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Abstract

Applying the theory of strongly smooth operators, we derive a limiting absorption
principle (LAP) on any compact interval in R\{0} for the free massless Dirac opera-
tor,

H 0o=0u- (—l V)

in [L2RM]Y, n e N, n > 2, N = 2l+1D/2] We then use this to demonstrate
the absence of singular continuous spectrum of interacting massless Dirac operators
H = Hy + V, where the entries of the (essentially bounded) matrix-valued poten-
tial 1V decay like O(|x|~17%) as |x| — oo for some & > 0. This includes the special
case of electromagnetic potentials decaying at the same rate. In addition, we derive
a one-to-one correspondence between embedded eigenvalues of H in R\{0} and the
eigenvalue —1 of the (normal boundary values of the) Birman—Schwinger-type oper-
ator

. -1
Vz(H() — (lg + ZO)I[Lz(Rn)]N) Vl*'

Upon expressing £ (-; H, Hp) as normal boundary values of regularized Fredholm de-
terminants to the real axis, we then prove that in the concrete case (H, Hyp), under ap-
propriate hypotheses on V (implying the decay of V like O(|x|™*~17%) as |x| — 00),
the associated spectral shift function satisfies £(-; H, Hg) € C((—o0,0) U (0, 00)),
and that the left and right limits at zero, £ (0+; H, Ho) = limg o §(£¢&; H, Hp), exist.

This fact is then used to express the resolvent regularized Witten index of the
non-Fredholm operator D , in L?(R; [L2(R™)]N ) given by

d
D, = yri A, dom(D,) = W"(R; [L*(R™")]Y) N dom(A4-),

where
A=A_+ B, dom(A)=dom(A4-),

in terms of § (-3 H, Ho). Here A, A_, A4, B, and B in L*>(R; [L?(R")]V) are gen-
erated with the help of the Dirac-type operators H, Hy and potential matrices V', via

At)=A_+B(t), 1 €R, A_=H, A.=A_+ B, =H,
B(t) = b(t)By, 1 €R, Bi=V,
in [L2(R™)]", assuming

b® e C®R) N L®(R;dt), k e Ny, b e L'(R;dt),

lim (1) =1, lim b(r) = 0.
t—>00 t—>—00



vi

In particular, A1 are the asymptotes of the family A(¢), t € R, as t — d00 in the
norm resolvent sense. (Here L2(R; #) = fuga dt H and T = fﬂga dt T(t) represent
direct integrals of Hilbert spaces and operators.)

Introducing the nonnegative, self-adjoint operators

H =D D,., H,=D,D}

in L2(R; [L2(R™)]"), one of the principal results proved in this manuscript expresses
the resolvent regularized Witten index Wy (D ,) of D , in terms of spectral shift
functions via

Wir(D 4) = §0(04; Hy, Hy) = [£(04; H, Ho) + §(0—; H, Ho)] /2,
keN, k= [n/2].

Here the notation &1, (04+; H,, Hy) indicates that O is a right Lebesgue point for
£(-; Hp, Hy), and Wy (T) represents the kth resolvent regularized Witten index of
the densely defined, closed operator 7" in the complex, separable Hilbert space X,
defined by

Wier(T) = lim(=2)" trse ((T*T = A0 ™ = (TT* = 243} ™),
0
whenever the limit exists for some k € N.
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Chapter 1

Introduction

The primary motivation for writing this manuscript was to express the Witten index of
a certain class of non-Fredholm operators, generated from multi-dimensional, mass-
less Dirac operators, in terms of appropriate underlying spectral shift functions. This
goal necessitated a detailed control over continuity properties (more precisely, the
existence of Lebesgue points) for the spectral shift functions involved, and hence the
bulk of this manuscript is devoted to an exhaustive investigation of the spectral prop-
erties of multi-dimensional, massless Dirac operators.

We refer the reader to Appendix E for notational conventions used throughout
this manuscript.

To set the stage, letn € N, n > 2, N = 2l0+1/2] ‘and denote by o, 1 < j <n,
Op+1 := B, n + | anti-commuting Hermitian N x N matrices with squares equal to
Iy, that is,

oz;“ =o;, ojax+oagej =28 Iy, 1< jk<n+1, (1.1)

and introduce in [LZ(R")]N the free massless Dirac operator
n
Hy=a-(—iV) =) a;(-id;). dom(Ho)=[W"2@®RMN, (1.2
j=1

where d; = 0/0xj, 1 < j < n. Introducing the self-adjoint matrix-valued potential
V = {Vi v} 1<t 07<n satistying for some fixed p € (1, 00), C € (0, 00),

Ve [L®@RMVN,
[Veo(x)| = C(x)™" forae.x eR",1<{,{ <N, (1.3)
then permits one to introduce the massless Dirac operator H in [L2(R™)]Y via
H =Hy+V, dom(H)=dom(H,) = [W}2R"V. (1.4)
In this context we recall our convention
[L2RM]Y = LZ(Rn;(CN)’ WI2RMN = WI,Z(]Rn;(CN)’ etc..

to be used throughout.
Then Hy and H are self-adjoint in [L2(R")]", with essential spectrum covering
the entire real line,
Ocss(H) = 0ess(Ho) = 0(Hop) = R,

In addition,
0ac(Ho) =R, 0,(Hp) = 0y(Hp) = 0.
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Relying on the theory of (local) Kato-smoothness (see, e.g., [ 140, Section XIII.7],
[184, Chapter 4], and [186, Chapters 0-2]) and its variant, strong (local) Kato-smooth-
ness (see, e.g., [184, Chapter 4], [186, Chapters 0-2]), then yields under the stated
hypotheses on V' that actually,

Ocss(H) = 0 (H) = R, (1.5)
os.(H) =0, (1.6)
os(H) N (R\{0}) = op(H) N (R\{0}), (1.7)

with the only possible accumulation points of op(H) being 0 and foo. Relations
(1.5)—(1.7) describe only the tip of the proverbial iceberg in connection with Chap-
ters 2 and 3. In fact, leading up to (1.7) we establish a limiting absorption principle
(LAP) on any compact interval in R\{0} for the free (i.e., non-interacting) mass-
less Dirac operator Hy, prove the absence of singular continuous spectrum of H =
Hy + V for matrix elements V; ¢/, 1 < €,£' < N, of V decaying like O(|x|717%) as
|x| = oo for some ¢ > 0, derive Holder continuity of the boundary values (Hy — (A £
10) 1 LZ(Rn)]N)_l in appropriate weighted L2-spaces for A varying in compact subin-
tervals of R\{0}, and derive Ho6lder continuity of the boundary values (H — (A &
i0)I Lz(Rn)]N)_l in appropriate weighted L2-spaces for A varying in compact subin-
tervals of R\{0} away from the possibly embedded eigenvalues of H. In particular,
factoring V into V' = V"V, we derive a 1 — 1-correspondence between embedded
eigenvalues of H in R\{0} and the eigenvalue —1 of the (normal boundary values of
the) Birman—Schwinger-type operator V(Ho — (Ao £ i0)I[z2@ny~ )~ V"

This leaves open the existence of eigenvalues embedded in the essential spectrum,
and particularly, the existence of an eigenvalue 0. To deal with these situations one
follows [103, Theorem 2.3] and assumes in addition that

V : R" — C™*" is Lebesgue measurable and self-adjoint a.e. on R”,
and that
for some R > 0, V € [C'(ER)]Y*N, where Eg = {x e R" | |x| > R}, (1.8)

and
XI2Vep @) = o). (x-VVee) ) = o(D), (19)

— —

for 1 < £,¢’ < N, uniformly with respect to directions. Under all these conditions on
V' one then obtains
op,(H) € {0}. (1.10)

This still leaves open the possibility of an eigenvalue 0. To exclude that as well [103,
Theorem 2.1] assume in addition that

ess.sup [x[[[V(x)|| gcny = C forsome C € (O, (n— 1)/2), (1.11)

xeR”
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with || - || g(c~y denoting the operator norm of an N x N matrix in CN . Then finally,
op(H) =0, (1.12)

and hence H and Hj are unitarily equivalent under these conditions on V. The facts
(1.10) and (1.12) are discussed in detail in Chapter 4.

We emphasize, however, that in the bulk of this manuscript we will not assume
(1.11) as we explicitly intend to include situations with O an eigenvalue (and/or a
threshold resonance) of H.

Chapter 5 provides a detailed study of the Green’s function (matrix) of the free
Dirac operator Ho, that is, the integral kernel of the resolvent (Ho — z /| LZ(Rn)]N)_l,
in terms of the Hankel function of order 1 and half integer index (n — 2)/2 and n/2,

Go(z;x,y) == (Ho —zI)"'(x, )
= i47'm) 2 — Pz [z = PG, LGl =y N

oo . (x =)
— 471 @My ey =y PH D lx — yha s T (113)

lx —y|

The Green’s function Go(z; -, -) of Hy continuously extends to z € C, in particular,
the limit z — 0 exists,

(x—y)

lx—y|"

’

lim  Go(z; x. y) :=Go(0+i O: x. V=272 (n/2)a -
z—0,

2eC3 \(0}
x,yeR" x#y,neN,n>2, (1.14)

and no blow up occurs for alln € N, n > 2.

This chapter ends with various boundedness properties of integral operators Ry s
and R 5(z) in [L2(R™)]N, n > 2, associated with integral kernels that are bounded
entrywise by

|Ros(-. )k | SC()7P|Go(0: -, )| ()8, 8=1/2, 1<j k<N, (1.15)
and
|Ros(zi . )| < C()7PGolzi - )] ()7,
§>m+1)/4,zeCy, 1< j k<N, (1.16)
for some C € (0, 00). In particular, we prove that
Ros € B(IL2RM]Y), §>1/2, (1.17)
Ros(z) € B([L*RMY), 8> (n+1)/4, z € Cq. (1.18)
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Chapter 6 takes the boundedness property of Ry s and Ry s(z) a step further by
proving trace ideal properties. In fact, employing interpolation techniques for trace
ideals, we prove, among a variety of related results, that forn > 2 and § > (n + 1)/4,

Ros5(z) € Bp(IL*(RMIY), p>n, zeCy. (1.19)

Since we are dealing with n-dimensional Dirac operators, n > 2, the study of
resolvents alone is insufficient and certain n-dependent powers of the resolvent of Hy
and H naturally enter the analysis. As a result, in Chapter 7 we prove that for all
keN,k >n,

[(H = 2L 2@y )8 = (Ho — 2l 2@y ) ] € Bi(IL2®R™M]Y), z € C\R,
aswell as forall ¢ > 0,
V(HZ + Iiagygy) 270 € 81 (IL2R™)Y),
now assuming additional decay of V' of the type, for some ¢ > 0,

Ve [Loo(Rn)]NXN,

Voo (x)|<C(x) ™ ® forae. xeR"”, 1<{,£'<N. (1.20)

The next two chapters, Chapters 8 and 9, are devoted to the notion of the spectral
shift function for a pair of self-adjoint operators (S, Sp) in #, particularly building on
work of Yafaev [185]: We start by introducing the class of functions &, (R), r € N,
by

Fr(R) := {f e C*(R) ‘ F© e L®(R); there exists ¢ > 0 and fo = fo(f) € C

such that (d*/dAO[ f(A) — for™"] = O(A™*). £ =0, 1,2} (1.21)

(it is implied that fo = fo(f) is the same as A — £00); one observes that C§°(R) C
&r(R), r € N. Assuming that

dom(S) = dom(Sp), (S — So) € B(H),
for some 0 < & < 1/2, (S — So)(SE + 1)~ /D¢ € B, (H). (1.22)
the following are then the principal results of Chapter 8: Let r € N, then
[£(S)~ f(S0)] € Bi(H). [ € Fr(R),

and there exists a function

£(-3S,80) € L'(R; (14 [A)"""dA) (1.23)
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such that the following trace formula holds,

e (f(S) — £(So)) = /R ELS.So)dA /(). feF®.  (1.24)
In particular, one has
[(S —zLp)™ — (So —zI) "] € By(#). zeC\R, (1.25)

and

[ EQ:S.So)dA

trge ((S — ZI]()_r — (SO — ZI]()_r) = —r " W,

z € C\R. (1.26)

The following chapter (Chapter 9) then derives an explicit representation for the
spectral shift function £(-; S, So) in terms of normal boundary values to the real
axis of regularized Fredholm determinants as follows: Slightly extending our set of
hypotheses and now assuming that Sy and S are self-adjoint operators in # with
(S — So) € B(H), we suppose in addition the following two conditions:

(i) Ifr € Nis odd, assume that
[(S—zI)™ —(So—zlx)"] € B1(H), zeC\R, (1.27)
and
(S —So)(So—z15) ™ € Byrnyi(H), jeN, 1<j<r+1. (128
(i) Ifr € N is even, assume that for some 0 < ¢ < 1/2,
(S — So)(SZ + I3)~ /D= ¢ B, (H). (1.29)

(In this case one can show that (1.28) holds as well).

Introducing
Fs,5,(z) := In(detge 41 ((S —zL5)(So — z1%)")), z € C\R, (1.30)

where detg ,41(-) denotes the (r 4 1)st regularized Fredholm determinant, and
introducing the analytic function G s, (-) in C\R such that
r

d
EGS’S() (2)

r—1 r—1 .
= trg ( d Z(—l)r_j(SO - ZIJ(’)_l[(S —80)(So — Zlﬂ)_l]r_])7
j=0

er—l

z € C\R, (1.31)
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the main result of Chapter 9 then reads as follows: If Fg 5, and Gg, s, have normal
(or nontangential) boundary values on R, then for a.e. A € R,

£(A; S, So) = n 1 Im (Fs,5,(A 4 i0)) — 7' Im (G5, (A + i0))
+ Pr—_1(A) forae. A € R, (1.32)

where P,_; is a polynomial of degree less than or equal to r — 1.
The subsequent two chapters then analyze (1.30) and (1.31) and their normal
boundary values to the real axis in the concrete case where S = H and Sy = Hy.
More precisely, Chapter 10 establishes continuity properties of

Im (FH,HO(A + iO)), AeR,

by invoking a lengthy study of threshold spectral properties of H, following an
approach by Jensen and Nenciu [99], and, especially, by Erdogan, Goldberg, and
Green [59, 60, 64, 65]. In particular, we recall an exhaustive study of eigenvalues
0 and/or resonances at 0 and finally prove that under assumptions (1.8), (1.9), and
(1.20), Fa,m,(-), has normal boundary values on R\{0}. In addition, the boundary
values to R of the function Im(Fg, p,(2)), z € C4, are continuous on (—oo, 0) U
(0, 00),

Im (Fg, a1y (A +i0)) € C((—00,0) U (0, 00)), (1.33)

and the left and right limits at zero,

Im (Fg, 1, (0+ +i0)) = liin Im (Fg, a1, (e + i0)), (1.34)
&0

exist. In particular, if O is a regular point for H (i.e., in the absence of any zero energy
eigenvalue and resonance of H'), then

Im (Fa,m,(A +i0)) € C(R). (1.35)
Under the following strengthened decay assumption on V, for some ¢ > 0,
Ve [LOO(Rn)]NXN’
|VM/(X)| <C(x)™ "¢ forae.xeR" 1</ <N, (1.36)

an unrelenting barrage of estimates finally proves in Chapter 11 that if n € N is odd,
n > 3, then %GH,HO(-) is analytic in C4 and continuous in C4. If n € N is even,
then aflTr;GH, H, (+) is analytic in C 4, continuous in C\{0}. Moreover, if n > 4, then

dn
‘ dz"

GH,H()(')H — O(|Z|_[n_(n/(n_l))])» (1.37)
B8Ny 20
zeC1\{0}
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and if n = 2, then for any § € (0, 1),

= Oz, (1.38)

:3(@2) Z—)(),

d2
” EGH,HO( °)
2eC1\{0}

Thus, combining (1.32)—(1.35), (1.37), (1.38) finally yields the first principal
result of Chapter 12 in the following form: Under the hypotheses (1.8), (1.9), and
(1.36),

E(-;H,Hy) € C((—oo,O) U (0, oo)), (1.39)

and the left and right limits at zero,

§(0+: H. Ho) = lim& (: H. Ho). (1.40)
el0

exist. In particular, if O is a regular point for H, then
§(-:H, Hp) € C(R). (1.41)

This represents the main spectral theoretic result derived in this manuscript. The
remainder of Chapter 12 then describes our application to the (resolvent regularized)
Witten index of a particular class of non-Fredholm operators acting in the Hilbert
space L2(R;[L*(R™)]") in connection with multi-dimensional, massless Dirac oper-
ators.

This requires some preparations to which we turn next. We recall a bit of nota-
tion: Linear operators in the Hilbert space L?(R;dt; #), in short, LZ(R; #), will
be denoted by boldface symbols of the type T, to distinguish them from operators T
in J. In particular, operators denoted by T in the Hilbert space L?(R; J#) represent
operators associated with a family of operators {T'(¢)};cgr in #, defined by

(T f)@t)=T@)f(t)forae.t € R,

f edom(T) = {g e L2(R; #) \ g() € dom (T(1)) forae.r € Ry 45,

t — T(t)g(t) is (weakly) measurable; / dt”T(t)g(t)”?% < oo}
R

In the special case, where {T'(¢)} is a family of bounded operators on J# with

T(¢t s
f:]g |7¢ )||£(J€) < o0

the associated operator T is a bounded operator on L2(R; J) with

T . = T(t .
17| gL2w:ze)) fgﬂg I ()”.:B(Jt’)
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For brevity we will abbreviate I := I;2g.z) in the following and note that
in the concrete situation of n-dimensional, massless Dirac operators at hand, # =
[L2R™)V.

Denoting

A_=Hy, By=V, Ay =A_+ By =H,
we introduce two families of operators in [LZ(R")]V by
B(t) =b(t)B+, teR,

b® e C®(R) N L®(R;dt), k € Ny, b e L'(R;dr),

lim b(t) =1, lim b(r) =0, (1.43)
1—>00 t—>—00
A(t) = A_+ B(t), teR.

Next, following the general setups described in [38,41-44,78,137], the operators
A, B, A’ = B’ are now given in terms of the families A(¢), B(¢), and B'(¢),t € R, as
in (1.42). In addition, A_ in LZ(R;[L?*(R")]") represents the self-adjoint (constant
fiber) operator defined by

(A_f)(t) = A_f(t) forae.t € R,

fedom(A_) = {geLz(R; [LZ(R")]N) ) g(t)edom(A-) forae. teR, (1.44)

t — A_g(t) is (weakly) measurable, / dt HA_g(t) H[ZLZ(]R”)]N < oo}.
R

At this point one can introduce the fundamental operator D , in L?(R; [L*(R")]V)
by

D, = % + A, dom(D,)=W"(R;[L*(RM]Y) Ndom(A_),  (1.45)

where
A=A_+B, dom(A)=dom(4A-), B e B(L*R;[L*R")]"Y)).

Here the operator d /dt in L*(R; [LZ(R”)]N) is defined by

d /
(Ef)(l) = f'(¢t) forae.t € R,
f € dom(d/dt) = W"(R; [L2R™)]Y). (1.46)

Since D , is densely defined and closed in L?(R; [LZ(R™)N ), one can introduce the
nonnegative, self-adjoint operators H;, j = 1,2, in L?(R; [L2(R™)]N ) by

H =D D,, H,=D,D}.
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Introducing the operator Hy in L?(R; [L?>(R")]V) by

2

d
H, = -t A%, dom(Ho) = W22(R;[L*(R™M)]Y) Ndom (42), (1.47)

then Hj is self-adjoint and one obtains the following decomposition of the operators
Hjs ] = 17 29
d? 2 ;
H=——+A4 —1)7 A4’
J dl2 + + ( )
=Hy+BA_+ A_B + B*> + (1)’ B,
dom(H;) = dom(H,), j =1,2.

(1.48)

Next, we turn to a canonical approximation procedure: Consider the characteristic
function for the interval [—£, {] C R,

xe() = x—e,q(v), veR, LeN, (1.49)
and hence s-limy_, oo ¢(A-) = Iz 2gny~ - Introducing

Ag(t) = A— + xe(A-)B(1) xe(A-) = A— + B(2),
dom (A¢(t)) = dom(A-), €N, €R,

N (1.50)
By(1)= xe(A-)B)xe(A-).  dom (By()=[L*®")]V, €eN, 1€R,
At = A+ xe(A-)Bi xe(A-), dom(A4 ) =dom(4-), (€N,
one concludes that
Apg—A- = xe(A)Byye(A) € By ([LPRMIY),  LeN, (1.51)

A1) = By(t) = xe(AD)B' () xe(A-) € By ([LXR™)]Y), LeN, teR. (1.52)

As a consequence of (1.51), the spectral shift functions §(-; Ay ¢, A—), £ € N,
exist and are uniquely determined by

E(-;Ap 0, A-) € L'(R;dv), €eN. (1.53)

We also note the analogous decompositions,

2
Hip=——5+ A} + (=1 A, = Hy + BiA_ + A_B, + B} + (-1)’ B,

dom(H, ;) = dom(Hp) = W>*(R;[L*(RM]N), (eN, j =12,

with
By = xe(A-)Bxe(A-), B, = ye(A_)B'yi(A-), LeN.
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Under hypotheses (1.8), (1.9), (1.36), and

Vi € W"[R"), 1<{,¢ <N, (1.54)

it is proven in [44] that

((Hy—zD)™7" —(Hi—z D)7, [(Hpy —z D)™ = (Hy g — 2 1)7"]
€ B1(L*(R;[L*(RM)]Y)), €eN,reN, r>[n/2], (1.55)
and
Jim [(Hpp—2 D)7 — (Hig—21)7]
—[(H—z D)™ — (H, —zD)™"] |’£1(L2(R;[L2(]R”)]N)) =0,

z € C\[0, 00). (1.56)

Relations (1.55) together with the fact that H; > 0, H;y > 0,{ € N, j = 1,2,
imply the existence and uniqueness of spectral shift functions &(-; H,, Hy) and
§(-; Hy 4, Hy ¢) for the pair of operators (H, Hy) and (H, 4, Hy ¢), { € N, respec-
tively, employing the normalization

§EAMHy  H) =0, EA:Hyy Hiy)=0 A<0,£eN (1.57)
(cf. [184, Section 8.9]). Moreover,
£(-;Ho, Hy) € L'(R; (1 + |A])"'dR). (1.58)
Since
/]Rdt 42O | 5, @2@nyny <0 €N, (1.59)
employing b'(-) € L'(R;dt), one obtains (cf. [78, 137])
[(Hoy—zD)7' = (Hiy—z D7) € B (L*(R: [L*RM]Y)), €N,

and hence
£(-;Hay, Hyy) € L'(R;d2), LeN.
In addition, (12.20), (1.57), and (1.59) imply the approximate trace formula,

/‘ EAHyy, Hyg)dA _ l E(w; Ay, A-)dvy
[0,00)

L eN, z e C\[0,00),

(A —2)? 2Jrp (W2—2z)32 7
(1.60)
which in turn implies
1 pAl/2 E(;Ay ¢, A-)dv
1 =—_—tb—— forae. A >0,
i Ha Hyg) = | 7 30 o forae LeN, (16)
0, A <0,

via a Stieltjes inversion argument.
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Given hypothesis (1.20), we will prove in Theorem 7.4 that

[(As —zI2@myn) 70 — (A= — 2L 2 eygy ) 0] € Bi ([L2RMIY),
roeN, ro>2(n/2]+1, zeC\R. (1.62)

Since 2|n/2]| + 1 is always odd, [ 185, Theorem 2.2] yields the existence of a spectral
shift function £(-; A4+, A—) for the pair (A4, A_) satisfying

E(; A4, A0) € LY(R; (1 + v~ dv). (1.63)

While (1.63) does not determine &£(-; A4+, A—) uniquely, one can show (following
[40, Theorem 4.7]) that there exists a unique spectral shift function &(-; Ay, A_)
given by the limiting relation

Z1im E(3 A4 AD) =E(3Ap, An) in LY(R; (1 + )70 Tdv),  (1.64)
—>00
and hence we will always choose this particular spectral shift function in (1.64) for

the pair (A4, A_) in the following.
At this point one can entertain the limit £ — oo in (1.61): Indeed, (1.61) yields

/[0 G Ha Hi0d3 1)

1 At/ g(u AH; A)dv
=— dx f'(A :
7 J[0,00) i )/ —v2)1/2
1
= —/ E(; Ay, A-)dv F'(v), LeN, (1.65)
7 Jr
where F’ is defined by
o0
F'(v) =/ dr f'(ADA—v3)"Y2 yeR. (1.66)
v2

The limit £ — oo on left-hand side of (1.65) is controlled via (1.56), and, since F’ €
Cy°(R), the right-hand side of (1.65) is controlled via (1.64), implying

/0 G Ha. H)dd f() = fs(v Ap. AD)dv F'(v)

M2 e Ay ALy d
= —/ dx f' ()L)/ (” x 2)1/)2 T e s (). f € CER),

and hence

11/2

§(A: Hy, Hy) = l/ E(viAy, A)dv

7 n (—v2)i2 fora.e. A > 0, (1.67)
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due to our normalization in (1.57). This establishes the limiting relation £ — oo of
(1.61).

Having established (1.67), we turn to the resolvent regularized Witten index of
the operator D ,. Since 0(A+) = R, in particular, 0 ¢ p(A4+) N p(A-), D , is a non-
Fredholm operator. Even though D , is a non-Fredholm operator, its Witten index is
well defined and expressible in terms of the spectral shift functions for the pair of
operators (H,, Hy) and (A4, A_) as will be shown below.

To introduce an appropriately (resolvent regularized) Witten index of D ,, we
consider a densely defined, closed operator 7" in the complex, separable Hilbert space
K and assume that for some k € N, and all A < 0

[(T*T — M y)™* —(TT* - M x)7*] € B1(X).
Then the kth resolvent regularized Witten index of 7 is defined by

Wi (T) = y%(—x)k trge (T*T — M g)™F — (TT* — Mx)7F), (1.68)

whenever the limit exists. The analogous semigroup regularized definition reads,

We(T) = lim tryc (e 7T —o7!TTT),

but in this manuscript it suffices to employ (1.68).

The second main result of Chapter 12, and at the same time the main result of this
manuscript, the characterization of the Witten index of D , in terms of spectral shift
functions, can thus be summarized as follows:

Theorem 1.1. Assume hypotheses (1.8), (1.9), (1.36), and (1.54). Then O is a right
Lebesgue point of £(-; Ha, Hy), denoted by &1,(04; Hy, Hy), and

EL(04: Hy, Hy) = [£(04: A, A) +6(0-: A4, A)] /2.

In addition, the resolvent regularized Witten index Wy (D 4) of D 4 exists for all
k €N, k > [n/2], and equals

Wir(D 4) = EL(04; Hy, Hy) = [E(04; A4, A) + £(0; Ay, A-)] /2
= [£(04: H, Ho) +£(0-; H, Ho)] /2. (1.69)

This is the first result of this kind applicable to non-Fredholm operators in a partial
differential operator setting involving multi-dimensional massless Dirac operators. In
a sense, a project that started with Pushnitski in 2008, was considerably extended in
scope in [78], and further developed with the help of [38,41-44,82,83], finally comes
full circle.

Appendix A collects some useful results on block matrix operators, Appendix B is
devoted to asymptotic results for Hankel functions, Appendix C presents low-energy
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expansions and estimates for the free Dirac Green’s function in the massless case,
Appendix D recalls a product formula for modified (regularized) Fredholm deter-
minants, and finally, Appendix E collects some of the notational conventions used
throughout this manuscript.






Chapter 2

Some background on (locally) smooth operators

In this chapter, we first recall a few basic facts on the notion of (local) Kato-smooth-
ness (see, e.g., [140, Section XIII.7], [184, Chapter 4], and [186, Chapters 0-2]) and
then recall a variant, strong (local) Kato-smoothness (see, e.g., [ 184, Chapter 4], [186,
Chapters 0-2]), as these concepts will be useful in subsequent chapters.

Definition 2.1. Let S be self-adjointin # and 7' € €(H, K) with dom(S) € dom(T)
and fix g9 > 0. Then T is called S-Kato-smooth (in short, S-smooth in the following)
if for each f € J,

1

T = su — | dA[|T(S = +ie)Ie) £
N = AL )

F|T(S = —ie)lse) " [ 5] <00 @1

It suffices to require (2.1) for a dense set of f € J¢ as T is closed. If T is S-
smooth, then 7 is infinitesimally bounded with respect to S.

In terms of unitary groups, T is S-smooth if and only if forall f € #, e 'S f €
dom(T) for a.e. t € R and

1 .
o [t Te S I3 = Coll 1

for some constant Cy € (0, 00) (Co can be chosen to be || T'||%, but not smaller).
An immediate consequence regarding the absence of singular spectrum derives
from the fact that if 7" is S-smooth then

ran(T*) € Huc(S).
In particular,
if, in addition, ker(7) = {0}, then H#,.(S) = #,
and hence the spectrum of ' is purely absolutely continuous,
0(S) = 0a(S), 0p(S) = 0i(S) = 0.

Here #,.(S) denotes the absolutely continuous subspace associated with S.
Moreover, as long as B € B(XK, £) (with £ another complex, separable Hilbert
space), BT is S-smooth whenever T is S-smooth.
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Finally, if 7 € €(H#, K) and for all z € C\R, T(S — zI%)~'T* has a bounded
closure in J satisfying for some fixed g9 > 0,

Ci=  sup [T(S—QA+ie)a)'T*| g5, < o0 2.2)
A€R, e€(0,80)
then T is S-smooth with | T'||s < Cy/7.
While Definition 2.1 describes a global condition, a local version can be intro-
duced as follows:

Definition 2.2. Let S be self-adjointin # and 7 € €(H, K) with dom(S) S dom(T).
T is called S-Kato-smooth on a Borel set A C R (in short, S-smooth on A in the
following) if TEs(A) is S-smooth.

Again, if B € B8(K, £), then BT is S-smooth on Ay whenever T is.
For TEs(A) to be well defined it suffices that Eg(A)H# N dom(S) € dom(T).
If T is S-smooth on A then

ran ((TEs(A))*) € Hae(S),
in particular,

if, in addition, ker(7) = {0}, then
o(S)NA=0,(S)NA, 0,(S)NA=0,(S)NA=0.

If T € €(H#,XK)and forall z € C\R, T(S — zI3)~'T* has a bounded closure
in J satisfying for some fixed g9 > 0,

sup  |T(S—(A+ie)ly)~'T* ”mm < 00, (2.3)
A€EA,e€(0,80)

or

sup  &||T(S— (A £ie)ly)™! ||$(J€) < 00, (2.4)
A€, e€(0,80)
then 7 is S-smooth on A.

Next, following [186, Section 4.4], we turn to the concept of strongly smooth
operators on a compact interval Ag = [A1,A2], 4; € R, j = 1,2, A; < A, (tailored
toward certain applications to differential operators). This requires some prepara-
tions: Given a separable complex Hilbert space #, one considers the (nonseparable)
Banach space of H#,-valued Holder continuous functions of order t € (0, 1], denoted
by C*(Ayg; #o), with norm

I fllct (ag:H0)

R U

A,A’EAO

| £ = FO)| 45,
A=A

), F e CF(ho: Ho).
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Suppose the self-adjoint operator S in # has purely absolutely continuous spectrum
on Ay, that is,

0(S)NAg = 0a(S) N Ao, Up(S) NAg =04(S) N Ao =0,

of constant multiplicity mo € N U {oco} on A, with dim(H#y) = my. In addition, let

. {ES(AO)% — L*(Ag:d); Ho). .
Fo : - be unitary,

s Fof =1

and “diagonalizing” §, that is, turning SEg(A) into a multiplication operator. More
precisely, ¥y generates a spectral representation of S via,

(FoEs(Q)/)(A) = xanaeM S (R).  f € Es(Ao)d.

With these preparations in place, we are now in position to define the notion of
strongly smooth operators (cf. [184, Section 4.4], where a more general concept is
introduced):

Definition 2.3. Let S be self-adjoint in J with purely absolutely continuous spec-
trum of constant (possibly, infinite) multiplicity on Ao and suppose that T € €(H, K)
with dom(S) € dom(T'). Then T is called strongly S-Kato-smooth on A (in short,
strongly S-smooth on A in the following), with exponent t € (0, 1], if Fo(TEs(A))* :
K — CT(Ag; Ho) is continuous, that is, for f = (TEs(Ag))*E, & € K,

| £ 56, = [(Fo(TEs(10))"E) (M) | g, < CllE Il
[ F ) = F)] g, < CIA= NI IE]
with C € (0, o) independent of A, A" € Ag and § € K.
Not surprisingly, the terminology chosen is consistent with the fact that

if T is strongly S-smooth on Ay, then it is S-smooth on Ay.

Moreover, as long as B € B(K, £) (with £ another complex, separable Hilbert
space) and T is strongly S-smooth with exponent t € (0, 1] on Ag, then BT is
strongly S-smooth on A with the same exponent t € (0, 1].

Next, we recall a perturbation approach in which S corresponds to the “sum” of
an unperturbed self-adjoint operator Sy in # and a perturbation V in J that can be
factorized into a product V;* V5 as follows: Suppose V; € €(H#, K), j = 1,2, with

—1/2

Vi(1Sol + Ix) " € B(#, X), j =12, 2.5)

and the symmetry condition,

V1 Vag)x = Vaf.Vig)x. f.g € dom (|So|'/?).
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In addition, suppose that for some (and hence for all) z € p(So), Va(So — z15) 1 V}*
has a bounded extension in X, which is then given by its closure

Va(So — z13) TV = Va(So — z13) "2 [Vi(So —Z15) V2]".  (2.6)

Here the operator V,(So — z1g )~ V}* represents an abstract Birman—Schwinger-type
operator.
Finally, we assume that

[Lx + V2(So — Zolgg)_lVl*]_l € B(K) forsome zg € p(So).
Then the equation
R(z) = (So —zIx)™"

—[Vi(So—ZL3e) )" 15 + Va(So — 25) V|~ Va(So — 2156) ™,
zeC\R, (2.7

defines the resolvent of a self-adjoint operator S in J, that is,
R(z) = (S —zIx)™!, zeC\R, (2.8)

with § © S + V*V (the latter defined on dom(Sy) N dom(V;*V>), which may con-
sist of {0} only); for details we refer to [107] (see also [79], [184, Section 1.9]).
One also has

(S —zlg) ' — (So—zls) " = —[Vi(S —Z13) " Va(So — zI5) "
= —[Vi(So —ZI3) """ Va(S — z15) 7",

z € C\R,
and
(So—zlge)™" = (S —zlp)™"
—[Vi(S —ZL0) '] [Loe = Va(S = 2L3e) V] Va(S = z130) ™",
z € C\R,
as well as,

Vi(S — zlp)~ Vi = Vi(So — z13) "1 V7*
—[Vi(S — zL3)= V¥ |[Va(So — z1%)~1V*].  z € C\R,

implying

V](S —Z]g{)_lVl*
= Vi(So — 210) Vi [Ix + Va(So — 21) V], z€C\R.  (29)
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Similarly,

Va(S —zlye) WV = Iy — [Ixc + Va(So — zLe) V|, ze€C\R. (2.10)
The remaining results in this chapter are all taken from [186, Sections 4.4-4.7].

Theorem 2.4. Assuming the hypotheses on So, Vj, j = 1,2, employed in (2.5)—(2.9),
suppose the following additional conditions (i)—(iii) hold:

() Vais So-smoothon Ag = [A1,A2], A; € R, j =1,2, A1 < A».

(i1) The analytic, operator-valued functions

Va(So —zlg) VY, Vi(So—zlg)~'V{" on Re(z) € (A1, A2), Im(z) # 0,

are continuous in B(K)-norm up to and including the two rims of the “cut” along
(A1, 42).

(iti) For some k € N, [V2(So — z12)" V7 |© € Boo(K), Im(z) # 0.
Define

Ny = {A € Ao | there exists 0% f e K s.t. — f=Va(So— (A = iO)IJ()_IVI*f},
N = N_UMN;. Q.11

Then N4, N are closed and of Lebesgue measure zero. Moreover, the analytic, opera-
tor-valued function Vi (S — zI13)~1V* onRe(z) € (A1,12), Im(2) # 0, is continuous
in B(K)-norm up to and including the two rims of the “cut” along (A1, Ax)\N . If; in
addition, ker(Vy) = {0}, then S has purely absolutely continuous spectrum on Ao\ N,
that is,

0 (S) N (Ao\N) =0uc(S) N (Ao\N),  0p(S) N (A\N) = 05e(S) N (Ao\N) = 0.

As detailed in [ 184, Remark 4.6.3], condition (iii) in Theorem 2.4 can be replaced
by the following one:
(iii") Suppose there exist zt € p(Sp), = Im(zx) > 0, such that

[15 + Va(So — 22 130) V7| € B(X),

and

Va(So — zI3) 71V — Va(So — 2/ L)1V
= (z—2)Wa(So — z13) (S0 — 2/ Lg0) V¥ € Boo(K), 2,z € p(So).

Next we strengthen the hypotheses in Theorem 2.4 by invoking the notion of
strong Sp-smoothness:

Theorem 2.5. Assuming the hypotheses on So, Vj, j = 1,2, employed in (2.5)—(2.9),
suppose in addition the following conditions (1)—(iii) hold:
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(1) So has purely absolutely continuous spectrum of constant multiplicity mg €
NU{oo}on Ag =[A1,A2], A; €R, j =1,2, A1 < Aa.

(i) V; are strongly So-smooth on any compact subinterval of Ao with exponents
;>0 j =12

(iii) For some k € N, [Va(So — z13) 1 V1F € Boo(K), Im(z) # 0.
Then the analytic, operator-valued functions

Vi(So — zIg) Vi, Va(S —zlz) 'V, (resp., Vi(S — zI3)~1V)

on Re(z) € (A1, A2), Im(2) # O, are Holder continuous in B(K)-norm with expo-
nent min{ty, T2} up to and including the two rims of the “cut” along (A1, A3) (resp.,
(A1, A2)\N).

Moreover, the local wave operators

War(S, So: Ao) = s-lim €570 Pg e(Ao),

with Psyac(Ao) = Esy(Ao) Esgac, and Es, o the projection onto the absolutely con-
tinuous subspace of Sy, exist and are complete, that is,

ker (W:t(S’ SOv AO)) = J( e ESQ,aC(AO)Jf7 ran (W:E(Sv SO: AO)) = PS,aC(AO)‘}gv

with Pg ac(Ao) = Es(Ao) Es ac, and E 4 the projection onto the absolutely contin-
uous subspace of S.
For the remainder of this theorem suppose in addition that Ty > 1/2. Then

Ne =N =0,(S) N Ay

and the (geometric) multiplicities of the eigenvalue Ay € Ao of S and the eigenvalue
—1 of V2(So — (Ao £10)13)~1V|* coincide. If in addition, ker(Vy) = {0}, then S
has no singularly continuous spectrum on Ay, that is,

U(S)mA() =O’aC(S)ﬂA0, O'SC(S)mAO =®,

and the singular spectrum of S on the interior, (A1, A2), of Ao consists only of eigen-
values of finite multiplicity with no accumulation point in (A1, A»), in particular,

05(S) N (A1, A2) = 0p(S) N (A1, 42).

Again, condition (iii) in Theorem 2.5 can be replaced by condition (iii’) above.
To make the transition from local to global wave operators we also recall the
following result.

Theorem 2.6. Assuming the hypotheses on So, Vj, j = 1,2, employed in (2.5)—(2.9),
suppose in addition the following conditions (1)—(iii) hold:
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(1) So has purely absolutely continuous spectrum of constant multiplicity mg ¢ €
N U {oo} on a system of intervals Ao g = [A1,¢, A2 4], Aje €R, j=1,2, 110 <Az,
¢ € I, I C N an appropriate index set, such that

O(So)\ U Ao ¢ has Lebesgue measure zero.
tel

(ii) V; are strongly So-smooth on any compact subinterval of Ag ¢ with exponents
Ti¢>0j=1240€el

(iii) For some k € N, [Va(So — zI5) V" ¥ € Boo(K), Im(z) # 0.

Then the (global) wave operators

Wi(S,So) = s-lim e!’Se"50,
t—>+o00
exist and are complete, that is,
ker (Wx (S, So)) = {0}, ran (W+(S, So)) = EsacH.

with Eg o the projection onto the absolutely continuous subspace of S.

For additional references in the context of smooth operator theory, limiting ab-
sorption principles, and completeness of wave operators, see, for instance, [0, 11,
34], [19, Chapter 17], [21,75,87,107, 112, 118], [140, Section XIIL.7], [142], [184,
Chapter 4], [ 186, Chapters 0-2].






Chapter 3

A limiting absorption principle for interacting, massless
Dirac operators

In this chapter, following [186, Sections 1.11, 2.1, and 2.2], we apply the abstract
framework of strongly smooth operators of the preceding chapter to the concrete case
of massless Dirac operators with electromagnetic potentials.

To rigorously define the free massless n-dimensional Dirac operators to be studied
in the sequel, we now introduce the following set of basic hypotheses assumed for the
remainder of this manuscript (these hypotheses will have to be strengthened later on).

Hypothesis 3.1. Letn € N, n > 2.
() Set N = 2L0+D/2] gpg fet aj, 1 < j <n, apqq := B, denote n + 1 anti-
commuting Hermitian N x N matrices with squares equal to 1, that is,

oz]’-"zaj, ajop +oga; =28y, 1< jk<n+1. 3.1)

(i) Introduce in [L*(R™)]N the free massless Dirac operator
n
Hy=a-(—iV) =) a;(-id;), dom(Ho) =[W" RN,  (32)
j=1

where 3; = d/0x;, 1 < j <n.
(iii) Next, consider the self-adjoint matrix-valued potential V- = {Vy ¢/} 1<¢ /<N
satisfying for some fixed p € (1,00), C € (0, 00),

Ve [LOO(RI’!)]NXN’
Ve (x)| < C(x)™ forae xeR", 1 <{{ <N. (3.3)

Under these assumptions on V, the massless Dirac operator H in [L2(R™)|V is
defined via

H = Hy+V, dom(H) = dom(Hp) = [W"2@R")]". (3.4)

Then Hy and H are self-adjoint in [L2(R")]", with essential spectrum covering
the entire real line,
Uess(H) = Uess(HO) = O(HO) =R,

a consequence of relative compactness of V' with respect to Hy. In addition,

Oac(HO) =R, Oyp(I_IO) = GSC(HO) = 0.
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On occasion (cf. Chapter 7) we will drop the self-adjointness hypothesis on the
N x N matrix V and still define a closed operator H in [L?(R")]Y as in (3.4).

For completeness we also recall that the massive free Dirac operator in [L2(R")]Y
associated with the mass parameter m > 0 then would be of the form

Ho(m) = Ho +mp, dom (Ho(m)) = [W'2R"IY, m >0, B = a1,

but we will primarily study the massless case m = 0 in this manuscript.

In the special one-dimensional case n = 1, one can choose for «; either a real
constant or one of the three Pauli matrices. Similarly, in the massive case, 8 would
typically be a second Pauli matrix (different from «;). For simplicity we confine
ourselves ton € N, n > 2, in the following.

Let $(R") denote the Schwartz space of rapidly decreasing functions on R” and
$'(R™) the space of tempered distributions. In addition, for any n € N, we also intro-
duce the scale of weighted L2-spaces,

L2(R") = {feS' R | £l 2@ny = H (x)sf”Lz(R”) <oo}f, seR.

Defining Q; as the operator of multiplication by x;, 1 < j < n, in L?(R"), and
introducing @ = (Q1,..., On), one notes that

dom ({Q)*) = LZ(R"), seR.
Employing the relations (3.1), one observes that
Ho(m)* = IN[-A + m*I12@gm)], dom (Ho(m)?) = [W>*R™M)]Y, m > 0. (3.5)

Remark 3.2. Since we permit a (sufficiently decaying) matrix-valued potential V' in
H , this includes, in particular, the case of electromagnetic interactions introduced via
minimal coupling, that is, V' describes also special cases of the form,

H(g,A):=a-(—iV—A)+qly = Hy+ [qgIn — - 4],

dom (H(q, 4)) = [W"2®R")]Y,
where (¢, A) represent the electromagnetic potentials on R”, with g : R” — R, g €
L*®R"), A= (A1,...,4,), 4; :R" > R, 4; € L°(R"), 1 < j <n, and for some
fixed p > 1, C € (0, 00),

)|+ 40| < C(x)™", xeR". 1<j<n. (3.6)
<&

To analyze the spectral properties of H we first turn to the spectral representation
of Hy =« - (—i V) (see also Thaller [ 165, Section 5.6] and Yafaev [186, Section 2.4]).
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Introducing the unitary Fourier transform in L2(R") via

L2(R"; d"x) — L2(R":d" p),

N : 3.7
frE D= =glimen ™2 [ arce e, O
R—o00 |x|<R
with s-lim abbreviating the limit in the topology of L2(R"), one obtains
Hy = 7 Y pla-w)¥F, (3.8)

employing polar coordinates in Fourier space, p = |p|w, ® € S"~!. Since by (3.1)
(see also (3.5))
(@-w)?=Iy, weS" !,

the self-adjoint matrix « - @ has eigenvalues £1 of multiplicity N/2 with associated
spectral projection matrices of rank N/2 denoted by I+ (w),

a-0w=I1(0)—T_(w), weS" '
Introducing
T()=2" 1 +a-0), weS" (3.9)

one infers that T (w) € CV*V is Hermitian symmetric for each w € $”~!. In addition,
the anti-commutation property in (3.1) implies

T(@)T ()" =2"ap, + (@ ©)apt1 + tnr1(@ - 0) + (@ - 0)?]
=1y, wEe Sn_l,
so that T () is actually unitary for each @ € S"~!. The reason for introducing the

unitary matrix T'(w), @ € S"71, is that it can be used to diagonalize the matrix o - p.
Indeed, writing p € R” in polar coordinates as p = | p|w with w € S”~1, one obtains

T(@)|plans1T(@)* = 27" [p|[ant1 4 20 - @ — (@ - ©)?etn41]
= |pl(a- )
=a-p, (3.10)
so that « - p is unitarily equivalent to |p|a,4q in CV. Of course, a4 is Hermitian
symmetric, so it may be diagonalized by conjugating with a fixed (i.e., p-indepen-

dent) unitary matrix U € CV*¥ We may assume without loss that the columns of U
are arranged so that

Iy, O
i = U [N N2 e G.11)
Onyj2 Inj2
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where O/, denotes the zero matrix in CV/2*W/2) The facts (3.10) and (3.11)
combine to yield

—In/;2 Opngo

o - =7~"a)
P ( )IM(OM2 Inp

) T(w)*, p=|ploeR", (3.12)

where
T(w):=T(0)U, eS" !,

and then (3.8) implies

~ -1 0 ~
Ho= 7 'T()p|| M?* ") T(w)*F. (3.13)
On/2 Inj2
A simple manipulation in (3.13) yields
T * g~ _]N/2 ON/2 T * g
T(w)*F Hy = |p| T(w)*F. (3.14)
On/2 Ing2

To “diagonalize” Hy, we introduce the notation

Ini Ony2 ~ (Onj2 Onp2
P_ = , Py:= ,
On/2 Ony2 On2 Ing2
and define the transformation
Fry 1 [LPRMIY — L2(R; dA; [L2(S"H]Y)
according to

(1o /). )
B {IAI(”‘WzP—T(w)*fA(MIw), A <0,

- _ es"!, fe[lL2®RMIV.
AV PLT (0)* f (A |w), A0,

The transformation ¥, is unitary. In fact,

T 2
”f'Hof”LZ(R;d,\;[Lz(Snfl)]N)

:/0 dr At /Snl d”“w{||P_T(w)*fA(|A|w)||éN

+ [ PeT @ M) |en ) f e L2RDY. (15)
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Since (P_£, Pyn)cn = O0forall £, 7 € CV, an application of the Pythagorean theo-
rem in (3.15) yields

2
||$H0f||L2(]R;d)L;[L2(S”—1)]N)
o0
=/ m |x|"—1[S @0 |T@)* £ (o) 2
0 n—
— 2 _ 2 2 N
- Hf/\“[LZ(]Rn)]N - ||f||[L2(R”)]N’ f € [L (Rn)] .
To check that ¥y, correctly diagonalizes Hy in the sense that
(FayHo )X, -) = MFry f)(A, -) forae A eR, fe[WH2RMY, (3.16)

one considers separately the cases A < 0 and A > 0. Indeed, for a fixed f €
[WL2(R™)]V, one applies (3.14) to obtain

(Fro Ho f) (A, @) = 2|~V P_T(@)*(Ho /)" (A |o)
= —|AIP-T(@)* f (M)
= MFu, /A, @), A <0, weS" !, (3.17)
and, similarly,
(Fro Ho [) (X, @) = A"V PLT (0)* (Ho /)" (1A |w)
= [AIP4 T (@)* [ (A |w)
= MFu, /A, w), A>0, weS" . (3.18)
Equations (3.17) and (3.18) combine to yield (3.16). Of course, (3.16) generalizes to
(?How(Ho)f)()L, )=Y(A)(Fu, f)(A,-) forae AeR, fedom(x/f(Ho)), (3.19)

for any measurable function i on R.
Consequently, [186, Proposition 2.4.1] applies to Hy, resulting in the following
facts:

Proposition 3.3. Suppose Hypothesis 3.1 (i), (ii) and let y > 1/2. Then (Q)77 is
strongly Hgy-smooth on compact subintervals of R\{0} with exponent T > 0 given by

y—(1/2), ye((1/2).3/2),
T=141-—g¢, y=3/2,e€(0,1),
1, y =>3/2.

We note that for t > 1/2, z € C\R,

()" (Ho — zl2@myn) ()" € Boo([L2R™)Y).
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a special case of the well-known general fact (cf., e.g., [184, p. 41]),

f(Q)g(—iV) € Boo(L*(R™)) forany f, g € L¥(R")
with lim f(x) =0= lim g(p).
|x]—00 |pl—>00
To make the connection with the results collected in Chapter 2, we identify Sy and
Hy and S with H = Hy + V, and we factorize V according to

V=V, Vi=VE=()T"Iy, Va=()V, (3.20)

with V satisfying the conditions in (3.3) for some fixed p > 1, and hence, with t €
(1/2.p),
[V2() | geny = €T (321)

In addition,

-1

() (H — zlig2@ayy ) ()" = (1) (Ho — zli2ayv ) ()"
1

_1 _ J—
X [I[LZ(Rn)]N + <)7V (H() — ZI[Lz(Rn)]N) <) T] s VARS (C\R,

to mention just a few analogs of the abstract facts collected in (2.5)—(2.9), which all
apply in this concrete setting of massless Dirac operators.
Thus, temporarily assuming p > 3/2in (3.3), Theorem 2.5 appliesto S = Ho + V
with
71 =1 —(1/2) > 1/2, necessitating T > 1, (3.22)

and
= (p—1)—(1/2) > 0, requiring p > 3/2. (3.23)

Actually, as shown in [186, pp. 98-99] in the context of the Laplacian h¢ in
L%(R"),
ho = —A, dom(hy) = H*(R")

it suffices to assume just p > 1 in (3.3) (even though this cannot be inferred directly
from abstract results, the latter require p > 3/2 as outlined in (3.22), (3.23)) and
7 € (1/2,p—1/2). A closer examination of [186, pp. 98-99] (see also [186, p. 118])
reveals that there is nothing special about /1y and precisely the same results apply to
Hy = «a - (—iV) as we discuss next.

Applying Theorems 2.4-2.6, to the pair (H, Ho) and to a union of compact inter-
vals exhausting (—oo, 0) U (0, o0), combined with the approach in [186, pp. 98, 99,
and 118], thus yield the following result:

Theorem 3.4. Assume Hypothesis 3.1 and consider H as defined in (3.4). Then

Oess(H) = 03 (H) = R, (3.24)
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os(H) =0, (3.25)
os(H) N (R\{0}) = 0,(H) N (R\{0}), (3.26)

with the only possible accumulation points of o,(H ) being 0 and f-oco. If
No := 0p(H) 1 (R\{0}) = oa(H) N (R\{0}).

then the operators

. R . -
Va(Ho — (A £ i0) [po@nyn) Vi, Vi(Ho — (A £ i0) [a@myy) Vi

(resp., Vi(H — (A £ i0) [ 2@yv )~ Vi) (3.27)

are Holder continuous in B ([LZ(R”)]N )-norm with respect to A varying in compact
subintervals of R\{0} (resp., R\({0} U My)). In particular, with N+ defined in anal-
ogy to (2.11) by

Nt = {1 € R\{0} | there exists 0 # f € [L*(R™)]Y s.1.

— f = Va(Ho— (A £ i0) 2@y ) Vi), (328)

one obtains
Ny = N_ = No,

and the (geometric) multiplicities of the eigenvalue Ay € R\{0} of H and the eigen-
value —1 of Va(Ho — (Ao £ i0) I{2gnyn ) "1 V(* coincide and are finite. Finally, the
global wave operators

Wi(H, Hy) = s-lim ¢! ¢=1"Ho, (3.29)
t—>+o00
exist and are complete, that is,
ker (Wi(H, Ho)) = {0}, ran (Wi(H, Ho)) = EgaH, (3.30)

with Eq . the projection onto the absolutely continuous subspace of H.

Proof. As discussed above, Theorems 2.5 and 2.6 apply to So = Hp and S = H
and a union of closed intervals A exhausting (—oo, 0) U (0, co) under the additional
assumption that p > 3/2 (and 7 € (1, p — 1/2)). Hence, Theorem 3.4 is proved subject
top > 3/2.

To improve this to p > 1 (and t € (1/2, p — 1/2)) we now follow [186, pp. 98,
99, and 118]. First, one notes that if A € R\{0} is an eigenvalue of H with a corre-
sponding eigenvector ¥ € [L%(R")]¥, then

| (Fro¥) s )| pagn-tyw < Cilu =4~ peR, 33D
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for some C; € (0, 00). In fact, by (3.3), g := -V € [L[Z,(R")]N, and since (Q)~°
is strongly Hy-continuous with exponent p — (1/2) > (1/2) by Proposition 3.3, the
function g := Fp, g is Holder continuous:

l2Ge. ) =& ) pagn-ygny = Clu =2~V peR, (3.32)

for some constant C € (0, 0o), which is independent of A and u € R. In addition,
since g = Hoy — Ay, the spectral representation in (3.19) yields

g, ) = (=N (Fr¥) (1, -), pneR, (3.33)
which implies g(A, -) = 0. Therefore, (3.32) reduces to
186t | z2sn-ygy < Clu=AP~02, peR,
and then (3.33) yields (3.31) with C; = C. In addition, one also notes that the equa-
tion (Ho — Aljz2rnyn )Y = =V implies
g=—V(Ho— (A £i0)2@mn) g, (3.34)

since y = (Hyp — (A + iO)I[L2(R)1)]N)_1g andy =0if g = 0.

To prove that non-zero eigenvalues of H have finite multiplicity and may only
accumulate at 0 and 00, one may follow the proof of [ 186, Proposition 1.9.2] essen-
tially verbatim; one only needs to replace R by R\{0}.

Next, one proves that for any 7 € (0,1/2] and p < 2(1 — 27)7!, and for any
compact set X C R,

/X AM|(Fro IO ) | (ragsn—iyn < Gl 2@y S € ILZRDIV, (335)

for some C, = Cy(«, p, X) € (0, 00). To prove (3.35), one can follow, with minor
modifications, the proof of [186, Proposition 1.9.3]. Indeed, for an arbitrary compact
set X C R, one introduces the family of spaces

L?(X;dA; [L2(S" DY),  pel,00) U{oo},
and observes that by [186, Theorem 1.1.4],
Fro S € LX(X:dx: [LA(S" DY), felLZ®RMY, «>1)2.
The formula

(T(flv fZ))(A) = ((?Hofl)(kv ')7 (‘SC'H()fZ)(A9 '))[LZ(Sn—l)]N
fora.e. A € X and (f1. f») € [L2R™)]Y x [L2R™)]V,
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defines a bilinear map for eachg > 1 and t > O:
T [L2RMY x [L2RM)Y — LI(X,dA).

The map T is continuous for 7o = 0, g9 = 1 and 71 > 1/2, g1 = 00, so by Calder6n’s
complex bilinear interpolation theorem (cf., e.g., [171, Section 1.19.5], [37]), for any
s € [0, 1] the map T is continuous for

t=1() =st+ (-9, ¢ =967 =sq5 + 1 -9,

and

” T(f1: 12) HL‘I(X,d/l)
= C(r, X)”fl”[L%(Rn)]N ||f2||[Lg(]Rn)]N’ S, f2 € [Lf(R")]N- (3.36)

Taking f1 = fo = f € [L2(R™)]N and ¢ = p/2 in (3.36) yields (3.35).
In analogy with [186, Lemma 1.9.4], if & € [L2(R™)]" for some 7 € (1/2, 1] and
(Fryh)(A, -) = 0 for some A € R\{0}, then

(Ho— (A £i0) [ 2@nyn)  he [L2RHIV, T>1-1 (3.37)
To prove (3.37), it suffices to show
. -1
|((H0 — (A :i: lO)I[L2(Rn)N]) ha g)[LZ(Rn)]N|
< Gallhllz2 @y I8 llz2 ey 8 € S@RMIY,

for some C3 = C3(A) € (0, 00). Using the spectral representation for Hy, one infers
that

. -1
((H() — (A + ZO)][LZ(Rn)]N) h’g)[Lz(]R”)]N
= /l; d/"L (/’L_/\ :Fl())_l(]:l(:u’ )’g(/“b9 '))[L2(Sn—l)]N’ g€ [S(Rn)]N (338)
Since
h,g e L2([0,00);dA; L2(S" " HN/2) @ L2((—o0, 0]; dA; L2(S"~HN/2),

it suffices to estimate the integral in (3.38) over a compact neighborhood, say X, of
the point A. By Proposition 3.3,

||ﬁ(ﬂ’ ')”[LZ(Snfl)]N = ||ii(l, ) _I’;(M’ )” [L2(Sn—1)N

< Cold — | Y2kl L2 oy -
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for some Cy € (0, o0), and consequently,

/x dp (=2 Fi0)7 (e, ), 8 (s ) agsn—1yyy
A

< Collhllz2 @y /X dp A = g ) | Lagsn-iyw
A
ge[SRMHN.  (3.39

An application of Holder’s inequality yields for any conjugate pair p~! + ¢! =1
the estimate

/ d/JL M - M|T_(3/2) ”g(/’Ls ' ) H [L2(Sn—1)|N
X

—1

g! p
< ([ anta—nre ) ([ aulate gy ) - G0
X Xy

By (3.35) with C; = Cy(a, p, X3),
/X dp [ gGe I fpagsn-ryy = C2lglT 2 gy (3.41)
A T

where p < 2(1 —27)~!. Therefore, the conjugate exponent satisfies g > 2(1 + 27) 7!,
and consequently ¢((3/2) — ) > (3 —21)(1 + 27)~ . Thus, if T > 1 — 7, that is, if
T+ 7> 1,then 3—27)(1+27)~! < 1,50 ¢((3/2) — 7) may be chosen to be smaller
than 1, rendering the first integral on the right-hand side in (3.40) finite. In conclusion,
(3.39), (3.40), and (3.41) combine to yield the desired estimate.

Finally, we turn to the issue of absence of singular continuous spectrum for H.
Introducing the set N := Ny U N_, so that

os(H)\{0} C N,

to prove that o,.(H) = 0, it suffices to show that any A € N must be an eigenvalue
of H. To this end, let A € N, so that there exists an f € [L?(R")]V\{0} such that

—f =Va(Ho— (A £i0) [ 2@nyn) " Vit f, (3.42)
with 7 and V; taken as in (3.20) with T € (1/2, p — (1/2)). Introducing
g=()"f elLZ®RM", (3.43)

the equations for f in (3.42) may be recast as (3.34). In view of (3.43) and the fact
that g(A) = 0, the estimate in (3.37) applies to h = g:

. -1 ~
(Ho— (A £i0)[p2mmyn)” g € [L2z®R)Y, T>1-1
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Then the condition in (3.3) and the identity in (3.34) combine to yield
g=—V(Ho— (A £i0 @) g€ L2®RHIN, v<t4+p—1.
Iterating the same argument £ € N times yields
g e [L2RMIY, v<t+L(p-1). (3.44)

If £ is chosen so that £ > (1 — 7)/(p — 1), then t + £(p — 1) > 1. Therefore, (3.44)
implies, in particular, that g € [L%(R")]N for some T € (1, 3/2). Consequently, by
Proposition 3.3, g is Holder continuous of order T — (1/2). Next, the function  :=
(Ho — (A £ i0)I;z2®ny~) ' g belongs to dom(H) = dom(Hop) = [W2(R™)|Y
since ¥ (w) = g(u)(w —A)~L, g(A) = 0, and T — (1/2) > 1/2. By (3.34), ¥ sat-
isfies the Dirac equation Hv = Ay. Moreover, ¥ is a nontrivial solution. Indeed, if
Y =0, then g = —V¢ = 0. Of course, one then obtains f = (-)*g = 0, which con-
tradicts the assumption f € [L2(IR")]¥\{0}. Therefore, ¥ is an eigenfunction and A
is a corresponding eigenvalue. As a result, N' C 0,(H) and o,.(H) = 0. ]

Remark 3.5. The fact that ||V2(Ho — (A £ i0) I 2®3y14) " Vi [ g2 ®3)) does not
decay as A — +oo shows that in principle one cannot rule out eigenvalues of H
running off to co and/or —oo. In fact, it has been shown in [104] that for all T > 1/2,
there exists a constant C; € (0, co) such that

-1

sup [ (-)7"(Ho — zIize@ays)” ()7 | gqremays < Cr (3.45)

zeC\R
and that
137" (Ho = (X % i0) Iiz2ans) ™ ()™ gz

does not decay as |A| — oo for any 7 > 1/2. (3.46)

In the case of massive Dirac operators (i.e., with Hy replaced by Hy(m)), the con-
dition 7 > 1/2 needs to be replaced by 7 > 1. For results in this direction we also
refer to [131-133,189]. This contrasts sharply with the case of Schrodinger operators
where a Riemann-Lebesgue-type argument yields decay of the underlying Birman—
Schwinger operator (see, e.g., [157, Theorem III.13]). <o

Remark 3.6. The transformation in (3.9) employed to diagonalize « - p is similar
to the celebrated Foldy—Wouthuysen transformation (see, e.g., [46, 162], [165, Sec-
tion 5.6]). The latter is well known to diagonalize Hy. In fact, introducing the unitary
N x N block operator matrix Uy in [LZ(R”)]N, neN,n>2 via

Uy =272[Iy + B(a- (=i V)| —iV[T],
Uy' =27"2[Iy = B(a- (—iV))|—iV|7],
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one infers that

~ In/2(=A)/2 0
Hy = UyHoUy' = ( nj2(=4) NJz )

On/2 —Inj2(—=A)1/?
dom (Ho) = [W12R")". (3.47)

It is worth pointing out that every result in this chapter has a verbatim analog for
operators of the type

Ho+V, and In(—A+m*Iogn)? + V. m >0,

in [L2(R™)]V, with V' satisfying (3.3). More generally, (—A)'/2 can be replaced by
general fractional powers (—A)?, y > 0, and even by more general functions #(—A)
(cf. [22]). This comment is of some significance as a large body of work went into
studying Iy (—A)'/2 + V (especially, in the scalar case N = 1) over the past two
decades. We refer, for instance, to [22,32,93,109, 110, 117, 143, 147], [158, p. 124],
[172-177,182]. o

In the following chapter we will recall conditions on V' that yield the absence of
eigenvalues of H (implying unitary equivalence of H and H via the wave operators
Wi (H, Hy) in Theorem 3.4, see Remark 4.3).

We conclude this chapter with some hints at additional literature (beyond [186,
Sections 1.11, 2.1, and 2.2]) concerning the absence of singular continuous spectrum
and proofs of limiting absorption principles for operators of the form Hy 4 V.

In the case of three-dimensional massless Dirac operators, the absence of singular
continuous spectrum of H with scalar potentials (i.e., V' = v I ), including the case
of long-range interactions v, was proved in [47]. The limiting absorption principle for
Hy in three dimensions was derived in [151]. For the proof of existence of absolutely
continuous spectrum of massless Dirac operators for n = 3, where V = v 8, see [49].
To the best of our knowledge, these references in the special case n = 3 comprise all
explicit statements about the absence of the singular continuous spectrum of H and/or
the limiting absorption principle for Hy. So Theorem 3.4 is new forn € N\{3},n > 2,
which is particularly interesting in the case n = 2 as the latter is related to applications
involving graphene. On the other hand, we emphasize that Theorem 3.4 is a direct
consequence of the material presented by Yafaev in [186, Section 2.4]. In the context
of massless Dirac operators in dimension n = 2 we also refer to [60] (see also [59]).
We also note that a global limiting absorption principle for Hy on R for all n € N,
n > 2, was proved in [23,39, 104].

For the case of massive Dirac operators H(m) = H + m 8, m > 0, we also refer
to [18,33,35,65-67,74,94,95,121,127,133,134,149,167,180], [186, Section 1.12],
[187-189].
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Finally, for scattering theory for Dirac operators we refer, for instance, to [47,54,
74,89,95,115,123,133,134,136,148,158,161,163,164], [165, Chapter 8], [166,167,
178], [186, Section 1.12].






Chapter 4

On the absence of eigenvalues for interacting, massless
Dirac operators

In this chapter, we briefly comment on results concerning the absence of eigenvalues
of massless Dirac operators. Since we are particularly interested in potentials vanish-
ing at o0, implying the absence of spectral gaps of H,

Uess(H) =R,

the absence of eigenvalues is equivalent to the absence of eigenvalues embedded into
the essential spectrum of H (a somewhat unusual situation from a quantum mechan-
ical point of view).

In the context of massive Dirac operators H(m) = H + m 8, with mass parameter
m > 0 and vanishing potentials at +00, there exists a fair number of papers describing
the absence of embedded eigenvalues in the essential spectrum of H (m),

Gess(H(m)) = (—o0, —m] U [m, 00)

(or in certain regions of the essential spectrum), especially in the three-dimensional
case, n = 3. Relevant references in this context are, for instance, [9,25,100, 101,103,
126,145] (however, this reference is imprecise w.r.t. implicit smoothness assumptions
on the electromagnetic potential coefficients), [168, 179].

The existence of threshold eigenvalues (and/or resonances) at +m are discussed,
for instance, in [56, 152].

In the massless case, m = 0, zero eigenvalues and/or zero-energy resonances (as
well as the absence zero-energy resonances) are treated in [2-5, 7, 8, 13—15], [16,
Chapter 4], [17,24,52,55,57,70,73,103, 116, 129, 144, 146, 150-156, 190]. A fair
number of these references consider the case of Pauli operators in three dimensions,
[0 - (—iV — A)]?, with 0 = (07, 02, 03) the standard Pauli matrices.

The subject of absence of zero modes, especially, zero-energy eigenvalues, for
massless Dirac operators has hardly been studied. Exceptions are [48] (see also [105]),
[102, 103], and properties of the corresponding (generalized) eigenfunctions are dis-
cussed in [8], [16, Section 4.4], [17,150, 151, 190].

Here we recall the following special cases of results in [103, Theorems 2.1 and
2.3]:

Theorem 4.1. Letn € N, n > 2.
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(i) Assume that V:R" — CN*N s Lebesgue measurable and self-adjoint a.e.
on R", satisfying

ess. sup |x|| V(x)||£((c,v) <C forsomeC € (0,(n—1)/2), 4.1)
xeR”

with || - | g(c~y denoting the operator norm of an N X N matrix in CN. Then any
distributional solution u € [WI;C’Z(R”)]N N [L2R”; x|~ 1d" )N of (Hy + V)u =0
vanishes identically.
(ii) Suppose that
V:R" > CVN s Lebesgue measurable and self-adjoint a.e. on R”, and that

forsome R >0, V € [CY(ER)V*N, where ER = {x e R" | [x| > R}, (4.2)
and

|x| 00 |x|—>oo

—

uniformly with respect to directions. (4.3)

Then if for some A € R\{0}, u € [L2(ER)|" satisfies (Hy + V)u = Au on Eg
in the distributional sense, then u vanishes identically on R".
(iii) The self-adjoint realization H of Hy + V satisfying

/Rn d"x |x|7V| f(0) |2y <00, f € dom(H), (4.4)

has no eigenvalue zero in case (i) and no eigenvalue A € R\{0} in case (ii).

Remark 4.2. We note that Theorem 4.1 due to [103, Theorems 2.1 and 2.3] appears
to have been the first, and up to now, the only result available proving absence of
eigenvalues of H in the massless case. The results on global Hy-smoothness of
(0)~! proven in [39] now yields a second such result (and unitary equivalence of
H and Hy) for |V g(r2rny~) sufficiently small. o

Remark 4.3. In the context of Theorem 4.1 (iii) we note that if V' satisfies (3.3) and
hence dom(H ) =[W2(R™)|", then Kato’s inequality (cf., e.g., [16, pp. 19-20], [92]),

[ it of <6 [ anplpll )
R”? R”

for appropriate constants C,, € (0, 00), n > 2 (Kato’s inequality extends to the homo-
geneous Sobolev space D'/2(R") of order 1/2), yields, in particular,

/ d"x IXI_llf(X)}ZECn/ d"p |p||f<p)|25cn/ d"p[1+1p1?]|f (p)
R”? R” R”?
feWb2R", neN, n>2.

2
’

feSMR"), neN, n>2,

2
)

Thus, under assumption (3.3) on V, condition (4.4) holds automatically. s



On the absence of eigenvalues for interacting, massless Dirac operators 39

We summarize the discussion on absence of eigenvalues in this chapter as follows:

Corollary 4.4. (i) In addition to Hypothesis 3.1 assume that V satisfies conditions
(4.2), (4.3). Then
op(H) € {0}. 4.5)

(i1) In addition to Hypothesis 3.1 assume that V satisfies conditions (4.1)—(4.3).
Then
op(H) = 0. 4.6)

Moreover, H and H are unitarily equivalent.

Proof. The inclusion (4.5) follows from Theorem 4.1 (ii), (iii) and Remark 4.3. The
fact (4.6) follows from Theorem 4.1 (i), Remark 4.3, and (4.5). Unitary equivalence
of H and H) is a consequence of (3.25), (3.29), (3.30), and (4.6). [ ]

Note added in proof: In connection with the absence of zero-energy eigenvalues
of massless Dirac operators with vector potentials we also refer to [72].






Chapter 5

The Green’s functions of Hy(m) and H,

In this chapter, we study the Green’s function for Hy, that is, the integral kernel of
the resolvent of Hy.
We start, however, with the Green’s function of the Laplacian in L?(R"),

ho = —A, dom(ho) = H*(R").

The Green’s function of A, denoted by go(z; -, -), is of the form,

go(z:x,y) == (ho — ZILZ(Rn))_l(X,y)

(i/2)z71/2¢i7" 2Ix=1, n=1,zeC\{0},

. _ 2— 2

(/9 @rz 2 —y) O HD (V2 — y]). n =2,z € C\{O),
Im(z'/?) >0, x,y e R", x # y, (5.1)

andforz =0,n > 3,

1
g0(0;x,y) = ———|x—y|*™", n=3 x,yeR" x#y.
(n —2)wp—1
Here Hlfl)( -) denotes the Hankel function of the first kind with index v > 0 (cf.
[1, Section 9.1]) and w,—; = 272/ T'(n/2) ([(-) the Gamma function, cf. [1, Sec-
tion 6.1]) represents the area of the unit sphere S”~! in R”.

Asz — 0, go(z; -, -) is continuous on the off-diagonal for n > 3,
lim  go(z:x,y) = go(0:x,y) = ————|x — y[*",
220 (n —2)wn—1
zeC\{0}
x,yeER" x#y,neN, n=3, (5.2)
but blows up forn = 1 as
go(z:x,y)
= (i/2)z_1/2 —2_1|x —y|+ O(Zl/2|x — y|2), x,y €R,
z—0
zeC\{0}
and forn = 2 as
1 1/2 2
goixy) = —5-In(z2x = y1/2)[1+ O(elx - yP?)]
zeC\{0}

1
+ EW(I) +O0(lzllx—y?), x.yeR* x#y. (53)

Here ¥ (w) = I'"(w)/ T’ (w) denotes the digamma function (cf. [1, Section 6.3]).
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For reasons of subsequent comparisons with the case of the free massive Dirac
operator Hyo(m) = Ho + m B, m > 0, we now start with the latter and compute,

— -1
(H()(m) — ZI[Lz(Rn)]N) 1= (Ho(m) + ZI[Lz(]Rn)]N)(I‘I()(n’l)2 — 22][L2(]Rn)]N)
. —1
= (—ia-V+mpB+ zlp2gnyn)(ho — (22 —m*) [ 2gn)) In. (5.4)

employing
H()(Wl)z = (ho + m21L2(Rn))IN.
Assuming
m >0, z € C\(R\[-m,m]), Im (22 —mz)l/2 > 0,
x,yER" x#y,neN, n=>2, (5.5)
and exploiting (5.4), one thus obtains for the Green’s function Go(m, z; -, -) of
Ho(m),

-1
Go(m,z;x,y) := (Ho(m) — ZI[LZ(]Rn)]N) (x,y)
=i47'Qm) @2 x — 2" (m B + zIy)
(n—2)/2
<[ =m)P1x =y ")) (22 = m?) e = )
yll_”a A (x —)’)
|x =yl
(2> =m*)'?|x = y)).

_ 4_1(271)(2_”)/2|x _

n/2H(1)

x [(2 = m?)2|x = yI]"*H )

Here we employed the identity ([1, p. 361]),
[HO©)] = -H @ + v HP©), vieC.
Equations (B.9), (B.10) reveal the facts (still assuming (5.5)),

1i111 Go(m,z;x,y) = 4_17t_”/2F((n -2)/2)|x - Y2 " (m B £ mly)
zeza{:lznm}

+i2_1n_”/2F(n/2)o¢-—(x_y),
lx — y|"
m>0,x,yeR" x#y,neN, n>3, (5.6)

Go(m,zix,y) = = —(4m) ' In(z> =m?*)(m B £ m1>)
zeza{:(:nm}

—@m)'In(lx—yl)mBEtml) +iQ2n) a- x—7)

lx —y|?

+ 0((z> =m*)In(z*> —m?)), m>0, x,yeR?* x#y. (5.7)
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(Here the remainder term O((z? — m?) In(z? — m?)) depends on x, y € R2, but this
is of no concern at this point.) In particular, Go(m, z; -, -) blows up logarithmically
as z — +m in two dimensions, n = 2, just as go(z, -, -) does as z — 0.

By contrast, the massless case is quite different and assuming

z€Cq, x,yeR" x#y,neN, n>2, (5.8)
one computes in the case m = 0 for the Green’s function Gy (z; -, -) of Hy,
Go(z;x,y) := (Ho — ZI[LZ(Rn)]N)_l(X, y)

- - - n—2)/2 ., (1
=i4 1(27[)(2 ”)/2|x —y> "z [z|x - y|] " H((n)_z)/z(z|x — yI)IN

=y
|x =yl

_ _ _ 2
—4712r) @ M2 | x — y|! ”[z|x — y|]n/ Hrf})z(zpc — y|)a (5.9)

The Green’s function G (z; -, -) of Hy continuously extends to z € C . In addition,
in the massless case m = 0, the limit z — 0 exists/,

(x—)
lx =y’
x,yeER" x#y,neN, n>2, (510)

lim  Go(zix,y) := Go(0 +i0:x,y) = 2720 (n/2) -
z—0,

2eC4\{0}

and no blow up occurs foralln € N, n > 2.

Remark 5.1. (i) The observation of an absence of blow up in Go(z; -, -)asz — 0
is consistent with the sufficient condition for the Dirac operator H = Hy + V (in
dimensions n € N, n > 2), with V' an appropriate self-adjoint N x N matrix-valued
potential, having no eigenvalues, as derived in [103, Theorems 2.1 and 2.3].

(ii) The asymptotic behavior, for some d, € (0, c0),

||G0(0+i0;x,y)||cN

= dylx—y|"™, x,yeR" x#y,neN,n>2,
z—0,

zeC1 \{0}

implies the absence of zero-energy resonances (cf. Chapter 10 for a detailed discus-
sion) of H for n € N, n > 3, for sufficiently fast decaying short-range potentials V
at infinity, as | - |17 lies in L?(R") near infinity if and only if # > 3. This is consis-
tent with observations in [8], [16, Section 4.4], [17,28, 150,151, 190] for n = 3 (see
also Remark 10.8 (ii)). This should be contrasted with the behavior of Schrodinger

'0ur choice of notation 0 4 i 0 in Go(0 + i 0; x, ¥) indicates that the limit lim,_.g is
performed in the closed upper half-plane C .
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operators where

. 1 _
lim  go(z:x,y) = go(0:x,y) = ————|x — y[* ",
20 (n —2)wp—1

zeC\{0}

x,yeR" x#y,neN,n=3

implies the absence of zero-energy resonances of h = hyg + w forn € N, n > 5,
again for sufficiently fast decaying short-range potentials w at infinity, as | - [>™" lies
in L2(R") near infinity if and only if n > 5, as observed in [96]. 3

Remark 5.2. In the special case n = 3, the identities

/2 ,i¢
i) ©) = —i(%) F
1/2 it .
;) = —(;) % ¢ € C\(0},

combine in (5.9) to yield

iz|lx—y| _ _
Go(z;x,y)ze— ZIN—l—Za-(x y)—l—ia-(x y) ,
4rlx — y| lx =yl X —y[?
x,yeR3 x#£y, zeCy. o

Remark 5.3. It is possible to expand the massless Dirac Green’s function Go(z; -, -)
in powers of z in such a way that several coefficients in the expansion vanish (the
precise number of vanishing coefficients depending on the dimension n) for odd
dimensions n > 5. This observation relies on the following connection between the
modified Bessel and spherical Bessel functions (cf., e.g., [1, Section 10.1.1]):

HY @ =@ 0@), teC\(0), jeN. (.11

Moreover, by [1, Equation 10.1.16],

G it g G B! .
WD) = i~UHe 1ezkzk‘( k)'( 2i0)7%, ¢eC\{0}, j eN. (5.12)

Upon combining (5.11) and (5.12), one obtains for odd dimensions n > 3,

)
Hy)oy 1) = H{g) 30141/

(n—3)/2
— o1/2,=1/2;(1=n)/2—1/2,,i¢ ([(”_3)/2] +k) _ =3
¢ Z (CEEIRE (=2i¢)

¢ eC\{0}), (5.13)
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and

W 0
Heujn(©) = Hig_1)2141/2(©)

(n=1)/2
12,172~ (4 D)2 -1/2 i ([ —1)/2] +k)! 2ie)*,
m - kX(:) R = D72 = k) (=2i¢)

r e C\{0}. (5.14)

Thus, using the expansions (5.13) and (5.14) in (5.9), one obtains the following
expansion for the massless Dirac Green’s function in odd dimensions n > 3:

Go(Z'x y) — i(_1)(1—n)/22—(n+1)/2n,(l—n)/zeiz\x—ylIN
2/ (n —3)/2] +k)!

% Z k([ —3)/2] = k)

(— 2)_k(lZ) —k+[(n— 1)/2]|x yl—k—[(n—l)/Z]

+ l-(_1)(1—n)/22—(n+1)/27_[(1—11)/2€iz|x—y|a ) (x—y)
|x — ¥
n /2 ( —1)/2] +k)!

) Z k([(n — 1)/2] — k)!

(— 2)_k(zz)_k+[(" 1)/2]|x— |- —k—[(n— 1)/2]

x,yeR" x#y, zeC\R. (5.15)

Introducing the power series for the exponential in (5.15) and reordering the series to
combine like powers of iz, one obtains

oo
Go(z;x,y)=(=1) @227t D27 Um0 -y} d;(iz) [ —y 771D Iy
Jj=0

o0
i (=)A= D 27 A-m/2 2 g1 2y | =1 %
j=0

x,yeR" x#y, zeC\R, (5.16)

where for each j € Ny, the numerical coefficients d; and d ]’ are given by

@22 ([ =3)/2] +k)! 1

d; = —2)7k . (517
! kg k!([(n—3)/2]—k)!( ) (j +k—[(n—3)/2])! oD
k=[(n—3)/2]-j
(n=1)/2
=3 (L =Dj2] k) -27* ! (5.18)

J = k([ —-1)/2] - k)

k=[(n—1)/2]-j

(j+k—[m—1/2])
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In odd dimensions n > 5, certain of the coefficients d; and d ]’ in (5.17) and (5.18)
vanish based on the combinatorial identity in Proposition 5.4 below. Applying Propo-
sition 5.4 with m = (n — 3)/2 and m = (n — 1)/2, one infers that for n > 5 is odd,
the free massless Green’s function Gg(z, -, -) is given by (5.16)—(5.18) and

d; =0 forallodd j € N satisfying 1 < j <n—4,
di =0 forallodd j € N satisfying 1 < j <n—2. o

Proposition 5.4 ([96, Lemma 3.3]). Ifm € N and

Z (m + k)! MR )k

K\m — k)] k+j—m 1570

k>r; —Jj
thenc; =0for j =1,3,...,2m— 1.

Since Hy has no spectral gap, o(Hp) = R, but /¢ has the half-line (—oo, 0) in
its resolvent set, a comparison of /¢ with the massive free Dirac operator Hy(m) =
Hy +m B, m > 0, with spectral gap (—m, m), replacing the energy z =0 by z = £m,
is quite natural and then exhibits a similar logarithmic blowup behavior as z — 0 in
dimensions n = 2.

Returning to our analysis of the resolvent of Hyp, the asymptotic behavior (B.9)-
(B.11) implies for some ¢, € (0, 00),

||G0(0+i0;x,y)||£(cN) < cuplx —y|t,
x,yeR" x#y,neN, n>2, (5.19)

and for given R > 1,

lx — [, Ix —y|<1, x#y,
|Goz: %, )| g oy Scnr(2)e” O, 1<|x—y|<R,

lx — y|A=M/2 |x — y|= R,
zeCq, x,yeR" x#y, neN,n=>2, (520

for some ¢, r(-) € (0, 00) continuous and locally bounded on C .
For future purposes we now rewrite Go(z; -, -) as follows:

= - - (n—2)/2
Gol(zix.y)=i47' @m) @2 x —y 2z [z]x = y|]" P HLY ) o (2l =) Iy

(x—)
ey

= |x—y|1_”fn(z,x—y), zeCq, x,yeER" x#£y,neN, n>2, (521)

_ - - /2 ;01
—4 1(2].[)(2 n)/2|x_y|1 n[Z|x_y|]n Hrg/)Z
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where f;, is continuous and locally bounded on C, x R”, in addition,

”f”(Z’X)H;’B(CN)

1, 0=<|x]=1,

C. n
NS ES U

< (Z)e—lm(Z)lx\ {

for some constant ¢, () € (0, 0o) continuous and locally bounded on C . In partic-
ular, decomposing Gy (z; -, ) into

Go(z:x,y) = Go(z:x, Y) x0.11(Ix — ¥1) + Go(z: x, ¥) x11,00) (I1X — ¥1)

= G0,<(Z;x -y)+ G0,>(Z;x -¥), (5.23)
zeCy, x,yeR" x#y, neN,n>2,

where

Go,<(z;x —y) 1= Go(z:x, ¥) x10.17(1x — »1). (5.24)
Go,>(z:x —y) 1= Go(2: X, ¥) X[1,00) (Ix — ¥1). (5.25)
zea, x,yeR", x#y,neN, n>2,

one verifies that

Cplx — |~ z=0,
Cu(2)|x —y|~=D/2 2 e Cq,
x,y eR" |x—y|>1, 1<)k <N, (5.26)

Go>(z:x — y)jk| < {

for some constants C,,, C,,(-) € (0, 00), in particular,
Go>(z:+) € [LPR"NN, zeCy, (5.27)

and that
Go,>(+; -) is continuous on C4 x R". (5.28)

In the next chapter, we will use the decomposition (5.23) to derive trace ideal
properties of operators of the type Fi(-)(Hy — ZI[LZ(Rn)]N)_le( -), employing
results of [26, Section 5.4] in the case n > 3. We also derive trace ideal properties
of (-)%(Hy — ZI[LZ(]Rn)]N)_l( -)7% in the case n > 2 using a different approach
based on a combination of Sobolev’s inequality and complex interpolation.






Chapter 6

Trace ideal properties of Fy(-)(Hy — zI;2gnyv) " Fa(+)
and ()73 (Hy — zIj2gmyv) 7' (-) 7

In the first part of this chapter we derive trace ideal properties of operators of the
type F1(-)(Hp — Z][L2(Rn)]N)_1F2( -), employing results of [26, Section 5.4] in
the case n > 3. In the second part of this chapter we derive trace ideal proper-
ties of ()3 (Ho — ZI[Lz(Rn)]N)_l (-)7% in the case n > 2 by a different approach
based on a combination of Sobolev’s inequality and complex interpolation. These two
approaches are independent and complement each other.

The considerations (5.21)—(5.27) readily imply the following facts:

Lemma 6.1. Letn € N, n > 2, and F, H € [L>(R")|V>N . Introducing
Ro>rH(Z;x, ) = F(x)Go>(z;x —y)H(y), z¢€ Cy, x,yeR", (6.1

the integral operator Ro > f.g(z) in [L2(R™)]N with integral kernel Ry ~ f.g(z; -, -)
satisfies
Ro>r.u(z) € Bo([LP®RM]Y)., zeCy, 6.2)

and Ro,> F.H(-) is continuous on C with respect to the || - || g, qr2®n)~)-norm.
In particular, this applies to F, H satisfying for some constant C € (0, 00),

|Fixl |Hixl <C()%, 8§>n/2,1<jk <N,

Proof. We apply Theorem A.2 (iii) and Lemma A .4.
Let F, H € [L>(R™)]V>*V and z € C be fixed. To prove (6.2), it suffices to show

| Ro> Fom (z: - ')”532(@?\’) € L*(R*";d"x d"y) (6.3)

and apply [27, Theorem 11.6] (in the special case L?(R” x R";d"x d™"y)). To prove
(6.3) we recall

ID|lg,cny < NY2|D| gy, D eCV*V, (6.4)
Then by (5.27) and (6.3),

| Ro=r.1r (% 9] gy vy
< N2 F)| genyGos5x = 1) gemy [HO ey
< CEOIF®|gcm[HW ] ger) x v R ©
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for an appropriate constant C(z) > 0. Since by hypothesis F, H € [L*(R")]V*V,
and hence,

N
1FO) ) 5eny = IFO ey = 2 [Fix()] € L'®™),
jk=1

and analogously for H, the estimate in (6.5) implies (6.3).
To prove the continuity claim, let z, z” € C,. One computes (cf. [27, Theo-
rem 11.6])

| Ro,>.F 0 (2) = Ro> F.u(z") ||§32([L2(R")]N)

= [y [ Roe G = o) e,
=N R R dxd"y “F(x)“i’(c/‘/)||G0,>(Z;x —y)—Go(z';x —y) H;(CN)
< | HO) | 3cn): (6.6)
An application of Lebesgue’s dominated convergence theorem, making use of (5.27),

F,H € [L?>(R™)]V*¥  and the continuity of G > (z; x — y) with respect to (z,x — y)
in B(CY) (see (5.28)), then yields

. / —
zll)n’zl, H R0,>,F,H(Z) - R0,>,F,H(Z )|‘£2([L2(R”)]N) = 0. L
z,2/eC4

To improve upon Lemma 6.1, we now recall the following version of Sobolev’s
inequality (see, e.g., [157, Corollary 1.14]).

Theorem 6.2. Letn € N, A € (0,n), r,s € (1,00), r’'' +s ' +An"1 =2 f e
L"(R™), h € L*(R"™). Then, there exists Cy 5 n € (0,00) such that

| S )[R (y)]
d*'xd"'y X— -7 < C
Joum 1 T = o

For subsequent purposes, we also recall some basic facts on L?-properties of
Riesz potentials (see, e.g., [160, Section V.1]):

[ fllLr @2 llzs ®n)- (6.7)

Theorem 6.3. Letn € N, « € (0,n), and introduce the Riesz potential operator Ry
as follows:

(Run ) = (A7 1)) = ylam™ [ "y le =517 £,
y(a,n) = 7"22°T(a/2)/ T ((n — @)/2), (6.8)

for appropriate functions f (see below).
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(i) Let p € [1,00) and f € L?(R"). Then the integral (Ro.n f)(x) converges for
(Lebesgue) a.e. x € R".

(i)Letl<p<qg<oo,qg ' =pt—an! and f € LP(R"). Then there exists
Cpg.an € (0,00) such that

IRan fllLa®n) = Cpganll fllLr@n- (6.9)

We also note the 8 function-type integral (cf. [160, p. 118]),

/Rn d"ylex — y|*"|y[P™" = y(a.n)y(B.n)/y(@ + B.n).
O<a<n, 0<B<n, a+p<n,

ex=@0,...., 1 ,....0,1<k=<n. (6.10)

k

and the Riesz composition formula (see [53, Sections 3.1 and 3.2]),

[y =ty ot
= [y(a,m)y(B.n)/y(@ + B,n)]|x1 — xo|*FE™,

O<a<n 0<B<n, a+p<n, x1,x, € R". (6.11)

For later use in Chapter 10, we recall the following estimate taken from [63,
Lemma 6.3].

Lemma 6.4. Letn € N and x1,x, e R Ifa, B € (0,n], &,y € (0,00), withn + y >
o+ B, anda + B # n, then

/ Ay x1 — yIE )y — xaf
Rn

X1 — xp | max{On—a—p} |x1 — x| <1,

<
= Cn,a,ﬂ,y,e { |X1 _ xz|—min{n—a,n—}3,n+y—¢x—,3}, |X1 _ x2| > 1,

where Cy, 4. 8., € (0,00) is an x1, X2-independent constant.

Returning to Gy > (z; - ), we next combine the estimate (5.26) with Theorem 6.2,
rather than just using the L®°-bound (5.27) on Gy >(z; -) in Lemma 6.1, yielding a
considerable improvement of Lemma 6.1.

Theorem 6.5. Letn € N, n > 2.

() Let z = 0 and F, H € [L*"®+(@RM)N*N for some & > 0. Introducing the
integral operator Ry~ r g (0) in [L2(R™)]N with integral kernel Ry~ F g (0; -, -)
as in (6.1), then

Ro> r.u(0) € By ([L>(R™M)]Y). (6.12)
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In particular, this applies to F, H satisfying for some constant C € (0, 00),

| Fjx <C(:)%, S>n/41<j k<N

| Hjg

(ii) Let z € C4 and F, H € [L*" D @R™)N*N _ Introducing the integral oper-
ator Ry~ p g (z) in [L2(R™)N with integral kernel Ry~ r g (z; -, ) as in (6.1),
then

Ro>r.1(2) € B2(L2RM]Y), z€Cy, (6.13)

and Ry~ F. g (+) is continuous on C with respect to the | - | 8, (L2 (Rn)N)-nOTM.
In particular, this applies to F, H satisfying for some constant C € (0, 00),

\Fixl, |Hixl <C(-)3, 8>@m+1)/4, 1< jk<N.

Proof. Again, we apply Theorem A.2 (iii) and Lemma A 4.
If z =0, then Ry~ F,z(0; -, -) generates a Hilbert—Schmidt operator in LZ(R")
upon applying the following modified z = O part in estimate (5.26),

Go= (23 % — )| < cnelx — y|~@=972,
x,yeR" |x—y|>1,1<jk <N,

for some constants ¢, . € (0, 00), combined with Sobolev’s inequality in the form

2 h 2
o2 L e

< Cuell /2 L2/ o) ey 1B | 20/ tn+e Ry
identifying r = s = 2n/(n + €), A = n — € in (6.7). One verifies that
<.>—(§' c L4n/(n+8)(Rn)

if § > (n 4+ €)/4, and, since & > 0 can be chosen arbitrarily small, if § > n /4.
The general case z € C . follows along the same lines using the modified estimate
(5.26),

< culx — y|7(7D/2)

|Go>(z:x — ¥)jk
x,yeR" |x—y|>1,1<jk <N,

for some constant ¢, € (0, 00), again combined with Sobolev’s inequality in the form

@l o)?
/Rnxm d"xd"y %Xu,w)ﬂx 4

= Cn||f2||L2n/(n+l)(Rn)||h2||L2n/(n+1)(Rn), (6.14)

identifying r = s = 2n/(n + 1), A = n — 1 in (6.7). One verifies that (-)™%
LA/ DR if§ > (n + 1) /4.
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Finally, continuity of Ro ~ g (-) on C4 with respect to the | - | 8, 2RV
norm follows again by applying Lebesgue’s dominated convergence theorem as in the
proof of Lemma 6.1. ]

We recall the following interesting results of McOwen [120] and Nirenberg—
Walker [125], which provide necessary and sufficient conditions for the boundedness
of certain classes of integral operators in L? (R"):

Theorem 6.6. Letn € N, c,d e R, c+d >0, pe (1,00), and p’ = p/(p —1).
Then the following items (i) and (ii) hold.
(i) Consider

Kea(x,) = |x]™¢|x — y|©TD™y7 x,y e R", x # X/, (6.15)

then the integral operator K. 4 in L? (R") with integral kernel K. 4(-, -) in (6.15)
is bounded if and only ifc <n/pandd <n/p'.
(i1) Consider

~ - _ —d
Kea(x,p) = (1+x]) “fx = y|“T D™ (1 +1y)"% x,yeR", x#x', (6.16)

then the integral operator Ec,d in L? (R™) with integral kernel Izc,d( -, +)in (6.16)
is bounded if and only if c <n/p andd <n/p'.

This result implies the following fact.

Theorem 6.7. Letn € N, n > 2.
(i) Then the integral operator Ry s in [L2(R™)|N with associated integral kernel
Ro5(-, -) bounded entrywise by

|Ros(-. )js| < C{)8]Go(0: . )jge|()%, §=1/2, 1< j.k <N,
for some C € (0, 00), is bounded,
Ro;s € B(IL*(R™]Y). (6.17)

(ii) The integral operator Ry 5(z) in [L2(R™M)]N, with associated integral kernel
Ro5(z; -, -) bounded entrywise by

|Ros(z: -, )ju| < C(-)P1Go(z: -0 )l ()70,
§>m+1)/4, zeCy, 1<j k<N,

for some C € (0, 00), is bounded,

Ros(z) € B([L*®R™Y), zeCy. (6.18)
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(iii) The integral operator Ry o g(z) in [L2(R™M)]N, with associated integral ker-
nel Ry o p(z; -, ) bounded entrywise by

|Roap(z: . )jk| < C(-)™¥Golz: -0 )k ()2,
a>mn-1)/2,p>1,zeCq, 1< jk <N,

for some C € (0, 00), is bounded,
Rowp(z) € B(IL*RMIY), zeCy. (6.19)

Proof. (i) The inclusion (6.17) is then an immediate consequence of (5.10) and hence
the estimate |Go(0;x, ), x| < C|x —yI" x,y eR", x #y,1 < j,k <N, Theorem
6.6, choosing ¢ = d = 1/2 in (6.15), and an application of Theorem A.2 (i) and
Lemma A 4.

(i1) To prove the inclusion (6.18) we employ the estimates (B.9)—(B.11) (cf. also
(5.20)) to obtain

|Go(z:x. )k
< CE)x =y xo(lx = y1) + D@)Ix = 1" 11100y (1x = ¥1),
zeCq, x,yeR" x#y, 1<j k<N, (620)

for some C, D(z) € (0, c0), and apply Theorems 6.6 (parts (i) or (ii)) and A.2 (i)
(cf. also Lemma A.4) to both terms on the right-hand sides of (6.20). The part 0 <
|x — y] < 1in (6.20) leads to 6 > 1/2, whereas the part |[x — y| > 1 in (6.20) yields
8 > (n + 1)/4, implying (6.18).

(iii) Again we employ the estimate (6.20) and argue as in item (ii) for the part
where |x — y| < 1. For the part |[x — y| > 1 in (6.20) one employs Theorem 6.6 with
c=a>m—-1)/2andd =8> 1. m

Given the fact (6.13), we will now focus on Gg <(z; -), z € C4. We begin by
recalling that a(—i V) is a convolution-type operator of the form,

(a(—iV)cp)(x) = ((?_la) * (p)(x)
=02 [ anyat et e eS®D. 62D
Rn
givena € §'(R™), n € N. We are particularly interested in operators of the type
b(Q)a(-iV),

with Q abbreviating the operator of multiplication by the independent variable x,
such that b(Q)a(—i V) extends to a bounded, actually, compact operator in L2(R"),
in fact, we will focus on its membership in certain Schatten—von Neumann classes.
The prime result we will employ from [26, Section 5.4] in this context can be formu-
lated as follows:
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Theorem 6.8 ([26, p. 103, Section 5.4]). Let 2 < r < s, and suppose that a, €
Lieac®R"), ¥ >0, [¥l|Lr, ®ry = 1, and let b be a measurable function such that
b/ € LS o (R";y"d"x). Then

b(Q)a(—iV) € Bs(L*(R")),
and for some constant C(r, s) € (0, 00),
|6(0)a(-iv) ”.SBS(LZ(R”))
1/s
< C(r, s)”a”L:/eak(R")(/Rn d"x b(X)Sw(x)r—S) .

(See, e.g., [26, Section 1] for the notion of L}, .., (-).)

Next, we recall (withn € N, n > 2) that

|7 e LMOI®RY), 0<y <n,

weak
(- P™NE =calel™, (-1 e L2 R, 0<y<n,
Go<(z: Vjx = | - 1" fulz, jswxoar (| - 1) € LEE"D®™) € LPR™),

1<j k<N, pe(0.n/(n—1)),

where f,(z, -) and Go <(z; -) are defined by (5.22) and (5.24), respectively. In addi-
tion, we recall the Hausdorff—Young inequality and its weak analog (cf., e.g., [139,

p. 32]),

||fA||LP/(P—1)(]Rn) = Dp,n”f”Ln(Rn), pE [1,2]’ (6.22)
[ fllee, @ns P e(2), (6.23)

||fA||L€e/a§(l’—1)(Rn) =< Cp,n

noting that p/(p — 1) € (2,00) if p € (1,2). In particular, since p =n/(n —1) € (1,2)
forn > 3,

[Go<z: )] = [I - 1" fuz. Djaxon (| - )" € LR,
1<jk<N neN, n=>3 (624

Thus, an application of Theorem 6.8 and yields the following result.

Theorem 6.9. Letn € N, n > 3, ¢ > 0, and assume that for some q € (n,00), F €
[LY9(R"; (1 + |x]|)@=mA+e) gn )]N*N  Thep,

F(Q)Go,<(z:=iV)" € B (IL*RM]Y), z €Ty, (6.25)
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and
. A
“F(Q)j,K[G0,<(Z; —1 V)Z,k] || B, (L2(R"))

1/q
< Cex . [[Go<(z. Vew] | 1 eny (/Rn(lﬂxl)(q_n)(m)dnx |F(x)j’dq) ’

1<k, <N. (626)

In addition, the operator F(Q)Gg <(z;—i V)" is continuous with respect to z € C+
in the By ([LZ(R”)]N)-norm.

Proof. Pick k, £ € {1, ..., N}. Introducing ¥(x) = c(1 + |x])7!7%, x € R",

¢ > 0, one infers that ¢ € L™ (R") and choosing ¢ = ||(1 + | - |)_1_8||Z,% ®n Yields
weak

¥z @ny < 1.1dentifying a" in Theorem 6.8 and

Go,<(z: ek € Lul P @®™) C LPR™),  p € (0.n/(n— 1),
the inclusion (6.24) yields

a= @) =[Go<(z )ex]" €L

weak

(R™).

Identifying b in Theorem 6.8 with F;, € LY(R"; (1 + |x[)@"0+8gnx) r with
n >3, and s with ¢ > n, one verifies that Fj o /4 € L" (R";4"d" x) and all hypotheses
of Theorem 6.8 are satisfied. Hence, the inclusion (6.25) and the estimate (6.26) hold.

Continuity of F(Q)Go <(z;—i V)" with respect to z€C . in the B,([L? R™)N)-
norm follows from the estimate (6.26) (replacing Go <(z; —i V) by Go,<(z; —iV) —
Go,<(z';—iV)), the explicit structure of Go <(z; -) in (5.21), (5.23), and the con-
tinuity of f,(-, ), combined with the weak Hausdorff~Young inequality (6.23)
and the fact that LY(R";dp) C LI . (R";dp) with ”g”Li’veak(R”;dﬁ’) < |lgllLa®n:dp)
g € L1(R";dp), g € (0, 00). Indeed, with C,, € (0, co) some universal constant,

A
[[Go.<(z: )ex]” — [Go.<(z" ')Z’k]/\”l‘aeak(Rn)
= CullGo,<(z: Ve = Go.<(2s ekl =1 g

< GullGo,<(z: Ve k — Go<(Z's Dexllpn/n-vgny —> 0,

z—z/
z,27eCy4

applying the dominated convergence theorem. ]

A combination of Theorems 6.5 and 6.9 then yields the first principal result of
this chapter, which strengthens a part of Theorem 3.4 (see (3.27)) and shows that
the Birman—Schwinger operators V2(Ho — zI[p2gny~) "' V]" are continuous in the
closed upper half-plane in an appropriate Schatten norm, provided that V;, j =1, 2,
satisfy appropriate boundedness and decay hypotheses.
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Theorem 6.10. Letn € N, n > 3, ¢ > 0, and suppose that
Fy e [LY(R"; (14 |x|)(q_n)(1+8)d”x)]NXN for some q € (n,00),

and
Fy e [LFD@RMHINVN A [Lo@®@MHIVN L =1,2.

Introducing
Ro.F,. 7, (2,%,¥) = F1(x)Go(z;x, ) F2(y), z€Cq, x,y €R", x #y, (627)

the integral operator Ry, F,(z) in [L>(R™)|N with integral kernel Ro.p, F,(z, -, +)
satisfies
Ro,r,F(2) € Bg([L*RMIY), zeCy, (6.28)

and R, F,.F,(-) is continuous on C 1 with respect to the || - I 8, (L2 ®nyv)-norm.
In particular, this applies to Fy, £ = 1,2, satisfying for some constant C € (0, 00),

|Fojxl <C()3, §>m+1)/4, 1<jk<N, =12
Proof. Recalling the decomposition (5.23),
Go(z:x,y) = Go<(z;x—y)+ Go>(z;x—y), x,yeR" x#y, (629)

(now employed for n € N, n > 3), one applies Theorem 6.5 to Gy ~(z; -) and Theo-
rem 6.9 to Go,<(z; ).

One readily verifies that if § > (n + 1)/4, then (-)~% Iy satisfies the conditions
assumed on Fy, £ = 1,2, ]

This handles the case n > 3. Due to the condition s > r > 2 (in the underlying
concrete case, ¥ = n) in Theorem 6.8, the special case n = 2 in connection with
Go,<(z; -) does not subordinate to these techniques and hence will be treated using
an alternative approach next (which actually applies to all dimensions n > 2). While
Theorem 6.10 only handles the case n > 3, it has the advantage that it yields continuity
of Ro,F,,F,(+) on C. (and hence, particularly along the real axis) in a straightforward
manner.

To describe an alternative approach to this circle of ideas, we start with some
preparatory material on the following trace ideal interpolation result, see, for instance,
[85, Theorem III1.13.1], [186, Theorem 0.2.6] (see also [80], [86, Theorem II1.5.1]).

Theorem 6.11. Let p; € [1,00) U {oo}, ¥ ={{ € C|Re({) € (£1.&)}, § € R,
£1 <&, j = 1,2. Suppose that A(C) € B(H), { € T and that A(-) is analytic on %,
continuous up to 9%, and that | A(-)| ) is bounded on . Assume that for some
Cj € (0, 00),
sup (A + i <Cj, j=1,2. 6.30
sup A, n)||$pj(]€)_ i (6.30)
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Then

_ b 1T R@-&FT T 5
AG)EC@IJ(RCG))(%)’ P(Re(f))_Pl+ & —§ [Pz Pl]’ fex. 631

and

(E2—Re())/(52—£1) ~ (Re(D)—£1)/(E2—§1) 3
HA(Q”@;(M(;))(#) < Cl& 0)/ (261 c! H—€1)/ (62— , lex. (6.32)

In case pj = 00, Boo(H) can be replaced by B(H).

A combination of Theorems 6.6, 6.2 and 6.11 then yields the following fact (cf.
[83D.

Theorem 6.12. Letn € N, n > 2,0 <2y <n, § > y, and suppose that T, s is an
integral operator in L>(R™) whose integral kernel T, 5( -, -) satisfies the estimate

Ty 5(x,9)] < C)Px =y (370, x,yeR" x#y
Sfor some C € (0, 00). Then,
Tys € Bp(L*(R"), p>n/Q2y), p=>2, (6.33)
and
I7y.5

= sup [” Ty,8 (_ZV +e+ i’l) }|£(L2(Rn))
neR

|8,/ (2y—e) (L2R))
A2y /24l

]2(2y—s)/n

x sup [ Tvs(=2y + (/2) + e +in)| g, 2@ny) (6.34)
ne

for 0 < ¢ sufficiently small.

Proof. Following the idea behind Yafaev’s proof of [186, Lemma 0.13.4], we intro-
duce the analytic family of integral operators 7y 5(-) in L?(R") generated by the
integral kernel

Ty5(Lx,y) = Tys(x, 1) (x) "D |x —y[f(») 2D x,y eR", x #y,

noting T, 5(0) = T} 5.
By Theorems 6.6 (ii) and A.2 (i) (for N = 1),

T,5() € B(L>(R")). 0<Re(()+2y<n,§=>y.

To check the Hilbert—Schmidt property of 7, 5(-) one estimates for the square of
|T)/,8('; ) ')l,
2 - . _ _ p—
|T ,3(§;X,y)| < (x) 28 Re(§)|x _ ylzke(§)+4y 2n (3 25-Re())
x,y eR" x #y,
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and hence one can apply Theorem 6.2 upon identifying A = 2n — 4y — 2 Re(2),
r=s=n/[Re®) +2y],and f = h = (.)"23+R] {5 verify that 0 < A < n
translates inton/2 < Re({) + 2y <n, and f € L”(R") holds with r € (1,2) if § > .
Hence,

Tys5(0) € Bo(L*(R")), n/2<Re(Q)+2y <n, §>y.

It remains to interpolate between the 83 (LZ(R”)) and B, (Lz(R”)) property, employ-
ing Theorem 6.11 as follows. Choosing 0 < ¢ sufficiently small, one identifies & =
=2y +e¢e,& =-2y+ (n/2)+ e p1 = o0, pp» =2, and hence obtains

P(Re())) = n/[Re(¢) + 2y —¢], (6.35)

in particular, p(0) > n/(2y) (and of course, p(0) > 2). Since ¢ may be taken arbitrar-
ily small, (6.33) follows from (6.35) and (6.34) is a direct consequence of (6.32). m

One notes that while subordination in general only applies to B,-ideals with p
even (see the discussion in [159, p. 24 and Addendum E]), the use of complex inter-
polation in Theorem 6.12 (and the focus on bounded and Hilbert—Schmidt operators)
permits one to avoid this restriction.

Combining Theorems 6.2, 6.6 (ii), 6.11, and 6.12 then yields the second principal
result of this chapter.

Theorem 6.13. Letn € N, n > 2. Then the integral operator Ry s in [L*(R™)]N with
integral kernel R s( -, -) permitting the entrywise bound

|Ros (-, )ik < CL)8|Go(O+i0: -, )je|(-)5, 6>1/2, 1<)k <N,
for some C € (0, 00), satisfies
Ros € Bp([L*R™IY), p>n. (6.36)

In a similar fashion, the integral operator Ry s(z) in [L? R™)N with integral kernel
Ro5(z; -, -) permitting the entrywise bound

|Ros(z: . )| < C(-)7?Golzi - )yl ()7,
zeCy,8>m+1)/4, 1< j,k <N,
for some C € (0, 00), satisfies
Ros(z) € B,([L*RMIY), p>n, zeCy. (6.37)

Proof. We will apply the fact (A.5).

The inclusion (6.36) is immediate from (5.10) (employing the elementary esti-
mate |Go(0;x,y)j x| <Clx—y|'™, x,y €R", x # y,1 < j,k < N) and Theorem
6.12 (withy = 1/2).
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To prove the inclusion (6.37) we again employ the estimate (6.20). An application
of Theorem 6.12 to both terms in (6.20), then yields for the part where 0 < |x — y| <1
that y = 1/2 and hence § > 1/2 and p > n. Similarly, for the part where |x — y| > 1
one infers y = (n + 1)/4 and hence § > (n + 1)/4and p > 2n/(n + 1), p > 2, and
thus one concludes § > (n + 1)/4 and p > n. [

Remark 6.14. Continuity of Ry 5(-) on C with respect to the | - I8, qz2@mv)-
norm, p > n, appears to be more difficult to prove within this complex interpolation
approach. In this context the first approach described in this chapter is by far simpler
to apply, but in turn it is restricted to the case n > 3. In fact, as recorded in Theorem
6.10,if § > (n 4+ 1)/4, then (- )~ Iy satisfies the conditions assumed on F, £ = 1,2,
in Theorem 6.10, implying the fact,

Forn > 3,8 > (n + 1)/4, Ros(+) is continuous on C 1

with respect to the || - || g, (z2®ny~vy-norm, p > n.

Fortunately, the remaining case n = 2 can easily be handled directly as we demon-
strate next. o

Corollary 6.15. Letn = 2, § > 3/4, and zo € Cy. Then Ry 5(-), as introduced in
Theorem 6.13, satisfies

[Ro,s(z1) — Ros(z2)] € B2([L*(RH)]Y), z;€Cq, j =12, (6.38)

and
zl—i>n;0 H RO,(S (z) — RO,S (z0) || By ([L2(R2)]V) — 0.
zeCy\{zo}
Proof. Once more we will apply the fact (A.5) (for p = 2).
By Theorem 6.5 (ii) it suffices to focus on Gg,<(z; -). The explicit formula (see
(C.23), (C.24)),

Go(z;x,y) = i471z Hél)(z|x - y|)IN

(x—y)

Ix =yl

zeCy, x,yeR% x#y, (639

— 4 =y Mzl = y]HP (21 = y]) -

together with the z — 0, z € C \{0} limit (C.25), then permit the following conclu-
sions: Only if z — 0 (z € C4\{0}) and/or if |x — y| — 0, can Go(z; x, y) develop
a singularity which then is of the form In(z|x — y|) and |x — y|~'. (In all other cir-
cumstances G is continuous on C x R? x R2.) However, the |x — y|~!-singularity
is z-independent and hence drops out in differences of the form Ry s(z1) — Ro,s(22),
Zj € C4, j = 1,2. Thus one can safely ignore the |x — y|~!-singularity. Conse-
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quently, this only leaves the In(zj|x — y|)-singularity, j = 1, 2, when considering
Go,<(z15x,y) — Go,<(z2; x, y). This then yields the estimate (see also (5.21) and
(5.22)),

‘G0,<(Z; X, y)j,k - G0,<(Zo§ X, y)j,k
_J Clizl + Izol][In (Ix = y[)[+ D(z. 20).  z.20 € T\ {0},
| Clzl|In(lx — y[)| + D(2). z€C4\{0}, zo=0,
x,yeR* 0<|x—y|<1, 1<)k <N, (640)
with C € (0, 00), and D(-, zg), D(+) € (0, 00) continuous and locally bounded on
C. The logarithmic-type integral kernel in (6.39) can now be handled as in [186,
Proposition 7.1.17] (upon multiplying Ry (z) by a factor of z if zg = 0, and choosing
|z] = 1 in equation (7.1.25) in [186, p. 272]) if z¢ € E\{O}, implying the asserted
Hilbert—Schmidt property. Alternatively, one can use the very rough estimate (for
some cq € (0, 00))

[ (jx = y)|* <colx—yI™", O<|x—y| <1,

and apply the Sobolev inequality in the form of (6.7) withn =2, A =1,r =5 =4/3,
recalling that (-)™2% e L4/3(R?)if § > 3/4. "

Combining Theorems 6.10, 6.13, Remark 6.14, and Corollary 6.15, we finally
summarize the principal results of this chapter as follows:

Theorem 6.16. Let n € N, n > 2 and consider the integral operator Ry 5(z) in
[L2(R™)]N with integral kernel Ry g(z; -, -) permitting the entrywise bound

|Ros(z: . )jk| < €8 |Golz: -, )| ()70,
zeCy,8>m+1)/4, 1< j k<N,

for some C € (0,00). Then Ry 5(z) satisfies
Ros(z) € Bp([L*RMIY), p>n, zeCq. (6.41)

Moreover, ifn > 3,8 > (n + 1)/4, then Ry 5(-) is continuous on C 1 with respect to
the || - || g, (L2@ny~y-norm for p > n. Finally, ifn = 2, § > 3/4, then

[Ros5(z1) — Ros(22)] € Bo([L>RH)Y), 2z €Cq, j =12, (6.42)
and
Zli>nzl() H RO,S (Z) - RO,S (ZO) || B>([L2(R2)]V) = 0. (6.43)

zeCy\{zo}






Chapter 7

Powers of resolvents and trace ideals

We now introduce the following considerably strengthened set of assumptions on the
short-range potential V':

Hypothesis 7.1. Letn € N and suppose that V satisfies for some constant C € (0, 00)
and p € (n,o0),

V e [L®RM)VV, [Veo(x)| < C(x)™ forae xeR", 1 <{{ <N.
Given Hypothesis 7.1, the principal purpose of this chapter is to prove that for
k > n,
[(H = zIp2@nyn) ™ = (Ho — zIj2@myn ) %] € B1([L2RMIY).
z € C\R. (7.1)

Here H = Hy + V is defined according to (3.4), but we do not assume self-
adjointness of the N x N matrix V' in this chapter.

The following arguments are straightforward generalizations of the arguments in
[185] in the three-dimensional context n = 3. We start with a study of Hy:

Lemma7.2. Letr € (0,00), k € N, and define p(r,k) :=n/min{r,k}. If p > p(r,k),
p > 1, then

(-Y"(Ho — zlpammyn ) € Bp(IL*®RM]Y). z e C\R.

In particular, choosing r =n + ¢ forsomee >0,k =n+ 1, then p(n +e,n + 1) < 1,
and hence

()" (Ho — zlipo@oyn) "t € B1([ILPR™)]Y), z e C\R. (7.2)
Proof. Since
—k
(Ho — zIjz,®myv)

k
= (Ho + zli,@mv) (HG — 22 i, @myv)
—kJ2

—k k
= (ho =22 I2m) " In (Ho + =iz, @) (HS = I, pe)
z € C\R,

—k

and the operator (Ho + z [, gn)~ )k (HZ - Zzl[Lz(Rn)]N )~%/2 is bounded, it is suf-
ficient to prove the assertion for the operator (- )~ (hg — z21 LZ(Rn))_k/ 2. The latter
follows from [186, p. 145, Lemma 4.3]. [
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Turning from Hy to H = Hy + V then yields the following result.

Lemma 7.3. Assume that V € [L¥R™M)]V*N  let r € (0, 00), k € N, and define
p(r.k) :=n/min{r,k}. If p > p(r,k), p > 1, then

(Y (H = zlpo@egn) * € Bp(IL2RM)Y),  z € C\R. (7.3)

In particular, choosing r =n + € forsomee >0,k =n+ 1, then p(n +e,n + 1) < 1,
and hence

()T"HH — 2 eyn) T € BU(ILPRMIY). z € C\R.

Proof. Let z € C\R and r € (0, 00). The proof employs induction on k € N. In the
base case, k = 1, one writes

( . >_r(H — ZI[L2(Rn)]N)_1

= [( . )_r (H()—ZI[LZ(Rn)]N )_1][(H0 —ZI[LZ(Rn)]N )(H —ZI[LZ(Rn)]N )_1]. (74)
The first factor on the right-hand side in (7.4) belongs to B, ([L*(R™)]V) for p >
p(r,1), p > 1 by Lemma 7.2. Since the second factor on the right-hand side in (7.4)
is a bounded operator, (7.3) holds with k = 1.

Suppose that (7.3) holds for k € N. Multiplying throughout the commutator iden-
tity

(H —ZI[LZ(Rn)]N)<')_r — <>_r(H — ZI[LZ(]R”)]N) = [HOv ('>_r]

from the left by (H — ZI[LZ(Rn)]N)_l and right by (H — ZI[Lz(Rn)]N)_k_l, one
obtains

( . >_r (H — ZI[L2(RH)]N)_k_1
= (H - ZI[LZ(Rn)]N)_l ( . )—r (H - ZI[Lz(Rn)]N)_k
+ (H = zIpogogn) [ Ho ()7 J(H — zlppagoyn) F71 (19)

One has
(H —ZI[LZ(Rn)]N)_l(‘>_r(H —ZI[LZ(Rn)]N)_k
1 -1 _ -1 _
=[(H—ZI[L2(R11)]N) 1() rk+1) ][() kr(k+1) (H—ZI[LZ(Rn)]N) k]. (76)
Now, by the base case,

(H — 2l 2@nyy) " () 7 E D € 8, (IL2RMY),
p>p(rk+17"1),
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and by the induction step
- -1 -
() kr(k+1) (H _ZI[LZ(Rn)]N) k c BP([LZ(Rn)]N),
p > plkr(k + )71 k).

Therefore, the product on the right-hand side in (7.6) belongs to the trace ideal
B, ([L*>(R™)]N) for p > 1, with

p < prk+ )LD 4 plkrk + 1)L k)T (1.7)

To compute the right-hand side of (7.7), one distinguishes the two possible cases: (i)
rtk+1D) U <lorGi)r(k+1)71 > 1.
In case (i), r <k + 1, and

plkr(k + 171 k) = n(k + r™1,
pllrte + )™ k)™ = nlk + Dr 'k

Hence, the right-hand side of (7.7) equals

n Yk 4+ D)7 07k + D) ke
=n"Yr =n 'min{r.k + 1} = p(r.k + 1)1,

so the right-hand side in (7.6) belongs to £p([L2(R”)]N ) for all indices p >
p(r,k +1).
In case (ii), r > k + 1, and

1

plkrk + D)7 k)=n, plkrk+1)"" k) =nk "

Hence the right-hand side of (7.7) equals
n Yk +1)=prk+1)7",

so the right-hand side of (7.6), and hence the first term on the right-hand side in (7.5),
belongs to £p([L2(R")]N ) for all indices p > p(r,k + 1). To treat the second term
in (7.5), one uses
[Ho.(-)7"] = V. (7.8)

where

Vo(x) = —r(x) "D (a-x), xeR",
so that

[Vo) | geny < Cx)""*D, x eR”, (7.9)

for an x-independent constant C > 0. Thus, the second term on the right-hand side in
(7.5) belongs to B, ([LZ(R”)]N) for all indices p > p(r,k + 1) by the same argument
used to treat the first term. |
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Given these preparations, the principal result of this chapter reads as follows.

Theorem 7.4. Let k € N with k > n and suppose that V satisfies Hypothesis 7.1.
Then

[(H = zI2 @)™ = (Ho — 2Ijr2 @) ] € Bi (L2 RMIY),
zeC\R.  (7.10)

Proof. Let k > n. By the second resolvent equation,
(H — ZI[LZ(Rn)]N)_l - (Ho — ZI[LZ(Rn)]N)_l
=—(H —zljpo@oyy) 'V(Ho — zIpp2@eyn) ',z € C\R. (7.11)
Differentiation of (7.11) with respect to z yields
(H — ZI[LZ(Rn)]N)_k - (H() - ZI[Lz(]Rn)]N)_k
k
== (H = zly2@myn) 7/ V(Ho — zlj2@my)’ *71 2 € C\R. (7.12)
j=1
From this point on, let z € C\R be fixed and write
(H - ZI[LZ(Rn)]N)_j V(H() - ZI[Lz(Rn)]N)j_k_l
= [(H — ZI[LZ(Rn)]N)_j (X)_jp(k+1)7l][(x)pV]

— —j —1 i—k—
% [(X) (k+1—j)p(k+1) (HO _ ZI[L2(]RM)]N)] k l]’
jeN, 1<) <k (7.13)

By Lemma 7.3, forafixed j e N, 1 < j <k,
(H — 2l )~ (x) 77607 e 8, ((L2@™)Y),
p > p(jptk + D71 j),
and by Lemma 7.2,
()~ EFI=DPEEDT (Hy — 2y ayy ) TE T € B, (IL2R™M)Y),
p>p(k+1—j)ptk + 1)k +1—j).

One distinguishes the two possible cases: (i) p(k + 1)~! < 1, or (i) p(k + 1)~ > 1.
In case (i) with p(k + 1)~! < 1, one computes

p(k+1=jpk + D7 k+1-j) = (k+1—j;lp(k+ n=

n
jptk +1)=1’

p(jptk + D7, j)
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so that
. - N1 . 1 -1
p(k+1=j)ptk+ )" k+1—=j) 4+ p(jotk+D7"j)  =p/n>1.
Hence, the right-hand side of (7.13) belongs to B ([L2(R™)]V).
In case (ii) with p(k + 1)™! > 1, one computes
p(k+1—=j)pk + D)k +1—j)=n/(k+1-)),
p(iptk + D71 j) =n/j.

so that

p(k+1=pk + D7k +1=4)" + p(iptk + D7)~

=((k+1)/n=(/n)+0/n)>1+1/n)> L.

Hence, the right-hand side of (7.13) belongs to 81 ([LZ(R™)]V).

In either case, the right-hand side of (7.13) belongs to 84 ([LZ(R”)]N). Since
j € N, 1 < j <k, was arbitrary, it follows that every term in the summation on the
right-hand side in (7.12) belongs to B ([LZ(R")]N ), and then (7.10) follows from
the vector space properties of the trace class. |

We conclude this chapter by recalling a well-known result:

Lemma 7.5. Suppose p > n/min(z,2«), p > 1, witht > 0, k > 0. Then
() " (ho + Ip2@mny) ™ € Bp(L*(R")). (7.14)
In particular, if V satisfies Hypothesis 7.1 and k > n/?2,
V(H§ + Ijp2@eyv) ™ € B1([L*RMIV). (7.15)

Proof. While (7.14) is a special case of [186, Proposition 3.1.5 and Lemma 3.4.3]
(see also [83], [159, Chapter 4]), (7.15) follows from combining (3.5) and (7.14). =






Chapter 8

The spectral shift function: Abstract facts

The significance of Theorem 7.4 is that the trace class condition (7.10) permits one
to define a spectral shift function for the pair (H, Hy). To make this precise, we
introduce the class of functions &, (R), r € N, by

Fr(R):={f € C*(R) | f© € L®°(R); there exists e > 0 and fo = fo(f) € C

such that (d*/dA)[ f(A) — for™"] s O(AT57%), £=0,1,2). (8.1)

(Itis implied that fo = fo(f) is the same as A — £00.) One observes that C5°(R) C
&r(R), r € N.

In [111], M. Krein established the existence of a spectral shift function corre-
sponding to any pair of resolvent comparable self-adjoint operators. Specifically,
Krein proved that if Sy and S are self-adjoint and satisfy

[(S—zI3)™" — (So—zI%) '] € B1(H) (8.2)
for some (and, hence, for all) z € C\R, then

[f(S) = f(S0)] € B1(H), [ €F(R),
and there exists a real-valued spectral shift function
£(-:5,80) € L'(R, (1 + |A]) > da)
so that

trge (/(S) = £(So)) =/RE(A;S, So)dA f'M),  feF®). (83

One limitation to Krein’s theory is that the condition (8.2) generally does not hold
for Schrodinger operators in dimensions n > 4. Similar difficulties are encountered
for the polyharmonic operator (cf. [ 186, Section 3.4]) and the Dirac operator (cf. [186,
Section 3.5.3] and Theorem 7.4). In these cases, only the difference of higher powers
of the resolvents belongs to the trace class (cf. [186, Remark 3.3.3]). Using the theory
of double operator integrals, Yafaev [185] proved the existence of a spectral shift
function under the weaker assumption that the difference of an odd power of the
resolvents belongs to the trace class.

Theorem 8.1 ([185, Theorem 2.2]). Let r € N, r odd, and suppose that Sy and S
are self-adjoint operators in K with

[(S—zI)™ —(So—zl)™"] € B1(H), zeC\R. (8.4)
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Then
[f(S)— f(So)] € Bi(H), fe€FR),

and there exists a function
£(-:S.S0) € L'(R: (1 + [A) " dA) (8.5)

such that the following trace formula holds,
e (£5) = S(S0) = [ 035002 £/ ). f € (R

In particular, one has

[ E0sS.S0)dA

trge (S —zI3) ™ — (So—zI%)™") = G

z e C\R. (8.6)
Remark 8.2. The above theorem, together with Theorem 7.4 guarantees that for
Dirac operators H and Hy in [L?(R")]V the spectral shift function £(-; H, Hp)
exists. However, for the representation of the spectral shift function in terms of a reg-
ularized perturbation determinant it is desirable to take the regularized determinant
dety ,((H — z13)(Ho — z1%)~!) with p equal to n + 1. Theorem 8.1 permits this
in odd space dimensions n. In even space dimensions Theorem 8.1 does not guar-
antee the appropriate integrability of the spectral shift function &(-; H, Hy) and so
one would be forced to consider a regularized determinant with p = n + 2. To avoid
this drawback, we prove that under a certain stronger condition (satisfied for Dirac
operators H and Hj considered in Chapter 3) an analogue of Theorem 8.1 holds for
any r € N. 3

Hypothesis 8.3. Let r € N and assume that S and Sy are self-adjoint operators in
JC with a common dense domain, such that

(S = So) € B(H),
and for some 0 < & < 1/2,
(S — So)(SZ + I3)~ /2= € B, (H). (8.7)
Remark 8.4. (i) Assuming Hypothesis 8.3, it follows that
(S — So0)(So — z15) " € By (J).
Since (S — So) € B(HK), it follows from the three line theorem that

(S — So0)(So —zIg) ™ € By41y)j(H), jeN, 1<j<r+1. (8.8)
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Furthermore, another application of the three line theorem implies
(So —215e) ™1 (S = S0)(So — 2130) ™" € B(r+1)/(jy +j) (H) (8.9)

forall j;, jo e N,with1 < j1 + jo <r + 1.

(i) For the proof of Theorem 8.12 we will only need (8.7) and (8.8). We assumed
boundedness of S — Sy only to get (8.8) as a consequence of (8.7). It is possible to
go beyond this boundedness assumption, but we omit further details at this point.

(iii) The inclusion (7.15) shows that assumption (8.7) holds with r = n for the
pair of Dirac operators (H, Hy) as long as V satisfies Hypothesis 7.1. 3

The following result appeared in [44, Theorem 2.7].

Theorem 8.5. Assume Hypothesis 8.3. Forany j = 1,...,r, one has
(S —zlx) = (So—z1) ™ € Brr1y/(j+1)(H).
Lemma 8.6. Assume Hypothesis 8.3. Forany j = 1,...,r, and z € C\R, one has
[(S—zl3)™ = (So—zI3) 7 |(So + z13) "7 € By (H).

Proof. We prove the claim by induction on j. Let j = 1. Using the resolvent identity
twice one writes

[(S—zIg) ™" —(So—zlg) ' ]|(So + z15) " !
=—(S —zI3) " (S — S0)(So — zI3) " (So + z1z) "t
= (S —zlp) (S — So0)(So — zL3) "' (S — So)(So — z13) " (So + z15) "+
—(So—z13) (S — S0)(So — z15) " (So + z1g) " . (8.10)
By (8.9) one obtains
(So —z13) 71 (S — So)(So — zI3)™" € By(H),

and therefore the second term on the right-hand side of (8.10) is a trace-class operator.
By (8.8),
(S = S0)(So — z13) 7" € Bry1(J),

(S —S0)(So—zl3)™" € By, (H),

guaranteeing that the first term on the right-hand side of (8.10) is also a trace-class
operator. Thus, one concludes that

[(S—zl3)™" = (So— z13) " ]|(So + z15) "' € By(H).

proving the first induction step.
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Next, suppose that
[(S—zl3)™7 —(So—z13) ™7 ](So + z15) 7" € B1(H)
forsome j = 1,...r — 1. Writing
[(S —z130)™7 7" = (So — 215) ™~ |(So + z15e) "+ !
= [(S —zLp)™ — (So — z130) T |(S — z13) ™" (So + zL5) " /!
+ (So—213e) 7 [(S = zL3)™" = (So — 215) ™ ](So + zL5) !
=)+ 1), (8.11)

we will treat the terms (/) and (/) separately in the following.
For (1) on the right-hand side of (8.11) one gets

[(S—zl3)™ —(So—zL3) /(S — zI3) " (So + zlg) "/ H1
=[(S—zlp)~ —(So—zI3)77]

x [(S = zI3)™" = (So — zI3) " |(So + zI5) " T/ !

+ [(S = zLe)™ — (So — 2L3) /(S0 — zL3) " (So + z15e) "7 H!
=—[(S—zlg) ™ —(So—zI5) 7 |(S — zI)”"

X (S — So)(So — z13) ™" (So + zL5) " T/

+ [(S = zI3) ™ — (So — 213) ™/ ](So — 213) " (So + z130) T/ H1.

By the induction hypothesis one concludes that
[(S —zI5)™ = (So —zI3) 7 ](So + zL3) "7 € B1(H),
and therefore also
[(S—213)™ —(So—z13) 7/ ](So—z130) " (So+213) "' € By (H).
By Theorem 8.5 one obtains
(S = z03)™ = (So = z13) ] € Bir41y/j+1)(H).
and by (8.8),
(S — S0)(So + z13) 7" € Bry1y/(r—j)(H).

Therefore,

(S —z15)™7 = (So — 215)7](S = z15) ™ (S = S0)(So — z13¢)”"

x (So +zlz) "t H € Bir+1)/G+1) () - Birt1)/6—j) (H) T B1(JH),

I1<j=<r-—-1

Thus, (1) € B1(H).
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To show that also (/) on the right-hand side of (8.11) is a trace-class operator,
one writes

(So—z13e) 7 [(S —z3) ™" = (So — z43e) "' ] (So + zLe) "+ H!
= —(So—z13) (S — zI3) ™" (S — S0)(So — z130) " (So + zLe) "/ *!
= —(So — Z],}e)_j (So — Zlgf)_l(S — So)(S — ZI%)—I

X (S — So)(So — z13) ™" (So + zL5) "/ H!

+ (So — 213) 7/ (So — zI3¢)"1(S — So)(So — z13) 1 (So + 2L )" T/ H1L,

By (8.8) one infers

(So—z13) 7S = So) € Ber41)/(i+1)(H).
(S — S0)(So + z13) " H € Bri1))r—i) (H).

and hence,

(So—z130) ™ (So — z13) " (S — So)(S — zI3) " (S — So)(So — z15) "
X (So + zIg) 7T € By (H).

Furthermore, by (8.9),
(So+ z13) " 71(S — So)(So + zL3) T € By(H), 1<j<r—1.

Thus, also (/1) is a trace-class operator. Combining this with the fact that (/) €
B1(H) and referring to (8.11), one concludes that

(S —zl5) 7 = (So —zL3) /7 |(So + z3e) T H € Bu(H).  m

From this point on we assume Hypothesis 8.3 for even r = 2k for the remainder
of this chapter. Introducing the function

(1) =t(1+ )T V2 =11 + WD eR, (8.12)
we aim at proving that
[(B(S) +ilwe) ™ — (¢(So) +ilse) '] € Bi(J), (8.13)
guaranteeing that the spectral shift function £(-; ¢ (S), ¥ (Sp)) is well defined. Since
') =1+ I2(1 4 7% > 1>0,

it follows that ¢ is a strictly monotone increasing function on R. Therefore, one can
use the invariance principle for the spectral shift function (see [184, Section 8.11]) to
introduce £(-; S, Sp) by setting

E(: S, So) = E(p(A): #(S), $(Sp)) forae. A € R.
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The choice of ¢ and integrability properties of £(-; ¢ (S), ¢(Sp)) will imply an appro-
priate integrability condition for £(-; S, Sp).

A crucial result in the proof of the inclusion (8.13) is the following result. We
recall that the Holder space C1%([0, 1]), 0 < a < 1, is the class of functions f on
[0, 1] such that

f(t) — f(12)
I fllcreqoiy = 1f lerqopy +  sup | - | < 0.
t1,t2€[0,1] [t1 — t2]

Theorem 8.7 ([135, Theorem 4 and Corollary 2]). Suppose that A and B are self-
adjoint operators on a Hilbert space J, such that (A — B) € B1(H#) and o(A) U
o(B) C [0, 1]. For any function f € C1%([0,1]) with 0 < o < 1 one has

[f(4) = f(B)] € B:1(J)
and
where the constant C is independent of A and B.

Assuming Hypothesis 8.3 with r = 2k, k € N, we intend to use Theorem 8.7 for
the operators A = (S2 + Ig) % and B = (Sg + I3)7%. In the following Lemma 8.8
we will show that with this choice of operators A, B the condition (4 — B) € B1(H)
of Theorem 8.7 is satisfied.

Lemma 8.8. Assume Hypothesis 8.3 with r = 2k for some k € N. Then
[(S2 + L) ™ = (S5 + L) *] € B1(J0)
Proof. One writes
(S2 +Ig) % —(S2+ I5)7*
=(S+ilg) (S —ilg)™ —(So+ilsp)*(So—ilsp)*
= [(S +ilx)™* = (So +ile) *][(S —ils)™ — (So —il5)¥]
+[(S +ilge)™ = (So+ i) *](So—ilye) ™
+ (So + il3) F[(S —ilge)™ — (So —ilg) "] (8.14)

By Lemma 8.6, the second and the third terms are trace-class operators. By Theorem
8.5 one infers that

[(S +ilg)™ = (So + il3)7*] € Brs1)/e+1)(H).

Therefore, the first term on the right-hand side of (8.14) is a trace-class operator
too. ]
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Lemma 8.9. Let k € N and introduce the functions

1 (1+t2)k

, ha(t) = , teR.
12(1 + 12)2k=1 1 2(1) 2(1 + 12)2k=1 1

hi(1) =

There exist f1, f>» € CY/0 ([0, 1]) such that
@) = A+, ha@) = HL(0+D)7F), teR.

Proof. We set

2 U

Siw) = T_al/k y 2 So(u) = T—al/k 42 u € [0,1].

A direct verification shows that
h@) = fi(A+7F), o) = (A+)7F), 1eR.

Since
1—u* +u? >0, uel01]

f1, f> € C(]0, 1]). By the fact fi(u) = ufa(u), u € [0, 1], it suffices to show that
> € CHU/K)([0, 1]). One verifies that

£ = [1—ul/* 4 u?] - u[—%u(l/k)_1 + 2u]
2 - [1—ul/* 4 y2]2

1= [1=(1/k) JutE —u?
- [1—ul/k 4 y2)2

Clearly f; € C([0,1]), j = 1,2. Furthermore, since the map u u'/* is of Holder
class C%1/R)([0, 1]) and the map u + [1 —ul/* + uz]_z is bounded on [0, 1], it
follows that £ € c /K ([0, 1]), that is, f» € C-(/K0) ([0, 1]), as required. ]

Lemma 8.10. Assume Hypothesis 8.3 with r = 2k for some k € N. Let hy be as in
Lemma 8.9 and introduce

g(t) t € R.

t
N
Then,

[£(S) — g(So0)|h2(So) € By(H).

Proof. Since

(1+ %)k

h ) = =
2(0) 12(1 +12)%k1 + 1 t]>00

o((1 +1*)7%),




The spectral shift function: Abstract facts 76
it suffices to show that

[2(S) — g(S0)](SE + 1) € Bi(H).
By [38, Lemma 3.1],

= %Re(/(; %[(SH(AJF1)1/213(;)—1_(So+i(k+1)1/21%)—1])’

with a convergent Bochner integral in B(#). The substitution § = (1 + 1)'/2 then
yields

1 *©  6do

Therefore, it suffices to prove that

00 0do ) . . s B
ol £ 0L = (S0 £ 01075 + L)
are convergent integrals in B (J).

The resolvent identity implies

*  9do o - i
/ W[(Siwl;e) L (So +i015) | (S2 + 1)
1 f—

o0 0do . -1 . —1(¢2 —k
= —/1 W(Sizelgg) (S—So)(So+i0lz) ' (Sg+15) .
Let 0 < & < 1/2 be as in Hypothesis 8.3, that is,
(S = S0)(S§ + 13) ™% € B1(J0).
One estimates
1(S £i013)7"(S — So)(So £ i013) (83 + I3)* |2, 0
= ” (Sii"fae)_lﬂg(m || (S_SO)(S(%‘HW)_k_g ”31(.}() ” (Sg+9213f)_1/2+8 ||£(J€)

<g—2t2e H (S — SO)(Sg + IR)_k_e ”:31(36’)’

implying,

o0 0do . -1 . —1,¢2 —k
1 _

B1(H)
do

= /1 @ —yirgiae | S~ S0Se + 1™ g, ey
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Since & < 1/2, it follows that [;° d6(6% — 1)71/2625=! < oo and thus the integral

0 ’ - ! — j —1,.¢2 —k
W(S £i013) (S —So)(So£i0l3)  (Sy + 1)
1

converges in B (H). [

Lemma 8.11. Assume Hypothesis 8.3 with r = 2k for some k € N. For the function
¢ introduced in (8.12) one concludes that

[(B(S) +ilse) ™" — ($(So) +ilse) '] € Bi(H).
Proof. One writes

[p(0) +i]7" = [t(1 + 2P 4]

t(1 4 2=/ 1
= —1
ZZ(] + t2)2k_1 +1 12(1 + 12)2](—1 +1
t (1 +12)k _ 1

— ,
([2 + 1)1/2 12(1 +t2)2k_1 +1 t2(1 +t2)2k_1 +1

that is,
[6(t) +i]"" = g@)hi1(t) —iha(1), t€R,

where A1, h, are introduced in Lemma 8.9 and g in Lemma 8.10. Therefore,

[(6(S) +ilse) " = (#(So) +ilse) ']
= 2(8)h1(S) — g(So)h1(So) — i[h2(S) — h2(So)]
= [g(S) — g(S0) |h1(So) + g(S)[A1(S) — h1(So)] — i [h2(S) — h2(S0)].

and by Lemma 8.10 one concludes that
[2(S) — &(S0)]h1(So) € B1 ().
Thus, Lemma 8.9 implies
hi(S) = hj(So) = fi((S* + 13)™*) = /i ((S§ + 15)7F), j =12,
with f; € CL%([0,1]), j = 1,2. Lemma 8.8 then yields
[(S? + I5)7F — (SZ + 1) %] € B1(H).
Thus, by Theorem 8.7 one obtains
[ (S + 1)) = £i((S + L)) € Bi(JO).  j =1.2,

and hence,
[(#(S) +ilxe) ™ — ($(So) +ily) '] € By(H).

as required. |
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The following theorem improves the integrability condition in (8.5) for even
r € N.

Theorem 8.12. Assume Hypothesis 8.3 with r = 2k for some k € N. For any [ €
&r(R) one has

[£(S) = f(So)] € B1(H),

and there exists a function
£(-:8,S0) € L"(R: (1 +|AD" 7" dA) (8.15)
such that the following trace formula holds,
trge (f(S) = f(So)) = /RE(A; S.So)dA f'(A),  f €& ®). (8.16)
In particular, one has
[(S—zIp)™ —(So—zlp) "] € Bi(#), zeC\R, (8.17)

and
[ E(A:S.S0)dA
R ()L _ Z)r+1 ’

Proof. Let ¢ be as in (8.12). Then Lemma 8.11 implies that
[(#(S) +ils) ™" = ((So) +ilx) '] € Ba (o),
and hence there exists the spectral shift function
E(-:6(5).$(S0)) € L' ([0.11: (1 + A1) dA)
for the pair (¢(S), ¢(Sp)). Since

trge ((S —zlgp)™" — (So — ZI]()_r) = z € C\R. (8.18)

P (1)=1+)D20+r%)>1>0,

it follows that ¢ is strictly monotone increasing on R. Hence, we introduce the spec-
tral shift function £(-; S, Sp) by setting

E(A: S, S0) = E(p(M): p(S).¢(So)) forae. A €R.
Since £(-:¢(S). $(S0)) € L' ([0.1]: (1 + [A)~2d 1), the definition of ¢ implies that
£(-:S,S0) € L'(R; (1 +[A) " da).
Next, let f € &, (R). Then f o ¢! € F1(R), and hence (8.3) implies
trge (f(S) = f£(So0)) = trge (f 0 ¢~ )(#(S)) = (f 0 ¢~ )(@(S0)))

1 F1(67 ()
= 1D(S),d(So))dp—F7———"-—=
/0 {1609 o)
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= [ £@@r0(5). 4S)ar £ R

=/R§(A;S,So)d)t o,

proving (8.16).
Since for any z € C\R the map A — (A — z)™", A € R, belongs to the class
&r(R), the trace formula (8.18) is a particular case of formula (8.16). [






Chapter 9

Representing &(-; S, Sy) in terms of regularized
Fredholm determinants

In this chapter, we establish the representation of £(-; S, Sp) in terms of regularized
Fredholm determinants.

Hypothesis 9.1. Let So and S be self-adjoint operators in K with (S — So) € B(H).
(1) If r € N is odd, assume (8.4), that is,

[(S—zIg)™ —(So—zI5%) "] € B1(¥), zeC\R, 9.1)
and
(S —S0)(So—zIg) ™ € Byrinyj(H), jeN, 1<j<r+1. 9.2)

(ii) If r € N is even, assume the remaining conditions in Hypothesis 8.3, that is,
for some 0 <& < 1/2,

(S — So)(SZ + 13)~ "D~ ¢ By (H). 9.3)
By Remark 8.4 (i), (9.2) holds for odd and even r.

Remark 9.2. In the applications to multidimensional Dirac operators to be consid-
ered in the sequel, the number r in (9.2) is the dimension of the underlying Euclidean
space R”, thatis,r = n,n € N, n > 2, as detailed in Lemma 7.2. <o

By Theorem 8.5, Hypothesis 9.1 implies
[(S—zIp)™" —(So—zlp) "] € Bi(K), zeC\R, (9.4)

for odd and even r.

By Theorem 8.12 the spectral shift function £(-; S, So) exists and (8.5) and (8.18)
hold. The main aim of the present chapter is to obtain an almost everywhere repre-
sentation for £(-; S, Sp) in terms of the regularized perturbation determinants of the
operators (S — So)(So —zI%)~ !,z € C\R.

To set the stage, we begin by recalling some basic definitions and results per-
taining to regularized determinants to be used in the sequel. For detailed discussions
of regularized determinants, we refer to [159, Chapters 3, 5, and 9] and [184, Sec-
tion 1.7].

Let {h,}>2, denote an orthonormal basis for # and suppose A € B (). For
each N € N, let My € CV*N denote the matrix with entries

Sik + (hj, Ahr)g, 1=<jk=<N.
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The sequence {detcnvxv (My)}%—, has a limit as N — oo, and its value does not
depend on the orthonormal basis chosen. One defines the Fredholm determinant

detge (I3 + A) := Nlim detonxn (My).
—>00

The Fredholm determinant is continuous with respect to || - || g, (). That s, if {4, }5>,
C B1(H) and lim, . || An — A”;Bl(gg) = 0, then

lim detgy(Ig + A,) = detge (g + A). 9.5)
n—00

In fact, the Fredholm determinant is Fréchet differentiable with respect to A (cf., e.g.,
[159, Theorem 5.2]). Moreover, if 2 C C is an open set and A : 2 — B (H) is
analytic, then the function detg ({3 + A(-)) is analytic in €2, and

% log (detge (I3 + A(2))) = trge (I3 + A(z))_lA/(z)).

The definition of the Fredholm determinant given in (9.5) is generally not mean-
ingful if A € 8,(H) with p € N\{1}. To give meaning to the determinant in this
case, suitable modifications are needed. For p € N\{1}, one introduces the function
Ry : By (H) — Bi(H) by

—1 P — i
Rp(A) = (Igp + A)eXi=1 VI 1 A e B,(30). (9.6)
Then the regularized (or modified) Fredholm determinant is defined by
detg, (I3 + A) = detge (I3 + Rp(A)), A€ Bp(H), peN\{l}. (9.7

The Fredholm determinant detg ,(-) retains many of the properties of the ordinary
Fredholm determinant. For example, detg ,(/s% + A) is continuous with respect to
A€ By(H):if Ae By(H),{An}ne; C Bp(H), and limy o [| 44 — All 8, (56) = 0,
then

nll)ngo detge, , (I3 + Ay) = detg (15 + A).

In addition, if 2 € C is openand 4 : Q@ — B, (H) is analytic in €2, then the function
detg , (15 + A(-)) is analytic in £ and
d
v log (det]g,p (IJ@ + A(Z)))
= (=) Vg (T3 + A2)) " AP71(2) 4 (2)). 9.8)

The importance of the regularized determinant stems from the fact that for 4 €
B, (H), the operator 13 + A is boundedly invertible (i.e., —1 € p(A)) if and only if
detg (I3 + A) # 0 (cf., e.g., [159, Theorem 9.2]). Equivalently, —1 € o(A) if and
only if detg ,(I3 + A) = 0.
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Finally, we note the cyclicity property of the regularized determinant: if A, B €
B(H) are such that AB, BA € B,(H), then

dety , (I3 + AB) = dety ,(13 + BA). 9.9

In particular, if A € 8,(H#) and B € B(H), then (9.9) holds. Similarly, if 4, B €
B(H) are such that AB, BA € B1(H), then

trge (AB) = try (BA). (9.10)

With these preliminaries in hand, we start with introducing the regularized deter-
minant associated with the (non-symmetrized) Birman—Schwinger-type operator

B(z) := (S — So)(So — zIx)™', zeC\R. 9.11)
Lemma 9.3. Assume Hypothesis 9.1. The map
B(z) = (S = So)(So —zIp)~!, z€C\R, (9.12)
is a By 4+1(H)-valued analytic function.
Proof. Let zg € C\R be fixed. Then (see e.g. [183, Theorem 5.14])
o
(So—zIz) ™' =) (So — zol3e) ¥ (z = z0)¥,
k=0

where the series converges with respect to the B(J¢)-norm for all z € C\R such that
|2 = zo| < [1(So — zoZ3e) " | 55y < |1m(z0)|™". Therefore,

(S = S0)(So—z5) ™" = Y (S = S0)(So — z01¢) ' (z — 20)*.
k=0

We claim that the latter series converges in the ball {z € C | |z — z¢| < | Im(z¢)|} in
the B +1(H) norm. By (9.2), the operator

B(z) = (S — S0)(So — zolg) ™" € Brs1(H),
so that
” (S — S0)(So — ZOIJf’)_k_1| Byp1 ()
< (S = So)(So — zoL5e)~" |$,_+l(;,1g) 1(So — zoZse)™* H:B(Jf)

= ” (S - SO)(SO - ZOIJC)_l H$r+1(5¢7)| Im(ZO)|_k~

This proves the convergence. |
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Lemma 9.4. Assume Hypothesis 9.1. The function
Fs.5,(z) := In(detge 41 ((S —zI5)(So —zI%)~")), z€C\R,  (9.13)
is well-defined, in fact, analytic in C\R.
Proof. By the second resolvent identity,
(S —zI3)(So—zI%) ' =1y + B(z), zeC\R,

where B(-) is the B, 41 (H)-valued analytic function defined in (9.12). Hence, by the
properties of regularized determinants the function

z — detge r41 (I3 + B(2))

is analytic in C 4. Combining the Cauchy integral theorem and [128, Theorem V.4.1],
one infers that the function

z — In(detg, 41 (I3 + B(2)))

is a well-defined analytic function in C4, provided that detg ,+1 (I3 + B(z)) # 0
for all z € C\R. Thus, it remains to show, that detg 1 (/5% + B(z)) # 0 for every
z e C\R.If detg ;41 ({5 + B(z)) = 0 for some z € C\R, then —1 is in the spectrum
of B(z). By compactness of B(-), —1 is an eigenvalue of B(z), and therefore, /5 +
B(z) has a nontrivial kernel. Since Sy is self-adjoint and hence z € C\R cannot be
an eigenvalue of Sy, z is an eigenvalue for S, which, once more, cannot be the case
since S is also self-adjoint. ]

To correlate the function In(detg 1 ({5 + B(-))) with the spectral shift func-
tion for the pair (S, Sp), we need to introduce an auxiliary function.

Lemma 9.5. Assume Hypothesis 9.1 and let B(-) be defined by (9.12). There exists
an analytic function Gg s, () in C\R such that

r

d
EGS,SO(Z)

r—1 r—1
= try ( d Z(—l)"j(So — 213{)—13(2)’—1), ze C\R. (9.14)

dzr—1
j=0
Proof. Tt suffices to prove that each of the terms
dzr—1

dr—l .
trge ( (So —ZIJ()_IB(Z)r_']), zeC\R, jeNp,0<j<r—1, (9.15

defines an analytic function. To analyze the operator under the trace in (9.15), we
introduce multi-indices. Recalling No = N U {0}, for v € N an element k € Ny is
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called a multi-index which we express componentwise as
k=(ki,....ky) eNy, kp,eNy, 1<p<v. (9.16)
The order of the multi-index k € Ny is defined to be
|kl := k14 +ky. 9.17)

For each fixed j € Nowith0 < j <r —1,

dr_l -1 r—j
F(SO_ZIR) B(2)
r—j+1
= > caSo—zLe)"®TY TT (5= S0)(So — L) *etV. (9.18)
KGNS_j—H (=2
lkl=r—1

for an appropriate set of z-independent scalars
cik€R, keNy/T lkl=r—1.

The assumption (9.2) and the analog of Holder’s inequality for trace ideals (see [159,
Theorem 2.8]) imply that each term in the sum in (9.18) is a trace class operator. In
particular, (9.18) implies that the operator ;Zr,—__ll (So —zI3)~'B(z)"~/ is atrace class
operator. Repeating the argument in Lemma 9.3 and employing (9.2), one concludes
that the map

r—1

d .
C\R3>z— ——(So—zI%) 'B(z)™/, 0<j<r—1,
er—l

is a 81 (H)-valued analytic function. [

The following lemma is the main result, which allows to correlate the regular-
ized determinant of the operator /5 + (S — So)(So — z/5) ™! and the spectral shift
function £(-, S, Sp) (see Theorem 9.9 below).

Lemma 9.6. Assume Hypothesis 9.1. If Fs s, and Gs s, denote the analytic func-
tions in C\R introduced in (9.13) and (9.14), respectively, then there exist polynomi-
als Py ,_1 of degree less than or equal to r — 1 such that

E(L S, So)dA 1
h—i) A—

FS,SO(Z) =(z— i)r . e + GS,SO(Z) + Pi,r_l(z), zeCy4.

Proof. One recalls the B, 1 (#)-valued analytic function B(-) defined in (9.12). By
the second resolvent identity,

(I + B(2)) "' = (Ie + (S — So)(So — zL3)™")
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= ((S —zI3)(So — zIz) ™)™
= (So—zI%)(S —zI%)™', zeC\R.
In addition,

B'(z) = B(z)(So — zI%)™!, z e C\R.
Applying (9.8), one obtains

e Fs.s,(2)

d
<7 In(detger1(Te + B(2))

= (=1)"trge ((So — z13)(S — z13) "' B(2)" B(2)(So — z1%) ")

= (—=1)" trge ((So—zI5)(S—zI3) 'B(z) *'(So—zI5%)~'), zeC\R.

For z € C\R, (So — z1%)(S — Z]Jg)_l € B(H) and B(z)’Jrl € B1(H) (cf. (9.2)),
so that

e Fs,50(2) = (1) trge (B(2)" T (So — z13) ™' (So — z13)(S — z15) ")
= (=1)"trge (B(z)" (S — z15)7")
= (=1)"trge (S —zI3) ' B(z)"™).

z € C\R. 9.19)
By the second resolvent identity,

(S—2)7"B(z) = (S —2)7(S = S0)(So —2)~"
=So—2) "= (S -2, zeC\R,

(9.20)
and repeated application of (9.20) yields
(—=1)"(S —zI) "' B(z)"*!
= (=1)"((So = zl3)™" = (S —zIx)~")B(2)"
r—1
= (So—zlp)™" Y (=1 B(z)"/
j=0
+ (So—zlp) ' = (S —zIg) !, zeC\R. 9.21)
Hence, combining (9.19) with (9.21), one obtains
7 Fs.50(2)
r—1 ) '
= try ((So —zlp) " = (S —zlp) ™" + (So — zLp) ! Z(—l)"fB(z)’—f),
j=0

zeC\R. (9.22)
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Differentiating (9.22) r — 1 times,
dr
d r

dr—l
= oy e ((so —zly) P = (S —zlx)!

—Fs 5,(2)

r—1
o=z B )

J=0

= try ((r — 1)!((50 —zly) T = (S —zlx)™")

r— r—1

+ o 1(S0—Zlgg) 'S (=1 B(2) T f), ze C\R. (9.23)
j=0

By (9.4) and Lemma 9.5, (9.23) may be recast as

r

Fs,50(2) = (r = Dltrge ((So — 215" = (S = z136)™")

dzr
r
d rGS SO(Z) z G(C\R,
and an application of Theorem 8.12 yields
dr EA;S,S0)dA dr
d ; SSO(Z)—}" RW dz rGSSO(Z) ZE(C\R. (924)

Repeated application of the elementary identity

k! d ( (k—1)! 1
(A — z)k+1 - E((A—z)k - ()L—i)k)’ zeC\R, A eR, k €N,
yields
r! _ d (Z—l)J 1
(A —z)rtt _E( —Z_Z A —1i)/ )
_d (1 (Z—l)r—()t—z)’
- dz’(k—z_ DG —iy )
dr (z—i)
= —(m) z € C\R, A e R. (9.25)
Therefore, (9.24) and (9.25) imply
dr
e ,FSSO(Z)
A S,So)dA(z—1i)" dar
er g( ()t—lo)) (A(—Zz)l) + dz rGS SO(Z) zE€ (C\R,

completing the proof. |
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Remark 9.7. For bookkeeping purposes we have thus far worked with the non-
symmetrized Birman—Schwinger-type operator B(z) := (S — So)(So —zI%) !,z €
C\R and avoided a factorization of S — Sy (and similarly we exploited V' without
its factorization (3.20) in Chapter 7). In the concrete case of massless Dirac opera-
tors Hy, H we will eventually switch over to a symmetrized analog (cf. (2.6)—(2.10),
(10.78)). o

The main result of this chapter provides a means for recovering the spectral shift
function £(-; S, Sp) almost everywhere in terms of the normal (or nontangential)
boundary values of the functions Fg gs,(-) and Gg s,(-) when the latter exist. Its
proof relies on the following (special case of) Privalov’s theorem (see, e.g., [184,
Theorem 1.2.5]).

Theorem 9.8. Let 6 € L'(R; (1 + [A)71dA). If

H(z) := /]1‘@ b6A)dA z € C\R,

A=z’
then

OV )d A

T fora.e. A € R, (9.26)

lim H(A +is) = £7i0(A) + p.V./
el0 R

where p.v.(-) abbreviates the principal value operation. In particular, one obtains
the following special case of the Stieltjes inversion theorem,

O\ = 2mi)~! lijn [HA +ie)— H(A —ig)| forae AeR. (9.27)
&0
Moreover, the normal limits in (9.26) and (9.27) can be replaced by nontangential
limits.

Theorem 9.9. Assume Hypothesis 9.1 and let Fs s, and G, s, denote analytic func-
tions in C\R satisfying (9.13) and (9.14), respectively. If Fs s, and Gs_ s, have
normal boundary values on R, then for a.e. A € R,

£(X;S.So) = 7' Im (Fs,5,(A +i0)) — 7' Im (Gs,s,(A + i0))
+ Pr_1(A) fora.e A €R, (9.28)

where Py_y is a polynomial of degree less than or equal to r — 1.

Proof. By Lemma 9.6,

E(A: S, So)dA
R (A—2)(A—i0)
+ Pi,_1(z), zeCy. (9.29)

FS,S()(Z) = (Z - l)r + GS,S()(Z)
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If
Hy(2) := Fs,5,(2) — Gs,50(2) = Pxr-1(2), z€Cy,

then (9.29) may be recast as

Hi(z) :/ E(A; S, So)dA
(z—=0)y R A—2)(A—i)"’

By (8.5), the spectral shift function £(-; S, So) satisfies

ZG(C;E,Z#I'.

E(:8.80)(- =) e L'(R: (1 + A" dA).

An application of Theorem 9.8 then yields

£(A; S, So)

(A—i)

Hy(A+is) H_(A—ie)
A+ic—i) (A—ie—i)

= (27i) ' lim [
£l0

i| forae. A € R,
and hence,
E; S, So) = 2ni)7! lilm [H+()L —ie)— H_-(A + is)] fora.e. A € R. (9.30)
el0

It follows from the definition of the functions Fg g, and Gg s, (cf. Lemmas 9.4 and
9.5) that

Fs.5,(2) = Fs.5,(2), Gs.5,(2) = Gs5,(z), z € C\R.
Thus, by (9.30),
£ S, So) = (2mi) 7! 18%1 [Fs,s0(A +ig) — Fs,5,(A —ig)]
— Qni)™! Ef& [Gs,s0(A +i€) + Gg,50(A —ig)]

— Qri) Py 1) — P 1 (A)]
= 77 m (Fg,5,(A +i0)) — 7~ Im (Gss,50 (A + i0))
+ Pr_1(A) forae. A €eR,

where the polynomial P,_; := (27i) ![P_,_; — P4 1] has degree less than or
equal to r — 1 (since P+ ,—; have degree less than or equal to r — 1). |






Chapter 10
Analysis of Im(Fp g,(A +10)),A € R

The principal purpose of this chapter is to analyze continuity properties of the func-
tion Im(Fg, g, (A +10)), A € R.
One recalls (see Lemma 9.4) that
Fr,H,(2)
=In (det[Lz(Rn)]N,nH (I[LZ(Rn)]N + V(H() - ZI[LZ(Rn)]N)_l)), AS C+.
Using a factorization V = V;*V, (see Hypothesis 10.5 for the details of the factor-

ization) and elementary properties of regularized determinants, the analysis of the
function Fg, g, (z) reduces to an analysis of

In (det[Lz(Rn)]N,nH (I[LZ(Rn)]N + VZ(H() — ZI[LZ(Rn)]N)_l Vl*))’ YARS C+.
Theorem 6.16 then guarantees that the Birman—Schwinger-type operator
V2(H() —ZI[Lz(Rn)]N)_l V*, AN C+,

extends to a continuous B, 11 ([L*(R")]")-valued function for z in the closed upper-
half plane C, provided that V; and V, are decaying sufficiently fast. In particular,
the boundary values of the regularized Fredholm determinant,

det[Lz(Rn)]N’,,H(I[Lz(Rn)]N + Va(Ho — (A + iO)][Lz(Rn)]N)_IVI*),

exist and are continuous for all A € R. This means that the function Fg g,(A + i0)
has normal boundary values and is continuous at any point A in R such that

. -1
det[Lz(]R”)]N,n-i—l(I[LZ(R")]N + V2(H0 - (k + lO)I[Lz(Rn)]N) Vl*) ;ﬁ 0.

By Theorem 3.4, the latter holds for A € R\{0} if and only if A is not an eigenvalue
of H.By [103] one can exclude nonzero eigenvalues by assuming (4.2) and (4.3) (see
Theorem 4.1). In particular, under these assumptions the function Im(Fg, g, (A +i0))
is continuous for A € R\{0}. Thus, the only point where the behavior Im(Fg, g, (A +
i0)), A € R, remains to be studied is the “threshold point” A = 0, and hence the
majority of this chapter is devoted to an analysis of the latter.

We start with a series of well-known preliminary results which we state without
proof closely following the general outline in the paper by Jensen and Nenciu [99].
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Lemma 10.1. (i) (cf. [99]). Let A be a densely defined closed operator and P a pro-
jection in H. Suppose that (A+ P)~' € B(H) and denote by a:= P—P(A+P)"' P
an operator in P H. Then

A"V e B(H) ifand only ifa™' € B(PH). (10.1)
In particular, ifa=' € B(P H) then
A'=A+P) ' +(A+P)'PaP(A+ P).

(i1) (cf. [76], [108, Section II1.6.5]). Let A be a densely defined closed operator
in # and Ao € C an isolated point in o (A) with Py the Riesz projection in H
associated with A and MAg. If the quasi-nilpotent operator associated with A and A¢
vanishes, that is, Do := (A — Aol g) Py, = 0, then

(A—Rolge + Pig) ™" = Py + Siy € B(H)

where
Sx, = rzl-_l)ig)l(/l - Zlgg)_l[lgg — Pyl € B(H).
z#AQ
(iii) (cf. [138]). Let A be a compact operator in H and Ay € C an isolated point
in o (A) with P, the Riesz projection in J associated with A and Ay. Then

(A= 2doly + Pr,)~' € B(H).

(iv) (cf. [99]). Suppose that H = FH1 ® H, and B in H is the block operator
matrix
bi1 by 2)
B = ’ -,
(bz,l bz

b;,; are densely defined, closed operators in ¥;, j = 1,2,
b1,2 (S 3(%2, J(l), b2,1 (S (B(Jfl, J(’z)

where

In addition, assume that bz_l2 € B(H>). Then
B! € B(H) ifand only if [br,1 — bi2 by 5 baa]~" € B(Hy). (10.2)
In particular, abbreviating
b:=1[b1,1 —bi 192_12 b2 1],
ifb~! € B(H,), then

— p1 b b1 b3} (103)
T\ bakbaa b7 by by b b bia by ) '
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We emphasize that b in Lemma 10.1 (iv) is also known as a Schur complement
(see, e.g., [170, Section 1.6]) and formula (10.3) is a variant of the so-called Feshbach
formula (see, e.g., [50]). In particular, Lemma 10.1 (iv) is especially useful in the con-
text of two-dimensional Schrodinger operators (cf. [99]) as well as two-dimensional
massless Dirac operators (cf. [60]).

Lemma 10.2 ([99]). Suppose that 2 C C has zero as an accumulation point. Let
A() = Ao + CA1(0), ¢ € Q, be a family of B(H)-valued operators, with A1(-)
uniformly bounded for { € Q sufficiently small. Suppose that 0 is an isolated point
in 6(Ag) and denote by Py the Riesz projection in # associated with Ay and 0. If
Ao Py = 0 (i.e., the quasi-nilpotent operator associated with Ay and 0 vanishes), then
for ¢ € Q sufficiently small, the operator B(-) in PyH, defined by

B(0) := ¢ Py — Po[A(Q) + Po] ™' Po}
= > (=0 Po[A41(D)(Ao + Po) 1) T Py,

J€Np
is uniformly bounded as t — 0. Moreover, for ¢ € Q sufficiently small,
AQ)™Y € B(H) ifand only if B(¢)™ € B(PoH).
In particular, if B()™' € B(PoJ) for ¢ € Q sufficiently small, then
AQ™ =[AQ) + Po]
+ A + Po] T PoB(Q) T Po[A() + Po] . (10.4)

Remark 10.3. A combined application of Lemma 10.1 (iv) and Lemma 10.2 can be
realized in the following scenario: Suppose

bia(©) = £ [o+BO)]. with 5" € B) and [ BD) | gar,y =, 01
LeQ
h25(8)~! € B(JH,) is uniformly bounded for ¢ €  sufficiently small,

b1,2(¢) € B(JHa, H1), ba1(8) € B(H1, H>) are uniformly bounded
for { € Q sufficiently small.

Then

bia@)™ = b5 e, + BB @7 =, 0,

e

and under these circumstances one then infers, with

b(g) == [b1,1(8) — b1,2(0) bz_,lz(f) b2,1(0)]
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(cf. (10.2)), that for ¢ € Q sufficiently small,

bE&)™ = b Q) Lo, = b12(0) baa(©) " baa (©) b (@) o

At this point one can summarize the strategy in deriving threshold expansions of
resolvents described in Jensen and Nenciu [99] (see also Murata [122]), in fact, in our
context, expansions of

Vz(H - ZI[LZ(Rn)]N)_l Vl*

— —1
= I[LZ(Rn)]N — [I[LZ(Rn)]N + Vz(H() — Z][L2(]R”)]N) 1V1*] , Z € (C\R,
(10.5)

in terms of the (symmetrized) Birman—Schwinger-type operator
Va(Ho — zIj 2 qguyn )~ V7' (10.6)

(cf. Theorem 3.4) around z = 0 as follows:

(o) One notes upon combining (B.1)—(B.8) and (5.9) that treating even dimen-
sions n is considerably more involved than the case of odd dimensions 7 due to the
presence of the logarithm' in (B.4). At any rate, formulas (B.1)—(B.8) and (5.9) permit
one to expand the Birman—Schwinger-type operator (10.6) around z = 0 assuming
sufficient decay of V;*(x), V2(x) as |x| — oo. This step is cumbersome, but poses
no further difficulties. What might cause difficulties is an expansion of the left-hand
side of (10.5), or, equivalently, an expansion of the inverse [I[;2®ny~ + V2(Ho —
zIip2@myn) " V]! on the right-hand side of (10.5).

(B) If this inverse exists boundedly in a sufficiently small neighborhood of z = 0,
that is, if

[T 2@my + Va(Ho — 2 2@myy) " V]! € B(IL2RMY) (10.7)

for |z| sufficiently small, then no difficulty arises and a geometric series argument
yields the existence of such an expansion in norm (cf. Chapter 5), given sufficient
decay of V|*(x), V2(x) as |x| — oo also in appropriate trace ideal norms (cf. the
detailed treatment in Chapter 6). This is actually the generic case where H has no
zero-energy eigenvalue and no zero-energy resonance (the latter is defined as giving

IThis is even more pronounced in the case of Schrodinger operators for n = 2 due to the
logarithmic blowup of the Green’s function (5.1) as z — 0. Actually, in the Schrodinger context
even the one-dimensional case exhibits a z~!/2 singularity at z = 0, rendering both cases more
involved than n > 3. Since the Dirac Green’s matrix never exhibits a blowup as z — 0 in all
dimensions n € N, n > 2 (cf. (5.10)), this renders the massless Dirac situation technically a bit
simpler than the case of one and two-dimensional Schrodinger operators (considered in great
detail in [99]).
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rise to an eigenvalue —1 of the Birman—Schwinger-type operator (10.6) but with no
associated L2-eigenfunction in the domain of H). At this point all that remains is a
computation of the expansion coefficients, but the latter is of limited urgency in our
present context as we will primarily rely on the leading order in all expansions.

() If the inverse in (10.7) does not exist boundedly in a sufficiently small neigh-
borhood of z = 0, that is, if the compact operator V2 (Ho — zIj2®ny)v )~1V}* has an
eigenvalue —1, the situation changes drastically. In this case H either has an eigen-
value 0, or zero-energy resonances, or possibly both, a zero-energy eigenvalue and
zero-energy resonances (all of them possibly degenerate) in the worst case scenario.
In any of these (exceptional) situations the norm of

— -1
[z + Va(Ho = 2lzagayy) ™ V1]

and hence that of
V2(H - ZI[LZ(]Rn)]N)_l Vl*

will exhibit a singularity as z — 0. Without going into details in this summary (see,
however, Theorem 10.14), we note that the blowup in the case of zero-energy eigen-
value(s) is of the order z~!, and in the presence of zero-energy resonances (but no
zero-energy eigenvalues) is of a less singular structure, for instance, like z~![In(z)] ™!,
2712 or In(z), etc., the details now depending crucially on the space dimension
n € N, n > 2, and whether Schrodinger or Dirac operators (massive or massless) are
considered.

But even though [I[;2gnyv + V2(Ho — ZI[LZ(]Rn)]N)_l V] does not possess a
bounded inverse as z — 0, the operator

[liz2@uy + Va(Ho = 2Ir2@yn) ™' Vi + Pol,

where Py is the (finite-dimensional) Riesz projection associated with the operator

. —1
I 2oy + Va(Ho — (04 i0) 2wayy) Vi (10.8)
and its eigenvalue 0, the norm limit of
I[Lz(R”)]N + V2(H() — iSI[Lz(R;z)]N)_l Vl*

as ¢ | 0, and its eigenvalue 0, actually has a bounded inverse according to Lemma
10.1 (ii). (Assuming compactness of the operators V2 (Ho — (0 +i0) I ;1.2 gnyn) 1 V)"
as well as Vo (Hy — i8][L2(Rn)]N)_1V*, one concludes that dim(ran(Pyp)) < c0.)
Lemma 10.2 then demonstrates the key reduction step where the inverse of A(¢)
in # is now reduced to the inverse of B({) in the finite-dimensional Hilbert space
P ()Jf .
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(§) At this point one iterates the procedure ending up localizing the singularity
in subspaces of decreasing dimensions. With each step the singularity is increased.
However, since

Z[Vz(H() - ZI[Lz(Rn)]N)_l Vl*]

stays bounded for z =i e as ¢ |, 0, the reduction process must stop after a finite number
of steps, leading to invertibility of a reduced operator so that again a geometric series
argument as in step (f) applies. This completes the process resulting in an expansion
in appropriate variables involving z, z'/2, In(z), or [c + In(z)] for appropriate ¢ €
C\{0} (again, depending on spatial dimension n and whether Schrodinger or Dirac
operators are involved). We refer once more to [99] for the somewhat involved details
(and the difficulties associated with expansions involving "3 | 5°9°  ¢¥[In(¢)]*
which cannot be asymptotic in nature) in the case of Schrodinger operators and to
[60] in the case of two-dimensional massless Dirac operators. Much of the threshold

analysis in [60] readily extends to dimensions n > 3 as we will see later in this chapter.

Remark 10.4. In outlining steps («)—(§) above, we deliberately sidestepped veri-
fying the condition AgPy = 0 necessary for Lemma 10.2 to hold. The condition
is equivalent to the statement that the algebraic and geometric multiplicities of the
eigenvalue 0 of Aq coincide. Since by (5.10), Go(0 + i 0; x, y) is purely imaginary,
but also involves the scalar product « - (x — y), employing the polar decomposition
for the self-adjoint N x N matrix V(-) (i.e., V(-) = Uy (-)|V(-)]) in the form (cf.
[81D)

V(x) = |V(x)|1/2UV(x)|V(x)|1/2 = V1(x)*Vo(x) forae.x € R",
Vi=Vr= VY2, Vv, =Up|V|V2=UyVy, U2 =y, (10.9)
making the choice that
Uy 1is unitary and self-adjoint (10.10)

(the choice of Uy is nonunique if V' has a kernel and we simply fix Uy to be the
identity operator on ker(1')), the matrix-valued integral kernel

1/2 1/2

V)| ()Go(0+10:x, ) |[V(y)|

generates a self-adjoint operator. Hence, the elegant device used in [99] that reduces
their analysis to a self-adjoint operator Ap in Lemma 10.2, so that A9 Py = 0 is auto-
matically satisfied, applies also in the massless Dirac operator context. (Naturally,
this approach of [99] also applies in the massive case, where Ho(m), m > 0, has the
spectral gap (—m, m).) In essence, Jensen and Nenciu [99] replace the operator

Iip2egy + Va(Ho — 2l 2@eyn) "' VY. z € C\R, (10.11)
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by its modification
Uyl 2@nyn + Vi(Ho — zIp2@egn) " Vi, z € C\R, (10.12)

and show that the formalism displayed in (2.6)—(2.10) instantly extends to the setup
in (10.12). In particular, the norm limit

: S
Uy Ipawnygy + Vi(Ho — 0+ i0) [p2gnyn) V5 (10.13)

is now self-adjoint and hence the analog of the condition
AoPy =0 (10.14)

thus holds automatically. Due to this fact we can, without loss of generality, safely
disregard the distinction between (10.11) and (10.12) in much of the remainder of
this manuscript.

Finally, by an abuse of notation, we also denote the Riesz projection associated
with the self-adjoint operator (10.13) and its eigenvalue 0 by Py. Assuming compact-
ness of the operator

Vi(Ho — (0 +i0) I p2@nyn) Vi, (10.15)

the fact that o (Uy') C {1, —1} implies that zero is an isolated point in the spectrum of
the operator in (10.13) and hence

dim (ran(Pp)) < oo. (10.16)

(In the concrete context of (10.9) one has in addition that V; = V}*, but this simplifi-
cation is not needed to conclude (10.14) and (10.16).) 3

Applying the resolvent equation (2.7), (2.8) to the pair H, Hy results in
(H — ZI[LZ(Rn)]N)_l = (Ho — ZI[LZ(]Rn)]N)_l - [Vl (H() — EI[LZ(Rn)]N)_l]*
- -1 -
x[Tiz2@my + Va(Ho = 2li2@eyy) ™ V'] Va(Ho = 2lza@v) ™
z € C\R,

To analyze the possible singularity of (H — z], [L2(R11)]N)_1 as z — 0, we choose
arbitrary
V; € Cg°(R") real-valued, j = 1,2,

and consider
WZIN (H — Z][Lz(Rn)]N)_lwl IN
= YoIn(Ho — zIip2uyw )~ Y In
— [Vi(Ho = ZIip2eyn) " V2N ]
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x [Ii2@mgn + Va(Ho — 2l 2@y )~ V]!
X Va(Ho — zljp2@myv) ' Y1ln.  z € C\R.
As long as
V1o @] = View@)] = C(x)™" forae.x eR", 1< <N, (10.17)
Theorem 6.7 (iii) implies that
Vi(Ho — zIiro@yn) " Wy In € B(IL*®RMIY).  zeCh, j.j {12},
since obviously
YoIn(Ho — zIip2@oyy) Wil € B(LPRM)]Y), zeCq,
(in fact, Theorem 6.13 implies trace ideal properties) one also has

YolIn(H — zljp2@egn) Wi Iy € B(IL2RM]Y), zeCq.

Thus, since ¥; € Cg°(R"), j = 1,2, are arbitrary (apart from being real-valued for
simplicity), one thus concludes that

Yoln(H —ZI[Lz(Rn)]N)_lwllN € !6’([L2(R")]N) for |z| sufficiently small
i and only if [ I 2@nyy + Va(Ho — 2l2@myy ) V| € B(IL2R™)Y)

for |z| sufficiently small.

Given the extensive treatment in [99] in the case of Schrodinger operators in
dimensions n € N (especially, in the most difficult of cases n = 1, 2), and in [60]
in the case of massless Dirac operators in dimension n = 2, and given the fact that
dimensions n € N, n > 3, subordinate in difficulty to the case n = 2 in the massless
context, we now briefly discuss the threshold (i.e., z = 0) behavior of massless Dirac
operator in dimensions n > 2.

We start by making the following assumptions on the matrix-valued potential V.

Hypothesis 10.5. Letn € N, n > 2, and ¢ > 0. Assume the a.e. self-adjoint matrix-
valued potential V- = {Vy ¢/ }1<¢ /<N satisfies for some fixed € € (0,1), C € (0, 00),

Ve [LOO(RH)]NXN’
Voo ()] < C(x)207 forae x eR", 1 <,0 <N. (10.18)

In accordance with the factorization based on the polar decomposition of V discussed
in (10.9) we suppose that

V =V V= |V|V2Uy VY2, where Vi = Vi = V|V, V, = Uy |V|V2.
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‘We continue with the threshold, that is, the z = 0 behavior of H:

Definition 10.6. Assume Hypothesis 10.5 with ¢ = 0 in (10.18).
(i) The point O is called a zero-energy eigenvalue of H if Hy = 0 has a distribu-
tional solution v satisfying

¥ e dom(H) = W2 @RMY

(equivalently, ker(H) 2 {0}).
(i1) The point 0 is called a zero-energy (or threshold) resonance of H if

ker ([Ziz2@nyv + Va(Ho — (0 + i0) [pa@ayn)~ Vit]) 2 (O,

and if there exists 0 # ¢ € ker([/j 2gnyn + Va(Ho — (0 +i0) [ 2®nyn )~ VI])
such that ¢ defined by

. -1
l/f(x) = —((H() —(0+ lO)I[Lz(Rn)]N) V1*¢)(x)
= —iz‘ln‘”/zr(n/z)/ d"y|x = y[™"[e- (x =] ()"$() (10.19)
R~7
(for a.e. x € R", n > 2) is a distributional solution of Hu = 0 satisfying
v ¢ [L2RMIY.

(iii) O is called a regular point for H if it is neither a zero-energy eigenvalue nor
a zero-energy resonance of H.

Additional properties of ¥ are isolated in Theorem 10.7.

While the point 0 being regular for H is the generic situation, zero-energy eigen-
values and/or resonances are exceptional cases.

For future purposes we recall the asymptotic Green’s matrix expansion as z — 0
in the following form,

Go(z:x, )
= 2777 I(n/2)a - =y _ $n2(2m) zIn(z) Iy
220 x—yp*
2eC1\{0}

+8n,22m) " [yE—mr —i(/2) +1n(]x — y1/2)]z1n

+ (1= 8n2l(n =2)7' 27 a2 (/) — y P2y

+8120(2%|x — y|In(z|x — y])) + 8,,30(z%) + O(2*|x — y|?)
=, Roo(x —y)+zR10(x —y)

z—>
zeCy \{0}

+z[—@n) ' Inz/2) — @) yE—m + 47 ]Sn 2R (x — )
+8120(2%|x —y|In(z|x = y])) + 84,30(2%) + O(2*|x — y|?).
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where we introduced the following convenient abbreviations (for x, y € R”, x # y):

Roo(x —y) = Go(0+i0;x,y) = i2 ' x 2T (n/2) a - |()C - yli
xX=y
_ Q2mn) Yia-Vyln (|x - y|), n=2, (1020
—ia - Vxgo(0; x,y), n >3,
—@m)~ In(|x = y[)In. n=2,

Rio(x—y) = {

80(0;x, y) Iy = mh—ylz_”lm n=>3,
a1 =27"2/T(/2), (10.21)
Rij(x—y)=1, n=>2. (10.22)

Theorem 10.7. Assume Hypothesis 10.5 with ¢ = 0 in (10.18).

(1) If n = 2, there are precisely four possible cases:

Case (1): 0 is regular for H.

Case (I1): 0 is a (possibly degenerate”) resonance of H . In this case the resonance
functions ¥ satisfy

¥ € [LIRY)]?, g€ (2,00)Ufoc}, VY € [L*(R*)]P?,
v ¢ [L*(R?)]. (10.23)

Case (II1): 0 is a (possibly degenerate) eigenvalue of H. In this case the corre-
sponding eigenfunctions ¥ € dom(H) = [W12(R?)]? of Hyr = 0 also satisfy

v e [LIR?)]?, ¢ €[2,00) U{oo}. (10.24)

Case (IV): A possible mixture of Cases (1) and (I1T).

(i) If n € N, n > 3, there are precisely two possible cases:

Case (1): 0 is regular for H.

Case (I): 0 is a (possibly degenerate) eigenvalue of H. In this case, the corre-
sponding eigenfunctions ¥ € dom(H) = [WL2(R™)]N of Hy = 0 also satisfy

(3/2,00) U {oo}, n=3,

¥ e [LYARMIN, g e (4/3.4), n =4, (10.25)
(2n/(n +2),2n/(n — 2)), n>5.

In particular, there are no zero-energy resonances of H in dimension n > 3.
(iii) The point O is regular for H if and only if

ker ([I[LZ(R")]N + V2(H0 — (0 + iO)I[LZ(Rn)]N)_l Vl*]) = {0}

2We will recall in Lemma 10.12 (i) that if n = 2, the degeneracy in Case (II) is at most two.
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Proof. Since Go(0 +i0; x, y), x # y, exists for all n > 2 (cf. (5.10)), the Birman—
Schwinger eigenvalue equation (cf. (10.8))

) N
[I[LZ(Rn)]N + V2(H() -0+ lO)I[Lz(Rn)]N) Vl ]¢0 =0,
0 # ¢o € [L2R™M]Y, (10.26)

gives rise to a distributional zero-energy solution v € [LL (R™)]¥ of Hyp = 0 in

terms of ¢¢ of the form (for a.e. x € R"*, n > 2),

Yo(x) = —((Ho — (0 + i0) L2y )~ Viho) (x)
—[Ro.0 * (Vi*¢0)](x) (10.27)

=—i2"'n 2T (n/2) /R d"ylx—y["a - (x =]V do(), (10.28)

loc

=220/ [y =y o =) AO) Va0, (1029
Po(x) = (Va10)(x). (10.30)

In particular, one concludes that 7o # 0. Thus, one estimates, with ||V, () ||cy=n <
¢(+)~! and some constant d,, € (0, 00),

1000w < dn [ d"y =y ) o) | o
=dyRin(() " #o()]cn) (). x eR™ (10.31)

Invoking the Riesz potential R , (cf. Theorem 6.3), one obtains (for some constant

dn € (0,00))
vy =dn [ @y 1x =301 [0
<diRia(() 7 bo()|en)®). x eR”, (10.32)

and hence (6.9) implies (for some constant ép,q,n € (0, 00))

R A () gD llem) || Lo @)

[VoliLa@myy <

| Rua((
< Coan () o (llen || oy
= Cpanl () s lgoC)llen l2@n  (10.33)
= Cpan] () | om0l 2y~ »
-1

l<p<g<oo pl=qg ' +nt s=2qn2n +2q —qn]™' > 1.
In particular,

p=gn/(n+gq), 2n+2g—qn>0.
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(a) The case n = 2: Then one can choose g € (2, 00), hence p = 2¢q/(q + 2) €
(1,2),and s = g > 2. Thus, (10.33) and H ()71 ”LS(]R2) < o0 imply
Yo € [LIRM)]Y, ¢ € (2,00).

Recalling Rg o(x — y) in (10.20), this implies

—ia-VyRoo(x —y) = —Axgo(0;x, y)In = 8(x — y)In,
x,yeR" x#y,n>2, (10.34)

in the sense of distributions. Here we abused notation a bit and denoted also in the
case n = 2,

g0(0;x,y) =—Qm) 'In(jx—yl), x,yeR* x#y n=2. (1035
Thus, one obtains

io - (Vipo)(x) = =i - V[ Ro,0 * (V" 0)](x)
= —ia- Vi[ —i(a-Vigo) * (V{"¢o)](x)
= [(=AxgoIn) * (V") ](x)
= (V' ¢o)(x) € [L*(R*)], (10.36)

proving Vo € [L?(R?)]?*2, upon employing the fact that [« - p]> = In|p|?, p € R".

To prove that Y9 € [L*°(R?)]? in (10.23) and (10.24), one applies (10.30) to the
inequality in (10.31), and then employs the condition ||V5(+)||c2x2 < C(-)~! for
some constant C € (0, oo) to obtain

[vo ez = 2 [ @y ix =o' 1) 2 o0 e x < B2

where d; € (0, 00) is an appropriate x-independent constant. By Holder’s inequality,

1/3

. 2/3
|0 e < dz(/Rz d?y|x — y|‘3/2<y>‘3) (/R d?y ||wo(y>|!éz) :
x € R2. (10.37)

The second integral on the right-hand side in (10.37) is finite since ¢ € [L3(R?)]?.
Choosing x; = x,& =n—(3/2),8 =n,y = 2,and ¢ = 1 in Lemma 6.4, one infers
that

/};{2 d?y|x -y (y) 72 < Ca3/2.02.1, X €R2 (10.38)

Hence, the containment g € [L>(R?)]? follows from (10.37) and (10.38).
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(b) The case n > 3: An application of Theorem 6.6 (ii) withc = 0,d =1, p =

p’ = 2, and the inequality 1 < n/2, combined with [|¢o(-)[lcy € L2(R"), yield
[¥o()|cv € L*(R") and hence, o € [L*(R™)]Y, n>3. (10.39)
To prove that actually ¥o € dom(H) = [W L2(R™)]V, it suffices to argue as follows:
i - Vipg = —Vipg € [L2R™)Y (10.40)

in the sense of distributions since V' € [L®(R™)]¥*N and vy € [L2(R")]"V. Given
the fact dom(Hy) = [W12(R™)]V (cf. (3.2)), one concludes

Yo € [WE2RMHIN, n > 3. (10.41)

By (10.41) we know that yo € [W1-2(R")]Y . Employing the fact that ¢g = Vg
in the first line of (10.32), one obtains

By [ @y le =517 00 o) e
= DuRia((-)72[Vo()]on) (). x €R", (10.42)

[vo@cn

IA

for some constants 5,,, Dy, € (0,00). Thus, as in (10.33), (6.9) implies for n > 3,

Iollze@my < Dal| Rua(t)210()llem) | oy

< Dpgn| () 2ol )”(CN”LP(]Rn)
< Dy ()™ 2|l s @m Mo llen 2 @n) (10.43)
= Dpygn ” ()" 2||LY(R”)”w0” [L2RM]V 5
-1

1

l<p<g<oo p'=q'+n' s=2qn2n+2q—qn]"" =1,

for some constant 51,,4,,, € (0, 00). In particular, one again has p = gn/(n + ¢) and
2n 4+ 2q — gn > 0. The latter condition implies ¢ < 2n/(n — 2). The requirement
p > lresultsing > n/(n — 1), and the condition s > 1 yields ¢ > 2r/(3n — 2) which,
however, is superseded by ¢ > p > 1. Moreover, the requirement || (-)~
yields ¢ > 2n/(n + 2). Putting it all together implies (10.25).

To prove the containment Yo € [L>°(R3)]* in (10.25), one invokes the inequality
in (10.42) with n = 3. Indeed, applying Holder’s inequality (with conjugate exponents
q' = 27/20 and ¢ = 27/7) to the integral on the right-hand side of the inequality in
(10.42), one infers that

2||LS(]Rn) <00

[¥o) s

20/27 . 7/27
<an( [ ayie—sr2o ) [y fumlE)

x € R3. (10.44)
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The second integral in (10.44) is finite since ¥ € [L?7/7(R?)]*, and the first integral
in (10.44) may be estimated by taking x; = x,« = n — (27/10), B = n, y = 2, and
& =7/10 in Lemma 6.4,

27

/R Py <c x € R3\{0). (10.45)

3,25.,0.2,75°
Hence, the containment g € [L>®°(R3)]* follows from (10.44) and (10.45).

Returning to arbitrary n > 2, we show (following the proof of [60, Lemma 7.4])
that if ker(H) 2 {0} then also

. .
ker ([I[Lz(R”)]N + Vz(H() -0+ lO)I[Lz(Rn)]N) Vl ]) 2 {0}.

Indeed, if 0 # Vo € ker(H), then ¢g := Vayro = Uy V1o € [L*(R™)]Y and hence
Vigo € [L2(R™)]Y. Then, Hyrg = 0 yields i - Vg = Vrg = Vi Vatho = Vi*¢bo.
Thus, applying (10.20), (10.34)—(10.35) once again, one obtains for all n > 2,

—ia- V[1//0 + (HO - (0 + iO)I[Lz(Rn)]N)_lV;(ﬁo](X)
= —ifa - Vio](x) — i - Vi[Roo * (V" $0)](x)
= —ifa - Vipo](x) —ia - Vi —i(a - Vigo) * (V"po)](x)
= —ifa - Vo] (x) + [(=Axgoln) * (Vi ¢0) ] (x)
= —ia - Viyo] (x) + (V{"¢o) (x)
= —V(xX)¥o(x) + V(x)¥o(x) = 0.
Consequently,
—ia- V[0 + (Ho — 0+ i0) [ z2@nyn)” Vitgo] =0,
implying )
Yo + (Ho— (0 +i0)[jp2mmyn) Vigo=c'
for some ¢ € CV. Since ¥y € [L>(R™)]", and by exactly the same arguments em-

ployed in (10.31)~(10.39), also Ro,o * (V;*¢o) € [L*>(R™)]", one concludes that c =0
and hence

) -1
Yo = —(Ho— (0 +i0)z2@myn) Vi ¢o.
Thus, ¢g # 0, and

0= Vavio + Va(Ho — (0 +i0) [ p2@nyn)~ Viso

= [I[LZ(Rn)]N + VZ(HO - (O + iO)I[Lz(R”)]N)_lvl*]¢O’

that is,

0 # ¢o € ker ([IiL2@myn + Va(Ho — 0+ i0) [ 2gayn )~ Vit])-

This concludes the proof. |
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Recalling results of [60], we will revisit the basic elements in the proof of item
(i) of Theorem 10.7 in Lemma 10.12.

Remark 10.8. (i) In physical notation, the zero-energy resonances in Cases (II) and
(IV) for n = 2 correspond to eigenvalues 1/2 of the spin-orbit operator (cf. the
operator S in [103,106]) when V is spherically symmetric, see the discussion in [60].

(i1) For basics on the Birman—Schwinger principle in an abstract context, espe-
cially, if 0 € p(Hy), we refer to [79] (cf. also [20, 77]) and the extensive literature
cited therein. In the concrete case of Schrodinger operators, relations (10.28), (10.30)
are discussed at length in [10, 29,30, 58,61,62,64,68,69,76,96-99, 122], [ 124, Sec-
tion 10.3.2], [169] (see also the list of references quoted therein), and in [59, 60,
65-67] in the case of (massive and massless) Dirac operators.

(iii)) As mentioned in Remark 5.1 (ii), the absence of zero-energy resonances is
well known in the three-dimensional case n = 3, see [8], [ 16, Section 4.4], [17,28,150,
151, 190]. In fact, for n = 3 the absence of zero-energy resonances has been shown
under the weaker decay |V, x| < C(x)"'7%, x € R?, in [8]. The absence of zero-
energy resonances for massless Dirac operators in dimensions n > 4 as contained
in Theorem 10.7 (ii) appears to have gone unnoticed in the literature and was only
recently observed in [82]. <o

To determine the leading order behavior of

[UVI[LZ(Rn)]N + (H() - ZI[LZ(Rn)]N)_IVI*]_l asz — 0, z € E,

in all possible cases discussed in Theorem 10.7, it is convenient to introduce some
more notation:

T(z):= UVI[Lz(]R”)]N + Vi(Hog — ZI[LZ(Rn)]N)_l Vl*, zeCy, (10.46)

T := Uy 2oy + Vi(Ho — (o + i0) [po@ayn) " Vi, A €R. (1047)

Next, we split Py in (10.16) according to all possible cases in Theorem 10.7 as fol-
lows: If n = 2, we write
Py = Po,1 @ Pop. (10.48)

where Py ; represents case (II), Po,> represents case (III), and if Pp,; and Py, are
both nonzero, Py represents case (IV). Similarly, if n > 3, Py # 0 represents case (II).
(Again, we remark that we will discuss in Lemma 10.12 (i) that dim(ran(Py,1)) < 2.)
In the following we denote the integral operators in [L2(R")]" generated by the
integral kernels R; ¢ (-, -) in (10.20)-(10.22) by R}k, j, k € {0, 1}. In particular,

T(O) = UVI[L2(]R”)]N + VlR(),()Vl*.

In order to study asymptotics as z — 0 of the Birman—Schwinger-type operators,
we strengthen Hypothesis 10.5 as follows.
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Hypothesis 10.9. Letn € N, n > 2, and ¢ > 0. Assume the a.e. self-adjoint matrix-
valued potential V = {V; o/ }1<0 o< N satisfies for some fixed € € (0, 1), C € (0, 00),

V e [L®®R")VN,
Voo ()| < Cx)™0 ) forae.x eR", 1 <£,0 <N. (10.49)

In accordance with the factorization based on the polar decomposition of V discussed
in (10.9) we suppose that

V=VVa=|V|"2Uy|V|V2, where Vi =V =|V|'/2, Va=Uy|V|'/2.
We note that, in accordance with (10.49), the entries of V7(-) satisfy
|(V1)M/(x)| < é(x)_”(H's)/2 forae.x e R", 1 <{,¢ <N,

for a constant C € (0, 0).

Lemma 10.10. Assume Hypothesis 10.9. Then (cf. (10.20)-(10.22))

Vi (H() — ZI[Lz(Rn)]N)_lvl* ZiO VlR(),on* + ZVlRl’()Vl*
2eC1\{0}
+z[ - @m) ' In(z/2) — @n) 'yE—m + 147 8w ViR LIV + E(z), (10.50)

where
|E@| gqro@myyy = O(|z'**) (10.51)

z—0

zeCy \{0}

(with 0 < ¢ taken as in Hypothesis 10.9).

Proof. In order to prove (10.50) and (10.51) it suffices to show

[Vi(x)Go(z: x, ) Vi (¥) = Vi(x)Ro,0(x — y) Vi (¥)
- ZVl(x)Rl,O(x - y)Vl*(y)||£((CN) = CO|Z|1+8k(xv y)’
x.yeR" x#y, zeCi\{0}, |z] <1, (10.52)

for some positive (z, x, y)-independent constant ¢y and for some z-independent func-
tion k( -, -) which generates a bounded integral operator in L?(R"). In the following
we treat separately Cases (I) n odd and (II) n even.

Case (I): n odd. In order to prove (10.52), we estimate

Go(z:x,y) — Roo(x —y) —zRy10(x — y),
x,y €R", x #y, z € CL\{0},

z| <1,

separately in the regimes |z||x — y| < 1 and |z||x — y| > 1.
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The expansion (C.5) implies
. 2 2 3—n
|Go(z:x, ¥) = Roo(x = ¥) = zRi,0(x = ¥)| g(cwy = 1[Iz + |21z — y*7"]
< C][|Z|2 + Z|1+8|Z_y|(2+e)—n] < 6‘1|Z|1+8[1 + |x_y|(2+s)—n],

X,y R, x#y, zeCi\{0}, |z] < 1, |z[lx —y| < 1, (10.53)

for some (z, x, y)-independent constant ¢; € (0, c0). By Lemma B.6,

Go(z;x,y)
— i4_1(2n)(2_”)/2|x _ y|(2—n)/22n/26izlx—y|wnT_2 (Z|x _ y|)1N
. 4—1(2n)(2—n)/2|x _ y|(2—n)/22n/zeiz\x—y|wll (le _ y|)a . (x - y),
: Ix =yl

x,yeR" x #y, zeCyi\{0}, (10.54)

with

x — y|@ 212172 |, (z]x — y))| < ealx — y[" R 221+ |z)|x — y]) T

_ -1/2 -1/2
< ealz" (14 Ll = y) T < ealzP(1+ Lzl - y) T2

x,yeR" x#y, zeCy\{0}, |z] <1, |z|]|x —y| = 1, (10.55)
for some (z, x, y)-independent constant ¢; € (0, 00). The representation (10.54) and
the estimate (10.55) combine to yield

[Goz:x. 9| geny = eslzP(1+ Izllx = yI) 772,

x,yeR", x#y, zeCy\{0}, |z] <1, |z|]lx —y| > 1, (10.56)

for some (z, x, y)-independent constant c3 € (0, 00), and it follows that

“GO(Z;xyy)_RO,O(x_y)_ZRl,O(x_y)||$((cN)
-1/2 _ _
< calzP(U+ Izl = y) 72 4 v = 7+ 2l = yPT) < ez,
forae. x,y € R", x #y, ze€ CL\{0}, |z| < 1, |z[]x —y| > 1, (10.57)

for some (z, x, y)-independent constant c4 € (0, c0).
By combining (10.53) and (10.57), one obtains

|Go(z: x,¥) = Roo(x — ) = zR10(x = ¥)| gy
< c5[|z|2 Tz _y|(2+s)—n] < cs|z|1+€[1 + |x — y|(2+s)—n]’

forae x,y e R", x #y, ze€ CL\{0}, |z| <1, (10.58)



Analysis of Im(Fgr, 7, (A +i0)), A € R 108

for some (z, x, y)-independent constant ¢5 € (0, 0c0). Hence, (10.52) holds for some
constant ¢y € (0, c0) and

k(X,y) — (x)—n(1+8)/2<y>—n(l+s)/2

+ [1 i |x|]—n(1+s)/2|x _ y|(2+s)—n[1 + |y|]—n(1+s)/2,
x,y eR" x#y. (10.59)

In deducing the form of (-, -) in (10.59), one uses
Vi) | ggewy < €)1+ < C"[1 4+ x]] 772 forae. x R (10.60)

for appropriate x-independent constants C’, C” € (0, 00).

The first term on the right-hand side in (10.59) generates a Hilbert—Schmidt inte-
gral operator in L2(R"), since (-)7(+8/2 ¢ [2(R"). The second term on the
right-hand side in (10.59) generates a bounded integral operator in L?(R") as a con-
sequence of Theorem 6.6 (ii) with the choicesc =d =1+ (¢/2)and p = p’ =2,
since 1 + (¢/2) <3/2 <n/2. Thus, k(-, -) generates a bounded integral operator in
L2(R™).

Case (II): n even. The case n = 2 is treated in detail in [60, Lemma 5.1], so we
consider n > 4 here. It suffices to verify the inequality in (10.52). The expansion
(C.15) implies

||G0(Z; X, J’) - RO,O(X - y) - ZRI,O(X - y)“gg((jN)
< eaflz " 2Pl = P+ 1 n (el = ) ]
<arflz"7 12 e = OO 4z I (2] — y])]]
<z FE[1 A+ x = | BT 4 x — y) 7],
X,y €R", x#y,zeCL\{0}, z| < 1, |z]lx —y[ < I, (10.61)
for some (z, x, y)-independent constant ¢;(¢) € (0, o0), and an argument entirely

analogous to (10.54)—(10.56) shows that (10.57) extends to the current case where n
is even. Combining (10.57) and (10.61), one obtains

|Go(z:x. y) — Roo(x — y) — 2Ry ,0(x — y)|’£((jN)
< calz["FE[1 4 e — y[ BT 4 x — y 7',
forae x,y e R", x #y, z e C.\{0}, |z| <1,
Hence, (10.52) holds for some constant ¢y € (0, c0) and
k(x,y) = (x)—n(1+£)/2(y>—n(1+s)/2
+ [1 + |x|]—n(1+8)/2|x _ y|(2+s)—n[1 + |y|]—n(1+8)/2
102 ey A 1y 2

+ [14]x] . x,yeR" x#y. (10.62)
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In deducing the form of k(-, -) in (10.62), we used (10.60) and the elementary bound
[1+ |x|]*(+8)/2 < [1 4 |x|]7®*~D/2, x € R”. The fact that the first two terms on
the right-hand side in (10.62) generate bounded integral operators in L2(R") was
established in Case (I) above. The third term on the right-hand side in (10.62) gen-
erates a bounded integral operator in L?(R") by Theorem 6.6 (ii) with the choices
c=d=m—-1)/2and p=p =2,since(n—1)/2<n/2,c+d =n—1>0,and
n—(+d)=1. [

Lemma 10.11. Assume Hypothesis 10.9. If T(-) is defined by (10.46) and Py denotes

the (finite-dimensional) Riesz projection associated to the operator (10.8), then
[T() + Po] "

= [TO) + P —z[— @) In(z/2) — @n) M ypom +i471]

z—0
zeC+\{0} . .
X 8 2[T(0) + Po] "' ViR 1 Vi*[T(0) + Py

—2[T(0) + Po] ' ViRi oV [T(0) + Po] ' + E1(2), (10.63)
where

||E1(Z)||£([L2(]R")]N)
{ O(|z|***) for any 0 < k < min{l,e}, n =2,

10.64
0(z). n >3 (10.64)

250
zeC1\{0}

(with 0 < ¢ taken as in Hypothesis 10.9).

Proof. The case n = 2 is treated in detail in [60, Lemma 5.2], so we consider n > 3
here. By Lemma 10.10,

[T(z) + Po] ™
= [T(0) + Po+ zViRioVy + E(2)] "
= (Ip2@eyy +[TO) + Po|  ZViR1 0V +[T(0)+ Po) " E(2)) "' [T(0)+Po| ",
zeCy\{0}, 0<|z| <1,  (10.65)
where E(-) satisfies (10.51). By (10.21) and (10.58),

“VI(X)GO(Z;x,y)Vl*(y)_VI(X)RO,O(X_y)Vl*(y)”ig((cN)
" 1-n)/2 _ 1-n)/2
< ezl Vi@ Vi) + [+ 1] 72—y [ )
-1 _ -1
+ [+ xl] =P+ l] ]
forae. x,y e R", x #y, z € CL\{0}, |z| <1, (10.66)
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for some (z, x, y)-independent constant ¢; € (0, c0). The kernel

ke, y) = ViV () + [1+ e 72 =y [+ )72

+[1+ |x|]_1|x —y|2_"[1 + |y|]_1, x,y €eR" x#y, (10.67)

generates a bounded integral operator in L?(R"). The first term on the right-hand
side in (10.67) generates a Hilbert—Schmidt operator due to the containment

Vi) gewy € L2®R™).

The fact that the second term generates a bounded operator is explained in the proof of
Lemma 10.10 in connection with (10.59). Finally, the third term in (10.67) generates
a bounded integral operator by an application of Theorem 6.6 (ii) witha = b = 1. It
follows that

||T(Z) - T(O) ”i)’([LZ(R")]N) = 62|Z|, ze E’ |Z| <1, (1068)

for some z-independent constant ¢, € (0, 0o). The estimate in (10.68) implies that,
for z € C4 with 0 < |z| < 1, a Neumann series may be used to obtain

[T(z) + Po]_1

= [T(0) + Po] "' —2[T(0) + Po] ' ViRi oV [T(0) + Po] ™"

~[T©) + Po] 'E@)[TO) + Po] " + Y _(~=1)"A@)"[T(0) + Po] ",

n=2

zeCL\{0}, 0 < |z] < 1, (10.69)
where

A@):=z[TO+Po] ViRV +[TO+P] 'EG) = 0(z]). (10.70)

zeC4 \{0}
applying (10.51). In particular,
> 1
D (=D"AE)"[T©0) + Po]” = 0(lz]). (10.71)
n=2 BAL2®RIIY) | 2

Hence, (10.63) follows from (10.69) with

Ei(2) i= —[T(0) + Po] "E@)[T(0) + Po] ' + > (=1)"A(2)"[T(0) + Po] .

n=2

zeCq, 0<|z| < 1.

Thus, the O(|z|) relation in (10.64) for n > 3 follows from (10.51) and (10.71). =
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Lemma 10.12 ([60, Lemmas 5.2, 7.1-7.6]). Assume Hypothesis 10.9 and n = 2. The
following statements (i)—(iv) hold.

(1) If ¢o € ker(T(0)), then ¢ = Uy V1o, with Vo a distributional solution of
Hvrg = 0 satisfying Vo € [L?(R?)]? for all p € (2,00) U {oo}. Moreover,

Yo(x) = —ia - x[27(x)2] " (Ri1 Vi o) + ¥ (x),
where
(RiaVido) = [ Py Vi0IbeG) and < [W2@)T.
In particular,
o € VU@L ifand only if (ReaVigo) = [ a2 V7 (5)go(r) = 0.

Moreover, the rank of Py is at most two plus the dimension of the eigenspace of H at
energy zero, that is,

Py = P(),l @ P(),z, with dim (I'al’l(P()’l)) <2

in (10.48).
(11) vafo € [LZ(RZ)]Z + ﬂpe(z,oo)u{oo} [LP(RZ)]Z, then

qbo = Ul/Vll//() € ker (T(O))
(iii) If po = Uy V1o € ker(T'(0)), then ¢ € ran(Po,2)
if and only if o € [W"2(L2(R?))]’.

Thus, ¢o € ran(Po,2) if and only if ¢pg € ker(PoViR1,1 V" Po).
(iv) If po € ran(Py ), then

(Ro,0Vi"$0, Ro,0 Vi o) 2m2yz = (Vi bo, R1,0Vi do)[12r2)2 (10.72)

and
keI‘(PQ’z Vl RI,O Vl* P(),z) = {O} (1073)

Lemma 10.13. Assume Hypothesis 10.9 and n > 3. The following statements (i) and
(ii) hold.
(@) ¢o = Uy V1Yo € ker(T(0)) (i.e., ¢po € ran(Po))

ifand only if o € [W2(L>R™M)]Y.

Thus, ¢0 S ran(PO) if and only lfd)() S ker(PonRl,lVl* Po).
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(ii) ¢po € ran(Py), then
(Ro.0Vy 0, Ro.o Vi ¢o)2@mmyy = (Vi*do, Ri.0V)"do) 12 ®myv (10.74)

and
kCI‘(P() VlRl,() Vl* P()) = {0} (1075)

Proof. Ttem (i) is just a rephrasing of the proof of Theorem 10.7 for n > 3. Item (ii)
is proved exactly along the lines of [60, Lemma 7.6]; we briefly sketch the argument.
By item (i), Yo = —Ro,0V;*¢o € [L*(R?)]? and hence, applying Fourier transforms,

(Ro,0Vi"#0. Ro,0 Vi Po)[L2®ny N

= [ @ plp (@ 00 @ )V ) e

= [ @ P07 0" 0 0 e (10.76)

On the other hand, employing the monotone convergence theorem,
(Vi*po. Ri0Vi do)L2wmgy = (Vi'do. (—A) V1*¢0)[L2(Rn)]N

= tim [ a"p 10 + 2] (070" (W o) e

= [ a0 (V)
proving (10.74). Finally, assume that ¢g €ker(Po V1 Ry,0V"Po). Then (10.74) yields

I¥olliLz@nyy = (Ro,0 Vi ¢o. Ro,o Vi o) 2@nyny = 0.

implying {9 = 0 and thus ¢p9 = Uy Viyp = 0. |

One of the principal results of this chapter then reads as follows:

Theorem 10.14. Assume Hypothesis 10.5.
(1) Suppose n = 2. Then

T(z)™! = [UVI[LZ(R,,)]N + Vi(Hy — ZI[L2(Rn)]N)_1V1*]_1
T(0)™! — T(0)7[0(|z In(2)|)]T(0)~" in Case (),
E ln(z)]_IPO,lAPO,l

+Po,1[O(IzI | In(z)|72)] Po,1 in Case (ID),
= 271 Po2[Po2ViR1,0Vy Po2lPo

z—>0

zeC1\{0} + Py [O(|z|71¢)] Py in Case (I1D),

z_lPo(g P0,2V1R10,0V1*P0,2)P0
+Po[O(|z In(z)|71)] Po in Case (IV),
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where
T(0) = Uy + ViRooVy*, T0) ' e B([L*R™M)]Y) in Case (D),
A € R\{0} if dim(ran(Po,1)) =1 in Case (ID),
detc2(A4) # 0 if dim (ran(Po1)) =2 in Case (ID).
(i1) Suppose n € N, n > 3. Then
_ ¥1—1
T(2)™" = [Up 2@y + Vi(Ho — zlj2@nyn )~ V]
T(0)™' = T(©0)'[O(|zIn(z)])]T(0)~" in Case (D),
27 Po[Po Vi R1,0Vi*Po] Po+ Po[O(|z|~1¥¢)| Py in Case (1),

Z:O

zeC \{0}
where, again,
T(0) = Uy + ViRooV*, T(0)' e B([L*R™)]Y) in Case ().

Moreover, in both items (i) and (i), the coefficients of all singular terms in the
expansion of T(z)™! at z = 0 (i.e., in cases different from (1)) are finite-rank opera-
tors acting in (subspaces of ) Po[L>(R™)]V.

Here, O(|C]|?), a € R, abbreviate estimates with respect to the operator norm.

Proof. Ttem (i) for n = 2 has been treated in detail [60, Section 5] on the basis of
the Jensen and Nenciu method [99] outlined in Lemmas 10.1, 10.2, Remarks 10.3,
10.4, and our summary in items («)—(§) following Remark 10.3. Item (ii) forn > 3
parallels Cases (I) and (IIT) for n = 2. [ ]

Remark 10.15. A comparison of the threshold behavior of massless Dirac operators
[60, Theorem 9.10 (i)] and Schrodinger operators [29, 30,99, 122] demonstrates that
in both situations zero-energy resonances produce a logarithmically weaker singular-
ity of the order O(|z In(z)|™!) than the zero-energy eigenvalues which produce the
expected O(|z|!) singularity. o

Finally, returning to Fg, g,, we again introduce the strengthened assumptions
made in Hypothesis 7.1 and Corollary 4.4 (ii).

Hypothesis 10.16. Let n € N and suppose that V = {Vy ¢ }1<0.0/<N satisfies for
some constants C € (0,00) and ¢ > 0,

Ve [LOO(RI’!)]NXN’

Voo (x)| <C(x)™"°  forae x eR", 1 <{{ <N. (10.77)
In addition, assume that V(x) = {Vy ¢/ (X)}1<¢,¢'<n is self-adjoint for a.e. x € R". In
accordance with the factorization based on the polar decomposition of V discussed

in (10.9) we suppose that V.= ViV, = |V [V2Uy |V |2, where Vi = V¥ = |V |1/2,
V, = Uy |V|V2.
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In addition, we assume that V satisfies (4.2) and (4.3)*.

According to Remark 9.7, we now use the symmetrized version of the Birman—
Schwinger operator in connection with (9.13) and hence write

Fr,H,(2)
= In (detrz2 gy~ i1 (H — zIip2@eyy ) (Ho — 2l 2@oyn) "))
= In (detyz 2 gny v n+1(I[L2(R") N+ V(Ho =zl 2gnyn )~ ))
=1In (det L2R")]N n+1(I[L2(Rn) N+ Va(Hy — Z][L2(Rn)]N) Vi)
= In (detgz 2@y i1 (Uv{Uv 2 @eyn + Vi(Ho — z12@eygn) " ViY))

= In(detgz 2y N np1 (UrT(2))), z € Cy, (10.78)

employing U7 = Iy.

Next, we briefly recall a few facts on continuous (resp., analytic) logarithms and
continuous arguments of complex-valued functions (see [12, pp. 40—-46] for details):

If S CCand f:S — C\{0}, then g is called a continuous logarithm of f on
S if g is continuous on S and f(z) = 8@, z € §. Similarly, #: S — R is called
a continuous argument of f on S if 6 is continuous on S and f(z) = | f(2)|e'?®,
zeS.

o If g is a continuous logarithm of f on S, then Im(g) is a continuous argument
of fonS.

o If 6 is a continuous argument of £, then In(| f|) + 0 is a continuous logarithm
of fonS.

e Thus, f has a continuous logarithm on S if and only if f has a continuous
argument on S.

If @ € Cisopenand f:Q2 — C\{0} is analytic, then g: 2 — C is called an
analytic logarithm of f on € if g is analytic on Q and f(z) = e, z € Q.

o If Q C C is open and starlike and f: Q2\{0} is analytic, then f has an analytic
logarithm on €.

e Suppose 2 isopen and f: Q2 — C\{0} is analytic with g a continuous logarithm
of f on Q. Then g is analytic on €.

eleta,b,c,d e R, R={z=x+iy|la<x<b,c<y<d},and f: R — C\{0}
continuous. Then f has a continuous logarithm on R.

e f:Cy — C\{0} analytic, f:C, — C\{0} continuous, then f has an ana-
lytic logarithm on C . which is continuous on C . More generally, f: C — C\{0}
analytic, f: C, — C continuous, then f has an analytic logarithm on C which is
continuous at x¢ € R if f(xg) # 0.

This yields the final and principal result of this chapter.

3The first condition in (4.3) is superseded by assumption (10.77).
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Theorem 10.17. Letn € N, n > 2, and assume Hypothesis 10.16. Then Fy g,, z €
Cy4, has normal boundary values on R\{0}. In addition, the boundary values to R of
the function Im(Fy 1, (z)), z € C4, are continuous on (—oo,0) U (0, 00),

Im (FH,HO A+ iO)) € C((—oo,O) U (0, oo)), (10.79)
and the left and right limits at zero,

Im (Fg, 1, (01 +i0)) = liin Im (Fg,m, (e + i0)), (10.80)
el0

exist. In particular, if 0 is a regular point for H according to Definition 10.6 (iii) and
Theorem 10.7 (iii) (this corresponds to case (1) in Theorem 10.7 (i), (ii)), then

Im (Fa,my (A +i0)) € C(R). (10.81)

Proof. Applying Theorem 3.4, Corollary 4.4 (i), and Theorem 6.16, the function
det; 2y N n+1(Uv T(2)), z € Cy, in (10.78) continuously extends to z € C+\{0}
and does not vanish there. In particular, Fg f, has normal boundary values on R\{0}.
Moreover, combining Theorem 6.16 and [12, Theorem 3.1.7], and especially, by [12,
p. 46, Exercise 3.2.6], the function

det[L2(]R”)]N,n+l(UVT(Z))
= det[LZ(R”)]N,n+1(UV{UV[[LZ(]R")]N + Vl (HO — Z][Lz(Rn)]N)_lvl*}),
z € C4\{0},

has a continuous argument in any rectangle of the form
{Z =x+iy|xela,b] C(—00,0)U(0,00), y € [O,C]}, c >0,

in C \{0}, proving (10.79). Thus A = 0 is the only possible exception to continuity
OfIm(FH,HO( - +i0)) on R.
If 0 is a regular point for H, that is, if

ker ([Iiz2@myv + Va(Ho — (0 + i0) [ 2®nyn )1 V]) = {0}, (10.82)
then
dety; 2 ®myN ps1 (Uy T(0)) # 0

and hence det[z2gny)~ ,+1(Uy T(2)) has a continuous argument in any rectangle of
the form
{Z=x+iy|xe[a,b]C]R, ye[O,c]}, c>0,

proving (10.81).
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If

ker ([Ziz2@myn + V2(Ho — (0 + i0) 2 weyyn) 1Y) 2 {0, (10.83)

denote by Py 1 the projection onto the (finite-dimensional) eigenspace of the compact
operator Va(Ho — (0 + i0) Ij2gnyv )1V corresponding to the eigenvalue —1. By
Lemma 10.1 (iii),

- -1
(1[L2(R’1)]N + Va(Hp — (0 + lO)I[LZ(Rn)]N)_l i+ P()’+) € 3([L2(Rn)]N)

and hence,

det[LZ(Rn)]N,n_i_l([[Lz(Rn)]N + Vz(H() - (0 + iO)][Lz(Rn)]N)_IVI* + P0,+) 75 0

and

det[LZ(]R")]N,n+1(I[LZ(R")]N + V2(H0 - (O + iO)I[LZ(R11)]N)_1V1*)

. -1
=det[L2(]Rn)]N,n+1 (I[LZ(Rn)]N +V2(H()—(O+l0)l[L2(Rn)]N) V1*+P0’+—P()’+)
=det[L2(]R")]N,n+1([I[LZ(]R")]N + Va(Hp — (0 + iO)I[Lz(Rn)]N)_lVl* + P0,+]

X {][LZ(R”)]N - [][LZ(Rn)]N + Vz(Ho—(0+iO)I[L2(Rn)]N)_1 Vl* + P0,+]_1}P0,+).
(10.84)

Applying Theorem D.1 in (10.84) one obtains

. -1
det[LZ(]R”)]N,n—H(][Lz(]R”)]N + Vz(H() -0+ lO)][Lz(Rn)]N) Vl*)

. -1
= detgr o a1 (T2 + Va(Ho = (0 +i0) Izagmy) Vit + Pot)
X det[Lz(R;1)]N’n+1 (I[LZ(Rn)]N

. -1 -1
— [I[LZ(]Rn)]N + Vz(H() -0+ lO)][Lz(Rn)]N) Vl* + P0,+:| P0,+)
X elr[Lz(]Rn)]N (Xn—i-l)

. -1
= det[L2(]R”)]N,n+1(I[LZ(]R")]N + V2(H0 —(0+ lO)I[LZ(]Rn)]N) Vl* + P(),_;_)
X det[Lz(Rn)]N’n_;,_l (I[LZ(Rn)]N
. -1 -1
— Po,+ [I[LZ(]R”)]N + Vz(H() -0+ ZO)I[Lz(]Rn)]N) Vl* + P0,+] P0,+)
X exp (tI‘[Lz(Rn)]N (Xn+1))'

Here trj 2gnyn (Xn+1) is a finite sum of traces of products of the operators

[Vz(H() — (0 + iO)I[LZ(Rn)]N)_lvl* + P()’+]

and

. -1 4 -1
—[Iiz2@mgy + Va(Ho — (0 +i0) [2@myn )~ Vit + Po+| Po+
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of at least n 4 1 factors (in various orders) as described in detail in Appendix D, in
particular,

exp (tl‘[Lz(Rn)]N (Xn+1)) #0.
Thus, the structure of the zero of the modified Fredholm determinant

. -1
det[Lz(]Rn)]N’,H_l(][LZ(Rn)]N + Vz(HO -0+ ZO)I[LZ(Rn)]N) Vl*)

as z — 0, z € C4 \{0}, is identical to the structure of the zero of the modified Fred-
holm determinant (see, e.g., [159, Theorem 9.2(d)])

det[LZ(]Rn)]N’,H_l (][LZ(Rn)]N

- P(),J,_[I[Lz(Rn)]N + VZ(HO - (0 + iO)][Lz(Rn)]N)_IVI* + P0,+]_1P0,+)

= det[P0,+L2(R")]N (P0,+I[L2(]Rn)]N

. —1 —1
- P0,+[1[P0'+L2(]R")]N + V2(H0 —(0+ lO)I[Lz(Rn)]N) Vl* + P0,+] P(),J,_)

n
*exp (Z J ey ([Po.+[ Iy 4 2@y
Jj=1

+ Va(Ho — (0 + i0) pagayn ) Vi + P0,+]‘1P0,+]"')), (10.85)

which now reduces to a finite-dimensional determinant. The behavior of the latter as
z — 0,z € C:\{0},

detip, , 2@y (Po+fiL2@mgy — Po+[Iip 4 2@y

-1
+ Va(Hy — ZI[LZ(Rn)]N)_lvl* + P0,+] P0,+)

in turn, is governed by Lemma 10.11 and hence in leading order is a polynomial
P (-, -) in the two variables z In(z) and z (the z In(z) part being absent in odd space
dimensions). By (10.83), #( -, -) has no constant term and hence its leading order is
of the form

fP(z ln(z),z)
= eM[n@)]"*[1+0(1)]. MieN, My eNg, ceC. (10.86)

z—0

2eC1\{0}
Setting z = €e'?, ¢ € [0, 7], and letting & | 0 in (10.86) then readily yields
0, =0,
Im(In(P(z1n(z).z))) = Im(In(c))+ ¢
z—0 M1 T,

ZER\{0} =7

and hence proves the claim (10.80). ]






Chapter 11

Analysis of Gy, i,

In this chapter, we analyze Gy, H,(z), z € C\R, and its limiting behavior on R.
One recalls from (9.14) (with S = H, So = Hy, and r = n, cf. Remark 8.4 (iii)),
that Gy, g, is of the form

i ar—1! n—1 ) . )
EGH’HO (Z) = tI'[Lz(]Rn)]N (FZ(—I)”_J (HO — Z][LZ(Rn)]N)_ A(Z)n_j),
j=0

zeC\R, (11.1)

where
A(Z) = V(HO - ZI[LZ(Rn)]N)_l, S C\R

To analyze the trace in (11.1), we use multi-indices (see (9.16) and (9.17)). For
eachfixed j e Nowith0 < j <n—1,

dn—l 1 .
F(H() —ZI[LZ(Rn)]N)_ A(Z)n_']
= Z Cj,k(HO —ZI[L2(Rn)]N)_(k1+1)

n—j+1
keN
|k|=n—1

n—j+1
X 1_[ V(HO—ZI[L2(Rn)]N)_(kZ+1), (112)
{=2

for an appropriate set of z-independent scalars

n—j+1
cik €R, keN, ,

k|l =n—1.

Therefore, applying the cyclicity property of the trace, one infers

qn n—1 .
ﬁGH,Ho(Z) = Z(—l)n_’ Z Cik
j=0 keNg_j'H
lk|=n—1
n—j
X L2 ®rnyv (|: 1_[ V(Hy — Zl[Lz(Rn)]N)_(ke+l)j|
{=2

x V(Ho — ZI[LZ(]R")]N)_(kl+k"_j+l+2))7 (11.3)
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and hence it suffices to analyze the trace

n—j
tI‘[Lz(Rn)]N (|: l—[ V(H() - ZI[LZ(Rn)]N)_(k£+1):|
{=2

X V(HO — ZI[Lz(Rn)]N)_(kl +kn_j+1+2))

n n 1 8k2
:/Rnd X1.--/]Rnd Xn—j V(Xl)k_2!|:82—sz0(Z;x1,x2)i|

1 [ okn—J
ceex V(Xn—j—l)ﬁ[mGO(ZXn—j—hxn—j)}
n—j-
1 ak1+k,17_,'+1+1
) e e+ D) [azk1+kn-_,~+1+1 GO(Z’x"—f’x‘)}

ze€Cy keN/T kl=n—1,0<j<n—1, (114

and its properties as Im(z) | O.
Here we employed the fact that the integral kernel of

_ 1 df _
(Hop — ZI[Lz(Rn)]N) (1+s) — FdZS (Ho _ZI[LZ(R”)]N) 1’
zZ € C+, S € N(),
is of the form
1 0° n
355 00(x ), 2€Cyh s eNo, X,y €R", x # . (11.5)

Next, we recall the asymptotic relations proved in Appendix C and the estimates
(C.30), (C.31). In particular, the estimates (C.30) and (C.31) as |z||x — y| > 1 neces-
sitate the following strengthening of the estimate (10.77) in Hypothesis 10.16:

Hypothesis 11.1. Letn € N and suppose that V- ={Vy ' }1<¢ '<n satisfies for some
constant C € (0,00) and ¢ > 0,

Ve [LOO(Rn)]NXN,
Vo ()| = C(x)™"717% forae x eR", 1 <€, <N. (11.6)
This yields the following result.

Theorem 11.2. Assume Hypothesis 11.1,
(i) Letn € N be odd, n > 3. Then %G H,H, () is analytic in C 4 and continuous
in a
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_(ii) Let n € N be even. Then %GH, Ho () is analytic in C, continuous in
Ci\{0}. If n > 4, then

— 0(|Z|—[n—(n/(n—1))]).
;.{B((CN) Z—>0,

n
H dz" Gty (+)

zeC1\{0}
Ifn = 2, then for any § € (0, 1),
d_2G . — O(lz]-0+®
d 2 H,H()( ) - (|Z| )
z B(C2) 220
zeC4\{0}

Proof. By Lemma 9.5 it suffices to focus on the boundary values of %GH’ Hy(2)
as Im(z) | 0. Utilizing the asymptotic relations (C.6), (C.10), (C.11), (C.12), (C.16),
(C.19), (C.20), (C.21), (C.24), (C.28), (C.29), and the fact that i—kkGo(z; x,y), ke
Np, 0 < k < n, is continuous in z € a, x,y € R", x # y, the stated continuity of
%G H,Hy(+) in C follows once we derive a z-independent integrable majorant of
the integrand in (11.4), appealing to Lebesgue’s dominated convergence theorem.

(i) Specializing ton € N odd, n > 3, and employing (11.6) and (C.30), one obtains
from (11.4),

1 [ ok
‘ /nd xl-../nd Xp—j—1 /l;nd Xn—j V(XI)k2!|:aZk2 Go(Z,xl,Xz):|

1 okn—j
e X V(Xn—j—l)m[mGo(Z Xn—j—l,xn—j)i|

1 akl+kn7j+1+1
(k1 + kn—j+1 + 1)! [82k1+kn—/+1+1 GO(Z’xn_j’XI)}

=>Ln " 1" " n—j—1 " n—j
<(, d"x d"x d"x
R” R~ R”

X (xl)_"_1_8{|x1 - X2|k2+1_n)([0,1](|2||x1 — x2)

+ |z (D2 |y | @GR Imm2 g |G A=m2] (12 x = xal))

X V(o)

B(CN)

)—n—l—a n—jt+1—-n

X (Xp—j—1 {xn—j—1 — Xn—j|¥ x0,11 (121 xn—j—1 — xn—j1)
+ |Z|(n—l)/2[|xn_j_l|(2kn_j+l—n)/2 + |xn_j|(2kn_j+l—n)/2:|

X X[l,oo)(|Z||Xn—j—1 — Xn—j|)}

X (X ) TV ey — e [Fr R 127y (12— — X1 )

+ |Z|(n—1)/2[|xn_j|(2k1+2kn_j+1+3—n)/2 + |x1|(2k1+2kn—j+1+3_n)/2]

X X11,00) (1211Xn—j — x11)}
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<G, d”xl---/ d”x,,_j_lf d"xp—j
R” R" R”

% (x1>—n—1—8{ _x2|k2+l—n

+ |Z|(n—1)/2[1 + lel](2k2+l—n)/2[1 + |x2|](2k2+1—n)/2}

|x1

—n—l—a{ n—jtl-n

|xn—j—1 — Xn—j |k
](an—j+1—n)/2[

X (Xp—j—1)

_ 2ky— j+1-n)/2
+|Z|(n 1)/2[1+|xn—j—1| ]( J n)/ }

1+ |xn—j|
% (xn_j>—n—1—s{|xn_j _ xl|k1+k,17_,‘+1+2—n
+ |Z|(n—1)/2[1 + |xn_j|](2k1+2kn_j+1+3—n)/2

« [1 + |x1|](2k1+2kn,j+1+3—n)/2}

zeCr ke N/t kl=n—1,0<j <n-2, (11.7)

’

where C,,, C,, € (0, 00) are suitable constants and we removed all characteristic func-
tions in the last step (a very crude estimate, but sufficient for our purpose).
We postpone a discussion of the case j = n — 1 to the end of the proof of part (i).
Next, one notes that all terms originally multiplied by an “exterior” characteristic
function x[1,00)(|2|| - |), that is, all terms of the type

_ 2k,_ j+1-n)/2 2ky,_j+1-n)/2
|Z|(" 1)/2[1 +|Xn—j—1|]( J n)/ [1 +|xn—j|]( J n)/

g e e ey

21021 [ 2Ry [ g

can be grouped together with
<Xn—j—l)_"—1—8’ ()Cn_j>—ﬂ—1—87 o (xn—j>_n_1_8, (xl>—n—1—,s7

due to the decay assumptions imposed in (11.6), and hence we can simply disregard
all these contributions in the following as they lead to finite integrals. To illustrate
this fact we look at the extreme case where only these terms are considered. Indeed,
ignoring all numerical constants and the factors |z|®~1/2 for simplicity, this leads to
the integral,

d’xy--- d”xn_j_I/ d"xp—j
]Rn ]Rn Rfl

% (xl>—n—1—8[1 + |x1|](2k2+1—n)/2[

k —
14 |x2|](2 >+1-n)/2

](2k,,,_,»+1—n)/2[ ](2kn,_,-+1—n)/2

X (Xp—je1) " E[ x| 1+ [xp—j|

—n—1— (2k14+2ky—j41+3—n)/2
X (xn—j> n—1 8[1 4 |xn—j|] 1 J+1 n)/

k kn_; _
« [1 + |X1|](2 1+2 j+1t+3 n)/2
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< dnxl (x1>—n—l—s[1 + |x1|]kl+k2+kn—j+l+2—"
Rn
X d"xs (x2) "1+ |x2|]k2+k3+l_n
Rn
—p—1— kpn_j_1+kn_j+1—
X dnxn—j—l (xn—j—l) n—1 a[1+ |xn—j—1|] Jj—1 J n
R}’l
1 kikp_ ; +kn_ j 41 +2—
X dnxn—j (Xn—j) n-l 8[1 +|xn—j|] i al AR
R}’l
n—j—2
< [y p il [ @y
R” R”?
x d"xn—j (xn_j)_”_l_e[l + |xn—jl]
R”
<00, keNg /™ jkj=n—-1,0<j<n-2 (11.9)

employing (11.6).

Thus, without loss of generality, we now focus on the terms originally multiplied
by an “interior” characteristic function y[o,1j(|z|| - |) and hence arrive at the need to

estimate the integral

n n n —n—1—¢ ko+1—n
d x1---/ d xn—j—l/ d"xp—j (x1) X1 — x2[*?
RI'[ ]Rn RVI

x (xn—j—1>_n_l_8|xn—j—1 _ xn_j|k,,_j+l—n

x (xn—j>_n_l_8|xn—j _ x1|k1+kn—j+l+2—",

keNJ7/H lkl=n—1,0<j<n-2. (11.10)

For this purpose we recall the following special case of Lemma 6.4,

R T T i T Sl

<& |y1 — yo MG tB)=n 1y o) <1,
= ,a,B,7, _
PEETEN |y = o s ly1 —y2| = 1,
~ |y1 — ya minCrath)=n 1y —y,| <1,
< ChaBye
L, [y1—y2| > 1,

< Coa pyellyr =y 1],

a,BeO,n],y>(@+pB)—n, >0, (11.11)

for appropriate constants 5,,’0,, B.y.es CnoaB.ye € (0,00).
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Hence,

/ dnx2 |x1 _ x2|k2+1—n (x2>—n—1—8|x2 _ x3|k3+1—n
Rn
< can[| — x3|mintmkatkat2on 4 (11.12)

for some ¢, , € (0, 00). For precisely the same reason as in the context of (11.9), we
will simply disregard the additive term 41 on the right-hand side of (11.12) as the
latter is bounded and we want to focus on the possibly most singular contribution to
the integral in (11.10) when probing whether or not this integral is finite.

Thus, with these simplifications of ignoring 1’s and at the same time focusing on
the possibly most singular contribution, the next integral over x3 becomes

an3 |X1 _ x3|k2+k3+2—n <x3>—n—1—8|x3 _ x4|k4+l—n
R”

< C3,n[|X1 - x4|min(n,k2+k3+k4+3)—n + 1], (11.13)

for some ¢3, € (0, 00). Repeating this process (again disregarding 1’s at each step
and focusing on the possibly most singular contributions only) leads to

ko+ks+otk,— —j—2)— —n—1—
dnxn_j_1 X1 _xn—j—1| 2t+k3t+tky 1+ m—j-2) n(Xn—j—1> n e
R7
kp—j+1—
X |Xp—j_1 — Xp—j|n=i T1"
< Cn—j—l,n[|x1 _ xn_j|min(n,k2+k3+...+kn_j +(n—j—1))—n + 1]’ (1114)

for some ¢,—j—1,, € (0, 00). Thus, disregarding once more the additive constant + 1
in (11.14) results in the following integral over x,_;,0 < j <n —2,

[ dmey [ [l et st (i = -1 <0
: L (ihky) =7 =120

x (xn—j>_n_1_8|xn—j — X, |k1+kn7_,-+1+2—n

e A T e L L A
R7
+d dnxn—j <xn—j)_n_1_€|xn—j _ x1|k1+kn7_,-+1+2—n
R~
< C . d”xn_j (xn_j)_”_l_sﬂxl — Xn_j|_j + |X1 — xn_j|_m]

forsome —1 <m <n—2, wherem =k +kyp_j41+2—n, (11.15)
for appropriate ¢, d, C € (0, 00), employing again that

k= (ki ...cknji) NGkl =ky kot kpojpr =n— 1.
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At this point we invoke the special case @« = n in (11.11), resulting in

/ d"xn—j (xXn—j) 7" 11 = Xnj |+ x1 = xaeji | 7] < Cim,
0<j<n-2,0<m=<n-2, (11.16)

for some Cj ,, € (0, 00). The remaining case m = —1 in (11.15) leads to
d"xn—j (Xn—j) " Xy — Xp |
Rﬂ

< d"xn—j (en—j) T[4 x| 4 [xa—j]
]Rn

< Cp + D[l + |x11]. (11.17)

for some C,, D,, € (0, c0), since
d"y ()7L + |y]] < oo (11.18)
RrR”
Thus, altogether, (11.15)—(11.17) finally yield

(11.15) < Co[1 + |x1]], 0=, <n-2, (11.19)

for appropriate Cy € (0, c0). Hence, applying (11.18) once more, the integral (11.10)
is finite.

If j =n—11in(11.2), (11.3) one is left to consider k = (k1,k»2), |k| = k1 + ko =
n — 1, and hence obtains

ar—1 B
trpp2rmyv (W(HO —ZI[LZ(]Rn)]N) 1A(Z))

dn—l _ _
= tI’[Lz(Rn)]N (F(HO — ZI[LZ(Rn)]N) IV(HO — ZI[LZ(]R")]N) l)

= U2@my (V(Ho - ZI[Lz(Rn)]N)—(kl+kz+2>)
= I;I.[L2(]Ri’l)]N (V(HO - ZI[LZ(]RH)]N)_(’H_I))’ 7 e C+‘ (1120)

Since by (C.7)—(C.9)

n

dz"

Go(z:x,y) = O(lx—yl), (11.21)
|x—y|—>0
the trace in (11.17) vanishes and hence extends continuously to z € C ..
(i1) Next, we specialize to n € N even. We investigate each term in (11.3) sepa-
rately. To thisend, let0 < j <n—1landk € Ng_j+l with |k| = n — 1 be fixed. We
distinguish the following cases:



Analysis of Gy g, 126

Casel. n >4 with0<j <n—-3andky +k,—j41 #n—1.
Case2. n>4with0<j <n—-3andk; +ky—j41 =n—1
Case3. n>2with j =n—2and ky + k3 #n—1.

Case4. n>2withj =n—2andk; + ks =n—1.

Case5. n>2with j =n—1.

We begin with Case 1. The assumptions in Case I imply

O<ki<n—Ilforall2<{<n—jandky+ky—jt1+1<n. (11.22)

Define the quantity § = §(n, j) by

_i_0
§=1"J7= (11.23)
n—j—1
sothat § € (0,1) and
n—j—4« .
§> —————, 2=<{=<n—j-1L (11.24)
n—j—£4+1

Invoking the final estimate in (C.31), one obtains

1 [ ok
d’xq--- d"x,_i_ d"x,—;V — | ——Go(z; xq,
‘ e X1 - Xp—j 1[1;{’1 Xp—j (xl)kz![azkz o(z:x1 Xz)}
1 [ okn—i
e X V(Xn—j—l)ﬁ WGO(Exn—j—lvxn—j)
n—j- -
1 ak1+kn—j+l+1
V . G . o
X (-xn ])(k1+kn_j+1+1)!|:azk1+kn—j+l+l O(Z,xn j,xl)] 33(((:]\7)

—(n—7)8
< Cp jslz|7) /R d”xl---/R dnxn—j—1/R d"xp—j
n n n

x (1) T g — xRy (12 — x2)
+ |z (IO | @GRt mm2 |y, | @R (2] v = xal))

—n—l—s{ xn—jlkn_j+l_8_n

X (xn—j—l) |xn—j—1 - X[O,l](lZ”xn—j—l — xn—jl)
+ |Z|(n—1+25)/2[|xn_j_l|(2kn_j+1—n)/2 + |xn_j|(2kn_j+l—n)/2]

X X[1,oo)(|Z||xn—j—1 —xn—jl)}

X () T E — g [1Hns 2 (12— — )

+ |Z|(n—1+25)/2[|xn_j|(2k1+2kn,j+1+3—n)/2 + |x1|(2k1+2kn,j+1+3—n)/2]

|xn—j

X X[l,oo)(|Z||xn—j — x1|)}
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~ i
< Cpjslz1 7 / d"xl"'/ dnxn—j—I/ d"xn—j
R” Rn Rn

x (xl)—n—l—e{ _x2|k2+l—(§'—n

+ |Z|(n—1+25)/2[|x1|(2k2+1—n)/2 + |X2|(2k2+1_n)/2]}

|x1

—n—l—e{ jlk,,f_;—i-l—S—n

X (xn—j—l) |xn—j—1 — Xn—

+ |Z|(n—1+28)/2[|xn_j_1|(2kn7j+1—n)/2 + |xn_j|(2k,17_,'+1—n)/2]}

< <xn_j)—n—1—s{|xn_j _ xl|k1+kn7j+1+2—8—n

+ |Z|(n_1+28)/2[|xn_j|(2k1+2kn_j+l+3_n)/2 + |X1|(2k1+2k"_j+1+3_n)/2]},
zeCy, (1125)

where Cy, ; 5, én, j,5 € (0, 00) are suitable constants and we removed all characteristic
functions in the last step (again, a very crude estimate, but sufficient for our purpose).

We claim that for each bounded subset 2 C C_, the integrand under the iterated
integral on the right-hand side in (11.25) is uniformly bounded with respect to z € 2
by an integrable function of the variables xy,. .., Xx,—,. Since |z|"~1+28)/2 j5 ocally
bounded, to justify the claim, it suffices to establish convergence of the following
integral:

/d”xl---[ d”xn_j_I/ d"xp—;
n ]Rn Rn

x (x1>—n—1—s{|xl _ x2|k2+1—8—n

+ [|x1|(2k2+1_n)/2 + |x2|(2k2+1—n)/2]}

—n—1-—¢ kp—j+1-6—n
xn_j| n—J

X <x”—j—1) {|xn—j—1 -
+ [|xn_j_1|(2kn—j+1—n)/2 + |xn_j|(2k"—f+1_")/2]}

)—n—l—e _xl|k1+kn_j+1+2—8—n

X <xn—j {|xn—j
+ [|xn_j|(2k1+2k,,_j+1+3—n)/2 + |X1|(2kl+2k’1_j+1+3_n)/2:|}. (1126)

In turn, as in the argument for the proof of part (i), it suffices to focus on the most
singular term in (11.26) and thus disregard the terms originally multiplied by the
factor |z|*~1+28)/2 in (11.25) (following the same line of reasoning used throughout
(11.8)—(11.9)). With this simplification, the claim reduces to establishing convergence

of the integral
d"xl---/ d"x,,_j_l/ d”xn_j
RH Rl’l RH

% <x1>—n—1—8|xl _ x2|k2+1—8—n
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X <xn—j—1)_"_1_8|xn_j_1 _ xn_jlkn_jﬂ—&—n
X (Xpej ) T E [y — xq R PR 2= (11.27)

The integrals over the inner variables x5, ..., x,—;—1 in (11.27) can be estimated
successively as follows. Beginning with the integral with respect to x,, an application
of (11.11) with the choices

a=ky+1-68, B=ks+1-6, y=n+1, (11.28)
implies
/dnx2 X1 — x2|k2+1—8—n <x2)—n—1—s|x2 _ x3|k3+1—8—n

< caps[lxy — xa|fe a2 (11.29)

for some ¢, , 5 € (0, 00). The conditions on o and B in (11.11) are satisfied by the
choices in (11.28) since (11.22) implies

0<ky+1—-86<n and O0<ks+1-6<n,
together with
a@+B)—n=ky+k3+201-8)—-n<n—-25<n+1=y. (11.30)
The inequality in (11.24) with £ = n — j — 1 implies 1 — 2§ < 0, so that
kr+ks+2(1-8)<n—-142(1-8)=n+1-2§ <n,
which yields
min(n,« + ) = min (n,k, + k3 +2(1 = 8)) = ko + k3 + 2(1 = §),

and the estimate in (11.29) follows. If j = n — 3, then x5 is the only inner variable,
and the integration over the inner variables is complete with (11.29). For j <n — 4
the process continues and there are n — j — 3 remaining inner integrals to estimate.
Applying (11.29) in (11.27), the next inner integral is with respect to x3:

/ d"x, / d"x3 |x1 _x2|k2+1—8—n(x2>—n—1—8|x2_x3|k3+1_3_n
n n
X (X3>_n_1_8|x3 _ x4|k4+1—5—n

= C2,n,8/ d"x; [|x1 _ x3|k2+k3+2(1—8)—n + 1](x3>—n—1—8|x3 _ x4|k4+1_3_n
R7
= C2,n,8|:/ d"x3|x1 — x3|k2+k3+2(1—8)—n <x3)—n—1—e|x3 _ x4|k4+1_8_”
R”

+ d"x; (x3>—n—1—8|x3 _ x4|k4+1—8—ni|
R7

=t Copns[T1(x1,x4) + T2(x4)]. (11.31)
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An application of (11.11) with the choices
a=n, B=ks+1-8, y=n+1,
immediately yields (note that in this case min(n, o + ) = n)
Ip(x4) <5, X4 €R”, (11.32)
for some cg’n, s € (0,00). Another application of (11.11), this time with the choices
a=ky+ks+2(1-68), B=ks+1-6, y=n+1, (11.33)

implies
Il(xl,x4) < c;,n,8[|x1 — X4|k2+k3+k4+3(1_8)_n + 1] (1134)

for some ¢}, s € (0, 00). The conditions on « and § in (11.11) are satisfied by the
choices in (11.33) since (cf. (11.30))

O<ky+ks+2(1-68)<n—1+2-25=n+1-25<n

and
O<ks+1—-6<n—-6<n

together with
(@+pB)—n=ky+ks+ ks +30-8)—n<2m—1)+3(1-68)—n
~——— N —
<n—1 <n—1
=n+1-36<n+1=y.
The inequality in (11.24) with £ = n — j — 2 implies 2 — 36 < 0, so that
ko+ks+ks+31-8)<n—1+3(1-8)=n+2-35<n,
which yields
min(n, o + f) = min (n, k, + k3 + ks + 3(1 = 8))
=ky + k3 + k4 +3(1=96),

and the estimate in (11.34) follows. Finally, combining (11.31), (11.32), and (11.34),
one obtains

an2 an3 |X1 _ x2|k2+1—5—n (x2>—n—1—8|x2 _ x3|k3+1—8—n
R~ R~
% (x3>—n—1—6|x3 _ x4|k4+1—8—n

< Caps[lxn — xgff2tRatRat30=0mm ] (11.35)
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for some c3 5, 5 € (0, 00). Continuing systematically in this way, one obtains

/ an2 an3"' d”xn_j_l
n Rn Rll

_ x2|k2+1—8—n< )—n—1—8|x2 _ x3|k3+1—8—n

X |x1

% <x3>—n—1—8|x3 _ x4|k4+1—8—n

X2

% <xn—j—1>_n_1_8|xn—j—l _ xn_jlkn_j+l—8—n

e+ j 1 +1(1—j—2)(1—8)—
Ecn—j—z,n,sf d"xn—j—1 [|x1 = xpjoa [T oy = =D A0 7 ]
Rn

% <xn—j—1>_n_l_8|xn—j—1 _ xn—jlk”_j+l_8_n

Kotk 1 +1(1—j—2)(1—8)—
:cn—j—z,n,b‘[/ d"Xn—j—1 X1 — Xp_jq |2 H eyt = =2 (=)
Rn

x <x”_j_l)_n_l_s|xn—j—1 — Xp—j |knfj+1—8—n

+ f%mf4uwfnﬂPFWMﬁA—wkn%ﬁ+“*ﬂ
R}’l

= Cnejans[T1(x1. xn—;) + T2(xn—;)] (11.36)
for some ¢,— ;5 »,s € (0,00). An application of (11.11) with the choices
a=n P=ky—;+1-6, y=n+1
immediately yields (note that in this case min(n,« + ) = n)
Ir(xp—j) < c;{_j_l’n’g, xXn—j € R", (11.37)

for some c” € (0, 00). Another application of (11.11), this time with the

n—j—1,n,8
choices

a=kyt A hnojo (1= —2)(1—8). B=kn—j +1-6. y=n+l,
(11.38)
implies

I1(xy, xp—j) < C;—j—l,n,8[|x1 — x,,_j|k2+"'+k”—f+(”_j_1)(1_8)_" + 1] (11.39)

for some c;l_]._l’n’b, € (0, 00). The conditions on & and B in (11.11) are satisfied by
the choices in (11.38) since
0<ky+-+kpj1+(n—j—2)(1-9)
<n—-1+mn—-j—-2)(1-9)
=n+m—j—-3)—(n—j—2)8
<mn, (11.40)
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and
O0<ky;+1-86=<n-§=<n.

The final inequality in (11.40) follows by choosing £ = 3 in (11.24). In addition,

(@+B)—n=ky+-4knj+n—j—1D1—=8)—n
=ky+-tkpj—(G+D—(m—j—1)1-35)
—

N—
<n-—1

=n—=2—j—(n—j—=2)(1-9)
<n+1
The inequality in (11.25) with £ = 2 implies (n — j —2) — (n — j — 1)§ < 0, so that
ko4t kpj+m—j—-1)=ky+-+kyj+n—j—-1)+mn—-j—-1)
<n+m—j—-2)—m—j—1)%§
En’
which yields
min(n,a + B) = ks + -+ kp—j + (n — j — 1),

and the estimate in (11.39) follows. Finally, combining (11.36), (11.37), and (11.39),
one obtains

/ anZ/ d”X3‘~/ d"xn_j_l
n n Rl’l

% |X1 _ x2|k2+1—8—n (xz)—n—l—elxz _ x3|k3+1—8—n

> <x3)—n—1—£|x3 o x4|k4+1—8—n

X <Xn_j_1)_n_l_e|xn—j—1 _ xn_j|k”7./-+1_8_n
g | D A S (11.41)
for some ¢;—j—1,1,5 € (0, 00).
The estimate in (11.41) implies

(11.27) < Cn—j—l,n,é'[ d”xI/ d"xp—;
Rn n
x (xl)—n—1—£[|x1 _ xn_j|k2+--~+k,,_j+(n—j—1)(1—8)—n + 1]

x <xn—j)_n_1_8|xn—j _ xl|k1+k,17_,'+1+2—8—n. (11.42)
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Focusing on the integral over x,; in (11.42),

dnxn—j [lxl . xn_j|k2+...+kn_j+(n—j—1)(1_8)_n + 1]
R”7
)

= /]R dnxn—j lx1 — x,,_j|(n—j)(1—5)—n (xn_j>—n—l—s

— X1 |k1+kn_j+1 +2—8—n

S B O e s LA A
R”

= I1(x1) + I2(x1), (11.43)

an application of (11.11) with the choices

a=n—-j)1=8), B=n y=n+l, (11.44)

yields
I (xl) < C;l—j,n,ﬁ’ X1 € Rn, (11.45)
for some c;_l. 2.5 € (0,00). The conditions on & and f in (11.11) are satisfied by the

choices in (11.44) sincea = (n — j)(1 —6),8 =n € (0,n] and
@+p)—n=a=m-j)1-8§<n<n+l=y.

Since min(n,« + B) = n, the estimate in (11.11) results in (11.45). To estimate Z5(-),
one applies (11.11) with the choices

a=n, B=ki+kp_j;1+2-6 y=n+1, (11.46)

to obtain
Iz(xl) < C;l/—j,n,S’ X1 € Rn, (11.47)
for some CZ—]' 2.5 € (0,00). The conditions on « and B in (11.11) are satisfied by the

choices in (11.46) since « = n € (0, n],

O0<B=ki+kpjr1+2-8=<n—-68=<n,
~—_————

<n—2

and (¢ + B) —n =B <n <n + 1. In this case, min(n,« + B) = n, and (11.11)
results in (11.47). Combining (11.43), (11.45), and (11.47), one obtains

(] 1.43) < Cn—jng>» X1€ Rn,

for some ¢,—; .5 € (0,00). As a consequence,

(11.42) = c”—l'—l’n,ﬁcn—j,”"g/ d"xy (x1) "7 < 0.
R”2
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Hence, this establishes the claim that for each bounded subset 2 C C, the integrand
under the iterated integral on the right-hand side in (11.25) is uniformly bounded
with respect to z € Q by an integrable function of the variables x1, ..., x,—j. As a
consequence of this claim, (11.25) implies that for each bounded subset Q2 C C, the
following estimate holds:

(11.25) < Cpis.olz| 0 zeQ,

for some C,, ;s o € (0,00). In summary, for Case I, one has that for any bounded
subset Q C Cy,

, 1 [ ok
nd X1 - Rnd Xp—j—1 - d"x,_ jV(xl) Fyry Go(z; x1,x2)

1T on—i
X V(xn— —j— 1) I:akTJGO(Z Xn—j—1,Xn— ])i|
1 ak1+kn7‘/+1+l
X V(xp—7) |: Go(z; Xp—j, X )]
" (kl +kn—j+1 + 1)' 8Zk1+k"*f+l+l 0 n=J» B(CN)
< Cujsalzl ", zeq, (11.48)

where § is defined by (11.23). In addition, since |z|~®~/% is bounded in Q if 0 ¢ Q,
Lebesgue’s dominated convergence theorem implies that

1 [ ok
d'xy--- | d"xp—j- 1/ d"x,—; V(Xl) |: S Go(z; Xl,xz):|
R7 R

X V(xp—j- 1) 1 [&TGO(Z;xn_j_l,xn_j)}
1 k1 +kn—j+1+1
(k1 + kp—j+1+ D! |:8Zk1+kn./'+1+1 GO(Z;X”_f’xl)]’
z€eQ,

ak)‘l—j

X V(xn—j)

is analytic in © and extends continuously to Q if 0 ¢ Q. This settles Case 1.
Next, we treat Case 2. The assumptions in Case 2 imply

k¢ =0forall2<{ <n—jandk; +ky,_j;1+1=n. (11.49)
Let§ € (0, 1) be fixed. Applying the final estimate in (C.31), one obtains:
1 [ ok
‘ d"xy--- d"xp—j— 1/ d"x,— ]V(Xl) [ GO(Z Xl,xz)}
R~ RrR7

1 [ okn—J
<X V(xp- Jj— 1) (()Z—”/GO(Z s Xn—j—1,Xn— 1)

1 gk1+kn—j41+1
(kv + kn—j+1+ 1)! [azk1+k,,_,-+1+1 GO(Z’xn_j’XI)]

X V(xp—j)

B(CN)
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= ‘ d"xy - dnxn—j—lf d"xp—j V(x1)Go(z; X1, x2)
Rn Rn Rn

o X V(xn—j—1)Go(Z; Xn—j—1, Xn—j)

1] 0"
X V(xn_j)a 87(;0(2; Xp—j,X1)

B(CN)
< Cpjglz|7/ 7D dnxl"‘/ d"xn—j—1/ d"xn—j
]Rn Rl’l Rn
% (xl)—n—1—8[|x1 _ x2|1—8—n + |Z|(n—1-|—25)/2|x1 _ le(l—n)/Z]

_n—1—£[|xn_j_1 — Xn—j |1—8—n

; |(1—n)/2]

X <xn—j—l)
+ |Z|(n—1-i-28)/2|xn_j_1 — X

% (xn_j)—n—l—e[l + |Z|(n+1)/2|xn—j —X1|(n+1)/2]

= Cn,j,8|Z|_(n_j_l)8_1/ dnxl dnxn—j—I/ dnxn—j
Ri‘l Rl‘l RH

x (xq) "0 |xg - x|t

+ |Z|(n—1+28)/2[1 + |X1|](1_n)/2[1 + |x2|](1—n)/2]

X <xn—j—l)_n_1_8[|xn—j—l - xn—jll_g_n

+ |Z|(n—1+28)/2[1 + |xn_j_1|](1—n)/2[1 + |xn_j|](1—n)/2]

% <xn_j>—n—1—s[1 + |Z|(n+1)/2[1 + |Xn_j|](n-i-1)/2[1 + |x1|](n+1)/2]’
RS (C+,

(11.50)

where C, 5, 6,, ;.5 € (0, 00) are suitable constants. We claim that for each bounded
subset 2 C C, the integrand under the iterated integral on the right-hand side in
(11.50) is uniformly bounded with respect to z € Q2 by an integrable function of the

.., Xp—j. Since |z|("71+28)/2 and |z|®*+1)/2 are locally bounded, to

justify the claim, it suffices to establish convergence of the following integral:

/d”xl---/ d”xn_j_lf d"xp—;
Rn Rn Rn

% (x1>—n—1—8[|x1 _ x2|1—8—n 4 [1 + |x1|](1_")/2[1 + |X2|](1_n)/2]
X (xn—j—1>_n_1_a[|xn—j—l — Xn—j |1—8—n

+[1+ |xn—j—l|](1_n)/2[1 + |Xn—j|](1_n)/2]

% (xn_j)—n—l—s[l + [1 + |xn_j|](n+l)/2[1 + |x1|](n+l)/2].

(11.51)
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As with Case 1, it suffices to focus on the most singular term in (11.51) and thus
disregard the terms originally multiplied by |z|#~1%28)/2 or |z|®+D/2 jp (11.50)
(following the same line of reasoning used throughout (11.8)—(11.9)). With this sim-
plification, the claim reduces to establishing convergence of the integral

dnxl"‘/ dnxn—j—l/ d" xp—j{x1) 7" xy — xp |17
R”7 R7 R7
X oo X (X 1) T T 1 = X T T ()T (11.52)

In analogy to Case 1, one successively estimates the integrals over the inner variables
X2,...,Xp—j—1 in (11.52) as follows. Beginning with the integral with respect to x5,
an application of (11.11) with the choices

a=B=1-4, y=n+1, (11.53)
yields
[ b =l )y
< coulxs — 2320707 1. (11.54)
The assumptions on « and § in (11.11) are satisfied by the choices in (11.53). In fact,
a=B=1-6€(0,n] and (@¢+p)—n=2(1-8)—-n<n+1=y.

Finally, min(zz,2(1 — §)) = 2(1 —§) and (11.11) results in (11.54). If j = n — 3, then
X7 is the only inner variable, and the integration over the inner variables is complete
with (11.54). For j < n — 4 the process continues and there are n — j — 3 remaining
inner integrals to estimate. Applying (11.54) in (11.52), the next inner integral is with
respect to x3:

/ d"x, / 473 1 — 323 () I ey — g 1O
n er
% <x3)—n—1—8|x3 _ x4|1—5—n

< Cz,n,s/ d"x3 [|X1 — x5 2070 4 1](X3)_n_1_8|x3 — xg| 1
RYI
= Cz,n,8|: / d"x3 |xq — x3 2077 (3) T TE g — xy 1O
]Rn

+/ d"x3 (x3) 7" 7%|x3 —x4|1_8_"]

=:Con5[L1(x1,X4) + T2(x4)] (11.55)
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for some ¢, ,, s € (0,00). An application of (11.11) with the choices
a=2(1-96), B=1-6 y=n+1, (11.56)

yields
Ti(x1,x4) < Cg,n,5[|x1 — xg POy 1] (11.57)

for some ¢} , 5 € (0,00). With the choices in (11.56), it is clear that o, B € (0,n] and
(x+pB)—n=3(1-68)—n<n++1since

n+1-[301-8—-n]=2(n—1)+38>0,

so the assumptions on « and B in (11.11) are satisfied. Finally, min(n, 3(1 — §)) =
3(1 —§), and (11.11) results in (11.57). A second application of (11.11), this time
with the choices

a=n, B=1-6 y=n+1

yields
Iz(X4) < Cg,n,S’ X4 € R”, (11.58)

for some 5, s € (0,00). As aresult, (11.55), (11.57), and (11.58) imply

/ d"x2/ d"x3 |x1 — X2 7T (x0) T | xp — xs] O
R R
X (x3) T T8 g — g 1O
< cansflxr — xa PO 4 1] (11.59)

for some c3 , s € (0, 00). Continuing systematically in this way, one obtains

anZ---/ dnxn_j_1|x1 _x2|1—8—n (x2>—n—1—8
Rll ]Rn

Y |xn—j—2 _ xn_j_1|1—8—n (xn—j—1>_n_l_8|xn—j—1 _ xn_j|1—5—n
< Cn—j—Z,n,S/ d" xXn—j—1[lx1 — Xp—jg |7 TR0 1]
Rn

% (xn—j—1>_n_l_8|xn—j—1 _ xn_j|1—5—n

—j=2)(1-8)—
= Cn—j—2,n,8|:/ d"xn_j_l |X1 — xn_j_1|(” J—2)( )—n
R7

+ d"xp—j—1 (Xn—j—1) " " xp—jo1 — xn—j|1_8_n]
RI‘I
= Cn—jans[ L1031, Xn—j) + T2(xn—j)] (11.60)
for some ¢,—;_» »,5 € (0,00). Applying (11.11) with the choices

a=m—j—-2)(1-8), B=1-6, y=n+]1, (11.61)
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yields

I1(x1, Xp—j) < c;_j_l’n,8[|x1 - xn_jl(”_j_l)(l_’s)_” + 1]. (11.62)

The assumptions on « and B in (11.11) are satisfied by the choices in (11.61). In fact,
O<a=m—j—-2)(1-8)<n—-2<n and 0<B=1-68<n,
while
(@+pB)—-n=m—j—-1D(1-8)—n<0<n+1=y.

Finally, min(n, (n — j — 1)(1 = 8)) = (n — j — 1)(1 — §) and (11.11) results in
(11.62). A second application of (11.11), this time with the choices

a=n, B=1-6 y=n+1, (11.63)

yields

"

n—j—1ns Xn—j ERY (11.64)
s € (0,00). Combining (11.60), (11.62), and (11.64), one obtains

Iz(xn—j) =<c

for some ¢”

n—j—1,n,
d%xy - a" . _ 1-8—n —n—1-¢
X2 Xn—j—1]X1 — X2 (x2)
n n
X oo X | Xpe g = Xt [T s 1) T T T st — X [T
< Cnmjtms |1 — xpy |07 TDATDT 4 ) (11.65)

for some ¢,— ;1,5 € (0, 00).
The estimate in (11.65) implies

(11.52)§cn_j_1,n’3[ d”xI/ d"xp—;
R}’l n

x (x1) " |xy = Xy TR L 4] ()T (11.66)

Focusing on the integral over x,_; in (11.66),

d"xp—j[|x1 — xp—j |/ 4 (k)T E

Rn
= dnxn—j |X1 — Xpn—j |(n_j_1)(1_8)—” (xn_j)—n—l—g
Rn
+ | d"nj (o)
Rl‘l
=t hix) + L, (11.67)

one infers that
I, =cy <00 (11.68)
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An application of (11.11) with the choices
a=mn—j—-1DA-8), B=n y=n+1

yields
Il(xl) < c! X1 € R”. (11.69)

n—j,n,s’

Thus, (11.67), (11.68), and (11.69) imply
(11.67) < ep—jms, X1 €R", (11.70)

for some ¢,—; .5 € (0,00). As aresult, (11.66) and (11.70) imply
(11.52) < cn_j_lyn,gcn_j,n,b,f 47 ()1 < oo,
R~

Hence, this establishes the claim that for each bounded subset 2 C C, the integrand
under the iterated integral on the right-hand side in (11.50) is uniformly bounded
with respect to z € €2 by an integrable function of the variables x1,...,x,—;. As a
consequence of this claim, (11.50) implies that for each § € (0, 1) and each bounded
subset 2 C C, the following estimate holds:

(11.50) < Cyjs.0lz|" D81 2 cQ, (11.71)

for some C, ;5.0 € (0,00). In summary, for Case 2, one has that for any § € (0, 1)
and any bounded subset Q2 C C,

H/ d”xl---/ d”x,,_j_lf d"xp—; V(x1)Go(z; x1,x2)
n Rn R}’l

170"
e X V(Xn—j-1)Go(2: Xn—j—1, Xn—j)V (Xn—j) — |:—n Go(Z;Xn—j,xl):|
n!| oz B(CN)

Z|7O=ImD e Q. (11.72)

<Cujs.0

In addition, since |z|~®~=/=D1==1 jshounded in Q if 0 ¢ 2, Lebesgue’s dominated
convergence theorem implies that

- / A" iy / " xn_; V(x1)Gol(z: x1. x2)
R” R” R7
n

1] a
o X V(xp—j-1)Go(z; xn—j—l,xn—j)V(xn—j); [@Go(z; Xn—j Xl)]
is analytic in © and extends continuously to Q if 0 ¢ Q. This settles Case 2.
Turning to Case 3, we assume that j = n — 2. In this case, k = (k1, ko, k3) with
k1 + ks #n—1.Letd € (0, 1) be fixed. Invoking the final estimate in (11.27), one
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obtains

/ d"x d"x, V(x1) L[oe Go(z; x1, x2)
R” ! R” 2 1k2! dzk2 0t=, A A2

1 ak1+k3+1
x Vi(x Go(z;x2,x
e rera = L]
< Cpjslz|™ /R d"xi /R d™x2 (x1) T e — o 2T o 4y (12] X —x2 )

+ |Z|(n—1+28)/2[|x1|(2k2+1—n)/2 + |X2|(2k2+1_n)/2])([1’00)(|Z||X1 _ X2|)}

X (x2) {|x2 - X[0,1](|Z||X2 — X1 )
+ |Z|(n—1+28)/2[|x2|(2k1+2k3+3—n)/2+|x1|(2k1+2k3+3—n)/2]

—n—1—¢ x1|k1+k3+2—8—n

X100 (21132 =2x1])}
= Cn,j,6|2|_28/ d"x1/ d"x2(x1) "1 |y — xp R+ 18
R7 R7

+ |Z|(n—1+28)/2[|x1|(2k2+1—n)/2 + |X2|(2k2+1_n)/2]}

)—n—l—s xl|k1+k3+2—5—n

X (x2 {Ix2 —

+ |Z|(n—1+28)/2[|x2|(2k1+2k3+3—n)/2 Flx |(2k1+2k3+3—n)/2]}’ zeCy, (11.73)
where C,, ,—2.5. Cn’n_z’g € (0, o) are suitable constants. We claim that for each
bounded subset 2 C C, the integrand under the iterated integral on the right-hand
side in (11.73) is uniformly bounded with respect to z € Q2 by an integrable function
of the variables x1, x,. Since |z|"~1+28)/2 j5 Jocally bounded, to justify the claim, it
suffices to establish convergence of the following integral:

[ d"x, d"x, (xl)—n—1—8{|x1 _x2|k2+1—8—n
RI‘I R)‘l

+ [|x1|(2k2+1—n)/2 + |x2|(2k2+1—n)/2]}(x2>—n—1—8{|x2 — X1 |k1+k3+2—8—n

+ [|x2|(2k1 +2k3+3—n)/2 + |X1 |(2k1 +2k3+3—n)/2]}‘ (1 174)
In turn, as in the argument for the proof of part (i) and Cases 1 and 2, it suffices
to focus on the most singular term in (11.74) and thus disregard the terms originally
multiplied by the factor |z|#*~1+28)/2 in (11.73) (following the same line of reasoning

used throughout (11.8)—(11.9)). With this simplification, the claim reduces to estab-
lishing convergence of the integral:

/ dnxl dnx2 (xl)—n—1—6|x1_x2|k2+1—8—n (x2>—n—1—8|x2_xl|k1+k3+2—8—n
R” R”

:/ drxy | d ) Iy — PO () e (1175)
R” ]Rl‘l
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Applying (11.11) witha = 2(1 —§), B = n,and y = n + 1, one infers that
/n d"xz|x1 — x2| 2077 () TTIE < Cong, X1 €RY, (11.76)
for some ¢, , 5 € (0, 00). In turn, (11.76) implies
(11.75) < cans /R d"x; (x1) "1 < 0. (11.77)

Hence, this establishes the claim that for each bounded subset 2 C C, the integrand
under the iterated integral on the right-hand side in (11.73) is uniformly bounded
with respect to z € Q by an integrable function of the variables xi,...,x;. As a
consequence of this claim, (11.73) implies that for each § € (0, 1) and each bounded
subset 2 C C, the following estimate holds:

(11.73) < Cpp_ssalz|

, ze€Q,

for some C, ,—2 5.0 € (0,00). In summary, for Case 3, one has that for any § € (0, 1)
and any bounded subset Q@ C Cy,

ar d"x, V ! otz ;
cd'xy | d"x (Xl)k—z! az—szo(Z,xuxz)

1 ak1+k3+1
x V(x Go(z;x3,x
) e ks £ 1)![8zk1+k3+1 (272 1)] P
< Conaselsl ™, zeQ. (11.78)

|—28

In addition, since |z is bounded in € if 0 ¢ 2, Lebesgue’s dominated convergence

theorem implies that

d d _1 _2 )
., X1 . X2 L(Xl) | % Go(Z,xl,Xz)
1 ‘ 8k|+k3+1

V) TG 1| 9k

GO(Z§X2,x1)i|

is analytic in © and extends continuously to Q if 0 ¢ Q. This settles Case 3.

Turning to Case 4, we assume that j = n — 2. In this case, k = (k1, 0, k3) with
k1 +ks =n—1.Letd € (0, 1) be fixed. Invoking the final estimate in (11.27), one
obtains

dr d"x, V ! asz
/]R" xl/Rn X2 (xl)k_z![az_kz O(Z,lexz)}

1 8k1+k3+1
v Go(z; x2,
X (xz)(/q +k3+1)!|:82k1+k3+1 o(z; %2 Xl)] B(CN)
1[0
= / d"xlf d"x2 V(x1)Go(z; x1,x2) V(x2) — Go(z; %2, x1)
) - n!| 0z" B(CN)
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< Cn,j,8|Z|_8_1/ d"x, d"x,
R R

x (x1) ™  |xg = x| T o, (12 |x1 — x2)

+ 2|22 | A2 o |2 o) (12113 — x2]))

x (x2) " 10,11 (I2]]x2 — x11)

2| D2y (D72 @ D/2]
< Cpjslz) ! /n d"x, - d"x;

% <xl)—n—1—£{|x1 _x2|1—8—n + |Z|(n—1+28)/2[|x1|(1—n)/2 + |x2|(1—n)/2]}

X (Xz)—n—l—s{l + |Z|(n+1)/2[|x2|(n+l)/2 + |x1|(1’l+1)/2]}7 7 e (CJ,_, (1]79)

X[l,oo)(|Z||X2 —x1|)}

where C,, 2 5, 5,,,,1_2,5 € (0,00) are suitable constants. We claim that for each
bounded subset 2 C C, the integrand under the iterated integral on the right-hand
side in (11.79) is uniformly bounded with respect to z € Q by an integrable func-
tion of the variables x1, x,. Since |z|#~1+28)/2 and |z|*+1/2 are locally bounded,
to justify the claim, it suffices to establish convergence of the following integral:

/ d"x1 an2
R” R”
x (x1>—n—1—8{|x1 _x2|1—8—n + |Z|(n—l+28)/2[|x1|(l—n)/2 + |x2|(1—n)/2]}

X (x2>—n—1—8{1 + |Z|(n+1)/2[|x2|(n+1)/2 + |x1|(n+1)/2]} (1180)

In turn, as in the argument for the proof of part (i) and Cases 1, 2, and 3, it suffices
to focus on the most singular term in (11.80) and thus disregard the terms originally
multiplied by the factor |z|~1+28)/2 or |z|®+1/2 in (11.79) (following the same
line of reasoning used throughout (11.8)—(11.9)). With this simplification, the claim
reduces to establishing convergence of the integral:

/ dmxy [ dmx (i) T — 1T () (1181)
R” R”7

The integral in (11.81) is similar to the integral in (11.75). An argument entirely
analogous to that used throughout (11.75)—(11.77) to show the integral in (11.75) is
finite yields that the integral in (11.81) is finite. We omit further details at this point. In
summary, for Case 4, one has that for any § € (0, 1) and any bounded subset Q2 C C,

”/nanI/ d X2 V(xl)k '|:3 szO(Z X1,X2)]

1 ak1+k3+1
x V(x3) |: Go(z; x2,x )]
2 (k1 + k3 + 1)! dzk1+k3+1 0 2 B(CN)
< Cpnasalzl ™', zeq, (11.82)
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for some C, ,—2 5.0 € (0, 00). In addition, since |Z|_8_1 is bounded in Q if 0 ¢ Q,
Lebesgue’s dominated convergence theorem implies that

/ d”x/ d"x, V( )1 8sz(Z'x )
R” ! R” 2 Vi ko! dzk2 011, X2

1 ak1+k3+l
(kl + k3 + 1)' |:3Zk1+k3+1

X V(XZ) G()(Z;)Cz,xl)i|
is analytic in © and extends continuously to Q if 0 ¢ Q. This settles Case 4.

In Case 5, we assume that j = n — 1. In this case, k = (k1, kz) withk; + k; =
n — 1. Invoking the final estimate in (C.31), one obtains

for some C,,, C, € (0, 00). In addition, since |z|~! is bounded outside any neighbor-
hood of 0, Lebesgue’s dominated convergence theorem implies that

8”
/ d"x1 V(xl)[az—nGo(Z;Xl,xl)]

< Cylz[! / ey ()
B(CN) n

=Culz|™", zeCy, (11.83)

n
/ d”x1 V(X1)|: 9 G()(Z;Xl,xl):| (1184)
RrR” az"
is analytic in € and extends continuously to C 1 \{0}.
Now, looking at the bounds (11.48), (11.72), (11.78), (11.82), and (11.83), we
identify the bound which is the most singular as z — 0 in C,. The bounds from
(11.48) are (up to z-independent constant multiples)

. —j =2
|Z|—(n—1)5’ § = n-—j-—- 0<j<n-3. (11.85)

n—j—1

The singularity in (11.85) is strongest when (n — j)§,0 < j <n — 3, is largest. Since
the expression
. . n—j
(n—j)¥=mn-j)—————
n—j—1
is decreasing with respect to the parameter j, its maximum value is attained for j = 0:

n
—j)=n———.
05??31(—3(” /) . n—1

Thus, the strongest singularity in (11.85) corresponds to j = 0 and is
|z| =@/ =), (11.86)
The bounds from (11.72) are (up to z-independent constant multiples)

|Z|—(n—j—1)8—1’ §€(0,1),0<j<n-3. (11.87)



Analysis of G g, 143

Choosing § = n/(n — j — 1), n € (0, 1), the bound in (11.87) may be recast as
|Z|—(1+n)’ ne(,1),0<j<n-3. (11.88)
The bound from (11.78) is (up to a z-independent constant multiple)

|Z|—25

, 6€(0,1), j=n—-2. (11.89)

Choosing § = /2, n € (0, 1), the bound in (11.89) may be recast as
|zI”", ne(,1), j=n-2. (11.90)

The bound from (11.82) is (up to a z-independent constant multiple)
Iz|7*D §e(0,1), j =n—2. (11.91)

The bound from (11.83) is (up to a z-independent constant multiple)

lz|7Y, j=n-1. (11.92)

If n > 4, then the strongest singularity from (11.85), (11.88), (11.90), (11.91), and
(11.92) is given by (11.86). Therefore, combining the results of Case I—Case 5 above

with (11.3) and (11.4), one concludes that 571 GH, H,(-) is analytic in C 1, continuous
in C;\{0} and

= O(|z| /(=) (11.93)

£(CN) Z—)O,
z

dn
H Ga,H, (")
eC\{0}

dz"

If n = 2, then the strongest singularity in (11.90) and (11.92) is |z|~(+%)_ There-
fore, combining the results of Case 4 and Case 5 above with (11.3) and (11.4), one
2 _
concludes that %GH, H,(+) is analytic in C, continuous in C;\{0} and for any

8 €(0,1),
d’ —(1+5)
H dzzGH’HO(') = O] ). (11.94)

2 z—0,
FED o "







Chapter 12

Analysis of &£ (- ; H, Hy) and an application to the Witten
index for a class of non-Fredholm operators

Combining Hypotheses 10.16 and 11.1 we next make the following assumptions to
describe continuity properties of the spectral shift function for the pair (H, Hy).

Hypothesis 12.1. Letn € N and suppose that V- = {Vy p'}1<¢ /<N satisfies for some
constants C € (0,00) and € > 0,

Ve [LOO(RH)]NXN’
Veo )| =C(x)™"7'% forae x eR", 1 <L, <N. (12.1)

In addition, assume that V(x) = {Vp ¢/ (X)}1<0.0<nN is self-adjoint for a.e. x € R". In
accordance with the factorization based on the polar decomposition of V discussed
in (10.9) we suppose that V.= ViV, = |V [V2Uy |V |2, where Vi = V¥ = |V |/2,
Vo = Uy|V|Y2

Finally, we assume that V satisfies (4.2) and (4.3)".

Thus, combining Theorems 9.9, 10.17, and 11.2 yields our principal result:

Theorem 12.2. Assume Hypothesis 12.1. Then
§(-1 H. Ho) € C((~00,0) U (0. 00)), (122)
and the left and right limits at zero,

§(0x: H. Ho) = lim& (kes H. Ho). (12.3)
el 0

exist. In particular, if 0 is a regular point for H according to Definition 10.6 (iii) and
Theorem 10.7 (iii), then
E(-; H, Hy) € C(R). (12.4)

In the remainder of this chapter we describe an application to the Witten index
for a class of non-Fredholm operators applicable in the context of multi-dimensional,
massless Dirac operators H. We develop some necessary preparations and the basic
setup next.

We begin by isolating a bit of notation: Linear operators in the Hilbert space
L%(R;dt;J),inshort, L2(R; #), will be denoted by boldface symbols of the type T,

I'The first condition in (4.3) is superseded by assumption (12.1).
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to distinguish them from operators 7" in J. In particular, operators denoted by T in
the Hilbert space L?(R; #) represent operators associated with a family of operators
{T(t)}ser in H#, defined by

(TfHY@t)=T@)f(t) forae.reR,

f e dom(T) = {g e L2(R; #) ‘ g(t) e dom (T (r)) forae.t € R;
t — T(t)g(t) is (weakly) measurable; / dt ”T(t)g(t)”;e < oo} (12.5)
R

In the special case, where {T(¢)} is a family of bounded operators on # with

T(t s
fg}g |7¢ )”.B(J(‘) < o0

the associated operator T is a bounded operator on L2(R; #) with || T || BL2R:H)) =

supseg 17 200)-

For brevity we will abbreviate I := I;2g,5) in the following and note that
in the concrete situation of n-dimensional, massless Dirac operators at hand, # =
[L2(R™)]N.

Denoting

A_=Hy, By=V, Ay =A_+By=H,
we introduce two families of operators in [L?(R")]" by

B(t)=b()B+, teR,
b® e C®(R) N L®(R;dr), k € Ny, b’ € L'(R:dr),

lim b(t) =1, lim b(r) =0, (12.6)
t—>00 t—>—00
A(r) = A+ B(t), teR.

Next, following the general setups described in [38,41-44,78, 137] we recall the
definitions of A, B, A’ = B’, given in terms of the families A(¢), B(¢), and B’(¢),
t € R, as in (12.5). In addition, A_ in L*(R; [LZ(R”)]N) represents the self-adjoint
(constant fiber) operator defined by

(A_f)t) = A_f(t) forae.t eR,

f edom(A_) = {g e L2(R; [LAR™)V) ‘ ¢(1) € dom(A_) forae. €R,

t > A_g(t) is (weakly) measurable, / di ”A_g(t)“[ZLz(Rn)]N < oo}. (12.7)
R
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Next, we introduce the operator D , in L?(R; [L2(R™)]") by
d
D, = YT A, dom(D,) = W"A(R;[L*R")]V) Ndom(4-),  (12.8)
where
A=A_+ B, dom(A)=dom(A4-),
and
1Bl 5w @iz2@mvy = sup B0 gqr2@myn) < o

Here the operator d /dt in L?(R; [L?(R™)]") is defined by
d /
(Ef)(t) = f'(t) forae.t € R,
f € dom(d/dt) = {g € L*(R;[L*(R")]") | g € ACioc(R; [L*R™)]V),
g/ c LZ(R; [LZ(Rn)]N)}
= W12(R; [L2R™)]Y). (12.9)

By [78, Lemma 4.4] (which extends to the present setting), D , is densely defined
and closed in L2(R; [L?(R™)]") and the adjoint operator D’ of D, is given by

d
DY = —o A, dom(D%) = W'2(R; [L2(R™)]Y) N dom(A-).

This enables one to introduce the nonnegative, self-adjoint operators Hj, j = 1,2,
in L2(R; [L2(R™)]Y) by

H, =D D,., H,=D,D}.

In order to effectively describe the domains of H;, j = 1,2, we will decompose
the latter as discussed below: To this end, one first observes that

IB'|| g2 ®:(L2@®m)Ny) = su]g |{B/(z)||£([L2(R,,)]N) < 0. (12.10)
te

It is convenient to also introduce the operator Hy in L2(R; [L2(R™)]Y) by

2

Hy = —% + A2, dom(Hy) = W>*(R; [L*(R™)]Y) Ndom(42). (12.11)

Then Hj is self-adjoint by Theorem VIIL.33 of [141]. Moreover, since the opera-
tor BA_ + A_B is Hy-bounded with bound less than one, [108, Theorem VI.4.3]
implies the following decomposition of the operators H;, j = 1,2,

2

d . _
Hj=—5+ A>+ (-1))A’=Ho+ BA_+ A_B + B>+ (-1)’ B,

dom(H;) = dom(H,). j =1,2. (12.12)
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Next, we introduce an approximation procedure as follows: Consider the charac-
teristic function for the interval [—¢, {] C R,

xeW) = x—e,qv), veR, LeN, (12.13)

and hence
s-lim XZ(A—) = I[L2(R")]N' (1214)
{—o00

Introducing
Ag(t) = A+ xe(A-)B(1) xe(A-) = A+ By(1),

dom (Ag(7)) = dom(A-), £eN,teR, (12.15)
Aig=A- + ye(AZ)Biye(A-), dom(A4y) =dom(A-), L€ N, (12.16)

where
By(t) = ye(A-)B(t)xe(A-), dom (Be(t)) = [L*(R™]Y, L e N, t € R,
one concludes that

Apg—A_=y(A)Byye(A) € B ([LPRMIY), LeN, (12.17)
A1) =B(t) = ye(A2)B' () xe(A2) € B1 (IL*R™M)]Y), €eN, reR. (12.18)

As a consequence of (12.17), which follows from

||X€(A—)B+X€(A—)||£1([L2(Rn)]N)
< | xe(A9) B (A= = il meyd) ™7 g (2@
X (A= = il oy )" xe(AS) | g2y < (12.19)
(ct. (7.2)), the spectral shift functions §(-; Ay ¢, A—), £ € N, exist and are uniquely

determined by
E(-;Ap 0, A-) e L'(R;dv), (€N, (12.20)

implying
tr2@nyy (f(A+.0) —f(A—))=/RE(v;A+,e,A—)dv ). feCP®).

We also note the analogous decompositions,

d? . :
Hjy=——5+ A} + (-1)YA, =Hy+ BiA_+ A_B; + B} + (-1)/ B,

dom(H; ) = dom(Ho) = W*2(R; [L2(R")]Y), (eN, j=1,2,
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with
By = xo(A-)Byi(A-), By = x(A-)B'xi(A-), (€N,
implying
H, - H, =2B/, (12.21)
Hz,g — Hl’g = 232 = 2)(@(A_)B/)(Z(A_), ¢ eN. (12.22)

Next, we recall the fact that for £ > 0,
L2(R™; (1 + |x)@/2Feqnx) c £ (L) (R™)

(see, e.g., [159, p. 38] for the definition of the Birman—Solomyak space £! (L2)(R"))
and, given @ > n,

(1+]-1)7% e L2(R™; (1 + |x)@/DTegny)

for 0 < ¢ sufficiently small (depending on a). This is of relevance here so that [44,
Section 8] becomes applicable in our context.
We continue with the following basic result in [44, Theorems 5.2 and 8.4]:

Theorem 12.3. In addition to Hypothesis 12.1 suppose that
Vi € WH2[®R"), 1<, <N.
Then, abbreviating

(n+1)/2, nodd,

n/2, n even,

q:fn/ﬂ:{

one obtains
[((Hy—z1)™ — (Hy —z )], [(Hpyy —z D)™ — (Hy g — 2 1)7?]
€ B1(L*(R;[L*(R™M]Y)), LeN, zeC\[0,00), (12.23)
and

lim [[(Hye —z 1) = (Hy g —z1)77]
{—o00

—[(H =z D)™ = (H1 — 2 D] || g, 2wz eyyvyy) = O
z € C\[0,00). (12.24)

For the fact that ¢ = [n/2] in (12.23) can be replaced by any r > ¢, r € N, see,
for instance, [184, p. 210]; similarly, (12.24) extends to r > ¢, r € N, by [40].
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Relations (12.23) together with the fact that H; > 0, H;y, > 0,£ € N, j = 1,2,
implies the existence and uniqueness of spectral shift functions &(-; Hp, H;) and
§(-: Hy ¢, Hy ) for the pair of operators (H», Hy) and (H, ¢, H; 4), { € N, respec-
tively, employing the normalization

EAHy, H) =0, EA;Hyy,Hiy)=0 A<0,£eN (12.25)
(cf. [184, Section 8.9]). Moreover,
£(-; Ha, Hy) € LY(R; (14 |A) 77 'dn). (12.26)
Since in analogy to (12.19),
||A2(')||£1([L2(Rn)]N) - “Bé(')nﬂl([m(Rn)]N)
= |xe(A9)B' () xe(A9)| g, 2@y
= H Xe(A-)B1(A- — l'I[Lz(lR”)]f\’)_n_1 ||£1([L2(R")]N)

X H (A- — iI[Lz(]R”)]N)rH_lX((A—) ”3([L2(]R”)]N) b/() € LI(R; dr),
teN, (12.27)

employing b'(-) € L' (R;dt) (cf. (12.6)), one obtains
/Rdz | 4.0 g, (L2@myyy < - £ €N. (12.28)
Given (12.28), the results in [137] (see also [78]) actually imply that
[((Hyp—zD)7' = (Hi—z1)7'] € 81 (L*(R; [L2(R™M)]Y)), LeN,
and
E(-1Hpy Hyyg) € L'(R: (1 +[A))72d}), LeN.
In particular,

trp2 2@y (f (Hz) — f(HY)) = /

[0,00

2w 2@y (f(Hae) — f(Hyg)) = /

[0,00

)E(A;Hz,Hl)dl '),

) E(As Hy o, Hy g)d A f'(R),
teN, feCR).

In addition, as derived in [ 137] (see also, [78]), (12.20), (12.25), and (12.28) imply
the approximate trace formula,

/ § Hap, Hig)dA _ l/ E(; Ay, A)dv
[0,00) (A —12)? 2Jr (W2—2)32 7

L eN, z e C\[0,00),
(12.29)
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which in turn implies Pushnitski’s formula [137],

1 A2 EmiAy g, A-)dy
= ot I forae. A >0,

E\ Hyy, Hyg) =4 777472 0172 £ eN, (12.30)
0, A <0,

via a Stieltjes inversion argument (cf. [78, Section 8]).
As shown in [40], (12.24) implies for f € C5°(R),

le?;o “ [f(HZ,K) - f(Hl,Z)] - [f(HZ) - f(Hl)] Hfb’l(Lz(]R;[LZ(]R")]N)) =0,

(12.31)
and hence
lim dAEA:Hyyg, Hyg) f'(A)
{—>o00 [0,00)
= Jim o2 (f (Hz,0) = f(Hye)
= tI'LZ(R;[LZ(Rn)]N)(f(HZ) - f(Hl))
— [ dngGi b ) SD. (12.32)
[0,00)
Abbreviating

n, n odd,
qo =2[n/2] + 1=
n—+1, neven,
and assuming Hypothesis 7.1, one recalls that Theorem 7.4 implies
[(A+ - ZI[LZ(Rn)]N)_rO — (A_ — ZI[LZ(Rn)]N)_rO] S O(Bl ([Lz(Rn)]N),
ro €N, ro > qo, z € C\R. (12.33)

Since g is always odd, [185, Theorem 2.2] yields the existence of a spectral shift
function £(-; A4, A—) for the pair (44, A_) satisfying

E(-; Ay, A-) € LY(R; (14 [v]) ™™ av) (12.34)
and hence

tI'[LZ(Rn)]N (f(A+) _f(A—)):/R‘i:(V;A-F’A—)dV f/(l)), fGCgo(R) (12.35)

While £(-; A4, A-) in (12.34), (12.35) is not unique, we will select a unique candi-
date using Theorem 12.4 below.

The next result is essentially [40, Theorem 4.7]; due to its importance we repro-
duce the proof here. To prepare the stage, we temporarily go beyond the approxi-
mation A ¢ of Ay and now introduce the following path of self-adjoint operators
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{A1(8)}sef0,1], in [L2(R™M)]V, where

Ay(s) = A_ + PgBL Py, dom (A4 (s)) = dom(A-), s €[0,1],
Py = X[—(l—s)*l,(l—s)*l](A—)v s € [O, ), P= I[Lz(R")]Nv

in particular,
A4(0) = A4 1 (cf. (12.16) with £ = 1) and A4+(1) = A4.
Theorem 12.4. Assume Hypothesis 12.1 and suppose that
Voo € WH2@R"), 1<, <N.
Then there exists a unique spectral shift function £(-; A4, A_) such that

E(Ap A) =§(: A1 (D). A2)

= Z1im E(s A4, An) in LY(R; (14 [v))~2~dv).
—>00

Moreover, assume that g € L°(R; dv). Then
4121;0 ||E( AL, A-)g —E(- Ay, A—)g||L1(R;(1+|v|)_‘70_1dv) =0,
and hence,

lim AE(V;AJ’_’Z,A_)dUh(v)ZAg(V;AJ,_,A_)th(V)

{—00
forall h € L®(R; dv) such that ess. sup,cg |h(v)|(1 + [v[)90T! < oo
Proof. Since by (12.17), x¢(A—) B4 x¢(A—) € B ([L*R™)]V), also

Ay(s)— A- = P;By Py € Bi([LP®RMIY), s e[o,1),

(12.36)
(12.37)

(12.38)

(12.39)

(12.40)

(12.41)

and hence there exists a uniques spectral shift function £(-; A4 (s), A—) for the pair

(A4 (s), A_) satisfying

E(-;AL(s), A_) € L'(R: dv).

Moreover, in complete analogy to (12.33), the family A4 (s) depends continuously

on s € [0, 1] with respect to the pseudometric

dgo.z(A, A)

= H (A - ZI[LZ(Rn)]N)_qO - (A/ - ZI[LZ(]Rn)]N)_qO ||$1 (L2@®R™M)]N) (12.42)
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for A, A’ in the set of self-adjoint operators which satisfy for all { € iR\{0},

[(A = ETyp2@ayn) ™0 = (A= = Eljagayn) 0],
I:(A/ - CI[LZ(Rn)]N)_qO - (A_ — ;I[LZ(Rn)]N)_qO] € :81 ([Lz(Rn)]N)

Thus, the hypotheses of [40, Theorem 4.7] are satisfied and one concludes the exis-
tence of a unique spectral shift function £(-; A4 (s), A—) for the pair (A4 (s), A_)
depending continuously on s € [0, 1] in the space L' (R; a1+ |v|)_‘10_1dv), satisfy-
ing £(-;A4+(0),A-) = §(-; A4,1,A-). Taking s = (£ — 1)/£, £ € N, yields

§(1A4.4) =81 AL (1), A) = £1g5(~;A+(S),A—)

= elim E(-; Ay An) in LA(R; (1 + [v))~2'dv).
—00

Hence an appropriate subsequence, again denoted by {£(-; A4 ¢, A_)}sen, converges
pointwise a.e. to0 £(-; A4, A_) as £ — o0o. Since each £(+; A4 ¢, A_) € L'(R; dv),
£ € N, is uniquely defined one obtains a unique spectral shift function satisfying
(12.42).

The facts (12.40) and (12.41) are now evident. ]

In the following we will always employ £(-; A+, A—) as determined by the lim-
iting relation (12.39) as the spectral shift function for the pair (A4, A-).
The next result is fundamental, it establishes (12.30) in the limit £ — oco.

Theorem 12.5. Assume Hypothesis 12.1 and suppose that
Ve € WHMR"), 1<, <N.

Then,

AI/Z

E(A; Hy, Hy) = i/ w fora.e. A > 0. (12.43)

7)oz (A—v2)l/2

Proof. We start by multiplying the approximate relation (12.30) by the derivative f’
of a test function f/ € C§°(R), and integrate to get,

/RS(A;Hz,g,Hl,@)dx ') :/

[0,00

= I da f’()t)/ E(w; Ay, A)dv

7 Jio,00) a2 (A—v)l/2

) §(\: Hao, Hyg)dA f'(R)

AI/Z

1
= —/ E(;Ay g A)dv F'(v), L€N, (12.44)
T JR
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where F’ is defined by
o0
F'(v) = / dr /(DA =v2)"V2 ) eR. (12.45)
v2

We claim that
F' e Cs°(R),

rendering the manipulations leading to (12.44) well defined. Clearly, F’' € Cy(R)
since f’ € C§°(R). To show that F' € C§°(R), it suffices to repeatedly integrate by
parts and allude to the following representations of F’,

Foy= [ A0
=2 /:o dX f"(R)(A—v?)!/?

2 oo
=23 / dx f" (M)A —v?)?
v2

o0
= ck/ dr FON)A=vH)FG/D y eR, keN, (12.46)
p2
for appropriate constants cx, k € N. Thus, (12.44) yields the following,
1
/ E(AsHyy, Hy g)d A f’()t)z—/ E(W; Ay, A-)dv F'(v), LeN, (12.47)
[0,00) T JR

where f € C§°(R) was arbitrary, and F' € C§°(R) (depending on f”) is given by
(12.45) or equivalently, by any of the expressions in (12.46).

It remains to control the limits £ — oo on either side of (12.47): By (12.32), the
left-hand side of (12.47) converges as £ — oo,

im [ EQ: Hag, Hygdd f'00) = / £ Hy H)dA £/, (12.48)

{—o00 [0,00) [0,00)

For the right-hand side of (12.47) one applies Theorem 12.4, especially, (12.41), and
concludes that

lim l/ E(v; Ay g, A_)dv F'(v) = l/ E(v; Ay, A_)dv F'(v), (12.49)
R T JR

{—o0 T

since by (12.42)

Kli>nolo ”E(' ; A+,€» A—) - %_( ; A-‘r’ A—) ”Ll(R;(l_HvD—qo—ldU) =0.



Analysis of £(-; H, Hp) and an application to the Witten index 155
Combining (12.47)—(12.49) finally yields

/ £ Hy, H)d f'(0) = f Ev: Ap. A)dv F'(v)
[0,00) T

M2 e Ay ALy d
= —/ dx f' (A)/ E(” = 2)1/)2 oo (). f € CER).

An application of the Du Bois—Raymond Lemma (see, e.g., [114, Theorem 6.11]),
thus implies for some constant ¢ € R,

Al/2

1 1Ay, AL)d
§(A; Hp, Hy) = —/ M}([o,m)@) +c¢ forae. A eR.
T

a2 (A —v2)l/2
Due to our normalization (12.25), ¢ = 0, proving (12.43). ]

Having established (12.43), we turn to the resolvent regularized Witten index of
the densely defined and closed operator D ,. We refer to [31,38,41-44,78,84, 137]
and the references therein for a bit of history on this subject.

Since 6 (A+) = R, in particular, 0 ¢ p(A+) N p(A-),

D , is a non-Fredholm operator.

This follows from the criterion for Fredholm operators established in [43, Theo-
rem 2.6] (which extends to the current setting by replacing the resolvent of A+ by
appropriate powers of the resolvent in the proof).

In the following we will show that even though D , is a non-Fredholm operator,
its Witten index is well defined and expressible in terms of the spectral shift functions
for the pair of operators (H, Hy) and (A4, A_).

To introduce an appropriately (resolvent regularized) Witten index of D ,, we
consider a densely defined, closed operator T in the complex, separable Hilbert space
K and assume that for some k € N, and all A <0

[(T*T = M y)™* —(TT* - M x)7*] € B1(X).
Then the kth resolvent regularized Witten index of 7 is defined by

Wier (T) = Bm(=1)" trac (T°T = M) ™ = (TT" = M) ™).

whenever the limit exists. The case k = 1 as well as the approach where resolvents
are replaced by semigroups has been studied in great detail in [43], the extension to
k > 2 was discussed in [44].

It is well known that the (regularized) Witten index is generally not an integer, in
fact, it can take on any real value (cf. [31, 84]). The intrinsic value of Wy ,(T) lies
in its stability properties with respect to additive perturbations, analogous to stability
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properties of the Fredholm index. Indeed, as long as one replaces the familiar relative
compactness assumption on an additive perturbation in connection with the Fredholm
index, by appropriate relative trace class conditions in connection with the resolvent
regularized Witten index, stability of the Witten index was proved in [31] (for k = 1,
see also [45]) and, in connection with the analogous semigroup regularized Witten
index, in [84] (the semigroup approach then yielding stability for Wy ,(-), k € N).

The following result, the first of this kind applicable to non-Fredholm operators
in a partial differential operator setting involving multi-dimensional massless Dirac
operators, then characterizes the Witten index of D 4 in terms of spectral shift func-
tions:

Theorem 12.6. Assume Hypothesis 12.1 and suppose that
Voo € WH2@®R"), 1<{,0 <N.
Then 0 is a right Lebesgue point of £ (- ; Hy, Hy), denoted by £1,(0+; Hy, Hy), and
EL(04: Hy, Hy) = [£(04: Ay, A) +6(0-: A4, A)] /2.

In addition, the resolvent regularized Witten index Wy (D 4) of D 4 exists for all
k € N, k > q and equals

Wir(D 4) = §0(04; Hy, Hy) = [E(04; A4, A) +£(0—; A4, A-)] /2
= [£(04; H, Ho) + £(0_; H, Hp)| /2. (12.50)

Proof. The key new input for the proof is the existence of 0 as a left and right
Lebesgue pointof £(-; A4+, A—) = &(-; H, Hy). This is established in Theorem 12.2,
in fact, more is proved since left and right limits of £ (-; H, Hyp) at 0 are shown to exist.
For g = 1, the remaining assertions are proved in [43, Theorem 4.3], the extension to
q > 2 is discussed in [44, Section 7]. n

The actual computation of the right-hand side of (12.50) in terms of the potential
V is left for a future investigation.



Appendix A

Some remarks on block matrix operators

In this appendix, we collect some useful (and well-known) material on linear oper-
ators in connection with pointwise domination, boundedness, compactness, and the
Hilbert-Schmidt property.

Definition A.1. Let (M; M; ) be a o-finite, separable measure space, (. a non-
negative measure with 0 < (M) < oo, and consider the linear operators A, B €
B(L*(M:dp)). Then B pointwise dominates 4

if forall f € L>(M:;du), [(Af)(-)| < (BIf])(-) p —ae.on M. (A.1)

For a linear block operator matrix 7" = {7 x}1<jk<n, N € N, in the Hilbert
space [L2(M ; dp)|N (where [L2(M;dw)Y = L>(M;du; CV)), we recall that T €
Bo([L2(M;dw)]V) if and only if Tj x € B2(L2(M;dp)), 1 < j, k < N.Moreover,
we recall that (cf. e.g., [27, Theorem 11.3.6])

2 _ 2
TV anezaraom = [, AnC) ) 760 oyem)

- /M ) ) 3 [Tt

j.k=1

- Z / dp(x) du(y) | T (e, )|
j.k=

N

Z Js k”£2(L2(M idp))’ (A.2)
jk=1

where, in obvious notation, 7'(-, -) denotes the N x N matrix-valued integral ker-
nel of T in [L?>(M; dw)]", and T; (-, -) represents the integral kernel of 7} in
L*>(M;du), 1< j,k<N.

In addition, employing the fact that for any N x N matrix D € CV*V |
IPlgey) = I1Dllg,cmy = N2IDlgem). (A3)

one also obtains

T owaraom <N [ du@du) [T ey A
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More generally, for # a complex separable Hilbert space and 7 = {Tj x }1<j k<N
N € N, ablock operator matrix in N one confirms that

T € B(HN) (resp., T € B,(H"N), p € [1,00) U {c0})
if and only if foreach 1 < j,k < N, T € B(JH)
(resp., Tjx € B,(#YN), p € [1,00) U{oo}). (A.5)

In other words, for membership of 7' in !B(J(’N) or B, (J(’N), p € [1,00) U {oo},
it suffices to focus on each of its matrix elements 7j s, 1 < j,k < N. (For necessity
of the last line in (A.5) it suffices to multiply 7" from the left and right by N x N
diagonal matrices with /% on the jth and kth position, resp., to isolate 7 and
appeal to the ideal property. For sufficiency, it suffices to write 7 as a sum of N?2
terms with 7} ; at the j, kth position and zeros otherwise.)

The next result is useful in connection with Chapters 5 and 6.

Theorem A.2. Let N € N and suppose that Ty, T, are linear N x N block operator
matrices defined on [L*(M ; d,u)]N, such that for each 1 < j,k < N, T, j x pointwise
dominates Ty j . Then the following items (i)—(iii) hold:

() If > € BL*(M:dw)]N) then Ty € B(L*(M:dw)N) and

1Tl gqr2m:awyy < T2l qrzar:amivy- (A.6)
(i) If T» € Boo([L*(M: dp)]V) then Ty € Boo([L*(M:dp)IV) and

1Tl gqrear:amyy < 12l aqr2onamyy- (A7)
(iii) If T» € Bo([L2(M;d )]V ) then Ty € Bo([IL*(M : dp)]N) and

1711l 8, qr2at:a01v) < T2l 85 qr2cm:aumy - (A.8)

Proof. For item (ii) we refer to [51, 130] (see also [113]) combined with (A.5) as we
will not use it in this manuscript. While the proofs of items (i) and (iii) are obviously
well known, we briefly recall them here as we will be using these facts in Chap-
ters 5 and 6. Starting with item (i), we introduce the notation f = (f1,..., fn) €
[L2(M;dw)N and | f| = (| fil,....|fn]) € [L*(M;dp)]" and compute,

”Tlf” [L2(M:dw)V “(Tlf)f ||L2(M ;d )

M= i[M=

((Ty ). (T f)j)LZ(M;dM)

<.
Il
_-

Il
Mz

N
Z (T, Jies Trje fO L2 (M)
k=1

-
Il
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1 »Mz »Mz
M= M= M=

\(T1 e fres Ta e JO L2 M|

~.
I

—_

-

(|Tl,j,kfk|» |Tlvj’£f£|)L2(M;dM)

~.
Il
—_
-

(T2, /%

VANERY

ﬂ|)L2(M;dM)

<
Il

—-

—-

T

=z

((T2|f|)]‘a (T2|f|)j)L2(M;du)

<
I
-

| T2| f] H[sz(M;du)]N

=< “ T2||=.2‘6’(L2(M;dp,)N) “ |f| ||[2L2(M;d,u)]N

2 2
||T2||£(L2(M;d,u)N)||f||[L2(M;du,)]N’ (A.9)

implying item (i). For item (iii) we recall from [159, Theorem 2.13] that 7' ;x €
Br(L*(M;dp)), 1 < j,k < N,and Ty jx
1 < j,k < N, and hence by (A.2),

|8, 2ar:any) = T2, 5kl 8, L201:d))-

N

2 — .
||T1||$2([L2(M;du)]’v) - Z ”Tl,],k
Jk=1

2
|$z(L2(M;du))

N
2
= Z ” T2,j,k ||£2(L2(M;du))
Jk=1

2
Dalig, qreosawvy: (A.10)
| |

Remark A.3. We complete this appendix with the observation that the subordination
assumption [(Af)(-)| < (B|f|)(-) n-a.e.on M, if A and B are integral operators in
L?(M; du) with integral kernels A(-, -) and B(-, -), respectively, is implied by the
condition |A(-, -)| < B(-, -) u ® pn-a.e.on M x M since

KAfoM==‘[;du00AC&ylfU)

< [ du a0
M
< /M du(y) B(x,y)}f(y)| = (B|f|)(x) forae.x e M. (A.ll)

In fact, the converse is true as well as shown next in a concrete situation. <o

Lemma A.4. Let 2 C R" open, n € N, suppose (2, X, do) represents the standard
Lebesgue measure on 2 (i.e., do = d"x), and denote the Lebesgue measure of a set
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S € X by |S|. Consider bounded, linear integral operators A, B € B(L*(Q;d"x)),
with integral kernels A(-, -) and B(-, -), respectively. Then

B pointwise dominates A, that is,

[(Af)()| = (BIf)(-) o-ae onQ forall f € L*(Q:d"x), (A.12)
if and only if

|A(-. )| = B(-.+) o®o-ae onQxQ. (A.13)

Proof. That (A.13) implies (A.12) has just been shown in (A.11).

To prove the converse, suppose (A.12) holds. Since the operators A and B are
bounded operators on L2(2; d"x), it follows from Tonelli’s theorem that the integral
kernels A(-, -) and B(-, -) are locally integrable functions on 2 x Q (with respect
too ® o).

Let x, y € Q be arbitrary and let @ € Q. For ¢ > 0 consider the open ball B;(x) C
 of radius & with the center at x € Q. The fact f, x = xp.(x)() € L?(;d"x) and
assumption (A.12) imply that

[ aw )| = (4] = (B1 el
B (x)
< / d"x' B(x',y),
B (x)
for o-a.e. y € Q. Since Re (¢'*z) < |z| forall z € C, it follows that
/ d"x’ Re (ei"‘A(x/,y)) < / d"x' B(x',y), (A.14)
B:(x)

Be(x)

for o-a.e. y € Q. Integrating inequality (A.14) over the ball B.(y) implies

/ dny// dnx/ Re (eiozA(x/’ y/))
B:(y) B (x)

S/ dny// dnx/B(xl,y,).
B:(y) B:(x)

Since A(-, -) and B(-, -) are locally integrable functions, an application of Fubini’s
theorem yields

1 .
W/l; (x)xBe ( )d(a o) y) Re(e™A(x'. )
e e (X)X Bg(y
1

<— d(o ® o)(x',y") B(x',y"). (A.15)
|Be ()| /Bg(x)ng(y)

Moreover, since both A(-, -) and B(-, -) are locally integrable functions, it follows
that almost every point (x, y) € Q x Q is a Lebesgue point for B(-, -) and for
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Re (e""A( -, +)). Hence, letting &¢ — 0 in inequality (A.15), one infers that for any

ae@Q
Re (ei“A(x,y)) < B(x,y),

foro ® o-a.e. (x,y) € Q x Q. Taking the supremum over all @ € Q, one obtains
|A(x. y)| < B(x. ).

foro ® o-a.e. (x,y) € Q x Q, proving (A.13). [






Appendix B

Asymptotic results for Hankel functions

In this appendix we collect asymptotic results for Hankel functions in the regions of
large and small arguments. To set the stage, we recall some details on the analytic
behavior of H{V(+) (cf. [1, pp. 358-360]):

HO(@) = 1,0 +iY, (). veC, {eC\{0}, (B.1)
L@ = /2" Y [kITe +k+ D] (-DFE/2)%*, (B.2)
keNg
Y, (¢) = [sin(wm)] " [Ju() cos(vr) — J_u ()], (B.3)
n—1
Ya(©) =~ /27" Yk [ — k = D1©@/2)% + 227 (0 In(¢/2)
k=0
—r /" Y [Wk+ D+ Y+ k+ 1)
keNg
x [kl + ) (=D)k¢/2%*, neN, (B.4)
Sl k 1 ( 4) kg-zk
Ho) = Ze/2) et - 2 3 (N ) S @9
=1
J_n(©) = (=1)"Ju(0),  Y_n(0) = (- 1)"Y (z) neN,
HY(@Q) =" HD(0), (B.6)
where (cf. [1, p. 256])
-1
YO =T'@Q)/T©Q). v()=-yve-m. VO =-ye-m+ Y k' B
k=1
and .
yE-m = lim (— In(m) + Zk—l) = 0.5772156649 . .. (B.8)

denotes the Euler—Mascheroni constant (cf. [1, p. 255]). We also recall the asymptotic
behavior (cf. [1, p. 3601, [99, pp. 723-724])

H'©) =, @i/m)in@)+0(|m@)]F). (B.9)
§eC\{0}



Asymptotic results for Hankel functions 164

HOQ = /02T
teC\{0}
0(|§|min(v,—v+2))’ v ¢ N,
Re(v) >0, (B.10)
{ oO(|In(®)|II") + 0(™"*)., veN, v
H‘Sl)(é‘) §.= (2/71’)1/2&-—1/261'[é'_(l)ﬂ/Z)_(ﬂ'/4)], p > 0’ Im(é‘) > 0. (Bl])

o0

B.1 Asymptotics of H" (¢) as |¢| = oo

Hypothesis B.1. Let v € C withRe(v + (1/2)) > 0.

Assuming Hypothesis B.1, the Hankel function H,fl)( -) permits the following
representation (cf., e.g., [88, Equation 8.421.9], [181, Equation 6.12(3)])

H(¢)
) 1/2 i[t—(n/2)v—(7/4)] poo . v—(1/2)

- (—) ¢ / du e_”u”_(l/z)(l n ﬂ) . (B.12)
24 L+ (1/2) Jo 2¢

where Re(v + (1/2)) > 0 and —n/2 < arg(¢) < 3 /2. We will derive the asymptotic
behavior of H,fl)(i ) as |¢| — oo closely following the presentation given in [181,
Section 7.2].

The factor in parentheses in the integrand in (B.12) may be expanded for any
p € N according to

iu v—(1/2) D
(1+%) =
((1/2)_ pf U 7ol 1 ut v—p—(1/2)

+W(ﬁ) [)dt(l—l)p (]_F'é‘) ., (B.13)

where we have employed the Pochhammer symbol,

_T@+n)
(@)n = W’

We shall assume for convenience that p € N is chosen sufficiently large to guarantee
that Re(v — p — (1/2)) < 0, and we will comment on how to remove this restriction
later. Next, fix an angle § € (0, r/2) which satisfies

|arg(¢) — (/2)| <7 6.

With § so chosen, one infers
1 ut
ar - —
B\ T2t

g

L ((1/2)-),, (L)’"

n -
A m! 2i¢

3
I

~—

neN, aeC\{0,—-1,-2,-3,...}.

> sin(d), <7,
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forall # € [0, 1] and all u € (0, 00). In particular,

ut v—p—(1/2)
1— —
'( 2i§)

where C, , s is independent of {. Using the expansion (B.13) in (B.12), one obtains

< enllm(u)|[Sin(g)]Rc(V—P—(l/Z)) = Cyps. (B.14)

5 )1/2 el lE—(/2)v—(x/4)]
t T'(v+(1/2)

L (/2 =v), ((u\"
/ due (1/2){2 - (21‘4‘)

m=0

(1/2)=v),  u \? ! B ut \V-P—(1/2
() oo (-35)
_(3)”2ﬂ<W”*Wm L ((1/2) =), (v +m + (1/2))
~ e r(v+(1/2) .

m!(2ig)"
((1/2)_‘))1) * —u, v—/2)f Y i
F o, e (zﬂ

. v—p—(1/2)
AV -
/ dt (1 —1) (1 21;) }

:(i)Uzeité—(n/z)v—(nm)][i (1/2)—v) (V+(1/2)) (1)@)}

@ = (

M

m

n m!(2ig)m
(B.15)

where

((1/2) —v),
(p—DIT(v+(1/2))

%0 w O\ P e \V-P—(1/2)
X/ due_uu”_(l/z) — / dt (l—l)p_l 1—— .
0 21; 0 21;

One observes that

R{D(©) =

|RM) (0]
< Co,ps ((1/2) — V)P ! _ p—1:||: % vp—(1/2) i|
_(P—U!F@+wumx%op[ﬂ =0 A e | du

= Cy pslC|77. (B.17)
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As a consequence of (B.15), (B.16), and (B.17), one infers that for any fixed § €
(0,7/2),

HV(©)

2\"2 . 20 (1/2) = v),, (v+(1/2))
i[E—(r/2)v—(/4)] m -
;|—>oo(n§) ¢ ’ ) |:Z m!Q2i &)™ +O(|§| p)]’

m=0

|arg(§‘) — (n/2)| <nm—4§. (B.18)

To obtain similar expansions when Re(v — p — (1/2)) > 0, one chooses ¢ € N
so large that Re(v — g — (1/2)) < 0, which requires p < ¢. Then (B.15), (B.16),
(B.17), and (B.18) hold with p replaced by ¢g. In particular, by (B.15), for any fixed
8 €(0,7/2),

HP ()
(2N e rso—rgag [ = (1/2) = )0+ (1/2)m 0
—(7?;) ¢ 2 mlQig) TR
_ (2" je—ermv-can| 5 1((1/2)—\)),,,(1)+(1/2))m Z)
_(n_g“) n;) T + RO @ |
|arg(¢) — (w/2)| <7 =8, (B.19)
where

R (&) = qii ((1/2) — v)m (U + (1/2))m

()
v.pd A + RS (). (B.20)

m=p
The following lemma provides sufficient conditions for the differentiability of an
integral depending on a complex parameter.

Lemma B.2 ([119]). Let (X, M, &) be a measure space, let G C C be an open set,
andlet f : G x X — C be a function which satisfies the following conditions:

(1) f(, -) is M-measurable for every ¢ € G,

(ii) f(-,x) is holomorphic in G for every x € X, and

(i) [y du | f(-.x)| is locally bounded; that is, for every ¢y € G, there exists
&(Co) > 0 such that

sup [ du] £(e.0)| < o0,
teG X
1E=8ol=<e(%0)
Then [y du f(-,x) is holomorphic in G and

ddf” [ du f(¢ x) = / du 38; f(¢ x) inG foreveryn € N.
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Proposition B.3. Assume Hypothesis B.1. Let p € N, u € (0, 00), and suppose
Re(v—p—(1/2)) =0.If

Qo :={¢ € C||arg(l) — (7/2)| < 7}, (B.21)
then the function ay, py : Qo — C defined by

1 ut \VP~(1/2)
Ay, pv(l) = / dt (1— t)p(l — —) , €€, (B.22)
0 2i¢
is analytic in Q¢ and

n

d 1 an ut \VP—(1/2)

Wau,p’v(é') = /0 dt (1 — [)p an; (1 — —) s é‘ € QO. (B.23)
Proof. Let p e N,u € (0,00),v € C withRe(v — p — (1/2)) < 0. It suffices to apply
Lemma B.2 to the function

ut \VP—(1/2)

fu,P,V(é-ﬂt) = (1 - t)p(l - Té‘) ) ; € QO’ t € (05 1) (B24)
Of course, (B.24) defines a function which is Lebesgue measurable for each { € Q¢
and analytic in Q¢ for every ¢ € (0, 1). Therefore, it remains to verify condition (iii)

in Lemma B.2. To this end, let &y € 9. Choose § € (0, 7 /2) such that
Lo € Q5 := {Z eC| |arg(§) — (n/2)| < —8}.
By (B.14), one then infers

1
C
<[ dtlfupen| s =22 tey. 25)
0

1
|au,p,v(§)|=‘/0 dr fu,pw(C,1) »

In particular, choosing (&) € (0, 1) so small that

{CeC1t—2tl <e(o)} C Q.

one concludes

1
sup ‘ [t fupaten| < oc.
teQo 0
[£—8ol<e(So)
Therefore, condition (iii) in Lemma B.2 holds, and it follows that a,, , , is analytic
in Q. [ ]

Proposition B.4. Assume Hypothesis B.1, let p € N, and let Q¢ be defined as in
(B.21). The following statements hold:

(1) IfRe(v — p — (1/2)) <0, then the function R,(,B, : Qo — C defined by (B.16)
is analytic in Q.

(i) IfRe(v — p — (1/2)) > 0, then the function R,(,B,,q : Qo — C defined by (B.20)
is analytic in Qg for every q¢ € N such that Re(v — g — (1/2)) < 0.



Asymptotic results for Hankel functions 168

Proof. Let p € N and suppose Re(v — p — (1/2)) < 0. We begin with the proof of (i).
It suffices to show that the function b, ,, : ¢ — C defined by (cf. (B.22))

00 1 ut v—p—(1/2)
bp.v(§) :/ due‘“u”+”‘(1/2)/ de (1 —t)”“(l ——.)
0 0

o0
=3A du e =0Dg. (6t e Qo (B.26)

is analytic in Q¢. The function e *u?*"=1/2)q, , ,(¢) is a measurable function of
u € (0, 00) for each ¢ € Q4 and is, by Proposition B.3, an analytic function of { € Q2
for each u € (0, 00). Therefore, by Lemma B.2, it suffices to prove that for each
Lo € Qo, there exists £(&g) € (0, 0o) such that

o0
sup / due Pt =1, ()
0

£eQo
[£—8ol<e(8o)

To this end, let o € 2¢. Choose § € (0, 7/2) such that
Lo € Qg 1= {Z eC| |arg(§) - (n/2)| <7 —8}.

An application of (B.25) yields the following estimate:

o0
/0‘ du e—uup-i-v—(l/Z)au’p’v(é-)

< 0Q. B.27)

IA

Cops /Oo du e~y RepHv=(1/2))
p 0

%F(Re(p + v+ (1/2)). ¢ € Q.

Thus, one obtains (B.27) by choosing £({p) € (0, 1) so small that

(£ € CT1E =20l <e(bo)} C Q.

Finally, to prove item (ii), suppose that Re(v — p — (1/2)) > 0 and ¢ € N with
Re(v — ¢ — (1/2)) < 0. The first term on the right-hand side in (B.20) is analytic
in C\{0}, while the second term on the right-hand side in (B.20) is analytic in ¢ by
the statement in (i). Hence, the statement in (ii) follows from the subspace property
of analytic functions. u

Remark B.5. Of course, analyticity of Rl(,g, (resp., ﬁl(g,’q) follows immediately

from (B.15) (resp., (B.19)). However, the proof of Proposition B.4 shows that the ¢-
derivatives of R,(,B, may be computed by differentiating under the integrals in (B.16).
In fact, as a consequence of (B.23) and the proof of Proposition B.4, one infers that
under the assumptions of Proposition B.4,

on 00 o (1/2) 1 . on ut v—p—(1/2)
—b,, = due *uP™v" /d[ 11— —(1 - — ,
rghn©= [ due a0 (1-57)

{eQp, neN. (B28)
<&
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In order to state the next result, we introduce O-notation. Recall that if cC
and f, g : Q@ — C, then one writes

f@Q=0(®). teq,

if and only if there exists a constant C € (0, co) (independent of ¢ € 2) such that
@] =Cle®]. teq.

One writes B
f@Q)=0(©). teq,

if and only if for each n € N,

d"f  (d'g
I _O(dgn)’ {eq. (B.29)

It is understood that the constant corresponding to (B.29) will, in general, depend on
n e No.

The principal asymptotic result for H,fl)(Z;) as |¢{| — oo can be summarized as
follows:

Lemma B.6. Assume Hypothesis B.1 holds. If § € (0, /2), then
HP @) = efwn(Q), ey,
where

o) = O((1+1e)"). teQsn{zeC]||zl=1). (B.30)

Proof. Assume Hypothesis B.1 holds. We distinguish two cases: Re(v — (3/2)) <0
and Re(v — (3/2)) > 0. If Re(v — (3/2)) < 0, then one may take p = 1in (B.15) to
obtain

2 1/2 L B )
Hé“(n:(n—g) =204 RO (0)] = e, (). £eQy,

where

ng

It remains to prove w, (-) defined by (B.31) satisfies (B.30). To prove this, it suffices
to show that

¢+ R )]

1/2
wy(¢) = (i) /D= 4 RID(0)], ¢ e Q. (B.31)

O((1+12)7?). te@snizeC||z|=1): B32)

1|00
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that is,

1/ R a" 1/2
S RO©) O(dg,,(+|5|) )

§e§23ﬂ{ze(C||Z|21},neN0. (B.33)

dg“"

For n = 0, the relation in (B.33) follows immediately from (B.17). To treat the deriva-
tives in (B.33), one differentiates under the integrals in (B.16). For simplicity, we only
treat the case n = 1 and omit the details for n > 2. One computes

—4—1/2[1 +RO©0)] = R(©)

dg

> 00 O((1+1gN~")

s (/2 —v)r U,V (1/2) ( )v /2)
e A, e ¥

[1+ RN @]+ g—l/zd

36 ¢

_ ((1/2) =v)1(v = (3/2)) - v+(3/2)/ ( )v—(s/z)
4r(v +(1/2)) 0 2iC
Ml o((1+ |§|)—3/2), teQsn{zeCllz| =1} (B.34)

To obtain the final equality in (B.34), one applies (B.14) to bound the two ({-depen-
dent) integrals with respect to ¢ € (0, 1). This settles the case when Re(v — (3/2)) <0.
If Re(v — (3/2)) > 0, one chooses ¢ € N such that Re(v — ¢ — (1/2)) < 0. Then

2\ - - ‘
Hv‘“(o:(ﬂ—z) /2= R ()] =, (), ¢ ey,

where

\1/2 _
wu(0) = (7) G L B @] ¢ e
T )1,
Then, as a consequence of (B.20) and (B.32), one obtains

¢+ RN L] (s ). te@snizeC||z[>1). m

B.2 Asymptotics of H®(¢) as [¢] = 0

Since the asymptotics derived here will be applied to Dirac operators, we only con-
sider v € [0, oo) from this point on. We distinguish two cases:

(i v e(0,00)\N,
and
(i) v e Np.
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Case (i): v € (0, 00)\N. In this case, one has the following representation for H, ,fl)
in terms of Bessel functions:

HO (@) = [1 +i cot(wm)]J, (&) — i[ sin(m)] ', (§), CeC.

Repeated term-by-term differentiation of the series representations for Ji, re-
veals

d*
dek

_ (dk[ L@ )i”])[1+0(|§|2)]
g0 \d¢k [ T(1 £ v)

I 0 ok )
0 Fr ) T O] <1 ke No.

J:i:v(é‘)

As a result,
@ HV(@) = [1+icot(un)]L(;/2)” 1+ 0(|¢?)]
dik it 26T (v + 1)
— i[sin(vn)]_I%(f/Z)_"_k[l +0(1¢1*)]. 1Zl <1, k € Ny,

which settles Case (i).
Case (ii): v € Ny. Since v is a nonnegative integer, we write
n:=ve No.

First, we treat the case 71 € N. Then,

Ji(©) = i ,E—j),(z/ pmi tec, (835)
and
Yal) = (/D) mio =D a1 2 ine /2050
L Y v+ v+ =g
- G+ )]

m=0

= Y1,5(0) + Y2,5(0) + Y3.5(5), ¢ e C\{0}.
Repeated differentiation of the series representation for J5 yields

d* (M

a1 ® = e @R 0] Kl =1 ke NN [0.A] (B36)



Asymptotic results for Hankel functions 172

and
(1) k=124 2 8
L) = e 1+ 0 (1), ik even
é‘k n (_1)(k—ﬁ+1)/2(k+1)! 2 -
* st L0 (87)]. itk odd,

€< 1, k e NN (i,0). (B.37)

Repeated differentiation of Y7 ; yields

d* dk 5
Seeha©) = —a ( Sl ])[1 +0(IzP)]
= S R 0] Tl <1 ke N B38)
In view of (B.35),
Y2 (8) o —1 €/2E/2)" + 0" (), ¢ <1. (B.39)
Differentiation of the series representation of Y3 j; yields
d* LY@+ 1) —y]Gx e
ap @ =~ S &/" 1+ 0(1EP)],
Ll <1, ke NN[0,7], (B.40)
and
dk
WYS,ﬁ(Z)
D B 11 0(7)

7 + k even,

|§|i0 _ 1 [ (k=fi+D/2]+ D4y ((k+7i+1)/2]+DI(=D K=+ D/2 ) 2
E 2K ((k—ii+1)/2)!((k+7i+1)/2)! {[I—I-O(IZI )]

i + k odd,
el <1, k e NN (1,00). (B.4l)

In the remaining case 7 = 0, one obtains (cf., e.g., [66, (11) and (12)])

Jo(§) IZ|=%01+0(§2), el <1, (B.42)
with
_1\k/2
d* z(k[tl)c/z){c]!2 [1+0(|§|2)], k even,

|Z]<1, keN, (B.43)

© =
d k 0 (—1)(k+1)/2(k+1)!
é‘ m KFI[((k+1)/2)1]2 [1+0(|C|2)], k odd,
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and

V@) = 2@+ X 4 6@m@). <1 (B4
[E|—0 T T

Finally, to obtain expressions for the derivatives of H ;fl), one applies the repre-
sentation
Hi(©) = Ja(©) +iYa (). ¢ € C\{0}. il € No.

If n € N, then

dk HO@) = (M)k

agk O 2o ok Siq /2" 1+ 0(18?)]

=1 CIE 41 1 0((¢P)]
k
4 2~|:§k[ln(§/2)(§/2) ] (dg“k [§n+21n(§)])
1) — y]( )
o e +2k)”| MOk oy t1 4+ 0eP)], Tl <1, k e N0,
n!
while
dk (1) (- 1)(k_ﬁ)/2k! 5
age O = 2k ((k — ~)/2)!((k+ﬁ)/2)![1 +0(1¢1)]
-iC ”)"@/2)—" [+ 0(1tP)]
+i vdgk [(6/2)" In(¢/2)] + O(dgk [¢"F21n (;)])
[ ([ —i)/2] + 1) + ¥ ([(k +7)/2] + 1) |(=1) &=/ 2k )
"= H((k—m)/DN((k +1)/2)! [1+ 00
[¢] <1, k e NN (7, 00), 71 + k even,
and
dk (1) (- 1)(k—ﬁ+1)/2(k+1)! )
dgk H;©) t>0 2k ((k — 7+ 1)/2)N((k + 71 + 1)/2)!§[1 +0(eP)]
-8 ””‘@/2) K1+ 0(¢)]
+i 'd;k [(;/2)" In(¢/2)] + O(d;k ¢+ ln(g)])
N _[ Y([k—i+D/2]+ 1)+ v ([k+a+1)/2] + 1)](—1)(k_ﬁ+1)/2k!§
T 2k((k — i+ 1)/2)N((k + 7 + 1)/2)!

x[1+0([¢]*)]. [l <1, ke NN (i, o00), i +k odd.
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In the case 71 = 0,

k _1\k/2
4t o (~1) k!2[1+0(|c|2)]

dgk° t>0 2k[(k/2)!]
k

d
d_gk[_l (¢/2) + —] (d;k [gzln(g)]),
|¢] <1, k € Ny, k even,

and

(- 1)(k+1)/2(k+1)'

—H{P(©Q) = 1+ 0(18P)]

k

dk 12
+ld—§k[ In (4“/2)+—} +0(d§k[§21n(§)]),
] <1, k € N, k odd.




Appendix C

Expansions and estimates of the free Dirac Green’s
matrix

In this chapter, we investigate the behavior of the Green’s function (5.9) of the mass-
less Dirac operator and certain of its partial derivatives with respect to the energy
parameter z € C\R. Throughout, we assume that n € N\{1}.

By (5.9),
Go(z;x, y) = 27D D2 R (z]x - yl) Iy
- - - x—=y)
— I/ 1=/ n/2) )1 ("/Z)H,f})z(zlx — ) - [

zeCyq, x,yeR", x#y,neN, n>2. (C.l)

Due to the distinct difference in the behavior of the Hankel function H,Sl) for integer
and fractional values of v, we treat separately the cases where: Case (I) n is odd,
Case (II) n € N\{2} is even, and Case (III) n = 2.

Case (I). Ifn € Nisodd, then H ((;;2)_1 and H rf;)z are fractional (half-integer) Hankel
functions. Applying the identity (cf., e.g., [1, Equation 9.1.3])
T B P
HV(©) = i[sin(wm)] " [e7"™ 1, () = Ju(©)]. veC, {eC\{0}, (C2)

one obtains

Hy)ay 1 (©) = i sin (((1/2) = )7)] [ @270 1101 1(6) = Ty 41 (D]
= i(=D)D2[ ()T g0 1(©) = T—my2)+1 ()]
= (=1)" " Jy2-1(0) =i (=) TV T2 11(0)
= Ju/2-1(0) =i (=D 2T 0 1(0). (C3)

Similarly,

HO (@) = i[sin((n/2)m)] " [e7 2 2(8) = T2 Q)]
= i(=D)"P[—i(=)D2 ], 5 (8) = T2 (0)]
= (=1)" " Tup2(Q) + i (=)D 50
= Ju/2(8) + i (=D I 5 (0). (C4)
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The series representation for J, () in (B.2) then yields the following expansion:

00 —k ,2k+n—1 2k

n 1 -4z |x — |
Go(z: x, — 2! (n/2) ( I
o(zix,y) =i2""n kgzo ANCIDETS N

e —k ,2k+1 2k
- - - —4) 7"z x —y
4=1 (1) +D/21=(/2) | _ j2-n (
+47 (=1 w |x =yl k§=0 KT ) k2™

_ 2_1_"7r1_("/2)|x —y] i (—4)_k22k+n|x — y|2ka . (x—y)
= K'T((n/2)+k+1) |x — y|

o0 —k 2k 2k
. _ - —4) 7z x — y| (x—y)
_i2 1 (n+1)/2n,1 (n/2) x—yp|t" ( o - . (CS5
=D =] kX::Ok!F(—(n/z)Jrk—H) iy &
The identity in (C.5) implies
i(_l)(n+1)/2].[1—(n/2) (x _ y)

Go(Z§X’y)=— 2F(1—(1’l/2)) |x—y|1_n[1+0(Z2|x—y|2)]06' |x—y|

(—1)@+D/21~(@/2)

2-n 2 2
4F(2—(n/2)) |x — y| Z[1+O(Z [x — y| )]IN

ing!=(/2 n=111 4 O(z2 2\17
+ 2n1’*(n/2)z [ + (Z Ix =yl )] N
1—(n/2) _
i |x—y|z”[l+0(22|x—y|2)]oz- Ti_i?

21510 (1 + (n/2))
asz —> 0, ze CL\{0}, x,y e R", x # y, n e N\{1} odd. (C.6)

One notes that (C.6) implies, together with the identity,

F(l-2)T(z) = ——, zeC\Z,
sin(z)
that

) i(_l)(n+1)/27.[1—(n/2) i ()C _ y)

1 G 3 X, = - - "o -
B (7)) BN oy

zeC \{0}
l-(_l)(n+1)/27.[1—(n/2) (x _ y)

1-n
2sin(nm/2) F/2)lx =y e [x — y|

(x—y)
lx =yl
x,y €R”, x # y, n e N\{1} odd,

=i27'7"?2r(n/2) -

consistent with (5.10).
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Partial derivatives of G (z; x, y) with respect to z may be computed by differenti-
ating the series representations in (C.5) term-by-term. For n € N\{1} odd and r € N
with 1 < r < n, one obtains

r

oz"

0

LN Sl
k=6,(r)

+ 4—1(_1)(n+1)/27_[1—(n/2)|x _ y|2—n

GO(Z;x7 y)
4)_k(2k +n—1) 22k~l-n—1—r|)C _ y|2k
k! 2k +n—1—r)IT((2/2) + k)

i (—4) 72k + 1)1 22K+ | — 2k

k:k,(r)k’(zk +1=r)IT(=(n/2) +k+2)
o0 —k k+n—r k

_ 2—1—nn1—(n/2)|x —y Z (=) %2k 4+ n)1 22177 | x — y|? .. (x—y)

o k!(2k+n—r)!F((n/2)+k+l) |x — y|

In

. i2—1(_1)(n+1)/2n1—(n/2)|x - y|1—n

0 —4 —k 2k)! 2k—r|\ _ 12k _
O S A L LT L) .
=k () 12 —r).F(—(n/2)+ +1) |x — y]
where
ki(r):z{(ril)/z’ rodd. oy _ (C.8)
r/2, r even,

and §,, is the Kronecker delta function,

1, r=n,
0, 1<r<n-1,

1<r<n. (C.9

Sn(r) = {
The expansion in (C.7) implies the following asymptotics of (.)‘r’z—r,Go(z; X,y) as
z — 0
(i)Ifne Nisoddand 1 <r <n —2is odd, then

r P27 1=y — 1))

ad
gGo(z;x, y) = mn—1-r)'T{n/2)

(_1)(n+1)/27T1—(n/2) (_4_)—(r+1)/2r!

Zn—l—r[l + 0(22|x _ y|2)]IN

|x_y|1+r—n[1+0(22|x_y|2)]1N

T =Dt ) + (- 1/2) 1 2)
2= 1=n g 1=(n/2)p) - 5 5 (x—y)
T oo T Gy YT O ) e

iz—l(_1)(n+1)/2n,1—(n/2)(_4)—(r+1)/2(r + 1)!
[+ D/2IT(=(1/2) + ((r + 1)/2) + 1)

x[1+0(|x—y|*)]e - Tx—y|)’ asz—0, zeC\{0}, x,yeR", x#y. (C.10)
xX=y

|x _ y|2+r—nZ
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(ii)Ifn e Nisoddand 1 <r <n — 1 is even, then

or P27 1=y — 1))
—G;, — n—l—rl 02_21
gy G0l y) = -0y 2 Ok =y ) v
4—1(_1)(n+1)/2n,1—(n/2)(_4)—r/2(r + 1)|

(r/2)!F(—(n/2)+(r/2)+2)

Z[l + 0(22|x — y|2)]IN

2—1—n7.[1—(n/2)n! ; (

_ _ —r 1 2 _ 2
R ENYE L S A
l-2—1(_1)(n+1)/2n1—(n/2)(_4)—r/2r|

'|x _ |1+r—n
(r/2!'T(—(n/2) + (r/2) + 1)

|2+r—n

(=)
|x =yl

x[14+0(2?|x=y|*)]e - Ti:i? asz—0, zeCL\{0}, x,yeR", x#£y. (C.11)

(iii) If n € N is odd, then

o iz—nnl—(n/z)

3z C0E ) = ~r gy AL+ O =)l

2(_1)(n+1)/2n(1—n)/2(_4)—(n+1)/2n!
Ix —yl[1+ 0(|x — y|*)]In

_l’_

[(n—1/2]!
2—1—n7.[1—(n/2)n! ) ) ( y)
B R P
l'(_1)(n+1)/2n(1—n)/2(_4)—(n+1)/2(n + 1)| )
B [(n + 1)/2]! x ol

x[1+0(2|x—y|*)]e - Tx_y?, as z—0, zeC4\{0}, x,yeR", x#y. (C.12)
xX=y
Case (II). If n € N is even, then the indices of the Hankel functions H /2) , and
H, /2 are nonnegative integers. Due to the difference in behavior of Y, n € N, and
Yo (cf. (B.4) and (B.5)) we distinguish two cases: n > 4 and n = 2. First we treat the
case n > 4.

Combining (B.1), (B.2), and (B.4), one obtains for n > 4:

H(l}z) 1) = Jw/2)-1(8) + iY(ny2)-1(8)

( 4) kg-zk
—ol- (n/2)§(n/2) 12—
kIT((n/2) + k)
n/2)—2 14—k 52k
(/2= _—151—(n/2) ((n/2) —k —2)147*¢
i2 T g‘ Z x

k=0
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+i2n ! In(g/2)2' /D0 i Tt
= k! [((n/2) + k)
(—4)~* 2k

=21 TS Ty e+ 1) + v ((/2) + )| ((1/2) — 1+ k)!

k=0

1-n/2 +(n/2)—1 (—4)7k g2k
=2 Zk' ((n/2) + k —1)!
272 ((n)2) — k —2)14k g2k

_io@®/2)—1_—1,1—-(n/2)
i2 T ¢ kX: a
=0

+i2m U in(z/2)21 -0/ g/ i (—4) g2
=k ((n/2) + k= 1)!

(—4)~*¢2k

— 2! D g @TIN Ly (k4 1)+ ((n/2) k)]

. (C.13)
o k!((n/2)—1+k)!
Next, for any evenn € N,
3 4) ké-2k
H(l) -2 n/2en/2 (
nn (@) = ¢ Zk' ((n/2) + k)!
(n/2)-1 14—k #2k
_ an/2_—1s-n/2 ((”/2)_k_1)-4 4
2" ¢ Z A
k=0
S 4) ké—2k
+i2! D r n(g/2)¢"2 -
ij ( /2)+k)
0216112 N [k . (e
—i2” - 1 2 Hf———————. (C.14
2727 1¢ I;[w + D) +yn/2+k+ )]k!((n/2)+k)! (C.14)
Substitution of (C.13) and (C.14) into (C.1) then yields for even n > 4,
4) —k 2k+n 1|x |2k
G ‘X, i~ n_1—(n/2) ( I
oFx v =2 Z k() +k—1r "
(n/2) -2 1 A=k 2k+1 2k
1 —n)2 rn ((n/2)—k—2).4 z |x — y|
+4m |x — y| Z 7 Iy
k=0
4) —k 2k+n 1|x y|2k
_21 n n/2 2 ( I
- Z k(2 +k—1)1 "
-k 2k+n—1). _ 2k
+2_"71_"/22[1/f(k+1)+1/f((n/2)+k)]( )= =,

P k!((2/2) =1+ k)!
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_gleng =@/ _y i (—4) 22K Hm |y — v =)
= k!((n/2) + k)! |x — y]

2T ((1/2) —k — 1)147F22K|x —yPk (v - y)

i1 -n/2|,. _ ,,|1-n .
+i27w |x — y| Z Tl o x|
k=0

o =k 2k+n|, _ .2k _
_iz—nj_[—n/2|x_ylln(zlx_yl/z)z( 4) z |x y| Ol-(x y)
= k!((n/2) + k)! lx — y]

+i27 P =y Y [k + D)+ ((1/2) + k +1)]
k=0
(T2 — P - y) (C.15)
k! ((n/2)+ k)! lx —y| '

The identity in (C.15) implies
[
Go(z;x,y) =
oz %.7) 2171121 ((n/2) — 1)

!Z”_l[l + 0(2%|x — y1*)]In

2) —=2)!
+ ((né/m+/2)|x — y|2_"z[1 + 0(22|x — y|2)]1N
1

212 ((n)2) — 1)
+ v+ vn/2) w(n/z)zn_l[l + 0(2%|x — y1*)]In

! In (z]x — y|/2)z"_1[1 + 0(22|x — y|2)]IN

Sl

- S T+ 0 =yl D

AL ((”2/5,),/2 D e =" [1 4 0(22]x = y|?) ] - (|’; - ;)

- mu —y2"In (z]x — y|/2)[1 + O(2]x — y|?)]er - Ti - i?
i[‘”;fjn‘iffzg)z; 2l lx = y|2"[1+ 0(2%x — y*)]a - ﬁ :;?

asz — 0, ze CL\{0}, x,y e R", x # y, andn € N\{2} even. (C.16)

One notes that (C.16) implies, together with (n/2 — 1)! = I'(n/2), that

lim  Go(z:x,y) =i2 'n 2T (n/2)a - x—y) ,
20, lx =y
2eC1\{0}
x,y €R", x # y, n € N\{2} even, (C.17)

consistent with (5.10).
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For n € N\{2} even and r € N with 1 < r < n, term-by-term differentiation of
(C.15) implies

Go(z;x,y)=[i2— 7 1-@/2) Z (—

r

4)—k(2k +n— 1)| 22k+n—1—r|x _ y|2k

0z" P k'Qk +n—1-r)!((n/2) +k —1)!
Ll — oy (272 (n)2) —k —2)147% 2k + 1)1 22k F17 | x — |2k
s K= 3(’)k ;@ K2k + 1=

4)_k(2k +n— 1)| 22k+n—1—r|x _ y|2k

1-n_—n/2 — C
) ln(le y|/2 Z k'(2k+n_1_r)'((n/2)+k—l)

k=8, (r)
r—1 oo
— 21—117_[—71/22 Z (2) (_1)1+r—€(r —{—1)
£=0k=0

(—4)7* 2k +n — 1)1 221 y)2k
k'Qk+n—=1-0!((n/2) +k —1)!

oo

+27" 2 N Yk + D)+ v ((n/2) + k)]
k=38n(r)
(=) F 2k +n — D122kl — )2k
Kk +n—1-n (/) +k—1)1 |V

—4 —k 2% ! 2k+n—r|, _ 12k
n _2—1—nn,l—(n/2)|x_y|2( ) “(2k +n)!z lx — vl
k'Qk +n—r)! ((n/2) + k)!

_ 11-n (n/2) 1
n Jx =y e e Y ((n/2)

/2
2" k=k (r)

—k — 1)147%Q2k)1 22677 |x — y|?k
KU (2k — )l

—4)_k(2k + I’l)! 22k+n—r|x _ y|2k
k! ((n/2) + k)! 2k +n—r)!

o0
— 272 |x — y|In (zlx = y1/2) Z (
k=0

r—1 oo

_ iz—nn—n/le _ y| Z Z (2) (_1)1+r—€(r - 1)|

£=0k=0
(—4)_k(2k + n)! sz+n—r|x _ y|2k
K1 ((n/2) + k)1 2k +n— 0)!

+i27 TP =y DY [k + D)+ ((/2) + k +1)]
k=0

(=)7K @2k 4 n)1z2kHnr|x — y 2 g =)

k!((n/2) + k)! lx =yl

(C.18)
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where y_,, a € R, denotes the characteristic (i.e., indicator) function of the interval
(—00, a]. That is,

I, x e (—o00,4d],

K=o (x) = { x € R.

0, x € (a,0),

The expansion in (C.18) implies the following asymptotics of fz—r,Go(z; X,y) as
z —0:
(1) Ifn e N\{2}isevenand 1 <r <n —1is odd, then

Gl ' P T I |

P i Y (7 R R A )
4= 2=n/2[ (n—r —3) /2] r! trn ) )

+ Xns (1) (= /2] =y 14+ 0 (2% x =y *) 1N

1= =n/2(p — 1))
C(n—1—-nr)(m/2)—1)!

pl—n =1 o g (r=€=D!'n-1' .,
+ WH (z) =D (n—1-0!((n/2) - 1)!Z
x [1 + 0(22|x - y|2)]11v
272 [y (1) + ¥ (n/2)](n — 1)!Zn—1—r
n—1-—r)! ((n/2) — 1)!
7—(14n)  1-(n/2) ) - ) ) (x—y)
 (n—n)!(n/2)! e =y [1+ 0(2%]x = yI?) ] |x =yl

in™"2[(n—r—3)/2]! (r + 1)!

Zn—l—r ln(Z|X _y|/2)[1 + 0(22|x —Y|2)]IN

+ [1+O(22|x—y|2)]1N

+ Xena () S + 1)/2], x —y[ T2
< [1+0(x - yP)]e - T;C — i?
- %u — 2" In(zlx = yI/2[1 + 0(z2]x — y?)]a - (& - ;)
et B () S
x [1+40(2x = y)]e - Tﬁ = i?
"[‘”lﬁll‘iﬁﬁ’lf,f};f””’ x = 12" [1 4+ O(22]x — y[?) ] - (pt — ;)

asz — 0, z € CL\{0}, x,y e R", x # y. (C.19)
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(i) If n € N\{2}isevenand 1 < r < n — 2 is even with r # n, then
r P27 =2y — 1)1
Go(z;x,y) =
gor Co@i ) (1 —1—r)((1/2) — 1)

2) — 2) —=2)! !
s :1+<f:z/>73n/z(3/(zr)!+ Rl — 3P0 4 0(2x = )]

1-n_—n/2¢, _ 1)1
(@ i 1 _nr)' ((:1/2)12-1)'2%1_, In(z|x = yI/2)[1+ O(z*lx — y*)|In

1 r—1
" r—{ (I‘ 1)'(1’1—1) n—l—r 21 4,02
,,/ZZ( )(—) — z)v((n/z) K [14+0(2x—y?) |1y

2n —"/Z[w(l)w(n/z)](n D! mier 2
" (n—1-=r)1((n/2)—1)! [+ O =y F)]ix

2= (1+n) £ 1=(n/2) —
T n |x_y|Zn—r[1+0(22|x_y|2)]a.(-x )’)

z”_l_’[l + 0(?lx — y1?)]In

(n—r)t(n/2)! |x =yl
s N o
— %u — 2" In (z]x — y|/2)[1 + O(22]x — y[?)]a - (& - ;)
vt () S e
x [14 0(z2x = y?)]a- (&:L)
i[wlz)lirnﬁr(z%éj;;)rll)]n! e = ¥z [1 4+ 0(2%)x = y?)]e - ﬁ — ﬁ
asz —> 0, z € C4\{0}, x,y e R", x # y. (C.20)

(iii) If n € N\{2} is even, then

on ' B ”.[l (n/2)(n+1)l| |2
dzn N 2n+2(p /2)!

ol-n —n/24—1 + 1)
4 (n/z)!(n ) Ix —yPzIn(z|x — y|/2)[1 + O(2*|x — y*)]In

(n—1)! = _
+ 2n—1nn/2(% _ 1)| (; (’2) (—1)4)2 1[1 + 0(22|X - ylz)]IN

@ +y(0/2) + 1] + D!
2n+27-[n/2(n/2)!

[1 + 0(22|x — y|2)]1N

v =yl + 0(z2lx — y )] 1w



Expansions and estimates of the free Dirac Green’s matrix 184

gl=@/2y) (x—=y)
B 2”+1(n/2)!|x —V[+ Ol =y Jer [x — y

P27 2y 5 2 (x—y)
—W|x—y|ln(2|x—y|/2)[l+ 0(z1x — yI?)]er - Xl

27" 2p) (-1t 2 (x=y)
(S (0) 2 s oo £

iy ) + v ((n/2) + 1)]n! (x—y)
* 2Hnzn/2(y /2)! x = yI[1+ 0(2%x = y[*)]er- Ix =yl
asz — 0, ze€ CL\{0}, x,y e R", x # y. (C.21)

Case (III). If n = 2, then (B.1), (B.2), and (B.5) imply

HY, @) = HOV (@) = Jo(©) +iYo(©)

00 k Ak 2k
:z%[ln(g/z)‘i‘VE—M_i(n/z)]‘]()@)_;l;(;%)( L(tl)c')f
5 - 00 4)—k§2k ) o) k 1 (_4)—ké-2k
=l;[ln(§/2)+)/E—M_l(7T/2) g (k')2 ;;(;Z) (k')2 .
(C.22)

Similarly, by combining (C.1), (C.14) (which is valid for n = 2), and (C.22), one
obtains for n = 2:

Go(zix.y) =47 zH" (zx — y[) Iy — 47 2H{" (z|x = y|)r (|x = y|)
y
( 4) —k 2k+1|x y|2k
= 2 [11’1(2|x—y|/2)+yE M—l(ﬂ/2) kX: (k|)2 IN
0
2k —k 2k+1 2k
l 1 —4 z X —
- (ZZ)( ) (k')2| Y| In
k=1 “{=1 :
: i (= 22—y (- y)
N o-
8 =0 kltk +1)! lx =yl
i ‘_
+—|X—y|_1a-( y)
2 M—ﬂ
( 4) —k 2k+2|x |2k+1 (X—y)
__1 2 .
l’l(Z|x yl/ Z Kk + 1) o o

_4)—k22k+2|x_y|2k+la . (x_y)
k!'(k + 1)! lx—y|

- (
gkg [V ((k+1D)+y(k+2)] (C.23)
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The identity in (C.23) implies
1
Go(z;x,y) = —57 In(z|x — y|/2)[1 + 0(z%|x — ylz)]IN

g — iG/DJ[1+ O(21x - yP)] I

2n
+éz3|x—y|2[l —I—O(22|x—y|2)]IN
1, 2 2 (x—y)
——z%x — 14+ 0(z%|x — o-
27 =l (2%1x = y1?)] P

+L|x_y|—la_ (x—=»)

2.71 Ix —y|
_ 41—7122|x—y|1n (Z|x—y|/2)[1 + 0(22|x_)7|2)]0(' ?i _;;?
+ é[‘/f(l) + W(Z)]Zzpc —y|[1 + 0(22|X _y|2)]05 ‘ T;:iT’

asz =0, ze CL\{0}, x,y eR", x #y,andn =2. (C.24)

One notes that (C.24) implies

lir% Go(z;x,y) = L x =)
z—0,

e YV ER XA (C.25)
b4 xX—y

zeC1 \{0}

which is consistent with (5.10).
Finally, one employs (C.23) to compute:

9 1 S (—4) k2| _ |2k
a_zGO(Z;x’y)z_EkZ( ) (k,)|2 /! Iy
| =0

2
k

[ 1\ (—=4)7* 2k + 1)z%K|x — y|?,
- Z_ Iy
k=1 “{=1

X (—4)7k 2k (v 12k
[1n (=1 = ¥1/2) 4 vg—ae — /2] 3 &2 (2’6?;))22 -yl
k=0 :

(k)2

! i (=97 @k + 222 x — yPEH - (x —y)
8 k!'(k + 1)! |x — y|
i i (_4_)—k22k-|—1|)C _ y|2k+1 (x—y)

—_— — a .
4 k' (k + 1)! |x — y|

o~ (=)@ +2)22KH |y — yPRA  (x—y)

i
Eln(zlx—yl/z); Kk + 1) |x =yl

R (=) * k)2 —y P (x—y)
+— > [vk+D)+y (k+2)] TG T

, (C.206)

8
k=0
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and
92 _ 1 & (—4)7*Qk)z% 1 |x — y|?k
aZ—zGO(Z,x,y) __Z_I; (k|)2 IN
1 & (—4)7F @2k + 1)z2k|x — y|**
_—7 Z 5 IN
2w (k)
1 .
- E[ln (zlx = »1/2) + yE—Mm — i(7/2)]
— (—4)7*(2k + 1)(2k)z2* 1 |x — y|?*
x Z 1?2 Iy
k=1
. 00 k —k 2k—1 2k
i (Z 1) (=)™ (2k + 1)(2k)z |x — y| I
_ Z Z > N
2 i\ L (k")
1 i (=9 7F 2k +2)@k + Dz |x — yFH - (x—y)
8§ & k!(k + 1)! |x =yl
~ i i (—4)_k(2k + 1)22k|x _ y|2k+1a (x _ y)
e k! (k + 1)! ¥ =l
Z (4K +2)27x — PR (e y)
T 4x k! (k + 1)! lx =yl

i o~ (=H7F @k +2)(2k + D2 |x — y PR (x—y)
— g =212 3] KUk + 1)! * =y

- (—4) 7k 2k +2)(2k + 1)z%K|x — y|?k+1
8_];) [V + D+ vk +2)] k!'(k + 1)!
o F=Y) (C.27)
lx =yl

Finally, the expansions in (C.26) and (C.27) imply the following asymptotics of
=Go(z:x,y),1<r<2asz—0:
() Ifn=2,r =1,then

32’
ad

8—Go(2;x,y)
zZ

1
= —E[ln (z|x —y|/2) +14+vE-m —i(n/Z)][l + 0(22|x —y|2)]1N
3
+ ézzpc —y|2[1 + 0(z%|x —y|2)]IN

L i—ily - v @]yl + 0l -y

2 '(x—y)
e =5
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i 2 2 (x—y)
—Zz|x—y|ln(2|x_J’|/2)[1+O(Z |x — ¥ )]ot- Ix—y|’

asz — 0, ze€ CL\{0}, x,y e R?, x # y. (C.28)

(i) Ifn = 2,r = 2, then
2

0
@GO(Z;X’)’)

= i[1 +3(ye-m +1i) — (Bin/2)]z|x —y|2[1 + 0(z%|x —y|2)]IN

4
1
- Zz_l[l + 0(2%|x — yI*)]In
3
+Ez|x—y|21n(z|x—y|/2)[1+ O(z%|x — y*)]In
- i+ O =y
i 21 _ 2 _(X—J’)
—Eln(z|x—y|/2)|x—y|[l+ O(Z |x — y| )]a x|
' (x—y)
32 PO Y@ [+ Oy
asz — 0, ze€ CL\{0}, x,y e R?, x # y. (C.29)

Given the results in Appendices B and C, we can summarize the estimates on
Go(z; -, -) as follows:

Theorem C.1. Letr e Nog, 0 <r <n,z € E and x,y € R", x # y.
(i) For n € N odd, n > 3, one has the estimate

or
H ~Go(z;x,y)

0z B(CN)
o [y 2l =yl < 1.
—n |Z|(n—1)/2|x _ y|(2r+1—n)/ze—1m(z)|x—y|’ |z||x _ yl > 1

<éplx— y|r+1—n[1 I |Z|(n—1)/2|x _ y|(n—1)/2]
< Cof{lx =" " x0.11(12l1x = ¥1)

+ |22y — @2y (2l x = ]
< Cuf{lx = yI"" " x0.(12l1x — ¥])

+ |Z|(n—1)/2[|x|(2r+l—n)/2 + |y|(2r+1_n)/2])([1,oo)(|z||x _ y|)}

< cnf{lx — "™y (1211x — y1)
+1z| D24 ]2 1y 12 T e (2l = 31)), (€30

where ¢y, Cy, Cy, Cy, cn € (0, 00) are appropriate constants.



Expansions and estimates of the free Dirac Green’s matrix 188

(ii) For n € N even, one has the following estimate. For every § € (0, 1),

ar
‘%,%@mw)
z B(CN)
|x—y|’+1_”[1+|ln(z|x—y|/2) ], lz||lx—y| <1, r#n,
<cny Ix—=y|[14+|In(zlx—y|/2)|]+]z] 7" lz[lx=y[<1, r=n,
|Z|(n—1)/2|x_y|(2r+1—n)/ze—lm(z)|x—y|’ |Z||x—y|Zl
2|78 — y|rHi=Em, lz|lx — y| <1, r#n,
< s q Izl x = pP0 4 |z, Iz|[x—y|<1, r=n,
|Z|(n—1)/2|x_y|(2r+1—n)/26—lm(z)|x—y|’ |Z||x—y|21
|z |x — y|rH1=om, lz||lx — y| <1, r#n,
=Cugy 1217 1210 x =y 4+ 1], lz||lx—y[<1, r=n,
2| 0=D/2 ey Cr 41 2= O] x—y] > 1
2|78 x — y| 1o, lz[lx—y| <1, r#n,
<Cnsq 2|7, lz|lx—=y|<1, r=n, (C.31)

|Z|(n—1)/2|x_y|(2r+1—n)/2e—1m(z)\x—y\’ lz||lx—y|>1,

where ¢y, Cy 5,Cp s € (0,00) are appropriate constants.

Proof. The first estimate in (C.30) (resp., in (C.31)) follows immediately in the regime
|z]]x — y| < 1 from (C.10), (C.11), and (C.12) (resp., (C.19), (C.20), and (C.21) and
(C.24), (C.28), and (C.29)). One employs Lemma B.6 in conjunction with (C.1) to
obtain the first estimate in (C.30), and (C.31) in the regime |z||x — y| > 1. In fact, by
Lemma B.6 and (C.1), Go(z; -, -) is of the form

- 1
Go(z:x,y) = 12" 2x =y P HE), | (zlx = yI) Iy

(x—y)
lx — ¥l

+ 2" ?|x — y|1_(”/2)H’$)2(z|x —yl)a-

_ Zn/2|x _ y|1—(n/2)ei2|x—y|

lx—yl
x,yeR" x#y, zeCyqy, (C.32)

X |:Cla)(n/2)_1(Z|x—y|)IN + c20n/2(2]x—y ) - (x—y)}

for an appropriate pair of constants ¢y, ¢c; € C. The constants ¢; and ¢, are inde-
pendent of (z, x, y), and their precise values are immaterial for the purpose at hand.
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Differentiating throughout (C.32) with respect to z, one obtains

" = ) (n/2)=J i+1=(n/2) yiz|x—y|
. - re—jt1— 2l

aerO(z’x’y)— iz O x — yTTITIT R et Y

J.k,£eNg
Jjtk+L=r

¢ ¢ (x—y)
X [cla)((n)/z)_l(ﬂx —yl) Iy +cza),(l/)2(z|x—y|)a o~ ],
x,yeER" x#y, zeCy, (C33)

where the c; x ¢ are constants which do not depend upon (z, x, y). By (C.33),

ar
H 5.7 Go(z:x,y)

B(CN)

< Z 5]4,](’4|Z|(n/2)—j|x_y|r—j+1—(n/2)e—Im(Z)Ix—yl|Z|—(1/2)—13|x_y|—(1/2)—1Z
J.k,£€Ng

jtk+l=r

< Z Ej’k’£|zl[("—1)/2]—(j+f)|x _ y|r—(j+K)+(1/2)—(n/2)e—Im(z)lx—yl
Jk €N
Jj+k+l=r

< 6|Z|[(n—1)/2][|zlj+(|x _ y|j+€]_1|x _ y|(2r+1—n)/26—1m(z)\x—y|

< 6|Z|[(n—1)/2]|x _ y|(2r+1—n)/2e—lm(z)|x—y\’

x,yeR" x#y, zeCyq, Iz|]lx—y| =1,

where the ¢; x ¢ are constants which do not depend upon (z, x, y).






Appendix D

A product formula for modified Fredholm determinants

The purpose of this appendix is to prove a product formula for regularized (modified)
Fredholm determinants extending the well-known Hilbert—Schmidt case.
The result we have in mind is a quantitative version of the following fact:

Theorem D.1. Let k € N, and suppose A, B € By (H#). Then
detge k(I3 — A)(I13 — B))
= detgg,k(lgg — A)det}g,k(lgg — B)exp (trgf (Xk(A, B))), (D.1)
where Xy (-, ) € B1(H) is of the form

X1(4,B) =0,
k—1
Xk (A, B) = Z Citsemes jzk—zclj1 "'Czjlili?’ k=2,
J1seesJ2k—2=0
with
2k—2
Cjronie €Q. Ce=AorB, 1<0=<2k—2, k<) ji<2k—2 k=2

=1

Explicitly, one obtains

X1(4,B) =0,
X5(A,B) = —AB,
X3(A,B) =27'[(AB)* — AB(A + B) — (A + B)AB],
X4(A,B) =27 (AB)*—37'[AB(A+B)*>+(A+B)*AB+(A+ B)AB(A+B)]
+37'[(AB)*(A+B)+(A+B)(AB)*+ AB(A+B)AB]-3""'(4B)°,
etc.
When taking traces (what is actually needed in (D.1)), this simplifies to
trge (X1(4, B)) =0,
trge (X2(A, B)) = —try(AB),
trge (X3(A, B)) = —try (ABA + BAB —27'(AB)?).
trge (X4(A, B)) = —trge (A*B + A>B> + AB> + 271 (AB)?
—(AB)?A — B(AB)*> + 371(4B)°),

etc.
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In the rest of this appendix, we will detail the characterization of X (A, B) fol-
lowing the paper [36]. We also refer to [71,90,91] for related, but somewhat different
product formulas for regularized determinants.

To prove a quantitative version of Theorem D.l and hence derive a formula for
X (A, B), we first need to recall some facts on the commutator subspace of an algebra
of noncommutative polynomials.

Let Pol, be the free polynomial algebra in 2 (noncommuting) variables, A and
B. Let W be the set of noncommutative monomials (words in the alphabet {4, B}).
(We recall that the set W is a semigroup with respect to concatenation, 1 is the neutral
element of this semigroup, that is, 1 is an empty word in this alphabet.) Every x € Pol,
can be written as a sum

X = Z X(w)w.

wew

Here the coefficients X (w) vanish for all but finitely many w € W.
Let [Pol,, Pol,] be the commutator subspace of Pol,, that is, the linear span of
commutators [x1, X2], X1, X2 € Pol,.

Lemma D.2. One has x € [Pol,, Poly] provided that

L(w)

Z (o™(w)) =0, weW.

m=1

Here, L(w) is the length of each word w = wiw3 - - - W (), O IS the cyclic shift given
byo(w) = wa -+ Wrw)Wi.

Proof. One notes that

L(w)
x= ) Rww=%D+ Y Lw)™ Y (0™ (W)™ (w).
wew w#1 m=1

Obviously, (6™ (w) — w) € [Poly, Pol,] for each positive integer m and thus,

L(w)
X € (fc(l) + Z L(w)™! Z (o™ (w))w + [P012,P012]).
w#1 m=1
By hypothesis, X(1) = 0 and
L(w)
Z F(o™w) =0, 1£weW,
m=1

completing the proof. |
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Next, we need some notation. Let k1, k> € Ng = N U {0}, and set

0, ki =k, =0,
kitAkn ki €N, ky =0,
k31 B*2, ki =0, ky e N,
Zk1,ky = \ ki+k2 (D.2)

Y0t Y (Dl ki eN.
j=1

neS;,|w|=3
|1 |+|m3|=k1
[m2|+|m3|=k2

Here, S; is the set of all partitions of the set {1,..., j}, 1 < j <k + k5. (The symbol
| - | abbreviating the cardinality of a subset of Z.) The condition || = 3 means that
7 breaks the set {1,..., j} into exactly 3 pieces denoted by 71, 77>, and 73 (some of
them can be empty). The element z, denotes the product

A, m e mq,
Ig = l_[ Zmms  Zmga = 4 B, m € 1ms,

AB, m € ms.

Finally, let W, «, be the collection of all words with ky letters A and k» letters B.
Using this notation we now establish a combinatorial fact.

Lemma D.3. Let k1,k, € N. Then
n(w
Zkyky = Z ((2:) kq ig— (”(;U)))w’
weWy, &,
where
n(w) = [Sw)|. S@)={1 << Lw)~1|w=A wey =B
Proof. Foreach j € {l,..., k1 + ka}, let

O ={m €8 | |n| =3, |m| + |m3] = ki, |m2| + |73] = k2},
w=1{r €ll; |z = w}, we€ Wi i,-

One observes that 73| < n(w) < min{ky, k»} and that
= |mi| + |m2| + |73 = k1 + k2 — 73]

For any partition 7w € I1;,,, let I € S(w) indicate which subwords AB in w arise
from elements in 3. Then || = |w3| = k1 + ko — j. Therefore, each partition in
m € I1; 4, is determined by a unique choice of / and each such choice of I determines
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the choice of 7 uniquely. This implies that

n(w)
I1; wl| = .
Iy (k1+k2—1)

Thus,
ki+ko
.1
S DD D D D
wEWkl’kz j=1 well; y
ki+ko

= 2 D TR

WeWk, k, J=1
k1+ko n(w)
= 2 2 (—1)’“+"2‘fj‘1(k .)w
weWp iy J=1 1tka—j

Taking into account that

(kl i(li)—j) =0, ki+ka—Jj ¢{0,....n(w)},

it follows that

ki+ko
_ ki +ko—j :—1 n(w)
Zky.ky = Z Z (=115 (kl +k2—j)w

weWkl ko J=ki1+ko—n(w)

n(w) ¢
(-1) n(w)
(Zkl-i-kz—z( ¢ ))w

Il
N

We can now prove the main fact about the commutator subspace of Pol, needed
later on.

Lemma D.4. Forevery ki,k> € N, zg, r, € [Poly, Poly].

Proof. Let w be any element in Wy, x, and let m be any positive integer. If o™ (w)
starts with the subword A B, then 0™ ! (w) has the form B - - - A and therefore has one
fewer subwords A B than o™ (w); that is, n(0™ ! (w)) = n(c™(w)) — 1. If, however,
o™ (w) does not start with the subword AB, then the AB subwords of ot (w)
are precisely the AB subwords of 0™ (w) each shifted once; hence, n(c™ 1 (w)) =
n(o™(w)).

Now, to calculate Z,ﬁ(i”l) Zk, &, (0™ (w)), one may assume, by applying cyclic

shifts, that w starts with A B. Then there are n(w) shifted words ¢ (w) which start
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with the subword AB, and it follows that n(w) of the numbers {n(c”(w)) : 1 <
m < L(w)} equal n(w) — 1 and that the remaining L(w) —n(w) = k1 + ko — n(w)
numbers equal 7 (w). Lemma D.3 therefore implies that

L(w) Lw) ,n(c™(w)) ) m
o =D'  (n(o (w))))
mZ:lel,kz(U (w))_mzzl( eg k1+k2—ﬁ( {
n(w)—1 ¢
B (=1 n(w)—1
_n(w)( e; k1+k2—£( ¢ ))

Since

n(w) ¢
(—1) n(w)
+(k1+k2_”(w))(z§)m( ¢ ))
n(w)—1Y\
( n(w) )_0’
it follows that
L(w)

n(w) 1/
mX:; Zerdey (07 () = n(w)(; ki 4+ k2 —E( ¢ ))

n(w)

(=D*  (n(w)
+ (k1 —i—kz—n(w))(; m( ¢ ))
n(w) Y4
- (—1) n(w) —
Z kl +k2_ ( ( )( )
+ (k1 + ko —n(w)) (n(;))))

Clearly,
n(w )(”(w) )+(k1+k2—n(w))(”(f)) — (k +k2—6)(”(f)),

and thus

L(w) n(w)
i n(w)
> RO W)= X 1)‘( )
m=1
Hence, Lemma D.2 completes the proof. |

Next, we introduce some further notation. Let £ € N and set

k—1
X1 = 0, X = Zj_l Z (—l)MlyA, k Z 2,

J=1 ASLL,... )
JtlAIZk
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k—1
=0 y=) " Y Dy k=2,

j=1 AC{L,...,j}
J+Al<k—1
j
A+ B, m ¢ A,
A= e A= (D.3)
4= ILmar o {AB, e A
In particular,
k—1
> i TNA+ B~ ABY = xi + yi. (D.4)
j=1
and one notes that the length of the word y 4 subjectto A C {1,..., j}, equals

L(ya) = |A°] +2/Al=j +|Al, 1<j<k—1 k=2 (D.5)

(with A€ = {1, ..., j}\+A the complement of # in {1,..., j}).
Using this notation we can now state the following fact:

LemmaD.5. Letk € N, k > 2, then

k—1
1 . .
Vi € (Z —(A’ +B’)+ [P012,P012]).
J

j=1
Proof. Employing
k=D Zkika (D.6)
k1,k2>0
k1+ky<k—1
Lemma D.4 yields
Zky ks € [POlz,Polz], k],kz € N. D.7)

Since by (D.2),
200=0, Zr,o=ki'A¥ ki eN, zop, =k;'B¥ kyeN, (D8
combining (D.6)—(D.8) completes the proof. ]

After these preparations we are ready to return to the product formula for regular-
ized determinants and specialize the preceding algebraic considerations to the context
of Theorem D. 1.

First we recall that by (D.3) and (D.5),

k—1
=770 Y (—D)Mys =X (4.B) € Bi(H). k=2,

j=1 AC{L,,j}
J+|Al=k
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sinceforl < j <k—1,L(y4)=j + |A| > k, and hence one obtains the inequality
il o) = e | _max IAIS o IBIS 5 keN. k=2,
k1+k2>k
for some ¢ > 0, k > 2. We also set (cf. (D.3)) X1(4, B) = 0.
Theorem D.6. Let k € N and assume that A, B € By (H#). Then
detge i ((I3e — A)(I3 — B))
=detg (I3 — A)detg (137 — B)exp (tr,;g (Xk(A, B))) (D.9)
Proof. First, we suppose that A, B € 81(#). Then it is well known that
detge,1 (13 — A)detge,1(Ige — B) = detge,1 (I3 — AU — B)).

consistent with X1 (A, B) = 0. Without loss of generality we may assume that k € N,
k > 2, in the following. Employing

k—1
detj(,k(lgf —T)=detg(lg —T)exp (trJg(Zj_lTj)), T € B1(H),

j=1
one infers that

detge x ((Ige — A)(I3 — B)) = detge (I3 — (A + B — AB))

k—1
=dety(ly —(A+ B— AB))exp (trgg(Zj_l(A + B — AB)j))
j=1
k—1
= dety (I3 — A)detg (I — B) exp (trgg(Zj_l(A +B— AB)j))
j=1

= detge k(130 — A)detge k(130 — B)
X exXp (tr;g(Z] (A—|—B AB) — Bj])).

By (D.4) one concludes that

trgg(Z] [(A+ B—AB) — Bf])

k—1

= trge(xx) + trge (yk =Y i+ B-")).

Jj=1
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By Lemma D.5,
k—1
.—1 i j
ye—Y_ i (47 + BY)
Jj=1

is a sum of commutators of polynomial expressions in A and B. Hence,

k—1

(3= X571+ 89) < [#100) 800
j=1
and thus,
k—1
we (= L0747+ B1) =0
j=1

proving assertion (D.9) for A, B € B1(H).

Since both, the right and left-hand sides in (D.9) are continuous with respect
to the norm in By (H), and B1(H) is dense in Br(H), (D.9) holds for arbitrary
A, B € By (H). ]



Appendix E

Notational conventions

For convenience of the reader we now summarize most of our notational conventions
used throughout this manuscript.

Basic abbreviations

We employ the shortcut Ng = N U {0}.

| - | denotes the floor function on R, that is, | x| characterizes the largest inte-
ger less than or equal to x € R. Similarly, [ -] denotes ceiling function, that is, [x]
characterizes the smallest integer larger than or equal to x € R.

We abbreviate C1 = {z € C | £ Im(z) > 0}.

Vectors and matrices

Vectors in R” are denoted by x = (x1,...,x,)’ € R” (with T abbreviating the
transpose operation) or p = (p1....,pn) ' € R",n € N.Forx = (x1,...,x,)" € R”
we abbreviate

() = (14 1xP)"%,

where |x| = (x? + --- + x2)'/2 denotes the standard Euclidean norm of x € R”,

n € N.
The dot symbol, “-”, is used in three different ways: First, it denotes the standard
scalar product in R”,

n
x.y: xj)’j, xz(xl,---axn)—rsy:(YIy---,)’n)TGRn-
j=1

Second, we will also use it for n-vectors of operators, 4 = (A;,...,A4,)" and B =
(B1,...,B,)" acting in the same Hilbert space in the form
n
A-B=Y A;B,
j=1

whenever it is obvious how to resolve the domain issues of the possibly unbounded
operators involved.

For X a given space, T a linear operator in X, and A = (a; x)1<jk<N € CNxN
an N x N matrix with constant complex-valued entries acting in C¥, N € N, we
will avoid tensor product notation as in

T®A inX®CV,
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such that
X ® CV is identified with the symbol XV = (X,..., X)T,
and
T ® Aisidentified with TA = (Taji)1<jk<n = (@jkT)1<jk<n = AT. (E.1)

That is, we interpret 7 ® A as entrywise multiplication, resulting in an N x N block
operator matrix TA = AT . Thus,if T = (Ty,...,T,), with Tj, 1 < j < n, operators
in #,and A = (A1,...,Ay), with A; € CV*N 1 < j <pn, N x N matrices with
constant, complex-valued entries acting in CV, we will employ the dot symbol also
in the form

n n
T-A=) Tidj=) A;Tj=A-T,
j=1 j=1

where T;A; = A;T;, 1 < j < n, are defined as in (E.1).

Ae X™" m,n e N,represents an m x n matrix A = (A x)1<j<m, 1<k<n, With
entries Ajx in X, 1 < j <m,1 <k < n.In particular, F = (Fl,...,F,,)T e X"is
a vector with n components and F; € X denotes its j-th component, 1 < j < n.

The identity operator in C” is represented by /,,, n € N.

Special functions and function spaces

For special functions such as the Gamma function I (-), the digamma function ¥ (-) =
I''(-)/T'(-), Bessel functions of order v, J,(-), Y,,(-), Hankel functions of the first
kind and order v, H, 51)( -), the Euler—-Macheroni constant yg_ s, etc., we refer to [1].
To simplify notation, we frequently omit Lebesgue measure whenever possible
and simply use L?(R") instead of L?(R";d"x), p € (0, 00) U {c0}.
Weak LP-spaces (i.e., Lorentz spaces L?4(R"; dp) with ¢ = o0), are denoted
by L? . (R";dp), p € (0,00). Here (R", dp) represents a separable measure space

and the measure p is assumed to be o-finite. The seminorm on L% | (R"; dp) is
abbreviated by

171z @osapr = 500 (tir ©]77). p € ©.00).
>

where
pr (@) = p({x e R" | | f(x)] > 1}).

In particular,

Lf + &l ®map < ol e @®nsap + 1812 @nsap]-

weak

cp = max(2,27), p € (0, 00).
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Again, we omit the measure p and just employ the notation L?_, (R") in case p
equals Lebesgue measure on R”.
Ifn €e Nand N € N\{1}, we set

[L*@®RDY = L2®R":CY), WR2RYHY = WHR™CY), ete.  (B2)

The symbol ¥ is used to denote the Fourier transform, f” := % f, similarly
fVi=F71f, f eS8 (R"), with S (R") the Schwartz test function space, and §’(R")
its dual with elements the tempered distributions. In particular,

) = @2 [ aree i ),
p.x eR", feSMR".

e = [ anper o),

If —oo <a < b <ooand F maps C\(a, b) to a normed linear space, then the
normal boundary values of F' at A € (a, b) (when these values exist) are denoted by
F(A £i0) :=limg o F(A L ie).

For n,k € N and an open set 2 C R”, C¥(Q2) denotes the set of all f : @ — C
that are k times continuously differentiable.

Linear operators in Hilbert spaces

Let #, K be separable, complex Hilbert spaces, (-, -)g the scalar product in #
(linear in the second argument), || - || % the norm on #, and /g the identity operator
in J.

If T is a linear operator mapping (a subspace of) a Hilbert space into another,
then dom(7") and ker(7T") denote the domain and kernel (i.e., null space) of 7. The
closure of a closable operator A is denoted by A. The set of closed linear operators
with domain contained in J and range contained in J is denoted by € (H#, K) (or
simply by €(H) if # = K).

The resolvent set, spectrum, and point spectrum (i.e., the set of eigenvalues) of a
closed operator T" are denoted by p(T'), o(T), and o,,(T'), respectively.

If S is self-adjoint in #, the family of strongly right-continuous spectral projec-
tions associated with S is denoted by Es(A) = Es((—00, A]), A € R, moreover, the
singular, discrete, essential, absolutely continuous, and singularly continuous spec-
trum of S are denoted by 0(S), 64(S), Tess(S), 0c(S), and 0y (S), respectively.

For a densely defined closed operator S in # we employ the abbreviation (S) :=
(I + |S|»)"/2, and similarly, if T = (Ty,..., T,)", with T; densely defined and
closedin #,1 < j <n,

(T) = (I + |T|2)1/2’ T = Ty + -+ |Tn|2)1/2,

whenever it is obvious how to define |T7|? + - -+ + |T|? as a self-adjoint operator.
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The Banach spaces of bounded and compact linear operators on a separable
complex Hilbert space # are denoted by B(H) and B (), respectively; the cor-
responding ¢”-based Schatten—von Neumann ideals are denoted by B, (), with
associated norm abbreviated by || - |, (), p > 1.

Following a standard practice in mathematical physics, we simplify the notation
of operators of multiplication by a scalar or matrix-valued function V' and hence use
V rather than the more elaborate symbol My throughout this manuscript.
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continued from the back cover

Upon expressing € (- ; H, Hy) as normal boundary values of regularized Fredholm determi-
nants to the real axis, we then prove that in the concrete case (H, Hg), under appropriate
hypotheses on V (implying the decay of V like O(|x| ™"~ "7 ¢) as |x| — o0), the associated
spectral shift function satisfies £(+ ; H, Hy) € C((—00,0) U (0, 00)), and that the left and
right limits at zero, £(0+; H, Ho) = lim. o E(£€; H, Hp), exist.

This fact is then used to express the resolvent regularized Witten index of the non-Fredholm
operator D, in L2 (R; [L>(R™)]V) given by

D, = % +A, dom(Dy) = W"2(R; [L2(R")]Y) N dom(A_),

where
A=A_+B, dom(A) =dom(A_),

in terms of £(+ ; H, Hy). Here A, A_, A4, B, and B, in L*(R; [L?(R")]") are generated with
the help of the Dirac-type operators H, Hy and potential matrices V, via

A(t) =A_+B(t),tER, A_=Hg, Ay =A_+B; =H,
B(t) = b(t)B+, t e [R, B+ = V,

in [L2(R™)]", assuming

p% € C®(R) NL®(R;dt), k € No, b €L'(R;dt),
lim b(t) =1, lim b(t) =0.

t— o0 t—> —o00

In particular, A+ are the asymptotes of the family A(t), t € R, ast — £o0 in the norm
resolvent sense. (Here L2(R; H ) = [£ dt H and T = [§ dt T(t) represent direct integrals
of Hilbert spaces and operators.)

Introducing the nonnegative, self-adjoint operators
Hi = DxD,, Hy = DaDx

in L% (R; [L>(R™)]"), one of the principal results proved in this manuscript expresses the
resolvent regularized Witten index Wy .(D,) of D4 in terms of spectral shift functions via

Wi, (Dp) = & (04;Ha, Hy) = [6(04;H, Ho) + E(0—;H,Ho)]/2, kEN, k= 1[n/2].

Here the notation & (0; H,, Hy) indicates that 0 is a right Lebesgue point for (- ; Hy, Hy),
and Wy .(T) represents the kth resolvent regularized Witten index of the densely defined,
closed operator T in the complex, separable Hilbert space K, defined by

Wi (T) = |i|;r1(—/1)ktrg< ((TH*T = M) K = (TT* = Alge)75),
A10

whenever the limit exists for some k € N.
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