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VORTICES IN GINZBURG-LANDAU EQUATIONS

FABRICE BETHUEL

ABSTRACT. GL models were first introduced by V.Ginzburg and
L.Landau around 1950 in order to describe superconductivity. Similar
models appeared soon after for various phenomena: Bose condensation,
superfluidity, non linear optics. A common property of these models is
the major role of topological defects, termed in our context vortices.

In a joint book with H.Brezis and F.Helein, we considered a simple model
situation, involving a bounded domain  in R?, and maps v from € to
R2. The Ginzburg-Landau functional, then writes

1 1
B) =5 [ Vo + g [Py

Here € is a parameter describing some characteristic lenght. We are
interested in the study of stationary maps for that energy, when e is
small (and in the limit € goes to zero). For such map the potential forces
|v] to be close to 1 and v will be almost S!-valued. However at some
point |v| may have to vanish, introducing defects of topological nature,
the vortices. An important issue is then to determine the nature and
location of these vortices.

We will also discuss recent advances in more physical models like super-
conductivity, superfluidity, as well as for the dynamics: as previously the
emphasis is on the behavior of the vortices.

1991 Mathematics Subject Classification: 35J20, 35J55, 35Q99, 35Q55,
35B98

Keywords and Phrases: Ginzburg-Landau equations, superconductivity,
vorticity, evolution equations

1 INTRODUCTION

Ginzburg-Landau functionals were introduced around 1950 by V.Ginzburg and
L.Landau in order to model energy states of superconducting materials and their
phase transitions. Related functionals appeared soon therafter in various fields
as superfluidity, Bose condensation, nonlinear optics, fluid mechanics and parti-
cle physics. A common feature of these models is that they involve non convex

DOCUMENTA MATHEMATICA - EXTRA VOLUME ICM 1998 - IIT - 11-19



12 FABRICE BETHUEL

potentials, which allow the existence of topological defects for stationary states:
here we will mainly focus on two-dimensional situations, where theses defects are
often termed vortices. In recent years, very importants efforts have been devoted
to their study from a mathematical point of view: we will try here to survey parts
of these works.

We begin with a simple model, which was studied extensively, in particular
in a joint book with H.Brezis and F.Helein [BBH]. Consider a smooth bounded
domain in R? (for instance a disk), and complex valued functions v on Q (i.e maps
v from Q to R?). The simplest possible Ginzburg-Landau functional then takes
the form, for these functions

1 1
B0) =5 [ 190+ 5 [0 =12,

Here € is a parameter describing some characteristic lenght and we will mainly be
interested in the case € is small and in the limit € tends to zero. The potential
V(v) = € 2(1 — |v|?) forces |v], for critical maps for E. to be close to 1 and
therefore, stationnary (or low energy) maps will be almost S'-valued. However,
at some points |v| may have to vanish, introducing “defects”.

To have a well-posed mathematical problem, we prescribe next Dirichlet
boundary conditions: let g be a smooth map from 99 to S', and prescribe v
to be equal to g on 0. Therefore we introduce the Sobolev space

10 R?) = 10 p? —
H (s R°) ={ve H (R"), v=gondQ}.

It is then easy to verify that E. is a C*° functional on H, gl, and that its critical
points verify the Ginzburg-Landau equation

1
Av = 6—21)(1 —|[v*)onQ, v=gondQ. (1)

Standard elliptic estimate show that, any solution to (1) is smooth, that

[v] <lon€) (maximum principle), (2)
V| < ¢ on {2 for C, some constant depending on g, (3)
€
1
12 / (1—w[*)?*<C, provided Qis starshaped. (4)
€ Jo

Since E. is strictly positive, one easily verifies that it achieves its infimum k. on
H} and hence (1) possesses minimizing solutions (not necessarily unique). We will
denote u, these solutions.

2 ASYMPTOTIC ANALYSIS OF MINIMISERS

The winding number d of g ( as map from 9 to S!) is crucial in this analysis,
forcing, when d # 0, vortices to appear.

DOCUMENTA MATHEMATICA - EXTRA VOLUME ICM 1998 - IIT - 11-19



VORTICES IN GINZBURG-LANDAU EQUATIONS 13

2.1 THE CASE d = 0.

In this case, there exists ¢ from 99 to R such that g = expit. Next let ¢, be the
solution of Ay, = 0 on , . = 1 on 0N and consider u, = expip,. Clearly u, is

Sl-valued, so that
1 1
Bw) =5 [ Fuf =35 [ 9.
Q Q

is bounded independently on €. Hence k. remains bounded as € — 0. It is that
easy to show that u — u, in H!. Finally in [BBH2| we carried out more refined
asymptotics, in particular

lus — ul|pe < Ce?.

2.2 THE CASE d # 0.

We may assume, for instance d > 0. In this case there are no maps in H, gl which
are Sl-valued (the fact that there are no continuous S!'-valued maps reduces
to standard degree theory). In particular k. — oo, and we are facing a
singular limit. Since wu. is smooth, the topology of the boundary data forces wu.
to vanish somewhere in 2. The points where u. vanishes play an important role:
the Dirichlet energy will concentrate in there neighborhood, accounting for the
divergence of k.. In [BBH], we established

THEOREM 1 i) There exists a constant C > 0 depending only on g such that
|ke — md|logel| < C,V0<e<1. (5)

1) The map u. has exactly d zeroes, provided € is sufficiently small (these result
relies on a work by P.Baumann, N.Carlson and D.Philips [BCP] ) .

iii) There exists exactly d points a1, ag,- -, aq in Q such that up to a subsequence
, €n — 0,
d
Ue,, — Ux, ON any compact subset of 2\ U{ai} ,
i=1
where

d

z—a

Uy = H “expiy (¢ being a harmonic function).
bl |z — a;

In particular, the winding number around each singularity is +1.
iv) The configuration a; is not arbitrary, but minimizes on QA (where A
denotes the diagonal) a renormalized energy which has the form

Wy(ar,---,aq) =7 Z log |a; — aj| + boundary conditions. (6)
i#]
v) The energy has the expansion, as € — 0
ke = md|loge| + Wy(a1,- - -,aq) + dvyo + o(1)

where vy is some absolute constant.
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14 FABRICE BETHUEL

REMARKS 1) Theorem 1 was established in [BBH| under the additional as-
sumption that 2 is starshaped. This assumption was removed by M.Struwe [Str]
(see also Del Pino-Felmer [DF]).

2) Similar results have been obtained by André and Shafrir, when the potential
depends also on z, [AS], in [BR] for the abelian Higgs models, and in [HJS] for a
self-dual model.

3) Hardt and Lin have studied in [HL] a different singular limit problem, with the
same renormalized energy.

4) A three dimensional analog was studied by Riviere in [R].

3 ASYMPTOTICS FOR NON MINIMIZING SOLUTION

A similar analysis can be carried out for solution which are not necessarily mini-
mizing. Assume ) is starshaped. Then, we have, [BBH], for v, solution to (1):

THEOREM 2 i) There exists some constant C' > 0, such that, for 0 < e <1
E(ve) < C(|loge| +1).

i1) there exists a subsequence €., l points a1,---,a; and l integer dy,---,d; such
that

L z—a \*

—a; . . ,

Ve, — Vs = H <|z a-|) exp ip, where  is harmonic.
i=1 '

ii1) The configuration (a;, d;) is critical for the renormalized energy.

Note that an important difference between minimizing and non-minimizing solu-
tions is that, for the later one, the multiplicity of vortices has not to be +1, and
the vortices of opposite degree might coexist.

4 THE EXISTENCE PROBLEM

In view of Theorem 2, a natural question is to determine whether non-minimizing
solutions do really exist, and if one is able to prescribe the multiplicity of the
vortices. We begin with an elementary example.

4.1 AN EXAMPLE:

Take Q = D? and g(6) = expidf (here (r, §) denote polar coordinate). In view of
the symmetries, one can find a solution v(r, 8) of the form vy (r, 8) = fq(r) exp id#,
where f; verifies the ODE

« ’ 1
P2 S —d2f+6—27“2f(1—f2) =0, f(0)=0, f(1)=1.
Computing the energy of these solutions, one sees that they are of order wd?|log e|:
hence, if |d| > 2, and € is sufficiently small they are non minimizing. [In the case
d = 1, v is minimizing thanks to results by P. Mironescu [Mi]| and Pacard and

Riviere [PaR] ].
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VORTICES IN GINZBURG-LANDAU EQUATIONS 15

Actually, for large d, there are much more solutions. Indeed, the Morse Index
of the solution v, is of order |d|?, for large d ( see [AB1], [BeH]). Therefore, using
symmetries and the index theory of Faddell and Rabinowitz [FR] (a Lyusternik-
Schnirelmann theory in the presence of compact group actions), one obtains the
existence of at least po|d|? orbits of solutions, for large d, where i is some positive
constant (the orbit of a solution v is the set {exp(—ida)v(expiaz), a € [0, 2] }).

4.2 VARIATIONAL METHODS

A complete Morse theory for (1) has yet to be constructed. In view of (6), one
might expect that the level sets for E. are related to the level sets of W, on
¥ =Q4\ A, and hence that the topologie of ¥ might yield solution for (1). This
idea was introduced in [AB1], and then extended by Zhou and Zhou [ZZ]: they
proved that (1) has at least |d| + 1 distinct solutions, for sufficiently small e. They
are using crucially the fact that the cuplenght of ¥ is (at least), |d| — 1, a result
due to V. Arnold [Ar].

We conjecture actually that the number of solutions is much higher. In order
to find solutions with vortices of higher multiplicity, one has also to take into
account vortices of opposite charges and also the fact that they might annihilate.
For that reason, 24\ A is no longer the good model, and one has to turn to spaces
as studied by D.Mc. Duff [McD].

REMARK: Another construction of (stable) solutions has been introduced in
[Li1].

5 SUPERCONDUCTIVITY

We turn now to the original model for superconductivity, as introduced by
Ginzburg and Landau. Here € represents a superconducting sample, he, denotes
the external applied magnetic field. The functional to minimize is now

1 1
F.(u,A) = 3 /Q |V aul> + |dA — heo|* + o /9(1 — |ul?)?.

Here A = Ajdxy + Asdxy is a connection accounting for electromagnetic effects,
and u represents a condensated wave function for Cooper pairs of electrons, the
carrier of superconductivity. In the above renormalized units, |u|? represents the
density of Cooper pairs, so that if |u| ~ 0 the sample is in the normal state, whereas
if |u| ~ 1 the material is in the superconducting state. We will see that for certain
applied fields h.;, the two states may coexist in the same sample (phase transition
of second order). This model leads therefore to many interesting mathematical
questions, often related to physical experiments.

5.1 NON SIMPLY CONNECTED DOMAINS

In this case, permanent currents have been observed, even when h., = 0. Jimbo,
Morita and Zhai [JMZ], Rubinstein and Sternberg [RS] and Almeida [All] have
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16 FABRICE BETHUEL

related this fact to the existence of configurations minimizing the energy in a
topological sector. The threshold energy between different sectors is established
in [Al2] and corresponds precisely to the energy of a vortex.

When the external field is non zero interesting phenomena occur (the Little-
Parks effect), which have been studied in particular by Berger and Rubinstein

([BeR)).

5.2 CRITICAL FIELDS

Suppose € is small, and let €2 be an arbitrary domain. For h., = 0, the minimizing
solution is clearly (up to a gauge transformation) v = 1, A = 0. It is observed
that, until h., reaches a critical field H,,, the minimizing solution has no vortex
(called a Meissner solution). For he, > H,,, vortices appear, and their number
increases with he,. Finally, for he, > H.,, another critical field, superconductivity
dissapears, and the minimizing solution is u = 0.

Stable solutions near H,., have been thoroughly investigated by S. Serfaty [S1,
S2]. In particular the location of the vortices is determined, and it is proved that
many branches of solutions corresponding to various numbers of vortices, coexist
at the same time. For larger fields, homogenized equations for the vortex distribu-
tion have been proposed and studied (see for instance Chapman, Rubinstein and
Schatzman [CRS]).

Finally very precise estimates have been obtained in the one dimensional case
by C. Bolley and B. Helffer (see[BoH]), for different critical fields and values of e.

6 EVOLUTION EQUATIONS

Various evolution equations corresponding to the Ginzburg-Landau system have
been studied. For the heat-flow equation related to (1), Lin [Li2] has shown that
the vortices evolve according to the gradient flow of the renormalised energy (see
also [JS]), in a suitable renormalized unit of time. The Schrédinger equation
(termed also Gross-Pitaevskii equation)

ou

11—

5 = Autu(l—[ul’) (7)

is of special importance, since it appears as a model for superfluids, Bose condensa-
tion, nonlinear optics. It is also related to fluid mechanics, because if u = pexp i,
then V¢ can be interpretated as the velocity in a compressible Euler equation, p?
being the density (with a suitable choice for the pressure).

The dynamics of vortices (on bounded domains) was derived by Colliander
and Jerrard [CJ], as the simplectic gradient for the renormalized energy (see also
[LX]).

When the domain is R?, Ovchinnikov and Sigal [0S1] have shown that when
the initial data has two vortices of the same sign (and hence infinite GL en-
ergy), radiation takes place and the vortices repulse. The existence and behavior
of travelling waves solutions to (7) has been widely considered in the physical
litterature (see for instance Jones, Putterman and Roberts [JPR], Pismen and
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VORTICES IN GINZBURG-LANDAU EQUATIONS 17

Nepomnyashchy [PN], Josserand and Pomeau [P]). This solutions have the forme

u(z,t) =

U(zy — ct, x3) where U is a function on R2. For 0 < ¢? < 2, non con-

stant finite energy solutions exists (rigourous proofs are provided in [BS1], [BS2]).
When c is small, these solution possess two vortices with degrees +1 and —1, the
distance separating the vortices is proportional to the inverse of the speed c¢. The
limiting speed v/2 represents the speed of sound (see [0S2], also for the role of
Cherenkov radiation). Stability of these travelling waves has been studied in the
physical literature: mathematical proofs are still to be provided as well as for the
three dimensional case (vortex rings).
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PHENOMENA OF COMPENSATION AND HSTIMATES

FOR PARTIAL DIFFERENTIAL EQUATIONS

FrREDERIC HELEIN

ABSTRACT. Quantities like the Jacobian determinant of a mapping play
an important role in several partial differential equations in Physics and
Geometry. The algebraic structure of such nonlinearities allow to improve
slightly the integrability or the regularity of these quantities, sometimes
in a crucial way. Focused on the instance of %g—z - g—;%, where a and
b € H'(R?), we review some results obtained on that quantity for 30
years and applications to partial differential equations arising in Geome-
try, in particular concerning the conformal parametrisations of constant
mean curvature surfaces and the harmonic mappingss between Rieman-

nian manifolds.

1991 Mathematics Subject Classification: 35, 43, 49, 53
Keywords and Phrases: Compensation phenomena, Harmonic maps

For 30 years, many remarkable properties concerning some nonlinear quan-
tities like Jacobian determinants of mappings or the scalar product of a diver-
gencefree vector field by the gradient of a function has been observed and used.
One instance is the continuity with respect to the weak convergence in L?. The
basic example is the following : if a; — a weakly and b, — b weakly in H(R™),
then {ak,br}tap = ij?; % - g%g%’; converges to {a,b}.s in the distribution
sense. The discovery and the study of such properties is the subject of the theory
of compensated compactness of F. Murat and L. Tartar [Mu], which became a
powerful tool in the theory of homogeneisation and the study of quasiconvex
functionals. These technics has been recently enlarged, after R. Di Perna, by P.
Gérard [Gé] and L. Tartar [Ta2] independentely in a microlocal context.

We want to tell here a story parallel to compensated compactness’ one.

1 H-SURFACES

It began with the study of surfaces of constant mean curvature H in the Eu-
clidean space R3. Let D? be the unit disk in the plane R2. A local conformal
parametrisation X € H'(D? R3) satisfies

. ,0X 0X . 1,9 3
AX =2H 9 < a9y weakly in H* (D, R”), (1)
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22 FrEDERIC HELEIN

where V x W is the standard vectorial product in R3. H. Wente proved that each
weak solution of (1) is smooth (C>) [W1]. The crucial step of his proof this to
prove that a solution of (1) is continuous. It relies on the particular structure of
the right-hand side of (1). For instance, the first component :

Ax!— of <aX2 oX3  9X? 6X3>

or Oy B dy Ox

is a Jacobian determinant. Later in the the beginning of the eighties, in papers
from H. Wente [W2] and H. Brezis, J.-M. Coron [BrC]|, it became clear that the
main point in Wente’s proof relies on the following. Let a,b € H'(D?,R) and
¢ € L*(D? R) be a weak solution of

_ . 0a0b 0adb >
-A¢p = {a,b}:= 9z 0y 0y ox on D @)
¢ = 0 on 0D?2.

Then ¢ is actually in H'(D?) N C%(D?) and we have the following : there exist
some positive constants C, and Cs such that

1¢llze < Cocl|dal|L2]db]| 2, 3)

||d¢||r= < Col|dal|Lz2||db][Lz. (4)

Both estimations are not true in general if we replace the right hand side of (2)
by an arbitrary bilinear function of a and b : we would then only obtain that
¢ € WP NLT with1 <p<2and1 < q < oco. Here the algebraic structure of
{a, b} is very important and allows us to do many manipulations such as

0 ob 0 ab
{a,b} = % (aa—y) - B_y (CL%)
- the basic trick in the proof.

REMARK FEstimates (3) and (4) lead to other inequalities, similar to the isoperi-
metric inequality in R3, see [BrCJ.

2 ESTIMATES IN REFINED SPACES

In the beginning of the eighties, L. Tartar observed other nice properties on {a, b}
in the framework of fluid dynamics [Tal]. And in 1989, S. Miiller showed that if
u is any function in W1H™(R™ R™) such that det(du) is nonnegative a.e. , then,
det(du)log(1 + det(du)) € L*(R™), which improves slightly the naive observation
that det(du) € L'(R™) [Mii]. We say that det(du) is in L'logL!(R™). The proof
of that fact relies also on the use of the isoperimetric inequality in R™. Notice
that if m = 2 and u = (a,b), then det(du) is just {a,b}.

A few time later, R. Coifman, P.-L. Lions, Y. Meyer and S. Semmes proved
actually that if u is any function in WH™(R™,R™), then det(du) belongs to the
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generalized Hardy space H*(R™) [CLMS]. It includes S. Miiller’s result, for it
was known that any nonnegative function in H!(R™) is in L'logL!(R™). These
authors obtained similar results: for instance, if B € L*(R™,R™) is a divergence
free vector field and V € H(R™,R), then

VV.B € H'(R™), (5)
the exact analog of the “div-curl lemma” of F. Murat and L. Tartar [Mu].

To make sense it is worth to say what is the generalized Hardy space (see
[St]). Several definition coexists. One is the following. Let f € L*(R™), define

flo o)

f*(x) :=sup - .

t>0

where ¢ € C3°(R™) is a function such that f]Rm fé=1. Then

HIR™) = {f € L'R™)/f* € L'(R™)}.

We endow this space with the norm

S e = 111 ee + 117

Notice that, through as theorem of C. Fefferman and E. Stein, BMO(R™) is
the dual space of H!(R™) ([F], [FSt]). The main property of H!(R™) is that there
exists many linear operators (like the Riesz transform) which are continuous on
LP spaces for 1 < p < 0o, but not on L!. But these operators are continuous on

HL(R™).

3 APPLICATIONS TO PARTIAL DIFFERENTIAL EQUATIONS IN GEOMETRY

Many applications of these properties have been obtained in the theory of har-
monic maps.

HARMONIC MAPS INTO A SPHERE
A first example is my result on the regularity of weakly harmonic maps between
a two dimensional domain  and the two-sphere S C R?® [H1]. These are maps
u€ HY(Q,5?%) = {ve H' (QR3)/|v| =1 a.e. } which are weak solutions of

Au + u|dul* = 0, weakly in H'(Q, R?). (6)
Here, no Jacobian determinant appears at first glance and the knowledge that
u|du|* € L' is unuseful. The point is to use another equivalent form of the equation

which is the conservation law
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0 ou 0 ouy R 3
p (u X %> + = (u X —) =0, weakly in H"(Q,R?). (7)

This relation was already observed and used independentely by several authors
([Che], [Sh], [KRS]). Assume without loss of generality that € is simply connected.
We can “integrate” this equation and we deduce that 3B € H*(, R3) such that

0B " ou

97— ux &

ox 0

o5 _ ®)
oy X e

Now, using the fact that |u|?> = 1 a.e., which implies that (u, 2%) = (u, g—Z) =0,

we can rewrite (6) as

. ,0u Ou ,0u Ou
—Au = W e T ey
Ou out Ou ;Ou out Ou

= (W —u

Ox Oz’ Bw>+< dy B_y’8_y>

We recognize in the last expression components of u x g“ and u x 2% 8“ . Thus, using

®),

_Aui = _{ujaBk}_{ijuk}a (9)

for any (i,7, k) which is a circular permutation of (1,2,3). Now equation (9) is
similar to (1) and allows us to prove continuity of u using Wente’s estimate. The
smoothness of u follows from the classical elliptic theory.

This result generalizes in a straightforward way if we replace the target man-
ifold S? by a sphere of arbitrary dimension or a homogeneous manifold, once one
realized that the conservation law (7) is a consequence of the symmetries of S2,
using Noether’s theorem (see [H2]).

This result has also been extended to to the case where the domain € is also
of higher dimension by L. C. Evans [E|. He proved that, if Q is an open subset of
R™ is a weakly stationary map into a sphere, then u is smooth in Q \ S, where
S is a closed subset whose Hausdorff measure of dimension m — 2 vanishes - a
weakly stationary map is a weakly harmonic map satisfying the extra condition
that [, [d(uo ¢¢)* = [, |du|® + o(t), for all smooth family of diffeomorphisms ¢;
acting on 2, such that ¢¢ is the identity mapping.

Evans’ proof relies on the same arguments, plus the following: the extra
condition leads to a monotonicity formula which provides an estimate in BMO.
On the other hand, equations like (9) gives estimates in Hardy spaces, through
the results of [CLMS]. These estimates complete exactly because of the duality
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between H! and BMO.

REMARK It is possible to avoid to use the difficult duality result about H' and
BMO by direct estimates obtained by S. Chanillo [Chal. Even more recently,
more direct proofs without using that duality has been constructed by P. Hajlasz,
P. Strzelecki [HS] and A. Chang, L. Wang, P. Yang [CWY].

HARMONIC MAPS INTO ARBITRARY MANIFOLDS

It has been possible to extend the previous results for weakly harmonic maps into
arbitrary manifolds A/. The difficulty is that in general N is not symmetric and
we cannot apply Noether’s theorem to construct conservation laws. In dimension
2, I did prove that weakly harmonic maps on a surface, into an arbitrary smooth
compact manifold without boundary is smooth, generalizing the preceeding results
for spheres [H3]. After, F. Bethuel generalized Evans’ result to weakly stationary
maps into arbitrary manifolds [Be].

Let AV be a smooth compact Riemannian manifold without boundary. Thanks
to the Nash-Moser theorem, we can assume that N is isometrically embedded in
RN. We define H'(2, N) to be the set of functions u in H'(Q,RY) such that
u € N a.e. Then weakly harmonic maps u € H*(Q, ) are the solutions in the
distribution sense of the system

Au + A(u)(du, du) = 0, (10)

where A(u)(.,.) is the second fundamental form of the embedding of A/ in RY. Tt is
a bilinear form on the tangent space to N at u, with values in the normal subspace
to M at u. Such maps are critical points of the restriction of the functional

E(u):/ﬂ|du|2dfc

on HY(,N). In proving regularity results, the point is to exploit the Euler-
Lagrange equation with suitable test-functions, which in some sense are able to
measure, to calibrate the possible wild behaviour of a given weak solution. One
instance of wild behaviour we have in mind is like the map (z,y) — (cos(log(r)),
sin(log(r)),0), from R? to S?, where r = y/x2 + y? : it is harmonic on R?\ {0} and
its image turns along a great circle faster and faster as (z,y) goes to 0. One would
like to prove that such a singularity (or something which looks asymptotically
like that) does not exists (it actually has an infinite energy). So how to measure
such a wild winding ? If A is S2, we just take the test function u x ¢, where
¢ € H'NL*> (2, R3) and we recover the trick given by Noether’s theorem in writing
the equation as the conservation law (7). In other cases, we need to construct test
functions doing the same job, namely calibrating the possible winding of w. This
obtained by using an orthonormal frame on N, moving along u in the “more
parallel way”. This last requirement means that, although it is not possible in
general to construct a covariantly parallel moving frame, it is possible to minimize
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the covariant derivative of that moving frame along u. The good news are that
the obstruction for constructing a covariantly parallel moving frame along w is the
curvature of N or more precisely the pull-back of the curvature two-form by w.
But this pull-back is just a combination of two-order minors of the kind {a, b}, in
the Hardy space! This is done by the following construction.

We start with a given smooth orthonormal moving frame é(m) =
(é1,...,€,)(m) defined globally on A (m being here a point on N), a smooth sec-
tion of the bundle F of orthonormal tangent frames over A. In many cases, such a
section does not exists globally, because of topological obstructions. Nevertheless,
it is possible to reduce ourself to such a situation, through some geometrical
argument. Then, for any map u € H'(Q,N), we consider the composed moving
frame € o u, a section of the pull-back bundle u*F, together with all the gauge
transformations of €ou, i.e. for all R € H'(Q2, SO(n)), we consider the new frame
efl(z) = éou(z).R(2) for a.e. 2 € Q, or

ea(z) =Y &u(2)]-Ro(2).

b=1

We choose among all e®’s those who minimize the functional

F(eR) ._/ i [<8eaR 6R>2+<ae§ eR>2]d:cd
= o oz b Ay’ b Y.
We call a Coulomb moving frame such a frame. It satisfies the Euler-Lagrange
equation

0 ,0elt 0 ,0el
%<%’e§>+8_y<8—y’e§>:0’ (11)

another conservation law. This equation can be used as (7): some manipulations
shows that 3A? € H'(Q) such that

aAb el

5~ g
0Ab oel
oy~ aw

and that AA? is a sum of Jacobian determinants of the type {a,b}. Namely AA%
times the volume form on  is the pull-back by u of a closed two-form on N related
to the curvature form. This improves slightly the regularity of ef*. In particular,

2 : : oel R Oe R .
we deduce that the L connection coefficients (2, e;") and (&, e;) are in fact
in the Lorentz space L(>1) a slight refinement of the usual L? space (actually it is
the dual space to L(>°°) known as weak L?) (see [StW], [Hu], [BL]). Notice that
the above construction did not use at all the hypothesis that u is weakly harmonic.
Now, if we assume that u is weakly harmonic, we will work with the pro-
jection of equation (10) on the Coulomb moving frame. We hence get a first
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order, Cauchy-Riemann system % = ZZL=1 wgab, where the a®’s are complex
numbers representing the derivatives of 4 and the wj’s are also complex numbers
representing connection coefficients. The preliminary work on the Coulomb
moving frame ensures us that the wj’s are in LY instead of L. This is enough
to prove that u is locally Lipschitz and then that u is smooth.

The regularity theorem of F. Bethuel combines in a delicate way these
arguments and Evans’ ones. For more details on all of that, see [Be] and [H4].

CONFORMAL PARAMETRISATIONS OF SURFACES

In her thesis, T. Toro, proved the surprising (and difficult) result that the graph of
amap ¢ in H?(Q,R), where () is an open subset of R?, is a Lipschitz submanifold,
i.e. that there exists local bilipschitz parametrisations of the graph of ¢. Actually
she proved the more general result that this is true for any surface ¥ whose mean
curvature is a L? function on ¥ [Tor]. Then, a simpler approach has been found
by S. Miiller and V. Svérak [MiiS]. They proved that if ¥ is a surface whose mean
curvature function belongs to L?(3), then a conformal parametrisation of ¥ is a
bilipschitz function. Their result follows from the observation that, for a local
conformal parametrisation X : D?> — ¥, if we denote (e, ez) an orthonormal
frame such that dX = e (e;dx + eady), then

Af = u*Q, (12)

where (2 is the curvature two-form on 3. Thus Af looks like a Jacobian determi-
nant {a, b} and the Wente estimate, or the Coifman, Lions, Meyer, Semmes results
implies boundedness of f in L°°, meaning that X is Lipschitz.

4 THE BEST CONSTANTS
Going back to Wente’s result on the disk D?, it is natural to generalize this in-
equality to arbitrary two-dimensional domain €2 in the plane, or on a Riemannian
surface (M, g) and to look for the best constants in (3) and (4). If

—Ay¢p ={a,b} on M, (13)

we call

Coo(M, g) = inf{osc(p)/¢ is a solution of (13),
where ((l, b) € Hl(Mv]Rz)v ||da||%2 + ||db||2L2 = 2}7

C2(M, g) = inf{||d||32/¢ is a solution of (13),
where (a,b) € H*(M,R?), ||da||3. + ||db]|7. = 2}.
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A priori, Coo(M,g) and C2(M,g) should depend on M and on the metric g.
A first observation is that (13) is invariant under conformal transformations of
(M, g). Thus Co(M, g) and C2(M, g) depend only on the conformal structure of
(M, g). Moreover, F. Bethuel and J.-M. Ghidaglia proved that these constants
were bounded by a universal one [BeG]|

Recently the precise evaluation of these constants were completed by S.
Baraket and P. Topping for Co(M,g) [Ba], [Top] and by Y. Ge for C2(M,g)
[Ge]. We have that

e Cx(M,g) = 5=, for all (M, g).

e C3(M,g) = /1= if OM is non empty and Co(M,g) = (/5o if OM is
empty.

Both result relies on the optimal isoperimetric inequality (on the plane for Co.(€2)
and in R3 for Co(12)).

BACK TO THE BEGINNING

The search for the optimal constant C2(M, g) leads to a variational prob-
lem very similar to the search for the optimal constant in Sobolev embedding of
HY(R™) in L%(Rm). First this problem is invariant under conformal transfor-
mations. Moreover critical points of the functional ||d¢||2. under the constraint
that ||dal|2. + ||db||3. = 2, satisfies the following Euler-Lagrange equation: there
exists a Lagrange multiplier A € (0, 00) such that

Va
U = Vb
A

is a weak solution of

ou Ou
RN X _7
dr Oy
the equation of conformal parametrisations of constant mean curvature surfaces
(see [H4], [Ge]). Hence we are led to another variational formulation of that

geometrical problem. Y. Ge obtained several existence results on this problem, by
constructing minimizing and non-minimizing solutions [Ge].

Au=2
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VISCOSITY SOLUTIONS

OF BELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS

ROBERT R. JENSEN

ABSTRACT. In my talk and its associated paper I shall discuss some re-
cent results connected with the uniqueness of viscosity solutions of non-
linear elliptic and parabolic partial differential equations. By now, most
researchers in partial differential equations are familiar with the definition
of viscosity solution, introduced by M. G. Crandall and P. L. Lions in their
seminal paper, “Condition d’unicité pour les solutions generalisées des
équations de Hamilton-Jacobi du premier order,” C. R. Acad. Sci. Paris
292 (1981), 183-186. Initially, the application of this definition was
restricted to nonlinear first order partial differential equations—i.e.,
Hamilton-Jacobi-Bellman equations—and it was shown that viscosity so-
lutions satisfy a maximum principle, implying uniqueness. In 1988 an
extended definition of viscosity solution was applied to second order par-
tial differential equations, establishing a maximum principle for these
solutions and a corresponding uniqueness result. In the following years
numerous researchers obtained maximum principles for viscosity solutions
under weaker and weaker hypotheses. However, in all of these papers it
was necessary to assume some minimal modulus of spatial continuity in
the nonlinear operator, depending on the regularity of the solution, and
to assume either uniform ellipticity or strong monotonicity in the case
of elliptic operators. The results I shall discuss are related to attempts
to weaken these assumptions on the partial differential operators—e.g.,
operators with only measurable spatial regularity, and operators with
degenerate ellipticity.

1991 Mathematics Subject Classification: 35, 49, 60
Keywords and Phrases: nonlinear, elliptic, partial differential equations,
viscosity solution, stochastic process

1 VISCOSITY SOLUTIONS: A BRIEF HISTORY

Although the history of viscosity solutions begins in 1981/83, depending on your
individual bias, an important precursor is found in the work of S. N. Kruzkov.
In fact, it’s noted in [12] that, “analogies with S. N. Krukov’s theory of scalar
conservation laws ([29]) provided guidance for the notion [of viscosity solutions]
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and its presentation.” In this context one should also mention L. C. Evans [16],
which developed techniques that serendipitously anticipated the introduction of
viscosity solutions.

M. G. Crandall and P. L. Lions announced the discovery of viscosity solu-
tions in 1981 ([10]). Complete proofs and details were presented shortly after this
in their landmark paper [11]. However, the definition of viscosity solution used
in this paper bears little resemblance to any of those we now employ. It is in
M. G. Crandall, L. C. Evans and P. L. Lions [9] where we first see a systematic
use of one of the now familiar definitions of viscosity solutions. P. L. Lions was
quick to grasp the potential in extending the notion of viscosity solutions to more
general PDEs—(10] and [11] only deal with first order Hamilton-Jacobi-Bellman
equations. His papers, [30] and [31], are the first attempts to extend the first order
results of [11] to second order equations. Using stochastic control theory, he was
able to prove a maximum principle for viscosity solutions of convex (or concave)
nonlinear second order Hamilton-Jacobi equations.

It was five years later that methods were developed which extended the theory
of viscosity solutions to fully nonlinear second order elliptic PDEs. In the first of
these papers R. Jensen [24] proved a maximum principle for Lipschitz viscosity
solutions to the fully nonlinear second order elliptic PDE on a bounded domain
QCR"

F(u,Du,D*u)=0 in Q (1)

Next, in a short note R. Jensen, P. .L. Lions, and P. E. Souganidis [28] removed
the hypothesis of Lipschitz continuity from the viscosity solution. At about the
same time, using the ideas in [24], N. Trudinger proved C*® regularity for viscosity
solutions of uniformly elliptic problems ([35]), and a maximum principle for such
solutions ([36]). Then H. Ishii [20] made an important contribution by removing
the assumption of spatial independence in the PDE. I.e., the maximum principle
could now be applied to viscosity solutions of

F(z,u,Du,D*u) =0 in Q (2)

Finally, in concurrently developed papers H. Ishii and P. L. Lions [22], and
R. Jensen [25] significantly extended [20] giving very general (and in [25], a rather
complicated technical) conditions under which a maximum principle holds for vis-
cosity solutions of (2). In particular, suppose the functions F'(z,t,p, M) appearing
in (2) is given by the formula

F(z,t,p, M) = ,rﬁneerl {rﬁgg {QZV(QU)@?ZV (x)ym;; + b'f’Y(x)pi — PV (@)t - h,@’Y(m)}}
(3)

where M = (m;;), p = (p1,...,pn) and summation is implicit over the indices
i, 7, and l. Then we have from [25]

COROLLARY 5.11. Let F be the function defined by (3) and assume {(a?}(z))}
are uniformly Lipschitz continuous in €, {(bzﬁ A’(m)) } are uniformly Lipschitz con-
tinuous in Q, and {(c’¥(x))} and {(h"V(x))} are equicontinuous in Q. If u is a
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viscosity subsolution of (2), v is a viscosity supersolution of (2), and
F(l‘,t,p, M) - F(LL‘, S, 4, N) < max{Kltrace(M - N)a K2(S - t)} +K3|p_ Q| (4)

then

sup(u —v)" < sup(u —v)" (5)
Q o9

We also have two other corollaries from [25] which demonstrate the link between
the spatial dependence of F' and the regularity of the viscosity solution.

COROLLARY 5.14. Let F be the function defined by (3) and assume {(a?}(z
are uniformly Hélder continuous with exponent v(> 1/2) in Q, {(bﬁ”(m) }

} and

{(nP(2))} are equicontinuous in Q. If u is a viscosity subsolution of (2), v is
a viscosity supersolution of (2), either u or v is Holder continuous with exponent
a>2—2y, and (4) holds, then

\_/\_/

uniformly Hélder continuous with exponent 2y — 1 in Q, and {(cﬁ“’(x)

sup(u —v)" < sup(u —v)* (6)
Q 00

COROLLARY 5.16. Let F be the function defined by (3) and assume { (a3 (x))}
are uniformly Hélder continuous with exponent v(< 1/2) in Q, {(bl’gw( ))} are

equicontinuous in 2, and {(c®¥(z))} and {(h"7(z))} are also equicontinuous in

Q. Ifu is a viscosity subsolution of( ), v is a viscosity supersolution of (2), either
u or v is in CH*(Q) 27, and (4) holds, then

sup(u —v)" < sup(u —v)* (7)
Q 00

While the preceding results are not sharp, they do indicate how the assumption
of greater regularity of the viscosity solution allows us to reduce the regularity in
the spatial dependence of F' necessary to prove a maximum principle. Specifically,
in conjunction with regularity results about the gradient (e.g., [35]), one obtains
a fairly general maximum principle (compare [36]).

It was also during this period that L. Caffarelli’s famous paper [3] on in-
terior a priori estimates for viscosity solutions appeared. It was in this paper
that Caffarelli extended the classical W?2P, C1®, andC?® interior estimates, us-
ing the Aleksandov-Bakelman-Pucci maximum principle, the Calderon-Zygmund
decomposition lemma, and an extremely clever application of the Krylov-Safonov
Harnack inequality. By eschewing the traditional approach used for linear PDEs—
singular integral operator theory—he obtains results which are powerful enough
to apply to fully nonlinear uniformly elliptic operators.
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2 VISCOSITY SOLUTIONS: RECENT RESULTS

The two most exciting (or depressing, depending on your point of view) recent
results are a pair of counterexamples due to N. Nadirashvili. The first ([32]), is
an example of nonuniqueness for linear uniformly elliptic PDEs with bounded,
measurable coefficients. I.e., consider the equation

n 2
Z aij(x) Ou = f(m) in QCR"

;04
ij=1 Ozidz,

uloa(z) = g(z)

(8)

If (aij(x)) are bounded, measurable and uniformly elliptic, f is bounded and
measurable, and g is bounded and continuous we may define a solution of (8)
as a limit of solutions of

" 0%uF

Z af.(r) =——— = f(z) in QCR"
=1 7 8:131‘8:13]‘

u*loq(z) = g()

9)

where {(afj (z))} are smooth and converge almost everywhere to (a;;(z)). The se-
quence {uk} is equicontinuous due to Krylov’s Holder continuity estimates. Hence,
the sequence has accumulation points. We may view these accumulation points as
“good” solutions of (8). If there is only one accumulation point no matter what
approximating sequence we use, then (in some sense) the “good” solution of (8) is
unique.

Under certain conditions it is possible to prove that “good” solutions of (8) are
unique. For example, M. C. Cerutti, L. Escauriaza, and E. B. Fabes [6] prove this
if the set of discontinuities of (a;;(z)) is countable with at most one accumulation
point. M. Safonov [34] proves uniqueness if the set of discontinuities of (a;;(x)) has
sufficiently small Hausdorff dimension. In this connection R. Jensen [27] defines a
measure theoretic notion of viscosity solution and proves that viscosity solutions
and “good” solutions are equivalent. A continuous function u € C(Q) is a viscosity
subsolution of (8) if for any ¢ € C?(2) such that (u—¢)(x) > (u—¢)(y) for all y €
Q and for all n > 0

lim sup in Z ai; (y) (8264; (z) + 7}5ij> —fly)| dy>0 (10)

e—=0 €7 JB(z,e)

ij=1

it’s a viscosity supersolution if for any ¢ € C?(Q) such that (u — ¢)(z) < (u —
@)(y) for all y € Q and for all n > 0

n 2
lim sup in Z ai; (y) (Bfig;j (x) — 7751‘]‘) —f(y)| dy>0 (11)

e—=0 €7 JB(z,e)

ij=1

and it’s a viscosity solution if it’s both a subsolution and a supersolution. It’s
relatively easy to see that a “good” solution is always a viscosity solution. Amaz-
ingly, it’s also possible to show that if u is a viscosity solution of (8), then there is
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k

a sequence of coefficients { (af;(x)) } converging to (a;;(x)) such that the solutions

{uF} of (9) converge to u.

It follows that viscosity solutions is the “right” or “natural” space to work in
when studying solutions of (8). The counterexample of [32] shows that multiple
viscosity solutions of (8) do can exist. I.e., viscosity solutions of (8) are not unique.
Still, [27] has some interesting consequences. For example, suppose (a;;(z)) are
continuous. Then we know from the general theory of linear PDEs that there is a
solution w € W2P(Q) NC(Q) for any p > n. Such solutions are unique and stable.
It now follows from [27] that if u is a viscosity solution of (8), then w = w. Thus,
if (a;j(x)) are continuous, then viscosity solutions of (8) are in W*?(2). In a pair
of papers related to [27], [5] and [8], L. Caffarelli, , M. G. Crandall, M. Kocan,
P. Soravia, and A. Switgch examine the notion of a LP-viscosity solutions. In the

context of (8) a function u € W2P(Q) for p > n/2 is a LP-viscosity subsolution of
(8) if for any ¢ € VVlicq(Q) such that ¢ > p and (u—¢)(y) has a local max at y =z
then

li i R — > 12
ess im sup g::l ai; (y) 9207, (y) = fly) p =0 (12)

it’s a LP-viscosity supersolution if for any ¢ € VV;(?(Q) such that ¢ > p and
(u — ¢)(y) has a local min at y = = then

" 0%
: : .. — <
ess 11?1;11 19101f 1;21 aij (y) dx;0z; (y)—fly) p <0 (13)

and it’s a LP-viscosity solution if it’s both a subsolution and a supersolution. The
authors prove a variety of interesting results concerning such solutions. In par-
ticular they they show that that such solutions are twice differentiable almost
everywhere, they examine the relationship between various definitions of viscosity
solutions (in the measurable context), and they extend and generalize the results
in [27]. One of the tools in their analysis is the interesting paper of L. Escau-
riaza ([15]), which extends the classical Aleksandrov-Bakelman-Pucci maximum
principle.

Nadirashvili’s second counterexample, [33], shows that there is a smooth func-
tion F such that the solution of (2) is not C?. This is important because this result
shows that the C?® regularity theory—the Schauder estimates—of linear PDEs
doesn’t hold for fully nonlinear PDEs, underscoring the importance of the theory
of viscosity solutions to elliptic PDEs. Applications of viscosity solutions to de-
generate elliptic and parabolice PDEs also underscore their importance. One of
the more widely known applications has been to the problem of motion by mean
curvature. The idea of embedding the hypersurface as a level set of some initial
value and evolving the initial data by the appropriate degenerate parabolic PDE
goes back to L. C. Evans and J. Spruck [19], and Y. G. Chen, Y. Giga, and S. Goto
[7]. Showing that the level set’s evolution was independent of the particular initial
data used, they were able to prove existence and uniqueness results for the motion
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by mean curvature problem. These results have been expanded on and generalized
in L. C. Evans [18], and H. Ishii, and P. E. Souganidis [23].

In a different vein R. Jensen [26] studied a highly nonlinear degenerate ellip-
tic PDE in the context of L minimization and the limit of the p-Laplacian as
p goes to infinity. Recently this operator has also been connected to the Monge-
Kantorovich problem of optimal transport, and (I have been told) to image pro-
cessing. The problem studied in [26] is to find the “best” Lipschitz extension into
Q of the boundary data g(x). This is reduced to the problem of existence and
uniqueness of the nonlinear PDE

5’—“ % 0%u
2 Dd oW, =0 AR (14)
ulon(z) = g(@)

It is easy to see that (14) is both degenerate elliptic and singular at Du(z) = 0.
Never the less, it was shown that viscosity solutions of (14) exist and also satisfy a
maximum principle. Hence, they are unique. Furthermore, for this problem there
are also counterexamples to the existence of classical solutions. In fact, the best
regularity for this problem appears to be C1'®, but a proof of this remains open.
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MINIMAL REGULARITY SOLUTIONS

OF NONLINEAR WAVE EQUATIONS

HANS LINDBLAD

ABSTRACT.

Inspired by the need to understand the complex systems of non-linear wave
equations which arise in physics, there has recently been much interest in
proving existence and uniqueness for solutions of nonlinear wave equations
with low regularity initial data.

We give counterexamples to local existence with low regularity data for the
typical nonlinear wave equations. In the semi-linear case these are sharp, in
the sense that with slightly more regularity one can prove local existence.

We also present join work with Georgiev and Sogge proving global existence
for a certain class of semi-linear wave equation. This result was a conjec-
ture of Strauss following an initial result of Fritz John. We develop weighted
Strichartz estimates whose proof uses techniques from harmonic analysis tak-
ing into account the symmetries of the wave equation.

1991 Mathematics Subject Classification: 35L70
Keywords and Phrases: Non-linear wave equations, hyperbolic equations,
local existence, low regularity solutions, Strichartz estimates

INTRODUCTION.

Recently there has been much interest in proving existence and uniqueness of
solutions of nonlinear wave equations with low regularity initial data. One reason
is that many equations from physics can be written as a system of nonlinear wave
equations with a conserved energy norm. If one can prove local existence and
uniqueness assuming only that the energy norm of initial data is bounded then
global existence and uniqueness follow. Therefore it is interesting to find the
minimal amount of regularity of the initial data needed to ensure local existence
for the typical nonlinear wave equations.

We give counterexamples to local existence with low regularity data for the
typical nonlinear wave equations. In the semi-linear case the counterexamples are
sharp, in the sense that with slightly more regularity one can prove local existence.
It is natural to look for existence in Sobolev spaces, since the Sobolev norms are
more or less the only norms that are preserved for a linear wave equation. The
counterexamples involve constructing a solution that develops a singularity along
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a characteristic for all positive times. In the quasi-linear case it also involves con-
trolling the geometry of the characteristic set. The norm is initially bounded but
becomes infinite for all positive times, contradicting the existence of a solution in
the Sobolev space. The counterexamples are half a derivative more regular than
what is predicted by a scaling argument. The scaling argument use the fact that
the equations are invariant under a scaling to obtain a sequence of solutions for
which initial data is bounded in an appropriate Sobolev norm. The counterexam-
ples were not widely expected since for several nonlinear wave equations one does
obtain local existence down to the regularity predicted by scaling.

On the other hand, the classical local existence theorems for nonlinear wave
equations are not sharp in the semi-linear case. These results were proved us-
ing just the energy inequality and Sobolev’s embedding theorem. Recently they
were improved using space-time estimates for Fourier integral operators known as
Strichartz’ estimates, and generalizations of these. There are many recent results in
this field, for example work by Klainerman-Machedon[13-15], Lindblad-Sogge[24],
Grillakis[6] Ponce-Sideris[26] and Tataru. In particular, Klainerman-Machedon
proved that for equations satisfying the ‘null condition’, one can go down to the
regularity predicted by the scaling argument mentioned above. In joint work with
Sogge[24] we prove local existence with minimal regularity for a simple class of
model semi-linear wave equations. There are related results for KAV and nonlinear
Schréodinger equations, for example in work by Bourgain and Kenig-Ponce-Vega.

Whereas the techniques of harmonic analysis were essential in improving the
local existence results, the Strichartz estimates are not the best possible global
estimates since they do not catch the right decay as time tends to infinity if the
initial data has compact support. The classical method introduced by Klainerman
[11,12] to prove global existence for small initial data is to use the energy method
with the vector fields coming from the invariances of the equation. However, this
method requires much regularity of initial data and also the energy method alone
does not give optimal estimates for the solution since it is an estimate for deriva-
tives. We will present joint work with Georgiev and Sogge giving better global
estimates using techniques from harmonic analysis taking into account the invari-
ances or symmetries of the wave equation. We obtain estimates with mixed norms
in the angular and spherical variables, with Sogge[24], and weighted Strichartz’
estimates with Georgiev and Sogge[4]. Using these new estimates we prove that
a certain class of semi-linear wave equations have global existence in all space
dimensions. This was a conjecture by Strauss, following an initial result by John.

1. COUNTEREXAMPLES TO LOCAL EXISTENCE.

We study quasi-linear wave equations and ask how regular the initial data must
be to ensure that a local solution exists. We present counterexamples to local
existence for typical model equations. Greater detail of the construction can be
found in Lindblad [20-23]. In the semi-linear case the counter examples are sharp
in the sense that for initial data with slightly more regularity a local solution exists.
This was shown recently in Klainerman-Machedon [13-15], Ponce-Sideris[26] and
Lindblad-Sogge[24] using space time estimates know as Strichartz’ estimates and
refinements of these. However for quasi-linear equations it is still unknown what
the optimal result is; there is a gap between the counterexamples and a recent
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improvement on the existence result by Tataru[42] and Bahouri-Chemin[1].
Consider the Cauchy problem for a quasi-linear wave equation:
Ou = G(u,u',u"), (t,z) € St =10,T) x R",
U(O, :17) = f(m)v ut(ovm) = g(:z:),
where G is a smooth function which vanishes to second order at the origin and
is linear in the third variable u”. (Here 0 =07 — Y7, 82..) Let H” denote the

homogeneous Sobolev space with norm || f{| 7, = || |Dz|" f|| .2 where |D,| = /—-A,
and set

(1.1)

- 2 2
(1.2) e, )12 = / (| 102" et 2)[* + | |Dalult, 2) ) da.
We want to find the smallest possible v such that
(1.3) (f.9) € H'(R") x H~}(R™),
(1.4) supp f Usuppg C {;|z| < 2}

implies that we have a local distributional solution of (1.1) for some T" > 0, satis-
fying

(1.5) (u,8yu) € Cy([0,T); HY(R™) x HYY(R™)).

To avoid certain peculiarities concerning non-uniqueness we also require that u
is a proper solution:

Definition 1.1. We say that u is a proper solution of (1.1) if it is a distributional
solution and if in addition w is the weak limit of a sequence of smooth solutions
ue to (1.1) with data (¢. * f, de * g), where ¢.(x) = ¢(x/e)e™™ for some function
¢ satisfying ¢ € C§°, [¢dz = 1.

Even if one has smooth data and hence a smooth solution there might still be
another distributional solution which satisfies initial data in the space given by
the norm (1.2). In fact, u(t,x) = 2H(t — |z|)/t satisfies OJu = u® in the sense of
distribution theory. If v < 1/2 then ||u(t,-)||, — 0 when ¢t — 0 by homogeneity.
Since u(t,xz) = 0 is another solution with the same data it follows that we have
non-uniqueness in the class (1.5) if v < 1/2. Definition 1.1 picks out the smooth
solution if there is one.

Our main theorem is the following:

THEOREM 1.2. Consider the problem in 3 space dimensions, n = 3, with
Lu = (Dl U)Dkiluv D= (81’1 - at)v
u(O,x) = f(x)’ ut(oa 3;‘) = g(x)v

where 0 <1<k —-1<2,1=0,1. Let vy = k. Then there are data (f,g) satisfying
(1.3)-(1.4), with || f|l g+ + 1|9l grv-1 arbitrarily small, such that (1.6) does not have
any proper solution satisfying (1.5) in St = [0,T) x R3 for any T > 0.

(1.6)

Remark 1.3. Tt follows from the proof of the theorem above that the problem is
ill-posed if v = k. In fact there exists a sequence of data f., g. € C§5°({=; |z] < 1})
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with || fo|| g+ + |gell jv—1 — 0 such that if T, is the largest number such that (1.6)
has a solution u. € C*°([0,7:) x R?), we have that either T. — 0 or else there are
numbers t. — 0 with 0 < ¢t. < T} such that ||u.(t., )|y = co. It also follows from
the proof of the Theorem that either there is no distributional solution satisfying
(1.5) with v = k or else we have non-uniqueness of solutions in (1.5).

Remark 1.4. By a simple scaling argument one gets a counterexample to well-
posedness, but it has lower regularity than our counterexamples:
n—4

5
Indeed, if w is a solution of (1.6) which blows up when ¢t = T then u.(t,z) =
eF=2u(t/e,z/€) is a solution of the same equation with lifespan 7. = T and
|1e (0, )|y = eF=2F7/2=7||u(0, )|, — 0 if ~y satisfies (1.7). By contrast, our coun-
terexamples are designed to concentrate in one direction, close to a characteristic.
It appears that our construction has a natural generalization to any number of
space dimensions n, with the initial data lying in H v,

(1.7) v<k+

n—3

(1.8) v <kt

Remark 1.5. In Klainerman-Machedon[13,15] it was proved that for semi-linear
wave equations satisfying the “null condition” one can in fact get local existence
for data having the regularity (1.7) predicted by the scaling argument.

Now, there is a unique way to write (1.6) in the form

3
(1.9) > ¢%(u)0a, 00, u = F(u, Du)

J,k=0

where zg =t and ¢’*(u) are symmetric. In the semi-linear case g% = m7*  where
m7* is given by (1.10). We now define the notion of a domain of dependence.

Definition 1.6. Assume that Q@ C R, x R? is an open set equipped with a
Lorentzian metric gj; € C(£2) such that inverse g/* satisfies

3
(1.10) Z |g7% —mI*| < 1/2, where

{moo—l, mil=—-1,5>0
4,k=0

mik =0, if j#k
Then  is said to be a domain of dependence for the metric g;; if for every compact

subset K C Q there exists a smooth function ¢(x) such that the open set H =
{(t,x); t < ¢(zx)} satisfies

(1.11) HCQ, KCcH
and JH is space-like, i.e.
3
(112) Y ¢*(t,2)N;(@)Ni(z) >0, if t=¢(z), N(z)=(1,-V.p()).
7,k=0

Since a solution u to (1.6) gives rise to a unique metric ¢, we say that Q is a
domain of dependence for the solution u if it is a domain of dependence for g;.
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LEMMA 1.7. There is an open set @ C Ry x R3 and a solution u € C*(Q) of
(1.6) such that Q is a domain of dependence and writing

(1.13) Q= {=; (t,z) € Q},
we have that 0}y is smooth,
(1.14) / (0, — Bt)ku(t,x))z de =00, t>0, and
Q
(1.15) Z / (B'Bu(t,av))2 dr < oo, when t=0, where
1BI<k

B = (Bo,...,03) and 8° = 8ﬁ0/8:1:g° e 8ﬁ3/8x§3. Furthermore in the quasi-linear
case, k — 1 =2, the norms || D'ul|~(q) can be chosen to be arbitrarily small.

Proof of Theorem 1.2. By Lemmas 1.7 we get a solution u in a domain of depen-
dence Q with initial data u(0,x) € H*() and w(0,2) € H*"1(Qg). We can
extend these to f € H*(R?) and g € H*"1(R3), see Stein[36]. If there exist a
proper solution u of (1.6) in Sy = [0,T] x R® with these data, it follows from
Definition 1.1 and Lemma 1.8 that u is equal to @ in S N, contradicting (1.5).

LEMMA 1.8. Suppose u € C*(Q) is a solution to (1.6) where Q is a domain of
dependence. In the quasi-linear case, k—1 = 2, assume also that || D'ul|peq) < 6.
Suppose also that u. € C*°(St), where St = [0,T) x R3, and u. are solutions
of (1.6) with data (f.,g:) where fo — f and g — g in C°(Ky) for all compact
subsets of Ko of Qo = {x;(0,2) € Q}. Then u. — u in QN Sy.

It is essential that €2 is a domain of dependence for Lemma 1.8 to be true; one
needs exactly the condition (1.12) in order to be able to use the energy method.

Let us now briefly describe how to construct the solution u and the domain of
dependence 2 in Lemma 1.7. First we find a solution w1 (¢, 1) for the correspond-
ing equation in one space dimension, (1.16), which develops a certain singularity
along a non time like curve z1 = p(t), with (0) = 0. The initial data (1.17)-(1.18)
has a singularity when z; = 0 and because of blow-up for the nonlinear equations,
the singularity that develops for ¢ > 0 is stronger than the singularity of data.
Then u(t,x) = uy(t,z1) is a solution of (1.6) in the set {(¢,z); 1 > u(t)}. The
singularity of data is however too strong for the integral in (1.15) over this set to
be finite when ¢ = 0. Therefore we will construct a smaller domain of dependence,
Q, satisfying (1.20), such that the curve z1 = u(t), xo2 = x3 = 0, still lies on ON2.

One can find rather explicit solution formulas for the one dimensional equations;

(116) (811 +at)(al’1 _at)ul(ta :131) + (811 _at)lul(ta ml)(all _at)kilul(tv 1131) =0.

By choosing particular initial data

u1(0,21) = X" (z1), Oru1(0,21) = 0, if k=0,1=0,
(1.17) u1(0,21) = —x'(x), Orur(0,21) = X" (x1) + X' (z1)?, ifk=1,1=0,
u1(0,21) =0, Opu1(0,21) = —X(g_k)(ml), if k> 2,
z1
(1.18) where x(z1) = / —c|log|s/4||%ds, 0<a<1/2,e>0
0

we get a solution
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(1.19)  uy € C°(QY), where Q' = {(t,x1);u(t) <z <2—t} CRy xR!

for some function u(t) with (0) = 0, such that Q! is a domain of dependence
and such that ui(¢,x1) has a singularity along x1 = p(¢). One sees this from
the solution formulas which can be found in Lindblad[22,23]. Essentially what is
happening is that the initial data (1.17)-(1.18) has a singularity when z; = 0. For
the linear equation, uy — ug,,, = 0, the singularity would just have propagated
along a characteristic, however the nonlinearity causes the solution to increase
and this strengthens the singularity for ¢ > 0. (This is the same phenomena that
causes blow-up for smooth initial data.)

Define Q C R, x R3 to be the largest domain of dependence for the metric
obtained from the solution u(t,x) = uy(t,z1) (see (1.9)), such that

(120) QcC Q' xR? Qy={2;(0,2) € Q} = By = {=; |z — (1,0,0)| < 1}.

(It follows from Definition 1.6 that the union and intersection of a finite number

of domains of dependence is a domain of dependence so indeed a maximal domain

exists.) It follows that u(t, z) = u1(t, z1) is a solution of (1.6) in  satisfying (1.17)

in Q. The initial data (1.17)-(1.18) was chosen so that (1.15) just is finite if ¢ = 0
Let ©; be as in (1.13) and

(1.21)  Si(z1) = {(x2,73) € R%; (x1,22,23) € U}, ar(z1) :/ dzo dzs.
St(azl)

With this notation the integral in (1.14) becomes

(1.22) /@) ar(21) By — 00)ur(t, 21))? dy.

The proof that this integral is infinite consists of estimating the two factors in the
integrand from below, close to x1 = pu(t).

In the semi-linear case the metric g7% is just m7* so Q' is a domain of dependence
if and only if z/(¢) > 1 and it follows that = Q' x RZNA, where A = {(t,z); |z —
(1,0,0)| +t < 1}. Hence for z1 > u(t); Si(w1) = {(2,23); (1 — 1)? + 23 + 2% <
(1—1)2} so then a¢(z1) = w(2—t—21)(x1 —t). Also, the specific solution formulas
are relatively simple. In particular if K — [ = [ = 1 then its easy to verify that

X' (z1 —t)

1.23 Oy — O (t,21) = —2L =2 0,2) =0

(123 (@, = Bt ) = 75 7 w(0.)
satisfies (1.16)-(1.17) when 1 + ¢x/(x1 — t) > 0. Since x'(0+) = —oo and x” > 0
it follows that there is a function w(t), with p'(¢) > 1 and p(0) = 0, such that
1+t (x1 —t) =0, when 1 = p(t). Hence 1 + tx/(z1 —t) < C(t)(z1 — p(t)) so

1/2 V2 (g —t)d
2 L1 L1
(1.24) / ay(21)((0z, — O)ur(t, 1)) day > / =00
o (e VA Z ] CaPn - woP

However, in the quasi-linear case, estimating a(z1) from below requires a de-

tailed analysis of the characteristic set 92 for the operator (1.25), see Lindblad[23].

3
(1.25) 0f =3 02, = V(0s, — 0r)°, where V = (0, — 0;)'ua.
=1
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2. GLOBAL EXISTENCE

We will present sharp global existence theorems in all dimensions for small-
amplitude wave equations with power-type nonlinearities. For a given “power”
p > 1, we shall consider nonlinear terms F}, satisfying

(2.1) | (0/0u) Fy(u) | < CjlulP™, j=0,1.

The model case, of course, is F(u) = |ulP. If Rf‘" =Ry xR" and if f,g €
C§°(R™) are fixed, we shall consider Cauchy problems of the form

Ou = Fp(u), (t,z)€ R
{ u(0,z) =ef(x), dwu(0,x) = eg(x),
where 00 = 92/0t> — A,. Our goal is to find, for a given n, the range of powers
for which one always has a global weak solution of (2.2) if ¢ > 0 is small enough.

In 1979, John [9] showed that for n = 3, (2.2) has global solutions if p > 1+ /2
and € > 0 is small. He also showed that when p < 1++/2 and F,(u) = |u|? there is
blow-up for most small initial data, see also [17]. It was shown later by Schaeffer
[28] that there is blowup also for p = 14 /2. After Johns work, Strauss made the
conjecture in [38] that when n > 2, global solutions of (2.2) should always exist if
€ is small and p is greater than a critical power p. that satisfy
(2.3) (n—1)p2 —(n+1)p.—2=0, p.> 1.

This conjecture was shortly verified when n = 2 by Glassey [5]. John’s blowup
results were then extended by Sideris [30], showing that for all n there can be
blowup for arbitrarily small data if p < p.. In the other direction, Zhou [43]
showed that when n = 4, in which case p. = 2, there is always global existence for
small data if p > p.. This result was extended to dimensions n < 8 in Lindblad
and Sogge [25]. Here it was also shown that, under the assumption of spherical
symmetry, for arbitrary n > 3 global solutions of (2.2) exist if p > p. and ¢ is small
enough. For odd spatial dimensions, the last result was obtained independently
by Kubo [16]. The conjecture was finally proved in all dimensions by Georgiev-
Lindblad-Sogge[4]. Here we will present that argument.

We shall prove Strauss conjecture using certain “weighted Strichartz estimates”
for the solution of the linear inhomogeneous wave equation

Ow(t,z) = F(t,z), (t,z)eR™
{ w(0, -) = dw(0, -) = 0.
This idea was initiated by Georgiev [3]. We remark that we only have to consider
powers smaller than the conformal power peont = (n + 3)/(n — 1) since it was
already known that there is global existence for larger powers. See, e.g., [24].
Let us, however, first recall the inequality for (2.6), that John [9] used;

It = |2}~ w]| po ey < CplltP(t = [2)P P72 || o 2o

(2.2)

(2.6)

)7

if F(t,£)=0,t—|z|<1, and 14+vV2<p<3.
Unfortunately, no such pointwise estimate can hold in higher dimensions due to
the fact that fundamental solutions for [0 are no longer measures when n > 4.
Despite this, it turns out that certain estimates involving simpler weights which
are invariant under Lorentz rotations (when R = 0 ) hold;
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THEOREM 2.1. Suppose that n > 2 and that w solves the linear inhomogeneous
wave equation (2.6) where F(t,z) =0 if || >t+ R —1, R > 0. Then

@7) (¢ + R) — 2wl ooy < Conll((E+ RY — (22 F sy oy
provided that 2 < ¢ <2(n+1)/(n—1) and
(2.8) m<n(l/2—-1/q)—1/2, and v2 > 1/q.

One should see (2.7) as a weighted version of Strichartz [39,40] estimate;
(2.9) ||w||L2(n+1)/<n—1>(mi+n) < C||F||L2(n+1)/<n+s>(R3r+n)o

If one interpolates between this inequality and (2.7), one finds that the latter
holds for a larger range of weights (see also our remarks for the radial case below).
However, for the sake of simplicity, we have only stated the ones that we will use.

Let us now give the simple argument showing how our inequalities imply the
proof of Strauss conjecture. Let u_; = 0, and for m = 0,1,2,3,... let u,, be
defined recursively by requiring

{ Dum = Fp(um_l)
um(0,2) = ef(z), drum (0, ) = eg(z),

where f,g € C§°(R™) vanishing outside the ball of radius R — 1 centered at the
origin are fixed. Then if p. < p < (n+3)/(n — 1), we can find v satisfying

(2.10) /plp+1) <y <((n—1p—(n+1))/2(p+1).
Set
(2.11) Am = |I((t+ R)? - IwIZ)”umIILw(RE")-

Because of the support assumptions on the data, domain of dependence con-
siderations imply that u,,, and hence Fp(uy,), must vanish if || >t + R —1. It
is also standard that the solution ug of the free wave equation Clug = 0 with the
above data satisfies ug = O(e(1+1)~(»=D/2(1 + |t — |z||)~(»~1)/2). Using this one
finds that Ag = Cpe < co. It follows from (2.10) that

(2.12) v<n(l/2-1/q)—1/2, and py>1/q, if ¢=p+1,
so if we apply (2.7) to the equation O(uy, — ug) = Fp(um—1) we therefore obtain

I1((t+ R)* = ) | o2
<+ R)? = [2*) uollzosr + Crll((t+ R)? = &) um—1[?|| o421/
= [((t+ R)* = |2*) "ol oss + Cll((t + R)* = ) i1l 1,
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ie. Ay < Ag+C1AY . From this we can inductively deduce that A,, < 24, for
all m, if Ag = Cpe is so small that C1(240)P < Ap. Similarly, we can get bounds
for differences showing that {u,,} is a Cauchy sequence in the space associated
with the norm (2.11), so the limit exists and satisfies (2.2).

The proof of Theorem 2.1 uses a decomposition into regions, where the weights
(t> — |z|?) are essentially constant, together with the invariance of the norms
and the equation under Lorentz transformations. In each case we get the desired
estimate by using analytic interpolation, Stein[35], between an L' — L° and an
L? — L? estimate with weights, for the Fourier integral operators associated with
the wave equation. See [4] for the complete proof and further references. In [4]
we also prove a stronger scale invariant weighted Strichartz estimate under the
assumption of radial symmetry. This assumption was later removed by Tataru[41]

THEOREM 2.2. Let n be odd and assume that F is spherically symmetric and
supported in the forward light cone {(t,z) € R™*™ : |z| < t}. Then if w solves
(2.6) and if2< ¢ <2(n+1)/(n—1)

(2.13) |(#* - Iﬂclz)’“wlqu(Rgn) <Gy - IxIQ)ﬁFIILq/m)(mgn),
if B<1/q, a+B+v=2/q, where v=(n—-1)(1/2-1/q).
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FOURIER ANALYSIS OF NULL FORMS

AND NON-LINEAR WAVE BEQUATIONS

M. MACHEDON

ABSTRACT. The non-linear terms of many equations, including Wave Maps
and Yang-Mills have a special, “null”, structure. In joint work with Sergiu
Klainerman, I use techniques of Fourier Analysis, such as generalizations
and refinements of the restriction theorem applied to null forms to study
the optimal Sobolev space in which such non-linear wave equations are well
posed.
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The following notation will be used: repeated indices are summed, z%,0 < a <n
are the coordinates t,z*,1 < i < n, V, are the usual derivatives, and indeces are
raised or lowered according to the Minkowski metric —1,1,--- ;1 (i. e. raising or

lowering the 0 index changes sign).

Wave maps are functions ¢ : R"*! — M from Minkowski space R"*! to a Rie-
mannian manifold M with metric g which arise as critical points of the Lagrangian

(1) | (o9,

The Euler-Lagrange equations of the above, written in coordiantes on M are

(2) 06" + T54(¢) (Vad’, V") =0
where F; . are the Christoffel symbols. We see the first null form

Qo(¢,¢) = VagdV*9

arising as part of the non-linear term. There is more going on than one can read
off from (2). In the special case of M = Sk~ C R* the equation (2) can also be
written as

3) 06+ ¢(Vag - V¥¢) =0
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with constraint |¢p| = 1. Take dot product with ¢;. Because of the constraint, the
non-linear term drops out and we get conservation of energy, just as for the linear
wave equation. In the special case of n = 2, it is still an open question whether
the Cauchy problem (2) is well posed globally in time. Related to that is the
question whether (2) is well posed locally in time for small data in H'. Because
of conservation of energy, such a result would prove global in time regularity for
solutions of (2) with smooth data with small energy. There is a lot of evidence
that using both the null condition and the geometric condition used in (3) the
wave map equation should be well posed locally in time for Cauchy data in H™/2.
There has been a lot of work in recent years on this question. We currently have
the result for H™/?%¢ see [K-M 4], [K-S], [G] . These results use only the null
condition, and such a result fails by half a derivative for equations not satisfying
the null condition, see [L]. Also, the sharp H /2 result cannot be true for general
equations of the type (2), without using geometric information about the target
manifold, as the example of geodesic solutions shows: Let v(t) be a geodesic on
M which blows up in finite time, and let ¥ be a solution of the homogeneous wave
equations (¢ = 0 with H"™/? data. Now, ¢ = (1) is a solution of (2). Since the
supremum of 1 can become large, ¢ can blow up instantly.

The definitive result on equations of the type (2) which does not take the
geometric condition into account is well posedness in the Besov space Bi’/lz, due
to Daniel Tataru [T2]. For related applications of the geometric condition see
[F-M-S], [Sh].

The Yang-Mills equations are non-linear analogues of the Maxwell equations.
Let G be one of the classical compact Lie groups, and g its Lie algebra. The
unknown is a connection potential A, : R — g, such that the corresponding
covariant derivative D, = 0, + [Aa, | satisfies

D°Fo5=0

where the curvature F, g = [Dq, Dg]

Here we have gauge freedom: if A, is a solution, and O is a G-valued function,
then 04,071 — 9,007! is also a solution. Thus we may impose an additional
gauge condition on A,. We choose the Coulomb gauge : 8°A; = 0. Then we have

OA; = —2[A4;,0; Ai] + [A;,0,45] + - -

together with an elliptic equation for Ag. The dots turn out to be less important
terms. We will now identify the null forms in the right hand side. They will
involve Q;;(¢,¢) = V¢V 9 — V;¢V;1. In fact using the divergence condition on
A to express it as curlB, the first term is of the type Q;;(B, A). Similarly, the curl
of the second term is of the type Q;;(A, A), which is all the information we need
since the divergence of the whole right hand side is 0. Thus a simplified model for
Yang-Mills is

(4) DA = Qij((=A)712A4,4) + (=2)72Qi;(4, 4)
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The indeces of A are not important, and have been supressed.

The Yang-Mills equations in 3+1 dimensions are sub-critical. There is a con-
served energy, and our local existence result implies that the time of existence of
a smooth solution depends only on the energy of the initial data (and the solution
stays as smooth as it started in this interval). The argument is complicated by
gauge dependance, and the fact that energy differs form the H' norm by a lower
order term, see [K-M3]. The global existence result was already known, due to
Eardley and Moncrief [E-M]. However, our new techniques also give global exis-
tence in the energy space. It was shown by M. Keel [Ke], along the same lines,
that there is global regularity for Yang-Mills coupled with a critical power Higgs
field. This is a new global existence result, accessible only through our new local
estimates.

In 4+1 dimensions, Yang-Mills are critical, and it was shown by Klainerman
and Tataru that they are well posed in H'*¢ [K-T]. See also [K-M8] for a related
result.

Following is a summary of the main estimates used in the above proofs.
Recall the classical Strichartz inequality gives the (optimal) estimate for a so-
lution of O¢ = 0

1(V)?I1zsme) < CISO, I parzmey + 16600, )2z msy)

However, for a null form we have

1Q(8: d)lIz2re) < C (60, )l ars/a(me) + 1640, )| 174w )

The proof is based on writing the L? norm of the quadratic form as the L? norm
of a convolution of measures supported on the light cone, on the Fourier transform
side. The symbol of the null form kills the worst singularity in the convolution.
This has been generalized to the variable coefficient case by C. Sogge [So]. Some
ideas in the proof were also used in [Sc-So].

Using this type of estimate one can prove that (2) is well posed in H®+1)/2,
which is already non-trivial, is only true for equations satisfying some kind of null
condition (for n=2, 3), but is not optimal. Also, the same techniques give local
existence for finite energy data for Yang-Mills in 3+1 dimensions.

To get to the optimal result, that the Wave Map equation (2) is well posed in
H™/?*¢ we have to make extensive use of the spaces Hy s used by Bourgain for
KdV [B]; see also [Be]:

19lls5 = lwiw &2 (arae)

where w (7,€&) = 1+ |7|+|£], w_ (7, €) = 14||7|— €|, and ¢ denotes the space-time
Fourier transform. Also, let D1 be the operator with symbol w4. There are two
advantages in working with these spaces. Functions in H; s with § > 1/2 satisfy
the same Strichartz-Pecher estimates that solutions of (¢ = 0 with H® Cauchy
data would.
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In 3+1 dimensions, for instance,

(5a) Bl oo (dt)2(dz) < Cll@ll0,6

is the energy estimate, and all estimates obtained by interpolating it with the
(false) end-point result

(5b) 1Bl L2 (atyLoe (dz) < Cll@ll1,6

are true.
Also, the argument is simplified if one also notices that, for 6 < 1/2 and p
defined by ;717 = % -4,

(5¢) ¢l Lo (atyr2(dz) < Clidllo,s
See [T1] for a general treatment of these spaces.

The second advantage of the spaces H*? is that the solution to ¢ = F with
Cauchy data fo, f1 satisfies

IX@®)lles < c(nFus_l,a_l W ollae + ||f1||HM)

where x is a smooth cut-off function in time. In order to solve O¢ = Q(¢, ¢) for
small time it suffices to solve the integral equation

(6) 6= x(t) (W CQ LW (f) + @W(fl))

W is the fundamental solution of [J. This idea also goes back to Bourgain. See
also [K-P-V].

In order to show that the equation (2) is well posed in H®, for s > 3/2, in 3+1
dimensions, it suffices to prove an inequality of the form

(7) [Qo(#, ¥)lls—1,6-1 < Cll9ls,sll¢lls,5

where § > 1/2
The symbol of the null form Q) is

1
= gen=g (#0214 I - ¥ P

Using this, the left hand side of (4) is dominated by the sum of terms, a typical
one being
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ID2Y((D5.DY?¢) (DY *9))|

Estimate this norm by duality, integrating against F € L?:

/Di—l((DiDi/2¢)(Di/2¢))F

— [(Ds D)D) Dt F

The first term is in L2, the second one in H_1/2,5 and the third one in Hop 1.
Thus, it suffices to show Ho 16 Hs_1/2,5 C L2. This is true, and follows from (5
a, b, ¢). In fact, for there exist p close to oo, ¢ > 2, close to 2, % + % = % such
that the first term is in LP(dt)L?(dx) and the second one in L4(dt)L>°(dz). The
original argument of [K-M4] used convolutions of measures.

An problem related to Yang-Mills, worked out in [K-M6], to show that the
model

(®) Oé = Qi;(6,9)

is well posed in H3/2*¢ in 3+1 dimensions.

The analogue of (7) is not true. There is an estimate for the symbol [ x n| <
1€ 2|2 € 4|V 2 (w- (1, &) +w_ (N, n)+w_ (T+X, E+1)Y/2, but after distributing
derivatives as above one has to bound a troublesome term

|IDZ?(DY? DY ¢) (D)) | 2

By duality, this would correspond to an estimate

D~(s=1/2) <Ho,1/2 'Ho,1/2> cL?

(s > 3/2). This is false, the counterexample is an adaptation of an old construction
due to A. Knapp. There are other useful estimates along these lines which are true,
and which are needed for (4), (8), see [K-M5], [K-T]. In 341 dimensions the (barely
false) end-point estimates are are

(9a) D™1/? <H1/4,5 ' H1/4,5> CcL?
and
(9b) D! <H1/2’5 . H1/2’5> C L*(dt)L°>(dx)
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Back to (5), we are foced to make stronger assumptions on our norms. A
simplification of the original argument in [K-M6], used in [K-T], is to require,
(modulo an €) that, in addition to ¢ € Hy 1,2, ¢ should also satisfy

I¢ll+ = inf{[| Fl| 1 (atypoe @y [(DY2DY?@)| < |F|} < o0

These norms are constructed so that we recover (7)

(7) 1Qi; (¢, ¥)lls—1.6-1 < C(llplls.s + 1611) (I1¥lls.6 + 11l-)

and it turns out also

IDF'DZ'Qi(¢, ¥)lls < C(l1lls,s + 0ll+) (I9lls.s + 19]lx)

These types of modified norms also work for the model Yang-Mills problem
(4), to prove well posedness in H'*¢ in 4 + 1 dimensions. To prove the necessary
estimates one must use the analogues of 9a, 9b in 4 + 1 dimensions.
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Brow-up PHENOMENA FOR CRITICAL

NONLINEAR SCHRODINGER AND ZAKHAROV EQUATIONS

FRANK MERLE

ABSTRACT. In this paper, we review qualitative properties of solutions
of critical nonlinear Schrodinger and Zakharov equations which develop
a singularity in finite time.
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I. The Problem

We are interested in the formation of singularities in time, in Hamiltonian systems
of infinite dimension, and with infinite speed of propagation. A prototype is the
nonlinear Schrédinger equation

—Au — |u|P~tu,

{Uzgﬁ = Uo, @)

for (z,t) € RN x [0,T) and u=0 at infinity. This equation appears in various
situations in physics (plasma physics, nonlinear optics,...see [20] for example).
Because of its importance in physics, we are interested in the case where p — 1 =
4/N and N = 2. We will consider

iuy = —Au — |u|%u (2)

Equation (1) has Galilean, scaling, and translation invariances. In the case
p= % + 1, the nonlinear equation has the same structure as the linear equation:
it has one more invariance (the conformal invariance): if u(t) is a solution of

(2) then v(t) = ﬁe*i%ﬂ(%,%) is also a solution of (2). Thus, there are
three invariants of the motion in this case: the mass |u|rz, the energy E(u) =
5 [ g [Vul?de — ﬁ Jaw [u|¥F2dz, and the energy of v, E(v).

A more refined physical model is also considered: the Zakharov equation
(nonlinear Schrédinger equation coupled with the wave equation). Because of the

coupling, all invariances disappear. The system is

wy = —Au+ nu,
ng = —V'U, (3)
du = Vit )
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where (z,t) € R? x [0,T).

We note formally that if ¢g = +00, system (3) reduces to equation (2) in dimension
two. There are two invariants: |u|z2, and H(u,n,v) = [|Vu|?dz + [ n|u|?dz +
3 [n’de + 5o [oPde

The first natural question concerns the local wellposedness of the equations

in time. The natural spaces for this equation are spaces where the conserved
quantities are defined. For the Schrédinger equation, H! local wellposedness has
been proved in [10], [11], [14]. The use of Strichartz estimates (of space-time
nature, where the role of space and time are similar) leads to the result in L? in
[8] (L? is optimal in some sense, see [2]). This space will play a crucial role in the
analysis below. See [4],[5] in the periodic case.
For the system (3), the coupling between the two equations creates several diffi-
culties. In energy space, that is (u,n,n;) € Hy=H"' x L? x L?, the local wellposed-
ness was proved in [3],[9]. The problem to be solved in the analogue of L? for the
Schrodinger equation is still open (an intermediate space was found in [9]).

The problem we are interested in concerns the description of solutions of
equations (2),(3) which develop a singularity in finite time (or blow up in finite
time). That is, solutions such that in the time dynamics, the nonlinear terms play
an important role. This question is important from the physical point of view.
Indeed, equations (2) or (3) appear as simplifications of more complex models. In
particular, one hopes that the simplification is relevant for regular solutions, and
that close to the singularity, the neglected terms will play a role . Blow up in
finite time means that the regular regime where the approximation is carried out
is unstable in time, and close to singularity, a transitory regime appears. From
the description of this transitory regime, one can hope to find the new dynamics
relevant from the physical point of view. In particular, a crucial question, after
the existence of singularity in finite time, is to describe how this singulary forms.

For equation (2), there are two elementary results about existence of blow-up
solutions.

On one hand, in 1972 Zakharov derived in [33] (see also [13],[28]) a Pohozaev type
identity for the nonlinear Schrédinger equation: let ug € ¥ where ¥ = H! N
{zug € L?}; then for all t, u(t) € ¥ and

d2
G [ laPlufdz = 16E(uo) (4)

It follows that if E(ug) < 0 then u(t) blows up in finite time. Note that the power
appearing in (2) is the smallest power such that blow-up occurs in H®.

On the other hand, the elliptic theory established in the 80’s ([1],[31],[17], [30])
yields the existence of one explicit solution of (2), periodic in time and of the form
P(t,z) = e®Q(x), where Q is the unique positive solution (up to translation) of
the equation

uw=Au+ |u/Vu, (5)
whose L? norm is characterized by the Gagliardo-Niremberg inequality
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1 |v|?dz ~
VUEHl,%/|?}|N+2d{E< /|V’U| dx (ﬁ) . (6)

From the conformal invariance, we have that

1 |ar| T
—iti
)= e (2) "
is a blow-up solution of equation (2). This is in some sense the only explicit
blow-up solution for the critical Schrédinger equation.
Until the 90’s, no rigorous results on blow-up were known for the Zakharov
equation.

II. Results for Nonlinear Critical Schrodinger Equations.

I1.1 Characterization of the minimal blow-up solution.

The first task is to define a notion of smallness such that ug small implies no
blow-up. In the case ug € H', energy conservation and (6) yield that if |ug|yz <
|Q| L2, the solution is globally defined. Moreover, we note that the blow-up solution
S(t) is such that |S(¢)|2 = |Q|r2. The natural question is to characterize all
minimal blow-up solutions in L? of equation (2).

a) The result.

We have the following theorem

THEOREM 1 ([25]),([26])
Let ug € H'. Assume that |u(t)|z2 = |Q|r2 and that u(t) blows up in finite
time. Then, up to invariance of equation (2),

u(t) = S(t). (8)

That is, there are xg € RN, z1 € RN T € R, 0 € R, and w € R such that

u(t) = ot )( waQ (% —m1>. (9)

t— t

Let us give some idea of the proof. Various arguments in the proof will apply in
other contexts, giving qualitative information about blow-up solutions. Consider
a blow-up solution of minimal mass u(t), and denote by T its blow-up time.

- Localization results on the singularity. Using rough varlatlonal estimates,
we show that there exist j, 6, # such that as t — T, u(t) ~ €52 Q((z — %))
in H'. Then from refined geometrical estimates around @, there are p(t), 0(t),
() such that u(t) —e®®p(t) 2 Q((z — z(t))p(t)) is bounded in H!. In particular,
lu(t,z + z(t))|* = |Q|2:00=0 as t — T. In the radial case, a different approach
can be used to show that for all radial blow-up solutions the behavior outside the
origin is mild.

- Local virial identities. Using time variation of [ (x)|u(t, )|?dz, where 1
is a localized function, we then show that w(t) and ug decay at infinity. That is,
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u(t) € ¥ and |z||u(t,z)| can be controlled in L? at infinity, uniformly in time.
Moreover, it is shown that the singularity point x(¢) has a limit as t— T (for
example the origin).

- Conclusion using the minimality condition. Let us consider the polynomial
in time of degree two p(t) = [ |2|*|u(t, 2)|*dz. From the previous steps, p(T") = 0.
Using the minimality condition, we show that p’(T) = 0. By explicit calculation,
we check that the energy of a transformation of the initial data wug is zero with
an L? norm equal to |Q|z2, which is the variational characterization of @ up to
invariance of the elliptic equation. This concludes the proof.

b) Application to asymptotic behavior for globally defined solutions [26].

The conformal invariance and the nonblow-up result of Theorem 1 yield a
decay result in time for solutions defined for all time. Indeed, the nonlinear term
can be seen as a perturbation localized in time for the linear Cauchy problem, for
initial data such that ug € ¥ and |ug|r2 < |Q|Lz2, except for the two solutions P(t)
and S(t) (and the ones related via the invariances). More precisely, as t — 400,
the nonlinear solution behaves as a solution of the linear Schrédinger equation
(scattering theory can be carried out: u(t,z) ~ U(t)ue as ¢ — 400, where U(t)
is the free semigroup).

Note that the set of initial data such that this behavior occurs is open, which
implies the following: for all ug different from P(¢) and S(¢) such that |ug|z2 =
|Q|Lz, there is a ball in L? such that if the initial data is inside the ball, the
solution does not blow up. It is optimal since the virial identity yields that for all
€>0,if ug = (1 +€)S(—1) or (1 + €)P(—1) then the solution blows up in finite
time.

11.2 Qualitative properties of blow-up solutions

a) Concentration results in L*.

In this subsection, we show that the blow-up phenomena may be observed in L?
and do not depend on the space where the Cauchy theory is applied. Let us assume
first that ugp € H!, then from [22], [12], we have

- Concentration in L*: there are z(t) and p(t) — -+oco such that

liminf|u(t)|Lz(‘l,l(t)|§p(t)71) > |Q|L2. (10)

- asymptotic compactness in L?: for any sequence t, — T there is a subse-
quence t, and an H € H! with |H|z2 > |Q|L> such that in H! — weak

pn%u(tn, (x — xn)pn) — H. (11)

We do not know if H or |H|r2 depends on the sequence (except for some partial
results in the radial case).

Let us now assume that ug € L?, and N = 1,2; energy arguments no longer
apply in this case. Nevertheless, in [6], [27], refinement of Strichartz’ Inequality
(implying that the Cauchy problem can be solved in X O L?), harmonic analysis
techniques, and the use of the conformal invariance allow us to obtain concentra-
tion in L? and asymptotic compactness properties in L? up to the invariance of
the equation. That is, there is an ag > 0 such that for a subsequence t,, and an
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H € L? with |H|z2 > ag, there are parameters a,, b, Tn, pn, Where p, — +00,
such that in L? — weak

N

eianﬁﬁ-'ribnlﬁflzpy?u(tny (.'17 - xn)pn) — H. (12)

Note, from the invariance of the equation, the solution with initial data
glavtiblal® & H((x — d)c) can be written in terms of the solution with initial data
H .

It is an open problem to prove ag = |Q|r2 .

b) Construction of blow-up solutions from S(t).

Here we describe constructions of solutions which behave like S(¢) at the blow-
up point. Another problem will be to construct if possible other types of blow-up
solutions (with for example a different blow-up rate, see [18],[19]). Let z1,..., 2
be given points of RY. In [21], a blow-up solution is constructed such that the blow-
up set is exactly the points z1,...,z, and as t—T, u(t) ~ Sw; = S(t, (z — z;)w;)
in L?, where the w; are sufficiently large.

In the case N = 2, for u* very regular such that 9%u*(0) = 0 for |a| < ag, in
[7] the existence of a solution u(t) is proved such that u(t) ~ S(¢,x) + u*(z) in L?
at the blow-up. An open problem is to reduce g to 1 or 2.

c) Giving a sense to the equation after blow-up. [26]

We are interested in giving a sense to the equation after the blow-up time.
We consider the case of a minimal blow-up solution, that is, after renormalization
u(t) = S(t,z) for t < 0.

Let € > 0, and set

uc(t,z) = (1 —€)S(—1,z) + O(€?) in X.

We have that |ue|pz < |@Q|rz, thus ue(t) is defined for all time. The question is
what happens in the limit as ¢ — 0 after the blow-up time (for ¢ > 0). Using
the characterization of the minimal blow-up solution and a family of auxiliary
variational problems in ¥, we have the following result:

THEOREM 2 ([26]) There is a 6(¢) € R continuous in € such that

ue(t) — S(t)im H'  for t<0
(a0~ QR8s
e~y (t) — S(t)in H  for t>0.

We then prove that as € — 0, the omega-limit set of e?(€) is S1. From this result,
the omega limit set of u. is {ug | 6 € S'}, where

ug(t) = S(t) for t < 0 and ug(t) = e S(t) for t > 0.

In particular, we first show that the singularity is unstable in time.
In addition, from the blow-up, the physical phenomenon loses its deterministic
character (but just up to one parameter in S!). In addition, this result seems
in some sense independent of the approximation. Therefore, the physics (which
is not understood close to the singularity) has in some sense no influence on the
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behavior of the solution after the blow-up, at least in the case of the minimal
blow-up solution.

II1. Results for the Zakharov System.

III.1 No blow-up under smallness conditions

As in the case of the critical Schrodinger equation, for initial data

(uo, no,v0) in Hi, if |uglrz < |@|r2 , then there is no blow-up. Moerover for
any blow-up solution, as t goes to the blow-up time, u(t) concentrates in L? to a
magnitude of at least |Q|r2 (see (11)).

At the critical mass level, |ug|r2 = |Q|r2 , there is still a periodic solution
(and the family it generates) given by
P(t) = (u(t),n(t),v(t)) = (P(t), —Q,0). (13)

Using the coupling between the equations, one can prove ([12]) that there are no
blow-up solutions of (3) such that

|u0|L2 = |Q|L2~ (14)

II1.2 Ezistence of a family of explicit blow-up solutions ([12]).
In fact the family of blow-up solutions of type S, for w > 0

Su(t, ) = w? S(tw?, zw) (15)

does not disappear. From bifurcation type arguments at w = 4oo and index
theory, we construct an explicit family of blow-up solutions of equation (3) of
structure similar to that of S(¢) (where n and |u|® are of the same order): for all
w >0,

W, _iw?  l=? rw, w? Tw
(e (t, ), o (t, ) = ((?)e R Po(=7): 33 w(7)> : (16)
where (P, N,) are radial solutions of the following equation, where r = |z|
P+ NP =AP, .
i P RIC RN o

Note that when w = +o0 (17) reduces to (5). It is then proved that {|P,|r2} =
(]Q| L2, +00) , which has several consequences:

- There are no minimal blow-up solutions in L? for the Zakharov equation.
Indeed, for all € > 0, there is a blow-up solution such that |ug|r2 = |Q|r2 + € and
there are no blow-up solutions such that |ug|r2 < |Q|r2. The situation is different
from the Schrédinger equation.

- Any ¢ > |Q| L2 can be a concentration mass: there is a blow-up solution such
that at the blow-up, |u(t, z)|?> — cdz—0.

- Using these explicit solutions as w becomes large, we are able to prove that
the periodic solution p(t) is unstable in the following sense: in all neighborhoods
of it, there is a blow-up solution.
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I11.3 Ezistence of a large class of blow-up solutions [24].

As for the critical Schrédinger equation, a natural question to ask is, For
Hamiltonians Hy < 0, does the solution blow-up? (which will produce a large
class of blow-up solutions). No Pohozaev identity was known until recently. In
[24], the following identity was derived

2
%M(t) — 2H (o, no, v0) + —/|v| da, (18)

where

/|m| |u|2dfc+ — n(z.v)dzdt. (19)
x[0,t]

Note that if ¢ = +o0o then relation (19) reduces to (4). The nature of the ob-
struction to global existence is slightly different from that in equation (2). Indeed,
n [23], it is shown that for any blow-up solution, M (t) — —oo as t goes to the
blow-up time. Nevertheless, by localization techniques, it is proved in the radial
case that if Hy < 0, then the solution blows up in finite time or infinite time (and
is concentrated in L? at the blow-up).

As a corollary, all periodic solutions of type (u,n) = (e*W(x), —W?) where
W is a solution of (5) are unstable since H(e®*W (z), —W?,0) = 0.

II1.4 Toward the structural stability of S [23].

Let us measure the blow-up rate by the H' norm |Vu(t)|z2. An important
problem is to understand the type of rates at the blow-up time and their stability
For equation (2), the blow-up of S (that is of the minimal blow-up solution) is t‘
We expect that minimality is related to stabllity. It seems not to be the case; in
[18], [19] a blow-up rate of the type %

Nevertheless, we show the following result for the Zakharov equation (relating
minimality to structural stability). Consider any blow-up solution of (3) (with any
finite ¢p), then

is observed numerically.

[Vu(t)|pz > m (20)

We note that this lower bound is optimal since the solution (uy,n,,) blows

up with this rate. Therefore, if we consider the refined equation from the physical
1

| Log|loglt]||2

point of view, the solution with blow-up rate e
t|2

disappears (even if ¢ is

very large).
In [29], the same blow-up rate that was observed for S is seen, and seems nu-
merically stable. It is an open problem to prove that all blow-up solutions of the
Zakharov equation blow up with the same rate as S (the upper bound remains to
be proved).
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