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Integrable PDEs for random growth
Jeremy Quastel

Abstract. We describe the KPZ equation and explore the KPZ fixed point, its connection to the
Kadomtsev—Petviashvili equation and how the stochastic integrability arises from a microscopic
model, the polynuclear growth model (PNG).

1. The KPZ universality class

What is the universal equation for random growth of a one-dimensional interface?
Physicists will certainly answer that it is the Kardar—Parisi-Zhang (KPZ) equa-
tion [17]: A height function A(¢, x), x € R, t > 0, is growing according to the
stochastic partial differential equation

d:h = A(0h)? +vd2h + v/ DE, (1.1)
where £(z, x) is space-time white noise, i.e., the delta correlated Gaussian field,
(§@.x).6(s.y)) = 8(t — 9)8(x — y).

This equation was introduced to model stochastic growth processes such as
ballistic deposition, a continuous time surface growth model on an integer lattice
h(x,t) € Z, x € Z, with the following stochastic rule. Attached to each x there is
an independent Poisson process. At each jump time of the Poisson process, a particle
falls at x and either (1) stacks on top of the particles already there or (2) sticks to one
of the neighbouring stacks, whichever is larger. So the rule is that

h(x) = max{h(x — 1), h(x) + 1,h(x + 1)}

independently at each site x at rate 1. The non-linear term (d,/)? in the KPZ equa-
tion is supposed to model the fact that there is a lateral part of the growth — the sticky
particles — so the radial part of the growth should depend non-linearly on the slope of
the interface. The parameter A reflects the strength of this non-linearity. Similarly, v
and D are the strengths of diffusivity and noise.
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Figure 1. Ballistic deposition.
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Figure 2. Eden model.

Ballistic deposition (see Figure 1) in turn is a toy model for the Eden model (see
Figure 2), a growth model on Z?: Start a growing cluster with a single site. At each
time step, look at all sites adjacent to the cluster and choose one uniformly at random
to add to the cluster.

The Eden model can be thought of as a model for a fire front or a growing
bacterial colony, etc. There is also a class of models like it, called first passage per-
colation. The same sort of thing should happen whenever we have a stable phase
invading an unstable phase in the presence of randomness in two dimensions. An
earlier way to model such things was through a stochastic reaction-diffusion equation
for p(t, x1, x2):

drp = Ap +EV'(9),

where £ is some sort of noise and V' is a potential with one stable and one unstable
equilibrium.

These latter models are undirected, and their exact location of the front is a bit
unclear, though one could certainly introduce some definition. If one tried to choose
parameters A, v, D to approximate the Eden model by the KPZ equation (1.1), one
would find oneself stuck quite quickly. Models like Ballistic deposition (see Figure 1),
which are height functions over a one-dimensional substrate, are called directed. All
the models that we can analyse are of directed type, though for most of them, like
Ballistic deposition, we cannot say much.
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The phenomenon we want to study is that fluctuations are observed to be of
size t1/3 at time ¢ and live on spatial scales of size r2/3. Furthermore, in the corres-
ponding large space-time rescaling, one is supposed to see certain universal stochastic
processes.

The KPZ equation has an advantage over the others mentioned so far, in that it
has an explicit invariant measure. Two-sided Brownian motion with variance (2%)
plus any drift bx are invariant, and there are no others. Note that it does not depend
on A, and for A = 0, it is easy to prove. For A # 0, it is quite miraculous. The earliest
physics arguments of the invariance [22] were very non-rigorous, but it can be seen
from approximating models that preserve random walk interfaces [6]. Only recently,
a proof in the continuum has become available [12].

One can devise all kinds of growth models, but one has to be extremely lucky to
have a tractable invariant measure. This appears to be a necessary, but not sufficient,
condition to make any sort of analytical progress. For example, there is a spatial
discretization of KPZ which has Gaussian random walks as invariant measure, but
nobody has been able to prove much about its large-scale behaviour. On the other
hand, recently highly non-trivial invariant measures for the KPZ equation in an inter-
val or half-line with Neumann boundary conditions have been discovered [5, 9]. So
there are examples where the invariant measure is not simple. And in fact, we only
know them by approximation from microscopic models; there is no proof of their
invariance at the continuum level yet.

If we start the KPZ equation with a nice smooth height function /¢ (x), at a very
small time ¢ > 0, it will look like a locally Brownian version of 4¢. For example,
the quadratic variation in an interval [a, b] will instantly jump from O at time O to
%lb — a| for t > 0. This means that the non-linear term (3,/)? in (1.1) cannot make
classical sense, and some renormalization needs to be done to it. This was most spec-
tacularly achieved in [14], but an easy way out [6] is to just define (1.1) via the
Hopf—Cole transformation

h(t, x) = §log Z(t.x), 8Z =vd*—BZ. (1.2)

with 8 = —@. This is called the Hopf—Cole solution. The multiplicative stochastic
heat equation (1.2) turns out to be a rare non-linear (in the noise &) stochastic par-
tial differential equation which can be handled by a naive generalization of the It
theory of stochastic differential equations. On the other hand, for stability and con-
vergence, one often needs a direct theory of (1.1) which has been supplied by Hairer
and others [13, 15]. The multiplicative stochastic heat equation has a Feynman—Kac
representation as a Brownian expectation:

Z(t,x) = E[ePlo8t=sBs+0)ds 70 B 1 y)]. (1.3)
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The space-time white noise is far too irregular for this to make classical sense, but if
one expands the exponential as a Taylor series and replaces each resulting multiple
integral f[o,t]n dsy ---dsy by its ordered version n! f0<S1 cs,y <t d51 -+ dsp, the res-
ult is a convergent series of multiple stochastic integrals for the It6 solution of (1.2).
So we can just define the right-hand side of (1.3) to mean that. The Feynman—Kac
representation (1.3) provides a link to directed polymers in a random environment
where we assign probabilities to random walk paths X, on Z according to

Zlgle—ﬂ Yio1&ix, ’

where §; ; are now independent identically distributed random variables, and Zg is
the normalization that makes it a probability measure. The free energy h = log Z
can be thought of as a discrete KPZ and is expected in great generality to have the
same large-scale behaviour. Moreover, § is thought of as an inverse temperature: As
B\ 0 (high temperature), the polymer is free; as § ' oo (low temperature), it is an
energy-optimizing path, called last passage percolation. In 1 + 1 dimensions at any
finite temperature, the paths on large scale are localized around favourite paths. All
of them have lateral fluctuations of size #2/3, as opposed to t'/2 at § = 0. But it is
only in special last passage cases that one can do full computations.

In order to understand the ¢!/3 height fluctuations from a scaling perspective, we
rescale (1.1). Let us use ¢ for the relation between small and large spatial scales. We
want to choose exponents y and z in order to have an interesting limit as & \ 0 of

he(t, x) = eX(h(e™%t, 67 x) — ce™71). (1.4)

The fact that Brownian motion is invariant forces

X=§

since Brownian motion is the natural fixed point of (x) > £'/2h(¢71x). Since white
noise scales as the square root of the Dirac delta, we obtain after a little work

he = €272 A(dxhe)? — co + 2 Fv0%h, + €727/ DE

which forces [10,23]

z=—. 1.5

7 (1.5)

So the height fluctuations & ~ ¥ = (¢7?)/3, and this is just another way of say-

ing that the fluctuations are of size ¢!/3. It also identifies the scale on which we

expect to see non-trivial spatial correlations as ¢! ~ ¢2/3. On the other hand, to
prove scaling (1.5) requires sophisticated arguments [4].
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Scaling (1.4) shows that the KPZ equation is not scaling invariant. It is not our
universal model for 1 + 1-dimensional random growth. It is more of a nice con-
tinuum model of the same sort as ballistic aggregation, but with the advantage that
the invariant measure is explicit.

Letustake A = v = % and D = 1 which is a kind of standard case. So we are
solving the 1:2:3 scaled KPZ equation

1 1
Iehe = 5 (Oxhe)® = o + s%zaihg + et (1.6)

and asking what the limit looks like as & — 0 if we have initial data correspondingly
rescaling as /,(0, x) — bo(x). The constant ¢, is going to infinity, but one could
simply work at the level of the derivative u, = d,h, which satisfies the rescaled
stochastic Burgers equation

1

J e + £40,E. (1.7)

1 1

Uy = Zaxug + &2

and then the constant just is not there anymore. So one might guess the limiting
evolution would be the Burgers equation

1
0ru = Zaxuz.

This equation is terribly ill-posed. Usually, in a class in partial differential equations,
we are told the true solution is the inviscid solution, which means to add vaiu to
the right-hand side and then let v N\ 0. But this cannot be the answer for us because
white noise is invariant for (1.7) all the way along. But one can compute the inviscid

solution starting with white and it is not white noise. In fact, a remnant of the noise
survives, and one has the following result.

Theorem 1.1. The limit of (1.6) as € \( 0 is a Markov process of h(t, x) called the
KPZ fixed point. It satisfies a Hopf-Lax-type variational formula, with a non-trivial
stationary forcing noise, the Airy sheet (see (3.8)): For fixed t > 0,

1~ _2 2 1
h(t,x;ho) = suﬂg{t3¢\>(t_3x,t_3y) - ;(x -7+ E)0()’)}- (1.8)
ye

Its one-dimensional distributions’ F(t,x,r) = Prob(§y(¢, x) < r) logarithmic deriv-
ative ¢ = 932 log F solves the Kadomtsev—Petviashvili equation

1 1 1
B + 5 0r9” + 029 + 19,029 = 0. (1.9)
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It is worth comparing the KP equation (1.9) with the KPZ equation (1.6). One
thinks intuitively that the quadratic non-linearity in KP must have something to do
with the quadratic non-linearity in KPZ. But they are not even in the same variable. As
far as we know, there is no heuristic or physical argument for the appearance of (1.9).
The KP equation is 1:2:3 scaling invariant, and it is a big surprise that it arises as a
universal equation for random growth. The proof combines many results and is essen-
tially a long algebraic computation combined with various asymptotic analyses. What
happens is that there are certain stochastically integrable models in the class — we will
describe one here, the polynuclear growth model. Scaling these, we discover the 1:2:3
scaling invariant Markov process at the centre of the class, the KPZ fixed point, which
is also stochastically integrable and whose finite-dimensional distributions, given by
appropriate Fredholm determinants, turn out to satisfy KP equations.

2. Stochastic integrability

The route to (1.9) started a quarter century ago with a groundbreaking result of Baik—
Deift—Johansson [3] on the fluctuations of the longest increasing subsequence of
a random permutation. Let ¢ be chosen uniformly from Sy, the set of permuta-
tions of {1,..., N}, and Ly be the length of the longest increasing subsequence
o(iy) <---<o(ip), i1 <---<ir.Inundergraduate combinatorics classes, we prove
that once N is greater than n?, there is always either an increasing or decreasing
subsequence of length n + 1, so it is reasonable to conjecture, as Ulam did, that
Ly ~ CN'2. This was proved by Hammersley in 1972. In 1976, Vershik—Kerov
and Logan—Shepp independently showed that C = 2. The fluctuations are much more
refined. Baik—Deift—Johansson discovered in 1999 that

(LN—zN%

lim Prob ;
Ne

N—o0

< r) = Foue(r), where Foup(r) := ¢ ") (2.1

is the Tracy—Widom GUE distribution (often called F>). Here, d~2 denotes the second
anti-derivative, and q is the Hastings—McLeod [16] solution (i.e., g(r) ~ 0 as r — oo,
and ¢ (r) ~ |r/2|"/2, implying D~2¢2 ~ r3/2 as r — —00) of the Painlevé Il equation

q" =rq+2q’,

which already hints that there are integrable systems behind the scenes. It had
been discovered a decade earlier as the limiting distribution of the top eigenvalue
of a matrix from the Gaussian unitary ensemble. The connection between random
matrices and longest increasing subsequences was murky at best. And what do longest
increasing subsequences have to do with random growth models?
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Figure 3. In the PNG dynamics, flat islands with integer heights expand deterministically in
both directions with speed 1, merging when they collide (red), and with new islands (green)
appearing above existing ones at the times of a space-time Poisson process with rate 2.

In fact, the longest increasing subsequence turns out to be a special case of a
classical random growth model called PNG (polynuclear growth model). This is a
Markov process whose state space consists of height functions 2 : R — Z U {—o0}.
So they are piecewise constant, taking only integer jumps at discrete positions. We
also (for good reasons) allow # to take the value —oo. Like all these growth models,
the natural topology on the state space is local Hausdorff convergence of hypographs,
with the range of the heights compactified at —oo. The PNG dynamics consists of
two parts running simultaneously: (1) nucleations: at random times and random spa-
tial location x, h +— h + 1y, i.e., a tiny island of height 1 is nucleated on top of the
existing interface. This occurs as a Poisson point process in space-time with rate 2
(the 2 is arbitrary, but people learned over time that this avoids strings of 21/3 in
the exact formulas); (2) a deterministic dynamics 2 + supy,_y <, i(y), i.e., islands
spread out laterally at speed 1 and merge on contact (see Figure 3).

Almost equivalently, the model can be thought of as a collection of one-
dimensional kinks (down steps) and antikinks (up steps) moving on R. They move
ballistically at speed 1: kinks to the right, antikinks to the left. They annihilate upon
collision and are also produced in pairs, a kink at x ™ and an antikink at x~, according
to a rate 2 space-time Poisson process. The height (¢, 0) is just its value £(0, 0) at
time 0, plus the number of kinks and antikinks which have crossed the spatial point 0
up to time ¢.

The narrow wedge at y € R is the (legal) height function d,(y) = 0 and
Dy (x) = —oo for x # y. If we start PNG with d,,, we could call the resulting solution
at time ¢, as a function of x, A;(x, y). The PNG dynamics, under the natural coupling
where one starts with two or more different initial conditions and runs them using the
same Poisson noise, preserves the max operation

h(t, x;max{hy, hy}) = max{h(t, x;h1), h(t, x; ha)},
where h(¢, x; hg) indicates the initial data is &2o. Hence one has the variational formula

h(t,x;ho) = sup{A;(x.y) + ho(y)}. (2.2)
y



J. Quastel 1046

Z 1

Figure 4. Longest increasing subsequence in PNG with narrow wedge initial data. From
n=t+4xtol =t — x,order of points in box corresponds to a permutation.

Clearly, from the variational formula, the narrow wedge solutions play a special
role. If we start with one of them, say, Do, one can see after a little thought that the
height A (z, 0) at position O at time ¢ depends only on the Poisson points in the space-
time 45° rotated square with vertices (0,0), (. %), (5,—%) and (z,0), and in fact the
height is the largest number of such points picked up by a path from (0, 0) to (¢, 0),
piecewise linear between the Poisson points, with slopes always < 1 in absolute value.
A collection of N points in a box generically give you a permutation in Sy : the way
the order in one coordinate is transformed into the order in the other coordinate. The
points picked up by one of our paths correspond to an increasing subsequence of the
permutation. A collection of N points uniformly and independently chosen in a box
correspond to a uniformly random permutation in S . The rate 2 Poisson points in our
diamond of volume %tz correspond to choosing N points with P(N = k) = %e" 2
and then placing them uniformly and independently (see Figure 4). Hence A (z, 0; Do)
is the length of the longest increasing subsequence of a random uniformly chosen
permutation from Sy, where N has the Poisson distribution with rate ¢2. In this way,
the longest increasing subsequence problem can be seen as a special initial data for
our particular growth model.

KPZ growth models like PNG do not really have an invariant measure because
there is a non-trivial height shift. But we can talk about invariant measures modulo
the absolute height. For PNG, these consist of continuous time random walks /(x)
which jump a unit step up at rate p and a unit step down at rate p~'. The average
slope p — p~! can be thought of as the average density of antikinks minus kinks. It is
globally preserved, since they are created and annihilated in kink-antikink pairs, and
parametrizes the set of invariant measures.

We will now show that PNG is a stochastic integrable system, by which we mean
that its Markov transition probabilities are in-principle computable in somewhat the
same way that one solves classical completely integrable systems.

From the variational formula (2.2), we obtain skew time reversal invariance

P(h(t.x:8) = —=f) = P(h(t.x: f) = —g).
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It is called that because you can think of it saying that the dynamics is preserved by
t = —t, h + —h. There is another way to think about it. Let 1. ¢ be the indicator
that f(x) > g(x) for all x € R. Let L be the infinitesimal generator of the PNG
process and L* the infinitesimal generator of the “backwards” process —h. As the
notation indicates, this is the adjoint of L with respect to the invariant measure, and if
we start in such a measure, it is literally the process viewed backwards in time. Then
the infinitesimal version of skew time reversal invariance is

Lilfsg = Lylysg,
where the subscripts in Ly and Ly indicate which variable the generators are acting
on. Of course, this also says Lr(1 —1f>g) = Lz(1 —175,) and
1—1y., = g hits the hypograph of 7,

where the hypograph of 1 = {(x, y) € R? : y < h(x)} is closed if and only if / is
upper semicontinuous. So it suggests considering the hit kernel

P;iz(h) (u,v) = P(g hits the hypograph of /1 on [a, b] and g(b) = v | g(a) = u),

where on the right-hand side, the probability measure on g is the invariant measure,
i.e., the continuous time random walk g(x) which jumps up at rate p and down at
rate p~ L. It turns out not to matter what p is, so we take it to be 1 to be concrete. The
generator of this random walk is then the discrete Laplacian

Af(x) = flx+1)=2f(x) + f(x = 1D).

Let E, 4:»,» denote expectation with respect to random path g in [a, b] with g(a) = u
and g(b) = v. Then,

it(h *
Ly P;,;,( )(”a V) = Ea,u;b,v[Lh(l - 1g>h)] = Ea,u;b,v[Lg - 1g>h)]-

Here, L* has the same invariant measures as L, so if it were not for the pinning at
either end, the last term would vanish. If one looks at why such models can have
explicit invariant measures, it is always because an integration by parts produces
a telescoping series. So it is not hard to guess that with the pinned measure, the
telescoping series will produce boundary terms. For PNG, they can be computed
explicitly, and the result is

it(h
EqupolLy—1gp)] = 2[P)5" V],

Here, V is the symmetric difference operator:

VS0 = 3+ 1)~ - D),
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and [A, B] = AB — BA is the commutator of A and B. If we define, fora < b,

h _ _aA phitth) —bA
Ta,b_e Pa’b e ,

then because A is the generator of the walk

9, Th

x—t,x+t

=0.
But this means that if we define, for x,r € R and ¢t > 0, with 7, f(u) = f(u + r),

. —2tV—xAh 2tV+xA
K(t,x,r;h) =1 2V TEATE e VA (2.3)

we have
(0, —L)K =0

as an operator, or we can think of them as integral kernels, and so a vast collection of
solutions depending on parameters u,u, € Z.

Next we use determinants to build transition probabilities out of them. The
PNG generator L is a sum of two pieces, a differential operator corresponding to
the deterministic part of the dynamics with the kinks going one way and the anti-
kinks going the other way, mutually annihilating on contact, and a creation oper-
ator 2 [ dy(f(h + 1,) — f(h)). It is not hard to check from the definition that
K(h + 1,) — K(h) is rank one. But then by linearity and the action of differential
operators and rank one perturbations on determinants,

(0, — L)det(I — K) = det(I — K)tr((I — K)"%(9; — L)K),
so since (d; — L)K = 0, we have
(0; — L)detI —K)=0

as well. In order to get the determinant to produce enough functions at ¢ = 0 to
identify the Markov transition probabilities, we have to extend it in the following way.
For X1 < -+ < Xy, the extended kernel acting on the n-fold product of £?(Z=¢) whose
i, j th matrix element is, with the notation X = (x1,...,x,) and 7 = (r1,...,ry),

K?;(t(t, )_é, ?7 h) = Tr,- (_1x,- <x_/'e(xj _Xi)A + e_ZtV_XiAT)Z —t,xj +l62tv_xjA)T_rj :
2.4)

Here, we sometimes use P;iz(h) with a > b which we just set to 0. Now let

U(l, ]’l) = det(I — KeXt)((Z(Z>O))n .

The same argument shows we also have (d; — L)U = 0, and setting ¢ = 0 in (2.4),

we get an upper triangular matrix with diagonal entries 7, P}C‘;‘,(xhl,)t_ri (u,v) =
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ly=v<h(x;)—r; - The determinant is just the product of the determinants of these diag-
onal entries, each one on £2(Z > 0) giving the indicator that 2(x;) — r; > 0, i.e., we
get [T7=; 11, <n(x;)- Hence

U(Oa h) = 1h(x,-)ﬁrl-,i=1,...,n-

As usual, finite-dimensional distributions determine the spatial stochastic process. In
other words, we have solved the Kolmogorov equation for general 4!

Theorem 2.1. The finite-dimensional distributions of the transition probabilities of
PNG are given by

Py(h(t,x;) <ri,i =1,...,n) =det( — KeXt(I,f,?,h))(ez(z>o))n.

Proof. We have shown they satisfy the Kolmogorov backward equation with the
required initial data. So all we need is uniqueness of that equation. There is no general
theorem of uniqueness for the Kolmogorov backward equation, but there is a general
argument that uniqueness of the backward equation follows if we have existence of
the adjoint equation. But here the adjoint is just the same process upside down, so our
derivation of transition probabilities gives us the existence there as well, and therefore
the uniqueness of our equation. ]

We emphasize that this is a very unusual situation. Usually, in Markov pro-
cess theory, the transition probabilities are defined as solutions of the Kolmogorov
equation, but we do not expect to be able to write down the solutions.

Let us take as an example the narrow wedge initial data o, which as we saw leads
to a Poissonized version of the longest increasing subsequence. Since the random
walk g can only hit the hypograph of by at the origin, fora < 0 < b,

<0*

bo __ _aA phit(dbg) —bA __
Ta’b—e Pa,b e =1

One can readily check that

uz—uj

_ t—x 2
2T () = 2x( ) Jrmy V22,

r+x

where J,, are Bessel functions of the first kind. If we set +/#2 — x2 = 1 and only
worry about one-point distribution, we get

Fr:= P(h(1,0;D0) <r) =det(/ — 1, BT_1)2(z_,)

_ 2
= e det(/;—;(25))i,j=0,....r—1
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where
Ju—1(12)Jy(2) — Ju(2)Jy—1(2)

u-—uv

B(u,v) =

is the discrete Bessel kernel and I, are modified Bessel functions of the first kind.
The second equality is from [8]. The last is Gessel’s formula [11] which eventually
led to the Tracy—Widom asymptotics for the longest increasing subsequence (2.1).

The Toeplitz determinants det(;—;(2s)); j—o,..,r—1 are intimately related to
the orthogonal polynomials on the unit circle associated with the weight ¢s({) =
eSEHTD n the Szegd three-term recurrence for such orthogonal polynomials on
the circle with respect to a general weight [27], only one coefficient o, depends on
the choice of weight. Thus, the «;,s, known as the Verblunsky coefficients, “encode”
the weight and can be thought of as the analogue of reflection coefficients in this
context. In the present case, they are related to F;, through

F. F,
Olle— r2r+2
Fr—l

They are known ([7] or see [32, §3]) to satisfy the discrete Painlevé II equation
—s(1 =) (@r1 + 1) = (r + Day
as well as the Ablowitz—Ladik lattice [1]
dstr = (1 — o) (r41 — ctr—1).

The Ablowitz-Ladik hierarchy is a reduction of the 2D Toda hierarchy [28],
suggesting the generalization to arbitrary initial data. Setting ¢ = %(t - X)
and n = %(z + X), where X = x; + -+ 4+ X, 0x = 0x; + -+ + 0y, and
r+1=(,...,ry) £(1,...,1), it is not hard to check that the PNG kernel K
from (2.4) satisfies for u, v > 0, and r; > r = sup,_y <, ho(»), the height achieved
at (¢, x) without nucleations, the following:

(1) Ky(u,v) = Kr—q(u+1,v+1).
(2) 9, K, (u,v) = Kr—1(u + 1,v) — K, (u + 1,v).
Q) 0eK,(u,v) = Kr—qy(u,v+ 1) — K, (u, v+ 1).

Then it is a general fact [19] that for r > r, the n x n matrix
0,=I-K)™'(1,1)
satisfies the non-Abelian 2D Toda equation

03,0, 0;") + 0,074 — 0110, =0 (2.5)
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Theorem 2.2 ([19]). Let hg be any deterministic initial data for PNG. The matrix
Sfunction Q, is related to the n point distributions of the PNG height at time t > 0 by

Ft,x1,....xp,11+1,....1n+ 1)
F(t7x1""7xn7r17"'9rn)

= det O, (2.6)

where Fy.(t,x1,...,Xn, 71, ..., In) := Proby,(h(t,x;) <ri, i =1,...,n) and for
ri > r(t, x;), they satisfy the non-Abelian 2D Toda equation (2.5).

The non-Abelian 2D Toda equation forms a well-known integrable system [20].
Lax and Zakharov—Shabat (zero-curvature) forms of the equation can be found
in [31, §3.1] (see also [28]). They arise from compatibility of the equations for
vectors @, [21]

ancDr =V® +1,0,1, a1.‘(I)r = Urq)r—l—l

with
U, = QrQr__ll, Vi = _anQrQr_l'

The non-Abelian 2D Toda equation is sometimes written in terms of U, and V; as
0Ur + VU, =U V21 =0, 0Vr+Urp1 — U, =0.

When n = 1, there is no need to take the determinant in (2.6), and the previous

. Fyr i1 Fr_
theorem reduces via U, = =L

72— to the following more accessible statement.
,

Corollary 2.3. Let ho be deterministic. Then fort > 0 andr > r = sup|, <, ho(y),
the one-point distributions of PNG, F,(t, x) := Proby,(h(t, x) < r) satisfy the
scalar 2D Toda equation

Frr1Fr—

-1 2.7
Fr2 ( )

1
1(8% - ai) log Fr =

In the case of flat initial data, hg = 0, F, is independent of x, the x derivat-
ive drops out of (2.7) and taking g, = log F,, — log F,_; and ¢ — 2t we obtain the

classic Toda lattice,
g’r — egr+]_gr _ egr_gr—l .

3. The KPZ fixed point

Since we have a general formula for the transition probabilities of a model in the KPZ
class, if we zoom out in the 1:2:3 scaling

1 3
e2h(e™2¢, 8_1x) — Cgt,
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we can expect to obtain the transition probabilities of the Markov process which is a
fixed point of this rescaling. It was done first for TASEP [18,26], but the rescaling is
most transparent for the PNG formulas. The strong KPZ universality conjecture says
that we should get the same answer for any model in the class. Of course, this can
alternatively be thought of as the definition of the KPZ universality class. Certainly,
we do get the same answer for several models which can be solved explicitly like this,
and for which the limit has been computed.

3.1. Brownian scattering transform

Let us see how it all works with the PNG kernel (2.3). First of all, note that the
underlying space Z-¢ in which the Fredholm determinant is taken has the physical
meaning of height. So it should be rescaled to £!/2Z . which is approximating R, .
The operators V and A act on functions on this space and are now of order e/2ande,
respectively. We can expand

31 k
V=¢29+ 8%633 + 0(8%), A = 9% + o(e).
The operator d acts on functions on R. Now our formula for PNG rescales as
Psl/zho(s—lx)(é‘%h(é‘_%xi,8_1[) —Cet <1y)
= det(] — S_IK(&‘_%Z, e 1%, 8_%(7 + Cet), 8%h0(8_1x)))€2(81/2z>0).

The £~ in front of the K is because we want the measure on &~/ ZZ>0 to give mass
172 to each site so that it approximates Lebesgue measure on [0, c0). We are assum-
ing ho(x) = limgno e1/2hy(e~'x) and look at the three terms in the second part of
the kernel (2.4) and their approximations up to terms vanishing in &:

_3 1
- o 28 2tV—e"1x; A Te2ho(e L
e/ 2(ri+Cet) e~ lx—g=3/2¢ e 1x+¢—3/2¢

—2e—119—(1/3)93 —x; 82
T pcer €72 O=W/DP—x;0 THo

3
26" 2tV+e~1x; A
e T T e 1/2(r +Cet)

26~ 1194(1/3)03 +x ;02
e J Tfrj —Cgt

In the first and third terms, there is a huge shift 7,, 1 c,; followed by o267 110 —
e2e 10 = T_,,—1, since we are on R. So we take C; = 2¢™!. In the middle one, the
operator converges to what we call the Brownian scattering transform T% of . To

summarize, we get in the 1:2:3 limit

K = e—%iﬁ—xiaz—i-ri8T50€§83+xj32—rj8' (31)
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The presentation is a bit informal, and TY0 is not really defined by itself. For ¢ # 0,
the operators on the outside are convolution operators with a completely explicit
kernel in terms of the Airy function Ai:

e%33+xa2(u1, Uy) = t~3e2 ! Ai(—t_%(ul —uz) + t_%xz). (3.2)

Although it is not immediate, at # = 0 it is not too hard to check that it converges to
the usual heat kernel

1 (up—uq )2
e 4x
VA x

As for TY, we are asymptotically computing the probability for a Brownian
motion (of variance 2) to hit §) (see Figure 5) but surrounded by backward (!) heat

2
e*? (U1, uz) =

equations . '
T = lim e LFpMD) =L, (3.3)

L—oo
We do not really mean to make sense of (3.3) directly. What we really mean is that
for any ¢ # 0,
3 133 . _ 193 _792 i 1a3_7192
e 5P TIe5 — i 39719 P}ftL(b)Le-%a L9
L—oco ’
makes sense (as a trace class operator on L2([r,o0))) and (3.1) is not really a product
of operators but an informal way to write the family in ¢, X, 7 of integral kernels
K(t,X,F,u1,us) in uy, u, which solve

1 3 3 2 .
0:K = _g(aul + auz) K, axiK = _8“1K’ aij B auzK’ G4

0, K =0, K, 09;K=0y,K.
When § has compact support, which in this world means that it is equal to —oo
outside a box [—£, £], suppose L > £, and we want to compute

. 193 _.52 . 192 i —192 Lj3 .92 4.
Lll)n;oe 33 x,B +rl8e Lo PEIE‘(,[)I)Ie Lo 638 +x13 rja' (35)

Figure 5. The quantity PTL(b)L (u1,u2) is the probability density that a Brownian motion B(x)

is at up at time L given that it starts at w1 at time —L and that it hits the hypograph of §) along
the way.
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But the Brownian semigroup is e’ 9 so since the Brownian particle is free on the
intervals [—L, —{) and (¢, L], we can write

hit(h) _ (L—£)32 phit(h) (L—£)d2
P—L,L — e( ) P—E,[ e( ) ,

and (3.5) becomes, even without taking the limit, completely well defined:

—%83+(—xi—@)32+r,-3Pfit(b)e%33+(x]‘ —03%=r;d (3.6)
For example, in the case of one narrow wedge at 0, Ph“([’) is just et 1 o]ezaz,
and after adding in the term eGP +(ri=rd | Xi<xj> the limit of the first term
in (2.4), one obtains from (3.2) the extended Airy kernel.
One could also, say, start with two narrow wedges at 1, in which case P
given by

h1t(2) s

— 2 2 _ 2
e(l 1)o 1(_00,0]323 1(_00,0]€(Z 1)d .

This approach leads to a practical formula for any compactly supported data.

For noncompactly supported data, it looks like one has to take a limit. For
example, for flat initial data o = 0, one might take approximations which are 0
on [N, N] and —oo on [-N, N]€, compute the scattering operator by the reflection
principle and send N — oo. One finds, much to one’s satisfaction, that the limiting
operator T is exactly the reflection operator o f (1) = f(—u). Then one can check
by complex analysis that e_(1/3)33ge(1/3)33 (u,v) =273 Ai(273(u + v)), the ker-
nel for Fgor(271/3r); the rescaling by 27'/3 represents the slight difference between
the one-point distribution, at time 1 of the KPZ fixed point starting from o = 0, and
the limiting fluctuations of the top eigenvalue of a standard N x N matrix from the
Gaussian orthogonal ensemble.

Writing the operator as a product such as in (3.1) can be misleading, espe-
cially as these operator products are on L?(R) while the Fredholm determinants are
being taken on L2([0, 00)). Otherwise, the pre- and postfactors e~(¢/39° T(t/3)9°
would just be a conjugation and the determinant would not describe any non-trivial
dynamics.

For general noncompactly supported data, one might wonder if a limiting opera-
tion always works. Actually, there is a trick to avoid taking any limit at all, which we
call splitting. Recall that the hitting is being done from above, i.e., hitting ) means
entering its hypograph. We can write, with the obvious notation

hit(h) _ 2492 no hit(h)
P_” =e - P "y

and slip the two terms into (3.6). By the Markov property of Brownian motion,

f(é hét(b) (u 'l)) d Pno hlt(f))( ) pro h1t(f))( U)
h(0)
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Now one can go back and write Pf%f‘(i)‘(f’) = ol _ Pﬁiéfg) and P(‘)’"zh“(f’) = ot
Pg‘jz(f’). One of these sees T which is just the function § on [0, 00), and the other
sees )~ which is f(—x), x € [0, 00). Let 7p+ and t5- be the hitting times of h* of
a Brownian motion starting at z. Since there has to be a first time it hits, after which
we do not care, we can write

) L
<%?“@m>=/nPA%+edxk“ﬁ”%Buxw,
0

where B is the hitting Brownian motion. But now when we put it back into (3.6), all
the £s cancel, and we can let £ — oo free of charge. Putting it all together, we get the
extended kernel

Stcxt(t X, r b) e(x_,-—x,-)82+(r,-—r_,-)81

X;<Xj
- +
+ (Stoxiars = St ) Sty — S 1), (3.7)
where

193 2_
Slb,x,r(Z’ U) = Ez[St,x—tb,r(B(T)a U)], St,x,r = 333 +xd rc’)

One needs an upper bound on b for it to make sense. For example, if ho(x) = ax?,
it is not hard to see (for example, from the variational formula (1.8)) that the fixed
point explodes to +oo at time ¢ = a~!. Height functions should naturally be upper
semicontinuous, and a nice class of such functions is given by those that are bounded
by C; + Cs|x| for some Cy, Cy < oco. No lower bound is needed, and K= given
by (3.7) is a nice continuous map from this space equipped with the local Hausdorff
topology into trace class operators [18].

The KPZ fixed point is the 1:2:3 scaling invariant Markov process of height func-
tions which sits in the middle of the class, much as Brownian motion sits in the middle
of the universality class of stochastic processes without long-range correlations which
scale to it in the diffusive 1:2 scaling (see Figure 6). It is defined through its transition
probabilities, whose finite-dimensional distributions are given by

Py (h(t.x1) < ri,... . 0(t, xn) < 1) = det(] — K2, X, 7.90)) 1.2((0,00)) -

It is proved in [18] that these are indeed transition probabilities and satisfy the
Chapman—Kolmogorov equations. So the stochastic 1ntegrab1hty is ho +— Brownian
scattering transform +> linear evolution in height/space/time > transition probs,
analogous to scattering/linear evolution/inverse scattering for classical integrable
PDE.

The following basic properties all follow from the formula; they can also be
proved by approximation from appropriate models:
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Figure 6. Schematic of the space of models with EW and KPZ fixed points under zooming out.

(1) (1:2:3 invariance) 81/25(8 3/2¢ ¢71x:e 1/250(8)6)) = f)(t x; bo).

(2) (Invariance of Brownian motion) If B(x) is a two-sided Brownian motion
with diffusion coefficient 2, then for each ¢ > 0, (¢, x; B) — h(z,0; B) is also
two-sided Brownian motion in x with diffusion coefficient 2.

(3) (Stationarity in space) §(t, x + u; ho(x —u)) st bz, x; bo).

(4) (Reflection invariance) h(t, —x; ho(—x)) dl—Stf)(I x; bo).

5) (Aﬁ?ne mvarzance) h(t, x;ho(x) +a + cx) ot bz, x + Ct ho(x)) +a +
cx +

(6) (Skew time reversibility) P(§(t, x;g) < —F(x),x € R) = P(h(¢, x; T) <
—g(x),x € R).

If we start from a narrow wedge at 0, the spatial process is called the parabolic

Airy process
A(x) = h(1, x; do).

If we add a parabola a:\?(x) = #A(x) + x2, it turns out to be stationary in x; for

example, for each x, A(x) Y Foue (x). You get the same thing if you take the large N
limit of the top line of Dyson Brownian motion version of GUE, i.e., the eigenvalues
of a dynamical N x N Hermitian matrix whose upper diagonal entries are independ-
ent stationary Ornstein—Uhlenbeck processes. From last passage models like PNG,
the KPZ fixed point inherits the preservation of max property: For any 1, {2,

dist

b, x;f1 Vv T2) = H(z, x;§1) vV Hz, x; F2).

The parabolic Airy sheet is the two-parameter process

A(x,y) = b(1, y; dy), (3.8)
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and its stationary version is a:t:(x, y) = A(x,y) — (x — y)2. Using stationarity in
dist dist

space, h(1, y; dx) = b(1, y — x; Do), and by reflection invariance, h(1, y — x; dg) =
H(1,x — y; dg). Therefore,

Ax, ) E Ay, ),

and the Airy sheet is an Airy process in each of its coordinates.

From the max property, the KPZ fixed point satisfies the variational formula (1.8).
This is the closest thing we have to a stochastic equation for the KPZ fixed point,
and it is incomplete because we do not exactly know what the joint distributions of
A(x, y) are. Of course, many things about it can be understood by approximation
from various models.

4. The KPZ fixed point and integrable PDE

Let F (¢, x, r) be the one-point distribution of PNG. We now perform the same scal-
ing on it as a solution of the 2D Toda lattice. So we are interested in the limit
& = limg\ o &, where the latter is defined by

F(t,x,r)= %S(e%t,sx,e%(r —2t)).

We expand & in Taylor series even though it really lives on &!/2Z. Under this
scaling, (2.7) becomes

B+ e)F(—e?)

&2 -
where for notational simplicity we removed the ¢ from the subscript in .. Expand-
ing (4.1) out and multiplying by &2, we get

1
1(838? — 2402 + 2402 — £20%) log F = 1, 4.1)

ez[%ai%— 0,50, + i%ai%— %(axw
RO~ L0, + %(a%%>2] o) =0,

The vanishing of the square brackets constitutes the Hirota form of the Kadomtsev—
Petviashvili equation KP-II.

Let R = I — &, the fixed point kernel from (3.7), and Q = RK*'(0, 0) which
is an n X n matrix-valued function of ¢, xy, ..., x,, 71, ..., 'y, and the initial height
profile ho. Let O, = 9, + -+ + 0;,,, Dx = 0x, + -+ + 9x,,. One can check that for
&= Py (h(t, x1) <r1,.... 00t x0) < 1),

D, logF = tr 0.
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in other words, the n-dimensional distributions can be reconstructed from Q. One
can prove [24] the following as a general consequence for Fredholm determinants of
kernels satisfying evolution equations (3.4).

Theorem 4.1. The function Q and its derivative ¢ = D, Q solve the matrix
Kadomtsev—Petviashvili (KP) equation

1 1 1 1
9 —D,q*> + —D3g + -D? —[q, D =0,
1+ 5Drq” + 5 Dg+ xQ+2[q < O]
where [A, Bl = AB — BA.

In particular, the one-point marginals of the KPZ fixed point (i.e., in the case
n=1),¢ = 02log F, satisfy the scalar KP-II equation

1 1 1
B + 5 0r9” + 029 + 19, 0% = 0. (4.2)

Classical examples include the following.

Example 4.2. For narrow wedge initial data o = Do, the distribution of (¢, x) + xt_2
does not depend on x and should be the Tracy—Widom GUE scaled by t1/3.So we
look for a self-similar solution to KP (4.2) of the form

O™, x,r) = IV 413 x2),
which gives the ODE
(Y™)" + 12¢™@Y™) —dr(y™) = 2¢™ = 0. (4.3)
The transformation Y™ = —g? takes (4.3) into Painlevé II:
q" =rq+2q°. 4.4)

As r — —oo, the solution is approximately ¢™ (¢, x,r) ~ —(% + 2’;—22) picking

out the Hastings—McLeod solution g(r) ~ — Ai(r) as r — oo. Thus, we recover
F(t,x,r) = Foue(t™13r +174/3x2),

Foue(s) = e 707 = exp{— /oodu (u — s)qz(u)}.

Example 4.3. For flat initial data o (x) = 0, there is no x dependence and KP-II (4.2)
reduces to KdV. We look for a self-similar solution of KdV of the form

o1, 1) = (%)%lpﬂ((%)_é)
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which reduces it to the ODE
"+ 12"y —r@"y —2¢" = 0.
Miura’s transform
yl = %(61’ ~q°)
brings this to Painlevé II (4.4), with the same behaviour as r — —oo as in the previous
example. So we recover F(t,x,r) = Fgoe(4'/3t71/3r),

- , 1 [
Fooe(r) = e™? P2t = exp{—E/ d”q(”)}FGUE(”)é‘
r

These distributions arose earlier as the limits of rescaled top eigenvalues from,
respectively, the Gaussian unitary and Gaussian orthogonal ensembles. But unlike
other limit distributions in probability, they have no scaling invariance. KP is invariant
under

o, x,r) — a_2¢(a_3t,a_2x,a_1r), Ho(x) — a_lf)o(azx).

This is not surprising; we essentially derived it by taking this scaling. So now we
have embedded the Tracy—Widom distributions into a system which does have scal-
ing invariance, i.e., we have enlarged our perspective enough to see the underlying
invariance principle.

This begs the question: Where do the KP equations come from, and what do they
mean? One of the key characteristics of KP is solitons. But our solutions have no
solitons at all. Universal non-linear partial differential equations like KP and KdV, or
the non-linear Schrodinger equation, are generally obtained from more complicated
equations by rescalings, asymptotic expansions and/or ansatz of special forms. Unlike
other basic PDEs like the heat and wave equations, Burgers or the Euler equations,
they are not derived from first- principle physical mechanisms, but only as model
equations governing the non-linear effects in certain asymptotic regimes. It is all “this
is what you get in the limit” as opposed to “the stuff is doing this”. For example, KP
is usually derived from water wave equations in the limit of long waves with small
amplitude and slow dependence on the transverse coordinate. KdV is derived from
one-way travelling waves in Fermi—Pasta—Ulam, etc. Since these model equations
appear as limits of so many equations, they have an opportunity to inherit integrabil-
ity in the scaling limit from even just one integrable example within their domain of
attraction. So it is not surprising that many of them are integrable.

Our case is unusual. There is no “more complicated equation” reducing to KP in
the scaling limit. And the KP equations are discovered not through the scaling limit,
but through the exact formulas themselves, which are then recognized as examples of
inverse scattering solutions of KP. None of this was very easy to predict.
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One could perhaps think of the full evolution equation, for, say, PNG, as the more
complicated equation. But this just leads to a bigger mystery. It is certainly not true
that one had any reason to expect that one-point functions for PNG satisfy a closed
equation. In general, in a many-body problem like this, one expects to write down
an infinite hierarchy of equations, for example, for n particle density functions, the
so-called BBGKY hierarchy. So one thing to keep in mind is that the biggest surprise
is not that one-point distributions of the KPZ fixed point are governed by KP, but that
they are governed by any closed equation at all.

The KPZ equation itself is not stochastically integrable, though it seems to have
partial solvability. It can be obtained in the limit of other models as a weakly asym-
metric or weak noise limit in which the asymmetry or noise is scaled down as we
scale the solution with diffusive scaling. Some of the approximating models are
themselves partially solvable. For example, for the asymmetric exclusion process,
formulas for narrow wedge and step Bernoulli initial data were obtained in the break-
through works [29, 30]. From the formulas, one has convergence to the KPZ fixed
point for these special initial data. For general initial data, it is a very recent res-
ult [2]. An earlier attempt [25] contains a mistake in a shift argument used to identify
the limiting fluctuations (however, it does prove tightness and even works for non-
nearest neighbour exclusion height functions in the 1:2:3 scaling, a model that is not
even partially solvable). That the KPZ equation converges to the KPZ fixed point, i.e.,
it is a member of the universality class bearing its name, is proved in [33, 34]. The
key challenge for the future is to devise methods to prove the convergence to the KPZ
fixed point for the larger class of non-solvable KPZ models.

Funding. This work was supported by the Natural Sciences and Engineering
Research Council of Canada.
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