Contents

1 Morse theory and geometric estimates in neck regions. . . . ... ...... 1
1.1 Generalintroduction . . .. ...... ... . 1
1.2 The second derivative of the Willmore energy . . . .. ............ 16
1.3 Refined pointwise estimates on the second fundamental form . ... .. 28
1.4 Proof of the main theorem for precompact conformal class . . . ... .. 73
1.5 Improved energy quantisation for degenerating Riemann surfaces ... 101
1.6 Proof of the main theorem in the general setting . .............. 113
1.A Appendix: Second derivative of the Willmore energy . ... ........ 115

2 Weighted eigenvalue problems for fourth-order operators in

degeneratingannuli ............. ... ... ... ... .. ... ... . ... 133
2.1 Introduction. . . ... ...ttt 133
2.2 First eigenvalue problem in dimension2 . ................... 140
2.3 Second eigenvalue problem . ......... ... ... L .. 167
2.4 Second class of weighted Poincaré estimates . ................ 195
2.5 First minimisation problem in dimension 4. ... ............... 205
2.6  First minimisation problem in any dimension . . ............... 216
2.7 Second eigenvalue problem in arbitrary dimension ............. 228
2A APPENdIX . .t 245

References. . .. ... .. . . . e 275



