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Differential-algebraic equations (implicit differential equations, singular systems) arise
naturally as mathematical models in many areas of applied science. The simulation of
complex systems and the routine use of system simulation tools which allow for the
coupling of individually constructed submodels into larger and larger models are an-
other source of differential-algebraic equations (dae’s). Despite their importance from
the point of view of applications it has only been some decades ago that the subject was
generally accepted as being of its own interest for theoretical and applied research. Dur-
ing the last thirty years, the subject has been (and continues to be) an active area of
research. Now the analytical and numerical theory of dae’s has reached such a level of
maturity that it has become an independent subject of graduate courses at universities.
While there are some monographs about the theory of dae’s available, textbooks con-
centrating exclusively on that subject are rarely seen. Most often, differential-algebraic
equations are presented in a broader application or theoretical context. The textbook
under review aims at filling this gap. It gives a self-contained presentation of one
approach to the analytical and numerical theory of differential-algebraic equations.

Roughly speaking, a dae

F (t, x, ẋ) = 0

with singular Jacobian ∂F/∂ẋ represents a differential equation on a manifold. The
critical point is that this manifold is not explicitly available but hidden in the equa-
tion itself. So F must be used to characterize both the manifold and the dynamics of
the system. Moreover, this characterization must be done in such a way that numerical
methods can be constructed and their properties be described using the same informa-
tion. For linear constant coefficient systems, this can be accomplished by the normal
form theory for matrix pencils developed by Weierstraß and Kronecker. A characteris-
tic value, the index, can be defined which indicates how far a dae is from an explicit
ordinary differential equation. The theories for dae’s existing today differ on how the
index is defined (constructed) for time-varying linear and nonlinear systems, thus pro-
viding different tools (and results) for answering the questions of existence, uniqueness,
and how to numerically approximate the solutions. Most often, the differential index is
used.

The authors of the present book developed the theory of the strangeness index.
Not surprisingly, this book includes an in-depth coverage of this theory. Occasionally,
relations to the differentiation index and the perturbation index are discussed. The
idea behind the strangeness index is to generalize the Kronecker normal form theory to
time-varying linear and nonlinear dae’s by matrix theoretic tools. This approach allows
additionally for a characterization of over- and underdetermined dae’s.

The presentation of the analytical theory takes the usual steps when general (non-
structured) dae’s are considered: First, linear constant coefficient systems are consid-
ered. Even rectangular systems are treated. Then systems with impulsive solutions
(distributional solutions) and control problems are introduced. This chapter is mainly
a preparation for what follows. In a second step, linear time-varying dae’s are treated.
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The main content is the definition of the strangeness index via a recursive normal form
construction. Conditions for the equivalence of the strangeness and differentiation in-
dices are given. Moreover, a relation to the perturbation index is shown. As in the linear
case, generalized solutions and control problems are investigated. The third step is the
definition of the strangeness index for nonlinear problems (via linearizations) and the
investigation of the solution properties as in the previous cases. Even a theory for over-
and underdetermined systems is provided.

The numerical part starts with the approximation of initial value problems by Runge-
Kutta and linear multistep methods. Since the application of such methods to general
higher index dae’s may give rise to instabilities, only strangeness-free dae’s (that is, with
a differential index 0 or 1) are considered. Here, the results are only proven for systems
of a special structure which arises if one carries out the normal form transformation
lying at the heart of the definition of the strangeness index. Consequently, one chapter
is devoted to index reduction methods. As indicated, an implementable construction
of the normal form is used. Since this construction can be rather time- and memory-
consuming, a variant with minimal extensions is discussed using the example of electrical
circuit analysis, thus indicating how structural information can be used. Another idea
is the use of feedback controllers for index reduction. Finally, the solution of boundary
value problems by multiple shooting and piecewise polynomial collocation is discussed.

The book closes with a short chapter on publicly available software for solving dae’s.
The book attempts to be as self-contained as possible. With the exception of some

general propositions cited from the literature, all theorems are given in full generality and
proved in detail. This approach ensures that the reader does not need much background
in order to follow the presentation. A good deal of linear algebra and matrix theory
together with some basic knowledge about numerical methods should be sufficient. On
the other hand, the layout of the book makes it hard to find the important statements
immediately. This may be sufficient if reading hints are provided by the lecturer. A
nice feature is the dependency graph indicating which track to follow if one has special
interests.

Each chapter contains bibliographic remarks and exercises. Michael Hanke
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