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This interesting monograph written by recognized specialists in geometric function
theory and quasiconformal mappings represents recent advances in the theory of local
properties of almost everywhere differentiable homeomorphic mappings in the plane,
with the main emphasis on quasiconformal and bi-Lipschitz mappings.

The book is divided into three parts. Part I is mainly introductory and intended,
first of all, for readers not familiar with quasiconformal mappings. The authors give
a systematic account of the basic theory, gathering many important results spread in
various sources. Most of this material is classical and can be found in other books,
though the end of Part I presents more recent achievements which do not seem to be
widely known. In addition, the authors describe how the Beltrami equation, and hence
the study of quasiconformal mappings, arises naturally in various problems of analysis
and mathematical physics, which would be useful for readers interested in applications.

A differentiable one-to-one mapping of a plane domain is quasiconformal if it maps
infinitesimal circles onto infinitesimal ellipses with bounded ratio of semi-axes. How-
ever, quasiconformal mappings do not need to be differentiable at every point. Part II
develops the main topic announced in the title of the book: infinitesimal properties of
quasiconformal maps. Two of the main topics are conditions for conformal differentia-
bility (i.e. existence of a non-vanishing complex derivative at a point) and infinitesimal
geometric properties of the quasiconformal maps at the point of non-differentiability. The
latter problem is studied with the help of the so-called infinitesimal space which is the
set of all limit functions of the family

f(zo+tz) — f(20)

f(z0+1) — f(20)

as the real parameter ¢ — 0. The method applies also to bi-Lipschitz maps, because they
are quasiconformal.

The authors study asymptotic versions of conformality, homogeneity and symmetry
in terms of the complex dilation, of boundary values and of geometry of the image
boundary.

Two (in a certain sense) opposite directions are the conditions for the (local) Lipschitz
continuity and those for points of mazimal stretching, at which the behavior of a
quasiconformal mapping is as “bad” as possible in the sense of the Holder continuity.

Part II is concluded with applications to relationships between the regularity of
quasicircles and boundary behavior of conformal and quasiconformal mappings.

Part III is devoted to applications of quasiconformal mappings including John’s
Rotation Problem arising from the nonlinear elasticity problems, weak solutions to
partial differential equations of the form

div (Q(2)Vu) = 0
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and criteria for univalence and quasiconformal extendibility of holomorphic functions.
This monograph seems to represent the first self-contained and detailed exposition
focusing on infinitesimal behavior of quasiconformal mappings and applications. The
book would be definitely useful for specialists in geometric function theory, theory of
quasiconformal mappings, modern geometric analysis, and nonlinear elasticity theory.
It is written in lucid language and contains all necessary preliminaries. Therefore, one
can recommend this book also for beginning researchers and graduate students as well
as for specialists in other areas of mathematics wishing to deepen their knowledge in
the theory of quasiconformal mappings and its applications. Pavel A. Gumenuk
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