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Fourier uniqueness pairs and interpolation formulas

Danylo Radchenko

Abstract. This is a short, informal survey of recent analytic and number-theoretic construc-
tions of Fourier uniqueness pairs and interpolation formulas, as well as their applications in
sphere packing and energy minimization problems.

1. Sphere packing and energy minimization problems

One of the main motivations for the recent works on Fourier uniqueness pairs and
interpolation formulas comes from two problems in geometric optimization: sphere
packing and energy minimization. We begin by briefly describing them.

Problem 1.1 (Sphere packing). How much of Rd can be covered by non-overlapping
equal spheres?

To formulate this more precisely, we will say that a discrete closed subset C �Rd

is a sphere packing if jx � yj � 2 for all x; y 2 C with x ¤ y. If we think of C as the
set of centers of spheres, then the condition simply says that unit spheres with centers
at C do not overlap. For any configuration C , we define its center density by

�.C/ D lim inf
R!1

jC \ BRj

Vol.BR/
:

This quantity counts the average number of points of C per unit volume. The sphere
packing problem then asks to maximize �.C/ over all sphere packings C .

For simplicity, one may restrict oneself to periodic configurations C , i.e., sets of
the form C D

F
s2S s Cƒ for some lattice ƒ � Rd and some finite set of shifts S .

A simple approximation argument shows that the supremum of densities remains the
same if we restrict to such sphere packings, so not much is lost in making this assump-
tion. For periodic configurations, we have �.C/D jS j=jƒj, where jƒj D Vol.Rd=ƒ/
is the covolume of the lattice ƒ.
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Figure 1. Part of an optimal sphere packing in R2.

When restricted even further to lattice packings, with C D ƒ for some lattice ƒ,
the problem becomes equivalent to the question of determining the Hermite constant
in dimension d . The Hermite constant 
d is the maximum of the squared norm of
the shortest non-zero vector of ƒ taken over all lattices ƒ of covolume 1. The val-
ues of 
d for d � 8 are known from the works of Lagrange (d D 2; see Figure 1),
Gauss (d D 3), Korkin–Zolotarev (d D 4; 5; see [18,19]), and Blichfeldt (d D 6; 7; 8;
see [3]). Despite the enormous increase in computing power since the 1930s, no val-
ues of 
d for d � 9 have been computed to this day, with the exception of 
24 (see [8]),
which requires a completely different approach.

Coming back to the general question, in [11], Conway and Sloane gave a conjec-
tural description of what all the optimal sphere packings should be in dimensions up
to 9, conjecturing among other things that for d � 8 the optimal density is attained by
a root lattice of type A2, A3,D4,D5, E6, E7, or E8. Here, the only proof (excluding
the trivial case d D 1) going back to the pre-computer age is the case d D 2 due to
Thue; the proof for d D 3 is a very difficult computer-assisted proof due to Hales [16],
and for d D 4; 5; 6, and 7, the problem is open.

The real surprise came from the breakthrough work of Viazovska [30], who
solved the problem for d D 8. Shortly afterward, her work was extended in [10],
solving the sphere packing problem for d D 24. While the proofs for d D 2 and
d D 3 are based on local analysis of configurations, the proofs for d D 8 and d D 24
are based on linear programming, which connects the sphere packing problem with
an optimization problem in Fourier analysis.

Before we explain the connection to Fourier analysis, let us describe a more gen-
eral problem, energy minimization, where this connection figures more prominently.
A potential (or potential function) is any function pWR>0 ! R from positive reals
to reals. The p-energy of a configuration C , roughly speaking, is the average of pair-
wise interactions between particles, where the interaction between x; y 2 C is given
by p.jx � yj/. For a periodic configuration C D S C ƒ, one can define the energy
by

Ep.C/ D
1

jS j

X
u;v2S

X
x2ƒX¹v�uº

p.jx C u � vj/;
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provided that the sum converges. We will be interested only in two classes of poten-
tials: the Riesz potentials p.r/ D r�s , s > d , and the Gaussian potentials p.r/ D
e�˛r

2
, ˛ > 0, for which absolute convergence is guaranteed.

Problem 1.2 (Energy minimization). Given a potential function pW .0;C1/! R,
what is the minimal possible p-energy of a configuration C � Rd with center
density �?

This problem is closely related to the sphere packing problem. For example, if p
is the indicator function of the interval Œ0; 2/, then the p-energy of C vanishes (for
periodic C ) if and only if C is a sphere packing. Moreover, one can easily show
that if C is optimal for p.r/ D r�s for all s > s0 for some s0, then C is an optimal
sphere packing as well, and an analogous statement holds for Gaussian potentials
p.r/ D e�˛r

2
for ˛ > ˛0.

In view of the scarcity of results on general sphere packings, one expects even less
to be known about energy minimization. For example, in dimension 2, the expecta-
tion is that A2 should be optimal for both Gaussians and Riesz potentials. In the class
of lattices, by the works of Rankin [27], Cassels [5], Diananda [12], and Ennola [14],
the optimality is known for Riesz potentials and by the work of Montgomery [21] for
the Gaussians. However, as of this writing, the optimality of theA2-lattice in the class
of all periodic configurations is not known for any Riesz or Gaussian potentials.

In some dimensions, the optimal configuration for Gaussian energy p.r/D e�˛r
2

appears to depend on the parameter ˛; for instance, this is the expected behavior for
d D 3. By contrast, the conjectural situation in dimension 2 is that A2 is the optimal
configuration for a wide class of potentials, including all Gaussians. Following Cohn
and Kumar [7], we call a configuration C universally optimal if it minimizes p-energy
for all pW .0;1/!R that are completely monotone functions of squared distance. By
a theorem of Bernstein on completely monotone functions, it is equivalent to requir-
ing optimality of p-energy for all Gaussian potentials. In [7], the following conjecture
was made.

Conjecture 1.3 (Cohn–Kumar). In dimensions 2, 8, and 24, the configurations given
by the A2-lattice, the E8-lattice, and the Leech lattice, respectively, are universally
optimal.

More precisely, Cohn and Kumar conjectured that the universal optimality in
these cases can be certified via a linear programming bound, which we will explain
shortly. In [7], they also prove that for d D 1, the set of integers Z is universally
optimal, although this result was later discovered to be known from an earlier work
of Ventevogel and Nijboer [29].
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The key tool for proving lower bounds for energy and the connection to Fourier
analysis is given in the following theorem.

Theorem 1.4 (Cohn–Kumar). Let f WRd ! R be a Schwartz function such that

f .x/ � p.jxj/; x ¤ 0;

yf .�/ � 0; � 2 Rd :

Then any subset C � Rd of density � satisfies

Ep.C/ � � yf .0/ � f .0/ :

Here, we normalize Fourier transform in Rd by yf .�/ D
R

Rd f .x/e
�2�i��xdx.

The proof of the above result, for the case when C is a lattice ƒ, is a one-line
calculation:X

x2ƒX¹0º

p.jxj/ �
X

x2ƒX¹0º

f .x/ D �f .0/C
1

jƒj

X
�2ƒ�

yf .�/ �
yf .0/

jƒj
� f .0/ ;

where we used the conditions for f and yf together with the Poisson summation for-
mula (ƒ� denotes the lattice dual to ƒ). A proof for general periodic configurations
is completely analogous and is only a few lines longer.

The above result allows one to get lower bounds for energy by constructing cer-
tain auxiliary functions, but since it does not prescribe any method for constructing
suitable f , it is not clear how good a bound it is. Jumping ahead, it turns out that, at
least in some cases, the bound that Theorem 1.4 gives is optimal. Indeed, analyzing
the above proof gives the following stronger claim: if there exists a function f such
that ´

f .x/ � p.jxj/; x ¤ 0;

f .x/ D p.jxj/; x 2 ƒ X ¹0º;
and

´
yf .�/ � 0; � ¤ 0;

yf .�/ D 0; � 2 ƒ� X ¹0º;

then ƒ is optimal for p-energy. The precise version of the conjecture of Cohn
and Kumar is that such optimal auxiliary functions f witnessing a tight bound for
Gaussian energy exist in dimensions 2, 8, and 24.

Let d D 8 and ƒ D ƒE8 be the E8-lattice. It is even and self-dual:

ƒ� D ƒ; jxj2 2 2Z for all x 2 ƒ :

Moreover, ƒ has vectors of length
p
2n for all n � 0. Assuming that the function f

above is radial (which does not reduce generality, since all conditions are linear
and radially symmetric, so any solution can be made radial by averaging over all
rotations), we get the following rough picture; see Figure 2.
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p.jxj/

jxj2

f .x/

2 4 6 8 jxj2

yf .x/

Figure 2. Behavior of any optimal auxiliary function f for d D 8.

In particular, we see that if such a function f exists, then f
�p
2n
�
D p

�p
2n
�
,

f 0
�p
2n
�
D p0

�p
2n
�
, yf

�p
2n
�
D yf 0

�p
2n
�
D 0, n � 1. This leads to the ques-

tion of how much freedom there is in prescribing the values of f , f 0, yf , and yf 0 at
p
2n, n � 1. The following theorem from [9] gives a fairly complete answer to this

question.

Theorem 1.5. For d 2 ¹8;24º, there exist two sequences of radial Schwartz functions
an; bn 2 �.Rd /, n � 0, such that for any radial Schwartz function f , we have

f .x/D
X
n�n0

�
an.x/f

�p
2n
�
C bn.x/f

0
�p
2n
�
C ban.x/ yf �p2n�C bbn.x/ yf 0�p2n��:

Here, n0 D 1 for d D 8 and n0 D 2 for d D 24. Moreover, for any four rapidly
decaying sequences of numbers f

�p
2n
�
, f 0

�p
2n
�
, yf

�p
2n
�
, and yf 0

�p
2n
�
, the

right-hand side of the above formula defines a radial Schwartz function extending
these values.

Based on an explicit form of the above interpolation formula, the cases d D 8

and d D 24 of the Cohn–Kumar conjecture were resolved in [9]. The case d D 2

remains widely open, and it is now known that there can be no direct analogue of the
interpolation formula with

p
2n replaced by the lengths of vectors in the A2-lattice,

and it is not clear how to remedy the above approach.

2. Fourier uniqueness pairs

The interpolation formula from Theorem 1.5 has some very interesting features but
is rather complicated, both because it is only stated for radial functions in 8 and 24
dimensions, and it involves not only the values of f and its Fourier transform but
also the values of their derivatives. The following simpler and more basic result was
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inspired by Theorem 1.5 and proved a few years earlier in [23] (while Theorem 1.5
was still a conjecture), and it will serve as a better entry point for discussing Fourier
uniqueness pairs.

Theorem 2.1. There exists a sequence of even Schwartz functions anWR! R with
the property that for every even Schwartz function f W R! R, we have

f .x/ D

1X
nD0

an.x/f
�p
n
�
C

1X
nD0

yan.x/ yf
�p
n
�
: (2.1)

Moreover, for any pair of rapidly decaying sequences .xn/n�0 and .yn/n�0 satis-
fying

P
n2Z xn2 D

P
n2Z yn2 , there exists a unique even Schwartz function f with

f
�p
n
�
D xn and yf

�p
n
�
Dyn, and it is given by f D

P
n�0 xnan C

P
n�0 ynban.

There is also an analogous statement for odd Schwartz functions that also involves
the values f 0.0/ and yf 0.0/, but we will concentrate on the even case. The proof of
the above result given in [23] is based on an explicit construction of the functions an,
whose defining property is that they satisfy an

�p
m
�
D ım;n, ban�pm�D 0 for n � 0,

m � 1. The special functions an end up being closely related to weakly holomor-
phic modular forms for the Hecke theta group. Without going into details here, the
function a0 is given by the contour integral

a0.x/ D
1

4

Z 1

�1

�3.z/e�izx
2

dz;

where �.z/ D
P
n2Z e

�in2z , and a similar formula exists for all an.
As an immediate corollary of the theorem, we have the following result.

Corollary 2.2. If an even Schwartz function f satisfies f
�p
n
�
D yf

�p
n
�
D 0, n� 0,

then f D 0.

Note that we may omit the condition yf .0/ D 0 since by Poisson summation, we
have

P
n2Z f .n/ D

P
n2Z

yf .n/. With this adjustment, the above statement is tight
in the sense that if we omit one of the f

�p
m
�
D 0, m � 0, or yf

�p
m
�
D 0, m � 1,

then the claim fails. Indeed, for f D am, we have f
�p
n
�
D 0 for all n ¤ m and

yf
�p
n
�
D 0 for all n � 1.

Both known proofs (the one from [23] and a more recent proof in the work
of Gerbelli-Gauthier and Venkatesh [15]) of this corollary involve modular forms,
whose appearance may seem quite surprising. This corollary naturally leads us to the
following concept.
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Definition 2.3. Let H be a subspace of the space of continuous absolutely integrable
functions on R. We say that a pair of closed subsetsA;B �R is a Fourier uniqueness
pair (for H ) if for any f 2H if f jA D 0 and yf jB D 0, then f D 0. If both A and B
cannot be replaced by a proper closed subset while keeping the above property, we
say that the uniqueness pair is tight.

If .A;B/ is a uniqueness pair, there exists an inverse map .f jA; yf jB/ 7! f , which
we will call a Fourier interpolation formula (there may be subtleties in determining
the domain of this map, which we will largely ignore). The above definition can cer-
tainly be extended, for example, by considering general locally compact abelian or
even non-abelian groups or relaxing the restrictions on H , but it does capture most of
the interesting examples of uniqueness pairs that follow.

Example 1. Our first example is related to classical results in time-frequency analy-
sis. Namely, takingAD ¹xW jxj � 1=2º andB DZ gives a (tight) uniqueness pair. The
proof of this fact, together with an interpolation formula, is immediate upon noting
that (for a suitable class of functions)

f .x/ D
X
m2Z

yf .m/e2�imx �
X
n¤0

f .x C n/;

which is a form of the Poisson summation formula. If we are in the situation when
f jjxj�1=2 D 0, taking the Fourier transform of the above equation would give us the
famous Whittaker–Shannon formula (for yf with finitely supported f ):

yf .x/ D
X
m2Z

yf .m/
sin.�.x �m//
�.x �m/

:

Example 2. Our second example concerns discrete Fourier transform. Let p be a
prime, and for f WZ=pZ! C, we define its Fourier transform by

yf .�/ D
1
p
p

p�1X
xD0

f .x/e�2�ix�=p:

In [28], Tao proved the following uncertainty principle: if f WZ=pZ!C is non-zero,
then jsupp.f /j C jsupp. yf /j � pC 1. This can be reformulated as saying that for any
A;B � Z=pZ, .A;B/ is a uniqueness pair if and only if jAj C jBj � p, and .A;B/
is a tight uniqueness pair if and only if jAj C jBj D p. Therefore, in this case, we get
a complete classification of uniqueness pairs.

Example 3. Our third example is the pair A D ¹
p
nºn�0, B D A X ¹0º, with which

we started this discussion. It is a tight uniqueness pair for the space of even Schwartz
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functions by Theorem 2.1, together with an interpolation formula (2.1). This is the
first example of a uniqueness pair where the sets A and B are both discrete.

Example 4. Our last example is related to zeros ofL-functions. Fix " > 0, and let H1

be the space of functions f analytic in the strip ¹zW jIm zj < 1=2C "º such that

sup
jyj<1=2C"

Z 1
�1

jf .x C iy/j.1C jxj/dx <1:

In [4], the following interpolation formula was proved.

Theorem 2.4. There exist two sequences of rapidly decaying even entire functions
Un.z/, n D 1; 2; : : : , and V�;j .z/, 0 � j < m�, with � ranging over the nontrivial
zeros of �.s/ such that for every even function f in H1 and z with jIm zj < 1=2,

f .z/ D

1X
nD1

yf

�
logn
4�

�
Un.z/C lim

m!1

X
0<
�Tm

m��1X
jD0

f .j /
�
� � 1

2

i

�
V�;j .z/

for some universal sequence of positive numbers Tm !1.

This gives rise to a Fourier uniqueness pair.

Corollary 2.5. If Z denotes the set of nontrivial zeros of �.s/, then

A D

²
� � 1

2

i
W � 2 Z

³
; B D

²
˙

logn
4�
Wn 2 N

³
is a tight uniqueness pair for H1.

For this corollary, we need to refine the definition of a uniqueness pair to accom-
modate the fact that A may not lie on the real line, if Riemann hypothesis fails, or
have points with multiplicities (in which case f jA D 0 includes vanishing of higher
derivatives, according to a multiplicity of a point in A), if the simple zeros conjec-
ture fails, so unconditionally we only know that A is a multiset contained in a strip
jIm zj < 1=2.

Perhaps surprisingly, the proof again relies on modular forms. It also works for
several other classes of L-functions: L.�; s/ for Dirichlet characters � (with log n
replaced by log.qn/), �K.s/ for any imaginary quadratic field K (with logn replaced
by log.4jDjn2/), and L.f; s/ for a cusp form f of weight k and level N (with log n
replaced by log.4Nn2/). One could expect that there should be analogous statements
for all L-functions in the Selberg class, but the strategy used in [4] cannot work for
any L-functions of degree higher than 2.

The uniqueness pairs from the last two examples account for almost all of the
tight uniqueness pairs (with discrete A and B) that are currently known. The proof of
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Theorem 2.1 relies heavily on the arithmetic nature of the sequence
p
n and does not

generalize to other sequences in any direct way (although a slight modification of the
argument also works for the sequence

�p
nC a

�
n

for some range of a). A perturba-
tion argument due to Ramos and Sousa [25] shows that for sufficiently small "n, the
sequence

�p
nC "n

�
n

has similar properties, but it does not allow us to get very far
from the original sequence. As we will see below, the situation becomes better if we
relax the tightness condition, allowing the use of more analytic techniques.

3. Connection to modular forms

Before describing the recent analytic results on Fourier uniqueness pairs, it is worth-
while to give at least a very rough idea of how the proof of Theorem 2.1 involves
modular forms. For a more detailed exposition, we refer to [23], [4, §3].

The first step is to note that it suffices to prove (2.1) for f from some subset of the
Schwartz space with a dense linear span. A good choice turns out to be to consider
all f .x/D e�i�x

2
with Im.�/ > 0, since the Fourier transform of a Gaussian is again

a Gaussian. Denoting

F.�/ D
X
n�0

an.x/e
�in� ; G.�/ D

X
n�0

ban.x/e�in� ;
equation (2.1) can then be rewritten as

F.�/C

�
�

i

��1=2
G

�
�1

�

�
D e�i�x

2

:

(Here, we used the fact that yf .�/ D .�=i/�1=2e�i.�1=�/�
2
.) Now let us fix x 2 R and

consider the above identity as a functional equation in � . Since both F and G are
2-periodic, we get the following system of equations:8̂̂<̂

:̂
F.�/C

�
�
i

��k
G
�
�1
�

�
D '.�/ ;

F.�/ � F.� C 2/ D 0 ;

G.�/ �G.� C 2/ D 0 ;

(3.1)

where '.�/ D e�i�x
2

and k D 1=2. It is not hard to see that (2.1) is in fact equivalent
to (3.1) if we additionally require F and G to be of moderate growth in the upper
half-plane H, meaning that they should be bounded by some polynomial in .Im �/�1

and j� j for � 2 H.
It turns out that (3.1) can be solved for any k � 0 and any ' that is holomorphic

and of moderate growth in H, with F andG in the same class, and moreover the solu-
tion is unique up to a finite-dimensional space of modular forms (which correspond to
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solutions of the homogeneous system with ' D 0). For k > 2, this can be derived from
the results of Knopp [17] on Eichler cohomology, but it is hard to turn his proof into
an explicit formula. We instead use a contour integral construction inspired by [13].
Let us explain, ignoring all technical details, how this can be achieved. Note that
symmetrizing F˙ D F ˙G, we get equations in a single unknown function:´

F˙.�/˙
�
�
i

��k
F˙
�
�1
�

�
D '.�/˙

�
�
i

��k
'
�
�1
�

�
;

F˙.�/ � F˙.� C 2/ D 0 :

Let us first look at the case of F� and k D 0:´
F�.�/ � F�

�
�1
�

�
D '.�/ � '

�
�1
�

�
;

F�.�/ D F�.� C 2/ :

The two fractional linear transformations � 7! � C 2 and � 7! �1=� generate the
so-called theta group �� , a fundamental group for which is depicted in Figure 3.

There is a conformal map J mapping the fundamental domain onto the slit plane
C X .�1; 1� as shown in Figure 3 (this function J is the so-called Hauptmodul
for �� ). The composition A.t/D F�.J�1.t// is then holomorphic in C X Œ0; 1�, with
a jump discontinuity across Œ0; 1� prescribed by '.J�1.t//. The solution is then given
by the Sokhotski–Plemelj theorem, which says that A can be computed as an inte-
gral against the Cauchy kernel: A.s/ D

R 1
0
g.s/=.t � s/ds, where g.s/ is the jump

at t D s. Translating back into � variable, this gives a formula for F� as a contour
integral over the semicircle bounding the fundamental domain.

It turns out that the general case can be derived from the special case k D 0

and sign “�”: first, taking instead of '.�/ the function '.�/=�2k.�/, where �.�/ DP
n2Z e

�in2� is the Jacobi theta function, we get to the case of general k, for which
one uses the modular transformation �.�/D .�=i/�1=2�.�1=�/. A similar trick with
division by 1� 2�.�/ (where �.�/ is the modular lambda invariant) allows one to get

i

1

H

J 0 1

C

Figure 3. Fundamental domain for �� and conformal map J .
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solutions for FC from the ones for F�. After all of these manipulations, one arrives
at an explicit formula

F˙.�/ D

Z 1

�1

K˙k .�; z/'.z/dz;

where K˙
k
.�; z/ is a certain modular kernel. This formula can then be extended by

analytic continuation to give a solution in all of H, and since everything is explicit,
going back to the original question, one can derive integral representations for all of
the functions an.x/ appearing in (2.1).

4. Further results and questions

We conclude by discussing the recent analytic results on uniqueness pairs and some
open questions.

4.1. Uniqueness pairs from powers of integers

In [24], Ramos and Sousa have constructed the first discrete uniqueness pairs by
purely analytic techniques. Their results concern uniqueness pairs of the form A D

¹˙cn˛ºn�0, B D ¹˙dnˇ ºn�0, where ˛; ˇ; c; d > 0. They have proved that .A; B/
is a uniqueness pair, provided that .˛; ˇ/ 2 �, where � is a certain open subset in
¹˛; ˇ > 0; ˛ C ˇ < 1º.

More recently, Kulikov, Nazarov, and Sodin [20] obtained a much more precise
description:

˛ C ˇ < 1 ) .A;B/ is a uniqueness pair;

˛ C ˇ > 1 ) .A;B/ is a non-uniqueness pair:

Moreover, in the case ˛ C ˇ D 1, they obtained a precise threshold value for cd :

˛ C ˇ D 1 W
2cd < ˛�˛ˇ�ˇ ) .A;B/ is a uniqueness pair;
2cd > ˛�˛ˇ�ˇ ) .A;B/ is a non-uniqueness pair:

The results of [20] in fact extend to other sequences that behave roughly like n˛ .
However, they do not seem to reach the critical case, leaving the following problem.

Question. For ˛CˇD 1 and 2cd D ˛�˛ˇ�ˇ , isAD ¹˙cn˛ºn�0,B D ¹˙dnˇ ºn�0
a uniqueness pair? If so, is it a tight uniqueness pair, and is there a well-behaved
interpolation formula?

Note that for ˛ D ˇ D 1=2, the answer is provided by Theorem 2.1.
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4.2. Discrete uniqueness pairs in Rd

The situation in Rd for d > 1 is more complicated, and for discrete A;B , there seem
to be no known explicit interpolation formulas akin to Theorem 2.1. Nevertheless,
in [26], Ramos and Stoller proved that discrete uniqueness pairs exist by deforming
interpolation formulas for the case when A D B is a union of concentric spheres.
More recently, Adve [1] established that for any ˛ C ˇ D 1, the pair

A D ¹cjnj�˛nWn 2 Zd X ¹0ºº ; B D ¹cjnj�ˇnWn 2 Zd X ¹0ºº (4.1)

is a uniqueness pair if c < c0 and a non-uniqueness pair if c > c1 for some constants
0 < c0 < c1. See Figure 4 below for a picture for ˛ D ˇ D 1=2 and AD B . Note that
in Adve’s example (for d D 2 and ˛ D ˇ D 1=2), the number of points in A in a ball
of radius R is approximately CR4 for some fixed C > 0. In [22], a number-theoretic
(based on the ring of integers in a real quadratic field) construction of a family of non-
uniqueness pairs was given that also have C 0R4 points in a ball of radius R, and C 0

can be arbitrarily large. This shows that it is not just the “size” of the sets A and B
that is important for .A;B/ to be a uniqueness pair, but also their “regularity”.

Note that in R, the transition from uniqueness pairs to non-uniqueness pairs
in (4.1) as c goes from 0 to1 has a sharp threshold at certain value c D ccrit. In Rd

for d > 1, there is a range of values c 2 .c0; c1/ for which it is not clear whether (4.1)
is a uniqueness pair or not.

Question. Is there a sharp transition value of c for all d > 1?

Question. Are there tight uniqueness pairs in Rd with discrete A;B for any d > 1?

Figure 4. Left: Adve’s uniqueness pair. Right: a non-uniqueness pair constructed from the ring
of integers of Q

�p
89
�
. For the general case of Q

�p
D
�

asD!1, these non-uniqueness sets
get higher and higher density in the union of concentric circles ¹xW jxj2 2 Z�0º.
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4.3. Linear programming for energy and conformal bootstrap

To conclude the story, we return to sphere packing and energy minimization prob-
lems with which we started and present an important conjecture relating the lin-
ear programming bound of Cohn–Kumar to Fourier interpolation formulas in all
dimensions � 4.

To find an optimal function for the use in Theorem 1.4, we have the following
optimization problem .CK˛/: maximize the value yf .0/ � f .0/ over all f WRd ! R
satisfying

f .x/ � e�˛�jxj
2

; x 2 Rd ;

yf .�/ � 0; � 2 Rd :

In [9], the following conjecture was formulated.

Conjecture 4.1. For d � 4, the solution to .CK˛/ is unique and is given by a radial
Schwartz function. The points where f .r/ D e�˛�r

2
is attained form a discrete set

r1 < r2 < � � � with r2n � 2n, n ! 1, that does not depend on ˛. The condition
yf .r/ D 0 holds for exactly the same values r D rn. Finally, there exists a linear

interpolation formula recovering any radial Schwartz function f WRd ! R from the
values f .rn/, f 0.rn/, yf .rn/, yf 0.rn/, n � 1.

This conjecture suggests a natural generalization of Theorem 1.5, directly con-
nected to the linear programming bound in all dimensions d � 4, not just d D 8 and
d D 24. It can be further refined by describing what happens to the solutions of the
dual linear program. In the dual setting, one considers the space of generalized theta
functions

#.�/ D 1C
X
n�1

cne
2�i�n�

with �n > cn for some c > 0 and cn � 0 such that # satisfies

#

�
�1

�

�
D

�
�

i

�d=2
#.�/:

The dual optimization problem .CK�˛/ is then to minimize the value of #.i˛/ in
the space of all such series for some fixed ˛ > 0. The above conjecture can then
be extended to say that for every d � 4, there exists a universally optimal theta
function ‚d that minimizes the value at i˛ for all ˛ > 0. This function has an
expansion

‚d .�/ D 1C
X
n�1

ane
2�i�n� ;
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with �n D �
.d/
n D r2n=2 (where rn are specified in the above conjecture) and some

an � 0. By the results of [9], for d D 8 and d D 24, these functions are known to be

‚8.�/ D 1C 240e
2�i�
C 2160e4�i� C � � � ;

‚24.�/ D 1C 196560e
4�i�
C 16773120e6�i� C � � � ;

the theta functions of the E8 and the Leech lattice.
In [2], the above optimization problem is shown to be related to conformal boot-

strap in conformal field theory, and extensive numerical data is presented on the
values of �n and an for a large range of dimensions. Of particular interest both in
conformal bootstrap and in the sphere packing problem is the behavior of the small-
est value �1. For the sphere packing, it should correspond to the optimal value of
the Cohn–Elkies LP bound for sphere packing [6]. This gives further motivation for
the study of the two optimization problems above, since a good understanding of
their structure could give further insights into the sphere packing problem in large
dimensions.

Funding. The author acknowledges funding from the European Union (European
Research Council, FourIntExP, 101078782).
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