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PREFACE

The editors of this volume wish to express to Kazuya Kato their gratitude
and admiration for his seminal contributions to arithmetic algebraic geometry
and the deep influence he has been exerting in this area for over twenty years
through his students and collaborators throughout the world.

S. Bloch, I. Fesenko, L. Hlusie, M. Kurihara, S. Saito, T. Saito, P. Schneider
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PRIME NUMBERS

Kazuvya KATO

The song of prime numbers sounds Tonnkarari,
We can hear if we keep our ears open,
We can hear their joyful song.

The song of prime numbers sounds Chinnkarari,
Prime numbers sing together in harmony
The song of love in the land of prime numbers.

The song of prime numbers sounds Ponnporori,
Prime numbers are seeing dreams,
They sing the dreams for the tomorrow.
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KaAzuvyAa KATO

Sosuu no uta wa tonnkarari
Mimi o sumaseba kikoe masu
Tanoshii uta ga kikoe masu

Sosuu no uta wa chinnkarari
Koe o awasete utai masu
Sosuu no kuni no ai no uta

Sosuu no uta wa ponnporori
Sosuu wa yume o mite imasu
Ashita no yume o utai masu

Alphabetic transcription of Kato’s poem
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RAMIFICATION OF LocCAL FIELDS

WITH IMPERFECT RESIDUE FIELDS II

DEDICATED TO KAzuyAa KATO

ON THE OCCASION OF HIS 50TH BIRTHDAY
AHMED ABBES AND TAKESHI SAITO

Received: October 10, 2002
Revised: August 6, 2003

ABSTRACT. In [1], a filtration by ramification groups and its loga-
rithmic version are defined on the absolute Galois group of a complete
discrete valuation field without assuming that the residue field is per-
fect. In this paper, we study the graded pieces of these filtrations and
show that they are abelian except possibly in the absolutely unrami-
fied and non-logarithmic case.

2000 Mathematics Subject Classification: primary 11515, secondary
14G22

Keywords and Phrases: local fields, wild ramification, log structure,
affinoid variety.

In the previous paper [1], a filtration by ramification groups and its logarithmic
version are defined on the absolute Galois group Gk of a complete discrete
valuation field K without assuming that the residue field is perfect. In this
paper, we study the graded pieces of these filtrations and show that they are
abelian except possibly in the absolutely unramified and non-logarithmic case.
Let G5 (j > 0,€ Q) denote the decreasing filtration by ramification groups

and Gjll(ylog (j > 0, Q) be its logarithmic variant. We put G% = |J

’

G

and Gj;log = Uj,>j GJ}-; log: 1N [1], we show that the wild inertia subgroup

J'>7
P C Gk is equal to GL = G(])(Jflog. The main result is the following.
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6 AHMED ABBES AND TAKESHI SAITO

THEOREM 1 Let K be a complete discrete valuation field.

1. (see Theorem 2.15) Assume either K has equal characteristics p > 0 or K

has mized characteristic and p is not a prime element. Then, for a rational

number j > 1, the graded piece GriGg = GZK/GJKJr is abelian and is a subgroup

of the center of the pro-p-group G?‘/G’J;.

2. (see Theorem 5.12) For a rational number j > 0, the graded piece GTIjOgGK =
Klog/GK log abelian and is a subgroup of the center of the pro-p-group

0+
GK log/GK log*

The idea of the proof of 1 is the following. Under some finiteness assumption,
denoted by (F), we define a functor X7 from the category of finite étale K-
algebras with ramification bounded by j+ to the category of finite étale schemes
over a certain tangent space ©7 with continuous semi-linear action of Gy . For
a finite Galois extension L of K with ramification bounded by j+, the image
X7(L) has two mutually commuting actions of G = Gal(L/K) and Gk. The
arithmetic action of Gx comes from the definition of the functor X7 and the
geometric action of G is defined by functoriality. Using these two commuting
actions, we prove the assertion. The assumption that p is not a prime element
is necessary in the construction of the functor X7.
In Section 1, for a rational number j > 0 and a smooth embedding of a finite
flat Ox-algebra, we define its j-th tubular neighborhood as an affinoid variety.
We also define its j-th twisted reduced normal cone.
We recall the definition of the filtration by ramification groups in Section 2.1
using the notions introduced in Section 1. In the equal characteristic case,
under the assumption (F), we define a functor X7 mentioned above in Section
2.2 using j-th tubular neighborhoods. In the mixed characteristic case, we give
a similar but subtler construction using the twisted normal cones, assuming
further that the residue characteristic p is not a prime element of K in Section
2.3. Then, we prove Theorem 2.15 in Section 2.4. We also define a canonical
surjection m5P(©7) — GriGk under the assumption (F).
After some preparations on generalities of log structures in Section 3, we study
a logarithmic analogue in Sections 4 and 5. We define a canonical surjection
(@10g) — GrngGK under the assumption (F) and prove the logarithmic
part Theorem 5.12, of the main result in Section 5.2. Among other results,
we compare the construction with the logarithmic construction given in [1]
in Lemma 4.10. We also prove in Corollary 4.12 a logarithmic version of [1]
Theorem 7.2 (see also Corollary 1.16).
In Section 6, assuming the residue field is perfect, we show that the surjection
(@log) — G, G induces an isomorphism 7rab M G’rlogGK where

db7gp(@fog) denotes the quotient classifying the étale isogenies to ©]

as an algebraic group.

When one of the authors (T.S.) started studing mathematics, Kazuya Kato,
who was his adviser, suggested to read [13] and to study how to generalize it
when the residue field is no longer assumed perfect. This paper is a partial

log)

log regarded
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RAMIFICATION OF LOCAL FIELDS 7

answer to his suggestion. The authors are very happy to dedicate this paper
to him for his 51st anniversary.

NoTAaTION. Let K be a complete discrete valuation field, Ok be its valuation
ring and F be its residue field of characteristic p > 0. Let K be a separable
closure of K, O be the integral closure of Og in K, F be the residue field
of O, and Gk = Gal(K/K) be the Galois group of K over K. Let 7 be a
uniformizer of Og and ord be the valuation of K normalized by ordm = 1. We
denote also by ord the unique extension of ord to K.

1 TUBULAR NEIGHBORHOODS FOR FINITE FLAT ALGEBRAS

For a semi-local ring R, let mp denote the radical of R. We say that an Og-
algebra R is formally of finite type over O if R is semi-local, mg-adically
complete, Noetherian and the quotient R/mp is finite over F. An Og-algebra
R formally of finite type over O is formally smooth over Ok if and only if its
factors are formally smooth. We say that an Og-algebra R is topologically of
finite type over Ok if R is w-adically complete, Noetherian and the quotient
R/7R is of finite type over F. For an Og-algebra R formally of finite type over
Ok, we put QR/OK = ligan(R/m%)/oK. For an Og-algebra R topologically
of finite type over Ok, we put QR/OK = mn Q(r/xnR)j0x- Here and in
the following, 2 denotes the module of differential 1-forms. For a surjection
R — R’ of rings, its formal completion is defined to be the projective limit
R" =lim R/(Ker(R — R'))".
«—n
In this section, A will denote a finite flat Og-algebra.

1.1 EMBEDDINGS OF FINITE FLAT ALGEBRAS

DEFINITION 1.1 1. Let A be a finite flat Ok -algebra and A be an Ok -algebra
formally of finite type and formally smooth over O . We say that a surjection
A — A of Ok-algebras is an embedding if it induces an isomorphism A/ma —
A/mA.
2. We define Embo, to be the category whose objects and morphisms are as
follows. An object of Embo,. is a triple (A — A) where:

o A is a finite flat Ok -algebra.

o A is an Ok -algebra formally of finite type and formally smooth over Ok .

e A — A is an embedding.
A morphism (f,f) : (A — A) — (B — B) of Embo,. is a pair of Ok-
homomorphisms f : A — B and f : A — B such that the diagram

A— A

‘| |7

DOCUMENTA MATHEMATICA + EXTRA VOLUME KATO (2003) 5-72



8 AHMED ABBES AND TAKESHI SAITO

18 commutative.

3. For a finite flat Ok -algebra A, let Embo,. (A) be the subcategory of Embo,,
whose objects are of the form (A — A) and morphisms are of the form (id 4, f).
4. We say that a morphism (f,f) : (A — A) — (B — B) of Embo, is
finite flat if £ : A — B is finite and flat and if the map B ®a A — B is an
isomorphism.

If (A — A) is an embedding, the A-module QA/OK is locally free of finite rank.

LEMMA 1.2 1. For a finite flat Ok -algebra A, the category Embo,. (A) is non-
empty.

2. For a morphism f : A — B of finite flat Ok -algebras and for embeddings
(A — A) and (B — B), there exists a morphism (f,f): (A — A) — (B — B)
lifting f.

3. For a morphism f: A — B of finite flat Ok -algebras, the following condi-
tions are equivalent.

(1) The map f: A — B is flat and locally of complete intersection.

(2) Their exists a finite flat morphism (f,f) : (A — A) — (B — B) of
embeddings.

Proof. 1. Take a finite system of generators ty,...,t, of A over
Ok and define a surjection Og[Ty,...,T,] — A by T; — t;. Then
the formal completion A — A of Og[Th,...,T,] — A, where A =
lim Ok[Ty,...,T,]/(Ker(Ok [Ty, ..., T,] — A))™, is an embedding.

2. Since A is formally smooth over O and B = linn B/I™ where I = Ker(B —
B), the assertion follows.

3. (1)=(2). We may assume A and B are local. By 1 and 2, there exists a
morphism (f,f) : (A — A) — (B — B) lifting f. Replacing B — B by the
projective limit lim (A/m}j ®o, B/m§)" — B/m} of the formal completion
(A/mx ®o, B/mE)" — B/m}, of the surjections A/m’y ®o, B/m} — B/m},
we may assume that the map A — B is formally smooth. Since A — B is
locally of complete intersection, the kernel of the surjection B ® 4 A — B is
generated by a regular sequence (t1,...,t,). Take a lifting (,...%,) in B and
define a map A[[Th,...,T,]] — B by T; — t;. We consider an embedding
Al[Ty,...,T,]] — A defined by the composition A[[Ty,...,T,]] — A — A
sending T; to 0. Replacing A by A[[T1,...,T,]], we obtain a map (A —
A) — (B — B) such that the map B ®4 A — B is an isomorphism and
dim A = dim B. By Nakayama’s lemma, the map A — B is finite. Hence the
map A — B is flat by EGA Chap Ory Corollaire (17.3.5) (ii).

(2)=(1). Since A and B are regular, B is locally of complete intersection over
A. Since B is flat over A, B is also flat and locally of complete intersection
over A. O
The base change of an embedding by an extension of complete discrete valuation
fields is defined as follows.

DOCUMENTA MATHEMATICA - EXTRA VOLUME KATO (2003) 5-72



RAMIFICATION OF LOCAL FIELDS 9

LEMMA 1.3 Let K’ be a complete discrete valuation field and K — K' be a
morphism of fields inducing a local homomorphism Og — Ogks. Let (A —
A) be an object of Embo, . We define ARo, Ok to be the projective limit
lim (A/mj ®o, Ok). Then the Ok -algebra A&, O is formally of finite
type and formally smooth over Ok:. The natural surjection A®o, Ok —
A®0, Ok defines an object (AQo, Ok — A®o, Ok’) of Embo,, .

Proof. The Ok-algebra A is finite over the power series ring Ok [[T4, . . ., Ty,]] for
some n > 0. Hence the Og/-algebra A®o, Ok is finite over O/ [[Ty, ..., T,]]
and is formally of finite type over Og:. The formal smoothness is clear from
the definition. The rest is clear. a.
For an object (A — A) of Embo,, , we let the object (A®o, Oxr — A®o, Ox’)
of Embo,,, defined in Lemma 1.3 denoted by (A — A)®OK Og. By sending
(A — A) to (A — A)®o, Ok, we obtain a functor ®o, Ok : Embo, —
Embo,,. If K’ is a finite extension of K, we have A®0,Ox = A ®0, Ok

1.2 TUBULAR NEIGHBORHOODS FOR EMBBEDINGS

Let (A — A) be an object of Embo, and I be the kernel of the surjection
A — A. Mimicing [3] Chapter 7, for a pair of positive integers m,n > 0,
we define an Og-algebra A™/™ topologically of finite type as follows. Let
A[I"™/7™] be the subring of A ®o, K generated by A and the elements f/7™
for f € I"™ and let A™/™ be its m-adic completion. For two pairs of positive
integers m,n and m/,n’, if m’ is a multiple of m and if m’/n’ < m/n, we have
an inclusion A[I" /7] ¢ A[I"/x™]. Tt induces a continuous homomorphism
A /n" . Am/n Then we have the following.

LEMMA 1.4 Let (A — A) be an object of Embo, and m,n > 0 be a pair of
positive integers. Then,

1. The Og-algebra A™'™ is topologically of finite type over Ox. The tensor
product Aﬁ/n = A"/ @0, K is an affinoid algebra over K.

2. The map A — A™/™ is continuous with respect to the ma -adic topology on
A and the m-adic topology on A™/™.

3. Let m’,n' be another pair of positive integers and assume that m’' is a mul-
tiple of m and j' = m//n’ < j =m/n. Then, by the map X™/™ = Sp A’;/” —
xm'/n" = §p Ag//n/ induced by the inclusion A[I" /7™ c A[I"/7™], the
affinoid variety X™/™ is identified with a rational subdomain of xm'/n"

4. The affinoid variety X™/™ = Sp Az/n depends only on the ratio j = m/n.

The proof is similar to that of [3] Lemma 7.1.2.

Proof. 1. Since the Og-algebra A™/" is 7m-adically complete, it is sufficient
to show that the quotient A[I™/7™]/(m) is of finite type over F. Since it is
finitely generated over A/(m,I™) and A/(w,I) = A/(w) is finite over F', the
assertion follows.

DOCUMENTA MATHEMATICA + EXTRA VOLUME KATO (2003) 5-72



10 AHMED ABBES AND TAKESHI SAITO

2. Since A/m = A/(w,I) is of finite length, a power of mp is in (7™, I™). Since
the image of (7™, I™) in A™/™ is in 7 A™/™ the assertion follows.

3. Take a system of generators fi,...,fy of I" and define a surjection
A" Jxm™ [Ty, ..., Tn] /(7™ Ti— f;) — A[I™/7™)] by sending T} to f; /7. Since
it induces an isomorphism after tensoring with K, its kernel is annihilated by

a power of m. Hence it induces an isomorphism Aﬁ//”/ (Ty,....,TnY/(7™T; —
fii=1,...,N) — A"
4. Further assume m/n = m//n’ and put k = m//m. Let f1,...,fy € I"™

be a system of generators of I"™ as above. Then A[I"™/7™] is generated by
(fi/m™)k o (fn /™R 0 < k; < k as an A[I™ /7™ ]-module. Hence the
cokernel of the inclusion A™/" — A™/™ is annihilated by a power of 7 and
the assertion follows. O
If A = Og|[Ty,...,Tn]] and I = (Ty,...,Ty), the ring A™/1 is isomor-
phic to the m-adic completion of O[Ty /7™, ..., Ty/7™] and is denoted by
O (T, /7™, ..., Tn/7™). By Lemma 1.4.4, the integral closure A’ of A™/™ in
the affinoid algebra A™/™ ®¢, K depends only on j = m/n.

DEFINITION 1.5 Let (A — A) be an object of Embo,. and j > 0 be a rational
number. We define A7 to be the integral closure of A™/'™ for j = m/n in the
affinoid algebra A™" @0, K and define the j-th tubular neighborhood X7 (A —
A) to be the affinoid variety Sp A%, .

In the case A = Ok]|[T1,...,T,]] and the map A — A = Ok is defined by
sending 7T} to 0, the affinoid variety X7(A — A) is the n-dimensional polydisk
D(0,77)™ of center 0 and of radius 7/. For each positive rational number j > 0,
the construction attaching the j-th tubular neighboorhood X7(A — A) to an
object (A — A) of Embo,, defines a functor

X7 : Embo,. — (Affinoid/K)

to the category of affinoid varieties over K. For j° < j, we have a natural
morphism X7 — X7 of functors. A finite flat morphism of embeddings induces
a finite flat morphism of affinoid varieties.

LEMMA 1.6 Let j > 0 be a positive rational number and (A — A) — (B — B)
be a finite and flat morphism in Embo,.. Then, the induced map f7 : X7 (B —
B) — XI(A — A) is a finite flat map of affinoid varieties.

Proof. Let I and J = IB be the kernels of the surjections A — A and B — B.
Since the map A — B is flat, it induces isomorphisms B ®a A[I" /7] —
B[J"/7™] and B ®a A} — Bj.. The assertion follows from this immediately.
O

For an extension K’ of complete discrete valuation field K, the construction of
j-th tubular neighborhoods commutes with the base change. More precisely, we
have the following. Let K’ be a complete discrete valuation field and K — K’
be a morphism of fields inducing a local homomorphism Og — Og/. Then by

DOCUMENTA MATHEMATICA + EXTRA VOLUME KATO (2003) 5-72



RAMIFICATION OF LOCAL FIELDS 11

sending an affinoid variety Sp Ag over K to the affinoid variety Sp Ax®@x K’
over K', we obtain a functor @®x K’ : (Affinoid/K) — (Affinoid/K’) (see [2]
9.3.6). Let e be the ramification index eg,x and j > 0 be a positive rational
number. Then the canonical map A — A®o, Ok induces an isomorphism
XI(A - A K — X9 (A — A)®0o,Ox) of affinoid varieties over K'. In
other words, we have a commutative diagram of functors

X7 Embo,, —— (Affinoid/K)
®OKOK/J J,®KK/
X¢i: Embo,, — (Affinoid/K").

LEMMA 1.7 For a rational number j > 0, the affinoid algebra Ag( is smooth
over K.

Proof. By the commutative diagram above, it is sufficient to show that there
is a finite separable extension K’ of K such that the base change X7(A —
A)@xg K' = X7(A ®o, Oxr — A®0o, Ok) is smooth over K’. Replacing K
by K’ and separating the factors of A, we may assume A/my = F. Then we
also have A/ma = F and an isomorphism Ok|[[T1,...,T,]] — A. We define an
object (A — Og) of Embo,. by sending T; € A to 0. Let I and I’ be the kernel
of A — A and A — Og respectively and put j = m/n. Since A/(zx™,I") is
of finite length, there is an integer n’ > 0 such that I’ C (7™, I™). Then we
have an inclusion A[I" /7™] — A[I" /7] and hence a map X"/ (A — A) —
Xm/”/(A — Og). By the similar argument as in the proof of Lemma 1.4.3,
the affinoid variety X™/"(A — A) is identified with a rational subdomain of
X™/" (A — Og). Since the affinoid variety X™/" (A — Ok) is a polydisk,
the assertion follows. O
By Lemma 1.7, the j-th tubular neighborhoods in fact define a functor

X7 : Embo,, — (smoooth Affinoid/K)

to the category of smooth affinoid varieties over K. Also by Lemma 1.7,
QAj/OK ® K is a locally free AJ.-module.

An idea behind the definition of the j-th tubular neighborhood is the fol-
lowing description of the valued points. Let (A — A) be an object of
Embo, and j > 0 be a rational number. Let A} be the affinoid alge-
bra defining the affinoid variety X7(A — A) and let X7(A — A)(K) be
the set of K-valued points. Since a continuous homomorphism Al — K
is determined by the induced map A — O, we have a natural injection
XI(A — A)(K) — HoMeont.0x-alg(A, Og). The surjection A — A induces an

injection
(1.8.0) Homoyaig(A, Og) —— XI(A — A)(K).

For a rational number j > 0, let m’/ denote the ideal m’ = {z € K;ordx > j}.
We naturally identify the set Homo,.-aig(A4, O /m?) of Ok-algebra homomor-
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12 AHMED ABBES AND TAKESHI SAITO

phisms with a subset of the set Homcont.0x-alg(A, O /m?) of continuous O -
algebra homomorphisms.

LEMMA 1.8 Let (A — A) be an object of Embo, and j > 0 be a rational
number. Then by the injection XI(A — A)(K) — Homeont.0-alg(A, Of)
above, the set XI(A — A)(K) is identified with the inverse image of the
subset Homoy-aig(A, O /m7) by the projection Homcont.0x-alg(A,Og) —
Hom cont.0g-alg(A, O /m). In other words, we have a cartesian diagram

X7 (A — A) (k) E— Homcont.OK—alg<Aa OR’)

(1.8.1) l l

HOTnoK_alg(fL Of(/mj) _— Homcont.oK_alg(A, Of(/mj).
The arrows are compatible with the natural G -action.

Proof. Let j = m/n. By the definition of A™/™a continuous morphism
A — Oy is extended to Aj. — K, if and only if the image of I" is contained
in the ideal (7). Hence the assertion follows. O
For an affinoid variety X over K, let mo(X ) denote the set }iLnK,/K mo(Xk')
of geometric connected components, where K’ runs over finite extensions of K
in K. The set mo(X ) is finite and carries a natural continuous right action of
the absolute Galois group Gg. To get a left action, we let 0 € Gx act on X
by o~1. The natural map X7(A — A)(K) — m(Xg) is compatible with this
left Gi-action. Let Gi-(Finite Sets) denote the category of finite sets with a
continuous left action of Gk and let (Finite Flat/Og) be the category of finite
flat Og-algebras. Then, for a rational number j > 0, we obtain a sequence of
functors

(Finite Flat/Og) «—— Embo, SN

X—mo(Xi)
_—

(smooth Affinoid/K) G k- (Finite Sets).

We show that the composition Embo,, — Gk-(Finite Sets) induces a functor
(Finite Flat/Ok) — Gk-(Finite Sets).

LEMMA 1.9 Let j > 0 be a positive rational number. ~
1. Let (A — A) be an embedding. Then, the map X/ (A — A)(K) —
Homoy-aig(A, O /m?) (1.8.1) induces a surjection

(1.9.1) Homo,.-aig(A, Og /mi) —— mo(XI (A — A)g).

2. Let (A — A) and (A" — A) be embeddings. Then, there exists a unique
bijection mo( X7 (A — A)g) — mo(XI (A’ — A)g) such that the diagram

Homoy-alg(A, O /md) —— 7mo(XI(A — A)g)
(1.9.2) H l
Homo aig(A, Og /w/) ——— mo(X7 (A" — A)g)
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18 commutative.

3. Let (f,f) : (A — A) — (B — B) be a morphism of Embo,.. Then, the
induced map 7o(X? (B — B)g) — mo(X?(A — A)g) depends only on f.

4. Let (f,f): (A — Ok) — (B — B) be a finite flat morphism of Embo,, .
Then the map (1.8.0) induces a surjection

(1.9.3) Homo,, -aig(B,Og) —— (X’ (B — B)g).

Proof. 1. The fibers of the map Homcont.0x-alg(A,Og) —
HoMeont.0xc-alg(A, O /m?) are K-valued points of polydisks. Hence the
surjection X7 (A — A)(K) — HoMcont.0x-alg(A, Og /m?) induces a surjection
Homeont.05c-alg (A, O /m?) — (X7 (A — A)g) by Lemma 1.8.

2. By 1 and Lemma 1.2.2, there exists a unique surjection 7o(X7 (A — A)g) —
7o(X7 (A’ — A)z) such that the diagram (1.9.2) is commutative. Switching
A — A and A’ — A, we obtain the assertion.

3. In the commutative diagram

HOmcont.OK—alg(BvOf{/mj) B 7T()()(J(lg - B)f()

r| l

Homcont.OK-alg(A?Of{/mj) - 7rO(Xj(A — A)g),

the horizontal arrows are surjective by 1. Hence the assertion follows.

4. The map f/ : X/(B — B) — X’(A — Ok) is finite and flat by Lemma 1.6.
Let y : X7(A — Og)(K) be the point corresponding to the map A — Og.
Then the fiber (f7)71(y) is identified with the set Homo aig(B,O). Since
XJ(A — Og)f is isomorphic to a disk and is connected, the assertion follows.
O

For a rational number j > 0 and a finite flat Ox-algebra A, we put

WA = lim o mo(XT(A - A)g).
(A—A)eEmbo, (A)

By Lemmas 1.2.1 and 1.9.2, the projective system in the right is constant.
Further by Lemma 1.9.3, we obtain a functor

WU/ : (Finite Flat/Ox) —— Gg-(Finite Sets)

sending a finite flat O-algebra A to W/(A). Let ¥ : (Finite Flat/Og) —
Gr-(Finite Sets) be the functor defined by ¥(A) = Homoy-ag(A, K). Then,
the map (1.9.1) induces a map ¥ — W7 of functors.

1.3 STABLE NORMALIZED INTEGRAL MODELS AND THEIR CLOSED FIBERS

We briefly recall the stable normalized integral model of an affinoid variety
and its closed fiber (cf. [1] Section 4). It is based on the finiteness theorem of
Grauert-Remmert.
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14 AHMED ABBES AND TAKESHI SAITO

THEOREM 1.10 (Finiteness theorem of Grauert-Remmert, [1] Theorem 4.2)
Let A be an O -algebra topologically of finite type. Assume that the generic
fiber Ax = A®o, K is geometrically reduced. Then,

1. There exists a finite separable extension K' of K such that the geometric
closed fiber Ao,., ®o,., F of the integral closure Ao, of Ain A®o, K’ is
reduced.

2. Assume further that A is flat over Ok and that the geometric closed fiber
A®o, F is reduced. Let K' be an extension of complete discrete valuation field
over K and 7' be a prime element of K'. Then the ©’-adic completion of the
base change A ®o, Ok is integrally closed in A®o, K'.

Let A be an Og-algebra topologically of finite type such that Ak is smooth. If
a finite separable extension K’ satisfies the condition in Theorem 1.10.1, we say
that the integral closure Ao, ., of A in Ak is a stable normalized integral model
of the affinoid variety Xx = Sp Ag and that the stable normalized integral
model is defined over K’. The geometric closed fiber X = Spec Ao, ®o,., F of
a stable normalized integral model is independent of the choice of an extension
K’ over which a stable normalized integral model is defined, by Theorem 1.10.2.
Hence, the scheme X carries a natural continuous action of the absolute Galois
group Gk = Gal(K/K) compatible with its action on F'.

The construction above defines a functor as follows. Let Gx-(Aff/F) denote
the category of affine schemes of finite type over F with a semi-linear continuous
action of the absolute Galois group Gx. More precisely, an object is an affine
scheme Y over F with an action of Gx compatible with the action of Gk on
F satisfying the following property: There exist a finite Galois extension K’
of K in K, an affine scheme Y- of finite type over the residue field F’ of K’,
an action of Gal(K’/K) on Yk compatible with the action of Gal(K'/K) on
F’ and a Gg-equivariant isomorphism Y+ @ F — Y. Then Theorem 1.10
implies that the geometric closed fiber of a stable normalized integral model
defines a functor

(smooth Affinoid/K) — Gg-(Aff/F): X — X.

COROLLARY 1.11 Let A be an Ok -algebra topologically of finite type such that
the generic fiber A is geometrically reduced as in Theorem 1.10. Let Xg =
Sp Ag be the affinoid variety and Xy be the geometric closed fiber of the
stable normalized integral model. Then the natural map mo(Xp) — mo(X ) is
a bijection.

Proof. Replacing A by its image in Ag, we may assume A is flat over Og.
Let K’ be a finite separable extension of K in K such that the stable normal-
ized integral model Ao, is defined over K’. Then since Ao, is m-adically
complete, the canonical maps mo(SpecAo,.,) — mo(Spec(Ao,, ®o,, F')) is
bijective. Since the idempotents of A are in Ao,,, the canonical maps
mo(SpecAo,.,) — mo(SpecAg) is also bijective. By taking the limit, we obtain
the assertion. a
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By Corollary 1.11, the functor (smooth Affinoid/K) — G k-(Finite Sets) send-
ing a smooth affinoid variety X to mo(X ) may be also regarded as the com-
position of the functors

(smooth Affinoid/K) =%, Gp-(Aff/F) —™ G- (Finite Sets)-
LEMMA 1.12 Let j > 0 be a positive rational number and (f,f): (A — Og) —
(B — B) be a finite flat morphism of Embo, . Let fi : X/(B — B) —
XI(A — Og) be the induced map and f7 : X/(B — B) — XI(A — Ok)
be its reduction. Let y € XJ(A — Og)(K) be the point corresponding to
A > A=0r — K and Yy € Xj(A — Ok) be its speczalzzatwn Then the
surjections (f7)"(y) = HomoK alg(B, OK) — (X7 (B — B)g) (1.9.3) and
the specialization map (f7)~(y) — (f7)~1(§) induces a bijection

(1.12.1) lim,_mo(X7' (B — B)g) —— (J))7 ().
Proof. The map (f7)~(y) — mo(X7' (B — B)g) is a surjection of finite sets
by Lemma 1.9.4. Hence there exists a rational number j° > j such that the
surjection mo(X7 (B — B)g) — lim WO(Xj”(B — B)g) is a bijection.

am.,
Let K’ be a finite separable extension buch that the surjection (X7 (B —
B)g) — mo(X7 (B — B)g-) is a bijection and that the stable normalized
integral models ngK/ of X7(B — B) is defined over K'. Enlarging K’ further if
necessary, we assume that e'j is an integer where ¢’ = eg/k is the ramification
index. Then the integral model .A{DK/ of X7(A — Og) is also defined over K.
If Ok[[T1,...,Tn]] — A is an isomorphism such that the kernel of A — Ok
is generated by Ti,...,7T, and 7’ is a prime element of K’, it induces an
isomorphism O/ (Ty/7'¢7, ... T, /n'¢7) — Ap,.,- Let A, — Ok be the

map induced by A — Ok and AéK/ be the formal completion respect to

the surjection Aj o — Ok If Og[[T1,...,T,]] — A is an isomorphism as
above, it induces an isomorphism O[T} /7€, ... T, /7'¢7]] — AjOK/. We
put BJ B]O ®AJOKI A]O . The ring B] ., 1s finite over AJ ., since BéK,

is ﬁmte over .A]OK,. Enlarging K’ further if necessary, we assume that the
canonical map (f7)~!(y) — mo(Spec Bz)K,) is a bijection.

We show that the surjection mo(X7 (B — B)gs) — mo(Spec B{)K/) is a bijec-
tion. For a rational number j* > 0, let A}, and BJ denote the affinoid K-
algebras defining X7' (A — Og) and X' (B — B). We have B}, = B ®a Al

Since mo(X7 (B — B)z) — lim .y mo(X7" (B — B)g) is a bijection, the in-

jection Bj” — Bj: induce a bijection of idempotents for j < j” < j’. Since
7T()(X] (B — B) ) — 7m(X7' (B — B)g/) is a bijection, the idempotents of
ij are in B, Hence, for j < j” < j', the map B, — B, induces a bi-
jection of idempotents for j < j” < j'. Therefore, the map B}, — B,

K’
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16 AHMED ABBES AND TAKESHI SAITO

induces a bijection of idempotents by [3] 7.3.6 Proposition. Thus, the map
7o(X7 (B — B) k) — mo(Spec B{)K,) is a bijection as required. O

For later use in the proof of the commutativity in the logarithmic case, we give a
more formal description of the functor (smooth Affinoid/K) — Gk-(Aff/F) :
X — X. For this purpose, we introduce a category th,/K(Aff/F’) and
(Aff/F') — G-(Aff/F) of categories. More gener-

V(K') in the following setting. Suppose we

an equivalence lim JK

ally, we define a category lim lim
are given a category V(K') for each finite separable extension K’ of K and
a functor f* : V(K") — V(K') for each morphism f : K/ — K" of finite
separable extension of K satisfying (f o g)* = ¢* o f* and idy, = idy(x).
In the application here, we will take V(K’) to be (Aff/F’) for the residue
field F'. In Section 4, we will take V(K') to be Embo,,. We say that a
full subcategory C of the category (Ext/K) of finite separable extensions in
K is cofinal if C is non empty and a finite extension K" of an extension K’
in C is also in C. We define th//K V(K') to be the category whose ob-
jects and morphisms are as follows. An object of th,/K V(K') is a sys-
tem ((Xk')k'cobe), (¢f) f:k'— K" emor(cy) Where C is some cofinal full sub-
category of (Ext/K), Xk is an object of V(K’) for each object K’ in C
and ¢y : Xgv — f*(Xg) is an isomorphism in V(K") for each morphism
f iK' — K" in C satisfying ¢ = f*(¢y) 0 s for morphisms ' : K’ — K"
and f K" — K" inC. For ObjeCtS X = ((XK’)K/Eob(C)’ (@f)f:K'—J(”Emor(C))
and Y = ((YK’)K’Gob c’) (’(/Jf)f K'— K’ €mor(C’) ) of the category @K’/K V(K/)7
a morphism g : X — Y is a system (gx+)kcob(c), Where C” is some cofinal
full subcategory of CNC’ and gx+ : Xg+ — Yg is a morphism in V(K') such
that the diagram

XK” —)gK/ YK”

wl ld’f

FXgr 2 v

is commutative for each morphism f: K/ — K" in C".

Applying the general construction above, we define a category
li_r)nK,/K(Aff/F’). An equivalence h_n}lK,/K(Aff/F’) —  Gg-(Aff/F)
of categories is defined as follows. Let X = ((Xk/)k eob(c)
(f*) f:x—K"emor(c)) be an object of lim Aff/F"). Let Cg be the category
T Kieck X
is an affine scheme over F' and has a natural continuous semi-linear ac-
tion of the Galois group Gk. By sending X to X, we obtain a functor
li_rr>1K,/K(Aff/F’) — Gg-(Aff/F). We can easily verify that this functor gives
an equivalence of categories.

The reduced geometic closed fiber defines a functor (smooth Affinoid/K) —
lim Aff/F’) as follows. Let X be a smooth affinoid variety over K. Let Cx

K'/K(
of finite extensions of K in K which are in C. Then, Xz = = lim

K’/K(
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be the full subcategory of (Ext/K) consisting of finite extensions K’ such that a
stable normalized integral model Ao, , is defined over K’. By Theorem 1.10.1,
the subcategory Cx is cofinal. Further, by Theorem 1.10.2, the system X =
(Spec Ao,., ®0,., F')krcobcy defines an object of li)nK,/K(Aff/F’). Thus, by

sending X to X, we obtain a functor (smooth Affinoid/K) — @K,/K(AH/F’).

By taking the composition with the equivalence of categories, we recover the
functor (smooth Affinoid/K) — Gg-(Aff/F).

1.4 TWISTED NORMAL CONES

Let (A — A) be an object in Embo, and j > 0 be a positive rational number.
We define X7(A — A) to be the geometric closed fiber of the stable normalized
integral model of X7(A — A). We will also define a twisted normal cone
CI(A — A) as a scheme over Az ,.q = (A @0, F)rea and a canonical map
XI(A — A) — CI(A — A).

Let I be the kernel of the surjection A — A. Then the normal cone Cy/a
of Spec A in Spec A is defined to be the spectrum of the graded A-algebra
EBZO:O I /1", We say that a surjection R — R’ of Noetherian rings is regular
if the immersion SpecR’ — SpecR is a regular immersion. If the surjection
A — A is regular, the conormal sheaf Ny/o = I/I? is locally free and the
normal cone Cy, 4 is equal to the normal bundle, namely the covariant vector
bundle over SpecA defined by the locally free A-module Homa(Na/a,4).
For a rational number j, let m? be the fractional ideal m’ = {z € Og;ord(x) >
j} and put NV =mJ @0, F.

DEFINITION 1.13 Let (A — A) be an object of Embo,, and j > 0 be a rational
number. We define the j-th twisted normal cone CI(A — A) to be the reduced
part

<Spec Dur/r o, N”’”>>
red

n=0

of the spectrum of the A @0, F-algebra @;"ZO(In/InH ®0, N7Im).

It is a reduced affine scheme over Spec Ag ,.q non-canonically isomorphic to
the reduced part of the base change C4/a ®0 F. It has a natural continuous
semi-linear action of Gg via N~7". The restriction to the wild inertia sub-
group P is trivial and the G k-action induces an action of the tame quotient
G'me = G /P. If the surjection A — A is regular, the scheme C7(A — A)
is the covariant vector bundle over Spec Ag ,.q defined by the A ,.q-module
(Homa(I/1?,A) ®0, N7) @ agp, F AP red-

A canonical map X7(A — A) — CI(A — A) is defined as follows. Let K’ be a
finite separable extension of K such that the stable normalized integral model
A%)K/ is defined over K’ and that the product je with the ramification index
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18 AHMED ABBES AND TAKESHI SAITO

e = e/ is an integer. Then, we have a natural ring homomorphism

@In(@OKmI—(]/‘en_)AjK/ f®a—af.
n>0

Since IA%)K, C ij?,A{)K,, it induces a map @ I"/I""" ®o, md" —
A]OK, /mK/.Aﬁ)K,. Let F’ be the residue field of K’'. Then by extending the
scalar, we obtain a map @, (I"/I"*! ®o, N7") — Ap, | /mxr Ap, | @pr F.
By the assumption that A]OK/ is a stable normalized integral model, we have
XI(A — A) = Spec (A, /mir Ay, @p F). Since X7 (A — A) is a reduced
scheme over F', we obtain a map XI(A — A) — C/(A — A) of schemes over
F.

For a positive rational number j > 0, the constructions above define a functor
CY : Embo,, — Gg-(Aff/F) and a morphism of functors X7 — C7.

LEMMA 1.14 Let (A — A) be an object of Embo, and j > 0 be a rational
number. Then, we have the following.

1. The canonical map X7 (A — A) — CI(A — A) is finite.

2. Let (A — A) — (B — B) be a morphism in Embo, . Then, the canonical
maps form a commutative diagram

X/(B— B) —— C/(B — B) —— Spec Bp eq

! ! !

XI(A—A) —— CI(A— A) —— Spec Ap g

If the morphism (A — A) — (B — B) is finite flat, then the right square in
the commutative diagram is cartesian.

3. Assume A = Og. Then the surjection A — A is reqular and the canonical
map Naja — QA/OK Ra A is an isomorphism. The twisted normal cone

CI(A — A) is equal to the F-vector space Homp(QA/oK ®a F,N7). The
canonical map X7 (A — A) — CI(A — A) is an isomorphism.

Proof. 1. Let K’ be a finite extension such that the stable normalized integral
model AJOK, is defined. Let A" denote the 7’-adic completion of the image of

the map @, ~(I" ®o m;ﬁen — A ®o, K’'. Then by the definition and by
Lemma 1.3, AéK, is the integral clpsure of A" in A% . Hence Az)K,/mK/.AjOK,
is finite over @, I" /1" ®0,. m)“". Thus the assertion follows.

2. Clear from the definitions.

3. If A = Ok, there is an isomorphism Og[[T1,...,T,]] — A for some n such
that the composition Ok [[T1,...,T,]] — A maps T; to 0. Then the assertions
are clear. O
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1.5 ETALE COVERING OF TUBULAR NEIGHBORHOODS

Let A and B be the integer rings of finite étale K-algebras. For a finite flat
morphism (A — A) — (B — B) of embeddings, we study conditions for the
induced finite morphism X7(A — A) — X7(B — B) to be étale.

Let X = Sp Bx and Y = Sp Agk be geometrically reduced affinoid varieties
and A and B be the maximum integral models. Then a finite map f: X — Y
of affinoid varieties is uniquelly extended to a finite map A — B of integral
models.

PROPOSITION 1.15 Let A and B = Oy, be the integer rings of finite separable
extensions of K and (A — A) — (B — B) be a finite flat morphism of
embeddings. Let j7 > 1 be a rational number, 7, a prime element of L and
e = ordwy, be the ramification index.

1. ([1] Proposition 7.3) Assume A = Ok. Suppose that, for each j' > j,
there exists a finite separable extension K' of K such that the base change
Xj,(B — B) g is isomorphic to the disjoint union of finitely many copies of
X7'(A — Ak as an affinoid variety over X3 (A — A). Then there is an
integer 0 < n < ej such that 7} annihilates Qp /4.

2. ([1] Proposition 7.5) If there is an integer 0 < n < ej such that 7} annihi-
lates Qg a, then the finite flat map X7 (B — B) — X7(A — A) is étale.

COROLLARY 1.16 ([1] Theorem 7.2) Let A = Ok and let B be the integer ring
of a finite étale K-algebra. Let (A — A) — (B — B) be a finite flat morphism
of embeddings. Let j > 1 be a rational number. Suppose that, for each j' > 7,
there exists a finite separable extension K' of K such that the base change
Xj/(B — B) g is isomorphic to the disjoint union of finitely many copies of
Xj,(A — A)gr as in Proposition 1.15.1. Let I be the kernel of the surjection
B — B and let N/ be the B-module I/I?. Then, we have the following.

1. The finite map X7(B — B) — X7(A — A) is étale and is extended to a
finite étale map of stable normalized integral models.

2. The finite map X’(B — B) — X7(A — A) is étale.

3. The twisted normal cone CI(B — B) is canonically isomorphic to the
covariant vector bundle defined by the Bp .q-module (Homp(Np/B, B) ®oy
N7) @By B yea and the finite map X7 (B — B) — C7(B — B) is étale.

Though these statements except Corollary 1.16.3 are proved in [1] Section 7,
we present here slightly modified proofs in order to compare with the proofs of
the corresponding statements in the logarithmic setting given in Section 4.3.
To prove Proposition 1.15, we use the following.

LEMMA 1.17 Let A = Oy, be the integer ring of a finite separable extension L,
A — A be an embedding and let M be an A-module of finite type. Let j > 1
be a rational number and K' be a finite separable extension of K such that the
stable normalized integral model AJOK/ of XI(A — A) is defined over K'. Let

e and €' be the ramification indices of L and of K' over K and wp and 7' be
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prime elements of L and K'. Assume that €' /e and €'j are integers. Then, the
following conditions are equivalent.

(1) There exists an integer 0 < n < ej such that the A-module M =M ®4a A
is annihilated by 77 .

(2) The A, ,-module MI =M ®a Ap, is annihilated by re'i=1,

Proof of Lemma 1.17. The image of an element in the kernel I of the surjection
A — Ain A] . is divisible by 7€', Hence we have a commutative diagram

A —— AOK’

! l

A —— AL /().

We show that the ideals of AéK//(W'elj) generated by the image of 7, € A
and by the image of re'le ¢ Ajokl are equal. Take a lifting a € A of 7 € A.

. . . . . ’ .
Then the image of a® is a unit times 7 and hence is a unit times 7' in
. . ’ ! .
/( ’¢'7). Since AL is n’-adically complete, we have a® = un’® + v’
K' K’

for some u € A2 and v € A, . Since j > 1 and A, is 7’-adically

Oy And O OIS K, :
complete, we have (a/7'¢/¢)¢ = u + vr'¢U=1 is a unit in Ag)K/. Since A? -
is normal, we have a/7'¢'/¢ € A and the claim follows.

Assume that the A-module M is isomorphic to A" ® @;_, A/(x}') for in-
tegers 0 < n; < ... < n,. Then, by the commutative dlagram above and
by the equality (wz) = (7/¢/€) of the ideals of A} 0, /(T ’GJ) proved above,
the Af)K,/(w’e/j)—module M /w'€IMI s isomorphic to (AL A re'gy)yr

b, Af)K//(ﬁ’min(e/j’e,"i/e)). The condition (1) is clearly equlvalent to that
r =0 and ng < ej. We see that the condition (2) is also equivalent to this con-
dition by taking the localization at a prime ideal AJOK/ of height 1 containing
7. O
Proof of Proposition 1.15. 1. Since A = Og, there is an isomorphism
Ok|[|T1,...,Ty]] — A such that the composition Ok|[[T1,...,T,]] — A maps
T; to 0. For j > 0, the affinoid variety X/(A — A) is a polydisk. By
the proof of Lemma 1.7, there exist a finite separable extension K’ of K
of ramification index e/, an embedding (B ®o, Oxr — B’) in Embo,,, iso-
morphic to the embbedding (Og/[[S1,...,S,]]Y — OF,) sending S; to 0 for
some N > 0, a positive rational number ¢ < j and an open immersion
X/(B — B)®x K' — X““(B ®o, Ox/ — B') as a rational subdomain.
The affinoid variety X¢ (B ®o, Ox+ — B') is the disjoint union of finitely
many copies of polydisks. Enlarging K’ if necessary, we may assume that e’j
and e’ € are integers. We may further assume that there is a rational number
i<y < ] + € such that €'’ 1s an integer, that the stable normalized integral
models B2 ., and B’” of XI'(B — B) and of X¢“(B ®0, Ox: — B') are

/
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defined over K’ and that X4 (B — B)g- is isomorphic to the disjoint union
of copies of X7 (A — A)g:. Since ¢/j’ is an integer, the stable normalized
integral model Ap, |, of X7 (A — A) is also defined over K’. Then we have a
commutative diagram

A R Ap .,
re’ '
We consider the modules Qa/0, = linn Q(A/mg)/ok)a QAgK,/OK/
hm Q(A /W'"'AgK,)/OK/ etc as defined in the beginning of Section 1.1.
By Lemma 1.4.2, we have a commutative diagram
j/ A A~
B)  ©a Qajox SN BOK, ®Agw QA]'O’K, /Ot

l

-/ A -/ ~
j j )
Bby @8 /0 —— B, @aye Qg jo, —— gy o,

We show that the five B] ,-modules are free of rank n and that the five
maps are injective. We also show that by 1dent1fy1ng the modules with

o . re'j' 133
their images in €2 B! , we have an inclusion 7/¢7 BOK, B QB/OK -

o/ Ot

W'eleBJ , ®a QA/OK of submodules of Q By the assumption on

/OK/.
the covering X/ (B — B)g — X7 (A — A)K/, the .AgK,—algebra Bj/K,

is isomorphic to the product of finitely many copies of Ajo/K/- Hence the

right vertical map BOK/ ®AJOIK/ QA{)/K,/OK/ — Q e is an isomorphism.
The isomorphism Og|[T1,...,T,]] — A in the begmmng of the proof induces
an isomorphism Og/ (T} /7€, ... T, /’R’le/j> .AJOK/ and we see that the A-
module QA/OK and the Aj ,-module Q /O are free of rank n. Hence
K’/
Q. is also a free BY, _-module of rank n. Further by the canonical maps
By, /Oks Ok
AJéK/ QA QA/OK — QAgK, O the module AjoK, QA QA/OK is identified with
the submodule 7/¢'4" ) AJ-O/K, 0 Similarly, the B-module g /0 and the By e:/-

module QBS’(/ /0,., are free of rank n and B’Oe:, ®B QB/OK is identified with the
submodule W/GIEQBIS,/e /O, Since X’(B — B) @k K' is a rational subdomain
O

is an

of X*“(B&o, O — B'), themap By, @ e Qysere y0,., = Qp /O
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s s . . . . 10 4 ~ ’ v
injection. Thus, we obtain an inclusion 7'¢7 BJOK, ®B OQB/o, C7'° GBJOK/ ®A

QA/OK as submodules of Q 0w

?hus the BJOK/—module BOK/ ®B Op/a = Coker(l’)’gw ®aA QA/OK — BgK, ®B
Q0B/0, ) is annihilated by 7€' U'=9) Since 0 < j — e < j' — € < 7, it suffices to
apply Lemma 1.17 (2)=(1).

2. Let K’ be a finite separable extension such that €’j is an integer and the
stable normalized integral models AJ » and BJ L., are defined over K’. By the
proof of Lemma 1.9.2, we have B o Q04 K' =B®a AO ®o0,, K" and the
map A’ o ©0 K — Bz)K/ ®0 s K is finite flat. By Lemma 1.17 (1)=-(2), the
Bj ,-module Bg) , @B 2B/ is annihilated by 7™ for an integer 0 < n’ < €j.
Hence the map A7 o B0 K — BJ , ®0,., K'is étale. O
Proof of Corollary “1.16. 1. Tt follows from Proposition 1.15 that the map
X7(B — B) — X7(A — A) is finite étale. By Lemma 1.12, the fiber (f7)~1(7)
has the same cardinality as the degree of the map X’/(B — B) — X/(A — A)
in the notation there. Hence the finite map X7/(B — B)o,, — X/(A — A)o,,
of the normalized integral models is étale at a point of X7(A — A)o,, in the
closed fiber. Since X7(A — A)o,,, is a regular Noetherian scheme, the assertion
follows by the purity of branch locus.

2. Clear from 1.

3. Since the surjection B — B is regular, the twisted normal cone C?(B — B)
is canonically isomorphic to the covariant vector bundle defined by the B ,.q-
module (Homp(I/1*,B) ®0, N?) ®p,. B 1eq- We consider the commutative
diagram

X/(B—B) —— Ci(B—B) — Spec Bf g

l ! |

XI(A - Og) —— CI(A - Og) —— Spec F

in Lemma 1.14.2. Since the map (A — A) — (B — B) is finite and flat,
the right square is cartesian. Hence the middle vertical arrow is étale. Since
A = Ok, the lower left horizontal arrow is an isomorphism by Lemma 1.14.3.
By 2, the left vertial arrow is finite étale. Thus the assertion is proved. O

2  FILTRATION BY RAMIFICATION GROUPS: THE NON-LOGARITHMIC CASE

2.1 CONSTRUCTION

In this subsection, we rephrase the definition of the filtration by ramification
groups given in the previous paper [1] by using the construction in Section 1.
The main purpose is to emphasize the parallelism between the non-logarithmic
construction recalled here and the logarithmic construction to be recalled in
Section 5.1.
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Let ® : (Finite Etale/K) — Gg-(Finite Sets) denote the fiber functor send-
ing a finite étale K-algebra L to the finite set ®(L) = Homg az(L, K) with
the continuous G g-action. For a rational number j > 0, we define a functor
&7 : (Finite Etale/K) — Gg-(Finite Sets) as the composition of the functor
(Finite Etale/K) — (Finite Flat/Og) sending a finite étale K-algebra L to
the integral closure O, of Ok in L and the functor ¥/ : (Finite Flat/Og) —
G- (Finite Sets) defined at the end of Section 1.2. The map (1.9.3) defines a
surjection ® — ®7 of functors. In [1], we define the filtration by ramification
groups on Gk by using the family of surjections (& — ®7);-¢ g of functors.
The filtration by the ramification groups GJI-( C Gg,j > 0,€ Q is characterized
by the condition that the canonical map ®(L) — ®7(L) induces a bijection
®(L)/Gr, — ®I(L) for each finite étale algebra L over K.

The functor ® is defined by the commutativity of the diagram

(Finite Etale/K) — G k- (Finite Sets)

| ]

(Finite Flat/OK) GK—(AH/F)

| s

Embo — (smooth Affinoid/K)

We briefly recall how the other arrows in the diagram are defined. The for-
getful functor Embp,, — (Finite Flat/Ok) sends (A — A) to A. The functor
X7 : Embo, — (smooth Affinoid/K) is defined by the j-th tubular neigh-
borhood. The functor (smooth Affinoid/K) — Gg-(Aff/F) sends X to the
geometric closed fiber X of the stable normalized integral model. The functor
7o : Gr-(Aff/F) — Gk-(Finite Sets) is defined by the set of connected com-
ponents. They induce a functor W7 : (Finite Flat/Og) — G -(Finite Sets)
by Lemma 1.9. The functor ®’ is defined as the composition of U7 with the
functor (Finite Etale/K) — (Finite Flat/Ox) sending a finite étale algebra L
over K to the integral closure O, in L of Og. More concretely, we have

()=  lm (XA Oy)
(A—’OL)EEmbOK (OL)

for a finite étale K-algebra L. )
For a rational number j > 0, we define a functor ®/* : (Finite Etale/K) ——
G - (Finite Sets) by &/ (L) = h_n}lj,>j ®J (L) for a finite étale K-algebra L. We

define a closed normal subgroup Gj; to be Ujrs; G%. Then we have ®/ (L) =
®(L)/G%. The finite set 7+ (L) has the following geometric description.

LEMMA 2.1 Let B be the integer ring of a finite étale algebra L over K and
j > 0 be a rational number. Let (f,f) : (A — Og) — (B — B) be a finite
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flat morphism of embeddings. Let f7 : X7(B — B) — X7(A — Og) and f7 :
X7(B — B) — X9(A — Ok) be the canonical maps. Let 0 € XI(A — Ok)
be the point corresponding to the map A — O and 0 € XI(A — Of) be its
specialization. Then the maps (1.8.0), (1.12.1) and the specialization map form
a commutative diagram

d(L) —_— <I)j+(L) —_— @j(L)

(2.1.1) l l l
(f)7H0) —— (f)71(0) —— m(X/(B — B))
and the vertical arrows are bijections.

Proof. Since the map (A — Og) — (B — B) is finite flat, the map B — B
induces an isomorphism Bk ® Al K — L. Hence we obtain a bijection ®(L) =
HomK_alg(LR') — (f7)71(0). By Lemma 1.12 and the definition of ®/*+ (L),
we have a bijection ®/+ (L) — (f7)71(0). The bijection &7 (L) — (X’ (B —
B)) is clear from the definition of ®/(L). The commutativity is clear. O
For a finite étale algebra L over K and a rational number 5 > 0, we say that
the ramification of L is bounded by j if the canonical map ®(L) — ®/(L)
is a bijection. Let A = Ok and let B = O, be the integer ring of a finite
étale K-algebra L and (A — A) — (B — B) be a finite flat morphism of
embeddings. Then, since the map X7(B — B) — X’(A — A) is finite flat of
degree [L : K], the ramification of L is bounded by j if and only if there exists a
finite separable extension K’ of K such that the affinoid variety X7(B — B) g
is isomorphic to the disjoint union of finitely many copies of X7(A — A)g
over X7(A — A)g,. We say that the ramification of L is bounded by j+ if the
ramification of L is bounded by every rational number j° > j. The ramification
of L is bounded by j+ if and only if the canonical map ®(L) — ®/*(L) is a
bijection.

LEMMA 2.2 Let K — K’ be a map of complete discrete valuation fields induc-
ing a local homomorphism O — Og of integer rings. Assume that a prime
element of K goes to a prime element of K' and that the residue field F' of
K' is a separable extension of the residue field F' of K. Then, for a rational
number j > 0, the map Ggr — Gk induces a surjection G, — G .

Proof. Let A be the integer ring of a finite étale K-algebra L and (A — A)
be an object of Embo, . By the assumption, the tensor product A ®o, Ok
is the integer ring of L ®x K’. By the isomorphism X7(A — A)&rK' —
X/ (A®0, Ok — A ®p, Ok) in Section 1.2 and Theorem 1.10, the natural
map ¢/ (L @ K') — ®(L) is a bijection. Hence the assertion follows. O
Ezample. Let K = Fy(z,y)((7)) and put L = K[]/(t? —t — =), M =
Llty,ta] /(8] — t1 — 5,15 —ta — %) and G = Gal(M/K) ~ F,. Then we
have G = G for j < p?, G = H = Gal(M/L) ~ F? for p* < j < p® and
G’ =1 for p? < j.
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We put z = 7Pt. Then we have Op = Ox/[2]/(2P — 7PP~Vz — z) and L =
Fp(z,9)((7)). By putting s = t1 — —5, we also have M = L[s, t2]/(s" — s —
% th—to— T) We put My = L(s) C M. Then we have H/ = H
for j < p(p®> —p+1), H = Gal(M/M;) ~F, for p(p> —p+1) < j < p® and
HJ =1 for p? < j.

This example shows that the filtration on the subgroup H induced from the fil-
tration by ramification groups on G is not the filtration by ramification groups
on H even after renumbering. It also shows that the “lower numbering” fil-
tration is not equal to the upper numbering filtration defined here even after
renumbering.

2.2 FUNCTORIALITY OF THE CLOSED FIBERS OF TUBULAR NEIGHBOR-
HOODS: AN EQUAL CHARACTERISTIC CASE

For a positive rational number j > 0, let (Finite Etale/ K)</* denote the full
subcategory of (Finite Etale/K) consisting of étale K-algebras whose ramifi-
cation is bounded by j+. In this subsection and the following one, we assume
the following condition (F) is satisfied.

(F) There exists a perfect subfield Fy of F' such that F' is finitely generated
over Fy.

Further assuming that p is not a uniformizer of K, we will define a twisted
tangent space ©7 and show that the functor X7 : Embo, — Gr-(Aff/F)
induces a functor

X7 : (Finite Etale/K)<I" — Gg-(Finite Etale/©7).

In this subsection, we study the easier case where K is of characteristic p.

Let Fj be a perfect subfield of F' such that F is finitely generated over Fj. We
assume K is of characteristic p. Then, Fj is naturally identified with a subfield
of K. We first define a functor

(Finite Etale/K) — Embo, .
In this subsection, A denotes the integer ring of a finite étale K-algebra.

LEMMA 2.3 Let A be the integer ring of a finite étale K-algebra.

1. Let (A/m" @p, Ok)" denote the formal completion of A/m" @, Ok of the
surjection A/m’y ®p, Ox — A/m" sending a @ b to ab. Then the projective
limit

(A®p, OK)" = lim(A/m’} ®p, Ok)"

lim
pi—
n

is an O -algebra formally of finite type and formally smooth over Ok .
2. Let (A®p,Ok)" — A be the limit of the surjections (A/m"y ®@p, Ok)" —
A/m"%. Then ((A®Fp,Ok)" — A) is an object of Embo, -
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3. Let A — B be a morphism of the integer rings of finite étale K-algebras.
Then it induces a finite flat morphism ((A®p,Ok)" — A) — ((B&p,Ox)" —
B) of Embo, .

Proof. 1. We may assume A is local. Let E be the residue field of A and take a
transcendental basis (1, . . ., ;) of E over the perfect subfield Fy such that E is
a finite separable extension of Fy(f1,...,%,). Take a lifting (¢1,...,tm) in A of
(t1,...,tm) and a prime element ¢ty € A. We define a map Fy[Ty, ..., Tn] — A
by sending T; to t;. Then A is finite étale over the completion of the local ring
of Fy[To, ..., T] at the prime ideal (Tp). Hence there exist an étale scheme X
over A?OH, a point £ of X above (Tp) and an Fy-isomorphism ¢ : OAX{ — A.
Let ¢ : Spec A — X ®p, Ok be the map defined by ¢ and Ox — A. Then
(A®p,Of)" is isomorphic to the coordinate ring of the formal completion
of X ®p, Or along the closed immersion ¢ : Spec A — X ®p, Ox. Hence
(A® R, OF )" is formally of finite type and formally smooth over O.

2. Since the map (A®p,Ok)" — A is surjective, the assertion follows from 1.
3. Since (B&g,Ox)" = B®a (A®F90K)A, the assertion follows. O
Thus, we obtain a functor (Finite Etale/K) — Embo, sending a finite étale
K-algebra L to ((OL&p,Ox)" — Or). For a rational number j > 0, we have
a sequence of functors

(Finite Etale/K) —— Embo,, —
(smooth Affinoid/K) ——— Gg-(Aff/F).

We also let X7 denote the composite functor (Finite Etale/K) — G-(Aff/F).
For a finite étale K-algebra L, we have

XI(L) = Xj((OL®FUOK)A — Op).

We define an object ©7 of Gg-(Aff/F) to be the F-vector space ©7 =
HomF(QOK/FO ®0, F, N7) regarded as an affine scheme over F' with a natural
Gi-action. Let Gg-(Finite Etale/©7) denote the subcategory of G x-(Aff/F)
whose objects are finite étale schemes over ©7 and morphisms are over ©7.

LEMMA 2.4 For a rational number j > 1, the functor X7 (Finite Etale/K) —
Gr-(Aff/F) induces a functor X’/ :  (Finite Etale/ K)Si+  —
Gk -(Finite Etale/©7).

Proof. The canonical map QOK/FO ®0x (Ox®@p,OK)" — Q(0K®FOOK)A/OK is
an isomorphism by the definition of (Ox®p,Ok)". Hence, we obtain isomor-
phisms X/ (K) — C/((Ox®p,Ok)" — Og) — ©7 by Lemma 1.14.3. We
identify X7(K) with ©7 by this isomorphism. Let L be a finite étale K-
algebras whose ramification is bounded by j+. Then, by Corollary 1.16, the
map X7(L) — X’(K) = © is finite and étale. Thus the assertion is proved.
O

The construction in this subsection is independent of the choice of perfect
subfield Fy C F by the following Lemma.
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LEMMA 2.5 Let K be a complete discrete valuation field of characteristic p > 0
satisfying the condition (F). Let Fy and Fj be perfect subfields of F' such that
F is finitely generated over Fy and Fj.

1. There exists a perfect subfield Fjj of F containing Fy and F}.

2. Assume Fy C Fi. Then Fj is a finite separable extension of Fy. For the in-
teger Ting A of a finite étale algebra over K, the canonical map (A®r,Ox )" —
(A®Fé Ok)" is an isomorphism.

Proof. 1. The maximum perfect subfield 1, FP" of F contains F, and Fj as
subfields.

2. Since F{ is a perfect subfield of a finitely generated field F over Fy,
it is a finite extension of Fy. Since the canonical map (A®g Ok)" —
(A®F(;OK)/\ is finite étale and the induced map (A®FOOK)A/m(A®FOOK)A —

(A®F6 OK)A/m(A®F,OK)A is an isomorphism, the assertion follows. O
0

2.3 FUNCTORIALITY OF THE CLOSED FIBERS OF TUBULAR NEIGHBORHOODS:
A MIXED CHARACTERISTIC CASE

In this subsection, we keep the assumption:

(F) There exists a perfect subfield Fy of F' such that F' is finitely generated
over Fy.

We do not assume that the characterisic of K is p. Under the assumption (F),
there exists a subfield Ky of K such that Ok, = Ox N K is a complete discrete
valuation ring with residue field Fy. If K is of characteristic 0, the fraction field
Ky of the ring of the Witt vectors W (Fy) = Ok, regarded as a subfield of K
satisfies the conditions. If K is of characteristic p, we naturally identify Fj
as a subfield of K and the subfield Fy((¢)) for any non-zero element ¢t € mg
satisfies the conditions. In this subsection, we take a subfield Ky of K such
that Ok, = Ox N Ky is a complete discrete valuation ring with residue field
Fy. Here, we do not define a functor (Finite Etale/K) — Embo,,. Instead, we
introduce a new category Embk o,,, and a functor

gmbK,OKO - EmboK.

In this subsection, A denotes the integer ring of a finite étale K-algebra and g
denotes a prime element of the subfield Ky C K. For a complete Noetherian
local Ok, -algebra R formally smooth over Ok, , we define its relative dimension
over Ok, to be the sum tr.deg(E/k)+dimg mp/(m, m%) of the transcendental
degree of E = R/mp over k and the dimension dimg mpg/(m, m%).

DEFINITION 2.6 Let K be a complete discrete valuation field and Kq be a sub-
field of K such that Ok, = Ox N Ky is a complete discrete valuation ring with
perfect residue field Fy and that F is finitely generated over Fy.
1. We define Embi,0,, to be the category whose objects and morphisms are
as follows. An object of Embr 0y, is a triple (Ag — A) where:

DOCUMENTA MATHEMATICA + EXTRA VOLUME KATO (2003) 5-72



28 AHMED ABBES AND TAKESHI SAITO

e A is the integer ring of a finite étale K-algebra.

o Ay is a complete semi-local Noetherian Ok, -algebra formally smooth of
relative dimension tr.deg(F/Fy) + 1 over Ok, .

o Ay — A is a reqular surjection of codimension 1 of Ok, -algebras inducing
an isomorphism Ag/ma, — A/my.

A morphism (f,f) : (Ao — A) — (Bg — B) is a pair of an O -homomorphism
f:+A— B and an Og,-homomorphism £ : Ay — By such that the diagram

A0—>A

fl lf
By, —— B

18 commutative.

2. For the integer ring A of a finite étale K-algebra, we define Embk o, (A)
to be the subcategory of Embk 0y, whose objects are of the form (Ag — A) and
morphisms are of the form (ida,f).

3. We say that a morphism (Ag — A) — (Bg — B) is finite flat if Ay — By
is finite flat and the map Bo ®a, A — B is an isomorphism.

LEMMA 2.7 1. If A is the integer ring of a finite étale K-algebra, then the
category Embr 04, (A) is non-empty.

2. Let (Ag — A) and (Bo — B) be objects of Embk 0, and A — B be an Ok -
homomorphism. Then there exists a homomorphism (Ag — A) — (Bg — B)
in Embr 0, evtending A — B.

3. Let (Ag — A) — (Bo — B) be a morphism of Embr oy, - If a prime
element my of Ky is not a prime element of any factor of A, then the map
(Ayg — A) — (By — B) is finite and flat.

Proof. 1. We may assume A is local. Take a transcendental basis (f1,...,%m)
of the residue field E' of A over k such that F is a finite separable extension
of k(t1,...,tn). Take a lifting (t1,...,t,) in Ok of (t1,...,t,) and a prime
element tg of A. Then A is unramified over the completion of the local ring of
Ok, [T0, - - ., Tim] at the prime ideal (7, Ty) by the map sending T; to ¢;. Hence
there are an étale scheme X over Ag;ol, a point & of X above (m,Tp) and a

regular surjection ¢ : OAX75 — A of codimension 1. Let Ay be the O, -algebra
Ox¢. Then (Ag — A) is an object of Embk 0y, -

2. Since Ay is formally smooth over O, it follows from that By is the formal
completion of itself with respect to the surjection Bg — B.

3. We may assume A and B are local. We show that the map By ®a, A — B
is an isomorphism. Let f be a generator of the kernel of Ag — A and con-
sider the class of f in ma, /mio. We show that the image of the class of
f in t'n}30/111]230 is not 0. Let tg € A and ¢, € By be liftings of prime
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elements of A and B respectively. By the assumption that my is not a
prime element, the surjection QAO /0K, — N /0K, induces an isomorphism
QAO/OKO ®a, A/my — QA/OKO ®a A/ma. Hence the image of dty is a basis of
the kernel of QAO/OK @A, A/ma — Qajm,y k- Therefore, (mo,to) is a basis
of ma,/m> A,- Further, by the assumption that mp is not a prime element, the
kernel of the map ma, /mA — my/m? is generated by the class of 7. Hence
the class of f is a non-zero multiplie of the class of mg. Similarly (m,1}) is a
basis of mp, /mf . Thus the image of f in mp,/mf  is not zero as is claimed.
Hence the kernel of By — B is also generated by the image of f and the map
By ®a, A — B is an isomorphism. Since B is finite over A, By is also finite

over Ay by Nakayama’s lemma. Since dimAy = dim By = 2, the assertion
follows by EGA Chap Oy Corollaire (17.3.5) (ii). O

COROLLARY 2.8 Let A be the integer ring of a finite étale K-algebra. If a
prime element my of Ky is not a prime element of any factor of A, then every
morphism of Embk o, (A) is an isomorphism.

Proof. If (A9 — A) — (A{ — A) is a map, the map Ay — Aj is finite flat of
degree 1 by Lemma 2.7.3. Hence it is an isomorphism. O
We define a functor SmbK’OKO — Embo,, -

LEMMA 2.9 Let (Ag — A) be an object of Embr oy, -

1. Let (Ag/m} ®o0,, Ok)" denote the formal completion of Ag/my ®o, O
of the surjection Ag/mR ®o,, Ox — A/m’ sending a ® b to ab. Then the
projective limit

(Ao®0,, Or)" (Ao/mx, ®oy, Ox)"

= lim
is an Ok -algebra formally of finite type and formally smooth over Ok .

2. Let (Ao®0,,Ok)" — A be the limit of the surjections (Ag/m}y ®oy,
Or)" — A/my. Then ((Ao®o,, Ok)" — A) is an object of Embo, .

3. Let (Ag — A) — (Bo — B) be a morphism of Embrc, 0y, - Then it induces
a morphism ((Ag®o,, Ox)" — A) = (Bo®oy,Ok)" — B) of Embo,, .

Proof. 1. We may assume A and hence Ag are local. Let E be the residue field
of A and take a transcendental basis (t_l, ...ytm) of E over k such that F is a
finite separable extension of k(%1,...,%,). Take a lifting (¢1,...,t,) in Ag of
(t1,...,tm). By our assumption, the quotient ring Ag/mgAg is a regular local
ring of dlmensmn 1 and hence is a discrete valuation ring. Take a lifting tg € Ag
of a prime element of Ag/mgAy. We define a map O, [Ty, ., Tm] — Ao by
sending T; to t;. Then Aj is finite étale over the completion of the local ring of
Ok, [T0, - .., Trm] at the prime ideal (Tp, 7). Hence there exist an étale scheme
X over Am’LOl a point & of X above (Tp, mp) and a O,-isomorphism ¢ : Ox £
Ay. Leti:Spec A — X®0p,, Ok be the map defined by p and Ox — A. Then

(A0®0K0 Oxk)" is isomorphic to the coordinate ring of the formal completion
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of X Q0, Ok along the closed immersion i : Spec A — X @0, Ok . Hence
(Ao®o o Ox)" is formally of finite type and formally smooth over Ok.

2. Since the map (AO®OK0 Og)" — A is surjective, the assertion follows from
1.

3. Clear. O
In the rest of this subsection, we put A = (A0®OK Ok)" for an object (Ag —
A) of Embk 0. By Lemma 2.9, we obtain a functor Embr,0x, — EMbo,
sending (Ag — A) to (A — A). For a rational number j > O we have a
sequence of functors

Embic 0y, —— Embo, ——— (smooth Affinoid/K) —— G-(Aff/F).

We also let X7 denote the composite functor Embx.o,, — Gx-(Aff/F). For an
object (Ag — A) of Embrc 0y, , we have X7(Ag — A) = X/ ((Ao®o,, Ox)" —
A).

We study the dependence of the construction on the choice of a subfield Ky C
K, assuming the characteristic of K is 0.

LEMMA 2.10 Let K be a complete discrete valuation field of mized character-
istic satisfying the condition (F). Let Ko and K|, be subfields of K such that
Ok, = OxNKy and OK(/) = Oxg NK|) are complete discrete valuation rings with
perfect residue field Fy and F} and that F is finitely generated over Fy and Fj.
1. There exists a subfield Kg of K such that Ogy = Or N K{ is a complete
discrete valuation ring with perfect residue field and that K| contains Ko and
K|, as subfields.

2. Assume Ko C K|,. Then K| is a finite extension of Ko. For an object
(Ao — A) of Embk oy, , the formal completion Ay — A of the surjection
A¢®0y, Oy — A defines an object (A — A) of EmprK(,). Further, we have

a canonical isomorphism ((Aj®o,., Ox)" — A) — ((A®o,, Ok)" — A) in
9]
EmboK.

Proof. 1. By Lemma 2.5, we may assume the residue fields Fy and F{ are the
maximum perfect subfields of F. Then both of K, and K|, are finite over the
fraction field of W (Fp) regarded as a subfield of K. Hence it is sufficient to
take the composition field.

2. By Lemma 2.5.2, the extension K|, is finite over K. The rest is clear from
the construction. O
If K is of characteristic p, the construction in this subsection is related to
that in the last subsection as follows. Let Ky be a subfield of K such that
Ok, = Ox N Ky is a complete discrete valuation ring with perfect residue
field Fy and that F' is finitely generated over F;. Then, if 7y is a prime ele-
ment of Ky, we have an isomorphism Fy((t)) — Ko sending t to m. For the
integer ring A of a finite étale algebra over K, let (A®g, Ok,)" denote the
projective limit of the formal completions (A/m’ ® g, Ok, )" of the surjections
A/m% ®@p, Ok, — A/m’. The surjection (A®fr, Ok, )" — A defines an object
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(A®F, Ok, )" — A) of Embic 0y, - Further, we have a canonical isomorphism
(A®p,0K,) " ®0,, Ok )" — A) = ((A®R,Ok)" — A) in Embo,, .

In order to define a functor similar to the functor (Finite Etale/K)<it —
(Finite Etale/©7) in Section 2.2, we assume that my is not a prime element of
K in the rest of this subsection. Note that if p is not a prime element of K and
if the condition (F) is satisfied, there exists a subfield Ky C K with residue
field Fy such that a prime element of Kj is not a prime element of K.

We compute the twisted normal cone C_’j((Aoé)oKO Ok)" — A) for an object
(Ao — A) of Embr 0y, - Let Naja = I/I? be the conormal module where T is

the kernel of the surjection A — A. We put QOK/OK = 11&1" Q(OK/mK)/OKO
and let Qp be the F-vector space QOK/OK ®o0, F. Similarly, we put QA/AO =
@n Q(a/my)/A,- We also consider the canonical maps Njja — QA/AO A A

and QOK/OKO R0k A — QA/AD ®a A.

LEMMA 2.11 Assume mg is not a prime element of K and let m be the tran-
scendental dimension of F' over k. Let (Ag — A) be an object of Embk 0y, -
Then, ~

1. The dimension of the F-vector space Qp is m + 1. A

2. The map Na/a — Qa/a, ®a A is a surjection and the map QOK/OKO R0k
A— QA/AO ®a A is an isomorphism. They induce an isomorphism Na/a @4
A/mA — Qr Qp A/mA

3. Let (Ag — A) — (Bo — B) be a morphism of Embg o,, and put B =
(Bo®oy,Ox)". Then, the diagram

NA/A XA A/mA _ QF R A/mA

! !

NB/B XRp B/mB _— QF ®FB/mB
is commutative.

Proof. 1. By the assumption that m is not a prime element of K, we have an
exact sequence 0 — mg/m% — Qp — Qg — 0. Since the F-vector space
Qp/y, is of dimension m, the assertion follows.

2. Since the cokernel of the map Ny/a — QA/AU @A Ais Qa/a, =0, it is
a surjection. By the definition of A, the map QOK/OKO ®ox A — Qa/a, is

an isomorphism. Hence the map QOK/OK ®o, A — QA/AO ®a A is also an
isomorphism. Then the codimension of the regular surjection A — A ism+1
and hence N 44 is free of rank m+1. Since the induced map Ny/ja®4A4/my —
Qp @p A/my is a surjection of free A/mg-modules of rank m + 1, it is an
isomorphism.

3. By the assumption that 7y is not a prime element of K, every map in
SmbKoKO is finite flat by Lemma 2.7.3. Hence the assertion follows. O
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For a rational number j > 0, let © be the F-vector space ©/ = Homp(Qp, N7)
regarded as an affine scheme over F'.

COROLLARY 2.12 Assume that mo is not a prime element of K. Let (Ag — A)
be an object of Embr 0y, and let (A — A) be the image in Embr o, . Let
7 > 0 be a rational number.

1. The isomorphism in Lemma 2.11.2 induces an isomorphism CI(A — A) —
6j ®F AF’,rcd'

2. Let (Ag — A) — (Bg — B) be a morphism of Embr o, - Then the diagram

Xi(B—B) —— C/(B— B) —— 0 ®p Bp 1o

| | |
XI(A—A) —— CIA—A) —— 05 Ap req

1s commutative.

3. If the ramification of A ®o, K is bounded by j+ and j > 1, then the
composition X7(A — A) — CI(A — A) — 07 @p Ap oq — ©7 is finite and
étale.

Proof. 1. Since the surjection A — A is regular, the assertion follows from the
isomorphism in Lemma 2.11.2.
2. The left square is commutative by the construction. The commutativity of
the right square is a consequence of Lemma 2.11.3.
3. By Lemma 2.7, there exist an embedding (Aj — Ok) in Embr 0y, (OK)
and a finite flat morphism (Aj — O_K_) — (A — A)._ Since the ramification
is bounded by j+, the finite map X7(A — A) — C/(A — A) is étale by
Corollary 1.16.3. Since A ,.q is étale over F, the assertion follows from 1 and
2. 0.
For a rational number j > 0, we regard ©/ as an object of G-(Aff/F) with
the natural Gk-action. Let Gg-(Finite Etale/©7) denote the subcategory of
G-(Aff/F) whose objects are finite étale schemes over ©7 and morphisms are
over ©7. Let £ mb%éKO denote the full subcategory of Embr 0, consisting of
the objects (Ao — A) such that the ramifications of A ®o, K are bounded by
j+. By Corollary 2.12, the functor X7 : Embk 0,, — Gx-(Aff/F) induces a
functor X7 : Embig(ng — Gk-(Finite Etale/©7).

’ 0 . ’. .
We show that the functor X7 : Emb,g{ngo — Gg-(Finite Etale/©7) further
induces a functor (Finite Etale/ K)</* — G -(Finite Etale/©7).

LEMMA 2.13 Assume 7 is not a prime element of K. Let (f,f),(g,8) : (Ag —
A) — (Bo — B) be maps in Embk 0, and j > 1 be a rational number. If the
ramifications of A®o, K and B®o, K are bounded by j+ and if f = g, then
the induced maps

(fv f)*7 (gag)* :Xj(AO - A) - Xj(BO - B)

are equal.
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Proof. By Corollary 2.12, the schemes X7(Ag — A) and X7(Bg — B) are fi-
nite étale over ©7 and the maps (f,f)., (g,8)« : X/ (Ag — A) — X’ (By — B)
are maps over ©7. Hence they are determined by the restrictions on the inverse
images of a point. The inverse images of the origin 0 € ©7 are canonically iden-
tified with the sets Homo, (A, K) and Homo, (B, K) respectively by Lemma
2.1. Hence the assertion follows. O

COROLLARY 2.14 Assume mg is not a prime element of K. Let j > 1 be a
rational number.

1. Let L be a finite étale K-algebra with ramification bounded by j+. Then
the system X7(Ag — Opr) parametrized by the objects (Ag — Op) of
Embic 0, (OL) is constant and the limit

XI(L) = lim XI(Ag — Or)
(AO"OL)ESmbK,OKO (OL)

is a finite étale scheme over o7, ) _
2. The functor X7 : 5mb§({gko — Gk -(Finite Etale/©7) induces a functor

X7 : (Finite Etale/K)<i* ——— G-(Finite Etale/©7).

Proof. 1. By Corollary 2.8 and by the assumption that my is not a prime
element, every map in Embg 0y, (Or) induces an isomorphism. By Lemma
2.7.1, the category Embk o0, (Or) is connected. To see that the system is
constant, it suffices to apply Lemma 2.13 for f = g = idp,. The map X7(L) —
©7 is finite étale by Corollary 2.12.3.

2. It is also an immediate consequence of Lemma 2.13. . O

By Lemma 2.10 and the canonical isomorphism QOK/OKO R0k

F - QOK/OK/ ®o, F, the functor X7 : (Finite Btale/K)Sit —
0

Gk-(Finite Etale/©7) is independent of the choice of subfield Kq if the
characteristic of K is 0. If the characteristic of K is p, it is the same as that
defined in Section 2.2.

2.4 PROOF OF COMMUTATIVITY

Now we are ready to prove the main result. For an integer m prime to p, let
I, be the unique open subgroup of the inertia subgroup I C Gk of index m.

THEOREM 2.15 Let K be a complete discrete valuation field. Let j > 1 be a
rational number and m be the prime-to-p part of the denominator of j. Assume
either K has equal characteristics p > 0 or K has mized characteristic and p
is not a prime element. Then we have the following.

1. The graded piece GriG g = Gé(/GJK+ is abelian.

2. The commutator [I,, GJK] is a subgroup of Gj;. In particular, GriGg is a
subgroup of the center of the pro-p-group G?/Gjlj,
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Proof. We first prove the case where the condition
(F) There exists a perfect subfield Fy of F' such that F' is finitely generated
over Fy.
is satisfied. We use the functor X7 : (Finite Etale/K)Sit —
Gk-(Finite Etale/©7) defined in Sections 2.2 and 2.3.
Let L be a finite Galois extension of K of ramification bounded by j+ and put
G = Gal(L/K). To prove 1, it is sufficient to show that G7 is commutative. By
the definition of the functor, the image X7 (L) is a finite étale covering of ©7
with a left action of Gx. We call this action of G on X7(L) the arithmetic
action. On the other hand, by functoriality, we have a right action of G on
X7I(L), which commutes with the arithmetic action of Gx. We call this action
of G on X7(L) the geometric action. We identify the inverse image in X7 (L) of
the origin of ©7 with ®(L) as in Lemma 2.1. The arithmetic action of 0 € G
on ®(L) = Homg(L,K) is given by f + o o f and the geometric action of
T € G is given by f +— fo7. Hence ®(L) is a G-torsor and the étale covering
XJ(L) is also a G-torsor over @7,
The stabilizer in Gk of each connected component of X7 (L) with respect to
the arithmeric action is equal to G since ®7(L) is identified with mo(X7(L)).
Take a connected component X7(L)y of X7(L). Then, the stabilizer of the
intersection X7(L)oN®(L) in G, with respect to the geometric action, is equal
to G7. Hence the stabilizer of the component X7(L)g in G, with respect to the
geometric action, is also equal to G¥ and X7(L)g is a connected GJ-torsor over
©7. Therefore the map G7 — Aut(X7(L)o/©7) is an isomorphism.
On the other hand, by the assumption that j > 1, the group G% is a subgroup
of the wild inertia subgroup G?‘ = P. Hence the restriction to G]k of the
arithmetic action on ©7 is trivial and we get a map G — Aut(X7(L)o/©7).
Since G acts on the intersection X7(L)o N ®(L) transitively, the map G —
Aut(X7(L)o/©7) is surjective. Since the geometric action of G/ and the arith-
metic action of G7 on X7(L)g are commutative to each other, the group
GI ~ Aut(X7(L)o/©7) is commutative. Thus assertion 1 is proved in this
case.
We prove assertion 2 assuming the condition (F). We define a canonical
map 7iP(07) — GriGy as follows. By 1, the image of the functor X7 :
(Finite Etale/K)</* — G- (Finite Etale/©7) is in the full subcategory con-
sisting of abelian coverings. Taking the Galois groups, we obtain a map
mP(07) — G /GY inducing a surjection

P (07) —— GriGk.
The canonical map 72°(©7) — GriG is compatible with the actions of G.
The action of Gk on 74 (©7) is induced by that on ©7 and the action on GrIG ¢
is by conjugation. Since the subgroup I,, acts trivially on ©7, it also acts
trivially on 73%(67). Hence, assertion 2 follows in this case by the compatibility
of the surjection 72°(©7) — Gr/G g with the G k-action.
To reduce the general case to the special case proved above, we show the
following Lemma.
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LEMMA 2.16 Let K be a complete discrete valuation field and Ky be a subfield
of K such that Og, = Ok N K 1is a complete discrete valuation ring with
perfect residue field Fy. Then there exist a filtered family of subextensions
K, CK,ue M of Ky satisfying the following conditions:

For each p € M, the intersection OKM = Og N K, is a complete discrete
valuation ring and the residue field F), is finitely generated over Fy, the residue
field F is a separable extension of F), and a prime element of K, is a prime

element of K. The residue field F' is equal to the union h—n>1u€M E,.

Proof. Let my be a prime element of K. Take a transcendental basis (f))xea
of F over Fy such that F is separable over Fy(fy,A € A). We take liftings
trn € Ok, A € A of t\. For a finite subset 0 C A, let Ko, be the fraction
field of the completion of the local ring at the prime ideal (mg) of the ring
Ok,|[T\, A € o] and regard it as a subfield of K. Let Ko, C K,u € My be
the family of finite unramified subextensions of Ky ,,0 C A. Let K{ be the
completion of the union h_r)n Ky,. Then K is a finite totally ramified
neMo
extension of K. Hence there is an index py € My and a finite totally ramified
extension K, of Ky ,, such that K is the composite of K,, and K;. We put
M = {p € My : Ko, C Kop}. Then the family K, = K, Ko,,n € M
satisfies the conditions. O
We complete the proof of Theorem. It is sufficient to show assertion 2. Let
Fy =), FP" be the maximum perfect subfield of the residue field F. If the
characteristic of K is positive, we take a element my € m%,# 0 of K and put
Ky = Fo((mo)) € K. If the characteristic of K is 0, let K be the fraction
field of W (Fp) and regard it as a subfield of K. By the assumption that p is
not a prime element of K, a prime element of K is not a prime element of K.
Let K,,, 0 € M be a family of subfields of K as in Lemma 2.16. Since Kj is a
subfield of K, satisfying the condition (F) and a prime element of K is not a
prime element of K, we have [I,, k,, GJI‘{#] C GjI;; for p e M.
Since K’ = lim K, is a Henselian discrete valuation field and K is the
—pueM
completion of K’, the canonical maps G — Gy — liinue " Gk, are isomor-
phisms. It induces an isomorphism I,, x — lin I k,- By Lemma 2.2 and
by the assumption that the residue field I is separable over F), and a prime
element of K, is a prime element of K, the map G%( — ij# is surjective.
Hence we have isomorphisms G% — liinue " G%{“ and Gj; — liinue " GjKJ; .

. A i i+ . j i+
By taking the limit of [I,,, GJK#] C G;(u’ we obtain [, x,G}] C GY. O
3 SOME GENERALITIES ON LOG STRUCTURES
To study the logarithmic filtration in later sections, we recall and establish
some generalities on log structures. More systematic account of a part is given

in [10] Section 4. For the basic definitions on log schemes, we refer to [6]. In
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this paper, a log structure Mx — Ox on a scheme X means a Zariski fs-log
structure.

We prepare some basic terminologies on log schemes. We call a pair (X, P) of
a log scheme X and a chart P on X a charted log scheme. For charted log
schemes (X, P) and (S, N), we call a pair (f,¢) of amap f: X — S of log
schemes and a map N — P of fs-monoid a map (X, P) — (S, N) of charted
log schemes if the diagram

N —— T(S, Mg)

l | o

P — T(X, My)

is commutative.

For an fs-monoid P, we regard Spec Z[P] as a log scheme with the log structure
defined by the chart P — Z[P]. For maps X — S and Y — S of log schemes,
let X ><15?g Y denote the fibered product in the category of fs-log schemes. If
S = Spec A, X = Spec B and Y = Spec C are affine, N — A,P — B and
Q — C are charts and if (f,¢) : (X, P) — (S,N) and (g,%) : (Y,Q) — (S, N)
are morphisms of charted log schemes, we have X x?gY = Spec B®lng where
B%E 0= (B®a0)@zprq ®LIP +3 Q] and P+ Q is the saturation of
the image of P + @ in the fibered sum P8P @ pnzr Q%P = Coker(p — ¢ : N8P —
PEP & Q2P).

DEFINITION 3.1 Let X — S be a morphism of log schemes.

1. (cf. [7], [11] Theorem 4.6 (iv)) We say that X — S is log flat if the following
conditions are satisfied:

For each x, there exist a commutative diagram

U —V

Lo

X — 85

of log schemes, charts P on U and N on V' and morphism (U, P) — (V,N) of
charted log schemes such that the underlying map U — X is a flat surjection to
an open neighborhood of x, the underlying map V- — S is flat, the map N — P
is injective and the underlying map U — V ®zn) Z[P] is flat.

2. We say that X — S is log locally of complete intersection if the following
conditions are satisfied:

For each x, there exist a commutative diagram

U ——V

Lo

X — 8
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of log schemes such that U is an open meighborhood of x, the map V. — S is
log smooth and U — V is an exact and regular immersion.

3. We say that X — S s log syntomic if it is log flat and log locally of complete
intersection.

For the log syntomic morphisms, the definition here is slightly different from
that in [9] (2.5). We introduce the new definition because it is a special case
of the general definition due to Illusie and Olsson [5], [11] Definition 4.1 by
Lemma 3.3 below. An equivalent statement of Lemma 3.2 in the resp. cases
is proved in [6], and in the log flat case in [11] Theorem 4.6. Another proof is
given in [10] Section 4.4.

LEMMA 3.2 (cf. [11] Theorem 4.6) For a morphism X — S of log schemes,
the following conditions are equivalent.

(1) The map X — S is log flat (resp. log smooth, log étale).

(2) Let

X — g

Lo

X —— S

be a commutative diagram of log schemes such that X' — X xg’g S’ is log étale
and X' — 8’ is strict. Then the underlying map X' — S’ is flat (resp. smooth,
étale).

LEMMA 3.3 For a morphism X — S of log schemes, the following conditions
are equivalent.

(1) The map X — S is log syntomic.

(2) Let

X — 9

Lo

X —— S

be a commutative diagram of log schemes such that X' — X xlsog S’ is log étale
and X' — S’ is strict. Then the underlying map X' — S’ is flat and locally of
complete intersection.

To deduce Lemma 3.3 from Lemma 3.2, we introduce some basic constructions
on log schemes.

LEMMA 3.4 Let f : X — S be a morphism of log schemes and x € X. Then
there exist charts P and N on open neighborhoods U of x and V' O f(U) of
s = f(x) and a morphism (U, P) — (V,N) of charted log schemes such that
the map Spec Z[P] — Spec Z[N] is log smooth.
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Proof. We put Mg = Ms/Og, Mx = Mx/O%, N = Mg, Py = Mx , and let
N — P, be the canonical map. We take charts N — I'(V, My ), Py — T'(U, My)
on open neighborhoods lifting the identities. We define an fs-monoid P to be
the inverse image of Py by the map P§*®&N&P — PSP sending (m,n) to m+f(n).
Then, shrinking U if necessary, we find a unique map P — I'(U, Mx) extending
the composition Py + N — I'X, Mx) + I'(S, Mg) — I'(X, Mx). Thus, we
obtain a morphism (U, P) — (V,N) of charted log schemes. Since the map
N&P — PP ig an isomorphism to a direct summand, the map Spec Z[P] —
Spec Z[N] is log smooth. O
For a morphism f : N — P of fs-monoids, we define an fs-monoid (P +y P)"~
to be the inverse image of P by the map P8P @ pye» P8P — P8P sending (m, m')
tom+m'.

LEMMA 3.5 Let N — P be a map of fs-monoids and let (P+n P)~ C P8P ®nep
PeP be as above. Then,

1. The map P x (P8 /N8) — (P +x P)~ sending (m,m’) to (m +m/, —m/)
is an isomorphism.

2. The ring homomorphism Z[P] — Z[(P +n P)"] induced by the map P —
(P +n P)™ of monoids sending m to (m,0) is faithfully flat.

3. The map P + P + (P8 /N®) — (P +x P)~ sending (m,m’',m") —
(m4+m",m' —m") induces an isomorphism Z[P x P x (PP /N&P)]/((m,0,0) —
(0,m,m);m € P) — Z[(P +n P)~] of rings.

Proof. 1. The inverse (P +y P)~ — P x (P8 /N8P) ig given by (m,m’) —
(m4+m',—m’).
2 and 3. Clear from 1. O

COROLLARY 3.6 Let (X, P) — (S,N) be a morphism of charted log schemes
and put 8" = S ®zN) Z[P] and X' = X ®zp) Z[(P 4+~ P)~]. Then the map
X' — S is strict, the map X' — X x?g S’ is log étale and X' — X is faithfully
flat.

Proof. The map X' — X xls?g S’ is log étale by the definition of (P +y P)™.
The map X’ — S’ is strict by Lemma 3.5.1. The map X’ — X is faithfully
flat by Lemma 3.5.2. O
Proof of Lemma 3.3. Since the assertion is local on X, we may assume there
exist a log smooth scheme Y over S, an exact closed immersion X — Y over §
and a morphism (Y, P) — (S, N) of charted log schemes as in Lemma 3.4. We
put S = S @58, Z[P), Y1 = Y @8, Z[(P+y P)~] and X1 = X xy* Yy,

We show (1)=-(2). We assume X — S is log syntomic. We consider the
diagram in (2). Since the question is local on X', we may assume there exist
a log étale scheme Y’ over Y xg S’ and an isomorphism X' — X leog Y’
Shrinking Y’/, we may assume that the map Y’ — S’ is strict. Hence by
Lemma 3.2, the underlying map Y’ — S’ is smooth. It is sufficient to show
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that the closed immersion X’ — Y’ is a regular immersion. We consider a
commutative diagram

X ———=Y/

L\

X/ Y’ X1 x g8 S —=Y; x$8 S —= 5]
X XS —=Y xES —= 5 X, Y Si
X Y S

by putting S} = 81 x'$8 S, Y/ = Y1 x 28 Y’ and X} = X; x'28 X'.

Since Y — S is log smooth, Y7 — S is strict and Y7 — Y xlsog S1 is log étale,
the underlying map Y; — S7 is smooth by Lemma 3.2. Similarly, since X — S
is log flat, X; — S is strict and X; — X x?g S1 is log étale, the underlying
map X; — 57 is flat by Lemma 3.2. Since Y7 — Y is flat by Lemma 3.5.2 and
X — Y is a regular immersion, the immersion X; — Y7 is a regular immersion.
Thus X; — 57 is flat and locally of complete intersection. Since the maps
X1 — Y7 — S; are strict, the underlying map X; x?g S’ — S7 is flat and
locally of complete intersection and the immersion X; x?g S —Y xlg.)g S’ is
a regular immersion by EGA IV Propositions (19.3.9)(ii) and (19.3.7). Since
Y] =Y x'$8 S is a base change of Y/ — Y x5 §’, the map Y] — Y} x'$& &’
is log étale. Since it is strict, the underlying map ¥y — Y; xlgg S’ is étale
by Lemma 3.2. Since X| — Y/ is the base change of the regular immersion
X xg’g S =Y xg’g S’ by the étale map Y{ — Y; xg)g S’, it is also a regular
immersion. Since the regular immersion X{ — Y/ is also the base change of
the immersion X’ — Y’ by the faithfully flat and strict map Y; — Y, the
immersion X’ — Y” is a regular immersion as required.

We show (2)=-(1). We assume the condition (2) is satisfied. It is sufficient
to show that the exact closed immersion X — Y is a regular immersion. By
(2), the underlying map X; — S is flat and locally of complete intersection
and the underlying map Y; — 57 is smooth. Hence the immersion X; — Y;
is a regular immersion by EGA IV Proposition (19.3.7). Since the regular
immersion X; — Y7 is the base change of the immersion X — Y by the strict
and faithfully flat map Y7 — Y, the immersion X — Y is a regular immersion
as required. O

COROLLARY 3.7 (cf. [11] Corollary 4.12) Let f : X — S and S — S be
morphisms of log schemes and let f' : X' = X x?g S" — S’ be the log base
change. Then, if f : X — S is log flat (resp. log syntomic), the base change
f X" — S is also log flat (resp. log syntomic).
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Proof. Clear from Lemmas 3.2 and 3.3. O

LEMMA 3.8 Let X — S be a log scheme over S log locally of complete inter-
section, Y — S be a log smooth log scheme over S and X — Y be an exact
closed immersion over S. Then,

1. The immersion X — Y is a regular immersion.

2. LetY' — S be another log smooth log scheme over S and X — Y’ be an exact
closed regular immersion over S. Let n and n’ be the relative dimensions of Y
and of Y' over S and r and r’ be the codimensions of the reqular immersions
X =Y and of X — Y’ respectively. Then we haven —r =n/ —r'.

Proof. 1. Since the assertion is local, we may assume there is an exact regular
closed immersion X — Y’ into a log smooth scheme Y’ over S. By the same
argument as in the proof of Lemma 3.4, we may assume that there exist a
commutative diagram

(X,P) —— (Y, P)

| l

(Y/7P) - (SvN)

of charted log schemes. We define an fs-monoid (P +xy P)™~ C P8P @ ne» P8P as
above and put Y = (Y x S8 Y”) ®1Z°[%J+P] Z[(P +x P)~]. Then the projections
Y” - Y and Y — Y’ are log smooth and strict and hence are smooth. Since
the immersion X — Y’ is a regular immersion, the immersion X — Y is
a regular immersion. Since the map Y” — Y is also smooth, the immersion
X — Y is also a regular immersion by EGA IV Proposition (19.1.5)(iv)b)=-a)
applied to the immersions X xgﬁg Y”" -Y"and X — X xl{ﬁg Y" and by loc.cit
(ii). Hence the assertion follows.

2. In the notation above, the relative dimensions of Y over Y and Y’ are n’
and n respectively. Hence the assertion follows. O
If X — Y is an exact regular immersion of codimension r, and Y is log smooth
over S of relative dimension n, we say that X — S is of relative dimension
n—r.

LEMMA 3.9 Let X and S be log regular schemes and f : X — S be a morphism
of finite type. Then f: X — S is log locally of complete intersection.

Proof. Since the assertion is local, we may assume there is a morphism
(X,P) — (S,N) of charted log schemes as in Lemma 3.4. The map S’ =
S ®1ZO[%V] Z[P] — S is log smooth and the map X — S is factorized as
X — 8 — S where X — S’ is strict. Hence by replacing S by S, we
may assume X — S is strict. Further replacing S by a smooth scheme over .S,
we may assume X — S is an exact immersion. It is sufficient to show that the
immersion X — S is a regular immersion.

Since the question is local, we may assume S = Spec A and X = Spec B
are local. We put P = M&S and take a chart o : P = ]\7[5,5 — A. We
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put A = A/a(P —{1}) and B = B®4 A. Since A — B is a surjection of
regular local rings, the kernel is generated by a regular sequence (1,...,t,)
of A. We take a lifting (t1,...,t,) in the maximal ideal m4. We show that
A; = A/(t1,...,t;) is log regular of dimension dim A — i and that (¢y,...,¢t;)
is a regular sequence. By induction on ¢ = 1,...,r, it is sufficient to show the
case i = 1. Since t; # 0 and A is normal, we have dim A; = dim A — 1. On the
other hand, we have dim A; + rank P8 = dim A — 1 + rank P%P. Hence, we
have dim A; = dim A; + rank P®" and A; is log regular. Thus by induction,
A, is log regular of dimension dim A — r and (¢1,...,t,) is a regular sequence.
Since dim B = dim B + rank P& = dim A — r 4 rank P2 = dim A4, and A,
is normal, the surjection A, — B is an isomorphism. Hence the immersion
X — §'is a regular immersion of codimension r. O
Let f : X — S be a map of log schemes such that the map of underlying schemes
is locally of finite presentation and x € X. We put s = f(z), Xs = X ®,(4) k()
and define

dimy?® f71(f(2)) =
=dimOx, »/((Mx . — O% ,)) + tr.deg s(z)/k(s) + rank M)gé’x/Mgz.

LEMMA 3.10 Let f: X — S be a morphism of log schemes such that the map
of underlying schemes is of finite presentation.

1. Let (X, P) — (S,N) be a morphism of charted log schemes and let © € X.
Regard x as a log scheme with the log structure defined by the chart P. We put
X! = (X x5 x) @zpyp) Z[(P +n P)~] and let x — X, be the section defined
by x — X and the map (P +x P)~ — P — k(x). Then, we have an equality

dim® 1 (f(2)) = dim Ox; 4.

2. If X — S is log flat, the function dim'®® f=1(f(x)) is a locally constant
function of x € X.

3. Assume X — S is log locally of complete intersection of relative dimension
d. If we have an equality dim'®® f=1(f(z)) = d for all x € X, the map X — S
is log flat and hence log syntomic.

Proof. 1. By Lemma 3.5.3, X, is the closed subscheme of (X ®,s) £(2)) ®z
Z[P'8? /N®&P] defined by the ideal I generated by (a(m)®1) — (1® a,(m)) - (m)
for m € P. The ideal I is generated by a(m) ® 1 for m € P\Ker(P — Mx ,)
and (m) — (1® az(m)) " (a(m) ®1) for m € Ker(P — Mx ). Hence X/, is the
closed subscheme of (X, ®(s) k(x)) @z Z[MS,/ME"] defined by the ideal J
generated by a(m)®1 for m € P\Ker(P — Mx ). Thus the assertion follows.

2. Let &' = S @5 ZIP|, X' = X @5% Z[(P +n P)~] and f' : X' — &'

be the map. Since the map X' — X xls?g S’ is log étale, and the compo-
sition X’ — S’ is strict, the underlying map X’ — S’ is flat. Hence the
function dim, f~1(f'(2')) = dim Ox, ., e 18 locally constant on ¥ e X'

The function dim'°® f=1(f(z)) is the pull-back of the locally constant function
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dim,s f'~(f'(«")) by the section X — X’ induced by the map (P+yP)~ — P.
Thus the assertion is proved.

3. Since the question is local, we may further assume that there is an exact
regular immersion X — Y to a log scheme Y log smooth over S. Let n be
the relative dimension of Y over S and » = n — d be the codimension of the
regular immersion X — Y. Weput Y/ =Y ®1ZO[%D,] Z[(P' +n P')™]. Then we

have X' = X xl;’g Y’. Since X’ — X is faithfully flat by Lemma 3.5.2, it is
sufficient to show that the map X’ — S’ is flat. Since Y’ — Y is flat, the
immersion X’ — Y’ is regular of codimension r. The map Y’ — S’ is smooth
of relative dimension n. Hence the strict map X’ — S’ is locally of complete
intersection of relative dimension d. By the assumption and the computation
above, each fiber of X’ — S’ has dimension d. Hence by EGA IV Théoreme
(11.3.8) d)=-a), X' — 5’ is flat.

COROLLARY 3.11 Let f: X — S be a finite morphism of log reqular schemes.
Assume dim X = dim S and f*M§* ® Q — M§’ ® Q is surjective. Then X is
log flat and hence log syntomic over S.

Proof. By Lemma 3.9, the map f : X — S is log locally of complete intersec-
tion. Further, by the assumption that X — S is finite and dim X = dim .5,
the map X — S has relative dimension 0. Since dim!°® f~1(f(z)) = 0 for all
x € X, it is sufficient to apply Lemma 3.10 O

For a ring A, we call a Zariski fs-log structure on X = Spec A a log structure
on A. We call a ring with a log structure a log ring. If A is a local ring, a log
structure on A is defined by a chart P — A. We say that a map A — B of log
rings is a surjection if the underlying ring homomorphism A — B is surjective
and the map f*My — My is surjective where f : X = Spec B — Y = Spec A
denotes the corresponding map of log schemes and Mx and My denote the log
structures. We say that a surjection A — B of log rings is an exact surjection
if the log structure Mx is the pull-back log structure of My. We say that
a surjection A — B is regular if the immersion Spec B — Spec A of the
underlying schemes is a regular immersion. For a map A — B of log rings, let
Qp/4(log /log) denote the module of logarithmic differential forms, denoted by
wp/a in [6]. If A and B are local and N and P denote the stalks of the log
structures at the closed points, we have

Qp/a(log /log) = (Qpja ® (B ®z (P& /N®))) /(dm —m @m : m € P).
We study formally log smooth maps of complete local Noetherian log rings.

DEFINITION 3.12 (cf. [11] Definition 4.4) Let A and B be complete local
Noetherian rings with log structures and f : A — B a morphism of log rings
such that the underlying ring homomorphism is local.

1. We say f : A — B is formally log smooth (resp. formally log étale) if, for a
nilpotent exact surjection R — R’ of discrete log A-algebras and a continuous
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homomorphism B — R’ of log A-algebras, there exists a (resp. a unique)
continuous homomorphism B — R of log A-algebras lifting B — R'.

2. We put QB/A(log/log) =lim Q(p/my)/a(log/log).

LEMMA 3.13 Let A and B be complete local Noetherian rings with log struc-
tures and f : A — B a morphism of log rings such that the underlying ring
homomorphism is local. Assume that the residue field of B is finitely generated
over the residue field of A. Then, the following conditions are equivalent.

(1) B is formally log smooth over A.

(2) There exist a log smooth scheme X over A, a point x of X over the closed
point of Spec A and an étale local homomorphism B — OAXJ7 over A.

Proof. It is clear that (2) implies (1). The implication (1)=(2) is proved
similarly as in the proof of [6] (3.5.1)=(3.5.2). O

COROLLARY 3.14 Let A — B be as in Lemma and assume A — B is log
smooth.

1. The B-module QB/A(log/log) is free of finite rank.

2. If A is log regular (cf. [8] Definition (2.1)), then B is also log regular.

Proof. 1. It follows from Lemma 3.13 (1)=-(2) and [6] Proposition (3.10).
2. Tt follows from Lemma 3.13 (1)=-(2) and [8] Theorem (8.2). O

4 TUBULAR NEIGHBORHOODS FOR FINITE FLAT AND LOG FLAT LOG ALGE-
BRAS

In the rest of the paper, the integer ring O is considered as a log ring with
its canonical log structure defined by the chart N — Og sending 1 € N to a
prime element. The letter A denotes a finite flat and log flat log Ok-algebra
such that the log structure on Ak is trivial. For a finite étale algebra L over
K, its integer ring Oy, is considered as a log Ok-algebra with its canonical log
structure defined by taking the product of the canononical log structures on its
factors. The log Ok-algebra Oy, is log flat by Corollary 3.11. Hence it is finite
flat and log flat and the log structure on L is trivial.

4.1 LOG EMBEDDINGS

DEFINITION 4.1 1. Let A be a finite flat and log flat log O -algebra such
that the log structure on Ay is trivial. Let A be a log Ok -algebra formally of
finite type and formally log smooth over Ok . We say that an exact surjection
A — A of log Ok-algebras is a log embedding if it induces an isomorphism
A/ma — A/my.

2. We define Smblgi to be the category whose objects and morphisms are as
follows. An object of Smblgi is a triple (A — A) where:

o A is a finite flat and log flat log Ok -algebra such that the log structure
on Ag is trivial.
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e A is alog Ok-algebra formally of finite type and formally log smooth over
Ok.

e A — A is alog embedding.

A morphism (f,f) : (A — A) — (B — B) is a pair of homomorphisms
f:A— B andf: A — B of log Ok-algebras such that the diagram

A— A

‘| |7

of log Ok -algebra homomorphisms is commutative.

3. For a finite flat and log flat log Ok -algebra A such that the log structure on
Ay is trivial, let Smblooi (A) be the subcategory of Smblgi whose objects are of
the form (A — A) and morphisms are of the form (ida,f).

4. We say that a morphism (f,f) : (A — A) — (B — B) of Embo,. is finite
flat and log flat if A — B is finite flat and log flat and the map B ®1§g A—B
is an isomorphism of log Ok -algebras.

5. We say that a log embedding A — A is strict if the maps O — A and
Ok — A of log rings are strict.

For a complete semi-local Noetherian log O x-algebra R such that R /mp is finite
over F', we put Qp/o, (log/log) = lim | Qr/my) 0k (log /log). If (A — A) is
a log embedding, the A-module {2 Jox (log /log) is locally free of finite rank.

If (A — A) is a strict object of Smblgi, by forgetting the log structures, we
obtain an object (A — A)° of Embp,.. For an object (A — A) of Embo,., by
putting the pull-back log structures on A and A from that on Og, we obtain
an object (A — A)1°8 of Emblooi . Thus, we obtain an equivalence of categories

between Embo,. and the full subcategory of Emblé’i consisting of strict objects.

LEMMA 4.2 Let A be a finite flat and log flat log Ok -algebra such that the log
structure on Ay is trivial. We put X = Spec A and S = Spec Ok.

1. For a closed point x of X = Spec A, the stalk Mx . of the sheaf Mx =
Mx /O% is isomorphic to N and the map M&S =N — Mx,x = N is the
multiplication by an integer e, > 1.

2. Let (A — A) be a log embedding. Then, the ring A is regular and the
reduced closed fiber (A ®0,. F)rea i a regular divisor. The log ring A is log
reqular and the log structure is defined by the reduced closed fiber (A®o, F)red-
3. A log embedding (A — A) is strict if and only if the map O — A is strict.

Proof. 1. Clear from Lemma 3.10.1.

2. We may assume A is local and the log structure is defined by a chart N — A.
Since A is formally log smooth over Ok, it is log regular by Corollary 3.14.2.
Since the stalks of M are either N or 0, the ring A is regular and the image
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t € A of 1 € N defines a regular divisor. Since w/t= € A*, the assertion
follows.

3. We may assume A is local. Assume the map Ox — A is strict. Then, in
the notation of the proof of 2, we have e, = 1 and 7/t € A*. Hence the map
Ok — A is strict. The only if part is obvious. O
To prove the logarithmic version Lemma 4.5 below of Lemma 1.2, we make
another definition.

DEFINITION 4.3 1. Let A be a finite flat and log flat log O -algebra such
that the log structure on Ay is trivial. Let A be a log O -algebra formally of
finite type, formally smooth and formally log smooth over Ox. We say that
a surjection A — A of log Ok-algebra is a log pre-embedding if it induces an
isomorphism A/ma — A/my of underlying F-algebras.

2. We define preé'mblgi to be the category whose objects and morphisms are
as follows. An object of 5mblgi is a triple (A — A) where:

o A is a finite flat and log flat log Ok -algebra such that the log structure
on Ay is trivial.

e A is a log Ok-algebra formally of finite type, formally smooth and for-
mally log smooth over Ok .

e A — A is a log pre-embedding.

A morphism (f,f): (A — A) — (B — B) is a pair of log Ok -homomorphism
f:A— B and f: A — B such that the diagram

A— A

f| |7

18 commutative.

3. For a finite flat and log flat log Ok -algebra A such that the log structure on
Ay is trivial, let preé'mblgi (A) be the subcategory ofpregmblooi whose objects
are of the form (A — A) and morphisms are of the form (idu,f).

A log pre-embedding (A — A) is an embedding together with log structures on
A and on A such that the log ring A is formally log smooth, that the log ring
A is log flat and the log structure on Ak is trivial and that the map A — A
is a surjection of log O-algebras. Hence, by forgetting the log structures, we

obtain a functor preé’mblgi — Embo,, -

We also define a functor preé'mblgi — c‘,’mblgi. For an object (A — A) of

pre€ mblgi , we attach a log embedding (A~ — A) as follows. First, we consider
the case where A is local. Assume the log structure of A is defined by a chart
P — A. Let P — N be the map P — Mx , = N where z is the closed point of
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X = Spec A and we identify M x,2 = N by the unique isomorphism. Let P~
be the inverse image of N by the induced map P& — M%’ = Z. The map
P — A — A is extended uniquely to a map P~ — A. We define A™ to be the
formal completion of the surjection A ®zp) Z[P~] — A induced by P~ — A.
Let A~ — A be the canonical map. The log ring A™ and the homomorphism
A~ — A are independent of the choice of the chart P — A upto a unique
isomorphism. In general, we define A~ and A~ — A by taking the product.
By the construction, the canonical map A — A"~ is formally log étale.

LEMMA 4.4 Let A be a finite flat and log flat log Ok -algebra such that the log
structure on A is trivial.

1. The category pregmblgi(A) is non-empty.

2. Let (A — A) be an object of preé’mblgi and define A~ and A~ — A as
above. Then (A~ — A) is an object of Emblgi.

Proof. 1. We may assume A is local. Take a system of generators t4,...,t, of
A over Ok and a chart N — A. Let tg € A be the image of 1 € N. We define
a surjection Ogk[Tp,...,T,] — A by sending T; to t; and a log structure on
Ok|To, - .., T,] by the chart N> — Ok[Ty, ..., T,] sending (1,0) and (0, 1) € N?
to Ty and w. Then its formal completion A — A is a log pre-embedding.

2. By the definition, the Og-algebra A™ is formally of finite type over Ok and
the surjection A~ — A is exact. Since the map A — A" is formally log étale,
the log Og-algebra A™ is formally log smooth over Og. Hence the assertion
follows. O
By Lemma 4.4.2, we obtain a functor prec‘,’mblgi — Smblgi.

LEMMA 4.5 1. For a finite flat and log flat log Ok -algebra A such that the log
structure on Ay is trivial, the category Emblooi (A) is non-empty.

2. For a morphism f : A — B of finite flat and log flat log Ok -algebras such
that the log structures on Ak and By are trivial and for objects (A — A) and
(B — B) of 5mblgi, there exists a morphism (f,f) : (A — A) - (B — B)
lifting f.

3. For a morphism f: A — B of finite flat and log flat log Ok -algebras such
that the log structures on Ak and By are trivial, the following conditions are
equivalent.

(1) The map f: A — B is log syntomic.

(2) Their ezists a finite flat and log flat morphism (f,f) : (A — A) - (B — B)
of log embeddings.

Proof. 1. Clear from Lemma 4.4.

2. Since A is formally log smooth, B = lim B/I" where I = Ker(B — B)
and the surjection B/I™ — B is exact, the assertion follows.

3. (1)=(2). We may assume A and B are local. We take log embeddings
A — A and B — B. We define a log embedding B’ — B by applying an
argument similar to the proof of Lemma 4.4.2 to lim (A /m} ®lgi B/mi)N —
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B. Replacing B — B by B’ — B, we may assume that there is a map
(A — A) — (B — B) such that A — B is formally log smooth. Since A — B
is log syntomic, the exact surjection B ®1°g A — B is regular by Lemma 3.8.1
and the kernel is generated by a regular sequence (ti,...,t,). Take a lifting
(t1,...t,) in B and define a map A[[T},...,T,]] — B by sending T} to t;. We
consider A[[Ty,...,T,]] as a log ring with the pull-back log structure by the
map A — A[[T1,...,T,]]- Then the composition A[[T1,...,T,]] - A — A
sending T; to 0 defines a log embedding. Replacing A by A[[TY,...,T,]], we
obtain a map (A — A) — (B — B) such that the map B ®'¢® A — B is
an isomorphism and that dim A = dim B. By Nakayama’s lemma, the map
A — B is finite. Since A and B are regular, the map A — B is flat by EGA
Chap Opy Corollaire (17.3.5) (ii). Further by Corollary 3.11, it is log syntomic.
(2)=(1). Since A and B are log regular and have the same dimension, B is
log syntomic over A by Corollary 3.11. Hence B is also log syntomic over A
by Lemma 3.7.2. O
The base change of a log embedding by an extension of complete discrete val-
uation fields is defined as follows.

LEMMA 4.6 Let K' be a complete discrete valuation field and K — K' be
a morphism of fields inducing a local homomorphism O — Ogs. Let

(A — A) be an object of Emblog, We define A®gg Ox+ to be the projec-
tive limit lim (A /m} ®1°g Ok+). Then the log Ok -algebra A®O ' Og is for-
mally of ﬁmte type and fm"mally log smooth over OK/ The natural surjection
lgg Ox: — A®10g Ok defines an object (A®O O — A ®1°g Ok') of
EmbSE
OK/'

Proof. Since A®looi O is finite over A®p,. Ok, it is formally of finite type
over Og. The formal log smoothness is clear from the definition. The rest is
clear. a.

) A1 .
Thus we obtain a functor ®8g Ok : Emblog — 5mb1°g/. If K” is an exten-
log

sion of complete discrete valuation ﬁelds of K', the composition Emb
Emblog — EmbSE >, is the same as ®O OKu Smblog — Emblooi”. If K' is a
finite extension, we have A ®1°g Ok = log 2Ok If (A — A) is strict, we
have (A — A) @10% Ok = (A = A)° ®0, oK,)log.

Similarly as for lim lim, i (Aff/F") defined in Section 1.3, we define a category

lim, , - Embo,,. We define a functor £mbg% — li

—

lim Embo,,, as follows.
LEMMA 4.7 Let A be a finite flat and log flat log Ok -algebra. Let e = €40,
denote the least common multiple of e, in Lemma 4.2.1 for the closed points
xz in X = Spec A. Let K’ be a finite separable extension of K of ramification
index e k- If e is divisible by e /0, , then the log tensor product Ao,., =
A ®]°g Ok 1is strict over O .
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Proof. We may assume A is local. We put P = N’ = N x Z and define maps
N — P and N — N’ by sending 1 € N to (eq/0,,1) and to (eo,., /0, 1)
respectively. There exist morphisms of charts (N — Og) — (P — A) and
(N — Og) — (N" — Og). Since ey)0, divides ep,,/0,, the saturation
P +3* N’ is isomorphic to N x (Z]eajo, ) x Z? and the composition N C
N’ — P+ N’ — N is the identity. Hence A ®18i Op is strict over Og,. O

Let (A — A) be an object of c‘,’mblog and define e = ey k as in Lemma
4.7. Let C. be the full subcategory of the category (Ext/K) of finite separable
extensions of K consisting of the extensions with ramification index divisible
by e. If K’ is a finite separable extension in C., then by Lemmas 4.7 and 4.2.3,
the base change (A ®log Ok — A ®10g Ok-) is strict and defines an object

(A ®log Ogr — A ®10g Ok)° of Embo,.,. We consider a system consisting
of (A log Ok — A ®log Ok)° for extensions K’ in C. and isomorphisms

( IOg OK/ — A®10g OK/) ®OK/ OK/I — (A ®10g OK” — A®10g OK//)
for K mOI‘phlSmS K’ — K" of extensions in C,. Then it defines an obJect of

@K//K Embo,,,. Thus we obtain a functor €mbgg/ — th//K Embo,, .

4.2 TUBULAR NEIGHBORHOODS FOR LOG EMBEDDINGS

. . ] . .
For a rational number ;7 > 0, a functor X7 : ll)nK,/KEmboK, —

lim (smooth Affinoid/K’) is defined as the limit of the functors X7¢x’/x :
—SK'/K

Embo,., — (smooth Affinoid/K’) defined in Section 1.2. We define a functor
th//K(meOth Affinoid/K") — h_n)1K,/K(Aff/F’) as follows. Let (X k') k' eobe
be an object of (smooth Affinoid/K’). Then the extensions K’ in C such
that the stable normalized integral model Ao,, is defined over K’ form
a cofinal full subcategory C’ by Theorem 1.10. For an extension K’ in
C’, let Xp denote the affine scheme Ao,., ®o,, F' over the residue field
F' of K'. By sending (Xg')xrcobc t0 (XF/)Krcobcr, We obtain a functor

li_n)1K,/K(smooth Affinoid/K’) — lim (Aff/F"). Thus, we have a sequence

of functors

——SK'JK

Smblooi — lim Embo, — lim

M K lim, e (smooth Affinoid/K")

—— lim,, (Af/F') —— Gi-(Af/F).

The compositions Xfo Embg Og — th,/K(smooth Affinoid/K’) and X/

& mblgi — G-(Aff/F) are more concretely described as follows. For an object

log .

(A — A) of Smblgi and a finite separable extension K’ such that the ramifica-
tion index €’ = e/ is divisible by the integer 4,0, in Lemma 4.7, the base

change (A®O O — A ®10g Of) is strict and we define an affinoid variety

leog(A — A) g over K’ by
leog(A N A)K/ — Xe/j(( 1og OK’ _ A®log OKI)O).
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The composite functors Xﬂjg : EmbSE — lim,,, K(‘smooth Afﬁnoid/K ') sends
an object (A — A) of Emblgi to the system Xj, (A — A) = (Xj (A —

A) i)k where K’ runs over finite separable extensions such that the ramifica-
tion index e’ = ek /i is divisible by the integer e /0, -
By Lemma 1.8 and the universality of ®'°8, we obtain a cartesian diagram

Xl]og(A - A) (K) - Homcont.logOK-alg(A7 Of()

l l

HomlogOK—alg(A7 Of(/m']) I Homcont.logOK—alg(Aa Of(/mj)

Here O /m’ denotes the limit O JmI¢x’/x of fs-log rings where K’ runs finite
extensions in K such that jeg k is an integer. Similarly as in Section 1.2, the

surjection Xf;)g(A — A)(K) — mo(X] (A — A))x induces a surjection

log

(4.2.1) Homcont 1ogO -alg (A, O /m7) ——— Wo(ngg(A — A))g-
The map A — A also induces a map

(4.2.2) Homiogo-aig(A, Og) —— X}, (A — A)(K).

Similarly as Lemma 1.9.4, if (f,f) : (A — Og) — (B — B) is a finite flat and
log flat morphism of Smblgi , the map (4.2.2) induces a surjection

(4.2.3) Homiog 0-aig(B, Or) — mo(X{,,(B — B)g).

Let (Finite Flat and Log Flat/Og) denote the category of finite flat and log flat
log Of-algebras A such that the log structure on A®p, K is trivial. We define
functors ¥),s and \Ilfog : (Finite Flat and Log Flat/Ok) — Gg-(Finite Sets)
for a rational number 5 > 0 as in Section 1.2 by sending a finite flat and
log flat log Ok-algebra A such that the log structure on A ®¢, K to the set
Ui (A) = HomBi(A, Of) and to the set

J
\Illog

(A) = lim 7o (Xipg
(A—>A)e£mblgi (A)

(A — A)g)

respectively. As in Section 1.2, the surjection (4.2.1) implies that the projective
system in the right hand side is constant. Further it induces a map ¥ — U7, .
of functors.

Similarly, for an object (A — A) of Emblgi and a finite separable extension
K’ such that the ramification index e’ = e,k is divisible by the integer
ea/o, and that a stable normalized integral model Az)K/ of X{Og(A — A
is defined over K’, an affine scheme Xﬂ)g(A — A)g+ over the residue field
F' of K’ is defined as the closed fiber Spec(A? o ®0g F'). The system
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log(A — A) = (X log(A — A)g )k defines an object of lim
By identifying the category lim

K,/K(AH/F’).
K,/K(AH/F’) with G-(Aff/F), we obtain the

fog Emblgi — Gg-(Aff/F). For j > 0, the functor
\IJJ

log © (Finite Flat and Log Flat/O) — Gr-(Finite Sets) is induced by the
composition of the functors

composite functor X/

leog " ™ 1ni
5mblgi Gi-(Aff/F) —— Gk-(Finite Sets).

We also have a functor C_’f;)g : Emblgi — Gg-(Aff/F) and a map of functors

Xfog — C’J Let (A — A) be an object of Smbloi and j > 0 be a rational
number. Let K’ be a finite separable extension of K such that the ramification

index €’ = ek, is divisible by 4,0, and by the denominator of j and that

(A® log ® O%)®0,, F')red is étale over F’. Let I be the kernel of A®1°g Ohs —
A ®1£g OK and we put

Cljog(A — A)K’ = Spec (@ ]n/In+1 ®OK/ m;{j/n mign-‘rl)
=0 red

Then the system (CY

fog(A — A)k/) i+ defines an object lim

K,/K(Aﬁ’/F’) and
hence an object Clog(A — A) of Gg-(Aff/F). Tt is a scheme over ((A ®log
Ok')®o0,., F)1eq for K’ as above. In the following, we put Aog Frea = ((A ®10g
Ok') ®o,., F)rea = (A ®lgi F)reqa. In the right hand side, F is regarded as
the limit of an fs-log ring with the chart Q>¢ — F sending positive rational
numbers to 0. 4

We study relations between X7 and leog. Let (A — A) be an object of Embo,.
and (B — B) be an object of ci'mbgi. Let (A — A)'°2 be the object of Smblooi
defined by the pull-back log structures. An Og-algebra homomorphism A — B
can be lifted to a morphism (A — A)°¢ — (B — B) of Smblgi by Lemma 4.2.
For a rational number j > 0, a morphism (A — A)'°® — (B — B) of Emblgi
induces a morphism Xlog(B — B) — Xfog((A — A)log) = XI(A — A) of
affinoid varieties.

Let (A — A) be a log pre-embedding. We have an embedding (A — A)°, a
log embedding (A~ — A) and a canonical map ((A — A4)°)& — (A~ — A)
of log embeddings by the construction in Lemma 4.4.2. For a rational number
4 > 0, we have affinoid varieties X7((A — A)°) and X/ (A~ — A) and a map

] log
of affinoid varieties Xj, (A~ — A) — X7((A — A)°).

LEMMA 4.8 Let (A — A) be an object of preé'mblgi and 7 > 0 be a positive
integers. '

1. The canonical map Xfog(AN — A) — XI((A — A)°) is an open immersion
and X}

iog (A~ — A) 1s identified with a rational subdomain.
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2. Assume A is local and put S = Spec Ok, X = Spec A and X = Spec A and
let s and x be the closed points of S and of X. We put P = Mx_, and identify
Mx . and M%S with N. Let e = eq;0, be the image of 1 € Ms s =N by the
composition Mgy — Mx , — Mx, = N as in Lemma 4.7. Let mq,...,my,
be a system of generators of the monoid P and ey, ..., e, be their images by
P — N= My,. Let j’ > j+ max;e;/e be a rational number strictly greater
than 1. Then we have an open immersion X1 (A — A)°) — X{;g(AN — A)
of rational subdomains X7 ((A — A)°).

Proof. 1. We may assume A is local. We use the notation in 2. Let I be the
kernel of the surjection A — A and J be the kernel of the surjection A~ — A.
By renumbering the indices if necessary, we may assume e; = 1. We take a chart
¢ : P — A andputt; = p(m;) € A. We define a monoid P~ as in Lemma 4.4.2
and ¢ : P~ — A"~ be the extension. The monoid P~ is generated by P and
(miml_ei)il,i = 2,...,n. Hence the ring A~ is the completion of the subring
generated by @(m;m; “)*! over A. Fori = 2,...,n, take liftings u; € A* of
the image of ¢(m;m] ") in A*. Then, the ideal J is generated by the image
of I and @¢(m;m; ) — us,i = 2,...,n. Hence Xﬂ)g(AN — A) is the rational
subdomain X7((A — A)°) defined by the conditions ord(t;t; " — u;) > j for
1=2,...,n.

2. Similarly as in the proof of Lemma 1.17, we have ord t; = 1/e on X7 ((A —
A)°) by the assumption j' > 1. Since ¢; — u;t] “* € I for i = 2,...,n, we have
ord(t; —u;tS) > j' > j+e;/e on XI'((A — A)°). Hence the assertion follows.
O

COROLLARY 4.9 Let (A — A) be a log pre-embedding constucted in the proof
of Lemma 4.4.1. Then, for a rational number j > 0, we have open immersions

XI((A — A)P°) —— X] (A~ — A) —— XI((A — A))
of rational subdomains.

Proof. The log structure on A is defined by a chart N> — A and we have e; = 1
and ey = er /g for my = (1,0) and my = (0, 1) in the notation of Lemma 4.8.2.
Hence the assertion follows. O
The affinoid varieties Xi, (A — A) and ), , defined in [1] Section 3.2 are
related as follows. Let L be a finite separable extension of K and A = Op, be
the integer ring. Let Z = (z;);er be a finite system of generators of Oy, over
Ok and P C I be a subset such that z; is a prime element of Oy, for some i € P
and z; is not zero for any ¢ € P. We recall a description of yﬂZ7 p for a rational
number j > 0. We put e; = ordz2; and e = e /i and let ™ be a prime element
of K. Let Iz be the kernel of the surjection Ok |[T;;i € I] — A sending T; to z;
and (f1,..., fm) be a finite set of generators of I;. For i € P and (i,j) € P2,
we take polynomials g;, h; ; € Ok|[T;;¢ € I| such that the images in Oy are
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u; = 2{/m% and u; ; = z /2" If z, is a prime element for . € P, then we have

_ B ordfi(x;) > j for1<i<m
jZ,P(K) =< (i)ier € Of—( ord(z¢/me —gL(ml)) >3
ord(a:,C /xfk hi () > § for ke P

by [1] Lemma 3.9 (2). Furthermore, for (z;);cr € ygp(f(), we have z;/z¢ €
O foric P.

We define a log structure on Ok|[T;,i € I| by the chart M = N x N —
Ok|Ti,i € I] sending (1,0) to m and (0, f;) to T; where f; € N is the i-th
standard basis. Let A be the formal completion of the surjection Og|[T;,i €
I] — A sending T; to z;.

LEMMA 4.10 Let the notation be as above. Then (A — A) is a log pre-
embedding and the affinoid variety Xfog(AN — A)g defined by the log em-
bedding (A~ — A) is the same as ng defined in [1] Section 3.2.

Proof. Tt is clear that (A — A) is a log pre-embedding. We describe the log
Ox-algebra A~. As in Lemma 4.4.2, let P~ C P2 = 7 x Z¥ be the inverse
image of N by the map Z x Z — Z sending Ty = (1,0) to e and the standard
basis T; of Z¥ to e; for i € P. We consider a chart N — O and a map of
monoids N — P~ sending 1 € N to a prime element m € Ok and to Ty € P™.
We put A7 p = Ok @z Z[P~][Ti,i € I — P] and define a log structure by the
chart P~ — Ay p. Then, A~ is identified with the formal completion of the
natural surjection A7 p — A.

Let K’ be a finite separable extension of K containing L as a subfield. We
compute the log tensor product A; p ®Og Ogk'. By choosing a numbering,
we assume P = {1,...,r} C I = {1,. m} and z, is a prime element. Let
T;,i = 0,...,7 be the standard basis of P =N x N and put U; = T;T%
fori=1,...,7r —1and Uy = TpT, ¢. Then the monoid P~ is generated by
Uz-il,i = 0,...,r—1 and T, and is isomorphic to Z" x N. Let N’ be the
monoid N x Z with the map N — N x Z sending 1 € N to (¢/,1). Let n’ be
a prime element of K’ and e’ = eg//x be the ramification index and define
a unit u’ of O by m = u'7'¢. We consider a chart N/ — Op sending
U = (0,1) to v and T = (1,0) to 7’. By the assumption L C K', € =
¢’/e is an integer and the saturation P~ +3** N’ is generated by Uiﬂ,z’ =
1,...,r—1,VEL U'*! and T’ where V = T, 7'~ and is isomorphic to Z"+! x N.
Hence Arp ®Oi Ok = Ogr @zin LIP~ +3* N']|[T,41, ..., T] is isomorphic
to O [U1 S, UTjE i1, T, VEL]. The log structure is the pull-back
of that on Og-.

The base change A®O Ok is the formal completion of the surjection Ay, P®10g
O — Oy, ®10g Ok:. We claim that the kernel of the surjection A p ®10g
Og/ —>OL®O Ok is generated by Iz and Up — /28, U; — z; /28, i =1,...,7r.

The kernel Ker(A®OK Ok — Op, ®3i Ok) is generated by Ker(Ar p — OL)
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since the surjection A; p — Op is exact. Since P~ is generated by Uy =
ToT;7¢,Ur,...,Up—1 and P, the ring A p is also generated by Uy, Uy, ..., Ur—1
over Ok |[Th,...,Ty]. Hence, Ker(A; p — Op) is generated by Iz and Uy —
w/z28,U; — zi/28,i =1,...,r and the claim is proved.
For an element (t1, ..., Ur—1,0, Tpt1y---,Tm) € OIX—(T xOF™", weput z, = '€
and x; = u;x& for i =1,...,r — 1. Then, the underlying set of Xﬂ)g(A — A
is

ordfi(z;) >j for 1<i<m

ord(v¢ /ol — go(2:1)) > §

ord(ug — hg(z;)) >j fork=1,...,r

(ulv sy Up—1, U, T 1y - - - »xm)
Xr m—r
€0L xOF

Hence the map Xj, (A — A)g — V) p sending (ur, ..., Ur—1,0,Tri1,- -+, Tm)
to (z1,...,2y,) is an isomorphism. O

4.3 ETALE COVERING OF LOG TUBULAR NEIGHBORHOODS

Let A and B be the integer rings of finite étale K-algebras. For a finite flat
and log flat morphism (A — A) — (B — B) of log embeddings, we study
conditions for the induced finite morphism Xj (A — A) — Xj, (B — B) to
be étale.

PrROPOSITION 4.11 Let A and B = Oy, be the integer rings of finite separable
extensions of K and (A — A) — (B — B) be a finite flat and log flat morphism
of log embeddings. Let j > 0 be a rational number, w a prime element of L
and e = ordry, be the ramification index.

1. Assume A = Og. Suppose that, for each j' > j, there exists a finite
separable extension K' of K such that le;g(B — B)g is isomorphic to the
J

disjoint union of finitely many copies of Xiog

(A — A)g: as an affinoid variety

over Xf;g(A — A)gs. Then there is an integer 0 < n < ej such that 7}
annihilates Q4 (log /log).

2. If there is an integer 0 < n < ej such that 7} annihilates Qg4 (log /log),
then the finite flat map Xf;)g(B — B) — Xﬂ)g(A — A) is étale.

COROLLARY 4.12 Let A = Ok and let B be the integer ring of a finite étale
K-algebra and (A — A) — (B — B) be a finite flat and log flat morphism of
log embeddings. Let j > 0 be a rational number. Suppose that, jor each j' > j,

there exists a finite separable extension K' of K such that Xﬂ)g(B — B)g: is

isomorphic to the disjoint union of finitely many copies of Xf;g(A — Ak’ as
in Proposition 4.11.1. Let I be the kernel of the surjection B — B and let
Np/B be the B-module I/I%. Then we have the following.

1. The finite map Xﬁ)g(B — B) — leog(A — A) is étale and is extended to a

finite étale map of stable normalized integral models.

2. The finite map X! (B — B) — X (A — A) is étale.

log log
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3. The twisted normal cone C’fo (B — B) is canonically isomorphic to the
covariant vector bundle defined by the Bp ,.q-module (Homp(Np B, B) ®oy

N7) ®py Biog Frea and the finite map X! (B— B)— C} (B— B) is étale.

log log

To prove Proposition 4.11, we use the following.

LEMMA 4.13 Let A = Op, be the integer ring of a finite separable extension L,
A — A be a log embedding and let M be an A-module of finite type. Let j > 0
be a rational number and K' be a finite separable extension of K such that the
map Ogr — A®looi Ogx- is strict and the stable normalized integral model A{)K/

of Xf;)g(A — A) is defined over K'. Let e and €' be the ramification indices of
L and of K’ over K and 7, and 7' be prime elements of L and K’'. Assume
that €' /e and €'j are integers. Then the following conditions are equivalent.
(1) There exists an integer 0 < n < ej such that the A-module M = M ®a A
s annihilated by 7.

(2) The AjoK, -module MJ = M Q4 AZ)K, is annihilated by are’i—1,

Proof of Lemma 4.13. The proof is similar to that of Lemma 1.17. The image
of an element in the kernel I of the surjection A ®100i Ogr — A ®lgi Oxk' in

] . . . . 3 . .
.A]OK/ is divisible by 7’¢7. Hence we have a commutative diagram
J
A OK/

| l

A —— A, (@)

of log rings. The image of 7, € A is a unit times 7/¢/¢ in AJbK,/(ﬂ’e/j). The
rest of the proof is the same as that of Lemma 1.17.

Proof of Proposition 4.11. Proof is similar to that of Proposition 1.15.

1. For j > 0, the affinoid variety Xj, (A — A) is a polydisk. By the proof
of Lemma 1.7, there exist a finite separable extension K’ of K of ramifica-
tion index €', an embedding (B ®18i Ok — B') in Embo,,, isomorphic to
(Ox/[[T1,. .., T,]]N — OF,) for some N > 0, a positive rational number € < j
and an open immersion Xj (B — B)r — X((B ®looi Ok — B')°) as a
rational subdomain. The affinoid variety X¢<((B ®18i Ok — B’)°) is the
disjoint union of finitely many copies of polydisks. Enlarging K’ if necessary,
we may assume that ¢’j and e’e are integers. We may further assume that
there is a rational number j < j < j + € such that €’j’ is an integer, that
the stable normalized integral models By, , and B’O‘f;j, of Xj, gSB — B)g: and
of X¢<((B ®lgi Ok’ — B')°)k: are defined over K" and Xj (B — B)g- is

.
j . Lo
iog(A — A) k. Since €5’ is an

(A — A) is also

isomorphic to the disjoint union of copies of X;

integer, the stable normalized integral model A’ of Xﬂ;
K’/ g
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defined over K’'. We have a commutative diagram

A —_— oA

OK/
e’ e J
B > BS ’ BOK,
We consider the modules A
Qajo(log/log) = lim Q(A/mn)/oK)(log/log),Q 5 ee = linn
Q i etc. Since A is strict over OK and B ®10g Ox

(Ao, /7™ AL, )/ Ok
is strict over Ops, the canonical maps QA/OK (log /log) — QA/OK and
(B ®1og Ok') ®B QB/OK (log /log) — Q (BELE 040) /0y, BT isomorphisms.
Thus, as in the proof of Proposition 1.15, we have a commutative diagram

v N j/
Bp,., ®a Qa/0, (log [ log) ————— o Day  tay 104

K/

| | |

B, ©B Opjo, (log /log) — Bo,, @' Yss'e o, — syl /0,

We show that the modules are free BgK/—modules of rank n, the maps are
injective and that we have an inclusion ﬂ’e/j’le , ®B QB/OK (log /log) C

e 6IS']OK, XA QA/OK(log/log) as submodules of Q By the as-

OK’ /OK’
sumption on the covering Xlog(B — B)gr — Xlog(A — A)gr, the A o
algebra ng is isomorphic to the product of finitely many copies of Aj/K,.

. . j’ ] A ] ) .
Hence the right vertical map B » ®A]O/K/ QA]O/K,/OK/ — QB?J/K, Jo,, 18 an

isomorphism. Similarly as in the proof of Proposition 1.15.1, by the canon-
ical map Ay, , ®a QA/OK (log /log) — Q , the module Ap = ®a

/O

QA/O (log /log) is identified with the submodules 7€' of the
K AOK,/OK/

free module Q.Ag ,/OK" Also by B/e € ®B QB/OK (log/log) N QBS;/ 0w

the module B’e < o Op jox (log /log) is identified with the submodule
w'e 6(28/5/e /O of the free module QB,C © O Hence we obtain an inclusion
'elj/Bj/ . ©B QB/OK (log /log) C ¢ EB]OK, ®a QA/OK (log /log) as submodules

of Q O

Thus the B%)K/—module ng/ @B Op/a(log/log) = Coker(BgK/ D
Qa0 (log /10g) — By, ©B OB/oy (log /log)) is annihilated by 7/¢''=9).
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Since 0 < j — € < j' — € < j, applying Lemma 4.13 (2)=-(1), the assertion is
proved.

2. Let K’ be a finite separable extension such that e’j is an integer, that
B ®100i Ok is strict over Ok and that the stable normalized integral models

Al ., and BZ)K, are defined over K’. By Lemma 4.13 (1)=-(2), the B]éK,—
module Bz)K/ ®B 2g,A (log /log) is annihilated by 7™ for an integer n’ < ¢'j.
The rest of proof is the same as that of Proposition 1.15.2. O
Proof of Corollary 4.12. The same as that of Corollary 1.16. O

5 FILTRATION BY RAMIFICATION GROUPS: THE LOGARITHMIC CASE

5.1 CONSTRUCTION

In this subsection, we rephrase the definition of the logarithmic filtration by
ramification groups given in the previous paper [1] by using the preceeding
constructions.

Let ® : (Finite Etale/K) — Gg-(Finite Sets) be the fiber functor as in

Section 2.1. For a rational number ;7 > 0, we define a functor @{Og

(Finite Etale/K) — Gg-(Finite Sets) as the composition of the functor
(Finite Etale/K) — (Finite Flat and log Flat/Og) sending a finite étale K-
algebra L to the integral closure Oy, of Ok in L with the standard log struc-
ture and the functor ¥{ , : (Finite Flat and log Flat/Ox) — Gx-(Finite Sets)

defined in Section 4.2. The map (4.2.3) defines a surjection & — q){og of func-
tors. In [1], we define the logarithmic filtration by ramification groups on G

by using the family of surjections (& — q’{og)j>07€<@ of functors. The filtra-

tion by the log ramification groups G% log Gk,j > 0,€ Q is characterized
by the condition that the canonical map ®(L) — @fog(L) induces a bijection
(P(L)/G%(,log - @fog(L) for each finite étale algebra L over K.

The functor @fog is defined by the commutativity of the diagram

J
log

(Finite Etale/K) G k- (Finite Sets)

/ 7o
J
Yo

(Finite Flat and Log Flat/Of) Gr-(Aff/F)

lo i /
Embg;, thK//K(Aff/F )

( ®IOEOK/)K/ (XK’)K/H(XF/)K/

lim Embo,, . lim (smooth Affinoid/K")
—K'/K (xex/iy | KK
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We briefly recall how the other arrows in the diagram are defined. The
forgetful functor Embgi — (Finite Flat and Log Flat/Og) sends (A — A)

to A. The functor Smblgi — th,/K Embo,, sends a log embedding

to the system of strict base changes. The functor li_H)lK, JK Embo,, —

lim ., y i (smooth Affinoid/K") is defined by the system of tubular neighbor-
hoods. The functor li_rQK,/K(smooth Affinoid/K') — th,/K(AH/F’) is de-

fined by the closed fiber of the stable normalized integral models. The functor
@K,/K(AH/F’) — Gg-(Aff/F) is the equivalence of category defined in Sec-
tion 1.3. The functor m is defined by the set of connecteds components. They

induce a functor \Iffog (Finite Flat and log flat/O) — G k-(Finite Sets). The

functor <I>log is defined as the composition of \I/{Og with the functor sending a
finite étale algebra L to the integral closure O in L of Ok with the canonical
log structure. More concretely, we have

(I)fog(L) =

lim mo( lim X'/ (A ®GE Ok — O ®GE Oxr)°))
(A—»OL)ESmbBi(O ) K’/K

for a finite étale K-algebra L. This definition agrees with that given in [1] by
Lemma 4.10.
For a rational number j > 0, we define a functor <I>]+ (Finite Etale/K) ——

Gk-(Finite Sets) by ®/* (L) = lim <I>j (L) for a ﬁnlte étale K-algebra L.

log log
We define a closed normal subgroup GK Jog 1O be Uy >jG%. Then we have

<I>fc;g(L) d(L /GK log- Similarly as Lemma 2.1, the finite set @fc;g(L) has the

following geometric descrlption.

LEMMA 5.1 Let B be the integer ring with the standard log structure of a finite
étale algebra L over K and j > 0 be a rational number. Let (f,f) : (A —
Ok) — (B — B) be a finite flat and log  flat morphism of embeddings. Let
f] : log(B_>B)_)X1]0g(A_)OK) and f] log(B_>B)_)leog(A_)OK)
be the canonical maps. Let 0 € Xﬂ)g(A — Ok) be the point corresponding to

the map A — Ok and 0 € X{;g(A — Ok) be its specialization. Then the maps
(1.8.0), (1.12.1) and the specialization map form a commutative diagram

®(L) —— (L) —— ],y (L)

(5.1.1) l l l
(f)7H0) —— (J))71(0) —— mo(X{,,(B — B))
and the vertical arrows are bijections.

For a finite étale algebra L over K and a rational number j > 0, we say that
the log ramification of L is bounded by j if the canonical map ®(L) — @fog(L)
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is a bijection. Let A = Ok and let B = Op, be the integer ring of a finite étale
K-algebra L and (A — A) — (B — B) be a finite flat and log flat morphism
of log embeddings. Then, since the map Xj (B — B) — Xj (A — A) is
finite flat of degree [L : K], the ramification of L is bounded by j if and only if
there exists a finite separable extension K’ of K such that the affinoid variety

Xfog(B — B) g is isomorphic to the disjoint union of finitely many copies of

Xfog(A — A)g over Xf;)g(A — A)gr. We say that the log ramification of
L is bounded by j+ if the log ramification of L is bounded by every rational
number j' > j. The log ramification of L is bounded by j+ if and only if the
canonical map ®(L) — @f(;;(L) is a bijection.

LEMMA 5.2 Let K — K’ be a map of complete discrete valuation fields in-
ducing a local homomorphism O — Oy of integer rings. Assume that the
ramification index e = ek is prime to p and that the residue field F' of K' is
a separable extension of the residue field F' of K. Then, for a rational number
j >0, the map G — Gk induces a surjection Glog K = Glog K-

Proof. Let A be the integer ring of a finite étale K-algebra L and (A — A) be
an object of Embo,. . By the assumption, the log tensor product A®18i Ok is
the integer ring of L @ K'. The rest is the same as the proof of Lemma 2.2.
O

The two filtrations by ramification groups are related as follows.

LEMMA 5.3 Let K be a complete discrete valuation field and j > 0 be a rational
number. Then, we have inclusions G7; D G’K log 2 G’j+1

Proof. By Corollary 4.9, there are natural morphisms ®/+! — @fog — ®J of
functors. Hence the assertion follows. O

5.2 FUNCTORIALITY OF THE CLOSED FIBERS OF LOG TUBULAR NEIGHBOR-
HOODS

10? denote the

full subcategory of (Finite Etale/ K) consisting of étale K-algebras whose log
ramification is bounded by j+. At the end of the section, we prove Theorem
5.12. As in the proof of Theorem 2.15, we reduce it to the case where the
condition

For a positive rational number j > 0, let (Finite Etale/K)

(F) There exists a perfect subfield Fy of F' such that F' is finitely generated
over Fy.

is satisfied. Assuming the condition (F), we define a twisted tangent space e’
and show that the functor Xﬂ)g : Smblgi — G-(Aff/F) induces a functor

log

XJ

log *

. (Finite Etale/K)S/" — G g-(Finite Etale/@log)

log
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In this subsection, L denotes a finite étale K-algebra and A = Of, denotes the
integer ring with the canonical log structure.

We assume that the condition (F) is satisfied. Let Ky be a subfield of K
such that Og, = Ox N Ky is a complete discrete valuation ring with perfect
residue field F;y and F is finitely generated over Fj as in Section 2.3. Let
o denote a prime element of Og,. We consider Ok, as a log ring with the
trivial log structure. We introduce a new category EmbllgjgoKU and a functor

Smbll(;:goKo — 5mblgi similarly as in Section 2.3.

DEFINITION 5.4 Let K be a complete discrete valuation field and Kq be a sub-
field of K such that Ox, = Og N Ko is a complete discrete valuation ring
with perfect residue field Fy and that F is finitely generated over Fy. We put
m = tr.deg(F/Fy). We consider Ok, as a log ring with the trivial log structure.
1. We define SmbE%OKO to be the category whose objects and morphisms are

as follows. An object of Embll(;jgoKo is a triple (Ao — A) where:

e A is the integer ring of a finite étale K-algebra with the canonical log
structure.

o Ay is a complete semi-local Noetherian log O, -algebras formally smooth
and formally log smooth of relative dimension m + 1 = tr.deg(F/Fp) + 1
over Ok, .

o Ay — A is an exact and regular surjection of codimension 1 of log Ok, -
algebras and induces an isomorphism Ag/ma, — A/ma of underlying
Fy-algebras.

A morphism (f,f) : (Ag — A) — (By — B) is a pair of a log Ok-
homomorphism f : A — B and a log Ok,-homomorphism £ : Ag — By such

that the diagram
Ay — A

f| |7

By —— B
18 commutative.
2. For the integer ring A of a finite étale K-algebra, we define Embl;fOKo (A)

to be the subcategory ofé’mbl;fo% whose objects are of the form (Ag — A) and

morphisms are of the form (ida,f).

3. We say that a morphism (Ag — A) — (Bg — B) is finite flat and log flat
if Ag — By is finite flat and log flat and the canonical map By ®1§§ A— Bis
an isomorphism.

An object (Ayg — A) of SmblfgjgoKo is an object (Ao — A) of Embi o, together
with a log strucure on Ag such that the log ring Ag is formally log smooth over
Ok, and that the surjection Ag — A is exact.
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LEMMA 5.5 1. Let A be the integer ring of a finite étale K-algebra with the
canonical log structure. Then, the category Smbl;gok (A) is non-empty.
? 0

2. Let (Ag — A) and (Bg — B) be objects ofé'mbl;foKo and A — B be an Ok -
homomorphism. Then there exists a homomorphism (Ag — A) — (Bg — B)
in Embl;fOKo extending A — B.

3. Every morphism in EmbllgjgoKo is finite flat and log flat.

Proof. 1. We may assume A is local. Take a transcendental basis (¢1,...,%m)
of the residue field F of A over Fy such that E is a finite separable extension
of Fo(t1,...,tm). Take a lifting (¢1,...,¢m) in A of (¢1,...,%,) and prime
elements ¢y of A and mp of Ok,. Then A is unramified over the completion of
the local ring of Ok, [T, ..., T)n] at the prime ideal (g, Tp) by the map defined
by sending T; to t;. Hence there are an étale scheme X over Ag:ol, a point &

of X above (7, Tp) and a regular immersion ¢ : Ox ¢ — A of codimension 1.
Let Ag be the Og,-algebra OAX,g with the log structure defined by the chart
N — Aj sending 1 € N to Ty. Then (Ag — A) is an object of Embll‘;:goKO.

2. Since Ay is formally log smooth over Og,, it follows from that By is the
formal completion of itself with respect to the surjection By — B.

3. We may assume A and B are local. We show that the map By ®1§§ A— Bis
an isomorphism. Let f be a generator of the kernel of Ag — A. It is sufficient
to show that the image of f in mp,/mp, is not 0. We take charts N — Ag
and N — By and let tg € Ag and ¢, € By be the images of 1 € N. The charts
N — A and N — By induces isomorphisms N — My , and N — Mx , where y
and x are the closed points of the log schemes Y = Spec Ay and X = Spec X,.
The map N = My, — N = Mx , is the multiplication by the ramification
index e of B®op, K over A®p, K.

Since dtg is in the kernel of the surjection QAO/OKO ®a, A/mag — Qea/ma)/Fy
and is non-zero, (mo,to) is a basis of ma,/m% . We put f = am + bty in
ma,/ mio for some element a, b in the residue field £ of A. Since the surjection
Ay — A is regular of codimension 1, either of a and b is not 0. Since the image
of to is a basis of ms/m% and the image of f is 0, we have a # 0. Similarly
(7o, ty) is a basis of mBO/m]QBO. Since the map N = My, — N = Mx , is the
multiplication by the ramification index e, the image of ¢y is a unit times ¢{.
Hence the image of f in mp, /1112BO is not zero. Thus the map By ®IX§ A— B
is an isomorphism. Since B is finite over A, By is also finite over Ay by
Nakayama’s lemma. Since dim Ay = dimBg = 2 the assertion follows by
Corollary 3.11. O

COROLLARY 5.6 Fvery morphism in SmbllgjgoKo (A) is an isomorphism.
Proof. If (A9 — A) — (A{ — A) is a map, the map Ay — Aj is finite flat of

degree 1 and is an isomorphism. O
We define a functor Embys, — — EmbSE as follows. Let (Ag — A) be an
0Kk K

object of SmbllgigoKo. We define an embedding ((Ao®o,, Ox)" — A) by
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regarding (Ao — A) as an object of Embk o, . Since the underlying ring

of A/m’% ®1Og Ok /mi is A/m} ®o,, Ok/mf, we define a log structure
(A0®OK OK) as the limit of those on A/m’% ®10g Og/m%. We let

(Ao®log Ok)” denote the log ring (A0®0K Ok )" with this log structure.

LEMMA 5.7 Let (Ag — A) be an object of Emblog Then,

((A0®10g Ok)N — A) is a log pre-embedding and hence ((Ao®10g O)N —
A)is a log embedding.

Proof. By the construction, the log Og-algebra (A0®100i0 Ok )" is formally log

smooth and ((A0®10g Ok)N — A) is a log pre-embedding. The rest follows
from Lemma 4.4.2. O
In the following, we put A = (A0®0KOOK)AN. We obtain a functor

Smbll(z:goKo — Emblgi sending (Ag — A) to (A — A) = ((Ao®o,, Ox)"™ —
A) by Lemma 5.7. For a rational number j > 0, we have a sequence of functors

log log log
Embyy, —— Embg —

h_n)lK//K(smooth Affinoid/K') —— Gg-(Aff/F).

We also let )_(1]0 denote the composite functor é’mblog — Gr-(Aff/F).
Thus, for an object (Ag — A) of Smblf(;‘?oKO, we have X (Ag — A) =

log
X, (Ao®0,, OK)™ — A).
For a rational number j > 0, the composition

lo, lo, C‘jo n

Embity, —— EmbSE — Gg-(Aff/F).
defines a functor Cljog Embll(};goKO — Gg-(Aff/F). We compute the twisted
normal cone C (A — A) for an object (Ag — A) of 5mb113jgoK0 and A =
(Ao®0,, Or)"™. Tt is a scheme over (4,4 7)rea = (A ®1°g Frea. Let Naja =
I/I? be the conormal module where [ is the kernel of the surjection A — A.
We put Qo /0y, (log) = im Q0 /my)/0x, (log) with respect to the canonical
log structure on O and the trivial log structure on Ok,. Similarly, we put
Qa/A,(log/log) = im QA /my )/Ao(log/log) Since the map A — Ay is
strict, we have QA/AO (log /log) = QA/AO. Let Qp(log) be the F-vector space
Qp/r, (log) with respect to the trivial log structure on Fy and the log structure
on F' defined by the chart N — F sending 1 € N to 0. The canonical map
QOK/OKO (log)®o, F — Qp(log) is an isomorphism. We have an exact sequence
0 — Qp/p, — Qp/p,(log) = F — 0. We have canonical maps Naa —

QA/AO ®a A and QOK/OKO (log) ®o, A — QA/AO (log /log) ®a A. Similarly as
Lemma 2.11, we have the following.
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LEMMA 5.8 Let (Ag — A) be an object of Smbljfoko.

1. If m is the transcendental dimension of F over Fy, the dimension of the
F-vector space Qp(log) is m + 1.

2. The map Naa — Qaj/a, @A A is a surjection and the map
Qo jox, (log) ®ox A — Qasa, ®a A is an isomorphism. They induce an
isomorphism Naja ®a Aj/ma — Qp(log) @p A/ma.

3. Let (Ag — A) — (Bg — B) be a morphism of EmbllchKo and put B =
(Bo®oy,Ok)"~. Then, the diagram

NA/A XA A/mA _— QF(log) RF A/mA

! l

NB/B X B B/mB —_— QF(log) KRF B/mB
s commutative.

For a rational number j > 0, let ©/  be the F-vector space

. log _
Homp(Qp(log), N7) regarded as an affine scheme over F. Similarly as
Corollary 2.12, we have the following.

COROLLARY 5.9 Let (Ag — A) be an object of SmblfégOK and let (A — A) be
YKo
its image in Emblgio. Let j > 0 be a rational number.
1. Let C’f;)g(A — A) be the twisted normal cone. The isomorphism in Lemma
5.8.2 induces an isomorphism C_'fog(A — A) = O, @p (Aiog p)red-
2. Let (Ag — A) — (Bg — B) be a morphism ofé'mbl%’go%, Then the diagram
X7

log(B —B) —— C{og(B —B) —— @{og Qp (Blogﬁ)red

| l l

leog(A - A) - Cfog(A - A) - G{Og @ (Alog F‘)red

18 commutative.
3. If the ramification of A ®o, K is bounded by j+, then the composition
Xi (A = A) = C) (A — A) — O], is finite and étale.

log

For a rational number j > 0, we regard @{Og as an object of G -(Aff/F) with
the natural Gg-action. Let G- (Finite Etale/ @fog) denote the subcategory of
G-(Aff/F) whose objects are finite étale schemes over ©7,, and morphisms are
over @fog. Let 5mb1;fb§;: denote the full subcategory of gmbll(;‘;;oKo consisting
of the objects (Ag — A) such that the log ramifications of A®o, K are bounded
by j+. By Corollary 5.9, the functor X7, : 5mb}§%OKU — Gg-(Aff/F) induces

a functor Xﬂ)g : Smbl;;g’oij+ — Gc-(Finite Etale/gfog)'
YK
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The functor Xfog cm blog,éﬁr — Gg-(Finite Etale/@log) further induces a

functor leog (Finite Etaule/K)<jg+ — Gg-(Finite Etale/ log). In fact, simi-
larly as Lemma 2.13 and Corollary 2.14, we have the following.

LEMMA 5.10 Let f: A — B be a map over Ok and let (f,f),(9,8) : (Ag —
A) — (Bg — B) be maps in Embll'foko. If f = g, then the induced maps

(fi£)w: (9,8)s 10g(A0 —A) —— Xﬂ)g(Bo — B)
are equal.

COROLLARY 5.11 Let j > 0 be a rational number.
1. Let L be a finite étale K -algebra L such that the log ramification is bounded by
j+. Then the system leog(Ao — Or) parametrized by the objects (Ag — Or)

of Smbl;gok (OL) is constant and the limit
g

XJ

log

(L) = lim X/ (A — Or)

(AOHOL)ESmblI?gOK (or)

log

is a finite étale scheme over ®log

2. The functor Xlog :Em bll‘f’i];r — G -(Finite Etale/@{og) induces a functor

)_(f;)g : (Finite Etale/K)ié — G -(Finite Etale/@log)

Using the functor Xf;)g . (Finite Etale/K)<i* — G-(Finite Etale/©7) defined
under the condition (F), we obtain the following theorem by the same argument
as the proof of Theorem 2.15.

THEOREM 5.12 Let K be a complete discrete valuation field and let j > 0 be
a rational number. Let m be the prime-to-p part of the denominator of j and
I, be the subgroup of the inertia group I C Gk of index m. Then we have the
following. _ _

1. The graded piece Gr' Gy = G 10g/G’j;log is abelian.

2. The commutator [L,, GJ}( log | is a subgroup oijKJrlo In particular, GrljogGK
is a subgroup of the center of the pro-p-group GK 1Og/GK log*

Similarly as in the proof of Theorem 2.15, assuming the condition (F), we
obtain a canonical surjection

(5.12.1) b (O]

J
log) I GrlogGK'

) — Grljo Gy and m3P(09) — GriGg are
related as follows. The exact sequences 0 — N — Q r— Qp - 0and 0 —

Qr — Qp(log) — F — 0 induces canonical maps O] — ©7 and /! — @fog

The canonical surjections 7 (@fog

log

DOCUMENTA MATHEMATICA + EXTRA VOLUME KATO (2003) 5-72



64 AHMED ABBES AND TAKESHI SAITO

LEMMA 5.13 Assume that the condition (F) is satisfied and that p is not a
prime element of K. Then, for a rational number j > 0, we have a commutative
diagram

(eIt —— mb(ef,) —— 7 (eY)

| l |

GritlGg —— Grl,,Gx —— GriG.

Proof. We show the commutativity of the left square. Let L be a finite separable
extension of K such that the log ramification is bounded by j+ and A be the
integer ring of L. By Lemma 5.3, the ramification of L is bounded by (5 +1)+.
Let (Ag — A) be an object of 5mb}3§OKO. By Lemma 5.7, the surjection
A=A ®looi0 Ok — A defines a log pre-embedding (Ag ®18i0 Ok — A). By
forgetting the log structure, we obtain an embedding (A — A)°. By applying

Lemma 4.4, we obtain a log embedding (A~ — A). Then, by Lemma 4.8

we have an open immersion X/T1((A — A)°) — Xf;g(AN — A) of affinoid

subdomains of X7((A — A)°). It induces a map X+ (L) — Xﬂ)g(L). By the
functoriality, we obtain a commutative diagram

X)) —— X, (L)

| !

O/ =X K) —— Of,, =X (K).
From this diagram, we deduce the commutativity of the left square. The proof
for the right square is similar and omitted. O

6 THE PERFECT RESIDUE FIELD CASE

6.1 THE NEWTON POLYGON OF A POLYNOMIAL

We recall the notion of Newton polygons and establish some properties. We
say that a function [ : [0,n] — R U {oo} is convex if for every 0 < z < y < n,
the graph of [ is below the line segment connecting (x,1(x)) and (y,(y)). If at
least one of I(x) and I(y) is co, we define the line segment connecting (x,1(z))
and (y,l(y)) to be the union {(z,00)|x < z < y} U {(z,l(x)), (v,1(y))}. For a
polynomial h(T) = Y7 b;T""" € K[T] of degree < n, we define its Newton
polygon to be the graph of the maximum convex function Iy, : [0,n] — RU{oco}
satisfying {5, (7) < ord b;.

If g = 1, the Newton polygon of h and the solutions of the equation
h(T) = 0 are related as follows. Let z1,...,2, be the solution of h(T) =
[T7_,(I — z;) = 0 and assume ordz; is increasing in i. Then, since b; =
(—1) Y i<hi<..<ki<n k1" Zk;, the slope of [, on the interval (i —1,7) is equal
to ordz;. If [(x) = oo, we define the slope of [ at  to be oco.
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LEMMA 6.1 Let f(T) =Y 1", a,T""" € Ok[T] be a polynomial of degree n and

z be an element of K* such that ordz = L We assume ag = 1 and orda; > 1

n
for1 <i<n. We put

wr) =1 (T+1 Zb:r"z K [T

and let I, : [0,n] — R U {oo} be the function defining the Newton polygon
of h(T). Then, for an integer 0 < i < n, the equality I, (i) = ordb; implies
i=n—p* for some integer k > 0.

Proof. For an integer 0 < r < n, we put f(T) = an—IT", h.(T) = (fr(2(T
1) = fr(2)/2" = anrz" (T +1)" — 1) and let I, : [0,n] — RU {oo}
denote the function defining the Newton polygon of h,.(T'). We have

Since ordz = %, we have ord b,_; = min;<,<p(ord ap_,z —(n-r) (l)) Hence [},

is the maximum convex function satistying I, <[, for 1 <r < n.
We compute the function [, for 1 < r < n. We have h.(T) =
an—rz= =30 (D)T. For an integer 0 < i < p*|r, we have

r T
d =ord - dif d - >ord —.
or () or +Z or! or i_or o

The equality holds only for i = p*. Hence, [, is the maximum convex function
satisfying

0 ifi=n-—r

. r
(i) = (ord anfr_l)_‘_ﬁ—k ord Lk if i = n — pF for an integer 0 < k < ord,r.
p

Thus, for an integer i satisfying n — p°*%" < i < n, the equality I, (i) = 1,-(7)
implies i = n — p* for an integer 1 < k < ord,r. It also follows that we have
0 =1,00) < l(n—7) =l(n—p=h") for 1 <r < n. Hence the equality
In(i) = I,.(i) implies i > n — p°*4»". Thus the assertion is proved. O
For a polynomial h(T) € K[T],# 0, let ord h(T) denote the minimum of
the valuations of the coefficients. For a rational number u, let 7" denote an
element of K* satisfying ord7® = u. We define a function ¢y, : [0,00) — [0, 00)
by ¢p(u) = ord h(x"T). The function ¢}, is continuous, convex and piecewise
linear.

LEMMA 6.2 Let h(T) = Y1 bT"" = [[\_ (T — z) € K[T] be a monic
polynomial of degree n. Let Iy, : [0,n] — RU {oo} be the function defining the
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Newton polygon of h(T) and ¢y, : [0,00) — [0,00) be the function op(u) =
ord h(w*T) defined above. Then,
1. The minimum value of the function I, (t) + (n —t)u on t € [0,n] is equal to

en(u).
2. We have an equality

on(u) = Zmin(u,ord 2i).-
i=1

h(m¥T _
3. If the coefficient of T" in < (;Th( ))) € FI[T] is not zero, then the function
T u

In(t) + (n —t)u attains the minimum value at t = r and we have Iy (r) = ordb,.

Proof. 1. Since the function I, (¢t) + (n — t)u defines the Newton polygon of
h(7"T), the assertion follows.

2. We put s; = ord z. Let ¢y € [0,n] be the minimum where the function
In(t) + (n — t)u takes the minimum value. Then ¢( is the maximum such that
the function 5 (t) + (n — t)u is strictly decreasing on [0,%]. Hence to is the
cardinality of the set {i|s; < u} and the minimum value of I, (t) + (n — t)u is
given by

n

h(to) + (n—to)u = Z s+ Z u= Zmin(si,u).

si<u si>u i=1

Thus the assertion follows from 1.

3. The coefficient of T" in h(7uT)/mer»(¥) € F[T] is not zero if and only if the
value of the function defining the Newton polygon of h(m“T)/n%»() at r is
zero and [ (r) = ordb,.. Hence the assertion follows from 1. O

6.2 THE STRUCTURE OF GRADED PIECES

In this subsection, we assume that the residue field F is perfect. Since the
residue map Qp(log) — F is an isomorphism in this case, we have an isomor-
phism ©7, — N/ of F-vector spaces of dimension 1. Let 7°”#P(N7) denote

the quotient of 7#P(NN7) classifying the étale isogenies to the algebraic group
N7,

PROPOSITION 6.3 Let K be a complete discrete valuation field with perfect
residue field and j > 0 be a positive rational number. Then,

1. ([1] Propositions 3.7 (3) and 3.15 (4)) We have Gi,, ;x = GIFY Ifpis not a
prime element of K, the horizontal arrows in the diagram of Lemma 5.13 are
isomorphism. 4

2. The canonical surjection wiP(N7) — GTngGK (5.12.1) induces an isomor-

phism 7> & (NT) — GrljogGK.
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Contrary to the proof given in [12], we give a proof without using the “lower
numbering” filtration or local class field theory.

Before starting proof, we introduce some notations. Let L be a finite separable
extension of K and 7, be a prime element of L. Let K; be the maximum un-
ramified extension of K in L and let f(T') € Ok, [T] be the minimal polynomial
of 7y, over K;. Since, L is totally ramified over K, the polynomial f(7') is an
Eisenstein polynomial. We put n = [L : K] = deg f.

We put A = Op, and Ky = K and define an object (A — A) of EmbllgjgoKO
as follows. We define a log structure on Ok, [T] by the chart N — O, [T]
sending 1 to T. We define a log Og,-algebra A = O, [[T]] to be the formal
completion of the surjection O, [T] — Oy, sending T to 7z, with the induced log

structure. Then the surjection A — A defines an object (A — A) of Smblf(;%oKo

By Lemma 5.7, it defines a log pre-embedding (A ®lgi0 Ok — A). The log

ring A ®18i ) Og is the ring A itself with the log structure defined by the chart

N2 — A sending (1,0) to 7" and (0, 1) to a prime element 7 of O . By forgetting
the log structure, we obtain an embedding (A — A)°. By applying Lemma
4.4, we obtain a log embedding (A~ — A). The log ring A~ is identified
with the formal completion of the surjection O[T, U*']/(T™ —Ur) — A of
log Ok-algebras sending T to 7, and U to 7} /m € A* with log structure
defined by the chart N — O, [T, U*!]/(T™ — Ur) sending 1 to T. Let K’ be a
finite separable extension of K containing the conjugates of Ky over K and an
element z of ord z = 1/n. Then, the log tensor product A~ ®lgi Ok is further
identified with the formal completion of the surjection O, ®o, Ox/[W*'] =
L.k, i O/ [WF] — A ®13i Og: of strict log Og--algebras sending W to
(rp®1)/(1®z). With this identification, the canonical map A~ — AN®18i Ok
sends T to (1®z)W and U to ((1®z)"/m)-W™. Further, we identify the affinoid
variety Xj, (A~ — A)g: as an affinoid subdomain of T[], _, x SPK'(W*!).
Similarly as for (A — A), by taking a prime element 7 of Ok, we define an
object (B — Og) of Emblfg%oko as the formal completion of the surjection
Ok, [S] — Ok sending S to m. By Lemma 4.4, the log ring B™ is identified
with the formal completion of the surjection Ox[V*!] — A of strict log Og-
algebras sending V' to 1. With this identification, the canonical map B — B™
sends S to V. Further, we identify the affinoid variety Xj, (B~ — Ox)x
with the subdisk D(1,77) C SpK(V*1).

We define a map (B — Og) — (A — A) of 5mbll‘2jgoKO as follows. Since f(T")
is an Eisenstein polynomial of degree n, g(T) = (T™ — f(T))/m is in Ok, [T]
and its image is invertible in A. By sending S to T"g(T) ™!, we obtain a map
(B — Og) — (A — A) of 5mb1;;%OKO.

The Herbrand functions ¢ and 1 : [0, 00) — [0, 00) are defined as follows (cf. [4]
Appendix). We put h(T) = f(rr(T+1))/7} and define ¢ to be the function ¢y
in Lemma 6.2. The function ¢ is strictly increasing, continuous and piecewise
linear. We define v : [0,00) — [0,00) to be the inverse ¢ 1. The function 1 is
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also strictly increasing, continuous and piecewise linear.

For an embedding o : K1 — K over K, let fo(T) € Og[T] denote the image
of f(T) by o. For w € K and a rational number u > 0, let D(w,7") denote
the disk with center w and radius 7.

LEMMA 6.4 Let the notation be as above.

1. The open immersion X T1((A — A)°) C Xlog( A~ — A) in Corollary 4.9
is an isomorphism.

2. As affinoid subdomains of [1,.xc, SpK"(W*1) | we have an equality

A== ] LJAmimW» (2)

z
0:K1—K' fo(z9

XJ

The log ramification of L is bounded by j if and only if 1(j) is larger than the
slope sn—1 of the Newton polygon of h on the interval (n —2,n — 1).
3. Let o : K1 — K be an embedding and z¢ € Og be a solution of f7(T) = 0.
We put
7@ OT + )

™ f(0)
Then we have hY € Og[T]. Let h¢ € F[T] be the reduction and let hY :
Al — A! be the map deﬁned by the polynomial hY. Then the isomorphisms
x40 D(0,1) — D(3, 7%0)) € X (A~ — A) and xni+1: D(0,1) —
D(1,79) induce a commutative diagrams

B (T) = -

A' —— D(E, mv0) C X[, (A~ — A)

d 1

A ——  D(1,79) = leog(BN — Of)= NJ.
Proof. 1. As in Lemma 4.8, we identify X]];)g(AN — A) and X/T1((A —
A)°) as affinoid subdomains of X7((A — A)°). The kernels of the surjections
A — A and A~ — A are generated by f(T) and U™ — g(T) = f(T)/n
respectively. Hence, the affinoid subdomains Xfog(AN — A) and X7H((A —
A)°) of XI((A — A)°) are defined by the conditions ord f(x)/7 > j and by
ord f(x) > j + 1 respectively. Hence the assertion follows.

. Since the kernel of surjection A~ — A is generated by f(T')/w, the kernel
of surjection A~ ®log Ok — A ®Og Ok is generated by (2"/m) - (f(zW)/z).
Hence we have

Xig(A~” = A)(K) = [I {weOglord f7(zw)/z" > j}

oK1 —K'

We fix an embedding o : K; — K and drop o in the notation. Fori =1,...,n,
we put U; = {w|ord(w — z;/2) > ord(w — z;/z) for k = 1,...,n}. By the
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equality above, to prove (2), it is sufficient to show

{w € Oglord f(zw)/z" > j}NU; C
D(zi)z,7%9)) c {w € Oglord f(zw)/z" > j}

for each i. Let w € Og. We put I1 = {k : ord(w — z;/z) > ord(w — 2z /z)} and
I = {k:ord(w—z/z) <ord(w—zx/z)}. For i € I, we have ord(w — 2z, /2) =
ord(zr — 2;)/z < ord(w — z;/z) and, for i € Iy, we have ord(w — z/z) >
ord(w — z;/z) with the equality if # € U;. Since f(zW)/2™ = [ (W — z1/2),
we have an inequality

f(zw) - 2K
LN O = — ) >
ord g ’;:1 ord(w > ) >

>3 ord(%k - %) + 3 ord(w — %) = p(ord(w — %)).

kel kel

We have an equality if € U;. Thus the equality (2) is proved. The last
assertion follows from the equality (2) and s,—1 = max;z, ord (2;/z — 21/2).
3. We show h?(T) € Og[T]. We extend ¢ : K; — K to o; : L — K by
sending 7y, to 27 and put u = ¥(j). Then we have h7(T) = —h% (7% - (z/z;) -
T) /7% £(0). Since z/z; and f(0)/z" are units, we have h(T) € Ox[T] by
the definition of ¢(u).

We show the commutativity of the diagram. Since B — A sends S to
T"g(T)~ %, the induced map B~ — A~ ®lgi O sends V to

™ KT f(leaW)
@ re@ T mgeow) "

We fix ¢ : K1 — K and we drop o in the notation. We define a map
D(zi/z,m%@)) — D(1,77) by sending w to (f(zw)/(wg(zw))) + 1. Then, we
have a commutative diagram

D(z,7%0)) —S— X[ (A~ — A)

l l

D(].,’/TJ) p— leog(BN —>OK)
The polynomial g(2WW) is congruent to the constant — f(0)/7 modulo the max-
imal ideal. Hence, by substituting W = #%WT 4+ zi/z, we get the assertion.
O

Proof of Proposition 6.3. 1. The equality Gi-( log = GJ; ! follows from Lemma
6.4.1. The rest is clear. 4

2. First we show that the map 7*(N7) — Gr{,,Gr factors the quotient
7228 (N7), By Lemma 6.4.3, it is sufficient to show that the map hZ : Al — Al
is an isogeny. In other words, it is enough to show that if the coefficient of T
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in h¢ is non-zero, then r is a power of p. Since h?(T) = —h% (7% - (2/z) -
T)/7%® f(0) and z/z; and f(0)/2™ are units, the coefficient of 7" in h¢ is
non-zero if and only if the coefficient of T" in h(w“T)/7#() is non-zero. Let
I, be the function defining the Newton polygon of h. We apply Lemma 6.2
to h(T) = f(rp, (T +1))/7} = Z?;Ol b;T"~%. Then, if the coefficient of 7" in
h(muT)/me(%) is non-zero, we have l;(r) = ord b,.. Since ord z = 1/n, we may
apply Lemma 6.1 to the polynomial h(T"). Thus the equality {,(r) = ord b,
implies that r is a power of p as required. _

We show that the surjection 72>8P(N7) — Gr{,,G K is an isomorphism. By
Lemma 5.2, we may replace K by the completion of a maximum unramified
extension and assume the residue field F' is algebraically closed. To show the
isomorphism, it is sufficient to construct every étale isogeny of degree p to
N7 from a finite separable extension of K. Recall that every étale isogeny of
degree p to N7 is obtained by pulling-back the isogeny A! — A! defined by the
polynomial 7P — T by an isomorphism N7 — Al

We show the following Lemma.

LEMMA 6.5 Let n,m,l > 1 be integers such that m < n and pl < n, m and
I are prime to p and that p*|n. Let ® be a prime element of Ok and a,b be
element of Og. We put m’ =n-ord a+m andl’ =n-ord b+ pl and assume
pl! <m/ < pl'+n-ord p and pl’ < n-ord p-ord,(n/p*). Let f(T) be the
FEisenstein polynomial

f(T)=T" — w(aT™ — bTP' + 1)

and let z = 7y, be the image of T in L = K[T)/f(T). We put

1

m' =1 . maz™\ P1

j= P and m =maz™ | ——— .
p—1 n bzp

Then,

1. The log ramification of the extension L = K[T|/(f(T)) is bounded by j+.
2. We define a map (B~ — Og) — (A~ — Op) as above and consider
Xfog(AN — A), as an affinoid subdomain of SpOr (W) by taking K' = L and z
to be the image of T. Let A — A' be the map defined by the polynomial TP —T.
Then, D(1,7%)) is a connected component of Xfog(AN — A). Further, the
isomorphism xmd +1: D(0,1) — D(1,77) induce a commutative diagram

Al —— D(1,7%0)) € X[ (A~ — A)

l l

A' —— D(I,7) = X[ (B~ — Og)=Ni.

Proof. 1. We put h(T) = f(z(T + 1))/2" and let I, : [0,n] — R U {oo}
be the function defining the Newton polygon of h(T). Let I; : [0,n] — R U
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{o0} be the linear function characterized by l1(n — 1) = m//n and l;(n —
p) = pl’/n. We claim that we have an equality I, = I; on and only on the
interval (n — p,n — 1). By Lemma 6.1, it is sufficient to show Ip(n — 1) =
m'/n,lp(n — p) = pl'/n and I,(n — p*) > l1(n — p?). By the proof of Lemma
6.1, we have l(n — 1) = min(ord n,ord maz™,ord plbzP') = min(ord p -
ordyn, m’/n,ord p 4+ pl’/n). By the assumptions, we have m’ < n-ord p +
pl! < n-ord p-ordyn and I (n — 1) = m//n. Similarly, we have {,(n — p) =
min(ord (Z)7m'/n,ord (’;}l)bzl’l) = min(ord p - ord,(n/p),m’/n,pl’/n) = pl'/n
and I, (n — p?) > min(ord (Ifz),m'/n,pl’/n) =pl'/n > l1(n —p) > l1(n — p?).
Thus the claim is proved.

By Lemma 6.4.2, it is sufficient to show that the slope s, _1 of I;, on the interval
(n—2,n—1) is ¢(j). By the claim above, we have s,_1 = (lp(n —1) —Ip(n —
p))/(p—=1) and o(sn—1) = ln(n—=1)+sn-1 = (p-ln(n—=1)=la(n—p))/(p—1) =
p(m’ —1")/(p — 1)n = j. Thus the assertion follows.

2. In Lemma 6.4.3, we put 7¢0) = (mazm/bzpl)l/(p_l) and 77 = mazmr¥0),
Then we have

F(@DT +1)) —(’z)bzplwW(j)TP + maz"r?OT e
TN = 0
Hence the assertion follows. O

We complete the proof of Proposition 6.3.2. By Lemma 6.5, it is sufficient
to show the following: For every rational number j > 0, there exist integers
n,m’, I’ > 0 satisfying the conditions in Lemma 6.5 and, for every non-zero
element = of N7, there exist a,b € O such that ord a is the integral part of
m’/n, ord b is the integral part of pl’/n and = = maz™(maz™ /bzP!)1/ =1
First, we prove the claim for j. Assume p is odd (resp. even). Let n > 0 be an
integer such that n(p — 1)j/p (resp. n(p — 1)j/2p) and n/p? are integers and
(p—1)j/p € [(p+1)/n,(p—1)n/p? ord p-ord,(n/p*) — (p+1)/n]. Then there
exist integers I',m’ such that (p —1)j/p = (m' —1I')/n, I’ and m’ are prime to
p, pl' <m' < pl' +n-ord p and pl’ < n-ord p-ordy(n/p?). Thus the claim
is proved for j. Since we may multiply a an arbitrary unit, the claim for x is
clear. Hence the assertion is proved. O
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1 INTRODUCTION

Fix a rational prime p. The classical polylogarithm sheaf, constructed by Beilin-
son and Deligne, is a variation of mixed Hodge structures on the projective line
minus three points. The p-adic polylogarithm sheaf is its p-adic analogue, and
is expected to be the p-adic realization of the motivic polylogarithm sheaf. In
our previous paper [, we explicitly calculated the p-adic polylogarithm
sheaf on the projective line minus three points, and calculated its specializa-
tions to the d-th roots of unity for d prime to p. The purpose of this paper
is to extend this calculation to the d-th roots of unity for d divisible by p. In
particular, we prove that the specialization of the p-adic polylogarithm sheaf to
d-th roots of unity is again related to special values of the p-adic polylogarithm
function defined by Coleman [Col].

Let K = Qp(pa), with ring of integers Ok. Let G,, = Spec Oklt,t!] be
the multiplicative group over Ok . Denote by S(G,,) the category of syntomic
coefficients on G,,. This category is a rough p-adic analogue of the category
of variation of mixed Hodge structures. Since p is in general ramified in K, we
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will use the definition in [[Ban2|, which is a generalization of the definition in
[Banl] to the case when p is ramified in K.

In order to describe the polylogarithm sheaf, it is first necessary to introduce
the logarithmic sheaf Log, which is a pro-object in S(G,,). The first property
we prove for this sheaf is that it satisfies the splitting principle, even at roots
of unity whose order is divisible by p.

PROPOSITION (= PROPOSITION [.1|) Let z # 1 be a d-th root of unity in K,
and let i, : Spec O — G, be the closed immersion defined by t — z. Then

izLog = [] K ().

>0

Let U = Gy, \ {1}. In our previous paper, following the method of [HWI]
Definition III 2.2, we constructed the polylogarithm extension

pol € Ext}gsyn(U)(K(O), Log).

We first consider the case when z is a d-th root of unity, where d is an integer of
the form d = Np" with (N,p) =1 and N > 1. In this case, we have a natural
map ¢, : Spec O — U. Let ¢ pol be the image of pol in

Ext§o,)(K(0),i1Log) = [ [ Exto, (K(0), K(5))
3=>0

with respect to the pull-back map

Ext () (K(0), Log) = Extl(o,) (K (0),i3Log).

Our main result is concerned with the explicit shape of ¢} pol.

For integers j > 1, let Li;(t) be the p-adic polylogarithm function defined
by Coleman ([Col] VI, the function denoted £;(t)). It is a locally analytic
function defined on P*(C,) \ {1, 00} satisfying Li;j(0) = 0. On the open unit
disc {#z € C, | |z|, < 1}, the function is given by the usual power series

oo n

n=1

To deal with the specialization at points in the open unit disc around one, we
also consider the locally analytic function

Lij o(t) = Lij(t) — ¢' 77 Li; (t°),

where c is an integer > 1.
Our main theorem may be stated as follows:
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THEOREM 1 (= THEOREM [I.9) Let z be a d-th root of unity, where d is an
integer of the form d = Np" with (N,p) =1 and N > 1. Then we have

Zi pOI = ((_1)j Lij(z)>j>1 € H EXt}?(OK)(K(O)aK(.j))v
© 20
where we view (—1)7 Li;(z) as elements of Extls(OK)(K(O),K(j)) through the

isomorphism ) '
Extgo,)(K(0), K(j)) = K. (1)

REMARK 1 The above is compatible with the results of Somekawa [S4] and also
Besser-de Jeu [Bdd] on the calculation of the syntomic regulator.

REMARK 2 In , we proved that when d is prime to p,

izpol = (170 )
where €§-p) (t) is a locally analytic function on P*(C,)\ {1, 00}, whose expansion
on the open unit disc around 0 is given by

®) () _ t"
Py = > -

n>1,(n,p)=1

The difference between this formula and the formula of the previous theorem
comes from the choice of the isomorphism (). (See Remark [1.3 for details.)

For the case when 2z is a p"-th root of unity, let ¢ > 1 be an integer and let
[c] : G — Gy, be the multiplication by ¢ map induced from ¢ — t¢. We denote
by [¢]* the pull back morphism of syntomic coefficients. We define the modified
polylogarithm to be

pol, = pol —[c]* pol,

which we prove to be an element in Ext}gsyn(Uc)(K (0), Log) for

t—1
U, = Spec Ok {t, tc—l] .

We note that this modification, which removes the singularity around one, is
standard in Iwasawa theory.
Our theorem in this case is:

THEOREM 2 (= THEOREM @) Let z be a p"-th root of unity. Then we have
lz pOIC = ((_1)] Lij,c(z))j21 € H EXt}S’(OK)(K(O)a K(]))v
j=0

where i is the pull back of syntomic coefficient by the natural inclusion i, :
Spec Og — U.. Again, we view Li; .(z) as an element ofExtls(oK)(K(O), K(5))
through the isomorphism ([l).
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NOTATION Let p be a rational prime. In this paper, we let K be a finite
extension of Q, with ring of integers Ok and residue field k. We denote by 7
a generator of the maximal ideal of Ox. We let Ky the maximal unramified
extension of Q, in K, and W its ring of integers. We denote by o the Frobenius
morphism on Ky and W.

2 REVIEW OF THE p-ADIC POLYLOGARITHM FUNCTION

In this section, we will review the theory of p-adic polylogarithm functions
due to Coleman [@ Since we will mainly deal with the value of the p-adic
polylogarithm function at units in Oc,, we will not need the full theory of
Coleman integration.

As in [@], we call any locally analytic homomorphism log : C; — (C; , such
that d% log(1) = 1, a branch of the logarithm. Throughout this paper, we fix
once and for all a branch of the logarithm. Since we will only deal with the
values of p-adic analytic functions at points outside the open unit disc where
the functions have logarithmic poles, the results of this paper is independent of
the choice of the branch.

We define the p-adic polylogarithm function Eg-p ) (t) for |t] < 1 by

Po- 3 = uz.

(n,p)=1
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By [@] Proposition 6.2, this function extends to a rigid analytic function on
Cp\{z; |z — 1], <pr= D7}

ProprosITION 2.1 ([[Coll] SEcTION VI) The p-adic polylogarithm function
Lij(t) (Denoted ¢;(t) in [Col)) is a locally analytic function on P*(Cp)\ {1,00}
satisfying

(i) Lio(t) = t/(1 1)

(i) g Lijsa(t) = 1 Li;(t) (> 0).

(iii) ¢ (t) = Lij(t) - p~9 Li;(1?)  (j > 1).

DEFINITION 2.2 (i) For any integer j, we define the function u;(t) by

o= 0
(j<0).

~

Note that if z is a root of unity in C,, then u;(z) =0 (j #0).

(ii) For any integer n > 1, we define the function D, (t) by
n—1 .
Dy(t) = Y (=1)! Tin— (£)u; (¢),
§=0

If z is a oot of unity in C,, then D, (z) = Li,(2).

To deal with the torsion points of p-th power order, we need modified versions
of the above functions.

DEFINITION 2.3 Let ¢ > 1 be an integer prime to p. We let:
(i) (9 (2) = 6P (z) — P (20) (5 > 1).
(i) Lij(2) = Lije(2) — ¢! 7" Lije(2) (5 2 1).
(iii)
n—1 .
Dpe(2) =Y (=1) Lipje(t)u; (2).
§=0

The above functions are locally analytic on the open unit disc around one.
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3 THE CATEGORY OF SYNTOMIC COEFFICIENTS

In this section, we will review the construction of the category of syntomic

coefficients given in [Band] §4. Note that since we need to deal with the case
when the prime p is ramified in K, the theory of [Banl] is not sufficient.

DEFINITION 3.1 A syntomic datum X = (X, X,j,Px,dx,t) consists of the
following:

(i) A proper smooth scheme f,_sepamted an of finite type over Ok, and an
open immersion j : X — X, such that the complement D is a relative
simple normal crossing divisor over Ok .

(i) A formal scheme Px over W.

(iii) For the formal completion X of X with respect to the special fiber, a closed
mmmersion 1 : X — Px Qw Ok, such that both Px and the morphism .
are smooth in a neighborhood of X.

(iv) A Frobenius map ¢x : Px — Px, which fits into the diagram

L

Xk Px Spf W
1 el ‘
X5 ‘ Px Spf W,

where F' is the absolute Frobenius of Xy,.

We will often omit j and ¢ from the notation and write
X = (X77,,PX7¢X)'

EXAMPLE 3.2 1. Let P! be the projective line over W with coordinate t, and
let IP’}QK =P' ® Ok. We let G,, be the syntomic datum given by

G = (Gmoy: Po,, P, 6)
where

(a) G o, is the multiplicative group over O, with natural inclusion
j : GmOK — P%’)K .

(b) P! is the p-adic formal completion of P'.
(c) v: ]@%QK — P! ® O is the identity.

(d) ¢ is the Frobenius given by ¢(t) = t¥ for the coordinate t on P
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2. We let U be the syntomic datum given by
U= (Uow P, B 9).
where Up,. =Py, \{0,1, 00}, with the natural inclusion j : Uo,. — Py, .
3. We let Ok be the syntomic datum given by
Ok = (Spec Ok, Spec Ok, Spt W, o),
where j and v are the identity.

Throughout this section, we fix a syntomic datum X. We will next review the
definition of the category of syntomic coefficients S(X) on X. We will first
define the categories Sqr(X), Siig(X) and Syec(X). Let Xx = X @ K and
Xk=X0K.

DEFINITION 3.3 We define the category Sar(X) to be the category consisting
of objects the triple Mag := (Mar, Var, F'®), where:

(i) Mar is a coherent Ox  module.

(ii)) Var : Mgr — Mar @ Q(log D) is an integrable connection on Mar
with logarithmic poles along Dx = D ® K.

(ii) F* is the Hodge filtration, which is a descending exhaustive separated
filtration on Mar by coherent sub-Ox, modules satisfying

Var(F™Mgr) C F™ ' Mg ® QlyK (log D).

Let X = X ® k be the special fiber of X and X the formal completion of X
with respect to the special fiber. We denote by X’i the rigid analytic space over
K associated to X ([Berl]] Proposition (0.2.3)) and by X2 the rigid analytic
space over K associated to Xk (loc. cit. Proposition (0.3.3)). We will use the
same notations for X.

DEFINITION 3.4 We say that a set V C Xk is a strict neighborhood of Xy in
X¥ if VU(XP\ Xk) is a covering of X3 for the Grothendieck topology.

For any abelian sheaf M on X7, we let

jTM = lii>noz‘/*a§‘/M,
|4

where the limit is taken with respect to strict neighborhoods V/ of X in X3
with inclusion ay : V <= X . If M has a structure of a Oxar-module, then
4t M has a structure of a jT(’)X;{n—module.
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DEFINITION 3.5 We define the category Syec(X) to be the category consisting
of objects the pair Myec := (Myec, Vyee), where:

(i) Myec is a coherent jTOX;(n module.

(1) Vyec : Myee — Myee ® Qﬁ(?{ is an integrable connection on M.

Let par : X3 — X i be the natural map.
DEFINITION 3.6 We define the functor
Far : Sar(X) — Svec(X)

by associating to Mar = (Mar, Var, F'*) the module j'(p}ig Mar) with the con-
nection induced from Var. The functor Fyr is exact, since it is a composition

of exact functors ([Ber]] Proposition 2.1.3 (iii)).

Let Pk, be the rigid analytic space over Ky associated to Px ([Berl] (0.2.2)).
As in loc. cit. Définitions (1.1.2)(i), we define the tubular neighborhood of X},
(resp. Xi) in Pk, by

[Xk[p:=sp~' (X&) (resp. | Xilpi=sp ' (Xk)),

where sp : P, — Px is the spécialization [Berl]] (0.2.2.1). The tubular neigh-
borhoods are rigid analytic spaces over K with structures induced from that
of PKO-

DEFINITION 3.7 We say that a set V C]|X[p is a strict neighborhood of | Xy[p
in }Xkb% if o
VU (I Xk[P\IXk[P)

is a covering of | Xy[p for the Grothendieck topology.
For any abelian sheaf M on | X[p, we let

jTM = 11L>r10q/*cu’{/M7
%

where the limit is taken with respect to strict neighborhoods V' of | Xy[p in
] Xi[p with inclusion ay : V «]X,[p. If M has a structure of a O, (0"
module, then jTM has a structure of a jTO]?k [P—module.

The Frobenius map ¢x : Px — Px induces a natural morphism of rigid

analytic spaces ¢x : | Xi[p—]|Xk[p.

DEFINITION 3.8 We define the category Siig(X) to be the category consisting
of objects the triple Myig := (Myig, Viig, ®ar), where:

(i) Mg is a coherent jTO]Yk[p -module.
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(ii) Viig : Myig — Myig @ Q]lyk[7> is an integrable connection on Miig.

(iii) ®pr is the Frobenius morphism, which is an isomorphism
(I)M : ¢§(Mrig — Mrig
ijTO]Yk[p -modules compatible with the connection.

The map ¢ : X — Px @w Ok induces a map of rigid analytic spaces
Prig * X — X k[P (3)
DEFINITION 3.9 We define the functor
Fiig : Siig(X) = Svec(X)
by associating to the object Mg := (Myig, Vrig, Par) the object
Frig(Muig) 1= (pfigMrigs Prig Vrig)
in Syec(X). This functor is exact by definition.

DEFINITION 3.10 We define the category of syntomic coefficients to be the cat-
egory S(X) such that:

(i) The objects of S(X) consists of the triple M = (Mgr, Mg, P), where:
(a) Myyp is an object in Syyp(X) for typ € {dR,rig}.
(b) p is an isomorphism
P : Far(Mar) = Fuig(Mig)
in Svec(X).
(i) A morphism f : M — N in S(X) is given by a pair (far, frig), where

fiyp * Miyp — Niyp are morphisms in Siyyp(X) for typ € {dR,rig} com-
patible with the comparison isomorphism p.

EXAMPLE 3.11 For each integer n € Z, we define the Tate object K(n) in
S(X) to be the set K(n) := (K(n)ar, K (n)rig, P), where:

(i) K(n)ar in Sar(X) is given by the rank one free O _-module generated
by en.ar, with connection Vagr(en,ar) = 0 and Hodge filtration

FmK(n)dR = K(n)dR m< —n
F"K(n)gr = 0 m > —n.
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(11) K(n)ig in Syig(X) is given by the rank one free jTO]Xk[p -module gener-
ated by €y, rig, with connection Viig(€en rig) = 0 and Frobenius

(I)(en,rig) = p_nen,rig-

(tii) p tis the isomorphism given by p(en.dr) = €n,rig-

EXAMPLE 3.12 (SEE DEFINITION 5.1) We define the logarithmic
sheaf

Log™ = (ng,Lig),p)
in S(Gp,) by:
(i) Lgﬁ) in Sar(Gn,) is given by the rank n free Opr -module
LGN = H Op1_€j,ar,
j=0

with connection Var(ejdr) = €j41,ar @ dlogt for 0 < j < n—1 and
V(en,ar) = 0, and Hodge filtration given by

mL((;{) = H OPI ej dR-

(i1) Lﬁlg) in Svig(Gm,) is given by the rank n free jTO]Pi[@l -module

1{:;) H]TOIP’l e] rigs

7=0

with connection Viig(€jrig) = €j+1rig @ dlogt for 0 < j < n—1 and
V(enig) =0, and Frobenius

D(ejrig) =P 7 €jig-

(111) p is the isomorphism given by p(e; dr) = €j rig-

4 MORPHISMS OF SYNTOMIC DATA

DEFINITION 4.1 Define a morphism between syntomic data u: X — 2 to be a
pair (Udr, Urig) Such that:

(i) uar : X — Y is a morphism of schemes over Of.
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(11) wg : Px — Py is a morphism of formal schemes over W compatible
with the Frobenius, such that the diagram

Xk —— PxQk
Ude urigl (4)
Yk —— Py k

18 commutative.

REMARK 4.2 Notice that in ({), contrary to Definition 4.2 (iit), we do
not impose the commutativity of the diagram

— s Py
ul (5)

L
— Py

<
o 2

EXAMPLE 4.3 Let z be an element in O, and let G, be the syntomic datum
defined in Example @.1. We denote by zy the Teichmiiller representative of
z. In other words, zg is a root of unity in W such that z = zp (mod 7). Then

1, = (idRyirig) : 0 — Gy,

is a morphism of syntomic data, where iqr : SpecOx — G o, and g :
Spf Ok — P}, are morphisms defined respectively by t — z and t — 2.

Let u = (udr,urig) : X — 2 be a morphism of syntomic data. By [Berl]
(2.2.16), we have a functor uy;, : Siig(Y) — Srig(X).

LEMMA 4.4 Let v : X — 2 be a morphism of syntomic data, and let
M = (Myr, Mg, p) be an object in S(Q)). Then there exists a canonical
and functorial isomorphism

*

u*(p) : Far (ugr Mar) — Frig(uyig Mrig)
in Svec(X).

The above lemma is trivial if we assume the commutativity of ().

Proof. Let Uyeec : X — ) be the morphism of formal schemes induced from
ugr, and denote again by uye. the map induced on the associated rigid analytic
space. Then we have

Far (ugrMar) = uecFar(Mar).
Let u1 := ¢ 0 Uyec and ug := (Urig ® 1) 0 ¢ be maps of formal schemes

ug, Uz 1 X — Py @ O.
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Then u*

vec

Frig(Myig) = uj(Mrig ® K) and Frig(u)i, Mrig) = ubp (Mrig @ K).

i
Since (E) is commutative, u; and ug coincide on X . Hence by [Berll] Propo-
sition (2.2.17), we have a canonical isomorphism

€1,2 1 Ui (Mg ® K) = U3 (Myig ® K). (6)
The isomorphism of the lemma is the composition of the isomorphism
Far (uin Mar) = teeFar(Mar) 2= e Frig(Myig)-
with €1 2.
DEFINITION 4.5 Let u: X — ) be a morphism of syntomic data. Then
u*:S(9) — S(X)

is the functor defined by associating to any object M := (Magr, Myig, P) the
object
u* M = (ujg Mar, Ui Mrig, u” (P))

in S(%).

5 THE SPLITTING PRINCIPLE

Let Log(™ be the logarithmic sheaf defined in Example . In this section,
we will extend the splitting principle of [Banl] Proposition 5.2 to the points
defined in Example 3.

PROPOSITION 5.1 (SPLITTING PRINCIPLE) Let d be a positive integer, and let
z = (g be a primitive d-th root of unity in K. Let

iz = (idRairig) : OK - Gm

be the morphism of syntomic data of Earample@ corresponding to z. Then we
have an isomorphism

n
iLog™ =[] K(j)
j=0

The proof of the proposition will be given at the end of this section. In order
to prove the proposition, it is necessary to explicitly calculate the map %(p) of
Lemma @ For this purpose, we first review the Monsky-Washnitzer interpre-
tation of overconvergent isocrystals and the explicit description of €; 5 of (E)

(See [Ber]] §2 and [[T]] §2 for details).
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We assume for now that z is an arbitrary element in O). We denote by zo the
root of unity in W such that z = z (mod 7). Let A = I'(Gnoy, 06,0, ) =

Oxklt,t71]. We fix a presentation
Oklzy, -+ ,xp]/[IZA
over Ok, which defines a closed immersion
Gmoy = Ab,

Then the intersections Uy of G2 with the ball B(0,\") C A% for A — 17
form a system of strict neighborhoods (Definition B.4) of Gpi in G. For
A > 1, we let Ay = T'(Uy,Op,). Then limy_;+ Ay = AT ® K, where AT is the
weak completion of A.

Let Myee = (Myec, Vee) be an object in Syec(Gy,). By [Berd]] Proposition 2.2.3,
M e is of the form jT(My, Vo), where My is a coherent module with integrable
connection Vy on a strict neighborhood Uy. Let My = T'(Uyx, My). Then for
N < A, the section I'(Uy/, My) is given by My = M) ® 4, Ay, and

M _F( 7rIL]K7MVeC): h_H}l M)\' (7)
A—1+

M is a projective At ® K-module with integrable connection V : M — M ®
Q}M@K induced from V.

Suppose the connection Ve, is overconvergent. By [Berl] Proposition 2.2.13,
for any n < 1, there exists A > 1 such that

| gva@om| a0 ) (5)

for any m € M. Here, V) : M)y — M) ® QZA/K is the connection induced

from Vg, 0; is the derivation by ¢, and || — || is a Banach norm on M.
Let M = (Mgr, Myig, p) be an object in S(G,,). Then

Mvec = Frig(Mrig) = (Mrig ®K0 K; V1"ig ®K0 K)
is an object in Syec(Gyp). We have

iy Frig(Mrig) =M Oivee K, Frig(i*

vec rig

Mrig) =M ®irig Ka

where M is as in (ﬂ) and dyec, frig : At ®p,, K — K are ring homomorphisms
given respectively by t — z and t — zy. By [Berl - 2.2.17 Remarque,

o M®, KSMe,, K

of (E) is given explicitly by the Taylor series

e12(m®;,,. 1 Z ~V(8})(m) @iy, (2 — 20)". (9)

i>0 !
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The existence of the Frobenius ®); on M., insures that the connection Vg
(hence Vye.) is overconvergent ([Berl] Theorem 2.5.7). Since |z — 20| < 1, the
above series converges by ().

Next, let

Log™ := (Lgy, Ly p)
be the logarithmic sheaf of Example B.13. As in ([]), we L = (G2, L‘(,Zg) for

LSZE ng@ K. Then

L = 121(14Jr ®K>6j

Jj=0

for the basis e; = e; iz ® 1, and the connection is given by
dt )
Vig)=em®— (0sjsn-—1) (10)
Let u;(t) be the function defined in Definition P.3.

PROPOSITION 5.2 For integers i,m > 0, let asn) be elements in AK such that

n
ep) = Z ag-l)ej.
=0

Then .
) () = Zagn)um,j
j=0
In particular, we have , 4
afy) (20) = 0} (um)(20)- (11)

REMARK 5.3 The definition of ag»i) implies

n—m

a em-H
J=0

Proof. We will give the proof by induction on ¢ > 0. Since ago) = 1, the
statement is true for ¢ = 0. Suppose for an integer ¢ > 0, we have

81 (um) Za(z)um e (12)

(i+1)

By comparing the definition of a; with the equality

V(0 (eo) = V() 0 V(8 i(@ta tla()ej+1>

j=0
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we obtain the equality
A = 9,0 4114 (13)

Similarly, from the hypothesis (@) and Oy, =t~ u,,_1, we have

8ti+1(um) O o 8 (Um) = Z ( 8ta Jtm—j + t_lagi)um,j,l) .
7=0

This together with ([L3) gives the desired result. ([L1]) follows from the fact that
since zg is a root of unity, u,,(29) = 0 unless m = 0.

COROLLARY 5.4 For any integers i,m > 0, we have

V(az)(em ®zr,g Z €m+j ®zng (%’)(750))-
=0

Proof. The assertion follows immediately from Remark .3

PROPOSITION 5.5 We have
n—m
€1,2(6m @i 1) = D (emj ®iy, 15(2))
7=0

for the map €12 : L ®;,,, K — L ®;,, K of @) associated to L.

Proof. Since log(zp) = 0, we have 9} (u;)(z0) = 0 for i < j. Substituting z to
the Taylor expansion of u;(t) at t = 2z gives the equality

= > 0 ) — o)

The proposition now follows from the definition of €; o (E) and Corollary @
Let us now return to the case when z = (; is a primitive d-th root of unity.
Proof of Proposz'tion B Since the connection is the only structure preventing
L(%) and L ) from splitting, we have

n
1dRLdR - H KejvdR Zrlg rig H Koe] rig-

It is sufficient to prove that the comparison isomorphism i¥(p) respects the
splitting. The isomorphism
p:iinLiy — L@, K
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is given by e; 4r = €; rig. Since z is a torsion point, u;(z) = 0 for j # 0. Hence
by Proposition E,
61’2 . L ®ivcc K — L ®irig K

maps €;rig @i, 1 t0 € 1ig @iy, 1. Hence i} (p) = €12 o p respects the splitting.
‘We have

itLog™ = [ K(j)
7=0
in S(Ok) as desired.

REMARK 5.6 The calculation of Proposition @ shows that if z is an arbitrary
element in O, then

i2Log™ = (L"), L) p2) € S(Ok),

where
n n
(n) _ (n) _
Lz,dR - H KejvdR7 Lz,rig - H Koej,rig;
Jj=0 Jj=0

and

n—m

pz(em,dR) = § €m+j,rig ®Ko uj(z)
Jj=0

6 THE SPECIALIZATION OF pol TO TORSION POINTS

In this section, we will first introduce the p-adic polylogarithmic extension pol
calculated in [Banl]. Then we will calculate its restriction to d-th roots of
unity, where d is an integer of the form d = Np” with (N,p) =1 and N > 1.
The case N =1 will be treated in Section E

Let U be the syntomic datum correspoinding to the projective line minus three
points, as defined in Definition @ The p-adic polylogarithm sheaf is an ex-
tension in S(U) of the trivial object K (0) by the logarithmic sheaf Log having
a certain residue. In our previous paper, we determined the explicit shape of

this sheaf.

THEOREM 6.1 ([[BAN1] THEOREM 2) The p-adic polylogarithmic extension
pol™ s the extension

0 — Log™ — pol™ — K(0) — 0
in S(U), given explicitly by pol(") = (Pég), Pr(ig),p), where:
(i) Péﬁ) in Sar(U) is given by
PR = Op1_car P L3R,

with connection Vag(ear) = €1,ar @dlog(t—1) and Hodge filtration given
by the direct sum.
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(ii) P in Srig(U) is given by

rig
P( = ]TO]Uk 1 Erig @ Lng )

with connection Viig(erig) = €1.rig ® dlog(t — 1) and Frobenius

P (erig) 1= €rig + Z JHE(”) t)€; rig- (14)

(i11) p is the isomorphism given by p(edr) = erg ® 1.

REMARK 6.2 In / Theorem 2, the Frobenius is written as
(b(erlg = Erig + Z jg(p) e],rig~

This is due to an error in the calculation of the proof. The correct Frobenius

is the one given in ([14).

Let z be a d-th root of unity, where d is an integer of the form d = Np" with
(N,p) =1and N > 1, and let zg € W such that z = z9 (mod 7). The purpose
of this section is to prove the following theorem.

THEOREM 6.3 The specialization of the polylogarithm at z is explicitly given
as follows:

(i) i;Pég) = Kegr @ @?:0 Kejar with the natural Hodge filtration.

(i3) =Pl — = Koeyig @ @?:0 Koe, vig with Frobenius

(2 rig

(I)(erlg = €rig + Z j+1€(p) Zo)ej,rig.

(#ii) p is the isomorphism given by
Plear) = erig @ 1+ D ejaig @ (1) (D;(2) = Dj(20)),
j=1
where D;(t) is the function defined in Definition @

The proof of the theorem will be given at the end of this section. As in the
case of Log, we first consider the Monsky-Washnitzer interpretation of pol(").

Let Bj; = D(U%, jTOpa),

P(n) = Frig(Mrig) = (Mrig ®K0 Kv v1rig ®K0 K),

vec
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and P(M) = r(Uge, P\SQC)) Then we have

P =BleP ﬁ Blee;
§=0

where e = e, ® 1 and e; = e,z ® 1, with connection V(e) = e ® dlog(l —t)
and V(Gj) = 6j+1 X leg t.
PRrROPOSITION 6.4 For integers i,m > 0, let b%) be elements in B}( such that

n

VO (e) = > (~1)7be;.

j=1
Then
n
O (D) = 3 (1) b
j=1
In particular, we have
b3 (20) = 0} (Dim)(20)- (15)

Proof. The proof is again by induction on ¢ > 0. We first consider the case
when ¢ = 1. In this case, bgl) = (1 —t)~'. Since Li,,—;(t) and u;(t) satisfy the
differential equations

L) = T U () (21 dlwn)= 2 (),

the definition of D,,(t) (Definition P.9) and the fact that u;(t) = 0 for j < 0
implies that:

m—1

_ Jat Li,, — j( )U](t))
j= 0

— (_tl)J (L —j—1 (8 (t) + Lim—j ()u;j-1(¢))
=0

— % Lio(t)tm—1(t) = (71)m*1um1_7_1§t)

= (D)™ (D (8).
Hence the statement is true for ¢ = 1. Suppose for an integer i > 1, we have

n

0{(Dm) = D (=) 70 . (16)

j=1
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By comparing the definition of bgiﬂ) with the equality

V(9 (eo) = V(@1) 0 V(D) (eo) = S_(=1)7 (@0 )es + 1710 e )

j=1
we obtain the equality
0 =9l — ¢ (21,5 > 1), (17)
Similarly, from the hypothesis (E) and Oy, =t~ 'u,,_1, we have
O (D) = 0y | (1) b

j=1
= 30" (@ s+ w1 )

Jj=1

This together with ([L7) gives the desired result. ([L5) follows from the fact that
since zp is a root of unity, u,,(z9) = 0 unless m = 0.

PROPOSITION 6.5 We have
c12(€ @4, 1) =e®;,, 1 Z € Qi (— 1)7(D;j(z) — D;(20)))

for the map €12 : P®;,,, K — P®;, K of (|) associated to P.

Proof. Substituting z to the Taylor expansion of D;(t) at t = 2z, gives the
equality

oo

Dj(z) = az( i)(20)(z — 20)".

7l
=0

The proposition now follows from the definition of €; 5 and Proposition @

7 THE MAIN RESULT (CASE N > 1)
The following lemma is well-known.
LEMMA 7.1 There is a canonical isomorphism
Extg(o,0) (K(0), K()) = K(j)ar (18)
for j > 0.
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Proof. Suppose M = (Mgg, ]\zig, p) is an extension of K (0) by K(j) in S(Ok).
We have exact sequences

0 — K(j)ar — Mar — K(0)ar — 0
0— K(j)rig - Mig - K(())rig — 0.

Denote by e; qr and e; g the basis of K(j)qr and K (j)rig, and let €y gr and

€0,rig Tespectively be the liftings of eg ar and eq yig in Mar and M. If we map
€0,dr to eg dr, then we have an isomorphism

Mar = K(0)ar @ K(j)ar

in Sqr(Ok). Next, since the quotient of M by K(j) is isomorphic to K (0), the
Frobenius and p is given by

P(€0,drR) = €0,rig @ 1 + € 1ig ® @

" (€0,rig) = €0.rig + C€j rig

for some a € K and ¢ € K. If we take b € Ky such that (1 —o/p’)b = ¢, then
we have an isomorphism

Miig = K(0)sig EB K (j)rig

in Sig(OK) given by €g rig — €0.rig — bejrig- The above shows that we have an
isomorphism

M = (K(O)an P K(7)ar, K(O)sis B K ()i, )
of extensions of K(0) by K (j) in S(Ok), where p is the isomorphism given by

P(€0,dr) = €0,rig ® 1 + €jrig ®
= €0,rig ® 1+ €215 ® (@ + D).

The canonical map of the lemma is given by associating to M the element
(a + b)ej,dR in K(])dR

The inverse of this canonical map is constructed by associating to we;q4r in
K (j)ar the extension

(K(O)dR@K(j)dR, K(0)ig B K (4)rigs p) :

where
p(eo,ar) = €o,rig @ 1 + €j1ig ® w.

This construction shows that the canonical map is in fact an isomorphism.
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REMARK 7.2 Suppose K = Ky. Then by Theorem 1 and Example 2.8,
we have an isomorphism

Ext (0,0 (K (0), K(j) = Hiyn (O, K () = K (Dsie. (19)
If M is an extension in S(Ok) corresponding to ae;qr in Lemma [7.1, then M
maps by ([L9) to (1 - p~o)a)e;mg in K(j)ug -
The following theorem is Theorem 1 of the introduction.

THEOREM 7.3 Let z be a torsion point of order d = Np”", where (N,p) = 1
and N > 1. Then ‘
izpol™ = ((—1) Lij(2)ejar) 21
m N
Exty(o,0) (K(0), i2L0g(1)) = [ ] Bxtyo,e) (K(0), K(7)).

3=0
where we view (—1)7 Lij(2)ejar as an element in Extls(OK)(K(O),K(j))
through the isomorphism of lemma

Proof. By Theorem .3, the image of i* pol™ in Ext}g(oK)(K(O), K(j)) is the

extension M = (Myg, Mrig, p) given as follows: Myg is the direct sum

Magr = K(0)ar €D K (j)ar,

M,ig is the extension of K (0)yig by K (j)rg with the Frobenius given by
B (Eoig) = Conrig + (—1)7 T (20)ej i
for the lifting €g rig Of €0 rig in ]\Zig, and p is the isomorphism given by
P(eo,dar) = Couig ® 1+ ejrig @ (—1)7 (Lij () — Lij(20))-
This implies that, in the notation of Lemma EI, we have
a = (1) (Li;(2) — Li; (20))
¢ = (=174 (z0).

Since zp is a root of unity prime to p, the Frobenius acts by o(z¢) = 2. Hence
the Formula of Propisition @ (iil) gives

g .
(P (z9) = (1 - pj) Li; (z0).
Again, in the notation of Lemma EI, we have
c=(=1)"1 Li;(20).

Since a + b = (—1)7 Li;(z), the construction of the canonical map shows that
the image of i* pol™ in Extklg(oK)(K(()),K(j)) maps to (—1)7 Li;(2)ejqr in
K(j)ar-
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8 THE MAIN RESULT (CASE N =1)

In this section, we will consider the specialization of the polylogarithm sheaf to
p-th power roots of unity. As mentioned in the introduction, we will consider
a slightly modified version of the polylogarithm. Let ¢ > 1 be an integer prime
to p, and let UB,O = Spec Oklt, (1 — t¢)1]. We denote by U? the syntomic
data

U0 = (U, . Pb,.. B, ¢).
The multiplication by [¢] map on G,,,. defines a morphism of syntomic datum
[c] : V% — U.
DEFINITION 8.1 We define the modified p-adic polylogarithmic polgn) by

pol™ = pol™ —[¢]* pol™ € Extls(Ug)(K(O), Log™).

The explicit shape of pol(") given in Theorem @ and the definition of the
pull-back [c]* gives the following proposition. Let

11—t

u(t) = T—

PROPOSITION 8.2 The modified p-adic polylogarithmic polgn) is the extension
in S(UY), given explicitly by polg") = (P(gﬁ), Pr(lg), p), where:

(i) Péﬁ) in Sar (U%) is given by

Pég) = Op}{ €dR @ Lg;{),

with connection V. qr(edr) = e1,ar®@dlog 0.(t) and Hodge filtration given
by the direct sum.

(ii) P in Syig(U2) is given by

rig
(n) _ .+t ) (n)
Prlg =J O]Ugyk[@l e“g @ Lrig ’

with connection V. yig(€rig) = €1rig @ dlog0.(t) and Frobenius

D(erig) = €rig + Z ”“f(p) t)€; rigs

(i11) p is the isomorphism given by p(edr) = erg ® 1.
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Let U.,0, = Spec Ok|t,0.(t)~'], and denote by U, the syntomic data
Uc - (UC7OK ) HD}QK ) @1a ¢)

The explicit shape of pol(™ given in the previous proposition shows that pol™
is in fact an object in S(U.). In particular, we can specialize polgn) at points
on the open unit disc around one.

Similar caluclations as that of Theorem 5.3 with é(p ) D(.p ) and D, replaced

é(p ) D(p ) and D; . gives the following theorem, which is Theorem 2 of the

Jre)
mtroductlon

THEOREM 8.3 Let z be a p"-th root of unity, and let zg = 1. Then the special-
ization of the modified polylogarithm at z is explicitly given as follows:

(i) i;Pég) = Keqr @ @?:0 Kej qr with the natural Hodge filtration.
(i1) zPHZ) Kerig © @)_ Kejig with Frobenius
D (erig) i= erig + Z 17 (20) e .
(#ii) pe is the isomorphism given by
Pe(car) = exig @ 1+ €jnig @ (—1) (Dje(2) = Djel20)-
j=1
As a corollary, we obtain the following result.
COROLLARY 8.4 Let z be a torsion point of order p". Then
iz poll” = ((=1) Li;(2)ejar)j1

m

Extg o, (K(0),i%Log(1 HEXtS(OK)(K(O)7K(j))7
3=0

where we view (—1) Lij.(2)ejar as an element in Extls(oK)(K(O),K(j))
through the isomorphism of lemma
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INTRODUCTION

In his article [Ka99] on L-functions and rings of p-adic periods, K. Kato wrote:

I believe that there exist explicit reciprocity laws for all p-
adic representations of Gal(K /K), though I can not formulate
them. For a de Rham representation V, this law should be
some explicit description of the relationship between Dgygr (V)
and the Galois cohomology of V', or more precisely, some ex-
plicit descriptions of the maps exp and exp® of V.

In this paper, we explain how results of Benois, Cherbonnier-Colmez, Colmez,
Fontaine, Kato, Kato-Kurihara-Tsuji, Perrin-Riou, Wach and the author give

such an explicit description when V' is a crystalline representation of an un-
ramified field.

Let p be a prime number, and let V' be a p-adic representation of G =
Gal(K /K) where K is a finite extension of Q,. Such objects arise (for example)
as the étale cohomology of algebraic varieties, hence their interest in arithmetic
algebraic geometry.

Let Beis and Bgr be the rings of periods of Fontaine, and let D,5(V) and
D4r (V) be the invariants attached to V' by Fontaine’s construction. Bloch
and Kato have defined in 7 §3], for a de Rham representation V', an

“exponential” map,
exp vy Dar(V)/Fil’ Dar (V) — HY(K, V).
It is obtained by tensoring the so-called fundamental exact sequence:

0—Q,— BY! — BdR/B(TR —0

cris

with V and taking the invariants under the action of G . The exponential map
is then the connecting homomorphism Dgg(V)/Fil’ Dar (V) — H'(K, V).

The reason for their terminology is the following (cf. [BK91, 3.10.1]): if G
is a formal Lie group of finite height over Ok, and V = Q, ®z, T where
T is the p-adic Tate module of G, then V is a de Rham representation and
Dar(V)/ Fil’ Dgr(V) is identified with the tangent space tan(G(K)) of G(K).
In this case, we have a commutative diagram:

tan(G(K)) P, Qg G(Ok)
| ‘l
Dar(V)/Fil’ Dar(V) —=Y  HY(K,V),

where 0 is the Kummer map, the upper exp is the usual exponential map,
and the lower expy 1 is Bloch-Kato’s exponential map.
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The cup product U: H(K,V) x H'(K,V*(1)) — H*(K,Q,(1)) ~ Q, defines
a perfect pairing, which we can use (by dualizing twice) to define Bloch and
Kato’s dual exponential map expy y-. () : HY(K,V) — Fil'Dggr(V). Kato has

given in } a very simple formula for expy, ;. (1) See proposition below.

When K is an unramified extension of Q, and V is a crystalline representa-
tion of G, Perrin-Riou has constructed in [Per94] a period map €y which
interpolates the expy (i) as k runs over the positive integers. It is a crucial
ingredient in the construction of p-adic L functions, and is a vast generaliza-
tion of Coleman’s map. Perrin-Riou’s constructions were further generalized

by Colmez in [[Col9q].

Let us recall the main properties of her map. For that purpose we need
to introduce some notation which will be useful throughout the article. Let
Hy = Gal(K /K (up=)), let Ag be the torsion subgroup of I'x = Gg/Hy =
Gal(K (pp=)/K) and let Tk = Gal(K (up=)/K(pp)) so that T ~ A x T'k.
Let Ag = Z,[[Pk]] and H(T k) = Qu[Ak] ®q, H(I'k) where H(T'}) is the set
of f(y1 — 1) with v € Tk and where f(T) € Q,[[T]] is a power series which
converges on the p-adic open unit disk.

Recall that the Iwasawa cohomology groups of V' are the projective limits for
the corestriction maps of the H(K,,, V) where K,, = K (j1,n ). More precisely, if
T is any lattice of V then H{ (K,V) = Q, ®z, H} (K,T) where H{ (K,T) =
lim | H'(K,,T) so that H} (K,V) has the structure of a Q, ®z, Ax-module
(see § for more details). Roughly speaking, these cohomology groups are
where Euler systems live (at least locally).

The main result of [Per94] is the construction, for a crystalline representation
V of Gk of a family of maps (parameterized by h € Z):

Qun : H(Ck) ®q, Deris(V) — H(Cx) ®a, Hiy (K, V)/VIE,

whose main property is that they interpolate Bloch and Kato’s exponential
map. More precisely, if i, j > 0, then the diagram:

(H(Tx) ®q, Dens(V(5))) " H(T k) @ar H, (K, V(5))/V ()=

En,V(j)J( ern,V(j)l

h+j—1)! .
Kn ®K Dcris(V) % Hl(K’m V(.]))

Qv),n
_—

CXPKy,V(5)
is commutative where A and =,y are two maps whose definition is rather
technical. Let us just say that the image of A is finite-dimensional over Q,
and that =, v is a kind of evaluation-at-(¢(™ — 1) map (see §[Lj for a precise
definition).

Using the inverse of Perrin-Riou’s map, one can then associate to an Euler
system a p-adic L-function (see for example ] ). For an enlightening survey
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of this, see [[Col0d]. If one starts with V' = Q,(1), then Perrin-Riou’s map is
the inverse of the Coleman isomorphism and one recovers Kubota-Leopoldt’s
p-adic L-functions. It is therefore important to be able to construct the maps
Qv 1, as explicitly as possible.

The goal of this article is to give formulas for exp v, exp}’v*(l), and Qyp,
in terms of the (¢, I')-module associated to V' by Fontaine. As a corollary, we
recover a theorem of Colmez which states that Perrin-Riou’s map interpolates
the eXP*K,v*u_k) as k runs over the negative integers. This is equivalent to
Perrin-Riou’s conjectured reciprocity formula (proved by Benois, Colmez and
Kato-Kurihara-Tsuji). Our construction of Qv is actually a slight improve-
ment over Perrin-Riou’s (one does not have to kill the Ax-torsion, see remark
). In addition, our construction should generalize to the case of de Rham
representations, to families and to settings other than cyclotomic.

We refer the reader to the text itself for a statement of the actual formulas

(theorems [L.3, and [I.13) which are rather technical.

This article does not really contain any new results, and it is mostly a re-
interpretation of formulas of Cherbonnier-Colmez (for the dual exponential
map), and of Benois and Colmez and Kato-Kurihara-Tsuji (for Perrin-Riou’s

map) in the language of the author’s article [Ber09] on p-adic representations
and differential equations.

ACKNOWLEDGMENTS. This research was partially conducted for the Clay
Mathematical Institute, and I thank them for their support. I would also
like to thank P. Colmez and the referee for their careful reading of earlier ver-
sions of this article. It is P. Colmez who suggested that I give a formula for
Bloch-Kato’s exponential in terms of (p,I')-modules.

Finally, it is a pleasure to dedicate this article to Kazuya Kato on the occasion
of his fiftieth birthday.

I. PERIODS OF p-ADIC REPRESENTATIONS

Throughout this article, k£ will denote a finite field of characteristic p > 0, so
that if W (k) denotes the ring of Witt vectors over k, then F' = W (k)[1/p] is a
finite unramified extension of Q,. Let Qp be the algebraic closure of Q,, let
K be a finite totally ramified extension of F, and let Gx = Gal(Q,/K) be the
absolute Galois group of K. Let p,» be the group of p™-th roots of unity; for
every n, we will choose a generator (™ of tpn, with the additional requirement
that ()P = (=1 This makes lim | ™ into a generator of im  fipn =~
Z,(1). We set K,, = K(uyn) and Ko = UK. Recall that the cyclotomic

n=0

character x : Gk — Zj is defined by the relation: g(e™) = (M)x9) for all
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g € Gk. The kernel of the cyclotomic character is Hx = Gal(Q,/Kx), and x
therefore identifies I'x = G /H with an open subgroup of Z*

A p-adic representation V is a finite dimensional Q,-vector space with a con-
tinuous linear action of Gk. It is easy to see that there is always a Z,-lattice
of V' which is stable by the action of Gk, and such lattices will be denoted by
T. The main strategy (due to Fontaine, see for example ]) for studying
p-adic representations of a group G is to construct topological Q,-algebras B
(rings of periods), endowed with an action of G and some additional structures
so that if V is a p-adic representation, then

Dp(V) = (B @q, V)“

is a B¢-module which inherits these structures, and so that the functor V —
Dp(V) gives interesting invariants of V. We say that a p-adic representation
V of G is B-admissible if we have B ®q, V ~ B as B|G]-modules.

In the next two paragraphs, we will recall the construction of a number of rings
of periods. The relations between these rings are mapped in appendix .

I.1. p-aDIC HODGE THEORY. In this paragraph, we will recall the definitions
of Fontaine’s rings of periods. Omne can find some of these constructions in

[Fo88d] and most of what we will need is proved in [[Col9§, II1] to which the
reader should refer in case of need. He is also invited to turn to appendix

Let C, be the completion of 6 for the p-adic topology and let
E = lim C, = ={(z ) LM . - (x(i'*'l))p = m(i)},

and let Et be the set of 2 € E such that z(0 ¢ Oc,. If 2 = (2(9) and
Y= (y(i)) are two elements of E, we define their sum x + y and their product
xy by:

(z+1)® = lim (20 + y(iﬂ'))pj and  (zy)® = 2Dy,

j—>OO

which makes E into an algebraically closed field of characteristic p. If x =
(), € E, let vg(z) = v (CL‘(O)). This is a valuation on E for which E is
complete; the ring of integers of Eis Et. Let A" be the ring W(E*) of Witt
vectors with coefficients in E* and let

B = A*(1/p)={ Y pledl. o € BV}
k>—o00

where [z] € AT is the Teichmiiller lift of # € E*. This ring is endowed with a
map 6 : BT — C,, defined by the formula

9( Z pk[xk]> _ Z pkx](CO).

k>—o00 kE>—o0
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The absolute Frobenius ¢ : E* — E* lifts by functoriality of Witt vectors to
amap ¢ : Bt — BT, It’s easy to see that o(3 p*lzy]) = 3 p* [27] and that ¢
is bijective.

Let ¢ = (6W);>0 € Et where ¢ is defined above, and define 7 = [¢] — 1,
7 = [eY/P] =1, w = w/m and ¢ = ¢(w) = ¢(7)/7. One can easily show that
ker(0 : At — Oc,) is the principal ideal generated by w.

The ring BIR is defined to be the completion of B for the ker(6)-adic topology:
B, = lim B*/(ker(6)").
n>0
It is a discrete valuation ring, whose maximal ideal is generated by w; the
series which defines log([¢]) converges in BJ; to an element ¢, which is also a
generator of the maximal ideal, so that Bqr = BJz[1/t] is a field, endowed
with an action of G and a filtration defined by Fil'(Bar) = t'BJy for i € Z.

We say that a representation V' of Gk is de Rham if it is Byr-admissible which
is equivalent to the fact that the filtered K-vector space

Dar(V) = (Bar ®q, V)"

is of dimension d = dimq, (V).

Recall that the topology of B+ is defined by taking the collection of open
sets {([7]*,p")A*}i n>0 as a family of neighborhoods of 0. The ring B}, is
defined as being

w™ S~ .
Bl . = {Z an—— where a,, € B is sequence converging to 0},

max
n>0

and By = B, [1/t]. The ring Byayx was defined in [Col9d, I11.2] where a
number of its properties are established. It is closely related to Bis but tends
to be more amenable (loc. cit.). One could replace w by any generator of
ker(#) in A+, The ring Bax injects canonically into Bgg and, in particular, it
is endowed with the induced Galois action and filtration, as well as with a con-
tinuous Frobenius ¢, extending the map ¢ : BT — B™. Let us point out that

¢ does not extend continuously to Bgr. One also sets ]~3r+ig = N2 (Bl .-

We say that a representation V' of G is crystalline if it is Byax-admissible or
(which is the same) B, [1/]-admissible (the periods of crystalline representa-
tions live in finite dimensional F-vector subspaces of By, stable by ¢, and so
in fact in N1290™ (B, )[1/t]); this is equivalent to requiring that the F-vector
space
DcriS(V) = (Bmax ®Qp V)GK = (E;gg[l/t] ®Qp V)GK

be of dimension d = dimq, (V). Then Des(V) is endowed with a Frobenius ¢
induced by that of Byax and (Bgr ®q, V)5 = Dar(V) = K @p Deais(V) so

that a crystalline representation is also de Rham and K ® pD,is(V) is a filtered
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K-vector space. Note that this definition of Ds(V) is compatible with the

“usual” one (via Beyis) because N 200" (Bf,.) = N0 (BLL).

If V is a p-adic representation, we say that V is Hodge-Tate, with Hodge-
Tate weights hy,-- -, hg, if we have a decomposition C, ®q, V' ~ ®?:1Cp(hj)'
We will say that V is positive if its Hodge-Tate weights are negative (the
definition of the sign of the Hodge-Tate weights is unfortunate; some peo-
ple change the sign and talk about geometrical weights). By using the map
0 : B(J{R — C,, it is easy to see that a de Rham representation is Hodge-
Tate and that the Hodge-Tate weights of V' are those integers h such that
Fil ™" Dgr(V) # Fil "™ Dgr(V).

To summarize, let us recall that crystalline implies de Rham implies Hodge-
Tate. Of course, the significance of these definitions is to be found in geomet-
rical applications. For example, if V' is the Tate module of an abelian variety
A, then V is de Rham and it is crystalline if and only if A has good reduction.

I.2. (¢,T')-MODULES. The results recalled in this paragraph can be found in
[Fo91], and the version which we use here is described in [[CC9§ and [[CC9Y].

Let A be the ring of Witt vectors with coefficients in E and B = A[1/p]. Let
A r be the completion of Op[r, 771] in A for this ring’s topology, which is also
the completion of Op|[[x]][x~] for the p-adic topology (m being small in A).
This is a discrete valuation ring whose residue field is k((¢ — 1)). Let B be
the completion for the p-adic topology of the maximal unramified extension
of Bp = Ap[l/p] in B. We then define A = BN A, Bt = BN B* and
AT = AN A", These rings are endowed with an action of Galois and a
Frobenius deduced from those on E. We set Ax = A#x and Bx = Ag[1/p].
When K = F, the two definitions are the same. Let B, = (B*)r as well as
A} = (AT)Hr (those rings are not so interesting if K # F). One can show
that A} = Op|[[r]] and that B} = AL[1/p].

If V is a p-adic representation of G, let D(V) = (B ®q, V)%. We know by
[Fo91]) that D(V') is a d-dimensional B g-vector space with a slope 0 Frobenius
and a residual action of ' which commute (it is an étale (o, 'k )-module) and
that one can recover V by the formula V = (B ®g, D(V))?=!.

If T is a lattice of V', we get analogous statements with A instead of B: D(T) =
(A ®z, T)"% is a free A -module of rank d and T = (A ®a, D(T))?=".

The field B is a totally ramified extension (because the residual extension is
purely inseparable) of degree p of ¢(B). The Frobenius map ¢ : B — B is in-
jective but therefore not surjective, but we can define a left inverse for , which
will play a major role in the sequel. We set: ¢(z) = ¢~ (p™! Trg p(m) ().
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Let us now set K = F (i.e. we are now working in an unramified extension of
Q). We say that a p-adic representation V' of G is of finite height if D(V)
has a basis over BF made up of elements of D (V) = (B*®q, V)#*. A result
of Fontaine ( or , I11.2]) shows that V is of finite height if and only
it D(V) has a Sub B+—module Wthh is free of ﬁmte rank d, and stable by .
Let us recall the main result (due to Colmez, see , théoreme 1] or also
- théoréme 3.10]) regarding crystalline representatlons of Gp:

THEOREM I.1. If V is a crystalline representation of Gp, then V is of finite
height.

If K # F orif V is no longer crystalline, then it is no longer true in general that
V' is of finite height, but it is still possible to say something about the periods of
V. Every element x € B can be written in a unique way as x =y ;o PPzl
with xj € E. For r > 0, let us set:

Bf" = {x €B, lim vg(zy)+ ﬂk = —|—oo}
k—+4o00 —1
This makesj?’;“ into an intermediate ring between Bt and B. Let us set
Bf" =BnB"", Bf = LJQOBJ“"7 and Bt = UTEOBT*T. If R is any of the above
rings, then by definition Rx = RHx.

We say that a p-adic representation V' is overconvergent if D(V') has a basis
over By made up of elements of DT(V) = (BT ®q, V)”%. The main result on
the overconvergence of p-adic representations of Gk is the following (cf [CC98 ,
corollaire IT1.5.2]):

THEOREM 1.2. Every p-adic representation V' of G is overconvergent, that is
there exists r = (V) such that D(V) = B ®@gi.» DM(V).
K

The terminology “overconvergent” can be explained by the following propo-
sition, which describes the rings B}{. Let ex be the ramification index of
K /Fs and let F' be the maximal unramified extension of F contained in
K (note that F’ can be larger than F):

PROPOSITION L1.3. Let BY, be the set of power series f(X) = Y, g7 arX"
such that ay, is a bounded sequence of elements of F', and such that f(X) is
holomorphic on the p-adic annulus {p~*/* < |T| < 1}.

There exist r(K) and wg € B}g(m such that if r > r(K), then the map
f = f(rk) from BEE" to B}{ is an isomorphism. If K = F, then F' = F and
one can take Tp = .

1.3. p-ADIC REPRESENTATIONS AND DIFFERENTIAL EQUATIONS. We shall now
recall some of the results of [[Ber03], which allow us to recover Deys(V) from
the (¢, I')-module associated to V. Let H%, be the set of power series f(X) =
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> pez @k X" such that ay is a sequence (not necessarily bounded) of elements
of F’, and such that f(X) is holomorphic on the p-adic annulus {p~/* < |T| <
1}.

For r > r(K), define BL; x as the set of f(7mx) where f(X) € HE". Obviously,

BT " C BL; x and the second ring is the completion of the first one for the

natural Fréchet topology. If V' is a p-adic representation, let

D) (V) = Bl x @i DM(V).
One of the main technical tools of - is the construction of a large ring
leg, which contains B"'g and BT. This ring is a bridge between p-adic Hodge
theory and the theory of (¢, T')-modules.

As a consequence of the two above inclusions, we have:

Deis(V) C (B ,[1/f] ®q, V)GK and DI (V)[1/1] € (Bl,[1/1] @q, V)" .

rig
One of the main results of || is then (cf. [Ber0d, theorem 3.6]):

THEOREM L4. If V is a p-adic representation of Gg then: Des(V) =
(DL, (V)[1/))F%. If V is positive, then Deys(V) = DL, (V)Fx.

Note that one does not need to know what ﬁiig looks like in order to state
the above theorem. We will not give the rather technical construction of that
ring, but recall that Brlg x is the completion of B;{ for that ring’s natural
Fréchet topology and that Brig’ K ~is th(i union of the BL’g’ K- Siniilarly, there
is a natural Fréchet topology on BT, BL’; is the completion of BT" for that

topology, and B = UT>OBT’ Actually, one can show that ]~3Jgg C Eii’; for
any r and there i 1s an exact sequence (see - lemme 2.18]):

0— Bt — Bj;g o Bf — Bii’g -0,
which the reader can take as providing a definition of ﬁilg

Recall that if n > 0 and r,, = p"~1(p—1), then there is a well-defined injective
map ¢~ " : Bfm — B(J{R, and this map extends (see for example , §2.2])

to an injective map @™ " : BL;" — Bl;.

The reader who feels that he needs to know more about those constructions
and theorem E above is invited to read either [Ber0Z] or the expository paper
[Col0]]] by Colmez. See also appendix [J-

Let us now return to the case when K = F and V is a crystalline representation
of Gp. In this case, Colmez’s theorem tells us that V is of finite height so that

one can write DLg(V) BL; F OBt D*(V) and theorem [.4 above therefore

says that Deis(V) = (BL;F[l/t] ®p+ DF(V))Fr
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One can give a more precise result. Let Brlg 7 be the set of f(m) where f(X) =
> k>0 apX* with a; € F, and such that f(X) is holomorphic on the p-adic
open unit disk. Set D;'[g(V) BIg F OBt D™ (V). One can then show (see
- Ber0d, §I1.2]) the following refinement of theorem @

PROPOSITION 1.5. We have Dis(V) = (DIg W)[1/t)YF and if V is positive
then Deyis(V) = D;tg(V)FF.

Indeed if N(V') denotes, in the terminology of [loc. cit.], the Wach module
associated to V, then N(V) € D" (V) when V is positive and it is shown in

[loc. cit., §I1.2] that under that hypothesis, Deis(V) = (B;’;g F ®pt N(V))Tr

I.4. CONSTRUCTION OF COCYCLES. The purpose of this paragraph is to recall
the constructions of 7 §1.5] and extend them a little bit. In this paragraph,
V will be an arbitrary p-adic representation of Gi. Recall that in loc. cit.,
a map hyy D(V)¥=! — HY(K,V) was constructed, and that (when Iy is
torsion free at least) it gives rise to an exact sequence:

'k
HY(K,V) (542) 0.

1
hk v

0 —— D(V)E=!

We shall extend hj i, to a map hy Dmg(V)lb:1 — HY(K,V). We will first

need a few facts about the ring of periods Bilg and the modules DL;(V)

LEMMA 1.6. If r is large enough and v € I' then
1—7: Dl (V)¥=0 — Dl (v)»=°

rig
is an isomorphism.

Proof. We will first show that 1 —~ is injective. By theorem @, an element in
the kernel of 1 —~ would have to be in De;s(V) and therefore in Ds(V)?=°
which is obviously 0.

We will now prove surjectivity. Recall that by , I1.6.1], if r is large enough
and v € T'x then 1 —~ : DT7(V)¥=0 — D" (V)¥=0 is an isomorphism whose
inverse is uniformly continuous for the Fréchet topology of D" (V).

In order to show the surjectivity of 1 — ~ it is therefore enough to show that

D7 (V)¥=0 is dense in DL;(V)’Z’:O for the Fréchet topology. For r large

enough, D™"(V) has a basis in @(DT””/?(V)) so that

D" (V)¥=0 = (B)¥=0. o(DM/7(V))
Dt (V)V=0 = (B )¥= - o(DI/7(V)).

The fact that D" (V)¥=0 is dense in DL;(VW:0 for the Fréchet topology

will therefore follow from the density of (B;{rw:o in (BL’éK)w:O. This last
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BTJ“/P

statement follows from the facts that by definition By/ P is dense in rig K

and that:
(BE)Y= = o[ o(BY") and  (Bf )¢~ = ol ][ o(BLE).

O
LEMMA L.7. The following maps are all surjective and their kernel is Qp:
1—¢:Bf = Bf, l—cp:ﬁjigﬁﬁjig and 1—<p:]§1ig—>]§1ig.
Proof. We'll start with the assertion on the kernel of 1 — ¢. Since ﬁjig - Eiig

and Bf C ﬁiig it is enough to show that (]NBLg)*”:l =Q, Ifz e (ﬁiig)*”:l,

then [Ber02, prop 3.2] shows that actually = € (]A?;JT )¥=! and therefore x €

~ rig
(B,)#~! = (Bf,)?~t = Q, by [Col9q, I11.3].

The surjectivity of 1 — ¢ : ]NBIig — ]~3Lg results from the surjectivity of 1 — ¢
on the first two spaces since by [Ber03, lemme 2.18], one can write a € ﬁiig as
a=at+a” witha' e f’)jig and o~ € B,

The surjectivity of 1 — ¢ : ﬁ;tg — ]~3;§g follows from the facts that 1 — ¢ :
B« — B is surjective (see [Col9q, I11.3]) and that Bl =N 0" (Bf,.).

max max rig max

The surjectivity of 1 — ¢ : Bt — BT follows from the facts that 1 — Y B—B
is surjective (it is surjective on A as can be seen by reducing modulo p and
using the fact that E is algebraically closed) and that if 8 € B is such that
(1—-p)pe BT, then 6 € B! as we shall see presently.

If v = Z;fgg’[xz] € A, let us set wy(z) = infi<, vE(z;) € RU {+oo}. The
definition of BT shows that z € BT if and only if limy,_, oo wi.(z) + pp_”lk; =
+00. A short computation also shows that wy (¢(z)) = pwg(z) and that wg(z+

y) = inf(wy(2), wi(y)) with equality if wy(x) # wi(y).

It is then clear that

kEToowk((l —p)x)+ Z%k =400 = kEToowk(x) + ]

and so if # € A is such that (1—-y)x e B then z € BI"/? and likewise for
x € B by multiplying by a suitable power of p. O

The torsion subgroup of I'x will be denoted by Agx. We also set I'}, =
Gal(K/Ky). Whenp # 2 andn > 1 (or p = 2 and n > 2), I'L is tor-
sion free. If x € 1+ pZ,, then there exists £ > 1 such that log,(z) € ka; and
we’ll write logg(x) = log,,(z)/p".
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If K and n are such that T'% is torsion-free, then we will construct maps hy;

such that corg, ., /k, ohy v = h, . If Tk is no longer torsion free, we’ll

n+1,
therefore define hj, y by the relation hy , = corg, /i, ohj ,, v In the
following proposition, we therefore assume that I'k is torsion free (and therefore
procyclic), and we let v denote a topological generator of I'k. Recall that if

M is a T'g-module, it is customary to write Mp, for M/im(y — 1).

ProposiTION 1.8. Ify € Diig(V)wzl, then there exists b € ]~3Lg ®q, V such
that (v — 1)(¢ — 1)b = (¢ — 1)y and the formula

c—1
v—1

hic v (y) =logy(x(7)) |0 = y—(o—1)0

rig(V)llf:1 — HY(K,V) which does not depend
either on the choice of a generator v of T'x or on the choice of a particular
solution b, and ify € D(V)¥=! C Diig(V)“’:l, then hic v (y) coincides with the

cocycle constructed in [CC9Y, 1.5].

then defines a map h}(,v : DI

Proof. Our construction closely follows [, 1.5]; to simplify the notations,
we can assume that logg(x('y)) = 1. The fact that if we start from a different
v, then the two h}(y we get are the same is left as an easy exercise for the
reader.

Let us start by showing the existence of b € ]§Lg ®q, V. Ify € Diig(V)wzl,

_ T =0 . T »=0

then (¢ — 1)y € D, (V)¥~". By lemma [.g, there exists T € D, (V) such
that (y — 1)z = (¢ — 1)y. By lemma [, there exists b € B! ®q, V such that

rig
(p—1)b==.
Recall that we define hj 1 (y) € H(K,V) by the formula:

—1
M W)(0) = ==y = (7 = 1b,
Notice that, a priori, h}{y(y) € H'(K, ﬁiig ®q, V), but
1 oc—1
(o = Dhg v (y)(o) = po— =1y —(c—1)(p—1)b
-1
= i_l('y—l):c—(a—l)x

so that hj 1 (y)(0) € (Biig)“":1 ®q, V = V. In addition, two different choices

of b differ by an element of (ﬁiig)“’:l ®q, V =V, and therefore give rise to
two cohomologous cocycles.
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It is clear that if y € D(V)¥=! C DLg(V)wzl7 then hjc v (y) coincides with the
cocycle constructed in [CC99, 1.5], as can be seen by their identical construc-

tion, and it is immediate that if y € (v — l)DLg(V)7 then hj y (y) = 0. O

1 _ gt
LEMMA L9. We have corg,, ., /K, ohy, ., v = hk, v-

Proof. The proof is exactly the same as that of [[CC99, §I1.2] and in any case
it is rather easy. (I

II. EXPLICIT FORMULAS FOR EXPONENTIAL MAPS

Recall that expy v Dgr(V)/Fil" Dyr (V) — H(K,V) is obtained by tensor-
ing the fundamental exact sequence (see [[Col9§, IIL.3]):

0—Q,— Bf. - Bar/Bl; =0

max

with V' and taking the invariants under the action of G (note once again that
BfT! = B¥7!). The exponential map is then the connecting homomorphism

cris max

Dar(V)/Fil" Dyr(V) — H(K, V).

The cup product U : HY(K, V) x HY(K,V*(1)) — H*(K,Q,(1)) ~ Q, defines
a perfect pairing, which we use (by dualizing twice) to define Bloch and Kato’s
dual exponential map expy. i () : HY(K,V) — Fil" Dgr(V).

The goal of this chapter is to give explicit formulas for Bloch-Kato’s maps for
a p-adic representation V, in terms of the (¢,I')-module D(V') attached to V.
Throughout this chapter, V will be assumed to be a crystalline representation
of GF

II.1. PRELIMINARIES ON SOME IWASAWA ALGEBRAS. Recall that (cf [CC99,
II1.2] or [Ber02, §2.4] for example) we have maps ¢~ ™ : EL’;” — B whose
) C F,[[t]] and which can then charac-
terized by the fact that m maps to ™ exp(t/p") — 1.

restriction to B]gg’F satisfy w_”(B;Eg,F

If z € F,,((t)) ®F Deris(V), then the constant coefficient (i.e. the coefficient of
t%) of z will be denoted by dy () € F,, @ Deis(V). This notation should not
be confused with that for the derivation map 0 defined below.

We will make frequent use of the following fact:

LEmMmA II1. Ify € (B:i'ng[l/t] ®F Dais(V)¥=1, then for any m > n > 0,

the element p~™ Trp, /g, Ov (™™ (y)) € Fy @ Deis(V') does not depend on m
and we have:

p "oy (™" (y)) ifn>1

p " Trp, p, Ovie "(y) = {(1 —p Yo Doy (y) ifn=0.
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Proof. Recall that if y = t=¢ Y% an € B, r[1/t] ®F Deis(V), then

e (y) =p™tt Z o™ (ar) ("™ exp(t/p™) — 1)F,
and that by the definition of 1/1, 1/)(y) = y means that:

1
ply) == > ym1+T)-1).
P
The lemma then follows from the fact that if m > 2, then the conjugates of
e(™) under Gal(F,,/Fy,_1) are the ne(™, where 7P = 1, while if m = 1, then
the conjugates of e() under Gal(Fy/F) are the ), where n? = 1 but n # 1. O

We will also need some facts about the Iwasawa algebra of I'r and some dif-
ferential operators which it contains. Recall that since F' is an unramified
extension of Q,, I'r ~ Z7 and that I'j. = Gal(F/F),) is the set of elements
v € I'p such that x(y) € 1 + p"Z,.

The completed group algebra of I'p is Ap = Z,[[['p]] ~ Z,[Ar] @z, Zp[[TF]],
and we set H(I'r) = Q,[Ar] ®q, H(I'y) where H(I'}) is the set of f(y — 1)
with v € T'L and where f(X) € Q,[[X]] is convergent on the p-adic open unit
disk. Examples of elements of H(I'r) are the V; (which are Perrin-Riou’s ¢;’s),
defined by
log, (x(7))

We will also use the operator Vo/(v, — 1), where =, is a topological generator
of T Tt is defined (see [Ber0d, §4.1]) by the formula:

Vo _ log(vn) _ 1 Z (1- 'Vn)i_l
Tn — 1 Ing(X(’Yn))(’Yn - 1) logp(X(’Yn)) i>1 i ,
or equivalently by
Vo . n—1 1
= lim .
Tn—1 TIGWFL T —1 1ng( (n))
’r]—)

It is easy to see that Vo/(y, — 1) acts on F, by 1/log,(x(7n))-

Note that “V/(y, —1)” is a suggestive notation for this operator but it is not
defined as a (meaningless) quotient of two operators.

The algebra H(T'r) acts on B, .. and one can easily check that:

rig,

d d
viit&f’iilog(1+ﬁ)6*i, where 6:(1+7r)%.
In particular, VB>

FCtB rand if 7 > 1, then

rig, rig,

Vi_10---0 VOBmg r C t* Br1g P
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LemMA IL2. If n > 1, then Vo/(yn — DB, p)?=0 C (t/¢"(7))(BF, 2)¥=°
so that if i > 1, then:

vi*l O---0 V] o ) (B;Eg,F)w:O'

+ =0
(Brlg F) C ((pn (7T)

Yn —
Proof. Since V; = t-d/dt —1i, the second claim follows easily from the first one,
which we will now show. By the standard properties of p-adic holomorphic
functions, what we need to do is to show that if = € (B;Eg’F)w:O7 then

\Y%

for all m >n + 1.

On the one hand, up to a scalar factor, one has for m > n + 1:

%x(s(m) —1) =Trp, /5, 2(€™ 1)
as can be seen from the fact that
Vo = lim n—-1 . ! .
Yo — 1 nerk Y = L log,(x(n))

On the other hand, the fact that ¢(x) = 0 implies that for every m > 2,
Trp, /F, s z(e(™ — 1) = 0. This completes the proof. |

Finally, let us point out that the actions of any element of H(I'r) and of ¢
commute. Since ¢(t) = pt, we also see that 0 o ¢ = pp o 0.

We will henceforth assume that log,(x(v.)) = p", so that logp( (vn)) =1, and
in addition Vo/(y, — 1) acts on F,, by p~™.

I1.2. BLOCH-KATO’S EXPONENTIAL MAP. The goal of this paragraph is to
show how to compute Bloch-Kato’s map in terms of the (¢, T")-module of V.
Let h > 1 be an integer such that Fil™" Deis(V) = Deyis(V).

Recall that we have seen that D,s(V) = (D rlg( )[1/t])TF and that by [Ber03,
§IL.3] there is an isomorphism:

B F[l/t] Qp Deais(V) = BIgF[l/t] ®p D}

Ify e Bf, »®r Dms(V) then the fact that Fil™" Des (V) = Deyis(V) implies
by the results of [Ber0d, §11.3] that t"y € D“g(V), so that if

(V).

rig

Yy = Z Yi ® di S (Bji_&p ®F Dcris(v))d):la
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then
rig

d
Vj_10---0 V()(y) = Zthahyi ®d; € D (V)wzl.
=0

One can then apply the operator thn,V to Vp_10---0Vy(y), and the main
result of this paragraph is:

THEOREM I1.3. Ify € (B}, p ®F Deris(V))¥=", then

I, v (Va-10::0 Vo(y)) =

k-1 _ expp, v(P "Ov(p " (Y)))  ifn>1
( 1) (h 1)! {eXpEV((l 7p71<p71)av(y)) an —=0.

Proof. Because the diagram

eXpp v
FnJrl QF Dcris(v) 4+) Hl (Fn+1, V)
Tan«#l/Fnl Coan+1/Fnl
Fn QF Dcris(V) M’ Hl (Fn; V)

is commutative, it is enough to prove the theorem under the further assumption
that I'% is torsion free. Let us then set y, = Vj_10---0 V(y). Since we are
assuming for simplicity that logg(x(fyn)) = 1, the cocycle h}?n,v(yh) is defined
by:

o—1
TYn — 1
where b,, 5, is a solution of the equation (v, — 1)(¢ — )b, = (¢ — Dyp. In
lemma, above, we proved that:

hi, v (yn) (o) = Y — (0 — bn

Vo + $p=0 3 ' + $h=0
Vi_10---0V; o0 po— (Brig,F) C ) (Brig,F) .
It is then clear that if one sets
Vo
b = 0. — 1)y,
Znh = Vh-10 O%_l(w )y
then
; h
+ =0 .
Zn,h S <(pn(7T)> (Brig,F) QF DCT!S(V)
C " (m "D, (V)P="
tyyw=0
C Dy, (V)=

Recall that ¢ = ¢(7)/7. By lemma (which will be stated and proved

below), there exists an element b, ,, € "~ (7~")BF. ®q, V such that

(o =" Hd"N(" (7" )b ) = @™ (7" ) 20,1,
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so that (1 — ¢)by p = 2,5 With by, p, € gp"’l(w*h)f?;xg

®q, V-
If we set

Vo
’y’n _ 1y7
then wy, p and by p € Bnax ®q, V' and the cocycle h};mv(yh) is then given by
the formula h}mv(yh)(a) = (0 — 1)(wn,p, — bnp). Now (¢ — 1)by p = 2y, and
(¢ — D)wy.p = 2, as well, so that wy, 5, — b, € BEZ! ®q, V.

max

Wpp =Vp_10---0

We can also write by, v (yn)(0) = (0 = 1)(¢~ " (wn,n) — @ " (bnn)). Since we
know that by, € " ("B, ®q, V, we have ¢~ "(b, 1) € Bj; ®q, V.

max
The definition of the Bloch-Kato exponential gives rise to the following con-
struction: if z € Dgr(V) and 7 € B! ®q, V is such that  — 7 € Blz ®q, V

max

then expy 1 (z) is the class of the cocyle g — g(z) — .
The theorem will therefore follow from the fact that:
P " (wap) = (1) A =Dl (07" (y) € By ®q, V.
since we already know that ¢ =" (b, ) € Blz ®q, V.
In order to show this, first notice that

© " (y) = (e "(y)) € tFu[[t]] @F Deris(V).

We can therefore write

V —n —n —n
e W) =0T W) +tm
Tn —
and a simple recurrence shows that
\Y% —-n i—1(, -n -n i
Vi oo 7m0 ) = ()T = DT (0" W) +
n

with z; € F,,[[t]] ®F Deris(V). By taking ¢ = h, we see that
o (wnp) — (=)' (A= 1)lp"Ov (¢ (y) € Bl ®q, V,
since we chose h such that t"D.s(V) C B;rR ®q, V. O

We will now prove the technical lemma which was used above:

LEMMA I1.4. Ifa € ]~3j;g, then there exists 8 € ]NB;;g such that

(p—¢" "B =q.

Proof. By , prop 2.19] applied to the case r = 0, the ring B is dense in
ﬁig for the Fréchet topology. Hence, if a € ]NB:Eg7 then there exists ag € B
such that a — ag = ¢"(7")a; with oy € ]NS;‘;g (one may also show this directly;
the point is that when one completes all the localizations are the same).
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The map ¢ — " 1(¢") : Bt — B is surjective, because ¢ — "~ 1(¢") : A+t —
é“‘ Is surjective, as can be seen by reducing modulo p and using the fact that
E is algebraically closed and that E¥ is its ring of integers.

One can therefore write ag = (¢ — ¢""*(¢"))B. Finally by lemma [L7,
there exists 3 € B;’;g such that a; = (¢ — 1)B1, so that ¢"(7")a; =

(o — " M) (" (x")Br). 0

11.3. BLOCH-KATO’S DUAL EXPONENTIAL MAP. In the previous paragraph, we
showed how to compute Bloch-Kato’s exponential map for V. We will now do
the same for the dual exponential map. The starting point is Kato’s formula

[Ka93, §11.1], which we recall below (it is valid for any field K):

ProrosiTiON I1.5. If V is a de Rham representation, then the map from
Dar(V) to H'(K,Bar ®q, V) defined by x — [g+— log(x(g))z] is an iso-
morphism, and the dual exponential map exp*{,*(l) : HY(K,V) — Dgr(V) is
equal to the composition of the map H'(K,V) — H'(K,Bqr ®q, V) with the
inverse of this isomorphism.

Let us point out that the image of eXp*V*(l) is included in Fil° Dyr(V) and that

its kernel is Hgl(K, V), the subgroup of H!(K,V) corresponding to classes of
de Rham extensions of Q, by V.

Let us now return to a crystalline representation V' of Gg. We then have the
following formula, which is proved in much more generality (i.e. for de Rham

representations) in [CC99, TV.2.1]:
THEOREM IL6. Ify € DL (V)¥=! and y € DL (V)[1/t] (so that in particular

rig rig
ye (B::g,F[l/t] QF Dcris(V))w:1), then

p "oV (9" (y)) ifn>1

X, ve (1) (v () = {(1 —pleTHov(y) ifn=0.

Note that by theorem [A.3, we know that Df(V)¥=! c D (V)[1/].

rig

Proof. Since the following diagram

5
eXpF'rL+1 V(1)
[ N

Hl(Fn+1, V) Fn+1 QF Dcris(v)
coan_H/Fnl Tan+1/FnJr
Hl(Fn, V) M’ Fn ®F Dcris(v)

is commutative, we only need to prove the theorem when I'% is torsion free.
We then have (bearing in mind that we are assuming that logg(x('yn)) =1 for
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simplicity):
1 o—1
hF”,V(y)(U) = y— (o —1)b,
Yo —1
where (v, — 1)(¢ — 1)b = (¢ — 1)y. Recall that ﬁiig = UT>0]§I{;. Since
b e ﬁiig ®q, V, there exists m > 0 such that b € ﬁl{;m ®q, V. Recall also

that we have seen in B that the map ¢ =™ embeds EI{;’" into Bj‘R. We can

then write )
0 - — -m
W (y)(o) = s LM OB CRb I OF
and ¢~ ™(b) € Blz ®q, V. In addition, ¢~ (y) € F,((t)) ®p Deis(V) and
Yn — 1 is invertible on t* F,, @ p Deis(V) for every k # 0. This shows that the
cocycle hp, 1 (y) is cohomologous in H'(F,,, Bar ®q, V) to

-1
o= T Ovle W)
which is itself cohomologous (since 7, — 1 is invertible on Fg;r Fm [ :O) to
co—1, . .. o
R (""" Trr, m, Ov(e™™ (1))

=0 —p "log(x(@)p" " Trr,, sk, Ov (™" (v))-
It follows from this and Kato’s formula (proposition [[L.5) that
expp, v+ () (b, v (1) = p~" Tep, /5, OV (™™ (y))

p "Ov (e " (v)) ifn>1
(1—plteHov(y) ifn=0.

O

1I1.4. IWASAWA THEORY FOR p-ADIC REPRESENTATIONS. In this specific para-
graph, V can be taken to be an arbitrary representation of Gg. Recall
that the Iwasawa cohomology groups H{ (K, V) are defined by H{ (K,V) =
Q, ®z, Hi (K,T) where T is any G-stable lattice of V', and where

Hi(KT)= lm  H(K,T)
COTK"+1/K7Z
Each of the H(K,,T) is a Zy['k /I'"%]-module, and Hj, (K,,T) is then en-
dowed with the structure of a Ax-module where
Ax = Z,[[Tk]] = Z,[Ax] ©z, Zy[[T]]-

The Hi (K,V) have been studied in detail by Perrin-Riou, who proved the
following (see for example [[Per94, §3.2]):

PROPOSITION IL.7. If V is a p-adic representation of G, then Hi, (K,V) =0
whenever i # 1, 2. In addition:
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(1) the torsion sub-module of Hi, (K, V) is a Q,®z, Ak -module isomorphic
to VHx and HL (K,V)/VHE is a free Qp ®z, A -module whose rank
is [K : Qpld;

(2) HE, (K, V) = (Vo (1))

If y € D(T)¥=! (where T is still a lattice of V), then the sequence of
{hk, v(¥)}n is compatible for the corestriction maps, and therefore defines
an element of H{, (K,T). The following theorem is due to Fontaine and is

proved in [CC99, §I1.1]:
THEOREM I1.8. The map y +— lim hkv(y) defines an isomorphism from

D(T)¥=! to HL,(K,T) and from D(V)¥=! to H} (K, V).

Notice that VHx c D(V)¥=! and it is its Q, ®z, Ak-torsion submodule.
In addition, it is shown in [CC99, §I1.3] that the modules D(V)/() — 1) and
HZ (K,V) are naturally isomorphic. One can summarize the above results as
follows:

COROLLARY IL.9. The complex of Q, ®z, Ax-modules
0 —— D(V) i D(V) — 0

computes the Twasawa cohomology of V.

There is a natural projection map pry  : H{ (K,V) — H'(K,,V) and when
1 =1 it is of course equal to the composition of:

hl
HL (K, V) —— D(V)¥=! =% HY(K,,V).

I1.5. PERRIN-RIOU’S EXPONENTIAL MAP. By using the results of the previous

paragraphs, we can give a “uniform” formula for the image of an element
Yy € (B;EgF @F Deis(V))¥=! in HY(F,,V(j)) under the composition of the
following maps:

p=1 - _
(Bl r @r Den(v)) T2 Dl (et S
Here e; is a basis of Q,(j) such that e;1r = €; ® e so that if V is a p-

adic representation, then we have compatible isomorphisms of Q,-vector spaces
V — V(j) given by v — v ® e;.

DOCUMENTA MATHEMATICA - EXTRA VOLUME KATO (2003) 99-129



BrocH AND KATO’S EXPONENTIAL MAP 119

THEOREM I1.10. If y € (Bxg,F ®F Deis(V)¥=1, and h > 1 is such that
Fil ™" Deyis (V) = Deyis(V), then for all j with h+ 5 > 1, we have:
hi, vy (Vac10---0Vo(y) @ e;) = (=1)" 7 (h+j — 1)

« expp, v (0" 0v () (T Oy @t ey))) ifn>1
exppy ) (1=p te oy (0 Ty @t ie;)) if n=0,

while if h+ j <0, then we have:
expp, v+ (1) (hE, v () (Vi-10- 0 Vo(y) ® €))) =
1 PO (O y @t ey))  ifn>1
(=h =) | @ =pte oy (0 Ty ®@tie;) ifn=0.

Proof. If h + j > 1, then the following diagram is commutative:

— ®e; A\ Y=
D/, (V)¥=! — D, (V(5)’=!
vh—lo"'ovo/[ Vh+j710"'0V0T
(B;’i_g’p QF Dcris(v)) — (B;‘;gJ: QF Dcris(v(j))) .

and the theopem is then a straightforward consequence of theorem applied
to 07y ®t~Jej, h+j and V(j) (which are the j-th twists of y, h and V).

If on the other hand A+ j < 0, and I'} is torsion free, then theorem shows
that

eXp*Fn’V*(l_j)(h}?n7v(j)(vh71 o---0Vy(y) ®ej)) =
P "Oviy(@ " (Vho10---0Vy(y) ®ej))

in Deis(V(4)), and a short computation involving Taylor series shows that

P "Ov) (" (Vho10---0Vo(y) @ej)) =
(=h =) vy (e (O Ty @t ey)).

Finally, to get the case n = 0, one just needs to use the corresponding statement
of theorem or equivalently to corestrict. O

Remark 11.11. The notation 977 is somewhat abusive if j > 1 as 0 is not
injective on B:;g 7 (it is surjective as can be seen by “integrating” directly a
power series) but the reader can check for himself that this leads to no ambiguity

in the formulas of theorem above.

We will now use the above result to give a construction of Perrin-Riou’s ex-

ponential map. If f € Bjigf ®F Deris(V), we define A(f) to be the image of
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@h_,0%()(0) in &F_y(Deris(V) /(1 —p*p)) (k). There is then an exact sequence
of Qp ®z, Ap-modules (see [Per94], §2.2] for a proof):

_ Pp=1 _
0 —— @Z:()tchris(V)V’:P ke (B:i_g,F RF Dcris(V)) i AN

_ A .
(Bl )= ©r Deris(V) —=— @l (52 (k) 0.
If f e Bt ¥=0 @ p Deyis(V AZO, then by the above exact sequence there
rig,

exists

y € (BY, ; ©r Dors(V))™!
such that f = (1 — ¢)y, and since Vj,_1 0 -+ 0 Vj kills @Z;étchris(V)“’:p%
we see that V1 0+ 0 Vg(y) does not depend upon the choice of such a y
unless Dcris(V)“":pfh £ 0.

DEFINITION I1.12. Let h > 1 be an integer such that Fil™" Deris(V) = Deyis(V)

and such that DcriS(V)‘”:p% = 0. One deduces from the above construction a

well-defined map:

QV,h : ((B+

r1g7F>w:0 QF DcriS(V))AZO — D}

rig

V)=,

given by Qvn(f) = Va-10---0Vo(y) where y € (B, p @ Ders(V))¥=" is
such that f = (1 — p)y.

If Dcris(V)‘P=p7}L # 0 then we get a map:

)¥=0 ©p Deyia(V))2=0 — D (V)¥=1 /v Gr=x",

rig

QV,h : ((B;Eg,F

THEOREM I1.13. If V is a crystalline representation and h > 1 is such that we
have Fil™" Deis(V) = Deis(V), then the map

Qv ((B:;gf)w:o ®F Deris(V)2~" — D,

(V)r=tjvie

which takes f € ((B:Egﬁp)wzo @p Dais(V)2=0 to V100 Vo((1 — )7 f)

is well-defined and coincides with Perrin-Riou’s exponential map.

Proof. The map 2y, is well defined because as we have seen above, the kernel
of 1 — ¢ is killed by Vj_1 0 -+ 0 Vg, except for tthris(V)szfh, which is
mapped to copies of Q,(h) C VIr,

The fact that Qy coincides with Perrin-Riou’s exponential map follows di-
rectly from theorem above applied to those j’s for which h+7 > 1, and the
fact that by Perrin-Riou’s , théoreme 3.2.3], the Qy,;, are uniquely deter-
mined by the requirement that they satisfy the following diagram for h,j > 0
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(see remark about the signs however):

(H(Tr) ®q, Deris(V(7))) " H(Tr) ©ap HL (FV())/V(j)H*

En,vml ern,vml

h+j—1)! .
Fn ®F Dcris(v) w} Hl(anv(.]))

Qv),h
_—

eXPF,,V(j)
Here 2, v(j)(9) = p " (¢ ® ¢) " "(f)(e™ — 1) where f is such that
(1 - @)f = 9(7 - 1)(1 + 71') € (B:i_g,F ®F DCris(V))wZO

and the ¢ on the left of p ® ¢ is the Frobenius on B:Eg’F while the ¢ on the

right is the Frobenius on D5(V). Our F,, is Perrin-Riou’s H,,_1.

Note that by theorem [L.§, we have an isomorphism D(V)¥=! ~ H} (F,V) and
therefore we get a map H(I'r) ®a, Hi, (F,V) — Dzig(V)wzl. On the other
hand, there is a map

H(r) ®q, Denis(V (7)) — (B, p @F Dexis (V)

which sends > fi(v—1)®d; to > fi(y—1)(14+7) ®d;. These two maps allow
us to compare the diagram above with the formulas given by theorem . (]

Remark 11.14. By the above remarks, if V is a crystalline representation and
h > 1 is such that we have Fil™" Deyis(V) = Des(V) and Q,(h) ¢ V, then
the map

Qv (B, )= @F Deis(V)2=0 — D (V)¥=
which takes f € ((B;'i’g,F)qp:O @rDais(V)2=0 to Viy_10---0Vo((1—p)~1f) is

well-defined, without having to kill the A p-torsion of H{ (F, V') which improves
upon Perrin-Riou’s construction.

Remark I1.15. It is clear from theorem that we have:
Qv’h(x) ® €j = Qv(j)7h+j(a_jl' ® t_jej) and Vh O Qv’h(x) = QV’thl(ZL'),

and following Perrin-Riou, one can use these formulas to extend the definition
of Qyp, to all h € Z by tensoring all H(I'p)-modules with the field of fractions

I1.6. THE EXPLICIT RECIPROCITY FORMULA. In this paragraph, we shall recall
Perrin-Riou’s explicit reciprocity formula and show that it follows easily from

theorem above.

There is a map H(I'r) — (B;'i’g,Qp)w:0 which sends f(y—1) to f(y —1)(1 +

7). This map is a bijection and its inverse is the Mellin transform so that
if g(m) € (B;’i'g}(;zp)w:o7 then g(m) = Mel(g)(1 + 7). See [Per0(, B.2.8] for a
reference, where Perrin-Riou has also extended Mel to (BIngP)d’:O. If f,g €

(BL&QP)“’:0 then we define fxg by the formula Mel(fxg) = Mel(f) Mel(g). Let
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[—1] € T'r be the element such that x([—1]) = —1, and let ¢ be the involution of
I'r which sends v to y~!. The operator 8/ on (B;Eg,Qp)w=0 corresponds to Tw;
on I'p (Tw; is defined by Tw;(y) = x(7)77). For instance, it is a bijection. We

will make use of the facts that 109’ = =70 and that [~1]0d? = (—1)7070[-1].

If V is a crystalline representation, then the natural maps

. TrF/Qp
Dcris(v) ®F Dcris(V (1)) — Dcris(Qp(l)) — Qp

allow us to define a perfect pairing [, -]y : Deris(V) X Depis(V*(1)) which we
extend by linearity to

[ v s (B p @F Deis (V)" x (B, p

by the formula [f(7) ® d1, g(7) ® d2]v = (f * g)(7)[d1, da]v

@ Dais(V* (1)) — (B o )* ™"

We can also define a semi-linear (with respect to ¢) pairing

(v DE (V)P x DE(VF(1))"= — (B

)0
rig rig rig,Qp

by the formula

(iyhy =lim > (77N b (1)), ki, vy (2)) By 71+ )
n TEFF/F"F’"

where the pairing (-, ), v is given by the cup product:
Codmy s HY(Fa, V) < HY (B, V(1)) = HP(Fay Qp(1) =~ Qe

The pairing (-,-)y satisfies the relation (yix1,72x2)y = v1t(y2){x1,22)v.
Perrin-Riou’s explicit reciprocity formula (proved by Colmez [, Benois
[Ben0(] and Kato-Kurihara-Tsuji [KKT94]) is then:

THEOREM IL16. If 21 € (B, p ®F Denis(V))¥= and z € (B, p ®r
Dais(V*(1)))¥=0, then for every h, we have:

(=1)"(Qun (1), [-1] - Queay1-n(@2))v = —[21, 0(22)]v.

Proof. By the theory of p-adic interpolation, it is enough to prove that if

Tr; = (1 — (,D)yi with y; € (B:qg,F QF DcriS(V))ﬂJ:l and yo € (B;;g,F XF

Deis(V*(1)))¥=1 then for all j > 0:
(07 (=1)"(Qun(21), [1] - Quea)1-n(@2))v) (0) = = (9771, t(@2)]v) (0).
The above formula is equivalent to:

(1) ()" (B () Qv gy g (0721 @ 7 ey),
h}v,v*u—j)QV*(lfj),lfhfj(3j$2 ® tje—j)>F,V(j)
= —[av(j)(a_jifl ® t_jej)7 av*(l_j) (8jx2 & tjefj)]v(j).
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By combining theorems and with remark we see that for j > 0:

v ()G (0721 @t ej)
— (_1)h+j71 eXpF,v(j)((h +7-Dl1 _Pﬂ@’l)@v(j)(aﬁyl ® tijej)),

and that

by (- Qve-pa-n—j (@ 12 @ te_;)

= (exPpyeay)  (h+j =D)L= p o v (@ y2 @ e_y)).
Using the fact that by definition, if 2 € Deyis(V(j)) and y € HY(F, V (j)) then

[z, GXP?,v*u_j) y]V(j) = <€XPF,V(j) T, y>F,V(j)7

we see that:

2) (Pry() i) n (0 7z @t ey),
hvea—pnQv-a-pi-n—j (@22 @ Ve_;)) rv )
= (1" = p e Oy (0T @ t ey,
(1—p '™ Nov-a_p @y @ te_j)lv ()

It is easy to see that under [-, ], the adjoint of (1 —p~t¢p~1)is 1 — ¢, and that
if x; = (1 — ¢)y;, then

Oy (07721 @t ej) = (1= )y (0 Ty @ ey),
6V*(1*j)(8j332 ®tle_j) = (1 - 90)8V*(1—j)(8jy2 ®te_;),

so that () implies (), and this proves the theorem. O

Note that as I. Fesenko pointed out it is better to call the above statement an
“explicit reciprocity formula” rather than an “explicit reciprocity law” as the
latter terminology is reserved for statements of a more global nature.

Remark 11.17. One should be careful with all the signs involved in those for-
mulas. Perrin-Riou has changed the definition of the ¢; operators from [Per94]
to [Per9d] (the new ¢; is minus the old ;). The reciprocity formula which is
stated in , 4.2.3] does not seem (to me) to have the correct sign. On the
other hand, the formulas of [Ben0d, [Col9§] do seem to give the correct signs,
but one should be careful that [Col9§, 1X.4.5] uses a different definition for
one of the pairings, and that the signs in [CC99, 1V.3.1] and [Col9d, VII.1.1]
disagree. Our definitions of Qy; and of the pairing agree with Perrin-Riou’s
ones (as they are given in [)
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ApPENDIX A. THE STRUCTURE OF D(T)¥=!

The goal of this paragraph is to prove a theorem which says that for a crystalline
representation V, D(V)¥=! is quite “small”. See theorem @ for a precise
statement.

Let V be a crystalline representation of G and let T' denote a G g-stable lattice
of V. The following proposition, which improves slightly upon the results of

N. Wach [Wa9d], is proved in detail in [Ber03, §I1.1]:

ProrosITION A.1. If T is a lattice in a positive crystalline representation V,
then there exists a unique sub AL-module N(T) of D¥(T'), which satisfies the
following conditions:

(1) N(T) is an Af-module free of rank d = dimq, (V);
(2) the action of T'r preserves N(T) and is trivial on N(T')/mN(T);
(3) there exists an integer v > 0 such that 7" D+ (T) C N(T).

Furthermore, N(T') is stable by ¢, and the Bf-module N(V) = B}, N N(T)
is the unique sub—BF—module of DT(V) satisfying the corresponding conditions.

The Aj-module N(T) is called the Wach module associated to T'.

Notice that N(T(—1)) = #N(T) ® e_1. When V is no longer positive, we can
therefore define N(T') as m""IN(T'(—h)) ® e, for h large enough so that V (—h)
is positive. Using the results of [, §II1.4], one can show that:

ProrosiTION A.2. If T is a lattice in a crystalline representation V of G,
whose Hodge-Tate weights are in [a;b], then N(T) is the unique sub-AjJ.-module
of DT (T)[1/7] which is free of rank d, stable by T'r with the action of T being
trivial on N(T)/7N(T), and such that N(T)[1/x] = DT(T)[1/x].

Finally, we have o(7°N(T)) C 7°N(T) and m°N(T)/¢* (7°N(T)) is killed by
"= The construction T +— N(T) gives a bijection between Wach modules

over A}, which are lattices in N(V') and Galois lattices T in V.

We shall now show that D(V)¥=! is not very far from being included in N(V).
Indeed:

THEOREM A.3. IfV is a crystalline representation of G, whose Hodge-Tate
weights are in [a;b], then D(V)¥=1 C 7@ IN(V).

If in addition V' has no quotient isomorphic to Qp(a), then actually D(V)¥=1 c
T*N(V).

Before we prove the above statement, we will need a few results concerning
the action of ¢ on D(T). In lemmas @ through @, we will assume that
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the Hodge-Tate weights of V' are > 0. In particular, N(T') C ¢*N(T) so that
P(N(T)) € N(T).

LEMMA A.4. If m > 1, then there exists a polynomial Qum(X) € Z,[X] such
that Y(r=™) = =™ (P + 7Qp (7).

Proof. By the definition of v, it is enough to show that if m > 1, there exists
a polynomial Qm(X) € Z[X] such that

! Z _ P (L X)P - 1)Qm (L + X)P 1)
1+X )—1m (1+X)p—-1)m ’
which is left as an exercise for the reader (or his students). (]

LEMMA A.5. If k > 1, then ¢(pD(T) + n~*+DUN(T))  pD(T) + n*N(T).
In addition, y(pD(T) + 7~ *N(T)) C pD(T) + 7~ IN(T).

Proof. If x € N(T), then one can write = = > \;p(z;) with A; € A} and
x; € N(T), so that (7~ F+Dz) = S op(r~ TV N, )z;. By the preceding lemma,
P(r= N, € pAp + 7~* A} whenever k > 1. The lemma follows easily, and
the second claim is proved in the same way. ([

LEMMA A6. Ifk > 1 and x € D(T') has the property that ¢(z) —x € pD(T) +
7 EN(T), then x € pD(T) + 7~ *N(T).

Proof. Let ¢ be the smallest integer > 0 such that = € pD(T) + 7~ ‘N(T). If
¢ < k, then we are done and otherwise lemma @ shows that

Y(x) € pD(T) + 7~ “YUN(T),

so that v (z) — 2 would be in pD(T) + 7~ ‘N(T) but not pD(T) +r~ ¢~ DVN(T),
a contradiction if ¢ > k. O

LEMMA A.7. We have D(T)¥=! C n~!N(T).

Proof. We shall prove by induction that D(T)¥=! C p*D(T) + 7~ 'N(T) for
k > 1. Let us start with the case k = 1. If v € D(T)¥~!, then there exists some
j > 1 such that z € pD(T) + 7/ N(T). If j = 1 we are done and otherwise the
fact that () = = combined with lemma @ shows that j can be decreased
by 1. This proves our claim for k£ = 1.

We will now assume our claim to be true for & and prove it for k + 1. If
r € D(T)¥=!, we can therefore write z = p*y + n where y € D(T) and
n € 7 IN(T). Since ¥(z) = x, we have (n) — n = pF(¥(y) — y) so that
P(y) —y € 7~ IN(T) (this is because p*D(T) N N(T) = p*N(T)). By lemma
@, this implies that y € pD(T)+7'IN(T), so that we can write z = p*(py’ +
n') +n = p"ly’ + (p*n’ + n), and this proves our claim.
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Finally, it is clear that our claim implies the lemma: if one can write x =
pFyr. + ng, then the ng will converge for the p-adic topology to a n € 7~ !N(T')
such that x = n. (]

Proof of theorem @ Clearly, it is enough to show that if T" is a G p-stable
lattice of V, then D(T)¥=! C 7 IN(T). It is also clear that we can twist V/
as we wish, and we shall now assume that the Hodge-Tate weights of V' are in
[0;h]. In this case, the theorem says that D(T)¥=! C #~!IN(T), which is the
content of lemma @ above.

Let us now prove that if a positive V' has no quotient isomorphic to Q,, then
actually D(T)¥=! € N(T). Recall that N(T) C ¢*(N(T)), since the Hodge-
Tate weights of V' are > 0, so that if e1, - ,eq is a basis of N(T'), then there

. d d d
exists g;; € A; such that e; = ZFl gijele;). (Do auey) = D00 ey,
with ; € 7~1 A}, then this translates into 1/)(2?21 a;qi;) = o for 1 < j < d.

Let o ,, be the coefficient of 7™ in «;, and likewise for ¢;; ,,. Since ¢(1/7) =1/,
the equations w(Z?:l @;¢i;) = a; then tell us that for 1 < j < d:

d
Z @i ~1Gij0 = (1)
i=1

Since N(V)/7N(V) ~ Deis(V) as ¢-modules by [Ber03, §I11.4], the above
equations say that 1 is an eigenvalue of ¢ on Dc,s(V). It is easy to see that
if a representation has positive Hodge-Tate weights and D,s(V)?=! # 0, then
V has a quotient isomorphic to Q,. O

Remark A.8. Tt is proved in [Ber0d, I11.2] that D (V) = (BIg,F(g@B;N(V))GF
and that if Fil™" Ds(V) = Deyis(V), then
t

h
(1) Bir o) DenalV) € B o NOV)

In all the above constructions, one could therefore replace Dji'g(V) by
BIg’F ®pi 7"N(V). For example, the image of the map Qy is included

in (WhB:Eg,F Dt N(V))¥=! so that we really get a map:

Qv (B 1) @p Deris (V)20 — ("B}

rig, ®B;: N(V»w:l-

This slight refinement may be useful in order to prove Perrin-Riou’s dz, con-
jecture.

APPENDIX B. LIST OF NOTATIONS

Here is a list of the main notations in the order in which they occur:
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I p, k, W(k), F, K, Gx, pipn, €™, Ky, Koo, Hi, T, X, V, T

U: Cpa Ea E , VE, A+ ]§+7 05 P, €, ™, T, W, (, BIR& BdRﬂ DdR(V)7 B;rqax?

Bmam BcriSa B DCrIS(V) h.

rig?
D: :&7 ﬁa AF7 B7 BF7 A7 B+7 A+7 AK) BK7 A;7 B;7 D(V)7 /(/)7 D+(V)7
B, Bir, BI, Bf, DI(V), DI"(V), ex, F', mxc.

L3 Bl . DLI(V), BL,, BLl, ro, o7, B

rig rig’ rig’

D, (V).

rig, F» Prig
L4: hl v, wi, Ak, T%, log), v, Mr.

[ expr v, expic v )

[L1: Ov, Ar, H(T'F), Vi, Vo/(vn — 1), 0.

[14: T, H{,(K,V), prg.y-

[1.5: ej, A, Qvp, Env.

[1.4: Mel, Tw,, [—1], ¢, [, -]v, (v,

A 7, N(V).

APPENDIX C. DIAGRAM OF THE RINGS OF PERIODS

The following diagram summarizes the relationships between the different rings
of periods. The arrows ending with — are surjective, the dotted

arrow > is an inductive limit of maps defined on subrings (¢~ :

BL;” — B1y), and all the other ones are injective.

BrtaxfBgR
Bllg;Bj]g 0
|
B~ B Bt — =G,
|
A AT A+ —2>Oc,
i
E £+ —2 Oc, /p
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All the rings with tildes also have versions without a tilde: one goes from the
latter to the former by making Frobenius invertible and completing.

The three rings in the leftmost column (at least their tilde-free versions) are
related to the theory of (¢,I')-modules. The two rings on the top line are
related to p-adic Hodge theory. To go from one theory to the other, one goes
from one place to the other through all the intermediate rings but as the reader
will notice, one has to go “upstream”.

Let us finally review the different rings of power series which occur in this
article; let C[r; 1] be the annulus{z € C,, p~'/" <|z|, < 1}. We then have:

AL Orlir) Ar Ol
B; F®o, Opl[r]] Br F®0, Op[r)]r1]
A}’T Laurent series f(7), convergent on C[r;1[, and bounded by 1
B Laurent series f(m), convergent on C[r;1[, and bounded
BL’;F Laurent series f(7), convergent on Clr; 1|

B;E&F f(m) € F[[r]], f(7) converges on the open unit disk D[0; 1]
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ABSTRACT. A notion of additive dilogarithm for a field k is intro-
duced, based on the K-theory and higher Chow groups of the affine
line relative to 2(0). Analogues of the Ks-regulator, the polyloga-
rithm Lie algebra, and the f-adic realization of the dilogarithm mo-
tive are discussed. The higher Chow groups of 0-cycles in this theory
are identified with the Kahler differential forms €}. It is hoped that
these results will serve as a guide in developing a theory of contravari-
ant motivic cohomology with modulus, modelled on the generalized
Jacobians of Rosenlicht and Serre.

2000 Mathematics Subject Classification: Primary 11G55

1. INTRODUCTION

In [B] Déf. (5.1.1), Laumon introduces the category of generalized 1-motives
over a field k of characteristic 0. Objects in this category are arrows f: G — G
where G and G are commutative algebraic groups, with G assumed formal,
torsion free, and G assumed connected. These, of course, generalize the more
restricted category of 1-motives introduced by Deligne E] as a model for the
category of mixed Hodge structures of types {(0,0), (0,—-1),(-1,0), (-1,—1)}.
Of particular interest for us are motives of the form Z — V which arise in the
study of algebraic cycles relative to a “modulus”. Here V = G7 is a vector
group. The simplest example is

(1.1) Pic(A', 2{0}) = G,.
which may be viewed as a degenerate version of the identification
Pic(A!,{0,00}) = G,, obtained by associating to a unit the correspond-

ing Kummer extension of Z by Z(1). (For more details, cf. [{], [, [,
[4), [[9).) We expect such generalized motives to play an important role in
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the (as yet undefined) contravariant theory of motivic sheaves and motivic
cohomology for (possibly singular) varieties.

The polylog mixed motives of Beilinson and Deligne are generalizations to
higher weight of Kummer extensions, so it seems natural to look for degenerate,
or G, versions of these. The purpose of this article is to begin to study an
additive version of the dilogarithm motive. We assume throughout that k is a
field which for the most part will be taken to be of characteristic 0. Though our
results are limited to the dilogarithm, the basic result from cyclic homology

(1.2) Griker (K1 (K[t]/(12)) = Kan-1()) = k

suggests that higher polylogarithms exist as well.

In the first part of the article we introduce an additive “Bloch group” T B (k)
for an algebraically closed field k£ of characteristic = 2. In lieu of the 4-term
sequence in motivic cohomology associated to the usual Bloch group

(1.3) 0 — Hy(Spec(k),Q(2)) — Ba(k) = kX @ k" @ Q
— H3,(Spec (k),Q(2)) — 0

(with H3,(Spec (k),Q(2)) & K3(k)ina ® Q and H32,(Spec (k),Q(2)) & Ka(k) ®
Q), we find an additive 4-term sequence

(1.4) 0 — THj,(Spec (k),Q(2)) — TBy(k) — k ® k™
¥ T (Spec (k), Q(2)) — 0

where
(1.5) THy, (Spec (k),Q(2)) == Ka(Af, (t7)) = (°)/(t*) = k;
TH?,(Spec (k),Q(2)) := K1 (A, (t?)) = Q}, = absolute Kihler 1-forms;
dlog(a®b) = a%.

Our construction should be compared and contrasted with the results of [ﬂ]
Cathelineau’s group (2(k) is simply the kernel

(1.6) 0— Ba(k) = k@ kX — Qf — 0,
so there is an exact sequence

0 —— TH},(Spec(k),Q(2)) ——— TBa(k) —— Ba(k) — 0
(1.7) lg

k

For a € k we define (a) € T By(k) lifting similar elements defined by Cathelin-
eau and satisfying his 4-term infinitesimal version

(1.8) (a) — (b) +a(b/a) + (1 —a){((1—-0)/(1—a))=0; a=#0,1.
of the classical 5-term dilogarithm relation. Here, the notation x(y) refers to
an action of k* on T'By(k). Unlike f£(k), this action does not extend to a
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k-vector space structure on TBay(k). Thus ([.7) is an exact sequence of k*-
modules, where the kernel and cokernel have k-vector space structures but the
middle group does not.

Finally in this section we show the assignment (a) — a(1—a) defines a regulator
map p : TBs(k) — k and the composition

(1.9) TH3,(Spec (k),Q(2)) — TBy(k) & k

is an isomorphism.
It seems plausible that T'Bs(k) can be interpreted as a Euclidean sissors-
congruence group, with 0 : TBs(k) — k ® k™ the Dehn invariant and
p: TBy(k) — k the volume. Note the scaling for the k*-action is appropriate,
with d(x(y)) = 0((y)) and p(z(y)) = 23p((y)). For a careful discussion of Eu-
clidean sissors-congruence and its relation with the dual numbers, the reader
is referred to [[[7] and the references cited there.
In §4 we introduce an extended polylogarithm Lie algebra. The dual co-Lie
algebra has generators {z},, and (z),, for z € k—{0,1}. The dual of the bracket
satisfies 0{z}, = {z}n—1-{1—2}; and O(x), = (x)p_1-{1—2x}1+{1—2x)1-{x}—1
with (z); = x € k. For example, {z)s =2@z+ (1 —2)®@ (1 —2) € kQ k™ is
the Cathelineau relation [ﬂ] It seems likely that there exists a representation
of this Lie algebra, extending the polylog representation of the sub Lie algebra
generated by the {z},, and related to variations of Hodge structure over the
dual numbers lifting the polylog Hodge structure.
§5 was inspired by Deligne’s interpretation of symbols [ﬂ] in terms of line bun-
dles with connections. We indicate how this viewpoint is related to the addi-
tive dilogarithm. In characteristic 0, one finds affine bundles with connection,
and the regulator map on Kj linearizes to the evident map H°(X,Q!) —
HY(X,0 — Q). In characteristic p, Artin-Schreier yields an exotic flat real-
ization of the additive dilogarithm motive. For simplicity we limit ourselves
to calculations mod p. The result is a flat covering T of A' — {0, 1} which is
a torsor under a flat Heisenberg groupscheme H 4g. This groupscheme has a
natural representation on the abelian groupscheme V := Z/pZ & u,, & . The
contraction

Has
(1.10) T x V
should, we think, be considered as analogous to the mod ¢ étale sheaf on A —
{0,1} with fibre Z/¢Z @ pe ® p? associated to the f-adic dilogarithm.
The polylogarithms can be interpreted in terms of algebraic cycles on products
of copies of P* — {1} ([}, (3.3)), so it seems natural to consider algebraic cycles
on

(1.11) (A%, 2{0}) x (P! — {1}, {0,00})".

In the final section of this paper, we calculate the Chow groups of 0-cycles on
these spaces. Our result:

(1.12) CHO((Al,Q{O}) x (P! — {1}, {O,oo})") >0, n>0,
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is a “degeneration” of the result of Totaro [2J] and Nesterenko-Suslin [1]
(1.13) CHO<(1P1 — {1}, {0, oo})") ~ KM (k) = n-th Milnor K-group,

and a cubical version of the simplicial result SH"™(k,n) 22 Q7! (see [H]).
We thank Jorg Wildeshaus and Jean-Guillaume Grebet for helpful remarks.

2. ADDITIVE BLOCH GROUPS

Let k be a field with 1/2 € k. In this section, we mimic the construction in
[E] 65, replacing the semi-local ring of functions on P!, regular at 0 and oo by
the local ring of functions on A!, regular at 0, and the relative condition on
K-theory at 0 and oo by the one at 2 - {0}. In particular, as we fix only 0 and
00 in this theory, we have a k*-action on the parameter ¢ on A! so our groups
will be k*-modules.

Thus let R be the local ring at 0 on Ai. One has an exact sequence of relative
K-groups

(21)  Ka(Ay) — Ka(k[t]/ (7)) — Ki(A', (1)) — K1(A") — Ki(k[t]/(£*)).

Using Van der Kallen’s calculation of Ky (k[t]/(t2)) [R4 and the homotopy
property K, (k) = K.(A}), we conclude
(2.2) Ky (A, (7)) = Q.

Now we localize on A! away from 0. Assuming for simplicity that k is alge-
braically closed, we get

23) [ Folk) — Ko(AL, (%) — Ka(R, () — [] ¥ — 9L —0
k—{0} k—{o0}
To a € (t?) and b € R we associate the pointy-bracket symbol R(] (a,b) €

K5 (R, (t?)) which corresponds to the Milnor symbol {1 —ab, b} if b # 0. These
symbols generate Ko(R, (t2)). If the divisors of a and b are disjoint, we get

(24) tame(a, b> = a|poles of b + b|ab:1 + b_1|poles of a

We continue to assume k algebraically closed. Let C C Ka(R, (t?)) be the
subgroup generated by pointy-bracket symbols with b € k. For a € (t?) write

aot” + e + an_th

2.5 t) = :
(2:5) a(?) tm 4 bitm=l 4 b1t + by

b # 0.

We assume numerator and denominator have no common factors. If «; are the
solutions to the equation a(t) = k € kX U oo, then > ;' = —by_1/by. In
particular, this is independent of k. It follows that one has an isomorphism

(2.6) H k;x/tame(C) > kR k™ ul,— v ®u.
k—{0}
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Define
(27) TBy(k) = Ka(R. (12))/C
THL,(k,2) := image (Kg(Al, (12)) — TBQ(k))
THj(k,2) = O = Ki(R, (1))
When char(k) = 0, a basic result of Goodwillie [[f] yields gr2 Kp(A®, (1?)) =

k, so THi;(k,2) is a quotient of k. We will see (remark P.§) that in fact
TH3,(k,2) = k. The above discussion yields

PROPOSITION 2.1. Let k be an algebraically closed field of characteristic # 2.
With notations as above, we have an exact sequence

(2.8) 0— THL(k,2) — TBy(k) 2 ko k< 5 QL — 0.

Here m(a®b) = a9 and 0 is defined via the tame symbol.

REMARK 2.2. There is an evident action of the group kX on A! (multiplying

the parameter) and hence on the sequence (@) This action extends to a
k-vector space structure on all the terms except T Ba (k).

Let m = tR C R. One has the following purely algebraic description of
K3(R,m?) (PF], formula (1.4), and the references cited there).
generators:

(2.9) {a,b); (a,b) € (R x m?) U (m? x R)
Relations:
(2.10) (a,b) = —(b,a); a € m?
(2.11) (a,b) + {a,c) = (a,b+c—abc); a€m?orbcem?
(2.12) {a,bc) = (ab,c) + {ac,b); a € m?
PROPOSITION 2.3. There is a well-defined and nonzero map
(2.13) p: Ky (R,m?) - m3/m?
defined by

2
(2.14) pla,b) = {bd(;db Zee:;

Proof. Note first if a,b € m? then adb = bda = 0 mod m* so the definition
(R.14)) is consistent. For a € m?

(2.15) {a,b) + (b,a) — —adb + adb = 0,

so (2.10) holds. For a € m?

(2.16) (a,b) + (a,c) — —ad(b+ c¢) = —ad(b + ¢ — abc) mod m*
for b, c € m?

(2.17) {a,b) + (a,c) — (b+ c)da = (b+ ¢ — abc)da mod m*
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For a € m?,

(2.18) {a,bc) — —ad(bc) = —abde — acdb = p({(ab, c) + {ac, b))

REMARK 2.4. Note that
(2.19) —adb = log(1 — ab)db/b € m*Qk% /dlog(1 + m*) = m3/m?.

The group m?Q} /dlog(1 + m?) is the group of isomorphism classes of rank 1
line bundles, trivialized at the order 4 at {0}, with a connection vanishing at
the order 2 at {0}. Thus the regulator map p assigns such a connection to a
pointy symbol. Over the field of complex numbers C, one can think of it in
terms of “Deligne cohomology” H?(A!, j1Z(2) — t*O — t?w), and one can, as
in [@], write down explicitely an analytic Cech cocycle for this regulator as a
Loday symbol.

One has p(t?,x) = —t2dt # 0, thus p is not trivial. Note also, the appearance
of m3 is consistent with A. Goncharov’s idea [IE] that the regulator in this
context should correspond to the volume of a simplex in hyperbolic 3 space in
the sissors-congruence interpretation []E] In particular, it should scale as the
third power of the coordinate.

Proposition E yields

COROLLARY 2.5. Let m C R be the maximal ideal. One has a well-defined map

(2.20) p: TBy(k) — m®/m*
given on pointy-bracket symbols by
(2.21) pla,b) = —a-db; a€m? beR.

For x € TBy(k) and ¢ € k™, write cx x for the image of x under the mapping
t — c-t on polynomials. Then p(cxx) = c3 - p(x).

Proof. The first assertion follows because if b € k, then db = 0. The second
assertion is clear. O

REMARK 2.6. The map p is non-trivial on TH},(k,2) because p(t?,t) =
—t2dt # 0. Since this group is a k*-module (remark R.3) and is a quotient
of k by the result of Goodwillie cited above, it follows that

(2.22) TH}, (k,2) = (£2)/(tY) = k

when char(k) = 0.
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3. CATHELINEAU ELEMENTS AND THE ENTROPY FUNCTIONAL EQUATION
We continue to assume k is an algebraically closed field of characteristic # 2.
Define for a € k — {0,1}

1—
(3.1) (a) == (2, =Dy ¢ g, 1
ela):=a®a+(l1-a)®(1—a) ek @k
LEMMA 3.1. Writing O for the tame symbol as in proposition @, we have

d({a)) = 2¢(a).
Proof.

1—
a(l—ta) + 12 a(l — a)} _

=t Tt -1

(3.2) 9((a)) = tame{
a(l—a)

1— 1—
a(l —a) ol —a) - a?®a+(1-a)2®(1—a) = 2(a) € k* ®k.
t—1 l=1 t—1 li=y%
|
LEMMA 3.2. We have p({(a)) = a(1 — a)t?dt € (£3)/(t*).
Proof. Straightforward from corollary @ O

LEMMA 3.3. Let notations be as in corollary @, Assume k is algebraically
closed, and char(k) # 2,3. Then every element in T By (k) can be written as a
sum Y ¢; * {a;). In other words, TBy(k) is generated as a k*-module by the

(a).
Proof. Define
(3.3) b:=Tmage(0 : TBa(k) — k* @ k) =ker(k* @ k — Q3).

The k-vectorspace structure ¢ - (a ® b) on kX ® k is defined by a ® cb. By (R.4)
and (2-4), the map TBy(k) — k* @ k is k*-equivariant.

Let A C TBy(k) be the subgroup generated by the ¢ x (a). b is a k-vector
space which is generated [f] by the e(a) so the composition A € T'By(k) — b is
surjective. For ¢1,co € k™ with ¢ + ¢2 # 0 we have (¢; + ¢2) x (a) — ¢1 % {a) —
c2 x (a) — 0 € b, so this element lies in AN Hj,(k,2). It is not trivial because
(3.4) p((cr +c2)x{a) —c1 *(a) —ca % {a)) =

((01 +e)? = — cg)a(l —a)t?dt =

3(6102(61 + 02))a(1 - a)tht.

Since the equation A = 3(0102(01 + cQ))a(l — a) can be solved in k, one has
A D H},(k,2). This finishes the proof. O
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THEOREM 3.4. Under the assumptions of lemma @, the group TBo(k) is
generated as a k*-module by the (a). These satisfy relations

(3.5) {a) — (b)Y +ax(b/a) + (1 —a)*x (1 —b)/(1 —a)) = 0.

Proof. The generation statement is lemma @ Because we factor out by sym-
bols with one entry constant, we get

2212, a(l —a)> = 2 952“(1 —a)>.

(36) v fa) ={ xt—1 ot —1
The identity to be established then reads

_ 2“(1*@ . 2b(1*b) Qb(a*b) 2 (1-0)(b—a)
(37) O_<t7 t—1 > <ta t—1 >+<ta at_1>+<t7 (1—a)t—1>

The pointy bracket identity (a,b) + (a,c) = (a,b + ¢ — abc) means we can
compute the above sum using “faux” symbols

a(l — a)t? b(1 — b)t? b(a — b)t?

(3.8) {t2,1— - }{t2’1_ﬁ}_1{t2’1_ at — 1 }x
(1-b)(b—a)t*,
{t271 — m} = {tQ,X}
with
(39 X=

(1—t+a(l—a)t?)(1—at+bla—b)t3)(1—(1—a)t+ (1-0b)b—a)t?)
(1—t+b(1=0)t2)(1—at)(1—(1—-a))
I—at)(1—-(1—a)t)(1 =bt)(1 = (a—=0)t)(L — (1 = b)t)(1 — (b— a)t)
I-bt)1-(1=-0)t)1—at)(1—-(1—a)t)
=1 —=(a=bt)(1—(b—a)t)=1—(a—b)?t
Reverting to pointy brackets, the Cathelineau relation equals
(3.10) {2, X} ={1—(a—0)* (a—b)?} =t (a—b)*) =0

since we have killed symbols with one entry constant. [

REMARK 3.5. One can get a presentation for TBy(k) if one imposes (B.) and
in addition relations of the form

(3.11) ((x+y+z+w)—(x+y+z)—(x+y+w)—...
— (@)= (1)~ (2) = (@) % {a) =0
(3.12) (=1) % (a) = —(a).

Here z € k* corresponds to (z) € Z[k*], and the first relation is imposed
whenever it makes sense, i.e. whenever all the partial sums are non-zero. The
proof uses uniqueness of solutions for the entropy equation [E] Details are
left for the reader.
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REMARK 3.6. It is remarkable that a functional equation equivalent to (@)7
a

1- b>

occurs in information theory, where it is known to have a unique continuous
functional solution (up to scale) given by yx(z) — —yz log(z)—y(1—2z)log(1—
x). If on the other hand, we interpret the torus action y* as multiplication by
yP,p # 1, then the unique solution is (z) — 2? + (1 — z)? — 1 [IL0]. Note the
regulator map p(y = (x)) = y3z(1 — ), so p is a solution for p = 3. Indeed,
z(1—2z) = 3(2® + (1 — x)® — 1). (Again, one uses char (k) # 3.)

(3.13) (@) + (1 —a)«( ) =(b) + (1 —b) *(

1—a

One can check that the functional equation (B.13) is equivalent to (B.H). To see
this, one needs the following property of the elements (a).

LEMMA 3.7. (a) = —a* (a™1).

Proof. We remark again that T By (k) 299, k@b is an isomorphism, so it

suffices to check the relations on e(a) and on p(a) = a(l — a)t?dt. These

become respectively

(314) a®a+(1—-a)®@(1l-a)=a'@-1+(1-a)®(1—-0a)ck*k

(3.15) —a*(a™'(1—-a™")) =a(l —a).

The second relation is trivial. For the first one, one writes

(3.16)

a®a+(1-a)@(l-a)=a®a+(—a)@(1—-a)+(1—-a )@ (1 —a)

=a'®(-a+a—1)+(-1)® (1 —a).

Since k is 2-divisible, one has (—1) ® b = 0. O

4. A CONJECTURAL LIE ALGEBRA OF CYCLES

The purpose of this section is to sketch a conjectural algebraic cycle based
theory of additive polylogarithms. The basic reference is [@], where a candidate
for the Tannakian Lie algebra of the category of mixed Tate motives over a field
k is constructed. The basic tool is a differential graded algebra (DGA) N with
a supplementary grading (Adams grading)

(4.1) N = @jzoN(j).
N(j)* € Codim. j algebraic cycles on (P* — {1})%~*

where N(j) consists of cycles which meet the faces (defined by setting coor-
dinates = 0, 00) properly and which are alternating with respect to the action
of the symmetric group on the factors and with respect to inverting the co-
ordinates. The product structure is the external product (P! — {1})2/1=% x
(Pt — {1})%27% = (P! — {1})?1—a+22=% followed by alternating projection,
and the boundary map is an alternating sum of restrictions to faces. For full
details, cf. op. cit.
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We consider an enlarged DGA
(4.2) N® = @50N(j)*
NG = NG) @ TN )’
TN(j)! € Codim. j algebraic cycles on A' x (P* — {1})%/7¢71,

The same sort of alternation and good position requirements are imposed for
the factors P —{1}. In addition, we impose a “modulus” condition at the point
0 € A'. The following definition is tentative, and is motivated by example @
below.

DEFINITION 4.1. Let Z C A! x (PY)™ be an irreducible subvariety and let
w: Z — Z be the normalization. Let F; : y; = 1, where y; are the coordinates
on (P1)", and let F = U™, F;. We say that Z has modulus m > 1 if

(4.3) 7*(F —m{0} x (P1)") is an effective Cartier divisor.

Let Z0 = Z N (A x (P'\ {1})"). The higher Chow groups are computed using
face maps 9;(Z2%) C Al x (P! \ {1})"’ﬂ We say Z° has modulus m > 1 for

higher Chow theory of the closure Z = Z° and every component of 9;(Z9) have
modulus m in the above sense.

If Z satisfies modulus m and X is any subvariety of (P!)” which is not contained
in a face, then Z x X satisfies modulus m on A x (P)"*".
When dim(Z) = 1 and Z has modulus m, the differential form —& 2L A. .. A dyi

. - ™y
restricted to Z has no poles along Z - (z = 0). (See (b.19).)

ExaMpPLE 4.2. Milnor K-theory of a field can be interpreted in terms of 0-
cycles [R1]], [BF. More generally, a Milnor symbol {fi,..., fp} over a ring R
corresponds to the cycle on Spec (R) x (P!)? which is just the graph

{(z, fi(@),... fp(x)) ] € Spec (R)}

One would like cycles with modulus to relate to relative K-theory. Assume R
is semilocal, and let J C R be an ideal. Then we have already used (@) that
K5(R,J) has a presentation with generators given by pointy-bracket symbols
(a,b) with @ € R and b € J or vice-versa. The pointy-bracket symbol (a,b)
corresponds to the Milnor symbol {1—ab, b} when the latter is defined. Suppose
R is the local ring on Aj at the origin, with k a field, and take J = (s™),
where s is the standard parameter. For a € J and b € (sP) for some p >
0, we see that our definition of cycle with modulus is designed so the cycle
{(z,1 — a(z)b(z),b(x))} has modulus at least m.

The modulus condition is compatible with pullback to the faces t; = 0, co.

DEFINITION 4.3. TN (5)%, —oco <i <2j — 1, is the Q-vectorspace of codimen-
sion j algebraic cycles on Al x (P* — {1})2=%~1 which are in good position for
the face maps t; = 0,00 and have modulus 2{0} x (P!)2~¢~1. Here, in order
to calculate the modulus, we close up the cycle to a cycle on Al x (P1)2/—i-1,
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Note that a cycle Z of modulus m > 1 doesn’t meet {0} x (P*)%~i=1 on
Al % (Pl _ {1})2]'72'71.
We have a split-exact sequence of DG A’s,

(4.4) 0—TN* = N* S N* =0

with multiplication defined so TA® is a square-zero ideal. Denote the coho-
mology groups by

(4.5) Hy(k,j) == H'(N*(j));  THy(k,j) = H (TN*(j)).

As an example, we will see in section E that the Chow groups of 0-cycles in this
context compute the Kéhler differential forms:

(4.6) TH} (k) = 947" > 0.

(Here Q) = k.)
One may apply the bar construction to the DGA N*® as in [H] Taking H°
yields an augmented Hopf algebra (defining TH? as the augmentation ideal)

(4.7) 0 — THY(B(N*®)) — H*(B(N*)) = H°(N*) — 0.

The hope would be that the corepresentations of the co-Lie algebra of inde-
composables (here H%* := ker(H? — Q) denotes the elements of bar degree
> 0, cf. op. cit. §2)

(4.8) M = HY(B(N*)* /(HY(B(N*))")2 = M & TM

correspond to contravariant motives over k[t]/(t?). In particular, the work of
Cathelineau [ﬁ] suggests a possible additive polylogarithm Lie algebra. In the
remainder of this section, we will speculate a bit on how this might work.

For a general DGA A® which is not bounded above, the total grading on
the double complex B(A®) has infinitely many summands (cf. [[], (2.15)).
For example the diagonal line corresponding to H°(B(A®)) has terms (AT :=
ker(A* — Q))

(4.9) Al (AT @ AT (AT AT AT ...
When, however, A® has a graded structure
(4.10) AT = @504 (j);  dA() C A(G); AT = @jm0AT()),

for each fixed j, only finitely many tensors can occur. For example
HO(B(N*(1))) = HY(N*(1)) = k@ k>, and H°(B(N*(2))) is the cohomol-
ogy along the indicated degree 0 diagonal in the diagram

N'(1) @ N(1) 5 N2(2)
T 0 deg. 0 T 0
(4-11) W) e N0 1) o (N1 e NY(1) & N2
T
NO©2).
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In the absence of more information about the DGA A *, it is difficult to be
precise about the indecomposable space M. As an approximation, we have

PROPOSITION 4.4. Let db(N') C N'! be the subspace of elements x with decom-
posable boundary, i.e. such that there exists y € (N ®@ N)? with 6(y) = 9(x) €
N?2. Define

(4.12) gN = db(N)/(ON® + S(NT @ NT)1)

Then there exists a natural map, compatible with the grading by codimension
of cycles (Adams grading)

(4.13) ¢ M — gN.

Proof. Straightforward. O

As above, we can decompose

(4.14) gN = gN @ TN,

where g\ (p) is a subquotient of the space of codimension p cycles on (P* —
{1})?’=1 and TqN is a subquotient of the cycles on Al x (P! — {1})2P—2

ExXAMPLE 4.5. The polylogarithm cycle {a}, for a € C — {0,1} is defined to
be the image under the alternating projection of (—1)P*=1)/2 times the locus
in (P* — {1})?~! parametrized in nonhomogeneous coordinates by

(4.15) (.231, sy Tp—1, 1-— T, 1-— .Z‘Q/afl, ceey 1— Z‘p_1/$p_2, 1-— a,/l‘p_1)
(We take {a}; = 1—a € P*—{1}.) To build a class in H°(B(N*®))* and hence
in M one uses that d{a}, = {a}n-1-{1 —a};.

The following should be compared with [@], where a similar formula is pro-

posed. The key new point here is that algebraic cycles make it possible to
envision this formula in the context of Lie algebras.

CONJECTURE 4.6. There exist elements (a), € TM(n) ({.§) represented by
cycles Z,(a) of codimension n on Al x (P* —{1})?"~2 with (a); = a € A*—{0}.
These cycles should satisfy the boundary condition

2

(416) )y = (@1 - {1 —ahi + (L= ahr - {atu-s € ( A M) ().

For example, for n = 2,

(4.17) Oa)2=a®a+(1—a)® (1 —a)

€k kX = TM(1)® M(1) C (/\M)(Q)
gives Cathelineau’s relation [f.

PROPOSITION 4.7. Assume given elements (a), satisfying ([.1d). Let P =
@2, Qla), ® Q{a}, be the constant graded sheaf over A* — {0,1}. Then
P,0:P — /\273 is a sheaf of co-lie algebras.
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Proof. Tt suffices to show that 02 = 0. Using the derivation property of the
boundary,

(4.18) 99(a)n, = (0{ayn—1)-{1 —a}1 — (1 —a); - Ha}tn—1 =
({@hn2-{1—ahi+ (1=ah{ahn-z) - {1 = ahi = (1=} {a}uz- {1 - a}s =

3
0e AM.
O

We can make the definition (independent of any conjecture)

DEFINITION 4.8. The additive polylogarithm sheaf of Lie algebras over A~1 -
{0,1} is the graded sheaf of Lie algebras with graded dual the sheaf P, 9 : P —

A’ P satisfying (.16) above.
Of course, (a)s should be closely related to the element (a) € Ko (R, (t2)) (B.]).
The cycle

(4.19) {(t,1 -

t at<1__1 2 a(tl__la)) | te A} C A" x (P'—{1})°

associated to the pointy bracket symbol in () satisfies the modulus 2 con-
dition but is not in good position with respect to the faces. (It contains
(1,00,00).) Tt is possible to give symbols equivalent to this one whose cor-
responding cycle is in good position, but we do not have a canonical candidate
for such a cycle, or a candidate whose construction would generalize in some
obvious way to give all the (a),.

5. THE ARTIN-SCHREIER DILOGARITHM

The purpose of this section is to present a definition of what one might call an
Artin-Schreier dilogarithm in characteristic p. To begin with, however, we take
X to be a complex-analytic manifold and sketch certain analogies between the
multiplicative and additive theory. We write O (resp. O, Q) for the sheaf of
analytic functions (resp. invertible analytic functions, analytic 1-forms). The
reader is urged to compare with [g].

(5.1)

MULTIPLICATIVE ADDITIVE

L
0* 0% «— 00*
><]L X X 1 X 1
0" 0% = (0X(1) = Q')[1] «— 00*—(0(1) — Q' )[1]

Ky «—— Q!
Steinberg rel'n = <+— Cathelineau rel'n =
a®(1—a) a®a+(1—a)®(1—a)
exponential of dilogarithm = «+— Shannon entropy function =
exp (foa log(1 — t)dt/t) [“log(L)dt =

aloga+ (1 —a)log(l — a).
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L
In the multiplicative (resp. additive) theory, one applies O* ®y e (resp. ORze)
to the exponential sequence (here Z(1) := Z - 27i)

(5.2) 0—%Z(1) - 0 — 0% —0.

The regulator maps (b.1)), line 2, come from liftings of these tensor products to

L
OX(1) —— 0* © O —— 0% @ O

| ! H

(5.3) O*(1) —— 0X 80 —— 0% ® 0¥

o(l) —— 080 —— 0® O

(5.4) l l
Ql . Ql

In the multiplicative theory, the regulator map can be viewed as associating
to two invertible analytic functions f, g on X a line bundle with connection
L(f,9) on X, [f]. The exponential of the dilogarithm

!
(5.5) exp(%/o log(l—t)%)

™

determines a flat section trivializing £(1 — g, g). Let {U;} be an analytic cover
of X, and let log; f be an analytic branch of the logarithm on U;. Then L(f, g)
is represented by the Cech cocycle

(5.6) (gﬁ(logi f-log; ) Llog-f@>
2 ' g
The trivialization comes from the 0-cochain
1 7 dt
(5.7) i+— exp(=— / log, (1 —t)—).
2'ITZ 0 t

The additive theory associates to a® f € O®O* the class in H} (X, O(1) — Q)
represented by the cocycle for O(1) — Q!

(5.8) (a ® (log; f —log; f),log; f - da).

This can be thought of as defining a connection on the affine bundle A(a, f)
associated to the coboundary of a® f in H'(X,O(1)). The affine bundle itself
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is canonically trivialized because in the diagram
0 — 0(1) — 00 —— 00" —— 0

(5.9) l l

Ot Ol
the top sequence is split (by multiplication O ® O — O(1)). The split-
ting is not compatible with the vertical arrows, so it does not trivialize
the connection. More concretely, a @ f € O ® O* gives the 1-cocycle
(a @ (log; f — log; f), log, f - da) € H'(X,0(1) — Q). Subtracting the
coboundary of the 0-cochain
have proved:

PROPOSITION 5.1. The map 0 : H*(X,0 ® O*) — HY(X,O(1) — Q) factors
a® fradf/f
—_—

s—alog; f @ 2mi leaves the cocycle (0, o ) We

H(X,0®0%) H(X, Q') —— HY(X,0(1) — Qb).
In particular, for a € O such that a and 1 — a are both units, the Cathelineau
elements e(a) =a®a+ (1 —a) ® (1 —a) @) liﬁ to
a®loga+ (1 —a)®log(l—a)-— 2i/ log( )dt®2m € H'(X,00).
i

REMARK 5.2. The element a ® a € HO(X,(’) ® O*) maps to da = 0 €
H' (X, O(1) — Q), but the above construction does not give a canonical triv-
ializing 0- cocycle.

We now suppose X is a smooth variety in characteristic p > 0, and we consider
an Artin-Schreier analog of the above construction. In place of the exponential
sequence (f.9) we use the Artin-Schreier sequence of étale sheaves

1-F

(5.10) 0 Z/p Ga G, 0.
Here F' is the Frobenius map. We replace the twist by O), over Z by the twist
over Z/p by G,,/GE, to build a diagram (compare (f.3). Here Z! C Q! is the

subsheaf of closed forms.)
(5.11)

00— G/G?, — G ® G /G2, %L G 06, /G2, —— 0
dlogl lf@ngpdg/g

Z1 Z1
The group H'(G,, — Z!) is the group of isomorphism classes of line bundles
with integrable connections as usual, and H!(the subcomplex GE, — 0) is the
subgroup of connections corresponding to a Frobenius descent. We get an exact
sequence

(5.12) 0 — {line bundle + integrable connection}/{lb + Frobenius descent}
— HYX,G,/GE, — ZY) — ,H*(X,Gyy,).
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PROPOSITION 5.3. Let ¢, C : Z1 — Q! be the natural inclusion and the Cartier

operator, respectively. One has a quasi-isomorphism (G,,/GP, — Z') Ny
O~1]. Then the diagram

HO(X, Gy © Gy /GT,) H'(X, G /GE, — 2Y)
a®br—>adb/bJ{ glL_C
HO(X, Q) s HO(X, Q1)
18 commutative.

Proof. Straightforward from the commutative diagram (with b defined to make
the columns exact and ¢(a ® b) = a - db/b).

(5.13)
0 0

0 — Gp/GP, — G, ® G,y /G, 1271

Go ® G /G, —— 0
H $po(F®1) ¢

0 —— Gp/G2, —— Z! 1=, ol — 0

O

Next we want to see what plays the role of the exponential of the dilogarithm
or the Shannon entropy function in this Artin-Schreier context. Let X =
Spec (Fp2[z]). Begin with Cathelineau’s element

(5.14) ez)=rr+(1l-2)®(1—2x)€b.

Choose an Artin-Schreier roots y? —y = x and P — § = 1. To simplify we
view 3 € 2 as fixed, and we write F = Fj2. A local lifting of ¢(x) on the étale
cover SpecF(y) — SpecF(x) is given by

(5.15)  ply) =y@z+(B—y) @ (1 —x) € T(SpecF(y),Gu ® G, /Gh,).

From diagram (p.13) there should exist a canonical global lifting, i.e. a lifting
defined over SpecF(z). This lifting, call it f(x) has the form 6(x) = p(y)-6(y)~*
for some 6(y) € I'(SpecF(y), Gy, /GE,). We want to calculate d(y).
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To do this calculation, note

(5.16) do(F@1)(p(y)) = yPde/z — (8 — y)Pde/(1 - z) =
(—y"A—y"+y) + (B+1—y")(y" —y))dy _
(P —y)(L—y? +y) -

(By* —y) —y)dy
(WP —y) (1 —y? +y)
Viewed as a meromorphic form on ]P’;J7 1 has simple poles at the points a and

B —a for a € F,. The residue of a form P/Qdy at a point ¢ where @ has a
simple zero is given by P(a)/Q’(a). Using this, the residue of n at a € F,, is a.

=:n(y) € Z".

The residue at 8 — a is w = a. Necessarily, therefore, since 7 is regular
at y = oo we must have

(5.17) n—dlog(H y+a) )

a=1
‘We conclude

(5.18) :1:[ —(w+a)®

e (y +a)

Everything is invariant under the automorphism y — § — y. Indeed, the equa-
tion can be rewritten (of course mod F(y)*P)

(p—1)/2

- (8- (y+a)(y—a)pe
(5.19) o(y) = al;[l [(era)(g_(y—a))]

Note &(y) depends on y, not just on x. Indeed the product (P.4) can be taken
for 0 <a <p—1,ie. for a €, One getsthen

ol
y+1 y+a yP —y T «

5.20 = = dF p

(5.20) Hﬁ Wra) T-g—y 1-z "dFW®

The fact that p(y)d(y)~' is defined over F(x) says that the Cech boundaries
of p(y) and §(y) coincide. Since the latter is, by definition, the coboundary in
Gn/GP ofe(x) =2 @z + (1 —z)® (1 —x), it follows that d(y) is a 0-cochain
for the Galois cohomology

H* (F(y)/F(x), Gm /G, — Z7)

which trivializes the coboundary of p(e(x)).

Finally, in this section, we discuss a flat realization of the Artin-Schreier diloga-
rithm. To see the point, consider the ¢-adic realization of the usual dilogarithm
mixed Tate motivic sheaf over A! —{0,1}. Reducing mod / yields a sheaf with
fibre an Fy-vector space of dimension 3. The sheaf has a filtration with succes-
sive quotients having fibres Z/0Z, o, 1t ®2. The geometric fundamental group
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acts on the fibre via a Heisenberg type group. We visualize this action as
follows:

pe  pd?\ [ pd?

L e Hee
o0 1) \znz

O =

(5.21)

Here the notation means that for g € 77’ the corresponding matrix

1 aia(g) ais(g)
0 1 az3(9)
0 0 1

has a;; € Hom(,u?i_l,,u?jfl) = ufi.

The essential ingredients here are first the Heisenberg group Hy, second the
Hy-torsor over Al — {0,1} corresponding to the kernel of the representation,
and third the (standard) representation of H, on Z/{Z & py © p$>.

We define an Artin-Schreier Heisenberg group as the non-commutative flat
groupscheme H 45 which we could suggestively write

1 Z/pZ  pp
(5.22) Has: =10 1 M
0 0 1

More precisely, H g is a central extension

(5.23) 0— pp — Has — pp X Z/pZ — 0.
Let
(5.24) b (up X Z/PL) % (pp X Z/PL) — pip

b((C1ya1), (C2,a2)) = ¢ G5
Define Has = pp X (itp X Z/pZ) as a scheme, with group structure given by
(5.25) (C1,01,a1) - (2,02, a2) = (C1G205", 0102, a1 + az).

The commutator pairing on H g is given by

(5.26) (C1,01,a1),(Cg,92,a2)} = (b((91,a1),(02,a2)),1,0> _
b((01,a1), (02,a2)) € pup.

We fix a solution 87 — 3 = 1. We define a flat Hag-torsor T' = T}z over A ,

as follows. A local (for the flat topology) section ¢ is determined by

1. A p-th root of %=: wP = %= mod Fp2(x)*P.

2. A y satisfying y? —y = x.

3. A p-throot z of 6(y) : 2¥ = 6(y) mod Fp2(x)*P (where §(y) is as in (p.1§).)
The action of Hag is given by

(5.27) (¢.0.0) % (z,w,y) = (Czw?, 0w,y + a).
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Note (Czw®)? = 6(y)(7%)* = d(y +a) by (5:20), so the triple on the right lies
in T'. This is an action because

(5:28) (¢".0/,a) % ((C.0,0) % (2, w,p)) =
(¢',0,a") % ((Czwaﬁw,y + a)) =
(¢ @)™ 00w,y +a+a') = ((O,00,a+a)x (2,w,y) =

((¢.0,a) % (6,0,0)) * (z.w,).
Define V := p), X pi, X Z/pZ. There is an evident action of Hag on V, viewed as

H
column vectors. We suggest that the contraction T’ % V should be thought of
as analogous to the mod ¢ étale sheaf on A — {0, 1} with fibre Z/Z & i, ® >
associated to the f-adic dilogarithm.

6. THE ADDITIVE CUBICAL (HIGHER) CHOW GROUPS

In this section, we show that the modulus condition we introduced in definition
(I.1]) yields additive Chow groups which we can compute in weights (n, n). We
assume throughout that & is a field and § € k.

One sets
(6.1) A= (A, 2{0})
— (B'\ {1},{0,00}).
The coordinates will be  on A and (y1,...,y,) on B. One considers
(6.2) X, =AxB".

The boundary maps X,,_; — X,, defined by y; = 0, 00 are denoted by 83, =
1,...,m,j = 0,00. One denotes by ¥, C X,, the union of the faces 8 (X, _1).
One defines

& closed point.

For any 1-cycle C in X,,, one denotes by v : C' — P! x (P!)" the normalisation
of its compactification. One defines

(6.4) Z1(X,) = ®ZC, C C X, with
d(C) € 2(Xp—1) and (cf. definition [i.1))
2071 ({0} x (P Z” x (P~ x {1} x (P)"~)
One defines
(6.5) Q= i(—l)i((?? —0°) : Z21(X,) — Z0(X,,_1) for all i, j.

i=1
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Further one defines the differential form

(6.6)
1dy dyn
wn = Ey_ll VAN y— S F(Pl X (Pl)n,Q%P1X(P1)n)/z(10gyn>({$ = O}))

‘We motivate the choice of this differential form as follows. One considers
(6.7) Va(t) = (IP>1 \ {0,t}, 00) x (]P>1 \ {0,000}, 1)".
Its cohomology
(6.8) H Y (V, (1)) = H' @ (H")" = F' @ (F')"
is Hodge-Tate for ¢ # 0. The generator is given by

de  dx—t), din dyn
6.9 Wpa1(t) = (— — AN—"=NA...\N—.
( ) +1() (.Z‘ (I*t) ) " Un
Thus

n t

(6.10) w%l()hzo = d(¢n).

DEFINITION 6.1. We define the additive cubical (higher) Chow groups
TH}\Z(]G, 7’?,) = ZQ (Xn_l)/&Zl (Xn)
One has the following reciprocity law

PROPOSITION 6.2. The map Zy(Xp—1) — szl which associates to a closed
point £ € X, 1\ Y—1 the value Trace(k(§)/k)(Yn-1(§)) factors through

TH]T\l/[(k‘, Tl) = Zo(Xn_l)/821 (Xn)

Proof. Let C be in Z1(X,,). Let ¥ C C be the locus of poles of v*1),,. One has
the functoriality map

(6.11) V" Qg pryn-1 (log Yo1)({z = 0}) — Q%?%(*E)
Thus reciprocity says
(6.12) > resor* () = 0.

oEX

Recall that here res means the following. One has a surjection

(6.13) O 1, (+%) = O © we i (+5)
which yields
(6.14)
D(C, Q% (%)) = T(C, Q7 @ we(+5)) = %y @ T(Cowe i (+5)).

By definition, res on QZ;Zl ®@we i (¥X) is 1@res. This explains the reciprocity.
Now we analyze ¥ C 0~ (Y,, U {z = 0}). Let ¢ be a local parameter on C in a
point o of v~ ({x = 0}).

We write x = t™ - u, where u € (’)g’a,m > 0. If m > 1, the assumption
we have on Z; says that there is at least one ¢ such that {t = 0} lies in
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v *({y; = 1}). Let us order i = 1,...,n such that {t = 0} lies in v~ *({y; = 1})
fori=1,2,...,r. Thus we write
(615) yi—lztmi~ui,m1ngz...ZI,uiEOX,izl,
yi = tPu;,p; > 0,u; € OFi=r+1,...,n.

The assumption we have says

(6.16) 2m < mq + ... +m,.
One has around the point o

u”l d(t™ ) d(t™r - u,.) d(tPi - u;)
6.17) v W)= — ——L A AN— A Y
(6.17) v (¢n)] tmo 14ty L4 tmr o, =L gy,

We analyze the poles of the right hand side. The numerator of this expression
is divisible by t(™1+--+mr)=1 Thys the condition for =4, to be smooth in o
is

(6.18) m+1<mi+...+m,.
This is our condition. We have
(6.19) v~ 14, smooth in v~ ({x=0}).
On the other hand, one obviously has
(6.20) res,, —oUn = —1esy, —ootn = (—1)t,_1.
Thus one concludes
n
(6.21) > resor T p, =Y (=118 — 57°)(C) = 0.
o€ i=1

O

We want to see that the reciprocity map in proposition @ is an isomorphism.
Define

(6.22) k @z AP — THY (k,n)
a®br A Aby_g) — (é,bh.-.,bn—ﬂ for a #0
— 0 for a = 0.
PROPOSITION 6.3. Assume & € k. Then (6-29) factors through
Qi — THY (k,n).

Proof. One has the following relations, where = means equivalence modulo
0Z1(Xnt1):

1 1 1
6.23 ) = (= UL n) (=Y Un
(6.23) (g Yo Un) = (b ) + ()
(624) (xaylzlay%"'ayn)E(‘T’ylayQa"'ayn)+(xazlay%"'ayn)
(6.25) (z,—1,y2,...,yn) =0 € THY (k,n).
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Note, the last is obviously a consequence of the first two:
(6.26) 2z, —1L,ya, ... yn) = 2(x, =1, 92, ..., yn) = (x,1,¥2,...,yn) =0,

so we need only consider (6.23) and (5.24). Assume first za/(z + ') # 0, and
define

(1 —at)(1 —2't)

(627) C= (t, Y1 = 1— (.’t T 1”)t

y Y2y - - 7yn) € Zl(XTL)

Indeed, the expansion of y; in ¢t = 0 reads 1 + t2cy + (higher order terms), so
our modulus condition is fulfilled. Also we have taken y; € k™ so C' meets the
faces properly. Then one has

1 1 1

(628) 8(0):(57y2a7yn)+(;7y2a7yn)7( ,ay27"'7yn)'

T+
Similarly, if = + 2’ = 0, then one sets

2

(6.29) C=(tyyr = (1— %),yi) € Z1(X,).
One has

proving () Note the proposition for n = 1 is a consequence of this identity.
To show multiplicativity in the y variables, one uses Totaro’s curve [@]
There is a C € Z1(B""1) with 9(C) = (y121,Y2,- -+ Yn) — (Y1,Y25 - -+, Yn) —
(21,92, .-, Yn). One sets C' = (x,C) € Z1(X,+1). Here z is fixed and nonzero,
so the modulus condition is automatic, and one has 9(C) = (z,9(C)). This

proves (f.24).

It remains to verify the Cathelineau relation (cf. [], [f])

1
(631) (g,a, bQ, .. ,bn) + (m, (1 - a),bg, .. abn) =0.

In fact, the by,...b, € k* play no role, so we will drop them. One considers
the 1-cycle which is given by its parametrization

(6.32) Z(a) = —Zy(a) + Zo
t a’t?
71 1 -
()= (6,14 5.1 = =)
t t 12
Zo = (-1 - —
2 (4 +6a 4)7
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We see immediately that Z € Z1(X32). One has

(6.33) 9(Z1(a))
=(-2,1-a% — (%,1 %) - (—2,1— %) =
(—2,1—a)+ (~2,1+a) (2, Z:) =
2

(—2,a—1)+(§,a—1)+(—2,1+a)+(—%,a+1):

2 2
—1) = (——,a+1
(a1 - (—a+1)
Setting a = 1 — 2b, one obtains
1 1
(6.34) 8(21((1)):(—57— b)—(m»z(l—b)):
1 1 1 1
7(3’1))7(1_()’17@7(3’2)7(?’2)*
1 1
—(5,b) = (——,1—b) — (1,2
(3.0) — (55, 1-) ~ (1,2)
One has
3 14 1 2
. Z — (—= R — (= ) — (——=— — —
3 1
32,2~ (3.2)
3 3 1
—2 )+ (=2,2) = (=,2) =
(5.2 + (2.2~ (3,2
1 1
—=9)—(5,2) = —(1,2).
(~5:2)~ (3.2)=~(1,2)
In conclusion
(6.36) (Z(1—-2a)) = (%,a,bi) + (Tla’ 1—a,b;).
O
We now have well defined maps ¢, ¥,
(6.37) QL PHE (k) 2 Qp?

which split THj,;(k,n). The image of the differential forms consists of all 0-
cycles which are equivalent to 0-cycles > m;p; with p; € X, (k).

THEOREM 6.4. . Assume &+ € k. The above maps identify THY (k,n) with

1 6
n—
et
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Proof. Tt suffices to show that the class of a give closed point p € (A* —{0}) x
(P! — {0,1,00})"" ! lies in the image of ¢,. Write k = r(p) for the residue
field at p. One first applies a Bertini type argument as in [E]7 Proposition 4.5,
to reduce to the case where x/k is separable. Then we follow the argument in
loc.cit. The degree [« : k] < oo, so standard cycle constructions yield a norm
map N : THY,(k,n) — THy;(k,n). We claim the diagram

Qrt 2 TR (k)

(6.38) T{ lN

! T THj (kn)

is commutative, where Tr is the trace on differential forms. Indeed, ) =
Kk ® Q}, so it suffices to check on forms adlog(bi) A...Adlog(b,—1) with a € &
and b; € k. But in this situation, we have projection formulas, both for 0-cycles
and for differential forms, and it is straightforward to check (ignore the b; and
reduce to n = 1)

(6.39)
Tr(adlog(bi) A ... Adlog(bn—1)) = Tr,p(a)dlog(br) A ... A dlog(b,_1)

1 L b b)) T 0
N(Z,b1,. . bp1) = (v a0 1) Trla) #
a 0 Tr(a) =0

Write [p],, (resp. [p]i) for the class of p € THY,(k,n) (resp. THy;(k,n).) One
has [p]r = N([p]x). Since p is s-rational, [p],, € Image(¢,). Commutativity of
(@) implies [p|x € Image(¢y). It follows that ¢y is surjective, proving the
theorem. (]
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ABSTRACT. We apply an equivariant version of the p-adic Weierstrass
Preparation Theorem in the context of possible non-commutative gen-
eralizations of the power series of Deligne and Ribet. We then con-
sider CM abelian extensions of totally real fields and by combining
our earlier considerations with the known validity of the Main Con-
jecture of Iwasawa theory we prove, modulo the conjectural vanishing
of certain u-invariants, a (corrected version of a) conjecture of Snaith
and the ‘rank zero component’ of Kato’s Generalized Iwasawa Main
Conjecture for Tate motives of strictly positive weight. We next use
the validity of this case of Kato’s conjecture to prove a conjecture
of Chinburg, Kolster, Pappas and Snaith and also to compute ex-
plicitly the Fitting ideals of certain natural étale cohomology groups
in terms of the values of Dirichlet L-functions at negative integers.
This computation improves upon results of Cornacchia and @stveer,
of Kurihara and of Snaith, and, modulo the validity of a certain aspect
of the Quillen-Lichtenbaum Conjecture, also verifies a finer and more
general version of a well known conjecture of Coates and Sinnott.
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1. INTRODUCTION

In a beautiful series of papers in 1993 Kato formulated and studied a ‘Gener-
alized Iwasawa Main Conjecture’ for motives over number fields with respect
to certain commutative coefficient rings [24, 25, 26]. This conjecture refined
the ‘Tamagawa number conjectures’ previously formulated by Bloch and Kato
in [3] and by Fontaine and Perrin-Riou in [20], and led naturally to the subse-
quent formulation by Flach and the first named author in [9] of a Tamagawa
number conjecture for motives over number fields with respect to more general
coefficient rings which, in particular, need not be commutative.

The above approach has already led to some remarkable new insights and re-
sults in a number of rather different contexts. We recall, for example, that
it has led to a universal approach to and refinement of the ‘refined Birch and
Swinnerton-Dyer Conjectures’ for abelian varieties with complex multiplication
which were formulated by Gross (cf. [9, Rem. 10 and §3.3, Examples c), d) e)])
and of all of the ‘refined abelian Stark conjectures’ which were formulated by
Gross, by Tate, by Rubin and by Darmon (cf. [6, 7]). At the same time, the ap-
proach has led to a natural re-interpretation and refinement of all of the central
conjectures of classical Galois module theory (cf. [8, 5, 2]) and has also more
recently become the focus of attempts to formulate a natural ‘Main Conjecture
of non-abelian Iwasawa theory’ (see, for example, the forthcoming articles of
Huber and Kings and of Weiss and the first named author in this regard). It is
certainly a great pleasure, on the occasion of Kato’s fiftieth birthday, to offer
in this manuscript some additional explicit evidence in support of his General-
ized Iwasawa Main Conjecture and, more generally, to demonstrate yet further
the enormous depth and significance of the approach that he introduced in
24, 25, 26].

To describe the main results of the present manuscript in some detail we now
fix a totally real number field £ and a finite Galois extension K of k which
is either totally real or a CM field, and we set G := Gal(K/k). We also fix
a rational prime number p and an algebraic closure Qj of the field of p-adic
rationals Q.

We recall that if G is abelian, then a key ingredient of Wiles’ proof [39] of the
Main Conjecture of Iwasawa theory is the construction by Deligne and Ribet of
an element of the power series ring Z,[G|[[T]] which is uniquely characterized
by its relation to the p-adic L-series associated to the extension K/k.

In this manuscript we first relax the restriction that G is abelian and discuss
the possible existence of elements of the (non-commutative) power series ring
Z,[G][[T]] which are related in a precise manner to the p-adic Artin L-functions
associated to irreducible Qp-valued characters of G. In particular, under a
certain natural hypothesis on G (which does not require G to be abelian),
and assuming the vanishing of certain p-invariants, we apply an appropriate
version of the Weierstrass Preparation Theorem for the ring Z,[G][[T]] to derive
relations between two hypothetical generalizations of the power series of Deligne
and Ribet.
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In the remainder of the manuscript our main aim is to show that, if G is
abelian, then the above considerations can be combined with the constructions
of Deligne and Ribet and the theorem of Wiles to shed light on a number of
interesting questions. To describe these applications we assume for the rest of
this introduction that G is abelian.

Our first application is to the ‘Wiles Unit Conjecture’ which is formulated by
Snaith in [34, Conj. 6.3.4]. Indeed, by using the above approach we are able
to show that the validity of a slightly amended version of Snaith’s conjecture
follows directly from the (in general conjectural) vanishing of certain natural
p-invariants, and also to show that the original version of Snaith’s conjecture
does not hold in general (cf. Remark 5).

To describe the next application we fix an integer r with » > 1. Un-
der the aforementioned hypothesis concerning p-invariants we shall prove
the Generalized Iwasawa Main Conjecture of [25, Conj. 3.2.2] for the pair
(h°(Spec (K))(1 — 7),,.), where 2, is a natural ring which annihilates the
space Q ®z Kor—1(K). If k = Q, then (by a result of Ferrero and Washington
in [18]) the appropriate p-invariants are known to vanish and hence we obtain
in this way a much more direct proof of the relevant parts of the main result
(Cor. 8.1) of our earlier paper [11]. We remark however that the proofs of
all of our results in this area involve a systematic use of the equivariant Iwa-
sawa theory of complexes which was initiated by Kato in [25] and subsequently
extended by Nekovér in [30].

As a further application, we combine our result on the Generalized Iwasawa
Main Conjecture with certain explicit cohomological computations of Flach and
the first named author in [8] to prove (modulo the aforementioned hypothesis
on p-invariants) that the element Q,._;(K/k) of Pic(Z[G]) which is defined
by Chinburg, Kolster, Pappas and Snaith in [13] belongs to the kernel of the
natural scalar extension morphism Pic(Z[G]) — Pic(2,).

As a final application we then combine our approach with a development of
a purely algebraic observation of Cornacchia and the second named author
in [15] to compute explicitly certain Fitting ideals which are of arithmetical
interest. To be more precise in this regard we assume that p is odd, we fix a
finite set of places S of K which contains all archimedean places and all places
which either ramify in K/k or are of residue characteristic p and we write Ok g
for the ring of S-integers of K. Writing 7 for the complex conjugation in G
we let e, denote the idempotent (1 + (—1)"7) of Zy[G]. Then, under the
aforementioned hypothesis on p-invariants, we prove that the Fitting ideal of
the étale cohomology module e,.- H2(Spec(Ok s)et, Zp(r)) over the ring Z,[Gle,
can be completely described in terms of the values at 1 — r of the S-truncated
Dirichlet L-functions which are associated to K/k. This result improves upon
previous results of Cornacchia and @stveer [16, Thm. 1.2], of Kurihara [28,
Cor. 12.5] and of Snaith [34, Thm. 1.6, Thm. 2.4, Thm. 5.2] and also implies
a natural analogue of the main result of Solomon in [36] concerning relations
between Bernoulli numbers and the structure of certain ideal class groups (cf.
Remark 8). We finally remark that, under the assumed validity of a particular
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case of the Quillen-Lichtenbaum Conjecture, our result verifies a finer and more
general version of the well known conjecture formulated by Coates and Sinnott
in [14, Conj. 1.

ACKNOWLEDGEMENTS. The authors are very grateful to Masato Kurihara
and Otmar Venjakob for illuminating discussions relating to the results of this
manuscript. In addition, they are grateful to the referee for several very helpful
remarks.

2. EQUIVARIANT WEIERSTRASS PREPARATION

In this section we discuss a natural generalization of the classical p-adic Weier-
strass Preparation Theorem.

We let 2 be a ring, write rad(2) for its Jacobson radical and set 2 := 2/ rad ().
In the sequel we shall say that 2A is strictly admissible if it is both separated
and complete in the rad(®)-adic topology and is also such that 2 is a skew
field. More generally, we shall say that 2 is admissible if it is a finite product
of strictly admissible rings.

Remark 1. Let G be a finite group and p any prime number. It can be shown
that the group ring 2 = Z,[G] is admissible if G is the direct product of a p-
group and an abelian group (and, in particular therefore, if G is itself abelian).
Note also that in any such case the ring 2 is a product of finite skew fields and
is therefore commutative.

In this manuscript we define the power series ring [[T]] over 2 just as for
commutative base rings; in particular, we require that the variable T commutes
with all elements of the coefficient ring 2. We observe that, with this definition,
an element f of A[[T]] is invertible if and only if its constant term f(0) is
invertible in 2.

If f is any element of A[[T]], then we write f for its image under the obvious
reduction map A[[T]] — A[[T]]. Assume for the moment that 2 is admissi-
ble, with a decomposition 2 = [[;.;2l; for strictly admissible rings 2l;. If
f = (fi)ier is any element of A[[T]], then we define the degree deg(f), respec-
tively reduced degree rdeg(f), of f to be the vector (deg(f:))icr, respectively
(deg(f))ser, where by convention we regard the zero element of each ring 2, [T]]
and 2;[[T]] to be of degree +o0o. We observe that if A = Z,, then rdeg(f) is
finite if and only if the p-invariant of the Z,[[T']]-module Z,[[T]]/(f) is zero. By
analogy, if 2 is any admissible ring, then we shall write ‘ug (f) = 0’ to express
the fact that (each component of) rdeg(f) is finite.

If A is strictly admissible, respectively admissible, then we shall say that an
element of A[[T]] is a distinguished polynomial if it is a monic polynomial all of
whose non-leading coefficients are in rad(2), respectively if all of its components
are distinguished polynomials (of possibly varying degrees).

PROPOSITION 2.1. (‘Equivariant Weierstrass Preparation’) Let 2 be an admis-
sible ring. If f is any element of A[[T]] for which pg(f) =0, then there exists
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a unique distinguished polynomial f* and a unique unit element uy of A[[T]
such that f = f* - uy.

Proof. By direct verification one finds that the argument of [4, Chap.VII, §3,
no. 8] extends to the present (non-commutative) context to prove the following
‘Generalized Division Lemma’: if f is any element of A[[T]] for which ug(f) =
0, then each element g of 2A[[T]] can be written uniquely in the form g = fq+r
where ¢ and r are elements of A[[T]] and each component of deg(r) is strictly
less than the corresponding component of rdeg(f) .

The deduction of the claimed result from this Generalized Division Lemma now
proceeds exactly as in [31, V.5.3.3-V.5.3.4]. O

Remark 2. i) If 2 is a discrete valuation ring, then it is (strictly) admissible and
Proposition 2.1 is equivalent to the classical Weierstrass Preparation Theorem
(cf. [38, Thm. 7.1]).

ii) Shortly after the first version of this manuscript was circulated (in December
2001) we learnt of a recent preprint [37] of Venjakob in which a Weierstrass
Preparation Theorem is proved under conditions which are considerably more
general than those of Proposition 2.1. We remark that if 2 is strictly admissible,
then it can be shown that the result of Proposition 2.1 is indeed equivalent to
a special case of the main result of loc. cit.

iii) For any prime p, any Z,-order 2 which is not admissible and any element
f of A[[T]] a natural interpretation of the equality ‘ug(f) = 0’ would be that,
for each primitive central idempotent € of 2, the element € - f is not divisible
by p (indeed, this interpretation recovers that given above in the case that 2
is admissible). However, under this interpretation the product decomposition
of Proposition 2.1 is not always possible. For example, if A = Ms(Z,), then
1
0
yet cannot be written in the stated form f*-uy. Indeed, if it did admit such a
decomposition, then the Z,-module A[[T]]/ f-A[[T]] would be finitely generated
and this is not true since f-2[[T]] is equal to the subset of My (Z,[[T]]) consisting
of those matrices which have both second row entries divisible by p.

iv) In just the same way as Proposition 2.1, one can prove that if 2( is admissible,
then every element f of A[[T]] for which pg(f) = 0 can be written uniquely
in the form u/ - f, with f, a distinguished polynomial and u/ a unit of 2A[[T]].
However, as the following example shows, the relation between the elements f*
and f. (and u/ and uy) is in general far from clear.

the constant series f := 2) satisfies pug(f) = 0 (in the above sense) and

EXAMPLE 1. Let a and b be elements of rad(2(), and set f := (T — a)(1 + bT).
Then it is clear that pg(f) =0, f* =T —a and uy = 1+ bT. On the other
hand it may be shown that f, = T —c where c is the unique element of 2 which
satisfies T —c € A - f, and that u/ = (1 —ab+ bc) +bT. Upon calculating c as
a power series in the noncommuting variables a and b, one finds that

¢ = a — baa + aba + bbaaa — baaba — abbaa + ababa + . . ..
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However, describing ¢ completely is tricky. For example, a convenient option
is to use the context-free formal language with four productions S — Ta, S —
TbSS, T — €, T — Tab. Indeed, it may be shown that the degree n part of the
series ¢ is equal to the weighted sum of all words w of length n in this language,
counted with weight (—1)¢(*) where e(w) denotes the number of times that b
occurs in w not immediately preceded by a. For background and a similar
example, we refer the reader to [32], in particular Chapter VI.

3. p-ADIC L-FUNCTIONS

In this section we apply Proposition 2.1 in the context of Iwasawa theory. The
main result of this section (Theorem 3.1) was first motivated by the observation
that the constructions of Deligne and Ribet which are used by Wiles in [39,
p. 501f] can be combined with Proposition 2.1 to shed light upon the ‘Wiles
Unit Conjecture’ formulated by Snaith in [34, Conj. 6.3.4]. In particular, by
these means we shall prove that the validity in the relative abelian case of
a corrected version of Snaith’s conjecture is a direct consequence of the (in
general conjectural) vanishing of certain natural p-invariants.

We first introduce some necessary notation. Throughout this section we fix an
odd prime p and a finite group G. We recall that Qj is a fixed algebraic closure
of Qp, and we write Irr,(G) for the set of irreducible Qg-characters of G. For
each p € Irr,(G) we write Z,(p) for the extension of Z, which is generated by
the values of p.

Following Frohlich [21, Chap. II], we now define for each element f of Z,[G][[T]]
a canonical element Det(f) of Map(Irr,,(G), Q;[[T]]). To do this we fix a subfield
N of Q5 which is of finite degree over Q,, and over which all elements of Irr,(G)
can be realized, and we write Oy for the valuation ring of N. For each character
p € Irrp(G) we choose a finitely generated On[G]-module L, which is free over
On (of rank n say) and is such that the space L, ®p, N has character p,
and we write r, : G — GL,(Oy) for the associated homomorphism. If now
[ = s0aT? then r,(f) := > .o rp(c;)T" belongs to M, (On[[T]]) and we
define Det(f)(p) := det(r,(f)) € On[[T]] (which is indeed independent of the
choices of field N and lattice L,). We observe in particular that if p is any
element of Irr,(G) which is of dimension 1, then one has Det(f)(p) = p(f).

In the remainder of this manuscript we assume given a finite Galois extension
of number fields K /k for which Gal(K/k) = G. We write ko, (or k£, if we need
to be more precise) for the cyclotomic Z,-extension of k, and K, (or K% ) for
the compositum of K and k.

In the rest of this section we assume that k is totally real and that K is either
totally real or a CM field. We also fix a finite set S of non-archimedean places
of k which contains all non-archimedean places which ramify in K/k. We write
Irr;r (G) for the subset of Irr,(G) consisting of those characters which are even
(that is, factor through characters of the Galois group of the maximal totally
real extension KT of k in K). We fix a topological generator v of Gal(koo/k)
and, with Xcyclo denoting the cyclotomic character, we set u := Xcyalo(7y) € Z;.
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We recall that for each p € Irr;(G) there exists a p-adic L-function L, s(—, p)
and an associated element fs , of the quotient field of Z,(p)[[T]] such that

(1) Lp,S’(l —8,p) = fS,p(us - 1)

for almost all s € Z,. To be more precise about the denominator of fs , we set
H, := 1 unless p is induced by a multiplicative character of Gal(koc/k) (that
is, p is a character of ‘type W’ in the terminology of Wiles [39]) in which case
we set Hy, := p(7)(1 +T) —1 € Zy(p)[[T]]. Then there exists an element G5 ,
of Zp(p)[[Tm%] such that fs, = Gs, - H,;' (cf. [39, Thm. 1.1]). We hope
that the reader will not in the sequel be confused by our notation: whenever G
occurs without a subscript it denotes a Galois group; whenever G is adorned
with a subscript it denotes a power series.

By the classical Weierstrass Preparation Theorem, each series Gs, can be
decomposed as a product

(2) Gs,p=m(p)"*?) - G5, Us,

where 7(p) is a uniformising parameter of Zy(p), uu(S, p) is an integer, G , is
a distinguished polynomial and Ug,, is a unit of Z,(p)[[T]).

‘We now proceed to describe four natural hypotheses relating to the Weierstrass
decompositions (2). The main result of this section will then describe certain
relations that exist between these hypotheses.

Hypothesis (u,): For each p € Irr;(G) one has u(S, p) = 0.

Remark 3. i) It is a standard conjecture that Hypothesis (u,) is always valid
(the first statement of this was due to Iwasawa [23]). However, at present the
only general result one has in this direction is that Hypothesis (u,) is valid
for K/k when k = Q and G is abelian. Indeed, this is proved by Ferrero and
Washington in [18].

ii) In this remark we describe a natural Iwasawa-theoretical reinterpretation
of Hypothesis (1) in the case that K is totally real. To do this we write S,
for the union of S and the set of places of k which lie above p, and we let
Y (S,) denote the Galois group of the maximal abelian pro-p-extension of Ko,
which is unramified outside the set of places which lie above any element of
Sp. (We note that, since p is odd, any pro-p-extension of K, is automatically
unramified at all archimedean places.)

LEMMA 1. If K is totally real, then Hypothesis (up,) is valid for K/k if and
only if the p-invariant of the Zy[Gal(K/K)]-module Y (S,) is 0.

Proof. We set L := K((p) and A := Gal(L/K) and let w : A — Z,* denote the
Teichmiiller character. For each Z,[A]-module M and integer i we write M ()
for the submodule consisting of those elements m which satisfy 6(m) = w®(§)-m
for all 6 € A. (Since pt|A|, each such functor M +— M is exact.)

We write Y, respectively Yy, for the Galois group of the maximal abelian pro-
p-extension of K, respectively of L.,, which is unramified outside all places
above p. For each p € Irr,(Gal(K/k)) we also write G, for the element of
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Zp(p)[[T]][%] which is defined just as G, but with S taken to be the empty
set.

We first observe that (Y (S,)) = 0 if and only if (YY) = 0 and that for each
p € Irrp,(Gal(K/k)) one has u(S, p) = 0 if and only if u(G,) = 0.

We also note that u(Y) = 0 if and only if ,u(Xg)) = 0, where X de-
notes the Galois group of the maximal unramified abelian pro-p-extension
of Ls. For the reader’s convenience, we briefly sketch the argument.
By Kummer duality, for each even integer ¢ the module YL(i) is isomor-
phic to Hom(Cl(L)*~,Q,/Z,)(1) and hence in turn pseudo-isomorphic
to Xg_i)’#(l) where # indicates contragredient action of Gal(L./k) [31,

(11.1.8), (11.4.3)]. This implies, in particular, that ¥ = Y.* is pseudo-

isomorphic to Xél)’#(l), and this in turn implies the claimed result.

We next recall that, as a consequence of [39, Thm. 1.4], one has y(Xg)) =0if
and only if u(Gy,) = 0, where 7y denote the trivial character of A.

To finish the proof of the lemma, we now need only invoke the inductive prop-
erty of L-functions and Iwasawa series. Indeed, one has G,, = Gy,,,, where
Xreg 1S the character of the regular representation of Gal(K/k) (note that this
is equal to the induction of 79 from K to k), and by its very definition, one
has Gy,., =11, G(pieg(p), where p runs over all elements of Irr,(Gal(K/k)). It
is therefore clear that p(Gy,) = 0 if and only if for all p € Irr,(Gal(K/k)) one
has 1(G,) = 0 (or equivalently u(S, p) = 0), as required. O

We continue to introduce further natural hypotheses relating to the decompo-
sitions (2).

If f and f" are elements of Z,[G][[T]], then we say that f is right associated,
respectively left associated, to f" if there exists a unit element u of Z,[G][[T]]
such that f = f’ - u, respectively f =u - f'.

Hypothesis (EPS) (‘Equivariant Power Series’) Assume that Hypothesis (up)
is valid for K/k. Then there exist elements Gs = Gs(T) and H = H(T) of
Z,[G][[T] which are each right associated to distinguished polynomials and are
such that for all p € Irr} (G) the quotient Det(Gs)(p)/ Det(H)(p) is defined
and equal to Gs,/H, = fs,p.

Remark 4. i) If Z,[G] is admissible, then Proposition 2.1 (and Remark 2iv))
implies that an element f of Z,[G][[T]] is right associated to a distinguished
polynomial if and only if it is left associated to a distinguished polynomial and
that these conditions are in turn equivalent to an equality sz [g)(f) = 0.

ii) The completed group ring Z,[[Gal(K« /k)]] is naturally isomorphic to the
power series ring Z,[Gal(Ks/koo)][[T]]. If K N ko = k, then this ring can be
identified with Z,[G][[T]] but in general no such identification is possible.

We write ¢, for the leading coefficient of H, (so, explicitly, one has ¢, = 1
unless p is a non-trivial character of ‘type W’ in which case ¢, = p(y)). We
observe that the polynomial Hj := c;l - H, is distinguished.
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The following hypothesis is directly motivated by the ‘Wiles Unit Conjecture’
which is formulated by Snaith in [34, Conj. 6.3.4]. (We shall explain the precise
connection at the end of this section.)

Hypothesis (EUS) (‘Equivariant Unit Series’) There exists a unit element Ug of
Zy[G][[T] which is such that for all p € Irr;(G) one has Det(Us)(p) = ¢, 'Us,,.

For each character p € Irr;(G) we next consider the vector space over N which

is given by H%(Gal(Ks/koo), Hompy (L, ®0, N,Y (S,) ®z, N)). This space is
finite-dimensional (over N) and also equipped with a canonical action of the
quotient group Gal(K/k)/ Gal(K o /kso) = Gal(ks /k) and hence, in particu-
lar, of the automorphism . We write hg,, for the characteristic polynomial of
the endomorphism of the above space which is induced by the action of v — 1.

Hypothesis (ECP) (‘Equivariant Characteristic Polynomials’) Assume that Hy-
pothesis (up) is valid for K/k. Then there exist distinguished polynomials
Gt = G5(T) and H* = H*(T) in Zy|G]|[T) which are such that for all
p € Irr;(G) the quotient Det(G%)(p)/ Det(H*)(p) is defined and equal to
he o/ HE.

We can now state the main result of this section.

THEOREM 3.1. Assume that Hypothesis (p,) is valid for K/k.

i) If Hypotheses (ECP) and (EUS) are both valid for K/k, then Hypoth-
esis (EPS) is valid for K/k with Gg = G%-Ug and H = H*.
ii) If Z,|G) is admissible and Hypothesis (EPS) is valid for K/k, then
Hypotheses (EUS) and (ECP) are both valid for K/k.
iii) If K/k is abelian, then Hypotheses (EPS), (ECP) and (EUS) are all
valid for K/k.

Proof. 1) We suppose that Hypotheses (), (ECP) and (EUS) are all valid
for K/k. Under these hypotheses we claim that the series Gg := G% - Us €
Zy[G][[T]] and H := H* € Z,|G][T] are as described in Hypothesis (EPS). To

show this we first observe that for every character p € Irr;,r(G) one has

Det(Gs)(p) - Det(H)(p) ™" = hs,pc, Us,p - (H;) ™

=hsp-Us,p- H;1
= (hs, - (G5,)7") - (Gs, - HY),
where the last equality is a consequence of the decomposition (2) and our

assumption that p(S,p) = 0. It is therefore enough to show that for each
pE Irr;r (G) one has an equality

(3) hs,p =G5,

Now if p is a one-dimensional even character which is of ‘type S’, then this
equality is equivalent to the Main Conjecture of Iwasawa theory as proved by
Wiles [39, Thm. 1.3]. In the general case the equality has been verified by
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Snaith [34, Thm. 6.2.5] and, for the reader’s convenience, we briefly sketch the
argument (for details see loc. cit.). One proceeds by reduction to the result of
Wiles by means of Brauer’s Induction Theorem and the fact that characteristic
polynomials and Iwasawa series enjoy the same inflation and induction proper-
ties. The only complication in this reduction is caused by the need to twist with
characters which are of ‘type W’ and by the denominator polynomials H,, and
this is resolved by using the fact, first observed by Greenberg [22], that the de-
nominator of the Iwasawa series which is attached to each irreducible character
p of dimension greater than 1 is trivial (this justifies our setting H, = 1 for these
p). We would like to point out that there is actually a very simple argument for
this absence of denominator in the case that K Nk., = k. Indeed, in this case,
if p is any irreducible character of G which has degree greater than 1, then
Brauer induction implies that p = > . n; Indﬁi (p;) where the k; are suitable
intermediate fields and p; is a one-dimensional character of Gal(K/k;) which is
of ‘type S’. It follows that the denominator of each series f,, is trivial unless p;
is itself the trivial character. Further, if xo denotes the one-dimensional trivial
representation of G, then one has 0 = (xo, p) = >, ni (X0, Indﬁi (pi)). Since the
latter sum is equal to the sum of the multiplicities n; for which p; is trivial, it
follows that the denominator of f, is indeed trivial.

ii) We now suppose that Z,[G] is admissible and that Hypotheses (u,) and
(EPS) are both valid for K/k. Recalling Remark 4i) (and Proposition 2.1), we
find that the series G and H (as given by Hypothesis (EPS)) admit canonical
decompositions Gg = G% - U and H = H* -V, where G§ and H* are distin-
guished polynomials in Z,[G][T] and U§ and V are units of the ring Z,[G][[T]].
It follows that for each character p € Irr;(G) one has an equality

Gs, _ Det(G5)(p) Det(U4) (o)
H,  Det(H*)(p) Det(V)(p)

We now recall that Gs,, = G , - Us,, = hs,, - Us,, (by (2) and (3)) and we
set Us := UL -V~ € Z,|G][[T]]*. Upon clearing denominators in the last
displayed formula, we therefore obtain equalities

hs.,p - Det(H")(p) - Us,, = Det(G5)(p) - H, - Det(Us)(p),
or equivalently
(4) hs.p - Det(H*)(p) - ¢; ' Us,p = Det(G5)(p) - H - Det(Us) (p)-

LEMMA 2. Let f be a distinguished polynomial in Zy[G]|[T]]. Then, for each
p € Irrp(GQ), the series Det(f)(p) is a distinguished polynomial in On|[[T]).

Proof. Tt is clear that the series Det(f)(p) is a polynomial in Oy|[[T]] which
is distinguished if and only if the polynomial Det(f)(p)?’ is distinguished for
any natural number j. In addition, since f is a distinguished polynomial, of
degree d say, there exists a natural number j such that f? = 7%’ (modulo
p - Zy|G][[T]]). Since Det(f7')(p) = Det(f)(p)”’ we may therefore assume
in the sequel that f is a monic polynomial which satisfies f = 7% (modulo

P - Zp[G[[T]]).
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We now use the notation introduced at the beginning of §3 (when defining the
map Det(f)). We write f = T% + Zf;ol a;T* where o; € p - Z,|G] for each
integer ¢ with 0 <4 < d, and for each such i we set R; := r,(a;) € M, (On).
Upon denoting the n x n identity matrix by Ry, we obtain an equality 7,(f) =
Zf:() R;T* in M,,(On[T]). We observe that each off-diagonal entry of 7,(f)
belongs to p- On[T] and is of degree strictly less than d, and that each diagonal
entry of r,(f) is a monic polynomial which is congruent to 7¢ modulo p-On|[T].
From this description it is immediately clear that Det(f)(p) := det(r,(f)) is a
monic polynomial which is congruent to 7"% modulo p- Ox|[T], and hence that
it is distinguished, as claimed. O

Upon applying this lemma with f equal to G§ and H* we deduce that the
polynomials Det(G%)(p) and Det(H*)(p), and hence also Det(G%)(p) - H;, and
hs,, - Det(H*)(p), are distinguished. When combined with the equality (4)
and the uniqueness of Weierstrass product decompositions in the ring On|[[T]],
this observation implies that hs , - Det(H*)(p) = Det(G%)(p) - H}, as required
by Hypothesis (ECP), and also that ¢,'Us, = Det(Us)(p), as required by
Hypothesis (EUS).

iii) We now assume that G is abelian, so that Z,[G] is admissible. Following
claim ii), it is therefore enough for us to assume that Hypothesis (p,) is valid
for K/k, and then to prove that Hypothesis (EPS) is valid for K/k.

To verify Hypothesis (EPS) for K/k we first assume that K Nk = k. In
this case, we may use the constructions of Deligne and Ribet which are used
by Wiles in [39, p.501f.]. To be explicit, we obtain the elements Gg and H as
required by Hypothesis (EPS) by combining in the obvious way the elements
Gm,c,s and H,, . of loc. cit., where m runs over the ‘components’ of Z,[G] (and
for each non-trivial component m we set Hy, . := 1). The required equalities
p(Gs)/p(H) = fs, (for each p € Irr;(G)) and the fact that uz ¢)(H) = 0
then follow as direct consequences of the properties of the series G, s and
Hpp, . described by Wiles in loc. cit., and the fact that gz (¢(Gs) = 0 follows
from the assumed validity of Hypothesis (u,) for K/k. From Remark 4i) we
therefore deduce that Gs and H are both right associated to distinguished
polynomials, as required.

In general one has K Nky, # k, and in this case we proceed as follows. There
exists an extension K’ of k such that K/ Nky, = k and K, is the compositum
of K’ and k.. We observe that K’/k is a finite abelian extension and we
set G' := Gal(K'/k) and I' := Gal(ko/k). Each character p € Irr,(G) can
be lifted to a character of Gal(K«/k) =2 G’ x I (which we again denote by
p), and as such it has a unique factorisation p = 1k where ¢ € Irr,(G’)
and k is a character of I' which has finite order. As a consequence of the
formula [39, (1.4)] one has an equality Gg yx(T) = Gs.4(k(7)(1 +T) —1). By
the very definition of the polynomials Hy, and H, one also has an equality
Hy(T) = Hy(n(3)(1 +T) — 1).

We now write G g(T') and Hg/(T) for the elements of Z,[G’'][[T]] which are
afforded by Hypothesis (EPS) for the extension K'/k (which we know to be
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valid by the above argument since K', which sits between k and some K,,, is
again either totally real or a CM field). Let Gg(T) = Ggr s(y(1 +T) — 1)
and H(T) = Hp/(y(1 + T) — 1); these series lie in Z,[[G’ x T]J[[T]]. Then
applying the character p of G (considered as a character of G’ x " by inflation)
to Gs(T) yields ¥(Gg 5)(k(y)(1+T)—1), similarly for H(T), so applying p to
the quotient Gg(T)/H(T) gives fy(k(y)(1+T) — 1) by Hypothesis (EPS) for
K'/k. By the aforementioned formulas, we therefore have fy(k(v)(1+7T)—1) =
fo(T) and so we are almost done: indeed, it simply suffices to define Gg(T),
respectively H(T'), to be equal to the image of G5(T'), respectively H(T'), under
the map Z,[[G' x T||[[T])] — Z,|G][[T]] which is induced by the epimorphism
G'xT — G. O

Remark 5. To end this section we now explain the precise connection between
Hypothesis (EUS) and the ‘Wiles Unit Conjecture’ [34, Conj. 6.3.4] of Snaith.
To do this we fix an integer n with n > 1 and, assuming Hypothesis (EUS)
to be valid for K/k, we set ag, = Ug(u” — 1) € Z,[G]*. Then for each

pE IH;r (G) one has an equality

Det(as,n)(p) = c;lUS,p(u" —1).

After taking account of the equalities (2) and (3) one finds that this property
of ag, is closely related to that which should be satisfied by the element
Qg+ Of Zy[Gal(K /k)]* whose existence is predicted by [34, Conj. 6.3.4].
However, there are two important differences: in loc. cit. the p-adic L-functions
are untruncated and the factors c, are omitted. Whilst, a priori, Hypothesis
(EUS) and [34, Conj. 6.3.4] could be simultaneously valid, we now present
an explicit example which shows that [34, Conj. 6.3.4] is not valid (because
the relevant p-adic L-functions are untruncated). We remark that similarly
explicit examples exist to show that [34, Conj. 6.3.4] must also be corrected by
the introduction of the factors c,,.

EXAMPLE 2. We set p:= 3 and k := Q and we let K denote the composite of
the cyclic cubic extension K7 of Q which has conductor 7 and the field Ko :=
Q(V5). We set G := Gal(K/Q) (which is cyclic), we write po for the nontrivial
character of Gal(K>/Q) (considered as a character of G) and p; for any faithful
character of G, and we set S := {5, 7}. Then py and p; have conductors 5 and
35 respectively and Theorem 3.1iii) implies that there exists a unit element
Us of Z,[G][[T]] such that, for i € {1,2}, the unit part U,, of the Iwasawa
series fg ,, which is associated to L, s(—,p;) is equal to p;(Us). We now let
w(T') be the power series such that w(u™ — 1)L, ¢53(1 —n,p0) = Ly s(—, po)
for all natural numbers n. Then w(u™ — 1) = 1 — po(7T)w™"(7)7"~! where w
is the 3-adic Teichmiiller character. Since w(7) = 1 it follows that w(T) =
1—po(7)- 71T +1)* with u® = 7. Now po(7) = —1 and so w(0) = £ = —

(mod 3); in particular w(T') € Zp[[T]]* and so the unit part U, of the Iwasawa
series fis) p, is equal to w(T)~'U,,. In this setting [34, Conj. 6.3.4] predicts
the existence (for any given n) of an element o of Z3[G]* which satisfies
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both po(a;,) = Uy, (u™ — 1) and pi(a;,) = Uy, (u™ — 1). If such an element
existed, then the element g := Ug(u™ — 1)(a,) ™! of Z3[G]* would satisfy both
po(q) = w(u™ — 1) and p1(¢) = 1. However, the above calculation shows that
w(u™ —1) = —1 (mod 3) and so no such element ¢ can exist (indeed, py and p;
differ by a character of order 3 and so, for any ¢’ € Z3[G], the elements pg(q’)
and p1(¢’) must be congruent modulo the maximal ideal of Z3[(3]).

4. ALGEBRAIC PRELIMINARIES

In the remainder of this manuscript our aim is to describe certain explicit con-
sequences of Theorem 3.1iii) concerning the values of Dirichlet L-functions at
strictly negative integers. However, before doing so, in this section we describe
some necessary algebraic preliminaries.

We now let K/k be any finite Galois extension of number fields of group G
(which is not necessarily abelian). We fix any rational prime p and a finite
set of places T of k which contains all archimedean places, all places which
ramify in K/k and all places of residue characteristic p. For any extension E
of k we write Og r for the ring of Tg-integers in E, where T denotes the set
of places of E which lie above those in 7. We set U := Spec(Oy, 1) and we
write G, for the Galois group of the maximal algebraic extension of k£ which
is unramified outside T'. For each non-negative integer n we write K, for the
subextension of K? which is of degree p™ over K, and m, : Spec(Ok, r) = U
for the morphism of schemes which is induced by the inclusion Oy r C Ok, 1.
If 7 is any finite G}, r-module, then we use the same symbol to denote the
associated locally-constant sheaf on the étale site Ug. If F is any continuous
G, r-module which is finitely generated over Z,, then we let F., denote the
associated pro-sheaf (F,,t,)n>0 on Us where, for each non-negative integer n,
we set F, 1= T, o m:(F/p"t1) and the transition morphism ¢, is induced by
the composite of the trace map mp 41« 0 7oy (F/p"2) — mp e 0 T (F/p"12)
and the natural projection F/p"*t2 — F/pnti.

Let A be a pro-p ring. (Thus we depart here from the usual convention that
A has the fixed meaning Z,[[T]].) We write D(A) for the derived category
of bounded complexes of A-modules and DP(A), respectively DPf(A), for the
full triangulated subcategory of D(A) consisting of those complexes which are
perfect, respectively are perfect and have finite cohomology groups.

If F is any (p-adic) étale sheaf of A-modules on U, then we follow the ap-
proach of [9, §3.2] to define the complex of compactly supported cohomology
RT'(Us, F) so as to lie in a canonical distinguished triangle in D(A)

(5) RT (Ui, F) — RT(Ust, F) — €D RT(Spec(ky)et, F).

veT
We recall that the approach developed by Kato in [25, §3.1] and by NekovéF in
[30] (cf. also [11, Rem. 4.1] in this regard) allows one to extend the definitions

of each of these complexes in a natural manner to the case of pro-sheaves
of A-modules of the form F,, discussed above, and that in this case there is
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again a canonical distinguished triangle of the form (5). If p = 2, then we
set RT',(Ust,—) := RT.(Ug,—). If pis odd, then we let R[,(Us, —) denote
either RI'.(Ug, —) or RI'(Ug, —). In each degree i we then set H:(Us,—) :=
HIRT, (Ug, —)-

We next recall that if A is any Z,-order which spans a finite dimensional
semisimple Q,-algebra Ag,, then to each object C of DP(A) one can asso-
ciate a canonical element }'!C of the relative algebraic K-group Ko(A,Q,)
(cf. [5, Prop. 1.2.1] or [9, §2.8, Rem. 4]). We recall further that the
Whitehead group Ki(Ag,) of Ag, is generated by elements of the form [o]
where « is an automorphism of a finitely generated Ag,-module, and we write
ox + Ki(Ag,) — Ko(A,Qp) for the homomorphism which occurs in the long
exact sequence of relative K-theory (as described explicitly in, for example, [5,

§1.1]).

PROPOSITION 4.1. Let F be a continuous Z,|Gy r|-module which is both
finitely generated and free over Z,. Then RI,(Us,Fs) is an object of
DP(Zyp[Gal(KL, /K)])-
Assume now that KNEkR, = k. Let € be a central idempotent of Z,[G], set A :=
Zy[Gle, and let 0 be an injective Zy[Gal(KZL, /k)]-equivariant endomorphism
of € - Foo. If both
ci) in each degree i the Z,-module H! (U, €+ Foo) is finitely generated, and
cii) in each degree i the endomorphism H:(Ug,00) ®z, Qp is bijective,
then RT,(Us, coker(0)) is an object of DPf(A), and in Ko(A,Q,) one has an
equality

X&' RE: (Ust, coker(6o0)) = Y (—1)'0n([HL (Ues, Ooc) ©2, Q).

i€z
Proof. For each non-negative integer n we set A,, := (Z/p"*1)[Gal(K,,/k)]. We
also set Ao := @n A,, where the limit is taken with respect to the natural

projection morphisms p, : Ap,11 — A,. In the sequel we identify A, with
Zp|Gal(KZE, /k)] in the natural way.

We first note that, for each non-negative integer n, F,, is the sheaf which is
associated to the free A,-module A, ®z, F and that ¢,, is the morphism which
is associated to the natural morphism of A, 11-modules

An+1 ®Zy F — An ®An+1,pn (An+1 ®Zp j:) = An ®Zp F.

By using results of Flach [19, Thm. 5.1, Prop. 4.2] we may therefore deduce
that, for each such n, RT.(Us,Fn) is an object of DP(A,) which is acyclic
outside degrees 0,1,2,3 and is also such that there exists an isomorphism ¥,
in DP(A,,) between A, ®]1an+l7p" RT, (Ugt, Frt1) and RT, (Us, Fr)-

We observe next that A,41 is Artinian and that ker(p,) is a two sided nilpo-
tent ideal. By using the structure theory of [17, Prop. (6.17)] we may thus
deduce that for any morphism of finitely generated projective A,-modules
On : M,, — N, there exists a morphism of finitely generated projective A, 1-
modules ¢, 41 : Mp11 — Nypyy for which one has M, = A, ®a,,,, .0, Mny1,

DOCUMENTA MATHEMATICA - EXTRA VOLUME KATO (2003) 157-185



VALUES OF L-FUNCTIONS AT NEGATIVE INTEGERS 171

Ny = ANy ®ppih,pn Nog1 and ¢, = Ay @0,y p, Png1. This fact allows one to
adapt the constructions of Milne in [29, p.264-265] and hence to prove that, for
each non-negative integer n, there exists a complex of finitely generated projec-
tive A,,-modules C;, with the following properties: Ci = 0 for i ¢ {0,1,2,3};
C;, is isomorphic in DP(A,,) to RT.(Us, Fy,); there exists a A, 1-equivariant
homomorphism of complexes v, : C,,,; — C,, which is such that the morphism
A @A 0 Ut M @411 00 Cripr — G, s bijective in each degree and induces
1. In this way we obtain a bounded complex of finitely generated projective
Aso-modules C := &nw,ﬂ C;, which represents RI', (Ug, Fo). This proves the
first claim of the proposition.

We now assume that K N kL = k and that 6 is an injective A -equivariant
endomorphism of the pro-sheaf € - F,. By adapting the constructions of [29,
Chap. VI, Lem. 8.17, Lem. 13.10] (but note that [loc. cit., Lem. 8.17] is
incorrect as stated since the morphism ¢ need not be a quasi-isomorphism)
it may be shown that there exists a As-equivariant endomorphism 6., of the
complex D :=e- . which induces the morphism RT,(Ust,0s). In this way
one obtains a canonical short exact sequence of complexes

(6) 0— D, — Cone(f,,) — D[] =0

and also an isomorphism in DP(A.) between Cone(d,) and
RY, (Uet, coker(0s)).

Now A is a free Z,[G]-module and so D is a bounded complex of projective
A-modules. If also each Z,-module H*(D,_) is finitely generated, as is implied
by condition ci), then by a standard argument (see, for example, the proof of
[12, Thm. 1.1, p.447]) it follows that D belongs to DP(A). The exact sequence
(6) then implies that Cone(d,,) also belongs to DP(A). Further, condition cii)
now combines with the long exact sequence of cohomology which is associated to
(6) to imply that each module H?(Cone(,)) is finite and hence that Cone(6._)
belongs to DP+f(A), as claimed.

It only remains to prove the explicit formula for X ' RT (Ugt, coker(fs)). To do
this we let P* be a bounded complex of finitely generated projective A-modules
which is quasi-isomorphic to D_ and 6 :P —Pa morphism of complexes
which induces 0. ,. Condition cii) combines with the argument of [13, Lem.
7.10] to imply we may assume that in each degree i the map 6! is injective
(and so has finite cokernel). It follows that RT. (U, coker(0s)) is isomorphic
in DPf(A) to the complex coker(d') which is equal to coker(#?) in each degree
i and for which the differentials are induced by those of P, and hence that
X' RT . (U, coker (a0 )) = X! coker(6).

We next recall that x¢! is additive on exact triangles in DPf(A) [5, Prop. 1.2.2].
From the short exact sequences of complexes

0 — coker(0*)[—i] — 7; coker(0) — 7;,_1 coker(6") — 0

(where, for each integer j, 7; denotes the naive truncation in degree j) we may
therefore deduce that X' coker(6') = 3., X! (coker(6%)[—i]). The claimed
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formula now follows directly from the fact that for each integer i one has
X (coker(09)[—i]) = (—1)"6a([0° ®z, Q,]) and in K;(Ag,) there is an equality

[0° ®z, Qp] = [Gi+1 ®z, Qp

pin] + [HL (Uet, 0) ®z, Qp) + 6" ' @z, Qp

Here we write B* for the submodule of coboundaries of P’ ®z, Qp in degree i,
and the displayed equality is a consequence of the natural filtration of P? ®z,Qp
which has graded pieces isomorphic to B!, H! (Ug, € Foo) @2, Qp and B'. [

Bil-

Remark 6. In this remark we assume that G is abelian, but otherwise use the
same notation and hypotheses as in the second part of Proposition 4.1. We
write Dety for the determinant functor introduced by Knudsen and Mumford
n [27], and (both here and in the sequel) we identify any graded invertible
A-module of the form (7,0) with the underlying invertible A-module I.

We recall that the assignment x'C' +— Dety C' (where C ranges over all objects
of DPf(A)) induces a well-defined isomorphism between Ko(A,Q,) and the
multiplicative group of invertible A-lattices in Ag, (cf. [1, Lem. 2.6]). In
particular, in this case the equality at the end of Proposition 4.1 is equivalent
to the following equality in Ag,

DetA RF*(Ueh COker H detA@ Ueta 0 ) ®Zp @p)(_l)i+1 A
€L

(We remark that the exponent (—1)"™! on the right hand side of this formula
is not a misprint!)

5. VALUES OF DIRICHLET L-FUNCTIONS

In this section we derive certain explicit consequences of Theorem 3.1iii) and
Proposition 4.1 concerning the values of Dirichlet L-functions at strictly nega-
tive integers.

To this end we continue to use the notation introduced in §3. In particular, we
now assume that k is totally real and that K is a CM abelian extension of k
and we set G := Gal(K/k). We also fix an odd prime p, algebraic closures Q¢
of Q and Q;, of @, and we set G := Hom(G, Q°*) and G"? := Hom(G, Q).
We let 7 denote the complex conjugation in G, and for each integer a we
write e, for the idempotent % (1 + (—1)?7) of Z[1][G], and G(A and G(af for
the subsets of G and G"P respectively which consist of those characters 1
satisfying (1) = (—1)¢. For each element 1) of G, respectively of GNP, we
write ey, for the associated idempotent ﬁ deG ¥(g)g~! of Q°[G], respectively
of Q5[G].

We fix a finite set S of non-archimedean places of k& which contains all non-
archimedean places which ramify in K/k and, for each ¢ € G”, we write
Ls(s,v) for the Dirichlet L-function of ¥ which is truncated by removing the
Euler factors at all places in S.
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If r is any integer with r > 1, then each function Lg(s,%) is holomorphic at
s =1 —1r and so we may set

Ls(1—r):= Y Ls(1—r)ey € C[G].

PeGN
If £k = Q, then this element can be interpreted in terms of higher Bernoulli
numbers and is therefore a natural analogue of the classical Stickelberger ele-
ment. In general, by a result of Siegel [33], one knows that Lg(1 — r) belongs
to the unit group of the ring Q[Gle,.
In order to state our next result we assume that K N kZ = k. Under this
hypothesis we set

b= X s € ZIGITIIL)
bicy

We also write e for the idempotent ﬁ >_gec 9 of Qp[G] and then set

H = Z Hye, =Te+ (eg —e) € Q,[G][T],

AP
PEC ()

where the second equality is a consequence of our assumption that K NkE = k.
For the purposes of the next result we also assume that K contains a primitive
p-th root of unity, and we write w for the Teichmiiller character of G. For each
integer b we then let tw, denote the Z,-linear automorphism of Z,[G] which
sends each element g of G to w’(g) - g.

THEOREM 5.1. Assume that Hypothesis (1) is valid for K/k, that KNkE, =k
and that K contains a primitive p-th root of unity. Then for each integer r > 1
one has an equality

Ls(1—7)-Z,[G] = tw,.(H'(u" — 1) thg(u" — 1)) - Z,[Gle,.

Proof. At the outset we fix an integer 7 > 1 and an embeddding j : Q¢ — Qj
and, for each x € G", we set p, := (jox) w" € GMP.
We observe that w belongs to G?l’f and hence that y belongs to GE\T ) if and

only if p, belongs to G(Ao’f . In addition, for all characters y € G(AT,) one has an

equality
(7) (G ex)(Ls, (1 —7)) =j(Ls, (1 =7, x)) = Lp,s(1 =7, py).
We now set Zg := (H')~! - hg. Upon comparing images under each character
p € GMP, recalling the equality (3) and noting that in the present case ¢, =1
for all such p, we may deduce that Zg is equal to the quotient G%/H* which
occurs in Hypothesis (ECP). With Ug denoting the unit element which occurs
in Hypothesis (EUS) for K/k, and setting Gg := G% - Us and H := H* it
therefore follows that

Zs-Us = (Gg-Us) - (H")™!

=Gs-H -1
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From Theorem 3.1i),iii) we know that the series Gg and H satisfy the conditions
specified in Hypothesis (EPS). Hence the last displayed formula implies that,
for each character y € G@n), one has

px(ZS Us) = Px(GS)Px(H)il
= fs;ﬂx'

Upon combining this formula with the equalities (1) and (7) we deduce that

(G ox)(Ls, (1 =7)) = px(Zs(u" = 1) - Us(u" = 1))

= (Fox)(twr(Zs(u" = 1) - Us(u" - 1)))

= (Jox)(twr(Zs(u" = 1)) - tw, (Us(u" —1))).
Since this equality is valid for every character x in G(AT ) it implies that the
elements Lg, (1 — r) and tw,.(Zs(u" — 1)) of Q,[Gle, differ by the factor
tw, (Us(u" — 1)) which is a unit of the ring Z,[G]e,..
It now only remains for us to show that the elements Lg, (1 —7) and Lg(1—7)
differ by a unit of Z,[Gle,. But Lg,(1 —r) = Ls(1 —r)z where z is a product
of Euler factors of the form 1 —Nv"~!. f, where v is a place of k which divides p
and does not belong to S, Nv is the absolute norm of v and f, is the Frobenius

automorphism of v in G. Further, since r > 1, it is clear that each such element
1 —No™=1. f, is a unit of Z,[G]. O

Our next result concerns a special case of Kato’s Generalized Iwasawa Main
Conjecture. However, before stating this result, it will be convenient to intro-
duce some further notation.

For the remainder of this section we let ¥ denote the (finite) set of rational
primes ¢ which satisfy either £ = 2 or K Nk’ # k. We also write Zyx, for the
subring of Q which is generated by the inverses of each element of X.

For any extension £ of k and any finite set of places V of k we let Oy denote
the ring of Vg-integers in E, where Vg denotes the set of all places of E which
are either archimedean or lie above a place in V. We set Uy, := Spec(Oy,s,) and
for each p-adic étale sheaf F on Uy and each finite Galois extension E/k which
is unramified at all non-archimedean places outside .S, we write Fg for the étale
sheaf of Z,[Gal(E/k)]-modules 7, m*F on Uy where 7 denotes the morphism
Spec(Og,s,) — Uy which is induced by the inclusion O 5, € Ogs,. We
recall that, since 7, is exact, the complexes RI'(Uy ¢, Fr) and RI' (U ¢t, FE)
are canonically isomorphic in D(Z,[Gal(E/k)]) to RT'(Spec(Og,s, )¢t, 7° F) and
RT.(Spec(Og,s, )ét, 7 F) respectively, and in the sequel we shall often use such
identifications without explicit comment.

For each integer r > 1 we set

CK,l—r = ch(Uk,ét7 eer(l - T)K)

and we recall that (since 7 > 1) this complex is an object of DP*(Z,[G]e,) (see
the upcoming proof of Lemma 3 for further details in this regard). From the
equalities of [8, (11),(12)] (with r replaced by 1 — r), it therefore follows that
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the ‘Equivariant Tamagawa Number Conjecture’ of [9, Conj. 4(iv)] is for the
pair (h°(Spec(K))(1 — 1), Zs[Gle,) equivalent to asserting that if p does not
belong to X, then in Q,[Gle, one has an equality

(8) Dety 1o, Crci—r = Ls(1 = 1) - Z,[G]

(cf. Remark 6).

Before proceeding, we remark that the above equality is in general strictly
finer than the corresponding case of the Generalized Iwasawa Main Conjecture
which Kato formulates in [25, Conj. 3.2.2 and 3.4.14]. Indeed, since graded
determinants are not used in [25] the central conjecture of loc. cit. is in this
case only well defined to within multiplication by elements of (Q,[Gle,)* of
square 1 which reflect possible re-ordering of the factors in tensor products.
For more details in this regard we refer the reader to [loc cit., Rem. 3.2.3(3)
and 3.2.6(3),(5)] and [9, Rem. 9]. We recall also that a direct comparison of
[9, Conj. 4(iv)] with the central conjecture formulated by Kato in [24, Conj.
(4.9)] can be found in [10, §2].

THEOREM 5.2. Assume that p does not belong to ¥ and that Hypothesis (i)
is valid for K/k. Then for each integer r > 1 the equality (8) is valid. In
particular, the Generalized ITwasawa Main Conjecture of Kato is valid for each
such pair (h°(Spec(K))(1 — 1), Zy[Gle.).

Remark 7. 1) Tt is straightforward to describe explicit conditions on K /k which
ensure that ¥ = {2}. For example, if [K : k] is coprime to the class number of
k, then ¥ = {2} whenever the conductor of K/k is not divisible by the square
of any prime ideal which divides [K : k].

ii) If K/Q is abelian, then Hypothesis (1) is known to be valid for all p (Remark
3i)) and so Theorem 5.2 gives an alternative proof of parts of the main result
(Cor. 8.1) of [11]. The reader will find that the approach of loc. cit. is
considerably more involved than that used here. We remark that, nevertheless,
the approach of loc. cit. can be extended to improve upon Theorem 5.2 by
showing that [9, Conj. 4(iv)] is valid for the pair (h°(Spec(K))(1—7), Z[1][Gle,)
under the assumption that Hypothesis (p,) is valid for K/k at all odd p.

Proof of Theorem 5.2. For the purposes of this argument we set 2 := Z,[Gle,
and A := Qp[Gle,.

We first remark that, when verifying the equality (8), the functorial behaviour
of compactly supported étale cohomology and of Dirichlet L-functions under
Galois descent allows us to replace K by the extension of K which is generated
by a primitive p-th root of unity (cf. [9, Prop. 4.1b)]). We may therefore
henceforth assume that K contains a primitive p-th root of unity and is such
that K N kB = k. After taking into account the result of Theorem 5.1 it is
therefore enough for us to prove that in Q,[Gle, one has an equality

(9) Dety' Crx1—p = tw,.(H' (u" — 1) hg(u” — 1)) - 2.
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We now use the notation of Proposition 4.1. We regard v as a topological
generator of Gal(KZ%, /K) = Gal(k%, /k), we set § := 1—v € Z,[Gal(KZ, /k)] and
we observe that the action of 4 induces an injective Z,[Gal( K%, /k)]-equivariant
endomorphism 4;_, of the pro-sheaf e, - Z,(1 — r)o on Uy .

LEMMA 3. LetT denote the union of S, and the set of archimedean places of k,
and set U := Uy, F :==Zy,(1 —7),€ := e, and oo :=F1—,. If Hypothesis (1) is
valid for K/k, then this data satisfies the conditions ci) and cii) of Proposition
4.1, and in A one has an equality

[T deta(Hi(Us s, 91-1) @2, Q,) V'
1€Z
= deta(§ | eoY (Sp) @z, Qp(—7)) - deta(§ | Qp(—1)) 7"
where 4 acts diagonally on egY (Sp) ®z, Qp(—7).

Proof. We assume that Hypothesis (u,) is valid for K/k, and we recall (from
Remark 3ii)) that this is equivalent to asserting that egY (S,) is a finitely
generated Z,-module.

For each integer i we set Hi(1 — ) := Hi(Ug, e, - Zp(l — r)oo). To verify
that condition ci) of Proposition 4.1 is satisfied by the given data and also to
prove the claimed equality, it is clearly enough to show that H:(1 —r) vanishes
if i ¢ {2,3} and that H2(1 — r) and H2(1 — r) are canonically isomorphic
to eY (Sp) ®z, Zy(—r) (endowed with the natural diagonal action of v) and
Zp(—r) respectively.

To show this we first observe that, since p is odd and k is totally real, for
each archimedean place v of k and any non-negative integer n the complex
RT'(Spec(ky)st, er - Zp(1 — 1)y) is acyclic. This implies that our definition
of compactly supported cohomology (as in (5)) coincides with that used by
Nekovéf in [30, (5.3)], and hence that the complex RI'.(Ust, ey - Zp(l — 7)o0)
coincides with the complex R 1w (Koo/k,Z,(1 — 7)) which is defined in [loc.
cit., (8.5.4)]. To compute H’(1 — r) we may therefore use the fact that there
are natural isomorphisms of Z,[Gal(K /k)]-modules

(10) H{(1=7) = ep(H(Uat, Zp(1) oo @z, Zp(—1)))
(lim H (1)) ®z, Zy(—)

n

1%

= (lim HEf (1) ©z, Zy(—7)

c,n,n
n

where, for each non-negative integer n, we set Hob (1) := eo- Hi(Ug ¢, Zp(1) &, )
and H2 (1) == eo - H:(Ugst, (fipn+1) K, ), each limit over the integers n > 0 is
taken with respect to the natural projection maps, Gal(K/k) acts diagonally
on each tensor product, and the second and third isomorphisms follow as a
consequence of [loc. cit., Prop 8.5.5(ii), respectively Lem. (4.2.2)].
Now to compute explicitly each group H, é:{ (1) for ¢ # 2 it is enough to combine
the long exact sequence of cohomology of the triangle (5) (with U = Uy and
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F = Z,(1)k,) together with certain standard results of Kummer theory and
class field theory. To describe the result we write

>\n : Ofx(n T Qz ZP - H lﬁl K:L(,wn/(K'r)z(,wn)p

w, m21

m

for the natural ‘diagonal’ morphism where on the right hand side w,, runs over
all places of K, which lie above places in T and the limit over m is taken with
respect to the natural projection morphisms. Then one finds that Héj{ (1)
vanishes if i ¢ {1,2,3}, that H};F (1) identifies with Z, and that H!, (1) is
isomorphic to eg - ker(\,,). Upon passing to the inverse limit over n (and by
using (10)) one finds that H!(1 — r) vanishes if i ¢ {2,3} and that H2(1 —r)
is canonically isomorphic to Z,(—r).

To proceed we next recall that, for each pair of non-negative integers m and

n, the Artin-Verdier Duality Theorem induces a canonical isomorphism in
D(Z/p™ Z|Gal(K,, /k)])

RT(Us, e (i ™) k,,) 22 Homg iz (RT (Us, er(uim)K, ), Z/p™ Z[—3)])

where the linear dual is endowed with the contragredient action of Gal(K,/k)
(cf. [30, Prop. (5.4.3)(i), (2.11)] with R = Z/p™Z|Gal(K, /k)],J = R[0], K =
k, S =T and X = eT(ufrg,lfr))Kn [0]). Now if KZ'}" denotes the maximal
abelian extension of K,, which is unramified outside T" and of exponent divid-
ing p"*!, then the above isomorphism (with 7 = 0 and m = n + 1) implies
that H2,F, (1) is canonically isomorphic to eg - Gal(K. Z'}" /Ky). These isomor-
phisms are compatible with the natural transition morphisms as n varies and
hence upon passing to the inverse limit (and using (10)) we obtain a canonical
isomorphism between HZ(1 —r) and €Y (Sp) ®z, Zy(—r) (endowed with the
diagonal action of Gal(K/k)), as required.

At this stage we need only verify that condition cii) of Proposition 4.1 is satisfied
by the specified data. However, this is so because coker(9;—_,) is isomorphic to
the constant pro-sheaf e,Z,(1 —r)x and all cohomology groups of the complex
Ck,1—r are finite. To explain the latter fact we recall that, for any given n and
r, the above displayed duality isomorphisms are compatible with the natural
transition morphisms as m varies and hence (in the case n = 0) induce upon
passing to the inverse limit a canonical isomorphism in D(2A)

(11) CK,l—r =~ RHOHIZP (RP(UC’t, 6er(7’)K), Zp[,?)])

where the linear dual is endowed with the action of 2 which is induced by
the contragredient action of G. (The existence of such an isomorphism also
follows from the exactness of the central column of [8, diagram (114)] (where L
corresponds to our field K') and the fact that each complex RI'A (Ly, Zp(1—7))*
which occurs in that diagram becomes acyclic upon multiplication by e,.) Now,
after taking (11) into account, it is enough for us to prove that all of the groups
H' (U, €,Z,(r) k) are finite and this follows, for example, as a consequence of
the description of [11, Lem. 3.2ii)] and the fact that e, (K2r—;(Ox 1) @z Zp) is
finite for both i € {1, 2}. O
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We next observe that (as can be verified by explicit computation)

deta(y | Qp(=7)) = (1 —u e + (er —€ur)
= tw,(v, - H'(u" — 1))

where v, :=u""e + (eg — €), and also
deta(§ | eoY (Sp) @z, Qp(—7))

= Z deth(l =7 1ep(Y(Sp) ®z, Qp(—7)))e,

Asp
PEC()

= Z deth(l — U_T’Y | epwr (Y(Sp) ®Zp Q;))ep
PEGLY
= tWT(’U; : hS(UT - 1))’

where v/ := Y _rpu""%e, with d, := dimgs (e, (Y (Sp) ®z, Qp)) for each

(0)
pE G(Ao’)p . We remark that in proving the last displayed equality one uses the

fact that for each x € G"? the QS[v]-module e, (Y (S,) ®z, QF) is isomorphic
to HO(Gal(KOO/kOO)7H0mQ§(Q§ “ex, Y (Sp) ®z, Q5)).

Upon combining the last two displayed formulas with the result of Lemma 3,
the quasi-isomorphism Ck 1_, = RT'.(Uy g, coker(91—,)) and the equality of
Remark 6 we find that

Deti1 Cra—r = tw, (v, ' 0l) tw.(H'(u" — 1) he(u” — 1)) - 2A.

peG

The required equality (9) is thus a consequence of the following observation.

LEMMA 4. v ) is a unit of Z,[Gleo.

T

Proof. We start by making a general observation. For this we set B := Z,[G]eq,
and we let f1(T) and fo(T) denote any elements of B[[T]] which satisfy
pss (f1(T)) = ps(f2(T)) = 0. For i = 1,2 we write f*(T) and U;(T) for
the distinguished polynomial and unit series which occur in the product de-
composition of f;(T") afforded by Proposition 2.1 (with % = 9B). We also set
fir (D) := fi(u"(1+T) — 1) € B[[T]] and, observing that ux(f; (1)) =0, we
write U, (T for the unit series which occurs in the product decomposition of
fir(T) afforded by Proposition 2.1. Then, by explicit computation, one verifies
that the element (Up(u” — 1)Uz,.(0))(Uz(u” — 1)U (0))~! of B> is equal to

S pecryy u e, where 6, = deg(p(f (T))) — deg(p(5 (T))

We now apply this observation with f1(7') and f2(T) equal to the series Gg and
H which occur in Hypothesis (EPS). We observe that, in this case, the equality
(3) implies that for each p € G(Ao’)p one has deg(p(G%)) — deg(p(H)) = d,
where here d), := d, — 1 if p is trivial, and d, := d, otherwise. From the
general observation made above we may therefore deduce that the element

’
vl = Do peai u~"%e, belongs to B>, as claimed. O

(0)
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This completes our proof of Theorem 5.2. O

We next use Theorem 5.2 to prove a result concerning the element Q,._; (K/k)
of Pic(Z|G]) which is defined by Chinburg, Kolster, Pappas and Snaith in [13,
§3]. We recall that it has been conjectured by the authors of loc. cit. that
Q1 (K/k)=0.

We write px, for the natural scalar extension morphism Pic(Z[G]) —
Pic(Zs[Gle,). With R denoting either Z or Q we also write py for the R-
linear involution of R[G] which is induced by sending each element of G to its
inverse.

COROLLARY 1. Assume that (if k # Q, then) Hypothesis (up) is valid for
K/k at each prime p ¢ X. Then for each integer r > 1 one has an equality
pE,T(QT—l(K/k)) =0.
Proof. The key point we use here is a result of Flach and the first named author.
Indeed, the result of [8, Thm. 4.1] implies that px - (2,.—1(K/k)) is equal to the
class of the invertible Zy[G]e,-submodule of Q[G]e, which is defined by means
of the intersection

(N Det, e, RUe(Unats erZp(1 = 1)) @z1c),py ZIG)-

pEx
(To see this one must recall that the normalisation of the determinant functor
which is used in [8] is the inverse of that used here.)
On the other hand, Theorem 5.2 implies that the above intersection is equal

to the free Zx[G]e,~-module which is generated by the element px(Lg(1 —r)).
Hence one has px - (Q,—1(K/k)) = 0, as required. O

Before stating our final result we introduce a little more notation. If V' is any
finite set of places of k, then for each rational prime ¢ we let V, denote the
union of V' and the set of places of k which are either archimedean or of residue
characteristic £. We set Z' := Z[3] and we define a Z'[G]-module by setting

H?*(Okv,Z (r)) := @ H?(Spec(Ok v, et Zo(T)).
0#£2
We let 3 denote the set {2}, respectively X, if k = Q, respectively k # Q, and

we write Zys for the subring of Q which is generated by the inverses of each
element of ¥'. We also write pge for the torsion subgroup of Q<*.

COROLLARY 2. Assume that (if k # Q, then) Hypothesis (u,) is valid for K/k
at each prime p ¢ ¥.. Then for each integer r > 1 one has an equality

p#(Ls(1 —r)) - Anngg)(H° (K, pug!)) @2z Ly
= e, - Fitgq)(H*(Ok.s,Z (1)) @z L.

Remark 8. 1) If T is any subset of S, then the localisation sequence of étale
cohomology induces a natural inclusion of Z'[G]-modules H*(Og r,Z (1)) C
H?*(Ok,s,Z (r)). From this we may deduce that Anng q(H?(Og,s,Z'(r))) €
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Anng g (H*(Ok,r,Z'(r))) and also if, for example, G is cyclic, that
Fityq)(H?(Ok,s,Z (r))) C Fitg g (H*(Ok,r,Z (r))). In particular, if ¥ =
{2} (cf. Remark 7i)), and we write Ok in place of Ok ¢ (which, in terms of our
current notation, denotes the ring of algebraic integers in K'), then the equality
of Corollary 2 implies that

(12) py(Ls(1 =) - Anngie)(H(K, pug!)) @2 Z' C Anng ) (H*(Ok, Z' (1)),
and also if, for example, G is cyclic, that
py(Ls(1 = 1)) - Annge)(H (K, p3!)) @z Z' C Fitga)(H*(Ox, Z'(1))).

We observe that if (as has been famously conjectured by Quillen and Licht-
enbaum) the Z'[G]-module H?(Og,Z'(r)) is isomorphic to K, _2(Of) @z Z/,
then the inclusion (12) is finer than (the image under — ®z Z' of) the inclusion

#H(](Qyﬂg:)P#(Ls(l - 7")) ’ AHHZ[G] (HO(K, Mg:)) - AHHZ[G] (K2r—2(OK))

which was conjectured in the case k = Q by Coates and Sinnott in [14, Conj. 1].
We also recall that if & = @Q, r is even and K is any abelian extension of
Q, then Kurihara has recently used different methods to explicitly compute
Fity ¢ (H?*(Ok,Z (r))) in terms of Stickelberger elements [28, Cor. 12.5 and
Rem. 12.6].

ii) In the case that £ = Q and the conductor of K/k is a prime power, the image
under multiplication by e, —e,r of the equality of Corollary 2 has already been
proved by Cornacchia and @stveer in [16, Thm. 1.2].

iii) If r is even, then the equality of Corollary 2 can be re-expressed as an
equality in which K is replaced by K and the idempotent factor e, is omitted.
In a recent preprint [35], Snaith uses results from [11] to prove a weaker version
of the equality of Corollary 2 in this context. More precisely, Snaith’s results
[loc. cit., Th. 1.6, Th. 5.2] assume that K is totally real, that r is even and
that Hypothesis (p,) is valid for K/k at all odd primes p, and involve chains of
inclusions rather than a precise specification of Fitting ideals (see also Remark
9 in this regard).

iv) In this remark we fix an odd prime p, an embedding j : Q¢ — Q;, and a
character x € Gf\r)‘ We set O := Z,(jox) and we write lthp (M) for the length
of any finite O-module M. We let K, denote the (cyclic) extension of Q which
corresponds to ker(x). Then the image under the functor — ®z/g O of the
equality of Corollary 2 with £ = Q and K = K, is equivalent to an equality

valo(j(Ls(1 —r,x™1))) =
Itho (H*(Ok.s,Z (1)) @z/1¢) O) — ltho (H* (K, u§!) ®z1¢1 O).
In addition, since in this case G is cyclic, for any finite Z'[G]-module N one
has ltho (N ®z/(q) O) = ltho(Homgz (O, N)) and so the previous displayed
equality provides a natural analogue of the main result (Thm. II.1) of Solomon
in [36] concerning the relation between generalised Bernoulli numbers and the

structure of certain ideal class groups. (The first named author is very grateful
to Masato Kurihara for a most helpful conversation in this regard.)
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Proof of Corollary 2. We now fix a prime p ¢ ¥’ and we assume that Hypothesis
(pp) is valid for K/k (as is known in the case k = Q). We set 2 := Z,[Gle,,
p(r) == H(K, ﬂ%:) ®z Ly and C := RI'(Ug ¢, €2 Zp(T) ).

In the sequel we shall say that a commutative Z,-algebra A is ‘relatively Goren-
stein over Z, if Homgz, (A, Z,) (endowed with the natural action of A) is a free
A-module of rank one.

For each bounded object X of D(A) we set X* := RHomg, (X, Z,) which we
endow with the action of 2 which is induced by the contragredient action of G.
We observe that 2 is relatively Gorenstein over Z, and hence that X* belongs
to DP(2L), respectively DP!(2), if and only if X belongs to DP(2), respectively
DPE(A). Now for any A-module X there exists a canonical isomorphism be-
tween the 2-modules Homg( (X, ) ®z, (a5, Zp|G] and Homg, (X, Z,). This in
turn implies that for any object X of DP(A) the lattice Dety' X *[—3] identifies
canonically with (Dety* X) ®z,[G),p+ Lp|G]. Upon noting that (11) induces an
isomorphism in DP{(A) of the form C =2 RT.(Uy 4, €,Zp(1 — 1) )*[—3], and
recalling that the equality (8) is known to be valid as a consequence of Theorem
5.2 in the case k # Q and as a consequence of [11, Cor. 8.1] in the case k = Q,
we deduce that Dety' C' = pu(Ls(1 — 7)) - 2. The equality of Corollary 2 will
therefore follow if we can show that

(13) Dety ' C' - Anng (u(r)) = Fity (H*(C)).

We next observe that, since C' belongs to DPf(24) and is acyclic outside degrees
1 and 2, there exists an exact sequence of A-modules

(14) 0—H'(C) = Q%5 Q — H(C) =0

which is such that both @Q and Q' are finite and of projective dimension at most
1 and there exists an isomorphism ¢ in DPf(2A) between C and the complex

Q 4, @' (where the modules are placed in degrees 1 and 2, and the cohomology
is identified with H'(C) and H?(C) by using the maps in (14)) for which H'(¢)
is the identity map in each degree i. This implies that Fitg(Q) and Fitg (Q’)
are invertible ideals of 2 and that Dety ' C = Fitg(Q) ! Fite(Q').

LEMMA 5. Let R be any reduced commutative Z,-algebra which is finitely gen-
erated, free and relatively Gorenstein over Z,. If
0—-A—-P—-P —-A -0

is any exact sequence of finite R-modules in which P and P’ are both of pro-
jective dimension at most 1 over R, then Fitg(P) and Fitg(P') are principal
ideals of R and one has an equality

Fitr(AY) Fitgr(P') = Fitg(P) Fitgr(A"),

where AV denotes the Pontryagin dual Homgz, (A,Q,/Z,) (endowed with the
natural action of R).

Proof. This is almost covered by the result of [15, Prop. 6]; however, the latter
is stated only for rings R of the form O[G] with G a finite abelian p-group,
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and involves Fitg(A) rather than Fitg(AY). In addition, the second named
author would like to take this opportunity to point out that the argument in
loc. cit. makes the assumption that G (which is written as P in loc. cit.) is
cyclic, which is unfortunately not stated explicitly at the appropriate place,
and that the equality of [15, Prop. 6] does not appear to hold in general. We
will therefore now quickly adapt the arguments of [15, Prop. 6] to better suit
our present purpose.

We first observe that, since R is semilocal, the Fitting ideal of any finite R-
module P which is of projective dimension at most 1 is principal, being gener-
ated by the determinant of «v in any presentation R” % R™ — P — 0. We may
find the following data, proceeding exactly as in [15, p.456f.]: a nonzerodivisor
f of R (it is in fact always possible to take f to be a large enough power of
p); a natural number n; short exact sequences 0 — @ — A— A — 0and
0— A — A" - Q" — 0 in which Q and @’ are both finite and of projective
dimension at most 1, and a four term exact sequence

0—A— (R/fR)™ — (R/fR)" — A’ — 0.
In a similar way one obtains the equalities
Fitr(P)Fitr(Q) = "R = Fitg(P') Fitr(Q").
Now R/fR is Gorenstein of dimension zero, that is: (R/fR)Y = R/fR as R-
modules. Therefore the argument in loc. cit. starting with equation (4) applies
to give an equality
Fitgr(A') = Fitg(AY).
(Note that we do not claim that Fitr(AY) = Fitz(A), as was done in loc. cit.)
Applying the result of [15, Lem. 3] to the sequence 0 — A’ —>~A' — Q' — 0,
respectively to the Pontryagin dual of the sequence 0 - Q — A — A — 0, we
obtain an equality
Fitr(A) = Fitr(A') Fitr(Q"),
respectively
Fitg(AY) = Fitgr(AY) Fitzr(Q").

AV
LEMMA 6. Fitg(QV) = Fitg(Q).

Proof. Since @ is finite and of projective dimension at most 1 there exists an
exact sequence of R-modules of the form

0—-R"S R"—Q—0.
Now Homgz,(Q,Z,) = 0 and Ext%p(Q,Zp) is isomorphic to QY (as @ is fi-
nite), Ext%p (R",Zy) = 0 (as R is Z,-free) and Homgz (R",Z,) is isomorphic
to R” (as R is relatively Gorenstein over Z,). From the long exact sequence
of Extj (—,Zp)-groups which is associated to the above sequence we therefore

obtain a further exact sequence of R-modules

t

0—-R"% R"— QY —0,
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where a! denotes the transpose of o.. By using the two displayed sequences we
now compute that Fitg(Q) = det(a)R = det(a’)R = Fitgr(Q"), as claimed.
O

The equality of Lemma 5 now follows directly upon combining the equality of
Lemma 6 with the four displayed equalities which immediately precede it. O

Upon applying Lemma 5 with R = 2 (which is both reduced and relatively
Gorenstein over Z,) to the exact sequence (14) we obtain an equality

Dety ' C - Fitg(H(C)Y) = Fita(Q) ' Fite(Q") Fita(H* (C)Y)
= Fito (H?(0)).

To deduce the required equality (13) from this equality we now simply observe
that the 2-module H'(C)V is isomorphic to the cyclic A-module u(r)Y, and
hence that Fity (H'(C)Y) = Fitg (u(r)Y) = Anng(u(r)Y) = Anng(u(r)).

This completes our proof of Corollary 2. O

Remark 9. Let I' be any finite abelian group and ¢ any rational prime.
If M is any finite Z¢[I']-module, then Anng, (M) = Anng, (M) and
Anng, (M)M) C Fitz, (M) € Anng,rj(M) where n(M) denotes the min-
imal number of elements required to generate M over Z,[I'l. Hence, if X
is any object of DPf(Z,[I']) which is acyclic outside degrees 0 and 1 and
t; € Anng,r(H (X)) for i € {0,1}, then (since Z[I'] is both reduced and
relatively Gorenstein over Zy) the equality of Lemma 5 implies that

n(H M i
) Dety, iy X C Fity, iy (H (X))
and also

n(HY(X — i
t1( X, Detzgl[l“] X C FltZz[F} (HO(X)V)

In particular, if n(H°(X)V) = n(H°(X)) (which, for example, is the case when
HY(X) = H°(K, u§) ®z Zg), then Lemma 5 refines the main algebraic result
(Thm. 2.4) of Snaith in [35].
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Vying with the light

Of the heaven-coursing sun,
Oh, let me search,

That I find it once again,
The Way that was so pure.
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ABSTRACT. We study, in the case of ordinary primes, some connec-
tions between the GLs and cyclotomic Iwasawa theory of an elliptic
curve without complex multiplication.
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1 INTRODUCTION

Let F' be a finite extension of Q, F an elliptic curve defined over F', and p
a prime number such that F has good ordinary reduction at all primes v of
F dividing p. Let F“Y¢ denote the cyclotomic Z,-extension of F', and put
[ = G(F%¥/F). A very well known conjecture due to Mazur [[[J asserts
that the dual of the Selmer group of E over F'°¥¢ is a torsion module over the
Iwasawa algebra A(T") of T' (the best result in the direction of this conjecture is
due to Kato [E], who proves it when F is defined over Q, and F' is an abelian
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extension of Q). Now let F, denote a Galois extension of F' containing F¥¢
whose Galois group G over F'is a p-adic Lie group of dimension > 1. This paper
will make some modest observations about the following general problem. To
what extent, and in what way, does the arithmetic of E over F“¥¢ influence the
arithmetic of E over the much larger p-adic Lie extension F,? For example,
assuming that G is pro-p and has no element of order p, and that Mazur’s
conjecture is true for E over F°Y°, can one deduce that the dual of the Selmer
group of F over F, is a torsion module over the Iwasawa algebra A(G) of G7
In their paper [@] in this volume, Hachimori and Venjakob prove the surprising
result that the answer is yes for a wide class of non-abelian extensions Fi, of
F' in which G has dimension 2. In the first two sections of this paper, we study
the different case in which Fo, = F(E,e~) is the field obtained by adjoining
to F' the coordinates of all p-power division points on E. We assume that F
has no complex multiplication, so that G is open in GL2(Z,) by a well known
theorem of Serre. In [, it was shown that, in this case, the dual of the Selmer
group of E over Fy, is A(G)-torsion provided Mazur’s conjecture for E over
F°¥¢ is true, and, in addition, the p-invariant of the dual of Selmer of E over
F<¥¢ is zero. Although we can do no better than this result as far as showing
the dual of E over Fi, is A(G)-torsion, we do prove some related results which
were not known earlier. The main result of this paper is Theorem 3.1, relating
the truncated G-Euler characteristic of the Selmer group of F over F,, with the
I-Euler characteristic of E over F¢ (only a slightly weaker form of this result
was shown in [@] under the more restrictive assumption that the Selmer group
of E over F is finite). We also establish a relation between the p-invariant of
the dual of the Selmer group of E over F,, and the p-invariant of the dual of the
Selmer group of E over F¥¢ (see Propositions 3.12 and 3.13). The proof of this
relationship between p-invariants led us to study in §4 a new invariant attached
to a wide class of finitely generated torsion modules for the Iwasawa algebra of
any pro-p p-adic Lie group G, which has no element of order p, and which has
a closed normal subgroup H such that I' = G/H is isomorphic to Z,. This new
invariant is a refinement of the G-Euler characteristic of such modules, and, in
particular, we investigate its behaviour on pseudo-null modules.

Added in proof: Since this paper was written, O. Venjakob, in his Heidelberg
Habilitation thesis, has made use of our invariant to prove the existence of an
analogue of the characteristic power series of commutative Iwasawa theory for
any module in the category My (G) which is defined at the beginning of §4.

NOTATION

Let p be a fixed prime number. If A is an abelian group, A(p) will always
denote its p-primary subgroup. Throughout G will denote a compact p-adic
Lie group, and we write

A(G) = lim Z, [G/U],
v
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where U runs over all open normal subgroups of G, for the Iwasawa algebra of
G. All modules we consider will be left modules for A(G). If W is a compact
A(G)-module, we write W= Homgz, (W, Q,/Z,) for its Pontrjagin dual. It is a
discrete p-primary abelian group, endowed with its natural structure of a left
A(G)-module. We shall write H;(G,W) for the homology groups of W. If W
is a finitely generated A(G)-module, then it is well known that, for each i > 0,
H;(G,W) has as its Pontrjagin dual the cohomology group H'(G, /1/17)7 which
is defined with continuous cochains.

When K is a field, K will denote a fixed separable closure of K, and G will
denote the Galois group of K over K. We write G(L/K) for the Galois group
of a Galois extension L over K. If A is a discrete G g-module, H (K, A) will
denote the usual Galois cohomology groups. Throughout, F' will denote a finite
extension of Q, and F an elliptic curve defined over F', which will always be
assumed to have End#(FE) = Z. We impose throughout sections 2 and 3 of this
paper the hypothesis that E has good ordinary reduction at all primes v of F’
dividing p. We let S denote any fixed set of places of F' such that S contains
all primes of F' dividing p, and all primes of F' where E has bad reduction. We
write Fg for the maximal extension of F' which is unramified outside S and
the archimedean primes of F. For each intermediate field L with F* C L C Fg,
we put Gg(L) = G(Fs/L). Finally, we shall always assume that our prime p
satisfies p > 5.

2 THE FUNDAMENTAL EXACT SEQUENCE

We recall that we always assume that F has good ordinary reduction at all
primes v of F' dividing p. Let F¥°¢ denote the cyclotomic Z,-extension of F,
and put I' = G(F%°/F). By a basic conjecture of Mazur , the dual of the
Selmer group of E over F° is a torsion A(I')-module. The aim of this section
is to analyse the consequences of this conjecture for the study of the Selmer
group of F over the field generated by all the p-power division points on F.
If L is any intermediate field with F' C L C Fg, we recall that the Selmer group
S(E/L) is defined by

S(E/L) = Ker(H'(L —>HH (L, B(Lw))),

where Epe denotes the Galois module of all p-power division points on . Here
w runs over all non-archimedean valuations of L, and L,, denotes the union of
the completions at w of all finite extensions of Q contained in L. As usual, it is
more convenient to view S(E/L) as a subgroup of H'(Gg(L), Ey=). Forv € S,
we define J,(L) = lim .J, (K), where the inductive limit is taken with respect

to the restriction maps as K ranges over all finite extensions of F' contained in
L, and where, for such a finite extension K of F', we define

Jo(K) = @ H' (Ko, E(K.))(p)-

wlv
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Since L C Fg, we then have S(E/L) = Ker Ag(L), where

1) Ns(L) : H'(Gs(D). Epe) — @ (L

veS

denotes the evident localization map. We shall see that, when L is an infinite
extension of F, the question of the surjectivity of Ag(L) is a basic one. We
write

(2) X(E/L) = Hom(S(E/L), Qy/Zy)

for the compact Pontrjagin dual of the discrete module S(E/L). We shall be
primarily concerned with the case in which L is Galois over F', in which case
both S(E/L) and X (E/L) have a natural left action of G(L/F"), which extends
to a left action of the whole Iwasawa algebra A(G(L/F)). It is easy to see that
X(E/L) is a finitely generated A(G(L/F'))-module.

We are going to exploit the following well-known lemma (see [@, Lemmas 4
and 5] and also [@, §7] for an account of the proof in a more general setting).

LEMMA 2.1 Assume that X(E/F°) is A(T')-torsion. Then the localization
map Ag(FY°) is surjective, i.e. we have the exact sequence of I'-modules

(3) 00— S(E/Fcyc) _ Hl (GS(FCyC),Epoo) AS(E)“YC) @Jv(FcyC) 0.
veES

Moreover, we also have
(4) H?(Gs(F™°), Epe) = 0.

We now consider the field Fip, = F(Ep~), which always contains F'° by the
Weil pairing. We write

(5) G =G(Fo/F), H=G(Fo/FY),

so that G/H =T. By Serre’s theorem, G is an open subgroup of Aut(7,(E)) =
GLy(Z,), where, as usual, T,,(E) = lim Ejn. The following is the principal result

of this section.

THEOREM 2.2 Assume that (i) p > 5, (i) E has good ordinary reduction at
all primes v of F diwiding p, and (iii) X (E/FY°) is A(T")-torsion. Then we
have the exact sequence
(6)
0= 8(E/Fo)® = W5 — @ Ju(Fo)® — H'(G,S(E/Fx)) — H' (G, Weo) — 0,
veS

where Woo = HY (Gs(Fxo), Epeo).
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In fact, we expect Ag(Fx) to be surjective for all prime numbers p. If p > 5, it is
shown in [[f] that H*(G, W) = 0 for all i > 2, and that H*(G, J,(Fx)) = 0 for
alli > 1 and all v € S. Thus if Ag(F) is surjective for a prime number p > 5,
the exact sequence (ﬁ) follows. However, what is surprising about Theorem
2.2 is that we can establish it without knowing the surjectivity of Ag(F) (in
our present state of knowledge [[l], to prove the surjectivity of Ag(Fi) we must
assume hypotheses (i) and (i) of Theorem 2.2, replace (iii) by the stronger
hypothesis that X (E/F%°) is a finitely generated Z,-module, and, in addition,
assume that G is pro-p). Finally, we mention that if hypotheses (i) and (ii) of
Theorem 2.2 hold, and if also G is pro-p, then X (E/F) is A(G)-torsion if and
only if Ag(F) is surjective.

We now proceed to establish Theorem 2.2 via a series of lemmas. For these
lemmas, we assume that the hypotheses (i), (ii) and (%ii) of Theorem 2.2 are
valid.

LEMMA 2.3 We have the exact sequence

0 — S(E/Fa) — HY(Gs(Fu), Bye) " "5 @ 1, (Foo)?

veES

where ps(F) is induced by the localization map As(Fx).

PrOOF All we have to show is that pg(Fs) is surjective. We clearly have the
commutative diagram

0——>S(B/Fx) — Hl(GS(FOO)vEp“)HpS(T)) Does To(Foc) !

T T s

0 ——> S(B/F) —— H'(Gs(F*), Bye) —m D Jo(FH) ——0,
S

where g (F°) is induced by restriction, and where the surjectivity of Ag(F°)
is given by Lemma 2.1, thanks to our assumption that X (E/F%°) is A(T)-
torsion. Hence it suffices to prove the surjectivity of ~vg(F<¢). This is es-
sentially contained in the proof of [@, Lemma 6.7], but we give the detailed
proof as it is only shown there that vg(F¢) has finite cokernel. As is well
known and easy to see, there are only finitely many primes of F°¥¢ above each
non-archimedean prime of F. Hence we have

Coker(vs(F<°)) @ Coker (v, (F°)),
w|S

where w runs over all primes of F¢ lying above primes in S, and where, as
Hz( 00, w ) = 07

Coker (7, (FY)) = H*(Qu, E(Foo.w))(p);
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here €2, denotes the decomposition group in H of some fixed prime of F, lying
above w. Now €, is a p-adic Lie group with no elements of order p as p > 5,
and so €2, has finite p-cohomological dimension equal to its dimension as a
p-adic Lie group. Moreover, a simple local analysis (see [B] or [[]) shows that
Q,, has dimension at most 1 when w does not divide p, and dimension 2 when
w does divide p. We claim that we always have

(7) H?*(Qy, By ) = 0.

This is plain from the above remarks when v does not divide p. When v divides
p, £, has p-cohomological dimension equal to 2, and, thus H 2(Qw,Epoo) is
a divisible group. On the other hand, as FE has good reduction at w, it is
well-known (see [[f] for a direct argument, or [§] for a general result) that
H?(Qy, Epe) is finite, whence (f) follows. We now finish the proof using ().
Assume first that w does not divide p. Then (see [}, Lemma 3.7]) we have

Coker(, (F)) = H*(Q, By,

and so we obtain the surjectivity of 7, (F¢) from (ff). Suppose now that w
does divide p. Then it follows from the results of [E] that

Coker (o (FY)) = H?(Qp, B pe ),

where E,, p denotes the image of E,e under reduction modulo w. But as 2,
has p-cohomological dimension equal to 2, the vanishing of H?(Qy,, By p) is
an immediate consequence of (ﬁ) This completes the proof of Lemma 2.3. O

LEMMA 2.4 We have H(H, H (Gs(Fux), Ep=)) =0 for all i > 1.
ProOF We have
(8) H™(Gs(Fx), Epee) =0, (m > 2).

Indeed, (§) is obvious for m > 2 as Gg(Fx) has p-cohomological dimension
equal to 2, and it is a consequence of Iwasawa’s work on the cyclotomic Z,-
extension of number fields when m = 2 (see [, Theorem 2.10]). In view of (EH),
the Hochschild-Serre spectral sequence gives

(9) HiJrl(GS(FcyC)’EP‘X’) - Hl(Ha HI(GS(Foo)aEp“)) - Hi+2(Ha pr)'

The group on the left of (f]) vanishes (for i = 1, we use Lemma 2.1). Now H
has p-cohomological dimension 3, and so H"2(H, Ep) is zero for i > 1, and
divisible for ¢ = 1. On the other hand, it is known [§] that H*(H, Ep) is finite
for all k > 0, whence, in particular, we must have H3(H, Ep~) = 0. Thus (E)
gives Lemma 2.4 as required. (]

LEMMA 2.5 We have H'(H,S(E/Fy)) = 0.
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PROOF Let A, denote the image of A\g(F). Hence, in view of Lemma 2.4
with 7 = 1, we have the exact sequence

0— S(E/Fx)” — H'(Gs(Fx), Epe)" — AR — H'(H,S(E/F)) — 0.
But the surjectivity of ps(Fi) in Lemma 2.3 shows that
AL =P 1o (F)H,
veS
whence it is clear that H'(H,S(E/Fx)) = 0, as required. O
REMARK 2.6 By a similar argument to that given in the proof of [fl, Theorem
3.2], we see that H'(H,.J,(Fs)) = 0 for all i > 1, for all primes p > 5, and all
finite places v of F'. Thus we deduce from Lemma 2.4 that the surjectivity of
As(Fx) implies that H(H,S(E/Fx)) = 0 for all i > 1. Unfortunately, we can-

not at present prove the surjectivity of Ag(Fs) assuming only the hypotheses
(i), (i) and (iii) of Theorem 2.2.

LEMMA 2.7 We have isomorphisms
HY(D, H'(Gs(Fuc), Eye) ) = H'(G, H' (Gs(Fxo), Ey))
HY(T,S8(E/Fx)f) ~ HY(G,S(E/F.)).
PROOF This is immediate from Lemmas 2.4 and 2.5, and the usual inflation-

restriction exact sequence for H'. O

LEMMA 2.8 We have HY(T, @ J,(Fx)®) = 0.
veES
ProoOF To simplify notation, let us put K = F<°. Since the map
v5(K) © @D To(K) — @5 Jo(Fuo)”
veS vES

is surjective by Lemma 2.3, and since I' has p-cohomological dimension equal
to 1, it suffices to show that

(10) HY(T, P Ju(K)) =0.

veES

It is well-known that (E) is valid, but we sketch a proof now for completeness.
For each place v of F, let w be a fixed place of K above v, and let I", C T’
denote the decomposition group of w over v, which is an open subgroup of I'.
As usual, it follows from Shapiro’s lemma that

H(T, Jo(K)) = H' (Do, H' (Ko, E)(p)),
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and so we must prove that

(11) H'(Dy, H' (Ko, B)(p)) = 0.

We begin by noting that, for each algebraic extension L of F),, we have
(12) H*(L,Ep~) = 0.

When L is a finite extension of F),, Tate local duality shows that H?(L, Epe) is
dual to H°(L, T,(E)), and this latter group is zero because the torsion subgroup
of E(L) is finite. Clearly ([[J) is now true for all algebraic extensions L of F,
by passing to the inductive limit over all finite extensions of F, contained in
L. Suppose now that v does not divide p. Then

HY(Ky, Ep<) = H' (Ky, E)(p).

In view of ([Lg), the Hochschild-Serre spectral sequence for K,,/F, shows that
we have the exact sequence

Hz(FvaEpo") - Hl(rval(vaEpw)) - HS(FMEP” (Kﬂ))

But the group on the left is zero again by (@), and the group on the right is
zero because I';, has p-cohomological dimension equal to 1. This proves (@) in
this case. Suppose next that v divides p. As K, is a deeply ramified p-adic
field, it follows from [g] that
H (Ko, E)(p) ~ H (Ko, By p ),

where E,, y denotes the image of Fpe under reduction modulo w. As By poo i
a quotient of Ky~ , and as the Galois group of F, over K, has p-cohomological
dimension at most 2, we conclude from ([13) that

(13) H*(Ky, Ey ) = 0.

In fact, the Galois group of F, over K, has p-cohomological dimension 1, so
that ([[3) also follows directly from this fact. In view of ([[J), the Hochschild-
Serre spectral sequence for K,/ F, yields the exact sequence

H*(Fy, By p) — HY Ty, HY(Ky, By poo) — H3(Ty, By poc).

The group on the right is zero because I';, has p-cohomological dimension equal
to 1. By Tate local duality, the dual of the group on the left is HO(F,,T,(Ey)),
where T, (E )hm E, pn, and E, pr» denotes the kernel of multiplication by p™

on the formal group E,, of E at w. But again HO(F,, T,(F,,)) = 0 because the

torsion subgroup of E(F,) is finite, and so we have proven ([L]) in this case.
This completes the proof of Lemma 2.8. (]
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PROOF OF THEOREM 2.2 We can now prove Theorem 2.2. Put W, =
H'(Gs(Fwx), Ep). Taking I'-cohomology of the exact sequence of Lemma
2.3, and using Lemma 2.8, we obtain the long exact sequence

0= S(E/Fs)® = WE — P Ju(Fso)? —
veES
— HYT,S(E/Fx)®) — HYT, W) - 0.

Theorem 2.2 now follows immediately from Lemma 2.7. (]

The following is a curious consequence of the arguments in this section, and
we have included it because a parallel result has a striking application to the
work of Hachimori and Venjakob [[[J].

PROPOSITION 2.9 Assume that (i) p > 5, (ii) E has good ordinary reduction
at all primes v of F dividing p, (iit) X (E/F%°) is A(T') -torsion, and (iv) G
is pro-p. Then X(E/F..) is A(G)-torsion if and only if H*(H,S(E/F)) = 0.

PROOF Since G is pro-p, it is well-known (see for example, Theorem 4.12
of [B]) that X(F/Fx) is A(G)-torsion if and only if A\g(Fx) is surjective.
We have already observed in Remark 2.6 that the surjectivity of Ag(Fi)
implies that H'(H,S(E/Fx)) = 0 for all i« > 1. Conversely, assume that
H?*(H,S(E/Fy)) = 0. As in the proof of Lemma 2.5, let A, denote the image
of As(Fy ). Taking the H-cohomology of the exact sequence

0 — S(E/Fx) — H' (Gs(Fx), Ep=) — As — 0,
we conclude from Lemma 2.4 that
HY'(H,Ay) ~ H*(H,S(E/Fy)).

Hence our hypothesis implies that H'(H,A,) = 0. Now let By, =
Coker(As(Fw)). Taking H-cohomology of the exact sequence

0= A = P Ju(Fx) = Boo — 0,
vES

and using Lemma 2.3 and the fact mentioned in Remark 2.6 that
HY(H, J,(Fx)) =0 for all v € S, we conclude that

BY — HY(H, AL).

Hence BY = 0. But as H is pro-p and B, is a p-primary discrete H-module, it
follows that Bo, = 0. Thus Ag(F) is surjective, and this completes the proof
of Proposition 2.5. O

We conclude this section by proving a result relating the so-called u-invariants
of the A(G)-module X (E/Fy) and the A(T')-module X (E/F%°). Let us as-
sume for the rest of this section that G is pro-p. Let W be any finitely generated
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A(G)-module. We write W (p) for the submodule of all elements of W which
are annihilated by some power of p, and we then define

(14) Wy = W/W(p).

We recall that the homology groups H; (G W) are the Pontrjagin duals of the
cohomology groups H(G, W) where W = Homgz, (W, Q,/Z,) is the discrete p-
primary Pontrjagin dual of W (see [[L1]). As is explamed in | @] the H{(G, W)
are finitely generated Z,-modules, and thus the H;(G, W (p)) are finite groups
for all # > 0. Now the p-invariant of W, which we shall denote by ug(W), can
be defined in various equivalent fashions (see [2J], [L1]) in terms of the structure
theory of the A(G)-module W (p). However, for us it will be more convenient
to use the description of pug (W) in terms of the Euler characteristics which is
proven in [[L], namely

(15) pre™) = T #HA(G, W)Y

>0

As usual, we shall denote the right hand side of (L) by x(G, W (p)). We shall
use the analogous notation and results for the p-invariants of finitely gener-
ated A(T")-modules. For the remainder of this section, we always assume the
hypotheses (i)-(iv) of Proposition 2.9.

LEMMA 2.10 Both Ho(H,X(E/Fx)s) and H1(H,X(E/Fx)s) are finitely
generated torsion A(T")-modules, and Hi(H, X (E/Fy)¢) is annihilated by some
power of p.

PRrOOF For simplicity, put X = X(E/Fy) . By duality, the restriction map
on cohomology induces a I'-homomorphism

(16) a: Xy = Ho(H,X) — X(E/F%°).

Thanks to the basic results of [{], it is shown in [[], Lemma 6.7], that Ker(a)
is a finitely generated Z,-module, and that Coker(«) is finite. As X(E/F%°)
is assumed to be A(T')-torsion, it follows that Hy(H, X) is a finitely generated
torsion A(T")-module. Now if we take H-cohomology of the exact sequence

(17) 0—X({p) —X—X;y—0,

and recall that Hy(H, X) = 0 by Lemma 2.5, we obtain the exact sequence of
A(T)-modules

(18) 0— Hl(H,Xf) — Ho(H,X(p)) — Ho(H,X) — HO(H,Xf) — 0.

The right hand end of ([1§) shows that Ho(H, Xy) is A(T')-torsion, and the left
hand end shows that H,(H, X) is finitely generated over A(I") and annihilated
by a power of p, because these two properties clearly hold for Ho(H, X (p)). This
completes the proof of Lemma 2.10. O
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REMARK 2.11 Put X = X(FE/FL), and continue to assume that hypothe-
ses (i)-(iv) of Proposition 2.9 hold. As H is pro-p, Nakayama’s lemma also
shows that X; = X/X(p) is finitely generated as a A(H)-module if and only
if (X¢)m = Ho(H,Xy) is a finitely generated Z,-module. As Ho(H,Xy) is a
finitely generated torsion A(T")-module, it follows that X is finitely generated
as a A(H)-module if and only if ur(Ho(H, X)) = 0.

PROPOSITION 2.12 Assume that (i) p > 5, (i) E has good ordinary reduction
at all primes v of F dividing p (iii) G is pro-p, and (iv) X (E/F°) is A(T)-
torsion. Then we have

(19) na(X(E/Fx)) = pr(X(E/F¥€)) 46 + €,

where, writing X = X(E/Fy),

(20)  6=%io (1) ur(Hi(H, X¢)), €=, (=1)'ur(H:(H, X ().

PROOF As each module in the exact sequence ([1§) is A(T)-torsion, it follows
(see [[L1, Prop. 1.9]) that the alternating sum of the pp-invariants taken along
(Lg) is zero. Moreover, the pr-invariants of the two middle terms in ([[g) can
be calculated as follows. Firstly, as Ker(a) and Coker(«) are finitely generated
Z,-modules, it follows from ([l§) that

(21) pr(Ho(H, X)) = pr(X(E/F?°)).

Secondly, for i = 1,2,3,4, the Hochschild-Serre spectral sequence yields the
short exact sequence

(22) 0 — Ho(T', Hi(H, X (p))) — Hi(G, X(p)) — H1(T', Hi1(H, X (p))) — 0.

Also, we have Hy(H, X (p)) = 0 because H has p-homological dimension equal
to 3. It follows easily that

3

(23) NG X(p) = [ X0 H(H, X () V',
=0

whence by ([Ld) for both the group G and the group I, we obtain

(24) pa(X) = Tio(=1) pr (Hi(H, X (p))).
Proposition 2.12 now follows immediately (1)) and (P4) and from the fact that
the alternating sum of the pp-invariants along ([[§) is 0. O

We now give a stronger form of (E) when we impose the additional hypothesis
that X (F/Fs) is A(G)-torsion.

PROPOSITION 2.13 Assume that (i) p > 5, (ii) E has good ordinary reduction

at all primes v of F dividing p, (iii) G is pro-p, (i) X(E/F¥°) is A(T)-
torsion, and (v) X(E/Fy) is A(G)-torsion. Then H;(H,Xy) (i = 1,2), where
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Xy = X(E/Fx)/X(E/Fx)(p), is a finitely generated A(T')-module which is
killed by a power of p. Moreover,

(25)  ne(X(E/Fx)) = pr(X(E/FY)) + B, (=1)"" pr(Hi(H, Xy)).

COROLLARY 2.14 Assume hypotheses (i)-(iv) of Proposition 2.13 and replace
(v) by the hypothesis that X(E/Fy)/X(E/Fx)(p) is finitely generated over
A(H). Then

(26) e (X(E/Foo)) = pr (X (E/FY)).

To deduce the corollary, we first note that the hypothesis that X is finitely
generated over A(H) implies that Xy is A(G)-torsion, whence X is also
A(G)-torsion. Secondly, the H;(H, X ) are finitely generated Z,-modules once
Xy is finitely generated over A(H), and hence their pr-invariants are zero.
Thus () then follows from (RF). We remark that, in all cases known to date
in which we can prove X(E/Fy) is A(G)-torsion, one can show that Xy is
finitely generated over A(H), but we have no idea at present of how to prove
this latter assertion in general.

PROOF OF PROPOSITION 2.13 Again put X = X (E/Fy). Since we are now
assuming that X is A(G)-torsion, or equivalently that Ag(F.) is surjective, we
have already remarked (see Remark 2.6) that

(27) H;(H,X)=0foralli>1.
We next claim that
(28) Ha(H, Xf) = 0.

Indeed, as H has p-cohomological dimension 3, and multiplication by p is in-
jective on Xy, it follows that multiplication by p must also be injective on
H3(H,Xy). On the other hand, taking H-homology of the exact sequence
(), we see that Hs(H,X;) injects into the torsion group Ho(H, X (p)) be-
cause Hs(H,X) = 0. Thus () follows. Moreover, using %) and (Rg), we
conclude from the long exact sequence of H-cohomology of ([L7]) that

(29) Hl(HaX(p)) = HQ(Ha Xf)a Hl(H7X(p)) =0 (Z - 273)

Thus (R9) now follows from ([Ld), completing the proof of Proposition 2.13. [

3 THE TRUNCATED EULER CHARACTERISTIC

We assume throughout this section our three standard hypotheses: (i) p > 5,
(ii) F has good ordinary reduction at all primes v of F' dividing p, and (iii)
X(E/F<°) is A(T")-torsion. Since G has dimension 4 as a p-adic Lie group
and has no element of order p, G has p-cohomological dimension equal to
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4. We begin by defining the notion of the truncated G-Euler characteristic
xt(G, A) of a discrete p-primary G-module A. The main aim of this section is
to compute the truncated G-Euler characteristic of S(E/F4) in terms of the
I-Euler characteristic of S(E/F°). A Birch-Swinnerton-Dyer type formula
for the latter Euler characteristic is well-known (see Schneider [[[J], Perrin-Riou
[[g), and we shall recall this at the end of this section.

If D is a discrete p-primary I'-module, we have

H(T,D)=D", HYT,D)= Dr,
and hence there is the obvious map
(30) ¢p : H(T,D) — HYT,D)

given by ¢p(z) = residue class of x in Dr. If f is any homomorphism of abelian
groups, we define

(31) q(f) = #(Ker(f))/#(Coker(f)),

saying ¢(f) is finite if both Ker(f) and Coker(f) are finite. We say D has finite
I-Euler characteristic if ¢(¢p) is finite, and we then define x(T', D) = ¢(¢p).
Suppose now that A is a discrete p-primary G-module. As in the previous
section, we write H = G(F/F°), so that H is a closed normal subgroup of
G with G/H = T. Parallel to (B(), we define a map

(32) €4 @ HYG,A) — H(G,A)

by €4 = 10 ¢am, where 7 is the inflation map from H' (T, A®) to H'(G, A).
We say that A has finite truncated G-FEuler characteristic if g(€4) is finite, and
we then define the truncated G-Euler characteristic of A by

(33) xi(G, A) = q(£a)-

Of course, if the H*(G, A) are finite for all i > 0, and zero for i > 2, then the
truncated G-Euler characteristic of A coincides with the usual G-Euler char-
acteristic of A. However, we shall be interested in G-modules A, which arise
naturally in arithmetic, and for which we can often show that the truncated
Euler characteristic is finite and compute it, without being able to prove any-
thing about the H(G, A) for i > 2. In fact (see the remarks immediately after
Theorem 2.2), it is conjectured that in the arithmetic example we consider
when A = S(E/F,,), we always have H (G, A) = 0 for i > 2.

If v is a finite prime of F', we write L,(E,s) for the Euler factor at v of the
complex L-function of E over F'. In particular, when E has bad reduction (the
only case we shall need) L,(FE,s) is 1, (1 — (Nv)~=*)~1, and (1 + (Nv)=*)~"1,
according as E has additive, split multiplicative, or non-split multiplicative
reduction at v. Also, if u and v are non-zero elements of Q,, u ~ v means that
u/v is a p-adic unit. The following is the main result of this section. As usual,
jE denotes the j-invariant of the elliptic curve E.
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THEOREM 3.1 Assume that (i) p > 5, (ii) E has good ordinary reduction
at all places v of F dividing p, and (#ii) X (E/F°¢) is A(T)-torsion. Then
Xt(G,S(E/Fx)) is finite if and only if x(T',S(E/F%°)) is finite. Moreover,
when x (T, S(E/FY)) is finite, we have

Xe(G,S(E/Fx)) ~ X(L,S(E/F¥) x ] Lo(E,1)7!
veEM

where M consists of all places v of F' where the j-invariant of E is non-integral,

The following is a special case of Theorem 3.1 (see [E, Theorem 1.15] for a
weaker result in this direction). Assuming hypotheses (i) and (ii) of Theorem
3.1, it is well-known (see [ff] or Greenberg [[L]) that both X (E/Fv¢) is A(T)-
torsion and x(T', S(E/F°)) is finite when S(E/F) is finite.

COROLLARY 3.2 Assume that (i) p > 5, (ii) E has good ordinary reduction at
all places v of F dividing p, and (iii) S(E/F) is finite. Then x+(G,S(E/Fx))
is finite and

Xt(G,8(E/Fx)) ~ X(U,S(B/F¥) x [] Lo(B,1)7"
vEM
We now give the proof of Theorem 3.1 via a series of lemmas. For these lemmas,
we assume that hypotheses (i), (ii) and (iii) of Theorem 3.1 are valid. We let
S’ be the subset of S consisting of all places v of F' such that ord,(jg) < 0.
We then define

(34) S'(E/FY°) =Ker(H (Gs(FY),Epe) = P Jo(FY9))
veS\S!

We remark that we could also define S’'(E/F4) analogously, but in fact
S'(E/Fx) = S(E/Fx) as J,(Fs) = 0 for v in S’ (see [}, Lemma 3.3]).

LEMMA 3.3 We have the exact sequence of I'-modules

0= S(E/FY) — S'(B/F¥) — € J,(F¥°)
veS’

PrROOF This is clear from the commutative diagram with exact rows (cf.
Lemma 2.1)

Ag(FY©
0 ——> S(B/FY) ——> H'(Gs(F¥), Bye) o @5 Jo(F¥) ——> 0

| | |

0——=S8'(B/FY) —— H'(Gs(F°), By ) —>= Dpesrsr Jo(F7) ——0
where all the vertical arrows are the natural maps, the first is the natural
inclusion, the middle map is the identity and the right vertical map is the
natural projection. O
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LEMMA 3.4 We have that x(T,S(E/F°)) is finite if and only if
X(T,S(E/FY) is finite. Moreover, when x(I',S(E/FY°)) is finite, we
have
X(0,8'(B/FY)) ~ (T, 8(B/F¥)) x ] Lu(E,1)7"
veEM

and M is the set of places with non-integral j-invariant as before.

PrROOF The lemma is very well known (see, for example, [E, Lemma 5.6 and
Corollary 5.8] for a special case), and so we only sketch the proof. Indeed, by
the multiplicativity of the Euler characteristic in exact sequences, we see that
all follows from Lemma 3.3 and the fact that

X(Fa @ Jv(FcyC)) ~ H LU(E’ 1)_17

ves’ veEM

(see [[], Lemmas 5.6 and 5.11]). O

LEMMA 3.5 Let f : A — B be a homomorphism of p-primary I'-modules with
both Ker(f) and Coker(f) finite. If

g: At =BY' h: Ar— Br

denote the two maps induced by f, then q(g) and q(h) are finite, and q(g) =
q(h).

Proor This follows easily from breaking up the commutative diagram

0 AT A4 Ar 0
of ]
0 BT B 2. p Br 0,

where 7 is a topological generator of I', into two commutative diagrams of short
exact sequences and applying the snake lemma to each of these diagrams. [

The heart of the proof of Theorem 3.1 is to apply Lemma 3.5 to the map
(35) fo S(B/FY) — S(B/Fsx)

given by the restriction. We therefore need

LEMMA 3.6 If f is given by (BY), both Ker(f) and Coker(f) are finite.

ProOF Put 8” =S\ 5. As J,(Fx) = 0 for v € ', we have the commutative
diagram with exact rows
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0 ——> S(B/Foc) ——= H*(Gs(Fao), By ) ——= B, Jo(Foo)!

fT T WQ(FCYC)T

0——= S'(B/F¥Y°) —— HY(Gs(FY°), Ep) —> @ cgn Jo(F¥) ——0.

Now it is known that H'(H,E,~) is finite for all i > 0 (see [, Appendix
A.2.6]). Hence Lemma 3.6 will follow from this diagram provided we show that
the kernel of g~ (F°) is finite (it is here that we will use the fact that S”
contains no place of potential multiplicative reduction for E). Now

Ker( S// FCyC @Ker ‘F‘CyC )

where
Ker(v, (F¥)) = HY (Qu, E(Foow)) (p);

here w runs over all primes of F'¥¢ lying above primes in S”, and €, denotes
the decomposition group in H of some fixed prime of F,, above w. Then (see
B, Lemma 3.7]) we have

(36) Ker(v,, (F)) = H' (Qu, Byee).

But E has potential good reduction at w, and F.”° contains the unique un-
ramified Z, extension of F,,. Hence, as p > 5, it follows from Serre-Tate [m
that ,, must be a finite group of order prime to p, and thus (Bf]) shows that
Yo (FY) is injective in this case. Suppose next that w does divide p. Then it
follows from the results of [[f] that

(37) Ker(yu (F¥)) = H' (Qu, Ew ),

where EN‘w,poo denotes the image of E,~ under reduction modulo w. But
it is known (see either [§] or [f], Lemma 5.25]) that the cohomology groups
H'(Qy, By o) are finite for all 4 > 0. Hence Ker(y,, (F°)) is finite, and the
proof of Lemma 3.6 is complete. O

We can now finish the proof of Theorem 3.1. Consider the I'-modules
A=S8'(E/F%), B=S(E/Fx)?
and the map given by (@) By Lemma 2.7, we have
H°(T,B) = H°(G,S(E/Fy,)), H'T,B)=H'(G,S(E/Fy)),

and we clearly have the commutative diagram

HO(T,A) —2— HY(T',B) = H°(G,S(E/F))

o] |
HYT,A) —— HYT,B) = HY(G,S(E/Fx)),

DOCUMENTA MATHEMATICA - EXTRA VOLUME KATO (2003) 187-215



LiNks BETWEEN CYCLOTOMIC AND G Ly IWASAWA THEORY 203

here g and h are induced by f, and ¢4 and £p are defined by (BQ) and (B2),
respectively. By Lemmas 3.5 and 3.6, we know that ¢(g) and ¢(h) are finite,
whence it is plain from the diagram that g(¢4) is finite if and only if ¢({p) is
finite. Now it is a basic property of the ¢-function, that ¢ of a composition of two
maps is the product of the ¢’'s of the individual maps. Hence, as £gog = ¢ 40h,
we conclude that ¢(£g)q(g) = q(¢a)q(h), when q(¢4) or equivalently ¢(ép) is
finite. But ¢(g) = ¢(h) by Lemma 3.5, and so q(¢4) = q({5). Applying Lemma
3.4 to compute ¢(¢4) in terms of x(T',S(E/F°)), the proof of Theorem 3.1
is now complete. (Il

We now briefly recall the value of x(I', S(E/F¢)) determined by Perrin-Riou
[[§ and Schneider [[lY], and use Theorem B.J to discuss several numerical
examples. We need the following notation. If A is an abelian group, A(p)
will denote its p-primary subgroup. If w is any finite prime of F, we put
cw = [E(Fy) @ Eo(Fy)], where Ey(Fy,) denotes the subgroup of points in
E(F,,) with non-singular reduction modulo w. Put

(E) = |chw‘;1a

where the p-adic valuation is normalized so that [p|, = p~ L.

For each place
v of F dividing p, let k, be the residue field of v, and let E, over k, be the
reduction of £ modulo v. We say that a prime v of F' dividing p is anomalous
it E,(ky)(p) # 0. We always continue to assume that p > 5, and that E has
good ordinary reduction at all primes v of F dividing p. Write II(E/F) for

the Tate-Shafarevich group of E over F.

CAsE 1. We assume that E(F) is finite, and III(E/F)(p) is finite,
or equivalently S(E/F) is finite. Then it is shown in [Lg, [L9) that
HY(T,S(E/F%°)) (i =0,1) is finite, and

#IE/P)P) s
GEE e < B < TT#E (k))

vlp

x(I', S(E/F99)) =

ExampLE 1. Take F = Q and let E be the elliptic curve
X1(11) sy +y = 2% — 22

Kolyvagin’s theorem tells us that both E(Q) and III(E/Q) are finite, since the
complex L-function of E does not vanish at s1. The conjecture of Birch and
Swinnerton-Dyer predicts that III(E/Q) = 0, but the numerical verification of
this via Heegner points does not seem to exist in the literature. Now it is well
known that S(E/Q%°) = 0 for p = 5, and that S(E/Q%°) = 0 for a good
ordinary prime p > 5 provided III(E/Q)(p) = 0 (see []). Hence, assuming
II(E/Q)(p) = 0 when p > 5, we conclude that

x(I,S(E/Q¥°)) =1
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for all good ordinary primes p > 5. Our knowledge of X (E/F4) is extremely
limited. We know (see [J]) that X (E/F.)® @, has infinite dimension over Q,
Z

for all primes p > 5. Take S{p, 11}, and note that 11 is the only prime where
E has non-integral j-invariant and L1 (E, S) = (1 — 117°)~'. First, assume
that p = 5. Theorem 3.1 then tells us that

xt(G,S(FE/Fx)) =5.

But it is shown in [ that the map As(Go) is surjective when p = 5. Hence we
have also H(G,S(E/Fx)) = 0 for i = 2, 3,4 and so we have the stronger result
that S(E/Fw) has finite G-Euler characteristic, and x(G,S(F/F)) = 5. Next
assume that p is a good ordinary prime > 5, and that III(E/Q)(p) = 0. Then
Theorem 3.1 gives

xt(G,S(E/Fy)) = 1.

However, it has not been proven yet that Ag(F) is surjective for a single good
ordinary prime p > 5, and so we know nothing about the H*(G,S(E/Fx))
for ¢« = 2,3,4. But we can deduce a little more from the above evaluation
of the truncated Euler characteristic. For £ = X;(11), Serre has shown that
GGLy(Zy) for all p > 7, whence it follows by a well known argument that
HY(G,Ep=) = 0 for all i > 1. But it is proven in [f] (see Lemmas 4.8 and
4.9) that the order of H!(G,S(E/F)) must divide the order of H3(G, Epe).
Hence finally we conclude that

HO(G7S(E/FOO)) = Hl(Gvs(E/Foo)) =0
for all good ordinary primes p > 5 such that III(E/Q)(p) = 0.

CASE 2. We assume now that E(F) has rank g > 1, and that II(E/F)(p) is
finite. We write

<, >pp E(F)x E(F)—Q,
for the canonical p-adic height pairing (see [L6], [IL9], [Ld]), which exists because

of our hypotheses that F has good ordinary reduction at all places v of F
dividing p. If Py, -- , P, denote a basis of E(F) modulo torsion, we define

R,(E/F)=det < P, P; > .

It is conjectured that we always have R,(E/F) # 0, but this is unknown.
Recalling that we are assuming that III(E/F)(p) is finite, the principal result
of [, [IJ] is that firstly x(T', S(E/F°)) is finite if and only if R,(E/F) # 0,
and secondly, when R,(E/F') # 0, we have

XL, S(B/F) =p~ [ pp |5

where

_ Ry(E/F) x #E/F)®) 0 TT (o2
Pp = ﬂ(E(F)(p))2 ;D(E) ;I;g #(Ev(kv)(p)) .
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The work of Mazur and Tate [[[] gives a very efficient numerical method for
calculating R,(E/F) up to a p-adic unit, and so the right hand side of this
formula can be easily computed in simple examples, provided we know the
order of III(E/F)(p).

ExampPLE 2. Take F = Q, and let E be the elliptic curve of conductor 37.
E : y*+y=2>—1z.

It is well-known that E(Q) is a free abelian group of rank 1 generated by
P = (0,0). Moreover, the complex L-function of E over Q has a simple zero
at s = 1, and so III(E/Q) is finite by Kolyvagin’s theorem. In fact, the con-
jecture of Birch and Swinnerton-Dyer predicts that III(E/Q) = 0, but again
the numerical verification of this via Heegner points does not seem to exist in
the literature. We put h,(P) =< P, P >qg,. The supersingular primes for E
less than 500 are 2, 3, 17, 19, 257, 311. The ordinary primes for F less than
500 which are anamolous are 53, 127, 443. The following values for h,(P) for
p ordinary with p < 500 have been calculated by C. Wuthrich. We have

| hy(P) |,=p 2 for p=13, 67 and | h,(P) |,= p for p =53, 127, 443,

and | hy(P) [,= p~! for the remaining primes. As cs7 = 1, we conclude from
the above formula that x(I', S(E/Q%¢)) = 1 for all ordinary primes p < 500,
with the exception of p = 13, 67, where we have x(I', S(E/Q%°)) = p; here
we are assuming that III(E/Q)(p) = 0. Now 37 is the only prime where the j-
invariant of F is non-integral, and L37(E, s) = (1+377%)~!. Hence we conclude
from Theorem 3.1 that x:(G,S(E/Fx)) is finite and

Xi(G,S(E/Fx)) = x(I', S(E/QY)).

We point out that we do not know that A\g(F) is surjective for a single ordinary
prime p for this curve.

4 AN ALGEBRAIC INVARIANT

In this last section, we attach a new invariant to a wide class of modules over
the Iwasawa algebra of a compact p-adic Lie group G satisfying the following
conditions: (i) G is pro-p, (ii) G has no element of order p, and (iii) G has a
closed normal subgroup H such that G/H is isomorphic to Z,. We always put

(38) I'=G/H,

and write Q(I") for the quotient field of the Iwasawa algebra A(I") of I'. We
assume that G satisfies these hypotheses for the rest of this section. By [@],
G has finite p-cohomological dimension, which is equal to the dimension d of
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G as a p-adic Lie group. We are interested in the following full subcategory
of the category of all finitely generated torsion A(G)-modules. Let My (G)
denote the category whose objects are all A(G)-modules which are finitely
generated over A(H) (such modules are automatically torsion A(G)-modules,
because A(G) is not finitely generated as a A(H)-module). Perhaps somewhat
unexpectedly, it is shown in [fj that many A(G)-modules which arise in the
G Lo-Iwasawa theory of elliptic curves belong to 9y (G) (specifically, in the
notation of §2, X(E/Fy) is a A(G)-module in My (G) when we assume that
(i) p = 5, (ii) E has good ordinary reduction at all primes v of F' dividing p,
(i) G is pro-p, and (iv) X(E/F°) is a finitely generated Z,-module; here
H = G(Fs /F¥°)).

If f and g are any two non-zero elements of Q(I'), we write f ~ g if fg~!
is a unit in A(T"). To each M is My (G), we now attach a non-zero element
far of Q(T'), which is canonical in the sense that it is well-defined up to the
equivalence relation ~. As M is a finitely generated A(H)-module, all of the
homology groups

(39) Hi(H,M) (i >0)

are finitely generated Z,-modules. On the other hand, as M is a A(G)-module,
these homology groups have a natural structure as A(T')-modules, and they
must therefore be torsion A(T')-modules. Let g; in A(T') be a characteristic
power series for the A(T")-module H;(H, M), and define

(40) fum :ng(q)'_
i>0

This product is, of course, finite because H;(H, M) = 0 for i > d, and it is well
defined up to ~, because each g; is well defined up to multiplication by a unit

in A(T).

LEMMA 4.1 (i) If M(p) denotes the submodule of M in My (G) consisting of
all elements of p-power order, then far ~ fua/mpy; (ii) If we have an evact
sequence of modules in My (G),

(41) 0— M; — My — Ms — 0,
then fa, ~ faay - fus-

PROOF (i) is plain from the long exact sequence of H-homology derived from
the exact sequence

0— M(p) - M — M/M(p) — 0,

and the fact that the H;(H, M (p))(i > 0) are killed by any power of p which
annihilates M (p), and are therefore finite. Similarly, (ii) follows from the exact
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sequence of H-homology derived from ([tI]), and the classical fact that the
A(T)-characteristic series is multiplicative in exact sequences. ]

One of the main reasons we are interested in the invariant fj; is its link with
the G-Euler characteristic of M. If g is any element of A(T"), we write ¢(0)
as usual for the image of g under the augmentation map from A(T') to Z,.
Similarly, if ¢ is any non-zero element of Q(T'), then the fact that A(T) is a
unique factorization domain allows us to write g = hy/he, where hy and hy are
relatively prime elements of A(T'). We say that g(0) is defined if hy(0) # 0,
and then put g(0) = h1(0)/h2(0). If M € My (G), we say that M has finite
G-Euler characteristic if the H;(G, M) are finite for all ¢ > 0, and, when this
is the case, we define

(42) X(G. M) =[] #HA(G, M) D"

i>0

LEMMA 4.2 Assume that M in My (G) has finite G-Fuler characteristic. Then
far(0) is defined and non-zero, and we have

(43) X(G, M) = [ far(0)[; "

PrROOF AsT has cohomological dimension 1, for all 7 > 1 the Hochschild-Serre
spectral sequence yields an exact sequence

(44) 0 — Ho(T, H;(H,M)) — H;(G, M) — Hy(T, H;_,(H,M)) — 0.

The finiteness of the H;(G, M) (i > 0) therefore implies that, for all ¢ > 0, we
have g;(0) # 0, where, as above, g; denotes a characteristic power series for
H;(H, M). Moreover, by a classical formula for A(T')-modules, we then have

#(HO(F?HZ'(H’ M)))
#(H. (L', H;(H, M)))

(45) l9:(0); " =

for all i > 0. The formula () is now plain from (#4) and (i), and the proof
of the lemma is complete. O

Let

(46) 7 : A(G) — A(T)

be the natural ring homomorphism.

LEMMA 4.3 Let g be a non-zero element of A(G) such that N = A(G)/A(G)g

belongs to My (G). Then H;(H,N) =0 for all i > 0. Moreover, fn ~ mr(g)
lies in A(T"), and fn(0) # 0 if and only if N has finite G-Euler characteristic.
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PrROOF We have the exact sequence of A(G)-modules
(47) 0— A(G) BN A(G) - N — 0,

where -g denotes multiplication on the right by ¢g. Since H;(G,A(G)) = 0
for i > 1, we conclude that H;(G,N) = 0 for ¢ > 1. But, for any compact
A(G)-module R, the Hochschild-Serre spectral sequence provides an injection
of Hy(T', H;(H, R)) into H;(G, R), and so the vanishing of H;(G, R) implies the
vanishing of the compact I'-module H;(H, R). It follows that H;(H,A(G)) =0
fori > 1, and that H;(H,N) = 0for¢ > 1. Put h = np(g). Taking H-homology
of (i) we obtain the exact sequence of A(I')-modules

(48) 0 — Hy(H,N) — AT) - A(T') — Ho(H,N) — 0,

where -h now denotes right multiplication by h. Note that Ho(H, N) is A(T)-
torsion as N is in My (G), and so we must have h # 0. But then multiplication
by hin A(T') is injective, and so Hy (H, N) = 0, and it is then clear than fy ~ h.
Finally, returning to the G-homology of (@), we obtain the exact sequence

(49) 0— H (G, N) — 2, "z, ~ HyG, N) -0,

and so N has finite G-Euler characteristic if and only if 2(0) # 0. This com-
pletes the proof of Lemma 4.3. g

We recall (see [PJ]) that a finitely generated torsion A(G)-module M is de-
fined to be pseudo-null if Extllx(G)(M,A(G)) = 0. If M lies in My (G), it is an
important fact that M is pseudo-null as a A(G)-module if and only if M is
A(H)-torsion. Since G as an extension of I' by H necessarily splits, and hence
is a semi-direct product, this is proven in @7 Prop. 5.4] provided H is uniform.
However, by a well-known argument [@, Prop. 2.7], it then follows in general
for our G, since H must always contain an open subgroup which is uniform.

LEMMA 4.4 Let M be a module in My (G). If G is isomorphic to Zy,, for some
integer r = 1, then fir ~ 1 if and only if M is pseudo-null as a A(G)-module.

PROOF We assume r > 2, since pseudo-null modules are finite when r = L.
Let M be a A(H)-torsion module in M (G). We recall that fs = Hgg_l) ,
>0
where ¢g; in A(T") is a characteristic power series for the torsion A(T")-module
H;(H,M). By (i) of Lemma [L1], we may assume that M has no p-torsion.
Thus the assumptions of Lemma 2 of [ when applied to M as a A(H)-module
are satisfied, and we conclude that there exists a closed subgroup J of H such
that H/J = Z, and M is finitely generated as a A(.J)-module. Analogously to
(@), the Hochschild-Serre spectral sequence gives rise to the exact sequences
of finitely generated torsion A(I')-modules, for all ¢ > 1,

(50) 0 — Ho(H/J,H;(J,M)) — H;(H, M) — Hy(H/J,H;_1(J, M)) — 0.
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Hence, if g;; denotes the characteristic power series of H;(H/J, H;(J,M)) as
a torsion A(T")-module, we obtain

90 ~ 90,0, 9i ~ gii—1-9o; (i=1).

Thus . ;
far ~goo < [[(9ri-1- 900" ~ [ (90.i/91.) "

i>1 i>o

On the other hand, letting 7 denote a topological generator of H/.J, we have
the exact sequence of A(C)-modules

0— Hy(H/J, Hy(J, M)) — Hi(J, M) "=% H,(J, M) — Ho(H/J, Hi(J, M)) — 0.

But H;(J, M) is a finitely generated Z,-module, because J was chosen so that
M is a finitely generated A(J)-module. Hence the above exact sequence is in
fact an exact sequence of finitely generated torsion A(C)-modules. By the mul-
tiplicativity of the characteristic power series along exact sequences, it follows
that go; ~ g1,:-

Conversely, let fy; ~ 1. Under our hypotheses on G, the Iwasawa algebra
A(G) is a commutative regular local ring. By the classical structure theorem
for finitely generated modules, M is pseudo-isomorphic to (M) where

m

¢(M) = P AG)/AMG)g;

i=1

with g; non-zero for i = 1,--- ,m. By Lemma 4.3 and the first part of the proof
above, we see that fas ~ mr(g1 - gm). As far is assumed to be a unit in A(T),
we conclude that r(gy -« - gm) is also a unit in A(T"), and hence 71 (g1 -+ - gm)
does not belong to the maximal ideal of A(G). But, as the residue field of A(G)
is Fp, and A(G) is local, we see that g - - g, is a unit in A(G) and hence so
iseach g1 (i = 1,---,m). Thus (M) is zero and M is pseudo-null, thereby
completing the proof of the lemma. O

LEMMA 4.5 Assume that G is a direct product C x H, where C is isomorphic
toT" and H has dimension > 1. Suppose that M in My (G) is finitely generated
as a Zp-module, then far ~ 1.

PROOF We remark that a finitely generated Z,-module M in My (G) is nec-

essarily pseudo-null since H has dimension > 1.

We fix a topological generator ¢ of C end let g;(T") denote the characteristic

polynomial of ¢ — 1 on the finite dimensional vector space H;(H, M) 2@ Qp. We
P

[Toc"" =1

i>0

will show that
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Note first of all that, because M is finitely generated as a Z,-module, it is
A(H)-torsion, and so we have (see [[L1])

(1) deg(gi) = 0.

i>0

We now choose a finite extension L/Q, which is a splitting field for all the
polynomials g;. Then g; also can be viewed as the characteristic polynomial of
¢ — 1 on the L-vector space

H;(H,M) ®z, L = H;(H,M ®z, L).

Since our assertion is multiplicative in short exact sequences we may argue by

induction with respect to the dimension of M ® L. As the H-action and the
ZP

C-action commute, the H-action preserves all C-eigenspaces. This reduces us
to the case where ¢ acts on M ® L by a single eigenvalue A\. Then ¢ certainly

P
acts on each H;(H, M) ® L by the same eigenvalue A, and we obtain
ZP

Hgg—l)(i) _ (T— )\)2(71)1 deg(g:) _— (T o )\)O = 1.

i>0
O

When M is a finitely generated Z,-module which has finite G-Euler charac-
teristic, then Lemmas [I.4 and [L.H prove that x(G, M) = 1. This is a slightly
stronger version of the main theorem of [@] for a group G = C' x H as in
Lemma 4.5.

The previous two results might lead one to believe that the invariant fj; is
a unit for all pseudo-null modules M in My (G). However, the following two
examples illustrate that this is not the case.

EXAMPLE 3 (see [, §5). Let K be any finite extension of Q, which contains
tp if p is odd and p4 if p = 2. Take E to be any Tate elliptic curve over K,
and write

G = G(K(Ep=)/K), H=G(K(Ep=)/K(up~)).

Thus G is a p-adic Lie group of dimension 2, H is a closed normal subgroup
of G which is isomorphic to Z,, and I'G/H is isomorphic to Z,. If M is a
Z,-module on which G g-acts, M (n), as usual will denote the n-fold Tate twist
of M by T,(p) = Ein tpn. We now consider the G-module

W =T,(E).
As is shown in [§] (see [], formula (48)), we then have

Ho(H, W) =Z,, H\(H,W)=2Zy(~1).
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To compute the corresponding fy in Q(T), let x : Gk — Z;, be the cyclotomic
character of G, i.e. o(¢) = ¢X() for all o in Gy and all ¢ in p,~. Fix a
topological generator v of I, and identify A(I') with the ring Z, [[T]] of formal
power series in 7" with coefficients in Z, by mapping v to 1 + 7. Then we see
immediately that

T
CTH1-x()7Y
In particular, fyr does not belong to A(T") in this example. We note also that,
since G has dimension > 1, W is certainly a pseudo-null A(G)-module because
W is a finitely generated Z,-module (see [R4], Prop. 3.6).

ExXAMPLE 4. We now assume that G = C' x H, and we take a A(H)-module
M of the form

fw

(51) M = A(H)/A(H)g,

where ¢ is any non-zero element of A(H). To make M into a A(G)-module,
it suffices to give a continuous action of C' on M, which commutes with the
H-action. Fix a topological generator ¢ of C. If z is any element of A(H), we
write z(0) for the image of z under the augmentation map in Z,. We now take
units w and w in A(H) satisfying

(52) gw = ug, w(0)=wu(0)=1modp.
We let ¢ act on M by
(53) c.(z+A(H)g) = 2w+ A(H)g.

This is well-defined by the first condition in (@), and extends to a continuous
action of C' by the second condition in (§3). Conversely, let M be any A(G)-
module which is of the form (f1)) as a A(H)-module with g # 0. It is then easy
to see that the action of ¢ on M is necessarily given by @), where u and w are
units in A(H) satisfying (5J), because A(H) is a local ring. As discussed before
Lemma 4.4, this A(G)-module M is pseudo-null because it is plainly A(H)-
torsion. To compute the invariant fy; of M, we consider the exact sequence of
A(G)-modules

(54) 0— AH) L AH) - M — 0,

where ¢ acts on the first copy of A(H) by right multiplication by u, and on the
second by right multiplication by w. Taking H-coinvariants of (l@)7 we obtain
that H;(H, M) = 0 for ¢ > 1, and the exact sequence of A(C)-modules

(55) 0— Hy(H, M) — 2, * 2, — Ho(H, M) — 0;

here c acts on the first copy of Z, by multiplication by «(0), and on the second
by multiplication by w(0). Thus

(56) fau(T) = (T = w(0) + /(T = u(0) + 1).
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This is not a unit in A(T") provided w(0) # u(0).

To obtain concrete examples of such modules M with w(0) # «(0), we now
assume that H contains a subgroup which is a semi-direct product of the fol-
lowing form. Let Hy and Cj be two closed subgroups of H which are isomorphic
to Zyp, and which are such that

xhx—l — h¢($) (m = C(]7 h e H(])a

where ¢ : Cyp — Aut(Hy) = Z,," is a continuous injective group homomorphism.
We note that this hypothesis is valid for any H which is open in SL,,(Z,) (n >
2), or more generally for any compact H which is open in the group of Q,-points
of a split semi-simple algebraic group over QQ,. Now fix a toplogical generator
ho of Hy, and any element v of Cy with v # 1. Define

g=ho—1, w=vy+p",
where r is any integer > 1. We then have

hg’(’Y) -1

quw = ug, Whereu:y'ﬁerr.
0 —

Hence
w(0) =1+p", u(0)=9¢(y)+p",

and so u(0) # w(0) because ¢ is injective. Moreover, as w(0) and u(0) are not

equal to 1, we see that M has finite G-Euler characteristic, which by Lemma

4.2 is given by

| () —1+p"
p?"

This therefore gives a new class of pseudo-null A(G)-modules, which are not

finitely generated over Z,, and which have a non-trivial G-Euler characteristic.

X(GvM): |;D‘

Finally, we interpret this example as a statement about K-theory classes. Writ-
ing Ko(Mp(G)) for the Grothendieck group of My (G), it is clear from Lemma
4.1 that the map M — fp; induces a homomorphism from KoMy (G)) to
Q(I)*/A(T')*. Now let M be any A(G)-module of the form (F1) as a A(H)-
module with g # 0. It follows from the computation of fj; given by (@) that
the class of M in Ko(My(G)) is non-zero.

Let C°(G) denote the abelian category of finitely generated torsion A(G)-
modules which contains 9y (G) as a full subcategory. Thus there is a natural
map

i1 Ko(Mp(G)) — Ko(C*(@))

on the Grothendieck groups. Again, let M be a A(G)-module of the form (f1]).
Writing [M] for the class of M in Ko(9y(G)), we have just seen that [M] is
not zero provided w(0) # u(0). However, we now show that i[M] = 0. Let
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Q(G) denote the skew-field of fractions of A(G), and let Q(G) be the abelian
group defined by

(57) QG) = Q(G)/MG)'[Q(G)", Q(G)],

where for any ring A, A* denotes the multiplicative group of units in A and
[A*, A*] is the commutator subgroup. It is well-known [fl] that the localisation
sequence yields an isomorphism

¢ 1 Ko(CO(G)) =~ QG)

which sends the class of any module of the form (A(G)/A(G)z), z # 0 in A(G),
to the class of z in Q(G). Hence (54) shows that ¢(i([M])) is the coset of
(¢ —u)~t(c—w). We prove that this coset is trivial in Q(G). Indeed, since c is
in the centre of G, by (bJ), we get

(58) glc —w) = (¢ —u)g.

Hence in Q(G), we have

gle—u)He—w) =gle—w)(c—u)}
= (c—wglc—u)~" by (B)
—(c—we—u)g

Since (@) is a group, it follows that the class of (¢ — u)~!(c — w) in Q(G) is
trivial, as required.
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ABSTRACT. Let h: X — Y be a finite morphism of smooth connected
complete curves over C,. We show h extends to a finite morphism
between semi-stable models of X and Y.
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Let p be a prime. It is known that if C' is a smooth proper curve over a complete
subfield K of C,, there exists a finite extension L of K in C, and a model of
the base extension of C' to L over the ring of integers, Ry, of L whose reduction
modulo the maximal ideal has at worst ordinary double points as singularities.
In fact, if g(C), the genus of C, is at least 2 or g(C') = 1 and C has a model
with good reduction, there is a minimal such model, which is called the stable
model. Indeed, if L’ is any complete extension of L in C), the base extension
of a stable model over R;, is the stable model over Ry.

Liu and Lorenzini showed [L-L; Proposition 4.4(a)] that a finite morphism
of curves extends to a morphism of stable models, but the extension is not in
general finite. E.g., Edixhoven has show that the natural map from Xo(p?) to
Xo(p) does not in general extend to a finite morphism of stable models [E] (see
also [C-M]). However, we show,

THEOREM. Suppose h: X — Y is a finite morphism of smooth connected com-
plete curves over C),. Then there are semi-stable models X and Y of X and Y
over the ring of integers of C}, such that h extends to a finite morphism from
X to ).

(We work over C), to avoid having to worry about base extensions and
because reduced affinoids over C), have reduced reductions.)
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In fact, when X has a stable model (i.e., g(X) > 2 or g(X) = 1 and X
has good reduction) and either X/Y is Galois, or the model has irreducible
reduction and Y has a stable model, one can take X to be the stable model for
X. In the latter case ) will be the stable model for Y, which, a fortiori, will
have irreducible reduction.

Abbes has informed us that this result also follows from results of Raynaud
(in particular Proposition 5 of [R] (and its corollary)).

We say such a morphism is semi-stable, and stable if it is the minimal object
in the category of semi-stable morphisms from X to Y (which may not exist).
Terminology and Notation

If Z is a rigid space A(Z) will denote the ring of analytic functions on Z
and A°(Z) the subring of functions whose spectral norm is bounded by 1.

If X is an affinoid over C,, X = SpecA®(X)/mA°(X), where m is the
maximal ideal of R, and if z € X(F,), R, will denote the corresponding
residue class in X. (Residue classes are also called formal fibers.)

By a REGULAR SINGULAR POINT on a curve we mean a singular point which
is an ordinary double point. If C is a curve, let S(C') denote the set of irregular
singular points on C.

1. WIDE OPENS

In this section, we review and extend the results on wide open spaces discussed
in [RLC].

A (smooth one-dimensional) WIDE OPEN is a rigid space conformal to C—D
where C' is a smooth complete curve and D is a finite disjoint union of affinoid
disks in C, which contains at least one in each connected component. A wide
open disk is the complement of one affinoid disk in P! (it is conformal to
B(0,1)) and a wide open annulus is conformal to the complement of two disjoint
such disks (it is conformal to A(r,1) where r € |C,], 0 < r < 1).

An UNDERLYING AFFINOID Z of a wide open W is an affinoid subdomain
Z of W such that W\Z is a finite disjoint union of annuli none of which is
contained in an affinoid subdomain of W. An end of W is an element of the
inverse limit of of the set of connected components of W\Z where Z ranges
over subaffinoids of W.

We slightly modify the definition of basic wide open given in [RLC] and
say a wide open W is BASIC if it has an underlying affinoid Z such that Z is
irreducible and has at worst regular singular points.

Suppose X is a smooth one dimensional affinoid over C, and z € X. Be-
cause A°(R,) is the completion of A°(X) at z, we have,

LEMMA 1.1. Then x is a smooth point of X if and only if R, is a wide open
disk and a regular singular point if and only if R, is a wide open annulus.

We have the following generalization of Proposition 3.3(ii) of [RLC],
LEMMA 1.2. The residue class, R,, is a connected wide open and its ends can

naturally be put in 1-1 correspondence to the branches of X through x.
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Proof. That R, is connected is a consequence of Satz 6 of [B].

Theorem A-1 of [pAl] and its proof naturally generalizes to SEMI-DAGGER
ALGEBRAS. These are quotients of the rings of series ZLJ ar jrly’ in
Klx1,. ., Zn,Y1,-- -, Ym), where K is a complete non-Archimedean valued field,
such that there exists rcg > 1 so that

lim |a1,J|TS(‘]) = 0,
s(I,J)—o0
where I and J range over Z2, and ZZ, and s(M), where M is a multi-index,
is the sum of its entries. What this implies in our context is that if R is an
affinoid over (), whose reduction is equal to the normalization of X and S is
the set of points of R above T, the singular points of X, then the rings

lim A(R\M) and lim A(X\N)
M N

are isomorphic, where M ranges over the subaffinoids of | J,. 4 Rs and N ranges
over the subaffinoids of |J ., Re. Since (J, g Rs is a union of wide open
disks which correspond to the set, B, of branches of X through points in 7,
this, in turn, implies that there exists a subaffinoid N of |J,., R, such that
Uwe? R, — N is a finite union of wide open annuli which correspond to the
elements of B. One can now glue affinoid disks to | J, ., R, to make a smooth
complete curve, using [B; Satz 6.1] and the direct image theorem of [K], as in
the proof of Proposition 3.3 of [RLC]. The result follows. g

It follows from Lemmas 3.1 and 3.2 of [RLC] that,

LEMmMA 1.3. if A and B are disjoint wide open annuli or disjoint affinoids in a
smooth curve C over Cp, then A is disconnected from B in C.

If W is a wide open space
Hpp(W) = Qy [dAW),

where Q, is the A(W)-module of rigid analytic differentials on W. It follows
from Theorem 4.2 of [RLC] that H}, (W) is finite dimensional over C,,.

LEMMA 1.4. Suppose f:W — V is a finite morphism of wide opens. Then, if
W is a disk or annulus, the same is true for V.

Proof. Suppose W is a disk and f has degree d. Then V has only one end.
Suppose w is a differential on V. Then f*w = dg for some function g € A(W)
since dim H} 5 (W) = 0, in this case. Hence w = d Tr (¢/d). Thus Hp, (V) = 0.
Let C be a proper curve obtained by glueing a wide open disk D to V along the
end, as in the proof of Proposition 3.3 of [RLC ]. From the Meyer-Vietoris long
exact sequence, we see that C has genus zero and as B := D\V is an affinoid
disk V' = C\B is a wide open disk.

The argument in the case where W is an annulus is similar, except one has
to use residues. g

DOCUMENTA MATHEMATICA - EXTRA VOLUME KATO (2003) 217-225



220 ROBERT F. COLEMAN

ProrosITION 1.5. Suppose f: X — Y is a finite map of smooth one dimen-
sional affinoids over C,. Then, if the reduction of X has only regular singular
points, the same is true of Y.

Proof. We know the map f induces a finite morphism f: X — Y. Let y be
a point of Y. Let 2 € X such that f(z) = y. Then f restricts to a finite
morphism R, — R,. But R, is a disk or annulus. It follows from Lemma 1.2
that R, is a wide open and hence by Lemma 1.4 is a disk or annulus, as well.
Hence y is either smooth or regular singular by Lemma 1.1. g

This implies the well known result that if h: X — Y is a finite morphism
of curves and X has good reduction so does Y. In fact, it implies the result of
Lorenzini-Liu, [L-L; Corollary 4.10], that, in this case if g(Y') > 1, h extends to
a finite morphism between the unique models of good reduction. It also implies
that if X has a stable model with irreducible reduction, so does Y.

LEMMA 1.6. Suppose ¢: X — Y is a non-constant rigid morphism of smooth
one dimension affinoids over C),. Suppose G is a finite group acting on X such
that ¢° = ¢ foro € G and X = U,cq V7 where V is an irreducible component
of X. Then ¢ surjects onto an affinoid subdomain of Y.

Proof. Let x € X. Because ¢ is non-constant we can find an element f of
A(Y) such that f(¢(z)) = 0 and |[¢*f[x = 1. We can and will replace Y with
the affinoid subdomain {y € Y:|f(y)| < 1}. Then ¢|y is non-constant. Since
¢X = ¢V and V is irreducible, ¢ factors through the inclusion of an irreducible
component S of Y. Let S° be the complement in S of the other irreducible
components of Y. Then, Z = red~!'S? is an affinoid subdomain of ¥ whose
reduction is S°. Let X’ be the affinoid subdomain of X, ¢~!Z. This is just
X minus a finite number of residue classes stable under _th§ action of G so
its reduction is the union of the G-conjugates of V' = V\¢ (S\S°) which is
irreducible. Suppose s € X N S°. We claim that R, C ¢(X).

Suppose yo € Rs\¢(X). Since the class group of Z is torsion, there exists
an h € A(Z) such that g is the only zero of h. Because Z is irreducible, we can
also suppose |h|z = 1. Since h(yo) = 0, it follows that |h(y)| < 1 for y € R;.
Let g = ¢*h € A°(X'). If yo € ¢(X), 1/g € A(X') but |1/g|x’ = |c| > 1, for
some c € Cj, since s is in the image of 57. However,

l9(1/cg)lx = e < 1 = gl |(1/cg)] -
This implies gy = 0 or (1/cg),, = 0, but as X’ = J,c V'?, this implies the
contradiction that g =0 or (1/¢g) = 0.

We will finish the proof by showing X = X'.

Let Y/ be the affinoid obtained by glueing in disks to red 'S at the ends of
the wide open red ~'S\S° corresponding to irreducible components of Y distinct
from S. The reduction of this affinoid is naturally isomorphic to S. Then as ¢
factors through the inclusion of red~!S in Y we naturally obtain a morphism
¢': X — Y'. Since by construction, for each point s € S\ S, there is a point in
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the residue class of Y’ not in the image of X the above argument implies no
point in this residue class is in the image of X and so ¢/'(X) in the reduction
inverse in Y’ of SY. As this latter is naturally isomorphic to Z, X = X'. g

Suppose W is a wide open annulus. If o:W — W is a rigid analytic
morphism, define p(c) by

p(0) Resw = Reso*w.

The restriction of p to the group of rigid analytic automorphisms of W is a ho-
momorphism from Aut(W) onto {£1}. We say ¢ is ORIENTATION PRESERVING
if p(o) = 1.

LEMMA 1.7. Suppose G is a finite group of rigid automorphisms of the wide
open annulus W = A(r,1) of order m. Then there is a rigid morphism
¢:W — V of degree m such that A(W)Y = ¢*A(V), where V. = A(r™,1)
if G is orientation preserving and V' = A(B(0, 1)) if not.

Proof. First, if c € G
o*T = ¢ TP ho(T),

where ho(T) € A(W), |ho(t) —1| <1, for t € W, and ¢, € Cp,

1 ifplo)=1
|C"|_{r if p(o) =—1"

Let G° = Kerp and n = [G°|. Let S = [[,cqo 7*T. Then
S(T) =T"g(T),
where |g(t)| = 1. Let co: W — A(r™, 1), be the map
t— S(t).

It is easy to see this map has degree n and R := a*A(A(r", 1)) C A(W)E. In
particular, R is an integral domain and its fraction field is K¢ where K is the
fraction field of A(W). Since, R and A(W) are Dedekind domains, it follows
that R = A(W)%. If G is orientation preserving, G = G° and taking ¢ = «
completes the proof, in this case.

Suppose now G is not orientation preserving. Then G/G° has order 2.

Using, the result of the last paragraph we can replace W with A(r™,1) and
assume G° is trivial. Let G = {1,0} and

UT)=T+ 0T =T+ coT " ho(T).
Now, if we define ¢: W — B(0,1) to be the morphism
t— U(t),

we can apply the same argument, as above, to complete the proof. g
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REMARK. One can show:

PROPOSITION. Suppose p is odd G is a finite group of automorphisms of

A(r,R). Then there is a natural homomorphsm of G into Aut Gh? whose
kernel is the unique p-Sylow subgroup of G°. Moreover, the exact sequence,

1-G°—>G—G/G°— 1,

splits.

For example: Suppose p = 3, 1 > |r| > |27| and V = A(r,1) . Let s be
the parameter on A'. Then the integral closure of A(V) in the splitting field
of X3+ sX = s over K(V) is the ring of analytic functions on an annulus W
which is an étale Galois cover of V. If GG is the Galois group, G = G° = S3.

2. SEMI-STABLE COVERINGS

A SEMI-STABLE COVERING of a curve C' is a finite admissible covering D of C'
by connected wide opens such that
(i) if U #V €D, UNV is a finite collection of disjoint wide open annuli,
(ii) if T, U,V € D are pairwise distinct, TNU NV = {).
(iii) for U € D, if
vr=U\( |J V).

VeD

VAU
U" is a non-empty affinoid whose reduction is irreducible and has at worst
regular singular points.

In particular, if U € D, U is a basic wide open and U" is an underlying

affinoid of U. We let E(U) denote the set of connected components of U\U™.
These are all wide open annuli.

PROPOSITION 2.1. Semi-stable models of C whose reductions have at least two
components correspond to semi-stable covers of C'.

Proof. Suppose C is a semi-stable model for C' whose reduction C has at least
two components. Let Ic denote the set of irreducible components of C. If

Z elelet 2 = Z\ |J A and Wy := red'Z. As every singular point of
A€l
A;éZc

C is regular it follows from Lemma 1.2 that Wy is a basic wide open with
underlying affinoid red=1Z° and {Wyz: Z € Ic} is a semi-stable cover.

Conversely, suppose D is a semi-stable cover of C. For U,V € D, let
Zy = SpfA°(Z) and Zy,y = Spf(UNV). Then the formal schemes Zy glue
by means of the glueing data

Zyyv — Zu H VA%
into a model Sp of C'. g
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If we have semi-stable coverings Dx and Dy such that for every W,V € Dy,
h(W) € Dy and there exist W/, V' € Dx such that h(W)NA(V) = (W' NV’),
then f extends to a finite morphism from Sp, to Sp,. We say h induces a
FINITE MORPHISM OF SEMI-STABLE COVERS from Dx to Dy.

3. PROOF OF THEOREM

First, let #’: X’ — Y be the Galois closure of h with Galois group G. Let D be
a semistable cover X’ of such that Y & C where

C={KW(U):U € D}.

Then we claim C is a semi-stable cover of Y. Clearly C is a finite admissible
open cover. By Lemma 1.7, if W € D and A € E(W), h/(A) is a wide open
disk or annulus. Since (W) # Y, h/(A) cannot be a disk for all A € E(W).
It follows by a glueing argument, as in the proof of Lemma 1.2, that h'(W) is
a connected wide open. Now suppose U,V € D and h/(W) # h/(V). We must
show A'(W) N K (V) is a finite union of disjoint annuli. First, we remark that
K (W) and A/ (V") are disjoint affinoids in Y, using Lemma 1.6. Suppose A is
a component of W NV so A e E(W)NE(V). Suppose (z,,) is a sequence of
points in A. If x,, — W, h/(z,) — K (W") and if z,, — V¥, b/ (z,) — B'(V").
It follows that h’(A) is an annulus. Also, we know that if U is a connected com-
ponent of b/ (W)NA' (V), U = U, g h'(As) where the A, are in E(W)NE(V7),
for some subset S of G. Now it follows from Lemma 1.3 that if S has more
than one element and ¢ € S there must be a 7 € S such that 7 # ¢ and
AsNA; #0. Then A, UA, is an annulus, arguing as in the proof of Corollary
3.6a of [RLC] (A, U A, # Y since W N (4, U A;) = 0). The fact that A,
and A, are connected to both W* and V* implies A, = A, UA, = A,. We
conclude that all the A, equal U, for o € S and so U is a wide open annulus.
Suppose U, V,W € D are such that h'(U),h'(V), (W) are distinct. If
y e W(U)NK(V)NRK (W), there exist 0,7 € G and x € UNVINWT such that
y = h/(z). But this implies U, V7, W7 are not distinct which in turn implies
R(U), ' (V),h' (W) are not distinct.
We must show for U € D, h/(U)*, which equals

KON U V)

vec
V£h!(U)

is an affinoid whose reduction is irreducible and only has regular singular points.
Now,

WUy =n(J W\ U A)
o€G AcE(U)NE(V)
VeED,VAUT ,7€G

and also
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= h'(U%)U U n(A).
ACE(U)NEU?)
O£1 €qG,

It follows from the first equality that A'(U)“ is an affinoid using Lemma 1.6 and
Proposition 3.3 of [RLC]. Its reduction is irreducible as the reduction U" is,
and from Proposition 1.5 it has at worst only regular singular points. Finally,
since all the h/(A) are disks or annuli by Lemma 1.7 whose ends are connected
to '(U"), h(U)" is an affinoid and these h'(A) must, by Lemma 1.1, be smooth
or regular singular classes of k' (U)", and thus, in particular, h’'(U)* must have
irreducible reduction. Thus C is a semi-stable cover and clearly i’ induces a
finite map of semi-stable covers from D to C.

We also know X'/X is Galois and if r: X’ — X is the corresponding mor-
phism,

E:={r(U):U € D}

does not contain X so is a semi-stable cover of X and r induces a finite map of
semi-stable covers from D to £. It follows that h induces a finite map of semi-
stable covers from £ to C and hence extends to the corresponding semi-stable
models.

Now we must explain how we can find a cover D of X’ with the required
properties. If X’ has a stable model X, then X is preserved by G. Let D
be a wide open disk in X’ such that D N D = ) for all 0+; € G and B an
affinoid ball in D. Let X’ be the minimal semi-stable refinement of X such
that no two elements of {D?:0 € G} are contained in the same residue class.
Let £ = J,cq B?. Then we can take for D,

{(red™'Z)\E: Z is an irreducible component of f’} U{D%:0 € G}.

If g(X') <1 and the set of ramified points S C X’ contains at least 3 —2g(X")
elements we do the same thing starting with the minimal semi-stable model
with the property that S injects into the smooth points of the reduction of this
model. The remaining cases are easier.
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ABSTRACT. In this paper we prove a regularized product expansion
for the two-variable zeta functions of number fields introduced by van
der Geer and Schoof. The proof is based on a general criterion for
zeta-regularizability due to Illies. For number fields of non-zero unit
rank our method involves a result of independent interest about the
asymptotic behaviour of certain oscillatory integrals in the geometry
of numbers. We also explain the cohomological motivation for the

paper.
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1 INTRODUCTION

In his paper [E} Pellikaan studied an interesting two-variable zeta function
for algebraic curves over finite fields. Using notions from Arakelov theory of
arithmetic curves, van der Geer and Schoof were led to introduce an analogous
zeta function for number fields [[GY).

In [LR] Lagarias and Rains investigated this two-variable zeta function thor-
oughly for the special case of the rational number field. They also made some
comments on the general case.

In earlier work we introduced a conjectural cohomological formalism to express
Dedekind and more general zeta functions as regularized determinants of a
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certain operator © on cohomology. In this framework it is not unreasonable to
assume that the second variable w of the two-variable zeta function corresponds
to an operator ©,, depending on w. These heuristics which are explained in the
last section suggest a formula for the two-variable zeta function as a regularized
product.

The main contribution of the paper is to prove this formula for the two-variable
zeta function of any number field, Theorem 4. Our method is based on a
powerful criterion of Illies for zeta-regularizability [[1], [[3]. We refer to section
f for a short review of the relevant facts from the theory of regularization.
‘We also treat the much easier case of curves over finite fields. For number fields,
our approach requires us to determine the asymptotic behaviour for Res — oo
of certain oscillatory integrals over spaces of lattices I'. The function to be
integrated is ap® where ar is the minimal length among the non-zero vectors
in I'. This is an interesting problem already for real quadratic fields in which
case Don Zagier found a solution. The general case is treated in section H
The treatment in [[GY] and [LR] of the two-variable zeta function for general
number fields is somewhat brief. Also, the precise analogy with Pellikaan’s
original zeta function is not written down. In the first two sections we therefore
give a more detailed exposition of these topics. After this, some readers might
wish to read the last section which motivated the paper.

I would like to thank Don Zagier very much for his help in the real quadratic
case which was a great inspiration for me. I am also grateful to Eva Bayer and
Georg Illies for useful remarks and to the CRM in Montreal for its support.
Finally I would like to thank the referees for their careful reading of the paper
and their comments.

2 BACKGROUND ON TWO-VARIABLE ZETA FUNCTIONS FOR CURVES OVER
FINITE FIELDS

Consider an algebraic curve X over the finite field IF, with ¢ = p” elements.
Let | X| be the set of closed points of X and for € | X| set
degz = (Fy(x) : Fy). The zeta function of X is defined by the Euler product

Zx(T)= [ @ —=1%)~" inz[T|.
z€|X|

For a divisor D = er\x\ ng - with n, € Z we set deg D = > n, degxz. Then
we have

Zx(T) =Y TP (1)

D>0

where the sum runs over all effective divisors i.e. those with n, > 0 for all
z € |X|. Let CH'(X) denote the divisor class group of X and for D = [D] set

hY(D) := h'(D) = dim H(X,0(D)) .
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Summing over divisor classes in (EI), one gets the formula:

Zx(T) = Z
D

Here it is enough to sum over D’s with deg D :=deg D > 0. In [E] § 3 Pellikaan
had the idea to replace ¢ by a variable u in this formula. His two-variable zeta
function is defined by

Zx(Tu) =Y "

D

P —1

TdegD. 2
— 2)

h(D) _q
Tdeg'D )
P 3)

Reconsidering classical proofs he obtained the following properties in the case
where X is smooth projective and geometrically irreducible:

Zx(T,u) = ﬂ_l:;(;(—ng)m with Px (T, u) € Z[T, (4)
Px(T,u) =Y Pi(u)T" with P;(u) € Z[u] , where (5)
=0

Py(u) =1, Pyy(u) =u? , deg P;(u) <1+ % and g is the genus of X . (6)

The two-variable zeta function enjoys the functional equation

1
Zx(T,u) =ud~ 1?9727 (Tu’u) . (7
In terms of the P;(u) it reads:
ng_i(u) = ug_iPi(u) . (8)

For example, for X = P! one has Px(T,u) = 1 and for X an elliptic curve
Px(T,u) =1+ (|X(Fy)| — 1 —u)T + uT?.

Recently Naumann [N] proved the interesting fact that the polynomial Px (T, u)
is irreducible in C[T),u].

In @] §7, van der Geer and Schoof consider the following variant of Pellikaan’s
zeta function. They show that for complex s and ¢ in Res < 0,Ret < 0 the

series . )
)C(Y‘S(S’ t) _ Z qsh (D)+th" (D) (9)
DeCH'(X)

defines a holomorphic function with a meromorphic continuation to C x C. The
explicit relation with Zx (T, u) is not stated in [[GY], so we give it here:

PRrROPOSITION 2.1

Plst) = @ =1 VZx (¢ ")
— (qs+t _ 1)qs(g—1)ZX(q—s7 qs—i-t) )
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PrOOF Using the Riemann—Roch theorem one obtains, c.f. [@] proof of
prop. 5:

G5 (s 1) = gtlo=) ) (s+0)h0(D) ~tdeg D | p, q*9 " q"
X \Ss =q q q 1— qs 1— qt .
0<deg D<2g—2

Here h is the order of CH'(X), the group of degree zero divisor classes on
X. This gives the meromorphic continuation to C x C. On the other hand
according to [P, p. 181 setting u = ¢***, T = ¢~ we have:

0
(qs+t _ 1)ZX(q_t,qS+t) — Z q(s+t)h (D)q—t deg D
0<deg D<2g—2
sg+t(1—g) 1
+h (q — _t> .
l—gq l—gq

This implies the first equality in the proposition. The second follows from the
functional equation () of Zx (T, u). O

In particular the second relation in the proposition shows that for s+¢ =1 we
have

5,1 =) = (¢ = Dg*"V¢x(s) where (x(s) = Zx(¢7®)  (10)

as stated in [@] proposition 5. Note that for ({(s,t) the functional equation
takes the simple form:
$(s,t) = C§°(t,9) - (11)

In the number field case, Lagarias and Rains introduced the substitution ¢ =
w — s. Thus we define here as well

Cx(s,w) = (0 (s,w—s) = (¢ = g9 Zx (g%, ¢") - (12)
This meromorphic function of s and w satisfies the functional equation
Cx(s,w) = Cx(w—s,w) (13)

and for w = 1 we have:

(x(s,1) = (¢ — 1)g "9 x(s) . (14)

The rest of this section contains observations of a tentative nature which are
not necessary for the sequel. It is unknown whether Zx (T, u) has a natural
cohomological interpretation. The properties of Zx (T, u) are compatible with
the following conjectural setup. Let K be a field of characteristic zero con-
taining Q(u). For varieties over finite fields there might exist a cohomology
theory QH® consisting of finite-dimensional K-vector spaces with the following
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property: The g-linear Frobenius Fr, acting on a variety X/F, should induce
a K-linear map Fr;; such that we have:

_1yi+l

2
Zx(T,u) = [ [ detx (1 - TFr} | QH'(X))!
=0

(15)

We get the correct denominator in (f) if
QH'(X)=K, Fr;=id and QH*(X)= K withFr] =u-id

and ‘
QH'(X)=0 fori>2.

Then P(T,u) would be the characteristic polynomial of Fr; on QH'(X) and
therefore we would have

dimyg QHY(X) = 2g .

The functional equation (ﬂ) would be a consequence of Poincaré duality — a
perfect Fr;-equivariant pairing of K-vector spaces:

QH(X)x QH* " (X) — QH*(X) 2 K .
Moreover Poincaré duality would imply
det(Fr; |QH' (X)) = u? .

For an elliptic curve X/F,, comparing the logarithmic derivatives of (f]) and
([8) at T = 0 gives

2

Y ()" Tx(Ery | QHY(X)) = | X (F,)| - (16)

=0
However, if in ([[) we replace Fr, by its power Fry™ we do not obtain | X (Fg.)|
for v > 2.

3 BACKGROUND ON TWO-VARIABLE ZETA FUNCTIONS OF NUMBER FIELDS

We begin by collecting some notions from one-dimensional Arakelov theory

following [GY).

For a number field k/Q let ok be its ring of integers. By p we denote the prime
ideals in 0y and by v the infinite places of k. Consider the “arithmetic curve”

X, =specop U{v|oo}.

The elements of the group

Z'X) =Pz-re PRrR-v
b

v | oo
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are called Arakelov divisors. Define a map
div : k* — Z1(Xy)
by the formula

div (f) =Y _ordy(f)p — Y _ ey log|fluv -
p v

Here |f|, = |ow(f)| for any embedding o, in the class v and e, = 1 if v is real
and e, = 2 if v is complex. The cokernel of div is called the Arakelov Chow
group CH'(X},) of X.

With the evident topologies the groups k*, Z'(X}) and CH'(X}) become lo-
cally compact topological groups. The counting measure on @p Z - p and the
Lebesgue measure on P, | ., R+ v induce Haar measures dD on ZY(X}) and dD
on CHY(X}).

For an Arakelov divisor

D= wvy-p+ Y z-v inZ'(Xy)
p v
define a fractional ideal in & by the formula

ID)=]]p .
p

The infinite components of D determine a norm || ||p on k@R = P, k, by the
formula
1D = =PIl -
v

Here |12 = e~ if v is real and |1|? = 2=+ if v is complex.
For f € k — k ® R we then have

1£15 =D [fRe ™ +2 > |ffe™ . (17)

vreal v complex

The embedding I(D) — k ® R and the norm | |p turn I(D) into a metrized
lattice. The lattices I(D) and I(D’) are isometric (by an og-linear isometry) if
and only if [D] = [D'] in CH(X}).

Let x be the Arakelov divisor with zeroes at the infinite components and I (k) =
97! where 0 = 05,/ is the different of k/Q.

In the number field case, van der Geer and Schoof replace the order qhi(D) of
HY(X,0(D)) for X/F, by the Theta series:

k(D) = Z IS (18)

fel(D)
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and
k' (D) = k°([x] - D) (19)

for D = [D] in CH'(X}). For quadratic number fields the behaviour of k(D)
is studied in some detail in [H].

According to [@] proposition 1, the Poisson summation formula gives the
Riemann—-Roch type formula

K(D)kY (D)~ = N(D)d, */? . (20)
Here dj, = |d},/q| is the absolute value of the discriminant of k/Q and
N :CHY (X)) — R%
is the Arakelov norm induced by the map

N:ZN(Xy) — Ry, N(D) = [ Np* [ e -
p v

Let Z'(X}1)? be the kernel of this map and set
CH'(Xp) = Z1(X)? /div (k*) .
This is a compact topological group which fits into the exact sequence
0— CH'(X})" — CHY (X)) 25 R, — 1. (21)
Let d°D be the Haar measure on CH'(Xj)? with
vol (CH (X})") = hi.Ry, (22)

where hy, = |CH!(specog)| is the class number of k& and Ry, is the regulator.

Then we have
dt

T
For ¢ in R* consider the Arakelov divisor, where n = (k : Q)

Dy =n"1 Zlogt-v—l—n‘l Z 2logt-v .

v real v complex

dD = d"D (23)

Setting Dy = [D;] we have N (D;) = t, so that the homomorphism ¢ — D;
provides a splitting of (1]).
We need the following estimates:

PROPOSITION 3.1 For every number field k and every R > 0 there are positive
constants ¢y, ca, o such that uniformly in D € CHY(X,)? and |w| < R we have
the estimates

a) |k°(D +Dy)¥ — 1| < er|w|exp(—mnt=2/)  for all 0 < t < \/dy,.

b) k(D + Dy)v — twd;w/2| < co|w|exp(—at?/ ™) for all t > \/dj.
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PROOF According to [[GJ] corollary 1 there is a constant 3 > 0 depending only
on the field k such that for all D in CH(X})? and all 0 < ¢ < d}’* we have

0<k(D+D;)—1< Bexp(—mnt=2/") . (24)
We may assume that R > 1. For every f% <z < % and |w| < R setting
(1+2)" =1+ wz + wr*d(z,w) (25)
we have
|0(z, w)| < . (26)

Namely, writing
(1 + x)w _ ewlog(l—i—w) _ ewa;(l—i—na;)

we have n = —§ + £ — %2 + —... and hence |n| < 1. Expanding e**(1+7%) ag
a Taylor series and estimating gives inequality (E) For the moment we only
need the following consequence of (R4):

1
[(1+2)Y =1 < sc|w|(1 + 562R> for0<z<1/2and |jw|<R>1. (27)
If ¢ = (k) > 0 is sufficiently small, (24) implies that
r=k"(D+Dy) -1

lies in (0,1/2) for all 0 < ¢t < ¢ and all D. Using (B4) and (R7) we therefore
find a constant ¢} such that a) holds for all 0 < ¢t < e. By compactness of

CH'(X3)" x {|w| < R} x [e, \/dy]

and continuity of £ (k°(D + D;)” — 1) as a function of D,w and t there is a
constant ¢ such that a) holds in e < ¢ < /dj. Thus we get the estimate a) by
taking ¢; = max(c], ). The estimate b) follows from a) using the Riemann—
Roch formula (é) and observing that N ([k]) = dj. O

The two-variable zeta function of van der Geer and Schoof is defined by an
integral analogous to the series ()

(§5(s,t) = / EO(D)*kY(D)'dD inRes < 0,Ret <0. (28)
CH'(Xk)

According to [@] proposition 6, this integral defines a holomorphic function
in Res < 0,Ret < 0. This also follows from the considerations below.

We refer the reader to the introduction of [] for further motivation to consider
this two-variable zeta function.
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Making the substitution D +— [k] — D in the integral we find the formula

¢§5(s,t) = / E°(D)'kY(D)*dD inRes < 0,Ret <0. (29)
CH (X)

We will use the Lagarias—Rains variables s and w = ¢ + s and concentrate on
the function

Cxp(s,w) = Cﬁf(syw—s)z/cm(x)kO(D)“"Skl(D)SdD (30)
& &/ / KO(D)“ N (D)~* dD . (31)
CHY(X})

It is holomorphic in the region Rew < Res < 0.

Most of the following proposition is stated in [@] and proved in @ Appendix
using references to Ch. XIII of Serge Lang’s book on algebraic number theory.
Below we will write down the direct proof which is implicit in [GS].

PROPOSITION 3.2 The function Cx, (s, w) has a meromorphic continuation to
C? and it satisfies the functional equation

(x, (s,w) =Cx (w—s,w) .

Moreover the function

wils('w — $)Cx, (s, w)

is holomorphic in C2. More precisely, the integral

Vi dt
J(s,w) = / / w (KD + D) —1)d"Dt =
0 CH'(X})0 t

defines an entire function in C? and we have the formula

S w—Ss 1 1
Cxp(s,w) =w (dk/QJ(s,w) +d 2 I (w 37“})) - (g + E) hi Ry .

Recall that vol CH'(X},)? = hyRy. Finally, for w =1 one has

Cxy (5, 1) = [p(k)|dy/ 2272 (s) . (32)

Here i (s) is the completed Dedekind zeta function of k

Ck(s) = Cr(s)I'r(s)" e (s)"™
where we have set
Tr(s) =27Y2773/2(s/2) and T¢(s) = (2n)~°T'(s) .
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Thus T'r(s)Tr(s + 1) = I'c(s). Here r; and 7o are the numbers of real resp.
complex places of k. Moreover u(k) is the group of roots of unity in k.

REMARKS 1 Formula (BJ) coincides with the corresponding formula in [GY
proposition 6 after correcting two small misprints in that paper: We have
\/WS instead of \/WS/2 in [GY] proposition 6 and 2~ '7~%/2 .. instead of
27~%/2 . in the third equality on p. 388 of [GY].

2 The reason for our normalization of I'r(s) comes from the theory of zeta-
regularization, c.f. section 5.

PROOF We write the integral representation (B1)) for Cx, (s,w) as a sum of two
contributions:

CX,C(S,IU) :I(s,w)+II(s,w) (33)
where
/2 Vi dt
I(s,w) = dy / / EY(D 4 D) d"D t =
0 CH(X)0 t
and

o [ dt
I(s,w) = d3/? / / KD+ D)*d"Dt—5 = .
Vi, Jor (x,)° t

The estimate in proposition @ a) shows that the first integral defines a holo-
morphic function of (s,w) in the region {Res < 0} x C. Here and in the
following we use the following well known fact. Consider a function f(s,z)
holomorphic in several complex variables s and p-integrable in « which locally
in s is bounded by integrable functions of z. Then the integral [ f(s,z)du(x)
is holomorphic in s.

Writing I(s,w) in the form

Sdt B hi Ry
S

2 v i 0 0
I(s,w) = dz/ / / ("(D+Dy)" —1)d' Dt *— (34)
0 CH(Xy)0

t
the same estimate gives its meromorphic continuation to C2. Note that, even
divided by w the first term is holomorphic in C2.

Using Riemann—Roch (@) a short calculation shows that for Res > Rew we

have
II(s,w) =I(w— s,w) . (35)

In particular the integral (B1)) defines a holomorphic function in Rew < Res <
0 as asserted earlier. Using (B4) we find the formula:

w—s) @ _ hi Ry

t w— 8 (36)

I1(s,w) = d};“*”/?/ / (K (D+Dy)" —1)d*D ¢t~ ¢
0 CH(X})0

which gives the meromorphic continuation of I1(s,w) to C?: Again, even after
division by w the first term is holomorphic in C2. This implies the assertions
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of the proposition except for formula (@) which requires a lemma that will be
useful in the next section as well: O

LEMMA 3.3 In the region Res > Rew,Res > 0 the following integral repre-
sentation holds, the integral defining a holomorphic function even after division
by w:

Cxatseuw) = [ NG (37)

PrOOF OF FORMULA (BJ) Using (B7) we find for w = 1 < Res that

(k)| ~H % Cx, (5,1) = |M(k)|71/ (K°(D) = )N'D™*dD .
CH'(Xk)

Now on p. 388 of [[GJ] this integral is shown to equal
(27120 (/2))™ ((2m) ~°T(5))" Ga(5)

c.f. remark 1 above. O

PrOOF OF THE LEMMA The estimate in proposition , b) shows that the
following formula is valid in the region Res > Rew,Res > 0:

dt hi Ry
—

II(s,w) = d;“/ / (K°(D+Dy)" — 1)d°Dt™*— + (38)
Vi JCH(X)0

t

Note here that the double integral with integrand 1 — twd;w/ ? s absolutely
convergent when Res > Rew,Res > 0.

The integral in formula (BJ) defines a holomorphic function in this region even
after division by w. As the integral in formula (B4) for w='I(s,w) gives a
holomorphic function in C? the assertion follows by adding equations (@) and
(BY). O

REMARK For k£ = Q a more elaborate version of the lemma is given in [@]
Theorem 2.2.

Proposition B.4 and formula (BJ) in particular suggest that a better definition
of a two variable zeta function might be the following

B 2T1/2 s
C( Xy, s,w) =w 1\,u(k)|dk /2CX,€(S,U)).

This is a meromorphic function on C? which satisfies the equations

C(Xpow — s,w) = di " 2¢(Xp,s,w) and  ((Xg,s,1) = Cu(s) . (39)
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In section f] we will see that ¢(X,s,w) is the 5—-zeta regularized version”
of (x, (s, w). We also consider an entire version of this function which in the
one variable case and in [LR] is called the &-function. Because of our different
normalization we give it another name which is suggested by the cohomological
arguments in section ﬁ

DEFINITION 3.4 The two-variable L-function of X is defined by the formula

s §s—w
— X
2r 2w C( k’&w)

1 s(s—w) 2/ o
woow

L(HY(Xy),s,w)

According to proposition it is holomorphic in C? and satisfies the functional
equation
LOH'(Xy),w — s,w) = dy *PLH (X), 5,0) .

PROPOSITION 3.5 For any k/Q and every fized w the entire function
L(HY(X4),s,w) of s has order at most one.

PROOF Proposition B.9 implies the formula

w d s/2 2r1/2

L(HY(X}),s,w) = s(s —w)(T(s,w) +d? "T(w— s,w)) + —— e |,u(k)|hkRk

where T'(s,w) is the entire function in C? defined by the integral

1 on/2 Ve dt
T(s,w) = / / KD+ Dy) - 1)d"Dt 5 —
472 [ (k)| CH(Xy)° t

Using the estimate in proposition @, a) we find for some c¢(w) > 0:

dt

Vdy,
T(sw)| < clw) / exp(~mnt~2/m)p e
0

—Res < —1/n dt
c(w)olkR /2/1 exp(—ﬂ'ndkl/ t2/")tRes7.

For Re s < 1 the latter integral is bounded. For Res > 1 we have

—Res/2 [ “1/n di
IT(s,w)] < c(w)dkR /2/ exp(—wndkl/ t2/myRes —
0

t
_ ne(w) (rn)~ 2T (nRes)

2
= 0 (exp (gRe 5) log(Re s))
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where the O-constant depends on w. Hence for all s € C we have

|T(s,w)| = O (exp (g|s| log |s|)) .
Thus for every € > 0 the required estimate holds:

|L(H"(X}),s,w)| = O(exp(|s|*T¢)) forseC.

REMARK For k = Q Lagarias and Rains prove that L(H'(Xg), s, w) is entire
of order at most one as a function of two variables, [LR] Theorem 4.1. They
also mention that this assertion holds for general k as well.

4 AN OSCILLATORY INTEGRAL IN THE GEOMETRY OF NUMBERS

Recall that an Arakelov divisor D in Z!'(Xjy) may be viewed as the lattice
(I(D),] |p).- Two divisors define the same class D in CH'(X}) if and only if
the corresponding metrized lattices are isometric by an og-linear isometry. In
particular the following numbers are well defined for D = [D]:

a(P) = min{|f|5[0# f € (D)}
b(D) min{|f|} | f € I(D) such that | |}, > a(D)}

v(D) {f € I(D)|1fD = an}] -

By definition (D) > a(D) > 0 are positive real numbers and v(D) is a positive
integer — the so called kissing number of the lattice class.

These numbers arise naturally in the study of theta functions: Ordering terms,
we may write

K(D+D) = > exp(—nt2/"|f]3)
feI(D)

= 14 V(D)e_”rz/n“(p) +...

7t~ 2/"p(D)

Here the next term is e~ with its multiplicity.

PROPOSITION 4.1 On CH'(X},) the function a is continuous whereas b and v
are only upper semicontinuous. In particular a,b and v are measurable. We
have b(D) < 4a(D) for all D, and v is locally bounded. On CH'(X})? the
functions a,b,v are bounded.

Points of discontinuity for b and v arise as follows. Already for k = Q(v/2)
there exist convergent sequences D,, — D even in CH'(X)? such that
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b(D,) — a(D). Thus at the point D we have lim, .o, b(D,) < b(D) and
also the multiplicity v jumps up.

PROOF Fix an element f € I(D) with |f|% = ap. Then |2f]% = 4ap. Thus
bp < 4ap. The continuity properties may be checked locally. So let us fix a
class D° = [D] in CHY(X},) and write:

ZZ/ p—|—Zm in Z'(X},) .

Let V' be an open neighborhood of 2° = (29), |« in @, | oo R and consider the
continuous map:

V — CHYXy) , ©+—— D, = [D,] WheI‘er—Zl/ p—|—Z:z:U v.

v | oo

For V small enough this map is a homeomorphism of V onto an open neigh-
borhood U of D° in CH'(X}). Fix some R > 0 such that for all z in V we
have

R 1 <e®™ <Rifvisreal and R 2<e®™ < R?if vis complex .
It follows that for z € V and all f € I(D,) = I(D°) we have the estimate

U <UD = Y0 e w2 Y0 (flneT™ <2RfP . (40)

v real v complex

= (e

v | oo

Here

is the Euclidean norm in £ ® R applied to the element f € k C k @ R.
Since I(DY) is discrete in k ® R it follows that for any C' > 0 the set

Fo={feIlD”)|0<|f|}, <C forsomex eV}

is finite. If V' is bounded it also follows that the map D — a(D) is bounded
on U and so is b since b(D) < 4a(D). Thus for large enough C > 0 the finite
subset F = Fo C I(D) has the following properties: For all € V' we have:

a(D,) = min{|f|}, | f € F}

min{|f[3, | f € F such that [ f|}, > a(Ds)}

{f € FIIfID, = a(Da)} - (41)
The functions x — | f|3, for f € F being continuous it is now clear that a(D)

is continuous near D° hence everywhere since D° was arbitrary. (This fact is
already mentioned in [@ .

X o
N
D9
88
<
I
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To check upper semicontinuity of b and v at D° let F’ be the subset of F
consisting of all f with | f|%, > a(Dp). For small enough V we then have

If13, > a(D;) forall feF anda eV (42)

since both sides are continuous in x. It follows that

b(Dy) < min{|fID, | f € F'} = u(x) -

Then p is continuous and p(x®) = b(D°). Hence, for every e > 0 there exists
an open neighborhood V' of 2" in V such that

p(V') € (u(a”) — &, p(a”) + ) = (0(D”) —&,b(D") +¢) .

Thus b(D,) < b(D°) + ¢ for all z € V' and hence b(D) < b(D°) + ¢ for all
D in a neighborhood (the image of V') of D° in CH'(X},). Hence b is upper
semicontinuous at D°.

As for v, the representation ([t]) shows that v(D,) < |F| for all z € V. Hence
v is a locally bounded function on CH!(X}).

With notations as above we have by @) that

v(D,) <|FNF|=v(D") forallzeV.
This implies that v is upper semicontinuous at DP. O

The following theorem shows that on C H!(X},)° the function a = a(D) acquires
a unique global minimum at D = 0. We also describe a(D) explicitly in a
neighborhood of D = 0.
Set
amin = min{a(D) |D € CH*(X;)} >0
and
bint = inf{b(D) | D € CH*(X})"} .

THEOREM 4.2 Set n = (k: Q) and let the notations be as above.

1 Amin = N.

2 For D € CHY(X})? we have a(D) = amin if and only if D = 0.

3 For the representative D = 0 of D = 0 and f € o = 1(0) we have |f|3 =
a(0) = amin if and only if f € p(k).

4 For D € CH*(X},)? with I(D) non-principal there is the estimate

a(D) > V4 api, =n/4 .

5 For every open neighborhood U of D = 0 in CH!(X})° there is a positive &
such that a(D) < amin + € for some D € CH(X},)? implies D € U.

6 There is a neighborhood U of D = 0 in CH'(X},)? with the following prop-
erties: Every D € U has the form D = [D] with D = %, &v - v. For
f € I(D)= oy we have:

1713 = a(D) if and only if f € u(k) .
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Moreover:

a(D) = Z e 2% 42 Z e

v real v complex

and v(D) = |u(k)|.
7 We have bins > Qmin-

PROOF The main tool is the inequality between the arithmetic and the geo-
metric mean. This inequality was already used in [GY]. Let | |, = | | be the
normalized absolute value at the infinite place v.

1 For D = [D] in CH'(X})? and f € I(D) we have

115 = D Ufle™ )+ D Ifloe™ + D Ifloe™™

v real v complex v complex

2/n 2/n —2/n
n (H ”f”v) (H e—.%) = n|N(f)]/ <H ez,,)

= n(IN()I/NUID))>" .

VE

Here (a) is the arithmetic-geometric mean inequality and we have used that

1=N(D)=]][Np" [[e™ =NUID) " []e™ .
p v

v

Now I(D) divides (f) and for f # 0 we therefore have
IN(HI/NU(D)) = 1.

It follows that | f|% > n, so that a(D) > n and therefore ayy, > n. On the
other hand for D = 0 and f € p(k) we have |f|3 = r1 + 2r2 = n. Therefore
a(0) = n and hence amyin = n.

2 We have seen that a(0) = amin. Now assume that a(D) = amin. Then there
is some f € I(D) with |f|% = n. It follows that |[N(f)| = N(I(D)) hence that
I(D) = (f) is principal and that we have equality in (a) above. Now in the
arithmetic-geometric mean inequality, equality is achived precisely if all terms
are equal. Thus there is a positive real ¢ such that

€= (|floe**)* for real v and & = | f|,e” " for complex v .

Hence

§r=¢nein = <H ||f|ve‘“> =(NHINUD) ) =1

since N (D) = 1 and |N(f)| = N(I(D)) as observed above. Thus £ = 1 and
therefore
[flo =e® forallv|oo. (43)
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It follows that
divf=t = z:ord,gf_1 p - Zlog If~ o - v
p v

> ordy I(D) ™ p+ Y log £l - v
p v
Zyp-p—i—va-v:D.

p v

Hence D = [D] =0 in CH'(X})" and 2 is proved.

3 For D = 0 we have I(D) = o;. For f € I(D) = o}, the equation |f|3 =
a(0) = n implies | f], = 1 for all v|oco by (). Since |f], < 1 for all finite
primes p it follows by a theorem of Kronecker that f is a root of unity.

4 If I(D) is non-principal and 0 # f € I(D), then we have (f) = I(D) - a for
some integral ideal a # oj. Hence |[N(f)| > 2N(I(D)) and 4 follows from the
above estimate for | f|%.

5 Let ay be the minimum of the continuous function a = a(D) on the compact
set CHY(Xy)? N~ U. For D # 0 we have a(D) > amin by 2. Hence ¢ :=
ay — Amin > 0. It is clear that a(D) < amin + € implies that D € U.

6 As in the proof of proposition @ there exists an open neighborhood V' of
¥ =0in {z € P, |oo R| 202y = 0} such that firstly the map

V' — CHY(X})?, 2+ D, = [D,] where D, = Z Ty -V

v | oo

is a homeomorphism onto an open neighborhood U’ of D = 0 in CH'(X})°. In
particular I(D,) = o for all x € V'. Secondly there is a finite subset F D pu(k)
of 0; such that for all x € V’ we have:

a(Dx) min{|f|5, | f € F}
b(Dv) min{|f|3, | f € F such that | f|3, > a(Ds)} (44)

and
v(Dy) = [{f € FIIfID, = a(Da)}| -
Now, according to 3 we have

1£13, = a(Do) for f € p(k)

and
|15, > a(Do) for f € F~ u(k) .

Choose some € > 0, such that |f|3, — a(Do) > 2¢ for all f € F ~ p(k). By a
continuity argument we may find an open neighborhood 0 € V' C V’ such that
for all x € V we have

1f15, —a(Dz) <e if f € p(k)
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and
113, —a(D,) > ¢ if fe F~pu(k).

As |fID, = 113, for all f € u(k) it follows that for z € V' we have
1fID, = a(Dy) if and only if f € u(k) .

Moreover v(D,) = |u(k)| and

a(Dy) =1}, = D e +2 Y e,

v real v complex

Therefore, in 6 we may take U to be the image of V in CH'(X})°.

7 Assume that biys = amin and let (D,,) be a sequence of D, € CH'(Xy)?
with b(D,) — @min. Since CH'(X})? is compact we may assume that (D,,)
is convergent, D, — Dy. Because of amin < a(Dy,) < b(D,,) it follows that
a(Dy) — amin- On the other hand since a is continuous we have a(D,,) —
a(Dy). Hence a(Dy) = amin and by 2 this implies that Dy = 0. Thus we have
D,, — 0 and b(D,,) — Gmin-

Let V,U and F be as in the proof of 6. Then for f € F and « € V we have

||f\|%l > a(D,) if and only if f ¢ p(k) .
By (@) this gives
b(D,) = min{|f|, | f € F~uk)} forallzeV .

In particular b(D;) is a continuous function of € V and therefore b |y is
continuous. Let U C U be a compact neighborhood of D = 0 in CH"'(X})°.
Then there is some D € U with b(D) > b(D) > a(D) > amin for all D in U. On

the other hand, for n large enough we have D,, € U and hence b(D,,) > b(D) >
Gmin. Hence b(D,,) cannot converge to amin, Contradiction. O

REMARK Since u(k) acts isometrically on (I(D),| |p) and since v(0) = |u(k)|
the minimal value of the function v = v(D) is |u(k)|. As v is upper semi-
continuous it follows that the set of D in CH'(Xj) resp. CH'(X)? with
v(D) = |u(k)| is open. It should be possible to show that the complements
have measure zero.

In the following we will deal with the asymptotic behaviour of certain functions
defined at least in Res > 0 as Re s tends to infinity. For such functions f and
g we will write
f~g tosignify that lim f(s)/g(s)=1.
Res—o0

The following theorem is the main result of the present section:
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THEOREM 4.3 For a number field k/Q let r = r1 + ro — 1 be the unit rank.
Then the entire function

C(s) = /C eV (DaD) D

has the following asymptotic behaviour as Res — oo
C(s) ~ (k) ags™"/n~" .

Here we have set:

o = (mn)"227 T2 /2/n,

PROOF If r = 0 then ay = 1 and CHY(X})? = CH!(specog) is the class
group of k. Hence C(s) is a finite Dirichlet series. For k = Q we have C(s) =
v(0)a(0)~° = |u(Q)| = 2. For k imaginary quadratic the main contribution as
Re s — oo comes from the term corresponding to D = 0 which is v(0)a(0) ™ =
|1u(K)|27%. These assertions follow from theorem [.9 parts 1 and 2 (or 4) and
3.

Now assume that » > 1. The function v = v(D) is measurable and bounded
on CH'(X})? by proposition f.1. The function a = a(D) is continuous and
CH'(X},)? is compact. Hence C(s) is an entire function of s. We will compare
C'(s) with certain integrals over unbounded domains which can be evaluated
explicitly in terms of I'-functions. It is not obvious that these integrals converge.
For this we require the following lemma where for z € RY we set |2]o =
max | ;.

After a series of auxiliary results the proof of theorem [L.d is concluded after
the proof of corollary below.

LEMMA 4.3.1 Assume N > 2 and consider the hyperplane
Hy ={z| > 2 =0} in RN. For every x in Hy we have

maxx; > (N — 1) z|eo and minz; < —(N —1)"H2]w -

PrROOF We may assume that z; < ... < xy, so that x1y = minz; and
ry = maxz;. As x € Hy we have 1 < 0 < xn. It is clear that
|2]oe = max(—z1, ).

If |z = xn the first estimate is clear. If |z]o = —z1 then

(N—1maxz; =(N—Dzy >y +ay_1+...+22=—21 = |2|o -

Hence the first estimate holds in this case as well. The second estimate follows
by replacing = with —z. |

We can now evaluate a certain class of integrals which are useful for our pur-
poses.
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PROPOSITION 4.3.2 For N > 2 let d\ be the Lebesgue measure on Hy. Fix
positive real numbers ci,...,cn and positive integers vy,...,vNn. Then for
Res > 0 we have the following formula where ¢ =1/ ZN vt

i=1"1
N . N y N
I = / (Zcie—wxi) d\ = L(Hé]ﬂa) F(S)_l Hr(qs/yi) .
Hyn ~, 5 141 VN P 11

PRroOF First we show that the integral exists. Using lemma and the fact
that min(x;) < 0 for € Hy, we find with ¢ = min(¢;):

K2

N
cie Vi > cem M) > coxp(N — 1) Yafo) forze Hy.  (45)
=1

Thus the function
N
—Res
(Sev)
i=1

is integrable over Hy. In order to evaluate the integral we recall the Mellin
transform of a (suitable) function h on R :

(Mh)(s) = /000 h(t)ts% for Res > 1

and the convolution of two L!-functions h; and hs on R%:

(hy * hy)(t) = /Ooo hl(tl)hz(mtl‘l)%1 :

For suitable h; and ho Fubini’s theorem implies the basic formula
M(hl*hg):(Mhl)(MhQ) fOI‘ReSZI.

For t > 0 let du be the image of Lebesgue measure under the exponential
isomorphism:

{w e RN | mi =logt} = {(t1,-+ ,tn) € RN [t1-- -ty =1}

The N-fold convolution of L'-functions hi,...,hx on R? is given by the for-
mula

(hy o % ) () :/ ha(t1) - ho(tn) it

ty-tn=t

Note that convolution is associative.
We may rewrite I as follows

N

I:/t1 (Zcité’i)isdu.

cty=1 N3
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Thus

= qHV{lc;qS/WF(qs/w) .

i=1

We may now use the complex Stirling asymptotics
L(s) ~ Vametels=3)loss g5 |s] = o0in —7 <args<m (47)
to draw the following consequence of proposition .

COROLLARY 4.3.3 Let k/Q be a number field of degree n with unit rank r =
r1+719—1 > 1. Then we have the following asymptotic formula for Re s — oo,
the integral being defined for Res > 0:

/ ( Z e 2 42 Z 67$“)_Sd>\ ~ s ?n7 .
20| oo Tv=0

vreal v complex

Here
o = (mn)"227 2\ /2 /n,

PRrROOF Applying proposition with NV = r; + ro and the obvious choices
of ¢;’s and v;’s the integral is seen to equal:

n 121719722/ (§) T (s /n) T (25 /n) "2

Applying the Stirling asymptotics gives the result after some calculation. O

COROLLARY 4.3.4 Assumptions as in corollary . For any e > 0 set

Vsz{ze@]M ZI‘U:O and ||$Hoo<€}.

v | oo v | oo

Then we have the asymptotic formula for Res — co:

/ ( Z e 2w 49 Z 67I”)_sd)\ ~ s " ?n7

v real v complex
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PROOF Set f(z) = >, a€ " +2>°, complex € - For z € @, o R with
2|00 Tv = 0 we have by lemma (.37 that:

F(@) 2 exp(r |aloo) - (48)
Choose R > 2rlog2n. For |z|e > R and a > 0 we find
« «
- = < o - )
exp (= Slale) < 2n) 7 exp (5ol

For Re s > 1 this implies that

| / | @) ax] < e e (49)
TN
where )
Wz/sz ep< 2||x||oo>d)\<oo.
li#llo0 >R

By the arithmetic-geometric mean inequality we see that in {} z, = 0} the
function f(z) has global minimum equal to n. We have f(0) = n and f(z) > n
for all z # 0, c.f. the proof of theorem @, 1. Choose R > 2rlog2n such
that R > €. Let a. r be the minimum of f in the compact set S, g of z with
>z, =0and ¢ < |z < R. Then we have a. g > n and

]/ f(x)*SdA‘ < vol (S.,z)a_ i°* for Res > 0. (50)
&, R
Using corollary and the estimates @) and (@) we find successively:

s P8 ~ /Z _0 fl@)7%dA ~ /E - fl@)7%dA ~ /z o fl@)~%dX.

lzlloc <R lzlloco <e

O

We can now conclude the proof of theorem [L.d. Let ¢ > 0 be so small that the
image of V. in CH*(Xj)" under the map = — D, = [D,| with D, =" oo ToU
is a homeomorphism onto its image U.. Moreover € > 0 should be so small
that U, is contained in a neighborhood U as in theorem [£.9, 6. Then we have

/ v(D)a(D)~*d°D = |/ e 42y en ) dX (51)

€ v real v complex

—r/2, —s

~ Jpk)|ags™ = n for Res — oo

by corollary [£.3.4. By theorem [£.3, 1 and 2 (or 5) the minimum ay. of a = a(D)
on the compact set CH'(X;)? \ U, satisfies ay, > n. Moreover v = v(D) is
bounded, < d say. Together with the estimate

‘ / y(D)a(D)_SdOD‘ < dvol (CH'(X})%)a;®* forRes >0
CH!(X1,)OU. ‘
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the asymptotics (5I]) now imply the assertion of theorem [L.3, ]

REMARK 4.4 Using the asymptotic development of the I'-function instead of
(@) one can improve the assertion of theorem . For example, the same proof
shows that for any ¢ € (0,7/2) we have

C(s) = |p(k)|ars ™/ *n=*(14+ O(s™!)) asRes — oo

in the angular domain |arg s| < ¢. The O-constant depends on .

5 THE TWO-VARIABLE ZETA FUNCTION AS A REGULARIZED PRODUCT

In this section we first review a theorem of Illies about the zeta-regularizability
of entire functions of finite order.

We then apply his criterion to prove that L(H'(X}y), s, w) and (X, s, w) are
zeta-regularized as functions of s.

There are many instances where one would like to give a sense to a non-
convergent product of distinct non-zero complex numbers a, given with multi-
plicities m, € Z. Sometimes the process of zeta regularization helps. Fix argu-
ments —7 < arga, < 7 and assume that the Dirichlet series D(u) = > m,a, "
converges for Reu > 0 with a meromorphic continuation to Reu > —¢ for
some € > 0. If D is holomorphic at © = 0 we may define the zeta-regularized
product

1) a, := exp(—D'(0)) .

If all m, = 1, one sets [Ja, = H(l)ay. In this way one obtains for example
]:[‘,3":11/ = /27. For a finite sequence of a,,m, the zeta-regularized product
]:[(m")au exists and equals the ordinary product []al*.

For complex s with s # a,, for all v one may ask whether ]:[(m'f) (s—a,) exists.
In favourable instances it will define a meromorphic function in C whose zeroes
and poles are precisely the numbers a, with their multiplicity m,. On the
other hand if we are given a meromorphic function f(s) whose zeroes and poles
are the numbers a,, with multiplicity m, we may ask whether H(m") (s —ay)
exists and defines a meromorphic function in C and how it compares to f(s).
Sometimes it is also useful to introduce a scaling factor @ > 0 and compare
f(s) with [J') a(s — a,). In the case where we have

f&) =" als —a)

the function f is called “a-zeta regularized”.

A much more thorough discussion of these problems and other regularization
procedures (d-regularization) may be found in Illies’ papers [@], [@] and his
references.

We now describe the precise technical result from Illies’ work that we will use.
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For o1, @2 in (0,7) define the open sets
Wre oo =18 € C| —pp <args <1}

and
_ *
Wig, oo = C N\ Wry, o, -

A meromorphic function in C is said to be of finite order if it is the quotient
of two entire functions of finite order.

THEOREM 5.1 (ILLIES) Let f be a meromorphic function of finite order in C
such that almost all zeroes and poles lie in some Wiy, ,,. We assume that for
some 0 < p < oo and any p' < p we have

fls)—1= O(|s|_p/) N Wre, .o, as|s| — oo .

Then the following two assertions hold:
A Setting m(p) = ords=, f(s), for any scaling factor oo > 0 the Dirichlet series

Euw) = Y mlp)a(s—p) "

PEWLsy 0p

is uniformly convergent to a holomorphic function in Reu > 0 and |s] < 1.
Here we have chosen —m < arg (s — p) < m which is possible for small enough
|s|. The function &(u,s) has a holomorphic continuation to any region of the
form

{Reu > —p} xG

where G is an arbitary simply connected domain which does not contain zeroes

or poles of f.
B We have an equality of meromorphic functions in C

1) = ep(-2209) I lats— o)

PEWIle1 g
= I a0

REMARK According to B the function f equals the zeta-regularized determinant
(scaled by «) of its divisor. In fact f is the d-regularized determinant of its
divisor for any regularization sequence § as in [[d] Definition 3.4 but we do not
need this stronger statement.

PROOF The result generalizes [E] Corollary 8.1 and is proved in the same way
using [[3) Theorem 5 and Proposition 3.3. The latter results are stated for the
case where all zeroes and poles of f lie in Wi, ,,. Using translation invariance
of regularization as indicated in [[§] Example 2) after Definition 4.1 gives the
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general case. In the thesis [[]] more details can be found: Theorem 4.1 is a
special case of [@] Korollar 2.7.1 and translation invariance is discussed in [[[1]
Definition 2.2.3 and Korollar 2.2.4. a

We can now state our main theorem.

THEOREM 5.2 For k/Q and any fized complex number w the functions
C(Xk,s,w) and L(H(Xy),s,w) of s are 5=-zeta reqularized.

In the function field case the corresponding but much simpler result is this

THEOREM 5.3 Let X/F, be a smooth projective and geometrically irreducible
curve. Then for any fized w the meromorphic function Zx(q=*%,q"“) of s and
the entire function Px(q™%,q%) are a-zeta reqularized for any o > 0.

REMARKS A) In theorem f.d, contrary to theorem f.d the zeta- and L-functions
are a-zeta regularized for a = 1/27 only. This has to do with our normaliza-
tions of ((Xk, s, w) which in turn is suggested by the choice of I'-factors for
(i (s). For further discussions of this point, see the remark at the end of section
5 in [DJ).

B) Comparing .9 and f.g we see that

(X, s,w) = Zx(¢ % q") = (¢ — 1) ¢ "D (x (s, 0)

corresponds to

in the following sense: For every fixed w both functions of s are obtained by
the process of %—zeta regularization from the zeroes and poles of the analogous
functions (¢¥ — 1) 1(x(s,w) and w™1(x, (s,w). Note also that we have

C(X,s,1) =Cx(s) and ((Xi,s,1) = Culs) .

PROOF OF THEOREM .3 In view of formulas () and () this can be deduced
from [DJ] 2.7 Lemma which evaluates [], . a(s +v) for a € C*. Alternatively
the theorem follows without difficulty from theorem @ |

For the proof of theorem @ we first need a refinement of the estimate given
in Proposition B.]] a).
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LEMMA 5.4 For any number field k/Q and every R > 0 there is a constant
¢ = cx(R) such that setting

g(t’D,’U}) = w_l(kO(D + Dt)w _1_ wV(D)e_ﬂt72/7La(D))

we have
19(t, D, w)| < cexp(—nt=2/" min(2a(D), b(D)))

uniformly in D € CH*(Xy)? and 0 < t < \/d}, and |w| < R.

PrOOF For D = [D] we have:
(D + D,) = Z et D
fel(D)

Hence L
6(t,D) :== k(D +D,) —1 —v(D)e ™ D)

is positive. We claim that there is a constant v depending only on k such that
for all D € CH'(X};)? and 0 < ¢ < d,lc/2 we have the estimate

0<8(t,D) <~ye ™ D) (52)
This is seen as follows:
5(t,Dyem P = N 1 b(P))
1£13>b(D)
< 3 e~ M UAD=bD)  gince t < \/dy
1£13,>b(D)

< ewd;l/ﬁb(p)k()(DJrD\/a) — f(D) .

Hence for v we may choose the supremum of the bounded function f on
CH'(X}), c.f. Proposition [L.1]

Since the left hand side of the estimate in lemma [.4 is bounded and since
a = a(D) is bounded on CH'(X})" it suffices to prove the desired estimate for
all 0 < t < g, where € > 0 is small. We choose 0 < € < v/dj, such that for all
0<t<eand D€ CH(X})? we have

O0<z=z(t,D)=k(D+D;)—-1<1/2.

This is possible by (R4) or (fJ). We may assume that R > 1. Using inequality
(Bg), we find:

ED+D)* = (Q142)*=1+wz+wz’d
14 wy(D)e—wt72/"a(D) + wp
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where
9| = [9(t,w,D)| < "

and
Y =0(t, D) + 229 .

From (5J) we get

1] —mt=2/"p(D) +62R€—27rt’2/’ba(D)(V<D) _,'_,ye—wt’z/"(b(D)—a(D)))Z

IN

Ye
< ,ye—wt’2/"b(D) + ezRe—zwt*Z/"a(D)(y(D) +7)?

This gives the required estimate in 0 < ¢ < ¢ for ¢ = e2F maxp (v(D) + 7). O

PROOF OF THEOREM .9 According to lemma B.d we may write the function
((Xk, s,w) as follows in the region Res > Rew,Res > 0

2'r1/2

C(Xp,s,w) = w™ (K°(D)” — 1)N'D~*dD
[e®)] Jem x,)
2’“1/2 Jdt
= / / KD+ DY - 1)dD =
(k)] CHl(Xk)O 3
2”/2 ~2/ng(p
= / / (v(D)e D) 4 g(t,D,w))d°D t > —
| CH(X)0 t
The first term leads to the following meromorphic function in C
o —2/n dt
Als) = / / y(D)e~ ™ "a(D)gop =5 =
0 CH'(X)° t
- ﬁw*%r(ﬁ)/ (D)a(D)~ % dD .
2 2 CHl(Xk)O
Setting
0 sd
fuw(s) =14+ A(s) g(t,D,w)d°D t™°—
CH(X},)0
we may write
(Kis) = 2 A(5) (o) 63)
C( Xk, s,w) = 8) fw(s) - 53
(k)|
We will now show that for any fixed w € C and o > 0 the function fy (s
a-zeta regularized and that its £(u, s)-function in the sense of theorem A

has a holomorphic continuation to any region C x G where G C C is any simply
connected domain disjoint from the zeroes and poles of f,,. First note that f,
is meromorphic of finite order (< 1) since this is true for s — ((Xk, s, w) by

proposition 3.5 and clear for ‘2 (1k/)|A( ).
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Let 0 < ¢ < /2 be any angle such that
¢ tan ¢ < logmin(2, bine/n) .

Note here that because of theorem @, 1 and 7 we have bjnf > amin = n.
We will now show that for any p’ > 0 and every w € C we have the estimate

fu(8) = 1=0(s|"") inWry, as |s| — oo (54)

It follows in particular that f,, has only finitely many zeroes or poles in Wr, .
Hence the conclusions of Illies’ theorem 5.1 apply to f,, and @1 = @2 = ¢ with
p = 00.

In order to prove (@) we have to show the following estimates for any fixed w
and p’ > 0 as Res — oo in Wr,

- dt ,
-1 / / gt Dw)dD L = 0(s/ ) (55)
CHl(Xk)O t
and - U
S epwen et o ). 6o
d JOH (X,)0 t

We begin with (55). By lemma [p.4 we have for 0 < t < v/dj, and

DeCH! (Xk)ol
l9(t, D, w)| < cexp(—nt~¥"min(2a(D),b(D)))
< cexp(—mf_2/" min(2amin, bint)) -

Hence there are constants ci,co depending on w such that for Res — oo we
have

vy,
AT [Tl < el min R, b)) ()
0
(nRes) /2 n %
- |F (”S) | 5 (min(2n, binf)) ' (57)

For the second inequality we have used theorem @ which was the main result
of section f] and the fact that amy, = n. Now the Stirling asymptotics @)
shows that for any ¢ € (0,7/2) there is a constant ¢, such that for all z € C
with Rez > 1/2 and z € Wr, , we have the estimate

I'(Rez2)
IT(=)]
Namely, setting z = re’® with |a] < ¢ we have as r — oo

I'(Rez)
IT()l

< cyexp((Rez)p tangp) . (58)

1 .
exp((rcosa — 5) log cos a + racsin @)

< exp(rasina) = exp((Rez)atan o) < exp((Re z)ptanp) .
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Thus we can proceed with the estimate (f7), obtaining

Vi nRe s
|A(s)~! / o] < esls|" % exp (T(aptanap — log min(2, binf/n))) . (59)
0

By our choice of ¢, the second term converges exponentially fast to zero as
Res — oo. Since |s| < (Res)(1+tan?)'/? in Wr,, ,, the estimate (5J) follows
for all p’ > 0.

Next, we prove (ff). We have

l9(t, D, w)| < [w™ (KD +Dy)" = 1)| +p(D)e~ P
< Jw T EOD + D) — 10 d )|+ w10 d P - 1)+ p(D)e P

For D € CH'(X;)? and t > V/dj, it follows from proposition B.J] b) and the
boundedness of v on CH'(X})? that we have

Cy eXp(_at2/n) + |w_1(twdl;w/2 _ 1)‘ n 656_7””72/71

CgtM .

l9(t, D,w)| <
<

Here M = max(Rew, 1) will do, and the constants ¢; depend on w. Observe
that for w = 0 the middle term becomes a logarithm in ¢ which is absorbed in
tM since M >1 > 0.

Using the estimate and theorem [L.g we find for Res > M in Wry, ,:

A(s) ! / ] < erlAs) Y / M=)
NZA Vi t
Res

ns _ r nRe s _ —=5
s D (52 ) 174"/ n) 5% (01 — 5| 7'

IN

IN

Res

M —s|7td, 2

nRe s

Cg|6_% log % ||5|(r+1)/2(mn) 3

IN

by the Stirling asymptotics. Together with the estimate

Re s X Re s
< ein Zes lOgl%len ;Nptanap

this implies the desired estimate (5d) for any p’ > 0.

Having thus proved (@)7 theorem @ implies that f,, is a-zeta regularized for
any o > 0. Now, equation (53) together with formula (B9) gives

s Jw(s)
fi(s)

(60)

It has been known for quite some time that Cj(s) is 5—-zeta regularized and

there are different ways to see this. For example (i (s) is a-zeta regularized for
any positive a > 0 by [@] corollary 8.1 which applies to very general Dirichlet
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1

series. Furthermore the I'-factors T'r(s) and I'c(s) are 5--zeta regularized as
follows from a formula essentially due to Lerch, [DJ] (2.7.1):

1DZoa(z +v) = az* (\/LQ_WF(ZD B . (61)

It follows from (Bd) that s — ((Xg,s,w) is 5--zeta regularized for any w.

Hence theorem is proved. O

Incidentally, we may deduce the following corollary from the proof of @:

COROLLARY 5.5 For any number field k/Q the entire function

g V(D) (a(D\~% o
Co =] () P

is a-zeta reqularized for every positive a.

1. PrROOF (works only for a = 1/21) According to the above and formula (53)
for w = 1, the function

C 9r1/2
G(3) _ ETK‘_TF(E) / v(D)a(D)"¥d°D  (62)
2/ Jen(xyye

fils) (k)| 2
L _zeta regularized. It follows from formula (1) that we have

is

2
_ns_ (/NS ns 1 2v \ 1
nE () =0 Ve (g4 )
Up to a 5—-zeta regularized function the term 7~ 2 I'(ns/2) in formula ()
can therefore be replaced by ns \/2/n. This gives the assertion. O

2. PROOF It follows from remark [.4 that for any ¢ € (0,7/2) we have
(s/2m)"/2C(s) =1+ 0(s7") inWr,, as Res — oo .

By theorem @ this function is therefore even «-zeta regularized for every
a>0. O

Let us check the corollary for £k = Q and &k imaginary quadratic. For k = Q the
function equals 1 which is regularized. For k imaginary quadratic the function
reduces to the integral, which in this case is a finite Dirichlet series over ideal
classes. Because of v(0) = |u(k)| and a(0) = n this Dirichlet series starts with
a constant term 1. Now [@ Corollary 8.1, resp. its proof shows that such a
finite Dirichlet series is a-zeta regularized for any « > 0.
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6 THE COHOMOLOGICAL MOTIVATION

In this section we explain how theorem @ fits into the speculative cohomo-
logical setting of [@] For every number field k/Q there should exist complex
topological cohomology spaces H'(Xy,C) together with an R-action ®'. The
infinitesimal generator © of this R-action should exist. We expect that

H°(X;,C)=C with® =0

and
H?*(X},C) = C with® =id .

The space H' (X}, C) should be infinite dimensional and decompose in a suitable
sense into the eigenspaces of O, the eigenvalues being the zeroes of (Ak (s). In
degrees greater than two the cohomologies should vanish.

The zeta-regularized determinant dets(¢) of a diagonalizable operator ¢ is
defined as the zeta-regularized product of its eigenvalues with their multiplic-
ities. See [DJ] for more precise definitions. The relation between Cr(s) and
cohomology is expected to be:

(_1)i+1

Hdet ( (s-id — ©) |H’(Xk,C)) . (63)
From this and the above it follows that we would have
L' (X)) = o)
= detw (%(s id—©)] Hl(X,wC)) . (64)

Formulas () and (54) would imply in particular that (i (s) and L(H'(X}), s)
are 5--zeta regularized and this turned out to be true, D1 §4, [Schy), P,

).

How to incorporate the two-variable zeta function into this picture? One nat-
ural idea is to assume that there is an operator 0, on H*(X},C) for every
w € C deforming ©; = © and such that the two variable zeta-function equals

71)i+1

Hdet ( (s-id—© )|Hi(Xk,C)> . (65)

The equation (BJ)
R _ 9r1/2
) = G

and formula (B3) suggest that the function

d,**Cx, (s,1)

diS/QCXk (s,w) (66)
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might be equal to (f5). However the function (Bg) is identically zero for w =0

and this is incompatible with (). Namely the zeroes of () come from factors

of the form 5~ (s—\) where A € spec (0,,) if the zeta-regularized products exist

in the sense recalled in section E The easiest modification of @ which takes
this point into account is to consider instead of (Bd) the function

L2z
e o)

ie. ((Xk,s,w). Thus the following equation is suggested

(—1)i+?

(X, 8,w) = Hdet ( (s-id — @)|Hi(Xk,C)) . (67)

It would imply that {(Xk,s,w) is %—zeta regularized. This was proved in
theorem

The poles of s — ((X,s,w) lie at s = 0 and s = w. For w # 0 they have
order one. For w = 0 there is a double pole at s = 0. According to (f7) the
poles of (X}, s,w) are accounted for by the eigenvalues of ©,, on H°(Xy,C)
and H?(Xj,C). On H°(X},C) = C it is natural to expect ©,, = 0 for all w. It
follows that on H?(X},C) = C we must have ©,, = w - id. Then (7) implies
the formula

s s—w
2r 2w

(X, 5,w) = detos (%(s id — 0,) |H1(Xk,C)) .

This is the reason why we denoted the left hand side by L(H'(X}),s,w) in
definition B4

Having explained the motivation behind theorem @ let us discuss the specu-
lative formula (f7) a little further. The functional equation (Bd) for ¢(Xy, s, w)
says in particular that p — w—p is an involution on the set of zeroes resp. poles
of s — ((Xk,s,w). Under (@) this is compatible with the expected Poincaré
duality

U: HY(Xy,C) x H* {(X,C) — H?*(X},C) =C

if we assume that ©,, is a derivation with respect to U-product. It looks like O,
was the infinitesimal generator of an R-action ®¢, on cohomology which respects
cup product. It could be interesting to check whether there is a symplectic
structure in the distribution of the low lying zeroes of s — L(H!(k), s, w) as in
the work of Katz and Sarnak @

In contrast to © the operators ©,, for w < 0 will not commute with the Hodge
x-operator as in [@] § 3 since this would force the zeroes of ((Xy, s, w) to lie
on the line Res = 5 which is not the case for w < 0 by the investigations of
Lagarias and Rains, [@] §7.

From calculations in the function field case, I do not expect the operators ©,,
for different w to commute. One possibility seems to be that [O.,,Oy,] =
(U)l — U}Q)ld
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ABSTRACT. A shift invariant measure on a two dimensional local
field, taking values in formal power series over reals, is introduced and
discussed. Relevant elements of analysis, including analytic duality,
are developed. As a two dimensional local generalization of the works
of Tate and Iwasawa a local zeta integral on the topological Milnor
Ki-group of the field is introduced and its properties are studied.
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The functional equation of the twisted zeta function of algebraic number fields
was first proved by E. Hecke (for a recent exposition see [N, Ch. VII]). J. Tate
[T] and, for unramified characters without local theory, K. Iwasawa [I1-12]
lifted the zeta function to a zeta integral defined on an adelic space. Their
method of proving the functional equation and deriving finiteness of several
number theoretical objects is a generalization of one of the proofs of the func-
tional equation by B. Riemann. The latter in the case of rational numbers
uses an appropriate theta formula derived from a summation formula which
itself follows from properties of Fourier transform. Hence the functional equa-
tion of the zeta integral reflects symmetries of the Fourier transform on the
adelic object and its quotients, and the right mixture of their multiplicative
and additive structures. With slight modification the approach of Tate and
Iwasawa for characteristic zero can be extended to a uniform treatment of any
characteristic, e.g. [W2]. Earlier, the functional field case was treated similarly
to Hecke’s method by E. Witt in 1936 (cf. [Rq, sect. 7.4]), and it was also
established using essentially harmonic analysis on finite rings by H.L. Schmid
and O. Teichmiiller [ST] in 1943 (for a modern exposition see e.g. [M,3.5]);
those works were not widely known.
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Two components are important for a two dimensional generalization of the
works of Iwasawa and Tate (both locally and globally). The first component
is appropriate objects from the right type of higher class field theory. In the
local case these are so called topological Milnor K*-groups ([P2-P4], [F1-F3],
[THLF]), for the local class field theory see [Kal], [P3-P4], [F1-F3|, [IHLF].
The second component is an appropriate theory of measure, integration and
generalized Fourier transform on objects associated to arithmetic schemes of
higher dimensions. In the local case such objects are a higher local field and its
K'-group. It is crucial that the additive and multiplicative groups of the field
are not locally compact in dimension > 1. The bare minimum of the theory
for two dimensional local fields is described in part 1 of this work. Unlike the
dimension one case, this theory on the additive group of the field is not enough
to immediately define a local zeta integral: for the zeta integral one uses the
topological K-group of the field whose closed subgroups correspond (via class
field theory) to abelian extensions of the field. A local zeta integral on them
with its properties is introduced and discussed in part 2.

We concentrate on the dimension two case, but as usual, the two dimensional
case should lead relatively straightforward to the general case.

We briefly sketch the contents of each part, see also their introductions. Of
course, throughout the text we use ideas and constructions of the one dimen-
sional theory, whose knowledge is assumed.

Two dimensional local fields are self dual objects in appropriate sense, c.f.
section 3. In part 1, in the absence of integration theory on non locally compact
abelian groups and harmonic analysis on them, we define a new shift invariant
measure

i A — R((X))

on appropriate ring A of subsets of a two dimensional local field. This measure
is not countably additive, but very close to such. The variable X can be
viewed as an infinitesimally small positive element of R ((X)) with respect to
the standard two dimensional topology, see section 1. The main motivation
for this measure comes from nonstandard mathematics, but the exposition in
this work does not use the latter. Elements of measure theory and integration
theory are developed in sections 4-7 to the extent required for this work. We
have basically all analogues of the one dimensional theory. Section 9 presents
a generalization of the Fourier transform and a proof of a double transform
formula (or transform inverse formula) for functions in a certain space. We
comment on the case of formal power series over archimedean local fields in
section 11.

In part 2, using a covering of a so called topological Milnor K&-group of a two
dimensional local field (which is the central object in explicit local class field
theory) by the product of the group of units with itself we introduce integrals
over the Ki-group. In this part we use three maps

00T =0"x0* — FxF, ot T — KL(F),
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which in some sense generalize the one dimensional map E \ {0} — F on the
module, additive and multiplicative level structures respectively. In section 17
we define the main object — a local zeta integral {(f, x) associated to a function
f:F x F — C continuous on T and quasi-character y: Ki(F) — C*

(i) = /T £(0) xe(@) [t@)|52 dper (@),

for the notations see section 17. The definition of the zeta integral is the
result of several trials which included global tests. Its several first properties
in analogy with the one dimensional case are discussed and proved. A local
functional equation for appropriate class of functions is proved in section 19.
In the ramified case one meets new difficulties in comparison to the dimension
one case, they are discussed in section 21. Zeta integrals for formal power series
fields over archimedean local fields are introduced in section 23, their values
are not really new in comparison to the dimension one case; this agrees with
the well known fact that the class field theory for such fields degenerate and
does not really use Milnor K.

For an extension of this work to adelic and K-delic theory on arithmetic
schemes and applications to zeta integral and zeta functions of arithmetic
schemes see [F4].

One of stimuli for this work was a suggestion by K. Kato in 1995 to collabo-
rate on a two dimensional version of the work of Iwasawa and Tate, another was
a talk of A.N. Parshin at the Miinster conference in 1999, see [P6]. I am grate-
ful to A.N. Parshin, K. Kato, T. Chinburg, J. Tate, M. Kurihara, P. Deligne,
S.V. Vostokov, J.H. Coates, R. Hill, I.B. Zhukov, V. Snaith, S. Bloch for useful
remarks on this part of the project or encouragement. This work was partially
supported by the American Institute of Mathematics and EPSRC.

1. MEASURE AND INTEGRATION ON HIGHER LOCAL FIELDS

We start with discussion of self duality of higher local fields which distinguishes
them among other higher dimensional local objects. Then we introduce a non-
trivial shift invariant measure on higher dimensional local fields, which may
be viewed as a higher dimensional generalization of Haar measure on one di-
mensional fields. We define and study properties of integrals of a certain class
of functions on the field. Self duality leads to a higher dimensional transform
on appropriate space of functions. One of the key properties, a double trans-
form formula for a class of functions in a space which generalizes familiar one
dimensional spaces, is proved in section 9.
For various results about higher local fields see sections of [ITHLF].
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1. In higher dimensions sequential aspects of the topology are fundamental:
for example, in dimensions greater than one the multiplication is not always
continuous but is sequentially continuous. Certainly, in the one dimensional
case one does not see the difference between the two.

In a two dimensional local field R (X)) a sequence of series (3 a;nX?) s a
fundamental sequence if there is iy such that for all n coefficients a; , are zero
for all ¢ < i and for every i the sequence (a; ), is a fundamental sequence;
similarly one defines convergence of sequences. Every fundamental sequence
converges. Now consider on R ((X)) the so called sequential saturation topology
(sequential topology for short): a set is open if and only if every sequence which
converges to any element of it has almost all its elements in the set.

The sequence (aX)™, n € N, tends to zero for every a € R. Hence, if a
norm on R ((X)) takes values in an extension of R and is the usual module
on the coefficients, then one deduces that [aX| < 1 and so |X| is smaller than
any positive real number. In other words, for two dimensional fields the local
parameter X plays the role of an infinitesimally small element, and therefore
it is very natural to use hyperconstructions of nonstandard mathematics. Nev-
ertheless, to simplify the reading the following text does not contain anything
nonstandard.

2. Let F be a two dimensional local field with local parameters tq,ts (to is
a local parameter with respect to the discrete valuation of rank 1) with finite
last residue field having ¢ elements. Denote its ring of integers by O and the
group of units by U; denote by R the set of multiplicative representatives of the
last finite residue field. The multiplicative group F'* is the product of infinite
cyclic groups generated by to and ¢; and the group of units U.

Denote by O the ring of integers of F' with respect to the discrete valuation
of rank one (so ty generates the maximal ideal M of ). There is a projection
p:O — O/M = E where E is the (first) residue field of F.

Fractional ideals of F' are of two types: principal t5t]O and nonprincipal M.

For the definition of the topology on F' see [sect. 1 part I of THLF]. We
shall view F' endowed with the sequential saturation topology (see [sect. 6
part I of THLF]), so sequentially continuous maps from F' are the same as
continuous maps. If the reader prefers to use the former topology on F', then
the word “continuous” should everywhere below be replaced with “sequentially
continuous”.

3. For a field L((t)) denote by res; = resyu: L((t)) — L the linear map
> a;jt! — a;. Similarly define res = res_1: L{{t}} — L in the case where L is
a complete discrete valuation field of characteristic zero (for the definition of

L{{t}} see [Z2]).
For a one dimensional local field L denote by 1, a character of the additive
group L with conductor Op. Introduce

Y = oresg: L((t)) — C*, ¢ = o (7 res): L{t}} — C*,
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where 7, is a prime element of L. The conductor of ¢’ is the ring O of the
corresponding field: i.e. 1'(0) =1 # ¢'(t;*0). An arbitrary two dimensional
local field F' of mixed characteristic has a finite extension of type L{{t}} which
is the compositum of F' and a finite extension of Q, [sect. 3 of Z2], so the
restriction of ¥’ on F has conductor Op.

Thus, in each case we have a character

Yo: F — C*

with conductor Op.
The additive group F' is self-dual:

LEMMA. The group of continuous characters on F' consists of characters of the
form a — (aa) where a runs through all elements of F'.

This assertion is easy, at least for the usual topology on F' in the positive
characteristic case where F is dual to appropriately topologized Q% /F, (c.f.
[P1], [Y]) which itself is noncanonically dual to F. Since we are working with
a stronger, sequential saturation topology, we indicate a short proof of duality.

Proof. Given a continuous character v’, there are i, j such that 1’ (tét{O) =1,
and so we may assume that the conductor of 9" is O. In the equal characteristic
case the restriction of 1’ on O induces a continuous character on E which by
the one dimensional theory is a “shift” of ¥ g, hence there is ag € O such that
1 () = ¢ (a)—(aga) is trivial on O. Similarly by induction, there is a; € t50
such that ¢, (a) = ¥i(a) — ¥(a;) is trivial on t5°O. Then /(o) = 1(ac)
with a = 3‘ * a;.

In the mixed characteristic case it suffices to consider the case of Q ,{{t}}.
The restriction of ¢ on t'Q,, is of the form a +— (a;a) with a; € t=°71pZ,
and a; — 0 when i — +00; hence ¢/ (a) = 1(ac) for a = 3.7 a;.

REMARK. Equip characters of F' with the topology of uniform convergence on
compact subsets (with respect to the sequential topology) of F'; an example of
such a set in the equal characteristic case is {35, a;th : a; € W;} where W;
are compact subsets of E. It is easy to verify that the map a — (a — 9(ac))
is a homeomorphism between F' and its continuous characters.

4. To introduce a measure on F' we first specify a nice class of measurable
sets.

DEFINITION. A distinguished subset is of the form « + t4tJO. Denote by A
the minimal ring in the sense of [H] containing all distinguished sets.

It is easy to see that if the intersection of two distinguished sets is nonempty,
then it equals to one of them. This implies that an element A of A can be
written as | J, Ai\ (UJ B;) with distinguished disjoint sets A; and distinguished
disjoint sets B; such that | JB; C |JA; (moreover, one can even arrange that
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each Bj is a subset of some A;). One easily checks that if A is also of the
similar form | J, C; \ (U, D) then A = J(A;NC1) \ (U(AiNB; NCiN Dr))-
Every element of A is a disjoint (maybe infinite countable) union of some
distinguished subsets. Distinguished sets are closed but not open. For example,
sets O\ 10 = 5, t{U and O* = |J,_, H{U do not belong to A.
Alternatively, A is the minimal ring which contains sets a+tbp=1(S), i € Z,
where S is a compact open subset of F.

DEFINITION-LEMMA. There is a unique measure y on F' with values in R ((X))
which is a shift invariant finitely additive measure on A such that u(@) =0,

H(tsti0) = ¢ I X",

The proof immediately follows from the properties of the distinguished sets.
The measure p depends on the choice of t5 but not on the choice of #;.
We get u(tip=1(S)) = Xup(S) where up is the normalized Haar measure

on E such that ug(Og) = 1.

REMARKS.

1. This measure can be viewed as induced (in appropriate sense) from a
measure which takes values in hyperreals *R. A field of hyperreal numbers
*R introduced by Robinson [Rol] (for a modern exposition see e.g. [Gol]) is a
minimal field extension of R which contains infinitesimally small elements and
on which one has all reasonable analogues of analytic constructions. If one fixes
a positive infinitesimal w™! € *R, then a surjective homomorphism from the
fraction field of approachable polynomials R[X]% to R ((X)), and w™! — X
determines an isomorphism of a subquotient of *R onto R ((X)).

The first variant of this work employed hyperobjects, and its conceptual
value ought to be emphasized.

2. The measure pu takes values in R ((X)) (for its topology see section 1)
which has the total ordering: Zn)% anX™ >0, ap, € R*, iff ap, > 0. Notice
two unusual properties: a, = 1 — ¢~ " is smaller than 1 — X, but the limit
of (ay) is 1; not every subset bounded from below has an infimum. Thus, the
standard concepts in real valued (or Banach spaces valued) measure theory, e.g.
the outer measure, do not seem to be useful here. In particular, the integral to
be defined below will possess some unusual properties like those in section 8.

3. The set O € A of measure 1 is the disjoint union of ¢,0 € A of measure
X, tot;70 \ tot7771O of measure ¢7 (1 — ¢~ )X for j > 0, and t,0 \ {710 of
measure ¢~ '(1 — ¢~ ') for [ > 0. Since Zj>0 ¢’ diverges, the measure p is not
o-additive. It is o-additive for those sets of countably many disjoint sets A, in
the algebra A which ”don’t accumulate at break points” from one horizontal
line t5°0 to t7"10, i.e. for which the series ;(A,) absolutely converges (see
section 6).
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5. For Ae A, o € F* one has A € A and p(aA) = |a|u(A), where | | is a
two dimensional module: |0| =0, [tbtju| =¢7X* for u € U. The module
is a generalization of the usual module on locally compact fields. For example,
every a € I can be written as a convergent series > a; ; with «; ; € t5¢]O and
|a; j| — 0. This simplifies convergence conditions in previous use, e.g. [Z2].

6. We introduce a space Rp of complex valued functions on F' and their
integrals against the measure pu.

DEFINITION. Call a series Y ¢y, ¢, € C((X)), absolutely convergent if it con-
verges and if > |resxi(c,)| converges for every i.

For an absolutely convergent series Y ¢, and every subsequence n,, the series
> ¢p,, absolutely converges and the limit does not depend on the terms order.

LEMMA. Suppose that a function f: F — C can be written as Y ¢, chara,
with countably many disjoint distinguished A, ¢, € C, where charc is the
characteristic function of C, and suppose that the series Y cpp(Ay) absolutely
converges. If f has a second presentation of the same type > d, charp, , then

Z Cn:u(An) = Z de(Bm)-

Proof. Notice that if | JA, = |J B for distinguished disjoint sets, then for
every n either A,, equals to the union of some of B,,, or the union of A, and
possibly several other A’s equals to one of B,,. It remains to use the following
property: if a distinguished set C' is the disjoint union of distinguished sets C),
and Y u(C,,) absolutely converges, then for every a € F and integer ¢ condition
C D a+t40 implies C,, D a + t5O for all n; therefore u(C) = > u(Cy).

DEFINITION. Define Rp as the vector space generated by functions f as in the
previous lemma and by functions which are zero outside finitely many points.
For an f as in the previous lemma define its integral

[ fdn =3 contitn).

and for f which are zero outside finitely many points define its integral as zero.
The previous definition implies that the integral is an additive function.

ExXaMPLE. Let a function f satisfy the following conditions:

there is 4o such that f(3) = 0 for all 8 € tytJU, all i # i;

there is k(j) such that for every a € t2U f(a) = f(a+ ) for all § €
tioth o,
For every # € R* write the set 0t + t2#110 as a disjoint union of finitely
many cg j,; + téot’f(j)O, l € Lg ;; then

/fd'u: (Z > 2 f(ce,j,l)q_k(j))XiO.

JEZ 9ERX IELy,,
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If the series in the brackets absolutely converges, then f € Rp.
Redenote f as f;,. Then Zi>il fi also belongs to Rp.

For another example see section 8.

7. Some important for harmonic analysis functions do not belong to Rp, for
example, the function a +— 9 (ac) chara(a) for, say, A=0 € A, a € O. In the
one dimensional case all such functions do belong to the analogue of Rp.
Recall that in the one dimensional case the integral over an open compact
subgroup of a nontrivial character is zero. This leads to the following natural

DEFINITION. Denote ¢(C) = 0 is ¢ takes more than one value on a distin-
guished set C' and = the value of 1 if it is constant on C. For a distinguished
set A and a € F* define

/ Wlac) char a(a) du(a) = p(A) (ad).

So, if A C O and is the preimage of a shift of a compact open subgroup of
the residue field E with respect to p, and if a € O \ 20, then the previous
definition agrees with the property of a character on E, mentioned above.

LEMMA. For a function f = > c,¥(ana) chara, () with finite set {a,} and
with countably many disjoint distinguished A,, such that the series . cpu(Ay)
absolutely converges the sum Y ¢, [ (ana) chara, (o) du(o) does not depend
on the choice of ¢, an, An.

Proof. To show correctness, one can reduce to sets on which |f| is constant,
then use a simple fact that if a distinguished set C'is the disjoint union of distin-
guished sets C,,, and ¢ (ac) charc(a) = > dyp(bpa) chare, (o) with |dy,| = 1,
absolutely convergent series Y d, u(Cy) and finitely many distinct b, then

DEFINITION. Put

/ fdp=3c, / W(ana) chara. (@) du(a).

Denote by R the space generated by functions f(a)(aa) with f € Rp,
a € F, and functions which are zero outside a point; all of them are integrable.
This space will be enough for the purposes of this work.

REMARK. Here is a slightly different approach to the extension of Rp: Suppose
that a function f: F' — C is zero outside a distinguished subgroup A of F.
Suppose that there are finitely many aq,...,a,, € A such that the function
g(z) =", f(a; + x) belongs to Rp. Then define

/f=%/9du-
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First of all, this is well defined: if h(z) = >_, f(b; + z) belongs to Rp for
bi,...,by € A, then 331" h(a;+z) = 3°7_, g(bj+), and from h(a; +z) € R
and shift invariant property, and the similar property for shifts of g one gets

m [ hdp=n [ gdp.
Second, for two functions f1, f2: A — Cif 37, fi(a; +2),>2; f2(bj +z) € Rp,

then >, ; fi(a; +bj + ) € Ry for I = 1,2 and so Jh+fo=[fHi+]f
Denote by R/. the space of all such f.

Third, this definition is compatible with all the properties of Rr in the
previous section: if f already belongs to Rp then [ f = [ fdu. Also, [ f(x) =
[ fla+z) for a € A.

Finally, this definition is compatible with the preceding definitions of
this section: of course, for nontrivial characters on a distinguished sub-
group one has ¢ = 0. The space R} is a subspace of R%: for a function
f = Y cat(aa) chara, (a), such that 1(ad,) = 0, ie. A, +a 't]'0 = A,,
for every n, choose a; in a='t; 0.

For f € R}; we have
[ fa+aydute) = [ (@) duta)
and using section 5
[ @ dut@) = lal [ f(aa) dufa),
For a subset S of F put [g fdu = [ fcharsdpu.
ExaMPLE. We have [, ¢(aa)du(a) = ¢ X" if a € 7770 and = 0
271 .
otherwise (since then t(a«) is a nontrivial character on t5¢]O). Hence
0 ifa g ty;'t;7710,
/  Ylaa)dp(a) = —q 17X if a €ty't;? U,
i4d . . .
mny ¢ I(1—-¢ HX" ifacty't’0.

8. EXAMPLE. If two functions f,h:O — C are constant on t20 \ {0} and
their restriction to O \ t20 coincide, then

/ofdu:/ohdu.

Indeed, if (f — h)|¢,0\f0} = ¢, then

L= [t [t [ e 0 -

Ji20

From the previous we deduce ftz o c¢dp =0, and therefore, similarly,

/ccharodu:/ cdu =0, / cdu = 0.
F @] O\t20

Of course, the sets O, O \ t2O are not in A.
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REMARK. Onehas [, du=3"_;;c;q77 where Z; = U_icj<t t1U, and O\t20
is the “limit” of Z; when I — co. Compare with “equality” ) ., 2" = 0 used
by L. Euler. One of interpretations of it is to view z as a complex variable, then
for every integer m the sum of analytic continuations of two rational functions
> onez nem 2" and > mez n>m 2" is zero. Euler’s equality can be applied to
show equivalence of the Riemann—Roch theorem and the functional equation

of the zeta function of a one dimensional global field of positive characteristic
(cf. [Rq, sect. 4.3.3]).

From the definitions we immediately get

LEMMA. Suppose that g: E — C is integrable over E with respect to the nor-
malized Haar measure pp as in section 4. Then the function g o p extended by
zero outside O is in Rrp and

/gOPdu:/gduE-
O E

One can say that the Haar measure pp equals p.(u') where the measure p’
on O is induced by p by extending functions on O by zero to F.

9. DEFINITION. For f € Rp introduce the transform function

F()(B) = /F £(0) (B dyu(e).

In particular, F(charp) = charo.

DEFINITION. Denote by Qg the subspace of Rp consisting of functions f with
support in @ and such that f|op = g o p|o for a function g: E — C which
belongs to the Bruhat space generated by characteristic functions of shifts of
proper fractional ideals of E.

THEOREM. Given [ € Qp, the function F(f) belongs to Qr and we have a
double transform formula

F2(f)() = f(-a).

Proof. First note that ¢(«) = g o p(a) for all @ € O where ¥g is an appro-
priate character on E with conductor Op.
Using sections 7 and 8 we shall verify that

if 3 ¢ O then F(f)(8) = 0
if 3 € O then F(f)(8) = F(g)op (B) (where F(g) denotes the Fourier transform
of g with respect to ¥ g and pg).

For 8 ¢ O the definitions imply
FOB) = [ Fle)itas) dute) = 0.
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For B € O\ O%

For 8 € O%

:/Ff<a> (a) du(a /f ¥(af) du(a)
- / g 0p(a) s o p(af) dua) = / o(@) v @B) dus(@) = Flg)(p(8)).
(@] E

It remains to use the one dimensional double transform formula.

As a corollary, we deduce that if a function f: FF — C with support in O*
coincides on O* with a function h € Qp, then

f(—a) ifacO Y (F\O),

PN = { h0)  ifaeO\Ox.

REMARK. It is more natural to integrate C((X))-valued functions on F': for a
function f=>"... fiX“F — C((X)), with f; € R} define

[ fan=30x" [

Similarly to the previous text one checks the correctness of the definition and
properties of the integral. In particular, the previous theorem remains true for
functions f = }_,5, fiX*, fi inthe space Qp = {a >, 5, gn(ty"a)} where
gn, belong to QF (or even just ”lifts” of functions on E for which the double
transform formula holds).

i>ig

10. Introduce the product measure ppxp = pp ® pp on F x F and define
spaces Rpxp = Rp @ Rp, Rp p = Ry @ Ry and Qrxr = Qr @ Qp.
For a function f € Qpyp define its transform

FNG152) = [ far,a2) (e +asbe) dufan) dufas),
FxXF
From section 9 we deduce F2(f)(a1,a2) = f(—ai, —as) for f € Qrxr.
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11. In the case of two dimensional local fields of type F' = K((t)), where
K is an archimedean local field, O,U are not defined. Define a character
Y: K((t)) — C* to be the composite of the resg: K((t)) — K and the
archimedean character ¢ i («) = exp(27i Trg /g (o)) on K. The role of distin-
guished sets is played by A = a + #'D + t**1K[[t]] where D is an open ball
in K. In this case if the intersection of two distinguished sets is nonempty
then it equals either to one of them, or to a smaller distinguished set. The
measure is the shift invariant additive measure p on the ring generated by
distinguished sets and such that u(A) = px(D)X'. It can be extended to
pla +C + 1 K[[t]]) = px(C)X?, where C C K is a Lebesgue measurable
set.

The module is | 37,5, a;t’| = |aj,|x X", where the module on the real K is
the absolute value and on the complex K is the square of the absolute value.

The fields of this type are not used in the global theory, but we briefly sketch
the analogues of the previous constructions.

The definitions of spaces Rp and R’ follow the general pattern of sections 6
and 7: for disjoint distinguished sets A,, such that > ¢, u(A4,) absolutely con-

verges put
/Z cn chara, dp = Z cn (Ay).

For a function f = Y ¢, ¥(ana)chara, (o) with finite set {a,} and with
countably many disjoint distinguished A,, such that the series >_ ¢, u(A,,) ab-
solutely converges put

J 1= [ wtone) duto),

where
[ wtea)duta) = vica) X' [ vncle-sd) duac (), es=resic,
A D

A,a,D,i are defined at the beginning of this section.
The analogues of the definitions and results of sections 8 and 9 hold. The
transform of a function f € Ry is defined by the same formula

F()(B) = /F £(0) (B dyu(c).

The space Qp consists of functions f € Rp such that f = g o p for a function
g in the Schwartz space on K, where p = res;o. The double transform formula

is F2(f)(a) = f(—a) for f € QF.

REMARK. It is interesting to investigate if further extensions of this sort of
measure theory and harmonic analysis (they seem to be more powerful than
applications of Wiener’s measure) would be useful for mathematical description
of Feynman integrals and integration on loop spaces.
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12. In general, for the global theory, we need to work with normalized mea-
sures corresponding to shifted characters. Similar to the one dimensional case,
if we start with a character 1) with conductor aO then the dual to x4 measure p’
on F is normalized such that |a|u(O)p'(O) = 1. The double transform formula
of section 9 holds.

For example, if y/ = p then p(0) = |a|~'/2. If aO = t3O then in the last
formula of section 8 one should insert the coefficient X ~*/2 on the right hand
side. If fo(a) = f(aa) belongs to Qr or Q) then F(f) = |a|'/? Fy(fo) where Fy
is the transform with respect to character 1g(a) = 9 (ac) of conductor O and

measure fig such that 1o(O) = 1. In particular, F(charo) = |a|~Y?charqo.

18. Generally, given an integral domain A with principal ideal P = tA and
projection A — A/P = B and a shift invariant measure on B, similar to
the previous one defines a measure and integration on A. For example, the
analogue of the ring A is the minimal ring which contains sets a + tip~1(9),
where S is from a class of measurable subsets of B; the space of integrable
functions is generated as a vector space by functions o — gop(t~'a) extended
by zero outside ¢’ A, where ¢ is an integrable function on B. Such a measure and
integration is natural to call lifts of the corresponding measure and integration
on the base B.

In particular, if B = A for a global field k of positive characteristic, then
one has a lift 1 of the measure g, , a lift us of the counting measure of & (so
pa(a +tA) = 1), and a lift pz of the measure on A /k. If the measures are
normalized such that pa, = pp ® pa /i (of course, py is a counting measure),
then py = po ® ps.

REMARKS.

1. T. Satoh [S], A.N. Parshin [P6], and M. Kapranov [Kp] suggested two
other very different approaches to define a measure on two dimensional fields
(notice that Satoh’s work was an attempt to use Wiener’s measure). The
work [P6] suggested to use an ind-pro description for a generalization of Haar
measure to two dimensional local fields, see also [Kp]. The works [P6] and [Kp]
don’t introduce a measure, and deal with distributions and functions; local zeta
integrals are not discussed.

After this part had been written, the author was informed by A.N. Parshin
that the formula u(t4t]0) = ¢~/ X* was briefly discussed in a short message
[P5], however, it led to unresolved at that stage paradoxes.

2. In this work we do not need a general theory of analysis on non locally
compact abelian groups, since the case of higher dimensional local fields and
natural adelic objects composed of them is enough for applications in number
theory. Undoubtedly, there is a more general theory of harmonic analysis on
non locally compact groups than presented above, see also the next remark.

3. The existence of Haar measure on locally compact abelian groups can
be proved in the shortest and most elegant conceptual way by viewing it as
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induced from the counting measure on a covering hyperfinite abelian group
(e.g. [Gorl]); the same is also true for the Fourier transform [Gor2].

Conceptually, the integration theory of this work is supposed to be induced
by integration on hyper locally compact abelian groups (or hyper hyper finite
groups). This would also give an extension of this theory to a more general
class of non locally compact groups than those of this part.

2. DIMENSION TWO LOCAL ZETA INTEGRAL

Using the theory of the previous part we explain how to integrate over topolog-
ical K-groups of higher local fields, define a local zeta integral and discuss its
properties and new phenomena of the dimension two situation. Using a cover-
ing of a so called topological Milnor K-group of a two dimensional local field
(which is the central object in explicit local class field theory) by the product
of the group of units with itself we introduce integrals over the Ki-group. For
this we use additional maps v, t,0 whose meaning can only be finally clarified
in constructions of the global part [F4]. In section 17 we define the main object
— a higher dimensional local zeta integral associated to a function on the field
and a continuous character of the K}-group, followed by concrete examples.
Several first properties of the zeta integral, in analogy with the one dimen-
sional case, are discussed and proved. In the case of formal power series over
archimedean local fields zeta integrals introduced in section 23 are not really
new in comparison to one dimensional integrals; this agrees with the fact that
the class field theory for such fields does not really require K3.

14. On F* one has the induced from F' & F topology with respect to
F* —wF®F, a—(a,al),
and the shift-invariant measure
prx = (L=q )" /] .

Explicit higher class field theory describes abelian extensions of F via closed
subgroups in the topological Milnor K-group K4(F) = K(F)/A2(F) where
A5 (F) is the intersection of all open neighborhoods of zero in the strongest
topology on K»(F) in which the subtraction in K5(F) and the map

F* x F* — Ky(F), (a,b) — {a,b}

are sequentially continuous. For more details see [[HLF, sect. 6 part I] and [F3].
Denote by UK4(F') the subgroup generated by symbols {u,a}, u € U,a € F*.
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15. Introduce a module on Ki(F):
| |2 K3(F) — RY, arq ),

where v: K§(F) — Ky(F ,) = Z is the composite of two boundary homomor-
phisms.

DEFINITION. Introduce a subgroup
T =0% x 0 = {(Huy,thuy) : j,l € Z,u; € U}

of F* x F*. The closure of T in F' x F equals O x O.

A specific feature of the two dimensional theory is that one needs to use
auxiliary maps 0, 0’ to modify the integral in such a way that later on, in the
adelic work in [F4] one gets the right factors for transformed functions and
their zeta integrals.

DEFINITION. Introduce a map (morphism of multiplicative structures)
0. T — F x F, (Huy,thug) — 7 uy, t%uy)

and denote by o the bijection o/(T) — T.
For a complex valued continuous function f whose domain includes T" and is
a subset of F' x F form f oo0:0'(T) — C, then extend it by continuity to the

closure of o/(T) in F' x F and by zero outside the closure, denote the result by
for FxF —C.

To be able to apply the transform F introduce an extension e(g) of a function
g=fo: F x F— C as the continuous extension on F' x F' of

e(g)(ar, a2) = g(o, a2) + Z 9((a1,a2) v5), (a1, a2) € F* x FX,
1<i<3

where v; = (t71, 171, vo = (71, 1), vz = (1,t71).

For example, if f = Char(t{O,tllO) then f,(a1,a0) = 1for (a1,as) € F* x F*

only if ay € t2*U, iy € t2™U for k > j,m > [, hence f, is not a continuous
function; but e(f,) = Ch‘”'(tf-’o,tf’O) is.

DEFINITION. For a function f:7 — C such that e(f,) € Rpxr define its
transform

J=Felfo) 00T —C.
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16. Due to the well known useful equality
{1-a,1-0}={a,14+ap/1—-a)}+{1-5,14+aB/(1—a)},

and a topological argument we have surjective maps ([IHLF, sect. 6 part I]):

vl — K£<F>7 t((tjll,tll)(ul,UQ)) = min(j,l) {tl,tg} + {t1,u1} + {U27t2},
6T — K5(F),  t((t,6)(ur,u2)) = ( + 1) {t1, ta} + {tr,ur} + {ua, t}.

For (a1, a2) € T we have
[t(ar, az)l2 = |on] oz| = [(a1, az)|.

The homomorphism t plays in important role in the study of topological
Milnor K-groups of higher local fields ([P3], [F3]). If we denote H = {(«, ) :
a,B € (t1)U,aB7! € U}, then v(H) = K4(F). Note that if Ki(F) is re-
placed by the usual K»(F) then none of the previous maps is surjective. The
topology of Ki(F) is the quotient topology of the sequential saturation of the
multiplicative topology on H (cf. [F3], [IHLF, sect. 6 part IJ).

The maps t,t depend on the choice of ti,t5 but the induced map to
KL(F)/ker(9) (see section 18 for the definition) does not depend on the choice
of t3. The homomorphism t (which depends on the choice of ¢1,t2) is much
more convenient to use for integration on Ki(F) than the canonically defined
map F* x F* — KL(F).

For a function h: K4(F) — C denote by hy: Fx F — C (hg: Fx F — C)
the composite h ot (resp. the composite h o t) extended by zero outside T

17. Let x: Ki(F) — C” be a continuous homomorphism. Similarly to the
one dimensional case one easily proves that x = xol| |5 (s € C), where xo is a lift
of a character of UK(F) such that xo({t1,t2}) = 1. The group V =1+ t;0
of principal units has the property: every open subgroup contains V?" for
sufficiently large n, c.f. [Z1, Lemma 1.6]. This property and the definitions
imply that |xo(KLi(F))| = 1. Put s = s(x).

DEFINITION. For a function f such that char, (1) fo € Rpxr introduce

/fduT:afq*l)*?/ fodipr.
T o/(T)

Notice that [ fdupr = (1 —q¢ )72 [p pchary f||dppxr.
For a function f:F x ' — C continuous on 7" and a continuous quasi-
character y: Ki(F) — C ™ introduce a zeta function

(o0 = [ @) xl@) @)y dur(a)
T
as an element of C ((X)) if the integral converges.

DOCUMENTA MATHEMATICA - EXTRA VOLUME KATO (2003) 261-284



ANALYSIS ON ARITHMETIC SCHEMES. I 277
From the definitions we obtain {(f, x)

(=g )2 Y (g / F(un, thusz) xo (Hur, uz)) dp(ur) du(us).

GLET UxU

If for fixed j,1 the value f(tuy,tuy) is constant = fo(4,1), then we get

S0 == X @ D) [ altlunus) dutun) duus).
FIEL UxU
EXAMPLES.
L. Let f = charogy(r), where OK(F) = v ({0, 1,...}). So fo(j,1) = 1 if
J, 0= 0and fo(j,1) = 0 otherwise. Then

i m= (1)

which converges for Re(s) > 0, and has a single valued meromorphic continu-
ation to the whole complex place. Note that for this specific choice of f the
local zeta integral does not involve X.

2. More generally, for a function f € Qpxp the local zeta integral ((f, x)
converges for Re(s) > 0 to a rational function in ¢° and therefore has a mero-
morphic continuation to the whole complex plane.

To show this, one can assume that f(ai1,as) = chara, (a1)chara,(a2) with
distinguished sets A;, Ay, each of which is either of type t\(a +t70), a € U,
r > 0, or of type t1*O. For example, if A; of the first type and A, of the second
type, then

) == )23 (g™ / Xo(t(u, u2)) dp(un) dp(uz),

i=m (a+t70) xU

which for Re(s) > 0 converges to (1 — ¢~ 1)=2(¢~%)™* (1 — ¢=%)~! ¢ where
c= f(a+t;0)><U xo(t(u1,uz)) dpu(ur) dp(us), and therefore equals to this ratio-
nal function of ¢° on the whole plane.

3. For f € Qpxr and (a1, ap) € T define, in analogy with A. Weil’s definition
in [W1]

W(f) (o, 2) = flon, az) — f(t7 ar, 00) — flon, 17 ag) + f(t on, 17 as).

Then from the definitions and the properties of 1 we get

CW(F) 1 13) =@ —=a=)*C(f, ] 13).
In particular, let g = W (f), flr = (charOK;(F))t. Then

g, 3) = 1.
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18. Let 0: K3(F) — K1(F) be the boundary homomorphism. Note that
O(A2(F)) = 1. Define

A K (E) — K.(F)/ker(9), aw {a,ts}

where & € O is a lifting of @ € E*. Then d(A(a)) = a.

Let f: Ki{(F) — C be a continuous function which factorizes through the
quotient K§(F')/ker(9). Let x: Ki(F) — C* be a weakly ramified continuous
quasi-character, i.e. xo(ker(9)) = 1, so x is induced by a (not necessarily
unramified) quasi-character of the first residue field E of F. Then using Lemma
in section 8 one immediately deduces that

C(ftaX) = CE(fO)\7XO>\)2

where (g is the one dimensional zeta integral on E which corresponds to the
normalized Haar measure on E.

Similarly, if F' is a mixed characteristic field, and K is the algebraic closure
of @, in F, then one has a residue map 0: K4(F) — K;(K), see e.g. [Ka2,
sect. 2], the map 0 is —res defined there.

Assume that a prime element of K is a to-local parameter of F', then we can
identify F' = K{{t1}}. Define

LK (K) — KYF), aw{t,al,

then 3(I(a) = .
Let f: Ki(F) — C and a quasi-character x have analogous to the above
properties but with respect to 0. Then similarly one has

C(fth) = CK(f © [vX © [)2
Thus, the two dimensional zeta integral for F' links zeta integrals for both F
and K, local fields of characteristic p and 0.
19. Put x=x"1 3

PROPOSITION. Let g,h € Qprxrbe continuous functions, and let x: K§(F) —
C* be a continuous quasi-character. For 0 < Re s(x) < 2 (and therefore for all
s) one has a local functional equation

(9. %) (R, %) = €3, %) (R, x).

Proof. One proof is similar to Example 2 in the previous section and re-
duces the verification to the case where both g and h are of the simple form
char 4, chara,. We indicate another, similar to dimension one, with one new
feature — a factor k(8) which corresponds to the transform f involving the
map o.
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For a = (a1,02) denote a™' = (a7, 05'), aff = (1f1, a202), |a| =
|| ez, pla) = prxr(ar, a2), () Y(an)(as). Put

k(B) = ¥(8) + ¢ 2 ') +q vy ' B) +q (v B),

v; defined in section 15. We will use |to(a)|3 = |a| for a € o/(T).
We have

(o, //T 90 F(8) o) 8 |al * |31"2 dyur (@) dur (9)
- / / 90(0) Fle(ho))(8) xto (@) ||~ dys(a) dp(5)
FxF JFxF
/// 60(0) €(he) (7) 9(B7) xto (@B~ o]~ d(a) da(B) dpu()
/// 90(0) o (1) (57 xt0 (@B~ o] dua) du(B) dis()
£y ///F 9000 o) (B0 19) xaa (@5 o] () dyu(5) du(v; )

1<i<3

= [, @) no() 15 xio(05 ™) ol die) di3) dia)
(B—n~ 15)
=[] 3ot () xislrn) or | dite) du2) K xio 5™ (3

(due to to the integrals are actually taken over o’(T") where one can apply the
Fubini property). The symmetry in «,~ implies the local functional equation.

REMARK. Undoubtedly, one can extend this proposition to a larger class of
continuous functions g, h: F x FF — C.

20. Similar to section 12, we need to take care of zeta integrals which involve
normalized measures corresponding to shifted characters. The zeta integral
should be more correctly written as ((f, x| |5, p) since it depends on the nor-
malization of the measure pu. Above we used the normalized measure p such
that £(O) =1 (and the conductor of ¥ is O). More generally, let the conductor
of a character ¥’ be t90, so 9 (a) = 1o (t7 “uc) for some unit u, o was defined
in section 3. Put ¥ (a) = ¥o(t] **ua) and use 1 and ¥ (a1, ap) for the transform
F of functions in Qr and Qr«p as in sections 9-10. Then self dual measures
pon F and F x F with respect to 1 satisfy u(O) = ¢?, u(0,0) = ¢**.

Let f = charc{thtz}JrOK;(F)t, SO f(t{u17tl1u2) = 11if 4,1 > ¢ and = 0 other-
wise. Now F(e (fo))(t{ul,tlluQ) = ¢%4=4¢if j 1 > 2d — 2¢ and = 0 otherwise;

and f(tlul,tlug) = ¢?¥4¢ if j,1 > d — ¢ and = 0 otherwise. Notice that jA" =f
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on T'. We get
1 2
s _ 2d—2cs
C(f7||27ﬂ)_q (1_q—s> ’
2 2
- 1 1
2—s — 42d 2d—4c —2(d—c)(2—s) — 2s(d—c)
C(fil 1275 m) =qq q (71_(]52) q (71_(]52) ,
2 -2
s T |2—s -1 — ,—2d(s—1) 1 1
C(fv||27ﬂ)<(f7‘ |2 ,,lL) q <1_q—s> <1_qs—2 '

—2d(s—1)

The local constant for | |3, i is ¢ . This calculation will be quite useful

in [F4].

21. The previous constructions of the maps o', t, t, e are suitable for unramified
characters, but are not good enough for ramified characters.

Let a weakly ramified character x of Ki(F) be induced by a character  of the
field E with conductor 1+#; Og, r > 0. By analogy with the one dimensional
case it seems reasonable to calculate the zeta integral ((f,x) for f:T — C
which is defined by (#]u1,tjus) — 1 if and only if j > 0,1 = 0,uy € 1+ #70.
Using the dimension one calculation in [T] one easily obtains

C(f7 X) = 1— q,s (1 - q_l)_l q—T7
(TR = s (1) a0 (),

where pg(X) is the root number as in [T, 2.5], § = /2 if  is odd and = 0 if r
is even. R

Notice that unlike the case of unramified characters in section 20, f differs
from f on T due to the difference between e(f,) and F(e(f,)); so for the current
choice of 0 and e as above there is no canonical local constant associated to .

This may be related to the well known difficulty of constructing a general
higher ramification theory which is still not available. It is expected that one
can refine o, e, t,t to get canonical local constants for ramified characters as
well.

22. One can slightly modify the definition of the zeta integral by extending
T to the set

T = {(t5t uy, t3thug)}, where j,l € Z, u; € U, m,n >0, mn = 0.

The set T” will be useful in the study of global zeta integrals in [F4].

Introduce a set I' = {(t5*,1) : m > 0} U{(1,t5*) : m > 1}, then T" =T x I.
Extend v, t symmetrically to 7" by (m > 0)

et g, thug) = 1{t1, ta} + {t1,u1} + {u, 2},
(5w, thus) = {t1, ur} + {ua, t2}.
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Extend o’ to o/: T — F* x F* by (t9't]uy, t3thu) — (15437 uy, t2t%uy) and
denote by o the inverse bijection o' (7") — T".

For a function f:T" — C define f,: F x ' — C as the composite f oo
extended by zero outside o’(7”). Introduce

fdpr =(1—-q 172 / Jodpurxr.
T’ FxF

Let a function f: F x F — C be continuous on 7" and let

f(t5' a1, a2) = fag, t5'az) = far, az)

for every (aj,a2) € T, m > 0. Then for a continuous quasi-character
x: K4(F) — C™ such that x(UK4(F)) =1 we have

|, Ferxe) @l dur (o) = ¢(7. 0

This follows from the following observation: the function f(a)x¢(a)[t(a)|5?
on the set (t?t{ul, tllug), m > 0, depends on tllug only, and therefore one can
write the integral [, f(c) xe(@)|t(@)|5? dugr (@) as the sum of ((f,x) and the
sum of the product of two integrals one of which is the integral of a constant
function over 5O \ t5" 71O, and hence is zero by Example 8.

23. We describe elements of the theory for Ki(K((t))) where K is an
archimedean local field. Class field theory for such fields is described in [P2]
and in [KS]. In this case class field theory does not really match nicely the
structure of the K}-group of the field, and this is reflected in the constructions
of this section.

Introduce the sequential topology on L = K((t)) as in section 1. Define

Ki(L) = Ko(L) /Ao (L), Ao (L) = AL(L)+H{K*, 1+tK[[t]]} +{t, 1+tK[[t]]},

A5 (L) is the intersection of all neighborhoods of zero in the strongest topology
on K5(L) in which the subtraction in Ko(L) and the map

L* x L* — Ky(L), (a,b)— {a,b}

are sequentially continuous. Then K}(L) is generated by {a,t}, a € K* and
{—1, -1} (which is zero if\/—1 € K). We have 9(Ay(L)) = 1 where 9 is the
boundary map. 0 induces K&(L) — K;(K).

Introduce a module on K%(L): |als = [0()|k-

A continuous homomorphism y: K§(L) — C* can be written as x = xo| |3
(s € C), where xo({K*,t2}) = 1 and |xo(K%(L))| = 1 (so xo is determined
by its value on {—1,—1}; this symbol corresponds via class field theory to the
totally ramified extension K ((t'/2))/K((t))).

DOCUMENTA MATHEMATICA - EXTRA VOLUME KATO (2003) 261-284



282 IVAN FESENKO

Let
v K* — Ki(L), a— {a,t}

tT=K*x K*— KY{L), (a,B) {aB,t}

(totally ramified characters with respect to L/K are ignored).

For a function f:L x L — C continuous on T and rapidly decaying at
(+00,+00) and a continuous quasi-character x: Ki(L) — C* introduce a
zeta function

dp(a, B)

<(f7X):/K><Kf(a /B)Xt(a ﬁ)| |K|6|K

Define \: K;(K) — K&(L)/ker(d) by a — {a, t} Let f: K{(L) — C
factorize through Ki(L)/ker(9). Let x: KL(L) — C* be a continuous quasi-
character such that xo(ker(d)) = 1 (i.e. x is an unramified character with
respect to L/K). Then

C(g,X) = Cl(f o >‘,X © >‘)23

where g(a, 8) = fe(a) fe(8), and (; is the one dimensional zeta integral.

REMARK. The well known technique in dimension one which extends the local
integrals associated to representations of the multiplicative group to represen-
tations of algebraic groups is likely to give a similar extension of this work.
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ABSTRACT. Let @p be an algebraic closure of Q, and C its p-adic
completion. Let K be a finite extension of Q, contained in @p and
set Gg = Gal(Q,/K). A Q,-representation (resp. a C-representa-
tion) of Gk is a finite dimensional Q,-vector space (resp. C-vector
space) equipped with a linear (resp. semi-linear) continuous action
of Gx. A banach representation of G is a topological Q,-vector
space, whose topology may be defined by a norm with respect to
which it is complete, equipped with a linear and continuous action
of Gx. An almost C-representation of Gx is a banach representa-
tion X which is almost isomorphic to a C-representation, i.e. such
that there exists a C-representation W, finite dimensional sub-Q,-
vector spaces V of X and V' of W stable under Gx and an isomor-
phism X/V — W/V’. The almost C-representations of Gk form
an abelian category C(Gk). There is a unique additive function
dh : ObC(Gk) — N x Z such that dh(W) = (dime W,0) if W is
a C-representation and dh(V) = (0,dimg, V) if V is a Q,-repre-
sentation. If X and Y are objects of C(Gk), the Qp-vector spaces
Exté(GK)(X, Y') are finite dimensional and are zero for ¢ ¢ {0,1,2}.

One gets Y7 o(—1)'dimg, Extp g, (X,Y) = —[K : QA(X)h(Y).

Moreover, there is a natural duality between Exte,.)(X,Y) and
o

Extc(ék)(Y,X(l)).
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1 — INTRODUCTION

1.1 — PROLOGUE

Cet article est le premier d’une série en préparation consacrée a ’étude de
certains phénomenes que 1’on rencontre lorsque 1'on étudie les représentations
p-adiques associées aux motifs des variétés algébriques sur les corps p-adiques.
Considérons d’abord la situation suivante : On se donne un complété K d’un
corps de nombres, on choisit une cléture algébrique K de K, on pose Gg =
Gal(K/K) et on note C' le complété de K.

Soient A une variété abélienne sur K de dimension g et t4 son espace tangent.
C’est un K-espace vectoriel de dimension g. Il est commode de le voir comme
un groupe vectoriel, i.e. de poser t4(R) = R ®k ta pour toute K-algebre R.

Supposons d’abord K archimédien. On a donc K = R ou C, K = C = C,
Gk = {1,7}, avec 7 la conjugaison complexe ou Gk = {1}. L’exponentielle
est définie partout et on a une suite exacte

0— H1(A(C),Z) — t4(C) — A(C) =0

Si maintenant K est une extension finie de @, c’est au contraire le logarithme
qui est partout défini et on a un diagramme commutatif

0 — A(K) — AK) — ta(K) — 0
I N N
0 — A(C) — AC) — ta(C) — 0

Le groupe A(K) est muni d’une topologie naturelle : notons Ok (resp. Oz)
I'anneau des entiers de K (resp. K) ; si A est un modele propre (pas néces-
sairement lisse) de A sur Ok, on a A(K) = A(O%) ; on prend la topologie la
moins fine rendant continues toutes les applications A(Ow%) — A(O%/p"), pour
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n € N (avec la topologie discrete sur A(Oz/p™)). On vérifie que cette topologie
est indépendante du choix du modele, fait de A(K) un groupe topologique
induisant la topologie discréte sur Ay, (K) et la topologie naturelle sur ¢4 (K)
et que A(C) s’identifie au séparé complété de A(K) pour cette topologie.

On a Ao (K) = Ap—tor(K) @ Ap—tor(K) olt Ap_tor(K) (resp.  Ap—tor(K))
désigne le sous-groupe de p-torsion (resp. de p’-torsion) de A(K). L’exponen-
tielle est définie localement, ce qui veut dire qu’il existe un réseau A de t4
(i.e. un sous-Og-module libre de rang g de t4) et un homomorphisme continu
G g-équivariant exp : O¢ ®p,, A — A(C) vérifiant log(exp(x)) = x, pour tout
z € Oc ®o, A ; on a exp(Ox @o, A) C A(K). Ceci permet en particulier
de définir une section s de l'inclusion de A, _ior(K) dans A(C) : si z € A(C),
p"log(z) € Oc®o, A, pour n assez grand et s(z) = p~"m(zP" / exp(p" log(x))),
ot 7 1 Agor(K) — Ay —tor(K) est la projection canonique (on a noté multiplica-
tivement A(C) et additivement A, ¢, (K)). Si A®)(C) désigne le noyau de
s,ona A(C) = Ay _1or(K) © AP(C) et A(K) = Ay _1or(K) @ AP(K), en
posant AP (K) = A(K) N A®)(C). Cette décomposition est compatible avec
la topologie et A®P)(C) est le complété de A®P)(K) pour la topologie induite.

Le premier fait remarquable est que I'on peut retrouver A®) (K) (et donc aussi
A®P)(C)) en tant que groupe topologique muni d’une action de G a partir de
la seule connaissance de A,_ior(K) (et donc également A(K) et A(C) a partir
de Aior(K)):

Notons U(J; =14 mp, le groupe des unités de I'anneau des entiers O¢ de C
qui sont congrues a 1 modulo I'idéal maximal. Le logarithme p-adique définit
une suite exacte

0= (Qp/Zp)(1) = Us — C — 0

Le module de Tate T,(A), limite projective des Ay (K), pour n € N est un
Z,-module libre de rang 2g et en tensorisant la suite exacte ci-dessus avec
T,(A)(—1), on obtient une autre suite exacte

0= Aptor(K) — Ug(_l) ®z, Tp(A) — C(-1) ®z, Tp(A) — 0

ProrosiTiON 1.1 (cf. §8.4). — Soit A une variété abélienne sur K. Il existe
une et une seule application additive continue G -équivariante

¢: AP(EK) — UL (-1) @z, Ty(A)

induisant lidentité sur Ap_tor(F). Cette application est injective et identifie
AP)(K) au plus grand sous-groupe de Uf;(—1) ®z, T,(A) sur lequel Uaction de
Gk est discréte. Lapplication € : ta(K) — C(=1) @ T,(A), déduite de & par
passage au quotient, est K -linéaire.

On remarque en outre que ¢ induit une application injective &; de t4 sur
(C(—1) ® (T,(A))%x. L’application analogue pour la variété abélienne duale
A’ fournit par dualité une application surjective & : (C ®z, T,(A)Cx — 1,
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(ou t%, est le K-espace vectoriel dual de 'espace tangent de A’). Gréce a un
théoreme de Tate ([Se67a], prop.4), pour toute représentation p-adique V', on
a dimg (C(—1) ®g, V)9 + dimg (C ®g, V)“% < dimg, V. Pour des raisons
de dimension, &, et & sont donc des isomorphismes. On retrouve ainsi la
décomposition de Hodge-Tate pour les variétés abéliennes.

En fait, on a plus que cela : A® a une structure naturelle de groupe rigide
analytique. On peut retrouver cette structure a partir de A, _tor(K) @ Uf
a une structure naturelle de groupe rigide analytique sur C' : c’est le groupe
multiplicatif des éléments inversibles de ’anneau sous-jacent au disque unité
fermé. D’olt une structure analytique sur Ug (—1) ® T,(A) ~ (UX)* . Et
AP)(C) s’identifie & un sous-groupe fermé.

Au groupe A,_ior (i) muni de l'action de Gk, on peut donc associer deux
objets intéressants

(A) le groupe topologique AP)(C) muni de son action de G,

(B) le groupe analytique rigide AP [Attention, on ne peut pas obtenir trop :
ce n’est pas la variété analytique rigide A™® associée & A ; dans le cas de
bonne réduction par exemple, c’est seulement la fibre générique du schéma en
groupes formel (pas nécessairement connexe) A associé au groupe de Barsotti-
Tate (Apn)nen ol A est le modele de Néron de AJ.

Lorsque A a bonne réduction, on peut encore associer un troisieme objet, qui
est

(C) un faisceau de groupes abéliens pour la topologie plate (pour les généra-
lisations, ce sera mieux de considérer la topologie syntomique lisse sur SpfW),
a savoir le faisceau représenté par A.

Ces trois constructions se généralisent aux motifs. Pour fixer les idées, soient
X une variété algébrique propre et lisse sur K, m € N et i € Z. Au "motif”
M = H™(X)(i), on peut associer My_or(K) = HZ (X7, (Qp/Zy)(i)). A partir
de ce module galoisien, on peut construire des objets du type (A), (B) et, dans
le cas de bonne réduction, (C) qui vivent dans de jolies catégories. Pour (C),
on ne sait le faire qu’a isogénie pres, sauf si 0 < m < p — 2. En fait pour
fabriquer un objet du type (A) ou (B) il suffit de partir d’un groupe abélien
de p-torsion A avec action linéaire et continue de Gx qui est de cotype fini. Si
on travaille seulement & isogénie pres, il suffit de partir d’une représentation
p-adique V de Gk qui peut étre quelconque. Pour pouvoir faire (C), il faut la
supposer cristalline.

Le but du présent article est d’introduire et étudier la catégorie des jolis objets
du type (A) & isogénie pres. L’étude des objets des types (B) et (C) sera faite
ailleurs. Signalons deés & présent que celle des objets de type (B) repose sur le
travail fondamental de Colmez sur les Espaces de Banach de dimension finie
[Co02], travail qui joue déja un réle crucial ici (§4).
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1.2 — CONVENTIONS, NOTATIONS

Dans toute la suite de I'article, K est une extension finie de Q,, K une cléture
algébrique fixée de K et Gx = Gal(K/K).

Un banach est un espace de Banach p-adique a équivalence de normes pres.
Autrement dit, c’est un Q,-espace vectoriel topologique V' qui contient un
sous-Z,-module V qui est séparé et complet pour la topologie p-adique et est
tel que V = h—mmeN p~ ™V (avec la topologie correspondante. Un tel V s’appelle

un réseau de V. Pour qu’un autre sous-Zy,-module V' de V' soit aussi un réseau,
il faut et il suffit qu’il existe 7, s € N tels que p"V C V' C p*V.

Une représentation banachique de Gg (ou seulement une représentation ba-
nachique s’ n’y a pas de risque de confusion sur G ) est un banach muni d’une
action linéaire et continue de G. Avec comme morphismes les applications
Q,-linéaires continues G -équivariantes, les représentations banachiques for-
ment une catégorie additive Q,-linéaire B(G).

Tout comme la catégorie des banach , la catégorie B(Gk) a une structure de
catégorie exacte au sens de [Qu73] (§2, cf. aussi [La83], §1.0) : Un morphisme
f: X — Y de B(Gk) est un épimorphisme strict (ou admissible) (resp. un
monomorphisme strict) (ou admissible) si et seulement si Iapplication sous-
jacente est surjective (resp. si elle induit un homéomorphisme de X sur un
fermé de Y'). Un morphisme strict est un morphisme qui peut s’écrire fo o fi
avec f; un épimorphisme strict et fo un monomorphisme strict.

Si f: X — Y est un morphisme strict, le noyau et le conoyau de l'appli-
cation sous-jacente sont de fagon naturelle des représentations banachiques,
les morphismes Ker f — X et Y — Coker f sont stricts et ’application
Coim f — Im f est un isomorphisme.

Une suite exacte courte de B(Gf ) est une suite

0-5 L5959

ou g est un épimorphisme strict et f un noyau de G.

Disons qu’une sous-catégorie strictement pleine D de B(Gk) est stricte si elle
contient 0, est stable par somme directe et si tout morphisme de D est strict
(en tant que morphisme de B(Gk)) et a son noyau et son conoyau dans B(G ).
Une telle catégorie est abélienne.

Appelons représentation p-adique (de G ) toute représentation banachique qui
est de dimension finie sur Q. Ces représentations forment une sous-catégorie
stricte Repg, (G) de B(Gk).

1.3 — C-REPRESENTATIONS ET B;R—REPRESENTATIONS

Par continuité le groupe Gx opere sur le corps C complété de K pour la
topologie p-adique. Une C-représentation (de Gk ) est un C-espace vectoriel de
dimension finie muni d’une action semi-linéaire continue de Gx. Avec comme
morphismes les applications C-linéaires G i-équivariantes, ces représentations
forment une catégorie abélienne K-linéaire que nous notons Rep(G k).
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Tout C-espace vectoriel de dimension finie muni de sa topologie naturelle est
un banach. Toute C-représentation est donc de maniére naturelle une repré-
sentation banachique.

THEOREME A (cf. §3.3). — Le foncteur d’oubli
RepC(GK) — B(GK)

est pleinement fidéle.

Autrement dit, si Wi et Ws sont deux C-représentations de G, toute appli-
cation Qp-linéaire continue, G'x-équivariante, de W; dans W5 est C-linéaire.
Ceci nous permet d’identifier Rep (G k) & une sous-catégorie pleine de B(G)
qui, bien sur, est exacte. Il en est de méme de la sous-catégorie pleine
Rep (G k) de Rep(Gx) dont les objets sont les C-représentations triviales,
i.e. les représentations W telles qu’il existe un entier d et un isomorphisme de
C? sur W. On remarque qu'une C-représentation W est triviale si et seulement

si W est engendré en tant que C-espace vectoriel par W&x .

Nous allons avoir besoin de plonger Rep (G ) dans une catégorie un peu plus
grande.

Choisissons un générateur ¢ de Z,(1) (noté additivement). Rappelons (cf., par
exemple [Fo00], §3.1 et 3.2) que le corps Byr des périodes p-adiques est une K-
algebre, contenant Z,(1), munie d'une topologie et d’une action semi-linéaire
continue de G .

Ce corps a aussi une structure naturelle de corps complet pour une valuation
discrete (la topologie définie par cette valuation est plus fine que la topologie
canonique). Son corps résiduel est C' et ¢ est une uniformisante. On note
B;{R lanneau de la valuation (qui est aussi ouvert et fermé dans Bgg pour la
topologie canonique). Pour tout m € N, on pose B,, = B;R th;l"R (on a donc
Bozoet31=C).

Pour tout m € N, B,,,, muni de la topologie induite par la topologie canonique
de Bgg, est un banach (et sur By = C, cette topologie coincide avec la topologie
p-adique sur C'). Inversement, la topologie canonique sur BjR = <li_rnmeN B,
est la topologie de la limite projective avec la topologie de banach sur chaque
By,.

Un Bjjp-module de longueur finie n’est autre qu'un B,-module de type fini
annulé par une puissance de t, i.e. c’est un B,,-module de type fini pour m
assez grand. Pour tout B;R—module W de longueur finie, on note dy (W) sa
longueur. On a donc di(B;,) = m.

On appelle B;R-représentation (de Gk ) tout BJR—module de longueur finie
muni d’une action semi-linéaire et continue de Gi. Ces représentations for-
ment de maniere évidente une catégorie abélienne K-linéaire que nous notons
RepB;R(GK). La catégorie Rep(G k) s’identifie & la sous-catégorie pleine de
Rep B:R(G k) dont les objets sont ceux qui sont annulés par ¢. Le théoreme A

s'étend & Rep 1 (Gr).
dR
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TueorREME A’ (cf. §3.3). — Le foncteur d’oubli
Repp: (Gi) = B(G)

est pleinement fidéle.

1.4 — PRESQUE-C-REPRESENTATIONS

Soient X; et X5 deux représentations banachiques. On dit que X; et X5 sont
presqu’isomorphes s’il existe des sous-Qp-espaces vectoriels de dimension finie
V1 de X et V, de X5 stables par Gk et un isomorphisme X; /V; — X5/V; dans
B(Gk). On a ainsi défini une relation d’équivalence sur les objets de B(G).
Une presque C-représentation (de Gk ) est une représentation banachique qui
est presqu’isomorphe & une C-représentation triviale. On note C(Gg) la sous-
catégorie pleine de B(G k) dont les objets sont les presque C-représentations.

TutorEME B (cf. §5.1). — La catégorie C(Gk) est une sous-catégorie stricte
de B(Gk). En outre, il existe des fonctions additives

d:0bC(Gk)—Neth:0bC(Gk)—Z
caractérisées par d(C) =1, h(C) =0 et

d(V) =0, h(V) =dimg, V pour toute représentation p-adique V de G

En fait C(G ) contient toutes les C-représentations et méme les Bj-représen-
tations :

TuatorEME C (cf. §5.5). — Soit W une B;R—repre’sentation et soit d la longueur
du B(J{R—module sous-jacent. Alors W est presqu’isomorphe a C%. On a d(W) =
d et (W) =0.

1.5 — EXTENSIONS
Disons qu’une suite exacte courte de B(G k)
0—-85—8—8" -0

est presque scindée s’il existe un sous-Q,-espace vectoriel de dimension finie V'
de S’ stable par Gk tel que la suite

0—-8/)/V—-S/V-5"-0
est scindée.
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TurEoREME D (cf. §5.2, 5.4 et 5.5). — Soit
0—-8—=8—-8" -0

une suite exacte courte de B(Gg).

i) Si S’ et S” sont des presque C-représentations, pour que S soit une presque-
C-représentation, il faut et il suffit que la suite soit presque scindée.

i) Si S' et S sont des Bjj-représentations, pour que S soit une B,-repré-
sentation, il faut et il suffit que la suite soit presque scindée.

1.6 — LE PLAN

Faisons une derniere convention : Si C est une catégorie abélienne, si X et Y
sont deux objets de C et si n € N, on note Ext;(X,Y") le groupe des classes de
n-extensions de Yoneda. Si C = Repp(G) est une catégorie de représentations
(semi)-linéaires d’un groupe G & coefficients dans un anneau commutatif £, on
éerit aussi Ext g (X,Y).

Expliquons maintenant, pour terminer cette introduction, comment cet article
est organisé.

—L’objet du §2, est une étude détailléee des BJR—représentations de G . Celle-
ci repose de fagon essentielle sur 'article de Tate sur les groupes p-divisibles
[Ta67] et sur la classification de Sen des C-représentations [Sen80]. Ces travaux
ont été repris et poursuivis dans [Fo00] que 1’on utilise abondamment. On intro-
duit les petites représentations pour lesquelles on peut tout écrire explicitement
et auxquelles on peut se ramener dans la plupart des cas parce que toute BjR—
représentation devient petite apres changement de base fini. On détermine les
groupes d’extensions dans la catégorie Rep B;R(G K)-

Ces calculs, qui seront utiles dans la suite, ne sont pas difficiles. Ils reposent
essentiellement sur la description explicite des groupes proalgébriques associés
aux catégories tannakiennes sous-jacentes. Ils sont plutét fastidieux et nous
recommandons au lecteur de passer rapidement sur le §2 en premiere lecture.

— Dans le §3, on établit les théorémes de pleine fidélité (th. A et A’ ci-dessus).
Puis, on montre comment construire toutes les extensions d’une C-représenta-
tion — ou plus généralement d’une B;R—représentation — W par une représen-
tation p-adique V.

Rappelons [Fo88a] que B.,;s est une sous-Qp-algeébre de Byr stable par G et
munie d’'un Frobenius ¢ qui est un endomorphisme de Q,-algebres commutant
a l'action de Gk . Si B. désigne la sous-Q,-algebre de B.,;s; formée des b tels
que p(b) = b, on dispose (cf. par exemple, [FPR94|, prop. 3.1.1) d’une suite
exacte

0—Qp,— Be— BdR/B;'R —0

ou la fleche B, — BdR/BjR est le composé de ’'inclusion de B, C Bgr;s dans
Bar avec la projection sur BdR/B:{R.
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En tensorisant avec V', on obtient une suite exacte
0=V —B.®q,V — (BdR/B:[R) ®q, V—0
d’ott une application(®)
Sw,v : Hom(W, (Bar/Bjr) ®q, V) — Extlg(GK)(VV, V)

Le point essentiel est que dy,y est un isomorphisme. Pour le prouver, on
commence par utiliser beaucoup de cohomologie galoisienne et en particulier,
la théorie du corps de classes local pour montrer que Ext%(GK)(VV, V) est de
dimension finie et calculer sa dimension. On constate alors que la source et
le but de dw,y ont la méme dimension et il est facile de vérifier que dyy,1 est
injective.

Dans le cas ou W est une C-représentation, on peut remplacer B, par B, N
t_lBjR qui est une extension de C(—1) par Q, que l'on peut décrire tres
simplement : avec les notations du §1.1, on a B, ﬂt_lBjR =U(-1)ou U est le
Qy-espace vectoriel des suites (u(™), ey d’éléments de U, vérifiant (u(+1)P =
u(™ pour tout n.

Remarquons au passage que cela nous fournit un procédé pour construire — au
moins théoriquement et modulo la construction des représentations de dimen-
sion finie sur Q, — tous les objets de C(Gk). Si S est 'un d’entre eux, on peut
en effet trouver une C-représentation W (que ’on peut méme choisir triviale)
et une représentation p-adique V telles que S soit isomorphe au quotient d’une
extension de W par V par une autre représentation p-adique V.

— Dans le §4, on commence par énoncer, dans un langage un peu différent,
I'un des résultats essentiels de Particle de Colmez [Co02] sur les Espaces de
Banach de dimension finie. On introduit ce que nous appelons les espaces de
Banach-Colmez effectifs qui sont des espaces de Banach munis d’une structure
de limite inductive de limite projective d’objets en groupes commutatifs dans
la catégorie des espaces rigides analytiques sur C' vérifiant certaines propriétés.
Un tel groupe a une dimension et une hauteur qui sont des entiers naturels. On

aC =lim p "O¢ ce qui permet de munir C' d'une structure d’espace de
—mneN

Banach-Colmez (la structure analytique sur O¢ est la structure habituelle du
disque unité fermé) de dimension 1 et de hauteur 0. Tout Q,-espace vectoriel
de dimension finie i a une structure naturelle d’espace de Banach-Colmez de
dimension 0 et hauteur h. Le résultat de Colmez peut alors s’exprimer en
disant essentiellement que, si S est un espace de Banach-Colmez effectif de
dimension 1 et de hauteur h et si f : S — C est un morphisme (d’espaces de
Banach-Colmez effectifs) dont 'image n’est pas de dimension finie, alors f est
surjectif et son noyau est de dimension 0 et de hauteur h.

M Tei Hom(W, (BdR/BjR) ®q, V) désigne le groupe des applications Q-
linéaires continues G g-équivariantes — ou, cela revient au méme, des appli-
cations Bjp-linéaires G g-équivariantes — de W dans (Bar/Bjg) ®q, V.
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On utilise ensuite les résultats du §3 pour montrer

i) que, si F est une représentation banachique de G extension de C par une
représentation p-adique de dimension h, alors E est munie d’une structure
d’espace de Banach-Colmez effectif de dimension 1 et hauteur h,

ii) que si : E — C est une application Q,-linéaire continue G k-équivariante,
alors elle est induite par un morphisme dans la catégorie des espaces de Banach-
Colmez effectifs.

Le résultat de Colmez implique alors que si I'image de n n’est pas de dimension
finie, n est surjective et son noyau est un QQp-espace vectoriel de dimension h.

— Le théoreme de structure pour la catégorie C(Gg) (th.B ci-dessus) est une
conséquence essentiellement formelle de ce résultat, comme on le montre au
début du §5. La suite de ce paragraphe consiste surtout a prouver que toute
extension de B:{R—représentations est presque scindée, que toute B;R—repré—
sentation est presqu’isomorphe a une C-représentation triviale et que, dans la
catégorie des représentations banachiques, toute extension presque scindée de
BJR—représentations est encore une Bc'l"R—représentation. On y fait un grand
usage de I'étude des B;R—représentations faite au §1. On utilise aussi cer-
taines représentations p-adiques spécifiques pour construire explicitement cer-
tains presque-scindages et certains presqu’isomorphismes.

— Dans le §6, on calcule les groupes d’extensions dans la catégorie des presque-
C-représentations. Les résultats du §5 permettent de ramener ces calculs soient
a ceux des groupes d’extensions dans la catégorie des B;R—représentations,
calculs déja faits au §1, soient a ceux des groupes d’extensions dans la catégorie
des représentations p-adiques, lesquels se raménent aux calculs de cohomologie
galoisienne continue de Tate.

Soient X et Y des presque-C-représentations. On montre (th.6.1) que les Q-
espaces vectoriels Ext¢ ) (X,Y) sont de dimension finie, nulle si n > 3 et

que
2

S (—1)" dimg, Ext(g,)(X.Y) = ~[K : Q,Ja(X)h(Y)

n=0
On construit (prop.6.8) une application naturelle Extg(GK)(X, X(1)) - Qp et
on montre (prop.6.9) que, pour 0 < n < 2, 'application

Ext(g,) (X, Y) x ExtZ & (Y, X(1) = Extg g, (X, X (1)) — Q,

définit une dualité parfaite.

— Dans le §7, on étudie la catégorie des presque-C-représentations de Gx a
presqu’isomorphismes prés, i.e. la catégorie déduite de C(Gk) en rendant in-
versible les presqu’isomorphismes. C’est une catégorie abélienne semi-simple
qui a une seule classe d’isomorphisme d’objets simples, celle de C. Le corps
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gauche Dk des endomorphismes de C' dans cette catégorie est assez gros. Il
contient K et on dispose d’une suite exacte courte de K-espaces vectoriels

0— K — Dy — ((C@g, Cr)(~1))%% — K —0

ou (' désigne la réunion des sous-Q,-espaces vectoriels de dimension finie,
stables par Gk, de C'. Mais la structure multiplicative de Dk reste assez
mystérieuse.

— Dans le §8, on fait le lien entre cet article et le prologue de cette introduction.
On décrit quelques objets universels que 'on peut associer a la cohomologie
étale des variétés algébriques sur K, en particulier dans le cas des variétés
abéliennes.
On définit aussi 'espace tangent ¢, d’une représentation p-adique quelconque
et 'exponentielle de Bloch-Kato

eXPpK ly — Hclont(K7 V)
qui généralisent de facon évidente ces notions, maintenant classiques, pour des
représentations de de Rham. On montre que I'image H! (K, V) de expg est le
sous-groupe de H: (K,V) = Extbp[g «1(Qp, V) formé des classes d’extensions
qui proviennent, via l'inclusion de @, dans BIR, d’une extension de B;R par
V.

Une partie de ce travail a été fait pendant un séjour a 1’ University of Sydney
en Australie, une autre pendant un séjour au Korea Institute for Advanced
Study de Séoul en République de Corée. J’ai plaisir a remercier ces institutions
- et tout particulierement Mark Kisin et Minhyong Kim - pour leur accueil
chaleureux.

Je voudrais enfin remercier le rapporteur pour sa lecture minutieuse et ses
remarques pertinentes.

2 — — ETUDE DES B;R—REPRESENTATIONS DE G g

Soit K la Zp-extension cyclotomique de K contenue dans K, i.e. l'unique
Zp-extension de K contenue dans le sous-corps de K engendré sur K par les
racines de 1'unité d’ordre une puissance de p. Soient Hyr = Gal(K/K) et
FK = GK/HK.

Dans le §2.1, nous introduisons un anneau de séries formelles K [[t]] qui est un
sous-anneau de (Bj,)f% stable par I'x et construisons une équivalence entre
la catégorie des B ,-représentations de Gy et celle des Ko |[[t]]-représentations
de FK.

Dans le §2.2, on montre que cette derniere catégorie a une structure de catégorie
tannakienne K-linéaire et est équippée d’'un foncteur fibre & valeurs dans les
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K o-espaces vectoriels. On décrit le groupe pro-algébrique associé a ce foncteur-
fibre. On en déduit quelques résultats sur les groupes d’extensions dans cette
catégorie.

SiY est une K [[t]]-représentation de I'k, la théorie de Sen permet de définir
un endomorphisme Vi du K,-espace vectoriel sous-jacent. Si les valeurs pro-
pres de Vg sont dans K et suffisamment petites, on peut utiliser I’exponentielle
pour donner une description terre a terre de Y et de la B:{R—représentation qui
lui est associée (on dit qu'une telle B:{R—représentation est petite). L’étude des
petites représentations est 'objet du §2.3.

Si W est une B;R—représentation de G, il existe une extension finie L de K
contenue dans K telle que W est petite en tant que représentation de G =
Gal(K/L). Une notion de changement de base permet alors de ramener le
calcul des groupes d’extensions dans la catégorie des B ,-représentations au
cas des petites représentations. C’est ce qu’on fait dans le §2.4.

Dans le §2.5 enfin, on calcule ces groupes d’extensions. On montre que si
W1 et Wy sont des B;R-représentations, les Exti(Wl, Ws) sont des K-espaces
vectoriels de dimension finie, nuls si ¢ > 3 et Z?:o dim g Ext* (W, Wa) = 0
(th.2.14). On dispose en outre (prop.2.16) d’une dualité parfaite

Ext! (W1, Wa) x Ext®* ™ (Wy, W1(1)) — K

En outre (prop. 2.15), si W est un objet simple de la catégorie des B;R—
représentations, les Ext’(C, W) sont tous nuls sauf dans les cas suivants :

(i) W =C et i =0oul, et chacun de ces deux K-espaces vectoriels est de
dimension 1,

(ii) W = C(1) et i = 1 ou 2, chacun de ces deux K-espaces vectoriels étant
encore de dimension 1.

2.1 — Bl,-REPRESENTATIONS ET K.[[t]]-REPRESENTATIONS ; STRUCTURES
TANNAKIENNES

Le générateur choisi ¢ de Z, (1) correspond & une suite (™), ey ot 6™ € K est
une racine primitive p™-ieme de 'unité et ou (5(”“))” = ¢(™ pour tout n. Si
p # 2, on note 7; 'unique uniformisante du corps Q,[¢™"] telle que (7;)?~'+p =
0 et vy(e® —1—m) > p—zl ;si p =2, on pose m; = 2e(). Alors t = t/m; est
un élément de (BJ;)7% qui est encore une uniformisante de Bj,. L’anneau
Ko[[t]] des séries formelles en I'indéterminée t s’identifie & un sous-anneau de
(B;R)HK stable par I'k et, pour tout m € N, I'image de cet anneau dans
(Bm)i< = (Bjp/t"Bip)" = (Bp/t"Byp)"* = (Bjp)"e /t™(Bjp)"x
sidentifie & Ko [[t]]/t™ et est dense dans (B,,) % (cf [Fo00], §3).

Soit W une BJ,-représentation. Alors WHx est un (Bj,)7%-module muni
d’une action semi-linéaire de I'.. Notons W7 la réunion des sous-K-espaces
vectoriels de dimension finie de WHx stables par I're. C’est un sous-K[[t]]-
module stable par I' de WHx
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PROPOSITION 2.1 (cf. [Fo00], th.3.5 et 3.6 (2)). — Pour toute Bjj,-représen-
tation W de Gy, WHE est un (B;R)HK -module de longueur finie, W71 un
Ko[[t]]-module de longueur finie et les applications naturelles

Big @t yux W — W et Bip @ g W — W

sont des isomorphismes.

Autrement dit, la correspondance W +— W7 est de facon évidente un foncteur

de Repp+ (Gk) dans la catégorie Repy_ ) (I'i) des Koo|[t]]-représentations
dR o0

de Tk (i.e. des Koo|[[t]]-modules de longueur finie munis d’une action linéaire

et continue de T'x ()). Ce foncteur est une équivalence de catégorie et le

foncteur YV — Yy := B:er QK oo [[2]] Y est un quasi-inverse.

SiY] et Y3 sont deux Ko [[t]]-représentations de G, le produit tensoriel Y7 ®
Ys := Y1 ®k_ Y2 (attention : on ne prend pas le produit tensoriel au dessus
de Ko[[t]] !) est muni d’une action naturelle de T'. On en fait une K[[t]]-
représentation de I'x en posant, t(y1 ®ya) = ty1 @ y2 +y1 @ ty2 quels que soient
y1 €Y1 et ys € Yo

De la méme facon, le K.-espace vectoriel Hom(Y1,Y2) := Lk (Y1,Y2) des
applications K.-linéaires de Y7 dans Y5 est muni d’une action naturelle de ' .
On en fait une K [[t]]-représentation de I'x en posant (tn)(y) = tn(y) — n(ty)
pour tout n € Hom(Y1,Ys) et y € Y7.

On voit que l'on a ainsi muni Repg_ (') d'une structure de catégorie
tannakienne sur K, dont I’objet unité est K., muni de ’action tautologique de
'k = Gal(K»/K).

Par transport de structure, Rep BIR(G k) devient une catégorie tannakienne
dont 'objet-unité est B;R QK. (1) Koo = C. Si Wy et Wy sont deux objets
de RepB:{R(GK)’ Wi @ Wy = B;R K [It] (Wlf &® ng) et HZ@(WI,WQ) =

BjR QK. [[] Hom(Wlf, sz) On prendra garde & ne pas confondre Wi ® Wy
avec W1 ® BY, W et Hom(Wq, W) avec £ BY, (W7, Wa) ; ces dernieres structures
ne font d’ailleurs pas de Rep B (Gk) une catégorie tannakienne. Toutefois, si
W1 et Wy sont des C-représentations, W1 @Ws = W1 @cWs et Hom (W, Ws) =
Lo(W1, Wa).

Ezxercice : Si m,n € N, avec m > n, alors B,, ® B,, ~ @?:’Ole+n,1,2i(i).

(2) On prendra garde que dans [Fo00] les B;R—représentations de Gk et les
K o[[t]]-représentations de 'y considérées ne sont pas supposées de longueur
finie, comme on le fait ici.

() Attention que K.[[t] n’est pas complet pour la topologie induite par celle
de B ; et que K et les Ko o[[t]]/(t") ne sont pas des banach.
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2.2 — CONNEXIONS ET GROUPES PRO-ALGEBRIQUES

Soient E un corps de caractéristique 0 et E[[t]] 'anneau des séries formelles en
une indéterminée t a coefficients dans E. Notons QIEO[g[t” /E le module des E-

différentielles continues logarithmiques de E[[t]], autrement dit le E[[t]]-module
libre de rang 1 de base dt/t (base qui ne change pas si 'on remplace t par At,
avec A € E¥).

Si Y est un E[[t]]-module de longueur finie, une connezion V sur Y est une
application E-linéaire de Y dans Y ® gy QlEoﬁt” /E vérifiant la regle de Leibniz.

Se donner une application E-linéaire V de Y dans Y @ gy ng[gm] /B revient a se
donner une application E-linéaire Vo : Y — Y (on pose V(y) = Vo(y) ® dt/t)
et V est alors une connexion si et seulement si Vg vérifie Vi (ty) = t(y+ Vo(y))
pour tout y € Y.

ProrosITION 2.2 (cf [Fo00], prop.3.7 et 3.8). — i) Pour toute K [[t]]-représen-
tation Y de 'k, il existe une et une seule connexion V surY qui a la propriété
que, pour tout y € Y, il existe un sous-groupe ouvert I'c,, de I'ic tel que, pour
tout v € I'c y,

Y(y) = exp(log x(7)-Vo)(y)

i1) Deuzr Ko[[t]]-représentations Y1 et Ya de T sont isomorphes si et seule-
ment s’il existe une application Koo[[t]]-linéaire ¢ : Y1 — Y2 qui commute a
laction de V.

Remarquons que, si E est un corps de caractéristique 0, se donner un E[[t]]-
module de longueur finie muni d’une connexion V revient & se donner un E-
espace vectoriel de dimension finie muni de deux endomorphismes ¢ et V, avec
t nilpotent, vérifiant la relation Vot —tVy = t. C’est la raison pour nous pour
introduire la catégorie qui suit : on fixe une cléture algébrique E de E et on se
donne un sous-ensemble S du groupe additif de E stable par Gal(E/E) et par
la translation a — o + 1. On note Cg g la catégorie suivante :

— un objet est un E-espace vectoriel muni de deux endomorphismes V et ¢
vérifiant :

i) les valeurs-propres de V( dans E sont dans S,

ii) Pendomorphisme ¢ est nilpotent,

iii) on a Vot —tVo =1t ;

— un morphisme est une application E-linéaire qui commute a Vg et t.

On obtient ainsi une catégorie abélienne E-linéaire. La sous-catégorie pleine
Cf; p de Cs g dont les objets sont ceux qui sont de dimension finie sur E
s’identifie & la sous-catégorie pleine de la catégorie des E[[t]]-modules de
longueur finie munis d’une connection V dont les objets sont ceux pour lesquels
les valeurs propres de l’endomorphisme Vy du E-espace vectoriel sous-jacent
sont dans S.

Lorsque S est un sous-groupe de E, cette catégorie a une structure de catégorie
tannakienne neutre sur E :
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—le E-espace vectoriel sous-jacent au produit tensoriel X; ® X de X7 et X5 est
le produit tensoriel des E-espaces vectoriels sous-jacents, avec Vo(z1 ® x2) =
Voz1 @ 22 + 21 ® Vous et t(z1 @ 22) =tz @ x2 + 21 @ tas,

— le E-espace vectoriel sous-jacent au Hom interne Hom (X1, X5) de X; et Xo
est Lp(X1,X2), avec Vo(n)(z) = Vo(n(z)) — n(Voz) et t(n)(z) = t(n(z)) —
n(tz),

—l’objet unité est F avec Vg =t = 0.

On prendra garde que si X; et X5 sont deux objets de C£7E, le E[[t]]-module
sous-jacent & X1 ® Xo (resp. Hom(X1, X3)) n’est pas isomorphe en général &
X1 @) X2 (resp. Ly (X1, X2)).

Toujours lorsque S est un sous-groupe de E, la catégorie Cg) g est neutre et
s’identifie donc a la catégorie des représentations E-linéaires de dimension finie
du groupe pro-algébrique sur E qui est le groupe Cg g des ®-automorphismes
du foncteur fibre tautologique qui, a tout objet de C§ 5, associe le E-espace

vectoriel sous-jacent. La sous-catégorie pleine de Cg) g dont les objets sont ceux
sur lesquels t = 0 s’identifie a la catégorie des représentations E-linéaires de
dimension finie d'un quotient Ts i de Cg g. En écrivant Vo = Vi + V§®, avec
ViV = V§Ve, Vi nilpotent et V§® semi-simple, on peut identifier (cf. par
exemple [Fo00], §2.4) Ts g au produit du groupe additif sur E par le groupe de
type multiplicatif T¢'p dont le groupe des caracteres HomE(']I"g{ B X E, GmE)
est S (avec action de Gal(E/E) induite par l'action sur E).

La projection de Cg g sur Ts i admet une section canonique : elle s’obtient en
associant a tout objet X de Cg g, la représentation de Tg g dont le E-espace
vectoriel sous-jacent est X muni de la méme action de Vg, mais ou l'on fait
agir t par 0.

Se donner une action du groupe additif G, g sur un E-espace vectoriel revient
a se donner un endomorphisme nilpotent de cet espace. L’action de ¢ induit
ainsi une action de G, g sur tout objet X de Cs, g, ce qui définit un morphisme
de G4, dans Cg g. On voit que ce morphisme identifie G, g au noyau de
la projection de Cg g sur Tg g, donc que Cg g est le produit semi-direct du
groupe pro-algébrique commutatif Tg g par le sous-groupe invariant G, g.
Pour voir I'action de Tg g sur G, 5, on commence par vérifier que la relation
Vot —tVo =t équivaut en fait a V{jt = tVy et Vit —tV§® =t. Ceci implique
que le sous-groupe de Tg g isomorphe a G, g opere trivialement sur G, g.

b
L’inclusion de Z dans S fournit un morphisme Tgrp — T¢p — T7'p = Gn,p
et on vérifie que Cg g s’identifie au produit fibré H xg,, , Ts £-

Soit Hf le sous-groupe de GLy g formé des matrices de la forme (2 1).

Pour tout objet X de Cg g, notons X{—1} l'objet de Cg g qui a le méme E-
espace vectoriel sous-jacent, avec la méme action de ¢, la nouvelle action de V
étant x — (Vo — 1)(z).
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PROPOSITION 2.3. — Soient E un corps de caractéristique 0 et E une cloture
algébrique de E. Soient S et S’ deux sous-ensembles de E stables par Gal(E/E)
et par la translation o — o + 1.

i) Si X est un objet de Cs g, les Ext"(E, X) s’identifient, canoniquement et
fonctoriellement, aux groupes de cohomologie du compleze

(Cx) XL xinex L x{(-1) >0-0-0...
ou le premier terme est placé en degré 0, d°(z) = (tx,Vox) et d'(y,z) =
tz — Voy.

ii) Si S C S et si X1 et Xo sont deux objets de Cs g, Uapplication naturelle
Extgs‘E(Xl,Xg) — EXtELS’,E(Xl’XQ) est bijective pour tout n € N.

iii) Si SNS =0, si X est un objet de Cs.p et X' un objet de Csr g, on a
Ethsw/,E(X’ X'") =0 pour tout n.

i) Si S est un sous-groupe de E et si X1 et Xy sont deuw objets de C;é,E
et si n € N, alors ExtgsyE(Xl,Xg) est un E-espace vectoriel de dimen-
sion finie, nul si n > 3 qui s’identifie (canoniquement et fonctoriellement)
a Exte, (B, Hom(X1, X2)).

En outre, Y2_ (—1)" dimp Extc, . (X1, X2) = 0.

n=0
Preuve : Remarquons que les Ext¢_  (E, X) sont les foncteurs dérivés du fonc-
teur I : Cg g — Vectp qui envoie X sur Home, ,(E, X). L’assertion (i) peut
alors se voir : '

- soit en notant Cg;—o £ la sous-catégorie pleine de Cg g formée des objets sur
lesquels t = 0, en remarquant que I' = I'; o T'y ot I'y : Csp — Cs—o0,E est le
foncteur qui envoie X sur X;—g tandis que I'y est la restriction & Cg—o,r de
I, et que le complexe (Cx) est le complexe simple associé au complexe double

0 — X LN X{-1} - 0 - ... - 0 —
Vo Vo
0 - x & X{-1} - 0 - ... - 0 —

— soit en remarquant que la correspondance X — Cx est un foncteur exact de
la catégorie Cg, g dans la catégorie des complexes bornés & gauche de E-espaces
vectoriels, qui définit donc un d-foncteur (ou foncteur cohomologique) dont le
HO est ce que I'on veut et dont on vérifie facilement qu’il est effacable.

Le fait que Extg, (X1, X2) sidentifie a Extg,  (E, Hom(X1, X2)) est un
résultat standard valable dans n’importe quelle catégorie tannakienne. Les
autres assertions résultent immédiatement de (i). O

Le groupe Gal(E/E) x Z agit sur le sous-ensemble S de E stable par Gal(E/E)
et par la translation & — a+1 (qui définit Paction du générateur 1 de Z sur S).
La proposition ci-dessous montre que, si O(S) désigne I'ensemble des orbites
de E sous l'action de Gal(E/E) x Z, on a une décomposition canonique de tout
objet X de Cs.p

X = ®aeos)X(4)
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ol X (4) est le plus grand sous-objet de X pour lequel toutes les valeurs propres
de V sont dans A.

Pour tout objet X de Cs g et tout i € Z, notons X(;) le sous-espace car-
actéristique correspondant a la valeur-propre ¢ de V. Il est muni d’une filtra-
tion croissante par des sous E-espaces vectoriels

0= X(iyfl) C X(’L',O) C.. .X(i)nfl) - X(Z,’n) c...C X(l)

définie inductivement en posant X; ,,) = {x € X | Vo(x)—iz € X(; ,_1)}, pour
tout n € N. Si X est dans CQE, on an a X(;y = X(;,,) pour n suffisamment
grand. L’assertion suivante est immédiate :

ProposITION 2.4. — Soit S un sous-ensemble de E contenant 0, stable par
Gal(E/E) et par la translation o — a + 1. Soit X un objet de Cg’E et soit
Xy = ien Xy Alors X(Z) est stable par Vg et t. C’est le plus grand sous-

objet de X qui est dans C 7.E €t c ‘est un facteur direct de X. Pour tout n € N,
lapplication naturelle Extc E(E X@zy) — ExtcS o (E,X) est un isomorphisme

d
Remarquons également que le complexe (CX(Z)) se décompose en une somme
directe de complexes

(Cxi) X(Z-) —>X(i+1)EBX(i) —>X(i+1) —0—-0—0...

avec d°(x) = (tz,Vo(x)) et d*(y,z) =tz — (Vo — 1)(y).

PROPOSITION 2.5. — Soit X un objet de Cs k.
i) Les Extc,  (E,X) s’identifient canoniquement et fonctoriellement aux
groupes de cohomologie du compleze

(CX,O) X(O) —>X(1)EBX(0)—>X(1) —-0—0—0...

(avec d°(x) = (tx, Vo(z)) et d*(y,2) =tz — (Vo — 1)(y)).

ii) Soit E' objet de Cs g dont le E- espace vectoriel sous-jacent est E lui-
méme, avect =0 et Vo = idg. Alors Extc o (E,E") est un E-espace vectoriel
de dimension 1 et, pour 0 < n < 2, le cup- produzt induit une dualité parfaite

Ext¢, , (B, X) x Extg_" (X, E') — Ext¢, (B, E')

Preuve : L’assertion (i) résulte de ce que, pour ¢ # 0, le complexe Cx ; est
acyclique puisque Vy est bijectif sur X ;) et Vo — 1 est bijectif sur X ;1)
Compte-tenu de (i), le fait que EXtZS,E (E, E') est de dimension 1 est immédiat.
Le reste de Passertion (ii) résulte de ce que, si X’ = Hom(X, E’), le complexe
Cx o s’identifie au dual, convenablement décalé, du complexe Cx . O
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Soit € € H'(Cx ). 1l est facile de décrire explicitement une extension Y de
E par X dont la classe est € : si (b,c) € Z'(Cx,) représente ¢, alors, en tant
que E-espace vectoriel Y = X @ E. Si (z,)\) € Y, on a t(z,\) = (tx + A, 0)
et Vo(z,A) = (Vo(z) + Ac,0). En particulier, on voit que cette extension est
scindée, en tant que suite exacte de E[[t]]-modules, si et seulement si 'on peut
choisir le représentant (b, c) pour que b = 0.

Si X; et X5 sont des objets de Cg.,E, on note ExtéSEﬁ(Xl,Xg) le sous-

FE-espace vectoriel de Exté s, »(X1,X2) qui classifie les extensions de X; par
Xo qui sont scindées en tant qu’extensions de E[[t]]-modules. Rappelons
que le E[[t]]-module sous-jacent & H(X1, X2) ne s’identifie pas en général
a Lpr (X1, X2). Cependant, on vérifie sans peine que lorsque 'on iden-
tifie Extp, (X1, X2) & ExtéS,E(E,HZ@(Xl,Xg)), le sous-E-espace vectoriel
EXtéswE7(X1,X2) s’identifie & Ext(ljS)&O(E,HZII(Xl,Xg)). Le calcul de ce Ext!

se ramene donc au calcul de Extés_Eyo(E,X) pour X objet de CQE. Mais ce
qu’on vient de faire nous montre que, si X(gy;—o désigne le noyau de I'appli-
cation X ) — X(1) induite par la multiplication par ¢, ce groupe s’identifie au
H' du sous-complexe de Cx o

\v4
X (0),t=0 = X(0),1=0

On a donc :

ProrosiTiON 2.6. — Soit X un objet de C.é’,E' On a une suite exacte
v
0 — Homeg ,(E, X) — X(0) 4=0 ~> X(0),0=0 — Ext¢ , o(E, X) =0

et dimp Exti_ , o(E, X) = dimg Home, , (E, X).
g

Le corps E((t)) des séries formelles en ¢ a coefficients dans E a une structure
naturelle d’objet de Cz g, avec Vo(3_ a;t’) = > ia;t'. Tout idéal fractionnaire
de E[[t]], en particulier E[[t]] lui-méme, est stable par t et V.

ProposiTION 2.7. — Soit X un objet de C§7E. On a une suite exacte
v
0 — Home, , (E[[t], X) — X(0) —> X (o) — Extg, , (E[[t], X) — 0
En particulier les E-espaces vectoriels Home, , (E[[t]], X) et EXtéS,E (E[[H]], X)

ont la méme dimension finie et Homeg . (E[[t]], X) = X(0,0)-

Preuve : Se donner une application E[[t]]-linéaire de E[[t]] dans X revient
a se donner l'image x de 1 dans X qui peut étre n’importe quel élément.
L’application ainsi définie commute & Vy si et seulement si Vo(z) = 0. D’ou
Home, . (E[[t]], X) = Ker (X(g) > X(0)) = X(0.0)-
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Soit Y une extension de E[[t]] par X. L’élément 1 € E[[t]] est dans le sous-
espace propre associé a la valeur-propre 0 de V et on peut choisir un relevement
e de 1 dans le sous-espace caractéristique de Y associé a la valeur propre 0. On
doit avoir a = Vo(e) € X(g). Si 'on change le relevement de 1 en choisissant
e = e+, avec x € X(g), on a Vo(e') = a + V() et 'image de a dans
Coker (X (o) Yo x (0y) ne dépend pas du choix du relevement. On a ainsi défini
une application de Ext} .z (E[[t]], X) dans ce conoyau. On vérifie sans peine
que c’est un isomorphisme. 0O

ProrosiTion 2.8. — Soit X wun objet de CQE. Notons Y(_l) le plus
grand quotient de X(_yy sur lequel l'action de Vo est semi-simple. Alors
Homeg , (X, E((t))/E[[t]]) s’identifie au E-espace vectoriel des applications E-
linéaires de X (_1y dans le sous-E-espace vectoriel de E((t))/E|[t] engendré
par limage de t—1. C’est un E-espace vectoriel de dimension finie égale ¢ celle
de X (=1,0)-

Preuve : La deuxiéme assertion résulte de la premiere puisqu’alors la dimension
de Homeg ,, (X, E((2))/E[[t]]) est égale a celle du plus grand quotient de X(_
sur lequel 'action de V( est semi-simple et que cette dimension est aussi celle
du sous-espace propre associé a la valeur propre —1.

Montrons la premiere assertion. Comme les valeurs propres de V( agissant sur
E((t))/E|[[t]] sont dans Z, on a

Home; , (X, E((2))/E[[t]]) = Home ,,(Xz, E((2))/E[[L])

et on peut supposer que X = X(z). Comme l'action de V¢ sur E(())/E[[t]]
est semi-simple, tout morphisme de X dans E((t))/E[[t]] se factorise & travers
le plus grand quotient de X sur lequel ’action de V( est semi-simple ; on peut
donc supposer que I'action de Vg sur X est semi-simple et écrire X = ®;ezX (),
ol les X(;) sont des E-espaces vectoriels de dimension finie presque tous nuls,
Vo étant la multiplication par ¢ dans X ;) et ¢ étant une application E-linéaire
qui envoie X(;) dans X4 1).

Pour tout m € Z, F™X = ®;>, X(;) est un sous-objet de X. Les (F"X)nez
définissent une filtration décroissante, exhaustive et séparée de X par des sous-
objets de Cs g. Pour tout m, le quotient F™X/F™ 1 X sidentifie & X(m), avec
Vo = la multiplication par m et t = 0.

Par dévissage, il suffit d’établir le lemme suivant :

LEMME 2.9. — Soit m € Z et soit X un E-espace vectoriel de dimension finie,
muni d’une structure d’objet de Cs g définie par Vo(x) = mzx et tx = 0, pour
tout x € X.

i) Si m = —1, alors Home, (X, E((t))/E[[t]]) s’identifie au E-espace vecto-
riel des applzcatwns E-linéaires de X dans le E-espace vectoriel engendré par
Uimage t_y de t=% dans E((t))/E[[t]),

i) sim # —1, on a Home, , (X, E((t))/E|[t]

i1) sim #0, on a ExtCS’E(X,E(( ))/E[t]]) = 0
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Preuve : On voit que le noyau de t dans E((t))/E[[t]] est aussi le sous-espace
propre associé a la valeur-propre —1 et que c’est le F-espace vectoriel de di-
mension 1 de base t_;. Les assertions (i) et (ii) sont alors évidentes.

Soit maintenant ¥ un objet de Cg g, extension de E((t))/E][t]] par X. Pour
tout entier r > 1, soit Z, le sous E[[t]]-module de E((t))/E|[[t]] engendré par
Iimage t_, det™" et soit Y,. 'image inverse de Z,. dans Y. Alors Y est la réunion
croissante des Y. et il suffit de vérifier que, pour tout entier r > sup{0, —m},
la suite

0—-X—-Y.—-Z2.—0

admet un unique scindage. Comme Vq(t_,) = —rt_, et, comme —r n’est pas
valeur-propre de Vj agissant sur X, il existe un unique relevement e_,. de t_,
dans Y, tel que Vg(e_,) = —re_, et il suffit de vérifier que t"e,, = 0. A priori,
on at'e_, =x € X, mais on doit avoir Vy(t"e_,) = rt"e_,. + t"Vo(e_,) =0,
ce qui implique x=0 puisque Vo(xz) = ma est différent de 0 si z # 0. D’ou
(iii). O

2.3 — PETITES REPRESENTATIONS

Soit C une catégorie abélienne. Une sous-catégorie épaisse de C est une sous-
catégorie pleine stable par sous-objet, quotient, somme directe (c’est donc en-
core une catégorie abélienne) et extension.

Pour tout sous-groupe S de K stable sous I’action de G'g, introduisons la sous-
catégorie pleine RepB;rmS(GK) de RepB;R (Gk) dont les objets sont les W tels
que les valeurs-propres de Vo - vu comme un endomorphisme du K,.-espace
vectoriel sous-jacent & W7 - sont dans S. C’est une sous-catégorie tannakienne
épaisse de Rep B;R(G K)-

Soit Ok I'anneau des entiers de K. On dit qu'un élément o € K est K -petit s’il
est dans K et si alogx(g) € 2pOk pour tout g € Gi. Les éléments K-petits
forment un idéal fractionnaire ax de 'anneau des entiers O de K contenant
Og. On dit qu’'une B;R—représentation W de Gk est petite si c’est un objet

de Repg+ . (Gk). Pour tout a € K, il existe une extension finie L de K
dR>

contenue dans K telle que a est L-petit ; pour toute extension finie I’ de L
contenue dans K, a est alors a fortiori L'-petit.

Soit X un objet de la catégorie Cc)ch, k- L’endomorphisme ¢ permet de mu-
nir le K-espace vectoriel sous-jacent & X d’une structure de K|[[t]]-module de
longueur finie. On fait agir G sur X via son quotient ' en posant, pour
tout v € I'k et tout = € X,

v(x) = exp(log x(7)-Vo)(z)

Cette action est semi-linéaire relativement a l’action naturelle de 'y sur K[[t]],
ce qui nous permet, par extension des scalaires, de munir le B;R—module de
type fini Rgr(X) = B(TR @) X d’une action de Gx qui en fait une B;‘R—
représentation de Gg. On peut considérer la correspondance Ryr comme un
foncteur de C;CK,K dans RepBIR (Gk).
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ProrosiTion 2.10. — Le foncteur Ryg : CC{K x — Reppg+ (Gk) est pleinement
’ dR

fidéle et son image essentielle est la catégorie RepB; (Gk) des petites B}'R—

RIOK
représentations de G .

Preuve : Pour tout objet X de CC{K,K7 il est clair que X C (Rqr(X))’ et on en
déduit que (Rqr(X))’ s'identifie & Koo[[t] ® (i) X = Koo ®x X, Papplication
Vo sur (Ryr(X))f étant I'extension par K.-lindarité de I’application V sur
X. En particulier, Ryr(X) est un objet de RepB;R (Gk).

LemME 2.11. — Soit W un objet de ReijR,aK (Gk), Vo le Ky-endo-
morphisme de W/ qui lui est associé (cf. prop.2.2) et soit

SOK

W}; = {z e W' | y(z) = exp(log x(7).Vo)(z), pour tout v € Tx} .

L’application Ko-linéaire Koo Qx wi = K [[t]] @) Wlf( — W/, déduite

par extension des scalaires de l'inclusion de W}; dans W1, est un isomorphisme

Le lemme implique la proposition puisqu’on voit que le foncteur W — W}; est
un quasi-inverse du foncteur Ryp.

Prouvons le lemme : Soient d’abord W une B;R—représentation arbitraire
et 6 € Tg. Siy € W et si v € Tk est suffisamment petit, on a
() = 079~ (y) = d(exp(log x(7)-Vo)(6~'())) = exp(log x(7).6Vod~)(y).
L’unicité de V implique donc que Vg = dVy.

Supposons maintenant que W est un objet de Rep B ax (Gk). Soient
Y1,Y2, - - -, Y, des éléments de W/ qui 'engendrent en tant que K [[t]]-module.
Pour chaque y;, choisissons un I',, comme dans la proposition 2.2, soit I}
I'intersection des I',, et K' = Kgo}{.

Soient p™ = (I'k : I')) et vo un générateur topologique de 'k, de sorte que
a) le corps K’ est I'unique extension de degré p™ de K contenue dans Ko,
b) tout élément de I'x s’écrit d’une maniere et d’une seule sous la forme 7 o)
avec 7(Y) € Zp,

c) siy € 'k, alors v € I si et seulement si p™ divise 7(7).

Pour 1 <i < h et tout v € I, on a vy(y;) = exp(log x(7).Vo)(y;). Soit X’ le
sous-K'[[t]]-module de W/ engendré par les iy, pour 0 < m < p" et 1 <i <
h. C’est un sous-K'-espace vectoriel de dimension finie de W7 stable par I'k.
Comme 6V = Vg4, pour tout 6 € 'k, on a y(z) = exp(log x(7).Vo)(z) pour
tout v € I et tout x € X'.

Par construction, X’ contient une base {e1,es,...,eq} de W/ sur K. Si
x € W7, on peut écrire z = 2?21 a;e;, avec les a; € K. Pour tout v € T,
on a y(x) =Y v(a;)y(e;) ; si x € X', on a aussi y(z) = > a;y(e;), d’ott on
déduit que a; € K’ pour tout i ; donc {ey,ea,...,eq} est aussi une base de X’
sur K’ et 'application naturelle

Koo|[t]] ®@rrj) X' = Koo @10 X' — W/
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est un isomorphisme.

Considérons 'automorphisme 7 = exp(log x(70)-Vo) du K’-espace vectoriel X'.
Pour tout y € ', onanoy=~on

Pour tout v € T'k, notons p(y) € GLy(K') la matrice dont la j-itme colonne
est formée des composantes de y(e;) sur la base {e1,eq,...,eq}. Cette matrice
commute avec la matrice A de 'endomorphisme 1 dans la méme base. Si, pour
tout v € g, on pose po(7) = p(7)A~"), on voit que po(7y) ne dépend que de
I'image de v dans Gal(K’/K) et que 'application de Gal(K'/K) dans GL4(K")
ainsi définie est un 1-cocycle. La trivialité de H'(Gal(K'/K),GL4(K’)) im-
plique que, quitte a changer la base, on peut supposer que pg = 1. Mais alors
les e; sont dans W}; et le méme argument que celui que l'on a utilisé pour
prouver qu’ils forment une base de X’ sur K’ montre qu’ils forment aussi une
base de W}; sur K. Le lemme en résulte. O

Soit Ok lannecau des entiers de K. Pour tout @ € K qui est K-petit,
on note x(*) : Gx — O} I’homomorphisme continu défini par x(*)(g) =
exp(alog(x(g)). On note Ox{a} le Og-module libre de rang 1 qui est O
lui-méme sur lequel on fait agir Gx via le caractere x(®). Enfin pour tout
Ok-module M muni d’une action Og-linéaire de Gk, on pose M{a} =
M ®o, Og{a}. Pour tout i € Z, X' = xD(w)!, ot w : Gx — Z} est le
caractere d’ordre fini qui donne 'action de G sur les racines 2p-iemes de 1 ;
il en résulte que C{i} est isomorphe, non canoniquement, & C(4).

Si a est K-petit, comme C{a} est de dimension 1 sur C', C{a} est un objet
simple de la catégorie des B;R—représentations ; comme 'opérateur V(W) est
la multiplication par a, C{a} est une petite B;R—représentation.

ProposiTION 2.12. — L’application qui a o € ax associe la classe d’isomor-
phisme de C{a} définit une bijection de l’ensemble des éléments K -petits sur
celui des classes d’isomorphismes d’objets simples de la catégorie des petites
B;‘R—représentations de Gk.

Preuve : C’est une conséquence immédiate de la proposition précédente. O

Remarque : Notons ax l'ensemble des orbites de ax sous laction de Z (ou 1
agit par la translation @« — a+1). La décomposition canonique de tout objet de
Cs.z en somme directe indexée par les orbites de S sous l'action de Gal(E/E)
induit, via le foncteur Ryg, lorsque 'on prend S = ag, une décomposition
canonique de toute petite représentation

W = Dacax Wa

ou (avec les notations du lemme 2.11) W4 = RdR((W[f()(A)) est la plus grande
sous—BjR—représentation de W telle que les valeurs propres de Vg sur Wy)f
sont dans A. En particulier Wy correspond a la plus grande représentation
pour laquelle les valeurs-propres de V( sont dans Z.
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2.4 — CHANGEMENT DE BASE

Soit L une extension finie de K (la discussion qui suit reste valable en rem-
placant K par n’importe quel corps). Soit C une catégorie tannakienne sur K.
Rappelons (cf. par exemple [DM82], p.155) que I'on peut définir la catégorie
tannakienne Cr, sur L déduite de C par I'extension des scalaires K — L : Un
objet de Cy, peut étre vu comme un couple (X, p) formé d’un objet X de C et
d’un homomorphisme de K-algebres p : L — End¢(X) ; les morphismes sont
les morphismes des objets de C sous-jacents qui sont L-linéaires. La structure
tannakienne se définit facilement ; on peut fabriquer Pobjet-unité (1c¢, , po) de
Cr enprenant 1¢, = (1¢)?oud = [L : K] et pour pg : L — My(K), anneau des
matrices carrées & d lignes et d colonnes & coefficients dans K, un plongement
arbitraire. Le foncteur de restriction des scalaires

Res:Cr, — C

est le foncteur qui envoie (X, p) sur X. C’est un foncteur additif exact et fidele
qui a un adjoint a gauche, le foncteur d’extension des scalaires

Ext:C — Cp,

qui envoie W sur W, = (1¢, ® X, po ® id).

Si X et Y sont deux objets de C, pour tout i € N, I'application naturelle
L @ Exte(X,Y) — Exte, (X1, Yr) est un isomorphisme. Lorsque l'extension
L/K est galoisienne, le groupe Gal(L/K) agit sur ExtéL (X1, Yr) et Exth(X,Y)
s'identifie & Ext, (X, Yy )G(E/50,

Notons Bj,[Gk] le Bj-module libre de base les g € Gg. On le munit d'une
structure d’anneau non commutatif contenant BjR en décrétant que la multi-
plication de deux éléments de G est celle qui est donnée par la loi de groupe
et que g.b = g(b).g, si b € BCTR et g € Gk (ce n'est donc pas lalgebre de
groupe usuelle, 'anneau B;{R n’est pas contenu dans le centre de B;{R[GK]).
La catégorie des B;R—représentations de Gk s’identifie, de maniere évidente a
une sous-catégorie pleine de la catégorie des B;R[G K J-modules & gauche.

Soit L une extension finie de K contenue dans K. L'anneau B}, [G ] s'identifie
& un sous-anneau de Bj[Gk]. La restriction des scalaires de BJ,[GL] &
B;FR [Gk] et lextension des scalaires dans l'autre sens induisent des foncteurs
adjoints a gauche 1'un de l'autre

L . K .
Ry RepB;R(GK) — RepB;R(GL) et Iy : RepB;R(GL) — RepB;rR(GK)
On remarque que, si gi1,92,...,9q4 désigne un systeme de représentants des

classes a gauche de G suivant G, et si X est un BIR [Gr]-module & gauche,
tout élément de IXX = BI,[Gk] ® 5+ (g, X s'écrit d’une maniere et d’une
dR

d
seule sous la forme Zi:l g; ® x; avec les x; € X.
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Soit Repg+ (Gi)r la catégorie déduite de Repy+ (Gi) par I'extension des
dR dR
scalaires K — L. On dispose de foncteurs

@k i Reppr (Gr)r—Repps (Gr) et Up/k i Reppr (Gr)—Repgr (Gr)r

Si (W,p) est un objet de Repg+ (Gx)r, ®r/x(W,p) est le plus grand sous-
dR

B;R—module de W sur lequel les deux structures données de L-espace vectoriel

coincident :

O/ k(W,p) ={we W | p(A)(w) = Aw pour tout A € L}

qui est bien sir stable par Gp. Si X est un objet de RepB;r (GL), alors
R
Vi k(X)) =/ kX, p), avec p(A) (3 gi @ i) = D gi @ Aw;.
ProposiTioN 2.13. — Le foncteur @1/ : Repg+ (Gx)r — Repg+ (Gr)
dR dR

induit une ®-équivalence entre ces deuz catégories tannakiennes et Vr i :
RepB;R(GL) — ReijR (GK)L est un quasi-inverse.

Preuve : C’est immédiat. O

Remarque : Dans cette correspondance, 'extension des scalaires correspond a la
restriction de I’action du groupe de Galois tandis que la restriction des scalaires
correspond a l'induction : on a des identifications évidentes de foncteurs

Ok 0 Ext = Rﬁ et Reso Wk zlf

COROLLAIRE. — Soit L une extension finie galoisienne de G . Soient W' et
W" deux B;R—représentations de Gg. Pour touti € N, Ext33+ [GK](W”, W)

) dR
s’identifie o (Ext’,+ (W W) GallL/K) - on q

BG4 |

: 7 1" N : 7 1" !
dimg EXtBj{R[GK](W , W' =dimp, EXtB;'R[GL](W W,
) (o i _ i L L

Preuve : Par définition, Ext’, IR[GL](WH’W/) _ EXtB;“R[GL]( REW”, REW").

D’ou, avec des notations évidentes,

Ext’ W W' = ExtiBI (Pr k (Ext(W")), @1/ (Ext(W'))) =

B;R[GL] R[GL]
EthB’:{R[GK]L (Ext(W"),Ext(W)) = L ®x EthBIR[GK] (W, W)

et la proposition s’en déduit. O

2.5 — CALCUL DES Ext" DANS LA CATEGORIE DES Bj,-REPRESENTATIONS

Soit W une Bgg-représentation. Pour tout ¢ € Z, posons W(; 1) = 0, et
définissons inductivement, pour tout n € N le K-espace vectoriel W, ,,) par

Wiiny ={weW|g(z)— Xt (9)(z) € Wi; 1y pour tout g € G}
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Posons aussi W;) = UpenW(;n)- On voit tout de suite que I'application na-
turelle de Koo ®x W(;) dans W est injective et identifie Ko, ®@x W;) (resp.
Ko ®x W(;,0)) au sous-espace caractéristique (resp. propre) de W/ associé a
la valeur-propre i. En particulier W(z) = ®;czW(;) a une structure naturelle
d’objet de la catégorie C%K et, avec les notations du §2.2, on a (Wz),) = W,
et Wz)un) = Win ;5 la B;R—représentation Rar(W(z)) = B;R Rk Wz
s’'identifie a la plus grande sous-représentation de W qui est dans 'image essen-
tielle de la restriction & C%) x du foncteur Rqg ; c’est un facteur direct de W.

Remarque : On peut trouver plus naturel de considérer les sous-K-espaces vec-
toriels W;,, pour ¢ € Z et n > —1 définis inductivement par W; _; = 0 et
Win ={w e W | g(x) — x(9)(x) € W;,—1 pour tout g € Gg}. Si m, est
comme au §2.1, de sorte que ¢t = mt, on voit que W;,, = ﬂg.W(i,n) et W, =
W5y 5 en particulier, dimgx Wi, = dimgx W ) et dimg Wy = dimg Wy, Si
Wy = @iezWi, Wy est un sous-K[[t]]-module de BjR stable par G et ap-
plication naturelle B;‘R @k Wz — W est injective et a méme image que
Bir @[] W(z)- On observe que W; n’est fixe par Hx = Gal(K/K.) que si
et seulement si W; = W(;, ce qui équivaut a e K.

Si Wi et W sont des B;{l,%—représentations7 on note Ext]l9+ (Gx] O(Wl,WQ) le
dR ?

L. (W7, Ws) qui classifie les extensions qui sont scindées

B [GK]

en tant qu’extensions de B;R—modules.

sous-groupe de Ext

TuEOREME 2.14. — A) Soient Wy et Wy deux B;R-représentations. Les K-

espaces vectoriels Ext;+ [GK](Wl’ Ws) sont de dimension finie, nuls pouri > 3
d
et "
2 .
ZO(—:[)Z dlmK EthBIR[GK} (Wl, Wg) =0.

B) Soit 9 un générateur topologique de T = Gal(Ko/K) et soit W une
BjR-représentation.

i) Les Ext'y, [GK](C, W) s’identifient, canoniquement et fonctoriellement, aux
dR

groupes de cohomologie du complexe

W(O) —>W(1)@W(O) —>W(1) —0—0...

avee d°(x) = (tz, (o = 1)(2)) et d'(y,2) =tz = (X" ()70 — () ;
i1) on a une suite exacte

0 — Hompy i, )(C. W) — Wigy1-0 "= Wio) im0 — Ext; (C,W) =0

Bl ,[GKk],0

En particulier, Hom g+ [GK](C, W) et Ext}3+ (Gx] o(C, W) sont des K-espaces
dR dR ’
vectoriels de méme dimension finie égale a celle du noyau de la multiplication

par t sur W o) ;
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i1i) on a une suite exacte

-1
0 — Hompy 16,1 (Bin W) = Wiy ™= Wio) = Extype (Bl W) = 0
En particulier HomB;R[GK](BCTR,W) = Wi, et EXt}BIR[GK](B;R’W) est un

K -espace vectoriel de dimension finie égale a celle de Wig oy ;

iv) le K-espace vectoriel HomB;rR[GK](VV, Bur/Bjy) s’identifie au dual du plus
grand quotient de W(_yy sur lequel l'action de Vo est semi-simple ; il est de
dimenson finie égale a celle de W(_, ¢).

Preuve : On peut (cor. a la prop.2.13) remplacer K par une extension finie
galoisienne, ce qui nous permet de supposer que les BJR—représentations qui
interviennent sont petites. Comme la catégorie des petites représentations
est une sous-catégorie épaisse de celle de toutes les B;R—représentations, on
peut calculer les Ext® dans la catégorie des petites représentations et utiliser
I’équivalence entre cette catégorie et Cl{K,K (prop.2.10). ‘
Montrons (Bi). Si W = R4r(X), d’apreés la proposition 2.5, les Exte_  (C, W)
sont les groupes de cohomologie du complexe

(Cx.0) Xy = Xa)® X0 = X1) 2 0—-0—0...

les différentielles étant « — (tx, Vo(z)) et (y,2) — tz — (Vo — 1)(y)) que l'on
peut réécrire x — (tx, Nx) et (y,z) — tz — Ny, si 'on pose N = V sur W,
et N =V —1sur W_y. On remarque que N est nilpotent sur chacun de ces
deux K-espaces vectoriels. On remarque aussi que W) = X () et W1y = X(q).
Choisissons un relevement gy € Gi de o et posons ¢ = logx(go). C’est
un élément non nul de 'idéal de Z, engendré par 2p qui ne dépend pas du
choix du relevement. Sur Wy comme sur Wy, on a exp(cN) = Nu, ol

u=c+ ;—iN—i— ;—?N2 +...+ %N”_l + ... est un automorphisme qui commute
a N. On a aussi (tN)(z) = (Nt)(z) pour tout = € W).

Sur Wy, on a (yo — 1)(z) = exp(cN)(x) — 2 = Nu(z) ; sur W), on a
("M (v0)%0 = 1)(y) = (exp(—c) exp(c(id + N)(y) — y = Nu(y). On a alors un
diagramme commutatif de complexes

Xo = Xp®Xe — Xy — 0 — 0

! l l !
Woy — WoyeWe — Wag — 0 — 0

ou les fleches verticales sont successivement a +— a, (b,¢) — (b,u(c)) et d —
u(d). Comme ce sont des isomorphismes, ces deux complexes sont isomorphes.
D’ou (B 1i).

De la méme maniere, les assertions (B ii), (B iii) et (B iv) sont la traduction
dans le langage des BJR—représentations des propositions 2.6, 2.7 et 2.8.
Comme C' est I'objet-unité de la catégorie tannakienne RepBLJer (Gk), le K-es-

pace vectoriel Ext;+ [GK](Wh Ws) s’identifie & Extfw [GK](C’, Hom(W1,Ws))
dR dR
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(attention c’est le hom interne pour la structure tannakienne déduite par trans-
port de structure de celle de CchK,K) et Dassertion (A) résulte de (B i). O

Rappelons que B, = BJR/thjR = B;R/imBjR. OnaBy=0,B =C et
pour tout m une suite exacte

0— B,(l) = Bn+1 —C—0

En particulier By est une extension de C par C(1). On remarque que
la BjR—représentation B,, est indécomposable (c’est déja un B:{R—module
indécomposable), que (B,,)f = K,[[t]]/t™ et que les valeurs propres de V
sont les entiers 4 vérifiant 0 <7 <m—1, (Bm)(,0) = (Bm) () étant le K-espace
vectoriel de dimension 1 engendré par I'image de ¢*.

Notons Z,[logt] I'anneau des polynémes a coefficients dans Z, en une indé-
terminée logt. On munit cet anneau d’une action de G compatible avec sa
structure de Z,-algébre en posant g(logt) = log(x(g)) + logt. Cette action
se factorise & travers 'y = Gal(K/K). Remarquons que cet anneau peut
étre défini intrinsequement : si t' = at, avec a une unité p-adique, on identifie
Zy[logt] & Zp[logt'] en posant logt’ = loga + logt. Remarquons aussi que si
I’on prolonge le logarithme a K" en convenant que logp = 0, on peut identifier
logt & logt (on a t = mt et log(m) = 0). Pour tout m € N, on note T,
le sous-Z,-module de Z,[logt] formé des polynémes de degré < m. On pose
Cim = C ®z, T, Cest donc une C-représentation de dimension m.

On voit que (C,,)/ s’identifie & K ®z, Tim, que la seule valeur-propre de Vg
est 0 (en particulier Cy, est une petite représentation) et (C,)0) = K ®z, Tin,
Popérateur V étant la dérivation par rapport a logt. En particuler C,, est
indécomposable.

Pour tout m € N, on a une suite exacte

0—-Cp—Chpy1 —C—0

la projection de Cy,4+1 sur C étant 'application Y ;" ¢;(logt)" — cy,.

ProposiTION 2.15. — Soit W un objet simple de la catégorie des B;[R—repré—
sentations.

A - Ona Ethc[GK](Cv W) = EthB;R[GK](C’ W) = 0 sauf si Uon est dans l'un

des deuz cas suivants (qui s’excluent mutuellement) :

i)W ~C ; alors Extlc[GK](C, C) = Ext}3+ [GK](C’, C) est un K -espace vectoriel
dR

de dimension 1, avec pour base la classe de Co = C @ C'logt.

it) W ~ C(1) ; alors Extlc[GK](C,C(l)) =0 et Ext}ﬁ c ](C,C(l)) est un
ARV K

K -espace vectoriel de dimension 1, avec pour base la classe de Bs.

B - On a Ext?% (C,W) =0 sauf si W ~ C(1) ; alors Ext?, (C,C(1))
BdR[GK} BdR[GK]

est un K-espace vectoriel de dimension 1 admettant comme base la classe Crona

de la 2-extension

O—>C(1)—>Bgi>02—>0—>0
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(ot d est le composé de la projection canonique de Bs sur C avec linclusion

de C dans Cs). La classe de
0= 0C1) = 1)L B, -0 =0

(ot d' est le composé de la projection canonique de Ca(1l) sur C(1) avec
Uinclusion de C(1) dans Ba) est —cgond-

Preuve : On a Wgy = 0 sauf si W >~ C et Wy = 0 sauf si W ~ C(1).
L’assertion (B) du théoréme précédent implique donc que Ext', . (Gx] (C, W) =
dR
0 pour tout n € N si W n’est ni isomorphe & C, ni isomorphe & C(1). Comme
Extlc[GK](C’, W) C EthBIR[GK](C’ W), on a aussi Extlc[GK](C’7 W) =0.
SiW =C, les Ext%+ Gx] (C,C), sont les groupes de cohomologie du complexe
dR
KLK—50—-0—...

£ 2 _ 1
Par conséquent, EXtBjR[GK](C’ C)=0cet EXtBIR[GK](C7 C) est un K-espace

vectoriel de dimension 1. Comme ’extension
0—-C—-Cy—C—0

est non scindée, la classe de Cs engendre ce K-espace vectoriel. Comme
Cy est une C-représentation, cette classe appartient a Exté[GK](C’, C) et

1 1
EXtC[GK] (C’7 C) == EXtBIR[GK] (C, C)
Si W = (C(1), lassertion (B) du théoréme 2.14 implique la nullité de
Ext};[GK](C,C(l)), tandis que les Ext%;R[GK](C,C(l)), sont les groupes de

cohomologie du complexe
O—>K.§i>K.j—>O—>0—>...

Les K-espaces vectoriels Ext}3+ (Gx (C,C(1)) et ExtzBJr Gx] (C,C(1)) sont donc
dR dR

tous deux de dimension 1. Comme ’extension
0—-C(1)» By, —C—0

est non scindée, sa classe engendre ExtlB+ [GK](C, c(1)).
dR

Mais cette suite exacte induit la suite exacte

1 1 2
ExtB;R[GK](C’, Bsy) — EXtB;R[GK](C, C) — ExtB;R[GK}(C’, C(1))
Or Extl (C, By), premier groupe de cohomologie du complexe
B ,[GK]

K—-KtoK—->Kt—-0—-0— ...
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avec d°(x) = (xt,0) et d'(y, z) = zt, est nul. L’application

Ext}BIR[GK] (C,C) — Ext%;R[GK] (C,C(1))

est donc injective. La classe de Cy dans Ext}3+ [GK](C', (') étant non nulle, elle
dR

s’envoie sur un élément non nul de Extjz3+ [GK](C,C(l)). C’est précisément
Cfond - "

Notons 6 : By — C' la projection canonique. Posons By o = Bs ®z, T2, de sorte
que tout élément de By 5 s’écrit de maniere unique sous la forme by+b; log t avec
bo, b1 € B et que Co(1) s’identifie & la sous—BjR—représentation de Bj o formée
des éléments qui peuvent s’écrire sous la forme cot + cytlogt, avec cg,c; € C.
On définit des applications

a: By ®Cy(1) — By par a(b,cot + citlogt) = b+ et
o 1 By ®C2(1) — Cy(1)  par o/ (b, cot + crtlogt) = cot + citlogt
ﬂ : B2’2 — CQ par B(bo + b1 logt) = a(bo) + G(bl) IOg t
6 By o — By par ﬁl(bo + b1 log t) =b
d=':C(1) = By ® Cy(1) par d=Y(ct) = (ct, —ct)
d®: By & Cs(1) — Bao par  d°(b,cot + citlogt) = b+ cot + ¢y logt
d1 : BQ,Q —C par dl (bo + b1 log t) = 9(1)1)

On vérifie que le diagramme

0o —- Cc@1) — B - O = C —= 0

|| —1 TO/ 0 Tﬁ 1 ||

0 - Ccl) & Becl) L By, L C = 0
—id la’ lﬁ/ I

0 - Cc@1) - Cy(1) — By — C — 0

dont les lignes sont exactes, est commutatif. La derniere assertion de la propo-
sition en résulte. O

Pour toute B;R-représentation W, on a

2 2
EXtBIR[GK] (W, wW(1)) = EXtB;R[GK](

C, Hom(W,W (1))
(ot Hom(W, W (1)) est le hom interne dans la catégorie tannakienne des B~
représentations). La fleche naturelle Hom(W, W (1)) — C(1) nous donne donc

une application de EXt?BIR[GK](VV’ W (1)) dans EXt?i’jR[GK](C’ C(1)) = K.ctona-
2

BjR[GK](W’W(l))’ on note ¢k w(€).Crona son image. On a

ainsi défini une application K-linéaire cx w : Ext2B+ [ (W, W(l)) - K.
dR

Pour tout ¢ € Ext

Gkl
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ProrosiTion 2.13. — Soient Wy et Wy des B;R—représentations. Pour n =
0,1,2 Uapplication bilinéaire

Bxthe 0 (W1, Wg)xExtzBf (W2, Wi (1)) — ExtQB;R[GK](Wl, wWi(l) - K

est une dualité parfaite de K-espaces vectoriels.

Preuve : Quitte & remplacer Wy par Hom(W7y, W3) (au sens tannakien), on
peut supposer W7 = C. On est donc ramené a prouver que pour n = 0,1,2 et
pour toute C-représentation W, I’accouplement

Ext', (C, W) x Ext2 "

Ok w,C(1)) — Ext

(€, C()

FREPL $alGx)

est non dégénéré. Par dévissage, on se ramene au cas ou W est simple.

— Si W n’est isomorphe ni & C ni & C(1), les ExtB+ (G (C’, W) sont nuls ainsi
Bt [Gre ](T/V, c)) = ExtB+ (Cx ](C,W ( )) et il n’y a rien & prouver.
- Supposons W = C. Pour n = 0, on a HomB+ e (C C) = K,
ExtB+ (G ](C,C’(l)) K .cCona et c’est évident. Pour n =1, ExtB+ (G ](C, )

est le K espace vectoriel de dimension 1 engendré par la classe co de C5, tandis
que Ext! C,C(1)) est le K-espace vectoriel de dimension 1 engendré par

que les Ext”

B}.[Gx ](
la classe b2 de Bs et cela résulte de ce que, d’apres la partie (B) de la proposi-
tion précédente, le générateur cgonq de Ext? Bt (Gre ](C C(1)) est le cup-produit

de ¢y avec by. Pour n = 2, on a Ext? (C, C)= HomBIR[GK](C’, c(1) =0

B plGx]
et c’est évident.

— Supposons alors W = C(1). Pour n = 0, on a HomB;R[GK](C,C(l)) =
(c),cn)) = ExtB+ (G (C, C) = 0 et c’est évident. Pour n =1,
(C,C(1)) est le K-espace vectoriel de dimension 1 engendré par
Bl [Gx ](0(1)70( ) ~ EX‘EB+ LG K (C,C)
est le K-espace vectoriel de dlmensmn 1 engendré par la Classe ch de
C3(1) et cela résulte de ce que, dapres la partie (B) de la proposition
précédente, le générateur —ceonq de Ext <G ](C C(1)) est le cup-produit de
Bt (Gre ](C C(1)) = K.ctond, tandis que
HomBIR[GK](C(l),C(l)) = K.idg() et c’est évident. O

EXtB+
EXtB+ G ]

la classe by de B, tandis que Ext!

[Gk]

by avec c¢b. Pour n = 2 enfin, Ext?

La proposition 2.15 implique aussi le résultat suivant, également tres facile a
vérifier directement :

ProposiTION 2.17. — A) Soient W1 et Wy deux C-représentations. Pour tout
1t € N, le K-espace vectoriel Ext’C[GK](Wl,Wg) s’identifie, canoniquement et

fonctoriellement, a ExtaGK](C, Wi @c Wa).
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B) Pour toute C-représentation W, on a Extic[GK](C’, W) =0 sii>2, tan-
dis que Homeg,(C, W) et Extlc[GK}(C, W) sont des K -espaces vectoriels de
méme dimension finie. On dispose d’une suite exacte

0 — Homgg, (C, W) — Wiy — W) — Extlc[GK}(C, W)—0

3 — QUELQUES CALCULS D’HOMOMORPHISMES ET D’EXTENSIONS

Comme au paragraphe précédent, Ko, est la Zy-extension cyclotomique de K,
Hyi = Gal(K/Ky) et T'x = Gal(K /K).

3.1 — COHOMOLOGIE CONTINUE

Si G est un groupe topologique et si M est un groupe topologique abélien muni
d’une action linéaire et continue de GG, on sait définir les groupes de cohomologie
continue H? (G, M) (cf. [Ta76]). Lorsque G = Gal(E®/E) ou E*® est la
cloture séparable d’un corps E, on écrit aussi H  (E, M) = H? (G, M).

Si S est un banach muni d’'une action linéaire et continue de G et si S est un
réseau de S stable par G, on a H} (G, S) = Q, ®z, H. (G,S).

Si V est une représentation p-adique, les H? (K, V) sont des K-espaces vec-
toriels de dimension finie, nuls pour n ¢ {0, 1,2} et

2
> (=) dimg HY (K, V) = —[K : Q). dimg, V

n=0

En outre, on a un isomorphisme canonique de H2 (K, Q,(1)) sur Q, et le
cup-produit induit, pour n = 0, 1, 2, une dualité parfaite
HTL

cont

(K, V) x H (K, VE (1) — Qp
(ces résultats bien connus se voient par passage & la limite & partir des résultats
analogues pour la cohomologie des Gi-modules finis de p-torsion, cf [Se94],
chap.II, th.2 et 5).
Par ailleurs, H,, (K, V) sidentifie & Extg o, 1(Qp, V') (ce sont des -foncteurs
effacables qui coincident en degré 0). Si V; et V5 sont deux représentations p-
adiques, Extg ¢,1(V1, V2) s’identifie donc a HE,, (K, V" ® V).

Rappelons (§2.5) que, pour toute BJR—représentation W, on a pos¢ W) =
WGk,
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PRroOPOSITION 3.1. — Soit W une Bj,-représentation. Alors HO(K,W) et
Hl (K,W) sont des K-espaces vectoriels de méme dimension finie. On
a HO(K,W) :1 Wo,0 = HomB;R[GK](B;R,W) tandis que H} . (K, W)
s’identifie a EXtBjR[GK](B;R’ w).

Si W est une C-représentation, H°(K, W) s’identifie aussi ¢ Homgg,(C, W)

et HL (K, W) a Ext};[GK](C, W).

Preuve : L’application qui a7 € HomBIR Gx] (Bjp, W) associe 7(1) identifie ce
K-espace vectoriel & WEx = HO(K, W) = W0,0)-

Soit maintenant £ un B;R—module de type fini, muni d’une action linéaire et
continue de Gk, extension de B:{R par W. L’extension est scindée en tant
qu’extension de BjR—modules et si 1 est un relevement de 1 dans E, Iappli-
cation € : Gxg — W qui & g associe g(1) — 1 est un I-cocycle continu de G
a valeurs dans W. Si I'on change le relevement, on change € par un cobord et
la classe de € dans H}, (K, W) ainsi définie ne dépend que de la classe de E

cont

dans Ext]lB;R[GK] (Bdi,;,/7 W). On vérifie que l'application de Ext}B;R[GK] (B;{R, W)
dans H (K,V) ainsi définie est bien un isomorphisme.

Le cas o W est une C-représentation se traite de la méme maniere. O

Rappelons le résultat fondamental de Tate :

ProprosiTioN 3.2 ([Ta67], prop.9, cf.aussi [Fo00], th.1.8). — Soient M wune
extension finie de Koo, On Uanneau de ses entiers et try. @ M — Koo la
trace. Alors lidéal mazimal my__ de U'anneau des entiers de Ko est contenu
dans try k. (On). O

Appelons presque B;R-Teprésentation toute représentation banachique qui est
presqu’isomorphe a une B;R-représentation.

ProposITION 3.3. — Soit S un Z,-module séparé et complet pour la topologie
p-adique muni d’une action linéaire et continue de G .

i) Sin est un entier >3, on a HY, . (K,S8) =0 ;

i) Sin € {0,1,2} et si S est un réseau stable par Gk d’une presque
BjR-représentation S, il existe s € N tel que p* annule H? ,(K,S)ior et
H! (K, 8)/H2 . .(K,S)or est un Zy-module libre de rang fini ;
i1i) Pour n =2, ce rang est nul si S est une B;R—représentation.

Preuve : Comme la p-dimension cohomologique de G est 2 ([Se94], chap.II,
85),sin <3,ona H (K,S/pS)= H"(K,S/pS) = 0. Ceci nous permet, si
f G — S est un n-cocycle continu de G a valeurs dans S, de construire,
de proche en proche, une suite (u,)ren de (n — 1)-cochaines continues telle que
[= d(zreNpruT)’ d’ou (1)

Soient 8’ et S” deux réseaux de S. Le fait qu’ils sont commensurables implique
que (ii) est vraie pour &’ si et seulement si elle est vraie pour S8”. Par ailleurs,
soit

0—-5 —85—5—0
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une suite exacte courte de presque—B;‘R—représentations et soit Sy un réseau
stable par Gg de S3. L’image S3 de Sp dans S3 et §; = S1 N Sy sont des
réseaux stables par G respectivement de S3 et de S; ; la suite exacte courte

0—>S1—>82—>83—>0

induit une suite exacte longue de cohomologie, d’ou ’on déduit que, si la pro-
priété (ii) est vraie pour deux des trois réseaux Sy, S, Ss, elle est vraie pour le
troisieme. Comme S est une presque BjR—représentation, on peut trouver un
isomorphisme S/V ~ W/V’, avec W une B ,-représentation et V et V' des Q,-
représentations. On peut donc, pour prouver (ii), supposer que S = Q, ®z, S
est soit une Q)-représentation, soit une B;R-représentation.

Dans le premier cas, comme S est un Z,-module de type fini, les H (K, S)
sont de type fini : cela résulte formellement (cf. par exemple, [NSWOO0],
cor.2.3.9) du fait que, si M est un Z,-module fini avec action linéaire discrete de
G, les groupes H™ (K, M) sont finis (cf. par exemple [Se94], chap. II,prop.14).
Ils vérifient donc (ii).

Dans le second cas, par dévissage, on se ramene au cas ou S est une C-repré-
sentation, ce que nous supposons désormais. On peut, pour prouver ’assertion,
remplacer K par une extension finie galoisienne convenable, ce qui nous permet
de supposer que S est K-petite (cf. §2.3). Toujours par dévissage, on peut en
outre supposer qu’elle est simple.

La fin de la preuve repose sur les techniques ” presque-étales” classiques de Tate
[Ta67] et Sen [Se80] :

LEMME 3.4. — Soient m € mg_ un élément non nul et f : Hx — O¢ un
1-cocycle continu. Il existe b € O¢ tel que le 1-cocycle continu wf — db est a
valeurs dans m20¢.

Preuve : Comme f est continu, il existe un sous-groupe ouvert invariant Hj. de
Hp tel que f/(Hg) C 720¢. La condition de cocycle implique que, si g € Hg
et h € Hj, alors f(gh) = f(g) (mod 720¢).

Soit M = K ; ¢’est une extension finie galoisienne de K, de groupe de Ga-
lois J = Hg /H}. D’apres la proposition 3.2, on peut trouver ¢ dans 'anneau

des entiers de M tel que try/x_(c) = m. Soit T un systeme de représentants
de J dans Hg. Posons

b=—Y fl9)9(c) € Oc .
g€eT
Pour tout h € Hg, on a
h(b) == > h(f(9)hg(c) = = f(hg)-hg(c) + F(R)(D_ g(c)) -
geT geT geT

Pour tout g € Hg, notons t(g) le représentant, dans T, de son image dans
J. Comme f(g) mod 72O¢ ne dépend que de l'image de g dans J, on a
>oger F(hg)hg(c) = 3 o f(t(hg))-t(hg) = b (mod 720¢). Par conséquent,
pour tout h € Hg, on a h(b) — b= 7f(h) (mod 720¢). O
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LeEMME 3.5. — Pour tout m € mg__, on a m.H., ,(Ky,Oc) =

oo’

Preuve : On peut supposer m non nul. Le lemme précédent permet de construire
une suite d’éléments (b, )nen dans O¢ et une suite de 1-cocycles continus de
Hy a valeurs dans O¢ tels que fy = f et 72f, = 7fn_1 — db,_1 pour tout
n>1. Sib=Y"2 7", onad =12 7r"db, =nf. O

Terminons alors la preuve de la proposition 3.3 : D’apres la proposition 2.1, le
C-espace vectoriel S admet une base formée d’éléments fixés par Hg, i.e. est
isomorphe, en tant que C-représentation de Hyx & C?. I existe donc un réseau
So de S, stable par Hy qui est isomorphe a O%. D’apres le lemme précédent
H} . (Ku,So) est tué par p et comme S est commensurable & S, il existe un
entier s; tel que p*t annule H}, (Ko, S).

Mais le fait que 'k et Hg sont de p-dimension cohomologique 1 implique que
l’on a une suite exacte

cont (

0— H!

cont

(Tg,S"x) — H!

cont

(K S) cont(KOO’S)GK —0
et que H2

2 (K8 =HL (T, H. (Ks,S)). 11 suffit donc pour achever la
démonstration d’établir le résultat suivant :

LemME 3.6. — Soit S une C-représentation et soit T un réseau stable par I'k
de T = SHx ]I existe un entier so tel que p*° annule H} (T, T )ior et les

Zp-modules T9% et HY (T, T)/HZ0(—1c, T )tor sSont de type fini.

Preuve : Si 7y est un générateur topologique de ', on a une suite exacte

07T~ -T2 7T N . T)—1

Cont(

Comme on a supposé S simple et K-petite, il existe (prop.2.12) un élément
K-petit a € K tel que S = C{a}. Si L est le complété de K, et si u =
exp(alog x(7)), T s’identifie alors a L, -y agissant sur L par ¢ — u.7y(c).
Si a = 0, T = L avec son action naturelle. Soit tr : Ko, — K ’application
qui envoie x € K sur I%NtrKN/K(x) (ou K désigne 'unique extension de K
de degré pV contenue dans K..). Alors ([Ta67],prop.6) cette application est
continue et se prolonge par continuité en une application encore notée tr de L
dans K. Si Lo = Ker tr, on a L = K ® Ly. Quitte a changer de réseau, on
peut supposer que 7 = Ok &7, ou 7, est un réseau de Lg. Sur O, 'opérateur
— 1 est nul et on a donc ORF = HY  (Tk,Ox) = Ok et c’est un Z,-module
hbre de rang fini. Sur Lo, I'opérateur v — 1 est bijectif avec un inverse continu
(loc.cit., prop.7,b). On en déduit que 7,”* =/ tandis qu’il existe un entier sy
tel que p*0 annule H} (T, 7).
Sinon, l'opérateur v — u~! est bijectif sur L, avec un inverse continu (loc.cit.,
prop7,c) ; il en est de méme de u.y — 1 et on en déduit que 7% =/ tandis
qu’il existe un entier sg tel que p*® annule H. (Tx,7). O
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ont (Kv S) sont
des Qp-espaces vectoriels de dimension finie, nuls sin > 3. §i S est une B;R—

représentation, on a aussi H2, (K, S) = 0.

COROLLAIRE. — Pour toute presque—B;i"R—représentation S, les H

3.2 — CALCUL DE Ext}g(GK)(S, V) VIA LE CORPS DE CLASSES

Pour tout anneau commutatif A et tout A-module M, on note M*4 le A-module
des applications A-linéaires de M dans A.

ProrosiTION 3.7. — Soient V' une représentation p-adique et S une presque
B;’R—représentation. Il existe une dualité parfaite de Q,-espaces vectoriels

Ext ) (S, V) X Heont (K, S @0, V(1)) — Q,

canonique et fonctorielle en S et V.

En fait, on va utiliser la théorie du corps de classes local (plus précisément la
dualité de Tate) pour construire une telle dualité.

LEMME 3.8. — Il existe une suite croissante
SicSc...cS, S C..

de sous-Zy-modules de type fini de S, stables par G, telle que la réunion So
des S, est séparée pour la topologie p-adique et que l'inclusion de So dans S
induise un homéomorphisme de Soo = (h_mSoo/pmSoo sur un réseau S de S.

Preuve : Par dévissage on se ramene au cas ou S est soit une représentation
p-adique (auquel cas, c’est trivial, il suffit de choisir un réseau S stable par Gk
et de prendre S,, = S pour tout n), soit une C-représentation. Dans ce dernier
cas, il existe une extension finie galoisienne L de K contenue dans K telle que
S est petite en tant que B;R-représentation de Gy. Avec les notations du
62.3, S £ est un sous-L-espace vectoriel stable par G, de S tel que 'application
naturelle C ®y, S{ — S (cf. lemme 2.11) est un isomorphisme.

Pour toute extension finie £ de K, notons Og I’anneau de ses entiers. On peut
trouver un sous-Or-module S£ de S { qui est un réseau de S £ et est stable par
Gg. 1l suffit alors de choisir une suite L = Ly, C Ly C ... L, C Lyp4+1 C ...
d’extensions finies galoisiennes de K contenues dans K telles que K = Un>1Lp
et de prendre pour S, le sous-Op, -module de S engendré par S£. 0

LEMME 3.9. — Choisissons unréseau V de V stable par Gg et des S, et S
comme dans le lemme précédent. La fleche naturelle

EXt%,, [GKk],cont (8007 V) - (h_m EXt%p[GK],cont (Sna V)
neN

est un isomorphisme.
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Preuve : Soit (€, )nen € <li_mExt%p[GK]J:Ont(Sn,V). Pour chaque n, choisissons
une extension &, de S,, par V représentant €,. Comme 'image de €, dans
Ext%p (G ] cont (Sn, V) est &4, on peut trouver une application Z,-linéaire con-
tinue Gi-équivariante f, : &, — &,41 qui induit 'identité sur V et l'inclusion
naturelle S,, C S,4+1 sur les quotients. Alors la limite inductive des &,, avec
les f,, comme applications de transition, est une extension de S, par V dont
la classe dans Ext%p[GK],Cont(SmV) a pour image (£y)nen, ce qui prouve la
surjectivité.

Soit maintenant £ une extension de Sy, par V dont la classe est dans le noyau
de la fleche qui nous intéresse. Cela veut dire, que si &,,, désigne I'image inverse
de S, dans &, I’ensemble X, des sections continues G g-équivariantes de la pro-
jection de &, sur S, est non vide. Mais, si x € X,, les autres éléments sont de
la forme x + 7, avec 7 un élément du Z,-module de type fini Homgz (q,)(Sn, V).
Autrement dit X,, est un espace homogene principal sous ce groupe compact et
devient ainsi un espace topologique compact non vide. L’application naturelle
Xn+1 — X, est continue et la limite projective des X,, est donc non vide.
Mais un élément de cette limite définit une section Z,-linéaire continue de la
projection de £ sur S, on a donc € = 0 et 'application est bien injective. O

Preuve de la proposition 3.7 : Choisissons V, S et des S, comme ci-
dessus. Avec des notations évidentes, Ext%;(GK)(S,V) s'identifie & Q, ®z,
Ext%p (Gx],cont (Sy V). Comme S s’identifie au séparé complété pour la topologie
p-adique de S, la fleche naturelle

EXt%p [Gk],cont (S’ V) - EXt%p [Gk],cont (SOO’ V)
est un isomorphisme. D’apres le lemme précédent, Ext%p[GK]ycom (S8,V) s’iden-
tifie donc & (h_mExt%p (Gx],cont (Sns V). Pour tout Zy-module M, notons M~ le
Z,-module des applications Zj-linéaires de M dans Q,/Z,,.
Pour tout n € N fixé, S,, et V sont des Zj,-modules libres de rang fini et

EXt%p[GK],Cont (Sn? V) = EXt%p [Gk],cont (Zp? (Sn)*Zp ®Zp V)
= Hclont(Ka (Sn)*Zp ®ZP V)

Par la dualité de Tate (cf. par exemple, [Se94], chap. II, th.2), ce dernier

groupe s'identifie & H' (K, ((S,)"r ®z, V) (1))".

Comme ((S,)"™ ®z, V)" =S, ®z, V", si I'on pose M,, = H (K, S, @ V'(1)),

on a Ext%p[GK]ycom (Sn, V) =M,

On a alors Ext%p[GK],Cont(Soo,V) = lim M, = (li_m)NeNMn)“. Mais

li_m>n€NMn = HY(K,lim N S, @V (1) = HY(K,S, @V (1)).
Posons 7 = S ®z, V™ (1). C'est un Z,-module séparé et complet pour la
topologie p-adique, avec action semi-linéaire continue de Gk et on a une suite

exacte

0 — T — T ®z, Qp - T®z, ( Q/Zy) — 0

[ I |
0 — S®z, V™ (1) — S®q, V¥() — Seu®z,V (1) — 0
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Comme la topologie sur S, ® V(1) est la topologie discréte, toute section
ensembliste de la projection de S@V*% (1) sur Soc ®@V7(1) est automatiquement
continue et [Ta76] la suite exacte courte ci-dessus induit une suite exacte longue

0— (HL (K,S@V*%(1)ior — HL (K,S® V(1)) —

cont
HY (K, S@ V(1) = HY (K, S ® V(1) — HZ (K, 8 @V (1))gor — 0
Mais H = H} . (K, S ® V*% (1)) est un Q,-espace vectoriel de dimension finie

(cor. ala prop.3.3). L'image de H. (K,S ®V**» (1)) dans H est un réseau H
de H. Sil'on pose N = H2 (K,S ® V**»(1))0r, on a donc des suites exactes

0— H/H— H(K,Se @V (1)) = N =0 et
0= N — EXt%p[GK],cont(SOO7V) - (H/H)V - Eth (N7 QP/ZP)

puisque H(K, S, @ V(1)) = Ext%p[GK]Cont(Soo,V). Il existe (prop. 3.3) un
entier s tel que p® annule N ; le noyau et le conoyau de Ext%p[GK}cont (S, V) —
(H/H)™ sont donc tués par p°. Alors

EXt%(Gk) (S7 V) = Q;D ® EXt}‘p [GK]cont (S’ V)

s’identifie au Q,-espace vectoriel de dimension finie H*%.
Enfin, il est clair que ’accouplement ainsi défini est indépendant des choix faits
et est fonctoriel en S et en V. O

COROLLAIRE. — Soient V' une représentation p-adique et W une B:{R—représen—
tation de Gg. Alors EXt%g(GK)(W V) est un K-espace vectoriel de dimension
finie égale a la dimension du sous-espace propre associé a la valeur propre —1
de Uopérateur Vo(W ®q, V*%).

1l existe une dualité parfaite de K -espaces vectoriels

ExtIB(GK)(W, V) x Ho (K, W ®g, V¥ (1)) — K

canonique et fonctorielle en W et V.

Preuve : Soit H un K-espace vectoriel de dimension finie. L’application, qui
an € H*X associe tri /g, on € H*, induit un isomorphisme du Q,-espace
vectoriel sous-jacent & H*X sur H*? . La deuxieme partie de ’assertion résulte
donc de la proposition précédente ; comme HY, (K, W ®q, V*% (1)) s'identifie
a EthBIR[GK] (Bjp, W®g, V*e (1)) (prop.3.1), la premiere résulte de 'assertion
(iii) du théoreme 2.14. O

3.3 — THEOREMES DE PLEINE FIDELITE

Rappelons (§1.6) que Be = {b € Beps | ¢(b) = b} contient Q, et que la suite

O—>Qp—>Be—>BdR/B:[R—>O
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est exacte.

Pour tout i € Z, on note Fil’ By 1'idéal fractionnaire de BjR? puissance i-ieme
de I'idéal maximal ; c’est donc le sous—B;R—module libre de rang 1 de Bygr
engendré par t'. On pose aussi Fil'B, = B, NFil'Byp de sorte que Fil'B, = 0
si ¢ > 0 et que, pour m > 0, on dispose d’une suite exacte

0—Q, = Fil"™B, — Bp,(—m) — 0

(en particulier, Fil’'B, = Qp). Pour tout m € N, si 'on pose U, =
(Fil™™B,,,)(m), U, s’identifie au sous-Q,-espace vectoriel de Bey;s QBJR formé
des b tels que b = p™b et la suite

0— Qu(m)— Uy — By —0

est exacte.

ProrosiTION 3.10. — Soit V' une représentation p-adique extension mon triv-
iale de Qp(1) par Q.

i) Le C-espace vectoriel Vo = C ®q, V' s’identifie a C ® C(1). Il existe une et
une seule application Qp-linéaire Gk -équivariante de V dans C qui prolonge
Vinclusion de Q, dans C' mais cette application ne se reléve pas en une appli-
cation Qp-linéaire Gk -équivariante de V' dans By ;

i) on a dimg (B2(—1) ®g, V)9x =1,

i11) la représentation V' n’est pas de de Rham.

Preuve : La suite exacte
0—Qy(2) —Us — By — 0

induit un carré commutatif

5
Homp(g,)(V;B2) =5 Extpg,(V,Qy(2))

La L s

S0,

Homp(,)(Qp, B2) — EXt}S(GK)(QpaQP(2))

On a Eth(GK)(Qpan(Q)) = EXt(ép[GK](Qpan(Q)) = Heon(K,Qp(2)). Par
ailleurs HS (K, Q,(2)) = H2.(K,Q,(2)) = 0 (le second parce que c’est le
dual de H? . (K,Q,(—1)) qui est nul). Comme

Y oneo(—1)" dimg, Hiby (K, Qy(2)) = —[K : Q),
la dimension du Q,-espace vectoriel Extllg(GK)(Qp, Q,(2)) est égale au degré de
K sur Q.
On a KoNUsy = 0 (puisque ¢ est le Frobenius absolu sur Ky et la multiplication
par p® sur Us). Comme BSX, = K [Fo88al, on a Hompg(g,)(Qp, Uz) = Uss =
0 et I'application dqg, est injective. Mais Hompg,)(Qp, B2) = BQGK =K
(loc.cit.) a la méme dimension sur Q, que Ext%g(GK)(@p, Qp(2)) et g, est un
isomorphisme.
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La suite exacte
O—)Qp—>V—>Qp(1)—>O

induit une suite exacte

Exth, i (Vs @y (2)) 2 Ext!(Qy, @p(2)) — Ext?(Q,(1), Qy(2))
— Extd, (6, (V. Qp(2))

On a Extép[GK](V, Q,(2)) = HZ (K,V*(2)) = 0 car cest le dual de
HY (K, V(=1)) = V(=1)%%, qui est nul puisque V(—1) est une extension
non triviale de Q, par Q,(—1). En revanche Extép[GK](Qp(l),Qp@)) =
HZ2 .(K,Q,(1)) est non nul et 8 n’est pas surjective. Par conséquent o ne
I’est pas non plus.

La suite exacte de C-représentations
0-C—->Ve—C(1)—0

est scindée (prop.2.15), ce scindage est unique puisqu’il n’y a pas de morphisme
non trivial de C'(1) dans C et Vo s’identifie bien & C&C(1). En particulier, le K-
espace vectoriel Homp(g,)(V, C) = Home(g,(Ve, C) est de dimension 1. On a
Homp (g, (Qy(1),C) = C(—1)¢% = 0 tandis que Hompg g, )(Q,, C) = C9% =
K. On en déduit que I'application Hompg ) (V,C) — Homp(g,)(Qp, C) est
bijective. Il existe donc bien un unique 1 : V' — C' qui prolonge l'inclusion de
Qp dans C.

On a une suite exacte de K-espaces vectoriels

O — HOIIIB(GK)(QP(].), BQ) — HOIIIB(GK)(V‘7 BQ) i) HomB(GK)(Qp, BQ)

Comme dimx Hom(Qy, B2) = 1 et comme « n’est pas surjective, a est nulle et
la premiere fleche est un isomorphisme. Donc 7 ne se releve pas en un homo-
morphisme de V' dans Bs,d’ott (i). En outre, on a dimg Hompg,)(V, B2) =
dimK HOHIB(GK)(Qp(l), Bg) =1.

On a (By(—1) ®q, V)% = Homp(g,)(V*(1), B2) qui est bien de dimension 1
en appliquant (i) & V*(1), qui,comme V', est aussi une extension non scindée
de Qp(1) par Q,, d’out (ii).

Pour tout entier 7 # 0, on a Hompg,)(Qp,C(i)) = 0. On en déduit que, si
i ¢ {0,1}, alors Homp(g,)(V,C(i)) = 0. Comme Fil' By /Fil'"' Byr = C(i),
il en résulte que Homp g, )(V, Bar) = Hompg g (V, BIR) et que application
Homp(q,)(V, B:[R) — Homp g, (V;, B2) est injective. On a donc

dimK HOHIB(GK)(V, BdR) S dimK HOI’DB(GK)(‘/, Bg) =1

alors que, si V' était de de Rham, on aurait dimx Hompg(g,)(V, Bar) = 2. O

Remarque : Cette proposition résulte aussi facilement du fait que, dans la
dualité de Tate entre Hl,\ (K, Qu(—1)) et Hioy (K, Qp(2)) le Hi(K,Qy(—1))
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est 'orthogonal du H}(K, Q,(2)) ([BK90, prop.3.8). Comme toute exten-
sion de @, par Q,(2) est cristalline ([PR88], th.1.5), on a H;(K,Q,(2)) =
H! (K, Qp(2)), donc H}(K, Qp(—1)) =0 et V ne peut pas étre de de Rham.
Les deux autres assertions s’en déduisent immédiatement en utilisant la nullité

des H, .(K,C(i)) pour i # 0.

cont

On sait ([Fo00], th.6.1) que, si W7 et W sont deux C-représentations, toute
application Qp-linéaire continue G g-équivariante de Wy dans W5 est C-linéaire.
Ce résultat s’étend aux BIR—représentations :

THEOREME 3.11. — Soient W7 et Wy deux B;R—représentations. L’inclusion
naturelle HomBj;R[GK](leWQ) — Homp(g ) (W1, Ws) est bijective tandis que

Uapplication Ext}BIR[GK](Wl, W) — Ext};(GK)(Wl, Wa) est injective.

Ce théoreme nous permet d’identifier Rep 5+ (G ) & une sous-catégorie pleine
dR

de B(GK)

Preuve : D’apres le corollaire a la proposition 2.13, pour tout : € N
et pour toute extension finie galoisienne L de K contenue dans K, on a

ExtﬁepBgR(GL)(WhWﬁ = (EXt;;*R[GK](Wl,Wz))Gal(L/K). Pour prouver le

théoréeme on peut donc remplacer K par une telle extension, ce qui nous permet
de supposer que Wiy et W5 sont petites.

Par dévissage, on est ramené a prouver ces deux assertions lorsque Wy et Wy
sont simples et sont donc des C-espaces vectoriels de dimension 1. La premiere
assertion a été prouvée dans [Fo00] (cor.6.3, ot elle est en fait établie pour des
C-espaces vectoriels de dimension quelconque).

Prouvons la deuxieme. A isomorphisme pres, on peut supposer que Wp =
C{a}, avec o un élément K-petit convenable (prop. 2.12). Quitte & tordre
I'action de Gg sur Wi et W par x~ (@), on peut supposer que Wy = C. 1l
résulte de la proposition 2.15 que 'on a EthBIR[GK] (W7, Ws) = 0 sauf si W est
isomorphe & C' ou & C(1). On peut donc supposer que Wo = C ou Wy = C(1).
Dans le premier cas, si W est une extension non triviale de C' par C dans la
catégorie Rep BY, (Gk), W est isomorphe au C-espace vectoriel Cy (prop.2.12).
S’il existait une section Gg-équivariante de la projection de Cy sur C, il
existerait en particulier un relevement v dans C5 de 1 fixe par Gk, mais
alors l'application ¢ — cv de C dans C5 serait une section C-linéaire G-
équivariante, ce qui contredit le fait que la suite

0—-C—-Cy,—C—0

n’est pas scindée en tant que suite de C-représentations de Gk (prop.2.12).
Dans le second cas, si W est une extension non triviale de C' par C(1) dans
RepB:R(GK), W est isomorphe & By (prop.2.12). Mais il ne peut exister
de section Gg-équivariante de la projection de By sur C car, sinon, pour
toute représentation p-adique V de G, 'application Homp(g,)(V,B2) —
Hompg(g,)(V, C) serait surjective, ce qui contredit la proposition 3.10. O
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COROLLAIRE. — Soient W une B;R—Teprésentation et V une représentation
p-adique de Gr. On a Hompg,(W,V) =0

Preuve : En effet si f € Hompgg,.)(W,V), le composé ¢ de f avec I'inclusion
naturelle de V' dans C' ®q, V est B;R—linéaire. Si f n’était pas nulle, ¢ ne le
serait pas non plus et 'image de ¢ serait un sous-C-espace vectoriel non nul
de C'®q, V et ne serait donc pas de dimension finie sur Q,.

3.4 — CONSTRUCTION ”EXPLICITE” DES EXTENSIONS DE W PAR V

On pose U = U;. Soit R l'ensemble des suites (x("))neN d’éléments de
I'anneau des entiers O¢ de C' vérifiant (x(”H))p = z(™ pour tout n. Rap-
pelons [Fo88a] que R est muni d’une structure d’anneau de valuation complet
de caractéristique p > 0 et que c’est un anneau parfait (son corps des frac-
tions est méme algébriquement clos) ; si W(R) désigne 'anneau des vecteurs
de Witt & coefficients dans R, ’anneau W (R)[1/p] s’identifie & un sous-anneau
de Bl .. C Bepis N BjR.

Soit mg lidéal maximal de R. Alors Ugr = 1 4+ mpg est un sous-groupe du
groupe multiplicatif R* des éléments inversibles de R. C’est de fagon naturelle
un Qp-espace vectoriel topologique. C’est en fait un banach : pour tout a # 0
dans mg, le sous-Z,-module 1+aR de Ug est un réseau. Rappelons (cf. par ex-
emple, [CF00], prop.1.3) que, pour tout u € Ug, si [u] désigne son représentant
de Teichmiiller dans W (R), alors la série log[u] = >27°(=1)"+([u] — 1)"/n
converge dans Bjm. L’image de Ug par cette application est U ; on obtient

ainsi un isomorphisme (de banach) de Ug sur U.

Soit alors V' une représentation p-adique de Gi et soit Vo = C' ®q, V. En
tensorisant par V' (—1) la suite exacte

0—-Q,(1)-U—-C—0
on obtient une autre suite exacte courte de B(Gg)
0—-V-U1)®V —-Vs(-1)—0

Si W est une C-représentation, en appliquant le foncteur Homp(g ) (—, W), on
obtient un opérateur de cobord ¢ : Homp(g, (W, Vo(—1)) — Extlg(GK)(VV, V).
ProrosiTION 3.12. — Soient W une C-représentation et V' une représentation
p-adique de Gr. On a Homp(g,.)(W,U(—1) ®q, V) = 0 et l’application

§ : Homp(g o) (W, Vo (—1)) — Extg g, (W, V)

définie ci-dessus est un isomorphisme.

Nous allons en fait prouver un résultat plus général. Notons, avec une définition
évidente, TB(Gx) la catégorie des limites inductives de représentations ba-
nachiques. Pour tout entier m € N, Fil™"Byr/Bj, sidentifie & B,,(—m)
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de sorte que Bqgr/ B, est une limite inductive d’objets de Rep 3+ (G ) : c'est
dR

la réunion croisssante des B,,(—m), pour m € N.

Si maintenant V est une représentation p-adique et W une B;R—représentation,
on a HOmIB(g’C)(VV, (BdR/B;_R) ®Qp V) = HomB(GK) (VV, Bm(*m) ®Qp V) pour
m assez grand (il suffit que ™ annule W ; en particulier, on peut prendre
m = 1 si W est une C-représentation). Par conséquent si I'on considere la
suite exacte

0—V — B.®q, V — (Bar/Bjp) ®g, V — 0
en appliquant le foncteur Homzp(g,.)(—, W), on obtient une fleche
6 : Homzp(g,)(W, (Bar/Bjjg) ©q, V) — Extgg,o (W, V)

(parce que, si m est un entier suffisamment grand pour que
Homzpg)(W, (Bar/Bjjr) ® V) = Homp(g ) (W, By (—m) @ V),
on peut remplacer la suite exacte précédente par

0=V —=Fil""B.®q, V = Bn(—m)®q, V—0

qui est une suite exacte courte de B(G)).
La proposition 3.12 est un cas particulier de I’énoncé suivant :

ProrosiTioNn 3.13. — Soient W une B;R-représentation et V une repré-
sentation p-adique de Gx. On a Hompg,)(W,B. ®q, V) = 0. Sim est
un entier tel que t™ annulle W, alors Homzpge)(W, (Bar/Bjr) ®q, V) =
Homp(g ) (W, B (—m) ®q, V). L’application

6 : Homzp(g,)(W, (Bar/Bjjg) ©q, V) — Extg (W, V)

définie ci-dessus est un isomorphisme.

Preuve : On a déja vu la deuxieme assertion. Vérifions les deux autres. Comme
Homp(g ) (W, V) = Homp(g, (V% ®q, W,Q,) = 0 (cor. au th.3.11), on a un
diagramme commutatif

0 — Hom(W,B.®V) — Hom(W,Bur/Bjp®V) —  Ext'(W,V)

| | |
0 — Hom(V*®@W,B.) — Hom(V*® W, Byr/Bls) —Ext'(V* @ W,Q,)

(on a posé V* = V*%) ou les lignes sont exactes et les fleches verticales sont
des isomorphismes. Quitte a remplacer W par V* ®q, W, on peut supposer
V =Q,.

Soit f: W — Be. Si f était non nulle, le composé de f avec la projection de
B, sur Byr/ B;R serait une application f : W — Byr/ B;R non nulle et serait
donc B;R—linéaire (th.3.11). Son image serait un sous—BjR—module non nul de
Bar/ Bij donc serait de la forme B,,(—m) pour un entier m > 1 convenable,
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et f serait une application de W dans Fil~" B,. Le noyau W’ de f serait une
B:{R—représentation et comme Homp,.)(W’,Q,) = 0 (appliquer de nouveau le
cor. au th.3.11), f induirait en fait une section de la projection de Fil~" B, sur
By, (—m). Par restriction a C(—1), on en déduirait une section de la projection
de U(—1) sur C(—1). En tensorisant par Q,(1) cela fournirait une section de la
projection de U sur C. On aurait donc un isomorphisme de U sur Q,(1) ¢ C,
ce qui contredit le fait que U%% = 0, tandis que (Q,(1) ® C)¢x = C%x = K.
Donc f =0 et § est injective.

On sait (th.3.11) que Homp(g,)(W, Bar/Bjjr) = HomB;’R[GK](W’ Bar/BiR)
On sait (th.2.14, (iv)) que ce K-espace vectoriel est de dimension finie égale &
la dimension du sous-espace propre associé a la valeur-propre —1 de 'opérateur
Vo(W). Comme c’est aussi la dimension de Ethg(GK)(W V'), linjectivité de §
implique que c’est un isomorphisme. O

Remarques : i) Posons V* = V™% et X = W ®g, V*(1). On a une dualité
naturelle entre les K-espaces vectoriels

Homp(g ) (W, (BdR/B;R) ®V)= HomB:{R[GK](VV? (BdR/B;_R) ®V)=
HomBIR[GK](X, (Bar/Bjg)(1)) = HomB;R[GK](X, Bar/Fil' Bar)

et HL (K, W ®V*(1)) = Ext},+ (C, X) :
co BdR[G{(],O )
Soient f € HomBjR[GK}(X’ Byr/Fil"Byg) et € € EXth*R[GK],O(C’ X). Soit F

une B;R—représentation, extension de C' par BdR/FilleR dont la classe est
I'image par f de e. Comme cette extension est scindée en tant qu’extension de
B;}'R—modules7 le noyau Fy de la multiplication par t dans F est une C-repré-
sentation extension de C' par C. 1l existe donc (propr.2.15) un unique A € K
tel que la classe de Fy est A fois la classe de 'extension C5 et cette dualité est
Papplication (f,e) — A.

Compte-tenu de cette dualité, la proposition 3.7 définit un isomorphisme

Extg g, (W, V) — Homp () (W, (Bar/Bjjp) ®g, V)

Il ne devrait pas étre difficile de vérifier que ¢ est U'inverse (au signe pres 7) de
cette application.

ii) La construction de ¢ fonctionne encore lorsque 1'on remplace K par un corps
toujours de caractéristique 0 et complet pour une valuation discrete, a corps
résiduel toujours parfait de caractéristique p, mais infini. Il est raisonnable de
penser que la proposition 3.13 reste vraie dans ce contexte. Si c’est le cas, une
grande partie des résultats de cet article s’étendent & un tel corps K.

3.5 — EXTENSIONS PRESQUE SCINDEES

Soit
(1) 0—-858—85—-85" -0
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une suite exacte courte de B(G k). Un presque supplémentaire de S’ dans S est
un sous-Q,-espace vectoriel fermé E de S stable par G tel que S = 5"+ E et
V = S'NE est de dimension finie sur Q,. On a alors un diagramme commutatif

O -V —-— E — §" — 0
N N I
0 — 8 — 8§ — S — 0

qui identifie S & S’ @y F, somme amalgamée de S’ et de F, au dessous de V
et la suite exacte
0—-8/)V—-S/V-5"-0

est scindée. On dit que la suite exacte (1) est presque scindée 8'il existe un
presque supplémentaire de S’ dans S.

Soient f : V' — W’ un morphisme de B(Gk) avec V une représentation p-
adique et W’ une Bj,-représentation. On note E(f) le B -module somme
amalgamée de W’ et de Byr ®q, V au dessous de B;R ®q, V, 'application
de BjR ® V dans W' étant déduite de f par extension des scalaires. On a un
diagramme commutatif

0 — B;R(X)V — Bgr®V — (BdR/B(}LR)(X)V — 0

! ! I
0 - W = E(f) — (Baur/Bjp)@V — 0

dont les lignes sont exactes. En outre, si, pour tout m € N, on note E,,(f)
I'image inverse de B,,(—m) ® V dans E(f), chaque E,,(f) est une B},-repré-
sentation et E(f) est la réunion croissante de ces E,,(f).

ProrosiTion 3.14. — Soit
0—-W —-W—->W"—-0

une suite exacte courte presque scindée de B(Gg). Si W' et W sont des
B;‘R—représentations, il en est de méme de W.

Preuve : Par hypothese, on a, dans B(Gk), un diagramme commutatif
O - V —-— E — W' — 0

N N I
0O — W —- W —- W' — 0

dont les lignes sont exactes et olt V' est de dimension finie sur Q.
D’apres la proposition 3.13, on a un diagramme commutatif

O -V - E - w" — 0

| ! !
0 - V —- B,V — (BdR/B;rR)@V — 0
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dont les lignes sont exactes, comme le sont celles du diagramme commutatif

0O - Q@ — B - BdR/B;R — 0
N N I
0 — Bl, — Bar — Bur/Bj; — 0

Si f désigne l'inclusion de V' dans W', on obtient alors un troisieme diagramme
commutatif

0 — \% — E — w” — 0
[ | |

0 — 1% — B.®V — (Bar/Bjp)®@V — 0
N N I

0 — Bio®V — Bqyr®V — (Bar/Biz)®V — 0
! | |

0 — w’ — E(f) — (Bar/Bjp)®@V — 0

dont les lignes sont tout autant exactes (la deuxieme ligne de fleches verticales
se déduit du diagramme précédent en tensorisant avec V).

Comme W est la somme amalgamée de W’ et de F au dessous de V', on en
déduit un diagramme commutatif dont les lignes sont exactes

o — W - W — w" — 0

| l |
0 — W' — E(f) — (Bjg/Bar)®@V — 0

et W glidentifie au Bjp-module E(f) X 5, /p+ yop W (qui est bien de
dR
longueur finie : si W est tué par ™, on a aussi W = Ey,, ()X g, (—m)evW"). O

Remarque : On verra au §5 que, réciproquement, toute suite exacte courte de
Repp+ (Gk) est presque scindée.
dR

4 — STRUCTURES ANALYTIQUES

Le but de ce paragraphe est d’établir le théoreme suivant :

TutorEME 4.1. — Soit E une représentation banachique extension d’une C-
représentation de dimension 1 par une Q,-représentation V. Sin: E — C est
un morphisme de représentations banachiques tel que n(E) # n(V'), alors n est
surjective et son noyau est un Qp-espace vectoriel de dimension finie égale a
celle de V.

Pour cela, nous allons dabord définir les espaces de Banach-Colmez : ce sont
des espaces de Banach p-adiques munis d’uns structure analytique sur C' d’un
type particulier. On montre ensuite que E et C sont munis d’une structure
naturelle d’espaces de Banach-Colmez et que 7 est analytique. Le résultat

DOCUMENTA MATHEMATICA - EXTRA VOLUME KATO (2003) 285-385



330 JEAN-MARC FONTAINE

fondamental de Colmez [Co02] dans son travail sur ce qu'il appelle les Espaces
de Banach de dimension finie permet alors de conclure.

Pour décrire ces espaces, nous adoptons ici un point de vue un peu plus
algébrique (ou géométrique 7) que celui de Colmez : Les espaces de Banach-
Colmez sont associés a certains objets en groupes commutatifs dans la catégorie
des variétés pro-analytiques rigides sur C' . Nous reviendrons sur I’étude de ces
espaces dans un travail ultérieur [FP]. Remarquons dés & présent qu’une bonne
partie de la théorie esquissée ci-dessous peut se développer en remplacant C'
par n’importe quel corps valué complet de caractéristique 0 a corps résiduel
parfait de caractéristique p > 0. En particulier, comme le suggere I'analyticité
de I'application 1 du théoreme 4.1, la théorie des espaces de Banach-Colmez
sur K se ramene essentiellement a celle des presque C-représentations de G .

4.1 — BANACH ANALYTIQUES

Dans ce texte, une C-algébre est un anneau commutatif A muni d’un homo-
morphisme de C' dans A. Une C-algébre de Banach est une C-algébre normée
complete. Si A est une telle algebre, on note SpmpoA le spectre maximal de A,
i.e. 'ensemble des sections continues s : A — C' du morphisme structural. Si
f € AetseSpmeA, on pose f(s) = s(f).

On munit C de la valeur absolue normalisée par |p| = p~!. Une C-algébre spec-
trale est une C-algebre de Banach A telle que la norme est la norme spectrale,
i.e. telle que, pour tout f € A, ||f|| = supscspmgalf(s)]-

Par exemple, pour tout d € N, 'algebre de Tate C{X1, Xo,..., X4} des séries
formelles restreintes en les X; (i.e. des séries ail’i%widelXé% - ,X;d telles
que, pour tout & > 0, |a;, 4s,...5,| < € pour presque tout d-uple iy, iz, ...,14q),
est une algebre spectrale avec la norme

||Zai1,i2,m,idX{1X§27 T X;dH = sup |a’i1,i2,~~,id‘

Pour toute C-algebre spectrale A, si f € A est non nul, il existe s € SpmyA
tel que f(s) #0. Si fe Aetm e N, onal|[f™| =||flI™; en particulier, A
est réduite.

Soient A une C-algebre spectrale. On note Q4 la boule-unité fermée de A,
i.e. la sous-O¢-algebre des f € A tels que ||f|| < 1. On a des identifications
C®o, O =04[1/p] = A et Oy est un réseau de A. Pour s,s’ € SpmsA, on
pose d(s,s') = sup;cp, |f(s) — f(s')|. Cela fait de SpmsA un espace (ultra-
Jmétrique complet.

Avec comme morphismes les homomorphismes continus de C-algebres, les C-
algebres spectrales forment une catégorie. La catégorie des variétés spectrales
affines sur C' est la catégorie opposée. Si A est une C-algebre spectrale, on parle
abusivement de la variété spectrale affine S = Spm A et A s’appelle I'algebre
affine de la variété. Suivant un usage établi, le symbole SpmA désigne donc,
suivant le contexte, soit la variété spectrale affine, soit son spectre maximal,
i.e. Iespace topologique Hom{™ (A,C). On remarque que le foncteur

algebres
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d’oubli évident de la catégorie des variétés spectrales affines sur C' dans celle
des espaces topologiques est fidele.

Pour ¢ = 1,2, soit SpmyA; une variété spectrale sur C et S; son spectre
maximal. On dit qu'une application f : S — Ss est analytique s’il existe un
homomorphisme continu de C-algebres, nécessairement unique, f* : Ay — Ay
tel que f(s) = so f*, pour tout s € S;. Ceci nous permet d’identifier les
morphismes d’une variété spectrale affine dans une autre a I’ensemble des appli-
cations analytiques du spectre maximal de la premiere dans celui de la seconde.
La catégorie des variétés spectrales affines sur C' admet des limites projectives
finies. Par exemple, soient S = Spmy A, S = SpmyA; et So = Spm Ay trois
variétés affines spectrales sur C et S§ — S et S — S des morphismes. Le
produit fibré &1 xs Sz est muni d’une structure de variété spectrale affine sur
C d’algebre affine le séparé complété A;®4A4s de A1 @4 Ay pour la norme

||f” = Sup(51,52)651x552‘f(51752)|

Un groupe spectral commutatif affine sur C' est un objet en groupes commutatifs
dans la catégorie des variétés spectrales affines sur C. C’est donc une variété
spectrale affine Spm-A sur C' dont le spectre maximal S est équippé d’une loi
de composition § X § — &, associative, commutative et unitaire, induite par
un morphisme de C-algebres spectrales, le co-produit m* : A — A®cA. En
particulier la loi de compostion est continue et S est un groupe topologique.

Soit S un banach. Une C-structure analytique”) sur S est la donnée d’un
couple (Spm-A, ) formé d’un groupe spectral commutatif affine Spm A sur
C et d’'un homomorphisme de groupes continu « du spectre maximal S de A
dans S induisant un homémomorphisme de § sur un réseau de S. Dans la
pratique, on utilise cet homomorphisme pour identifier S a un réseau de S. Un
banach analytique sur C est un triplet (S, Spm-A4, «) formé d’un banach S et
d’une C-structure analytique (Spm-A,«) sur S. S’il n’y a pas de risque de
confusion, on dit banach analytique au lieu de banach analytique sur C.
Soient (S1,SpmgoA1, a1) et (Sa, SpmeAsg, az) des banach analytiques ; posons
S1 = SpmeA; et S; = SpmpAs. Un morphisme de banach analytiques n :
(S1,SpmeAi, 1) — (S2,SpmeAg, ap) est une application Qp-linéaire de Sy
dans Sy qui est analytique i.e. qui a la vertu qu’il existe un entier m et un
homomorphisme continu v : Ay — A; de C-algebres tels que n(p™S;) C Ss et
que la restriction de p™n & S; est I'application f +— fov (remarquer que, pour
m fixé, Papplication v est uniquement déterminée par n). Si cette propriété
est vraie pour m elle est vraie pour tout entier supérieur. Les applications
analytiques de (S1,SpmcA;, 1) dans (S2, SpmoAa, ag) forment un sous-Q,,-
espace vectoriel de I’espace des applications Q,-linéaires continues de S; dans
Ss.

(1) Dans [Fo02] et [FP] on donne une définition un peu plus générale afin de
pouvoir faire des quotients par des Z,-modules de type fini. Nous n’en avons
pas besoin ici.
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Les banach analytiques forment une catégorie additive et méme Q,-linéaire ; ce
n’est pas une catégorie abélienne mais elle admet des limites projectives finies.
Si S est un banach, on dit que deux C-structures analytiques (Spmgo A1, a1)
et (SpmgAsg, ag) sur S sont équivalentes si l'identité sur S est analytique
dans les deux sens (i.e. est un morphisme de banach analytiques de
(S,SpmgAq, aq) dans (S, Spmy As, ag), aussi bien que de (S, Spm Ag, a2) dans
(S,SpmgAq, ar)). L'identité sur S est alors un isomorphisme de ces deux ba-
nach analytiques que l'on utilise pour les identifier. Autrement dit, on peut
aussi bien voir un banach analytique comme un banach muni d’une classe
d’équivalence de C-structures analytiques. On parlera souvent abusivement
du banach analytique S, la classe d’équivalence de structures anaytiques étant
sous-entendue.

4.2 — BANACH ANALYTIQUES CONSTANTS ET VECTORIELS

Soit V un Qp-espace vectoriel de dimension finie. Choisissons un réseau V de
V' soit Feont(V, C) la C-algebre des fonctions continues sur V a valeurs dans
C. On la munit de la norme spectrale

(Al = sup[f(s)|
seV

Alors V = SpmeFeont(V, C), munie de l'inclusion de V dans V| est une struc-
ture analytique sur V dont la classe d’équivalence ne dépend pas du choix du
réseau ; on l'appelle la structure analytique constante et on note V¢ le banach
analytique ainsi associé a V.

On obtient ainsi un foncteur V +— V¢ de la catégorie des Q,-espaces vectoriels
de dimension finie dans celle des banach analytiques. Ce foncteur est pleine-
ment fidele, i.e. si V1 et V, sont deux Q,-espaces vectoriels de dimension finie,
toute application @Q,-linéaire de V7 dans V5 non seulement est continue, mais
elle est analytique.

Les banach analytiques constants sont les Qp-espaces vectoriels de dimension
finie munis de la structure analytique constante. On appelle alors hauteur de
Ve (ou de V) la dimension de V sur Q,.

Soit W un Ocg-module libre de rang fini. Notons W' le Og-module dual.
Notons Oc{W'} la complétion p-adique de l'algebre Symg W' et posons
CW'} = C®o, Oc{W'} = Oc{W'}[1/p]. L’algebre topologique C{W'}
est une C-algebre spectrale ; le choix d’une base {e1,es,...,eq} de W permet
de l'identifier & lalgebre des séries formelles restreintes C{ X1, Xo,..., X4} (ol
{X1,Xo,..., X4} est la base de W’ duale de {ej,es,...,e4}). Son spectre
maximal s’identifie & W, ce qui nous permet de considérer W = SpmC{W'}
comme un groupe spectral commutatif affine.

Si maintenant W est un C-espace vectoriel de dimension finie, le choix d'un
Oc¢-réseau de W, i.e. d’un sous-Og-module libre W de W qui engendre W
comme C-espace vectoriel, définit une structure analytique Spm-C{W'} sur
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W. On voit que la classe d’équivalence de cette structure est indépendante du
choix de W, ce qui nous permet de considérer W comme le banach sous-jacent
a un banach analytique que ’on note W?2a",

Par exemple, pour W = C, on écrit aussi G5" = C*" et on I’appelle le groupe ad-
ditif (sous-entendu dans la catégorie des banach analytiques sur C'). 1’élément
1 est une base du Oc¢-réseau O¢ de C et O¢ s’identifie & Spm~-C{X}, avec
m'X = X®1 & 10X.

L’application qui a W associe W2" est, de maniere évidente, un foncteur de
la catégorie des C-espaces vectoriels de dimension finie dans celle des banach
analytiques.

ProprosiTiON 4.2. — Le foncteur W +— W?" de la catégorie des C-espaces
vectoriels de dimension finie dans celle des banach analytiques est pleinement

fidéle.

Autrement dit, si W7 et W5 sont deux C-espaces vectoriels de dimension finie,
toute application Q,-linéaire de W; dans Wy qui est analytique est C-linéaire.
Ce résultat est a rapprocher du théoreme de pleine fidélité pour les C-repré-
sentations (cf. th.3.11).

Preuwve : Si W est un C-espace vectoriel de dimension d, le choix d’une base
de W définit un isomorphisme de W* sur (G&")?. Ceci nous ramene au cas
ou Wy = Wy = C. Sin est un endomorphisme analytique de C, il existe un
entier m tel que p"n provient d’un endomorphisme continu v de la C-algebre
C{X} qui commute au coproduit. Se donner v revient & se donner v(X) qui
doit étre un élément f € Oc{X} vérifiant m*(f) = f®1 + 1®f. Mais ceci
implique que f appartient au C-espace vectoriel engendré par X, comme on le
voit par exemple en utilisant I'inclusion de Oc{X} € C{X} dans C[[X]], celle
de C{X®1,1®X} dans C[[X®1,12X]] et le fait que le résultat correspondant
est vrai pour le groupe formel additif sur un corps de caractéristique 0. On a
donc v(X) = AX pour un A € O¢ convenable. Mais alors ’endomorphisme de
C induit par v est la multiplication par A et n est la multiplication par p~™A\
qui est bien C-linéaire. O

On a donc une équivalence entre la catégorie des C-espaces vectoriels de di-
mension finie et celle des banach analytiques vectoriels, i.e. la sous-catégorie
pleine de la catégorie des banach analytiques qui sont isomorphes a un W?a"
pour un C-espace vectoriel W de dimension finie convenable.

4.3 — ESPACES DE BANACH-COLMEZ

Les Espaces de Banach-Colmez présentables sont les banach analytiques qui
peuvent s’écrire comme une extension d’un banach analytique vectoriel par un
banach analytique constant. Dans la définition qui suit et qui suffit pour ce que
nous faisons ici, il semble que 'on ne considere que des extensions d’un type
particulier. En fait ([Co02], [FP]) toutes les extensions d’un banach analytique
vectoriel par un banach analytique constant sont de ce type la.
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Rappelons (§3.4) que le groupe multiplicatif Ur = 1 + mg a une structure
naturelle de banach. On a une structure analytique naturelle sur Ug : Soit
7 € R tel que (7)) = —p ; alors Up = 1+ 7R est un réseau de Ug. Pour tout
n €N, soit U, = 1 + 7™M O¢ le sous-groupe du groupe multiplicatif Of de O¢
formé des a tels que |a—1| < p~™. L’application de O¢ dans U,, qui envoie y sur
147"y est un homéomorphisme et on 'utilise pour munir ¢, d’une structure
de groupe spectral commutatif affine ; autrement dit on écrit 2, = Spm,C{Y,,}
et la loi de groupe est donnée par m*Y,, = Y, ®1+18Y,+7(™Y, &Y,. On envoie
Uy 41 sur U, via le morphisme analytique défini par I’homomorphisme continu
de C-algebres C{Y;,} — C{Y,;1} qui envoie 1 + 7MY, sur (14+7"+DY, )P
Alors Ug s’identifie & la limite projective des U,, et on le munit de la structure de
groupe spectral commutatif affine induite, i.e. on pose Ur = Spm-Ay ol Ay
est le complété pour la norme spectrale de hinmeN C{Y,}. D’ou une C-structure

analytique sur Ugr. On note U le banach analytique (U, SpmoAy, ay) ol
ay : U — U est Papplication u — log[u].
La suite exacte

0—-Q,(1)-U—-C—-0

induit une suite exacte de banach analytiques
(1) 0—-Q,(1)°—=U*" —-C" -0

En effet, application de U sur C' qui envoie log[u] sur log(u(®)) est analytique
(elle est induite par ’homomorphisme continu de C-algebres C{X} — Ay qui
envoie X sur log(l — pYp)/p). L’inclusion de Q,(1) dans U est induite par
I'unique homomorphisme continu de la C-algebre Ay dans celle des fonctions

continues de Z, (1) dans C' qui envoie 1+7(™Y}, sur la fonction e = (¢(™)),, ey
(n)
g™,

Soit S le banach sous-jacent & un banach analytique S = (S, SpmqA4, a) et
soit V' un Q,-espace vectoriel de dimension finie. Le choix d’une base de V'
définit un isomorphisme de S ®q, V' sur S% qui hérite donc de la structure
analytique produit. La structure analytique ainsi définie sur S ® V' ne dépend
pas du choix de la base et on note S** ® V' le banach analytique ainsi défini.
Par exemple, pour tout Qp-espace vectoriel V' de dimension fini, V¢ s’identifie
a Qp ® V aussi bien qu'a Q,(1)° ® V(1) et Vo(-1)*" & C*" @ V(-1). En
tensorisant la suite exacte (1) avec V(—1), on obtient une suite exacte de
banach analytiques

0V —=U"R@V(-1) - Ve (-1)" =0

Pour tout triplet (V, W, f) formé d’un Q,-espace vectoriel de dimension fini V/,
d’un C-espace vectoriel de dimension finie W et d’une application C-linéaire
f:W — Veo(=1), on pose Eyv,w,r = (U ®q, V) Xyy(—1) W ; cest le banach
sous-jacent au banach analytique EYy;, , défini comme le produit fibré de U*"®
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V(—1) avec W au-dessus de Vo (—1)". On a donc un diagramme commutatif

0 — V¢ — E{‘L/,TLW,f — Wan — 0
[ ! !

0 - Ve = UmgV(-1) — Ve(=1)" — 0

de banach analytiques dont les lignes sont exactes.

Décrivons un peu plus explicitement la structure analytique : Rappelons que
t est un générateur du Z,-module Z,(1). Choisissons une base {v1,v2,..., v}
de V sur Q, ; les v} = v; @t ~! forment une base de V(—1) sur Q,. Choisissons
une base {e1,ez,...,eq} de W sur C, de maniere que si f(e;) = Z?:I CijVs,
alors les ¢;; € O¢. Notons V le sous-Z,-module de V' engendré par les v; et W
le sous-Oc-module de W engendré par les e;.

Soit U = ay(Ugr). Soit A&®V —o0) le quotient de ’anneau des polynémes &
coefficients dans C en les variables Y; ,,, pour 1 <4 < h et n € N, par I'idéal
engendré par les 1 + W(")Yiﬂ -1+ 7r(”+1)Y;’n+1)p. On l'identifie & une sous-
algebre de la C-algebre des fonctions sur U ® V(—o0) en identifiant Y, , &

la fonction qui envoie Y u; ® v} sur % On note Aygy(—oc) le complété
de cette algebre pour la norme || f|| = sup,cy gy (o)l f(5)]. C'est une algebre
spectrale dont le spectre maximal s’identifie au réseau Y @ V(—1) de U@V (—1)
et définit la structure analytique sur ce banach.

Par ailleurs

Wt = (W, SpmC{Z1, Zs, ..., Zaq}, ap) et
Vc'(_l)an = (VC'(_l)a SmeC{XhXQa e 7Xh}7 aV)

ou lalgebre de séries formelles restreintes C{Z1,Za,...,Zq4} (resp.
C{X1,Xs,...,Xp}) s’identifie & 'unique algebre spectrale de fonctions
continues sur W (resp. Ve(—1)) telle que ZS(Z;:l Ajej) = As (resp.
XT(Z?:l Wi @ vi) = ) et ot ayy et ay sont les applications évidentes.

En outre f est induit par 'unique homomorphisme continu de C-algebres

C{Xl,XQ,...7X}L} — 0{21722,...7Zd}

qui envoie X; sur 2?21 ¢;jZ; tandis que la projection de U™ ® V(—1) sur
Ve (—1)" est induite par 'unique homomorphisme continu de C-algebres
C{X1,X2,..., Xpn} — Feont(V,C) qui envoie X, sur log(l — pY;o)/p. En-

fin By, = (Ev,w,f,SpmeAy w p, ) ou Ay p est le séparé complété
du produit tensoriel de Aygy(—oo) et de C{Z1,Z,...,Zq} au-dessus de
C{X1,Xs,...,X,} pour la norme évidente, son spectre maximal est U &

V(—1)) Xooev(-1) W et a est Papplication évidente. Remarquons que Ay

est aussi le séparé complété, pour la norme évidente, de la C-algebre engendrée

par des éléments (Y;,)1<i<hnen et des éléments Zi,Zs,...,Zg avec les re-
. d

lations 1 + ﬂ'(")Yim =(1+ 7T(n+1)}/i7n+1)p et log(1 — pYio)/p = Zj:1 Cij Zj.
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Quant & la loi de groupe elle est caractérisée par m*Y,; = n,i®Yn7i et
m*Z; = Z;®1 + 1&.7;.

Une présentation d’'un banach analytique E?" consiste en la donnée d’un
quadruplet (W, V, f,¢) formé d’un C-espace vectoriel de dimension finie W,
d’un Qp-espace vectoriel de dimension finie V', d’une application C-linéaire f :
W — Ve (—1) et d’'un isomorphisme de banach analytiques ¢ : Ejy, Pl
On appelle dimension de la présentation la dimension du C-espace vectoriel W
et hauteur de la présentation la dimension du Qp-espace vectoriel V.

Enfin, on appelle espace de Banach-Colmez présentable (sur C) tout banach
analytique qui admet une présentation.

Les principaux résultats du travail de Colmez sur les Espaces de Banach de di-
mension finie [Co02] peuvent se réinterpréter (cf. [FP], voir aussi[Fo02]) en dis-
ant que la sous-catégorie pleine lS'Cér de la catégorie des banach analytiques dont
les objets sont les espaces de Banach-Colmez présentables s’identifie de facon
naturelle a une sous-catégorie pleine d’une catégorie abélienne, la catégorie BC¢
des espaces de Banach-Colmez (sur C), tout objet de BC¢ étant isomorphe au
quotient d’un objet de BC; par un autre. Il existe en outre des fonctions ad-
ditives d : Ob BC¢ — N et h : Ob BC¢ — Z uniquement déterminées par le
fait que si E®" est un banach analytique muni d’une présentation, alors d(E?")
(resp. h(E®")) est la dimension (resp. la hauteur) de la présentation.

Nous verrons aussi que toute presque C-représentation de Gx est munie de
fagon naturelle d’une structure d’espace de Banach-Colmez. Pour le moment,
nous n’avons pas besoin de ces résultats. Mais nous allons utiliser le résultat
crucial de [Co02] (prop.5.19 et cor.5.11, voir aussi [FP]) qui peut s’énoncer ainsi

ProposITION 4.3 (lemme de Colmez). — Soit E*" un banach analytique ad-
mettant une présentation (W,V,p,1) de dimension 1. Soit n : E — C un
morphisme analytique tel que n(E) # f(u(V)). Alors n est surjective et son
noyau est un Qp-espace vectoriel de dimension finie égale a la hauteur de la
présentation.

Remarque : C’est essentiellement la version forte du lemme fondamental de
[CF00] ; le lemme fondamental ([CF00],82) énoncé sous une autre forme, disait
seulement que 'application n est surjective.

4.4 — UNE APPLICATION AUX PRESQUE-C-REPRESENTATIONS

Soit E une représentation banachique de G extension d’une C-représenta-
tion W par une représentation p-adique V. D’apres la proposition 3.12, on
dispose d’une application C-linéaire G i-équivariante f : W — Vo (—1) et d'un
diagramme commutatif

0O —- V — E — w — 0
| ! ls
(-1

0 — V — U(-D)&gV — Vo(-1) — 0
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Ceci nous permet d’identifier ¥ au banach sous-jacent & Efy Iz Comme C est
le banach sous-jacent a EX, ,, cela donne un sens a ’énoncé suivant :

ProposITION 4.4. — Soient V' un sous-Qp-espace vectoriel de dimension finie
de C stable par Gg et E une représentation banachique extension d’une C-
représentation W de dimension 1 par V. Sin : E — C est une application
Qp-linéaire continue G g-équivariante induisant lidentité sur V, alors n est
analytique.

Preuve : Reprenons les conventions et notations du §4.3 avec d = 1. Posons
e=e1,Z=21,¢=cpetE =URIV(-1))Xo,gv(—1)WW. Quitte a remplacer e
par pe, on peut supposer que ¢; € pO¢ pour tout i. Posons encore A = Ay yy ¢
et notons @4 la boule unité de A. Soit R4 I’ensemble des suites z = (x("))neN
d’éléments de O 4 vérifiant (z("t1)P = 2(") pour tout n. On en fait un anneau
commutatif unitaire en posant

@+ 1)™ = lim (2™ 4y MR o (py) M) = g0y

m——+oo

C’est un anneau de caractéristique p. Il contient anneau R formé des x tels
que (™ € O¢ pour tout n comme sous-anneau. Il est parfait (i.e. le Frobenius
x +— P est bijectif).

Soit W(R4) I'anneau des vecteurs de Witt & coefficients dans R4. Comme
R* est parfait, c’est un anneau séparé et complet pour la topologie p-adique,
sans p-torsion. Pour tout € R4, notons [z] = (x,0,0,...,0,...) € W(R4)

son représentant de Teichmiiller. Pour tout (zg,x1,...,2n,...) € W(R?), on
a (xoa Ti1ye-esTpy - ) = Z;:O:Opn[xﬁin]'
L’application 6 : W(R?) — O4 qui envoie (zo,%1,T2,...,Tn,...) sur

> p 2 est un homomorphisme d’anneaux.

LEMME 4.5. — Soit 7 = (7(™),en € R un élément vérifiant ©(©) = —p. Pour
tout x = (2)pen € RA, posons ||z|| = ||2(9)|. Pour que x appartienne a
lidéal engendré par 7, il faut et il suffit que ||z|| < |p].

Preuve : Si x = my avec y € R, on a ||z = ||2|| = ||-py || = [pll[yV]| <

Ip| et la condition est nécessaire. Réciproquement, si ||z|| < [p], cela veut dire
que |[29]| < [pl, done que, pour tout n € N, [lz™[| < (jp)P" = ()| puisque
||z = (||z™]])P". L’élément y™ = 2™ /z(") de A vérifie donc ||y||™ < 1.
Donc y = (y™),en € Oa et © =7y, O

LEMME 4.6. — Soient ™ comme ci-dessus et & = [r] + p. Dans W(R?), la
multiplication par £ est injective et le noyau de 0 est l'idéal principal engendré

par €.

Preuve : Remarquons d’abord que la multiplication par 7 est injective dans R4.
En effet, si 2 = ((™),eny € R? est non nul, (%) # 0. On a 7z = (7(Mz(™),
et 7020 = —pz©) est non nul, puisque p est inversible dans C' et A est une
C-algebre.
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Soit maintenant * € W(RA) non nul. Si r est le plus grand entier tel que
p" divise x, on peut écrire = p"y avec y = (Yo, Y1, -+, Yn,--.) € W(RA) et
yo # 0. Alors &y = (myo,...,) est non nul puisque 7yy # 0 et donc aussi
¢x = p"&y, puisque W(R?) est sans p-torsion.

On a 6(¢) = 7% 4+ p = 0 et Iidéal engendré par ¢ est bien contenu dans le
noyau de . Pour prouver la réciproque, comme W (R4) est séparé et complet
pour la topologie p-adique, il suffit de vérifier que Ker 6 C (&) 4+ pKer 6. Soit
x = (%o, Z1,...,Tp,...) € Ker . On a x(()o) +p(22°:1p"’1x%n)) = 0 donc
xéo) € pOa et ||z|| = ||[@|] < [p|. D’apres le lemme précédent, il existe
Yo € R* tel que mg = myo. Si 2 = (20,21, 2n,---) =& —E[yo], on a 25 = 0
donc z = pz’ avec 2/ € W(RA). Mais 0(pz’') = 0, donc aussi #(z') = 0 et on a
bien = € (§) + pKer 6. O

Notons O 46 le sous-anneau de 04 image de W(R4) par 6 et O B le quotient
de W(RA) par I'idéal (Ker 6)? qui est aussi I'idéal principal engendré par £2.
L’anneau O By est donc une extension de O 46 par un idéal de carré nul qui est
le O 4o-module libre de base I'image ¢ de £.

Pour 1 < i < h, soit U™ = 1+ 7MY;,. Alors U; = (U™),en € RA.
On a Ui(o) —1 = exp(¢;Z) — 1 qui, comme ¢;Z, appartient & pO4. On a
(U; = 1O = Ui(o) — 1 mod pOy4 et ||U; — 1] < |p|. D’apres le lemme 4.5, il
existe V; € RA tel que U; — 1 = 7Vj.

Soit [U;] = (U;0,0,...,0,...) le représentant de Teichmiiller de U; dans
W(RA). Tl existe a; € W(RA) tel que [U;] — 1 = [U; — 1] + pay. On peut
donc écrire [U;] —1 = [7V;]+pa; = [7][Vi] +pa; = E[Vi] +p(B; —V;). L’anneau
o By est séparé et complet pour la topologie p-adique et 'idéal engendré par &
est de carré nul ; on en déduit une structure d’idéal a puissances divisées sur
I'idéal engendré par € et p. Par conséquent, si 'on note U; 'image de [U;] dans

Opa, lasérie log U; = Yooe ) (—1)mH D = 5700 (1)L (n— 1)1y, (05— 1)
converge dans cet anneau.

Celui-ci est sans p-torsion et Opa s’identifie & un sous-anneau de By =
Opa[l/p]. Ce dernier est une extension de I'annecau A% = O46[1/p] - que
'on peut voir comme un sous-anneau de A - par le A°-module libre de rang 1
de base &.

Notons Op, le quotient de 'anneau W (R) par 'idéal engendré par £2. On sait
([Fo88a), §1.5) que By s’identifie & Op,[1/p] et que I'image  de ¢ dans By est
un élément non nul de Op,& = Oc¢ ; il existe donc ¢y € O¢ non nul tel que
t = co€. On voit donc que Bj' est de facon naturelle une Bo-algebre, que € et
t engendre le méme idéal dans Bs' et que 1’on a un diagramme commutatif

0 - Cc1l) —- By — C — 0
N | N
0 — A1) — B — A% — 0
dont les lignes sont exactes. En particulier I'application By — B3' est injective
et B3 est une By-algebre fidelement plate.
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Pour tout By-module W, on pose W4 = Bs' ®@p, W. Si W est annulé par t,
c’est un C-espace vectoriel et W4 = A% @ W. Remarquons que, si s € &,
alors s induit un homomorphisme de Og-algebres de O4 dans O¢, donc un
morphisme de R-algebres de R dans R, un morphisme de W (R)-algebres de
W(RA) dans W (R), donc un morphisme de Bp-algebres sp, : Bs — By. Pour
tout Bp-module W, on note encore sp, : W4 — W Dapplication définie par
s,(b@w) = sp,(b)wsi b€ By et w e W.

LEMME 4.7. — Soient W un By-module de type fini et W1 un sous-Ba-module
de W. Soit o € WA. Pour que o € Wi, il faut et il suffit que sp,(a) € Wi
pour tout s € £.

Preuve : On peut trouver m; < my < m et ny < n dans N et des éléments
(ai)1<i<m et (bj)1<j<n dans W tels que, avec des notations évidentes,

W= (@ Boa;) (@ Cb;) et Wy = (@ Byai))® ( @ Cta)) @ (@ Ch;)

1=mi+1

On peut alors éerire av = Y77 X @ a; + .5y 1 @ by, avec les \; € B et les
p; € A? uniquement déterminés. Pour tout s € £, ona sp,(a) =3 sp, (\i)ai+
>-s(uj)bj 3 c’est un élément de Wi si et seulment si 0(sp,(\;)) = 0 pour
my < i < mg, sg,(Ai) =0 pour mg < i < mets(y;) =0pourny <j<n.
L’assertion résulte alors de ce que, comme A est spectrale, pour tout p € A
non nul, il existe s € £ tel que s(u) # 0, ce qui implique aussi que, si A € B3
vérifie O(\) # 0, alors il existe s € £ tel que 8(sp,()\)) # 0 et que, si A € B
est non nul, alors il existe s € £ tel que sp,(A) #0. O

Fin de la preuve de la proposition4.4: Ona E C U(—1)®q, V = U®q, V(-1).
L’inclusion U C B permet d’identifier £ & un sous-Q,-espace vectoriel du Bo-
module W1 = By ®q, V(—1) et on a une suite exacte

0—-Ve—-W; - Ve(-1)—0

Soit VCQ le noyau de la projection w : Vo — C' induite par I'inclusion de V' dans
C (ona@w(d A®@v;) = \v;). Clest un sous-C-espace vectoriel de Vi et le
quotient Wy = Wi /VJ est un Ba-module extension de Vo (—1) par C.
L’application composée F — U ® V(—1) — W1 — W est injective et on a un
diagramme commutatif

O -V - FEF — W - 0

N Lo L

0 - C — Wy — Ve(-1) — 0
dont les lignes sont exactes. Soit Ec = C' @y E la somme amalgamée de C et
de E au-dessous de V. L’application ¢ : E — Wj s’étend de maniere unique

en une application QQ)-linéaire continue G g-équivariante pc : Ec — Wi qui
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est Iidentité sur C. L’image Wy de ¢¢ est 'image inverse dans Wi du sous-
C-espace vectoriel f(W) de Vo(—1) et est donc un sous-Bz-module de Wi. En
outre, ¢¢ est un homéomorphisme de Eo sur Wa.

L’application 7 : E — C s’étend de maniere unique en une application Q-
linéaire continue Gg-équivariante de E¢ sur C' qui est 'identité sur C. Par
transport de structure, on en déduit un morphisme 7, : Wy — C de B(Gk)
qui est l'identité sur C. D’apres le théoreme de pleine fidélité (th.3.11), cette
application est Bs-linéaire. Autrement dit, W5 est en fait un C-espace vectoriel
de dimension 2 somme directe de C' et du noyau N de 7. On a donc une
décomposition en somme directe Ws' = C4 @ N4 = A% ¢ N4.

Considérons ’élément o = 2?21 log Ul ® v} de WlA et notons as son image
dans W3, Pour tout s € £, sp,(a1) appartient & I'image de E dans Wy, donc
sp,(az) € Wy, D’apres le lemme 4.7, ceci implique que ap € W3t et on peut
écrire aig = [ + 72, avec By € A? C A et 45 € NA. Quitte & remplacer 7
par p™n, et donc aussi f par p™ f, avec m entier suffisamment grand, on peut
supposer que (G2 € O4.

On voit alors que n(€) C O¢ et que, pour tout s € &€, on a n(s) = sowv, ol
v: C{X} — A est 'unique homomorphisme continu de C-algébres qui envoie
X sur B5. O

Montrons alors le théoréme 4.1 : Soit V' le noyau de la restriction de 7 &
V. Quitte & remplacer E par E/V’, on peut supposer V' = 0 et utiliser la
restriction de n a V pour identifier V a un sous-Q,-espace vectoriel de C.
D’apres la proposition précédente, n est analytique. Il suffit alors d’appliquer
le lemme de Colmez (prop.4.3). O

COROLLAIRE. — Soit V' un sous-Qp-espace vectoriel de dimension finie, stable
par G, de C. Soit W une C-représentation de dimension 1. Sig: W — C/V
est un morphisme non nul de représentations banachiques, alors g est surjective
et son noyau est un Qp-espace vectoriel de dimension finie égale a celle de V.

En effet, si £ = C x¢/y W, on a un diagramme commutatif

O -V - FE —-— W — 0
Lo

I I
0 -V - C —- C/V —- 0
dont les lignes sont exactes. Comme g # 0, n(V) # n(E) ; mais alors n est
surjectif donc aussi g et le noyau de g s’identifie au noyau de 7 et sa dimension
sur Q, est bien égale a celle de V. O
5 — LA CATEGORIE DES PRESQUE C-REPRESENTATIONS
5.1 — LE THEOREME DE STRUCTURE

On reprend les notations et conventions des §1.2 et 1.4.
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THEOREME 5.1. — La catégorie C(G ) est une sous-catégorie stricte de B(Gg).
En outre, il existe deux fonctions additives sur les objets de C(Gg)

d:0bC(Gk) = Neth:0b(C(Gkg)—Z

uniquement déterminées par d(C') = 1, h(C) =0 et d(V) =0, h(V) = dimg, V'
pour toute représentation p-adique V.

Remarque : Nous appellerons d(X) la dimension de X et h(X) sa hauteur. 11
est parfois commode d’utiliser la fonction additive dh : Ob C(Gk) — N x Z
définie par dh(X) = (d(X), h(X)).

Preuve : Appelons présentation d'un objet X de B(Gk) un quadruplet formé
d’'une C-représentation triviale W, de sous-Q,-espaces vectoriels de dimen-
sion finie V de X et V' de W, stables par G, et d’un isomorphisme
a : X/)V — W/V' (dans B(Gk)). Un objet de B(Gk) admet donc une
présentation si et seulement s'il est dans C(Gk). Appelons objet présenté un
quintuplet X = (X, W,V, V' «), ot X est un objet de C(Gk) et (W,V, V' «a)
une présentation de X. On écrit aussi X = (a : X/V ~ W/V’). On pose
dh(X) = (dim¢c W, dimg, V —dimg, V') ; on appelle aussi X I'objet sous-jacent
a X.

Un morphisme d’objets présentés est un morphisme des objets sous-jacents.
On dit qu'un morphisme f : X — Y est admissible s’il est strict et s’il existe
des présentations N du noyau N, J du conoyau J et I de 'image I de f telles
que dh(X) = dh(N) + dh(I) et dh(Y) = dh(I) + d(hJ).

Le théoreme équivaut au résultat suivant :

ProposITION 5.2. — Tout morphisme d’objets présentés est admissible.

Preuwve : Si X = (X,W,V,V’ a) est un objet présenté et si U est une
sous-représentation de X de dimension finie, on note X /U V'objet présenté
(X/UW,V, V' a),ou V=U+V/U V' ={weW |wmod V' € a(U +V)}
et & est I'application déduite de o par passage au quotient.

LEMME 5.3. — Soient f : X — Y un morphisme d’objets présentés, U une
sous-représentation de dimension finie de X, U’ une sous-représentation de di-
mension finie de'Y contenant f(U) et f: X/U — Y /U’ le morphisme d’objets
présentés déduit de f par passage aux quotients. Alors f est admissible si et
seulement si f est admissible.

Preuve : Exercice. O

LeEmMME 5.4. — Soient m,h,d € N. Soient E une représentation banachique
extension d’une C-représentation triviale X de dimension m par une représen-
tation p-adique V de dimension h, W une C-représentation triviale de dimen-
siond et f: E — W un morphisme de C(G). Alors f est strict et il existe
des présentations N du noyau N, J du conoyau J et I de l’image I de f telles
que dh(N) + dh(L) = (m, h) et dh(I) + dh(J) = (d,0).
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Montrons d’abord comment la proposition résulte des lemmes 5.3 et 5.4 : Soit f :
(X1, Wi, V1, V], a1) — (Xao, Wa, Va, V3, ag) un morphisme d’objets présentés.
Pour i € {1,2}, soit W, = (W;, W;,0,0,idw,). Posons Ey = W1 X x,/¢(v;) Xo.
On a une suite exacte

0—f(V1) = E1 —-W;—0

et on pose £, = (E1, W1, f(V1),0, proj.can.). Posons | = E; X x, v, W2. On
a des suites exactes
0—V,—=F —FE —0

et, si 'on note V' I'image inverse de f(V;) dans F},
0=V - F —-W; =0

et on pose F'y = (Fy,W1,V’,0, proj.can.).
On a alors un diagramme commutatif

X, — X,/ — w, — E, = L, — F
l ! ! ! ! !
Xy, — Kz/f(vl) = Kz/f(vﬁ = Xy, — XQ/V2 — W,

La fleche verticale de droite est admissible d’apres le lemme 5.4. En appliquant
cinq fois de suite le lemme 5.3, on en déduit que toutes les fleches verticales le
sont. O

Prouvons alors le lemme 5.4 : On va procéder par induction sur d, le cas d =0
étant trivial. Supposons donc d > 1.
Considérons une suite finie

W=FWoFW>..0FWOFT'W>...0FW

de sous-C-espaces vectoriels de W, stables par G, avec F*W de codimension
i. Pour chaque entier i, notons F'E l'image inverse par f de F'W, f; : F'E —
F'W la restriction de f, et, lorsque i < r, gr; W = FIW/F*W et f, : F'E —
gr'W le composé de f; avec la projection de F'W sur griW.

On se propose de construire une telle suite, ainsi que de se donner pour chaque
i, une suite exacte de C(G )

OHVZ-HF"EH)QHO

ou V; est une représentation p-adique de dimension h et X; une C-représen-
tation triviale de dimension m — ¢ (ceci implique a posteriori que I'on aura
r<m).

On procede inductivement :

a) On doit avoir FOW = W et FOE = E ; on prend Vo =V et Xy = X.

b) Soit i > 0 et supposons F'W, F'E, V; et X; construits :

DOCUMENTA MATHEMATICA - EXTRA VOLUME KATO (2003) 285-385



PRESQUE C)-REPRESENTATIONS 343

—si f;(F"E) est de dimension finie sur Q,, on prend r = i (remarquer que c’est
nécessairement le cas si i =mousii=d) ;

— sinon, soient ey, es, . .., eq—; une base de F*W formée d’éléments fixes par Gk .
Pour s = 1,2,...,d—i, soit Hs I'hyperplan de de F'W engendré par les e; avec
j # s. Comme f;(F'E) s’injecte dans @?;{FiW/HS, il existe un entier s tel que
I'image de f;(F'E) dans FiW/H, n’est pas de dimension finie. On choisit pour
F™HW un tel H,. Avec les notations qui précedent, on a f;(F'E) # f.(Vi).
Décomposons X; en une somme directe X; = @;nz_ij de C-droites stables par
Gk et notons E; I'image inverse de L; dans F'E. Ona F'E = 7" E;, donc
fi(F'E) =3 f.(E;) et il existe j tel que f;(E;) # f;(Vi). Quitte & changer la
numérotation, on peut supposer 7 = 1. Le choix d’une base de LfK et d’'une
base de (gr'W)%% permet d’identifier le sous-espace fermé F; de F'E & une
extension de C par V; et le quotient gr'W & C. En appliquant le théoreme 4.1
a la restriction g; de f; & Fy, on voit que g; est surjective et que le noyau Vjy,
de g; est une représentation p-adique de dimension h.

Soit X;4+1 la C-représentation de dimension m —i — 1 qui est le quotient de X;
par L;. Dans C(Gk), on a une suite exacte

0—F —FE—X;1—0

Comme g; est surjective, f; I'est aussi et est donc un épimorphisme strict.
Comme F'*H1E est le noyau de f;, on a un diagramme commutatif

0 0
! il
0 — ‘/H-l — FH_lE — Xi-‘rl — 0
| ! |
0O - EE — FLE — Xy — 0
gr'W = gr'W
! !
0 0

dont les lignes et les colonnes

rang ¢ + 1.

sont exactes, ce qui acheve la construction au

Soient V;! le noyau de la restriction de f, a V,. et V" = f.(V,.). Si b’ = dimg, V}

et h" =dimg, V', ona h=h"+h".

Comme f,(F"E) est de dimension finie sur Q,, 'application f, induit un mor-
phisme de C(Gg) de la C-représentation X, sur la représentation p-adique
f+(FTE)/V). D’apres le corollaire au théoréme 3.11, ce morphisme est nul et
ona f.(F'E)=V/!.

En particulier, on peut considérer f,. comme un épimorphisme strict de F"FE
sur V. Par construction le noyau (en tant qu’application linéaire) de f est
aussi le noyau N de f, et a donc une structure naturelle d’objet de C(Gk).
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Dans cette derniere catégorie, on a un diagramme commutatif

0 0
! !
O—>VT/—>N—>WT.—>O
! l [
0O —- V. —- F'E — W, — 0
l !
Ve o= v
! !
0 0

dont les lignes et les colonnes sont exactes. Ceci nous permet aussi de munir N
d’une structure d’objet de C(G k) muni d’une présentation N vérifiant dh(N) =
(m—mrh).

Par construction I'application de F dans W/F"™W composée de f avec la pro-
jection de W sur W/F"W est surjective et, si I désigne I'image ensembliste de
I’application f, on a donc une suite exacte

0—-V/'—>I1—W/F"'W —0

Si 'on munit I de la topologie induite par celle de W, on voit que I est fermé
dans W et que la suite exacte ci-dessus donne a I une structure d’objet de
C(Gk) muni d’une présentation I vérifiant dh(I) = (r, h").

De méme, comme f induit un isomorphisme de E/F"E sur W/F"W , le conoyau
(au sens des Qp-espaces vectoriels) J de f s’identifie & celui de f, donc au
quotient de F"W par V,” et est donc aussi muni d’une présentation J vérifiant
dh(J) = (d — v, —h").

Dans C(Gg), on a des suites exactes courtes

0O—-N—-FE—1-—-0

et0 =1 —-W-—->J—0
ce qui montre que f est strict et, comme (m,h) = (m — r, k') + (r,h”) et

(d,0) = (r,h"") + (d —r,—h") que f est admissible. O

5.2 — TOUTE SUITE EXACTE COURTE DE PRESQUE C-REPRESENTATIONS EST
PRESQUE SCINDEE

ProposiTION 5.5. — Soit W une C-représentation triviale et X un sous-objet
de W dans C(Gk). Alors il existe un presque supplémentaire W' de X dans
W qui est un sous-C-espace vectoriel.

Preuve : Comme W est une C-représentation triviale, tout sous-C-espace vec-
toriel de W stable par G est encore une C-représentation triviale.
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Soit W' un sous-C-espace vectoriel de W stable par Gk tel que I'application
composée X C W — W/W' est surjective et qui est minimal pour cette pro-
priété. Alors X est une extension de W” = W/W' par X' = X NW’. Si H est
un hyperplan de W' stable par Gk, on a un diagramme commutatif

0 — X - X = W' = 0

l | |
0O - W/H - W/H — W' — 0

dont les lignes sont exactes. Comme l'application X — W/H n’est pas sur-
jective, X’ — W'/H ne est pas non plus. comme W'/H ~ C, 'image I de
cette application est isomorphe & un sous-objet de C' dans la catégorie B(Gg),
distinct de C'; on a donc d(I) = 0 et I est un Qp-espace vectoriel de dimension
finie. Si l'on choisit une base {e1,es,...,e,} de W' sur C formée d’éléments
fixes par Gk et si, pour 1 < i < r, on note H; 'hyperplan de W’ de base les
e; avec j # 14, la projection X/ de X' sur W'/H; est un Qp-espace vectoriel de
dimension finie. Comme X' s’injecte dans la somme directe des X/, c’est aussi
un Qp-espace vectoriel de dimension finie. O

COROLLAIRE. — Soit
0-58—-85—-58"-0

une suite exacte courte de représentations banachiques avec S’ et S” des
presque-C-représentations. Pour que S soit une presque C-représentation, il
faut et il suffit que cette suite soit presque scindée.

Preuve : 1l est clair que la condition est suffisante. Montrons qu’elle est
nécessaire : Si S est une presque C-représentation, on peut trouver un iso-
morhisme S/Vy ~ W/V avec W une C-représentation triviale et Vj et V' des
représentations p-adiques de dimension finie. Quitte & remplacer S par S/Vy
et S’ et S par les quotients correspondants, on peut supposer Vo = 0. Quitte
a remplacer S par W et S’ par le produit fibré S’ xg W, on peut supposer
S = W. D’apres la proposition, il existe un sous-C-espace vectoriel W’ de W
tel que S = W = W'+.5’ tandis que V' = S'"NW’ est un Q,-espace vectoriel de
dimension finie. Autrement dit W’ est un presque-supplémentaire de S’ dans
S et la suite est presque scindée.

5.3 — TOUTE SUITE EXACTE COURTE DE BJ.-REPRESENTATIONS EST
PRESQUE SCINDEE

Pour prouver cette affirmation, nous aurons besoin de pouvoir tordre I'action
de G par des caracteres a valeurs dans K*. C’est pourquoi nous allons établir
un resultat apparemment plus fort.

Si W est une B;R—représentation et Y un sous-Q,-espace vectoriel fermé de
X, stable par G, un K-presque supplémentaire de Y dans X est un presque
supplémentaire qui est un sous-K-espace vectoriel. On dit qu’une suite exacte
courte

0—=W =W —-=W"—=0
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de B;R—représentations est K-presque scindée si W' admet un K-presque
supplémentaire dans W. Il revient au méme de dire qu’il existe un sous-K-
espace vectoriel de dimension finie V' de W' stable par Gx et une section
K-linéaire G i-équivariante de la projection de W/V sur W”.

THEOREME 5.6. — Soit
(%) 0—-W =W -—->W"-0

une suite ezacte courte de B(G) avec W' et W' des Bj,-représentations de
G. Les assertions suivantes sont équivalentes :

i) la suite (1) est presque scindée,

i1) la suite (1) est K-presque scindée,

i11) la représentation W est une BJR—représentatz'on.

Commencons par établir quelques lemmes.

LEMME 5.7. — Soit

—~
—_
~—

(2)
0

(3) 0o - Y — - X" = 0

|
(4) 0o - Y —

— — 0

O N+ N x«— o

|
YI/
|
Z
|
0

un diagramme commutatif de BJR—représentations dont les lignes et les colon-
nes sont exactes.

i) Si les suites (2) et (4) sont K-presque scindées, alors (1) lest aussi,

i) Si (1) et (3) sont K-presque scindées, alors (4) lest aussi.

Preuve : i) Soient E” un K-presque supplémentaire de X dans Y et F' un
K-presque supplémentaire de Y’ dans Y. L’image inverse de £ dans I est un
K-presque supplémentaire de Y dans X.

ii) Soient F; un K-presque supplémentaire de X dans Y et Fy un K-presque
supplémentaire de Y’ dans X. Alors E; + E; somme est un K-presque
supplémentaire de Y dans X. O

LEMME 5.8. — Supposons qu’il existe une extension finie L de K contenue
dans K telle que (%) est L-presque scindée en tant que suite exacte de B;R-
représentation de Gr. Alors (x) est K-presque scindée.

Preuve : Soient g1, 9o, ..., g, des représentants dans G des classes a gauche
de Gk suivant G. Par hypothese, il existe un sous-L-espace vectoriel V de W’
stable par G, et de dimension finie et une section L-linéaire so : W’/ — W/V
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de la projection de W/V sur W qui commute & l'action de Gp. Quitte &
remplacer V par >, g;(V), on peut supposer que V est stable par Gx. On
voit que I'application s : W"” — W/V définie par

s(2) = Y gi(oolo @)

est une section K-lindaire G i-équivariante de la projection de W sur W”. O

LEMME 5.9. — Pour tout entier m > 1 la suite exacte
0— B,,-1(1) - B,, = C —0

est K-presque scindée.

Preuve : Soient Tk le module de Tate d’un groupe formel de Lubin-Tate pour
K (cf., par exemple [Se67b], §3.3) et Vx = Q, ®z, Tx. C’est un K-espace
vectoriel de dimension 1 sur lequel G i opere via un caractere dont la restriction
a l'inertie est l'inverse de celui donné par la théorie du corps de classes. La
représentation Vi est de Hodge-Tate ([Se89], chap.III, §1 et appendice) : si
Wy désigne le noyau de I'application C ®q, Vk — C @K Vi, la suite exacte

OHWQ—>C®QPVK—>C®KVK—>O

est canoniquement scindée, C @ g Vi ~ C(1) et Wy ~ CHEQl=1 T choix d'un
isomorphisme de C ® x Vi sur C(1) définit une application K-linéaire injective
G g-équivariante (o : Vg — C(1). Celle-ci se releve de fagon unique en une
application K-linéaire Gx-équivariante ¢ : Vg — Fil' Byg : cela résulte de ce
que la représentation Vi est de de Rham, mais aussi, plus simplement, de ce
que, pour n =0,1,

Ext" (Vi, C(m)) = Heony (K, Vg ®q, C(m)) =
H! (K, C(m—1) @ C(m)E L= =0
pour tout entier m > 2, ce qui montre que ’application
Home ) (Vi Bmg1) — Home g,y (Vi Bm)
est bijective. En tensorisant la suite exacte
0—-Q,—-U(-1)—=C(-1)—0
avec Vi, on obtient une suite exacte
0— Vg —U(-1)®q, Vk — C(-1)®q, Vk — 0
Notons Uk l'image inverse de C(—1) @ x Vi dans U(—1) @k Vk.
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Soit ¢ : Ug — B;R le composé de l'inclusion de Ux dans U(—1) ® Vi avec
I'application ut ! @ v +— ut~1i(v) et soit to(—1) : C(—1)®x — C lapplication
et c(v) @ t71. Dans C(Gk) a un diagramme commutatif

0 — Vi — Ux — CrVgx — 0

iy Li | e

0 — Fil'Bf, — Bl — C — 0

dans lequel toutes les applications sont K-linéaires. Comme la fleche verticale
de droite est un isomorphisme, pour tout entier m > 1, I'image de Ux dans
B,, = B;R/FildeR est un K-presque supplémentaire de B,,,—1(1) dans B,,,. O

LEMME 5.10. — La suite
0—-C—-Cy—C—0
est K-presque scindée.
Preuve : Choisissons une extension non triviale V; de Q,(1) par Q,. Rappelons
(prop.3.10) que C' ®q, Vi s’identifie & C'® C(1) de sorte que la suite exacte
0— C®&q, Vi = Ba(-1) g, Vi = C(-1)®q, V1 =0
peut se réécrire

0—C®C(1) — Ba(~1) @g, Vi — C(~1) & C — 0

Soit /Wl I'image inverse de C' dans By(—1) ®q, V1 Le quotient W de /V[71 par
C(1) est une BJR—représentation, extension de C par C.
Pour n =0,1, on a HY . (K,C(1)) =0, et la suite exacte

cont
OHC(l)—>/V[71—>W1—>0

induit un isomorphisme chx — WEX. Si extension W, de C par C était
scindée, on aurait donc dimg WlGK = 2, ce qui, comme /V[71 C Ba(—1) ®g, V1
contredit le fait que dimg (Ba(—1) ®g, V1)“* =1 (prop.3.10). La proposition
2.15 implique alors que W7 ~ Cs et il suffit de vérifier que la suite exacte

0—-C—-W; —-C—=0

est K-presque scindée.
D’apres le lemme 5.9, la suite exacte

0—-C(1)» B, —C—0
est K -presque-scindée. Si Uy est un K-presque supplémentaire de C(1) dans
By, alors Uk (—1) ®qg, V1 est un presque K-supplémentaire de C' ®q, Vi dans

B ®q, V1, donc El (Uk(— )®@ i)n W1 est un presque K-supplémentaire

de C®q, V1 dans W1 et 'image de E1 dans W7 est un presque- K -supplémentaire
de C dans Wj.
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LEMME 5.11. — Pour tout entier r > 2, la suite
0—-C,_.1—-C,—-C—0

est K-presque scindée.

Preuve : Pour r = 2, c’est le lemme précédent et la démonstration pour r > 3
est tres voisine. Rappelons (§2.5) que, pour tout m € N, Cp, = C ®z, T}, ol
T, est le Zy-espace vectoriel des polynémes de degré < m en I'indéterminée
logt. En particulier Q, ®z, T1 = Q, et on a une suite eaxcte

0HQp®Tr72_>Qp®Tr71_>Qp_>O

(ot (logt)"—2 s’envoie sur 1).

Soit V7 comme dans la preuve du lemme précédent. Comme le Q,-espace vecto-
riel Ext?@p[GK](Qp(l), Q) = H2  (Gx,Q,(—1)) est le dual de H°(Gx,Q,(2))

(cf. §3.1), il est nul ; par dévissage, on en déduit que Ext?@p[GK](Qp(l),Qp ®
T,—_2)) = 0. Par conséquent, 'application naturelle

EXt(IlQ,,[GK](Qp(l)» Q&Tr—1)— EXt@p[GK](Qp(l)v Qp)

est surjective, ce qui nous permet de choisir une extension V' de Q,(1) par
Qp®T,—1 quireleve Vi, i.e. qui est munie d'une identification de V/(Q,®T,_2)
a V.
La suite exacte

0-Q,T—1 -V —-0Q,»1)—0

induit, par extension des scalaires a C, une suite exacte de C-représentations
0—-Cro1 = Ve—C(1)—0

On a Homg g, (C(1),C) = Ext};[GK](C(l), C) = 0, on en déduit par dévissage
que Homgq,(C(1),Cr1) = Ext};[GK}(C(l),Cr,ﬂ = 0, la suite exacte
précédente est canoniquement scindée ce qui nous permet d’identifier Vo a
Cr1®C(1) et Vo(—1) & Cro1(—1) @ C. La suite exacte

0—C®q,V — Ba(~-1)®q, V—C(~1)®q, V —0
peut donc se réécrire
0—=Cr1®C(1) = By(~1)®q, V— Cr1(-1)&C — 0

Soient W limage inverse de C dans By(—1) ®q, V et W le quotient de

W par C(1). Clest une B;R—représentation extension de C par C,_;.
Cette extension est non scindée car le quotient de W par C,_o s’identifie a
I’extension, non scindée, W7 de C par C considérée dans la preuve du lemmme
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precedent. L’assertion (Bi) du théoréme 2.14 montre que le K-espace vectoriel
ExtB+ (G ](C7 Cy_1) est de dimension 1. Il en résulte que W est isomorphe a

C, et 11 suffit de vérifier que la suite exacte
0—-C_1—-W-—=C—0
est presque scindée.
Si Uk est comme dans la preuve du lemme précédent, Uk (—1) ®q, V est un
presque K-supplémentaire de C'®q, V dans By ®q, V', donc E= (Uk(— )®Qp

V)N W est un presque K-supplémentaire de C'®q, V' dans W et I'image de E
dans W est un presque-K-supplémentaire de C,._; dans W. O

Pour m,r € N, posons By, = By, ®z, T;-. C’est une B;R—représentation et, si
m > 1, en tensorisant avec T, la suite exacte

0— Bn-1(1) = B, - C —0
on obtient une autre suite exacte

0— Bmfl,r(l) - Bm,r - Cr —0

LEMME 5.12. — Soient m et n des entiers > 0 et soit By, , le noyau du
composé de la projection de By, , sur C, avec la projection de C, sur C. Les
suites exactes

0_)Bm lr(l)_)Bm,r_)Cr_’O
0—DB,,,—Bn,—C—0

m,r
sont K-presque scindées.

Preuve : On peut supposer m > 2. On peut (lemme 5.9) trouver un K-presque
supplémentaire Ux de B,,—1(1) dans B,, ; si Vk = B,,—1(1) N Uk, on a un
diagramme commutatif

0 — VK ® Tr - UK ® T’r - CT — 0

N N |

0 — Bm—l,r(]-) - Bm,r - Cr — 0
dont les lignes sont exactes et Ux ®z, T)- est un K-presque supplémentaire de
Bp,—1,-(1) dans By, .
On a un diagramme commutatif de BjR—représentations

0

0

1 l

0 — Bp-11(1) — B;nﬂ, — C,_

| ! l
0 — Bmfl,l(l) - Bm,r - C’r‘ — 0
l l
C
!
0

C
!
0
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dont les lignes et les colonnes sont exactes. On vient de voir que
0— By-1,(1) = Bpp = C — 0
est K-presque scindée et
0—-C._1—-C,—C—0
lest aussi (lemme 5.11). Donc (lemme 5.7, (i))

0—B,,,— Bn,—C—0

m,Tr

lest aussi. O

Prouvons alors le théoréme : L’implication (ii)=-(i) est triviale et on sait
(prop.3.14) que (i)=-(iii). Il suffit donc de prouver que, si

0—-W =W -W"—=0

est une suite exacte courte de B(Gk), alors W’ admet un K-presque
supplémentaire dans W.
Quitte & remplacer K par une extension finie convenable (ce qui est possible
grace au lemme 5.8), on peut supposer que W est petite, ce qui implique que
W’ et W le sont aussi. La décomposition W = @gcq, Wa de W suivant
les orbites de ax sous l'action de Z (cf. remarque a la fin du §2.3) induit
une décomposition en somme directe de la suite exacte, ce qui nous permet
de supposer que tous les W4 sauf 'un d’entre eux sont nuls. Autrement dit,
il existe o € ax tel que les valeurs propres de V agissant sur W/ sont dans
a + Z. Quitte & tordre Paction de W sur G par le caractere x(—® qui est
a valeurs dans K™, on peut supposer que o = 0, i.e. que W est un objet de
RePB;R,Z(GK)~
On procede alors par récurrence sur la longeur d” de la BJ-représentation W
qui, puisque W est petite, est aussi sa longeur en tant que BIR—module.
Sid’” =1, W” objet simple de la catégorie Rede*R,Z(GK) est isomorphe & C(4)
pour i € Z un entier convenable. Quitte & tordre 'action de G sur W par le
caracteére %, on peut supposer que W' = C.
Avec les notations du §2.5 on a Wz) = @iezWp) , W = BIR QK Wz)- En
outre Wz, est stable par Vo, de méme que chaque W(;) et la restriction de Vg
a Wg) est nilpotente. On voit aussi que 1 € C' a un relevement e dans W. Il
existe alors des entiers m et r tels que t"e = Vjje = 0. Il est alors facile de voir
qu’il existe un unique homomorphisme de BJR—représentations n:Bp,—C
qui envoie 1 ® (logt)"~! sur e. On a alors un diagramme commutatif

0 — B,, — Bn, — C — 0

m,r

l ! l
o —-— W - W — C — 0
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dont les lignes sont exactes. D’apres le lemme 5.12, celle du haut est K-presque
scindée ; celle du bas 'est a fortiori.

On peut maintenant appliquer I’hyoptheése de récurrence et supposer d” > 2.
Il existe donc une suite exacte courte non triviale de B:{R—représentations

0— W — W — Wy —0

Si Wy désigne 'image inverse de W7’ dans W, on a un diagramme commutatif

0 0
! i
o - W - W - W/ — 0
| ! !
o - W —- W — W' —= 0
i 1
W2//:W2//
! i
0 0

de Bt,-représentations dont les lignes et les colonnes sont exactes. Par hy-
dr-Tep g Yy
pothese de récurrence, les suites exactes

0—W, =W —= W) =0
et 0—W —=W; - W/ —0

sont K-presque scindées. L’assertion (ii) du lemme 5.7 implique que
0—-W =W ->W"—-0
lest aussi. O

5.4 — TOUTE BjR—REPRESENTATION EST PRESQUE TRIVIALE

TutorEME 5.13. — Soient d € N et W une B;R-représentation de Gk de
longueur d en tant que B;R-module. Alors W est presque isomorphe a C?.

Preuve : Soit

0—-W =W -W"=0

une suite exacte courte de B;R—représentations. Comme cette suite est presque
scindée, il existe un sous-Q,-espace vectoriel de dimension finie V', stable par
Gk, tel que W/V ~ (W'/V) @& W" et W est presqu’isomorphe & W' @ W”. Si
W' et W sont presque triviales, il en est donc de méme de W et il suffit de
prouver le théoreme lorsque W est un objet simple de la catégorie des BIR—
représentations.

Supposons d’abord que W est petite. On peut supposer (prop.2.5) que W =
C{a}, avec a un élément K-petit convenable.
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Il s’agit de montrer que W est presqu’isomorphe a C'. On peut supposer a ¢
{0,—1} (dans le premier cas, parce qu’alors, il n’y a rien a prouver, dans le
second, parce que, si le théoreme est vrai pour a = 1, cela veut dire qu’il existe
des sous-Q,-espaces vectoriels de dimension finie V' de C(1) et V' de C, stables
par Gk et un isomorphisme C(1)/V — C/V' ; en tensorisant par Q,(—1), on
obtient un isomorphisme C/V(—1) — C(-1)/V’(-1), donc C(—1) et C sont
presqu’isomorphes).

Appelons K -représentation la donnée d’un K-espace vectoriel de dimension
finie muni d’une action linéaire et continue de Gx. Autrement dit, c’est une
représentation p-adique muni d’un plongement de K dans la Q,-algebre de ses
endomorphismes. Le sous-K-espace vectoriel K{a} de C{a} est une K-repré-
sentation. Soit V' une K-représentation, extension non triviale de K{a + 1}
par K (muni de Paction triviale de Gk ). En tensorisant, au dessus de K, la
suite exacte

0-K—->V—->K{a+1} -0

avec C, on obtient une suite exacte de C-représentations
0-C—-CegV—-Cla+1}—0

Cette suite est scindée. En effet, comme a # —1, C{a + 1} est un objet
simple de Rep~(Gk) qui n'est pas isomorphe a C et il n’y a donc pas de C-
représentation extension non triviale de C{a+1} par C' (prop.2.15). Ceci nous
permet en particulier d’étendre 'inclusion K C C' en un K-plongement de V
dans C et de définir un plongement ¢ : W — C(—1)®x V. Comme C(—1)@xV
est un facteur direct de C(—1) ®q, V' = V(—1), on peut aussi voir ¢ comme
un homomorphisme non nul de W dans Vo (—1).

La suite exacte

0—-V-—-C—-C/V—->0

induit une suite exacte
1 1
Homp(g ) (W, C) —Hompg g, (W, C/V) HEX‘LB(GK)(VV, V) —Extpay) (W, C)

Comme W est un objet simple de Repg+ (Gi) qui n’est isomorphe ni a C
dR

ni & C(—1), pour i = 0,1, on a Exty g, (W,C) = Extj, g (W.C) =0
dR

(prop.2.15) et Iapplication Homp g, )(W,C/V) — Ext%g(GK)(VV, V) est bijec-
tive. Comme Ext};(GK)(VV, V) s’identifie a Homp g, (W, Vo (—1)) (prop.3.12),
lapplication ¢ induit un morphisme non nul de W dans C/V. D’apres le
corollaire au théoreme 4.1, cette application est surjective et son noyau est de
dimension finie sur Q. Par conséquent, W et C' sont presqu’isomorphes.

Passons maintenant au cas général. Choisissons une extension finie L de
K contenue dans K telle que W soit petite en tant que B;R—représentation
de G = Gal(K/K). Soit S un facteur simple de W (en tant que Bjp-
représentation de Gp).
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Pour tout objet X de B(GL), on note I X = Q,[Gk]|®q,[q,) X 'objet de B(Gk)
induit. Si X est une C-représentation de G, IX est de facon naturelle une
C-représentation de Gg. La simplicité de W implique que W est isomorphe a
un facteur direct de I.S. On fixe un plongement de W dans IS.

D’apres la premiere partie, S est presqu’isomorphe a C. On peut donc trouver
une représentation banachique X de G, extension de S par une représentation
p-adique V; de dimension finie et un morphisme surjectif X — C de B(Gp)
dont le noyau V; est de dimension finie sur Q. Les suites exactes

0—-Vhy—-X—-5—0 et 0V -X—-C—0
induisent des suites exacte
0—-IVyg—IX—-IS—0 et 0—-IV1 —=-IX—IC—0

de B(Gk) et IC est une C-représentation triviale de Gx. Soit E I'image inverse
de W dans X. Alors W est presqu’isomorphe a E qui est presqu’isomorphe a
son image Y dans IC et il suffit, pour achever la démonstration, d’établir le
lemme suivant :

LEMME 5.14. — Soit d = dimg W. L’image Y de E dans IC est isomorphe
a une extension d’une C-représentation triviale de dimension d par une repré-
sentation p-adique de dimension finie.

Preuve : C’est essentiellement la méme que celle de la proposition 5.1 Pour
plus de clarté, nous la reproduisons avec les modifications nécessaires.

Soit W’ un sous-C-espace vectoriel de IC stable par Gk tel que I'application
composée Y C IC — IC/W' est surjective et qui est minimal pour cette
propriété. Alors Y est une extension de W” = IC/W' par Y/ =Y NnW’'.
Si H est un hyperplan de W’ stable par G g, comme application composée
Y C IC — IC/H n’est pas surjective, Papplication jg : Y C W' — W'/H ne
I’est pas non plus.

Comme S est presqu’isomorphe & C, c’est un objet de C(Gp). Considérés
comme des objets de B(GyL), IS, W, E, Y et Y’ sont des objets de C(GyL).
Comme W’'/H ~ C, 'image de jg est isomorphe, dans la catégorie C(Gp), &
un sous-objet de C distinct de C et est donc de dimension finie sur ;. Sil'on
choisit une base {e1,ea,...,e,} de W’ sur C formée d’éléments fixes par G
et si, pour 1 <4 < r, on note H; ’hyperplan de W’ de base les e; avec j # i, la
projection Y/ de Y’ sur W’/ H; est un Q,-espace vectoriel de dimension finie.
Comme Y’ s’injecte dans la somme directe des Y], c’est aussi un Q,-espace
vectoriel de dimension finie. Par conséquent Y s’identifie & une extension de
la C-représentation triviale W’ par la représentation p-adique de dimension
finie Y. Pour vérifier que dimc W = d, il suffit de restreindre 1’action de
Gg a G et cela résulte de ce que le théoreme est déja prouvé pour les petites
représentations. O
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COROLLAIRE. — Soit X une représentation banachique. Les assertions suiv-
antes sont équivalentes :

i) la représentation X est presqu’isomorphe a une C-représentation triviale,
i1) la représentation X est presqu’isomorphe & une C-représentation,

i11) la représentation X est presqu’isomorphe a une B;R—Teprésentation.

6 — CALCUL DES GROUPES D’EXTENSIONS

Rappelons que, si W’ et W sont deux objets d’une catégorie abélienne C, pour
tout n € N, on note Extg(W",W’) le groupe des classes de n-extensions de
Yoneda de W' par W'.

Les objectifs essentiels de ce paragraphe sont :

i) La preuve du théoréme suivant :

THEOREME 6.1. — Soient X et Y deux objets de C(Gk). Pour tout n € N,
le Qp-espaces vectoriel Extg(GK)(X, Y) =0 est de dimension finie et est nul si
n>3. Ona
2
Z dimg, Ext¢(g,) (X, Y) = —[K : Q,]h(X)h(Y)
i=0

i) La construction d'une dualité entre Extg (g, (X,Y) et ExtZ 4 (Y, X (1))
(prop.6.8 et 6.10 ci-dessous).

6.1 — PROPRIETES D’INVARIANCE DES Ext"

On dit qu'un complexe de C(Gk)

P Lk o .
(X) e XA xr X xrt
est presque trivial si, pour tout i € Z I'image de 8% est un Q,-espace vectoriel
de dimension finie.
Par ailleurs, pour toute catégorie abélienne A et tout entier n > 1, on note
C(A) la catégorie dont les objets sont les complexes (X) de A vérifiant X* =0
sii < 0 ousii>n etles fleches les morphismes de complexes.

ProrosiTION 6.2. — Soit n un entier > 1.

i) 8i (X) est un complexe de Cy,(C(Gk)), il existe un couple ((E),n) formé d'un
compleze (E) presque trivial de C,(C(Gk)) et d’un morphisme 0 : (E) — (X)
qui est un quasi-isomorphisme.

ii) Pour tout morphisme « : (X) — (Y) de C,(C(Gk)), on peut trouver un
diagramme commutatif de Cp,(C(Gk))

(E) — (X)
| !
(F) — (Y)

ot les fleches horizontales sont des quasi-isomorphismes et ot (E) et (F) sont
presque triviaul.
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LEMME 6.3. — Soient (X) un compleze de C(Gk) et i € Z. Il existe un
sous-compleze (Y') de (X) tel que

i) Uinclusion de (Y) dans (X) induit un quasi-isomorphisme,

i) on a Y7 = X7 pour tout entier j & {i — 1,i},

iii) le Qp-espace vectoriel image de Uapplication Y=! — Y est de dimension

finie.

Preuve du lemme : Avec des notations évidentes, on a, dans C(G ), des suites
exactes courtes

0-2Z'-X'-B"™ -0et0>B —-2Z"-H —0

D’apres le corollaire & la proposition 5.5, elles sont presque scindées et on
peut trouver des sous-objets X¢ de X' et Zi de Z° tels que les applications
X — B et Z' — H' sont surjectives et que leurs noyaux respectifs Z¢ et
¢ sont de dimension finie sur Q,. Soit alors Y = Zi + X} C X*. On a une
suite exacte
O—)Zé+Z{—>Yi—>Bi+l—>0
Si B} désigne le noyau de la restriction & Z& + Zi de la projection de Z* sur

H' et si Zy = Z4/Zi N Zi, on a un diagramme commutatif

0 0
L L ,
0 — T = 1 — H' — 0
| l I
0 - BY — Zi+Zi — H' — 0
2 2
Zy = Zy
1 1
0 0

dont les lignes sont exactes. Commme 76 et B! sont de dimension finie sur
Qp, il en est de méme de B} et il suffit de prendre pour Y=! I'image inverse
de B dans X*~1. O

Prouvons maintenant la proposition : Montrons d’abord (i) : Le lemme nous
permet de construire une suite décroissante de sous-complexes (X) = (X,,) D
(Xn-1) D ...(X;) D...(X2) D (X1) de X tel que l'inclusion induit un quasi-
isomorphisme et que I'image de X/~! dans X! soit de dimension finie sur Q,
pour ¢ > r. Il suffit de prendre (F) = (X1).

ii) D’apres (i), on peut trouver des morphismes de C,,(C(Gk))

(Eo) — (X) et (F) — (Y)

qui sont des quasi-isomorphismes, avec (Fy) et (F') presque triviaux. Si l'on
prend pour (E) le produit fibré (Ep) X(y) (F), on voit que (E) est encore
presque trivial et que 'on a un diagramme comme on veut. O
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ProproSITION 6.4. — Soient V' et V" des représentations p-adiques de G .
Pour toutn € N, la fleche Extg (V" V') — Extg (g, (V" V') est bijective.

Preuve : Clest clair si n = 0 ou 1. Le cas n > 2 résulte de la proposition
précédente grace au fait qu'un complexe de C(Gg) dont les groupes de coho-
mologie sont de dimension finie sur Q,, et qui est presque trivial est un complexe
de Repg (Gk). Soyons un peu plus explicite :
Soit

0=V - X0 X5 s X S X S L S X" SV 0
une suite exacte de C(Gx) représentant un élément € de Extg(q,)(V", V). Si

EF° - E'—- . X1 F - . - FE!
est un sous-complexe de
X0 X5 XXt Xl

qui lui est quasi-isomorphe et est presque trivial,

0V -E"-FE'-. .. -E"'SFE - SE" 1SV 50
est une suite exacte courte de Repg (G k) dont la classe dans Extg ¢, (V", V')
a pour image ¢ dans Extg(GK)(V”, V'). L’application est bien surjective.
L’assertion (ii) de la proposition 6.2 permet de montrer que, si deux com-

plexes de Cy,(Repg, (Gk)) sont quasi-isomorphes dans C(Gk), alors ils sont
aussi quasi-isomorphes dans Repr(G k), ce qui montre U'injectivité. O

PRrROPOSITION 6.5. — Soient W' et W' des BIR—représentations de Gg. Pour
tout n € N, la fleche EXtT];;R[GK](W//’ W) — Extlq,,(W", W') est bijective.

Preuve : C’est clair pour n = 0 et la conjonction du corollaire a la prop.5.5 et du
th.5.6 montre que c’est vrai pour n = 1. Supposons donc n > 2. La proposition
6.5 résulte de la proposition 6.2 et du fait que tout objet de C,,(C(Gk)) qui est
presque trivial et dont les groupes de cohomologie sont des B;R—représentations
est quasi-isomorphe & un complexe de C,,(Rep BY, (GKk)). Soyons plus précis.
Pour prouver la surjectivité, il s’agit de vérifier que si

0-W X0 Xt X X" w0

est une suite exacte de C(Gk), avec W' et W"” des objets de Repgz+ (Gk),
dR

alors il existe un complexe de C,,(Repgz+ (Gx)) qui est quasi-isomorphe &
dR
(X) X0 - X Xt Xt
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La proposition 6.2 nous permet de supposer que (X) est presque trivial. On a
donc des suites exactes courtes

0—W — XY= Bl 50
0—- B'— X' Bitl 5 pour 1 <i<n-—2
0—>Bn_1—>Xn_1—>WN—>O

ot les B* sont de dimension finie sur Q,. Ceci implique que, pour 1 <i < n—2
le Q@p-espace vectoriel X" est aussi de dimension finie.
Pour 1 <i<n—1, posons Bé = C’®Qp B*. On a

Exte (g, (B, W') = H.

cont

Hl

cont

(K, (B")* g, W) =

(K, (BE)™ @0 W) = Bxtiye (6,0 0(BE W)

groupe des extensions de B, par W’ qui sont scindées en tant que suites exactes
de B;‘R—modules, de sorte que, si EY désigne une extension de B¢ par W’ dont
la classe est celle de X°, on a un diagramme commutatif

0 — W — X° - B' — 0
| l !
0 - W — E° - BL — 0

dont les lignes sont exactes.
Pour 1 <i<n—1, posons E' = C ®g, X' de sorte que I'on a un diagramme
commutatif ) ) )
0 - B — X' — B*l 5 0
! ! !

0—>Bé—>Ei—>Bé+1—>0

dont les lignes sont exactes.
Enfin, notons E”~! la somme amalgamée de Bgfl et de X"~ ! au-dessous de
B"~!. On a un un diagramme commutatif

0 — Bn—l s Xn—l N W// - 0

| l l
0 — B! — E' — W' — 0

dont les lignes sont exactes. D’aprés la proposition 3.14, E™~!, extension
presque scindée de W’ par Bg_l, est une B;R—représentation.
Le complexe

(E) E'—-. . - E - E* -  Er!

est formé de BJ,-représentations et on a un morphisme naturel (E) — (X) qui
induit un quasi-isomorphisme.
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Pour prouver l'injectivité, il suffit de montrer que si

0o - W - X° - ... - X 5 .. - X1 5 W' S0
| ! L ! [
0o - W —- Y' —» ... - Y - ... 5 Y 5 W S0

est un diagramme commutatif de C(G k) dont les lignes sont exactes et si W’ et
W' sont des BJR—représentations, alors, avec des notations évidentes, on peut
trouver un carré commutatif

(X) — (B)
! !
Y) — (F)

dans C,,(C(Gk)) tel que (E) et (F) sont dans C,,(Bjjz) et que les fleches hori-
zontales induisent un quasi-isomorphisme. La proposition 6.2 nous permet de
supposer que (X) et (Y') sont presque triviaux. Si 'on prend pour (E) le com-
plexe défini & partir de (X) comme plus haut et pour (F') le complexe associé &
(Y) par la méme recette, la fleche de (X) dans (Y') induit, de maniére évidente
une fleche de (F) dans (F) qui convient. O

6.2 — LE CAS OU X EST DE DIMENSION FINIE

ProposiTiON 6.6. — Soient n € N, X et Y des presque C-représenta-
tions. Pour tout € € Extg(GK)(X,Y), il existe un sous-Qp-espace vectoriel

de dimension finie V de Y, stable par Gk tel que € appartient a l'image de
Exte ) (X, V).
Preuve : Soit

0-Y—-E'-E'—- .. E"l 5 X >0

une suite exacte de C(G ) représentant €. Si N désigne I'image de E° — E*,
on a une suite exacte de C(Gk)

0-Y—>E°">N-=0

qui (corollaire & la proposition 5.5) est presque scindée. Si F° désigne un sous-
objet de E® qui s’envoie surjectivement sur N tel que V = FONY est de
dimension finie, la suite exacte

0>V —-osF'SE'—- . E"l S5 X =0

définit un élément de Exteq, (X, V) dont 'image dans Exteg,)(X,Y) est
e. O

Soit V' une représentation p-adique fixée. Les (Extg(g,)(V.—))nen et les
HZ (K, V* ®g, —))nen forment des d-foncteurs de la catégorie C(Gx) dans
celle des groupes abéliens, on a Home ) (V, —) = HY, (K, V*®q, —) et, pour
n > 1, Extg g, (V, —) est effacable. On a donc des morphismes naturels de
foncteurs Exte ) (V, =) — Hipyw (K, V* ®q, —).
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ProposITION 6.7. — Soient V' une représentation p-adique de Gk et S une
presque-C-représentation.
i) Toute représentation banachique E extension de V par S est une presque
C-représentation.
it) Pour tout n € N, le Q,-espace vectoriel Extg(GK)(V, S) est de dimension
finie, nulle si n > 3.
i11) Pour tout n € N, Uapplication naturelle

EXtC(G )(V S) cont(K? v ®Qp S)
est un isomorphisme.

Preuve : a) Quitte a remplacer S par V* ®q, S, on peut supposer que V' = Q.

Mais (i) signifie que l'inclusion Exté(GK)(Qp, S) — Ext%g(GK)((@p, S) est une
bijection. Comme ExtlB(GK)(Qp, S) s’identifie & HY (K, S), (i) résulte de (iii).
Compte tenu du corollaire a la proposition 3.3, (iii) implique aussi (ii).

b) Prouvons (ii) lorsque S est une représentation p-adique : D’apres la propo-
sition 6.4, on a Ext¢ ¢,)(Qp, S) = Extg 16,1(Qp, S). 1l suffit donc de vérifier
que, pour n > 1, la restriction a la catégorie des représentations p-adiques du
foncteur H&m(K —) est effagable. Ces foncteurs sont nuls pour n > 3 et c’est
évident pour n = 1. Pour n = 2, il s’agit de vérifier que l'on peut plonger
toute représentation p—adique S de Gk dans une autre S de maniere que la
fleche H2 (K,S) — H2 (K, S) soit nulle. Par dualité cela revient a vérifier
que toute représentation p-adique V3 (prendre Vo = 8*%(1)) est 1som0rphe au
quotient d’une représentation p-adique Vg telle que 'application V2 VGK
est nulle.

Soient Vi = VK et Vi = Vy/V4. Pour tout entier r € Z, H2 (K, Vs @ Vi(r))
s'identifie au dual de (V3 ® Vi*)(1 — r))“% et est nul pour presque tout 7.
Choisissons 7 ainsi. Choisissons aussi une extension non triviale V4 de Q, par
Qyp(r).

Dans le carré commutatif
EXtig(GK)(f/Q, Vl (T)) — Eth(Gk)ﬁV1, V1 (T))

Hcont(K ‘/2 ®‘/1( )) - ‘H'cont(‘KUVvlg< ®Vv1(r))

la fleche inférieure est surjective, donc aussi la fleche supérieure. On peut
donc construire un diagramme commutatif, dont les lignes et les colonnes sont
exactes

0 0
1 1
0 — Vi(r) - ViV, — Vi — 0
|| I |
! |
Vs =V
! 1
0 0
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On a alors ‘A/QGK = (V1 ® V)% = 0.

c) Prouvons (iii) lorsque S est une C-représentation : Le groupe HL (K, S)
classifie aussi bien les extensions de Q, par S dans la catégorie des repré-
sentations banachiques que les extensions de C' par S dans la catégorie des
C-représentations. Ceci implique que pour toute représentation banachique
E extension de Q, par S, on peut trouver une C-représentation Ec et un

diagramme commutatif

!

Y
I
Q

]

o
!
5]

!
O(—EH&'{:‘(— e o
!

O<—5<— Q(—@(—O
!

o

dont les lignes et les colonnes sont exactes. Mais alors S et C'/Q, sont des
presque-C-représentations, donc aussi £ qui s’identifie au noyau du morphisme
Ec — C/Q,. La fleche Exté(GK)(@p,S) — H} (K,S) est donc bien un
isomorphisme.

On a H2 (K,S) = 0 (cor. & la prop.3.3). Pour finir de prouver (c), il suffit
donc de vérifier que Ext%(GK)(Qp, S) = 0. Soit

0—>S—>X0—>X1—>Qp—>0

une suite exacte presque triviale (cf. prop.6.2) de C(Gg) représentant un
élément € € Ext%(GK)(Qp,S). Alors V = dX° est de dimension finie et on
a deux suites exactes courtes :

0-5S—-X"->V -0
0—-V =X Qp — 0
Comme Exté(GK)(V, S) = HL (K, V*®S) = Extlc[GK}(C ® V,S) on peut
plonger X° dans un C-espace vectoriel X2 extension de C ® V par S. Les
deux suites exactes
0—-S—=X2—-CoV =0
0-CRV—-CaX'—-C—0

définissent un élément ec € Exté(GK)(C, S). Comme ce groupe est nul
(prop.2.17), il existe un diagramme commutatif de C-représentations

0 — S - X2 - CeX!' - C — 0

[ l ! !
0 - S — YO — Yyl - C — 0
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dont les lignes sont exactes et qui a la vertu que la projection de Y sur C
admet une section s. Si Y désigne I'image inverse de Q, dans Y € est la
classe de la 2-extension

0-S—-Y'>Y)—-Q,—0

La restriction de s a Q, fournit une trivialisation de cette 2-extension et ¢ = 0.

d) Fin de la prewve : Si
0—-Y -Y—-Y"—=0

est une suite exacte de presque-C-représentations et si le résultat est vrai pour
Y’ et Y, il l'est aussi pour Y”. S’il est vrai pour Y’ et Y, il I’est aussi pour
Y. La proposition s’en déduit puisque le fait que S soit une presque C-repré-
sentation implique que 1’on peut trouver des suites exactes de C(G)

0=V - W—-X—-0et0-V"-5—-X -0
avec V', V' des représentations p-adiques et W une C-représentation. O

6.3 — LE CAS OU Y EST DE DIMENSION FINIE

Si V est une représentation p-adique, Extg(GK) (V,V(1)) = H2 (K, V*®V (1))
s’envoie dans H2 (K, Q,(1)) = Q,.

PropoOsSITION 6.8. — Soient V' une représentation p-adique et S une presque-
C-représentation.

i) Les Qp-espaces vectoriels Ext¢ q,y(S,V (1)) sont de dimension finie, nulle
sin > 3.

it) Pour n = 0,1,2, l'application bilinéaire

Extg 4 (V2S) X Exté (g, (8, V(1)) = Extg g, (V, V(1) = Qp

est non dégénérée.

Preuve : Quitte a remplacer S par V* ® S, on peut supposer V = Q,.
Remarquons d’abord que la proposition est vraie si S est une représentation
p-adique : compte-tenu de la proposition précédente, cela résulte des résultats
classiques sur la cohomologie continue (§3.1).

Si W est une C-représentation, on a Home(g,)(W,Qp(1)) = 0 (cor. au
th.3.11) et Extdig,y(Qp W) = HZ, (K, W) = 0 (prop.6.7). Si en outre
Home g, (W,C) = 0, on a aussi Exté(GK)(VK Q,(1)) = 0 (pro.3.12) et
Exteé gy (Qp, W) = HE (K, W) = 0 (prop.3.1).

La presque-C-représentation S(—1) est presqu’isomorphe & une C-représen-
tation triviale. Il existe donc un entier d, des sous-Q,-espaces vectoriels de
dimension finie V'’ de S et V" de C(1)%, stables par Gx et un isomorphisme
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S/V' ~ C(1)/V". Posons X = S5/V' que l'on identifie via cet isomorphisme &

c(t/ v,

On a un diagramme commutatif

. — Ext™(X,Q,(1)) — Ext™(C(1)%,Q,(1)) — Ext™(V",Qu(1)) — ...
! ! !
B, X) — (@, C)Y) — Ext (O, V)

dont les lignes sont exactes. Or EX‘L”(V”,QP 1)) — Ext* "(Q,, V")* est un
isomorphisme pour tout n et Ext"(C(1)4,Q,(1)) = Ext* "(Q,,C(1)%) pour
n = 0,1. On en déduit que Hom(X, Qp( )) = Ext?(Q,,X) = 0 et que
Ext!(X,Q,(1)) — Ext'(Q,, X)* est un isomorphisme.

On a aussi le diagramme commutatif

L= Ext"(X,Qy(1)) — Ext"(S.Q,(1)) — Ext"(V',Q,(1)) —

! ! |
. — Ext®7(Q,, X)* — Ext’"(Q,,5)" — Ext*"(Q,, V)" —

dont les lignes sont aussi exactes. Mais Hom(X, Qp(l)) = Ext*(Q,, X) = 0.
Comme Hom(V"”,Q,(1)) — Ext*(Q,, V")* et Ext'(X,Q,(1)) — Ext'(Q,, X)*
sont des isomorphismes, on en déduit que Hom(S,Q,(1)) — Ext?(Q,, S) est
aussi un isomorphisme.

Il suffit alors pour achever la preuve de vérifier que, pour n = 1,2, le foncteur
contravariant " : C(Gk)°® — Vectgy qui envoie S sur Ext> "(Q,, S)* est
effagable, i.e. que pour tout S, on peut trouver un épimorphisme X — S tel
que lapplication F™(X) — F™(S) est nulle. Par dévissage, on voit qu’il suffit
de le prouver lorsque S est de dimension finie sur Q, ou lorsque S = C(1).
Dans le premier cas cela provient de ce que 'on sait déja que l'application
Ext"(S,Q,(1)) — F™(S) est un isomorphisme. Dans le second de ce que
F*(S)=0. 0

6.4 — PREUVE DU THEOREME 6.1

Disons que la propriété P(X,Y) est vraie si le théoréme 6.1 est vrai pour X et
Y. On voit que si

0—-X - X—-X"-0et0 =Y =Y -Y"—0

sont des suites exacte courtes de C(G), alors

— sl deux des trois propriétés P(X')Y),P(X,Y),P(X",Y) sont vraies, la
troisieme aussi,

— si deux des trois propriétés P(X,Y”), P(X,Y),P(X,Y") sont vraies, la
troisieme aussi.

En utilisant le fait que pour toute presque C-représentation X, il existe un
isomorphisme X/V ~ W/V' avec V et V' des Q,-représentations et W une
C-représentation, on est ramené a prouver que P(X,Y’) est vrai dans chacun
des quatre cas suivants :
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i) X et Y sont des Q,-représentations,
ii) X et Y sont des C-représentations,
iii) X est une Qp-représentation et ¥ est une C-représentation
iv) X est une C-représentation et Y est une Q,-représentation.
Dans le cas (ii), on a Extg(g,)(X,Y) = Extly [GK}(X, Y) (prop.6.5) et c’est
dR
lassertion (a) du théoréme 2.14.
Dans les trois autres cas, les propositions 6.7 et 6.8 impliquent que les
Ext¢ (g (X, Y) sont de dimension finie, nulle si n > 3.
Dans les cas (i) et (iii), on a en outre Extpq,(X,Y) = Hyp(K, X" ®Y)
(prop.6.7). L’égalité
2

S dimg, Extl) (X, V) = ~[K : QJA(X)h(Y)

i=0
résulte alors
— dans le cas (i), de ce que (§3.1)

2
S (1) dimg, Hiby (K, X* @ Y) = ~[K : Q). dimg, (X" @ V)
n=0

— dans le cas (iii), de ce que, comme X* ® Y est une C-représentation,
HY(K,X*®Y)et H. (K, X*®Y) sont de méme dimension (prop.3.1) tandis
que H2 (K,X*®Y) =0 (cor.a la prop.3.3).
Enfin, la proposition 6.8 permet de déduire le cas (iv) du cas (iii). O

6.5 — DUALITE

Pour toute représentation p-adique V', on note ¢y la fleche naturelle
Extg(c,o) (Vs V(1)) = Hopo (K, VF @ V(1)) — Hno (K, Qp(1) = Qp
Soient X une presque C-représentation et ¢ € Extg(GK)(X, X(1)). Choisissons

un complexe presque trivial de C2(C(Gk))
X0 4 x!
représentant £. Alors dX© est de dimension finie sur Q,, la suite exacte
0— X(1) = X°—dX°—0

est presque scindée et on peut choisir un sous-Q,-espace vectoriel de dimension
finie Y° de X9, stable par G, tel que la restriction de d & Y soit surjective.
Notons V' le sous-Q,-espace vectoriel de X défini par V(1) = X (1) NKer d |yo
et Y! limage inverse de V dans X!. On a un diagramme commutatif de
presque-C-représentations

0 —- V(1) — Y° - v! - vV — 0

1 1 1 l

0 - X1) - X° - Xt - X — 0
dont les lignes sont exactes, les objets de la premiere étant tous de dimension
finie sur Q,.
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ProposiTiION 6.9. — Soient X une presque C-représentation et € €
Extg(GK)(X, X(1)). Choisissons un diagramme

0 - V() - Y° - vt - vV — 0
l 1 1 1
0o - X1 - X° - X! - X —> 0

comme ci-dessus et soit ey € Extg(GK)(V, V(1)) lélément défini par la ligne
supérieure. Alors cy(eyv) ne dépend pas des choiz faits. Si l'on pose cx(g) =
cv(ey), Vapplication cx : Extg(GK)(X,X(l)) — Qp ainsi définie est Qp-liné-
aire.

LEMME 6.10. — Soit

0 — 1) — Y — v} - v — 0

1 1 ! |
0 — Vé(l) — Y20 — erl — V5 — 0

un diagramme commutatif de représentation p-adiques dont les lignes sont ex-
actes. Pour i = 1,2, soit ey, € Extép[GK](Vi,Vi(l)) lélément défini par la
i-ieme ligne. On a, avec des conventions évidentes

v, (€V2) =Cy (Evl)

Preuve : Pour i = 1,2, on a, avec des notations évidentes V;* @ V; = sl(V;) ®Q,
et cy, (ey;) est la classe de

Oﬁ(@p(l)_)E?_}Eil_’Qp_’O

ot EY est le quotient de V;* @ Y,? par sl(V;)(1) tandis que E} est 'image inverse
de Q, dans V;* @ V1.
On voit que le noyau de 'application composée naturelle

Vie (V) eY)=VyeVhd)ae (VoY) — Q) e (VoY) — EY

contient le noyau de la projection V5* @ (Va(1) @ Y{) — V5 @ Y — EY dou,
par passage au quotient, une application de EY dans EY.

Ona E] Cc V@Y C Vi ®Y3. On voit que 'image de 'application composée
El cVy @Y — Vi @ Yy est contenue dans EX, d’oul une application de E3J
dans E{. On vérifie alors que le diagramme

0 - Q1) - EY - Ef - Q@ — 0
[ l ! [
0 — Q1) — Eg - E% - Q@ — 0

est commutatif et on a donc ¢y, (ev,) = ¢y, (ev,). O
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Prouvons maintenant la proposition : Commencons par vérifier que, le com-
plexe presque trivial

X0 4 x!
étant fixé, cy (ey) ne dépend pas du choix de la représentation p-adique YO C
X0 telle que dYY = dX° : Si Y et Y3 sont deux choix, on peut quitte &
remplacer Y3 par Y? + Yy, supposer qe Y C Y. Si, pour i = 1,2, on pose
V;(1) = X(1)NYL, on a Vi C Va et on dispose d'un diagramme commutatif

0 — 1) —- Y — v - v — 0
N N N N
0 — VS ( 1 ) — YQO — Y21 — Vo — 0

dont les lignes sont exactes. D’apres le lemme précédent, on a bien, avec des
notations évidentes cy, (ev,) = cv, (v, )-

Pour achever la démonstration, il suffit de montrer que si

0 - V(1) — Y° - vy! - vV — 0

l ! l !
0 - X1) - XY - X{ - X — 0
I ! ! I

0 - X1) - X - X3 - X — 0

est un diagramme commutatif de presque C-représentations, dont les lignes
sont exactes, la premiere étant constituée de représentations p-adiques, alors il
existe un diagramme commutatif

O—)‘/z(l)—>Y2O—>Yv21—>‘/2—>O

! ! | !
0 - X1) - X - X} - X — 0

dont les lignes sont exactes, la premiere étant formée de représentations p-
adiques, telle que cy,(ey,) = cy(ey). 1l suffit de prendre Vo = V et pour Yy
(resp. Yy) I'image de YO (resp. Y1!) dans X9 (resp. X31). On a alors un
diagramme commutatif

0 — V(1) — Y - vt - vV — 0

| ! l |
0 — W1l — YY) — Y4 — Vo — 0

et, dans Ext?@p[GK](V, V(1)), les deux 2-extensions considérées définissent le
méme élément. Donc cy, (ey,) = cy(ey). O
Si X et Y sont deux presque-C-représentations, on dispose alors de deux ap-

plications bilinéaires

Exté (g, (X,Y) x Extg(—g;K)(K X(1) - Q,

La premiere envoie (a,b) sur cx(a Ub) et la deuxieme sur ¢y (b U a) (on a
identifié, de maniere évidente, Exteq, ) (X(1),Y (1)) a Exteg, (X, Y)).
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ProposiTION 6.11. — Soient X et Y des presque C-représentations et soit
n € {0,1,2}.

i) Sia € Extg(GK)(X,Y) et b € Extg(GK)(Y,X(l)), on a cy(bUa) =
(—D)"cx(aUD).

it) L’application bilinéaire

Extd (g, (X,Y) x Extng?K)(Y, X(1)) = Ext?g,(X, X (1)) 2 Q,

qui envoie (a,b) sur cx(aUb), est non dégénérée.

Preuve : Montrons (i) :
Supposons d’abord n = 0, de sorte que a est un morphisme de X dans Y et
que b est la classe d'une 2-extension

O—>X(1)—>E0i>E1—>Y—>O

avec Z = d(E°) de dimension finie. Si E% = E' xy X le cup-produit aUb est
la classe de la 2-extension

0—X(1)—E"-FEY—X —0

Si By =Y (1) ®x(1) E° (o X(1) — Y(1) est a ®idg, (1)), le cup-produit bUa
est la classe de
0—-Y(1)—EY —E'—-Y —0

Choisissons F* C E° de dimension finie telle que d(F°) = d(E°), posons
Vi(1) = FO N X(1) et notons F! I'image inverse de V; dans E%. On a deux
diagrammes commutatifs

0— V(1) - F* - Z — 0 0—- 2 > Fl -V, -0

n N [
0— X(1) - E°— Z — 0 0—- Z —Fx — X —0

! ! I I ! !
0—- Y1) - EY - Z —0 0—-Z —>FE' -Y -0

dont les lignes sont exactes. Soient Vo = a(V1), G° I'image de F° dans EY et
G! I'image de F! dans E'. On a un diagramme commutatif

0 - W1 — F° — Fl - Vv — 0

! ! l !
0 - W1 —- G — G —- Vu — 0

dont les lignes sont exactes. Notons €1 (resp. €3) la classe de la 2-extension de
V1 par Vi (1) (resp. Va par V(1)) définie par la premiere (resp. la seconde). On
voit que cx(aUb) = cy, (1) tandis que cy (bU a) = ¢y, (e2). D’apres le lemme
6.10, on a bien cy, (e1) = ¢y, (€2).
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Supposons maintenant n = 1. Soient
0—-Y —-F'-X—-0e 0-X(1)—=E" —-Y -0

deux suites exactes courtes représentant a et b. Le choix d’un presque-scindage
de chacune d’elles nous donnent des diagrammes commutatifs de presque-C-
représentations

O—)Vé—)Gl—>‘/1—>O O—>V'1(1)—>GO—>‘/2—>O
I N N I N N
00— Ve - F' -5 X -0 0—-Vi(l) = F° =Y —0
N N I N N I

0—-Y -E'—- X —0 0— X(1) - Ey— Y —0

dont les lignes sont exactes, avec Vi et V5 de dimension finie sur Q,, (on choisit
les F, puis on pose Vo = F1NY, Vi(1) = FONn X(1), G! = F! xx V; et
G° = FY xy V3). On dispose alors d’'un diagramme commutatif

0 — W1 — G — Gt - Vi = 0
|

| ! I

0 — Vi(1) — F' — E'xxVi — Vi — 0
! 1 ! 1

0 —- X(1) — E° — El - X —= 0

dont les lignes sont exactes. Sil'on note a’ € Ext@p[ak](vl, V) la classe de G*

etb' € Extql@p[GK} (Va, V1(1)) celle de G°, on en déduit que cx (aUb) = ey, (a’UY).
Un calcul similaire montre que cy (bUa) = ¢y, (0 Ud’).
Mais, si V = V" ® Vo, on a

Extg, (] (V1,V2) = Hogn (K, V) et Extgy (a0 (Va, Vi(1)) = Heony (K, V(1))
Lorsque 'on identifie V@V*(1) a V*(1)®V, on a bUa = —aUb. Par conséquent
ey (bUa), qui est 'image de ¥ U a’ dans H%(K,Q,(1)) = Q, est 'opposé de
cx (aUb) qui est 'image de @’ UY'.

Pour n = 2, la preuve est entierement analogue au cas n = 0.

Montrons alors (i) : Pour X fixé, les FE(Y) = Ext?:(_gk)(Y,X(l))* forment

un J-foncteur. On voit que 'application
Ext"(X,Y) — Fg(Y)

induite par l’accouplement (a,b) — cx(a Ub) est un d-foncteur.
De méme, pour Y fixé, les G (X) = Extgng)(K X(1))* forment un J-foncteur
contravariant tandis que ’application

Ext"(X,Y) — Fg(Y)
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induite par l'accouplement (a,b) — cy(bUa) = —(1)"cx(a Ub) est aussi un
d-foncteur.

Mais, toute presque-C-représentation X est presque isomorphe & C? pour un
entier d convenable, et toute presque C-représentation Y est presqu’isomorphe
aun C (1)dl pour un entier d’ convenable. Par dévissage, on est alors ramené
a vérifier la proposition dans chacun des trois cas suivants

a) X est une Q,-représentation,

b) Y est une Q,-représentation,

) X=Cl)etY =C.

Le cas (a) n’est autre que la proposition 6.8 et 1’assertion (i) ramene le cas (b)
au cas (a). Dans le cas (c), on a Extgq,(C(1),C) = Extgzgk)(C, C(2)=0
et il n’y a rien a démontrer. O

7 — PRESQUE C-REPRESENTATIONS A PRESQU’ISOMORPHISMES PRES

Nous renvoyons par exemple a [Iv87], §XI et a [KS90], §1.6 pour tout ce qui
concerne la notion de localisation dans une catégorie additive.

Disons qu’un morphisme f de presque-C-représentations est un presqu’isomor-
phisme si son noyau et son conoyau sont tous deux de dimension finie sur Q,.
Les presqu’isomorphismes forment un systeme multiplicatif dans la catégorie
C(Gk). On peut donc parler de la catégorie additive Cp;(G ) localisée de
C(Gk) par rapport aux presqu’isomorphismes.

ProOPOSITION 7.1. — La catégorie quotient Cpr(Gg) des presque-C-représen-
tations a presqu’isomorphismes pres est une catégorie abélienne semi-simple.
Tout objet simple de Cpr(Gk) est isomorphe & C.

Preuve : Dire que deux objets de Cp;(Gk) sont isomorphes revient & dire
qu’ils sont presqu’isomorphes en tant qu’objets de C(Gg). Clest le cas si et
seulement s’ils ont la méme dimension. Par conséquent, pour tout objet S de
Cpr(Gk), il existe un unique d € N tel que S est isomorphe & C¢. On voit
aussi que tout endomorphisme non nul de C' vu comme objet de Cpr(Gf) est
un automorphisme. La proposition en résulte. O

Déterminer completement - & équivalence de catégories pres - la catégorie
Cpi(Gk) revient a donc & déterminer le corps gauche Dg des endomorphismes
de C dans cette catégorie. On va décrire sa structure en tant que K-espace
vectoriel.

Notons V l'ensemble des sous-Q,-espaces vectoriels de dimension finie de C
stables par Gk et C la réunion (filtrante) des V € V.
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PRrROPOSITION 7.2. — Soit Dk = Endc,,, (G ,)(C)-
i) En tant que K -espace vectoriel, Di s’identifie a li_m)VGV Home (g, )(C,C/V).

it) Pour tout V € V, on dispose d’une suite exacte de K -espaces vectoriels
0 — K — Home (g, (C,C/V) — (C ®qg, V(1)) - K

et DUapplication de droite est surjective des que V est assez grand.
iii) On dispose d’une suite exacte de K -espaces vectoriels

0— K — Dk — (C®q, C((—1))°% - K —0

Preuve : La premiere assertion parait claire. Si I’on veut étre rigoureux, il est
peut-étre nécessaire de procéder ainsi : Un élément de Dy est la classe d’'un
couple
Tr »
C—FE>=C

de morphismes de C(Gk), ot m est un presqu’isomorphisme. Ceci implique
(th.5.1) que d(F) = 1, que 7 est surjective et que son noyau V' est de di-
mension finie sur Q. Ceci permet de voir £ comme une extension de C' par
V' et m comme la projection de F sur C. Si V = ¢(V’), Papplication ¢ in-
duit par passage au quotient un morphisme f : C — C/V. Si maintenant
CEEEZLC et CE2E2C sont des diagrammes de C(Gg) avec w1 et 7o
des presqu’isomorphismes, ils définissent, par la recette précédente des sous-Q,-
espaces vectoriels de dimension finie, stables par Gg, de C' et des morhismes
fi:C—=C/Vyet fo: C— C/V,. On voit facilement que la classe de (71, 1)
est égale a celle de (2, p2) si et seulement le carré

c C/vi
fa proj.can.
ClVy —— C/(Vi+V2)
proj.can.

est commutatif. D’ou (i).

Soit V'€ V. Comme Home¢ (g, )(C,V) =0 (cor. au th.3.11) et End¢ (g, (C) =
K (th.3.11), la suite exacte

0-V-C—->C/V—-0
induit une suite exacte

0 — K — Homg (g, ) (C,C/V) = Exté g,y (C,V)) = Exté g, (C,C)

Rappelons (prop.3.12) que Exté(GK)(C’,V) s'identifie & Home(g,)(C,C ®q,
V(-1)) ~ (C®q,V(—1))¢%. Comme Exté(GK)(C, (') est un K-espace vectoriel
de dimension 1 de base la classe ¢y de Cs, 'application K — Exté(GK)(C, )
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qui envoie A sur Acp identifie K & Exté(GK)(C, (). On a donc bien une suite
exacte

0 — K — Homg g, (C,C/V) — (C ®q, V(—l))GK — K

Dans le cas particulier ot V' est une extension non triviale de Q,(1) par Q,, on
voit (prop.3.10) que I"application (C'®q, V(—1))¥% — K est un isomorphisme.
Si Vi C Vs sont dans V, le diagramme

0 — — Home g, (C,C/V1) — (C ®q, Vi(-1)¢x — K — 0

[ ! ! |
0 — K — Homg(g,)(C,C/Va) — (C®q, Vo(—=1))¢% — K — 0

est commutatif. Par conséquent, pour que I'application (C'®q, V(-1)¢x — K
soit surjective, il suffit que V' contienne une extension non triviale de Q,(1) par
Q-

Compte-tenu de la commutativité du diagramme ci-dessus, l'assertion (iii)
résulte de (ii) par passage & la limite. O

Remarques : i) J'ignore si I'inclusion (C ®g, Cr(—1))% C (C ®q, C(-1))9%
est stricte. ii) On comparera ce théoréme avec le résultat analogue dans le
contexte des espaces de Banach-Colmez ([Co02], th.9.5).

ii) Pour toute presque-C-représentation X de dimension 1, le K-espace vectoriel
D s’identifie a Home,, (g, (C, X ). Notons Vx I'ensemble des sous-Q,-espaces
vectoriels de dimension finie de X stables par Gx et X la réunion (filtrante)
des V € Vx. Le méme raisonnement que précédemment montre que Dg =
thWevX Home ) (C, X/V). Si X n’est isomorphe ni a C, ni a C(1), pour
tout V' € Vx, l'application Home (g, (C, X/V) — Exté(GK)(C, V) ~ (C ®q,

V(—1))9% est un isomorphisme. Par passage a la limite, on en déduit un
isomorphisme de K-espaces vectoriels

Dy — (C ®g, X7)9% .

8 — EXTENSIONS UNIVERSELLES
8.1 — B, REPRESENTATIONS TRIVIALES

ProrosiTion 8.1. — Soit W une B;R—représentation de Gy . Les propriétés
sutvantes sont équivalentes :

i) Uapplication B;R-linéaire BJR Qg WEE — W déduite par extension des
scalaires de Uinclusion de W% dans W est surjective,

i) le sous-K -espace vectoriel W de W formé des w € W dont le fizateur
Gw = {9 € Gk | g(w) = w} est ouvert dans G est dense dans W,
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i11) il existe une suite d’entiers r1,Tg, ..., Tm,... naturels, presque tous nuls, et
. . + , .
un isomorphisme de Bjp-représentations ®,>1 8 ~ W .

Preuve : Pour tout K-espace vectoriel X muni d’une action semi-linéaire
discrete de G, application K-linéaire

Ko X6 - X

déduite par extension des scalaires de l'inclusion de X% dans X est un iso-
morphisme : lorsque X est de dimension finie, cela résulte de ce que, pour tout
deN, HY(Gg,GLy4(K)) est trivial. Le cas général s’en déduit par passage &
la limite.

Ceci implique que Wd¢ g’identifie & K ®x W&k, L'équivalence de (i) et (ii)
résulte alors de ce que K est dense dans B, (c’est un résultat de Colmez, cf.
[Fo88al, appendice).

L’implication (iii)=-(i) est immédiate. Montrons la réciproque : Pour tout
m € N, notons F,,IWE% le sous-K-espace vectoriel de WK formé des x tels
que t"x = 0. On a F,_1WC%x c F,WCx pour tout m, FoWECx = 0 et
F,W¢ = W&k pour m assez grand. Pour chaque m > 1, choisissons des
(em.i)1<i<r,, dans F, WK qui relevent une base de F,,WCx /F,,_;WC&x_ Si
W vérifie (i), Vapplication @&,,<1Blm — W qui envoie (by,i)m>1,1<i<r,, SUr
> bm,iem,i est un isomorphisme. O

On dira qu’une BjR—représentation W est triviale si elle vérifie les propriétés
équivalentes de la proposition précédente. Lorsque W est une C-représentation,
on retrouve la définition donnée au §1.3.

8.2 — EXTENSIONS UNIVERSELLES PAR DES REPRESENTATIONS p-ADIQUES

Reprenons les notations du §3.4. Pour toute représentation p-adique V', posons
E.(V) = B. ®q, V et, pour tout m € N, E,,(V) = Fil"" B, ®q, V. On a des
suites exactes

0—V — E(V)— (Bar/Bjg) ®q, V— 0
et 00—V —E,(V)— B,(-m)®q,V —0

Chaque FE,,(V) est une presque C-représentation, extension d’une B,,-repré-
sentation (i.e. une Bjjp-représentation tuée par ™) par V tandis que E. (V) est
la réunion croissante des E,, (V). En particulier F. (V') a une structure naturelle
de Qp-espace vectoriel topologique (c’est une limite inductive de banach) et
l'action de G est continue.

La proposition 3.13 signifie que FE,,(V) est Uextension universelle d’une B,,-
représentation par V, i.e. qu’étant donnée une suite exacte

0—-V-—->E—-W-=0

de B(G ), avec W une B,,-représentation, il existe un et un seul morphisme de
B(Gk) (ou un morphisme de B,,-représentations, cela revient au méme d’apres
le théoreme 3.11)

[ W = Bp(—m)®q, V
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tel que E' = E,(V) xp,,(—m)ev W. Autrement dit, £,,(V) est solution du
probléme universel des extensions de B,,-représentations par V : étant donnée
une telle extension il existe une et une seule application Q,-linéaire continue
G g-équivariante de E dans E,,(V) qui est I'identité sur V. Par passage & la
limite on voit que E. (V') est une limite inductive de représentations banachiques
caractérisée a isomorphisme unique pres par le fait qu’étant donné une repré-
sentation banachique E, extension d’une B;R—représentation par V, il existe
une et une seule application Q,-linéaire continue G k-équivariante de E dans
E.(V) qui est I'identité sur V.

Pour toute représentation p-adique V de Gk, on appelle espace tangent de
V le K-espace vectoriel ty = ((Bar/Bjp) ®q, V)9%. Soit m € Z. Posons
Fil™ty = 0si m > 0 et Fil™ty = ((Fil"Bar/Blz) ®q, V)% sinon. Si
Gr"ty = Filmtv/FilmHtV, on a Gr'™ty = 0 pour m > 0 tandis que, pour
m < 0, Gr'™ty s’identifie & un sous-K-espace vectoriel de (C(m) ®q, V)9%.
Par conséquent, Gr ty = @,,czGr™ty s’identifie & un sous-K-espace vectoriel
de Dyr(V) = @mez(C(m) ®g, V)9%. Comme Dyr(V) est un K-espace
vectoriel de dimension finie inférieure ou égale a la dimension i de V' sur Q,,
il en est de méme de ty. Lorsque V est de de Rham, c’est-a-dire lorsque le
K-espace vectoriel Dyr(V') = (Bar®q, V)@x est de dimension h, on voit, pour
des raisons de dimension, que la suite

0— (B;R ®q, V)GK — Dgr(V) =ty — 0

est exacte, ce qui fait que l'on retrouve la définition habituelle de ’espace
tangent ([FPR94], §2.2).

Pour toute K-algébre A, notons ty(A) le A-module A ®k ty. L’inclusion
de ty dans (Byr/Bjp) ® V induit une application K-linéaire ty (K) —
(Bar/Bjp) ®q, V et une application Bjjp-linéaire ty (Bj,) — (Bar/Bir) ®q,
V. On voit que la premiere est injective - ce qui nous permet d’identifier ¢y, (K)
a un sous-K-espace vectoriel de (Bqr/Bjz) @V stable par Gk - et que 'image
de la seconde, que nous notons #y (K) s'identifie & ’adhérence de ty (K) dans
(Bir/Bjr)®V ; c’est aussi la plus grande sous-Bj,-représentation triviale de
(Bar/Bir) @ V.

On note E, (V) (resp. Eaisc(V)) 'image inverse de ty (K) (resp. ty(K)) dans
E.(V) de sorte que I'on a un diagramme commutatif dont les lignes sont exactes

0 - V — Eg(V) — ty (K) — 0
I N N

0 - V - E(V) - tv(K) - 0
I N N

0 - V —- EJ(V) - (BdR/B;R)(X)V — 0

On voit aussi que E4 (V) est, en un sens évident, I’extension universelle d’une
BIR—représentation triviale par V.
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Enfin, en prenant les éléments fixe par Gk, chacune de ces trois suites exactes
donne la méme suite exacte

0= VX — B(V)9% =ty — Heppy (K, V)
L’application expgy : ty — H} . (K,V) ainsi définie n’est autre, lorsque V'
est une représentation de de Rham, que l’ezponentielle de Bloch-Kato ([BK90],
def.3.10) et son image est le sous-K-espace vectoriel H!(K, V).

Ezercice : Soit m € Z. Alors, si m < 0, EL(Qu(m)) = Qu(m). Sim > 0,
E.(Qp(m)) est une extension de B,, par Q,(m) et s’identifie au sous-espace
de B.,;s formé des b tels que p(b) = p™b.

Remarque : Soient V une représentation p-adique et posons

HOm(B;R, (BdR/B;R) Xq, V) = <h_m h_Hl)HOmC(GK)(Bm, Bn(fn) X, V)
meNneN

On a Hom (B, (Bar/Bjr) ®q, V) = Home (G ) (B, Bn(—n) ®g, V) pour m
et n suffisamment grands et le théoreme de pleine fidélité implique que tout
f € Hom(Bjg, (Bar/Bjp) ®qg, V) est une application BJp-linéaire. Elle est
donc déterminée par I'image de 1 qui doit étre fixe par Gg. Ce K-espace
vectoriel s’identifie donc a ’espace tangent ¢y .

En utilisant I'inclusion de Q, dans B;R, on obtient en appliquant le foncteur
Hom(B,,, ——) et le foncteur Hom(Q,, ——) & la suite exacte

O—>V—>BE®V—>(BdR/BjR)®V—>O

un carré commutatif

ty = Ext' (B, V)
I !
tV expl{) EXté(G}()(Qp’ V)

Donc HY(K,V) s’identifie au sous-groupe de H'(K,V) = Exté(GK)(Qp,V)
formé des extensions de Qp, par V qui proviennent d’une extension de B;R par
V.

Appelons Kylp, N]-module (ou (¢, N)-module sur k) la donnée d’un Ky-espace
vectoriel D muni de deux applications ¢ : D — D, N : D — D, la premiere
semi-linéaire relativement au Frobenius absolu ¢ agissant sur Ky, la deuxieme
Ky-linéaire, vérifiant N = ppN. Rappelons ([Fo86a],§3) que Bs; est une sous-
Ky-algebre de Byg contenant B,;s, stable par Gk, que ’endomorphisme ¢ de
B,is s’étend en un endomorphisme, encore noté p,toujours G équivariant,
de Bg; et que By est équippé d’'une B,,;s-dérivation N : Bg; — By également
G i-équivariante et vérifiant Ny = ppN.
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Pour toute représentation p-adique V' de Gk, Dy (V) = (B ®q, V)Gr est
de fagon naturelle un Ky[p, N]-module. Sa dimension en tant que Ky-espace
vectoriel est inférieure ou égale a la dimension de V sur Q, ; on dit que V est
semi-stable si 'on a Pégalité ([Fo86b], §5).

Appelons B.-représentation (de Gk ) la donnée d'un B.-module libre de rang
fini muni d’une action semi-linéaire continue de G .

ProrosiTiON 8.2. — Soient Vi et Vo deux représentations p-adiques de méme
dimension sur Qp,. Supposons Vi semi-stable. Les conditions suivantes sont
équivalentes :

i) les (o, N)-modules Ds (V1) et Dgi(Va) sont isomorphes,

it) les B-représentations E.(V1) — E.(Va2) sont isomorphes.

Remarquons que (i) implique que V5 est aussi semi-stable.

Preuve : Pour i = 1,2, By ®q, V; est muni d’une structure de (¢, N)-module
en posant p(b®@v) = p(b) @v et N(b@v) = N(b)@vsib e By et v eV et
D (V;) est le sous-(¢p, N)-module (B ® V;)9% de By ®V;. On a By ®q, Vi =
Bt ®B, (Be ®q, Vi) = Bst @B, Ec(V;)). Comme ¢(b) = b et Nb = 0 pour tout
b€ Be,on a p(z) =z et N(x) =0 pour tout x € E.(V;). Comme 'action de
@ sur By est un endomorphisme de la structure d’anneau tandis que celle de
N est une dérivation, on a

p(b®z)=pb)Rz et N(b®x) = Nb®x quelque soient b € By et x € E (V)

Par conséquent, toute application Be-linéaire G g-équivariant bijective de
E.(V1) sur E.(Va) induit, par extension des scalaires & Bg; un isomorphisme
de Bg-modules de By ®q, V1 sur By ®q, Va2 compatible avec 'action de Gk,
celle de ¢ et celle de N. En prenant les invariants sous G, on en déduit un
isomorphisme (de (¢, N)-modules) de Dy (V1) sur Dy (V3).

Réciproquement, si les (¢, N)-modules Dy (V1) et Dy (Va) sont isomorphes, on
adimp, Dg(V2) = dimg, Dg (V1) = dimg, V1 = dimg, V> et V5 est aussi semi-
stable. Pour i = 1,2, By ®q, V; s’identifie donc a By ®x, Dst(V;) ([Fo86b],
th.5.3.5) et on dispose donc d’un isomorphisme de Bg-modules de By, ®qg, V1
sur By ®q, V2 compatible avec l'action de G, celle de ¢ et celle de N. En
prenant la partie sur laquelle ¢ =1 et N = 0, on trouve un isomorphisme de
E.(V1) sur E.(V2). O

Remarque : 11 serait intéressant d’étudier plus en détail les Be-représentations.
En particulier, on peut se demander si le foncteur d’oubli de la catégorie des
B.-représentations dans celle des Q,-espaces vectoriels topologiques avec action
linéaire et continue de G n’est pas pleinement fidele. On a en tout cas le
résultat suivant (en se fatigant un peu plus, on devrait pouvoir éviter d’avoir
a remplacer Ky par K|, et Gx par Gg/) :
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ProposiTION 8.3. — Soient V; et Vo deux représentations p-adiques. Sup-
posons Vi semi-stable et dimg, Vo < dimg, V1. Supposons qu’il existe une
application Qp-linéaire G -équivariante injective Eo (V1) — E.(Va). Alors

i) les Qp-espaces vectoriels Vi et Vo ont la méme dimension et Va est semi-
stable ;

it) il existe une extension finie non ramifiée K, de Ko telle que les Kj[p, N]-
modules K @k, Dst(V1) et K @k, Dst(V2) sont isomorphes ;

i11) il exziste un sous-groupe ouvert Gx: de Gy contenant le groupe d’inertie et
une application B.-linéaire bijective G g -équivariante de E.(V1) dans E.(Va).

Preuve : Soit h le ppcm des dénominateurs des pentes de Dy (V1) (vu comme
un p-isocristal). Rappelons les propriétés dont nous allons avoir besoin du sous-
anneau B, de B, introduit dans [Fo00], §5.5 : Notons P, le corps des fractions
des vecteurs de Witt & coefficients dans le corps résiduel de K ; c’est un sous-
corps de Bgis, stable par Gk et par 'action de ¢ (qui opére via le Frobenius
absolu) ; 'homomorphisme de Q,-algebres Py ®q, Be — Beris est injectif et
identifie ) ®q, Be & un sous-anneau de Be;s noté Bg. Soit 5 un élément de
Beyis vérifiant ¢, € Fil' Byg, "ty € B;R pour 1 <n < h—1et p"(ty) = pty.
Alors ty, est inversible dans Be,;s, on a g(ty)/tn, € Py pour tout g € G et
la sous-By-algebre de B.,;s engendrée par t; et 1/t s’identifie a I’algebre des
polynomes de Laurent en t; a coefficients dans By. Notons u I'élément de Bg;
noté log[n] dans loc.cit. ; on a g(u) —u € Zy(1) = Zyt, pour tout g € Gk,
¢o(u) = pu et Nu = —1. Alors B, s’identifie & I'anneau des polynomes en
u & coefficients dans By, donc aussi & Pyltp, 1/t u] ®q, Be. Enfin le fait que
ha € Z pour toute pente a de Dy, (V1) implique que Dy, (Vi) = (B, ®q, V1)Cx.
Pour i = 1,2, on a B, ®q, Vi = E.(V;) et on dispose donc d’une applica-
tion Qp-linéaire injective G'i-équivariante B, ®g, V1 — B. ®g, V2. Dol
par extension des scalaires une application Pyltp,1/ts,ul-linéaire injective
Bl ®@q, Vi — Bl @q, Vo. Comme le sous-anneau Polty,1/th,u] de By est
stable par G, cette application est aussi G g-équivariante. Pour les mémes
raisons, elle commute aussi & 'action de " et & celle de N. En prenant les
invariants sous Galois, on obtient une application Ky-linéaire injective

Dst(V1) = (Biy ®q, V2) 9% C Dt(V2)

Comme dimpg, Dst(Va) < dimg,, on en déduit que Vi et V5 ont la méme
dimension sur Q,, que V5 est semi-stable et que I’application ci-dessus est une
bijection. D’ou (i).

Ceci implique aussi qu'il existe un isomorphisme de Ky[p", N]-modules de
Dy (V1) sur Dy (Vo).

Supposons d’abord que h divise [Kj : Q,] et montrons qu’alors il existe aussi
un isomorphisme de Ky[p, N]-modules de D4 (V7) sur Dg;(V2). Cela résulte de
la conjonction des deux faits suivants (on a noté Q,» 'unique extension de Q,
de degré h contenue dans Kj) :

a) la fleche évidente Q,» ®q, Hom g [, n)(D1, D2) — Hom g (,n n1(D1, D2) est
surjective (bien str elle est aussi injective) ;
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b) si L est un sous-Q,-espace vectoriel de Lq,, (D1, D7) tel que le sous-Q,n-
espace vectoriel de LQph (D1, Dy) engendré par L contient un isomorphisme,
alors L aussi.

Pour le premier, on remarque que, si f € Homg,,n n)(D1, D2), I'applica-
tion 6(f) : D1y — Dy définie par 0(f) = Z?;OI @' fo~" est en fait dans

Hom g1, n7(D1, D2) ;5 si b1, ba, ..., by est une base de Q,n sur Q,, la matrice
des (0'(b;))o<i<h,1<r<n est inversible, il existe donc a1, az,...,a, € Qun tels
que

Zarbr =1let Zarai(br) =0pourl <i<h

Ona f=3Y"_, a0(bf).

L’assertion (b) qui n’utilise que le fait que le corps @, a une infinité d’éléments,
que Q,» est une extension finie sur Q, et que Dy et Dy sont de dimension finie
sur Q,» est bien connue (cf., par exemple [Fo00], lemme 2.7).

Dans le cas général enfin, il suffit de prendre pour K| la plus petite extension
non ramifiée de Ky contenue dans K telle que h divise [K{) : Q,]. Ceci termine
la preuve de (ii). L’assertion (iii) résulte alors de la proposition précédente ol
I'on remplace K par 'extension finie non ramifiée KQpn. O

8.3 — EXTENSIONS UNIVERSELLES PAR DES REPRESENTATIONS DE TORSION

Appelons groupe abélien de cotype fini tout groupe abélien de torsion A tel que
le Z-module des homomorphismes de A dans Q/Z est de type fini. Si A est un
groupe de p-torsion, il est de cotype fini si et seulement si d’une part sa partie
divisible Agsy est isomorphe & (Q,/Z,)" pour un entier h convenable et d’autre
part A/Agiy est un groupe fini.

Une représentation de cotype fini (de G ) est un groupe abélien de cotype fini
muni d’une action linéaire discrete de G .

Soit A une représentation de cotype fini. On pose

T,(A) = lim Apn et Vp(A) = Qp ®z, Tp(A)
neN

Alors T),(A) est un Z,-module libre de rang fini, avec action linéaire et con-
tinue de Gg et V,(A) est une représentation p-adique de Gx. Le quotient
Vp(A)/T,(A) s’identifie & la partie divisible A,y qiv du sous-groupe de p-torsion
A(p) de A.

Pour ? désignant un symbole qui est e, +,disc ou un entier m > 0, E-(V,(A))
est un Qp-espace vectoriel topologique avec action linéaire et continue de G'x
contenant T,(A) comme un sous-groupe fermé stable par Gg. Le quotient
E7(V,(A))/T,(A) est donc un Z,-module topologique avec action linéaire et
continue de G, contenant A () 4;, comme sous-groupe discret. On pose alors

E2(A) = A®agy g (B2(Vo(A)/T(A))

somme amalgamée de A et de E-(V) au-dessous de A, qiv. Bien siir, cette
construction n’a d’intérét que pour un groupe de p-torsion puisque, si A,
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désigne le sous-groupe de A formé des éléments d’ordre premier & p, on a
E2(A) = Ay @ Ez(Ap))-

Posons aussi ty = ty, () et th(K) = tAVp( A)(K). On aun diagramme commutatif

0 - A — FEgsc(A) — ta(K) — 0
I N N

0 — A - Ei (A — %\A(F) — 0
I N N

0 = A — B\ — (Ban/Blp)eVp(d) — 0
I U U

0 — A — Epny — Ba(-m)eV,(A) — 0

dont les lignes sont exactes.

ProrosiTion 8.4. — Soit A une représentation de cotype fini de Gy . Alors
Eaisc(A) est le plus grand sous-groupe stable par G de E.(A) sur lequel laction
de G est discréte tandis que Ey(A) est ’adhérence de Eqisc(A) dans E.(A).

Preuve : Pour tout m € N, notons Ey, gisc(A) le plus grand sous-groupe stable
par Gi de E,,(A) sur lequel 'action de Gk est discréte. Comme l'action de G
est discrete sur A, ¢’est 'image inverse du plus grand sous-groupe de B,,(—m)®
V,(A) sur lequel I'action de Gk est discrete ; ce sous-groupe s'identifie & K ® ¢
(Bm(—m) ® V,(A))¥% (prop.8.1). Par passage a la limite, on en déduit que
le plus grand sous-groupe de F.(A) stable par Gk sur lequel action de Gk
est discrete est 'image inverse de K @k ((Bar/Bjjg) @ Vp(A))9% = t5(K). La
deuxieme assertion est évidente. O

On a encore des propriétés d’universalité :

ProrosiTion 8.5. — Soient A une représentation de cotype fini de G et E
un groupe topologique abélien muni d’une action linéaire et continue de G,
extension d’une B;R—représentation W par A. Alors il existe une et une seule
application linéaire continue G i -équivariante f : E — E.(A) qui est identité
sur A. Son image est contenue dans E;(A) (resp. Ep,(A)) si et seulement si
la B;R—représentation W est triviale (resp. annulée par t™).

Preuve : Pour tout groupe topologique abélien M notons V,,(M) le groupe des
homomorphismes (de groupes) continus de Q, dans M. On a bien V,(A) =
Qp ®z, Tp(A). Si M est un Q,-espace vectoriel, on a V(M) = M. On a
Vo(Ee(A)) = E(Vp(A)) et on dispose d’une suite exacte courte

0= Vy(A) = Vy(E) = W =0
Toute application f : E — E.(V) induit donc une application V,(f) : V,(E) —
E.(V,(A)) et V,(f) est l'identité sur V,(A) si f est I'identité sur A.
Inversement, on a E.(A) = A @, 4., (Ee(V,p(A))/Tp(A)) et E s'identifie a
MDA, a0 (Vp(E))/Tp(A)), ce qui fait que toute fleche Vj,(E) — Ec(V,(A)) qui
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est l'identité sur V,,(A) induit une fleche E — E.(A). La proposition résulte
alors des propriétés universelles mises en évidence au paragraphe précédent. O

8.4 — APPLICATIONS AUX VARIETES ABELIENNES, AUX GROUPES DE
BARSOTTI-TATE ET AUX MOTIFS

ProrosiTioN 8.6. — Soient A une variété abélienne sur K, tao son espace
tangent, t'y le K -espace vectoriel dual de l’espace tangent de la variété abélienne
duale, T,(A) = lim o Apn(K), V = Qp ®z, Tp(A) et Vo = C ®q, V. On a
des isomorphismes canoniques et fonctoriels

i) Ve =1ta(C)(1) & t4(C),

Wita=ty =ty (@) = ta.®)

i1i) A(K) ~ Egisc(Aior(K)) et A(C) ~ Ey (Aior(K)).

Remarque : La premiere assertion n’est autre que la décomposition de Hodge-
Tate pour les variétés abéliennes dont on obtient ainsi une nouvelle preuve
(mais c’est loin d’étre la plus simple !).

Preuve : Le logarithme est défini partout sur A(C) et induit une suite exacte
courte .
0— Ator(K) — A(C) — tA(C) — 0

Mais t4(C) est une C-représentation triviale de dimension la dimension g de
A. D’apres la proposition précédente, il existe des applications Q,-linéaires
continues G g-équivariantes uniques de n : A(C) — E4(C) et 7 : ta(C) —
ty (C) telles que le diagramme

0 — A(K) — A(C) — ta(C) — 0

[ L I

0 — A(K) — Ei(4in(K)) — ty(K) — 0

est commutatif.

Les applications 7 et 77 sont injectives. En effet, sinon comme le noyau W de
n s’identifie au noyau de 77 qui est une application BIR—linéaire, ce serait une
sous- B} ,-représentation non nulle de t 4 (C') ~ CY et contiendrait donc une sous
représentation isomorphe a C' ; en prenant les invariants sous Gi, on voit que
A(K) contiendrait un sous-groupe isomorphe & K ; mais ceci contredit le fait
que A(K) est compact (si A est un modele propre de A sur Ok, on a A(K) =
HOHIOK —schémas (SpeCOK7 -A) = mneN HOHloK —schémas(speC(OK /pn OK)7 A)
et chacun de ces ensembles est fini).

En particulier, (Byr/Bjjr) ®g, V D ty(K) contient une sous-Bj,-représenta-
tion isomorphe a C9. Celle-ci est contenue dans le noyau de la multiplication
par ¢ dans Byr/Bjj;) ®q, V qui est Vo(—1), d’ott une application injective
ta(C) — Ve(—1). La transposée de l'application analogue pour la variété
abélienne duale nous donne une application surjective Vo — t/4(C) ou encore de
Ve(—1) dans t4(C)(—1). Comme il n’y a pas d’application Q,-linéaire continue
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G g-équivariante non nulle de t4(C) ~ CY dans 'y (C)(—1) ~ C(—1)9, appli-
cation composée t4(C) — Vo(—1) — t4(C)(—1) est nulle. Pour des raisons de
dimension, la suite

0—ta(C) = Vo (=1) = t4(C)(=1) = 0

est exacte. Comme, dans la catégorie des C-représentations, il n’y a ni homo-
morphisme ni extension non trivial(e) de C(—1) dans (par) C, cette suite est
scindée de maniere unique et Vo (—1) s’identifie, canoniquement et fonctorielle-
ment & t4(C) & t/,(C)(—1), d’our (i) en tensorisant par Q,(1).

Ceci implique que, pour tout entier m ¢ {0, —1}, on a Vo(m)%x = 0, donc que
tv = ((Bar/Byg) ©® V)% = (Vo(=1))9% = t4 puisque (t/4(C)(~1))%% =0,
Dot (ii).

En outre, ty (K) est Padhérence de ty (K) dans Vo (—1) qui est une C-représen-
tation et est donc ty (C'). L’application 7} est donc un isomorphisme et 7 fournit
I'isomorphisme cherché de A(C) sur Ey (Agor(K)). Enfin A(K) est la réunion
des A(L) pour L parcourant les extensions finies galoisiennes de K contenues
dans K et n(A(K)) est bien contenu dans Egjsc(Asor(K)). Comme I'application

A(K) — ta(K) est surjective, les lignes du diagramme commutatif

0 — An(K) — A(K) — ta(K) — 0

[ | |
0 — Ator (F) - Edisc(Ator (F)) — tly (F) - 0

sont exactes. Comme les fleches verticales de gauche et de droite sont des
isomorphismes, celle du milieu ’est aussi et fournit 1’isomorphisme cherché

entre A(K) et Egise(Awor(K)). O

La proposition 1.1 énoncée dans l'introduction est alors claire : Si ¢ est comme
dans I’énoncé, I'application £ : t4(K) — C(—1) ®q, V,(A) induite est encore
continue et induit donc une application Qp-linéaire continue G g-équivariante

du complété t 4 (C)de t4(K) dans C(—1) ®q, Vp(A). Cette derniere application
est C-linéaire (th.3.11). Le reste résulte des deux propositions précédentes. O

On dispose de résultats analogues pour les groupes de Barsotti-Tate : soit
J = (Jpn)nen un tel groupe sur 'anneau des entiers Ox de K ; soient h sa
hauteur et d sa dimension. Notons J le groupe formel associé : si A, désigne
lalgebre affine de Jpn, alors A, est un Og-module libre de rang p™". Alors
J= SpfAj\7 avec Aj\: lim A;,. C’est une algebre formellement lisse ; I'algebre
affine de la composante connexe de 1’élément neutre est une algebre de séries
formelles en d-variables a coefficients dans Og. On peut considérer le groupe

~

J (O%) (resp. J(Oc)) des homomorphismes continus de la Og-algebre A dans

O3 (resp. O¢). Le sous-groupe de torsion jtw((’)?) de Ji (O) est aussi celui

de J(O¢) et c’est I'union J(O%) des Jpn (Of) = Homo, —aigebres(An, Of). En
tant que groupe, il est isomorphe a (QP/ZP)”. L’espace tangent t; de J (ou
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de J si l'on préfere) est le K-espace vectoriel de dimension d dual du K-espace
vectoriel des formes différentielles invariantes sur Aj.

Remarque : La proposition 8.6 s’étend aussi, de fagon évidente (aussi bien pour
son énoncé que pour sa démonstration), aux 1-motifs sur K et aux groupes de
Barsotti-Tate sur Q.

Soit maintenant M un motif sur K. Pour fixer les idées supposons soit que M
est un 1-motif soit que M = H™(X)(4) ou X est une variété propre et lisse
sur K, m € N et i € Z. La seule chose importante est de savoir définir le
groupe My, (K) des points de torsion de M & valeurs dans K qui doit étre
une représentation de cotype fini. Pour M un 1-motif c’est la définition usuelle

([De75], §10), pour M = H™(X)(i), on pose Mo, (K) = HI} (X3, Q/Z)(1).
On peut alors associer a M les objets suivants, tous construits a partir de
Mtor (K) :

— pour £ nombre premier , la réalisation {-adique de M est le Q-espace vectoriel

Hy(M) des homomorphismes continus de Q; dans My, (K),
— l’espace tangent ty; de M est le K-espace vectoriel ZY &) = L, (M)

— le groupe M(K) des points de M a valeurs dans K est Egisc(Mior(K)),

A~

— le complété M(K) de ce groupe des points est le groupe topologique
EJF (Mtor(?) ) )
— la presque-C-représentation E, (M) définie par E, (M) = V,(M(K)) =
B (H,(M)).

Alors M(K) s'identifie au sous-groupe de M (K) formé des points sur lesquels

laction de G est discréte ; c’est un sous-groupe dense de M (K).

Lorsque M est un 1-motif, on a 37 (K) = ta;(C) (en particulier, c’est une C-
représentation. Ceci est du au fait que les poids de la représentation H, (M)
sont tous < 1, ce qui ne reste pas vrai en général.

Pour toute extension L de K contenue dans K, posons
M(L) _ M(F)Gal(f/L) _ M\(F)Gal(f/L)

(lorsque M est une variété abélienne c’est bien le groupe des points de la variété
abélienne a valeurs dans L). La suite exacte

0 = Mior(K) = M(K) — ta(K) =0
induit une suite exacte
0 = Mior(K) — M(K) — tar — Ho (K, Mior(K)) = 0
en notant Hg(K,_Mtor(f)) limage de ¢y dansifl(K, M;:(K)) (remarquer

que, si My _tor(K) est le sous-groupe de Mo, (K) formé des points d’ordre
premier & p, on a H (K, My o, (K)) = 0).
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Enfin la représentation p-adique H,(M) est de de Rham et la suite exacte
0 — Hy(M) — By (M) — 13 (K) — 0
induit une suite exacte
0 — H,(M)T% — B, (M)S% — t3y 225 F11(K, H,(M)) — 0

oll exppy est 'exponentielle de Bloch-Kato.

9 — PRINCIPALES DEFINITIONS

1.2 : Banach, réseau, représentation banachique, catégorie exacte, morphisme
strict, sous-catégorie stricte, représentation p-adique.

1.3 : C-représentation, C-représentation triviale, B;R—représentation.

1.4 : Représentations banachiques presqu’isomorphes, presque C-représen-
tation.

1.5 : Extension presque scindée.

2.1 : Ko[[t]]-représentation de I'g.

2.3 : K-petit, petite représentation.

3.1 : Cohomologie continue, presque B;R—représentation.

3.5 : Presque supplémentaire, presque scindée.

4.1 : C-algebre de Banach, spectre maximal, variété spectrale affine, application
analytique, groupe spectral commutatif affine, C-structure analytique, banach
analytique.

4.2 : Banach anlytique constant, banach analytique vectoriel.

4.3 : Espace de Banach-Colmez présentable.

5.1 : Dimension, hauteur, présentation.

5.3 : K-presque supplémentaire, suite K-presque scindée.

6.1 : Complexe presque trivial.

7.1 : Presqu’isomorphisme.

8.1: BIR-représentation triviale, extensions universelles par une représentation
p-adique.

8.2 : Espace tangent d’une représentation p-adique, exponentielle de Bloch-
Kato, (¢, N)-module, représentation semi-stable, B.-représentation.

8.3 : Représentation de cotype fini.

8.4 : Espace tangent d’un motif, groupe des points d’un motif & valeurs dans
K.

10 — PRINCIPALES NOTATIONS

12: K, K, Gk, B(Gk),
1.3: C, RepC(GK), Reptc”v(GK), t, BdRa B;R7 Bma RepB;rR(GK)?
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14: C(Gk), d, h
1.6 : Exte(X,Y), Ext%[c] (X,Y),
Koo» HK; FKa T, ta Wfa RepKoo[m](FK)a
2.2: Qlo E[[t])/E’ v7 v07 CS,E7 Cg',Ea (CS,Ea TS,E7 Cg’TE7 X{_1}7 (CX)7 O(S), X(Z),
X(z,n)v X(Z)a (CX,O); EXtésyE,o(leXQ)a
2.3: RepB;rws(GK), Ok, ag, RdR(X>, X(a), M{a},
2.5: W(z n)s W(’L)7 Wy, EthB;R[GK],O(Wl’W2)’ 1Og t, Ton, Cm7 Cfond
3.1: H (B, M),
3.2 M M, ‘ ‘
3.3: Be; Bcri57 KOa % Fil* BdRa Fil’ B€7 Um7
3.4: U, R, W(R), B*, , Ur, IB(Gx),
3.5 E(f), En(f),
1: SpmeA, Oa,
42 Ve, W
4.3: U, By
7.1 : CPI(GK); DK, N
8.2: Ee(V)a Em(v)7 ty, tV( ) E ( ) Edisc(v)a Hel(Ka V)a Bsta
8:3: Tp(A),_Vp(A) E7(AN), ta, t (K)
8:4 : Mo (K), H(M), tr, M(K),

C’I‘ZS’

M(K), E4(M).
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1. INTRODUCTION

1.1. Let p be any prime number. For a complete discrete valuation field H
of mixed characteristic (0, p), with perfect residue field, we have the theory of
Coleman power series, as reviewed in section 2. One of the important appli-
cations of this theory is the construction of the p-adic Riemann zeta function
of Kubota and Leopoldt [KL], by applying the theory to the norm compatible
system of cyclotomic elements.

In the paper [Ful], we have obtained “Ks-version of Coleman power series” for
a certain class of local fields. Following the analogy with the case of the usual
Coleman power series above, the aim of the present paper is to show that by
applying the theory of K5 Coleman power series to the norm compatible system
of Beilinson elements in the projective limit of K5 of modular curves defined
by Kato [Ka2], we obtain p-adic zeta functions of various cusp forms, both in
one variable attached to cusp forms (cf.Amice-Vélu [AV], Vishik [Vi]), and two
variables attached to universal family of ordinary cusp forms (cf. Greenberg-
Stevens [GS], Kitagawa [Ki]).

1.2. We describe our result briefly reviewing the classical result on the p-adic
Riemann zeta function.

Let denote by (,» € Q, a primitive p"-th root of unity and assume Cﬁn =G
for all n > 1. We write Q(Z,[[G]]) for the total quotient ring of the completed
group ring Zp[[Goo]] = imZy[(Z/p"Z)*] and Go = Z; is regarded as the

Galois group Gal(Q,({p=)/Qp) associated to the cyclotomic p extension of Q,
via the cyclotomic character.

Iwasawa [Iw] discovered a relationship between the norm compatibles system
of cyclotomic elements (1 — (pn )y € lim Q,((pn )™ and the p-adic Riemann zeta

function (pagic € Q(Zp[[G]]) of Kubota and Leopoldt [KL]. The relation of
these two appears in the theory of the usual Coleman power series as follows.
The theory of Coleman power series for the multiplicative group induces a map
C and C sends (1 — (pn)pn € ImQp(Gpn )™ t0 Cpoadic € Q(Zy[[Gc]]):

. via Coleman power series
C : lim @y (Gpm) ™ : QZp[[Gsl]),

C((l - Cp")n) = Cp—adic-

The purpose of this paper is, by pursuing the analogy with this work, to obtain
p-adic zeta functions in one variable attached to cusp forms, and in two variables
attached to ordinary families of modular forms, whose existences are already
known (for one-variable zeta functions cf. Amice-Vélu [AV], Vishik [Vi],..., and
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two-variable zeta functions associated to ordinary families of cusp forms cf.
Greenberg-Stevens [GS], Kitagawa [Ki],...).

Let 1.1
H= (@(Z/p”Zqugl))[I;]a

where ¢ is an indeterminate. This is a complete discrete valuation field of
mixed characteristic (0, p) whose residue field k is an imperfect field satisfying
[k : kP] = p. As reviewed in section 2, for H, we have a theory of K5 Coleman
power series [Ful].

Let N be a positive integer which is prime to p. Let us denote by Y (Np™, p")
the modular curve corresponding to the subgroup I'(Np™, p™) = {(;k ?) €
SLy(Z) ; a=1(Np™),=0(Np™),y=0(p"),d = 1(p™)} whose total constant
field is Q((p")‘

In his paper [Ka2], Kato discovered a norm compatible system of Beilinson ele-
ments belonging to lim K(Y (Np",p")). We study the image of this Beilinson-

n
Kato system under a map Cy below which is defined by using our K Coleman
power series following the analogy with the classical map C. We call this image
a universal zeta modular form (see section 4).

CN : @KQ (Y(Np”,p”)) via Ko Coleman power series Q(OH HG

n

& x GR)

oo

Cn (Beilinson-Kato system) = the universal zeta modular form.

(Precisely we will define the universal zeta modular form as an element obtained
from this image with a suitable modification, cf. section 4.) Here Gg) =
Gg) Y Goo, G&) is a group of diamond operators acting on the space of p-
adic modular forms (refer to sections 3 and 4), and GQ = Gal(Qp(¢p=)/Qp).
Further Q(OHHGS)? X Gé?]]) denotes the total quotient ring of the completed
group ring Op[[GY) x G].

Theorem 6.2 which is one of our two main results will state that the above
universal zeta modular form produces p-adic zeta functions (in one variable) of
eigen cusp forms which are not necessarily ordinary.

Theorem 7.3 which is the other main theorem asserts roughly the following.

THEOREM 1.3 (cf. Theorem 7.3). We assumep > 5. Let b%gw be the ordinary
part of the ring of Hecke operators of level Np> acting on the space of the p-
adic cusp forms of level Np™ (cf. section 3). The universal zeta modular
form above produces, by the method in section 7, a p-adic zeta function in two
variables

ord,univ or OT 1
Ly, E(hNgm/INSOO)HGg)H[E]

p-adic

or'

which displays property (1.1) below. Here I]‘{fgoo C f)Ngoo is a certain ideal

(see3.7 in section 3), and a € hYiw [[Géi)]] is a certain mnon-zerodivisor.
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Let f be an ordinary p-stabilized newform of tame conductor N (for the def-
inition of an ordinary p-stabilized newform, see 7.2.1 in section 7) of weight
k > 2. Attached to f, we have a ring homomorphism Ky :

kg D8 [TRpee — Ly 5 T(n) = an(f) (0 >1),

with a,(f) such that T(n)f = a,(f)f. Suppose ks satisfies some “suitable”
condition. Then ky induces a homomorphism which is also denoted by Ky :

g ¢ (03 /T3 ) [Goell] — QUG

- - ord,univ ord,univ . .
and concerning the image L, .. (ky) of L, wuic under this homomorphism
K¢, we have

L;f‘;;;ziv(nf) = p-adic zeta function of f € (On[[GP]]) ®o,, M.

(1.1)
Here M is the finite extension Qp(an(f);n > 1) of Qp.
For the precise statement, see Theorem 7.3 in section 7.

The above Lgfgé‘ilgiv is essentially the two-variable p-adic zeta function asso-
ciated to ordinary families of cusp forms which has been already given by
Greenberg-Stevens [GS], Kitagawa [Ki,..., by another method. The signifi-
cance of our p-adic zeta function is that the coefficients in the p-adic zeta
function belong to the ring of Hecke operators as above. Hence our L;f:&?é‘ v
is a p-adic zeta function associated with the universal family of ordinary cusp
forms. By another method, Ochiai ([Oc]) has also constructed this kind of
two-variable p-adic zeta function.

The author found that Panchishkin [Pal], [Pa2] gave a new way of the con-
struction of p-adic zeta functions of modular forms by using something similar
to our universal zeta modular form at almost the same time as the author gave
talks in the conferences in the autumn of 2000 as described in the proceedings
[Fu2], [Fu3] in Japanese. Our aim is to obtain p-adic zeta functions of modular
forms by applying Ko Coleman power series to the norm compatible system of
Beilinson elements in K5 of modular curves.

1.4. The organization of this paper is as follows.

In section 2, we review the theory of Coleman power series both in the classical
case and in the case for Ky [Ful].

In section 3, we review the theory of p-adic modular forms (cf. [Hil]).

In section 4, we define and study a “universal zeta modular form” which is
obtained from the image of Beilinson-Kato system under Cy appearing in 1.2.
In our construction, p-adic properties of p-adic zeta functions are deduced from
the p-adic properties of the universal zeta modular form and the relation be-
tween the universal zeta modular form and special values of zeta functions of
modular forms.

In section 5, we review the theory of p-adic zeta functions of modular forms.
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In section 6, we prove our theorem (Theorem 6.2) on the construction of one-
variable p-adic zeta functions of eigen cusp forms which are not necessarily
ordinary.

In section 7, we prove our theorem (Theorem 7.3) on the construction of p-
adic zeta functions in two variables, which are attached to universal families of
ordinary cusp forms.

The author would like to express her sincere gratitude to Professor Kazuya
Kato for his guidance and constant encouragement. She has learned a great
deal from him throughout her graduate course. She is very happy to dedicate
this paper to his celebrated 50th birthday.

She is very thankful to Professor John Coates who gave her comments and
constant encouragement for this study.

In this paper, for a complete discrete valuation field L, Op denotes the ring of
integers of L.

For a ring R, Q(R) denotes the total quotient ring of R.

We also fix once and for all an embedding of Q into Q,.

2. REVIEW OF COLEMAN POWER SERIES FOR Ko

In this section we give a brief review of the theory of Coleman power series
both in the usual case (in 2.1 — 2.2) and our Ks-version case (in 2.3 — 2.5).

2.1. We review the classical case of the usual Coleman power series. The ex-
istence of Coleman power series were discovered by Coates and Wiles [CW]
and almost immediately, Coleman [Co| generalized their approach by an al-
ternative method. The theory of Coleman power series has been obtained for
general Lubin-Tate groups, but here we review the theory only for the formal
multiplicative group.

Let H be a complete discrete valuation field of mixed characteristic (0, p) with
perfect residue field k. We assume that H is absolutely unramified, i.e. p is
a prime element of Oy. We denote by Op[le — 1]] = lim Oy [e*']/(e — 1)"

the coordinate ring of the formal completion of the multiplicative group over
Opn, and by Og((e — 1)) the Laurent series ring Og|le — 1]][1/(¢ — 1)]. Let o
denote the Frobenius automorphism of Og. We extend o to an endomorphism
of Og((e — 1)) by putting o(e) = . We define a ring homomorphism
1
]

#: Onl(e = 1)) — Onlle ~ 5 —

by o(f)(e) = (o f)(e?), and
N:Opn((e—1))* — Ou((e - 1))~

to be the norm operator induced by the homomorphism . We write (O ((c —
1))*)N=1 for the group of all units f in Og((e — 1)) which satisfy N(f) = f.
Now let (p» denote a primitive p™-th root of unity, and assume C;’ 1 = Cpn
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for all n > 1. Put H, = H((pm). The aim in this case is to study lim H,,

n
where the projective limit is taken with respect to the norm maps in the tower
of fields H,, (n=1,2,3,...).

THEOREM 2.2 (Coleman [Col). We have an isomorphism

U (Op((e = 1)))N=" = lim H)Y

n

given by U(f()) = (07" f)(Gpn))n=123,...-

2.3. Now we review our case of Ky-version of Theorem 2.2. (See [Ful] for more
details.)
Let H be a complete discrete valuation field of characteristic 0, whose residue
field k is an imperfect field of characteristic p satisfying [k : kP] = p. We
assume that H is absolutely unramified. We fix once and for all a p-base b
of k, and a lifting ¢ of b to H (all of our subsequent constructions depend on
these choices). We define o : Oy — Oy to be the unique ring homomorphism
satisfying o(q) = ¢?, and the action of o on k is given by raising to the p-th
power. For simplicity, let us write

1
e — 1]'
We extend o to an endomorphism of S’ by putting o(¢) = €. We then define a
ring homomorphism

§=Oulle =1}, ' =Ou((e—1) =S|

1
ep — 1]
by ©(f)(e) = (of)(eP). For any ring A, let K2(A) denote Quillen’s Ky group
of A ([Qu]). Since S[1/(e? —1)] is a free S’-module of rank p? via ¢, we have
the K5 norm map (see [Qu], §4, Transfer maps)

1
eP —1

p: S8 — 9|

Ko (S]

) — Ka(5).

The composition of this with
1

K3(S") — Ka(S[5—

D

induced by the inclusion map S’ < S[1/(eP —1)], gives rise to a Ky norm map
N: KQ(S,) — KQ(S/)

We consider the following tower of fields above H. We take a p™-th root ¢/?"

of ¢ in a fixed algebraic closure H of H and assume that (ql/pnﬂ)p = ¢'/?" for
all n > 1. We define

Hy = H(Gr /7).
Moreover, we define a ring homomorphism

Qn : OH — OH(ql/pn)
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by specifying that 6, (q) = ¢'/?", and that the induced map k — k(b'/?") on
the residue fields is the isomorphism z — z/?". For n > 1, 6,, induces a ring
homomorphism
hy: S — H,

given by hy, (300 am(e—1)™) =>""°_ 6, (am)(¢m —1)™. Thus we obtain
a map

U, : K3(S") — Ks(H,) (n>1)
which is induced by h,. In order to state our theorem, we need to introduce
certain completions Ko of our Kp-groups (see 2.5 below for the definition).
All of the above homomorphisms give rise to corresponding maps between
the completed Ks-groups, which we can check easily from the definition of
the completions in 2.5 below and which we denote by the same symbol. We
also write K5(S")N=! for the subgroup of elements f in K(S’) which satisfy
N(f) = 7.

Instead of lim H,*, we study the projective limit @KQ(Hn) with respect to
n n

the norm maps in the tower of fields H,, (n =1,2,3,...).

THEOREM 2.4 ([Ful], Theorem 1.5). We have an isomorphism

U2 Ko(S")N=! — lim Ky (Hy)

n

given by U(f) = (Uo(f) :n=1,2,3,...).

2.5. We describe the completion§ of the K5 groups appearing in Theorem 2.4.
We introduce the completions K2(A) in the following two cases by which the
completions in Theorem 2.4 follows.

(i)A=29".

(ii)A is a complete discrete valuation field L.

Let r > 1.

In the case of (i), let U = 1+ (p,(¢ — 1))"S, a subgroup of S*, where
(p, (¢ — 1)) is the ideal of S generated by the elements in ().

In the case of (ii), let U(") = Ug), where Ug) is the r-th unit group of L, i.e.
1+ m} C Of for the maximal ideal my, of L.

We define a subgroup U K5(A) of Ko(A) for a ring A of the type (i) or (ii),
as the one which is generated by {a, A*} for all a € U") ¢ AX, and define

K (A) = lim K (A) /U Ky (A).

3. REVIEW OF p-ADIC MODULAR FORMS

In this section, we briefly review the necessary facts for us on the theory of
p-adic modular forms. We follow Hida [Hil] to which we refer for more details.
(See also Katz [Katzl], [Katz2], etc.)
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3.1. Let L be a finite extension of Q,, in @, and we take a finite extension Lg
of Q which is dense in L under the p-adic topology. For k > 0 and for M > 1,
let My (X1(M); Lo) be the space of modular forms for I'y (M) of weight k with
Fourier coefficients in Ly. We define

My(X1(M); L) = Myp(X1(M); Lo) ®1, L.

Similarly we define the space of cusp forms Sy (X1 (M); Lo) and Sk(X1(M); L).
As in [Hil], §1, it has been known that the spaces My (X1(M);L),
Sk(X1(M); L) are independent of the choice of a subfield Ly in the evident
sense.

Now for j > 0 we put

_ J
M (X1(M); L) = @D Mi(X1(M); L),
k=0

J
ST (X1 (M); L) = @ Sk(X1(M); L),
k=1
which are embedded in L[[g]] via the summation of g-expansions, and

M (X1(M); O) = M?(X1(M); L) N O [q]],

§7(X1(M); Or) = §7(X1(M); L) N O [q]].

We  define M(X;(M);Or) as the closure of J;5; M7(X1(M);Or) in
Or[[g]] for the p-adic topology, and S(X;(M);O) to be the closure of
Ujs1 SI(X1(M);0r) in Og|[q]] for the p-adic topology.
For an integer N > 1 which is prime to p, it has been proven that
M (X1(Np');0r) and S(X1(Np?);Or) are independent of the choice of t > 1,
as in Hida [Hil], §1, Cor. 1.2 (i), and (1.19a), respectively. For simplicity we
put

Mpype = M(X1(Np');Zp),  Snp = S(X1(Np'); Zp)
for any t > 1.
We introduced the above notation in a general situation for our later use,
however in the rest of this section, we always take L = Q,.

3.2. We review the definition of the rings of Hecke operators Hypee and hpe
acting on MNpoo and ngoo, respectively.
For t > 1 and j > 1, let HI(X;(Np');Z,) (resp. b (X1(Np');Zp))
be the Z,-subalgebra of Z,-endomorphism ring of M7 (X;(Np');Z,) (resp.
SI(X1(Npt); Z,)) generated over Z, by T'(n) (n > 1).
‘We put

H(X1(Np'): Zy) = im M (X1 (Np'); Zy),

J
(X1 (Np'); Zp) = lim b7 (X1 (Np'); Zy),

J
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where the inverse limits are taken by natural homomorphisms given by the
restriction of operators.

As in Hida [Hil], §1, (1.15a) and (1.19a), respectively, H(X;(Np');Z,) and
h(X1(Np'); Z,) do not depend on ¢ > 1. For simplicity we put

Hape = HIXU(ND') Zy), g = HXL(ND); Z,y)

for any ¢ > 1. The rings Hype and hypee act on M ypee and S e, respectively.
The ring hyp~ is, in fact, a quotient of Hp~ by the annihilator in Hype of
g]\/'poo .

3.3. By the action of Hyp~ on MNpoo in 3.2, we have a canonical map
02 My — Homg, (Hpw, Zy) : f = (T(n) = a1 (T(n)))

(f € Mpnp~) where a1(T(n)f) is the coefficient of ¢ in the g-expansion of
T(n)f S MNpoo.
This map will play an important role later in the construction of our two-

. . . ord,univ
variable p-adic zeta function Lp_adic .

34.Forj>1leted =lim ., T(p)™ in H/(X1(Np'); Zy) or b7 (X1(Np'); Zy),
and e = @ej. Then €2 = e.

J
We denote by HR0~ the ordinary part e - Hypee of Hype and by h¥o. the
ordinary part e - hpeo of hpeo.
Let PRt C HY S (resp. pliie C hRaw) be the annihilator of the old forms
(resp. old cusp forms) of level N'p for all N such that N’|N and N’ < N. For
the precise definition of Pjo\fgoc (resp. p}’\}ﬁw), see [Hil], §3. In the case N =1,
we have

ord __ ord ord __ ypord
Pps = Hpe,  Ppeo = bpec.

On PJOVTSOO and p})\,rgoo, Hida showed Proposition 3.6 below which is important
for us. Preceding it, we set up notation.

3.5. We define a group G(oé) which is endowed with an isomorphism to Z) and
which acts on the space My, in the following way.
—1 *
Firstly for x € (Z/Np'Z)* we denote by (x) the endomorphism (xo 2)
~1
on My (X1(Np'); Q) induced by the action of <x0 0 € GLy(Z/Np'Z) on
X (Np',Np'). (The action of GLy(Z/Np'Z) on X (Np', Np') induces an en-
domorphism on My (X1(Np');Q) by the fact that My (X;(Np'); Q) may be
v

regarded as the fixed part of My (X (Npt, Np')) by the group {(Z x) €

GLy(Z/Np'Z) ; u = 1(Nph),w = 0(Np')}, where M (X(Npt, Npt)) is the
space of modular forms on X (Np', Npt) of weight k as, for example, in [Ka2],
§3 (3.3.1), and §4.)
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We also use the same notation (z) for the endomorphism on M (X, (Np'); Q,)
induced by the above.

For a € Z), let g,(ll) € Gg)) denote the element corresponding to a under
the given isomorphism. For f = 37, fi € U, M (X1 (Np');Qp) with fr €
M (X1 (Np');Q,) and t > 1, we define the action of gC(Ll) e GY as

gt f= ZakQ ) fks

where @’ € (Z/Np'Z)* is the element such that ' = a(p') and o’ = 1(N). This

1)

action of G&s' may be extended to M npe

We remark that the relation between this action of Géi) and the action of Z;
in Hida [Hil], §3, (3.1) is

fla=ag)-f,
where f | a denotes the image of f under the action of a in the meaning of
Hida. o
We put A = Zp[[Gg))]]. By the above action of G& on M npes, we have a ring
homomorphism

A — Hpypeo

We see that via this homomorphism by HNp007 and f)ord become also
A-algebras, and PR, and p~ are A—modules

ProPOSITION 3.6 (Hida [Hil] Corollary 3.3). We assume p > 5.
(1) The rings Hordm and f)ordw are finitely generated projective modules over

A.

(2) The ideal P]‘)\,rg (resp. pﬁ’\ﬁg ) is a finitely generated projective module over
A. Moreover the intersection of POrd (resp. p(l’\}g ) and the nilradical of Hord
(resp. hord ) is null.

Proof. For the proof, see [Hil]. |

3.7. We define an ideal
I]({[r}()ioo C hord
to be the annihilator of pordoo C hord . Then the natural map
P ©a Q(A) — (hpee /IRp) @a Q(A)
is an isomorphism, where the both hands sides are semisimple algebras over

Q(A) (cf. [Hil], §3).

4. UNIVERSAL ZETA MODULAR FORM

In this section, we define and study a“universal zeta modular form” which
is obtained from the norm compatible system of Beilinson elements defined
by Kato [Ka2], via Ko Coleman power series. The p-adic properties of p-
adic zeta functions of modular forms are deduced from the p-adic property of
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the universal zeta modular form and the relations between the universal zeta
modular form and zeta values. In 4.1, we define a map

Cy +lim KoY (N9, ") — QUOWIIGY) x G2)

n

(see 4.1 for the details) by using Ko Coleman power series, and Proposition 4.4
shows that

Cy : Beilinson-Kato system — the universal zeta modular form
(reviewed in 4.2) (defined in 4.3).

In 4.5, we explain the properties of the universal zeta modular form concerning
the relation with special values of zeta functions of cusp forms.
In what follows,

H = (im(2/p"ZlJg] )]

We fix a system ((pn)p>1 of primitive p™-th roots of unity which satisfy Cﬁnﬂ =
Cpr for alln > 1. For ¢ € H and n > 1, we fix p"-th roots ¢"/?" of ¢ in H which
satisfy (¢1/?"" )P = ¢'/?" for all n > 1. Let N denote a positive integer such
that (N, p) = 1.

4.1. By using K3 Coleman power series, we define a map

Cy + lim Ko(Y (Np",p")) — Q(On[[GY x GP])),

n

where the left hand side is the inverse limit of K5 of modular curves (cf. 4.1.1)
taken with respect to the norm maps, and on the right hand side, the group

Gg) is as in section 2 (we will review this in 4.3) and the group Gg) is the

Galois group Gal(Qp((pe)/Qp).
We put S = Oy[[e — 1] and S" = Onlle — 1]][1/(¢ — 1)]. Let G = Z,. The
map Cy is defined as the following composition:

CN :]{iLnKQ(Y(Np7L7pTL))

n

2, fim R (M) [[Goc)

n

5 K (SN G

dlo S (4.1)
5 Q5 (log)[[Gc]] = —— - dlog(g) A dlog(e)[[G]
= 2 [[0]] = QUOKIICY x G2,

We explain each term and each arrow in the composition (4.1).
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4.1.1. For My, My > 1 such that My + My > 5, let Y (M;, Ms) be the modular
curve over Q, which represents the functor

S —(the set of isomorphism classes of pairs (F, ¢)
where F is an elliptic curve over S and ¢ is
an injective homomorphism
Z/M\7 x Z]M>7 — E of group schemes over .5).
For M > 3 such that M;|M and M| M, we have

Y (My, Mz) = G\Y (M, M), (4.2)

where G is the group {(Z Z) € GL2(Z/MZ) ; uw=1(M1),v = 0(M),w =

O(Mg),x = 1(M2)}
We define Y(Ml,MQ) for My, My > 1, My + My < 5, by (42)

4.1.2. We explain A[[G]] for an abelian group A. For a set J, Z[J] denotes a
free Z-module on the set J. We define G,, = (Z/p"Z)*, A[G,] = A ®z Z|G,],
and A[[G]] = lim A[G,,].

4.1.3. Let
Qg/zlog) = (g, ® S @z S ) /N,

where Qg sz 18 the module of the absolute differential forms and N is the S-
submodule of the direct sum which is generated by elements (—da,a ® a) for
aeSNS . In Q}g/z(log), we denote the class (0,1®a) for a € S'* by dlog(a).
For r > 1, let QY ;(log) = A\ Q;(log), and define

Qg(log) = lim g, (log) /p" ¥ (log).
n
Then we have Q}(log) is a free S-module and
QL(log) = S -dlog(q) ® S - dlog(e — 1), Q%(log) = S - dlog(q) A dlog(e — 1),
O%(log) =0 for r > 3.

4.1.4. We explain the definition of the map &y in (4.1) (cf. [Ful], §6). This
map is induced by the following map for n > 1 satisfying Np™ +p"™ > 5

KQ(Y(anvpn)) B KQ(HTL)[GTL] ; T Z ( Z x(u,w))glv
u€Gn wEZL/p"Z

Here () € K2(Hy) is the pull-back of x under the following composition:

Spec(Hy,) — Spec(H,(¢"/N)) — Y(Np™,p"), (4.3)

where ¢'/N € H is a N-th root of ¢.
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The first map in (4.3) is given by the homomorphism

Ha(¢'/N) — Hy 5 Z aig/N?" - Z aig""".
We define the second map of (4.3). Let &, be the elliptic curve over Oy which
is obtained from the Tate curve over Z[[¢]][1/q] with g-invariant g. For each
m > 1, we have ,,&,(Op) = {qg¥/™¢t, mod ¢ ; a,b € Z}, where ,,,&, =
Ker(m : ¢; — ¢&;). Now we define the second map of (4.3) by the open
immersion corresponding to

(€&, @0y, Hn (™), ¢“/N?" mod ¢%, q®/"" Cn mod ¢%)  over H,(¢'/M).
Here v’ € (Z/Np™Z)* is the element such that v’ = u(p™) and v’ = 1(N).

4.1.5. The second arrow of (4.1), which is an isomorphism, is by Theorem 2.4
in section 2 on K5 Coleman power series.

4.1.6. We explain the map dlog in (4.1). It is the map induced by the map
dlog : K»(S") — Q%(log) characterized by {a1,as} +— dlog(a) A dlog(as),
where ay,as € % and {a1, a0} € K5(S’) is the symbol. (The group K5(S’)
is topologically generated by the symbols. Refer to [Ful], §4, 4.11.)

4.1.7. We explain the last arrow in (4.1). We firstly define a map

S[[Goo]] — On[[GY) x G| (4.4)
to be the Oy-homomorphism associated to

cig, {U‘lgil)gfﬁ)la if (a,p) =1

0 if (a,p) # 1,

for a € Z and u € Z;. Here for u € Z, g&l) € Gg) denotes the corresponding

element, and gg) € GSXQD) denotes the corresponding element to u via the cyclo-

tomic character Xcyclo : Gg) =, Z, . Next for an integer d’ which is prime to p,
let vy : % — 551 be the Oy-homomorphism given by sending f(g)/(e — 1)

(f(e) € S) to f(e¥)/(e? —1). Tt follows from the definition that the image
(1 — d'vg)(sZ5) is contained in S. Now the last map in (4.1) is defined as the
composition

S[G)l 22 04l16Y) x G2

o

S 17d/ var
—_—

2)\ —
(1=d'g{)!
B N

Q(OH[[GL) x G)),

where 1 — d'vy is applied only for the coefficient % of G It is easily seen
that the map Cp is independent of the choice of d’.
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4.2. Let ¢ and d be integers satisfying (¢, 6Np) = 1 and (d, 6p) = 1. We review

the norm compatible system of Beilinson elements defined by Kato in [Ka2]
(e,a2Npr pr )n € lim Ko (Y (Np™, p")), (4.5)

where the projective limit is taken with respect to the norm maps, in the form

which is enough for us here (the details are found in [Ka2]).

For n > 1 satisfying Np™ + p™ > 5, the element (4.5) is given as

¢, dZNpn,pn = {Cng",Ov ng,p"}a

where gm0 € O(Y(Np™, 1)) and 490, € O(Y(1,p"))” are Siegel units,
and we introduce their properties which are necessary for us here (see, for
example, [Ka2] for the details).

For integers M and c¢ such that M > 3 and (¢,6M) = 1, we have an element
Mg of O(E \ .E)* which has the following property. Here E is the universal
elliptic curve over Y (M, M), .E = Ker(c: E — E), and O(E \ ;E)* is the
affine ring. For 7 € § and z € C\ ¢ *(Z7 + Z), the value at z of .0, on the
elliptic curve C/(Z7 + Z), is

2 c—c2 2 c\—
gD =D ()72 (e=eh) Ly 1)y (40)=1,

where ¢ = exp(27iT), t = exp(27iz), and
v =J[a-dt [ -t
Jj=20 Jj=1

Now the Siegel unit g, g for (o, 8) = (a/M,b/M) € (((1/M)Z)/Z)*\ {(0,0)}
(a,b € Z) may be defined by

cYa,p = ( 0r) € O(Y (M, M))X

Here

ta,3 =ael +bey 1 Y(M,M) — E\ .E
with the canonical basis (e1,e2) of E over Y (M, M). In the case a = 0,
cgo,3 € O(Y (1, M))* and in the case § =0, ¢ga,0 € O(Y (M, 1))*.)
In [Ka2] (cf. [Sc]), it was shown that . gznpnpn (n > 1) form a projective
system with respect to the norm maps.

In the paper [Ka2], Kato always used norm compatible systems (c.aznpn, m/pn )n
€ lim Kp(Y (Mp", M'p™)) (M, M’ > 1, (M + M')p™ > 5) satisfying the con-

n
dition that M|M’ in application. However clearly the system (; gznpn pn)n €
lim K> (Y (Np",p")) which we use does not satisfy this condition. When Kato

uged a system, for example, to construct a p-adic zeta function of an eigen
cusp form f, he considered the “f*-component” of the system, where f* is the
dual cusp form of f (see 6.5.1 in section 6 for the definition of the dual cusp
form, and for the meaning of “component”, refer to section 6). But our method
needs to study the “f-component” of the system. So we must slightly modify
his system in application.
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4.3. We define a“universal zeta modular form”
2, € My [[G) x G(Q)]][g](c Ou[[GY) x G(”H[g])

which yields special values at s = (r € Z,1 < r < k—1) of the zeta functions
of modular forms of weight & > 2 and level Np’ for ¢ > 0. Here MNpoo is
as in section 3. Moreover G((i)) = Gg) > Go = ZX, and G&) is , as before,
the group acting on the Space of p-adic modular forms MNpoo whose action
is characterized by gt(ll)f = a"2(d) f for f € Mp(X1(Np');Qp), a € Z), and
a' € (Z/Np'Z)* such that a’ = a(p') and o’ = 1(N). Here (da’) is as in 3.5.
The group G2 is the Galois group Gal(Q,((p=)/Qp).

We define zj377% as an element of OH[[GQ X Ggi)]][l/g] and in 4.5.5, we will

prove that it belongs to the subspace M y e [[Gg) X Gg)}][l/g].
Firstly we define Fiy 1, Fiy 2 € H[[G]] = lim H[G,,] to be

Fni=( Z quj)(gi — g—i) + lim( Z C=a(p™)(0) - ga),

(AiZ)lljzl " ae(Z/pnZ)*
m,p)=

Fya=( 3, D79 > >4y

i>1,4=1(N) j>1 i>1 1771(N )j>1
(i,p)=1 (i,p)=
im0 Ceaiem(0) - ga).
" a€(Z/Np"Z)*
a=1(N)

Here for a € Z) or a € (Z/p"Z)*, ga represents the corresponding element of
G or G, respectively. For M,m € Z, M > 1, and a € Z/MZ, (=qnr)(m) is
the evaluation at s = m of the partial Riemann zeta function

C=a(m)(5) = Z J %

Jj=21
j=a mod M

and EGE(Z/NPTLZ)X C=a(npm)(0) - go belongs to H[G,].

a=1(N
We define th(e )product Fni1-Fyg2 € H[[Geo x Gl naturally (by the rule
Tga * Yy > TYJa1gp2 With 2,y € H, a,b € Z, where g, 1 (resp, gp2) means
the corresponding element of the ﬁrst (resp. the second) Goo).
Now we define the universal zeta modular form z“m" to be the image of Fiv 1 -
Fn 2 under the isomorphism of rings over H

H[[Goo x Gocl] = H[GY x Q)11 5 (4.6)
T9a,19b,2 — zzcgl()l)gg)),1 (xeH,a,beZy)

(FN71 . FN,Q = ZNpoo).
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For integers ¢, d’ such that (¢,p) =1 and (d’,p) = 1, we have
(1= gy (1~ dgD)zR% € OullGY x G (47)
This follows from the fact that
(1=cge) - lim > Ca@vp)(0) - ga € On[[Gool]-

" ae(Z/Np™Z)*
a=1(N)

By (4.7), we obtain that z3/i% € OH[[GQJ X Gg)]][l/g] for a non-zero divisor

g€ Z[[GY x G2).
Thus the universal zeta modular form is something like a product of two “A-
adic Eisenstein series” in the sense of Hida in [Hi3], Chapter 7, §7.1.

The following proposition describes the relation between the norm compatible
system of Beilinson elements and the universal zeta modular form.

PROPOSITION 4.4 . Let ¢ and d be as in 4.2. We further assume that ¢ = 1
mod N. Then we have

Cx((caznpr pr)n) = (& — g g (e — dgi) - 24

Proof. Firstly we consider a composition C ~.a determined by the relation that
(1- gg)) Cn = (4.6) o Cly g, Where d' is, as in 4.1.7, an integer which is

prime to p. Namely, Cy , is as follows:

S
(G
2 Ou[[G ] [[Goc])

where the first arrow is the composition of the first four maps in (4.1), and the
map s is defined by the composition
S 1—-d'vy
51 7 [[Gool] == S[[Goc]] = On[[Goolll[Goc]l-

Here the second map is the Oy-homomorphism associated to

Ch.q : lim Ky (Y (Np™,p")) —

n

u {u_lga,lgu,g if (a,p) =1
€ Gu .
0 if (a,p) # 1,

fora€Z and u € Z;.
For the proof of Proposition 4.4, by the definition of Z}J\}g"x, our task is to show
that under the map Cfv, 4> the norm compatible system of Beilinson elements
(c,azNpn pn)n 18 sent to (2 — cge—1 2)(d* —dga,1)(1 —d'gar 1) - Fnj - F 2, where
Fn.1,Fn,2 are as in the definition of z‘““"
We prove the above assertion by showmg the result of the computation of the
image of (c,azNpn,pn)n under each step in the composition defining Cly .
Step 1. Firstly we compute the image of . gznpn pr = {cgnpn 0, ago,pn } under
Ko(Y (Np™, p™)) — K5(H,(¢"/™)) which is given by the pull-back by the latter
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map of (4.3). Directly from the definition, we have that the image is {4y, B1} €
Ko(H,(¢'/N)). Here the element A; € H,,(¢*/")* is obtained from .0, where
E is the universal elliptic curve over Y (Np™, Np™), by putting ¢t = g /NP"
with v/ € (Z/Np"Z)* such that v = wu(p™) and v = 1(IN). The element
By € Hn(ql/N)X is obtained from 40, where F is the universal elliptic curve
over Y (p",p") by putting ¢ = qw/pn(pn. From this, it is easy to have the
following result:

En((c,aznpr p)n)
2 ul /p™ c—c? u! /p™yc? cul /p™\—
= H gD (L gua /Py A/D(e=y (qUn /Py (g /P
unE(Z/an)X
H q(N/12)(d *1)(_qu:z/Pncpn)(l/Q)(d*d )

wp €L/p"ZL
’ n 2 ’ n _
Yo (@ P G ) g (NPT ) T g )
€ @K2(Hn)[Gn] = (lﬂl K2(Hn))[[GOOHv

n n

where for u, € (Z/p"Z)*, u}, is an integer such that u,, = 1(N) and u), =
un (p™), and for w, € Z/p"Z, w!, is an integer such that w] = w,(p").

Step 2. From the definition, we obtain that under the notation in the compo-
sition (4.1)

Col o gN((c,dZNp",p")n) € KQ(S/)N:1 HGOO”

coincides with the image of (Az, By) with Ay € O} [[Goo]] and By € S given
below under the natural map

O;i[[Gooll X 87 — Ka(S)[Gool] 1 (wugus ¥) — {2u, y}gu-
The elements Ao, By are as follows:

A2 — liLn( H (_q(752<£u;(NPn)(71)+<Ecu{n(NPn)(71)))gu")
un€(Z/pm2L)*

I a-% I a-d) g

i>1,i=1(N) i>1,i=—1(N)
(i,p)=1 (i,p)=1
H (1 - qi)—19071i : H (1 - qi)_lg—c*1i7
i>1,i=1(N) i>1,4=—1(N)

(i,p)=1 (4,p)=1
where ), is as before.
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By = hLH( H (_qN(—d2C;wn(p")(—1)+C5dwn(pn>(—1)))
" w,€Z/p"Z

. H(l _ quE)d"‘ . H(l _ qu‘gq)d?

i>1 i>1
. H(l _ qugd)—l . H(l _ quE—d)—l
i>1 i>1

. (1 _ E)d2(1 _ gd)71€(1/2)(d7d2)'
Step 3. By the definition of the map dlog, we find easily that
dlogoCol o En((c,aznpr pr)n) € Q2S (log)[[G]]

coincides with the image of (As, B3) with A3 € Oy[[G]] and Bs € % given
below under the map

S

— Q% (log)[[Goc]] ;

(2gu,y) — xy - dlog(q) A dlog(e) - gu
S

forx € Op,ueZy,ye =
The elements As, B3 are as follows:

As=( Y D g gi—go)

i>1,i=1(N) j>1
(i,p)=1

+0D> . Y i g — goei)

i>1,4i=—1(N) j>1
(i,p)=1

Hlm( Y0 o (D ga — ge-1a))-

" ae(Z/Np"Z)*

a=1(N)
By = (T T - TS )

i>15>1 i>15>1
HODWUEES B WaR

i>15>1 i>15>1

d
€ € 1
d? —d Z(d - d?).

+ 1—¢ 1—¢d + 2( )

Step 4. By the definition of the map s, we see that
s 0 dlogoCol o En((c,aznpn pn)n) € OR[[Gooll[[Goo]]
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coincides with the image of ((1 — d'gq )B4, A4) with Ay € Ox[[G]] and By €
Q(OH[[G]]) (1 — d'gar)Bs € On[[Gx]]) given below under the natural Ou-
homomorphism

Onl[Goo] X On[[Gool] — On[[GocllllGoo]]

(9a>ygs) = Yga1gv2 (a,b € L)
The elements A4, By are as follows:

Ar=( > D N gi—c ge)

i>1,i=1(N) j>1
(i,p)=1

—( ) D> dNPgi—cgey)

i>1,i=—1(N) j=>1
(Z,p) 1

+1(£1( Z CEU,(N;D")(O)(C2 *Ya _C'gcfla))'

" ae(Z/Np"Z)*

a=1(N)
Bi=d’(}_ > ¢"gi=>. ) 4"y
i>1 j>1 >l j>1
(4:p)=1 (4,p)=1
—dQ > =) > "g-w)
i>1 j>1 i>1 j>1
(4:p)=1 (4,p)=1

+ d2 lgl’l( Z Czan(p") (0) . gan)

" a,e(Z/p"Z)*

- dhLH( Z CEan(p”)(O) : gdan)'
" an€(Z/pnZL)*
By comparing A, with F} and By with Fy, we obtain the assertion of Propo-
sition 4.4. O

4.5. We prove that zjfi% which has been defined as an element of OH[[G(()};) X
G((i)]][[l/g]7 in fact, belongs to the subspace MNPOO[[G&) X Gg)]][l/g]. We

further show the relation between z}l\};;’c and special values of zeta functions of
cusp forms. Preceding this, in 4.5.1 — 4.5.4, we review the zeta modular forms
in [Ka2], which were defined basing on the works of Shimura [Sh], and whose
period integrals yield special values of the zeta functions of cusp forms. In 4.5.5,
we show that z{PY. is contained in the subspace M oo [[Gg)) X G((i)]][l/g}, and
then in 4.5.6, we describe the relation between z}lvr;;’o and the zeta modular

forms reviewed in 4.5.1 — 4.5.4.

4.5.1. We review some Eisenstein series appearing, for example, in [Ka2], §3.
For My, My > 1 such that M; + My > 5, as before, let M;(X (M, Ms)) be the
space of modular forms on X (M7, Ms) of weight j > 1.
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Let M >3, and z,y € ((1/M)Z)/Z. We review the g-expansions of Eisenstein
series

F&) ((j,7,y) # (2,0,0)), EY) (j #2), EX) € M;j(X (M, M)),

following Kato [Ka2], §4. (In the case = 0, these modular forms are, in fact,
elements of M;(X (1, M)) and in the case y = 0, they are, in fact, elements of
M;(X(M,1)).) For v € Q/Z, we define

Cs)= > m™S (C(,8) =D exp(2miym) -m°.
meQ,m>0 m=1
m mod Z = vy
For (i) F = Fely ((j.2.) # (2,0,0)), (ii) F = B (j #2), or (iii) F = B2,
we write F' = e amq™ (¢ = exp(2mir)).
m>0

In the case of (i), we assume that (j,z,y) # (2,0,0). Then a,, for m > 0 can
be obtained from the equation

3 apm ™ = (@, s — § + DC (o 8) + (~1PC(—ays — D (g, 9).

meQ
m>0

In the case j # 1, ag = {(x,1 — j).
In the case j =1, ag = {(z,0) if z # 0, and ag = (1/2)(¢*(y,0) — (*(—y,0)) if
z=0.

In the case of (ii), we assume that j # 2. Then a,, for m > 0 can be obtained
from the equation

Z amm_s = C(‘T7 S)C*(ya s _j + 1) + (_1)_7((_1.7 S)C*(_y7 8 _j + 1)

In the case j #1, a0 =0if  #0, and ap = (*(y,1 — j) if z = 0.
In the case j =1, ag = {(z,0) if z # 0, and ag = (1/2)(¢*(y,0) — (*(—y,0)) if
z=0.

In the case of (iii), the a,, for m > 0 can be obtained from the equation

Y amm™ = ((2,8)¢ (g5 — 1) + (=2, 8)¢" (=g, s — 1) = 2¢(s)¢(s — 1)

meQ
m>0

Ifz#0,a0=0,and if z =0, ag = (*(y, —1) — {(—1).

4.5.2. We review the zeta modular forms in [Ka2], §84 and 5, which were defined
basing on the works of Shimura [Sh]. These zeta modular forms yield special
values of zeta functions of modular forms by period integrals (concerning this,
refer to [Ka2], §5).

Let k,7,m,n be integers such that £ > 2, 1 <r <k—-1,1<m < n, and
N(p™ +p™) > 5. Further for an integer M, let prime(M) denote the set of all
of the prime divisors of M.

In the case r # 2, the zeta modular forms are as follows:
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k,
Z](thL),Np" (ka T, k— 1)

_ (7" o 1)!71 . (an)k:7r72(an)fr . F(k—r) E(r)

N0 ot g € Mi(X(Np™, Np™)),

A e (o7, K —1,0(1), prim(Np))
= Tenpn (20w (ks 7,k — 1,0(1), prim(Np))) € M (X1 (Np™); Q(Cwvpr))-

We remark that Mj(X;(Np™); Q((npn)) may be regarded as the fixed part

of My(X(Np",Np™)) by the group {<Z Z € GLy(Z/Np"Z) ; u =

1(Np™),w = 0(Np™),ux —vw = 1(Np™)}. In the above
Trwpm « Mi(X(Np™, Np™)) — Mi(X1 (Np™); Q(Covpr))

denotes the trace map.
Let ¢ and d be integers such that (¢, Np) = 1 and (d,p) = 1. In the case r = 2,
the zeta modular forms are as follows:

c,dZ](\Zzi),Np" (kv 2a k— 1)
:(an)k74(an)72C2d2
(k—2) 2—k  (k—2) (2)
) (Fl/an,o —-c Fc/Np'",O) : (Eo,l/an - o,d/an)

ed Smn iy (K, 2,k = 1,0(1), prim(Np))

= Tewpm (cazsn wpn (62, k — 1,0(1), prim(Np)))

€ Mi(X1(Np™); Q(Cnpn))-

The above zeta modular forms provide the value at s = r of the zeta functions
of modular forms of weight k by period integrals.

In our method, modular forms whose g-expansions belong to Z,)[[q]] or Q[[q]]
are important. So we analyze zeta modular forms from this viewpoint. Firstly
for j € Z, 5> 1, and a € ((1/M)Z)]7Z satistying (j,a) # (2,0), directly from
the definition we have

Y. FU e Mj(Xy(M);Q).
2e((1/M)Z) /2

LEMMA 4.5.3 . We assume that r # 2.
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(1) In Myp(X1(Np™); Q({npn)), we have

A e (kK — 1,0(1), prim(Np))

. e _ k—r T
= (r—=1)!I"" - (Np")F " 2(Np™) " > Fl(/szuw ' Eévl)/Np"
ze((1/Np™)Z)/Z

= (r =117 (V"))
(k—r) (r) a
: ( Z ( Z Fl/Np“,z 'Fa/Np”,y) 'CNP"'
a€Z/Np"Z z,ye((1/Np™)Z)/Z

(2) Let

Trnpn npm = Mie(X1(Np™); Q(Cnpr)) — M (X1 (Np™); Q(Cwpn )
be the trace map. In My(X1(Np™); Q({npn)), we have

2 v (7, = 1,0(1), prim(Np))

k, .
= Trnpn npm (Z§,J\7;)>7L,an (k, 7k —1,0(1), prim(Np)))
= (r— 17" (Np™)E T2 (V)

) TE

a€Z/NpnZ

(k—r) T a
( Z Z (Fl/Npm,(L‘ ’ Fé/;\fp"ﬂ)) ' CNp")'

z€((1/Np™)Z)/Zye((1/Np™)Z)/Z
Here T'(p) = Ul(p) is the Hecke operator on the space My(X1(Np™); Q).
(3) Let
trnpm pn 0 My (X1 (Np™); Q(Cnpn ) — Mi(X1(Np™); Q(Gpn))
be the trace map. In My(X1(Np™); Q((pn)), we have

tr g (24 o e (R 7,k — 1,0(1), prim(Np)))

— (’I“ _ 1)!—1 . (Npm)k—r—Z(an)—Q . N
I a-1rr7w-)

l:prime
UN
n—m 4.8
(> Tw (*5)
a€L/p"L
(k—r) (r) a
( Z Z (Fl/Npm,m ’ FNa/Np",y)) ’ P")’

z€((1/Np™)2)/Zye((1/Np™)Z)/Z

where for x € (Z/p™ZL)*, vy is the corresponding element of Gal(Q(pn)/Q) via
the cyclotomic character.
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Proof. (1) The first equality is direct from the definition. The equality (r # 2)

(r) _ n\r—2 (r) a
Eo,l/Np" = (Np") ’ Z Z Fa/Np"w “CNpr
a€Z/Np"Zye((1/Np™)Z)/Z
which can be obtained by computation, shows the second equality.

(2) (3) The results are immediate from the definitions.

The following Lemma 4.5.4 describes the case r = 2.

LEMMA 4.5.4 . We use the same notation as in Lemma 4.5.3.

(1) In Mu(X1(Np™); Q(Cnpn)), we have

C’dzf’j\?;n)an (k,2,k —1,0(1), prim(Np))

_ (an)k—4(an)—262d2

(k—2) 2k p(k-2)
> 2. Fyyga =@ Foygn )
a€Z/Np"Zx,ye((1/Np™)Z)/Z

a#0

(2) (2) d
' (Fa/Np"ﬁy (i — Fa/Np",y “CNpr)-

(2) In Mi(X1(Np™); Q(C{wprn)), we have

c,dzyf]’\?;m7an (ka 2a k— 1a 0(1)3 prlm(Np))

_ (Npm)k74(an)7202d2

T Y > >

aEZ/;Z)p"Z ze((1/Np™)Z)/Zye((1/Np™)Z)/Z

k—2 _ k—2 2 o 2 o
((Fl(/Np’)”,z - 02 k. Fc(/Np’)",z) : (Fa(,/g\/'p”,y : CN;D" - FLE/J)Vp",y ’ C]dvpn)))'

(3) In My (X1(Np™); Q((pn)), we have

trpn pn (C’dzgc]’vz;m’]vpn (k,2,k —1,0(1), prim(Np)))

—_ (Npm)k_4(an)_202d2 . N
I a-1rr7w-)

l:prime
I|IN

GO DI 3 (4.9)

aEZ;%“Z z€((1/Np™)Z)/Z ye((1/Npn)Z)]Z
(k—2) —k | p(k—2) (2) a (2) da
((Fl/Npm,:c - 82 ’ Fc/Npm,J;) ’ (FNa/Np",y ’ CP" - FNa/Np",y : CP"))))
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Proof. (1) The equality follows from the equality

(2) (2) (2) a (2) da
E071/Np EO ,d/Npn Z Z (Fa/Np Y CNP" _Fa/Np",y'CNP")
an/;%p"Z yE€((1/Np™)Z)/Z

which can be obtained by computation.

(2) (3) The results are immediate from the definitions.

4.5.5. We prove that 2 € My, [[GS%) x GR][1/g].
For any j € Z, we define an isomorphism of rings

X LGl 2 ZpllGocll 5 90— 0’90 (a € Z)),

and for ay,as € Z, we define an isomorphism of rings over Oy

On[GY x @7 XX, o 1160 « R

1 2 arra 1 2
- gz(n) gz()z) — b b8 91(71) 9152)
for x € Oy, b1,by € Z;.
Let ¢ and d’ be integers which are prime to p. We put

a2 = (1 c gV g1 - dgd) 2 € opllGY x G2,
Let a; and ap be integers such that 0 < as < a;. We regard ((1 —
ca2_“1_1g§1,)1g£2))(1 — dat! (2)))_1 . d/z}l\}z" (X", x*) as an element of
H[[Gg) X G(Q)]] and write z}‘\,nlY.o (x®, x) for it. Then directly from the defini-
tions, zu““’ (x™, x*2) coincides with the image of the product

(>0 D¢V ) (gin — (~1)®g-in) +1m( Y Czar)(—0a2) - ga))

i>1 j>1 " ae(Z/pnZ)*
(i,p)=1
a a 'L a]—a a a Z
(( § § ga1—a2 J 92_(_1)1 2 § E ga1—a2 J . 2’2)
i>1,4=1(N) j>1 i>14=—1(N) j>1
(i,p)=1 (%:D) 1

+ 1&“( E C=a(Npr)(—a1 + a2) - ga2))
" ae(Z/Np"Z)*
a=1(N)

under the map (4.6). Hence concerning the image z”m"

(Xalaxa2)|(n,n) of
ZRP% (X, x) under the projection H[[Gg X Gfﬁ?]] — [GS) X GSLQ)L we

find that
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2Ry (XX ™)y = (Np") " 727N T ()

(a1—az2+1) (az+1) (1) (2)
Z Z ( Z By inpra* FNbayNpe ) 9o, "Iyt
by €(Z/Np"Z) b2E (/P D)% w,y((1/Np™)Z)/2 (4.10)
blzl(N)

with Fb(la/l];;,le) and F](\;lbg;;]lv)pn ’ in 4.5.1. From this, we obtain that

2 (X1 X)) € May+2(Xa (Np™); Q)G x GR](C HIGE) x GP))

and hence

univ

c,d’ ZNpoe (Xal ) Xaz )|(n,n)

€ Ma,42(X1(Np"); Z) J[GFY x GP](C O[GE x GIP)).
Here My, 12(X1(Np"); Z(py) = Ma, 12(X1(Np"); Q) N Zpy [[g]]. The latter fact
implies that 2§ € My, [[G%) x GR][1/g).
4.5.6. We see the relation between z}{,‘g;’o and special values of zeta functions
of cusp forms. This relation is described by the relation between the universal

univ

zeta modular form 2% and the zeta modular forms reviewed in 4.5.2 — 4.5.4.
This relation will play an important role in sections 6 and 7.
Let

Gr QG — Q(Gr) (4.11)
be the Q-linear map given by the action of Gg) on (p» such that ggz) = Cpn
(a € (Z/p™Z)*). We consider the image of z}{,‘;‘; (X", X*)|(n,n) under the map

Gt Mo, 42(X1(Np"); Q)G x GP] — mz(Xl(Np");@(cpn»[Gf’l)] )
4.12

induced by the map (4.11). By the caluculation until now, we see that the
above image is

(an)alfaglefl(pn)azfl

2 D

by €(Z/Np"Z)* b2€(Z/p™ZL)*
blEl(N)
(a1=a2+1)  pas+1) by tba (1)
( Z Fbla/NZs,z ’ F]\?;Q/Np”,y) ’ CP" i gbl :
z,y€((1/Np™)Z)/Z
We assume ag # 1. Putting a1 =k — 2, ag =7 —11in (4.13), m = n in (4.8)
in Lemma 4.5.3 (3), and comparing (4.13) with (4.8), we see that the element
(4.13) is closely related to the element (4.8) in Lemma 4.5.3 (3). Roughly speak-
ing, for an eigen cusp form f, “f-component” of Z:EE(Z/;)"Z)X W(x)vy - (4.8),
with a character ¢ : (Z/p"Z)* — Q" (n > 0), yields Linp(f,¢,7) by
period integrals. Here L(np)(f,v,s) denotes the function obtained from

(4.13)
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L(f,,s) = Yo, ai(f)v(i)i~*, where a;(f) is given by T(i)f = a;(f)f,
by removing prime(Np) factors of L(f,v,s). We will see in section 6 that
>ve@/przyx V(@)Vs - (4.13) yields L, (f, 1, 7). For the details, see section 6.

In the case as = 1, the above statements must be modified as follows.

The image of (1—cf‘llg£1_)1 g£2))(lfgf))z}{};f¥o (X, X)l(n,n) under the map (4.12)
is closely related to the element in Lemma 4.5.4 (3).

5. REVIEW OF p-ADIC ZETA FUNCTIONS OF MODULAR FORMS

In this section, we review the result of Amice-Vélu [AV] and Vishik [Vi] (The-
orem 5.5) which concerns the existence and the characterizing properties of
p-adic zeta functions of modular forms.

As referred above, in the rest of this paper, N denotes a positive integer which
is prime to p.

5.1. Let

be a normalized eigen cusp form of weight k > 2 of level Npt for some t > 0.
We assume that the conductor of f is divisible by N. We further assume
that ¢ is the smallest integer > 0 such that f € My(X(1,Np')) ® C. Set
K = Q(an(f);n > 1). We take a prime A of K which is above p, and let K
be the completion of K by A.

Suppose that there exists an element o € Ky satisfying v, (o) < k —1 for the
additive valuation v, of K, normalized by v,(p) = 1, and

1—ap™® | (p-factor of L(f,s))™* in Q,[p~°,

where L(f,s) =), ~; an(f)n~* is the complex zeta function of f. Then the p-
adic zeta function of f may be defined for each « satisfying the above conditions.
We fix such « and suppress « in the notation of p-adic zeta functions. We will
review the characterizing properties of a p-adic zeta function in 5.5.

5.2. We give a review of the space Hg, r—1 to which the p-adic zeta function
of f belongs. We first set up the notation. For the natural decomposition
L)y =TF) x (1+pZy) in the case p # 2 (resp. Zy = {1} x (1+4Zy)), let u be
a topological generator of the second component 1+pZ,, (resp. 1+4Z;). We de-
note F)¢ (resp. {£}) by A. As before G is the Galois group Gal(Q,(Gp=)/Qyp)
which is endowed with an isomorphism to Z,; via the cyclotomic character. Now
for a finite extension L of Q, and for a positive integer d, we define

Hea={Y ena- 92 (4@ - 1)" € L[A][[¢) — 1] ;
n>0
a€EA

lim |cpalpn=@ =0 for all a € A}.
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Here | |, is the multiplicative valuation of L normalized by |p|, = 1/p. The
space Hp 4 is independent of the choice of u in the evident sense.
We have

OL[[Gg)H ®OL L C HL,I; and HL,i C HL’j fOI‘ 1 S 7 § j

Here the first inclusion is given by the natural map.

We put
Hy oo = | Hea
a>1
then Hy,  is a ring.
For any positive integer d and for any subset U of Z, we define a map

iv :Hpa — [[ LIGYN = [] lim LIG]

jeu jeu n
cha @ cha alg® . (u g — 1) )j-
n>0 n>0
a€A a€A

It is known that for any d > 1, the map iz is injective. Moreover for any
different d integers ry,...,rq, the map iy, . .,y is already injective:

,,,,,

ifry,ra} - Hog = H LGN H L[GQ)
j€{rr.ral} jez

Concerning the above injection, we have a proposition (cf. [AV]).

PROPOSITION 5.3 . Let

HeaC [[ WmZ[cP]= ][] LI
je{l,...d} ™ Je{1,...,d}

be the subspace consisting of elements

p=(); = ((mjmn)j € [ lmLIGP)

satisfying conditions (i) and (ii) below. Then the map
iq1,..ay Hea — H LIGY))]
je{1,...,d}
induces a bijection from Hy, 4 onto Hp 4.
(i) For any j=1,...,d,
lim pd"pj,n =0.

n—r:o00
(ii) Forn > 1, let ¢n : (Z/p"Z)* — Z, be a lifting, namely it is a map such
that the composition (Z/p"Z)* Ly — PXO)(7,/pP )% coincides with the
identity map. For j € Z, let Xi : L[Gg)] [Ggf | be the L-homomorphism
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induced by g¢(12) — qﬁn(a)jgt(f) for any a € (Z/p"Z)*. Now for 1 < i < d and
for any ¢, satisfying the above condition,

i—1 ;
lim p(@=i+hn Z(_l)z‘—j—l (Z - 1) /J/j-t,-l,n(X;nj) =0.

n—>00 =0 J

Here ,uj’n(X;nj) € L[Gg)] is the image of p; . under X;nj
Proof. For the proof, see [AV]. O

In section 6, we will construct the p-adic zeta function of f as an element of
[licjcr KA(a)[[G(O%)]], and we will prove that it is contained in Hg, () -1
by using Proposition 5.3.

5.4. In this subsection we give a preliminary discussion to introduce Theorem
5.5 concerning the existence and the characterizing properties of p-adic zeta
functions.

In the rest of this section, we assume that a,(f) # 0.

5.4.1. As in [Ka2], §6, we define S(f) to be
S(f) = (Mp(X1(Np'); Q) @ K)/(T(n) ® 1 = 1@ an(f) s n > 1),

which is the quotient of My (X;(Np'); Q) ®g K by the K-subspace generated
by T(n) ® 1 — 1 ® a,(f) for n > 1. This S(f) is a one dimensional K-vector
space.

5.4.2. We define Vi (f) to be the quotient of H'(Y (1, Npt)(C), Syms 2(R\.
(Z)) ®7 K) by the K-subspace generated by the images of T'(n) @ 1 — 1 ® a,,(f)
for n > 1. Here A\ : E — Y (1, Np") is the universal elliptic curve. This Vi (f)
is a two dimensional K-vector space.

5.4.3. We put Ve (f) = Vi (f) @k C, and let

pery : S(f) — Ve(f)
be the one induced by the period map (cf. for example, [Ka2], §5, 5.4)
pery vye : Mi(X(L,Np")) @ C — H' (Y (1, Np*)(C), Symz~*(R'\.(Z)) @z C).

5.4.4. For the C-linear map

v Ve(f) — Ve(f)

induced by the complex conjugation on Y (1, Np*)(C) and E(C), and for x €
Ve(f), we define
1 1
at = 5(1 +(@), 7= 5(1 — ().

Now we take an element v € Vi (f) such that v+ #£ 0, v~ # 0. For w € S(f)
and for the above v € Vi (f), we define Q(w, )+, Q(w,v)- € C as

perp(w) = QAw,7)+ 7" +Qw,7)- -7
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5.4.5. For x € (Z/Np'Z)*, let (x) be as in 3.5 in section 3.
Let

e (Z/NP'Z)* — T
be the character defined by (z)f = es(z) - f for € (Z/Np'Z)*.

5.4.6. As before, let xcyclo : c? = Z,; be the cyclotomic character. For j € Z,
we regard

Xyeto : G2 — 2 5 9P =l (a€ L))
also as a character Z) — Z ; a — al.

P 3
For pn = Y n>0¢Cnya - g2 (9o — 1)™ € Hp 4 and a continuous character 1 :

a€EA
——X
X
Zy — Qp , we define

p() = ena-tla) - ((u) — )"
n>0
a€EA

Let o be as in 5.1.

THEOREM 5.5 ([AV],[Vi]). Let h=min{n € Z ; n > 1,v,(a) < n}(< k —1).
For v € Vi(f) such that v* # 0, v~ # 0, and for a non-zero w € S(f), we
have a function

Lp—adic(f)w,’y S HK)\,h C HKA,kfla
characterized by the properties (1) and (ii) below. In particular, if v,(c) = 0,
L_aaic(f) belongs to the subspace

Lp-adic( o € O, [[GD @0, Kx C Hi, 1.

(i) Let ¢ : (Z/p"Z)* — Q" be a character with conductor p" (n>1). We put
+ = (=1)*""Y(=1)es(—1). Then for any integer r such that 1 <r <k —1,
we have

Lp—adic(f)w,'y (ngclowil)

1
=@ —D-p"a "G, )t 2r) T ———— - L(f, 0, 1),
( )-p (¥, Gpn) (2mi) Qw, )+ (f,9,7)
where G(¢, (pr) denotes the Gauss sum Y ,.c 7 /,nzyx ¥(@)(gn and L(f,,r) is

the evaluation at s =1 of the function L(f,1,s) = > o a;(f)y(i)i~*.

(ii) We put + = (—=1)*"""Le;(—1). For any integer r such that 1 <r <k —1,
we have

Lp—adic (f)UJKY (XZyClo)

S T L —

Q(W7 ’Y)i
c(1=p oYX —ep(p)p* e L(fo 7).
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REMARK 5.5.1 . (1) In fact, both hands sides of the above equality belong to
Q.
(2) The function in Theorem 5.5 can be characterized by only property (i).

The function Ly-adic(f)w,~ in Theorem 5.5 is called the p-adic zeta function of
f

5.6. We have a canonical isomorphism
i, a2 Hiy 0/ (9% = 1) x Hig, /(6% +1).

For x € Hg, 4, we call its image in HKMd/(g(fl) —1) (resp. HKA’d/(g(fl) +1))
under the above isomorphism the +-part (resp. —-part) of . Moreover we call
HKA,d/(g(fl) —1) (resp. HKA,d/(Q(fl) + 1)) the +-part (resp. —-part) of Hg, 4.
5.7. As in [Ka2], §6, we define §(f,k — 1,0(1)) € Vk(f) to be the image of
o0(k,k—1,0(1)) € Hl(Y(l,Npt)((C),Syrng*Q(Rl)\*(Z)) ®z Q) in [Ka2], §5, 5.4.
It is known that 6(f,k—1,0(1))" =0, and if L(f,k—1) #0, 6(f,k—1,0(1)) =
5(f,k—1,0(1))" # 0. In what follows, in the case L(f,k — 1) # 0, we take
§(f k —1,0(1)) € Vk(f) as v € Vi (f), we consider (—1)* - €7(—1)-part of
the p-adic zeta function of f, and we suppress 7 in the notation of p-adic zeta
functions.

6. THE RESULT ON ONE-VARIABLE p-ADIC ZETA FUNCTION

Let the notation and the setting be as in section 5. Suppose f is an eigen cusp
form of weight k& > 2 and of level Np' with ¢ > 1 which satisfies the condition

in 5.1. In 6.1, for a certain subspace A of MNpoc [[Gg)) X G(o%)]] ®, (6D %621
Q(Zp[[G(oé) X Gg)}]) to which the universal zeta modular form zj?¥. belongs,
we define a map “to take f-component”
Srpn o pneA— [ EIGENG).
re{l,....k—1}
The main theorem (Theorem 6.2) of this section is, roughly speaking, that if
L(f7 k — 1) 7é 07
Lr (k—2},40,.. . k—2},t ° z}{,rgl’o — p-adic zeta function of f
(see Theorem 6.2 for the precise statement).

6.1. We define the subspace A and the map £y (12} f0,... .k—2},¢ in a more gen-

eral forms M[[GS,? X G(OZ)HI1,I2 (see 6.1.4) and £y 1, 1,,; (see 6.1.6), respectively.
(For simplicity we assumed that ¢ > 1 in the above, but in fact, we can treat
also the case t = 0, as seen below.) We begin with some preliminaries. Let f,
K, and the other setting be as in 5.1 in section 5.

6.1.1. As in 5.1, we fix a under the notation there. We first consider the case
that t = 0. We denote the p-factor of L(f, s) by (1 —ap=*)~}(1—pp~*)~! with
BeKy .
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Let
fa=f—=08-0q(f) € Mp(X(1,Np)) ® C,
where 4 (f) = >,51 an(f)g"" with f =37 -, an(f)g". We have

T(p)fa = fou

L(fays) = (1 = Bp~°)L(f,s),

and €5, : (Z/NpZ)* — Q" is the one induced by (Z/NZ)* <5 Q. This f,
is an eigen cusp form but is not a newform.

6.1.2. For f in 5.1, we put f = f in the case that ¢ > 1 with ¢ in 5.1, and f = f,
in the case t = 0, where f, is as in 6.1.1. Moreover let Np™ denote the level
of f. (Namely m =t in the case that f = f and m = 1 in the case that f = f,
as above.) Further put

I — Ky t>1
| Ki(a) t=0.

6.1.3. Let j,s € Z, and let M7(X1(Np®);Q) be as in section 3. The space
(Uj2,6>1 M7 (X1(Np°); Q) ®g L)/(T(n) ® 1 = 1 ® au(f) 5 n > 1) is a one
dimensional L-vector space in which the class of f is a base. We define a
map pr; by the following composition

pr: ) MI(Xi(Np*);Q)
j>2 s>1

= (U MEWND):Q) @ L)/(T(n)@1-1®a(f) ; n > D

— L,
where the first map is the natural projection and the second map is by sending

the class of f to 1.

6.1.4. Let I;,Io C Z be subsets. We denote by M[[Gg)) X Gg)]]h,b the
Zp[[G(O};) X Gg)]]—submodule of MN,,OQ[[GQJ X G(oi)]} defined in the following

way:
M[[G&) X G(()%)]]117[2
= {z € Mup=[[G) x GQ)]] ;
(XX € | M (X (Np*);2,))[GL) x G

j>2, s>1
for any (ay,a2) € Iy x Iy and n > 1}.
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6.1.5. Let ¢, d’ be integers which are prime to p. By the result in 4.5.5, we find
that for any k > 2,

univ — 1 2)\ _univ

c,d’ZNpoo :(1 —C lgi—)lggQ))(l - dlgg’))ZNpOO

(6.2)
€ M[[GL) x G:g)]]{k72}7{0,‘..,k—2}-

6.1.6. Let i be a positive integer. We define a map “to take f-component”
Srnni MIGY < Gl — [ LIE2NE"]
(a1,a2)€l1 X1z

as follows:
Ltz = H Lf,a1,a,i

(a1,a2)€l x 12
for
Sranani : MIGL x GRN1, 1, — LIGRNGY).
The map £¢.4,,4,,i 15 defined as the composition

“1,x%2)

(
Ltarsani  MIGY x G, 1, — MG x GDlj03,10y

2L MIGDNIG M 0y.10y
pl‘
=5 LGONGM,

where M[[GQH[GED]{O},{O} denotes the image of M[[Gg) X Gg%)]]{o}’{o} under
the natural projection M ype [[Gg? X Gg)]] — M ype [[GS,%’]} [Ggl)], and the last
map is given by pr; (6.1) for each coefficients of G2 and by taking lim.

For z € M[[Gg}) X Gg)]]h,b 8, 16D x| Q(Zp[[Ggé) X Gg,)]]), if there is
a non-zerodivisor g € Z,,[[G&) X Gg)]] such that g(x®', x*?) is invertible in

QG x G] for all (ay,as) € I x I, and gz € M[[GSY) x G4, 1, then
we define

i@ =Lrnnier) [ 9lar,a2)7!

(al,az)eh X1y

e I ruc@ne.

(a1,a2)€l1 xI2

6.1.7. By (6.2), we find that Ef’{k,g}’{o,wk,g},m(Z}{,rgl’o) €
[aseqo,. -2y L[[GQH[G%)] can be defined in the sense at the end of 6.1.6.

In what follows, by putting az = r — 1, we write [, ¢y 11y L[[G@H[G%)]
instead of [[, c(0,. r—2) L[[GQ]][G%)}. Furthermore for L[[Ggi)]], we
define + and — parts in the same way as in 5.6, and we define
the spart of [[cq 51y L[[Gg)m(}ﬁ)] with « = 4+ or x = — by

.....
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e, pmny LUIGRNCVGR)), where LIGR) D is the * - (—1)™-part
of L[[GY)]).
We state our main theorem in this section.
In the situation of Theorem 5.5, we take the class of f as w € S(f), and suppress
the w in the notation of p-adic zeta functions appearing below. Since we will
assume L(f,k—1) # 0, we take 6(f, k—1,0(1)) € Vi (f)\ {0} as v, and suppress
v in the notation of p-adic zeta functions, as referred in 5.7.
THEOREM 6.2 . Put + = (—1)ke;(—=1). Let h =min{n € Z ; n > 1,v,(a) <
n}(< k—1), as in Theorem 5.5. Then we have

Sf,{k—2}7{0,...,k—2},m(ZRII;ZC):t € H LI[GANGV] (6.3)

re{l,...,k—1}
is contained in the subspace
i{1,.“,k71}(HL7h)[G%)]-

univ

Here Sf,{k,z}){07,“’k,2}7m(z]\,poo)i represents the £-part. Moreover if v,(a) =

0, (6.3) belongs to g1, k13 (OL[[GR] ®0, L)IGW).
Concerning the relation with p-adic zeta function, we have the following result.
Suppose L(f,k — 1) # 0. In the rest of this theorem, we identify an element of

Hyz,p with its image under igy . p—1y : Hpp — Hre{l,...,kfl} L[[Gg,)]}.
(1) In the case f = f, we have

L1 (-2}, {0, k—2},m (2N ) *

=a™ Y Lpaaelf) @) -gP e [ LIGRNGR).
a€(Z/p™Z)* re{l,....k—1}
Here o' € (Z/Np™Z)* is the element such that o' = 1(N) and o' = a(p™).
(2) In the case f = f., we have

L1 {k—2},{0,..., kfz},l(Z}l\/r;iZo)i

=a > Lpaaclfa)*-9Pe [ LIGANGY).

a€(Z/pZ)* re{l,...k—1}

(3) In the above, we only considered the (—1)¥e;(—1)-parts of Ly aaic(f), and
we put the assumption that L(f,k — 1) # 0 which always holds in the case
k > 3. However we can obtain by the method in 6.7 below, the whole Ly_qa;c(f),
including the (—1)*~Ye;(—1)-part, without the assumption that L(f, k — 1) # 0.

REMARK 6.2.1 . In Theorem 6.2 (2), we present the p-adic zeta function of
fa instead of the p-adic zeta function of f. By the characterizing property of
p-adic zeta functions in Theorem 5.5, their p-adic zeta functions are a multiple
of the other by a non-zero constant.
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The rest of this section is devoted to the proof of Theorem 6.2. In 6.3, we prove

+
that £f (x—2{0,.... k—2},m (ZNp%)
univ

in 6.4 — 6.7, we prove that £ ._2) 10,....k—2}, m(sz ) displays the characteriz-
ing property (i) of the p-adic zeta function in Theorem 5.5. (Cf. Remark 5.5.1
in section 5.)

is contained in g . ,k—1}(HL,h)[G%)]~ Then

6.3. We show that £¢ (19} (0,... k- 2},m(z1‘1\,“1¥o)i belongs to igy,.. x—13(Hr,n)
(G-

First, we give a preliminary discussion which will be important also for the
proof on the characterizing properties of p-adic zeta functions.

6.3.1. We define a homomorphism

pg:H—H
by 0,30 aiq) = >0 aig’" (a; € Qp, the valuation of a; is bounded
below, and a; — 0 when i — —00). Let

rg:H—H

be the trace map associated to .
We use the same symbol Tr,

HIGL x G — HIGE x G (41,022 1)

for the map induced by Tr, on the coeflicients.
For an element = of L[[G((i)) X Gg;)]] and for positive integers a;, as, we denote

by x|(a,,a,) the image of 2 under the natural projection
LG x G — LG x G2,
PROPOSITION 6.3.2 . Let ay1,as be integers such that 0 < as < ay. Then for

all positive integers n and m such that n > m, we have

Trg ™™ (2% (¢ X)) € May2(X1 (Np™); Q)G x G2,

Ty~ (e 2R (X X)) € Moy +2(Xa (NP™); 2 ) [GR) x GIP),

Ul’llV

where Z{a% (X, x*2) is as in 4.5.5.

Proof. Clearly *|(;, ) is the image of *|(,,) under the projection H[GS}) X

Gg)] — H[G’%) X 053)]. By (4.10), we know z}{,rgé(x“l,x"?)kn,n) which is

an element of Maﬁz(Xl(Np”);@)[G%l) X Gg)] precisely, and hence we can
calculate Try ™™ (ZRA% (X*', X**))|(m.n)- By this calculation, we find that the

element Trj~ (z}{};" (X", X*))|(m,n) belongs to My, 12(X1 (Npm);Q)[Ggrll) X

Gg)]. The assertion for c,de}‘\};i‘o’o follows from this. O

univ

In 6.3.3 — 6.3.6, we show that the element £y (12} f0,... k—2}, m(sz ) belongs
t0in, k1) (Hen®, ooy ZolGRN1/a)[GR] = in, k1) (Hen[l/a)[GR]
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(C (i (Hen) ®, g QZ[[GPNGY]) with a certain non-
zerodivisor a € Zp[[Gg)]] which satisfies that a(x") (r = 1,...,k—1) are invert-
ible in Q,[[G 2)]] In 6.3.7 - 6.3.12, we prove that £; (12} 10,....k—2}, m(zj‘{};v )*

is, in fact, contained in i{1,...,k—1}(HL,h)[G£rlz)]~

6.3.3. We prove that

L1 (2,40, 2} m (e ZNm%) € gy k13 (Hpp) [GR),
(6.4)

which means that £f7{k_2}7{07___7k_2}7m(ZuNIgZo) € i{ly___yk_l}(HLyh[l/a])[G%)]
with a non-zerodivisor a € Zp[[Gg)H (which satisfies that a(x") (r=1,...,k—

1) are invertible in Qp[[Gg)]]). It follows directly from the definition that the
projection My (X1 (Np™); Q) — S(f) (n > m) commutes with the Hecke opera-
tor T'(p) = U(p) = Try. By this and by the fact that the action of T'(p) on S(¥)
coincides with the multiplication by «, we obtain

L1 k-2}(r—1}.m(e.d 2Ny )| (m,n)

m—n univ — r— (65)
= a7 pry(Try ™" (e, 28 (72Xl mom)))-
Therefore for the proof of (6.4) it is enough to show that
[Tt ey a2l (2 XDl mm)
re{l,...k—=1} ™
€ ity (Hen) G, (66)

We denote the r-component (r € {1,...,k — 1}) of the left hand side of (6.6)
by

e (f) = (ron () € lim LIGNGE] = LIGNGH).
In order to prove the assertion (6.6), by Proposition 5.3 in section 5, it is
sufficient to show the following two assertions:
One is to show that

lim p"ppn(f) =0 forallre{1,....,k—1}. (6.7)

n—oo
The other is to prove that for any d € Z such that h < d < k—1, (u,(f))r=1,...a
satisfy the condition (ii) in Proposition 5.3.

6.3.4. We check that (p,(f))r=1....,
By Proposition 6.3.2 which shows

Try ™" (e, 2N (O 2 X ™Dl mmy) € Mi(X1(NP™); Ziy) ) (GG

x—1 satisfy (6.7) above.

for all n > m and by the fact that M (X1(Np™);Z,)) is a finitely gen-
erated Z,)-module, we have that the image of My (X1(Np™);Z)) under
r; 1 Mi(X1(Np™); Q) — L is contained in a - Oy, for some a € L*.
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From this, p™" times p,,(f) is contained in p™* - a="a - O [G%)][Gg)].
As vy(a) < h, we obtain lim, .. p"™" - o "a - O = 0 which implies
lim,, oo p"hurm (f) = 0 as desired.

6.3.5. We show that (u,(f))r=1,...,4 satisfy the condition (ii) of Proposition 5.3
for any d € Z such that h < d <k — 1.

We use the notation in Proposition 5.3 (ii). We write

e 28 (X2 X ) [y for (e 28 (X2 X)) (i, X 7)€
n 1 2
My (X1 (Np™); Zy)) [GR G,

We can prove that

S () a2

§=0
— i—1 -
=S () e (T 0 )
§=0
in Proposition 5.3 coincides with
i—1
—-n n—m i—j— i—1 univ — iy —J
o1 () B X )
— J
7=0 (68)
Moreover we have
— i1 ,
S (1) st g
§=0
€ Mi(X1(Np™);p" =V Z) ) [GWVNGP]
which follows from the general argument that

i—1

R A T
S () S € 2 (G

Jj=0

(m,n))

for any x € Z,)[[Goo)]. Here :c(XjX;jﬂn represents :c(xj)|n(X;:) for the
image z(x?)|n € Z)[G] of #(x?) € Z)[[Gs]] under the projection. By this,
we find (6.8) is contained in a‘"~a-p"(i_1)OL[G£,1L)][G$L2)} with @ € L* in 6.3.4.
As vy(a) < h < d, we obtain

i—1
. —1 n i—j— —1 ~d
lim p(@—++b E (1)t (Z . >N(f)j+1,n(X¢nj,) =0,

n—>00 j=0 J

which says that (i, (f))r=1,..a (h < d < k — 1) satisfy the condition (ii) of
Proposition 5.3, as desired.

The above arguments conclude our claim (6.4) in 6.3.3.
6.3.6. The argument in 6.3.4 shows that if v,(a) = 0,
wr () € (OL[GR] @0, D[GL)]
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This and the argument in 6.3.5 show that in this case,
L (k=2}{0,...k—2}.m(2Np%) is contained in i{17.__,k_1}((OL[[G<(>Z)]] ®oy,
L)[1/a)[G).

Now we show that £f7{k_2}7{0,_“7k_2},m(z}{,“z}‘;)i € i{17,__,k_1}(HL7h)[G%)]. The
main line of the proof is roughly as follows. Let M be an integer > 1 which is
prime to Np. By using . 4 2y, npe Which is similar with the element . g/ z}{,‘g‘c’c
in 4.5.5 and which is defined in 6.3.7 and 6.3.8, we will construct a function
Ly ¢ 1k—2}3{0,....k—2},m (e, 2M,Np>=) € i{l,...,kq}(HL(qs),h)[GsrlL)] in 6.3.9. Here ¢
denotes a character (Z/MZ)* — Q. Assertions in 6.3.11 and 6.3.12 say that
Ly . (k—2},{0,....k—2},m(e,a 20, Npo) 18, in fact, a function which is a multiple
of our Sf,{k_2}7{07_“7k_2}7m(ZR[IEXC) by a non-zerodivisor in Zp[[Gg)]] which is
prime to a € Z,[[Go]] in 6.3.3.
6.3.7. Let M be a positive integer such that (M, Np) = 1. We define an element
_ 1
M Npoe € Marnpe [Grrpee ) X Garpeo (2)]][?]

with a certain non-zerodivisor

g’ € Zl[Grrp=~" % Garp~ @] € Mary=[[Grape ) x Garpe )]

univ

which is similar to the universal zeta modular form 27 % . In fact, in the case

— __ .univ
M =1, we have 21 np~ = ZNpe - Here

Garpee M 2 Grrpe P = Grppee = (Z/MZ)* x 7y,

the group G Mpoo(l) is the one acting on the space MMNPOO in the following
way. For a = (a1,a2) € (Z/MZ)* x 7}, the action of the corresponding
element g\ € Grp=™ on f =3, fr € U,; M7 (X1 (MNp'); Q) with fi €
M (X1(MNp'); Q) and ¢t > 1 is given as

o) f =Y ab ) i,
k

where @’ € (Z/M Np'Z)* is the element such that a’ = a(Mp') and a’ = 1(N).
The group Garpe ) is the Galois group Gal(Qp(Carp)/Qp) which is endowed
with an isomorphism to (Z/MZ)* x Z, via the cyclotomic character.

The element zp7np~ is the image of the product Fy, - Fy, €
HI[Grp | [[Gape]] With Fyy 1, Fly 5 € H[[Garpe]] below under the isomorphism
of rings over H

HI[Gatp= )| [[Garp=]] — H[Garpm VN [Crrpe D)) 5 201802 — g5 g2,

(x € H,a,b € Z; x (Z/MZ)*), where g, € Gprpe is the corresponding element
to a. Here
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Fyq=( Z Zquj)(gz‘ — g—¢) + lim( Z Cza(arpm)(0) * 8a),

i>1 j>1 " ae(Z/MpnTZ)X
(i,Mp)=1
Fra=( > Y d7a— > > d’ g
i>1,i=1(N) j>1 i>1,i=—1(N) j>1
(i,Mp)=1 (i,Mp)=1

+ lim( Z C=a(NMp) (0) - 8a)-
" ae(Z/NMp"Z)*
a=1(N)

Originally zps, npoe belongs to H[[GMpoc(l) X GMpoo(Q)]], but we can prove that
20 Npe € Mpnp= [[GMpoo(l) X Gprpes (2)]][1/g']. This follows from the follow-

ing lemma which can be proven in the same way as for z}{}gi’.o.
For n > 1, we write Gapn for the group (Z/MZ)* x G,,.
LEMMA 6.3.8 . (1) Let ¢,d’ be integers which are prime to p. Then

e zanp= = (1=c g g (1—d'g8 ) 2ar,np € OR[[Garp= Y X Garpe @]

(2) Fori € Z, let us denote by x" : Garpee — Gprpee the map induced by x'

on the component Z, . Let ai,az be integers such that 0 < az < a;. We define

Zm,Npos (X™, X*2) in the same way as for z}‘vrg‘o’o in section 4. Concerning the

image of the natural projection, we have
a a n 1 2
2ar g (X X)) €M 2(X0 (MNP Q)G % Gi7]
1 2
(C HIGS . x GIL.),

e 20N p (X X)) €My 42(X1 (MNDP™); Z) G x Giph)
(C OulGS),. x G L))

(3) Let a1 and ag be as in (2). For any integers n,m such that n > m > 1, we
have

T ™™ (2ag,npoe (X X (mimy) € May42(X1 (MNp™); Q)G (G50

— a a m 2
T ™™ (. 20,8 p (X X)) € May+2(X1(MND™); Z) (G | [G ).

6.3.9. Let ¢ : (Z/MZ)* — Q" be a character whose conductor is M. Let f,
be the modular form given by

fo = Z an(f)p(n)q".

n>1

It is an eigen cusp form of level M Np™ with zeta function L(f4,s) = L(f, ¢, s).
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In the same manner as in 6.3.3 (6.5), we can show that
(@™"é(p) ™" - pry, (Try ™" (e 2nrnvp= (X2 X D)) (6.9)
belongs to @L(@[G%H][G(A}Lm], where L(¢) is the field generated over L by

the values of ¢. Here remark that a,(fs) = a,(f)¢(p) = a¢(p). We consider
the image of the element (6.9) under the L(¢)-homomorphism given by

L(¢)[[G§5[}pme§vlf)pm] — L(O)[[GNGM] ; xg((l2)gl()1) — xqﬁ(ab?)gé?)g%;)lo)

(z € L(9), 9+ € Gupe=,gx € Goo). We write Ly ¢ (k-2) (r—1}.m(c,d 20, Np) €
L((b)[[Gg))]][G% ] for this image, and we put
Ly £ {k=2},{0,....k—2},mc.d M Np=) =
Il Corv-aonmeomne)e [ LOICDNGY).

re{l,...k—1} re{l,...k—1}
Concerning Ly r (k—2} o0.....k—2},m (c,d’ 201, Np== ), we have the following proposi-
tions, which are crucial to our purpose.
PROPOSITION 6.3.10 . The element Ly ¢ (x—2} fo,....k—2},m(c,d 20, Np< ) 8 con-
tained in the subspace i{l,...,k—l}(HL(qﬁ),h)[Gg?}b)]-

Proof. We can prove Proposition 6.3.10 in the same manner as in 6.3.1 — 6.3.6.
O

In the rest of 6.3, we identify an element of Hy 4y, and its image under
. 2
ity * Hen = Mg, iy LOICL.

PROPOSITION 6.3.11 . Assume L(fy,k—1) = L(f, ¢, k—1) # 0 and ¢(—1) = 1.
Then we have

+
L, f,{k—2}{0,....k—2},m (e, 2M,Np>=)

=z H ( H (1- al(f)l_rgl(g)l + ef(l)lk‘l—%’gl(f)z)

re{l,...,k—1} l:prime
1M

(1= (e Dol g1 — dTo(d)g))
Q™ &4 (h-2} {0, k-2 m (2R )
€ HL(¢),h[G£}L)]

for some x € L(¢)*, where + = (—1)Fe;(—1).
| Q(Z,[[GR]))) can be

characterized by specializations Hy,g) n[1/€] — L induced by o x" : Gg)) —

@X for different h integers r; (i =1,...,h) and all but finitely many Dirichlet
characters ¥. So we can prove Proposition 6.3.11 by comparing the images of

Proof. An element of Hy ) x[1/e](C Hrg)n ®ZP[[G§>]
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both hands sides under such specializations. The image of the right hand side
under specializations will be studied in 6.4 — 6.6 below. The image of the left
hand side may be obtained in the same way as for the right hand side, but we
omit the details. ]

6.3.12. We finish proving that the elements in Theorem 6.2 are contained in

i{1,..4,k—1}(HL,h)[G%)]-
We have

£f,(k-2},0,.. -2} m e, ZNp)

= JI a-cFeaee®)a-d gl

re{l,...,k—1}
: 2f,{l~c72},{0,...7k72},m(211{;2¥°)
€ HL,h[Gg)](C HL,h ®Zﬂ[[Gg)]] Q(ZP[[GEEJ)H)[G%)])’

which follows directly from the definition.

Since (1 — al(f)gl(g)1 + ef(l)lk’lgl@g) for all of the prime numbers [ which are
prime to Np do not have a common divisor, by Propositions 6.3.10 and 6.3.11,
it is sufficient to show the following assertion.

There exist ¢,d’, M, and ¢ which satisfy the above given conditions and the
following condition. For some characters ¢y, : (Z/p"Z)* — @X with con-
ductor divisible by p, ¢(c) = 1¥1(c) # 1 and ¢(d') = ¢o(d’) # 1, and ¢(—1) =1

hold. We can take such elements, therefore we obtain the desired result.

6.4. We prove that our elements in Theorem 6.2 (1) and (2) satisfy the charac-
terizing properties of Ly aqic(f) in Theorem 5.5. In fact, the difference between
Theorem 6.2 (1) and (2) comes from the fact that we take pr; instead of “pr ”

We treat the cases Theorem 6.2 (1) and (2) together.

We use the notation in Theorem 5.5.

6.4.1. As referred earlier, for L[[Gg))]], we define + and — parts in the same
way as in 5.6, and for * = + or —, we define the x-part of L[[G@H[G%)] by
LGR) (G

In both cases of Theorem 6.2 (1) and (2), we have

ny{kfz},{o,...,kfﬂ,m(ZR’?Z" )

= JI  tim(e™ " pr(Try ™ 2R 082X i)
re{l,...,k—1} ™

e I wmre®e®= [ rie@new
re{l,....k=1} n re{l,...k—1}
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This follows from the equality (6.5). We will prove the assertion that the image
of the coefficient belonging to liLnL[Gg)] = LGP of g(l)

oo
n

(H (1-— al(f)lirgl(%)l)' lim(a™" - pry(Try ™ (ZR[I;V (inz,XT71)|(m,n)))))i'(71)r
l:prime n
N

€ lim LIGP)[GIY) = LIGRNIGH), (6.12)
where + = (—1)*¢;(—1) and ( )*(=1)" represents the + - (—1)"-part of the
element in ( ), under the map ¢! : L[[G(o%)]] — L coincides with the image of

2
(IT (= a(e) - Lpaac(P)*
l:prime
N
under ngclow_l :Hpp — L.
By the following facts, this assertion deduces Theorem 6.2.
Firstly we have the equality (6.11).
Secondly ;:prime(1 — (f)gl@)l) € OL[[Gg-))]] ®0, L is a non-zerodivisor of Hy, 5.
N

Finally by the results in 4.5.5, we have
(T ™ R O 2 X N D = D (@ - gd)
a€(Z/pmZ)*
€ Mi(X:(Np™); Q)G [, (6.13)

where z is the coeflicient of 951) in the left hand side, and o’ € (Z/Np™Z)*
is the element such that o’ = a(p™) and o’ = 1(N). Hence the coeflicient in

liLnL[Ggf)] = L[[GP]] of gt in (6.12) is €;(a’ ") times the coefficient of gil)

n
in (6.12). (Remark that in the case of Theorem 6.2 (2), €;(a’) = 1 holds.)
Thus we prove the assertion above.

6.4.2. We use the same notation as in Theorem 5.5. We consider the following
composition

Yo LIGD) 2 LIGP) — I, (6.14)

where the second map is defined by

Yooa® e Y w@ Y al (e el

w€e(Z/p™Z)* z€(Z/pnZ)* w€e(Z/pnZ)*
LEMMA 6.4.3 . Let pu be an element of L[[Gg)]]. Then we have
p@™h) = g, (1) - G, Gpn) ™!

Proof. We can prove the lemma by direct computation. O
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6.4.4. We assume 1)(—1) = (—1)*7"¢;(—1). By Lemma 6.4.3, our task is show-
ing that the image of the coefficient of gil) in (6.12) under the map (6.14)
is
1
- L
(f?é(ﬁk_l?l(o)))* (NP)(

(r—1! p" ™. (2mi)k—rt. ) f,9,7).

6.5. In order to prove our claim in 6.4.4, we need to review the result in [Ka2].

6.5.1. As in [Ka2], let
ZNp" (f7 T, k - 170(1)7pr1m(Np)) € S(f) & Q(CNP") (T ?é 2)5

¢,dZNpn (fv 27 k— 17 0(1)7 pI‘ll’Il(Np)) € S(ﬂ b2y Q(CN;D")
be the images of zyf]’\;gm,Np”(k,r,k — 1,0(1), prim(Np)) in the case r # 2,
and c7dz§’f]’\2m7an(k, 2,k —1,0(1), prim(Np)) in the case r = 2, both of which
are elements of My (X1(Np™); Q) ®g Q(Cnpn), respectively, in 4.5.2 under the
projection

M (X1(Np™); Q) ®q Q(Cnpr) — S(f) ®g Q(¢npn)- (6.15)

Let f* = 3,5, @n(f)¢" denote the dual cusp form of f. Here @,(f) are the
complex conjugates of a,(f). This is also a normalized eigen cusp form. For
n > 1 such that (n, Np) = 1, it is known that

(T(n){(n=)(F") = an(HF"- (6.16)

For x € (Z/Np™Z)*, let us denote by v, the corresponding element to x of
Gal(Q,(Cnpn)/Qy) via the cyclotomic character.

PROPOSITION 6.5.2 . Assume r # 2. Let : (Z/Np"Z)* — Q" be a charac-
ter. We put + = (=1)*="=1y)(—1). Then we have

Yo @) - per(((z7h) @) (znpn (f,m k = 1,0(1), prim(Np))))*

z€(Z/NpnZ)*
= L(Np)(f*a ¥, T) ’ (27.”')16—7'—1 ’ 6(fa k— 170<1))ia

where Lnp) (f*, %, s) denotes the function obtained from L(f*,1,s) by removing
prime(Np) factors.

Proof. Remark that the definitions of the actions of Galois group
Gal(Q(¢npn)/Q) are different between in [Ka2] and here: The action of
o, in [Ka2], §6, Theorem 6.6 on S(f) ® Q(Cnpn) is equal to the action of
(z71) ® v, in our notation. By this relation we see that the above equation
is equivalent to 6.6 in [Ka2] which can be deduced from the work of Shimura
[Sh]. O

DOCUMENTA MATHEMATICA - EXTRA VOLUME KATO (2003) 387442



COLEMAN POWER SERIES FOR Ko 429

In the case r = 2, Proposition 6.5.2 must be modified as
Yo @) - per(((v7h) ©@ve)(caznpn (. 2.k = 1,0(1), prim(Np))))*
2€(Z/NpZ)*
=Ed® - (1= Fh(e) ™) (1 = 9(d)Hes(d))
L) (F551,2) - (2mi)* 7% - 6(5, k — 1,0(1)) .

The above proposition induces the following corollary.

COROLLARY 6.5.3 . Assume r # 2. Let v be as in Proposition 6.5.2. We put
+ = (=1)* """ 1ep(—1)ej(—1). Then we have

> (@) - perg((1®vy)(znpn (f, 7,k — 1,0(1), prim(Np))))*
z€(Z/NpnZ)*
= Ling) (f, 00, 7) - 2md)* =771 5(5, k — 1,0(1))*.

Proof. By the definition of €;, we have the equality
> v
z€(Z/NprZ)*
. _1)k—r— —
pery (@) @ va) (znpn (f, 7,k = 1,0(1), prim(Np)))) 0D
= Y d@eh

z€(Z/NpnZ)*
. i k—r—1_
-per;((1® va) (znpn (f, 7,k — 1,0(1), prim(Np)))) D" " ¢ (=D,

By Proposition 6.5.2 and by this, we see that the left hand side of the equation
in Corollary 6.5.3 is equal to

Linp (7% - €5, 7) - (2m0)" 7771 - 6(5, & — 1,0(1)) .

By (6.16) and by the fact that €;(n) = € (n~!) for n € Z such that (n, Np) = 1,
we have

L(NP)(f*’ w "€y 8) = L(Np)(f’ 1/)7 8)
This shows the result. (I

With a suitable modification, we have a similar result with Corollary 6.5.3, in
the case r = 2.

As a corollary to Corollary 6.5.3, we obtain the following Corollary 6.5.4 which
is important for the proof of our Theorem 6.2.

For r # 2, let A(k,r) be the element of My (X1 (Np™); Q) ®g Q(¢pn) obtained
from the right hand side of (4.8) in Lemma 4.5.3 (3) in section 4 by replacing
“a € Z/p"7Z” in the right hand side of (4.8) by “a € (Z/p"Z)*”. Namely,
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Alk,r) =(r = DI (Np™)F T2 (Np") 2 N
I1 a-1rr@w-)

l:prime
N
(> TE"™
a€(Z/p™Z)*
(k—r) (r) a
> > (Fifap Fil ) G

z€((1/Np™)Z)/Zye((1/Np™)Z)/Z
We define A(f,r) to be the image of A(k,r) under the projection (6.15).

COROLLARY 6.5.4 . Assume r # 2. Let ¢ : (Z/p"Z)* — Q" be a charac-
ter which does not factor through (Z/p™ 1Z)* and which satisfies ¥(—1) =
(=1)*="€;(—1). Then we have

Y @) pery((1@w)(A(f,r)))”

x€(Z/pmZL)*
= L) (.0, 7) - (2md)F =771 6(f,k — 1,0(1)) .

Proof. We take 1 as a character which factors through (Z/p"Z)* — Q" and
does not factor through (Z/p"~1Z)*, and apply Corollary 6.5.3. Then the part
of the sum Zme(Z/NZ)X is equivalent to take the trace map tryp» ,» in Lemma
4.5.3 (3). Concerning the problem of changing a, since % in Corollary 6.5.4
is primitive, the iterated sum over }_, 7z« ¥(2)(7 for (a,p) > 1 become
Z€ro. (]

In the case r = 2, Corollary 6.5.4 must be modified as follows. We take
c.dA(k,2) as the element which is obtained from (4.9) by replacing “a €
Z/p"Z,a # 07 in the right hand side of (4.9) by “a € (Z/p™Z)*”. We also
define . 4A(f, 2) to be the image of . 4A(k, 2) under the projection (6.15). Then
we have

Yo w(@) - per(1® ) (caAlf 2))”

z€(Z/pnL)*
= 2d” - (1= Fei(e) ()T (A = w(d) ™)
Ly (F,%,2) - (2m0)" 7% 65,k = 1,0(1))

6.6. Now we prove our claim in 6.4.4.
Since T'(1)f = a;(f)f, (6.12) coincides with

(lim (™"
oI (= T g0 R O D))=

l:prime
N
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So to analyze (6.12), we consider the image of

—r (2 n—m// _univ - r—
[T @ —7@i g2 (T R 62 X ™) )
l:prime
N

€ My(Xa(Np™); Q)G x GP] (617)

under the map

G+ Mi(X1(Np™); Q)[GD) x G2 — My (X1 (Np™); Q(Gpe ) [GD)]
(6.18)

defined in the similar way as (4.12).

In the case r # 2, by comparing (4.8) in Lemma 4.5.3 (3) and equation (4.13)
in 4.5.6 with a1 = k—2 and as = r— 1, we see that the coefficient of ggl) IS GE,}L)
in the image of (6.17) under the map (6.18) is

(r=1)t-p"" - Ak, 7)
with A(k,r) in Corollary 6.5.4. Thus under the composition
LIGRNG] 22 LGP <2 LG (G|
-f
= (L(Gn) - NIGRYY,
the coefficient of ggl) in the element (6.12) is sent to
a~ " (r=1D-p" - A(f,r).

Hence by Corollary 6.5.4 and by comparing the definition of the map (6.14)
and the map in Corollary 6.5.4, we obtain that under the assumption in 6.4.4,
perf(f)_ times the image in question in 6.4.4 equals

a " (r=1)-p" - Linpy (F,9,7) - (277@')’“_7"_1 <O0(f, k—1,0(1))".

Since L(f,k — 1) # 0, we have 6(f,k — 1,0(1)) = §(f,k — 1,0(1))~ # 0. As
peri(f)~ = Q(f,6(f,k —1,1(0))) - - 6(f,k — 1,0(1))~, we find that the claim in
6.4.4 is true in the case r # 2.

In the case r = 2, in the same way as for r # 2, we can show that the coefficient
of g in the image of ¢2d2 - (1 — 2 *¢;(c= 1)) (1 - g'P) times element (6.17)
under the map (6.18) is p?" - 4A(k, 2) with . 4A(k,2) just after Corollary 6.5.4.
Hence the image of the coefficient of ggl) in c2d?-(1— cz’kef(cfl)gg))(l - gf))
times (6.12) under the composition (6.19) is a=" - p** - . 4A(f,2). From this,
in the same way as for r # 2, we can show that the claim in 6.4.4 is true for
r=2.

The above arguments conclude our desired result that the left hands sides of
the equations in Theorem 6.2 (1) and (2) satisfy the characterizing property of
the right hands sides of them.

(6.19)

6.7. We explain that by our method, we can obtain the whole p-adic zeta
function Ly aqic(f) without assuming that L(f,k —1) # 0.
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univ

Similar with ZNpse s elements zpr,np~ in 6.3.7 may be obtained via K3 Cole-
man power series from the system of Beilinson elements (c.qzmNpn Mpn )n €

lim Ko(Y/(MNp", Mp")), with ¢,d € Z such that (c,6M Np) = (d,6Mp) = 1
and ¢ = 1(N). In this case, we take the field H((ys) instead of H.

We define Ly, (5-23.(0....5-23m (3189) € Trega,..mny LOUGE NG by
replacing .4 Zn,Npeo DY Za,npee in (6.9) in the construction of the function
Ly ¢ 1k—2},{0,....k—2},m (e.aZM,Np>=). Then in the same way as for Theorem 6.2,
one can show that if L(fs,k — 1) = L(f, ¢,k — 1) # 0,

Ly £ {k—2}.10,..., kfz},m(ZM,pr)i'(b(fl)

=z > (I C(II a-a®irg® +ea@it-1=2g2))

a€(Z/p™Z)* re{l,...,k—1} l:prime
M

Lpadie(F Ve M e I L@ICDNGY]

re{l,....k—1}

with some z € L(¢)*, and &+ = (—1)*¢;(—1).
Moreover by replacing the pair (M, Np) by (N,p), we define a function. Let
¢ : (Z/NZ)* — Q" be a character whose conductor is N. Now we define

,,,,,

H (a—an)(p)—n " Pry, (Trg_m<c,d’ZN7p°° (Xk_var_l)I(m’n)»)n
e I Z@ICnmlIGN)]

under an L(¢)-homomorphism given by

L) [C)IGY)n] — L@OGATGCY] 5 26Pgf" s zg(ab?)gP gi")

(€ L(), g+ € Grpoe, s € Goo).
One can show that if L(fs, k — 1) = L(f, ¢,k — 1) # 0,

Ly f{k—2}.10,..., k72},m(ZN,p°°)i.¢(71)

=z > JI CII a-amrre))

a€(Z/p™Z)*  re{l,...,k—1} l:prime
N

Lpadic(F )@ g e T L@OIGCHNGY]

re{l,....k—1}

with some z € L(¢)*, and + = (—1)*¢;(—1).
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From the above equalities, we find that by taking various ¢ which satisfy
L(f, ¢, k—1) # 0, the whole (i.e. including the (—1)*~1e;(—1)-part of) Ly_aqic(f)
can be obtained by our method without assuming L(f,k — 1) # 0.

7. THE RESULT ON TWO-VARIABLE p-ADIC ZETA FUNCTION

For a module A over ZP[[GE,? X GSXQD)]], we put Ag = A ®, (6D x G2
P o0 oo
Q(Zp[[Gg) X G(oi)]]) In 7.1, for a certain subspace B of M ype [[Gg)) X Gg)]]Q

univ

to which the universal zeta modular form ZNpw belongs, we define a map (in
7.1.3)

Ly : B — (0% /IR~ ) @1 QU))GL e
The main theorem (Theorem 7.3) of this section is that
Ly : z}‘vr;fé’o — a “universal ordinary p-adic zeta function”,

where the universal ordinary p-adic zeta function is a p-adic zeta function in
two variables associated to the universal family of ordinary cusp forms (see
Theorem 7.3 for the details).

7.1. We define the subspace B and the map L.

7.1.1. We put A = Zp[[Gg)]] as in 3.5. Let us define a subspace mp of
M ypee [[G(()?H in the following way:

mp = {x S MNP”HGS)?H ; g((ll—)l *Tnb = Tn,ab for all a, be (Z/an)X}

Here z,,, € M yp= are defined by x|, = ZGE(Z/pﬂ,Z)X :Envagt(ll) € M npee [GS)]

with the image x|, of x under the projection M y e [[Gg)]] — M ype [Gg)].

PROPOSITION 7.1.2 . (1) We have
univ —_ 1 AT 1
ZNp € mA[[Gé?]HQ](C M= [[GS) Gé?]][;]),

where g is _as before.
(2) Leti: Mpypo — Homg (Hnpe,Zy) be as in 3.3. We denote by the same
symbol i the map

i: MNPOO [[G(l)]] — HomZp (HN;DM7ZP)HG<(>2)”
= Homgz, (Hnpe-, A)

induced by i in 3.3. Then
i(mA) C HomA(HNpoc , A)

Proof. (1)The results in 4.5.5 deduce the assertion.
(2) The result follows directly from the definition. O
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7.1.3. We define a map
Mp — (Do /IRp) ©4 Q(A) (7.1)
which induces

Ly :mA[[Gg)]]%} — (h%e /T ) @ Q(A))[[Gﬁi)ﬂ[é]

for a non-zerodivisor g € Zp[[G&) X Gg)]].
The map (7.1) is defined as the following composition:

M —» Homp (Hpee, A) 2225 Homy (R0, A)

— HOHIQ(A)(P})\;;}OC A Q( )7 Q(A))
— HOInQ(A) (p(])\;goc ®A Q(A), Q(A))
— (D09 /TR ) @A Q(A).

The second arrow is by the natural projection. The third arrow is the evident
one. The fourth arrow is given as follows. By the definition of Pj{fgoc and

(7.2)

p?\fﬁm, it follows that the natural map Pord p?\;goo is surjective. The

fourth arrow is given as the unique section po’rd @A Q(A) — Pf\fgm ®a Q(A)
as algebras over Q(A) of the surjective homomorphism between semisimple
algebras P?Vrgoo ®p Q(A) — p‘j\}go@ ®aA Q(A) which is induced by the above
surjective map. Finally the last arrow in (7.2) is defined in the following way.
By Proposition 3.6, p{iie ®a Q(A) = (h39= /ZRi5e) @ Q(A) are finitely gen-
erated semisimple algebras over Q(A). Hence we have an isomorphism

(D8 /Tip) @a Q(A) 2 Homga) (0¥ /T ) @4 Q(A), Q(A)) ;(7 )

a— (z+—Tr(a-)),
where Tr is the trace map
L Do /TR @4 Q(A) — Q(A).
This map gives the last map of (7.2).
7.1.4. We define a universal ordinary p-adic zeta function
1
hg]

where h € hordoo is a certain non-zerodivisor and g is as before, as

Ly i € (0o /TR JIGRI

p-adic had

ord,univ. __ univ
Lp—adic - LN(ZN;D )

From the definition, one can see that universal ordinary p-adic zeta function

L;rgd‘:;”v is an element of (1/h)(hY 9 /vafgw)[[Gé?]] [1/g], which is contained in

(0% /TR L) [GRI[L/ hg).

7.2. We review basic facts and results of Hida about ordinary eigen cusp forms.
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72.1. Let k > 2 and m > 1. Let f € My(X(1,Np™)) ® C be a normalized
eigen cusp form. We recall that f is called ordinary if the eigenvalue of T'(p)
on f is a p-adic unit. Further f is called an ordinary p-stabilized newform
of tame conductor N when f is ordinary, the conductor of f is divisible by
N, and m > 1 (cf. [GS]). We call Np™ the level of an ordinary p-stabilized
newform f of tame conductor N if m is the smallest (positive) integer such
that f € Mp(X(1,Np™)) ® C.

An ordinary p-stabilized newform of tame conductor N of level Np™ is either
it is already a newform of level Np™ or it is an ordinary eigen cusp form f,

obtained from a newform f of level N when « is a p-adic unit by the method
in 6.1.1 (cf.[GS]).

7.2.2. We call a ring homomorphism & : horgoc — Z, satisfying the following
conditions an N-primitive arithmetic point (cf. [GS]). For an integer ¢ such
that ¢ > 0 and a Dirichlet character ¢ of conductor p™ (n > 0), let 3,  be the

kernel of the Z,-homomorphism A — Z, induced by 9 o x* : Gy — ZT;X. The
condition for an N-primitive arithmetic point is that it factors through
hord ordw/(ml " + ordoo) _ Zp (74)

for some i > 0 and some 1. Here Ij‘i}fgoo is the ideal defined in 3.7 in section 3.

7.2.3. In the case p > 5, Hida [Hi2], §1, Corollary 1.3 proved that for an N-
primitive arithmetic point £ which factors as (7.4), we have a unique ordinary
p-stabilized newform f =" ., a,(f)q" of weight ¢ + 2 of tame conductor N
such that k(T'(n)) = an(f).

THEOREM 7.3 . We assume p > 5. The universal ordinary p-adic zeta function

ora,univ OI‘ Or 1
Lyliie € (0 /TR ) IGEN ]
defined in 7.1.4 displays property (7.6) below. Let
ordm /IR;S . Z

be an N-primitive arithmetic point. We write f. = > <, an(fr)q" for the
ordinary p-stabilized newform of tame conductor N attached in the sense of
7.2.3 with k. We denote the weight and level of f. by k and Np™ (m > 1),
respectively. We always have that k(g) € ZT,[[G&?H is a non-zero divisor. We
assume that k(h) # 0. Then k induces the following homomorphism which is
also denoted by k :

it (B0 /TR pee G2 — QEZIE2)). (7.5)

hg
Now if L(fx,k — 1) # 0, then concerning the image L4 (k) of L;iizzfiv

p-adic
under (7.5), we have

Ly e () =™ (p = 1) -R(T(0)™ Ly-aaie(f) = (x) € Om[[GE)] ®O”E7]\gj
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Here concerning (one-variable) p-adic zeta function Ly qqic(fx), we take the

class of fr as w € S_(f,{) in the situation of Theorem 5.5. Moreover £ =
(—DFr((~1)), szi’;;rc‘w(m)i and Ly_aaic(f<)T are the £-parts of L;fi’dl;‘c“v(n)
and Ly_qqic(fx), respectively, and M is the finite extension Qp(a,(fs);n > 1)

of Qp.

REMARK 7.3.1 . (1) Recall that as in Theorem 6.2, even for p = 2,3, the

p-adic zeta function Ly qqic(f) of each ordinary p-stabilized newform f was

constructed from zpps .

(2) By the argument in 4.5.5, we obtain c a2jy% € MNpoo[[Gg) X Gg)]]. From
this and from the fact that k((1 — c_lgil_)lgg))(l - d’gfﬁ))) € Z[[Gfﬁ)]} is a
non-zerodivisor for any N-primitive arithmetic point k, we find that k(g) €
Z[[Gg)]] is a non-zerodivisor for any N -primitive arithmetic point k.

(3) In the above, we put the assumption that L(f.,k —1) # 0. (As referred
before, L(fx,k—1) = 0 occurs only in the case k = 2.) Moreover we only consid-
ered the (—1)*k((—1))-parts of Ly_qaic(fs). However as explained briefly in 7.7
later, by using zar, Np=, ZN,pe, and ¢ in 6.7, with some device, we can construct
a two-variable p-adic zeta function which can provide the (—1)*+1k((—1))-part

of Lp-adic(fx) for K satisfying some conditions (see 7.7 for this condition) even
though L(f.,k—1)=0.

We prove Theorem 7.3 by using Theorem 6.2 and the argument in the proof of
it.
We use the notation in Theorem 7.3 and we assume x(h) # 0.

7.4. For integers ¢, d’ which are prime to p, we put

rd,univ — rd,univ T T 1