Contents

Preface . .. ... . . . e \%

Part I A brief introduction to hydrodynamic stability in incompressible

fluids 1
1 The incompressible Navier—Stokes and Euler equations . . . . .. ... ... 3
1.1 The momentum equations . . .. ... .. ...t veneenennenn... 3
1.2 Boundary conditions . . . ... ...« .. 3
1.3 The pressure, the Leray projector, and the Stokes operator . ....... 5
L4 VOrtiCity . ... oo 7
1.5 Conservation laws and symmetries . ....................... 9
1.6 Basic local and global regularity results . . .. ................. 11
2 An introduction to hydrodynamic stability . .................... 13
2.1 Whatis stability? . ... .. ... . 14
2.2 Some classical hydrodynamic stability problems . . . ............ 15
Part I Linearized theory 21
3 Spectral vs. linear stability ................................ 23
4 Basic considerations and case studies . . . ........ ... . ... ... .. 27
4.1 Linearized 2D shear flows in vorticity form without viscosity . . .. .. 27
42 The2DCouetteflow . . .. ... .. .. . 28
4.3 Convex shear flows and the Kolmogorov flow . . ............... 33
4.4 Strictly monotone decreasing VOItices . .. ................... 35
4.5 The Kelvin—Helmholtz instability . ... ..................... 35
4.6 The3DCouetteflow. .. ... ... ... .. 37
5 Inviscid problems: Rayleigh’s equation ....................... 43
5.1 Rayleigh’s equation and the resolvent . .. ................... 43
5.2 The point spectrum of shear flows . . . . ... ... ... ... ... ... ... 44

5.3 The essential spectrum of shear flows: Inviscid damping . ........ 47



Contents  viii

6 Case study: Long wave instabilities . ......................... 51
6.1 The class K and variational proofs of stability ............... 51
6.2 Tollmien’s near-neutral mode instability .................... 52
6.3 Step 1: Constructing the solutions to the Lyapunov—Schmidt system . 56
6.4 Step 2: Finding the correct solutions . .. .................... 59

7 Case study: Sharp inviscid damping estimates for strictly monotone

shearflowsin T xR .. ... .. ... ... . . . 65
7.1 A profile regularity method . ......... ... ... ... .. ... ... .. 65
7.2 A convenient change of variables . ........................ 66
7.3 Regularity estimates on theresolvent. . . .................... 67
7.4 Higher regularity estimates on g . . . .. ... ..ot 76
7.5 The limiting absorption principle . ........... ... ... ... ..... 80
8 Viscous problems: The Orr—-Sommerfeld equation ............... 83
8.1 The Orr—Sommerfeld problem inachannel .................. 83
8.2 Spectrain the inviscid limit . .. ....... ... .. L Lo L. 86
8.3 A few remarks about 3D plane-parallel shear flows .. ........... 90
9 Case study: Self-similar Oseenvortex. . . ...................... 95
10 Case study: Couette flowinachannel. .. ... ... ... ... ... ... ... ... 99
11 Case study: Boundary-driven instabilities. . . . ... ............... 105
11.1 The function spaces and operator estimates . ................. 107
11.2 Constructing the four solutions . . . . ....... ... ... ........ 111
11.3 Thedispersionrelation . ........... ... ..t ... 113
12 A brief survey of other linearized results . ..................... 115
Part III Inviscid nonlinear theory 117
13 Variational methods for nonlinear stability . . . .................. 119
13.1 Case study: Strictly convex (or concave) shear flows in a channel ... 119
13.2 Case study: Monotone vorticesin R? .. .................... 123
14 Case study: Nonlinear inviscid damping for the 2D Couette flow . . ... 127
14.1 The return of the Orr mechanism . ........................ 128
14.2 Paraproducts in Gevrey regularity . . . ......... ... ........ 133

14.3 The nonlinear proof: Fourier multipliernorm . ................ 135



Contents  ix

14.4 The nonlinear proof: Nonlinear change of coordinates . .......... 141
Part IV Viscous nonlinear theory 147
15 Quantitative stability thresholds . ........................... 149
16 Case study: Stability thresholds for 2D Couette flow . ............. 153

16.1 An easy estimate of the threshold in Sobolev spaces ............ 155

16.2 The Fourier multipliernorm. . .. ....... .. .. .. .. .. ........ 156

16.3 The nonlinear transition threshold . . . . .. ................... 160
17 Case study: Subcritical transition in the 3D Couette flow . . . ... ... .. 163

17.1 Theorem statement and discussion . ....................... 163

17.2 What is the right set of unknowns? . ....................... 165

17.3 The coordinate change . ............ .. ..., 167

174 Thetoymodel . ... ... ... .. . . .. . . . . 171

17.5 The NOTMS . . . . o ot e e e e e e e e e e 174
18 A brief survey of other nonlinear (in)stability results . . . . ... ....... 177
Appendix 181
A Fourieranalysis ............... ... ... 181
B Sobolevspaces .............. .. ... 183

B.1 Fourier characterization of Sobolevnorms .. ................. 183

B.2 Sobolev spaces of negative regularity . ..................... 184

B.3 Sobolevembeddings . ........... .. .. .. ... i 185
C Gevrey and analyticregularity ............................. 187
D Airyfunctions .......... ... ... ... e 189
E Theory of linear operators. . .. ............... ... o.... 191

E.1 Spectraandresolvents. ............... ..., 191

E.2 Semigrouptheory . ... ... ... .. 193

References. . . . ... . . e 197



