Mingione [108, 109], where also fractional De Giorgi’s classes are used. See
also [29,35,49] for other instances of fractional De Giorgi classes in the nonlocal setting.
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fractional derivatives of (|Du|? — k)4 appearing in (4.22) replace the full deriv-
atives on the left-hand side of (4.21), which are no longer available due to the
nondifferentiability of the coefficients. Second, the third term in (4.22) is a “size”
term that captures the contribution of the coefficients and requires careful hand-
ling throughout the analysis. Third, the renormalization constant M is introduced
to make the first two terms in (4.22) appear homogeneous in | Du|?, mirroring the
structure of (4.21), and thereby enabling iteration. This strategy also draws on an
approach developed by Beck and Mingione [1 1], which prescribes — when work-
ing with inequalities like (4.21) in the nonuniformly elliptic setting — to exploit
the fact that constants deteriorate only polynomially during De Giorgi iterations
used to prove L*-estimates.”” Accordingly, careful tracking of the quantity M 2P
throughout the iteration process raises the possibility of ultimately reabsorbing it.
In this respect, exponent b accounts for the power-type growth of the ellipticity
ratio, while § = B(«) € (0, 1) records the rate of Holder continuity of coefficients.
The sharp threshold (4.4) plays a pivotal role in linking these analytic features,
ultimately yielding local Lipschitz regularity for minimizers. Crucially, achiev-
ing this under the optimal threshold (4.4) requires that (4.22) is employed in its
sharpest possible form, ensuring that no loss of information occurs at any stage of
the derivation. The construction of the renormalized, fractional De Giorgi classes
in (4.22) is based on a Littlewood—Paley-type argument traceable to the dyadic
decomposition of Besov functions [124], but implemented at a nonlinear level. It
was first introduced by Kristensen and Mingione [86, 87] in the study of singular
sets of minima of multiple integrals. In the present setting, the usual atoms appear-
ing in dyadic decompositions are replaced by solutions to nonlinear, autonomous
problems, whose regularity is quantified via suitable improved forms of related
a priori estimates due to Bella and Schiffner [14, 16, 112]. This grants the sharp
value of exponent b in (4.22), that allows us to preserve the optimal threshold
in (4.4).

Nonlinear potentials. A key aspect of the De Giorgi-type iteration described
before lies in its potential theoretic nature. In fact, the size information encoded in
the third term of (4.22) is carried along iterations by a general class of nonlinear
Havin—Maz’ya—Wolff-type potentials [106] of the form

r ﬂdQ
P? (/' x0,7) :=/ Q(][ |f|dx) de
0 By (x0) 0

32This behavior is less widely known, as constants deteriorate exponentially instead when

proving Holder estimates, which are the ultimate aim of the De Giorgi—Nash—Moser theory.
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witho > 0,9 > 0and f € L'(B,(xo)). For specific choices of o and ¢, poten-
tial PZ becomes classical Riesz and Wolff potentials, that are usually employed
when investigating fine properties of solutions to linear or nonlinear, nonhomo-
geneous PDEs. More precisely, potentials act as “ghosts” of the representation
formula,® granting sharp pointwise bounds for solutions and their gradients
under minimal conditions on external data; see [85, 88, 89,91]. This means that
potentials have been mainly used to deal with certain borderline regularity condi-
tions on external ingredients. In [39,42,43,45], instead, potentials are employed
as carriers of size information along iterations, and eventually apply their map-
ping properties [42, Section 4] to control the resulting quantities. Also at this
stage, in the absence of gradient higher integrability, condition (4.4) is crucial to
ensure that potentials embed in the right Lebesgue spaces, [42,43].

The approach sketched above yields local Lipschitz continuity for minima. In turn,
gradient boundedness makes the nonuniformity of functional (1.14) (and of its LSM-
relaxation (4.3)) immaterial, so gradient Holder continuity is achieved by a delicate
adaptation of more standard perturbation methods [42, Section 10], [45, Section 5].
See also the third point in Remark 3.1.

Acknowledgements. The author thanks Professor Anna Balci for sharing the draw-
ings in Figures 1 and 2.

Funding. This work was supported by the European Research Council, through the
ERC StG project NEW, No. 101220121, and by the University of Parma, through the
action “Bando di Ateneo 2024 per la ricerca”.

References

[1] E. Acerbi and G. Mingione, Regularity results for a class of functionals with non-
standard growth. Arch. Ration. Mech. Anal. 156 (2001), no. 2, 121-140
Zbl 0984.49020 MR 1814973

[2] S. Agmon, A. Douglis, and L. Nirenberg, Estimates near the boundary for solutions of
elliptic partial differential equations satisfying general boundary conditions. I. Comm.
Pure Appl. Math. 12 (1959), no. 4, 623-727 Zbl 0093.10401 MR 0125307

[3] S. Agmon, A. Douglis, and L. Nirenberg, Estimates near the boundary for solutions of
elliptic partial differential equations satisfying general boundary conditions. II. Comm.
Pure Appl. Math. 17 (1964), no. 1, 35-92 Zbl 0123.28706 MR 0162050

33Representation formulas via fundamental solutions are obviously not available in nonlin-
ear problems.


https://doi.org/10.1007/s002050100117
https://doi.org/10.1007/s002050100117
https://zbmath.org/?q=an:0984.49020&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1814973
https://doi.org/10.1002/cpa.3160120405
https://doi.org/10.1002/cpa.3160120405
https://zbmath.org/?q=an:0093.10401&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0125307
https://doi.org/10.1002/cpa.3160170104
https://doi.org/10.1002/cpa.3160170104
https://zbmath.org/?q=an:0123.28706&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0162050

(4]

(51

(6]

(7]

(91

[10]

[11]

[12]

(13]

(14]

C. De Filippis 894

S. Baasandorj and S.-S. Byun, Regularity for Orlicz phase problems. Mem. Amer. Math.
Soc. 308 (2025), no. 1556, 131 pp. Zbl 1573.49002 MR 4896165

A. Balci, L. Diening, and M. Surnachev, Scalar minimizers with maximal singular sets
and lack of Meyers property. In D. Apushkinskaya, A. Laptev, A. I. Nazarov, and
H. Shahgholian (eds.), Friends in partial differential equation. The Nina N. Uraltseva
90th anniversary volume, pp. 1-43, EMS Press, Berlin, 2025 Zbl 08132144

MR 4967630

A. K. Balci, L. Diening, and M. Surnachev, New examples on Lavrentiev gap using
fractals. Calc. Var. Partial Differential Equations 59 (2020), no. 5, article no. 180, 34 pp.
Zbl 1453.35082 MR 4153906

A. K. Balci, C. Ortner, and J. Storn, Crouzeix—Raviart finite element method for non-
autonomous variational problems with Lavrentiev gap. Numer. Math. 151 (2022), no. 4,
779-805 Zbl 1501.65105 MR 4453291

J. M. Ball and G. Knowles, A numerical method for detecting singular minimizers.
Numer. Math. 51 (1987), no. 2, 181-197 Zbl 0636.65064 MR 0890031

J. M. Ball and V. J. Mizel, One-dimensional variational problems whose minimizers do
not satisfy the Euler—Lagrange equation. Arch. Ration. Mech. Anal. 90 (1985), no. 4,
325-388 Zbl 0585.49002 MR 0801585

P. Baroni, M. Colombo, and G. Mingione, Regularity for general functionals with double
phase. Calc. Var. Partial Differential Equations 57 (2018), no. 2, article no. 62, 48 pp.
Zbl 1394.49034 MR 3775180

L. Beck and G. Mingione, Lipschitz bounds and nonuniform ellipticity. Comm. Pure
Appl. Math. 73 (2020), no. 5, 944-1034 Zbl 1445.35140 MR 4078712

L. Beck and T. Schmidt, On the Dirichlet problem for variational integrals in BV.
J. Reine Angew. Math. 2013 (2013), no. 674, 113-194 Zbl 1260.49079 MR 3010549

L. Beck and T. Schmidt, Interior gradient regularity for BV minimizers of singular
variational problems. Nonlinear Anal. 120 (2015), 86106 Zbl 1319.49054
MR 3348048

P. Bella and M. Schiffner, On the regularity of minimizers for scalar integral functionals
with (p. ¢)-growth. Anal. PDE 13 (2020), no. 7, 2241-2257 Zbl 1460.49027
MR 4175825

P. Bella and M. Schiffner, Local boundedness and Harnack inequality for solutions
of linear nonuniformly elliptic equations. Comm. Pure Appl. Math. 74 (2021), no. 3,
453-477 Zbl 1469.35073 MR 4201290

P. Bella and M. Schiffner, Lipschitz bounds for integral functionals with (p, ¢)-growth
conditions. Adv. Calc. Var. 17 (2024), no. 2, 373-390 Zbl 1541.35173 MR 4726518

M. Bildhauer and M. Fuchs, Convex variational problems with linear growth. In
S. Hildebrandt and H. Karcher (eds.), Geometric analysis and nonlinear partial differ-
ential equations, pp. 327-344, Springer, Berlin, 2003 Zbl 1046.35020 MR 2008345


https://doi.org/10.1090/memo/1556
https://zbmath.org/?q=an:1573.49002&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4896165
https://doi.org/10.4171/NNU90/1
https://doi.org/10.4171/NNU90/1
https://doi.org/10.4171/NNU90
https://doi.org/10.4171/NNU90
https://zbmath.org/?q=an:08132144&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4967630
https://doi.org/10.1007/s00526-020-01818-1
https://doi.org/10.1007/s00526-020-01818-1
https://zbmath.org/?q=an:1453.35082&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4153906
https://doi.org/10.1007/s00211-022-01303-1
https://doi.org/10.1007/s00211-022-01303-1
https://zbmath.org/?q=an:1501.65105&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4453291
https://doi.org/10.1007/BF01396748
https://zbmath.org/?q=an:0636.65064&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0890031
https://doi.org/10.1007/BF00276295
https://doi.org/10.1007/BF00276295
https://zbmath.org/?q=an:0585.49002&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0801585
https://doi.org/10.1007/s00526-018-1332-z
https://doi.org/10.1007/s00526-018-1332-z
https://zbmath.org/?q=an:1394.49034&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3775180
https://doi.org/10.1002/cpa.21880
https://zbmath.org/?q=an:1445.35140&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4078712
https://doi.org/10.1515/crelle.2011.188
https://zbmath.org/?q=an:1260.49079&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3010549
https://doi.org/10.1016/j.na.2015.02.011
https://doi.org/10.1016/j.na.2015.02.011
https://zbmath.org/?q=an:1319.49054&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3348048
https://doi.org/10.2140/apde.2020.13.2241
https://doi.org/10.2140/apde.2020.13.2241
https://zbmath.org/?q=an:1460.49027&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4175825
https://doi.org/10.1002/cpa.21876
https://doi.org/10.1002/cpa.21876
https://zbmath.org/?q=an:1469.35073&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4201290
https://doi.org/10.1515/acv-2022-0016
https://doi.org/10.1515/acv-2022-0016
https://zbmath.org/?q=an:1541.35173&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4726518
https://doi.org/10.1007/978-3-642-55627-2_18
https://doi.org/10.1007/978-3-642-55627-2
https://doi.org/10.1007/978-3-642-55627-2
https://zbmath.org/?q=an:1046.35020&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2008345

[20]

(21]

(22]

(23]

[24]

[25]

[26]

(27]

(28]

[29]

(30]

(31]

(32]

Sketches of nonuniformly elliptic Schauder theory 895

V. Bogelein, F. Duzaar, N. Liao, G. Molica Bisci, and R. Servadei, Regularity for the
fractional p-Laplace equation. J. Funct. Anal. 289 (2025), no. 9, article no. 111078, 69
pp. Zbl 08065953 MR 4919132

E. Bombieri, E. De Giorgi, and M. Miranda, Una maggiorazione a priori relativa alle
ipersuperfici minimali non parametriche. Arch. Ration. Mech. Anal. 32 (1969), no. 4,
255-267 Zbl10184.32803 MR 0248647

G. Bouchitté, I. Fonseca, and J. Maly, The effective bulk energy of the relaxed energy
of multiple integrals below the growth exponent. Proc. Roy. Soc. Edinburgh Sect. A 128
(1998), no. 3, 463-479 Zbl 0907.49008 MR 1632814

P. Bousquet and L. Brasco, Lipschitz regularity for orthotropic functionals with non-
standard growth conditions. Rev. Mat. Iberoam. 36 (2020), no. 7, 1989-2032
Zbl 1460.35162 MR 4163990

L. Brasco and E. Lindgren, Higher Sobolev regularity for the fractional p-Laplace
equation in the superquadratic case. Adv. Math. 304 (2017), 300-354 Zbl 1364.35055
MR 3558212

L. Brasco, E. Lindgren, and A. Schikorra, Higher Holder regularity for the fractional
p-Laplacian in the superquadratic case. Adv. Math. 338 (2018), 782-846
Zbl 1400.35049 MR 3861716

M. Bulicek, P. Gwiazda, and J. Skrzeczkowski, On a range of exponents for absence
of Lavrentiev phenomenon for double phase functionals. Arch. Ration. Mech. Anal. 246
(2022), no. 1, 209-240 Zbl 1497.49049 MR 4487513

G. Buttazzo and V. J. Mizel, Interpretation of the Lavrentiev phenomenon by relaxation.
J. Funct. Anal. 110 (1992), no. 2, 434-460 Zbl 0784.49006 MR 1194993

S.-S. Byun and J. Oh, Regularity results for generalized double phase functionals. Anal.
PDE 13 (2020), no. 5, 1269-1300 Zbl 1477.49057 MR 4149062

S.-S. Byun, J. Ok, and K. Song, Holder regularity for weak solutions to nonlocal double
phase problems. J. Math. Pures Appl. (9) 168 (2022), 110-142 Zbl 1504.35104
MR 4515255

R. Caccioppoli, Sulle equazioni ellittiche a derivate parziali con n variabili indipendenti.
Atti Accad. Naz. Lincei Rend. Lincei Mat. Appl. 19 (1934), 83—-89 Zbl 0009.06802

L. Caffarelli, C. H. Chan, and A. Vasseur, Regularity theory for parabolic nonlinear
integral operators. J. Amer. Math. Soc. 24 (2011), no. 3, 849-869 Zbl 1223.35098
MR 2784330

L. A. Caffarelli and X. Cabré, Fully nonlinear elliptic equations. Amer. Math. Soc.
Collog. Publ. 43, American Mathematical Society, Providence, RI, 1995, 104 pp.
Zbl 0834.35002 MR 1351007

S. Campanato, Equazioni ellittiche del I1° ordine e spazi >, Ann. Mat. Pura Appl.
(4) 69 (1965), no. 1,321-381 Zbl 0145.36603 MR 0192168

M. Carozza, J. Kristensen, and A. Passarelli di Napoli, Higher differentiability of min-
imizers of convex variational integrals. Ann. Inst. H. Poincaré Anal. Non Linéaire 28
(2011), no. 3,395-411 Zbl 1245.49052 MR 2795713


https://doi.org/10.1016/j.jfa.2025.111078
https://doi.org/10.1016/j.jfa.2025.111078
https://zbmath.org/?q=an:08065953&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4919132
https://doi.org/10.1007/BF00281503
https://doi.org/10.1007/BF00281503
https://zbmath.org/?q=an:0184.32803&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0248647
https://doi.org/10.1017/S0308210500021600
https://doi.org/10.1017/S0308210500021600
https://zbmath.org/?q=an:0907.49008&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1632814
https://doi.org/10.4171/rmi/1189
https://doi.org/10.4171/rmi/1189
https://zbmath.org/?q=an:1460.35162&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4163990
https://doi.org/10.1016/j.aim.2016.03.039
https://doi.org/10.1016/j.aim.2016.03.039
https://zbmath.org/?q=an:1364.35055&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3558212
https://doi.org/10.1016/j.aim.2018.09.009
https://doi.org/10.1016/j.aim.2018.09.009
https://zbmath.org/?q=an:1400.35049&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3861716
https://doi.org/10.1007/s00205-022-01816-x
https://doi.org/10.1007/s00205-022-01816-x
https://zbmath.org/?q=an:1497.49049&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4487513
https://doi.org/10.1016/0022-1236(92)90038-K
https://zbmath.org/?q=an:0784.49006&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1194993
https://doi.org/10.2140/apde.2020.13.1269
https://zbmath.org/?q=an:1477.49057&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4149062
https://doi.org/10.1016/j.matpur.2022.11.001
https://doi.org/10.1016/j.matpur.2022.11.001
https://zbmath.org/?q=an:1504.35104&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4515255
https://zbmath.org/?q=an:0009.06802&format=complete
https://doi.org/10.1090/S0894-0347-2011-00698-X
https://doi.org/10.1090/S0894-0347-2011-00698-X
https://zbmath.org/?q=an:1223.35098&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2784330
https://doi.org/10.1090/coll/043
https://zbmath.org/?q=an:0834.35002&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1351007
https://doi.org/10.1007/BF02414377
https://zbmath.org/?q=an:0145.36603&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0192168
https://doi.org/10.1016/j.anihpc.2011.02.005
https://doi.org/10.1016/j.anihpc.2011.02.005
https://zbmath.org/?q=an:1245.49052&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2795713

[34]

(35]

(36]

(371

(38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

C. De Filippis 896

H. J. Choe, Interior behaviour of minimizers for certain functionals with nonstandard
growth. Nonlinear Anal. 19 (1992), no. 10, 933-945 Zbl 0786.35040 MR 1192273

M. Colombo and G. Mingione, Regularity for double phase variational problems. Arch.
Ration. Mech. Anal. 215 (2015), no. 2, 443-496 Zbl 1322.49065 MR 3294408

M. Cozzi, Regularity results and Harnack inequalities for minimizers and solutions of
nonlocal problems: a unified approach via fractional De Giorgi classes. J. Funct. Anal.
272 (2017), no. 11, 4762-4837 Zbl 1366.49040 MR 3630640

B. Dacorogna, Direct methods in the calculus of variations. 2nd edn., Appl. Math. Sci.
78, Springer, New York, 2008, 622 pp. Zbl 1140.49001 MR 2361288

C. De Filippis, Quasiconvexity and partial regularity via nonlinear potentials. J. Math.
Pures Appl. (9) 163 (2022), 11-82 Zbl 1537.35123 MR 4438896

C. De Filippis, p-ellipticity and nonautonomous integrals. Eur. Math. Soc. Mag. 137
(2025), 4-15 Zbl 08130155 MR 4990156

C. De Filippis, F. De Filippis, and M. Piccinini, Bounded minimizers of double phase
problems at nearly linear growth. 2026, arXiv:2411.14325v2, to appear in J. Eur
Math. Soc.

C. De Filippis, L. Koch, and J. Kristensen, Quantified Legendreness and the regularity
of minima. Arch. Ration. Mech. Anal. 248 (2024), no. 4, article no. 69, 51 pp.
Zbl 1546.49069 MR 4779533

C. De Filippis and G. Mingione, Lipschitz bounds and nonautonomous integrals. Arch.
Ration. Mech. Anal. 242 (2021), no. 2, 973-1057 Zbl 1483.49050 MR 4331020

C. De Filippis and G. Mingione, Nonuniformly elliptic Schauder theory. Invent. Math.
234 (2023), no. 3, 1109-1196 Zbl 1542.35140 MR 4665778

C. De Filippis and G. Mingione, Regularity for double phase problems at nearly linear
growth. Arch. Ration. Mech. Anal. 247 (2023), no. 5, article no. 85, 50 pp.
Zbl 1525.35089 MR 4630451

C. De Filippis and G. Mingione, Nonuniform ellipticity in variational problems and
regularity. Notices Amer. Math. Soc. 72 (2025), no. 9, 989-999 Zbl 08137377
MR 4965436

C. De Filippis and G. Mingione, The sharp growth rate in nonuniformly elliptic Schauder
theory. Duke Math. J. 174 (2025), no. 9, 1775-1848 Zbl 1571.49030 MR 4917742

C. De Filippis and B. Stroffolini, Singular multiple integrals and nonlinear potentials.
J. Funct. Anal. 285 (2023), no. 2, article no. 109952, 76 pp. Zbl 1516.31026
MR 4575686

F. De Filippis and M. Piccinini, Regularity for multi-phase problems at nearly linear
growth. J. Differential Equations 410 (2024), 832-868 Zbl 1548.49044
MR 4790887

E. De Giorgi, Un esempio di estremali discontinue per un problema variazionale di tipo
ellittico. Boll. Unione Mat. Ital. (4) 1 (1968), 135-137 Zbl 0155.17603
MR 0227827


https://doi.org/10.1016/0362-546X(92)90105-N
https://doi.org/10.1016/0362-546X(92)90105-N
https://zbmath.org/?q=an:0786.35040&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1192273
https://doi.org/10.1007/s00205-014-0785-2
https://zbmath.org/?q=an:1322.49065&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3294408
https://doi.org/10.1016/j.jfa.2017.02.016
https://doi.org/10.1016/j.jfa.2017.02.016
https://zbmath.org/?q=an:1366.49040&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3630640
https://doi.org/10.1007/978-0-387-55249-1
https://zbmath.org/?q=an:1140.49001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2361288
https://doi.org/10.1016/j.matpur.2022.05.001
https://zbmath.org/?q=an:1537.35123&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4438896
https://doi.org/10.4171/MAG/263
https://zbmath.org/?q=an:08130155&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4990156
https://arxiv.org/abs/2411.14325v2
https://doi.org/10.1007/s00205-024-02008-5
https://doi.org/10.1007/s00205-024-02008-5
https://zbmath.org/?q=an:1546.49069&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4779533
https://doi.org/10.1007/s00205-021-01698-5
https://zbmath.org/?q=an:1483.49050&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4331020
https://doi.org/10.1007/s00222-023-01216-2
https://zbmath.org/?q=an:1542.35140&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4665778
https://doi.org/10.1007/s00205-023-01907-3
https://doi.org/10.1007/s00205-023-01907-3
https://zbmath.org/?q=an:1525.35089&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4630451
https://doi.org/10.1090/noti3218
https://doi.org/10.1090/noti3218
https://zbmath.org/?q=an:08137377&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4965436
https://doi.org/10.1215/00127094-2024-0075
https://doi.org/10.1215/00127094-2024-0075
https://zbmath.org/?q=an:1571.49030&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4917742
https://doi.org/10.1016/j.jfa.2023.109952
https://zbmath.org/?q=an:1516.31026&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4575686
https://doi.org/10.1016/j.jde.2024.08.023
https://doi.org/10.1016/j.jde.2024.08.023
https://zbmath.org/?q=an:1548.49044&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4790887
https://zbmath.org/?q=an:0155.17603&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0227827

[49]

[50]

[51]

[52]

(53]

[54]

[55]

[56]

[57]

(58]

[59]

[60]

[61]

[62]

[63]

Sketches of nonuniformly elliptic Schauder theory 897

A. Di Castro, T. Kuusi, and G. Palatucci, Local behavior of fractional p-minimizers.
Ann. Inst. H. Poincaré Anal. Non Linéaire 33 (2016), no. 5, 1279-1299
Zbl 1355.35192 MR 3542614

E. DiBenedetto, C !¢ local regularity of weak solutions of degenerate elliptic equa-
tions. Nonlinear Anal. 7 (1983), no. 8, 827-850 Zbl 0539.35027 MR 0709038

L. Diening, K. Kim, H.-S. Lee, and S. Nowak, Higher differentiability for the fractional
p-Laplacian. Math. Ann. 391 (2025), no. 4, 5631-5693 Zbl 1564.35068
MR 4884557

L. Diening, B. Stroffolini, and A. Verde, Everywhere regularity of functionals with
¢-growth. Manuscripta Math. 129 (2009), no. 4, 449-481 Zbl 1168.49035
MR 2520895

A. Domokos, Differentiability of solutions for the non-degenerate p-Laplacian in the
Heisenberg group. J. Differential Equations 204 (2004), no. 2, 439-470
Zbl 1065.35103 MR 2085543

L. Esposito, F. Leonetti, and G. Mingione, Sharp regularity for functionals with (p, ¢)
growth. J. Differential Equations 204 (2004), no. 1, 5-55 Zbl 1072.49024
MR 2076158

L. Ferreri, L. Spolaor, and B. Velichkov, Unique continuation for nonlinear variational
problems. 2024, arXiv:2408.00405v1

I. Fonseca and J. Maly, Relaxation of multiple integrals below the growth exponent. Ann.
Inst. H. Poincaré Anal. Non Linéaire 14 (1997), no. 3, 309-338 Zbl 0868.49011
MR 1450951

I. Fonseca, J. Maly, and G. Mingione, Scalar minimizers with fractal singular sets. Arch.
Ration. Mech. Anal. 172 (2004), no. 2, 295-307 Zbl 1049.49015 MR 2058167

I. Fonseca and P. Marcellini, Relaxation of multiple integrals in subcritical Sobolev
spaces. J. Geom. Anal. 7 (1997), no. 1, 57-81 Zbl1 0915.49011 MR 1630777

1. Fragala, F. Gazzola, and B. Kawohl, Existence and nonexistence results for anisotropic
quasilinear elliptic equations. Ann. Inst. H. Poincaré Anal. Non Linéaire 21 (2004), no. 5,
715-734 7Zbl 1144.35378 MR 2086756

M. Fuchs and G. Mingione, Full C '*%-regularity for free and constrained local minim-
izers of elliptic variational integrals with nearly linear growth. Manuscripta Math. 102
(2000), no. 2, 227-250 Zbl 0995.49023 MR 1771942

P. Garain and E. Lindgren, Higher Holder regularity for mixed local and nonlocal degen-
erate elliptic equations. Calc. Var. Partial Differential Equations 62 (2023), no. 2, article
no. 67,36 pp. Zbl 1505.35072 MR 4530314

P. Garain and E. Lindgren, Higher Holder regularity for the fractional p-Laplace
equation in the subquadratic case. Math. Ann. 390 (2024), no. 4, 5753-5792
Zbl 1555.35079 MR 4816120

M. Giaquinta, Growth conditions and regularity, a counterexample. Manuscripta Math.
59 (1987), no. 2, 245-248 Zbl 0638.49005 MR 0905200


https://doi.org/10.1016/j.anihpc.2015.04.003
https://zbmath.org/?q=an:1355.35192&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3542614
https://doi.org/10.1016/0362-546X(83)90061-5
https://doi.org/10.1016/0362-546X(83)90061-5
https://zbmath.org/?q=an:0539.35027&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0709038
https://doi.org/10.1007/s00208-024-03057-7
https://doi.org/10.1007/s00208-024-03057-7
https://zbmath.org/?q=an:1564.35068&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4884557
https://doi.org/10.1007/s00229-009-0277-0
https://doi.org/10.1007/s00229-009-0277-0
https://zbmath.org/?q=an:1168.49035&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2520895
https://doi.org/10.1016/j.jde.2004.05.009
https://doi.org/10.1016/j.jde.2004.05.009
https://zbmath.org/?q=an:1065.35103&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2085543
https://doi.org/10.1016/j.jde.2003.11.007
https://doi.org/10.1016/j.jde.2003.11.007
https://zbmath.org/?q=an:1072.49024&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2076158
https://arxiv.org/abs/2408.00405v1
https://doi.org/10.1016/S0294-1449(97)80139-4
https://zbmath.org/?q=an:0868.49011&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1450951
https://doi.org/10.1007/s00205-003-0301-6
https://zbmath.org/?q=an:1049.49015&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2058167
https://doi.org/10.1007/BF02921705
https://doi.org/10.1007/BF02921705
https://zbmath.org/?q=an:0915.49011&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1630777
https://doi.org/10.1016/j.anihpc.2003.12.001
https://doi.org/10.1016/j.anihpc.2003.12.001
https://zbmath.org/?q=an:1144.35378&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2086756
https://doi.org/10.1007/s002291020227
https://doi.org/10.1007/s002291020227
https://zbmath.org/?q=an:0995.49023&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1771942
https://doi.org/10.1007/s00526-022-02401-6
https://doi.org/10.1007/s00526-022-02401-6
https://zbmath.org/?q=an:1505.35072&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4530314
https://doi.org/10.1007/s00208-024-02891-z
https://doi.org/10.1007/s00208-024-02891-z
https://zbmath.org/?q=an:1555.35079&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4816120
https://doi.org/10.1007/BF01158049
https://zbmath.org/?q=an:0638.49005&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0905200

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

(73]

[74]

[75]

[76]

(771

(78]

C. De Filippis 898

M. Giaquinta and E. Giusti, On the regularity of the minima of variational integrals. Acta
Math. 148 (1982), 31-46 Zbl 0494.49031 MR 0666107

M. Giaquinta and E. Giusti, Differentiability of minima of non-differentiable functionals.
Invent. Math. 72 (1983), no. 2, 285-298 Zbl 0513.49003 MR 0700772

M. Giaquinta and E. Giusti, Global C !-*-regularity for second order quasilinear elliptic
equations in divergence form. J. Reine Angew. Math. 1984 (1984), no. 351, 55-65
Zbl 0528.35014 MR 0749677

M. Giaquinta, G. Modica, and J. Soucek, Functionals with linear growth in the calculus
of variations. I. Comment. Math. Univ. Carolin. 20 (1979), no. 1, 143-156
Zbl 0409.49006 MR 0526154

M. Giaquinta, G. Modica, and J. Soucek, Functionals with linear growth in the calculus
of variations. II. Comment. Math. Univ. Carolin. 20 (1979), no. 1, 157-172
Zbl 0409.49007 MR 0526154

D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order.
Grundlehren Math. Wiss. 224, Springer, Berlin, 1983, 513 pp. Zbl 0562.35001
MR 0737190

G. Giraud, Sur le probléme de Dirichlet généralisé (deuxieme mémoire). Ann. Sci. Ec.
Norm. Supér. (3) 46 (1929), 131-245 JFM 55.0285.02 MR 1509295

E. Giusti, On the equation of surfaces of prescribed mean curvature. Existence and
uniqueness without boundary conditions. Invent. Math. 46 (1978), no. 2, 111-137
Zbl 0381.35035 MR 0487722

F. Gmeineder and J. Kristensen, Partial regularity for BV minimizers. Arch. Ration.
Mech. Anal. 232 (2019), no. 3, 1429-1473 Zbl 1411.26016 MR 3928753

F. Gmeineder and J. Kristensen, Quasiconvex functionals of (p, g)-growth and the par-
tial regularity of relaxed minimizers. Arch. Ration. Mech. Anal. 248 (2024), no. 5, article
no. 80, 125 pp. Zbl 1548.49045 MR 4795764

P. Histo and J. Ok, Maximal regularity for local minimizers of non-autonomous
functionals. J. Eur. Math. Soc. (JEMS) 24 (2022), no. 4, 1285-1334 Zbl 1485.49044
MR 4397041

P. Histd and J. Ok, Regularity theory for non-autonomous partial differential equations
without Uhlenbeck structure. Arch. Ration. Mech. Anal. 245 (2022), no. 3, 1401-1436
Zbl 1511.35172 MR 4467321

P. Histo and J. Ok, Regularity theory for non-autonomous problems with a priori
assumptions. Calc. Var. Partial Differential Equations 62 (2023), no. 9, article no. 251,
28 pp. Zbl 1529.35109 MR 4658589

A. C. Heinricher and V. J. Mizel, A stochastic control problem with different value func-
tions for singular and absolutely continuous control. In Proceedings of the 1986 25th
IEEE Conference on Decision and Control, Athens, pp. 134—139, IEEE, 1986

J. Hirsch and M. Schiftner, Growth conditions and regularity, an optimal local bounded-
ness result. Commun. Contemp. Math. 23 (2021), no. 3, article no. 2050029, 17 pp.
Zbl 1458.49009 MR 4216424


https://doi.org/10.1007/BF02392725
https://zbmath.org/?q=an:0494.49031&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0666107
https://doi.org/10.1007/BF01389324
https://zbmath.org/?q=an:0513.49003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0700772
https://doi.org/10.1515/crll.1984.351.55
https://doi.org/10.1515/crll.1984.351.55
https://zbmath.org/?q=an:0528.35014&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0749677
https://zbmath.org/?q=an:0409.49006&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0526154
https://zbmath.org/?q=an:0409.49007&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0526154
https://doi.org/10.1007/978-3-642-61798-0
https://zbmath.org/?q=an:0562.35001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0737190
https://doi.org/10.24033/asens.793
https://www.emis.de/cgi-bin/jfmen/MATH/JFM/quick.html?first=1&maxdocs=20&type=html&an=55.0285.02&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1509295
https://doi.org/10.1007/BF01393250
https://doi.org/10.1007/BF01393250
https://zbmath.org/?q=an:0381.35035&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0487722
https://doi.org/10.1007/s00205-018-01346-5
https://zbmath.org/?q=an:1411.26016&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3928753
https://doi.org/10.1007/s00205-024-02013-8
https://doi.org/10.1007/s00205-024-02013-8
https://zbmath.org/?q=an:1548.49045&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4795764
https://doi.org/10.4171/JEMS/1118
https://doi.org/10.4171/JEMS/1118
https://zbmath.org/?q=an:1485.49044&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4397041
https://doi.org/10.1007/s00205-022-01807-y
https://doi.org/10.1007/s00205-022-01807-y
https://zbmath.org/?q=an:1511.35172&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4467321
https://doi.org/10.1007/s00526-023-02587-3
https://doi.org/10.1007/s00526-023-02587-3
https://zbmath.org/?q=an:1529.35109&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4658589
https://doi.org/10.1109/CDC.1986.267171
https://doi.org/10.1109/CDC.1986.267171
https://doi.org/10.1142/S0219199720500297
https://doi.org/10.1142/S0219199720500297
https://zbmath.org/?q=an:1458.49009&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4216424

[80]

(81]

(82]

[83]

(84]

[85]

[88]

[89]

[90]

[91]

[92]

Sketches of nonuniformly elliptic Schauder theory 899

E. Hopf, Bemerkungen zu einem Satze von S. Bernstein aus der Theorie der elliptischen
Differentialgleichungen. Math. Z. 29 (1929), no. 1, 744-745 JFM 55.0289.01
MR 1545036

A. V. Ivanov, Local estimates of the maximum modulus of the first derivatives of the solu-
tions of quasilinear nonuniformly elliptic and nonuniformly parabolic equations and of
systems of general form (in Russian). Tr: Mat. Inst. Steklova 110 (1970), 45-64. English
translation. Proc. Steklov Inst. Math. 110 (1970), 48-71 Zbl 0247.35049

MR 0293241

A. V. Ivanov, Second-order quasilinear degenerate and nonuniformly elliptic and para-
bolic equations (in Russian). Tr. Mat. Inst. Steklova 160 (1982), 286 pp. English
translation. Proc. Steklov Inst. Math. 160 (1984), no. 1, 287 pp. Zbl 0517.35001

Zbl 0544.35003 MR 0753230

V. V. Jikov, S. M. Kozlov, and O. A. Oleinik, Homogenization of differential operators
and integral functionals. Springer, Berlin, 1994, 570 pp. Zbl 0838.35001
MR 1329546

A. Karppinen and M. Lee, Holder continuity of the minimizer of an obstacle prob-
lem with generalized Orlicz growth. Int. Math. Res. Not. IMRN 2022 (2022), no. 19,
15313-15354 Zbl 1527.49027 MR 4490955

S. Kichenassamy, Schauder-type estimates and applications. In M. Chipot and P. Quittner
(eds.), Handbook of differential equations. Stationary partial differential equations,
Vol. 3, pp. 401-464, North-Holland, Amsterdam, 2006 Zbl 1192.35003

T. Kilpeldinen and J. Maly, The Wiener test and potential estimates for quasilinear
elliptic equations. Acta Math. 172 (1994), no. 1, 137-161 Zbl 0820.35063
MR 1264000

J. Kristensen and G. Mingione, The singular set of w-minima. Arch. Ration. Mech. Anal.
177 (2005), no. 1, 93-114 Zbl 1082.49036 MR 2187315

J. Kristensen and G. Mingione, The singular set of minima of integral functionals. Arch.
Ration. Mech. Anal. 180 (2006), no. 3, 331-398 Zbl 1116.49010 MR 2214961

T. Kuusi and G. Mingione, Universal potential estimates. J. Funct. Anal. 262 (2012),
no. 10, 4205-4269 Zbl 1252.35097 MR 2900466

T. Kuusi and G. Mingione, Linear potentials in nonlinear potential theory. Arch. Ration.
Mech. Anal. 207 (2013), no. 1, 215-246 Zbl 1266.31011 MR 3004772

T. Kuusi and G. Mingione, A nonlinear Stein theorem. Calc. Var. Partial Differential
Egquations 51 (2014), no. 1-2,45-86 Zbl 1316.35132 MR 3247381

T. Kuusi and G. Mingione, Vectorial nonlinear potential theory. J. Eur. Math. Soc.
(JEMS) 20 (2018), no. 4, 929-1004 Zbl 1394.35206 MR 3779689

O. A. Ladyzhenskaya and N. N. Ural’tseva, Quasi-linear elliptic equations and vari-
ational problems with many independent variables (in Russian). Uspehi Mat. Nauk 16
(1961), no. 1(97), 19-90. English translation. Russian Math. Surveys 16 (1961), no. 1,
17-91 Zbl 0142.37602 MR 0149075


https://doi.org/10.1007/BF01180562
https://doi.org/10.1007/BF01180562
https://www.emis.de/cgi-bin/jfmen/MATH/JFM/quick.html?first=1&maxdocs=20&type=html&an=55.0289.01&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1545036
https://zbmath.org/?q=an:0247.35049&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0293241
https://zbmath.org/?q=an:0517.35001&format=complete
https://zbmath.org/?q=an:0544.35003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0753230
https://doi.org/10.1007/978-3-642-84659-5
https://doi.org/10.1007/978-3-642-84659-5
https://zbmath.org/?q=an:0838.35001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1329546
https://doi.org/10.1093/imrn/rnab150
https://doi.org/10.1093/imrn/rnab150
https://zbmath.org/?q=an:1527.49027&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4490955
https://doi.org/10.1016/S1874-5733(06)80009-4
https://zbmath.org/?q=an:1192.35003&format=complete
https://doi.org/10.1007/BF02392793
https://doi.org/10.1007/BF02392793
https://zbmath.org/?q=an:0820.35063&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1264000
https://doi.org/10.1007/s00205-005-0361-x
https://zbmath.org/?q=an:1082.49036&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2187315
https://doi.org/10.1007/s00205-005-0402-5
https://zbmath.org/?q=an:1116.49010&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2214961
https://doi.org/10.1016/j.jfa.2012.02.018
https://zbmath.org/?q=an:1252.35097&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2900466
https://doi.org/10.1007/s00205-012-0562-z
https://zbmath.org/?q=an:1266.31011&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3004772
https://doi.org/10.1007/s00526-013-0666-9
https://zbmath.org/?q=an:1316.35132&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3247381
https://doi.org/10.4171/JEMS/780
https://zbmath.org/?q=an:1394.35206&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3779689
https://doi.org/10.1070/RM1961v016n01ABEH004099
https://zbmath.org/?q=an:0142.37602&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0149075

[95]

[96]

(971

(98]

[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

C. De Filippis 900

O. A. Ladyzhenskaya and N. N. Ural’tseva, Linear and quasilinear elliptic equations.
Izdat. Nauka, Moscow, 1964; Academic Press, New York, 1968, 495 pp.
Zbl 0164.13002 MR 0244627

O. A. Ladyzhenskaya and N. N. Ural’tseva, Local estimates for gradients of solutions
of non-uniformly elliptic and parabolic equations. Comm. Pure Appl. Math. 23 (1970),
no. 4, 677-703 Zbl 0193.07202 MR 0265745

M. Lavrentieff, Sur quelques problemes du calcul des variations. Ann. Mat. Pura Appl.
4 (1927), no. 1, 7-28 JFM 53.0481.02 MR 1553097

H. Lebesgue, Intégrale, longueur, aire. Ann. Mat. Pura Appl. T (1902), no. 1, 231-359
JFM 33.0307.02

G. M. Lieberman, The natural generalization of the natural conditions of Ladyzhenskaya
and Ural’tseva for elliptic equations. Comm. Partial Differential Equations 16 (1991), no.
2-3,311-361 Zbl 0742.35028 MR 1104103

J. J. Manfredi, Regularity for minima of functionals with p-growth. J. Differential
Equations 76 (1988), no. 2, 203-212 Zbl 0674.35008 MR 0969420

B. Mania, Sopra un esempio di Lavrentieff. Boll. Unione Mat. Ital. 13 (1934), no. 3,
147-153 7Zbl 0009.15803

P. Marcellini, On the definition and the lower semicontinuity of certain quasiconvex
integrals. Ann. Inst. H. Poincaré Anal. Non Linéaire 3 (1986), no. 5, 391-409
Zbl 0609.49009 MR 0868523

P. Marecellini, Regularity of minimizers of integrals of the calculus of variations with non
standard growth conditions. Arch. Ration. Mech. Anal. 105 (1989), no. 3, 267-284
Zbl 0667.49032 MR 0969900

P. Marcellini, The stored-energy for some discontinuous deformations in nonlinear
elasticity. In F. Colombini, A. Marino, L. Modica, and S. Spagnolo (eds.), Partial dif-

ferential equations and the calculus of variations. Essays in Honor of Ennio De Giorgi

Volume 2, pp. 767-786, Progr. Nonlinear Differential Equations Appl. 1, Birkhiuser,
Boston, 1989 Zbl 0679.73006 MR 1034028

P. Marcellini, Regularity and existence of solutions of elliptic equations with p, g-growth
conditions. J. Differential Equations 90 (1991), no. 1, 1-30 Zbl 0724.35043
MR 1094446

P. Marcellini, Everywhere regularity for a class of elliptic systems without growth
conditions. Ann. Sc. Norm. Super. Pisa CL. Sci. (4) 23 (1996), no. 1, 1-25
Zbl 0922.35031 MR 1401415

V. G. Maz’ya, Examples of nonregular solutions of quasilinear elliptic equations with
analytic coefficients (in Russian). Funktsional. Anal. i Prilozhen. 2 (1968), no. 3, 53-57.
English translation. Funct. Anal. Appl. 2 (1968), no. 3, 230-234 Zbl 0179.43601

MR 0237946

V. G. Maz’ya and V. P. Havin, Non-linear potential theory (in Russian). Uspehi Mat.
Nauk 27 (1972), no. 6(168), 67-138. English translation. Russian Math. Surveys 27
(1972), no. 6, 71-148 Zbl 0247.31010 Zbl 0269.31004 MR 0409858


https://zbmath.org/?q=an:0164.13002&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0244627
https://doi.org/10.1002/cpa.3160230409
https://doi.org/10.1002/cpa.3160230409
https://zbmath.org/?q=an:0193.07202&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0265745
https://doi.org/10.1007/BF02409983
https://www.emis.de/cgi-bin/jfmen/MATH/JFM/quick.html?first=1&maxdocs=20&type=html&an=53.0481.02&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1553097
https://doi.org/10.1007/BF02420592
https://www.emis.de/cgi-bin/jfmen/MATH/JFM/quick.html?first=1&maxdocs=20&type=html&an=33.0307.02&format=complete
https://doi.org/10.1080/03605309108820761
https://doi.org/10.1080/03605309108820761
https://zbmath.org/?q=an:0742.35028&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1104103
https://doi.org/10.1016/0022-0396(88)90070-8
https://zbmath.org/?q=an:0674.35008&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0969420
https://zbmath.org/?q=an:0009.15803&format=complete
https://doi.org/10.1016/S0294-1449(16)30379-1
https://doi.org/10.1016/S0294-1449(16)30379-1
https://zbmath.org/?q=an:0609.49009&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0868523
https://doi.org/10.1007/BF00251503
https://doi.org/10.1007/BF00251503
https://zbmath.org/?q=an:0667.49032&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0969900
https://doi.org/10.1007/978-1-4615-9831-2_11
https://doi.org/10.1007/978-1-4615-9831-2_11
https://doi.org/10.1007/978-1-4615-9831-2
https://doi.org/10.1007/978-1-4615-9831-2
https://doi.org/10.1007/978-1-4615-9831-2
https://zbmath.org/?q=an:0679.73006&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1034028
https://doi.org/10.1016/0022-0396(91)90158-6
https://doi.org/10.1016/0022-0396(91)90158-6
https://zbmath.org/?q=an:0724.35043&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1094446
https://zbmath.org/?q=an:0922.35031&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1401415
https://doi.org/10.1007/BF01076124
https://zbmath.org/?q=an:0179.43601&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0237946
https://doi.org/10.1070/RM1972v027n06ABEH001393
https://zbmath.org/?q=an:0247.31010&format=complete
https://zbmath.org/?q=an:0269.31004&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0409858

[107]

[108]

[109]

[110]

[111]

[112]

[113]

[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

Sketches of nonuniformly elliptic Schauder theory 901

H. Min-Chun, Some remarks on the minimizers of variational integrals with non standard
growth conditions. Boll. Unione Mat. Ital. A 6 (1992),91-101 Zbl 0768.49022
MR 1164739

G. Mingione, The Calder6n—Zygmund theory for elliptic problems with measure data.
Ann. Sc. Norm. Super. Pisa CI. Sci. (5) 6 (2007), no. 2, 195-261 Zbl 1178.35168
MR 2352517

G. Mingione, Gradient potential estimates. J. Eur. Math. Soc. (JEMS) 13 (2011), no. 2,
459-486 Zbl 1217.35077 MR 2746772

C. Mooney and O. Savin, Some singular minimizers in low dimensions in the calculus
of variations. Arch. Ration. Mech. Anal. 221 (2016), no. 1, 1-22 Zbl 1338.49040
MR 3483890

J. Necas, Example of an irregular solution to a nonlinear elliptic system with analytic
coefficients and conditions for regularity. In Theory of nonlinear operators (Proc. Fourth
Internat. Summer School, Acad. Sci., Berlin, 1975), pp. 197-206, Akademie, Berlin,
1977 Zbl 0372.35031 MR 0509483

M. Schiftner, Lipschitz bounds for nonuniformly elliptic integral functionals in the
plane. Proc. Amer. Math. Soc. 152 (2024), no. 11, 4717-4727 Zbl 1551.35214
MR 4802625

J. Schauder, Numerische Abschitzungen in elliptischen linearen Differentialgleichungen.
Stud. Math. 5 (1934), 34-42 Zbl 0010.20701

J. Schauder, Uber lineare elliptische Differentialgleichungen zweiter Ordnung. Math. Z.
38 (1934), no. 1, 257-282 Zbl 0008.25502 MR 1545448

T. Schmidt, Regularity of relaxed minimizers of quasiconvex variational integrals with
(p, q)-growth. Arch. Ration. Mech. Anal. 193 (2009), no. 2, 311-337 Zbl 1173.49032
MR 2525120

G. A. Seregin and J. Frehse, Regularity of solutions to variational problems of the
deformation theory of plasticity with logarithmic hardening. In N. N. Uraltseva (ed.),
Proceedings of the St. Petersburg mathematical society, Volume V, pp. 127-152, Amer.
Math. Soc. Transl. Ser. 2 193, American Mathematical Society, Providence, RI, 1999
Zbl 0920.00027 MR 1736908

J. Serrin, On the definition and properties of certain variational integrals. Trans. Amer.
Math. Soc. 101 (1961), 139-167 Zbl 0102.04601 MR 0138018

J. Serrin, Pathological solutions of elliptic differential equations. Ann. Sc. Norm. Super.
Pisa Cl. Sci. (3) 18 (1964), no. 3, 385-387 Zbl 0142.37601 MR 0170094

J. Serrin, The problem of Dirichlet for quasilinear elliptic differential equations with
many independent variables. Philos. Trans. Roy. Soc. Lond. Ser. A 264 (1969), no. 1153,
413-496 Zbl 0181.38003 MR 0282058

L. Simon, Interior gradient bounds for non-uniformly elliptic partial equations of
divergence form. Ph.D. thesis, University of Adelaide, 1971

L. Simon, Interior gradient bounds for non-uniformly elliptic equations. Indiana Uniyv.
Math. J. 25 (1976), no. 9, 821-855 Zbl 0346.35016 MR 0412605


https://zbmath.org/?q=an:0768.49022&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1164739
https://doi.org/10.2422/2036-2145.2007.2.01
https://zbmath.org/?q=an:1178.35168&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2352517
https://doi.org/10.4171/JEMS/258
https://zbmath.org/?q=an:1217.35077&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2746772
https://doi.org/10.1007/s00205-015-0955-x
https://doi.org/10.1007/s00205-015-0955-x
https://zbmath.org/?q=an:1338.49040&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3483890
https://zbmath.org/?q=an:0372.35031&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0509483
https://doi.org/10.1090/proc/16878
https://doi.org/10.1090/proc/16878
https://zbmath.org/?q=an:1551.35214&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4802625
https://doi.org/10.4064/sm-5-1-34-42
https://zbmath.org/?q=an:0010.20701&format=complete
https://doi.org/10.1007/BF01170635
https://zbmath.org/?q=an:0008.25502&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1545448
https://doi.org/10.1007/s00205-008-0162-0
https://doi.org/10.1007/s00205-008-0162-0
https://zbmath.org/?q=an:1173.49032&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2525120
https://doi.org/10.1090/trans2/193/06
https://doi.org/10.1090/trans2/193/06
https://doi.org/10.1090/trans2/193
https://zbmath.org/?q=an:0920.00027&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1736908
https://doi.org/10.1090/S0002-9947-1961-0138018-9
https://zbmath.org/?q=an:0102.04601&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0138018
https://zbmath.org/?q=an:0142.37601&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0170094
https://doi.org/10.1098/rsta.1969.0033
https://doi.org/10.1098/rsta.1969.0033
https://zbmath.org/?q=an:0181.38003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0282058
https://doi.org/10.1512/iumj.1976.25.25066
https://zbmath.org/?q=an:0346.35016&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0412605

C. De Filippis 902

[122] L. Simon, Schauder estimates by scaling. Calc. Var. Partial Differential Equations 5
(1997), no. 5, 391-407 Zbl 0946.35017 MR 1459795

[123] V. Sverdk and X. Yan, Non-Lipschitz minimizers of smooth uniformly convex function-
als. Proc. Natl. Acad. Sci. USA 99 (2002), no. 24, 15269-15276 Zbl 1106.49046
MR 1946762

[124] H. Triebel, The structure of functions. Monogr. Math. 97, Birkhduser, Basel, 2001, 425
pp. Zbl 0984.46021 MR 1851996

[125] N. S. Trudinger, The Dirichlet problem for nonuniformly elliptic equations. Bull. Amer.
Math. Soc. 73 (1967),410—413 Zbl 0149.32403 MR 0214916

[126] N. S. Trudinger, On the regularity of generalized solutions of linear, non-uniformly
elliptic equations. Arch. Ration. Mech. Anal. 42 (1971), no. 1, 50-62 Zbl 0218.35035
MR 0344656

[127] N. S. Trudinger, Harnack inequalities for nonuniformly elliptic divergence structure
equations. Invent. Math. 64 (1981), no. 3, 517-531 Zbl 0501.35012 MR 0632988

[128] N. S. Trudinger, A new approach to the Schauder estimates for linear elliptic equations.
In M. Cowling, C. Meaney, and W. Moran (eds.), Miniconference on operator theory
and partial differential equations (North Ryde, 1986), pp. 52-59, Proc. Centre Math.
Appl. Austral. Nat. Univ. 14, Australian National University, Centre for Mathematical
Analysis, Canberra, 1986 Zbl 0641.35023 MR 0912926

[129] K. Uhlenbeck, Regularity for a class of non-linear elliptic systems. Acta Math. 138
(1977), no. 3-4, 219-240 Zbl 0372.35030 MR 0474389

[130] N. N. Ural’tseva, Degenerate quasilinear elliptic systems (in Russian). Zap. Nauchn.
Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 7 (1968), 184-222. English transla-
tion. Semin. Math. V. A. Steklov Math. Inst. Leningrad 7 (1968), 83-99
Zbl 0196.12501 Zbl 0199.42502 MR 0244628

[131] N. N. Ural’tseva and A. B. Urdaletova, The boundedness of the gradients of general-
ized solutions of degenerate quasilinear nonuniformly elliptic equations (in Russian).
Vestn. Leningr. Univ. Mat. Mekh. Astronom. 19 (1983), 50-56. English translation. Vestn.
Leningr. Univ. Math 16 (1984), 263-270 Zbl 0569.35029 MR 0725829

[132] V. V. Zhikov, Averaging of functionals of the calculus of variations and elasticity the-
ory (in Russian). Izv. Akad. Nauk SSSR Ser. Mat. 50 (1986), no. 4, 675-710. English
translation. Math. USSR-Izv. 29 (1987), no. 1, 33-66 Zbl 0599.49031 MR 0864171

[133] V. V. Zhikov, On Lavrentiev’s phenomenon. Russ. J. Math. Phys. 3 (1995), no. 2,
249-269 Zbl 0910.49020 MR 1350506

[134] V. V. Zhikov, On some variational problems. Russ. J. Math. Phys. 5 (1997), no. 1,
105-116 Zbl 0917.49006 MR 1486765

Cristiana De Filippis
Dipartimento SMFI, Universita di Parma, Viale delle Scienze 53/a, Campus, 43124 Parma,
Italy; cristiana.defilippis @unipr.it


https://doi.org/10.1007/s005260050072
https://zbmath.org/?q=an:0946.35017&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1459795
https://doi.org/10.1073/pnas.222494699
https://doi.org/10.1073/pnas.222494699
https://zbmath.org/?q=an:1106.49046&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1946762
https://doi.org/10.1007/978-3-0348-8257-6
https://zbmath.org/?q=an:0984.46021&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1851996
https://doi.org/10.1090/S0002-9904-1967-11771-3
https://zbmath.org/?q=an:0149.32403&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0214916
https://doi.org/10.1007/BF00282317
https://doi.org/10.1007/BF00282317
https://zbmath.org/?q=an:0218.35035&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0344656
https://doi.org/10.1007/BF01389280
https://doi.org/10.1007/BF01389280
https://zbmath.org/?q=an:0501.35012&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0632988
https://zbmath.org/?q=an:0641.35023&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0912926
https://doi.org/10.1007/BF02392316
https://zbmath.org/?q=an:0372.35030&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0474389
https://zbmath.org/?q=an:0196.12501&format=complete
https://zbmath.org/?q=an:0199.42502&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0244628
https://zbmath.org/?q=an:0569.35029&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0725829
https://doi.org/10.1070/IM1987v029n01ABEH000958
https://doi.org/10.1070/IM1987v029n01ABEH000958
https://zbmath.org/?q=an:0599.49031&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0864171
https://zbmath.org/?q=an:0910.49020&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1350506
https://zbmath.org/?q=an:0917.49006&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1486765
mailto:cristiana.defilippis@unipr.it

