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Abstract

This is the first in a series of papers on projective positive energy representations of
gauge groups. Let E — M be a principal fiber bundle, and let I'. (M, Ad(E)) be
the group of compactly supported (local) gauge transformations. If P is a group of
“space—time symmetries” acting on & — M, then a projective unitary representation
of ['c(M,Ad(E)) x P is of positive energy if every “timelike generator” pgy € p gives
rise to a Hamiltonian H (pg) whose spectrum is bounded from below. Our main result
shows that in the absence of fixed points for the cone of timelike generators, the pro-
jective positive energy representations of the connected component I'. (M, Ad(E))o
come from 1-dimensional P-orbits. For compact M this yields a complete classi-
fication of the projective positive energy representations in terms of lowest weight
representations of affine Kac-Moody algebras. For noncompact M, it yields a classi-
fication under further restrictions on the space of ground states.

In the second part of this series we consider larger groups of gauge transfor-
mations, which contain also global transformations. The present results are used to
localize the positive energy representations at (conformal) infinity.

Keywords. Infinite-dimensional Lie group, unitary representation, loop group, gauge
group, positive energy representation, projective representation
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Chapter 1

Introduction

This is the first in a series of papers where we analyze the projective positive energy
representations of gauge groups.

Our main motivation is the Wigner—Mackey classification [60, 113] of projective
unitary representations of the Poincaré group. Every irreducible such representation
is labeled by an SOT(1,d — 1)-orbit in momentum space R, together with an irre-
ducible unitary representation of the corresponding little group. It is called a positive
energy representation if for every 1-parameter group of timelike translations, the cor-
responding Hamilton operator is bounded from below. This excludes the tachyonic
orbits, leaving the positive mass hyperboloids p,, p* = m?, the positive light cone
pup® =0, po > 0, and the origin p = 0. The corresponding little groups yield an
intrinsic description of spin (for the positive mass hyperboloids) and helicity (for the
positive light cone).

In this series of papers we aim to extend this picture with an infinite-dimensional
group § of gauge transformations, placing internal symmetries and space-time sym-
metries on the same footing.

1.1 Outline of Part I and II of this series

For a gauge theory with structure group K, the fields over the space-time manifold M
are associated to a principal K-bundle & — M. We consider the equivariant setting,
where the group P of space-time symmetries acts by automorphisms on & — M, and
the Lie algebra p of P contains a distinguished cone C C p of “timelike generators”.
For Minkowski space, this is of course the Poincaré group P with the cone C of
timelike translations.

The relevant group § of gauge transformations depends on the context. It always
contains the group

G, =T.(M,Ad(E))

of compactly supported vertical automorphisms of & — M, and it is this group that
we will focus on in Part I of this series. In Part IT we consider also global gauge
transformations. The group § is then larger than 9., but it may be smaller than the
group I'(M, Ad(E)) of all vertical automorphisms due to boundary conditions at
infinity.

A projective unitary representation of & x P assigns to every timelike generator
po € C a one-parameter group of projective unitary transformations, and hence a
selfadjoint Hamiltonian H (p¢) that is well defined up to a constant.
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Our main objective is to study the projective unitary representations of § x P
that are of positive energy, in the sense that the Hamiltonians H(pg) are
bounded from below.

Perhaps surprisingly, this places rather stringent restrictions on the representation
theory of §, leading to a complete classification in favorable cases.

1.1.1 Outline of Part 1

In the first part of this series, we focus on the group §, = I'c (M, Ad(E)) of compactly
supported gauge transformations. Our main result concerns the case where M has no
fixed points for the cone C of timelike generators, and K is a 1-connected, semisimple
Lie group.

Localization theorem. For every projective positive energy representation (p, #)
of the identity component T'c(M, Ad(E))o, there exists a 1-dimensional, P-equiva-
riantly embedded submanifold S € M and a positive energy representation ps of
[ (S, Ad(E)) such that the following diagram commutes,

(M, Ad(E))o —— PU(H)

I'.(S,Ad(E)),
where the vertical arrow denotes restriction to S.

This effectively reduces the classification of projective positive energy represen-
tations to the 1-dimensional case. If M is compact, then

is a finite union of circles. If K is noncompact and simple, then we show that all
positive energy representations are trivial. If K is compact, then the group

k
I(S.Ad(E)) = [ (5. Ad(E))
=1

is a finite product of twisted loop groups, yielding a complete classification in terms
of tensor products of highest weight representations for the corresponding affine Kac—
Moody algebras [32, 54,94, 104].

To some extent these results generalize to the case of noncompact manifolds M,
where S can then have infinitely many connected components. We are able to classify



Outline of Part I and II of this series 3

the projective positive energy representations under the additional assumption that
they admit a cyclic ground state vector which is unique up to scalar. These vacuum
representations are classified in terms of infinite tensor products of vacuum repre-
sentations of affine Kac—Moody algebras. In particular, every such representation
is of type I. Without the vacuum condition, the classification is considerably more
involved. We study in detail the case where all connected components of .S are circles.
Under a geometric “spectral gap” condition, we reduce the classification of projec-
tive positive energy representations to the representation theory of UHF C *-algebras,
yielding a rich source of representations of type II and III.

1.1.2 Outline of Part I1

In the second part of this series, we consider the case where § contains global as
well as compactly supported gauge transformations. To study the projective positive
energy representations, we use the exact sequence

1>6.—>8§—>9/5 — 1.

By the results from Part I on the positive energy representations of §,, the problem
essentially reduces to the group § /8, of gauge transformations “at infinity”.
Needless to say, the resulting representation theory is very sensitive to the bound-
ary conditions at infinity. We focus on the situation where M is an asymptotically
simple space-time in the sense of Penrose [24,37,91,92], and § consists of gauge
transformations that extend smoothly to the conformal boundary. For the motivating
example of the Poincaré group acting on d -dimensional Minkowski space, we obtain
the following detailed account of the projective positive energy representation theory.

Minkowski space in dimension d > 2. In this setting we show that the projective
positive energy representations of ¥ depend only on the 1-jets of the gauge transfor-
mation at spacelike infinity ¢¢ and at past and future timelike infinity ¢4 . This reduces
the problem to the classification of projective positive energy representations of the
(finite-dimensional!) semidirect product

(sO'(1,d — 1) x K?) x (R? @ (£* ® R?")),

where SO(1,d — 1) acts on R? in the usual fashion, and K acts on its Lie algebra ¥
by the adjoint representation. The three copies of K encode the values of the gauge
transformation at 1o and (4, whereas the three copies of the additive group £ ® R¢*
encode the derivatives.

In the special case where the derivatives act trivially, we recover a projective
positive energy representations of the Poincaré group R4 x SO'(1,d — 1), together
with 3 projective unitary representations of the structure group K. More generally, by
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Mackey’s theorem of imprimitivity, the irreducible projective positive energy repre-
sentations are labeled by an orbit of SOT(1,d — 1) x K3 in R? @ (£3 ® R?*) whose
energy is bounded from below, together with a projective unitary representation of
the corresponding little group. In general these little groups will not contain the three
copies of K, giving rise to phenomena that are reminiscent of spontaneous symmetry
breaking.

Minkowski space in dimension d = 2. In contrast to the higher dimensional case,
the projective positive energy representations in d =2 do not in general factor through
a finite-dimensional Lie group. For simplicity, we consider the group ¥ of gauge
transformations that extend smoothly to the conformal compactification of 2-dimen-
sional Minkowski space. Here the three points ¢ and ¢+ at space- and timelike infinity
are collapsed to a single point 7, and past and future null infinity J~ and J* are
identified along lightlike geodesics (cf. [92]). The boundary of this space is a union of
two circles Si and S}e (corresponding to left and right moving modes) that intersect
transversally in a single point /. We prove that the positive energy representations of
§ depend only on the values of the gauge transformations at null infinity

J=(Sp USRI\ {1},

and on the 2-jets at the single point /.
At the Lie algebra level, the problem therefore reduces to classifying the projec-
tive positive energy representations of the abelian extension

0— || > g — geq = 0.
Here, the equalizer Lie algebra
Geq = {(§.1) € T(S1.ad(E)) x ['(Sk.ad(8)):£(1) = n(1)}

represents the values of the infinitesimal gauge transformations on the conformal
boundary Si u S}Q, the abelian Lie algebra |£| with underlying vector space { rep-
resents the mixed second derivatives at /, and geq acts on [f| by evaluating at / and
composing with the adjoint representation.

Even in the untwisted case, where E is the trivial K-bundle, the classification of
the projective positive energy representations is by no means trivial. This is because
the positive energy condition is not with respect to rigid rotations of Si /R? but with
respect to the translations of the real projective line

Si/r =RU{I)

fixing the point / at infinity.
Under the restrictive additional condition that the projective unitary representa-
tions are of positive energy with respect to rotations as well as translations, we obtain
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a classification in terms of highest weight representations of the two untwisted affine
Kac—Moody algebras corresponding to S}d and S}e’ together with a projective positive
energy representation of the finite-dimensional Lie group of 2-jets of gauge transfor-
mations at /.

Although the Kac—-Moody representations are familiar from the construction of
loop group nets in conformal field theory, the positive energy representations involv-
ing 2-jets (which are Poincaré invariant but not conformally invariant) appear to be a
novel feature.

1.2 Structure of the present memoir

For a closed quantum system that is described by a Hilbert space #, any two states
that differ by a global phase are physically indistinguishable. The state space of the
system is therefore described by the projective Hilbert space P(F). By Wigner’s
theorem, a connected Lie group G acts on the projective Hilbert space P(#) by
projective unitary transformations, resulting in a projective unitary representation
0:G — PU(H).

1.2.1 Positive energy representations

Since we are interested in the group of compactly supported gauge transformations,
we need to work with infinite-dimensional Lie groups modeled on locally convex
spaces, or locally convex Lie groups for short. In Chapter 2 we recall and extend
some recent results from [52,76] that allow us to go back and forth between smooth
projective unitary representations of a locally convex Lie group G, smooth unitary
representations of a central Lie group extension G*, and the derived representations
of its Lie algebra g*.

In Chapter 3 we introduce projective positive energy representations in the con-
text of a Lie group P that acts smoothly on G by automorphisms. For a distinguished
positive energy cone € C p, we require that the spectrum of the corresponding selfad-
joint operators in the derived representation is bounded from below. Since a represen-
tation is of positive energy for the cone C if and only if it is of positive energy for the
1-parameter subgroups generated by € C p, we can always reduce to the case P = R,
where the non-negative spectrum condition pertains to a single Hamilton operator H .
Using the Borchers—Arveson theorem, we further reduce the classification to the min-
imal representations, where H > 0 is the smallest possible Hamilton operator with
non-negative spectrum.

In Chapter 4 we then turn to our subject proper, namely the locally convex Lie
group §. of compactly supported gauge transformations. We consider the setting
where M is a manifold, P is a Lie group acting smoothly on M, and KX — M is
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a bundle of 1-connected semisimple Lie groups that is equipped with a lift of this
action. The group §, = I'c(M, K) of compactly supported sections then carries a
smooth action of P by automorphisms, and we consider the smooth projective uni-
tary representations of the semidirect product I'c (M, K) x P.

The motivating example is of course the case where K = Ad(E) is the adjoint
bundle of a principal fiber bundle 2 — M, and I'. (M, Ad(E)) is the group of vertical
automorphisms of E that are trivial outside a compact subset of M. The reason for
the minor generalization to bundles of Lie groups is purely technical; the reduction to
simple structure groups in Section 4.2 is somewhat easier in that setting.

1.2.2 The localization theorem

The main result in the present memoir is the following localization result (a minor
generalization of the one in Section 1.1.1), which essentially reduces the classification
of projective positive energy representations to the 1-dimensional case.

Localization theorem (Theorem 7.19). Let (p, #) be a projective positive energy
representation of I'c(M, K) X P. If the cone C has no fixed points in M, then there
exists a 1-dimensional, P -equivariantly embedded submanifold S C M such that on
the connected component T'.(M, K)o, the projective representation p factors through
the restriction homomorphism rs: Te(M, K)o — T'c(S, K).

We sketch the proof in the special case that the structure group K of KX is a
compact simple Lie group. The result for (not necessarily compact) semisimple Lie
groups is reduced to the simple case in Section 4.2, and to the compact simple case in
Section 6.1. We require K to be 1-connected, but this is by no means essential; results
beyond 1-connected groups are discussed in Sections 7.1 and 8.3.

Further, we will assume without loss of generality that P is the additive group
R of real numbers. The corresponding flow is then given by a non-vanishing vector
field vy on M, which lifts to a vector field v on K. We denote the corresponding
derivation of the gauge algebra by D& := L,&. The reduction from P to R is carried
out in Section 7.5 by considering the 1-parameter subgroups of P that are generated
by elements of the positive energy cone C C p.

Step 1. Let & — M be the bundle of Lie algebras derived from X — M. Then,
every smooth projective unitary representation of I'.(M, K) x R gives rise to an
R-invariant 2-cocycle @ on the compactly supported gauge algebra [ (M, K). In
Section 4.3 we show that every such cocycle is cohomologous to one of the form

w(§.n) = Alk(§.dvn)) for§.neTe (M K), (1.1)

where V is a Lie connection on & — M, « is a positive definite invariant bilinear form
on the Lie algebra ¥ of K, and A: Q1(M) — R is a closed current that is invariant
under the flow.
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Step 2. The positive energy condition for (p, #) gives rise to a Cauchy—-Schwarz
inequality for the derived Lie algebra representation dp. In Section 3.4 we show that
if £, D] = 0 and w(§, D) = 0, then

(Y, idp(DE)Y)? < 2w(E, DE) (Y, HY) (1.2)

for every smooth unit vector 1. Moreover, w(&, D) is non-negative. In Chapter 5
this is used to show that the closed current A from (1.1) takes the form

M) = /M (g @) (X))

for a flow-invariant regular Borel measure ;& on M. In terms of this measure, the
Cauchy—Schwarz inequality (1.2) becomes

(V. idp(LyvE)Y)* < 2y, Hy) || LyE|7. (1.3)

In other words, if £ is in the image of the derivation
D =Ly,

then the expectation value of the unbounded operator idp(§) is controlled in terms
of the energy (v, Hv), and the L?-norm of £ with respect to the measure j. In fact,
a small but important refinement allows one to control the expectation of idp(€) in
terms of similar data if £ is not in the image of the derivation.

Step 3. In Chapter 6 we use the Cauchy—Schwarz estimate (1.3) and its refinement
to show that

+idp(§) < Il + €Nl H (1.4)

as unbounded operators. The measure v is absolutely continuous with respect to p,
with a density that is upper semi-continuous and invariant under the flow. From a
technical point of view, this is the heart of the proof. It allows us to extend dp to
a positive energy representation of the Banach-Lie algebra H32 (M, X) of sections
that are twice differentiable in the direction of the flow, but only v-measurable in the
direction perpendicular to the flow.

Step 4. The final steps of the proof are carried out in Chapter 7. Every point in M
admits a flow box Uy x I >~ U C M, where the flow fixes all points in Uy and acts
by translation on the interval / € R for small times. Accordingly, the flow-invariant
measure on U decomposes as

n= o ®dt.

Since the sections in H az(U, K)C H 32 (M, K) need only be measurable in the direc-
tion perpendicular to the flow, we can continuously embed C>°(1, ¥) as a Lie subal-
gebra of H az(U , &) by multiplying with an indicator function y g for a Borel subset
E C U, of finite measure. This yields a projective unitary representation of C (1, ¥)
with central charge 27 1o (E).
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Step 5. Since the dense space of analytic vectors for H is analytic for the extension
ofdpto H 32 (M, X), the projective unitary representation of C2° ([, f) extends to the
1-connected Lie group G that integrates C2°(/, ¥). This gives rise to a smooth central
T-extension G¥ — G. For every smooth map 0: S? — G, the pullback 0*G* — S?
is a principal circle bundle, and integrality of the corresponding Chern class implies
that 2w wo(E) € Ny. Since this holds for every Borel set, we conclude that wg is a
locally finite sum of point measures, and hence that u = po ® dt is concentrated on a
closed embedded submanifold Sy € U of dimension 1. Since the argument is local,
the measure u is concentrated on a closed, embedded, 1-dimensional submanifold
S € M. Using (1.4), one shows that dp vanishes on the ideal of sections that vanish
u-almost everywhere. This proves the theorem at the Lie algebra level. The result at
the group level follows because I (S, K) is 1-connected.

1.2.3 Classification of positive energy representations

For manifolds with a fixed point free R-action, the Localization theorem effectively
reduces the projective positive energy representation theory to the 1-dimensional
setting.

Compact manifolds. For compact manifolds M, we show in Chapter 8 that the
localization theorem leads to a full classification. Indeed, since

k
s=Js;
j=1

is a finite union of periodic orbits .S;, the group I'(S, X) is a finite product of twisted
loop groups I' (S}, K). The projective positive energy representations of twisted loop
groups are classified in Section 8.1, using the rich structure and representation theory
of affine Kac—Moody Lie algebras [54], combined with the method of holomorphic
induction for Fréchet-Lie groups developed in [77,79].

This leads to a full classification of projective positive energy representations of
'(M, X), which is detailed in Section 8.2. Up to unitary equivalence, every irre-
ducible projective positive energy representation is determined by the following data.

* Finitely many periodic R-orbits §; € M, each equipped with a central charge
Cj € N.

» For every pair (S}, ¢;), an anti-dominant integral weight A; of the corresponding
affine Kac-Moody algebra with central charge ¢; € N.

Moreover, every projective positive energy representation is a direct sum of irre-

ducible ones.

Noncompact manifolds. For noncompact manifolds M, the situation is somewhat
more intricate. Here S is a union of countably many R-orbits S;, each of which
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is diffeomorphic to either R or S!. These two cases are considered separately in
Chapter 9.

In Section 9.1 we consider the case where S consists of countably many lines.
Since the bundle X trivializes over every line, the gauge group I'.(S, K) is a weak
direct product of countably many copies of C>°(R, K). In order to arrive at a (partial)
classification, we impose the additional condition that the projective positive energy
representation admit a cyclic ground state vector €2 € J that is unique up to a scalar.
In Theorem 9.11 we show that these vacuum representations are classified up to uni-
tary equivalence by a non-zero central charge ¢; € N for every connected component
S; >~ R. The proof proceeds by reducing to the (important) special case M = R,
where the classification is essentially due to Tanimoto [102].

In Section 9.2 we consider the case where S consists of infinitely many circles.
Here we impose the much less restrictive condition that J is a ground state repre-
sentation. This means that # is generated under . (S, ) by the space of ground
states, but we do not require these ground states to be unique. We show that under
an (essentially geometric) spectral gap condition, every positive energy representa-
tion is automatically a ground state representation. Since I'; (S, K') admits projective
positive energy representations of Type II and III, it is necessary to consider factor
representations instead of irreducible ones. If all orbits in M are periodic, we show
that the minimal, factorial ground state representations of I'. (M, X') are classified up
to unitary equivalence by 3 pieces of data. The first two are the same as in the case of
compact manifolds.

* Countably many periodic orbits §; € M, equipped with a central charge ¢; € N.

» For every pair (S}, ¢;) an anti-dominant integral weight A; of the corresponding
affine Kac-Moody algebra with central charge c;.

The integral weight A; gives rise to a unitary lowest weight representation J, ; of the
corresponding affine Kac—Moody algebra. Using the ground state projections P;, we
consider the collection of finite tensor products of the compact operators K(Jy ;) as
a directed system of C *-algebras. Its direct limit

B =) K(H),)
J

has a distinguished ground state projection
P =) P;.
i

The third datum needed to characterize a minimal factorial ground state representa-
tion is the following.

* A factorial representation of B that is generated by fixed points of the projec-
tion Puo.
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Since PooB Py is a UHF C *-algebra, this provides a rich supply of representations
of type II and III, in marked contrast with the compact case.

1.3 Connection to the existing literature

Abelian structure groups. If the structure Lie algebra ¥ is merely assumed to be
reductive, then it decomposes as a direct sum ¥ = 3 @ ¥’, where 3 is abelian and the
commutator algebra f is semisimple. Since this decomposition is invariant under all
automorphism, we obtain a corresponding decomposition on the level of Lie algebra
bundles & =~ 3 & K'. Accordingly, the Lie algebra g = T'.(M, &) decomposes as
a direct sum g = 3 ® ¢’ and this decomposition is orthogonal with respect to any
2-cocycle because g’ is perfect. Therefore, the classification of the positive energy
representations basically reduces to the cases where £ is semisimple and where ¥ is
abelian. We refer to Solecki’s paper [100] for some interesting results concerning
groups of maps with values in the circle group, and to [98] for related results pertain-
ing to defects in conformal field theory. G. Segal’s paper [97] contains a number of
interesting results on projective positive energy representations of loop groups with
values in a torus.

Integrating representations of infinite-dimensional Lie groups. The technique to
integrate representations of infinite-dimensional Lie algebras to groups by first verify-
ing suitable estimates has already been used by R. Goodman and N. Wallach in [32]
to construct the irreducible unitary positive energy representations of loop groups
and diffeomorphism groups. Their technique has later been refined by V. Toledano—
Laredo [104] to larger classes of infinite-dimensional Lie algebras. Related results on
integrating Lie algebra representations can be found in [52].

Non-commutative distributions. In [3] an irreducible unitary representation of §, =
I'.(M, Ad(E)) is called a non-commutative distribution. In view of the Borchers—
Arveson theorem [13], an irreducible projective positive energy representation of
G, Xy R remains irreducible when restricted to §.. In this sense we contribute to
the program outlined in [3] by classifying those non-commutative distributions for
M compact and K compact semisimple for which extensions to positive energy rep-
resentations exist.

Tensor product representations. For any, not necessary compact, Lie group K, the
group C(X, K) has unitary representations obtained as finite tensor products of evalu-
ation representations. However, for some noncompact groups, such as K = SU 1.2(C),
one even has “continuous” tensor product representations which are irreducible and
extend to groups of measurable maps (cf. [101] for finite-dimensional target groups,
[48], [9], [15], [16], [21], [23,108], [14, 107] for semisimple target groups, [35] for a
general discussion and classification results for locally compact target groups, [6] for
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classification results for compact and nilpotent target groups, and [88] for an example
where the target group U(o0) is infinite-dimensional). In the algebraic context, these
representations also appear in [47] which contains a classification of various types
of unitary representations generalizing highest weight representations. All these rep-
resentations are most naturally defined on groups of measurable maps, so that they
neither require a topology nor a smooth structure on X .

Derivative and energy representations. One of the first references concerning uni-
tary representations of groups of smooth maps such as C*°(R, SU(2, C)) is [22],
where the authors introduce the concept of a derivative representation which depends
only on the derivatives up to some order N in some point #y € R. These ideas can be
combined with continuous tensor product representations to obtain factorizable rep-
resentations that do not extend to groups of measurable maps [89], [90]. Further, there
exist factorial representations of mapping groups defined most naturally on groups of
Sobolev H 1-maps, the so-called energy representations (cf. [45,46], [2], [109], [3],
(4], [991, [5], [1D).

Central extensions. The problem of classifying all smooth projective irreducible
unitary representations of gauge groups is still wide open. Our treatment in Chapter 5
of the present memoir, as well as our earlier work on bounded representations [51],
suggests that a classification of the central extensions of gauge algebras can be a
key step towards this goal. The second Lie algebra homology of sl, () for a uni-
tal ring # is due to Bloch [10] and Kassel-Loday [56], and the full homology ring
of gl(+4) was characterized in terms of the cyclic homology of 4 by Tsygan and
Loday—Quillen [57,58, 106]. Some of these arguments were adapted to C°°(M, ¥)
with semisimple ¥ by Pressley—Segal [94, Section 4.2], and to 4 ® ¥ for general Lie
algebras ¥ by [36,82,115] in the setting where #4 is commutative. For non-trivial Lie
algebra bundles, the universal central extension of the gauge algebra was obtained
in [53] from the compactly supported trivial case [61] using a localization trick.

The case where M is a torus. In [105] (see also [3, Section 5.4]) Torresani studies
projective unitary “highest weight representations” of C®°(T¥¢, £), where ¥ is com-
pact simple. Besides the finite tensor products of so-called evaluation representations
(elementary representations) he finds finite tensor products of evaluation representa-
tions of C®(T¥,£) = C®(T9~!,C®(T,¥)), where the representations of the target
algebra C°°(T, £) are projective highest weight representations (semi-elementary
representations). Our results in Chapter 8 reduce to this picture in the special case
of a circle action on a torus.

Norm continuous representations. In a previous paper [50], we considered the
related problem of classifying norm continuous unitary representations of the con-
nected groups I'. (M, K)o. In this case the problem also reduces to the case where ¥
is compact semisimple and the representations are linear rather than projective. For
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every irreducible representation p, there exists an embedded 0-dimensional subman-
ifold §, i.e., a locally finite subset, S € M such that p factors through the restriction
map [ (M, K) — Te(S, &) = £ If M is compact, it follows that p is a finite tensor
product of irreducible representations obtained by composing an irreducible represen-
tation of ¥ with the evaluation in a point s € S. In particular, it is finite-dimensional.
If M is noncompact, then the bounded representation theory of the LF-Lie algebra
(M, K) is “wild” in the sense that there exist bounded factor representations of
type II and III. The main result in [50] is a complete reduction of the classification of
bounded irreducible representations to the classification of irreducible representations
of UHF C *-algebras.

Type III representations from noncompact orbits. For noncompact M, a different
source of representations comes from the group C°(R, K) corresponding to a single
noncompact connected component of S. Here representations of Type III; were con-
structed in [19, 112]. Other results in this context have recently been obtained in [17],
where solitonic representations of conformal nets on the circle are constructed from
non-smooth diffeomorphisms. These in turn provide positive energy representations
of CX(R, K) = CX(T \ {—1}, K) which do not extend to loop group representa-
tions [17, Theorem 3.4, Section 4.2]. In particular, irreducible representations of this
type are obtained.



Chapter 2

Projective representations of Lie groups

In this chapter, we introduce Lie groups modeled on locally convex vector spaces, or
locally convex Lie groups for short. This is a generalization of the concept of a finite-
dimensional Lie group that captures a wide range of interesting examples (cf. [71] for
an overview), including gauge groups, our main object of study. We then summarize
the central results from [52], which allow us to go back and forth between smooth
projective unitary representations of a locally convex Lie group G and smooth unitary
representations of a central Lie group extension G* of G. On the identity component
G, these are characterized by representations of the corresponding Lie algebra g¥.

2.1 Locally convex Lie groups

Let £ and F be locally convex spaces, U C E openand f:U — F amap. Then, the
derivative of f at x in the direction h is defined as

O f(x) := lim %(f()C +th) = f(x))

whenever it exists. We set Df(x)(h) := 9y f(x). The function f is called differen-
tiable at x if Df (x)(h) exists for all h € E. It is called continuously differentiable if
it is differentiable at all points of U and

Df:UXE — F, (x,h)— Df(x)(h)

is a continuous map. Note that this implies that the maps Df(x) are linear (cf. [30,
Lemma 1.2.11]). The map f is called a C*-map, k € N U {oo}, if it is continuous,
the iterated directional derivatives

DY (), . hy) = Oy - Oy S)(X)
exist for allintegers 1 < j <k,x € U and hy,...,h; € E, and all maps
D/ f:UxE/ - F

are continuous. As usual, C *°-maps are called smooth.

Once the concept of a smooth function between open subsets of locally convex
spaces is established, it is clear how to define a locally convex smooth manifold (cf.
[71], [30]).
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Definition 2.1. A locally convex Lie group G is a group equipped with a smooth
manifold structure modeled on a locally convex space for which the group multipli-
cation and the inversion are smooth maps. Morphisms of locally convex Lie groups
are smooth group homomorphisms.

We write 1 € G for the identity element. The Lie algebra g of G is identified
with the tangent space 71(G), and the Lie bracket is obtained by identification with
the Lie algebra of left invariant vector fields. It is a locally convex Lie algebra in the
following sense.

Definition 2.2. A locally convex Lie algebra is a locally convex vector space g with
a continuous Lie bracket [-, -]: @ X ¢ — g. Morphisms of locally convex Lie algebras
are continuous Lie algebra homomorphisms.

Definition 2.3. A smooth map exp: ¢ — G is called an exponential function if each
curve yx(t) := exp(tx) is a one-parameter group with y;(0) = x. A Lie group G is
said to be locally exponential if it has an exponential function for which there is an
open 0-neighborhood U in g mapped diffeomorphically by exp onto an open subset
of G.

2.2 Smooth representations

Let G be a locally convex Lie group with Lie algebra g and exponential function
exp: g — G. In the context of Lie theory, it is natural to study smooth (projective)
unitary representations on a complex Hilbert space #. We take the scalar product on
H to be linear in the second argument, and denote the group of unitary operators by
U(H).

2.2.1 Unitary representations

A unitary representation (p, #) of G is a Hilbert space # with a group homomor-
phism p: G — U(H). A unitary equivalence between (p, #) and (o', #) is a unitary
transformation U: # — H’ such that

Uop(g) =p(g)oU forallged.

Definition 2.4 (Continuous unitary representations). A unitary representation (p, #)
is called continuous if the orbit map G — H#: g — p(g) ¥ is continuous for all { € K
(see [78] for more details).

Definition 2.5 (Smooth unitary representations). We call ¢ € H a smooth vector if
the orbit map g + p(g)y is smooth, and write #°° C J# for the subspace of smooth
vectors. We say that p is smooth if #°° is dense in J (see [52] for more details).
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Every smooth representation is continuous. A representation p is called bounded
if p: G — U(H) is continuous with respect to the norm topology on U(#'). Bound-
edness implies continuity, but many interesting continuous representations, including
the (smooth!) positive energy representations that are the main focus of this memoir,
are unbounded. For some recent results on the automatic smoothness of unbounded
unitary representations satisfying certain spectral conditions such as semibounded-
ness (Definition 6.31), we refer to [114].

Definition 2.6. (Derived representation) For a smooth unitary representation (p, #),
the derived representation dp: g — End(J*°) of the Lie algebra g is defined by

a = | plexpityy.
t=0

Remark 2.7 (Selfadjoint generators). The closure of any operator dp(§) coincides

with the infinitesimal generator of the unitary one-parameter group p(exp ¢£). In par-

ticular, the operators i - dp(§) are essentially selfadjoint by Stone’s theorem (cf. [95,

Section VIIL.4]).

2.2.2 Projective unitary representations

Let # be a Hilbert space. The projective Hilbert space is denoted by P (#), and
its elements are denoted [y] = Cy for non-zero ¥ € #. We denote the projective
unitary group by

PU(H#) :=U(#)/T1

and write U for the image of U € U(#) in PU(K).

A projective unitary representation (p, #) of a locally convex Lie group G is a
complex Hilbert space # with a group homomorphism p: G — PU(HK). A unitary
equivalence between (p, #) and (o', #') is a unitary transformation U: H — H’
such that U o 5(g) = p(g) o U forall g € G.

A projective unitary representation yields an action of G on P(#). Since P(#)
is a Hilbert manifold, we can use this to define continuous and smooth projective
representations.

Definition 2.8 (Continuous projective unitary representations). A projective unitary
representation (p, J¢) is called continuous if the orbit map G — P(H#): g — p(g)[¥]
is continuous for all [Y] € P(H).

Definition 2.9 (Smooth projective unitary representations). A ray [{] € P(H) is
called smooth if its orbit map g — p(g)[¥] is smooth, and we denote the set of
smooth rays by P (#)°°. A projective unitary representation (p, J¢) is called smooth
if P(H)° is dense in H (cf. [52,78]).
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2.3 Central extensions

In this memoir, we are primarily interested in smooth projective unitary representa-
tions p: G — PU(H) of a locally convex Lie group G. We call p linear if it comes
from a smooth unitary representation p: G — U(H).

Although not every smooth projective unitary representation of G is linear, it can
always be viewed as a smooth linear representation of a central extension of G by the
circle group

T =R/2n7Z.

Definition 2.10 (Central group extensions). A central extension of G by T is an
exact sequence
1>T >G> G —>1

of locally convex Lie groups (the arrows are smooth group homomorphisms) such
that the image of T is central in G¥ and G* — G is a locally trivial principal T-
bundle. An isomorphism ®: G# — G of central T -extensions is an isomorphism of
locally convex Lie groups that induces the identity maps on G and T'.

For a smooth projective unitary representation (p, #) of G, the group
G':={(g.U)e GxUWH): p(g) =U} (2.1)

is a central Lie group extension of G by T [52, Theorem 4.3]. Its smooth unitary
representation
p:GY > UH), (g.U)—U

reduces to z — z1 on T and induces p on G. Since the restriction of p to the identity
component Gg is determined by the derived Lie algebra representation [52, Proposi-
tion 3.4], it is worthwhile to take a closer look at central extensions of locally convex
Lie algebras.

Definition 2.11 (Central Lie algebra extensions). A central extension of a locally
convex Lie algebra g by R is an exact sequence

0—>R—>gﬂ—>g—>0

of locally convex Lie algebras (the arrows are continuous Lie algebra homomor-
phisms) such that the image of R is central in g*. An isomorphism ¢: g* — g# of
central extensions is an isomorphism of locally convex Lie algebras that induces the
identity maps on g and R.

The group extensions of Definition 2.10 give rise to Lie algebra extensions in the
sense of Definition 2.11. In order to classify the latter, we introduce continuous Lie
algebra cohomology.
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Definition 2.12. The continuous Lie algebra cohomology space H" (g, R) of alocally
convex Lie algebra g is the cohomology of the complex C*®(g, R), where C"(g, R)
consists of the continuous alternating linear maps g” — R with differential

§:C"(q,R) - C"t(gq,R)

defined by

SwEo..... &)= Y. Do glé. . & E. ).

0<i<j<n

The second Lie algebra cohomology H?(g,R) classifies central extensions up to
isomorphism. The 2-cocycle w: g2 — R gives rise to the Lie algebra

92) =R@og
with the Lie bracket
[(z,8), (2, )] = (w(§,8), [£. &)

Equipped with the obvious maps R — gﬁ, — @, this defines a central extension of g.
Every central extension is isomorphic to one of this form, and two central extensions
are isomorphic if and only if the corresponding cohomology classes [w] € H?(g,R)
coincide [52, Proposition 6.3].

The following theorem collects some of the main results of our previous paper
[52, Corollary 4.5, Theorem 7.3]. It allows us to go back and forth between smooth
projective unitary representations of G, smooth unitary representations of a central
extension G* of G, and the corresponding representations of its Lie algebra gﬁ.

Theorem 2.13 (Projective G-representations and linear g¥-representations).

(a) Every smooth projective unitary representation (p, ) of G gives rise to a cen-
tral extension T — G* — G of locally convex Lie groups, and a smooth unitary rep-
resentation (p, #) of G¥. In turn, this gives rise to the central extension R — g* — g
of locally convex Lie algebras and the derived representation dp: g* — End(# ) of
g’i by essentially skew-adjoint operators.

(b) If G is connected, then (p, #) and (p', H’) are unitarily equivalent if and
only if the derived Lie algebra representations (dp, #°°) and (dp’, H'*°) are unitar-
ily equivalent. This means that there exists an isomorphism @: q* — g% of central
extensions and a unitary isomorphism U: J — H' such that

U%OO g Jfoo/

and
dp'(p(§)) oU = U o dp(€) forall £ € g.
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2.4 Integration of projective representations

In this section we discuss the integrability of (projective) unitary representations of
Banach-Lie algebras, based on the existence of analytic vectors. Here our main result
is the integrability theorem for projective representations of Banach—Lie groups (The-
orem 2.18) that we derive with the methods from [76].

Definition 2.14. Let (p, D) be a representation of the topological Lie algebra g on
the pre-Hilbert space . We say that
(1)  pis a x-representation if all operators p(x), x € g, are skew-symmetric,
(ii)  pis strongly continuous if all the maps g — D, x — p(x)E& are continuous,
(iii) £ € D is an analytic vector if there exists a 0-neighborhood U C g such that

Zn —0 Lo (),?,"E” < oo for every x € U. The analytic vectors form a linear

subspace D¢ < D.
Remark 2.15. If g is a Banach-Lie algebra, then [76, Proposition 4.10] implies that
& € D is an analytic vector if and only if it is an analytic vector for all operators p(x),
x € g in the sense that there exists an s > 0 such that

= s ol _

n!
n=0

We shall need the following lemma that is not spelled out explicitly in [76].

Lemma 2.16. Let (p, D) be a strongly continuous *-representation of the Banach—
Lie algebra g. Then, D? is a p(g)-invariant subspace.

Proof. Following [76, Definition 3.2], we call a linear functional 8: U(g) — C on
the enveloping algebra of g an analytic functional if all n-linear maps

g" > C, (x1,....x5) > B(x1--x)

are continuous and the series Y 7 o B (x, ) converges for every x in a 0-neighborhood

of g. According to [76, Proposition 6.3], a vector £ € D is analytic if and only if the
functional Bg(D) := (&, p(D)§) is analytic, where p: U(g) — End(D) denotes the
extension of p to the enveloping algebra. For § € D® and x € g, the functional

Boe(D) 1= (p(x)§, p(D)p(x)§) = Be((—x)Dx)

is also analytic by [76, Theorem 3.6], so that p(x)¢ € D by [76, Proposition 6.3].
This shows that p(g)D?® < D. ]

To formulate the integrability theorem for projective representations, we first give
a precise definition of a projective *x-representation of a topological Lie algebra g.
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Definition 2.17. Suppose that w: g> — R is a continuous 2-cocycle and that
a, =R @ g
is the corresponding central extension. Then, any s-representation (p¥, D) with
of(1,0) = i1
leads to a linear map
prg = End(D), p(x) := p*(0.x)

satisfying
[o(x), p(»)] = p([x, y]) + @(x, y)i 1.

We then call (p, D) a projective *-representation with cocycle .

Theorem 2.18 (Integrability theorem for projective representations). Let G be a 1-
connected Banach—Lie group with Lie algebra g, and let (p, D) be a projective
strongly continuous x-representation of g on the dense subspace D of the Hilbert
space H. If D contains a dense subspace of analytic vectors, then there exists a
smooth projective unitary representation w: G — PU(H) on K with the property that
T(expx) = q(e”™) for x € g, where q: U(H) — PU(H) denotes the quotient map.

Proof. We proceed as in the proof of [76, Theorem 6.8]. Using Lemma 2.16, we see
that we may assume, without loss of generality, that D = D%, so that D consists of
analytic vectors. According to Nelson’s theorem [86], the operators p(x), x € g, are
essentially skew-adjoint, so that their closures generate unitary one-parameter groups.
The same holds for the operators p(t, x), (¢, x) € g*. This leads to a map

Tigh > UWKH), x> PUX) — it gp(X),
From the proof of [76, Theorem 6.8], we immediately derive that
(1, x) * (s,y)) = w(t, x)7 (s, y)
holds for (¢, x), (s, y) in some open 0-neighborhood U# C g*. This implies that
4(e? ™) = (" D)q(e?)

for x, y in some open 0-neighborhood U C g. Now [12, Chapter 3, Section 6, Lemma
1.1] implies the existence of a unique homomorphism 7: G — PU(H) such that
7(expx) = q(eP™) holds for all elements x in some 0-neighborhood of g.

That 7 is a smooth projective representation (Definition 2.5) follows from the
analyticity of the orbit maps G — P(JH), g — 7(g)[v] for v € D®, which in turn
follows from L

7 (exp x)[v] = [P v]. [
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2.5 Double extensions

Suppose that G is a locally convex Lie group and «: R — Aut(G) a homomorphism
defining a smooth R-action on G. Then, the semidirect product G x, R is a Lie
group with Lie algebra g xp R, where D € der(g) is the infinitesimal generator of
the R-action on g induced by «.

If p: G x¢ R — PU(JH) is a smooth projective unitary representation, then The-
orem 2.13 yields a central extension

T—)@::(GXQR)n—)GxaR

with a smooth unitary representation p of G on J thatinduces p. From Theorem 2.13,
we see that the restriction of p to (G X R)g is determined up to unitary equivalence
by the derived representation dp of the central extension § = (g xp R)#. We identify
g with the linear subspace {0} x g x {0} of . We write

C:=(1,0,0) and D :=(0,0,1)
for the central element and derivation in R &, (g xp R) respectively, so that
g =RC @y (gxRD). (2.2)

We trust that using the same symbol for the derivation D € der(g) and the Lie algebra
element D € g that implements it will not lead to confusion. Note that in the repre-
sentation dp of @, the central element C acts by i 1. Writing (z, x,t) = zC + x +tD,
the bracket in @ takes the form

[zC +x+1tD,z/C +x" +1'D]
= (o(x,x") + to(D,x") —t'o(D, x))C + ([x,x'] + tDx" — ' Dx).



Chapter 3

Positive energy representations

In this chapter we introduce positive energy representations and some tools to handle
them. In Section 3.1 we give the precise definition on both the linear and the projective
level, and in Section 3.2 we define equivariant positive energy representations. In
Section 3.3, we use the Borchers—Arveson theorem to reduce the classification of
positive energy representations to the so-called minimal ones. Finally, in Section 3.4
we describe the key tool of this memoir in a first general form: the Cauchy—Schwarz
estimates for projective positive energy representations. Here we will discuss them for
general groups, but they will be refined in the context of gauge algebras in Section 5.3
below.

3.1 Positive energy representations

Let G be a locally convex Lie group with Lie algebra g and let «: R — Aut(G) be
a homomorphism defining a smooth R-action on G. Then, it also induces a smooth
action o8 on g and we write D € der(g) for its infinitesimal generator

Dx = — a¥(x) forx eq.
dzt_o t() g

In this section, we investigate smooth projective unitary representations of G that
extend to projective positive energy representations of G x4 R.

Definition 3.1 (Projective positive energy representations). A smooth, projective,
unitary representation p: G 3, R — PU(H) is called a positive energy represen-
tation if one (hence any) strongly continuous homomorphic lift U: R — U(J) of
U:R — PU(H),t — p(1,1) has a generator

H .= U,

P&
dt],=o

whose spectrum is bounded below. We then call H a Hamiltonian and note that U; =
e~iH holds in the sense of functional calculus.

Remark 3.2. By adding a constant, we can always choose a Hamiltonian H that
satisfies Spec(H) C [0, c0).

We have seen in Section 2.5 that every smooth projective unitary representation
p of G x4 R gives rise to a smooth linear representation (p, #) of a locally convex
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Lie group G = (G x4 R)¥, a central T-extension of G g R with Lie algebra
§=R &, (gxp R) =RC &, (gxRD)
asin (2.2).

Definition 3.3 (Linear positive energy representations). Let p: G — U(H) be a
smooth unitary representation of G. Then, p gives rise to a derived representation
dp of @ on the space H*° of smooth vectors. We call

H :=1idp(D)
the Hamiltonian and we say that p is a positive energy representation if
dp(C) =il andif Spec(H) C [0, 00).

Remark 3.4. (a) If dp(C) = i1 and Spec(H) C [Eyp, o0) is bounded below, we can

always replace D by D + E(C to obtain a positive Hamiltonian. Note that this does

not change the cocycle w on g xp R, only the isomorphism between § and (g xp R)¥.
(b) For a cocycle w on g xp R, the relation

o(D.[§.n]) = o(DE§. n) + (&, Dn)

shows that the linear functional i p w measures the non-invariance of the restriction of
w to g x g under the derivation D. It also shows that if the Lie algebra g is perfect,
then the linear functional ipw: g — R is completely determined by the restriction of
wtogXxg.

3.2 Equivariant positive energy representations

We will also need an equivariant version of positive energy representations. Let P be
a Lie group with Lie algebra p and let «: P — Aut(G) be a homomorphism defining
a smooth P-actionon G.

Definition 3.5 (Equivariant projective positive energy representations). A smooth,
projective, unitary representation p: G X, P — PU(H) is called a positive energy
representation with respect to p € p if the projective representation

Pp: G Xaoexp, R — PU(JH)
defined by
Pp(g.1) = p(g.exp(p1))

is of positive energy in the sense of Definition 3.1. The positive energy cone C C p is
the set of all elements p € p for which p is a positive energy representation.
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Note that € is an Adp-invariant cone. In particular, the representation p is of
positive energy with respect to p € p if and only if it is of positive energy for all
elements in the cone generated by the adjoint orbit Adp (p) C p of p.

The homomorphism «: P — Aut(G) can be twisted by an inner automorphism
Adg,, go € G, yielding

-1

o = Adg,aAd, .
Essentially, these inner twists do not affect the class of equivariant projective positive
energy representations.
Proposition 3.6. Let (p, #) be an equivariant projective positive energy representa-
tion of G Xy P, and let

Uo := p(go)-
Then
p'(g. p) == Uop(Adg, (2). p) Uy !

is an equivariant projective positive energy representation of G X P with the same
restriction to G, and with the same positive energy cone C C p.

Proof. To see that p’ is a projective representation of G X4 P, one checks that the
following is a commutative diagram of group homomorphisms:

G g P —2— PU(H)

(Adg,.1d p)l lAdUO
4

G g P —2— PU(K).

For the positive energy condition, note that any lift z — V; of t — p(exp(tp)) yields
aliftr — UV, Uy ! of t > [ (exp(tp)) whose generator has the same spectrum. m

3.3 Minimal representations

The following refinement of the Borchers—Arveson theorem [13] will be used in the
proof of Corollary 3.9 below.

Theorem 3.7. Let # be a Hilbert space and let M C B(H#) be a von Neumann
algebra. Further, let (Us)ier be a strongly continuous unitary one-parameter group
on K for which M is invariant under conjugation with the operators U;, so that we
obtain a one-parameter group o: R — Aut(M) by

(M) := AdU)M = U MU} for M € M.
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IfU; = e "™H with H > 0, then the following assertions hold:

(1)  there exists a strongly continuous unitary one-parameter group (Vi)ser in
M with
Ad(V;) =a; and V, = e tHo

with Hy > 0. It is uniquely determined by the requirement that it is minimal
in the sense that, for any other one-parameter group (V/);er with these
properties, the central one-parameter group V,V_, = e 12 in M satisfies
Z >0,

(i) ifVr =1forsomeT > 0and ¥ C H is an M-invariant subspace, then
the subspace

Fo:={6€F : H§ =0}
is M-generating in F,

(i) ifar = idy for some T > 0, then Vr = 1.

Proof. (1) This is the Borchers—Arveson theorem (see [11, Theorem I1.4.6]; also [13,
Theorem 3.2.46] and [8] for a detailed discussion).

(ii) If Vr = 1, then Spec(Hy) C ZT”Z. In particular, Hy is diagonalizable. If ¥y
is not M-generating in ¥, then

€:=(MF)tNF
is a non-zero JM-invariant subspace of ¥ with

2
inf Spec(Hoplg) > Tﬂ
As

Ho := ker Hy C 6”‘,

we also have M JHy C &L. Since M H, is invariant under M and M, the orthogonal
projection Z onto
Hy 1= (MHo)t

is central in M. On this subspace we have inf Spec(Ho|z,) > ZT’T, so that

2w
H:=Hy—Z T >0,
contradicting minimality.
(iii) If o7 = id 4, then V7 is contained in the center Z(M) = M N M’ of M. As

Z(M) is a direct sum of L °°-algebras, there exists a non-negative Z > 0 in Z(M)
with Spec(Z) C [0, ZT”] and Vr = e!T%. Now

V[l = e—il(H()+Z) — Vte_”Z
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also has a non-negative generator H, := Hy + Z and satisfies V; = 1. In particular,
2
Spec(Hy) C ?Z.

We claim that the minimality of V' implies that, for every ¢ > 0, the central support
of the spectral projection P := P0[0, ¢] of Hy in M equals 1. To see this, note that
the central support Q of P is the orthogonal projection onto the closed subspace
generated by M P H. If this subspace is proper, then the restriction H; of Hy to
H1 := (1 — Q)JH satisfies H; > ¢l, so that

H' :=Hy—e(1-Q)>0.

The minimality of Hy now yields 1 = Q.
We now show that Spec(Z) C {0, 2%}, which implies that

Vr =V5e T2 =y, =1,

Assume that this is not the case. Then, there exists a non-zero spectral value 0 <a < 2%
of Z.Lete >0besuchthat 0 <a—2¢e <a+ 2 < ZT” and consider the spectral
projection Q := PZ([a — &, a + ¢]) for Z, which is contained in Z(M). Since the

central support of PHo[0, ¢] is 1, we have QP Ho ([0, €]) # 0, so that
Spec(QHp) N [0, g] # @.
Since Spec(QZ) C [a — &, a + ¢], this leads to
Spec((Ho + Z)Q) N[a —&,a + 2¢] # 0.
This contradicts
Spec(Ho + 2)0) = Spec(H1 0) < Spec(Hy) € 7. .
Using the Borchers—Arveson theorem, every smooth positive energy representa-

tion (p, #€) can be brought in the following standard form.

Definition 3.8 (Minimal representations). A positive energy representation (p, #)
of G is called minimal if the 1-parameter group U; = p(exp(¢D)) is minimal with
respect to the von Neumann algebra p(G)”.

Corollary 3.9. Let (p, #) be a positive energy representation of G and let G¥ < G
be the inverse image of the subgroup G of G X R, so that G =~ G* x R. Then, there
exists a unitary 1-parameter group (Wy);er in the commutant p(é)’ such that the
representation po(g,t) := p(g,1)W; ! has the following properties:

(i) po(G)" = p(GH,



Positive energy representations 26

(ii)  if p is irreducible, then so is p| gz,

(iii) ifar =idg, then po(1, T) = 1 and, for every closed p(@)-invariant sub-
space ¥ C JH, the subspace Fo = {& € F : Hoé = 0} is G-generating
in¥,

(iv)  po is a smooth positive energy representation.

Proof. (i) Theorem 3.7 implies that U; := p(exp¢D) can be written as U, = V; W;,
where (V;);eR is a continuous unitary one-parameter group in the von Neumann alge-
bra M := p(G*)” and W, € p(G*)'.

(ii) If p is irreducible, then Schur’s Lemma implies that W; € T1, hence that the
restriction p|g¢ remains irreducible.

(ii1) follows from Theorem 3.7 (iii) and (ii).

(iv) As V; = po(1, 1) has a positive generator, pg also is a positive energy repre-
sentation. It remains to see that pg is smooth. Since (W;);er lies in the commutant
p(@)’ , all its spectral subspaces are invariant under G. Therefore, p is a direct sum
of subrepresentations for which W is norm continuous. We may therefore assume,
without loss of generality, that W is norm continuous. Then, we can consider W as
a smooth representation of G and therefore po(g,t) = p(g,t)W_; is a smooth repre-
sentation of G |

In view of the factorization p(g,?) = po(g,t)W;, we can adopt the point of view
that we know all positive energy representations if we know the minimal ones. On
the level of the irreducible representations, the only difference is a phase factor cor-
responding to the minimal energy level. In general, the ambiguity consists in unitary
one-parameter groups of the commutant, and these can be classified in terms of spec-
tral measures.

3.4 Cauchy-Schwarz estimates (general case)

We show that the requirement that a representation be of positive energy severely
restricts the class of cocycles that may occur.

Let p be a positive energy representation of G .. For a smooth unit vector e H®
the expectation values

(H)y == (Y. Hy) and (idp(§))y := (V.idp(§)¥)

of H and & € g are defined. The following is a non-commutative adaptation of [85,
Theorem 2.8].

Lemma 3.10 (Cauchy—Schwarz estimate). Let p be a positive energy representation
of G, and let £ € g be such that [§, D] = 0. Then, for every unit vector € H*°,
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we have
({i 4p(DE))y + w(E. D))* < 20(E. DE)(H)y.
and further w(&, D&) > 0.

Proof. Since H = idp(D) has non-negative spectrum, the expectation value of the
energy in the state defined by exp(¢dp(£))y is non-negative for all ¢ € R;

0 < (H)expapny = (™" " © H)y. (3.1)
Since [£, D&] = 0, the exponential series terminates at order 2,

exp(—t adap)) (H) = idp(e™ e )
2
_ idp(D +1DE — tw(E, D)C — %w(é, Dg)c)

2
= H +t(idp(D§) + w(§, D)) + %a)(é, D§), (3.2

so that substitution in (3.1) yields the inequality

2
0 < (H)y +1((idp(DE)y + w(E. D)) + %w(g, DE) fort € R.

The proposition now follows from the simple observation that at? + bt + ¢ > 0 for
allz € R is equivalent to 0 < a, ¢ and b? < 4ac. [

The Cauchy—Schwarz estimate will play an important role in the rest of the mem-
oir. We will use it mainly in situations where (D, g) = {0}, so that the bilinear form
(&,1n) — w(&, Dn) is symmetric. This is the case for gauge algebras (cf. Remark 5.8),
but also more generally for locally convex Lie algebras with an admissible derivation
in the sense of [52, Definition 9.1, Proposition 9.10].

In Chapter 5 we use Lemma 3.10 to show that (£, ) — w(&, Dn) is a positive
semidefinite form on the gauge algebra g, and that every cocycle coming from a
positive energy representation can be represented by a measure (Theorem 5.7). In
Chapter 6, we make extensive use of the bound on the expectation value (idp(D§))y
in terms of the average energy (H )y, afforded by Lemma 3.10. In fact, we shall need
such bounds also for Lie algebra elements which are not in the image of D. The
following refinement of the Cauchy—Schwarz estimate was designed for this purpose.

We start out with a proposition on Lie algebras which are Mackey complete, in
the sense that every smooth curve ¢: [0, 1] — g has a weak integral fol L(t)dt in g.
For a Mackey complete Lie algebra g, the operator

1
/ esadyds
0

. ady _
on g is denoted ¢——1.
ady
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Proposition 3.11. Let ¢ = R @, g be a central extension of a Mackey complete Lie
algebra g of the Lie group G with exponential function exp. Then, the adjoint action
Ad® of G on § satisfies

~ ady _ 1
Adg,,(z,x) = (z + a)(y, ¢ (x)),eadyx).

ad,

Proof. This is verified by solving the ODE
Y'(t) =[(0.y),y()]  with y(0) = (z,x).
Writing y(1) = (a(t), e’ (x)), it leads to &/ (t) = w(y, e’ ™ x). n

Lemma 3.12 (Refined Cauchy—Schwarz estimate). Let g be a Mackey complete Lie
algebra, and let p be a positive energy representation of G. Let £, 1 € g be such that
£, D&] = 0and [n, Dn] = 0. Then, for all s € R, we have

—sady _ 2
((i dp(e_”d"DE))w +w(, D) +a)(e I(Df)vﬂ))

ad,
2
< 206, 08)((H)y + 5(l D)y + 1. D) + 5001, D).

In particular, if w(§, D) = 0, w(n, D) = 0 and a)(adzp(n)(DE), n) = 0foralln > 0,
then

2
(ap(e™* DO, = 2066, D6)((Hy + i (D) + S 000, D).

Proof. We write W, ; := exp(tdp(§)) exp(sdp(n)), and exploit the fact that the oper-
ator Hy; 1= Ws*z H W; ; has non-negative spectrum. Repeated use of (3.2) on

Hy; = exp(—s adqp()) ( exp(—t addp(g))H)

yields
Hg; = Ao(s) + A1(s)t + Apt?
with
Ao(s) = H +s(idp(Dn) + (n, D)1) + ;w(n, D)1,
A1 (s) = w(§, D)1 + exp(—s adap(y)) (i dp(D§)),
Ay = %w(g, Do),

With the preceding proposition, we obtain for exp(—s ada,(;))(idp(D&)) the expres-
sion

g e—sadn -1
idp(e™> %" Dg) + w(—(Ds), n)l,
ad,
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and thus

—sady __
A1(s) = w(€ D)1 +idp(e **(DE)) + w(ead—l(Dg), n)l.
n

Consider the expectation value (Hj )y > 0. Setting
ao(s) :=(Ao(s))y. ai(s) :=(A1(s))y and a3 := (A2)y.

we observe that
<Hs,t)1// = ao(s) + a1(s)t + (121‘2

is a non-negative polynomial in ¢ of degree at most 2. From this, we obtain the
inequality a1 (s)? < 4apaq(s). This is the first inequality mentioned above, the second
one is a direct consequence. |






Chapter 4

Covariant extensions of gauge algebras

The results in the preceding chapter concerned the general level of Lie groups of the
form G x, R. Now we turn to the specifics of gauge groups. After introducing gauge
groups and their Lie algebras in Section 4.1, we describe in Section 4.2 a procedure
that provides a reduction from semisimple to simple structure Lie algebras, at the
expense of replacing M by a finite covering manifold M. In Section 4.3, we recall
the classification [51] of 2-cocycles for the extended gauge algebra g xp R.

4.1 Gauge groups and gauge algebras

Let X — M be a smooth bundle of Lie groups, and let & — M be the corresponding
Lie algebra bundle with fibers

Ky = Lie(Ky).

If M is connected, then the fibers K, of K — M are all isomorphic to a fixed
structure group K, and the fibers &, of K are isomorphic to its Lie algebra

£ = Lie(K).

Definition 4.1 (Gauge group). The gauge group is the group I'(M, K) of smooth
sections of K — M , and the compactly supported gauge group is the group I'c. (M, K)
of smooth compactly supported sections.

Definition 4.2 (Gauge algebra). We define the gauge algebra as the Fréchet-Lie
algebra I'(M, &) of smooth sections of & — M, equipped with the pointwise Lie
bracket. The compactly supported gauge algebra T'.(M, K) is the LF-Lie algebra of
smooth compactly supported sections.

The compactly supported gauge group I'. (M, K) is a locally convex Lie group,
whose Lie algebra is the compactly supported gauge algebra I'. (M, &). It is locally
exponential, with exp: I'c(M, &) — I'.(M, K) given by pointwise exponentiation
[51, Proposition 2.3].

Definition 4.3. In the following we write T (M, K)o for the simply connected cov-
ering group of the identity component . (M, K)o and

gr:Te(M, K)o — Te(M, K)o

for the covering map. Then, [.(M, KX)o has the same Lie algebra ['. (M, &) as the
gauge group . (M, K), and its exponential function Exp satisfies gr o Exp = exp.
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4.1.1 Gauge groups from principal fiber bundles

The motivating example of a gauge group is of course the group Gau(E) of vertical
automorphisms of a principal K-bundle 7: & — M.

~

Definition 4.4. A vertical automorphism of a principal fiber bundle 7: E — M is a

K-equivariant diffeomorphism «: E — & such that 7 o « = 7. The group Gau(E)
of vertical automorphisms is called the gauge group of E.

In order to interpret Gau(E) as a gauge group in the sense of Definition 4.1, define
the bundle of groups Ad(E) — M with typical fiber K by

Ad(E) := Ex K/ ~,

where the relation ~ is given by (pk,h) ~ (p,khk™1) for p € E and k,h € K. We
obtain an isomorphism
Gau(E) ~ I'(M, Ad(E))

by mapping the section o € I'(M, Ad(E)) to the corresponding vertical automor-
phism o, € Gau(E), defined by

as(p)=p-k

if o(sw(p)) is the class of (p, k) in Ad(E) = E x K/ ~.
The bundle of Lie algebras associated to E is the adjoint bundle ad(E) — M,
defined as the quotient
ad(E) := B xaq t

of & x ¥ modulo the relation (pk, X) ~ (p,Adg(X))forpe E, X e fand k € K.
Here Adj € Aut(¥) is the Lie algebra automorphism induced by the group automor-
phism & — khk~!.

The compactly supported gauge group Gau,(E) C Gau(E) is the group of verti-
cal bundle automorphisms of = that are trivial outside the preimage of some compact
subset of M . Since it is isomorphic to I'. (M, Ad(E)), it is a locally convex Lie group
with Lie algebra gau,.(E) = (M, ad(E)).

Remark 4.5. In applications to gauge theory on noncompact manifolds M, the rele-
vant group § of gauge transformations may be smaller than Gau(Z) due to boundary
conditions at infinity. One expects ¥ to contain at least Gau.(E), or perhaps even
some larger Lie group of gauge transformations specified by a decay condition at
infinity (cf. [31, 110]). In Part II of this series of papers, we will focus on the case
where M = R is Minkowski space, and § C I'(R?, Ad(E)) is the group of gauge
transformations that extend continuously to the conformal completion of Minkowski
space. If the extension of E to the conformal completion is trivial, then § contains
global as well as compactly supported gauge transformations.
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4.1.2 Gauge groups and space-time symmetries

An automorphism of w: KX — M is a pair (y, ypr) € Diff(K) x Diff(M) withw o y =
Ym o , such that for each fiber K, the map y|x,: Kx — K,,, (x) is a group homo-
morphism. Since yy is determined by y, we will omit it from the notation. We denote
the group of automorphisms of K by Aut(X).

Definition 4.6 (Geometric R-actions). In the context of gauge groups, we will be
interested in R-actions o: R — Aut(I'(M, X)) which are of geometric type, i.e.,
derived from a 1-parameter group y: R — Aut(X) by

ai(0) ;=Y 000y

The R-action on I'(M, K) preserves the subgroup I'. (M, K)o on which it defines a
smooth action. Moreover, it lifts to a smooth action on the simply connected covering
group ['c (M, K)g (cf. [62, Theorem VI.3]).

Remark 4.7. If X is of the form Ad(E) for a principal fiber bundle E — M, then a
1-parameter group of automorphisms of & induces a 1-parameter group of automor-
phisms of XK.

The 1-parameter group o: R — Aut(I"(M, X)) of group automorphisms differen-
tiates to a 1-parameter group «%: R — Aut(I'(M, K)) of Lie algebra automorphisms
given by

Y-t © eSS O VM-
=0

d
HOE

The corresponding derivation D := % { tzoa,g of I'(M, &) can be described in terms
of the infinitesimal generator of y,

Vi=—

=/ r= €V

t=0

We identify the element £ € I'(M, &) with the vertical, fiberwise left invariant vector
field B¢ € V(K) defined by Eg(ky) = % }Ezokxesé(x). Using the equality [v, E¢] =
E (&), we write

D(§) = Ly¢.
For g = I'.(M, K), the Lie algebra g xp R then has the bracket

E@r.8 Dt =([6.61+ (LE —1'Li§)) & 0. 4.1

Remark 4.8. Alternatively, we can consider y: R — Aut(X) as a smooth 1-parameter
group of bisections of the gauge groupoid §(K) = M, the Lie groupoid whose
objects are points x, y € M, and whose morphisms are Lie group isomorphisms
Ky — K. It gives rise to a smooth 1-parameter family y of bisections of the Lie
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groupoid ¥(K) = M, whose morphisms from x to y are Lie algebra isomorphisms
Kx— &K, . Its generator v= —% |;=0Y is thus a section of its Lie algebroid a(K) - M,
called the Atiyah algebroid. A section £ € I'(M, &) can be considered as an element
of I'(M, ber(R)) C I'(M, a(K)), and we interpret L& as the commutator [v, £] in
'(M, a(K)). We will need this picture in Section 4.2, where the bundle of Lie groups
is not available.

4.2 Reduction to simple structure algebras

In this memoir, we consider gauge algebras with a semisimple structure algebra ¥.
The following theorem shows that, without further loss of generality, we may restrict
attention to the case where ¥ is simple.

Theorem 4.9 (Reduction from semisimple to simple structure algebras). If & — M
is a smooth locally trivial bundle of Lie algebras with semisimple fibers, then there
exists a ﬁmte cover M — M and a smooth locally trivial bundle of Lie algebras
K — M with simple ﬁbers such that there exist isomorphisms I'(M, &) ~ F(M S?)
and Te (M, R) ~ T, (M R) of locally convex Lie algebras.

This is proven in [51, Theorem 3.1]. In brief, one uses local trivializations of
K — M to give a manifold structure to

= | Spec(Kx),
XEM

where Spec(&Ky) is the finite set of maximal ideals I, C K. The bundle of Lie alge-
bras is then defined by
U Stx/lx ’

IeM

and one shows that the natural projection r: K >Misa locally trivial vector bundle.
Note that the finite cover M — M is not necessarily connected, and that the isomor-
phism classes of the fibers of & — M are not necessarily the same over different
connected components of M.

Remark 4.10. Since a smooth 1-parameter family of automorphisms of & — M acts
naturally on the maximal ideals, we obtain a smooth action on the Lie algebra bundle
K — M. We denote the corresponding section of the Atiyah algebrmd a(R) —~ M
by Vv e F(M a(S?)) and we denote the corresponding vector field on M by

Vi = % V.
Since K has simple fibers, the Atiyah algebroid a(S%) fits in the exact sequence

§—>a(§)—>TM,
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where the first map is given by the pointwise adjoint action, and the second by the
anchor. Note that the action on M is locally free or periodic if and only if the action
on M is. In that case, the period on M is a multiple of the period on M.

In many situations, the connected components of M are diffeomorphic to M.
However, non-trivial covers M — M do occur naturally, for example in connection
to non-orientable 4-manifolds.

Example 4.11. If the fibers of & — M are simple, then M=M.

Example 4.12. If & = M x ¥ is trivial, then M =M x Spec(¥) and all connected
components of M are diffeomorphic to M.

Example 4.13. Suppose that M is connected, and that the typical fiber £ of & — M
is a semisimple Lie algebra with r simple ideals that are mutually non-isomorphic.
Then,
,
M=||m
i=1

is a disjoint union of copies of M.

Example 4.14 (Frame bundles of 4-manifolds). Let M be a 4-dimensional Rie-
mannian manifold. Let E := OF(M) be the principal O(4, R)-bundle of orthogonal
frames, and let & = ad(E). Then, K = O(4,R) and ¥ = s0(4, R) is isomorphic to

sur(2,C) dsur(2,C).

The group 7o(K) is of order 2, the non-trivial element acting by conjugation with
T = diag(—1, 1, 1, 1). Since this permutes the two simple ideals, the manifold M is
the orientable double cover of M. This is the disjoint union M=M . LU Mg of two
copies of M if M is orientable, and a connected twofold cover M — M ifitis not.

4.3 Central extensions of gauge algebras

Let g be the compactly supported gauge algebra I'c (M, &), where & — M is a Lie
algebra bundle with simple fibers. In this section, we classify all possible central
extensions of @ xp R. This amounts to calculating the continuous second Lie algebra
cohomology H?(g xp R, R) with trivial coefficients. In Chapter 5, we will charac-
terize those cocycles coming from a positive energy representation.

4.3.1 Universal invariant symmetric bilinear forms

Let ¥ be a finite-dimensional, simple real Lie algebra. Then, its automorphism group
Aut(¥) is a closed subgroup of GL(¥), hence a Lie group with Lie algebra der(f) ~ ¥.
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Since ¥ acts trivially on the space
V() = S2(E)/(¢- S?(®))

of ¥-coinvariants of the twofold symmetric tensor power S2(£), the Aut(f)-represen-
tation on V'(¥) factors through o (Aut(¥)). The universal £-invariant symmetric bilin-
ear form is defined by

1
KExE—VE), «(x,y):= [x®sy]=§[x®y+y®x].

We associate to A € V(¥)* the R-valued, der(f)-invariant, symmetric, bilinear form
Ky :=Aok.

This correspondence is a bijection between V(¥)* and the space of der(¥)-invariant
symmetric bilinear forms on ¥.

Since ¥ is simple, we have V(£) >~ C if ¥ admits a complex structure, and V() ~R
if it does not (cf. [84, Appendix B]). In the latter case, ¥ is called absolutely simple.
The universal invariant symmetric bilinear form can be identified with the Killing
form of the real Lie algebra ¥ if V(£) >~ R and with the Killing form of the underlying
complex Lie algebra if V(¥) ~ C. In particular, in the important special case that £ is a
compact simple Lie algebra, a universal invariant bilinear form k: £ x ¥ — V/(¥) is the
negative definite Killing form given by tr(ad x ad y). However, in the following, we
shall always use the normalized invariant positive definite symmetric bilinear form «
that satisfies

k(iaY,ia") =2 4.2)

for the coroots oV corresponding to long roots in the root decomposition of ¢
(cf. [68,94] and Appendix A).

4.3.2 The flat bundle V = V(&)

If & — M is a bundle of Lie algebras with simple fibers, then we denote by V. — M
the vector bundle with fibers V,, = V(&,). It carries a canonical flat connection d,
defined by

dr(§,m) := k(dvé,n) + k(€ ,dvyn) for§,ne'(M,K),
where V is a Lie connection on &, meaning that
dv[§. n] = [dv&.n] + [§.dvn] forallé,n e I'(M,K).

Since the fibers are assumed to be simple, any two Lie connections differ by a K-
valued 1-form, so that the preceding definition is independent of the choice of V
(cf. [53]).
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Let ¥; be the fiber of & over a connected component M; of M. If ¥; is absolutely
simple (hence, in particular, when £ is compact), we have V(¥;) ~ R, and 7o (Aut(¥))
acts trivially on V(¥;). In this case, V — M; is the trivial line bundle M; x R — M.

If £; possesses a complex structure, then V(¥;) ~ C, and o € Aut(¥;) flips the
complex structure on C if and only if it flips the complex structure on ¥;. In this case,
VY — M; is a vector bundle of real rank 2.

Remark 4.15. In the context of positive energy representations, we will see in Theo-
rem 6.2 below that ¥ must be compact, so that V. — M is the trivial real line bundle.
Although we need to consider the a priori possibility of non-trivial bundles, then, it
will become clear in the course of our analysis that they will not give rise to positive
energy representations.

4.3.3 Classification of central extensions

We define 2-cocycles wy v on g Xxp R whose classes span the cohomology group
H?(g xp R,R). They depend on a V-valued 1-current > € QL (M, V), and on a Lie
connection V on &. A 1-current A € QL(M, V)’ is said to be

(L1) closed it A(AC°(M,V)) =0,
(L2) va-invariant if A(Ly,, QL(M, V)) = {0}.

Given a closed, vy-invariant current A € Q;(M , V)’, we define the 2-cocycle w; v
on g Xp R by skew-symmetry and the equations

w3,v(§.m) = A(k(§. dvn)), (4.3)
w3,9(D,§) = A(k(LyV., §)), (4.4)

where we write £ for (£,0) € g xp Rand D for (0,1) € g xp R asin (2.2). We define
the der(K)-valued 1-form L,V € Q!(M, der(R)) by

(LyV)w (§) = Ly(dv)w — Vw Lv§ = Ly(VuE) = Vu Lv§ = Vv, w§ (45)

forallw € V(M), & e I'(M, K). Since the fibers of & — M are simple, all derivations
are inner, so we can identify L,V with an element of Q'(M, &). Using the formulae

dk(§,n) = k(dvé, n) + «(&, dvn), (4.6)
Lyykc(6,m) = k(Lvé, n) + k(& Lyn), 4.7)
LV(dVS) - dVLvE = [va’ E]’ 4.8)

it is not difficult to check that wy v is a cocycle. Skew-symmetry follows from (4.6)
and (L1). The vanishing of éw, v on g follows from (4.6), the derivation property
of V and invariance of «. Finally, ipdw, v = 0 follows from skew-symmetry, (4.8),
(4.7), (L2) and the invariance of «.
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Note that the class [0, v] in H?(g xp R,R) depends only on A, noton V. Indeed,
two connection 1-forms V and V' differ by 4 € Q1 (M, der(R)). Using der(R) ~ &,
we find

Wy, v — v =8xa with y4(§ & 1) := A(k(4.§)).

According to the following theorem, every continuous Lie algebra 2-cocycle on
g Xp R is cohomologous to one of the type w, v as defined in (4.3) and (4.4).

Theorem 4.16 (Central extensions of extended gauge algebras). Let KX — M be a
bundle of Lie groups with simple fibers, equipped with a I-parameter group of auto-
morphisms with generator v e V(K). Let g = T'c (M, &) be the compactly supported
gauge algebra, and let @ xp R be the Lie algebra (4.1). Then, the map A — [w) v]
induces an isomorphism

(QUM.V)/(dQ2M. V) + Ly, QLM. V) = H?(g xp R, R)

between the space of closed, vy -invariant V -valued currents and H?*(q xp R, R).

This is proven in [51, Theorem 5.3]. The proof relies heavily on the description
of H?(g,R) provided in [53, Proposition 1.1].

Remark 4.17 (Temporal gauge). If the Lie connection V on & can be chosen so as
to make v € V(KX) horizontal, Vy,,§ = L& forall § € I'(M, &), then equation (4.5)
shows that L,V = iy,, R, where R is the curvature of V. For such connections, (4.4)
is equivalent to

0,9(D.§) = Ak (ivy, R. §)).



Chapter 5

Cocycles for positive energy representations

Having classified all the possible 2-cocycles on ' (M, &) x R, we now address the
restrictions that are imposed on these cocycles by the Cauchy—Schwarz estimates
from Section 3.4.

In Section 5.1 we derive a local normal form of the cocycle w in a flow box around
a point m € M, where vy € V(M) does not vanish. In Section 5.2, we use this to
derive a global normal form for w, provided that vy is nowhere vanishing. It turns out
that w is characterized by a measure p on the covering space M . In Section 5.3, we
plug this information back into the Cauchy—Schwarz estimate. This yields the basic
estimates needed for the continuity results in Chapter 6.

The setting of this chapter is as follows. As before, 7: K — M is a bundle of
Lie groups with semisimple fibers, and & — M is the corresponding bundle of Lie
algebras. We consider positive energy representations of G, where G = (M, X)is
the compactly supported gauge group with Lie algebra g = [ (M, K). In fact, we will
work mainly at the Lie algebra level, so our results continue to hold for the slightly
more general case that G = Te(M,X)g is the simply connected cover of the identity
component. Using Section 4.2, we identify g = I'. (M, &) with g =T, (1\71 , ﬁ), where
& — M isaLie algebra bundle with simple fibers over a covering space M of M. We
assume that the 1-parameter group of automorphisms is of geometric type in the sense
of Definition 4.6. The analogs of the generators vay € V(M) and v € I'(M, a(K)) for
R are denoted by 7.¥ € V(M) and ¥ € T (M, a(R)).

5.1 Local gauge algebras

The following simple lemma will be used extensively throughout the rest of the mem-
oir. It gives a normal form for the pair (I'; (M, &), v) in the neighborhood of a point
m € M where the vector field v; does not vanish.

Definition 5.1 (Good flowbox). A good flowbox is a v-equivariant, local trivialization
(I x Up) x K — K of K over an open neighborhood U € M that is equivariantly
diffeomorphic to I x Up. Here I C R is a bounded open interval, and Uy C R 1 s
open. Note that for n = 1, we may take Uy = {0}.

In particular, we have coordinates ¢ := xq for I and X := (x1, ..., x,—1) for Up
such that vps € V(U) corresponds to d; € V(I x Up).

Lemma 5.2. For any point m € M with vy (m) # 0, there exists a good flowbox
U ~ I x Uy containing m. Under the trivialization U x ¥ — K|y, the induced
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isomorphism C2° (U, ¥) >~ T'¢ (U, K) yields an inclusion
Iy:C (U, %) x5, R < T (M, &) xp R.

Proof. Since vy (m) # 0, we can find a neighborhood U € M of m and local coor-
dinates ¢, x1, ..., X,—1 such that the vector field vps on U is of the form d;. We may
assume that U ~ I x Uy where U, C R*"! corresponds to t = 0 and / € R cor-
responds to X = 0. We choose Uy sufficiently small for there to exist a trivialization
®: Up x K — K|y,, which we then extend to a trivialization U x K >~ K|y over
Uby (t,x,k) = y(=t)®(x, k). As %h:oy(—t) = v, the vector field v e V(K) is
horizontal in this trivialization. ]

We consider gy := C2°(U, ¥) as a subalgebra of ¢ = I'. (M, &) and wish to study
the restriction dpy of the representation dp to the subalgebra

@U =R Do (gU Ny, R)

Note that the subalgebra gy <> g does not correspond to a Lie subgroup of G unless
U is y-invariant, so we cannot work at the level of Lie groups.

If A € QY(U,¥) is the local connection 1-form corresponding to the Lie connec-
tion V, then up to coboundaries, by (4.3) and (4.4) the restriction wy of w to gy x5, R
takes the form

wy(fX,gY) > Au(k(fX.dg-Y +g[4.Y]) (GRY
wy s, fX) = Ay (k(3: 4, fX)), (5.2)
for some Ay € QL(U, V(¥)), where f,g € C®(U,R) and X,Y € ¥.

Proposition 5.3. Let m € M be a point with vay(m) # 0 and let U >~ I x Uy be
a good flowbox (cf. Definition 5.1). Let 1: Uy < M be the corresponding inclusion.
Then, the map QL(U, V(¥)) — Tc(Up, *T*M ® V(¥)), B > B, defined by the inte-
gration

_ o0
Flcteoxn = [ Blexi . xnde,
—0o0
vields a split exact sequence
0— Ly, QLU V(£) — QLU V(£) — Te(Uo, *T*M R V(¥)) — 0

of locally convex spaces. In particular, Au: Qé (U, V(£)) = R factors through a con-
tinuous linear map Ay,: Te(Up, *T*M ® V(£)) — R.

Proof. The second statement follows from the first because

Au(Ly, QL (U, V(£))) = {0}
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by Theorem 4.16. The kernel of B — B is precisely Ly, QL(U, V(£)) by the funda-
mental theorem of calculus. A bump function ¢ € CZ°(1, R) of integral 1 yields the
required continuous right inverse T'c(Uy, *T*M ® V(£)) — QL(U, V(¥)) for the
integration map by sending X — B(X) to (¢, X) = @()B(x1,..., Xn—1). m

For X = Y we obtain with (5.1) the relation
w0, fX, fX) = )LU(B,f -df -K(X,X)).

Unlike (5.1), which holds only modulo coboundaries, this equation is exact because
(0 f)X and fX commute. Lemma 3.10 (the Cauchy—Schwarz estimate) then yields

—/XU(B,f-df-K(X,X))ZO. (5.3)
This allows us to characterize Ay as follows.

Proposition 5.4. Let m € M be a point with vy (m) # 0. Then, there exists an
open neighborhood U C M of m such that, for each X € ¥, there exists a unique
vy -invariant positive locally finite regular Borel measure py,x on U such that the
functional Ay, x € QL(U,R) defined by Ay, x (B) := —Au (B -k (X, X)) takes the form

rux(B) = /U (g B)d it (m).

Proof. Introduce coordinates xo := ¢ and X := (xq,...,x,—1) on U ~ I x Uy as in
Definition 5.1. Define /\U,i ECC(,X’(U, R)’, i=0,...,n—1,by AU,i (f) = )LU,X(fdxi)
andlet A; € C2°(Uy,R)’ be the corresponding distribution on Uy (cf. Proposition 5.3),
SO

Aui(f) = Ai(f)

with
(@)= /1 f(t,X)dt.

Then,

n—1

dux(fdg) =) Ai(fdig) forall f,g € CX(U,R).

i=0

Equation (5.3) then yields
n—1
A0(0:.)%) + D 2i(9:f0: f) = 0. (5.4)

i=1

First, we show that Ao (h?) > 0 for any & in C2°(Up, R). Note that every element
B of C2°(I,R) satisfies

1
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We choose B # 0, normalize it by

/(atB)zdt =1
1

and define
f(t,X) := B(t)h(X).
‘We then have

@, /)2 =h® and 8tf8if:h8,-h/IB8,Bdt:0 fori > I.

Therefore, (5.4) yields A¢(h?) > 0 as required.

Since A extends' to a positive linear functional on C,.(Uy, R), Riesz’ representa-
tion theorem [96, Theorems 2.14 and 2.18] yields a unique locally finite regular Borel
measure (o on Uy such that A¢(f) = on fdpo(x). This implies

Avo(f) = /U Fdpy.x ().

with py, x the product of o with the Lebesgue measure on 1.
To finish the proof, we now prove that A; = 0 for i > 0. It suffices to show that
Ai(h?) = 0 forall h € C2°(Up, R). Choose B¢, Bs € C°(I,R) so that

/Bs(t)B/C(t)dt =1,
I
choose C, S € C>(Up, R) so that

C(x) = cos (Zkixi) and S(x) = sin (Zkixi)

i=1 i=1
for x € supp(h), k; € Z, and set
f(t,%) := h(X)(Bc(t)C(X) + Bs(1)S(X)).
Then, with
Ei= [ (Be]+1B50)) dr.
1

we have

0= @S =1 [ (BeCGE) + BsO)SG)dr = B,

!For every compact S C Uy, there exists a ¢ € C2°(Up, R) with ¢|s > 1. With Lg =
Ao(@?), it then follows from the inequality Ao (|| f |loo®? £ ) = 0 that |Ao(f)| < Ls || flleo
for all f* with support in S.
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Making repeated use of

/F(z,)?)a,F(t,)'c')dt =0 and /B’CBS + BgBcdt =0,
1

I
we find, fori =1,...,n —1,
9 f0; f = kih*.
Equation (5.4) then yields
n—1
20((0:)%) + D kidi(h?) = 0 forallk; € Z, (5.5)

i=1

where the function f depends on the k;. As Ao ((d; )?) < EA¢(h?), the non-negative
term Ao((d; /)?) is bounded by a number that does not depend on k;. It therefore
follows from inequality (5.5) that A; (h%?) = O for all i > 0, as was to be proven.  m

5.2 Infinitesimally free R-actions

In Sectlon 4.2, we saw that I'; (M, &) is isomorphic to the gauge algebra I', (M R)
where & — M is a Lie algebra bundle with simple fibers over a cover M — M.
The decomposition M = LI, M in connected components therefore gives rise to
a direct sum decomposition

Te(M,R) = P Te(M;, R), (5.6)

i=1

where & — ]\2,- is a Lie algebra bundle with simple fibers isomorphic to ¥;.

5.2.1 Reduction to compact simple structure algebras

If vy is non-vanishing, then we can restrict attention to the terms in (5.6) where ¥{; is
a compact simple Lie algebra.

Corollary 5.5. Suppose that £; is not compact, and let m € M be a point such that
TsVm £ 0. Let U C M; be as in Proposition 5.4 and let Ay € QL(U, V(¥;)) be as in
(5.1) and (5.2). Then, Ay: QL(U, V(£)) — R is zero. Consequently, wy is cohomol-
ogous to zero on I'c (U, ﬁ)

Proof. It suffices to show that uy, x = Oforall X € ¥;. If X, Y e ¥; withx (X, X) =
—k(Y,Y), then py x = —py,y implies uy,x = py,y = 0. If ¥; is a complex Lie
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algebra, i.e., V(£;) >~ C (cf. Section 4.3.1), then the previous argument with ¥ = i X
yields puy,x = 0 for all X € ¥;. If V(¥;) ~ R, then ¥; is noncompact if and only if
{k(X,X); X €t;} = R. Therefore, the same reasoning applies. ]

Corollary 5.6. If p is a positive energy representation of G and vy has no zeros,
then w is cohomologous to a cocycle that vanishes on the subalgebras T'.(M;, &),
where £; is noncompact.

Proof. By Theorem 4.16 applied to I', (M, §), the class [w] € H?(q xp R, R) is
uniquely determined by a V-valued current A: SZC(M , V) — R. Since vy is every-
where non-zero, the same holds for V. If ; is noncompact, by Corollary 5.5, Mi
can be covered with open sets U;; such that A vanishes on Q.(U;j, V). As every ele-
ment of Qc(ﬁi, V) can be written as a finite sum of elements of Q.(U;j, V), the
current A vanishes on Qc(Mi, V). [

5.2.2 Reduction of currents to measures

Let p: G — U(#) be a positive energy representation, where G = T, (M, K)o is
the simply connected Lie group with Lie algebra g = I'c(M, &), which covers the
identity component of the compactly supported gauge group. This gives rise to a Lie
algebra cocycle w on g xp R. Using the results of Section 4.2, we identify the gauge
Lie algebrag = I'. (M, &) withg =T, (]\71, SA%), where & — M isaLie algebra bundle
with simple fibers. The cocycle w can then be represented by a measure on M.

Theorem 5.7. Suppose that vy has no zeros, and that o is a 2-cocycle on g Xp
R induced by a positive energy representation p: G — U(H). Then, there exists a
positive, regular, locally finite Borel measure |1 on M invariant under the Sflow y g on
M induced by yx, such that w is cohomologous to the 2-cocycle w, v, given by

o€ == [ k(e Vzmauim) (5.7

wﬂ@@=—&N@@WMMMﬂﬁ%WHHﬂ@- (5.8)

The support of |4 is contained in the union of the connected components 1\2,- where
the fibers of & are compact simple Lie algebras. In (5.7) and (5.8), we identify k with
the positive definite invariant bilinear form normalized as in (4.2).

Proof. As vy is nowhere zero, we can cover M by good flowboxes U C M in
the sense of Definition 5.1. In the corresponding local trivialization . (U, SA?) i~
C2°(U,¥) (cf. Lemma 5.2), we may assume that ¥ is compact by Corollary 5.5. We
normalize « as in (4.2) and define uy as py,x forany X € f withx (X, X) =1.IfU
and U’ are two such open sets, then the measures gy and py- from Proposition 5.4
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coincide on the intersection U N U’, as both measures are uniquely determined by
the cocycle w. The measures py thus splice together to form a positive regular
locally finite Borel measure on M. Equations (5.7) and (5.8) then follow immedi-
ately from (4.3), (4.4) in Section 4.3.3, and (5.1), (5.2). ]

Remark 5.8. As the cohomology class [w; v] is independent of the choice of the Lie
connection, we are free to choose V so that V is horizontal. In that case, we have

i~(LyV) =0 and Lg§ = Vg5
(cf. Remark 4.17). Equation (5.8) then becomes
wu,v(D,§) =0.

From Examples 4.11-4.14 in Section 4.2, we obtain the following.

Example 5.9. If & — M has simple fibers, then M = M. The class [@y,v] then
corresponds to a measure i on M. It vanishes on the connected components of M
where the fibers of & — M are noncompact.

Example 5.10. Suppose that M is connected, and that the typical fiber ¥ = P;_, ¥;
is the direct sum of » mutually non-isomorphic simple ideals ¥;. Then, M is the
disjoint union of r copies of M. The class [w,, v] is then given by r measures p; on
M, one for each simple ideal. The same holds if & = M x ¥ is trivial, and the ¥; are

not necessarily non-isomorphic.

Example 5.11 (Frame bundles of 4-manifolds). (cf. Examples 4.14). Suppose that
M is a Riemannian 4-manifold, and & = ad(OF(M)) is the adjoint bundle of its
orthogonal frame bundle. If M is orientable, then w, = w,, + w,, is the sum of
two cocycles with measures w7, and g on M corresponding to the simple factors
suz(2,C) and sug (2, C) of s0(4,R). If M is not orientable, then w,, is described
by a single measure p on the orientable cover M- M.

5.3 Cauchy-Schwarz estimates revisited

Using the explicit form of the cocycles determined in Theorem 5.7, we revisit the
Cauchy-Schwarz estimates of Section 3.4. In this section, we assume that & — M
has semisimple fibers, and that the vector field vy on M is nowhere vanishing. As
before, we identify I'c (M, &) with T, (M , SA{), where & — M has simple fibers.
Define the positive semidefinite symmetric bilinear form on g = I', (]\71 , §) by

(.= /Mx(s, du(m). (5.9)
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Using Theorem 5.7 and Remark 5.8, we may replace w by w,, v for a Lie connection
V on & that makes ¥ horizontal. In that case, we have iV/A; (L5V) =0 and L3§ =
V..5€ (cf. Remark 4.17). We may thus assume, without loss of generality, that the
cocycle associated to a positive energy representation takes the form

w(§n) == Lyn)p = (Ls§. ny,  o(D,§) =0. (5.10)

The Cauchy—Schwarz estimate (Lemma 3.10) can now be reformulated as follows.

Lemma 5.12 (Cauchy—Schwarz Estimate). Let p be a positive energy representation
of G, where G =T, (M, K)y is the simply connected gauge group. If the vector field
vy on M has no zeros, then, after replacing the linear lift dp: ¢ — End(H# *°) of the
projective representation dp of g by dp + i x1 for some continuous linear functional
x: g —> R, we have

(idp(Ls€))y, < 2(H)y | Ls§|2, forall § € g with [Lg§,E] =0 (5.11)
and every unit vector W € J°.

Proof. First we observe that the passage from w to an equivalent cocycle corresponds
to replacing the subspace g C g by the subspace y(§)C + &, £ € g, where y: g — R
is a continuous linear functional. For the representation dp this changes the value
of dp(€) by adding i y(£), so that we can achieve a cocycle of the form (5.10) by
Theorem 5.7. Now we apply Lemma 3.10 with ipw,,v = 0 and o, v(§, D§) =

IL3& 115 .

In the same vein, the refined Cauchy—Schwarz estimate, Lemma 3.12, can be
reformulated as follows.

Lemma 5.13. Under the assumptions of Lemma 5.12, we have

. ad e—sadn _ 1 2
(1rantems=casen), (= st 1) )
2
< 2ot (Do + stidotLony + SlLanl2) 52

fJoralls € R, and forall &, € T, (M, SA?) such that [€, L3&] = 0 and [n, Lyn] = 0.



Chapter 6

Continuity properties

Having determined which cocycles are compatible with the Cauchy—Schwarz esti-
mates, we now turn to the classification of positive energy representations for the
central extensions that correspond to these cocycles. This will be achieved in Chap-
ter 7, using continuity and extension results developed in the present chapter.

In this chapter, we assume that the flow vps is nowhere vanishing. Further, we
assume that the fibers of & — M are simple Lie algebras. This entails no loss of
generality compared to semisimple fibers, as one can switch to the Lie algebra bundle
& — M in that case by the results in Section 4.2.

In Section 6.1, we use the Cauchy—Schwarz estimate 5.12 to further reduce the
problem to the case where & has compact simple fibers. In Section 6.2, we use the
refined Cauchy—Schwarz estimate of Lemma 5.13 to bound idp(§) in terms of the
Hamilton operator H, the L?-norm |[|§||,, with respect to the measure i of Theo-
rem 5.7, and the L?-norm ||€|| p,, with respect to the product of u with a suitable upper
semi-continuous function B: M — R ™. In Section 6.3, we interpret these estimates as
a continuity property, and use this to define an extension of dp to a space H " (M, R)
of sections that are differentiable in the direction of the orbits, but merely measur-
able in the transversal direction. In Section 6.4, we construct a subspace H al (M, K)
of bounded sections that is closed under the pointwise Lie bracket. Finally, in Sec-
tion 6.5, we show that by extending to H M (M, X) and restricting to H al (M, ), one
obtains a representation of the latter Lie algebra that is compatible with the Hamil-
tonian H. On a subalgebra H 32 (M, &) of sections that are twice differentiable in the
orbit direction, we then show that there is a dense set of uniformly analytic vectors.
In Chapter 7, this will be needed in order to integrate the Lie algebra representation
to the group level.

6.1 Reduction to compact simple structure algebras

As a direct consequence of Lemma 5.12, we see that dp(Ly&) vanishes for all £ € g
with [§, Ly€] = 0 and ||L,&||,, = 0. We use this to show that every positive energy
representation factors through a gauge algebra with compact structure algebra.

Proposition 6.1. For ¢ = I'c(M, &) with vys without zeros, we have
g = Dg +[Dg. Dg].
Considered as subsets of § = R @4 (g Xp R), with w as in Theorem 5.7, we have

R &, g = Dg+ [Dg, Dgl.
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Proof. By a partition of unity argument, it suffices to prove this for g = C°(U, £),
where U = [ x Uy is a good flowbox (cf. Definition 5.1) and

_4
o dt

(cf. Lemma 5.2). If f € C2°(U,¥) and X € ¥, then fX liesin Dg C q if and only if

D§

folx) = /_ £t x)dt

is zero in C2°(Up, R). Fix { € C2°(1,R) with [ ¢(t)dt =0and [ {2(t)dt = 1.
Then,
X =(f =8 f)X +foX with (f =& fo)X € Da.

To show that ¢2 foX € [Dg, Dg], choose y € C°(Up, ¥) such that y|spp(fo) = L,
and choose Y;, Z; € £ such that X = Z:Zl [Y;, Z;]. Since

,
2 lEhYitnZi) = 8 foX
i=1

with {foY;, (xZ; € Dg, we have

X =(f =X+ ) [tfoYi.{xZil € Dg+[Dg. Dgl.  (6.1)

i=1

This holds for the Lie bracket in g as well as for the Lie bracket in §. The relation

/_Z g‘%;dz =0

implies w({foYi, {xZ;) = 0. This shows that ¢ = Dg + [Dg, Dg] in g and also
g € Dg + [Dg, Dg] in g. Since w is not identically zero on Dg x D, the subspace
Dg + [Dg, Dg] of g cannot be proper and thus RC C Dg + [Dg, Dg]. This shows
that

g =RC + g = Dg+ [Dg, Dg]. [

Theorem 6.2 (Reduction to compact structure algebra). Let M; & M be a connected
component such that the (simple) fibers of &|pm; are not compact. Suppose that vy
is non-vanishing on M;. Then, after twisting by a functional y € T'c(M;, K&)' if nec-
essary, every positive energy representation dp of U'e(M, &) vanishes on the ideal
r.(M;, K).

Proof. By a partition of unity argument, it suffices to consider the restriction of dp to
C>(U,¥) for a good flowbox U € M; (cf. Definition 5.1). Every £ € DC*° (U, ¥) is



Extending the estimates from Dgtog 49

a finite sum of elements of the form f'X, with f € C2°(U,R) and X € f. Since ¥ is
noncompact, i vanishes on M; by Theorem 5.7. Since

If'Xlly =0 and [fX; f'Xi] =0,

it follows from Lemma 5.12 that, after twisting by y so as to change w to w,, v, we
have dp(f’X;) = 0. Since dp(DC°(U, £)) = {0}, Proposition 6.1 yields

dp(C(U. %)) = {0}.
Thus, dp(I'c (M;, K)) = {0}, as required. [

This shows that we can restrict attention to bundles & — M with compact simple
fibers. (Note that the result requires a non-zero vector field on M, so this is compat-
ible with the unitary highest weight representations of C*°(S!, su1y ,—;(C)) studied
in [47].) In conjunction with Proposition 6.1, Lemma 5.12 can also be used to prove
the following.

Corollary 6.3. If ¢ = I'c(M, &), where & — M has compact simple fibers, then,
after twisting by x € T'e(M, )" if necessary, every positive energy representation dp
of g vanishes on the ideal

I = (£ € g ullx € MiE(x) # 0}) = 0}
of sections that vanish [1-almost everywhere.

Proof. By a partition of unity argument, we may assume that g = C°(U, ¥), with
U € M a good flowbox (Definition 5.1). Let £ € I, and consider the open subset
O¢ := {x € M;£(x) # 0}, which is the “open support” of £. Since £ is a linear com-
bination of terms fX with smaller or equal open support, we may assume that £ =
SfX for feCP(U,R)and X € £.If fX € Dg,then fX € [, implies || fX|, =0
and hence dp(fX) = 0 by Lemma 5.12. Decompose f X as in equation (6.1),

;
X =(f =X+ [LfoYi.ixZi).
i=1
As O is open and p = dt @ 1o, we have u(O¢) = 0 if and only if wo(p(O¢))
vanishes, where p: U — Uj is the projection on the orbit space. Now (f — ¢2 fo) X
and {foY; are in Dg and vanish outside p~! p(O¢), so that their images under dp
vanish. Indeed, as these are both of the form Lyn with ||Lynl|,, = 0 and [Lyn,n] =0,
this follows from Lemma 5.12. We conclude that dp( fX) = 0, as required. [

6.2 Extending the estimates from Dg to g

To see that dp factors through a linear map on g/1,,, we used the Cauchy—Schwarz
estimate of Lemma 5.12. Using the refined Cauchy—Schwarz estimate of Lemma 5.13,
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we then extend dp to a linear map on m the L?-completion of g/1,, with respect
to the measure .

Note that an extension to the subspace Dg/1,, < m can already be achieved
using the “ordinary” Cauchy—Schwarz estimate of Lemma 5.12. Indeed, for £ € Dg,
one can use (5.11) to show that dp(§) satisfies an operator inequality of the form

+idp(§) < [[llu(e1 + BH) (6.2)

for certain constants o, 8 > 0. With this, one can prove that dp: Dg/I,, — End(#*>°)
is weakly continuous with respect to the L2-topology on Dq/I w»> and that it extends
to the L2-completion Dg/1,,.

In order to extend dp to the full space m however, we will need an analog of
(6.2) that holds not just for £ € Dg, but for all £ € g. This is Proposition 6.16, which
we prove using the refined Cauchy—Schwarz estimate of Lemma 5.13.

6.2.1 The local gauge algebra with fibers ¥ = su (2, C)

First, we restrict our attention to the compact structure algebra ¥ = su(2, C). We will
later derive the general case from this example. Let « (a,b) = —tr(ab) be the invariant
bilinear form on £, normalized so that elements x with

Spec(ad x) = {0, £2i} satisfy «(x,x) = 2.

Further, let U’ C U be a good pair of flowboxes in the sense of the following
definition. We write U € V if the closure of U is contained in an open subset of V.

Definition 6.4 (Good pair of flowboxes). Let U’ >~ I’ x Ujand U >~ I x Uy be good
flowboxes in the sense of Definition 5.1, and let U’ € U. We call U’ C U a good pair
of flowboxes if I’ € I and U;j € U.

Remark 6.5. Note that Uy = Uy = {0} is allowed! Unless specified otherwise, we
assume that I’ = (=7’/2,T'/2)and I = (-T/2,T/2) with0 < T’ < T < o0.

Remark 6.6. Recall that M is equipped with a flow-invariant measure (., which takes
the form dt ® o on I x Uyp. To a good pair of flowboxes, we can therefore assign

the number
T wolo)  p(U)
T-T7 T  T(T-T)
which will play a significant role throughout this chapter. If this is not too large, we
think of the flowboxes as “sufficiently quadratic”.

In view of Lemma 5.2, we restrict attention to the case where the Lie algebra is
g =C>( xUp,¥),andv = 0,. Forz € C(U’,C), we define £(z) € g by

E(2) (1 u) = (_28714) Z(’(;“)) (6.3)
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and note that [£, %E] = 0. We also consider the element 1 € g defined by

. it(t) 0
n(t.u) = x(u)( 0 _ir(z)), (6.4)

where t € C(I,R) and y € C¥(Up, R) are such that t(t) = ¢ for t € I’ and
() = 1foru e Uj. It also satisfies

rir =0
o |

Thus, x(u)t(t)=t on U’, hence, in particular, on the support of every ze C>°(U’, C).
On C°(R, C), we define the usual scalar product

(fgdari= [ Fswar
and the Fourier transform
F(k) :=/ f()e ™*ds, k eR.

For z € C°(U, C), we will denote by Z(k, u) the “parallel” Fourier transform, i.e.,
the Fourier transform of ¢ > z (¢, u) evaluated at k.

We can choose t such that ||’/ ||5lt is arbitrarily close to TT_—TT// and we can choose
0 < y < 1sothat ||)(||I%L0 < wo(Up). Thus, ||Xf/||i can be chosen arbitrarily close to
7T_—TT/,/JLO(UO). Therefore, for every ¢ > 0, there exists an n € C°(U, C) as in (6.4)
satisfying

5 TT
I Lvnll;, = ZWILO(UO) +e. (6.5)
For 1 as in (6.4), Lemma 5.13 yields the following estimate.

Proposition 6.7. Letz € C°(U’, C), and let k € R be such that Z(k,u) = 0 for all
u € Uy. Then, we have

1 1
ap(eenl, < 41212 (g — kG ap(Lm)y + kLI )

Proof. Since [£(z),&(z)'] = 0 and [5, '] = 0, we may apply Lemma 5.13. First, we
evaluate the left-hand side of inequality (5.12). Since t(¢) y(u) = ¢ on supp(£(2)),
we have ad, (£(z)) = £(2tiz). Since Ly£(z) = £(2’), we have

e (LyE(2) = £/,

Ask(E(z),Lyn) =0forallz € C°(U’,C), we have

e—s ady _ 1 e—2tis -1 , B
(g wsen. L) ={5(“7) L) =0
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On the right-hand side of inequality (5.12), we have || Ly& (2)|% = 2||z’[|%. We thus
obtain

. 2
lap(e(e'e o0l < 81212 () + stiap(Lany + 1L,

forall s € R and z € C2°(U’, C). Note that w € C°(U’, C) is of the form w =
z'e215! for some z € C2°(U, C) if and only if the parallel Fourier transform o (k, u)
vanishes for k = —2s. Since in that case ||w||i = ||z’||%, the proposition follows. m

We thus obtain a 1-parameter family of inequalities indexed by k € R, the case
k = 0 reducing to the Cauchy—Schwarz estimate because z(0, u) = 0 is equivalent
to £(z) € Dg. The idea of the following proposition is to lift the requirement that
the Fourier transform vanish by showing that every z € C2°(U’, C) can be written,
in a controlled way, as the sum of two functions whose parallel Fourier transform
vanishes for some k € R.

Proposition 6.8. There exist a,b € R such that, for all z € C°(U’, C) for which
U' =1'x U contained in U = I x Uy, we have

(i ap(E()), < @+ b(H)EGI? (6.6)

for constants a and b that depend on the interval lengths T = |I| and T' = |I'| and
on po(Uy), but not on z or .

Proof. Let k be an arbitrary real number not equal to zero, and choose a function
e CX(',C) with E(O) # 0 and E(k) = 0. (Such functions certainly exist. For
instance, one can choose () = o (t)e'** for some « € C(I',R) with E(O) =
a/(—k) = —ik@(—k) # 0.) If we split z into z = zo + zx with

ze(tu) == 2(0,u)(0)'¢(t) and zo:=z — zx,

then Zo(0,u) = 0 and Zj (k, u) = 0. We apply Proposition 6.7 separately to both terms
on the right-hand side of

[(idpE(2N)y | = [{idp(§(zo))w | + [{idp(§(z1)))y |

to obtain

k2 TT/
13Nyl = 2ol )y + 2Dzl )y + 5w
(6.7)
Indeed, the term k (idp(Lyn))y can be assumed non-positive by switching k with —k
and ¢ with ¢ if necessary. The term ||Lvn||i is then estimated by (6.5), and we take
the limit ¢ |, 0.
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Since |2(0,u)|* < T'||z (-, w)|3,, we have [|Z(0, -)|17, < T"||z |7, It follows that
|zx || can be estimated in terms of ||z ||, as

Izklle = 12CL 0o 16O Ellar < VTEO) ™ Earllz -
Similarly, ||zo||, can be estimated in terms of ||z||,, by means of
Izollw = 1zl + Izl

and the above estimate on ||z || .. Substituting this into (6.7), we derive the estimate

. o 2 k2 TT'
(ap(EEN}, = 412131+ 2VTIEO 6l (g + 5 Ui )
(6.8)
Since ||€(z2) ||i = 2||z||?, equation (6.8) is equivalent to (6.6) with the constants
k* TT' A
o= 2 U )0+ 2VTEO ) (69)
b:=2(1 +2vVT'20)"¢llar). (6.10)
This completes the proof. ]

For £(z) of the form (6.3) in a gauge algebra g = C°(U’, ¥) with f = su(2,C),
we can now prove an operator inequality of the form (6.2).

Proposition 6.9. There exist constants a, b € R, depending on T, T’ and j19(Uyp),
such that for all a, B with «® > a and 2af > b, we have

+idp(£(2) < @) (el + BH)  forz € C°(U’,C) (6.11)
as an inequality of unbounded operators on H with domain containing #*°.

Proof. Note that the inequality (6.11) is equivalent to

(V. idp(E(2)VY)? < |E@)7 (¥, (@l + BH)Y)? forall y € H.

As B2(y, Hyr)? > 0, this follows from Proposition 6.8 under the above conditions
on ¢ and 8. [

Remark 6.10. The estimate (6.11) is rather crude for large energies, in the sense that
one expects dp(§) ~ v H,notdp(§) ~ H.

It will be convenient to gain more control over the constants a and b in Proposi-
tion 6.8, and the constants «, B in Proposition 6.9. For this, we need to remove the
dependence on ¢ in (6.9) and (6.10).
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Proposition 6.11. The constants a and b in Proposition 6.8 can be chosen as

P (“"(U"))uzb, (6.12)
T-T' T’
with
) 2
b= 2(1 + ) . (6.13)
V1= (sin(v)/v)2

Here, v > 0 can be chosen at will.

Remark 6.12. It will be convenient to choose v = 7. Then, b attains its minimal
value b = 18, and a = 1872 TT Mo(Uo)

Proof. In (6.9) and (6.10), we need to minimize the expression /7" ||Z ©0) 1)l
over all teCx(, C) with C(k) =0 and ((0) # 0, where k € R* is arbitrary. Since
é‘(k) (e'*? ¢) 4, and Z(O) (1, ¢) 4y, this amounts to maximizing

I(1, §)a
IllaeEllae

Since F is continuous on L2(1’) \ {0}, and C>°(1’, C) is dense in L*(1"), F({max)
is maximal on the projection {p,x of 1 on the orthogonal complement of the function
ekt ¢ L2(I'). This is essentially a two-dimensional problem in the space spanned by

F©) = (VTIEO) ¢llar) ™" =

— - 1 ikt
ey = ﬁl and e; = ﬁe ,
with KT/
(eo,e0) = {er.ex) =1 and (eq,ex) = % (6.14)
It follows that {nax = €0 — (e, €o)ek, and F(Cmax) = /1 — |{eo, ex}|?. Using (6.14),
we find
sin(kT7/2)\>
Flnx) =4/1-|———— ) . 6.15
o) \/ (Mi752) 615
Equations (6.12) and (6.13) are now obtained from (6.9) and (6.10) with k = 2v/ T’
by substituting the maximal value (6.15) for F(¢) = (v/T'||£(0)71¢]|4,) . [

6.2.2 The local gauge algebra with compact simple fibers

We now extend Proposition 6.8 to the case where ¥ is an arbitrary compact simple
Lie algebra. With /' x Uj and I x Up a good pair of flowboxes (cf. Definition 6.4),
we consider gy := CX (1" x Uy, ) and gy := C°(I x Uy, ¥) as subalgebras of the
Lie algebra g = I'c (M, K).
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Lemma 6.13. Let dp be a positive energy representation of g, and let n > 0. Then,

we have
+idp(§) < |Ellu (KL +nH) forall§ € gur. (6.16)
where K(n) is a constant independent of &. More precisely,
T po(Uo)
K(n) = 9dy /1,3 \/Zd , 6.17
() max( ¥/n, 37 b (6.17)

where dy is the dimension of £.

Proof. Using the root decomposition of f¢ with respect to the complexification t¢
of a maximal abelian subalgebra t C ¥, one obtains a basis (X1, ..., Xg,) of ¥ with
k(Xi, Xj) = 28;j, where —« is the Killing form of ¥ and such that every X; is con-
tained in some su (2, C)-triple in ¥ [42, Proposition 6.45]. Every £ € gy~ can then be
writtenas § = ) ; f; X; for fi € C(Uj x I',R). Since every X; is contained in an
su(2, C)-triple, we can apply Proposition 6.9 to f; X; € gy with z = f;. We obtain

Fidp(fXi) < | fXillu(al + BH),

and thus

dy
+idp(§) = (Z ||in||u)(Oll + BH).

i=1

As the different terms f; X; are orthogonal, we have Zfil | fi Xillu < ~/dell€]l,0, and
we obtain

+idp(§) < [Ellu(Vdeal + VdpH). (6.18)
By Proposition 6.9, we are allowed to choose any o and B with @? > a and 208 > b.
Following Remark 6.12, we take a = 18721 (j10(Uy)/ T") and b = 18. The inequality
(6.18) therefore holds for any value of > 0 if we set

_ T po(Uo)
(x—max(9/,3,37t\/2T_T/ T ) (6.19)

Inequality (6.16) now follows from (6.18) with B = n/+/dy and K() = /dpr. m

Proposition 6.14. Forall £ € gy and t > 0, the spectrum of t H £ i dp(§) is bounded
below. More precisely,

T po(Uo)
T-T T

— max (9dF IE1%/2. 37 1€ 1,0 \/201? ) < inf (Spec(tH £ idp(§))).

(6.20)

Proof. If ||£]|,, = 0, then dp(§) = 0 by Corollary 6.3. In that case, (6.20) simply
follows from the fact that H has non-negative spectrum. If ||£||,, # 0, we apply
Lemma 6.13 with n = ¢ /|| & 4. ]
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6.2.3 Global estimates and the bounding function

We need to derive suitable estimates of the type (6.16) globally, on the full Lie algebra
I'c (M, &) rather than merely on C2°(U, ¥). In this section, we show how to do this
for compact as well as noncompact manifolds M, under the assumption that vy is
nowhere vanishing.

For compact manifolds, we will derive an estimate of the form (6.16), albeit with
a larger constant K (7). In the noncompact case, however, the expression ||£]|,, K ()
in (6.16) will have to be replaced by |||, ., where B;: M — R™ is a suitable upper
semi-continuous function on M that is invariant under the flow, and ||£]/,,, is the
L?-norm of £ € T'.(M, &) with respect to the measure B,

1605, = (€. 8)Bens (M) Bop = /MK(?E, ) Be(m)dpu(m). (6.21)

In this setting, we will prove that
+idp(§) < [|§llB.pd + €|l forall§ € T'e(M, K).

Note that, since v,y is nowhere vanishing on M, every m € M is contained in a
good pair of flow boxes in the sense of Definition 6.4.

Definition 6.15. For m € M, define b(m) as the infimum of the set of numbers

% “O}EJ"), ranging over all good pairs of flowboxes U’ € U containing m.

Proposition 6.16. The function b: M — R is invariant under the flow (Yars)reRr.
Further, it is upper semi-continuous, hence, in particular, measurable.

Proof. The invariance under the flow follows from the fact that U’ C U is a good
pair of flow boxes around m if and only if yar;(U’) C yar+(U) is a good pair of flow
boxes around yz,, (m). For the upper semi-continuity, note that for every ¢ > 0, there
is a good pair of flowboxes U’ C U around m such that

T po(Uo)
T-T T

< b(m) + .

For every m’ in the open neighborhood U’ of m, we thus have b(m’) < b(m) +¢c. m

Theorem 6.17. Let dp be a positive energy representation of g, and let € > 0. Then,
we have

+idp(§) < |llB.pd + el H  forevery§ € Te(M, ). (6.22)
Here, B;: M — R™ is the upper semi-continuous function defined by
Be(m) := max (81dZ(dp + 1)*/e, 187 dy(du + 1)*b(m)), (6.23)

with b(m) as in Definition 6.15. It is invariant under the flow (Yat)eR.
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Proof. Let d be a Riemannian metric on M for which M is complete, so that closed
bounded subsets of M are compact by the Hopf—Rinow theorem. Let V' C M be the
compact support of £ € I'.(M, K). Since b is upper semi-continuous, the functions
Bn: M — R defined by

Bu(m) := sup{b(m’);d(m,m’') < 1/n}

constitute a decreasing sequence converging pointwise to b as n — co. We now show
that the functions B, are upper semi-continuous. To see this, note that, for every
mo € M and every ¢ > 0, there exists an n € N with b(m) < b(mg) + /2 for m
in the closed ball W, /n(mo) with radius 2/n around m,. Since this ball is compact,
it contains finitely many m; such that it is covered by open neighborhoods O; of m;
such that b(m) < b(m;) + ¢/2 for all m € O;. If d(m, mg) < %, then Wy,,(m) C
U; Oi, so that B, (m) < B,(mo) + €. In particular, f, is measurable, and bounded on
the compact set V.

For every n € N, choose a cover of V' by finitely many open balls W;, (m;) of
radius r; < 1/n around m;, with the property that W, (m;) € U’ € U for a good pair
U’ € U of flow boxes with %%UO) < b(m;) + 1/n. Since b(m;) < B, (m) for
allm € Wy, (m;), it follows that

T po(Uo)
T-T' T

< Bn(m)+1/n forallm € W, (m;). (6.24)

By the Brouwer—Lebesgue paving principle [44, Theorem V1], there exists a finite
subcover (W;);es with the property that every point m € V is contained in at most
dy + 1 sets.

Let ¢; be a partition of unity with respect to (W);es. By Lemma 6.13, applied
ton :=e/(dm + 1), we obtain £idp(g;§) < [l¢;&ll.(K;(m1 + nH), where K ()
is given by (6.17) for a good pair of flowboxes U’ € U containing W;. From (6.17)
and (6.24), we find that

By, (m) := max ((9dg/n)?, 187%dg (Ba(m) + 1/n)) > K;(n)* forallm € W;.

As [loi§llK(m) < lljélB, . we have £idp(p;§) < @iéllB, ,ul + nlle;§llH
forall j € J, and thus

+idp(£) < ( 3 ||so,-suBn,nu)1 - n(Z ||<pjs||u) H.
jeJ jeJ

Since ||(¢;&)(m)|« < [|E(m)||«, and since at most das + 1 of the values ¢; (m) are
non-zero, it follows that

Y ll0iEl < (dy + DIEN. and Y l9iElB, pu < (du + DIENB, 0
jeJ JjeJ
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so that
+idp(§) < (dm + D&, ,ul + nll§ll H). (6.25)

To obtain (6.22) from (6.25), recall that n:=¢/(dps + 1). The second term on the right
is thus (dy +1)n|&l . =¢ll§|| 4, as required. For the first term, note that 8,+1/n
is a bounded, decreasing sequence converging pointwise to b on V. The bounded,
decreasing sequence (dy + 1)? By, (m) thus converges to B(m) in (6.22), where
& = (dp + 1)n. By the dominated convergence theorem, we find that, for n — oo,
the squared norm ((dp + 1)||€]|, ,,)* approaches

/V V2ot + 1 Bugdpu(m) — /V €12 Bedpam) = 13,

Since (6.25) holds for every n € N, the proposition follows. ]
Note that if the function b: M — R 7T of Definition 6.15 is bounded, then so is B;.

If we define K(¢)? := || B¢||0o, then we recover the inequality
+idp(§) < [l (K(e)1 + eH), (6.26)

since || €|, < K(¢)||§]|. This happens, in particular, if M is compact because the
upper semi-continuous function B, is then automatically bounded.

Corollary 6.18. Suppose that M is compact and vpr is nowhere vanishing on M.
Then, for every & > 0, there exists a constant K(g) > 0 such that (6.26) holds for all
£ eT'(M,R).

Another important situation in which B, is bounded is for product manifolds of
the foom M =R x X.

Corollary 6.19. Suppose that M >~ R x X with vy = % Then, the inequality (6.26)
holds for the compactly supported gauge algebra g=T"c (M, K), with constant K (¢) =
9dg(dps + 1)? /¢ depending on M and K only through the dimension.

Proof. For (t,x) € R x X, choose Ué € Uy C X with Uy C ¥ relatively compact,
and x € Ug. For T’ sufficiently large, (¢, x) is contained in the good pair of flowboxes
U =Uyx(=T"/2,T'/2),and U = Uy x (=T/2,T/2) for T = 2T". Since

T o) _

2u0(Up)/ T’
T po(Uo)/

approaches 0 for T’ — oo, it follows that b(z, x) = 0. In particular,
Be(m) = 81d¢ (dy + 1)*/&?

is constant, and the result follows. n
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6.3 Extending representations to Sobolev spaces

In this section, we extend the map dp to the Hilbert completion L% " (M,RK)of g/1,
with respect to the inner product (6.21) corresponding to B, .

Note that since ||§]|, is dominated by a multiple of ||§||p, ., the inner product
(€. 7). is continuous on L%M(M, K). As the difference between ||£]p,, and [|£] B4
for &, > 0 is a multiple of [|§||,, the space L% (M, R) and its topology are indepen-
dent of . (This is why we omit & from the notation in L% WM, K).)

6.3.1 The completion Léﬂ (M, &) in L%-norm
We use Theorem 6.17 to extend dp from g to L%M (M, g). Define
Te = [|§llB.n1 + el A,

and note that its domain D (I'¢) is contained in the domain O(H ) of H. With this
notation, (6.22) becomes
0 < e +idp(£), (6.27)

as an inequality of unbounded operators on # *°. Further, define
A=1+H withD(A) = D(H). (6.28)

Proposition 6.20. Let 0 < & < 1. There exists a map r from L% " (M, &) to the un-
bounded, skew-symmetric operators on H such that D(r(§)) contains D(H) for
all &€ € L%M(M, K), r(€)| g0 = dp(§) for all & € g, and, for all v € D(H), the
functional

L%, (M.R) — C defined by & — (r(§))y

is continuous. Furthermore, there exists a continuous map
.72
Al LBM(M, K) — B(#)

into the bounded operators such that ||A(§)| < ||€]|B.p, A(§) is skew-hermitian, A(§)
leaves the domain of AY? invariant, and

r(§) = A7) A",
as an equality of unbounded operators on D(H).

Proof. Let &, be a sequence in g/1,, for which [|§ — &,| ., — 0, and hence also
I€ — &nll. — 0. Without loss of generality, we assume that ||§ — &, g, < 5 and
el —&nllp < % for all n, so that

1
Pe—Tg, + 42 4. (6.29)
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Define the sesquilinear forms
BriH® x H® — C. BEW. ) = (. (Tg + A) £ idp(En)) 7).

The forms Bf are positive definite; combining (6.29) with inequality (6.27) applied
to &,, we find

1 1
Br (W) = (¥, (Te = Tg, + ) = (v, Ay) = ||y . (6.30)

By (6.27) and the convergence of &,, we find that B, (¥, ¥) is a Cauchy sequence
for every ¢ € H >,

|BF (V. ¥) — BE (W, v)| = (¥, idp(En — Em)¥)| < (. Tg,—g,, ) — O.

It follows that BT (y, x) := limy—oo B, (¥, x) defines a positive definite, sesquilinear
form H° x H*° — C. Here we use that the estimate (6.30) is independent of n. The
same argument applies to B~ (Y, y) := lim, o B, (¥, x). Note that

1
S AY) < BEW.Y) < (v, Qe + AY) < ce(v, AY) - (63D)

for some cg > 0. The forms B¥ therefore extend uniquely to closed, sesquilinear
forms B*: D(A'/?) x D(AY/?) — C. In turn, the forms B* define a Friedrichs
extension; a closed, possibly unbounded positive operator b= (£): D(H) — H, such
that BE(y, x) = (¥, bE(£)y) forall ¥, y € D(H) (cf. [25, Appendix I.A.2]). Set

r(€) = %(ifr(é) —b7(§)).

Since b™ (§) and b~ (§) are selfadjoint, 7 (§) is skew-symmetric. If £ € g, then

(Y.r&)x) = (¥.dp(§)y) forallyr, y € H,

so r(§) is an extension of dp(§).
Define

A(E):D(AY?) > D(AY?), () = A7V r () A7 V2,

Then, for v, y € D(A'/?), we have A=1/2y, A=1/2y € D(H). Therefore,

1 — —
W20 1) = —AEV. 2) = (BT = B)(A™ 2y a7 2. (632)
By (6.31) and Cauchy—Schwarz, we have

1BE(W. 0| < cell A2y 142 4,
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so [{(¥, A(&) x)| < cellv |l x|l by (6.32). Therefore, A(§) extends to a hermitian oper-
ator on . As such, the operator norm ||A(§)| is the supremum of |{y, A(§)y)| over
all ¥ in the unit sphere of #. For Y € AY2#>, (6.27) yields

(W AW = lim (A2, dp(E)AT2Y)] < (v, A7 2TeA™2y).
We claim that
ATV AT < |E|lgoy forO<e < 1. (6.33)

In fact, since I's and A commute, this is equivalent to I'e < A||&|| p,., which in turn is
equivalent to
1€NB.n + ellllnH < [l + H)

and this to || €|, < ||| B, ., Which, for & < 1, follows from the estimate
B > 81d3(dy + 1)*/e* > 1.
With (6.33), we find
[ AEY)] < 6Bl fory e A2,

To prove that || A(£)|| < |||, . it therefore suffices to show that A1/2F> is dense
in . First, we show that A#* is dense in J. Since exp(itA) = e'* exp(itH) leaves
the space #*° of smooth vectors invariant, the restriction Ag of A to H is essen-
tially selfadjoint [95, Section VIIL.4]. Suppose that ¢y L. AgH *°. Then, € D(Agy) =
D(A), and A5y = Ay = 0. Since A is injective, Yy = 0 and AH > is dense in H.
Applying the contraction A~1/2, we find that AY/2#° is dense in A~Y/2H. Since
A7Y230 = D(A'?) is dense in H, we conclude that A/2H > is dense in K, as
required. |

For s € R, denote by #; the Hilbert space completion of D (A*) with respect to
the inner product
(V. x)s = (A%, A ).
Denote the corresponding norm by ||V ||s = || A* ||, and denote the norm of a con-
tinuous operator A: s — H; by | A||s.s. As

r§) = AV2@A?

with [|A(§)]] < ||€]|B, - the operator r(§): D(A) — H extends to a bounded operator
r(f): %1/2 d %_1/2, with

@V ll-1/2 = €l Ber ¥ ll1/2- (6.34)

‘We thus have
lr /2,12 < 1€lBope-
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6.3.2 The completion in Sobolev norm

Note that convergence of &, to § in L% (M, &) only implies weak operator conver-
gence of r(&,) to r(§), as operators on the pre-Hilbert space £ (H ). In this section,
we define a subspace Hp M (M, &) of L%M(M , &) where convergence to ¢ implies
strong convergence to r(§).

Definition 6.21 (Parallel Sobolov spaces). For k > 0, the parallel Sobolev norm qy,
is defined by

k
qc(®) ==Y _ [Ella. where |l := [ D"&| Bop-

n=0

The parallel Sobolev space H g " (M,R) C L% (M, &) is the Banach completion of
a/1,, with respect to the norm g.

Proposition 6.22. Let r be as in Proposition 6.20. If§ € H 5 9 (M, R), then r (&) maps
D(H*Y) into D(H¥). For k = 1, we have

[H.r(§)] =ir(D§) (6.35)

as an equality of unbounded operators on D(H?). Furthermore, if § € ng (M, ),
then r (§) extends to a continuous operator Hj11/2 — Hi—1/2 with

k (k
I ler/z < Z(j ) 151 i s1/2- (6.36)

Jj=0

Finally, forall§ € H é " (M, R), the skew-symmetric operator r (§) is essentially skew-
adjoint.
Proof. We prove that for & € HgM(M, R), r(£) maps D(H**) into D(H*). We
proceed by induction on k. Since H g p (M,R) = L% » (M, ), the case k = 0 follows
from Proposition 6.20. Suppose that the statement holds for all £ € H }; (M, R). For
Ee Hgljl(M, R) and ¢ € D(H*+?), we show that r(§)y € D(H¥H). Since H¥+!
is selfadjoint, it suffices to show that y — (r(&)y, H k+14) is a continuous, linear
functional on #°° with respect to the subspace topology induced by the inclusion
in J.

Let &, € g/I, be a sequence such that §, — £ and D§, — D£ in L%M(M, K).
Since Hr(&,) = r(§,)H +ir(DE,) on H*°, we have

(r@y. H " g) = — lim (Y. r (G H ' )
= — lim (Hy.r(&)H x) + lim (y.ir(DE)H )
(r@HY +ir(DE)y, H ). (6.37)
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As ¥ € D(H¥*2), both Hy and ¥ are in D(HFH1). Since £ € Hg:[l(M, R), we
have &, D& € ng(M’ R), so that r(§)Hy + ir(DE)y € D(HF) by the induction
hypothesis. From (6.37), we thus find that

(r@y, H* ' y) = (H*(r @) Hy + ir(DEWY), x).

which is manifestly continuous in the variable y. We conclude that r(£) maps the
domain D(H**+2) to D(H**1). Moreover, for k = 0, we find that

Hr(§) —rH —ir(D§)

vanishes on D (H?).
The inequality (6.36) is proven in a similar fashion. Assume by induction that
(6.36) holds for all £ € H§M(M, K) and ¢ € Hyy1/2, the case k = 0 being (6.34).

We recall that ||| = ||[A°Y || with A = 1 4+ H (see (6.28)). For £ € H},f:l(M, K)
and ¥ € Hy3/2, weuse Ar(§)y = r(§)AY +ir(DE)y to see that

Ir )V k172 = 1ArE) Y llk—172 = IrE)AY k=172 + Ir (DE)llx—1/2-

By the induction hypothesis with [|AY|x—j+1/2 = [[¥ [l (k+1)—j+1/2 (for the first
term) and || D£||; =||&||j+1 (for the second), we find that [|7 (§) ¥/ ||k +1/2 is bounded by

k

k
k k
S :( .)||s||j||w||(k+l>_,-+1/2 I j( .)||s||,-+1||w||k_,-+1/2.
j=o~/ j=o~/

Since (k) + ( k )= (kﬂ), we have

J Jj—1 J
k+1
k+1
1@V ez < Z( j )||s||,~||w||k+1_,-+l/z,
Jj=0

as required.

Finally, if £ € Hp, (M, ), then &, DE € Ly (M, K). By (6.34), the operators
r(§)and [A,r(§)] =ir(DE&) from D(H) to K extend continuously to bounded oper-
ators J#/, — H_1,,. It then follows from a result of Nelson [87, Proposition 2] that
r (&) is essentially skew-adjoint. ]

IF we estimate €1} < ge(€) and [¥llk 4172 < ¥ 4172 in (6.36), we find that
r(§): Hy1/2 — Hi—12 satisfies

&)V lk-1/2 < 2k(]k(§)||¢||k+1/2,

so the linear map H{;M(M, K) X Hi 4172 = Hi—1)2 defined by (§, V) > r(§)y is
jointly continuous. For k = 1, we find from (6.36) the slightly stronger estimate

@l < Ir@©vliz < q @437 y]. (6.38)
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In particular, convergence of &, to § in Hy (M, &) implies strong convergence of
r(€n) to r(§) on D(A*?),

6.4 Sobolev-Lie algebras

Having established that the positive energy representation dp extends to a contin-
uous map r on H gu(M , &), we would like to determine whether r gives rise to a
Lie algebra representation. Since the spaces H 5 " (M, &) do not inherit the Lie alge-
bra structure from g//,,, we introduce two spaces of bounded Sobolev sections of
& — M, both equipped with the pointwise Lie bracket.

For an open subset N € M, we define the Lie algebra H If (N, &) of bounded
parallel Sobolev sections, and a certain subalgebra H g‘ (N, &) of sections that vanish
to order k at the boundary of the 1-point compactification of N. As before, the under-
lying measure is the restriction to N of the flow-invariant measure B, on M. For
convenience of notation, we will denote this measure by v = B, L.

6.4.1 The Lie algebra L i(N, &) of bounded L2-sections
Let N be an open subset of M, and let £ be a measurable section of & — N. Then,

[l = V(§.6)

is a measurable function on N. We define ||£||oo to be the essential supremum of
I€]lx with respect to v, and we define L°°(N, &) to be the Lie algebra of equivalence
classes of essentially bounded, measurable sections of & — N. This is a Banach-Lie
algebra with respect to the norm ||€||~, and the Lie bracket coming from the point-
wise bracket of sections. We define Li(N , &) to be the space of equivalence classes
of sections which are both essentially bounded and square integrable with respect to
v. Since both LZ(N, &) and L*(N, &) are complete, it follows that L(N, &) is a
Banach space with respect to the norm ||£]ly + [|€]loo-
Let cg be a constant such that

X YTlle < cell XIellY [l (6.39)

forall X,Y e £. Then, we find

& nllly = cell§lloolinllv. (6.40)
I nllloo < cell§lloolInlloo- (6.41)
It follows that the Lie bracket |-, -]: LIZJ (N,R) x Li(N, &) — L*(N, K) takes values
in L7(N, &) and is continuous with respect to the norm po(§) = [I€]ly + [|€]|co-

In particular, Li(N , &) is a Banach-Lie algebra, and the inclusion LIZ) (N, R) —
L (N, K) is a continuous homomorphism of Banach—Lie algebras. If N C N’, then
LZ(N, K) is a subalgebra of L2(N’, &) in the natural fashion.



Sobolev-Lie algebras 65

6.4.2 The “parallel” Sobolev-Lie algebras H bk (N, &)

Recall from Definition 4.6 that a one-parameter group (y;);er of automorphisms of
K — M gives rise to a one-parameter group (&¢)ser of automorphisms of

g = FC(M7§)

In the same way, we obtain a one-parameter group of automorphisms of Li(M , K).

Indeed, since the Killing form is invariant under automorphisms, ||, (§)||x =
Il © Yare, so that, in particular, ||;(§)]lec = ||§]lco- Further, since the measure
v = B, u is invariant under the flow a7, (Theorem 5.7), we find || (§) ||, = ||€]|v.

Since o is a one-parameter group of unitary transformations of the Hilbert space
L2(M, R), it is generated by a skew-adjoint operator D. We define H!(N, &) to
be the intersection of its domain with L2(N, &), and we define Hb1 (N, &) to be
the space of all £ € H!(N, &), where both ||£]« and || D£|| are finite. In other
words, H bl (N, &) is the space of equivalence classes of essentially bounded, square
integrable sections & of & — N such that the L?-limit

D) = L lim }(a,@) )

exists, and || D ()]l oo is finite.

Proposition 6.23. The space H bl (N, K) is a Lie subalgebra of LIZ) (N, K), and the
generator D: Hb1 (N, ) — Li(N, K) satisfies

D([g. n)) = [D(&),n] + [£, D()]  forall £, € Hy(N,K). (6.42)

Proof. Let§,n € H)(N,R), and denote by L2-lim the limit with respect to the norm
€|l First, we show that [, 5] is in the domain of D:

D)) = L im Lol ) — 1)
= L2l DE ()] + L7l | e (©) — ) = D&

+ L2 Jime, @) — )] = [DE, 1] + [€, Dl

In the last step, we used the inequality (6.40) three times. Since || D& oo is bounded
and L2-lim,_q o; () = 1, it follows from (6.40) that the first term is given by

L2- lim[DE.a ()] = [DE 1]

Similarly, since ||£ || is bounded and L2-lim; o %((x, (n) —n) = D(n), the third term
equals [€, D(n)]. To see that the second term is zero, note that || (1) oo = |7/l 0o- It
then follows from (6.40) and the fact that L2-lim;_ %(a,(é) —&)—D(§) =0.
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This shows not only that [, 1] is in the domain of D, but also that (6.42) holds.
By (6.41), it follows that || D([&, n]) [leo < ce (D€ loollnlloo + I§lloc | D7lloo) is finite,
so that [§, 7] € H) (N, &). n

This allows us to define parallel Sobolev-Lie algebras of order k € N. We set
H)(N,&) := L7(N, &),
and define Hb1 (N, &) as above. For k > 2, we define Hé‘ (N,R) as
Hf7Y(N, &) N D™Y(HFH(N, R)).
In other words, £ is in Hé‘(N, K) if both £ and D¢ are in Hé‘_l(N, K).

Proposition 6.24. The space H lﬂ‘ (N, K) is a Lie subalgebra of H l’f_l (N, K).

Proof. The proof is by induction on k, where k = 1 is Proposition 6.23. If £, €
Hlf(N, K),then &, D(§),n, D(n) € Hli‘_l(N, K). Since Hlf_l(N, K) is a Lie algebra,
it follows that D([, n]) = [D(§),n] + [, D(n)] is in Hlf_l(N, K). Thus, [&, 1] €
H é‘ (N, &), as required. [

On H é‘ (N, &), we define for every n € {0, ..., k} the derived norms

I€lln.c0 := [1D"élloc and [[§]ln := [ D",

The parallel C k_norm qc« and the parallel Sobolev norm gy, are defined by

k k
Ger €)== ltllnoo and g =Y [£]a. (6.43)

n=0 n=0

respectively. We equip H¥ (N, &) with the topology derived from the combined norm
P Yy quip i1,

k
pe(®) =D Il

n=0

Note that for § € Hy (N, §), we have pg_1 (§) < p (€), butalso px_1(D(§)) < pi(§).
It follows that both the inclusion ¢: H[f THN, ) — Hlf (N, K) and the derivative
D: Hé‘“(N, K) —> Hlf(N, &) are continuous.

Proposition 6.25. Foreveryk >0, H l]f (N, &) is a Banach—Lie algebra with respect
to the norm py. The Lie bracket is separately continuous with respect to the Sobolev
norm q.

n.oo + [[§lln- (6.44)

Proof. By the derivation property and (6.39), we have

1D & D e < ct Z(’;)||Df5||x||z>"—f'n||x.

Jj=0
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Since [[§, n]ll» = [ID"([& 7))y and [[[§, ]

& 7l < cﬁg(j)ns
oo < cfi(”.)ns

j=o ™

n,00 = [|D" ([, n]) oo, it follows that

J»,00 ||77||n—js

IT&. n]

J,00 ||77||n—j,oo-

Taking n = k and estimating the binomial coefficients by 2%, it follows that

ar (&, 1) < 2K ceqer (E)qr (1), (6.45)
qer ([ m) < 2% erqer (B)ger (n). (6.46)

This shows that the Lie bracket is continuous for the norm py, and separately contin-
uous for the Sobolev norm gy

To show that Hl]f(N, K) is complete, we note that HZ?(N, K) = LZ(N, K) is a
Banach space, and proceed by induction on k. Let &, € H,f (N, &) be a sequence

with pr(§x — &m) — 0. Then, pr—1(§n —&m) — O and pg_1(D(§x) — D(§m)) — O,
so by induction, there exist £, & € H é‘_l(N, K) with

Pi-1(E—§)—0 and pr_1(E — D(&)) — 0.

Since D: H! (M, &) — L*(M, &) is the generator of a strongly continuous 1-parame-
ter group of unitary operators, Stone’s theorem implies that it is selfadjoint, and
hence, in particular, closed. It follows that & lies in the domain of D, and D(§) = E
lies in Hf~'(N, &). Thus, £ € Hf (N, K), and

Pi(§ = &) = pi—1(§ = &) + pr—1(D(§) — D(§n)) — 0. "

We denote by Hp°(N, &) the Fréchet-Lie algebra arising from the inverse limit
of the Banach-Lie algebras H lﬂ‘ (N, &) with respect to the natural inclusions

:HEYY(N,R) < HE(N,R).

The derivative D: Hy°(N, &) — Hp°(N, K) is a continuous derivation, giving rise
to the Fréchet-Lie algebra Hy°(N, &) x RD.

6.4.3 Boundary conditions and the Lie algebras H ak (N, &)

Let H) (N, K) be the closure of I'c (N, &) in H}(N, &) with respect to the parallel
Sobolev norm ¢1(§) = [I§lv + 1€ ]l1,0-

Proposition 6.26. The space H 31 (N, K) is a closed Lie subalgebra of H bl (N, K). In
particular, it is a Banach—Lie algebra with respect to the subspace topology, induced
by the norm p1(§) of (6.44).
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Proof. Since Hal (N, &) is by definition closed with respect to the Sobolev norm
q1(§), it is a fortiori closed with respect to the larger norm p;(§) that defines the
Banach space topology on H. bl (N,R).As H 31 (N, &) is a closed subspace of a Banach
space, it is a Banach space itself.

It remains to show that H 31 (N, &) is closed under the Lie bracket. For every
£ e Hb1 (N, K), the linear operator adg: Hb1 (N, R) —> Hb1 (N, &) is continuous with
respect to the norm g1 (§), as

q1(adg () < 2ceqc1(§)g1(n)

by (6.45). If § € I'c(N, K), then ad(§) maps I'¢(N, &) to I'c(N, K). As adg is con-
tinuous for the norm ¢y, it also maps H, (N, K) to Hj (N, K). It follows that, for all
ne Ha1 (N, &), ady; maps I'. (N, K) to Ha1 (N, &). By continuity with respect to g1,
it therefore maps H, (N, K) to Hj (N, &), and we conclude that H, (N, &) is closed
under the Lie bracket. ]

For k > 2, we define Hak (N, &) as the space of all £ € H,f (N, &) such that both
£ and D(§) liein Hf (N, R).

Proposition 6.27. The space H é‘ (N, K) is a closed Lie subalgebra of H é‘ (N,K). In
particular, it is a Banach—Lie algebra with respect to the subspace topology, induced
by the norm py(§€) of (6.44).

Proof. We proceed by induction on &, the case k = 1 being Proposition 6.26. Recall
that both the inclusion ¢: H llf (N,&) —> H lﬂ‘ ~1(N, &) and the derivative

D:Hf(N,R) — HF'(N, &)
are continuous. Since
HY(N, &) = T (HY YN, Q) n DTV HE1 (N, R))

is the intersection of two closed subspaces, it is a closed subspace of H If (N, K) itself.
To show that it is closed under the Lie bracket, suppose that £, n € H 5‘ (N, K), so that
&, n,DE Dne Hg‘_l(N, K). As Hak_l(N, K) is a Lie algebra, it follows that [&, 7]
and D([&, n]) = [D(§), n] + [€, D(n)] are both in H;‘_I(N, K). From this, one sees
that also [€, ] € Hak(N, K). [

Note that the 2-cocycle w(§, ) = (D&, n),, on g is continuous for the Sobolev
norm ¢1 (£) and hence extends uniquely to H ak (N, K). This defines a continuous cen-
tral extension of H g‘ (N, R),

RC @, Hf (N, R).
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Define the Fréchet-Lie algebra Hy°(N, K) as the inverse limit of the Banach-Lie
algebras H ak (N, &) under the natural inclusions H ak (N,R) > H g_l(N, K). Since
D:H$°(N,&) — H3°(N, &) is a continuous derivation, we obtain the double exten-
sion of Fréchet-Lie algebras

(RC @, H$°(N,R)) x RD.

6.4.4 Intervals and blocks

Suppose that N >~ ¥ x I, where I C R is an open, not necessarily finite interval with
the Lebesgue measure dt, and X is a (dps — 1)-dimensional manifold with locally
finite measure vg. The bundle K|y ~ N x ¥ is trivial, and the translation by ¢’ sends
(x,1) to (x,t —t’) wherever it is defined. In this cartesian product situation, it will be
useful to separate the variables in X from those in /.

Define a bilinear map

T:L7(Z,R) x Li(1,8) — L2(N,%), T(f.&)(x,t) = f(x)E().

Itis continuous since || /&[ly = [/ lvolI€llar and [[ f € lloo = 1./ oo lI& lloo-

Proposition 6.28. The product T(f,&) = f§& defines a continuous bilinear map
T:L2(Z,R) x HF(1,¥) — Hf(N,¥).

Proof. Since || f&|lv = || f llvo l§ ||l a» and since time translation acts only on &, it fol-
lows that f& € D (D) if and only if £ € D (D), and D(f &) = fD(&). From this, one
derives that T maps L3 (X, R) x H,f(], £) to H,f(N, ), with || f€lln = |/ llvoElln
and | /€ llnco = |  loo& ln,co-

Suppose that £ € H 31 (I,¥), so that there exists a sequence &, € C°(/,¥) with
€ —&nllar — Oand | D(§) — D(&n)|la: — O. For every f € le)(E, R), it is possible
to find a sequence f, € C°(X,R) with || f — f4|lv, = 0. Then

11§ = faknllv < IIf = fullwollEllar + I fallv 1§ = Enllar = O.

Similarly, one finds that || D(f§) — D(fuén)llv = [ /D) — faD(En)ll — 0. It fol-
lows that T maps L7(X,R) x H, (I,£) to H} (N, ). From D(f§) = fD(£), one
then finds that it maps L2(E,R) x H¥(1,¥) to H¥(N.¥). "

In Lemma 7.10, we will need the above result in the following form.

Corollary 6.29. Let E C X be a subset of finite measure, and let y g be the corre-
sponding indicator function. Then, the map Lg: H(.;‘ (I,¥) > H 5‘ (N, 8) defined by
tg(&)(x,t) = y(x)E(t) is a continuous Lie algebra homomorphism.
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6.5 The continuous extension theorem

It follows from Proposition 6.20 that the Lie algebra representation dp extends from
g=I.(M,K)to L% " (M, &). In the following theorem, we show that this extension
yields a Lie algebra representation of RC &, H al (M, &), which is compatible with
the derivation D: Hal (M, ) — Li (M, ).

Theorem 6.30 (Continuous extension). Let p be a positive energy representation of
G with derived representation dp, and let N C M be an open subset.

(a) There exists a linear map r from LZ(N, K) to the unbounded, skew-sym-
metric operators on K with domain D(H) such that r (§)Y coincides with
dp(&)Y forall ¢ € T.(N,K) and € H>.

(b) This defines a representation of the Banach—Lie algebra RC &, H 81 (N, R)
by essentially skew-adjoint operators. For £, n € H 31 (N, &), the operators
r(£&) and r(n) map D(H?) to D(H). On D(H?), we have the commutator
relation

[r).rm] =r(& 1) +ioE N1, (6.47)
where w(&,n) = (D&, n) .
(c) IfE e Hal(N, K), then D& € LZ(N, K) and
[do(D), r(§)] = r(DE).

In particular, we obtain a positive energy representation of the Fréchet—Lie
algebra (RC &, H3°(N,K)) x RD.

Proof. The derived representation dp is defined on the Lie algebra
g = (RC Pw g) x RD.

By Proposition 6.20, we obtain an extension r of dp to L% " (M, &), hence, in partic-
ular, to Li(N , &). From Proposition 6.22, we see that r (£) is essentially skew-adjoint
for £ in the smaller space Héu (M,R) C L%M (M, &), and that [dp(D), r(§)] = r (&)
forall§ € Hy (M, ), hence, in particular, for £ € Hj (N, &) € Hg, (M,K).

By Cauchy—Schwarz and the inequality (6.38), we have

(r@ v rm ) < 1432 11432 xllg1 (€)g1 (1) (6.48)

forall v, y € D(H?) and £, € HII;M(M, g), where A := 14 H and ¢ is the par-
allel Sobolev norm of (6.43). Further, by Proposition 6.22, the products r(§)r(n) and
r(n)r(§) are well defined on D (H?). Since

(. [r ). rmlx) = =(rEv.rmx) + rmy.rE)x).
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it follows that the bilinear form

Hg, (M, &) x Hg, (M.&) — C, (&, n) = (V. [r€). r(m]x)

is continuous with respect to the parallel Sobolev norm ¢; . In particular, its restriction
to
Hy(N.R) € Hp, (M. R)

is continuous with respect to g .
Similarly, using Cauchy—Schwarz and (6.38), we find for &, 7 € H 31 (N, R) that

| (@& D) < x4y llgr (16, ).

Since the Lie bracket on H 81 (N, &) is separately continuous for the norm g; by
Proposition 6.25, it follows that the bilinear form Hy (N,&)x Hy (N,&) — C defined
by
& n e (xrds.av)
is separately continuous with respect to g .
As the cocycle w(&, ) = (D&, ), extends to a bilinear map on Hal (N, &) that
is continuous with respect to g1, the bilinear form

En) = (x. ([r ). rm] = r(E.n) —iwE n)v)

is separately continuous for the g;-topology. Since it vanishes on the dense subset
I(N,K)C H 31 (N, 8), it is identically zero. It follows that

[(r &), rmly =r(&ny +iwE Ny

for all Y € D(H?). The operator 7 ([£,7]) + i w(&, 7)1 with domain containing O (H )
is thus an essentially skew-adjoint extension of the operator [r (), r ()] with domain
D(H?). [

6.5.1 Semibounded representations

The concept of a semibounded representation, introduced in [73,75], is much stronger
than that of a positive energy condition. As results in [81] show, it provides enough
regularity to lead to a sufficient supply of C *-algebraic tools to decompose represen-
tations as direct integrals.

Definition 6.31 (Semibounded representations). A smooth representation (p, #) of
a locally convex Lie group G is called semibounded if the function

spiq = RU{oo}, sp(x) := sup(Spec(idp(x))) (6.49)

is bounded on a neighborhood of some point xo € g. Then, the set W, of all such
points xg is an open Ad(G)-invariant convex cone in g.
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For Lie groups G which are locally exponential or whose Lie algebra g is bar-
relled’, a semibounded representation is bounded if and only if W, = g [73, The-
orem 3.1 and Proposition 3.5]. The positive energy representation r of H 31 (N, &)
fulfills the following semiboundedness condition.

Proposition 6.32. Let § € L% (M. R), and lett > 0. Then
—1&NBw — 9||§||idf(dM + 1)?/t < inf(Spec(ir(tD & §))).

In particular, the spectrum of tH + ir(€) is bounded below for every t > 0, and this
bound is uniform on an open neighborhood of D in L%M (M, &) xRD.

Proof. Using Proposition 6.20, one finds that the map L% " (M, &) — C defined by
> (T £ir(®))y

is continuous for every ¥ € D(H), and every ¢ > 0. It is non-negative on the dense
subspace I'. (M, &) by Theorem 6.17, and hence on all of L% " (M, &) by continuity.
If ||£]|,, = 0, then r(§) = 0, and the proposition holds trivially. If ||£]|,, # O and
£ := 1/]}€ . then

Te = tH + €] 5,1

satisfies 0 < (I's £ ir(§))y, and thus

~NENBllvI? < (Yot H £ir(€). ¥).

Since
IE1Be < 16018y + ONEN ude(dar + 1)% /e,

the result follows by substituting & = /| |§|| .. ]
Corollary 6.33. The positive energy representation dp of the Lie algebra
(]RC Bp Ie(M, S?)) xRD
is semibounded and the cone W, contains the open half space
(RC & T'e(M,R)) —R4D.

Proof. This follows from Proposition 6.32 because dp comes from a group rep-
resentation, the central element C is represented by a constant, and the inclusion
re(M, &) — L%M (M, &) is continuous. ]

IThese are the locally convex spaces for which the Uniform Boundedness Principle holds.
All Fréchet spaces and locally convex direct limits of Fréchet spaces are barrelled, which
includes, in particular, LF spaces of test functions on noncompact manifolds.
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6.5.2 Analytic vectors

A vector ¥ in a Banach space X is called analytic for an unbounded operator A
on X if ¥ € (,en D(A"), and the series Y oo %HA”WH has positive radius of
convergence R4 > 0.

Lemma 6.34. Let&E € H 32 (N, &), and consider H and r (&) as unbounded operators
on K. If ¢ € H is an analytic vector for H, then it is also analytic for r (§). If ¥ has
radius of convergence Ry for H, then the exponential series

X)W = 3 )Y
n=0" "

is absolutely convergent on the ball defined by

1 (2¢p)? (cp + 1)?
p2(&) < —Z—C?log (l—m(l—exp(—TRH))). (6.50)

Proof. We apply [86, Theorem 1] to r(£) and A = 1 + H, considered as unbounded
operators on the Banach space #;,. For § € HII;M(M, R)and ¥ € D(H?) C Hy )2,
the inequality (6.38) yields

7)Y ll12 < ENAY | 1/2. (6.51)

By (6.35), we have ad, gy A = —ir(D§).If § € H82 (N, &), then by definition, both &
and D§ are in Hy (N, &). It follows that also ad'g_l(Dé) € Hj(N.K) forn > 1. By
(6.47) and induction, we find

ad ) (A) = —iad) ) (r(D§)) = —ir(adi™" (D§)) + o(§,adf > (DE)1  (6.52)

as an equality of unbounded operators from D (H?) to #; /2. From (6.40) and (6.45),
we infer that

ladg (DE)IBes = (celllloo)" 1 D&l B (6.53)
q1(adf (D§)) = (2ceqc1(£)"q1(DE). (6.54)

Next we estimate ||ad;’(§)(A)¢ l1/2- Applying (6.52) and noting that

@& ml =D& )yl < [1DEllulnll, and [ DE|lu < [|DE B,y

the second term on the right-hand side of (6.52) satisfies

lox(€, ad; =2 (DENY [l1/2 < (cellElloo)" 2 IDENG, LW l11/2- (6.55)

Applying (6.51) and (6.54) to the first term on the right-hand side of (6.52), we find

Ir(ad = (DENV (1172 < Qeeqcr (€)" q1(DE AV 112 (6.56)
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Combining (6.55) and (6.56) with (6.52), and using that ||/ |12 < [[AV¥||1/2, we find

||ad:'($) (DY ll1y2 < enllAY 12,

with
en = q1(DE) (I DE| By + 2ceqei (§))) 2ceger (€))"2. (6.57)
Since the series -~
v(s) := n gn
= n!

has positive radius of convergence, we may now fix some ¢y > 0 with v(¢z9) < 1 and
assume that 0 < 5,7 < t9. Applying [86, Theorem 1] to #;,, guarantees that for

w(s) = /Os(1 — (1) tdt,

we have

> 2@ e = 3 T g, it = 0

n=0 n=0

asin (651, Since 7€YY | < )"y 2 and [ 4" 172 = 471, this yieds
S lr @yl s 3 STy 659)

n!
n=0

To get an explicit estimate on the radius of convergence, note that all norms of (deriva-
tives of) & occurring in (6.57) are dominated by p,(§) (cf. (6.44)). The estimate
¢n < ab™ with

a:=(1+2¢ce)/(2ce)* and b :=2cepa(§)

yields v(s) < a(e? — 1). Accordingly, v(t9) < 1 is ensured if

bty <1 1+1 1 1 !
o —]=-1lo — .
0 g p g l+a

In particular, s = 1 is allowed if p,(§) < 217? log(1 + %) Substituting this in

N
w(s)z/ (1 —v()) tdt
0
and integrating, we obtain

w(s) < log((1 4+ a)e ™ —a). (6.59)

1
" (I+a)b
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If v is an analytic vector for H, it is analytic for A = 1 + H with the same radius
of convergence Ry . The right-hand side of (6.58) therefore converges absolutely if
c-w(s) < Ry, where ¢ = q1(£). Since q1(§) < p2(§), we find § < ﬁ and hence
m < 2cg/(cp + 1)2. Substituting this in (6.59), we find that ¢ - w(s) < Ry if

1 (cg +1)? 1
bs < —log[1———(1- -——R —log(1— .
S = Og( 1+a( eXp( 2c¢ " =g l+a

Putting s = 1, and substituting @ and b in the above equation, we find that (6.58)
converges if p, (&) satisfies (6.50). [







Chapter 7

The localization theorem

In this section, we use the continuity and analyticity results from Chapter 6 to prove
a localization theorem. Our main result reduces the classification of positive energy
representations of the identity component ['.(M, K)o to the case where the base
manifold M is one-dimensional. We start in the setting of a fixed point free R-action
on the manifold M, and extend this to more general Lie group actions in Section 7.5.

7.1 Statement and discussion of the theorem

Theorem 7.1 (Localization theorem). Let w: X — M be a Lie group bundle whose
fibers are 1-connected semisimple. Let yx: R — Aut(K) be a homomorphism that
defines a smooth action on X, and induces a fixed-point free flow ypr on M. Then,
for every projective positive energy representation

5:To(M, K)o — PU(H)

of the connected gauge group T'c(M, K)o, there exists a one-dimensional, closed,
embedded, flow-invariant submanifold S € M such that p factors through a pro-
Jective positive energy representation ps of the connected Lie group T (S, K). The
diagram

Fe(M. K)o —2— PUC)
[
ps
(S, X)
commutes, where rs:Tc(M, K)o — Tc(S, K) is the restriction homomorphism.

Remark 7.2. It is convenient to define I'. (@, K) := {1}, so that the above theorem
holds for the trivial representation with S = @.

Remark 7.3 (Localization for the simply connected cover). In fact, we will prove a
slightly stronger result: every projective positive energy representation

p:T (M, K)o — PU(H)

of the simply connected cover of I'; (M, K)o factors through Fs := rg o gr, where
qr:Tc(M, K)o — I'c(M, K) is the covering map and

rs:Te(M, K)o — Te(S, XK)
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the restriction. This strengthening of Theorem 7.1 is needed in Part II, where we
handle localization for gauge groups on manifolds with boundary.

Note that M is not required to be compact or connected, and that the fibers of
K — M are not required to be compact. The result for noncompact M is a major
feature, which we will use extensively later on (see Chapter 9 and Part II). Allowing
noncompact fibers, however, is not a big step. Indeed, noncompact simple fibers result
in trivial representations by Theorem 6.2, so we already know that the theorem holds
with S = @ in that case. Before proceeding with the proof in Section 7.2, we show
that the assumption of 1-connectedness of the fibers is not essential.

Remark 7.4 (Non-simply connected fibers). Suppose that the typical fibers of the
bundle KX — M are connected, but not necessarily simply connected. Let K; be the
typical fiber over the connected component M; of M, and let K; be its 1-connected
universal cover. The kernel 771 (K;) of the covering map Ei —» K; is a finite, central
subgroup, yielding a central extension

m(K;) — K; — K;. (7.1)

The natural inclusion Aut(K;) — Aut(I? i), obtained by the canonical lift of automor-
phisms, yields a Lie group bundle XK; — M; with fiber K; over each M;, and hence a
Lie group bundle K — M over M. It comes with a natural bundle map K — K over
the identity of M, which restricts to the universal covering map on every fiber. The
kernel Z C X of this map is a bundle of discrete, abelian groups, whose fibers over
M; are isomorphic to 771 (K;). Analogous to (7.1), we thus obtain an exact sequence
of Lie group bundles

The 1-parameter group yx:R — Aut(X) liftsto y z: R — Aut(ﬁ ) with the same
infinitesimal generator v € I' (M, a(ﬁ)) (cf. Remark 4.8). As every smooth section & €
I'c(M, K)o lifts to a section of X because the natural map Ic (M, X )= T(M, X)
is a covering morphism of Lie groups, the projection K— X yields a surjective Lie
group homomorphism, and hence an exact sequence

[o(M,Z) < Te(M, X) = Te(M, X). (7.2)

Since the fibers of Z are discrete, the group I'.(M;, Z;) of compactly supported sec-
tions of Z; — M; is trivial if M; is noncompact. If M; is compact, I'c(M;, Z;) can
be identified with 771 (K;)™1 i) the fixed point subgroup of 7; (K;) under the mon-
odromy action 1 (M;) — Aut(mr; (K;)). We thus obtain an isomorphism

/
Fe(M.Z) =[] _ mi(K)m ™ (7.3)

of discrete groups where ]_[;E 7 mi(Ki)™ (M) denotes the weak direct product of the
finite abelian groups mr; (K;)™1 M) (all tuples with finitely many non-zero entries),
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running over all i for which the connected component M; is compact. In particu-
lar, it follows from (7.2) and (7.3) that projective positive energy representations of
I'.(M, K)o correspond to projective positive energy representations of I'c(M, K)o
that are trivial on B
Zimy:=Te(M,Z)NTe(M, K)o.

Note that the embedding § < M yields a “diagonal” morphism Z[3r] — Zs].
The term “diagonal” is justified by the special case where X is a trivial bundle over
a compact, connected manifold M. Then, the embedded 1-dimensional submanifold
@ # S € M is the disjoint union of N circles, and Zp) >~ m1(K) can literally be
identified with the diagonal subgroup of Zs) ~ 7 (K W,

Combining Theorem 7.1 with Remark 7.4, we obtain a localization theorem for
bundles whose fibers are not necessarily simply connected.

Corollary 7.5 (Localization theorem for non-simply connected fibers). Suppose that
the fibers of X — M are connected, but not necessarily simply connected. Then, p
arises by factorization from a projective positive energy representation of I'c(S, X )
that is trivial on the image of Zy) in Zs).

Remark 7.6 (Abelian groups). In the localization Theorem 7.1 we have assumed that
the fiber Lie group K is semisimple. We now explain why this is crucial and that there
is no localization for abelian target groups, so that the localization theorem does not
extend to bundles with general compact fiber Lie algebras. To this end, let K = (£, +)
be a finite-dimensional real vector space and fix a positive definite scalar product «
on f. Further, let M be a smooth manifold and consider the Lie group G := g :=
C°(M, £), which can be identified with the group of compactly supported sections
of the trivial bundle K = M x K. We also fix a smooth flow ypr: R — Diff(M), its
generator vy € V(M), and a yps-invariant positive Radon measure i on M. Then

oE.7) = [Mx(s,n)du

defines a positive semidefinite scalar product on g, invariant under the R-action on g
given by
alé = E o VM(Z)v

whose infinitesimal generator is D§ = &£,,&. Then

o0(E.7) = kg(DE. 1) = /Mx(st, Dy

is an R-invariant skew-symmetric form on the abelian Lie algebra g, hence a Lie
algebra 2-cocycle. Combining in [85, Theorems 3.2 and 5.9], it now follows that all
these cocycles are obtained from projective positive energy representations of the
groups G X, R. This shows that, for abelian fibers, no restrictions on the measure p
exist.
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Example 7.7. We consider the Lie algebra g = C®(T%,¥), ¥ compact simple and
a;(§) = & oy, where

271it91zl 2nit0d_lzd . e27rit
LICCILIE) —1»

e zd).

vi(z1,....2q) = (e

This means that vy is the invariant vector field on the Lie group T¢ = R4 /74 with
exponential function

2mwixy 27'rixd)
y .

exp(xy....,xq) = (e ..,e

whose value in 1 is given by x = (61, ...,604—1, 1). This action has a closed orbit if
and only if the one-parameter group A := exp(Rx) is closed, which is equivalent to
0, € Qforall j.

If this condition is satisfied, then A =~ T and the «-orbits are the A-cosets in the
group T <. This situation is also studied by Torresani in [105]. If this condition is not
satisfied, then the localization theorem implies that there are no non-trivial projective
positive energy representations.

Remark 7.8. The localization theorem also yields partial information for flows with
fixed points, and for manifolds with boundary.
(a) If the vector field vy has zeros, then

M* :={xeM :vy(x)#0}

is an open flow-invariant submanifold of M and the localization theorem applies to
the bundle &|37<. In this context, this theorem does not provide a complete reduc-
tion to the one-dimensional case for two reasons. One is that the representations of
I.(M*, &) do not uniquely determine those of I'. (M, &) and the other reason is that
the 1-dimensional submanifold S of M * need not be closed in M, so that the extend-
ability of the representation of T'.(M*, &) to the Lie algebra I'.(M, &) provides
“boundary conditions at infinity” for the corresponding representations of I'. (S, &).
We will further explore these boundary conditions in future work.

(b) Similarly, if M is a manifold with boundary, then both its interior M = M \ dM
and its boundary dM are invariant under the flow. In Part II of this series of papers,
we apply the localization theorem to M and dM separately, and combine the infor-
mation to obtain classification results for positive energy representations of the gauge
group I'(M, X). The main challenge here is that although every projective unitary
representation of I'(M, KX) automatically restricts to I'. (M, X), we heavily rely on
the positive energy condition to obtain a representation of I'. (0M, K).

Example 7.9. A typical example of a flow with fixed points is the 2-sphere M = S2,
where
cos(t) sin(f) O\ [x
ymi(x,y,z) = | —sin(t) cos(r) O] |y (7.4)
0 0 1 z
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is the rotation around the z-axis with unit angular velocity, and P = S? x ¥ is the
trivial bundle. The lift of the infinitesimal action is then given by

v(x,y,z) = (y0x —x0,) + A(x. y,2), (7.5)

where the first part is the horizontal lift of the infinitesimal action corresponding
to (7.4), and the second part is the vertical vector field corresponding to a smooth
function 4: S? — ¥.

Then, M* = S2 \ {(0,0, £1)}, and the integral curves on S? are precisely the
circles of latitude. Therefore, S is either compact and a finite union of circles, or it is
noncompact and an infinite union of circles. More precisely,

S={(x,y,z)eSZ:Z€J},

where J C (—1, 1) is a discrete set that has at most two accumulation points +1,
corresponding to the two fixed points of the circle action. We return to this example
in Section 9.3.

7.2 Localization at the Lie algebra level

The remainder of this chapter is devoted to the proof of Theorem 7.1. We start by
proving the statement at the level of Lie algebras. This proceeds through several lem-
mas. In the first one, relying heavily on Theorem 6.30 and Lemma 6.34, we derive
integrality results for the flow-invariant measure p of Section 5.2.2.

Lemma 7.10. Suppose that the fibers of & — M are simple Lie algebras. Consider
a good flow box U ~ Uy x I € M around x € M in the sense of Definition 5.1, so
that the restriction of the invariant measure ( to U ~ Uy x I takes the form

plu = po ® dt.

Then, for every measurable subset E C U,

1
mo(E) € Z—No.
P

Proof. We may assume without loss of generality that the fibers of & over U are
compact, as (o(E) would otherwise be zero by Corollary 5.5. Let yg: Uy — {0, 1}
be the indicator function of E. Consider the Lie algebra homomorphism

tg:RC @y Hj(1,¥) > RC &, HJ (U,¥), zC ® &> zC @ yEé

whose continuity follows from Corollary 6.29. If we pull back the representation r of
RC &, H E,Z(U, £) of Theorem 6.30 along ¢ g, we obtain a projective *-representation
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of the Banach-Lie algebra ) := H 32(1 ,¥). By Lemma 6.34, its space of analytic vec-
tors is dense in J.

Since §) consists of functions / — ¥ and it contains C° ([, £), the fact that 3(¥) =
{0} implies that the center of } is trivial. As §) is a Banach-Lie algebra, it is in partic-
ular locally exponential, so there exists a 1-connected Lie group H with Lie algebra
h by [71, Theorem IV.3.8] (see [30] for a complete proof).

Now Theorem 2.18 provides a smooth, projective, unitary representation

w2 H — PU(H).

By Theorem 5.7, the corresponding Lie algebra cocycle is given by

(&, n) = —/UK(XES, Vi (XEM)dp = —/ k(xeE xen')dpodt

Uogx1

= o(E) /1 (6. 7/)dt = jo(E) /I (&,

Theorem 2.13 now implies the existence of a central Lie group extension H* of H
by T =~ R/27Z with Lie algebra b, = RC @, b.

This in turn implies integrality conditions on the values of wo(E). To see how
these can be obtained, we associate to @ the corresponding left invariant 2-form €2 on
H with ©; = w. This form defines a period homomorphism

per,:m2(H) > R, [o]— / Q
(o2
(cf. [69, Definition 5.8]) and [69, Lemma 5.11] implies that
im(per,,) C 27 Z.

Since the rescaling map
o0 o0 T
y:CO(1,E) > CX((—m.71),8),  y(E)(©0) = g(ﬂg)

from the interval / = (—7/2, T /2) to the interval (—m, 7r) is an isomorphism of Lie
algebras, the cocycle [, (€', n)dr on CZ°(1, ¥) has the same period group as the
cocycle ffﬂ k(. n)dO on C°((—m, ), ). In [70, Lemma V.11], it was shown that
this, in turn, has the same period group as the cocycle f_”n k(§',m)dO on C2(S!,¥).
By [68, Theorem II.5], the period group of % ffn k(&',n)d0 is 2n Z, provided that
Kk is normalized as in (4.2). Combining all this, we conclude that uo(E) € ﬁZ. |

As the measure 211 takes integral values, the following proposition shows that
it is automatically discrete.
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Proposition 7.11. Let ¢ be a locally finite, regular Borel measure on a locally com-
pact space X. If ¢ takes values in Ng U {oo}, then there exists a locally finite subset
A C X and natural numbers ¢ = {({x}) such that

£ = cxbx.

xeA

Proof. By regularity, { is determined by its values on compact subsets, so it suffices
to assume that ¥ is compact and to show that, in this case, { is a finite sum of Dirac
measures.

Let ¥ be the family of compact subsets of full measure. For Fy, F> € ¥, we have

w(F1\ F2) = u(F2 \ F1) =0,

so that F; N F, also has full measure. This shows that ¥ is closed under finite inter-
sections. We show that
C:=()F

Fe¥F
has full measure. Let V' be an open set containing C. Since the open complements F¢
cover the compact set V¢, there exist finitely many F; such that Ff U---U F 2 V€,
and hence F; N---N Fp € V. Since ¥ is closed under finite intersections, every
open set V' containing C has full measure. By regularity, we conclude that C has full
measure itself.

Pick x € C. For any open neighborhood U of x in C, the minimality of C implies
that £ (C \ U) < ¢(C), sothat {(U) > 0. Let U be an open neighborhood of x in C for
which ¢ (U) is minimal; here we use that the values of ¢ are contained in Ny. For any
smaller open neighborhood V' C U of x in C we then have { (V) = {(U) and therefore
(U \ V) = 0. This implies that {(K) = 0 for any compact subset K < U \ {x} and
hence that {(U \ {x}) = 0 by the regularity of {. Now the minimality of C entails
that C = {x} U (C \ U). Since x € C was arbitrary, it follows that C is discrete,
hence finite: C = {xy, ..., xt}. Accordingly, the restriction of { to a compact subset
is the finite sum

k
£ = C{xi by,
j=1

of Dirac measures. [

Recall from Theorem 4.9 that the bundle & — M of semisimple Lie algebras
gives rise to a bundle & — M of simple Lie algebras with I'. (M, &) ~ I'. (M, K).
By Remark 4.10, it inherits the 1-parameter group of automorphisms.

Lemma 7.12. If the flow on M has no fixed points, then the support S of wisa
one-dimensional, flow-invariant, closed embedded submanifold of M.y, the part of
M over which the fibers of & are compact.
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Proof. Since the flow on M has no fixed points, the vector field vz on M has no
zeros. As the same holds for its lift to M, every point x € M is contained in a good
flow box U = Uy x I in the sense of Definition 5.1. In any such flow box, the measure
W is of the form o ® dt, where (g is a regular measure on Uy. From Lemma 7.10
and Proposition 7.11, we conclude that p¢ has finite support in Uy, so that SNU =~
F x I, where F C Uy is a finite subset. This implies that Sisa one-dimensional,
closed embedded submanifold invariant under the flow on M. The final statement
follows from Theorem 6.2. ]

Combined with Corollary 6.3, this shows that Theorem 7.1 holds at the level of
Lie algebras.

Lemma 7.13. There exists a 1-dimensional, closed, embedded, flow-invariant sub-
manifold S € M such that the projective positive energy representation dp of the Lie
algebra T'c (M, &) factors through the restriction map rg: I'e(M,K) — T:(S,RK).

Proof. Combining Lemma 7.12 with Corollary 6.3 and Theorem 6.2, we conclude
that the projective Lie algebra representation dp of I'. (M, &) vanishes on the ideal

Jg = €Te(M,R): &g =0}

It follows that the projective positive energy representation of I'c(M, R) vanishes
on Jg:={el.(M,K):&s = ()} where S € M is the image of S under the
finite, R-equivariant covering map M — M. Since S C M is a 1-dimensional, closed,
embedded, flow-invariant submanifold, the same holds for S € M. This implies that
the projective representation factors through the restriction map

rk:Te(M,R) — T(S, &),

which is a quotient map of locally convex spaces. ]

7.3 Twisted loop groups

Let S be a one-dimensional, embedded, flow-invariant submanifold of M. Then, it
is the disjoint union S = | |;.; S; of its connected components S;, which are either
diffeomorphic to R (for a non-periodic orbit), or to S = R /Z (for a periodic orbit).

Fix j € J and let K = K denote the fiber of K| S;- If §; = R, then the bundle
K|s, is trivial, i.e., equivalent to

SixK=RxK.

This trivialization can be achieved R-equivariantly, using an integral curve in the
corresponding frame bundle Aut(.X) — R, a principal bundle with fiber Aut(K).
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The action of R on X is then simply given by
yi(x,k)=(x+1tk) fort,x e Randk € K. (7.6)

If S; =~ S! is a periodic orbit, then the universal covering map g;: §j — §j can
be identified with the quotient map R — R /Z. If the period of the orbit S; is 7', then
we scale the R-action on S = R/Z by 1/ T, yielding

Vst ([xX]) = [x +1¢/T1].

We have seen above that the pullback q]’.‘ (Kls;) is equivariantly equivalent to the
trivial bundle R x K on which R acts by translation in the first factor. The action of
the fundamental group 771 (S;) = Z on R x K is given by bundle automorphisms that
commute with the R-action; there exists an automorphism ® € Aut(K) such that

n-(x,k)=x+n, & "k)) forallneZ.
Accordingly, we have an equivariant isomorphism
Kls, = ® x K)/ ~,
where
(x,k) ~ (x +n,®"(k))

for all x € R,k € K and n € Z. We write the equivalence classes as [x, k], and we
denote the K-bundle over S! = R/Z obtained in this way by

Ko =R xK)/ ~, withKe - R/Z
given by
[x,k] — [x] = x + Z.

The R-action is given in these terms by
yi(lx.k]) =[x +¢/T. k].

Note that
yr([x.k]) =[x + 1,k] = [x, (k)]

so that ® can be interpreted as a holonomy.

Recall that, for two automorphisms ®, W € Aut(K), the corresponding K -bundles
Ko and Ky are equivalent if and only if the classes [®] and [\W] are conjugate in the
component group o(Aut(K)), and they are R-equivariantly isomorphic if and only
if ® and W are conjugate in Aut(K). Indeed, any isomorphism 'y ¢: Ko — Kw
inducing the identity on the base is of the form

Fy,o([x.k]) = [x. L (k)]
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where {: R — Aut(K) is smooth and satisfies
leg1 =W 1ol o® forall x €R. (7.7)

Such a smooth curve ¢ exists if and only if [®] and [¥] are conjugate in the finite
group 7o (Aut(K)). In particular, the set of equivalence classes of group bundles with
fiber K over S! corresponds to the set of conjugacy classes in the group mo(Aut(K)),
which is finite for a semisimple compact Lie group K. This follows from the com-
pactness of the group Aut(K) C Aut(f ) = Aut(¥) as a subgroup of GL(f) preserving
the scalar product k.

The bundle isomorphism I'y,¢ is R-equivariant if and only if the function ¢ is
constant. Accordingly, the two bundles K¢ and Ky are R-equivariantly isomorphic
if and only if ® and W are conjugate in Aut(K), so that equivariant isomorphism
classes of principal K-bundles over S! correspond to conjugacy classes in the group
Aut(K) (cf. [94, Section 4.4] and [20, Section 9]).

The group I'.(R/Z, K¢) is isomorphic to the twisted loop group

Lo(K):={ € C®°R,K): (Vx e R)E(x + 1) = d1(E(x))} (7.8
with Lie algebra
Lo(F) = {E € CP[R,E): (Vx e R)E(x + 1) = o 1 (E())}, (7.9)

where ¢ € Aut(f) is the automorphism of £ induced by ®. The R-action on £, (f) is
given by
@) = £ +1/T) and DE= &

In some situations it is convenient to use a slightly different normalization for
which @ is of finite order, but then the R-action becomes more complicated. If K is
compact, then Aut(K) is compact as well. In this case, there exists a finite subgroup
F C Aut(K) with Aut(K) = F Aut(K)o (see [42, Theorem 6.36]) and we may choose
a representative ®¢ of [®] € mo(Aut(K)) in such a way that y € F.

If I's,0,: Ko, — Ko is a group bundle isomorphism specified by the smooth
curve {: R — Aut(K) satisfying

Cxp1 = D71 ®y forx eR
(see (7.7)), then the R-action on I':(R/Z, Kg,) = £e,(K) takes the form
& (§)(x) = & CarryTE(x +1/T)  for§ € Loy (K).

On the Lie algebra level we obtain the corresponding derivation given by

;

1 / I
SE 508,
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where

d
8'(0): R — L(Aut(K)) = der(f), 8'(0)x = - 0 i
t=0

is the left logarithmic derivative of ¢. Identifying ¥ via the adjoint representation with
der(¥), we obtain a smooth curve A: R — ¢ with adoA4 = §/(¢) for which

Bt = & +[4.). (1.10)

Note that A belongs to the twisted loop algebra £, (£); since {x+1 = ®1¢, Do, we
have

Cot1lxt14t = @5 (6 Cxpr) Do,
and hence
8 () xg1 = ¢El5l(§)x§00-
It follows that the curve A satisfies
Ayy1 = QD()_lA)m
sothat A € £, (F).

Remark 7.14. We denote by éCgI,(K)C the central T -extension of £¢(K) corre-
sponding to the Lie algebra cocycle

1
o) = 5 /0 CE )i, cel

with period group 2w cZ (see the discussion in Section 7.2). If the central charge ¢
is 1, we omit the subscript and simply write SCED(K ). Since the Lie algebra &£, (¥) of
£ (K) is perfect [62, Theorem VI.3] implies that the R-action o on £¢(K) lifts to
a smooth R-action o on SCED(K )¢, and we obtain a double extension of the form

Lo(K)e = L8 (K)e %y R.

The c-fold cover T —» T: z — z€ extends to a ¢-fold cover é(igp(K) —> :6‘;(1()6, for
which the following diagram commutes:

T —— &% (K) —— Lo(K)
zcl l de
T —— &5 (K)e — La(K).

Using this covering map, we can identify the representations of £¢(K), with those
representations of £¢(K) for which the roots {z € T;z¢ = 1} € T of order ¢ act
trivially.
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7.4 Localization at the group level

To obtain the localization result at the group level, we need the following factorization
lemma.

Lemma 7.15. Let r: G — H be an open, surjective morphism of locally exponential
Lie groups, and let R: G — U be a continuous homomorphism of topological groups
such that

L(ker R) := {x € g :exp(Rx) C ker R} D kerL(r) = L(kerr).

Then, R factors through a continuous homomorphism R: G/(kerr)g — U and r
induces a covering morphism G/(kerr)o — H of Lie groups.

Proof. In view of [71, Proposition IV.3.4] (see [30] for a complete proof), N := kerr
is a closed, locally exponential Lie subgroup of G. In particular, its identity compo-
nent Ny is open in N, so that the isomorphism G/N — H of locally exponential Lie
groups leads to a covering morphism G/No — H ([71, Theorem IV.3.5]). For every
x € L(N), we have exp(Rx) C ker R, so that Ny = (expL(N)) C ker R. Therefore,
R factors through G/ Ny. u

Lemma 7.16. Let S € M be a closed, 1-dimensional submanifold and suppose that
the fibers of K|s — S are 1-connected, semisimple Lie groups. Then, T'¢(S, K) is
1-connected.

For § =~ R/TZ = S, it follows in particular that, for a 1-connected Lie group
K and an automorphism ® € Aut(K), the twisted loop group.

LLK) = {E€c C®R.K): (Vi eR)E(t + T) = 7' (5(1))} (7.11)
is 1-connected.

Proof. 1If S has connected components (S;);es with typical fiber K; of K|s;, then
!/
[.(S, K) =~ ]_[jejrc(sj, X). (7.12)

(We refer to [26, Proposition 7.3] for a discussion of weak direct products of Lie
groups.)

If S; ~ S!, then ['+(S;, X) is isomorphic to the twisted loop group éﬁgj (K;),
where ®; is an automorphism of K. Since mo(K;), 71(K;) vanish, m»(K;) van-
ishes as well'. The long exact sequence of homotopy groups corresponding to the

!Since K; is homotopy equivalent to a maximal compact subgroup, this follows from Car-
tan’s theorem [64, Theorem 3.7].
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Serre fibration evy: éﬁgl_ (K;) — Kj thus yields an isomorphism between the homo-
topy groups 7o and m; of éﬁg/ (K;) and éng(Kj)* := ker(evg). Since the inclu-
sion éﬁgj_ (Kj)x — cfgj (K )+, into the group of continuous, based, twisted loops
is a homotopy equivalence by [84, Corollary 3.4], and since nm(éﬁgl_(l( )wet)
Tm(RKj) >~ mpmq1(Kj) for m € Ny (cf. [84, page 391]), we conclude that Ig/_ (K;)
is 1-connected.

If §; ~ R, then T'¢(S;, K) =~ C°(R, K;) is 1-connected by [70, Theorem A.10].
From [28, Proposition 3.3], we then conclude that the locally exponential Lie group
(7.12) is 1-connected. ]

With these topological considerations out of the way, we now complete the proof
of the localization theorem.

Proof of Theorem 7.1. In Lemma 7.13, we showed that the projective positive energy
representation dp of I'. (M, &) factors through the restriction map

rEk:Te(M,R) — T(S, &),

so it remains to prove the corresponding factorization on the group level. For this,
apply Lemma 7.15 to the locally exponential Lie groups G = I'c(M, K)¢ and H =
I'.(S, X) (which are both 1-connected by Lemma 7.16), and the topological group

U = PU(K).

The homomorphism r is the homomorphism 7g: T, (M, K)o — I'c(S, K), induced
by the restriction rg: I'c (M, K)o — I'¢(S, K), and R is the projective representation
p: L. (M, K)o — PU(H). We conclude that p factors through a projective positive
energy representation of the 1-connected Lie group I'. (S, K).

Since every representation of I'. (M, K)¢ defines by pullback a representation of
its simply connected covering, the assertion also follows for representations of this
group. This concludes the proof of the theorem. ]

7.5 Localization for equivariant representations

In this section we extend the localization Theorem 7.1 to the equivariant setting,
where the action of R on M is replaced by a smooth action of a Lie group P on M.
The positive energy condition (cf. Section 3.2) then refers not to an R-action, but to
the positive energy cone C C p inside the Lie algebra p of P.

Let M be a manifold, let P be a Lie group acting smoothly on M, and let X — M
be a bundle of 1-connected, semisimple Lie groups that is equipped with a lift of
this action. We denote the P-action on M by yur: P — Diff(M), its lift to K by
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y: P — Aut(X), and the corresponding action on the compactly supported gauge
group by a: P — Aut(I'c(M, K)). On the infinitesimal level, the action of P on M
gives rise to the action vas:p — V(M), p Vlll,l of the Lie algebra p := L(P).

Let (p, #) be a smooth, projective, positive energy representation of the semidi-
rect product e (M, K) xq P (cf. Definition 3.5), with positive energy cone C C p.

Definition 7.17. The fixed point set ¥ € M of the positive energy cone C C p (a
closed convex invariant cone in p) is defined as

S:={meM:(¥peCCvh(m) =0}

Since the positive energy cone € is Adp-invariant, its fixed point set X is a closed,
P-invariant subset of M. In the following we first consider the fixed-point-free sce-
nario X = @, and return to the general case in [49, Part II].

Definition 7.18. Let p be a smooth, projective, unitary representation of I'c (M, K).
The support of p, denoted supp(p), is defined as the complement of the union of
all open subsets U C M for which the kernel of p contains the normal subgroup
. (U, X). Similarly, the support of dp is the complement of the union of all open
sets U € M such that the kernel of dp contains ' (U, K).

Note that the support is a closed subset of M. If the representation p extends to
the semidirect product I'. (M, K) xq P, then the support of p is invariant under the
action of P on M . This leads to severe restrictions for positive energy representations.

Theorem 7.19 (Equivariant localization theorem). Let (p, #) be a smooth, projec-
tive, positive energy representation of T'e(M, K)o X P, and suppose that C has no
fixed points. Then, there exists a 1-dimensional, P-equivariantly embedded subman-
ifold S C M such that p factors through the restriction homomorphism

rs:Te(M, K)o — Te(S, K).

Remark 7.20 (Equivariant localization for the simply connected cover). Since the
P-action on I'. (M, K) preserves the identity component I'. (M, K)o, it lifts to the
simply connected cover I'.(M, K)o. In this context the same result remains valid:
every smooth, projective, positive energy representation p of f‘c (M, K) x, P factors
through the homomorphism Fs: Te (M, K)o — T (S, K) obtained by composing the
restriction rg with the covering map.

Proof. For every p € C, let U, C M be the open set of points in M where v},
is non-vanishing. Applying Lemma 7.13 to the manifold U,, with the gauge group
I'¢(Up, KX) and the R-action o (?) := a(exp(tp)), one finds an embedded, 1-dimen-
sional submanifold S, € U, such that the projective Lie algebra representation dp
factors through the restriction map rgp: Fe(Up, &) — T'e(Sp, K). The support of



Localization for equivariant representations 91

dplr. ,,8) is thus contained in S,. It actually equals S, because the cocycle on
I'c(Up, &) is given by a measure with support S,. The sets S, and S, therefore coin-
cide on U, N Uy, so the union § = Upee Sp is a 1-dimensional, closed embedded
submanifold of M. Here we use that the U, cover M because € has no common fixed
point. Since g5, = Saq, (p) for every g € P, the union § is P-invariant.

Let Ig := {§ € [.(M, &): €|s = 0} be the vanishing ideal of S in Tc(M, &).
Since any & € Is can be written as a finite sum of £, € Is, C I'c(Up, &), and since the
restriction of dp to I'¢(Up, &) vanishes on I, we conclude that dp vanishes on I.
From Lemma 7.15 and Lemma 7.16, we then find (as in the proof of Theorem 7.1) that
p factors through the restriction I'c (M, K)o — (S, K) and that the corresponding
assertion holds for representations of the covering group T, (M, X)o. |

The building blocks for the positive energy representations therefore come from
actions of P on 1-dimensional manifolds on which € has no fixed point. According
to the classification of hyperplane subalgebras of finite-dimensional Lie algebras [40,
41], an effective action of a connected finite-dimensional Lie group P on a simply
connected one-dimensional manifold is of one of the following 3 types:

e the action of P = R on the line R,
* the action of the affine group P = Aff(R)¢ on the real line R,

* theactionof P = /SVL(2, R) on the real line R, considered as the simply connected
cover of Py (R) = S!.

In the infinite-dimensional context, the action of the simply connected covering group
P = Diff; (S!) on R = S! is a natural example.






Chapter 8

The classification for M compact

If the flow yas on M has no fixed points, the localization Theorem 7.1 reduces the
classification of projective positive energy representations of the identity component
I'.(M, K)o of the compactly supported gauge group to the situation where the base
manifold is a closed, embedded, flow-invariant submanifold S € M of dimension
one.

The connected components of S are either diffeomorphic to R (for a non-periodic
orbit), or to S! 2 R/Z (for a periodic orbit). Since a gauge group on R is equivari-
antly isomorphic to C2° (R, K) (with R acting by translation), and a gauge group on
S is equivariantly isomorphic to a twisted loop group (with R acting by rotation),
the gauge group on S is a product of twisted loop groups and groups of the form
CXR, K).

In this chapter, we describe the complete classification of positive energy repre-
sentations for twisted loop groups. This leads to a classification of the positive energy
representations of I'. (M, K)o for which the one-dimensional submanifold S is com-
pact. Since this is automatically the case if M is compact, we arrive at a complete
classification in this setting.

8.1 Positive energy representation of twisted loop groups

We now describe the complete classification of projective positive energy representa-
tions for twisted loop groups.

In this section K denotes a 1-connected compact (hence semisimple) Lie group,
® e Aut(K) is an automorphism of finite order ®" = idg, and ¢ = L(®) € Aut(¥)
is the corresponding automorphism of ¥. We further assume that the invariant form «
on ¥ is normalized in such a way that

k(iaY,ia") =2

for all long roots «. We denote the (twisted) loop groups and algebras by £¢(K)
and £, (¥) respectively, as in (7.8) and (7.9). The (double) extensions with ¢ = 1 are
denoted by :Ei(K) and Lo (K), cf. Remark 7.14.
Definition 8.1. We call a positive energy representation (p, ) of Lo (K)

(1) basicif Uy := p(exptD) C p(ii([())” forevery t € R,

(i1)  periodic if Ur = 1 for some T > 0.

Note that if p is minimal (Definition 3.8), then it is in particular basic.
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Remark 8.2. If (p, ) is periodic with Ur = 1, then [79, Lemma 5.1] implies that
the space # > of smooth vectors is invariant under the operators

Pn(V) = —

1 [T .
/ e_z’”'”/TU,vdt.
T /o

These are orthogonal projections onto the eigenvectors of H = idp(D) for the eigen-
values —27n/T,n € 7.

Recall from Section 7.3 that with the identification S! ~ R/Z and with ®V =
idg, we have

DE) = &+ [4.€]).

It will be convenient to introduce the derivative
d 1
d(¢) = —§&, sothat D = —(d + ady). 8.1)
dx T

Remark 8.3 (Independence of positive energy condition from lift of R-action). From
Proposition 6.32, applied to M = R/Z, it follows that a smooth representation of
:651,(1( ) is of positive energy with respect to the derivation D if and only if it is of
positive energy with respect to the derivation d. Then, the representation is semi-
bounded in the sense of Definition 6.31. As this holds for D = %(d + ady ) with any
T >0and L € £,(F), the positive energy condition does not depend on the choice of
the vector field von K¢ = R x¢ K lifting the vector field vys = % % onS!'=R/Z.

From ®V = idg, we immediately derive that 9"V = idg. For § = f,p (%), we define
the canonical triangular decomposition by

dc =3¢ @3¢ ® 3¢

with
3¢ = ) an.
+n>0
where )
age = ker (d+ 2mnl) forn € Z

(see (A.1) in the appendix). For g = &£, (), we have the analogous decomposition
gc =8¢ @ ag D ac
with
QE = @jcr and g = Gc-

For a smooth unitary representation of fcp(K ), we define its minimal energy
subspace with respect to idp(d) by

€ := (H>®)8c  for (H®)9c := {y € H*®: (Vx € gg)dp(x)y =0}. (8.2)



Positive energy representation of twisted loop groups 95

Lemma 8.4. For every smooth positive energy representation (p, ) of fcp(K ), the
subspace & is generating for c‘ﬁgp(K).

Proof. Note that & is defined in terms of p| 2t In view of Corollary 3.9 and the
D

)
fact that oy = idg 4 k), we may therefore assu(mze, without loss of generality, that p
is periodic.

Let #’ C J denote the smallest closed :ESI,(K )-invariant subspace containing &.
Then, #' is U-invariant, and the representation of fq)(K ) on (#’)* is also a positive
energy representation. If (J¢/)1 # {0}, then its minimal energy subspace ¥ is non-
zero by Remark 8.2, and since it contains smooth vectors, we obtain a contradiction

to ¥ L&. Therefore, (#’)+ = {0} and the subspace & is éﬁi(K)—generating. [
We now abbreviate
G :=2s(K), G:=%£o(K) and G*:= £%(K) (8.3)
and denote the corresponding groups of fixed points by
L=K® L[ :=Fixe(G)=T xK®xR, LF:=LNG'>TxL.

From the discussion in [79, Section 5.2 and Appendix C], it follows that the homo-
geneous space G/L = G / L ~ Gt /L* carries the structure of a complex Fréchet
manifold on which G acts analytically, and the tangent space in the base point is
isomorphic to the quotient space g¢/ (@?C + gg ). For any bounded unitary represen-
tation (p*, E) of L, we then obtain a holomorphic vector bundle E := G x 7 E over
G / L. We write IMoi(G/ L, E) for the space of holomorphic sections of [E.

Definition 8.5 (Holomorphically induced representations). A unitary representation
(p, #H) of G is said to be holomorphically induced from (p, E) if there exists a
G-equivariant linear injection W: # — I',o(G/L, E) such that the adjoint of the
evaluation map
evli: H — E = EIZ

defines an isometry ev;‘z: E — J#. If there exists a unitary representation (p, )
holomorphically induced from (p’, E), then it is uniquely determined [77, Definition
3.10]. We then call the representation (p~, E) of L (holomorphically) inducible. The
same statements apply to G¥ and L¥.

Let t° C £ be maximal abelian, so that
t=RC&t°dRd

is maximal abelian in f(p (¥). We write T# = T x T° for the torus group with Lie
algebra t* = RC @ t°. Let AT be a positive system for the affine Kac—Moody Lie
algebra f(p (fc) with respect to the Cartan subalgebra t¢ such that, for all @ € A, the
relation a(id) > 0 implies « € A™ (cf. Appendix A and [38, Chapter X]).
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Proposition 8.6. A bounded representation (p~, E) of
L¥ =exp(RC)x L ~T x L
is holomorphically inducible if and only if
dpr([z*,z]) >0 forallz € g%, n > 0. (8.4)

In particular, the irreducible, holomorphically inducible representations of L% are
parametrized by the anti-dominant, integral weights A of the form

A = (MC), Ao, 0) € it* (8.5)

of the affine Kac—Moody Lie algebra f(p (Bc) with respect to the Cartan subalgebra
tc and the positive system AT, Here the central charge ¢ == —i A(C) is contained in
No, and for every central charge c there are only finitely many such representations
with A(C) =ic

Proof. Since the representation pZ of the compact group L is a direct sum of irre-
ducible representations, we may assume that it is a representation with lowest weight
A with respect to the positive system of roots Ag of (Pfé =)

The necessity of (8.4) follows from [79, Proposition 5.6]. To show that A is anti-
dominant for (éap(?(c), tc, AT), we need that A((ax,n)V) < 0 for (o, n) € Ay. We
distinguish the cases n > 0 and n = 0. If n > 0, we use (A.2) in Appendix A, to see
that (8.4) implies A((a, n)¥) < 0 for 0 # a € Ay, the root system of (£2, t¢). For
n = 0, the assertion follows from A(8Y) < O for 8 € A(J)r.

Next, we prove the integrality of A. For o # 0, the relation

expmi(a,n)¥) =1 (8.6
in T# follows from the fact that
P(a,n) :=spang {x ® e, — x* @ e_p,i(x ® ey + x* @ e_y).i(a,n)"} = su(2,C).
Since A corresponds to a character of T*#, the relation (8.6) implies that
exprii((a,n)Y)) =1,

so that A((«,n)Y) € Z. We conclude that A is anti-dominant integral.

We now argue that every integral, anti-dominant weight A as in (8.5) specifies a
holomorphically inducible representation (o, E}) of L¥. In fact, the unitarity of the
corresponding lowest weight module L(A, —AT™) of the affine Kac-Moody algebra
f¢ (fc) ([54, Theorem 11.7]) can be used as in the proof of [79, Theorem 5.10] to
see with [79, Theorem C.6] that (,oL , E;) is holomorphically inducible. ]
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The following theorem is well-known for untwisted loop groups £(K), but we
did not find an appropriate statement in the literature for the twisted case. It requires
some refined methods based on holomorphic induction which we draw from [79].

Theorem 8.7. If K is 1-connected and (p, #) is a positive energy representation of
Lo (K), then its restriction to i’,ﬁ)(l( ) is a finite direct sum of factor representations
of type 1, hence, in particular, a direct sum of irreducible representations.

Proof. Since the assertion only refers to the restriction pl 4z we may assume,
[o2)

(K)
without loss of generality, that p = pg is minimal (Definition 3.8 and Theorem 3.7).
Then, ay = idg, (k) implies that p is periodic and that every subrepresentation is

generated by the fixed points of
U, =p(,1) = e,

In view of Remark 8.2, the space #*° of smooth vectors for G = cf(?q,(K) (see
(8.3)) is invariant under the projections p,: # — #, onto the eigenspaces of H =
idp(D). Since p = pg is minimal, we have J#,, = {0} for n < 0 and H#, is gener-
ating. Now #o N H> is contained in &, the closure of (#*°)%c from (8.2). As the
intersection o N F° is dense in H#y, we have Hy C &.

Recall that

L =Fixg(G) 2L xR=T x K®xR.

As K?® is compact and Uy = 1 follows from ¢V = idy, p(f,) is a compact sub-
group of U(#). Hence, the L-invariant subspace #y C & is a direct sum of finite-
dimensional subrepresentations. In particular, it decomposes into isotypic compo-
nents & := E; ® M;, j € J, where M; = B(E;, #o) is the multiplicity space of
the (finite-dimensional) irreducible representation (pjl.“, E;). It also follows that the
representation of L oneach & ;i is semisimple in the algebraic sense and that the irre-
ducible subrepresentations are of the form £; ® v, ¥ € M;. As a consequence, every
L-invariant subspace of & ; is of the form E; ® M for a linear subspace M; € M;.

The dense subspace (#°°)8c of & is invariant under the projections onto the
isotypic components because they are given by integration over a compact group'.
This implies that &; N (F°°)8c is dense in &;. In view of the preceding discussion,
we thus obtain

& N(HX®) = E; ® M5°

for a dense linear subspace M;’o C M;. In view of Lemma 8.4, we now have to
show that, for every ¢ € M]°° the subspace E; ® v C & generates an irreducible
subrepresentation of

G* = %, (K).

I'This follows by differentiation under the integral sign, see [30, Proposition 1.3.23].
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For the untwisted case, i.e., ® = idg, this follows from [68, Proposition VII.1].
For the twisted case we have to invoke the machinery of holomorphic induction
described in Definition 8.5. For the following argument, observe that £! o (K) is con-
nected by Lemma 7.16. On the finite-dimensional subspace E:=E; ® ¢ C (J€°°)9<C
the representation of L is bounded. Hence, [79, Theorem C.3] implies that the G-
subrepresentatlon (o', H') of (p, H) generated by E is holomorphically induced
from the L- -representation (p~, E). In view of [79, Theorem C.2], the irreducibility
of (oL, E) implies the irreducibility of (o', ).

We have seen in the proof of Proposition 8.6 that the holomorphically inducible
irreducible representations p* of L are parametrized by a set of anti-dominant integral
weights of an affine Kac—-Moody algebra fv, (fc) with a fixed central charge. This
implies the finiteness of the possible types. |

The following corollary can be used to deal with gauge groups if the structure
group K is not 1-connected. It covers in particular the case K = Aut(¥) that arises
from structure groups of Lie algebra bundles & — S'.

Corollary 8.8 (Non-connected fibers). If K is a compact Lie group with simple Lie
algebra and (p, #) a positive energy representation of fq,(K ), then its restriction to
éﬁg,(K ) is a finite direct sum of factor representations of type I, hence, in particular,
a direct sum of irreducible representations.

Proof. Since K is compact with simple Lie algebra, the groups mo(K) and 71 (K)
are finite. Therefore, the exact sequence

1 — 71(K)/im(1 (@) — id) < 70(Lo(K)) = mo(K)® — 1

from [84, Remark 2.6 (a)] implies that 77o(£¢(K)) is finite. The identity component
Lo (K)o is isomorphic to Lo(Ko), where K is the simply connected covering of the
identity component K, of K. Now the assertion follows by combining Theorem 8.7
with Theorem C.1. |

Remark 8.9 (Explicit aspects of the Borchers—Arveson theorem).

(a) Let (p, #) be a positive energy representation of £ & (K) for which the restric-
tion p* to :681,(1() is isotypic. Then, the proof of Theorem 8.7 shows that p* is
holomorphically induced from (p%, &), where & = E ® M and (p%, E) is an irre-
ducible representation of L*, and hence of K®.

That the representation is basic, Ur C p(G“)” , 1s equivalent to Ur commut-
ing with the commutant p(G¥)’. Since the restriction to & yields an isomorphism
p(GHY — pL(L#)Y = pL (L) ([79, Theorem C.2]) and & is invariant under Ug, the
inclusion Ur C (p(G*))' is equivalent to

Urle € (p"(L)) = B(E) ® 1.
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Since L =T x K® x R, where K? is considered as a subgroup of constant sections,
we have Ur|g C p(Z)’ . The representation is therefore basic if and only if Ug|g is
contained in

p(L) N pH(L)" = CL,
that is, if and only if U acts on & by a character.

(b) We construct an example which is not basic, but which is factorial on G*.
Let (p, #) be an irreducible positive energy representation of G = :ap(K ). For any
non-trivial character y: R — T, the representation p ® (¥ ® p) with x(g.t) := x(¢)
is factorial on G¥, but not on G.

8.2 The classification theorem for compact base manifolds

Let M be a manifold on which the flow y, has no fixed points, and let K be a com-
pact, connected, simple Lie group. We now obtain a full classification of the projective
positive energy representations of I'. (M, K)g in the case where M is compact, by
combining the localization Theorem 7.1 with the results on twisted loop groups from
Section 8.1.

8.2.1 One-dimensional manifolds with compact components

By Theorem 7.1 and Corollary 7.5, every projective positive energy representation
of I'e(M, K)o factors through the gauge group I'c(S, K ) of a 1-dimensional, R-
equivariantly closed embedded submanifold S € M. If S is compact, then it is the
disjoint union of finitely many circles S; on which R acts with period 7.

In this section we assume that S is a (not necessarily finite) union of circles. The
restricted gauge group G := T'.(S, X ) is then a restricted direct product of twisted
loop groups £, (K ), where K ; is the 1-connected cover of the structure group K;
of K|s,. On the Lie algebra level, we have a direct sum of Lie algebras

g = @ Lo, ().
jeJ
As in (8.1), the infinitesimal generator D of the R-action acts on £ € g by
1
DE =P 7. @i&; +[4;. 6],
jeJ J

where 4; € £, (F) is determined by the R-action according to (7.10).
Let (dp, #) be a positive energy representation of g* = RC @,, g with cocycle

1
c; .
w(&,n) = E —2;/0 (£, m;)dt  with ¢; € Ny.
JjeJ
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For each j, dp restricts to a positive energy representation of the centrally extended
twisted loop algebra éﬁg,j (£;) with central charge c;. By Proposition 8.6 and Re-
mark 8.3 (cf. [94, Chapter 9] for the untwisted case), the irreducible positive energy
representations of éﬁg,j (£;) with central charge c; are precisely the irreducible unitary
lowest weight representations (dp;, ;) with integral anti-dominant weight A satis-
tying A(C) = ic;. Since there are finitely many of these, the representation can be
written as a finite sum

g =P ] @ M (8.7)

A

where the sum runs over the integral anti-dominant weights of éﬁg,j (£;) with central
charge ¢; (cf. (8.5)) and :Eg,j (£;) acts trivially on the multiplicity space QM/{ (Theo-
rem 8.7).

Now suppose that (p, #) is a positive energy factor representation of G*. Then,
the restriction to a normal subgroup

G; == Lo, (K)

decomposes discretely with finitely many isotypes (Theorem 8.7). For a subset F C J,
we denote the corresponding normal subgroup of G by

Gf := @ i:pj (IZJ)
jeF
Since G; commutes with G j\(y, the factoriality of p on G* implies that the restric-

tion of p to G}i is factorial as well. Hence, there is only one summand in (8.7), and
we have ‘
H=H ){ ® H'

for some multiplicity space J’. Although a priori we only have a single operator H
for all components S;, we now obtain an operator dp(d;) satisfying

[dp(d;). dp(&i)] = 8i;dp(&))

from the minimal implementation” in Corollary 3.9.
Since

i
H' :=H— de(d]‘ + Aj)
j

commutes with f(p ; (£), we obtain a positive energy representation on 4’ with Hamil-

tonian H’, but now for the group Gﬁ\ Uy Continuing this way, we obtain for each

2One could also use the Segal-Sugawara construction ([55, Section 3] and [32]), but this
leads to a non-zero minimal eigenvalue; see Section 9.1.1 for more details.
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J € J an integral anti-dominant weight A; of central charge c;, and for each finite
subset ' € J a tensor product decomposition

p=pr®pp. H=IHr®Hp withHp:=Q)H, (8.8)
JEF

into positive energy representations for the gauge groups G?F and Gg\ F-

8.2.2 Compact base manifolds

For gauge groups over a compact base manifold M, we thus obtain the following
classification result. It contains in particular Torresani’s classification for linear flows
on a torus; see [105] and [3, Section 5.4].

Theorem 8.10. Let M be a compact manifold with a fixed point free R-action yyy,
and let X — M be a bundle of Lie groups with compact, simple, connected fibers. Let
p:I'(M, K)g xR — PU(H) be a minimal projective positive energy representation
with respect to a lift y of the R-action to K. Then, there exist finitely many R-orbits
S; €M, j € J, with central charge c; € Ng such that p arises by factorization from
an isotypic positive energy representation ps of

é:GﬁxR,

where B
G:=T(S.K) =[] £e;(K)).

jeJ

g =) s,

jeJ

If ps is irreducible, then

is a tensor product of lowest weight representations (p A s H A ) of the corresponding
affine Kac—Moody group fcpj (E ), where Aj is an integral anti-dominant weight of
central charge cj. On the level of the Lie algebra

a3 =RC x, (@:ij(?)xRD),

jeJ

the central element acts by dp(C) = i1, and the generator D acts by

1
dp(D) =) | —dps; (d; + 4)).
jeJ 7

where Aj € £, (£) is specified by the R-action on G.
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Proof. Since M is compact, the R-invariant, embedded, one-dimensional submani-
fold S is a union of finitely many periodic orbits. By Corollary 7.5, the projective
positive energy representation p of I'(S, K)o thus arises by factorization from a pro-
jective positive energy representation of G = I'(S, K ), which is trivial on the image
Z of the diagonal group Z|psin Z[g) (cf. Remark 7.4). It then follows from (8.8) and
the discussion in Section 8.2.1 that every factorial positive energy representation is a
multiple of a product of lowest weight representations as described above. The only
thing left to check is that this representation restricts to a character on the image Z
of Z[p in G. Since Z is a subgroup of the central group Zg) = ]_[jel T (Kj)%,
it is in particular contained in the group [ ]| je ,(1? j)q’f of constant sections, which is
connected by [39, Theorem 12.4.26]. Its Lie algebra P e £¥ is contained in the
radical of the cocycle w. Since £(K )%/ is 1-connected (Lemma 7.16), this implies
that Z is not only central in G, but also in G.In particular, every factor representation
restricts to a character on Z. ]

Remark 8.11 (Semisimple groups). In Theorem 8.10, the restriction to simple fibers
is by no means essential. For Lie group bundles X — M with compact semisimple,
1-connected fibers, the representation still localizes to an embedded 1-dimensional
submanifold S € M by Theorem 7.1. As M is compact, S consists of finitely many
circles S;. Since the fibers of KX — M are 1-connected, the passage from M to the
finite cover M (Theorem 4. 9) yields not only a Lie algebra bundle f > M, but also
a Lie group bundle K — M with simple, compact fibers. By the same argument as in
Remark 4.10, the R-action on KX — M lifts to K— M. Applying Theorem 8.10 to
K — M, we find that the minimal factorial positive energy representations are again
mult1p1es of the irreducible ones. The latter are now parametrized by embedded cir-
cles S; i C M, together with an mtegral anti-dominant weight A , with central charge

Ajr(C) =icj,. Here, the circle S” C M is a finite cover of the circle S; € M. The
weight A , is associated to the Kac-Moody algebra fcb” (£;,r), where ¥; , is a simple
ideal in the semisimple Lie algebra £;, and ®; , is the smallest power of the holonomy
around S; that maps ¥£; , to itself.

8.3 Extensions to non-connected groups

In this section we discuss several phenomena related to non-connected variants of the
group G. Dealing with non-connected groups is typically more complicated because
they may not have a simply connected covering group, nor do central extensions or
representations of the identity component always extend to the whole group.

This suggests the following classification scheme to deal with projective positive
energy representations of G x4 R if G is not connected.

* Determine which central extensions of G extend to the non-connected groups G.
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* Determine which of these do this in an R-equivariant fashion. This leads us to
central extensions of the non-connected group G », R

* Determine the irreducible positive energy representatlons of the non-connected
groups G in terms of the representations of Go (this may be carried out with
Mackey’s method of unitary induction, as in [104]).

The following factorization theorem reduces the classification of the irreducible
representations to the corresponding problem for the identity component G and the
group 7o(G) of connected components. It shows in particular that no additional dif-
ficulties arise if K is a 1-connected simple group. We shall use the notation

G — 7T()(G)7 g = [g]

for the quotient map.

Theorem 8.12 (Factorization theorem for non-connected gauge groups). Suppose
that K is a 1-connected simple compact Lie group, that M is compact and that vy
has no zeros. Then, every positive energy representation (p, #) of G# = T' (M, X)#
can be written as p(g) = p'(2)L([g]), where p’ factors through a 1-dimensional,
closed, R-equivariantly embedded submanifold S € M, and ¢: 1o(G) — U(HK) is a
representation that commutes with p' (Gg) = p(Gg). In particular, every irreducible
positive energy representation of G* is of the form p' ® ¢ where both p' and ¢ are
irreducible, and, conversely, any such tensor product is irreducible.

Proof. Let (p, #) be a positive energy representation of G*. From Theorem 8.10 we
know that the restriction of p to G factors through an evaluation homomorphism

ev:G — G :=T(S. X) = [ | Lo, (K).
jeJ

that is, there exists a positive energy representation p; of Gg such that
= o eV .
1Y | GS P1 |Gg

Since K is 1-connected, the groups icp. ; (K) are connected and therefore Gg is con-
nected. Then, p’ := p; o ev is a positive energy representation of G¥ that coincides
with p on Gg.

This construction shows in particular that o (G) acts trivially on the set of equiv-
alence classes of irreducible positive energy representation of Gg. Indeed, for every
irreducible representation p; of G@, the representation p’ extends the representation
proev| Gt to a representation of G* on the same space.

As every positive energy representation of G* decomposes on Gg into irreducible
ones (Theorem 8.10), it follows that p(G*) preserves all the Gg isotypic subspaces
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H; = Fj ® M;, j € J, and on these the representation of Gg has the form p; ® 1.
Extending p; to a representation p; of G*, the restriction of p from J to H; takes the
form p; ® ¢;, where {;: 710(G*) = 10(G) — U(M;) is a unitary representation on the
multiplicity space. Putting everything together, we obtain a factorization p = p’ ® ¢,
where ¢ is a representation of 7¢(G) that commutes with ,o(Gg).

In view of Schur’s Lemma, our construction shows in particular that the represen-
tation p is irreducible if and only if it is isotypical on G, thatis, ¥ = ¥ ® M, and
the representation ¢ of 79(G) on M is irreducible. [

Remark 8.13. (a) If K is connected but not simply connected and £ is a compact sim-
ple Lie algebra, then the classification in [104] shows that not all central extensions of
£ (K)o extend to the whole group £(K), so that the situation becomes more compli-
cated. Likewise, irreducible projective positive energy representations of &£ (K)o do
not in general extend to the whole group &£(K). In [104] one finds a classification of
the irreducible projective positive energy representations of the groups £(K) for con-
nected simple groups K. Here the new difficulty is that the group mo(£(K)) = 71 (K)
acts non-trivially on the alcove whose intersection with the weight lattice classi-
fies the irreducible projective positive energy representations of the connected group
£(K)o = £(K) for a fixed central charge.

(b) If we start with a projective representation of the non-connected gauge group
I'.(M, K), we get a representation of the image of I'c(M, K) in I'.(S, K), which
is a restricted direct product of twisted loop groups. It maps I'. (M, K)¢ onto the
identity component, but additional information is contained in the images of the other
connected components. We then get a projective representation of a Lie group whose
Lie algebra is I'c (S, &) and whose group of connected components is an image of
wo(Te(M, K)). Its action on the Lie algebra does not permute the ideals of the type
&L, (F), so it acts on each twisted loop algebra separately by the adjoint action of some
element of £4(K). This suggests that one needs a description of those Lie algebra
cocycles w on I'c(M, &) that actually correspond to central Lie group extensions
of the full group I'.(M, K). Here the obstructions lie in H3(mo(I'c(M, X)), T).
We refer to [72] for further details on such obstructions and for methods of their
computation.

(c) For a bundle of Lie groups KX — M, passing to the simply connected covering
of the structure group K may not always be possible. For this, an obstruction class in
H?3(M,m{(K)) has to vanish (see [83]). Since 7 (K) is finite for semisimple compact
groups K, this is a torsion class. So for a discrete central subgroup D C K, every
bundle with structure group K factorizes to a bundle with structure group K /D, but
in general, not all bundles with structure group K/ D are of this form.



Chapter 9

The classification for M noncompact

Even in the noncompact case, the techniques developed so far open up a number of
new perspectives. The localization Theorem 7.1 allows us to restrict attention to a
1-dimensional invariant submanifold S € M. If M is noncompact, then S can have
infinitely many connected components S}, each of which is diffeomorphic to either
R or S!. We consider these two cases separately.

In Section 9.1 we consider the case where S consists of infinitely many lines. In
order to arrive at a (partial) classification, we impose the additional condition that the
positive energy representation (p, #) admits a cyclic ground state vector 2 € J that
is unique up to scalar. In Theorem 9.11 we show that these vacuum representations are
classified up to unitary equivalence by a central charge c; € Nq for every connected
component S; =~ R. The proof proceeds by reducing to the (important) special case
M = R, where the classification is essentially due to Tanimoto [102].

In Section 9.2 we consider the case where S consists of infinitely many circles.
Here we impose the much less restrictive condition that # is a ground state repre-
sentation. This means that J is generated by the space of ground states, but we do
not require these ground states to be unique. We show that this condition is auto-
matically satisfied if the periods (9.6) of the R-action are uniformly bounded. In
Theorem 9.16 we classify this type of representations in terms of C *-algebraic data,
using techniques similar to those used in [50] for norm-continuous representations.
The possibility of an infinite-dimensional space of ground states gives rise to inter-
esting phenomena, such as factor representations of type II and III.

Finally, in Section 9.3, we briefly explore a simple situation where the R-action
has a fixed point. The main thing we wish to point out is that the lift of the R-action
at the fixed point has a qualitative influence on the type of representation theory that
one encounters. In Part II of this series we develop the necessary tools to resolve the
positive energy representation theory in more detail.

9.1 Infinitely many lines

In contrast to the case of (twisted) loop groups, the classification of projective positive
energy representations of C° (R, K), for K a compact 1-connected simple Lie group,
is an open problem—closely related to the classification problem for representations
of loop group nets (cf. [103,111] and Remark 9.4).

A large class of examples can be obtained by restricting projective positive energy
representations of the loop group G := £(K) to G¢s 1= C°(R, K), where the lat-
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ter is considered as a subgroup by identifying the circle with the real projective line
P1(R) = R U {oo}. The restriction of an irreducible projective positive energy rep-
resentation of £(K) remains irreducible, essentially by [103, Corollary IV.1.3.3]. In
Section 9.1.1 we show that the restriction remains of positive energy as well. This is
not a priori clear, since the positive energy is defined in terms of rotations of the circle
for G and in terms of translations on the real line for G;.

It is not true that all projective unitary positive energy representations of G arise
by restriction in this way, and the classification remains an open problem. We can,
however, classify the projective positive energy representations under the additional
assumption that they admit a cyclic ground state vector which is unique up to scalar.
These vacuum representations were classified by Tanimoto for the Lie algebra of
f-valued Schwartz functions [102], and in Section 9.1.2 we use Theorem 6.30 to
push these results to the compactly supported setting.

Finally, in Section 9.1.3, we classify the vacuum state representations for a non-
compact manifold M with a free R-action. The proof proceeds by identifying the
restricted gauge group I'¢ (S, K) with the weak product

1_[/- Ccoo (Sj ’ K)’
J

where j labels the connected components S; ~ R. We then use the results from
Appendix D, where we show that the classification of vacuum representations for a
weak product of Lie groups reduces to the same problem for each of its factors.

9.1.1 Restriction from £(K) to CZ (R, K)

By identifying the circle S! with the real projective line P!(R) = R U {oo}, we can
consider G5 := CX(R, K) as a subgroup of the loop group G := £(K).

Note that the natural R-action by translations on G does not agree with the R-
action by rigid rotations on G. In terms of the real projective line, the rotation action
of R/Z is given by the fractional linear maps

cosmt-Xx +sinmwt
Ri(x) =

. , xeRU{oo}, [t]eR/Z,
—sinmt-x 4+ cosmt

whereas the translation action of is given by Ty(x) = x + ¢.

Proposition 9.1 (Restriction of positive energy representations). Let (p, #) be an
irreducible positive energy representation of é‘iﬁ(K ) with respect to the R-action by
rotations. Then, the restriction of p to CZ°(R, K)* is an irreducible positive energy
with respect to the R-action by translations.

We first prove that the restriction remains irreducible, and then continue with the
positive energy condition.
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Proof of irreducibility. Let G, := {§ € G : £(c0) = 1} be the subgroup of based
loops. Since p(GE)” = C1 by' [103, Corollary IV.1.3.3], it suffices to show that
p(G?s) is dense in p(Gﬁ) for the strong operator topology. By [79, Appendix A],
the representation of G¥ extends to a smooth representation of the Banach-Lie group
H(S!, K) of H!-loops, whose Lie algebra is the space H!(S!,¥) of H!-functions
£:S! — ¥. Since these are the absolutely continuous functions whose derivatives
are L2, the derivative £ — £ maps the subspace H}!(S!,¥) of H!-functions that
vanish in the base point homeomorphically to

L2(S',¢) = {g e L3S, ¢) : / E(t)dt = o}.
s1

In this space the subspace {’ : n € C(R, £)} is easily seen to be dense. Since Gi is
connected, this implies that p(Gfs) is dense in ,o(G,E). [

To prove the positive energy condition for the restriction, we need to compare the
generator dy of rigid rotations with the generator d; of translations. In s[(2, R), these

are given by
10 1 0 1
do = 3 (_1 0) , dp = (O 0) . 9.1

The fact that dy and d; generate the same Ad-invariant closed convex cone in the Lie
algebra sl(2, R) leads to the following characterization (cf. [59, Section 1.3]).

Lemma 9.2. For a unitary representation (p, #) of §]:(2, R), the generator i dp(dy)
is bounded from below if and only if i dp(d) is bounded from below. Moreover, if this
is the case, then i dp(dg) > 0 and i dp(dy) > 0.

In particular, an SL(2, R)-representation is of positive energy for dy if and only if
it is of positive energy for d;. To prove that the restriction from £(K)* to C >R, K)
is of positive energy with respect to dj, it therefore suffices to extend the action
by rigid rotations to an action of §f,(2, R). This is done using the Segal-Sugawara
construction.

Proof of positive energy. Recall from [32, Section 7] and [33] that every irreducible
projective positive energy representation (p,, #€;) of £(K) with lowest weight A
extends to a projective representation of the semidirect product

£(K) x Diff (S1),

where Diff (S!) acts on £(K) by o, (£) := & o ¢~ 1. The cocycle

o) = 5= [ k€000 ©2)

'Alternatively, one can use [102, Theorem 6.4], which uses [7, Corollary 1.2.3].
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is easily seen to be invariant under the action of Diff, (S!), but it is much harder
to verify the covariance of the representations py. In [32, Section 7.2], the repre-
sentation of the Virasoro algebra obtained from the Segal-Sugawara construction is
integrated to a group representation. Since this respects the semidirect product struc-
ture of £(K) x Diff, (S?), it follows in particular that

pro@ = p, forevery ¢ € Diffy(Sy). 9.3)

By Schur’s Lemma and the irreducibility of f;, the projective representation 5%
of Diff; (S') on #,, is uniquely determined by the intertwining property

pr (@)pr(E)pF ()" = playE) for £ € L(K), ¢ € Diff(S').

Since Diff, (S!) contains the group of rigid rotations with respect to which p; is a
positive energy representation, the Hamiltonian H = idp® (dg) associated to dy is
bounded below. Since p? is a positive energy representation of the Virasoro group,
it restricts to a positive energy representation of its subgroup §f,(2, R), the simply
connected cover of the group PSL(2, R) € Diff (S') of fractional linear transforma-
tions of S! =~ P;(R). By Lemma 9.2, the generator idp” (d;) then has non-negative
spectrum. ]

Remark 9.3. Since the cocycle (9.2) is invariant under the action of Diff (S!), twist-
ing pywith @ € Diff (S') leads to an irreducible projective unitary representation
P4 © ¢ with the same central charge c. By Proposition 8.6, there are only finitely many
types of such representations satisfying the positive energy condition. If we knew a
priori that this twist preserves the positive energy condition (which is presently not
the case), then we could bypass the integration procedure in [32], and construct the
projective representation of Diff | (S!) as follows.

By the Epstein—-Hermann—Thurston theorem, Diff(M ), is a simple group for
every compact connected smooth manifold M (see [18]). In particular, Diff (S')
is a simple group. Since it has no normal subgroup of finite index, it acts trivially
on any finite set. This implies that p; o ¢ = p; for every ¢ € Diff, (S!). The uni-
taries that implement this equivalence constitute a projective unitary representation
of Diff (S1).

Remark 9.4. The class of positive energy representations is by no means exhausted
by the representations of Proposition 9.1. We briefly sketch the construction of a class
of type III; factor representations, following [19, 112].

Recall from [32, Section 7.2] that an irreducible positive energy vacuum represen-
tation p of G* = £#(K) gives rise to a vacuum representation p¥ of Diff, (S)*. If
we lift the R-action by translations along the 2-fold covering ¢: S — R U {o0} 2= S!,
we obtain a flow on S! with exactly two fixed points. Its generator v is obtained from
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the vector field dy generating rigid rotations by multiplication with a non-negative
function. This implies that the operator i dp® (v) is bounded from below.
Let I € S! be one of the two connected components of g~ (R) and identify

G = CP (R, K)

with CX(1, K). Then, the restriction of p to Gfs is a factor representation of type
IIT;. Combining this with the one-parameter group generated by the vector field v,
we obtain a projective positive energy representation of GiL x R with respect to the
translation action on R ([112, Proposition 3.2]). We refer to [17, 112] for further
details (see also the Remark after [103, Theorem IV.2.2.1]).

More generally, we may consider smooth vector fields v € V(S!) which are
non-negative multiples fdo, f > 0, of the generator dy of rigid rotations. For vac-
uum representations of £ (K) x Diff, (S!), the corresponding selfadjoint operator
idp® (v) is bounded from below (cf. [19]). If I € S! is an open interval on which v
has no zeros but for which v vanishes in the boundary 9/, then we obtain an embed-
ding

CXRE)XR=CX(,¥) xR — L(f) xRv
that integrates to the group level, where we obtain a projective positive energy repre-
sentation of C° (R, K).

9.1.2 Vacuum representations of C>°(R, K)

Although the classification of projective positive energy representations (p, #) of
C>(R, K) is an open problem in general, it can be resolved under the additional
assumption that & admits a unique, cyclic ground state.

Definition 9.5. Let (p, /) be a positive energy representation of G.

(a) A ground state vector is a vector 2 € D(H) C H such that HQ = EyQ2
for E¢ := inf(spec(H)). We denote the space of ground state vectors by &.

(b) A ground state representation is a positive energy representation (p, ') that
is generated by its space of ground states, in the sense that the linear span of
p(G)E is dense in .

(¢) A vacuum representation is a ground state representation where the ground
state is unique up to scalar, & = CQ.

At the Lie algebra level, we obtain analogous definitions if we replace the require-
ment that p(G)& is dense in J by the requirement that

U(g)Q = U(ghHQ

is dense in #. Although the translation between these two concepts requires some
caution, the two notions turn out to be compatible for positive energy representations.
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Proposition 9.6. Let (p, #) be a positive energy representation of G with ground
state vector Q. Then, U(g*)Q is dense in H if and only if Q is cyclic under p(G*).

Proof. For a closed interval I C R, let
G = {E €eG=CZPR,K):ER\I) = {e}}

denote the Fréchet-Lie subgroup of maps supported by 7. We claim that the Lie group
G? is BCH, i.e., it is locally exponential and its Lie algebra g? is BCH, which means
that the Baker—Campbell-Hausdorff series defines an analytic local multiplication
on a 0-neighborhood of g ([30, Theorem 15.7.1]). For Gy this follows from [30,
Example 7.1.4 (c)] because the BCH property is inherited from the target group K.
Further [30, Theorem 15.4.19] implies that the centrally extended Lie algebra g§ is
also locally exponential and the proof of this theorem shows that the analyticity of
the local multiplication is inherited by the central extension.

Lemma 6.34 implies that 2 is an analytic vector for each element in gg, so that
[76, Proposition 4.10] further entails that €2 is an analytic vector for G?. Hence, the
closure of ‘U(g&)Q is G?—invariant. As the interval I was arbitrary, the closure of

U(g*) is invariant under G*, hence also under? G, because Q is an H -eigenvector.
This shows that U(g#)S is dense in J if and only if Q is cyclic under p(G*). ]

The vacuum representations for the Lie algebra gs =S (R, ) of £-valued Schwartz
functions have been classified by Yoh Tanimoto.

Theorem 9.7 (Tanimoto’s classification theorem; [102, Corollary 5.8]). Let (i, #°°)
be a vacuum representation of §s with respect to the R-action by translations. Sup-
pose that for all r, y € H°, the functional & — (Y, w(§) x) is a tempered distribution.
Then, (1, H°°) is characterized up to unitary equivalence by its central charge ¢ €
No.

Using the continuity results from Chapter 6, we show that Tanimoto’s classifica-
tion theorem remains true for the smaller Lie algebra g, := C°(R, ¥) of compactly
supported smooth f-valued functions. This is an important improvement because the
relevant Lie algebra for the classification of ground states of loop group nets is not
S(R,¥), but CP (R, ¥) (cf. [102, Section 6]).

As usual, we denote

Ges = (RC @0 ges) XRD  and  3s := (RC &, gs) X RD,

%For the concept of an analytic map to make sense, we need the group to be analytic. Since
the R-action on G need not be analytic, the semidirect product G x4 R is in general not an
analytic Lie group. In particular, G need not be an analytic Lie group.
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where D acts by infinitesimal translations. Since the inclusion of § (R, ) in H. 31 (R,¥)
is continuous, the following is an immediate consequence of Theorem 6.30.

Proposition 9.8. Let (p, #) be a positive energy representation of the group
Ges := (CX(R, K) x R)*.

Then, the derived representation dp of Ges extends uniquely fo a positive energy rep-
resentation r of s such that, for all W, y € H >, the functional & — (W, r(€)y) is a
tempered distribution.

Combined with Theorem 9.7, this immediately yields the classification of vacuum
representations in the compactly supported setting.

Theorem 9.9 (Vacuum representations of C° (R, K)). Let K be a 1-connected, com-
pact, simple Lie group and G, = CX°(R, K). Then, a vacuum representation (p, #)
of G is characterized up to unitary equivalence by its central charge ¢ € Ny,.

Proof. By Proposition 9.6, the derived representation dp of G is a vacuum repre-
sentation which by Proposition 9.8 extends to a continuous representation of the Lie
algebra gs. By [102, Corollary 5.8], the latter is determined up to isomorphism by its
central charge ¢ € Ny. Since G is connected (Lemma 7.16), the representation p of
GCS is uniquely determined by its derived Lie algebra representation (Theorem 2.13),
and the result follows. ]

In Section 9.1.1, we saw that the restriction of an irreducible positive energy rep-
resentation of £#(K) (with respect to rotations) yields an irreducible positive energy
representation of C>°(R, K ) (with respect to translations). We now show that the
unique vacuum representation of C2°(R, K)¥ with central charge ¢ arises by restric-
tion of the irreducible positive energy representation of £#(K) with lowest weight

A = (ic,0,0).

Proposition 9.10. The irreducible lowest weight representation of £*(K) with low-
est weight A restricts to a vacuum representation of C°(R, K)* if and only if the
restriction Ay of A to it is zero.

Proof. Recall from Section 9.1.1 that every irreducible projective positive energy rep-
resentation of £ (K) x Rdy with lowest weight A extends to £ (K) x Diff, (S!). By
Lemma 9.2, this induces a unitary representation of

SL(2,R) C Diff (SH¥,

which is of positive energy not only with respect to dg € s[(2, R), but also with
respect to dy € s[(2,R) (cf. (9.1)).
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Recall from Remark 8.9 that the space &g of ground states for idp(dg) is an
irreducible unitary K-representation. Its lowest weight A is the restriction of A to it.
By the formula in [32, Theorem 3.5 (iii)], the minimal eigenvalue of Hy = idp(do)
is a positive multiple of the Casimir eigenvalue for K on &y. In particular, it vanishes
if and only if Ag = 0, which is the case if and only if dim &y = 1,

inf Spec(Hp) = 0 <= Ao = 0 <= dim &y = 1. 9.4)
By a result of Mautner and Moore [63, 66],
ker(dp(do)) = ker(dp(d;)) 9.5)

coincides with the subspace of vectors that are fixed under S~L(2, R) (See Appendix E
for a simplified direct proof.). If 1o = 0, the ground state for H; := idp(d;) is there-
fore unique up to a scalar.

Conversely, suppose that the space &; of ground states for H; is non-trivial. Since
the adjoint orbit through d; contains R*d;, the spectrum of H; = idp(d;) is scale
invariant. Any ground state H;2 = E2 then has E = 0, and will satisty HyQ2 = 0
by (9.5). Since Hy is non-negative, it has minimal eigenvalue zero, the space &y of
ground states for idp(dy) is one-dimensional. We conclude that Ao = 0, and that
&1 C & is one-dimensional as well. ]

9.1.3 Vacuum representations for noncompact manifolds

Let X — M be a bundle of 1-connected simple compact Lie groups over a 2™ count-
able manifold M, equipped with a smooth R-action by automorphisms.

Theorem 9.11. If the action of R on M is free, then up to unitary equivalence, there
is a bijective correspondence between the following.
(a) Smooth projective unitary representations p: I'c (M, K)o — PU(HK) extend-
ing to a vacuum representation of I'c (M, K )g Xy R with smooth ground state
vector 2.
(b) Closed, embedded, 1-dimensional flow-invariant submanifolds S, together
with a non-zero central charge ¢; € N for every connected component S; =R
of S.
Under this correspondence we have
#,2) = Q. Q) and p(g) =) pj(gls)).
jeJ jeJ

where (p;, #Hj, ;) is the restriction to C° (R, K) ~ I'c(S;, K) of the lowest weight
representation of £*(K) with lowest weight A = (¢j,0,0) and J is the countable set
of connected components of S.
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Proof. By the localization Theorem 7.1, every projective positive energy representa-
tion p factors through I'. (S, K) for a closed, embedded, 1-dimensional submanifold
S C M. It follows that p factors through I'. (S, K)#. Since M is 2" countable, S has
at most countably many connected components S;, j € J, and the freeness of the
action implies that each of these is R-equivariantly isomorphic to R. By Lemma D.3,
the Lie group I'¢ (S, K) is isomorphic to the weak product

’ .
G = l_[jGJG-, with G; = T(S}, X).

The cocycle :g xg —>Rong:=L(G) = @jej a; vanishes on g; x g; fori # j.
Since every G; is connected, this implies that

f o~ ! #
o= (1.,5)

where N C ]_[;E 7 T is the kernel of the smooth character

T =T, (zj)jes — 1_[Zj.
JjeJ

X jeJ
The vacuum representations of G* therefore correspond to vacuum representations
of the weak product ]_[;e J G? such that the central subgroup ]_[;e 7 Tj acts by y. We
may assume, without loss of generality, that the ground state energy is zero, H 2 = 0.

By Theorem D.6, every vacuum representation (p, #, 2) of the weak product
]_[;-e J Gf is a product of vacuum representations (p;, #;, 2;) of G}t, and by Propo-
sition D.7, p is smooth with smooth ground state vector €2 if and only if all the p; are
smooth with smooth ground state €2;.

Since p; is irreducible by Proposition D.5, its restriction to the central subgroup
T; < G_f is a character y;: T; — T. The product p = );c; p; acts by x on the
center ]_[}EJ T; if and only if y;(z) = z1forall j € J.

Using the free R-action to identify K|s; with R x K, we obtain an R-equivariant
isomorphism between G; = I'c(S}, K) and C°(R, K) (cf. Section 7.3). By Theo-
rem 9.9, the vacuum representations of Gﬁ are characterized up to unitary equivalence
by their central charge ¢; € Ny, and by Proposition 9.10, (pj, #;, €2;) is unitar-
ily equivalent to the restriction to C°(R, K) of the lowest weight representation of
l’ﬁ(K ) with A = (¢;,0,0). If ¢; = 0, then the corresponding representation is trivial,
so we can omit both S; and c; from the description. n

9.2 Infinitely many circles

We continue with the case where all connected components S; of § are circles. In
marked contrast with the case of infinitely many lines, the projective positive energy
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representations associated to a single connected component S; are well understood,
allowing us to classify the projective positive energy representations of I'c(S, K)
under the much weaker condition that the Hilbert space # is generated by the space
& of ground states. These are the ground state representations of Definition 9.5.

As before, we assume that K is a 1-connected compact Lie group, which is not
a serious restriction as long as K is connected (cf. Remark 7.4). In Section 9.2.1
we describe the spectral gap condition, an essentially geometric sufficient condition
for all positive energy representations to be generated by the space of ground states.
The main result of this section is Theorem 9.16 in Section 9.2.2, where we describe
the ground state representations in terms of the representation theory of UHF C *-
algebras.

9.2.1 The spectral gap condition

Following the line of reasoning in Chapter 8, we associate to every compact connected
component S; a “local” Hamiltonian H;. If these local Hamiltonians have a uniform
spectral gap, we say that (p, #) satisfies the spectral gap condition. We show that this
(essentially geometric) condition guarantees that the positive energy representations
are generated by their space of ground states.

We continue with the notation

!
Gzrd&x);rLUfgﬁw,

where ]_[;E 7 denotes the weak direct product as in Section D.1. As in Section 7.3, we
identify S; with R/Z, where the time translation ys; acts on [x;] € S; by

ys.([x]) = [Xj + TLJ

The derivation acts on §; € £, (£;) by
1
DEj = o (d;§ + [4;. 8-
j

By choosing a suitable parametrization of K|s,, we may assume that A; is con-
stant (see [79, Proposition 2.14] or [65, Section 5.2]) and lies in the maximal abelian
subalgebra t° of £/ (Theorem B.2). By acting with the ¢;-twisted Weyl group W,
i.e., the Weyl group of the underlying Kac—Moody Lie algebra, we may also assume
that d; 4+ A; lies in the positive Weyl chamber, i.e., (o, n)(i(d; + 4;)) > 0 for all
positive roots (&, n) € A1 ([65, Section 3] and Appendix A).

In the following (py; , # ;) denotes the irreducible positive energy representation
of

@gi&@»gﬂ&%ﬁ
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with lowest weight A; (cf. Section 8.2). Then, the minimal eigenspace VJ.0 of d; in
JC); is an irreducible K ®_representation. Since A; is anti-dominant, the minimal
eigenspace Wj0 of H; (which is also finite-dimensional by Kac—-Moody theory) con-
tains all weight vectors v, in Vjo with (A4;) = 0. Note that Wjo is 1-dimensional for
generic A; and increases in dimension as d; 4 A; is contained in a smaller face of
the Weyl chamber (or, equivalently, as A; is contained in a smaller face of the Weyl
alcove), and that I/Vj0 = Vjo = VA? if A; = 0. We denote the orthogonal projection

J(;Lj — Vjo by P;, and for a finite subset ' C J, we set

Pr =[] P;.

JEF

Let (p, #) be a factorial projective positive energy representation of G*. Recall
from Section 8.2.1 that, for every finite subset FF C J, we have a tensor product
decomposition # = Hr @ H}.. Here

g = ) K,

JEF
is a positive energy representation of G?; with Hamiltonian

Hp = ZHAJ-,

JEF
where | .
. 1
H,,; =idp, (F(dj + Aj)) — i+ 471
J J

is the minimal non-negative Hamiltonian on #; ; from Section 3.3. The other factor

J} is a minimal positive energy representation of Gg\ p With Hamiltonian H’, and
we have
H=Hr®1+1Q H'

The ground states for a @—representation (in the sense of Definition 9.5) can be
characterized in terms of the “local” Hamiltonians as follows.

Lemma 9.12. For a factorial minimal positive energy representation (p, #) of G, a
vector Q2 € D(H) C H is a ground state vector if and only if H; ;2 = 0 for every
jed.

Proof. “=": Suppose first that €2 is a ground state vector. Then, 0 < H,, < H
implies that H) ;€2 = 0.

“<=": Conversely, suppose that H ;€2 = 0 holds for all j € J. By minimality,
the cyclic subspace generated by Q under G* is G-invariant and the corresponding
representation on this subspace is minimal. We may therefore assume that €2 is cyclic.
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For every finite subset ' C J, Q is fixed by the operators V,F = e HF 1 e R,
These operators satisfy

VEp(e) VY = pleu(g)) forg e Gi. t eR.
For any finite superset F’ 2 F we then have
VE ()2 = plar(g)Q = VI p(e)Q forg € Gk

This means that V,f" and V,F " coincide on the closed subspace ¥ generated by
p(Gﬁ,)Q. Since the union of these subspaces is dense in #, we obtain a unitary one-
parameter group (V;),eg on # whose restriction to #% coincides with (V,F),cr.
This implies that

Vip(g)Vos = plas(g)) forg e G* t eR.

Write V; = e "*H for a positive selfadjoint operator H . Then, our construction
shows that H coincides with Hp = } ;. Hy; on FF, and thus H > 0. By mini-

mality of H, wehave 0 < H < ﬁ,sothatﬁQ =0leadsto HQ2 = 0. [

Definition 9.13 (Spectral gap). We say that the family (A;, A, Tj);es satisfies the
spectral gap condition if there exists a positive real number A E such that, for every
Jjed,

Spec(Hy;) € {0} U[AE, 00).

The spectral gap condition is essentially geometric in nature. Recall that for
m € M, the R-action y; yields a group automomorphism y;(m): Ky — K, (m)-
The spectral gap condition is automatically satisfied if the period

T(m) :=inf{t > 0; ypr, (m) = m,y; = 1d € Aut(Kp)} (9.6)

is uniformly bounded on M. Indeed, the R-action on I'(S;, KX) then has period
T; < sup,,ep T(m), so the spectrum of d; 4+ A; in every minimal unitary positive
energy representation will be contained in (27i/7;)Z.

Proposition 9.14 (Spectral gaps yield ground state vectors). Let (p, #) be a facto-
rial minimal positive energy representation of G such that the corresponding family
(Aj, A;j, Tj)jes satisfies the spectral gap condition with some AE > 0. Then, J# is
generated under G* by the subspace ker H of ground state vectors.

Proof. The minimality implies that 0 is the infimum of the spectrum of H, so that the
spectral projection
P = P([0,AE/2))

is non-zero. First we show that P J# is contained in the kernel of every H, . In fact,
the operator H — H) ; is non-negative. Since the minimal non-zero spectral value of
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H,\j is > AE, it follows that P # C ker H;tj .Lemma 9.12 now shows that HQ = 0.
Therefore, ¥ := P J¢ coincides with the subspace ker H of ground state vectors.
Next we show that % is generating under G¥. Let #! C ¥ be the closed sub-
space generated by ¥ under G*. Then, we obtain a G*-invariant decomposition
K = J' & J2. Minimality of p now implies that it is also G-invariant, so that the
Hamiltonian H decomposes accordingly as H = H'! @ H?. Since ¥ N #? = {0},
we obtain 2 = {0} by minimality of H? and the first part of the proof. This shows
that #/ = #! is generated by ¥ under G¥. n

9.2.2 Classification in terms of UHF C *-algebras

As in [50], where we dealt with norm continuous representations of gauge groups, we
aim at a description of the factor representations of positive energy in terms of C*-
algebras. As semiboundedness is crucial to obtain corresponding C *-algebras ([81]),
we first observe that positive energy representations are semibounded (cf. Defini-
tion 6.31).

Applying Corollary 6.33 with M =S, we immediately obtain the following result.

Theorem 9.15. If all connected components of S are compact, then every projective
positive energy representation (p, #) of

(s, 40 =[], £a;(K))

is semibounded with the affine hyperplane T(S, &)* — D contained in the open cone
W,, so that W, is an open half space. In particular, it is a positive energy representa-
tion for all derivations

Dgq:=D—adA, AeTl (S K).

Let (p, #) be a factorial minimal positive energy representation of G and let
(Aj, Aj, Tj)jes be as above. Since the projection P;: J;, — Vjo onto the minimal
energy space for Hy; in (), is finite-dimensional, P; is a compact operator. We may
therefore consider the direct limit

B := Q) (K(Hy,). P)) 9.7)

jeJ
of the C*-algebras

Br = Q) (K(Hx,)). P;), F < J finite,
jeF
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where the tensor product of the non-unital algebras K ( )L,-) is constructed as in [34]
with the inclusions

Q(BFI —> £F2,

A48 Q) P
JEM\F,

for finite subsets F; C F> of J. We write B ® Q)¢ ;\p P; for the image of B € BF

in B and
Py = ® P j-
jeJ
If J is finite, then B =~ B and the above tensor product is finite. The C *-algebra B
carries a natural one-parameter group of automorphisms (a}B)teR specified by

a;{B(B) = ¢ MtHF BItHE  f5r 1 c R, B € Br,

which fixes the projection Ps.

Since every ground state representation can be written as a direct sum of cyclic
ones, we may assume, without loss of generality, that # has a cyclic ground state
Q e J. This defines a state of B by

w(B) :=(Q,BQ) for B € Bf

because P; projects onto the kernel of H;; which contains €2. Conversely, if (1, J)
is a representation of the C *-algebra 8 that is generated by a vector  with

7T(Poo)2 = Q,

then we obtain commuting representations of the multiplier algebras B(JH Aj) of
K(J3;). In particular, we recover a unitary representation of the restricted product

!
H}.EJ U(Hn,),

and hence, a unitary representation of G*. This representation extends canonically to a
minimal positive energy representation of G, where the Hamiltonian H is determined
uniquely by

e "y (BYQ = n(a®(B)Q for B € B.

The representations constructed above are now positive energy representations for the
C*-dynamical system (B, R, «®) generated by ground states (cf. [13]).

From this correspondence, we derive the following noncompact analog of Theo-
rem 8.10.
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Theorem 9.16. Let B be the C*-algebra constructed for (A;, A;, T;)jes with a
possibly infinite index set J as above. Then, the above construction yields a one-to-
one correspondence between the following.
(a) Isomorphism classes of minimal factorial positive energy representations of
G corresponding to the family (Aj, Aj, T});ey.
(b) Isomorphism classes of factorial representations of 8B that are generated by
fixed points of the projection Pso.

Proof. “(a)=(b)”: Let (p, #) be a factorial minimal positive energy representation
of G corresponding to the family (A;, A;, Tj)jes. As J is at most countably infinite,
we may assume, without loss of generality, that / = N (the case of finite J is proved
along the same lines) and put B, := BF, for F, = {1,...,n}. Then, we inductively
choose factorizations of (p, ) as (oF, ® pf, . HF, ® Hf ) with

HE, = Hpy ® - @ Hy,,, PF, = pa; @ ® pa,-

We then obtain a consistent sequence of representations of the C *-algebras 8B, on
the subspaces ¥, := ¥, ® €,, where &, C Jr is the minimal eigenspace of H.
on K },n, by

7n: By = B(HF, ® ), mn(B):=B®1 forB e By

As the union of the subspaces (#;, ), en is dense in €, we thus obtain a non-degenerate
representation (7, #) of B satisfying

IOFn (g)”n(B) = ”n(pFn(g)B) forg € G#n’ B € ‘an (98)

and 77 (Po) is the projection onto the minimal eigenspace of H . Note that (9.8) deter-

mines the representation p uniquely in terms of the representation (7, #) of 8.
“(b)=(a)”: Suppose, conversely, that (7, #) is a factorial representation of 33

generated by the subspace & := P J. Then, the union of the closed subspaces

Hy = 1(By)7w(Poo) H

is dense in J. Since the representation of 8, = K (HF,) on ¥, is non-degenerate,
we obtain consistent factorizations

Hn = Hp, @@ H, ®E, =HF, ®E, withn(B)=B@1g,. B e B,.

This implies the existence of smooth unitary representations p, of the groups Gg,n on
H,, which are uniquely determined by

pn(8)7(B)T(Poo) = 7(pF, (§)B)7(Po) forg € G}, . B € By,
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The uniqueness implies that p,41(g)|s, = pPn(g) for g € Gﬂn, so that we obtain
a unitary representation of G* = Ur G; on J# which naturally extends to G =
G¥ x R. Its continuity follows from [27, Lemma 4.4].

For the smoothness we use [114, Theorem 2.9]: The Lie algebra g is the union of
the subalgebras G, , and the representation is smooth on the corresponding subgroup
GF, . Further, the element D € (), GF, lies in the interior of the open cones

Wolg, 2 a% +(0,00)D,
which are open half spaces (Theorem 9.15). To apply Zellner’s theorem, we have to
show that the groups G, have the Trotter property, i.e., for any two elements x, y in
the Lie algebra, we have

exp(f(x +y)) = nll)rgo (exp (’%x) exp (%y))n

in the sense of uniform convergence on compact subsets of R. We first use [80, Theo-
rem 4.11] to see that G, x R has the Trotter property; as these groups are C °-regular
([29, Theorem J]) and [80, Theorem 4.15] implies that the central extension G F, also
has the Trotter property. As any two elements x, y € @ are contained in some G, ,
the group G also has the Trotter property. Therefore, [114, Theorem 2.9(a)] implies
that the dense subspace D°°(dp(D)) of smooth vectors of the Hamiltonian coincides
with D2°(g), the set of all vectors £ in the common domain of all finite products of
elements in g, for which all maps

g" =M, (x1,...,X0) B> dp(x1) - dp(xn)E

are continuous and n-linear. As the subgroup G* is locally exponential (see [74,
Lemma 4.3]) now implies that £ is a smooth vector for G*, and since it is also smooth
for H =idp(D), [74, Theorem 7.2] further entails that it is smooth for G. This proves
the smoothness of p.

Clearly, the two constructions are mutually inverse, up to unitary equivalence. m

Remark 9.17. (a) By Lemma 9.12, the preceding theorem covers all minimal facto-
rial representations for which (A;, A;, Tj);es satisfies the spectral gap condition.
(b) The projection Py, € B defines the hereditary subalgebra +4 := PooB P
onto which
&eB > A, B> PyBPy

defines a conditional expectation, so, in particular, a completely positive map. From
this perspective, the representations specified in Theorem 9.16 are precisely those
obtained by Stinespring dilation from the completely positive maps that have the
form w = 7 o &, where (7, ¥) is a non-degenerate representation of +A.
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For nj := tr P;, we have

A 2= Q) My, (C),

jeJ

showing that «+ is a UHF algebra [93]. The representation theory of these algebras
also appears naturally in the context of norm continuous representations of gauge
groups (cf. [50]). If infinitely many of the n; are > 1, this leads to factor represen-
tations of type II and III. So the situation depends on the size of the minimal energy
spaces in Jy,. In particular, we obtain factorial representations as infinite tensor
products corresponding to factorial product states on 4 because they correspond to
product states on B. We refer to [50] for details on the connection between norm-
continuous representations of the restricted product ]_[;e 7 K; of the compact groups
K; and representations of infinite tensor products of matrix algebras.

9.3 A simple example with fixed points

In Part II of this series, we will focus on the type of phenomena one encounters when
the R-action on M is not fixed point free. To give a preview of the problems one
encounters there, we briefly revisit the simple example of the circle action on S2,
lifted to an R-action on the trivial bundle K = S? x K (cf. Example 7.9). The fixed
points are then the “north pole” n = (0,0, 1) and the “south pole” (0,0, —1).

Since every projective positive energy representation of G = C *®°(S?, K) restricts
to a projective positive energy representation of the normal subgroup

G* = C(S”\ {n.s). K),

we can apply the techniques developed so far to G *. The two problems that remain are
then to determine if a representation extends from G* to G, and, if so, to classify the
possible extensions. We will pursue these problems elsewhere, and for the moment
content ourselves with describing the representation theory of G*. Although the Lie
algebra bundle & — S? is trivial, the R-action (7.5) on K that covers the circle action
on S? will in general not be trivializable. It turns out that the lift of the circle action at
the fixed points 7, s € S? has a qualitative effect on the positive energy representation
theory of G*.

By Theorem 7.1, every projective positive energy representation of G* factors
through a projective positive energy representation of C>°(S, K), where

S={(x,y,z)€Sz:Z€J}

is a union of circles labeled by a discrete subset J C (—1, 1) that has at most two
accumulation points %1, corresponding to the fixed points n and s. Recall from
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Example 7.9 that the fundamental vector field for the R-action is of the form
v(x,y,2) = (yox — xay) + A(x,y,z2),

with A(x, y,z) € . For simplicity, consider first the case where A € ¥ is independent
of (x, y, z). If we identify the loop algebras of the various circles in the obvious
manner, then the infinitesimal R-action is represented by the same elementd; + A; =
d + A forevery circle S;. It follows that (A;, A, Tj) = (4;, A,2m), so the C *-algebra
A = Poo B Poo that governs the ground state representations is essentially determined
by a sequence A; of anti-dominant integral weights for the affine Kac-Moody algebra
L.

The operators H; = im),(d + A) are readily seen to satisfy the spectral gap
property 9.13. Indeed, the operators iy, (d) on #,; have a uniform spectral gap
because the R-action on S? is periodic. Since 4 € ¥ has a uniform spectral gap in all
finite-dimensional lowest weight representations, it also has a uniform spectral gap in
the minimal eigenspaces WJ.O of the operators iy ; (d). The spectral gap for H; then

follows from the fact that d commutes with 4 in £ ®).

By Proposition 9.14, every factorial positive energy representation of G* is a
ground state representation, so the factorial projective positive energy representations
are completely classified by Theorem 9.16.

(a) If A is an inner point of the Weyl chamber, then the minimal eigenspace of
H; in an irreducible f-representation is always 1-dimensional, Wj0 = CQ;j.
In this case every projective irreducible positive energy representation is a
vacuum representation, and it is of the form

(#.Q) = Q. Q) (9.9)
JEJ
by the results in Section D.2. Moreover, every factorial positive energy rep-
resentation of G is of type L, i.e., a direct sum of irreducible representations.
This follows from the fact that, if in the construction of Section 9.2 all projec-
tions P; are of rank 1, then the projection Py, € B has the property that the
subalgebra Py, B P is one-dimensional. In particular, Pood Pso = ¢(a) Poo
defines a state of B3 and every representation (77, /) of B generated by the
range of 7(Ps) is a multiple of the GNS representation (1, #,). For unit
vectors ; € im(P;), (9.7) implies that

(Hy. Qp) = R)(Hs,. Q).
jeJ

that the representation 7, is faithful, and that 7, (B) = K(¥,).
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(b) If A lies in at least one face of the Weyl alcove, then the space Wjo of ground
states need not be 1-dimensional. The projective positive energy factor rep-
resentations of g™ are then classified by the lowest weights A;, together with
a representation of the UHF C *-algebra

A= Q) BWY).

jeJ

It WJ.O is of dimension > 1 for infinitely many j, then this is an infinite
tensor product of matrix algebras. By [93] it follows that G* admits factor
representations of type II and III.

If A(x, y,z)isnotconstant and A(n) and A(s) are inner points of the Weyl alcove,
then the situation remains qualitatively the same as in (a). Indeed, the holonomy with
respect to A on S; will approach exp(A(n)) or exp(A(s)) as z; — %1, so the spectral
gap condition holds for all but finitely many circles. In this case one finds a tensor
product decomposition analogous to (9.9), where all but finitely terms are vacuum
representations. In particular, the space of ground states is finite-dimensional.

However, if either A(n) or A(s) is not an inner point of the Weyl alcove, then
the spectral gap condition need no longer be satisfied. The ground state representa-
tions can still be classified in the manner outlined above, but these can no longer be
expected to exhaust the positive energy representations.






Appendix A

Twisted loop algebras and groups

Let K be a simple compact Lie group, ® € Aut(K) and ¢ = L(®D) € Aut(¥). We
assume that ¢V = idg and let

LL(K):={E € C®°R,K): (Yt eR)E( +T) = 7' (5(1))}

be the corresponding twisted loop group. The rotation action (ot; f)(s) := f(s + 1)
satisfies

anT = idge (k) -

The Lie algebra of éﬁg (K) is the twisted loop algebra
:Eg({") = {é ECP®MR,E): (VteR)E(+T) = (p_l(f(t))}.
Accordingly, we obtain
£0¢) ;= (R®o LT (®)) xp R, DE=¢,

where

T
w(§.n) = k(' (1), n(t))dt

2nT 0

for some ¢ € Z (the central charge). Here « is the Killing form of ¥, normalized as in
4.2) by k(iaV,ia") = 2 for the coroots corresponding to long roots.
We write
LIEE) =R @o LI (8).

Let t° C £ be a maximal abelian subalgebra, so that 35(t°) is maximal abelian
in £ by [79, Lemma D.2] (see also [54]). Then, t = R & t° & R is maximal abelian
in fg (f) and the corresponding set of roots A can be identified with the set of pairs
(e, n), where

2
(a,n)(z,h,s):=(0,a,n)(z,h,s) =alh) + isNL;, neZ,ac A, (Al

Here, A, C i(t°)* is the set of t°-weights in
te ={xetc: e lx) = ez”i”/Nx}.
For (a, n) # (0, 0), the corresponding root space is

L)@ = 8E™ @ ey = (b NEL) @ ey, where e, (1) = e N1
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The set
A ={(a.n):0#a € Ay.nel}

has an N -fold layer structure

N-1
AX — U Ay x(n+ NZ), where A := A, \ {0}.

n=0

Forn € Z and x € ?g’") with [x, x*] = «V, the element e, ® x € :ﬁg’ﬁ(?c)(""")
satisfies (e, ® x)* = e_, ® x*, which leads to the coroot

V2 . V2

[en ® X, (en ® x)*] — ((X,I’l)v — (_ l% ”az” ,O[V,O) — a\/ _ % ”O[z || ,
(A.2)

where C = (1,0, 0). Here, we have used that

wle, @ x,e_, @ x¥) = ;—;K(x,x*)
and
€ x) = 2 6], x) = 2@, [ x"]) = 2@ aY) = = o .
2 2 2 2

Since ¥ is simple, A* does not decompose into two mutually orthogonal proper
subsets ([79, Lemma D.3]), so that

LrOE =tc+ Y 2DFEc) @
(a,n)eA
is an affine Kac—-Moody-Lie algebra (see [54, Theorem 8.5] and [38, Chapter X]). In
this context the root («, 1) is real if and only if @ # 0. Choosing a positive system
A1 C A such that the roots (&, n), n > 0, are positive, the lowest weights of unitary
lowest weight representations of fz, (f) are the anti-dominant integral weights

P, A" = {)L eit* : (V(a,n)) 0 # a, (a,n) € AT = A((a,n)V) € No}.

Note that, for n > 0, we have
cn o |?
A’ b v = A’ V 9’
(.m)) = Me¥) + s

so that we obtain ¢ > 0 as a necessary condition for the existence of non-trivial unitary
lowest weight modules.



Appendix B

Twisted conjugacy classes in compact groups

In this appendix we collect some more details concerning twisted conjugacy classes
in compact groups.

A Cartan subgroup of a compact Lie group K is an abelian subgroup S topolog-
ically generated by a single element s (s is dense in S) which has finite index in its
normalizer Ng(S) = {k € K : kSk™! = S).

Remark B.1. (a) For any Cartan subgroup S, the identity component S is an abelian
compact Lie group, hence a torus, and since tori are divisible, the short exact sequence
So = § — 7w (S) splits, so that S = Sy x 79 (S). By construction, 77¢(S) is a finite
cyclic group. If 59 € Sy is a topological generator, then, for every N € Z, the closure
of s{Z is a closed subgroup of finite index in So, hence equal to Sp. This implies that
the topological generators of S are the elements of the form s = (59, 51) € So X 7 (S),
where s is a topological generator of Sy and s; is a generator of the cyclic group
wo(S).

(b) By [14, Proposition 1V.4.2], every element k € K is contained in a Cartan
subgroup S such that the connected component kS generates 7o (S). The preceding
discussion now shows that there exists an element sq € So such that z := ksg is a
topological generator of S. Now [14, Proposition IV.4.3] implies that every element
g € kKo = zKj is conjugate to an element of kSy.

Theorem B.2. Let K be a compact connected Lie group and ® € Aut(K) be an
automorphism of finite order N € N. We consider the twisted conjugation action of
K on itself given by

gxk:=gk®d(g)"! forg keKk.

Then, the orbit of every element in K under this action intersects a maximal torus T®
of the subgroup K® of ®-fixed points.

Proof. We consider the compact Lie group K| := K x ®Z, where ®Z C Aut(K) is
the finite subgroup generated by ®. For g,k € K, we then have

(8. Dk, ®)(g. D" = (gkP(g) ™", @),

so that the conjugacy classes in the coset K x {®} C K; correspond to the ®-twisted
conjugacy classes in K.

According to Remark B.1 (b), the element (1, ®) € K; is contained in a Cartan
subgroup S which is generated by an element of the form z = (59, ®). As Sy is abelian
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and commutes with (1, ®), it is contained in K®. Let T® € K?® be a maximal torus
containing So. Then, T® commutes with S, so that the finiteness of Ng (S)/S shows
that T® C So. We conclude that

S=T7T%x o?

is a Cartan subgroup of K;. Therefore, Remark B.1 (b) implies that every ®-twisted
conjugacy class in K intersects S = T® € K®. |

We refer to [65] for more details on twisted conjugacy classes in compact groups,
representatives, and stabilizer groups.

Remark B.3. If ® is not of finite order, then the situation is more complicated. If,
however, K is a compact Lie group with semisimple Lie algebra, then Aut(K) is a
compact group with the same Lie algebra and one can apply the theory of Cartan
subgroups of compact Lie groups to Aut(K).



Appendix C

Restricting representations to normal subgroups

Theorem C.1. Let G be a group, and let N < G be a normal subgroup of finite
index. Suppose that (v, #) is a unitary representation of G whose restriction 7|y
decomposes discretely with finitely many isotypic components. Then, the same holds
for .

Proof. We consider the two von Neumann algebras
N :=a(N)" T M:=n(G)".

Let .
=K. wihd; =75 %,
j=1
be the isotypic decomposition for N, where the representations (p;, ;) of N are
irreducible and N acts on #; by 7; := p; ® 1. Then

N'=m(N) = P B(E)).

Jj=1

The conjugation action of G on N’ factors through an action of the finite group
G/N. We have to show that M’ = (N’ )G/N also is a finite direct sum of full operator
algebras.

Let F:={[pj]:j=1,....,m} C N be the support of the restriction p|x. This
set decomposes under the natural action of G/N on the unitary dual N into finitely
many orbits Fi, ..., F. The group G permutes the isotypic subspaces #; of N and,
accordingly,

Tk = j 0 c;1|N if and only if w(g)H; = Hy.

This follows from the relation 7z (n)7(g) = 7(g)7;j (g~ ng) forg € G,n € N. We
conclude that

Pi:={geG:m(g)H; =H;} ={g€G:pjocg =pj}.
For every g € P;, we thus obtain a unitary operator Uy : ¥; — ¥} such that
pocg = Ug,oUg_l.

Since ¥; is irreducible, U, is well defined modulo T. The projective unitary repre-
sentation p; (g) = [Ug] of P; yields a central extension g;: P]F — Pj, ahomomorphic
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lift N — PJP and an extension p?: Pjﬁ — U(¥;) of the unitary representation p; of N

to PJ#. Accordingly, the representation of PjN on H; takes the form
7 (q; () = p(p) ® B; (p).

where §;: Pf — U(%€;) a unitary representation with ker 8; O N.

Let # = H'@--- @ HF denote the decomposition of # under G, corresponding
to the decomposition of F under G/ N, so that each subspace #/ is a sum of certain
subspaces Jf;. We may assume, without loss of generality, that G/ N acts transitively
on F, i.e., that

J =span(x(G)H) = B 7(e)r.
[¢]eG/ Py

This means that (7, #) is induced from the representation pg ® B1 of Py on H.

The subspace #; is generating for G, and hence separating for the commutant
M'. As J, is isotypic for N, the commutant M’ C N’ leaves H; invariant; like-
wise all subspaces #; are M’-invariant. Since an operator A € B(J#) extends to an
element of M’ if and only if it commutes with Py, we have

M = (o} & B1)(P1) =1® B(P].

Since B (Pf) is a finite group, the assertion follows from the fact that every unitary
representation of a finite group decomposes discretely with finitely many isotypes. =



Appendix D

Vacuum representations

In this appendix, we show that vacuum representations of weak products of topolog-
ical groups arise as products of vacuum representations.

D.1 Weak products and R-actions

The weak product of a sequence (Gp,),eN of topological groups is defined as
, o0
- _ N N _
G:=[] _Gn _NU GN, GY =G, x---xGy,
=1

where the group structure is inherited from the product group [ [, .y Gn. However, we
will need a topology that is finer than the product topology. We equip G with the box
topology, for which a basis of e-neighborhoods consists of the sets G N ]—[,ozozl Uy,
where U, € G, is an e-neighborhood in G,. By [27, Lemma 4.4], this turns G into
a topological group, and G is the direct limit in the category of topological groups of
the increasing sequence of subgroups G, endowed with the product topology.

To study vacuum representations of weak products, consider a sequence of topo-
logical groups (G, R, &, )nen with homomorphisms «,,: R — Aut(Gy,) that defines
a continuous action of R on G,. The homomorphisms «;,: R — Aut(G,) combine to
a homomorphism o: R — Aut(G) by

ar(g1.....8N-€,...) == (@1:(81).....ans(gNn).e,...),
where Aut(G) denotes the group of topological automorphisms.
Proposition D.1. The above map « is a continuous action of R on G.

Proof. To see this, we first note that all orbit maps are continuous because the sub-
groups GV carry the product topology. Since all automorphisms o, are continuous
by [27, Lemma 4.4], it suffices to verify continuity of the action in all pairs (0, g) €
R x G¥. So we have to find for every sequence (Uy),eN of e-neighborhoods in G,
an ¢ > 0 and a sequence of e-neighborhoods V;,, € G, such that

Oln,t(gnVn) C gnU, for|t| <eneN.

As [—1, 1] € R is compact, we find for every n € N an identity neighborhood V;, C
Wy, € Gy, such that W, W,, € U, and ot (V) € W, for |t| < 1. Forn < N we now
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choose ¢ > 0 in such a way that a, ;(g,) € g, Wy holds for |¢| < e. Then
Ut (&nVn) = otnt(gn)ont (Vi) S gnWnWn C gnUn
holds for |¢| < eandn < N.Forn > N, we have g, = e and
An it (gnVn) =on(Vy) S W, C U, forlt] <e.
Therefore, o defines a continuous action on the weak direct product G. [

If, in addition, the groups G, are Lie groups, then the box topology on G is
compatible with a Lie group structure on G ([27, Remark 4.3]).

Lemma D.2. Ifall groups G, are locally exponential, then o defines a smooth action
on G.

Proof. By [27, Remark 4.3], the group G is locally exponential as well. Therefore,
it suffices to show that the R-action on the Lie algebra g = @, . g» (the locally
convex direct sum), is smooth. Let D,, € der(g,) denote the infinitesimal generator
of the smooth actions «” on g;. Then

a(t,x) = (€Prxp)peny = ePx  for D(x,) = (Dpxy)
and the tangent map of « is given by
da(z, x)(s,y) = sD(a(t, x)) + a(t, y).

As D:q — g is acontinuous linear operator, we inductively obtain from the continuity
of o (Proposition D.1) that o is C k for each k € N, and hence that & is smooth. m

The weak products encountered in this memoir are mostly of the following form.

Lemma D.3. Suppose that the smooth manifold S has countably many connected
components and that X — S is a Lie group bundle. Then, the Lie group T.(K) is
isomorphic to the restricted Lie group product H:zeN I'e(Kls,)-

Proof. Since the groups G = I'c(K) and G, = I'c(K|s,, ) are locally exponential, it
suffices to verify that the Lie algebra g = ' (&) is the locally convex direct sum of
the ideals g, = I'¢(K]|s, ). That the summation map

o PreRls,) —g

neN

is continuous follows from the universal property of the locally convex direct sum.
That its inverse ®~! is also continuous, follows from its continuity on the Fréchet
subspaces ['p (KX), where D € S is compact, because any compact subset intersects
at most finitely many connected components. |
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D.2 Vacuum representations

Let G be a topological group, and let «: R — Aut(G) be a homomorphism that defines
a continuous action of R on G.

Definition D.4. A triple (p, #, 2) is called a vacuum representation of (G, R, ), if
p: G %y R — U(H) is a continuous unitary representation, 2 € J is a G-¢cyclic unit
vector, and the selfadjoint operator H, defined by U; := p(e,t) = e7"*H fort € R,
satisfies ker(H — Egl) = CS for Ey = inf(spec(H)).

The following is an immediate consequence of [8, Proposition 5.4].

Proposition D.5. For a vacuum representation (p, ¥, Q) of (G, R, @), the following
assertions hold:

(@) Ur S p(G)",

(b) the representation p|g of G on K is irreducible.
Proof. (a) The one-parameter group (UZO),GR defined by Ut0 := e!"Eoy, is minimal
for the von Neumann algebra p(G)” (cf. Definition 3.8) by [8, Proposition 5.4], hence

contained in p(G)”, and this implies (a).
(b) From (a) it follows that the closed subspace

CQ =ker(H — Egl) C K

is invariant under the commutant M’ := p(G)’ of M := p(G)". As Q is generating
for M, it is separating for M’, so that dim ker(Hy — Eol) = 1 leads to M’ = C1.
Now the assertion follows from Schur’s Lemma. [ ]

Let (Gn, R, @y)nen be a sequence of topological groups, with for each n € N
a homomorphism «,: R — Aut(G,) that defines a continuous action of R on G,.
The following theorem identifies the vacuum representations of the weak product
(G, R, ) in terms of vacuum representations of the triples (G, R, azy,).

Theorem D.6. For any sequence (pyn, Hn, Q) of vacuum representations of (G, R,
oy ) with minimal energy Eo = 0, the infinite tensor product

o
(#,9) := Q) (Hn, ) (D.1)
n=1
carries a continuous vacuum representation of (G, R, ), defined by

(g1, 8n.e,...) = p1(g1) @+ ® pn(gn) @Ly41 @+ . (D.2)

Conversely, every vacuum representation of (G, R, a) with Ey = 0 is equivalent to
such a representation.
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Proof. First, we prove that if all (p,, #,, 2,) are vacuum representations, then so is
their infinite tensor product. Since the €2,, are unit vectors, the infinite tensor product
Hilbert space # is defined. It contains the subspaces

HN =H R - QHNRAUNI Q= H QR H,
whose union is dense in J¢. On #% | the representation pV of GV x R, defined by

PN (g1, .. gNn)s1) = p1(g1, 1) ® - ® pn(gN 1),

is continuous with cyclic vector Q = ®32,2,. The representation (p, #) of G now
is a direct limit of the representations (o, #) of the subgroups G, hence a con-
tinuous unitary representation. Further, the invariance of €2, under the one-parameter
group U;}' := pp(e, t) implies that

U ® - QuNQ@Qy11 ®)=U @ @UNoy@Qy41 Q-+ (D.3)
defines a continuous unitary one-parameter group on J satisfying
Uip(g)U; = p(as(g)) forg e G,t € R.

By p(g,t) := p(g)U;, we thus obtain a continuous unitary representation of G on J#
for which Q is a G-cyclic unit vector fixed by the one-parameter group (U;);eRr.
Writing

U =e ™ and U= 'Hn

for selfadjoint operators H,, > 0, (D.3) implies that H > 0. To see thatker H = C,
we decompose
H =HN @ Ky forN eN.

Accordingly,
U=V,@W, withV,=U!® ---UY,

and both one-parameter groups (V;);er and (W;);er have positive generators Hy
and Hy . From [8, Lemma A.3] we thus infer that

H=(Hy @ 1x~v) + (1p~v ® Hw)
in the sense of unbounded operators, hence, in particular, that
D(H) = (D(Hy) ® XV)n (¥Y @ D(Hw)).
We conclude that, for every N € N,

kerH Cker Hy @ KV =Q, ® - @ Qn ® XV,
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and this shows that

kengﬂQl®---®QN®JCN=(CQ.
N

Therefore, (p, #, €2) is a vacuum representation of (G, R, «).
Now we assume, conversely, that (p, #, Q) is a vacuum representation of the
triple (G, R, o). Then, the subspace

FHN = span p(GN)Q

carries a vacuum representation of (GN R, aN ). In particular, this representation is
irreducible by Proposition D.5. The group G is a topological product

G=G¥xG™N, whereG™V =[]

n»
n>N

and the representation p is irreducible by Proposition D.5. Since its restriction to GV
carries an irreducible subrepresentation, the restriction to GV is factorial of type I,
hence of the form

plgy =p" ®1

with respect to some factorization # = #V ® K. Starting with N = 1 and pro-
ceeding inductively, we see that

PN =p®®py

for vacuum representations (o, #y,, 2,) of (G,, R, o). In particular, we obtain fac-
torizations
Q=0"RQv =21 ® - ® QN ®Qn,

so that we may identify ¢V with the subspace
HN @Gy C K.

As Q is G-cyclic, the union of these G* -invariant subspaces is dense in J. This
implies that the vacuum representation (p, #, 2) is equivalent to the infinite tensor
product ®,eN (on, Hn, 25,) of the ground state representations (py,, #y, 2,). This
completes the proof. ]

The following allows us to reduce the classification of smooth vacuum represen-
tations to the local case, under the assumption that the ground state is smooth.

Proposition D.7. Suppose that the G,, are Lie groups and that the R-actions on G
are smooth. Then, the vacuum representation (p, ¥, Q) is smooth with smooth vector
Q if and only if the vacuum representations (py, Hn, Q) are smooth with smooth
vector Q.
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Proof. If (p, #,2) is a smooth representation with 2 € F°°, then Q2 will be a smooth
vector for every (H#,, pn, 2) as well. Since 2 is cyclic in #,, the latter will be a
smooth representation.

Suppose, conversely, that the vacuum representations (o, , #y, 2,) are smooth,
and that Q,, € #° for all n € N. From Theorem D.6, we know that the tensor product
representation (p, #, 2) is continuous and cyclic. To show that the vacuum represen-
tation (p, #, 2) = @y (on, Hn, ) is smooth with smooth vector 2 € >, it
suffices by [74, Theorem 7.2] to show that ¢(g) := (2, p(g)$2) is a smooth function
from G to C.

Note that ¢ is the infinite product []r—, ¢x(gx) of the smooth, positive definite
functions ¢,: G, — C defined by ¢,(g) := (R, pn(g)2s). To see that 9: G — C
is smooth, note that it can be decomposed into the smooth maps

. ! (o5 / (053 1 [oFY
G _]_[neNGn —>1+]_[neN<c 1+ (Y(N) = C,
where 1 = (1),en and

D1((gn) = (0n(gn)), P2((zn)) = (zn), P3((zn)) = l_[ Zn.

neN

Here, the smoothness of ®; follows from the compatibility with the box manifold
structure, ®, is continuous affine, and ®3 is holomorphic. It follows that

§0=q)30q)20q)1

is smooth, and hence that (p, #, ) is a smooth vacuum representation with smooth
vector €2. n



Appendix E

Ergodic property of 1-parameter subgroups of SL(2, R)

We give a simplified proof for the following characterization of the ergodic property
for 1-parameter subgroups of SL(2, R) due to Mautner and Moore. Define the 1-
parameter groups x(¢), y(¢) and h(¢) in SL(2, R) by

=y 1) 20=(; 1) wa w0=(7 %),

and let %(), 7(¢) and /1 (¢) be their lift to SL(2, R).
Lemma E.1. Let (7, #) be a continuous unitary representation of §I:(2, R), and let
Q € H be a unit vector. Then, the following are equivalent:

@ #(X(1)Q =Qforallt € R,

) 7(h(t)Q = Qforallt €R,

() 7(g)2 = Q forall g € SL(2,R).

This well-known result plays an important role in ergodic theory. It is due to
Calvin Moore [66,67], and in the proof below we almost literally follow his argument
for the implication (a)=(b) from [67, page 7]. The implication (b)=(c) is due to
Mautner [63], and this is implicitly used by Moore in [67], and by Howe and Moore

in their seminal paper [43]. In his proof, Mautner uses the classification of irreducible
unitary representations of SL(2, R). We bypass this with a simple argument.

Proof. For (a)=(b), let w(¢) = x(¢)y(—t~')x(¢), and note that we have
h(t) = w(eHw(1)™! forallz € R.

If we define @(t) := (1) 7(—t~")¥(?), then the curve t > W(e")W(1)~" covers A(t).
Since it is the identity for t = 0, we have W (e)w(1)™' = h(t). Since |7 (W (1)) =1
for all ¢ # 0, it follows from

lim (7(%(1))Q, Q) =

lim
|t]—>o00 [t]—>o00

(G, =1

that limy;| 0 7 (W(7))2 = Q. So for Yy = 7 (W(1))L2, we find lim;_ oo JT(E(Z))W =
Q. For every s € R we thus have

Q = lim x(i(s + )y = 7(h(s)) lim 7R ()Y = 7(h(s))Q,

so Q is fixed by E(s) forall s € R.
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For (b)=>(a), note that since
x(te™?*) = h(—s)x(t)h(s) foralls,t € R,

the same equation X(te~2%) = h (—s))?(t)g(s) holds in §I:(2, R) (both sides are the
identity for s = ¢ = 0). The invariance of €2 under the 1-parameter group Ji then
implies

(r(X(te™)Q, Q) = (1(X())Q, Q).

Since limy_ o0 X(te2%) is the identity, we have (7 (X(¢))Q2, Q) = 1, and it follows
that 7(X(¢))Q2 = Q forall r € R.

Since /(s)y(t)h(—s) = y(te™2%), a similar argument shows that if € is fixed by
h, then it is fixed by y. It follows that if either (a) or (b) hold, then 2 is fixed by X(¢),
y(t) and h () alike, and hence by the group SI(Z, R) that they generate. ]
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