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Abstract

The Lipschitz extension modulus e(Tl) of a metric space Til is the infimum over
those L € [1, oo] such that for any Banach space Z and any C C Til, any 1-Lipschitz
function f : € — Z can be extended to an L-Lipschitz function F : Til — Z. Johnson,
Lindenstrauss and Schechtman proved (1986) that if X is an n-dimensional normed
space, then e(X) < n. In the reverse direction, we prove that every n-dimensional
normed space X satisfies e(X) =z n¢, where ¢ > 0 is a universal constant. Our core
technical contribution is a geometric structural result on stochastic clustering of finite
dimensional normed spaces which implies upper bounds on their Lipschitz exten-
sion moduli using an extension method of Lee and the author (2005). The separation
modulus of a metric space (Til, d ) is the infimum over those ¢ € (0, co] such that
for any A > 0 there is a distribution over random partitions of Tl into clusters of
diameter at most A such that for every two points x, y € Tl the probability that they
belong to different clusters is at most od (x, y)/A. We obtain upper and lower
bounds on the separation moduli of finite dimensional normed spaces that relate them
to well-studied volumetric invariants (volume ratios and projection bodies). Using
these connections, we determine the asymptotic growth rate of the separation moduli
of various normed spaces. If X is an n-dimensional normed space with enough sym-
metries, then our bounds imply that its separation modulus is equal to vr(X*)/n up
to factors of lower order, where vr(X*)/n(X*) is the volume ratio of the unit ball of
the dual of X. We formulate a conjecture on isomorphic reverse isoperimetric proper-
ties of symmetric convex bodies (akin to Ball’s reverse isoperimetric theorem (1991),
but permitting a non-isometric perturbation in addition to the choice of position) that
can be used with our volumetric bounds on the separation modulus to obtain many
more exact asymptotic evaluations of the separation moduli of normed spaces. Our
estimates on the separation modulus imply asymptotically improved upper bounds on
the Lipschitz extension moduli of various classical spaces. In particular, we deduce
an improved upper bound on e({7) when p > 2 that resolves a conjecture of Brudnyi
and Brudnyi (2005), and we prove that e(¢ ) < /n, which is the first time that the
growth rate of e(X) has been evaluated (as dim(X) — o0) for any finite dimensional
normed space X.

Dedicated with awe to the memory of Jean Bourgain.
Keywords. Lipschitz extension, randomized clustering, convex geometry, local

theory of Banach spaces, projection bodies, volume ratios, Wasserstein spaces,
spectral geometry, Dirichlet eigenvalues, Cheeger sets, reverse isoperimetry
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Chapter 1

Introduction

Our core technical contribution is a geometric structural result (stochastic cluster-
ing) for subsets of finite dimensional normed spaces. It provides new links between
nonlinear questions in metric geometry and volumetric issues in convex geometry.
An unexpected aspect of our statement is that it contradicts an impossibility result
of the well-known work [76] by Charikar, Chekuri, Goel, Guha and Plotkin in the
computer science literature, thus leading to bounds that were previously thought to
be impossible. This is reconciled in Section 1.7, where we explain the source of the
error in [76].

The aforementioned link opens up a vista that allows one to apply the extensive
literature on the linear theory to important and well-studied nonlinear questions. It
also raises new fundamental issues within the linear theory that we will only begin
to address here. So, in order to fully explain both the history and the ideas and
their consequences, we will start with a quick overview of some of our main results
that assumes familiarity with standard concepts in the respective areas. We will then
present a gradual and complete introduction to our work that specifies all of the nec-
essary background.

1.1 Brief highlights of main results

Associate to every separable complete metric space (Til, dy ) two bi-Lipschitz invari-
ants e(Til), SEP(TN) € (0, oo] called, respectively, the Lipschitz extension modulus
of M and the separation modulus of M, that are defined as follows. The Lipschitz
extension modulus of M is the infimum over those L € (0, co] such that for every
Banach space Z and every subset € C Til, every 1-Lipschitz function f : € — Z can
be extended to a Z-valued L-Lipschitz function that is defined on all of TL. The sep-
aration modulus of Tl is the infimum over those o € (0, co] such that for any A > 0
there is a distribution over random partitions' of Tl into clusters of diameter at most
A such that for every two points x, y € il the probability that they belong to different
clusters is at most odm (x, y)/A.

The question of estimating the Lipschitz extension modulus received great scruti-
ny over the past century; see Section 1.3 for an indication of (a small part of) the

'We are suppressing here measurability issues that are addressed in Section 1.7 and Sec-
tion 3.1.
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extensive knowledge on this topic. The separation modulus was introduced by Bartal
in the mid-1990s and received a lot of attention in the computer science literature
due to its algorithmic applications; see Section 1.7.3 for the history. Its connection to
Lipschitz extension was found by Lee and the author [171, 173], who proved that

e() < SEP(M).

By awell-known theorem of Johnson, Lindenstrauss and Schechtman [140], every
normed space X satisfies e(X) = O(dim(X)). Here we obtain a power-type lower
bound on e(X) in terms of dim(X).

Theorem 1. There is a universal constant ¢ > 0 such that e(X) = dim(X)¢ for every
normed space X.

Theorem 1 improves over the previously best-available bound

e(X) > eca/logdim(X);
see Remark 98 for the history of this question. Despite substantial efforts, the asymp-
totic growth rate (as dim(X) — oo) of e(X) was not previously known (even up to
lower order factors) for any sequence of normed spaces.

Theorem 2. For everyn € N we have” e({%,) < /n.

The previously best-known upper bound on e({,) was nothing better than the
aforementioned general O(n) bound of [140]. Theorem 2 is just one instance of our
asymptotically improved upper bounds on the Lipschitz extension moduli of many
normed spaces of interest; we also get, e.g., the best-known bound when X = Z;’, for
any p > 2. Nevertheless, currently £ is essentially’ the only normed space whose
Lipschitz extension modulus is known up to lower order factors (by Theorem 2), and
the same question even for the Euclidean space £} remains a well-known longstand-
ing open problem; see Section 1.3 for more on this.

All of the upper bounds on the Lipschitz extension modulus that we obtain herein
use the upper bound on the separation modulus that appears in Theorem 3 below.
This theorem also contains a new lower bound on the separation modulus, which we

We use the following conventions for asymptotic notation, in addition to the usual
0(), 0(-), (-) notation. Given a, b > 0, by writing @ < b or b = a we mean that a < Cbh
for some universal constant C > 0, and a < b stands for (¢ < b) A (b < a). If we need to allow
for dependence on parameters, we indicate it by subscripts. For example, in the presence of an
auxiliary parameter ¢, the notation @ <, b means that a < C(gq)b, where C(g) > 0 may depend
only on ¢, and similarly fora 2, b and a <, b.

3The proof of Theorem 2 artificially gives more such spaces, e.g., 22 @ L2, or t2 & X for
any normed space X with dim(X) < /n.
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will see shows that in several cases of interest our results are a sharp evaluation of the
asymptotic growth rate of the separation modulus.”*

Theorem 3. Let X = (R”,| - |lx) and Y = (R”, || - ||y) be normed spaces whose unit
balls satisfy By € Bx. Then
vi(X*) it < SEP(X) < Siamx-(IBy) (1.1)
vol, (By)

In the left-hand side of (1.1), vr(X*) is the volume ratio [293,294] of the dual
X*, i.e., it is the nth root of the ratio of the volume of By and maximal volume of an
ellipsoid that is contained in By+. In the right-hand side of (1.1), I1By is the projec-
tion body [251] of By, and diamy+(-) denotes diameter with respect to the metric on
R” that is induced by X*. We will recall the definition of a projection body later’ and
it suffices to mention now that the mapping K +— I1K, which is of central importance
in convex geometry (see [47,102,190,282] for an indication of the extensive literature
on this topic), associates to every convex body K € R” a convex body [1K C R”
that encodes isoperimetric properties of K.

A key contribution of Theorem 3 is the role of the auxiliary normed space Y,
which appears despite the fact that we are interested in the separation modulus of X.
By substituting Y = X into the right-hand side of (1.1) one does get a meaningful
estimate, and in particular the resulting bound is O(n), i.e., (1.1) implies the bound
of [140]. However, we will see that by introducing a suitable perturbation Y of X, the
second inequality in (1.1) can sometimes be significantly stronger than the special
case Y = X. We will exploit this powerful degree of freedom heavily; its geometric
significance is discussed in Section 1.4.

The previously best-known upper and lower estimates on the separation moduli
of normed spaces are due to [76], where it was proved that

SEP({}) xn and SEP({}) < +/n.

By bi-Lipschitz invariance, this implies that any n-dimensional normed space X sat-
isfies

n
——— X S SEP(X) < 2. X 1.2
dBM(En,X) ~ S ( ) ~ dBM( 2 )ﬁ’ ( )

4Our approach also pertains to subsets of normed spaces, e.g., we will prove that for any
p e[l,o00],n € Nandr €{l,...,n}, the separation modulus of the set of n-by-n matrices of
rank at most 7, equipped with the Schatten—von Neumann-p norm, is equal up to lower order
factors to max{~/r, r'/?}/n, which is new even in the Euclidean (Hilbert-Schmidt) setting
p = 2. However, for the purpose of this initial overview we will restrict attention to bounds for
the entire space X.

>By [187, 188] the mapping that assigns a convex body K € R” to its projection body
I1K is characterized axiomatically as the unique (up to scaling) translation-invariant SL,, (R)-
contravariant Minkowski valuation.
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where dgm(:, ©) denotes the Banach—Mazur distance. Both of the bounds in (1.2) can
be inferior to those that follow from Theorem 3. For example, suppose that n = m?
for some m € N and consider X = £ ({]"). Then,

dpm(X, 07) < dpm(X, £5) < /n

by the work [163] of Kwapieni and Schiitt. Therefore, in this case (1.2) becomes the
estimates /7 < SEP(X) < n, while we will see that (1.1) implies that SEP(X) = n3/4.

The following corollary collects examples of applications of Theorem 3 that we
will deduce herein.

Corollary 4 (Examples of consequences of Theorem 3). The following statements
hold for any n € N.

e Forany p = 1, the separation modulus of Z” satisfies

SEP(€7) = n™(37), (1.3)
More generally, let (E, | - |g) be any n-dimensional normed space with a 1-
symmetric basis e1, . . ., e,. Then, SEP(E) is equal to the following quantity up to

lower order factors:

er + - +eu|e| max
” n” (ke{l,...,n} ||e1 4+ 4 ek”E

e Forany p = 1, the separation modulus of the Schatten—von Neumann trace class
S, on My (R) is

SEP(S?) = n™1 34510 i (gn)m st apie® (g g

More generally, let (E, | - |g) be any n-dimensional normed space with a 1-

lsg)-
Then, SEP(Sg) is equal to the following quantity up to lower order factors:
vk )

T er + -+ ex e

symmetric basis e1, . . ., e, and denote its unitary ideal by Sg = (M,

ey + - +en||E(

s Forany p,q = 1, the separation modulus of the {7 (£7) norm on M, (R) is
nopny) max{l,l-‘rl,%-i-l,%-i-l}
SEP(EP(Zq)) P2 TP 2Ty
- dlm(z"(z"))ma"{z% 2425t (1.5)

e Forany p,q = 1, the separation modulus of My, (R) equipped with the operator
norm ||+ ez gz from £}, to L7 is equal to the following quantity up to lower order
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factors:
3 1
n 2 min{p.qr lf‘p’q > 2,
1 1
n2 et if p,qg <2,
n fp<2<gq,

1 1 1
nmax{l,g—;-f-j} ifg <2< p.

» Forany p,q = 1, the separation modulus of the projective tensor product EZ@KZ,
i.e., the norm on M, (R) whose unit ball is the convex hull of the set

{(xiyj) € Mu(R); (x1,...,%n) € Ber A (y1,...,¥n) € Ben},

is equal to the following quantity up to lower order factors:

n? if max{p.q} > 2,
n Tty if max{p,q} <?2.

All of the results in Corollary 4 are new, except for the range 1 < p <2 of (1.3),
which is due to [76]. The range p € (2, 00] of (1.3) is SEP(£}) < J/n, which is incom-
patible with the statement SEP(£2) < n'~!/? of [76]. We will explain the reason why
the latter assertion of [76] is erroneous in Remark 78.

The wealth of knowledge that is available on the volumetric quantities that appear
in (1.1) leads to new estimates that relate the separation modulus of an n-dimensional
normed space X to classical invariants of X. We will derive several such results herein,
without attempting to be encyclopedic. As a noteworthy example, we will deduce
from the first inequality in (1.1) that if Bx is a polytope with pn vertices, then

SEP(X) =

. (1.6)
log p

We will also deduce that if 75(X) denotes the type 2 constant of X (see (1.77) or the
survey [203]), then

SEP(X) 2 max{+/dim(X). T>(X)?}. (1.7)

We will see that both (1.6) and (1.7) are sharp for the entire range of the relevant
parameters (e.g., in the two extremes, the case X = £ corresponds to p = O(1) and
T>(X) < /nin (1.6) and (1.7), respectively, and the case when X is O(1)-isomorphic
to £ corresponds to log p < n and 72(X) = O(1) in (1.6) and (1.7), respectively).

1.1.1 A conjectural isomorphic reverse isoperimetric phenomenon

The lower bound on SEP(X) in Theorem 3 is not always sharp. Indeed, consider the
space X = {7 @ £ for which SEP(X) = n yet vr(X*)/dim(X) = n**. It could be,
however, that the upper bound on SEP(X) in Theorem 3 is optimal for every X.
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Question 5. Is the separation modulus of any normed space X = (R”, || - || x) bounded
above and below by some universal constant multiples of the minimum of the quantity
diamy+ (I1 By)/ vol, (By) over all those normed spaces Y = (R”, || - |ly) that satisfy
By C Bx?

See Remark 23 for an explanation why the minimum that is described in Ques-
tion 5 is affine invariant, which is necessary for Question 5 to make sense, since the
separation modulus is a bi-Lipschitz invariant.

For sufficiently symmetric spaces, we expect that the lower bound on SEP(X) in
Theorem 3 is sharp.

Conjecture 6. Every finite dimensional normed space X with enough symmetries
satisfies
SEP(X) = vr(X*)+/dim(X). (1.8)
The notion of having enough symmetries was introduced in [103]; its definition is
recalled in Section 1.6.2. We prefer to formulate Conjecture 6 using this notion at the
present introductory juncture even though weaker requirements are needed for our
purposes because it is a standard assumption in Banach space theory and it suffices
for all of the most pressing applications that we have in mind.
The upper bound on SEP(X) in (1.8) implies by [173] that

e(X) < vr(X*)/dim(X),

which would be a valuable Lipschitz extension theorem due to the fact that estimat-
ing the volume ratio is typically tractable given the variety of tools and extensive
knowledge that are available in the literature. For example, Milman and Pisier [219]
proved (improving by lower-order factors over a major theorem of Bourgain and Mil-
man [49, 50]; see also [217]), that any finite dimensional normed space X satisfies

vi(X) £ C(X)(1 + log C>(X), (1.9)

where C;(X) is the cotype 2 constant of X (see (1.77) or the survey [203]). Therefore,
if (1.8) holds, then

e(X) < C(X)(1 + log C2(X)) y/dim(X), (1.10)

which would be a remarkable generalization of the bound e(¢3) < /n of [173].

We expect that Theorem 3 already implies Conjecture 6, as expressed in the fol-
lowing conjecture which would yield a positive answer to Question 5 for normed
spaces with enough symmetries.

Conjecture 7. If X = (R”, || - |lx) is a normed space with enough symmetries, then
there is a normed space Y = (R”, || - ||y) that satisfies
diamy: (ITB
By € Bx and M < vr(X*) /1.

vol, (By)
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As an illustrative example of Conjecture 7, consider the space X = {2 . We then
have vr((£5,)*) = vr(£}) = O(1). One can compute that [1Byn_ = 2n-l1 Byn_ . There-
fore, diamw (ITBgn_ )/ vol, (Bgn_) < n, so taking Y = {7 in Theorem 3 only gives
the bound SEP(£%,) < n. However, we will prove that there exists a normed space
Y = (R", || - [ly) with By S By, for which diam» (I1By)/ vol,(By) < /n. More
generally, we will prove that Conjecture 7 (hence also Conjecture 6, by Theorem 3)
holds for any normed space for which the standard basis of R” is 1-symmetric, and
we will also see that Conjecture 7 holds up to a logarithmic factor for its unitary ideal.

The minimization in Question 5 can be viewed as a shape optimization prob-
lem [130] that could potentially be approached using calculus of variations. Given
an origin-symmetric convex body K C R”, it asks for the minimum of the affine
invariant functional L +— outradiusge (ITL)/ vol, (L) over all origin-symmetric con-
vex bodies L € K, where for any two origin-symmetric convex bodies A, B € R”
we denote the minimum radius of a dilate of A that circumscribes B by

outradius4(B) = min{r = 0: B C rA}

and

K°={y eR" :sup(x,y) <1}
xeK

is the polar of K. Conjecture 7 asserts that if K has enough symmetries, then this
minimum is bounded above and below by universal constant multiples of vr(K°)\/n.

The minimization problem in Question 5 also has an isoperimetric flavor. As such,
its investigation led us to formulate the following conjectural twist of Ball’s reverse
isoperimetric phenomenon [22], which we think is a fundamental geometric open
question and it would be valuable to understand it even without its consequences that
we derive herein.

The isoperimetric quotient of a convex body K C R” is defined (see [126, p. 269]
or [286]) to be

l,—1 (0K
iq(k) = Yolno1OK) (1.11)
vol, (K) 7
Using this notation, the classical Euclidean isoperimetric theorem states that
: . n\/mw
iq(K) = iq(Byy) = ——— =< v/n. (1.12)

r(2+1)"

The following theorem of Ball [22] shows that a judicious choice of the scalar product
on R” ensures that the isoperimetric quotient of a convex body can also be bounded
from above.

Theorem 8 (Ball’s reverse isoperimetric theorem [22]). For every n € N and every
origin-symmetric convex body K C R”" there exists a linear transformation S €
SL, (R) such that iq(SK) < 2n = iq([-1, 1]).
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We expect that in the isomorphic regime (i.e., permitting non-isometric O(1)
perturbations), origin-symmetric convex bodies have asymptotically better reverse
isoperimetric properties than what is guaranteed by Theorem 8. In fact, we conjecture
that if in addition to passing from K to SK for some S € SL,(R), a O(1)-perturbation
of SK is allowed, then the isoperimetric quotient can be decreased to be of the same
order of magnitude as that of the Euclidean ball.

Conjecture 9 (Isomorphic reverse isoperimetry). There is a universal constant ¢ > 0
with the following property. For every n € N and every origin-symmetric convex body
K C R”, there exist a linear transformation S € SL,(R) and an origin-symmetric
convex body L € R” with¢cSK € L € SK andiq(L) < +/n.

Conjecture 9 can be restated analytically as the assertion that any n-dimensional
normed space is at Banach—-Mazur distance O(1) from a normed space whose unit
ball has isoperimetric quotient O(4/n). We will prove that Conjecture 9 holds when
K is the unit ball of £} for any p € [1,00] and n € N, and we will also see that
Conjecture 9 holds up to lower-order factors for any Schatten—von Neumann trace
class.

The requirement L 2 ¢S K of Conjecture 9 implies that {/vol,(L)>=c {/vol, (K).
So, the following weaker conjecture is implied by Conjecture 9; we will prove it for
any l-unconditional body.

Conjecture 10 (Weak isomorphic reverse isoperimetry). For every n € N and every
origin-symmetric convex body K C R” there exist a linear transformation S € SL,, (R)
and an origin-symmetric convex body L C SK that satisfies {/vol,(L) 2 /vol,(K)

andiq(L) < /n.

In Section 1.6 we will elucidate the relation between the task of bounding from
above the rightmost quantity in (1.1) and isomorphic reverse isoperimetry. While
Conjecture 9 is the strongest version of the isomorphic reverse isoperimetric phe-
nomenon that we expect holds in full generality, we will see that it would suffice to
prove its weaker variant Conjecture 10 for the purpose of using Theorem 3. In par-
ticular, consider the following symmetric version of Conjecture 10, which we will
prove in Section 1.6 implies Conjecture 7 (hence, using Theorem 3, it also implies
Conjecture 06).

Conjecture 11 (Symmetric version of Conjecture 10). For every n € N and every
normed space X = (R”, || - ||x) with enough symmetries whose isometry group is
a subgroup of the orthogonal group O, C GL,(R), there is a normed space Y =
(R™, || - |ly) with By € Bx and Y/vol,(By) 2 %/vol,(Bx) such thatiq(By) < /7.

The only difference between Conjecture 10 and Conjecture 11 is that if we impose
the further requirement that K is the unit ball of a normed space with enough symme-
tries whose isometry group consists only of orthogonal matrices, then we are naturally
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conjecturing that S can be taken to be the identity matrix, i.e., there is no need to
change the standard Euclidean structure on R”.

We will prove Conjecture 11 for various spaces, including £7 (€7) forany p,q > 1
and n € N, and any finite dimensional space with a 1-symmetric basis. Also, we will
show that Conjecture 11 holds up to a factor of O(4/Togn) for any unitarily invariant
norm on M, (R). In general, an argument that was shown to us by B. Klartag and
E. Milman and is included in Section 7 (see also Section 1.6.3) shows that Conjec-
ture 10 and Conjecture 11 hold up to a factor of O(logn). We will see that these
results lead to Corollary 4, and in general we will deduce that Conjecture 7, and
hence, thanks to Theorem 3, also Conjecture 6, hold up to lower order factors. Thus,
we will obtain the following theorem.

Theorem 12. SEP(X) = vr(X*) dim(X) 3+o()) for any normed space X with enough
symmetries.

Assuming Conjecture 11, it is possible to compute the exact asymptotic growth
rate of the separation moduli of several important matrix spaces. For example, if
Conjecture 11 holds for S, then we will see that the o(1) term in (1.4) could be
removed altogether, i.e.,

Y(p.n) € [l,00] x N, SEP(SE) = n™l:2+7), (1.13)

Also, assuming Conjecture 11 the lower order factors in the last two statements of
Corollary 4 could be removed, namely we will see that Conjecture 11 implies that the
separation modulus of M, (R) equipped with the operator norm || - {[¢5 ¢z from £7 to
{7 satisfies

03 wtras if p.qg =2,
1 1
n2twtrar if p,g <2,
SEP(My (R). I| - llg—ez) =< iy < Y
if p<2<y,
a5+ if g <2 < p,
and the separation modulus of the projective tensor product £2&¢7 satisfies
3
R n3 if max{p,q} =2,
SEP((,®€g) < | 14 1 o e
n max{p.q} lf I’naX{p, CI} S 2

Remark 174 describes ramifications of these conjectural statements to norms of algo-
rithmic importance.

Roadmap. The rest of the Introduction effectively restarts the description of the
present work, with many more details/definitions/background/ideas of proofs, than
what we have included above. We organized the introductory material in this way
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because this work pertains to multiple mathematical disciplines, including notably
Banach spaces, convex geometry, nonlinear functional analysis, metric embeddings,
extension of functions, and theoretical computer science. The backgrounds of poten-
tial readers are therefore varied, so even though the above overview achieves the goal
of presenting the main results quickly, it inevitably includes terminology that is not
familiar to some. The aforementioned organizational choice makes the ensuing dis-
cussion accessible. Additional background can be found in the monographs [181,220,
305] (Banach space theory), [36] (nonlinear functional analysis), [201, 244] (metric
embeddings), [64] (extension of functions), as well as the references that are cited
throughout.

While the ensuing extended introductory text is not short, it achieves more than
merely a description of the results, history, concepts and methods: it also contains
groundwork that is needed for the subsequent sections. Thus, reading the Introduc-
tion will lead to a thorough conceptual understanding of the contents, leaving to the
remaining sections considerations that are for the most part more technical.

We will start by focusing on the classical Lipschitz extension problem because it
is more well known than the stochastic clustering issues that lead to most of our new
results on Lipschitz extension, and also because it requires less technicalities (e.g., a
suitable measurability setup) than our subsequent treatment of stochastic clustering.
Throughout the Introduction (and beyond), we will formulate conjectures and ques-
tions that are valuable even without the links to Lipschitz extension and clustering
that are derived herein. After the Introduction, the rest of this work will be orga-
nized thematically as follows. Section 2 is devoted to proofs of our various lower
bounds, namely impossibility results that rule out the existence of extensions and
clusterings with certain properties. Section 3 and Section 4 deal with positive results
about random partitions. Specifically, Section 3 is of a more foundational nature as
it describes the concepts, basic constructions, and proofs of measurability statements
that are needed for later applications in the infinitary setting (of course, measurabil-
ity can be ignored for statements about finite sets). Section 4 analyses in the case
of normed spaces a periodic version of a commonly used randomized partitioning
technique called iterative ball partitioning, and computes optimally (up to univer-
sal constant factors) the probabilities of its separation and padding events. Section 5
shows how to pass from random partitions to Lipschitz extension, by adjusting to the
present setting the method that was developed in [173]. Section 5 also contains further
foundational results on Lipschitz extension, as well questions and conjectures that are
of independent interest. Section 6 contains a range of volume and surface area esti-
mates that are needed in conjunction with the theorems of the preceding sections in
order to deduce new Lipschitz extension and stochastic clustering results for various
normed spaces and their subsets. Section 7 proves that Conjecture 10 and Conjec-
ture 11 hold up to a factor of O(logn), and also shows that the approach that leads to
this result cannot fully resolve Conjecture 11.
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1.2 Basic notation

Given a metric space (Til, d ), a point x € T and a radius r = 0, the corresponding
closed ball is denoted By (x,7) ={y € M : dm (v, x) <r}. If (X, | - |x) is a Banach
space (in this work, all vector spaces are over the real scalars unless stated otherwise),
then denote by Bx the unit ball centered at the origin. Under this notation we have
Bx = Bx(0,1) and Bx(x,r) = x + rBx forevery x € X and r = 0.

If (M, dw), (N, dy) are metric spaces and ¥ : Tl — T, then for € C T the
Lipschitz constant of ¥ on C is denoted ||V |ripce;n) € [0, o0]. Thus, if € contains at
least two points, then

_ def dy, (1//(x), 1ﬂ()’))
||‘/f||L1p(e;n) = x?;lge W
x#y
In the special case Tl = R we will use the simpler notation ||V ||Lipce:r) = |V |Lipce)-
If X, |- Ix), (Y, |- |ly) are isomorphic Banach spaces, then their Banach-Mazur
distance dpm(X, Y) is the infimum of the products of the operator norms |7 || x—y

and ||7~!|ly_x over all possible (surjective) linear isomorphisms

T:X—-Y.

The (bi-Lipschitz) distortion of a metric space (Til, dy ) into a metric space (1, dy ),
denoted c(qn,qy) (M, dm) or cu () if the underlying metrics are clear from the
context, is the infimum over those D € [1, oo] for which there exists a mapping
¢ : M — N and (a scaling factor) A > 0 such that

Vx,y e M, Adwm(x.y) <dn(p(x).¢(y)) < DAdwm(x. ). (1.16)

Fix n € N. Throughout what follows, R” will be always be endowed with its stan-
dard Euclidean structure, i.e., with the scalar product (x, y) = x1y1 + -+ + x, yp, for
x=x1,....%n),Yy = (y1,...,¥Yn) € R". Given z € R” ~ {0}, the orthogonal pro-
jection onto its orthogonal hyperplane z+ = {x € R” : (x,z) = 0} will be denoted
Proj,. : R" — R". For 0 < s < n, the s-dimensional Hausdorff measure of a closed
subset A € R” is denoted vols(A). Integration with respect to the s-dimensional
Hausdorff measure is indicated by dx. If 0 < vols(A) < oo and f : A — R is con-
tinuous, then write f, f(x)dx = volg(A)~" [, f(x)dx.

Given a normed space (X, || - [x) and p € [1, oc], £,(X) is the vector space X"
equipped with the norm

1
Vx = (x .. xm) €X Ixlgon = (Ixallx + -+ lxallx) 7.

where for p = oo this is understood to be [[x||¢z (x) = Mmax;e(y,...ny [|x;[x. It is
common to use the simpler notation £, = £7(R) and we write as usual § n=l — dBgr.



12 Introduction

T

~_ F

IdC—)TﬂJ NG
¢

Figure 1.1. Given K > 1, the assertion that the Lipschitz extension modulus of a metric space
T satisfies e(M) < K means that for all subsets C € T, all Banach spaces Z and all 1-
Lipschitz mappings f : € — Z, there is a K-Lipschitz mapping F : Tl — Z such that the
above diagram commutes, where Ide_—. : € — M is the formal inclusion.

The Schatten—von Neumann trace class S}, is the (n2-dimensional) space of all n by
n real matrices M, (R), equipped with the norm that is defined by

VT e Mu(R), [Ty = (Tr((TT)3))7 = (Te((T*T)5))?

where [T ||z, = T ||¢z—e¢z is the operator norm of 7" when it is viewed as a linear
operator from {3 to £7.

1.3 Lipschitz extension

As we recalled in Section 1.1, one associates to every metric space (Til, dy ) a bi-
Lipschitz invariant®, called the Lipschitz extension modulus of (Til, dy ) and denoted
e(M, dw) or e(M) if the metric is clear from the context, by defining it to be the
infimum over those K € [1, co] with the property that for every nonempty subset
€ € M, every Banach space (Z, || - ||z) and every Lipschitz function f : C — Z
there is a mapping F : Tl — Z that extends f, i.e., F(x) = f(x) whenever x €
C, and || FlLipem,z) < K| fllLip(e,z); see Figure 1.1. All of the ensuing extension
theorems hold for a larger class of target metric spaces that need not necessarily
be Banach spaces, including Hadamard spaces and Busemann nonpositively curved
spaces [57], or more generally spaces that posses a conical geodesic bicombing (see,
e.g., [86]). This greater generality will be discussed in Section 5, but we prefer at
this introductory juncture to focus on the more classical and highly-studied setting of
Banach space targets.

When (X, || - ||x) is a finite dimensional normed space, the currently best-available
general bounds on the quantity e(X) in terms of dim(X) are contained the following
theorem.

The assertion that e() is a bi-Lipschitz invariant refers to the fact that the definition
immediately implies that if (1, dy ) is another metric space into which (T, dy ) admits a
bi-Lipschitz embedding, then e(M) < cp (W)e(N).
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Theorem 13. There is a universal constant ¢ > 0 such that for any finite dimensional
normed space X,
dim(X)¢ < e(X) < dim(X). (1.17)

The bound e(X) < dim(X) in (1.17) is a famous result of Johnson, Lindenstrauss
and Schechtman [140], which they proved by cleverly refining the classical extension
method of Whitney [312]; different proofs of this estimate were found by Lee and the
author [173] as well as by Brudnyi and Brudnyi [61] (see also the discussion in the
paragraph following equation (1.37) below). It remains a major longstanding open
problem to determine whether the bound of [140] could be improved to

e(X) = o(dim(X)).

The new content of Theorem 13 is the lower bound on e(X), which improves
over the previously known bound e(X) > exp(c+/logdim(X)); see Remark 98 for
the history of this question. It is a very interesting open problem to determine the
supremum over those ¢ for which Theorem 13 holds.” More generally, it is natural to
aim to evaluate the precise power-type behavior of e(X) as dim(X) — oo for specific
(sequences of) finite dimensional normed spaces X. However, prior to the present
work and despite many efforts over the years, this was not achieved for any finite
dimensional normed space whatsoever.

Theorem 14 (Restatement of Theorem 2). For every n € N we have e({",) < /n.

The bound e({5,) 2 /n follows from a combination of [60, Theorem 4] and [62,
Theorem 1.2]. The new content of Theorem 14 is the upper bound e({%) < /n
(and, importantly, the extension procedure that leads to it; see below). The previously
best-known upper bound on e(£% ) was the aforementioned O(n) estimate of [140].
The question of evaluating the asymptotic behavior of e(£;) as n — oo for each
p € [1, o0] is natural and longstanding; it was stated in [60, Problem 2] and reiterated
in [63, Section 4], [62, Problem 1.4] and [64, Problem 8.14]. Theorem 14 answers this
question when p = co. The upper bound on e(£,) of Theorem 14 is a special case of
a general extension criterion that provides the best-known Lipschitz extension results
in other settings (including for E; when p > 2), but we chose to state it separately
because it yields the first (and currently essentially only) family of normed spaces for
which the growth rate of their Lipschitz extension moduli has been determined.

Remark 15. Tt is also meaningful to study extension of 8-Holder functions for any
0 < 6 < 1. Namely, one can analogously define the 6-Holder extension modulus of a
metric space (W, dy ), denoted e? (W). Alternatively, this notion falls into the above

7Our proof of the lower bound on e(X) of Theorem 13 shows that this supremum is at least
%; see equation (2.5).
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Lipschitz-extension framework because one can define

ef(m) £ e(M, dfy). (1.18)
The results that we obtain herein also yield improved estimates on 8-Holder extension
moduli; see Corollary 140. However, when 6 < 1 we never get a matching lower
bound (the reason why we can do better in the Lipschitz regime 8 = 1 is essentially
due to the fact that Lipschitz functions are differentiable almost everywhere). For
example, in the setting of Theorem 14 we get the upper bound

Vo € (0.1], e (¢n) <nd, (1.19)

but the best lower bound on e’ (£%,) that we are at present able to prove is

NSNS
—
=iy
o
/N
>

< M- -
~ 8 k)
216l g <, (120

ee(ﬁ’;o) > gt §.§+62-13 _ ) !

n

We conjecture that e? (£7.) =4 n %, but proving this for 8 < 1 would likely require a
genuinely new idea.

Question 16. Despite its utility in many cases, the extension method that underlies
Theorem 14 does not yield improved bounds for some important spaces, including
notably ¢ and £3. Thus, determining the asymptotic behavior of e({]) and e({}) as
n — oo remains a tantalizing open question. Specifically, the currently best-known
bounds on e({7) are

Vn <e(l}) Sn, (1.21)

where the first inequality in (1.21) is due to Johnson and Lindenstrauss [138] and the
second inequality in (1.21) is the aforementioned general upper bound of [140] on
the Lipschitz extension modulus of any n-dimensional normed space. The currently
best-known bounds in the Hilbertian setting are

Yn < e(th) < v, (122)

where the first inequality in (1.22) is due to Mendel and the author [210] (a different
proof of this lower bound on e(£%) follows from [231]), and the second inequality
in (1.22) is from [173].

By the bi-Lipschitz invariance of the Lipschitz extension modulus, the second
inequality in (1.22) implies the following bound from [173], which holds for every
finite dimensional normed space X:

e(X) < dpm(X, £5™N) /dim(X). (1.23)

This refines the upper bound on e(X) in (1.17) because dgm (X, K‘;m(x)) < /dim(X)
by John’s theorem [137].
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Remark 17. In the context of the aforementioned question whether the bound
e(X) < dim(X) of [140] is optimal, by (1.23) we see that e(X) = o(dim(X)) unless
the Banach—Mazur distance between X and Euclidean space is of order /dim(X).
Structural properties of such spaces of extremal distance to Euclidean space have
been studied in [15,43, 142,221,255]; see also [305, Chapters 6 and 7]. In particu-
lar, the Mil’man—Wolfson theorem [221] asserts that this holds if and only if X has a
subspace of dimension k = k(dim(X)) whose Banach—Mazur distance to Z’f is O(1),
where limy, o0 k(1) =

As dgm (€7, £2) < n!P=21/@P) for all n € N and p € [1, o0] (see [139, Section 8]),
it follows from (1.23) that

1
nvifpell2),
e(zg)g{ v teellal (1.24)

n— 7 if pe[2,00].
(1.24) was the previously best-known upper bound on e({}), and here we improve it
for every p > 2.

Theorem 18. For everyn € N and every p € [1, 00] we have e({}) < pmaxt3s 5

Theorem 14 is the case p = oo of Theorem 18. We do not know if Theorem 18
is optimal (perhaps up to lower order factors) as n — oo for fixed p € [2, c0), but
we conjecture that this is indeed the case, which would resolve [60, Problem 2]. The
currently best-known lower bound on e({}) for every p € [1, 00] is

1_1 4
nr=2 ifl<p<g3,
vn 1f4 <p<2,
e(t1) 2 v P (1.25)
nzr if2< p <3,
n%_% if3< p<oo.

A lower bound on e({}) that coincides with (1.25) when p € [1,4/3] U [3, 00] is
stated in [64, Corollary 8.12], but [64, Corollary 8.12] is weaker than (1.25) when
4/3 < p < 3. The reason for this is that the lower bound of [210] on e({}) that appears
in (1.22) was not available when [64] was written, but (1.25) for4/3 < p < 3 follows
quickly by combining the first inequality in (1.22) with [99]; see Remark 2.4.

Remark 19. Theorem 18 resolves negatively a conjecture that A. Brudnyi and Y.
Brudnyi posed as Conjecture 5 in [60]. They conducted a comprehensive study of the
linear extension problem for real-valued Lipschitz functions, where one considers for
ametric space (Til, dyw ) a quantity A (M) which is defined the same as e(Tl), but with
the further requirements that the function f is real-valued and that the extended func-
tion F' depends linearly on f. Namely, A(Til) is the infimum over those K € [1, o0]
such that for every C € T there is a linear operator Exte : Lip(€C) — Lip(Tl) that
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assigns to every Lipschitz function f : € — R a function Exte f : Wl — R satisfying
Exte f(s) = f(s) for every s € C, and

lExte f lLipm) < K|l flILipce)-

They also considered a natural variant of this quantity when Tl = X is a Banach
space, denoted Aoy (X), which is defined almost identically to A(X) except that now
the subset C is only allowed to be any convex subset of X rather than a subset of X
without any additional restriction. Conjecture 5 in [60] states that

V(p.n) € [1,00] x N, A(€3) =p Aconv(€y) /1. (1.26)

Theorem 18 implies that this conjecture is false for every p € (2, oo]. Indeed, the
asymptotic behavior of Acgny (ZZ) was evaluated in [63, Theorem 2.19], where it was
shown that

Vpelliool Aem(E) =nlt3l.

Consequently, )Lconv(ﬂ;’,)\/_ = n'"% when p > 2. Next, in [62] a quantity v(T)
was associated to a metric space (WL, dyw ) by defining it almost identically to the
definition of e(Til), except that the target Banach space Z is allowed to be any finite
dimensional Banach space rather than any Banach space whatsoever. By definition
v(TM) < e(T), but actually A(TN) = v(M) thanks to [62, Theorem 1.2] (see the
work [11] of Ambrosio and Puglisi for more on this “linearization phenomenon’).
Using these results in combination with Theorem 18, we see that for every p € (2, o],
as n — oo we have

MED) = v() < o(t}) 5 Vi = on' ).

Thus, A(€;) = O(ACOHV(KZ)ﬁ) as n — oo for any p > 2, in contrast to the conjec-
ture (1.26) of [60].

Prior to passing to the general Lipschitz extension theorem that underlies the new
results that were described above, we will further illustrate its utility by stating one
more concrete application. For each p € [1,00] andn € N, if k € {1,...,n}, then let
(€)<k denote the subset of R” consisting of those vectors with at most k nonzero
coordinates, equipped with the metric that is inherited from £7).

Theorem 20. For every p € [1,00], everyn € N and every k € {1, ...,n} we have
o(()ct) < )

Theorem 18 is the special case k = n and p = 2 of Theorem 20.If 1 < p <2 and
k = n, then Theorem 20 is the estimate (1.24), which is the best-known upper bound
on e({}) for p in this range. However, for general k € {1,...,n} Theorem 20 yields
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a refinement of (1.24) in the entire range p € [1, oo] which does not seem to follow
from previously known results. In particular, the case p = 2 of Theorem 20 becomes

e(()<k) S Vk. (1.27)

Even though (1.27) concerns a Euclidean setting, its proof relies on a construction that
employs a multi-scale partitioning scheme using balls of an auxiliary metric on R”
that differs from the ambient Euclidean metric. The utility of such a non-Euclidean
geometric reasoning despite the Euclidean nature of the question being studied is
discussed further in Section 1.4.

1.4 A volumetric upper bound on the Lipschitz extension modulus

We will prove that Theorem 20 (hence also its special cases Theorem 14 and The-
orem 18) is a consequence of Theorem 21 below, which is a Lipschitz extension
theorem for subsets of finite dimensional normed spaces in terms of volumes of
hyperplane projections of their unit balls. Throughout what follows, for dealing with
volumetric notions we will adhere to the following conventions. Given n € N, when
we say that X = (R”, || - ||x) is a normed space we mean that the underlying vector
space is R” and that || - ||x : R" — [0, 00) is a norm on R”. This is, of course, always
achievable by fixing any scalar product on an n-dimensional normed space. While the
ensuing statements hold in this setting, i.e., for an arbitrary identification of X with
R”, a judicious choice of such an identification is beneficial; the discussion of this
important matter is postponed to Section 1.6.2 because it is not needed for the initial
description of the main results. We will continue using the notation

By ={xeR":|x|x <1}

for the unit ball of X. Also, given € C R” we denote by Cx the metric space consisting
of the set C equipped with the metric that is inherited from | - |x. This notation is
important for us because we will crucially need to simultaneously consider more than
one norm on R”.

Theorem 21. Suppose that n € N and that X = (R", || - ||x) and Y = (R™, || - |ly)
are two normed spaces. Then, for every C C R" we have the following upper bound
on the Lipschitz extension modulus of Cx:

o(Cx) < ( sup lx — y||x) sup (VOln—l(PrOj(x_y)J_BY) . [|x —J’”ég) (1.28)
x,y€C ”x - y”Y x,y€C vol, (By) ”JC - y”X
xX#y xX#y

We will next discuss the geometric meaning of Theorem 21 and derive some of
its consequences, including Theorem 20. Firstly, by homogeneity the case € = R”
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of (1.28) becomes

vol,—1 (Proj,1 By)
eX) < (sup Iyl sup( et ). (1.29)
(yeaBy ) x€dBx VOln (BY) 2

The quantity supycyp, [[v|x in (1.29) is the norm |[[Id, [[y—»x of the identity matrix
Id, € M, (R) as an operator from Y to X. Alternatively,

L.
sup [|y[lx = 5 diamx(By),
yeaBY 2
where for each € C R” we denote its diameter with respect to the metric that X
induces by
diamx(€) = sup [lx — y|x.
x,y€C
Given a convex body K C R”, let IT* K € R” be the polar of the projection body
of K, which is defined to be the unit ball of the norm || - ||f7*x on R” that is given by
setting for every x € R” ~ {0},

def 1 )
Ix g = 3 /3K [(x. Nk (y))| dy = VOln_l(PrijJ_K)”x”gg, (1.30)

where Ng(y) € S"~! denotes the unit outer normal to dK at y € dK (which is
uniquely defined almost everywhere with respect to the surface-area measure on 0K),
and the final equality in (1.30) is the Cauchy projection formula (see, e.g., [102,
Appendix A]). The projection body I1K of K is the polar of IT*K. These impor-
tant notions were introduced by Petty [251]. When X = (R”, | - ||x) is a normed
space let IT*X be the normed space whose unit ball is IT* Bx. Let [1X = (IT*X)* be
the normed space whose unit ball is I Bx.

By substituting (1.30) into (1.29) we get the following interpretation of our bound
on e(X) in terms of analytic and geometric properties of projection bodies; it is worth-
while to state it as a separate corollary even though it is only a matter of notation
because of its intrinsic interest and also because these alternative viewpoints were
useful for guiding some of the subsequent considerations.

Corollary 22. Any two normed spaces X = (R”, || - ||x), Y = (R", || - |ly) satisfy

diamx (By) diamp+y(Bx) _ [|ldn[ly—xI[1dn x>y

e(X) < =
)= Vol (By) vol, (By)
_ INdnllx>vllidnl[my—x* _ diamx(By) diamy:(I1By) (131)
vol, (By) - vol(By) '

The penultimate step in (1.31) is duality (the norm of an operator equals the norm
of its adjoint) and the final quantity in (1.31) relates Theorem 21 to the second esti-
mate in Theorem 3.
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Remark 23. It is worthwhile to note that Corollary 22 has the right affine invari-
ance. For S € SL,(R) let SX = (R”, || - || sx) be the normed space whose unit ball is
S Bx. Equivalently, || x||sx = ||S™'x||x for every x € R”. Then X and SX are isomet-
ric, so e(SX) = e(X). We have (SX)* = (S*)~!X* (by definition), and I1(SBy) =
(S*)"'I By by [251]. From this we see that diamgy)+(ITBgy) = diamy:(T1By).
Thus, the minimum of the right-hand side of (1.31) over all normed spaces Y =
(R™, || - |ly) is also invariant under the action of SL, (R).

The special case of Theorem 21 in which the normed space Y coincides with
the given normed space X is in itself a nontrivial bound on the Lipschitz extension
modulus. Examining this special case first will help elucidate how the idea arose to
introduce an auxiliary space Y that may differ from X, and why this can yield stronger
estimates. If X = Y, then the bound (1.28) becomes

vol,—1 (Proji,_, L B llx = yllez
e(Cx) < sup ( =1 (Prole—y)1. X)- 2) (1.32)
x,y€C VOln(BX) ||X - y”X
X#y
Correspondingly, the bound (1.29) becomes
vol,—; (Proj,. B d B
00 5 sup (PR, ) - e
z€dByx vol, (Bx) vol, (Bx)

Even these weaker estimates suffice to obtain new results, e.g., we will see that this
issoif2< p=0(1)and X = Zz. However, as we will soon explain, (1.33) does
not imply an upper bound on {7 that is better than the aforementioned general bound
of [140]. Despite this shortcoming of (1.32) and (1.33) relative to (1.28), it is worth-
while to state these special cases of Theorem 21 separately because they are simpler
than (1.28) and hence perhaps somewhat easier to remember. Moreover, a naive way
to enhance the applicability of (1.32) is to leverage the fact that the Lipschitz exten-
sion modulus is a bi-Lipschitz invariant, so that

e(Cx) < [[ldx [|Lip(ey,ex) 11dn ILip(ex,ey)€(Cy).

Consequently, by estimating e(Cy) through (1.32) we formally deduce from (1.32)

that
et 5 ((up LT2I) (g Lol
xX,y€C ”x - an x,y€eC ||)C - y”X

x#y x#y
vol,—1 (Proji,_,yL B l[x — yllez
. sup ( o1 (Prole—yy 1 By) 2) (1.34)
x,y€C VOln(BY) ”x - y”Y
x#y

We do not see how to deduce Theorem 18 and Theorem 20 from (1.34). However, we
will show that (1.34) suffices for proving Theorem 14 (as well as some other results
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that will be presented later). In summary, even the case of Theorem 21 in which the
auxiliary space Y coincides with X is valuable, but Theorem 21 does not follow from
merely combining its special case Y = X with bi-Lipschitz invariance.

Given a normed space X = (R”, || - [|x) and z € R” ~ {0}, the quantity

1 ,
- voly—1 (Proj, . Bx) | zll¢n (1.35)
is equal to the volume of the cone
Cone. (Bx) £ conv({z} U Proj,. Bx)  R” (1.36)

whose base is the (n — 1)-dimensional convex set Proj, . Bx C z+ and whose apex
is z. In (1.36) and throughout what follows, conv(:) denotes the convex hull. Thus,
the estimate (1.33) can be restated as follows:

vol,, (Cone, (B
e(X) <n sup n( z( X))
z€0Bx VOln (BX)

(1.37)

Through (1.37) we see that the geometric interpretation of the “bad spaces” X
for (1.33) is that these are the spaces that have a “pointy direction” z € dBx for which
the volume of the cone Cone;(Bx) is a significant fraction of the volume of By.
Examples will be presented next, but note first that a short geometric argument (see
the proof of [109, Lemma 5.1]) shows that vol, (Cone,(Bx)) < vol,(Bx)/2, so the
right-hand side of (1.37) is at most /2. Hence, (1.33) is a refinement of the classical
bound e(X) < n of [140].

Nevertheless, a “vanilla” application of (1.33) does not yield an asymptotically
better estimate than that of [140] even when X = {7 . Indeed, Byn, = [-1,1]" and a
simple argument (see [75]) shows that

voly—1 (Proj, 1 [-1.1]")  l|zll¢r

Vz € R" < {0}, = .
o (-0 20l

(1.38)

So, by considering the all 1’s vector z = 1y, ) € 0By we see that for X =
£ the right-hand side of (1.33) is at least n/2. The right-hand side of (1.33) is at
least 7/2 when X = {7, as seen by taking z = (1,0,...,0) € 9Bg». Such “prob-
lematic" directions z € dBx can sometimes be the overwhelming majority of dBx.
Consider Ball’s counterexample [21] to the Shepard Problem [287], which states that
for any n € N there is a normed space X = (R”, || - ||x) such that vol,(Bx) = 1
yet vol,—1 (Proj, . Bx) 2 /i for every z € §"~. Since vol, (Bgz) < (3/+/n)" while
vol, (Bx) = 1, the proportion of those z € dBx for which |[z[l¢z = /n/4 tends to 1
as n — oo (exponentially fast). Any such z satisfies

vol,—1 (Proj,. Bx)
vol, (Bx)

lzllen 2 n.
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These obstacles can sometimes be overcome by perturbing the given normed
space X prior to invoking (1.33), i.e., by using of Theorem 21 with a suitably chosen
auxiliary normed space Y = (R”, || - ly). In particular, | - ||z < nl/2=1/p|. [l when
p = 2 by Holder’s inequality, so Theorem 18 follows from a substitution of the space
Y;’, of Theorem 24 below into Theorem 21 (with X = E;‘,), or even into (1.34).

Theorem 24. Foranyn € N and p € [1, 0o] there is a normed space
Y, = @R llyp)
that satisfies

vol,—1 (Proj, L Byn
Ve eRT () el < Dxlly, ana ot B)
vol, (Byn)

=

(1.39)

The case p = oo of Theorem 24 implies Theorem 20 by an application of The-
orem 21. Indeed, fix p = 1 and n € N. Suppose that x, y € (£})<k for some k €
{1,...,n}. Then x — y has at most 2k nonzero coordinates. Therefore, if Y7  is as in
Theorem 24, then by Holder’s inequality we have

@k) T35 x — ylly < [lx = gy < @K)P x = yllen, < kP [lx = yllyn-

(1.40)
Theorem 20 follows by substituting these bounds and the case p = oo of (1.39)
into (1.28). Observe that we would have obtained the weaker bound e(({})<k) <

k1/P+1/2 if we used (1.34) instead of (1.28).
If p = O(1), then one can take Y}, = £ in Theorem 24. In fact, the direction

z € §"~! at which

max vol,—1(Proj, . Bn) (1.41)

zeSn—1

is attained was determined by Barthe and the author in [32]. This result implies that

voly—1(Proj, . Byn)

Vp=1, max = n7 /min{p,n}. (1.42)

zeSn—1 VOln(B(g)

As [32] computes (1.41) exactly, the implicit constant factors in (1.42) can be eval-
uated, but in the present context such precision is of secondary importance. While
(1.42) follows from [32] (see the deduction in [227]), we will give a self-contained
proof of (1.42) in Section 6 as a special case of a more general result that we will
use for other purposes as well. In the range g € (2, 00), a different approach to com-
puting (1.41) was found in [157]. Earlier methods for estimating (1.41) with worse
lower order factors are due to [223,286]; the latter is an adaptation of an idea (used
for related purposes) in [45].

Foreach k € {1,...,n}, by applying (1.28) with Y = {7 for some ¢ = p, using
(1.42) with p replaced by ¢, and optimizing the resulting bound over ¢, one obtains
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a result that matches Theorem 20 up to unbounded lower order factors. More pre-
cisely, the best that one can get with this approach is when

q = max{2log(%), p}

if p <log(2k).If p = log(2k), then use (1.28) with Y = Eﬁ)g(zk).

Theorem 24 provides an auxiliary space Y for which a use of (1.28) removes
the above lower order factors, and yields a sharp result when p = oo (we conjecture
that it is sharp for any p > 2). Regardless of whether we apply (1.28) with the space
Y = Y, of Theorem 24 or with Y = {7 for a suitable choice of ¢ = p, we have seen
that without using an auxiliary space Y # Ez in (1.28) we do not come close to such
results.

Even though in Theorem 21 we are interested in extending functions that are
Lipschitz in the metric that is induced by the given norm || - ||x, the underlying reason
for the bounds of Theorem 21 is a partitioning scheme (to be described below) that
iteratively carves out balls in the metric that is induced by the auxiliary norm || - ||y.
So, the perturbation of X into Y amounts to exhibiting a Lipschitz extension operator
through the use of a multi-scale construction that utilizes geometric shapes that differ
from balls in the ambient metric. This strategy is feasible because the quantity e(Cx)
in the left-hand side of (1.32) is a bi-Lipschitz invariant, while the volumes that appear
in the right-hand side of (1.32) scale exponentially in n. Hence, by passing to an
equivalent norm one could hope to reduce the right-hand side of (1.32) significantly,
while not changing the left-hand side of (1.32) by too much.

This perturbative approach is decisively useful for X = ¢7 . When one unravels
the ensuing proofs, the upper bound on e(£%,) of Theorem 14 arises from a multi-
scale construction of an extension operator (using a gentle partition of unity [173])
that utilizes a partition of space that is obtained by iteratively removing sets of the
form x + rByn_, where Y7 is as in Theorem 24. If one carries out the same procedure
while using balls of the intrinsic metric of £  (namely, hypercubes x + r[—1, 1]"
in place of x + rByn_, which look like hypercubes with “rounded corners”), then
only the weaker bound e(€’)) < n is obtained. We already mentioned that such a
phenomenon even occurs in the proof of the Euclidean estimate (1.27).

The following two examples describe further uses of Theorem 21; we will work
out several more later.

Example 25. In the forthcoming work [234], the author and Schechtman prove (for
an application to metric embedding theory) the following asymptotic evaluation of
the maximal volumes of hyperplane projections of the unit balls of the Schatten—von
Neumann trace classes:

V01n2_1 (ProjAL BSZ )

Vg =1, max = n2te J/min{g,n).  (1.43)

AeM, (R)~{0} vol,2 (BSZ)
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Upon substitution into Theorem 21, this yields the following new estimates on the
Lipschitz extension moduli of Schatten—von Neumann trace classes, which holds for
every p = | and every integer n = 2:

o) < |

nits if p e [1,2],

ny/min{p,logn} if p € [2,00].

(1.44)

Indeed, by Holder’s inequality

; 1_1
I sy < ™0 272| - g,

so (1.44) for p < logn follows from a substitution of these point-wise bounds and
(1.43) when ¢ = p into the case X =Y = S of Theorem 21. The case p = logn
of (1.44) follows from the same reasoning using (1.43) when g = logn and Theo-
rem 21 for X = SZ and Y = SZ, since in this case dgm(S?, SZ) < 1. Note that, since
dim(Sy) = n2, for every p € [1, o] the bound on e(Sp) in (1.44) is o(dim(S})), i.e.,
it is asymptotically better than what follows from [140].

More generally, given p = 1, anintegern = 2 and r € {3,...,n}, let (Sp)<, be
the set of n by n matrices of rank at most r, equipped with the metric inherited from
S;‘,. Then, (1.44) has the following strengthening:

max{log(%), if p <logr,
e((s;)sr)srmax{%’%}\/ﬁ- ymax{log(¥), p} if p <log (145)

Jlogn if p = logr.

To justify (1.45), apply Theorem 21 with X = S} and Y = S} for some ¢ = p
while using (1.43), and optimize the resulting bound over g. Specifically, as for
A, B € (S,)<r the matrix A — B has at most 2r nonzero singular values, by Holder’s
inequality we have

|4~ Bllgy < @r)"™°"5} |4 - Bl
and L
14— Bllsp < 2r)7" «||A— Bllsz.
In combination with (1.43), we therefore get the following bound from (1.28):
[4—Blls; i1 A= Blsz
sperz( o WD) (e gl
(Sp)<r) A,Besp)< 14— Bllsy ) a,Besy)<, |A— Bllsy
A#B A#B
< rrandta Jgrmeta o (1.46)
The ¢ = p that minimizes the right-hand side of (1.46) is max{2log(n/r), p}, yield-

ing (1.45) when p <logr.If p = logr, then |4 — Bl|sz =< [[A — B”Sﬁgr for every
A, B € (S})<r, 50 (1.45) reduces to its special case p = logr.
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We conjecture that it is possible to replace the logarithmic factor in (1.45) by a
universal constant, i.e.,

e((Sh)<r) < r™ 2 /i, (1.47)

As we will see in Section 1.6, Conjecture 26 below is equivalent to the symmetric
isomorphic reverse isoperimetry conjecture (see Conjecture 47) for M, (R) equipped
with the operator norm, which is an especially interesting special case of this much
more general conjectural phenomenon; by reasoning as we did in the above deduc-
tion of Theorem 20 from (the special case p = oo of) Theorem 24 (recall the dis-
cussion immediately following (1.40)), a positive answer to Conjecture 26 would
imply (1.47).

Conjecture 26. For every n € N there exists a normed space
Y = (My(R), || - [lv)

such that for every nonzero n by n matrix A € M, (R) ~ {0} we have ||Aly =< ||4]|sz,
and

vol,>_; (Proj,. By) < vol,2(By)«/n.

Example 27. Since the {2 (£%,) norm on M, (R) is isometric to E’;i , by Theorem 24
there is a normed space Y = (M, (R), || - ||y) that satisfies

I Allen,eny < 1Ally < N1 Alleng e
for every A € M, (R), and

vol,>_(Projs. B
max w21 (Proja: By) = 0(1).
AeM,, (R)~{0} vol,2(By)

By Holder’s inequality, for every p,q € [1,00] and A € M, (R) we have
141 141
Allgneny < n? 4| Allgn eny <n?tal|Ally

and 1_1 1_1
Al gz qeny < n™ 75O =208 4] gy
Therefore, Theorem 21 gives the Lipschitz extension bound

1 1 1 1 1 1 1 11 11
e((r(n)) < nptatmda=p Ohtmds =g 0F - ymaxtl 4y 5+ 5.5+

Q=

Yo(1.48)

As in the case of £}, we get (1.48) if p,q = O(1) by using Theorem 21 with Y =
X = £ (£}), but otherwise we need to work with an auxiliary space Y # X as above.
Specifically, in Section 6 we will prove the following asymptotic evaluation of the
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maximal volume of hyperplane projections of the unit ball of £7(£7):

vol,>_y (Projs 1 Benceny)
max
Aemy®)~0}  vol,2 (Bgyem))

ifn < min{/p.q}.
ifg<n<./p.

if /p <n < min{p,q},
if max{,/p.q} <n < p,
ifp<n<g,

=
S
S
N—
+
Q=

(1.49)

ﬁ S
AN
S
Q=
|
NJ—

+

N
D=
N =

+

npte ifn = max{p,q}.

S

The intricacy of (1.49) is perhaps unexpected, though it is nonetheless sharp in all
of the six ranges (depending on the relative locations of p, ¢, n and, somewhat curi-
ously, ,/p) that appear in (1.49). By reasoning analogously to the discussion follow-
ing (1.42), one can prove a bound on e(£},(£7)) that matches (1.48) up to lower order
factors by applying Theorem 21 with Y = {7 (£}) and then optimizing over r, s > 1.
For the sole purpose of this application, only the range n = max{p, g} of (1.49) is
needed. However, results such as (1.49) have geometric interest in their own right
for all of the possible values of the relevant parameters. We will actually prove a
version of (1.49) for £7(£7') even when n # m; the case of rectangular matrices is
independently interesting, but we will also use it elsewhere (see Remark 56 below).

Problem 28. Determine the exact maximizers of volumes of hyperplane projections
of the unit balls of S and £7(£7), i.e., for which A € M, (R) ~ {0} are the maxima
in (1.43) and (1.49) attained.

1.5 A dimension-independent extension theorem

In the preceding sections we stated all of the extension theorems using the traditional
setup that aims to extend a Lipschitz function to a function that is Lipschitz with
respect to the given metric. However, all of our new (positive) extension theorems
are a consequence of Theorem 29 below, which is a nonstandard Lipschitz extension
theorem.

Theorem 29 asserts that if X = (R”, || - ||x) is a normed space and f is a 1-
Lipschitz function from a subset of R” to a Banach space Z, then f can be extended
to a Z-valued function that is defined on all of R” and is O(1)-Lipschitz with respect
to the metric that is induced on R” by the norm ||| - ||| = 2| - llr*x/ Vol (Bx), i.e., a
suitable rescaling of the norm whose unit ball is the polar projection body of Bx. This
rescaling ensures that ||| - ||| dominates || - [|x; indeed, by an elementary geometric
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argument (see Remark 112),

2| xllmx
Vx e R?, |x|lx £ ——— <n|x|x. 1.50
[lx[1x vol, (Bx) [lxllx (1.50)
Thus, the conclusion of Theorem 29 that the extended function is Lipschitz with
respect to ||| - ||| is less stringent than the traditional requirement that it should be
Lipschitz with respect to || - ||x, but Theorem 29 has the feature that the upper bound
on the Lipschitz constant is independent of the dimension.

Theorem 29. Fix n € N and a normed space X = (R", || - ||x). Fix also a Banach
space (Z, || - ||z). Suppose that C € R" and f : C — Z is 1-Lipschitz with respect
to the metric that is induced by || - ||x, i.e., || f(x) — fD)lz < |x — ylx for every
x,y € C. Then, there exists F : R" — Z that coincides with f on C and satisfies

Il — yllmex

Vx,y € R", F(x)—-F S .
xy 1F) = FOlz < 7 r

To see how Theorem 29 implies Theorem 21, denote (in the setting of the state-
ment of Theorem 21):

M = sup (” _y”X) (1.51)
x,yeC ”x y“Y
xX#y
e =yl
vol,—1(Projix—_,)L B X —Y|len
M = sup( =1 (Prol(e—y)+ Y)- 2) (1.52)
x,y€C VOln(BY) ”x - y”X

x#y

Thus, every x, y € Csatisfy ||x — y|lx < M||x — y|ly and, recalling (1.30), also

I = yllmey

<M|x - .
vol, (By) | ylx

Let (Z, | - ||z) be a Banach space. Consider an arbitrary subset ¢’ C C. If f : €' — Zis
1-Lipschitz with respect to the metric that is induced by || - ||x, then the function f/ M
is 1-Lipschitz with respect to the metric that is induced by Y. By Theorem 29 (with
X replaced by Y, C replaced by €, f replaced by f/M) we therefore see that there
exists ' : R” — Z (for Theorem 21 we only need F to be defined on C) that extends
F and satisfies || F(x) — F()llz < M||x — yllm*y/ vola(By) < MM'|[x — y|x for
all x, y € C. This coincides with (1.28).

Remark 30. Given p = 1, consider what happens when we apply Theorem 29 to the
space Y}, of Theorem 24. We get that for any € € R" and any Banach space Z, if
f + € — Zis 1-Lipschitz with respect to the £, metric, then f can be extended to
F :R™ — Z that is O(n'/?)-Lipschitz with respect to the Euclidean metric. When
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p < 2, the Lipschitz assumption on f is less stringent than requiring it to be O(1)-
Lipschitz with respect to the Euclidean metric, but we then get an extension F that
is O(n'/P)-Lipschitz with respect to the Euclidean metric; this upper bound on the
Lipschitz constant of F is asymptotically larger than the O(+/n) bound that we would
get if f were assumed to be 1-Lipschitz with respect to the Euclidean metric and we
applied the second inequality in (1.22), but we get it while requiring less from f.
In particular, when p = 1 we see that any Z-valued function on a subset of R” that
is 1-Lipschitz with respect to the £ metric can be extended to a Z-valued function
defined on all of R” whose Lipschitz constant with respect to the Euclidean metric is
O(n), while an application of [140] will give an extension that is O (n)-Lipschitz with
respect to the £} metric. On the other hand, if p > 2, then the Lipschitz assumption
on f is more stringent than requiring it to be O(1)-Lipschitz with respect to the
Euclidean metric, but we then get an extension F that is O(n'/?)-Lipschitz with
respect to the Euclidean metric, which is asymptotically better than the O(4/n) bound
from (1.22). In particular, when p = oo we see that any Z-valued function on a subset
of R” that is 1-Lipschitz with respect to the £2 metric can be extended to a Z-valued
function on all of R” whose Lipschitz constant with respect to the Euclidean metric

is O(1).

1.6 Isomorphic reverse isoperimetry

All of the applications that we found for Theorem 21 proceed by bounding the vol-
umes of hyperplane projections of By that appear in right-hand side of (1.28) by

MaxProj(By) & max . vol,—1 (PronL By). (1.53)
zeS"n—

Thus, it follows from (1.29) that for any two normed spaces X = (R”, || - |x) and
Y = (R", || - |ly) with By € Bx we have

< MaxProj(By)

e(X) < vol, (By) diamyzz (Bx). (1.54)

Even though there could conceivably be an application of (1.29) that is more
refined than (1.54), in this section we will investigate the ramifications of bounding
MaxProj(Bx) as a way to use Theorem 21. This will relate to the isomorphic reverse
isoperimetric phenomena that we conjectured in Section 1.1.1.

Any origin-symmetric convex body L C R” satisfies

vol,—1(dL)
N

MaxProj(L) = (1.55)
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Indeed, this follows immediately from the following classical Cauchy surface area
formula (see, e.g., [282, equation (5.73)]) by bounding the integrand by its maximum:
+1
2V7T (%)

vol,—1(0L) = T%) ]in_l vol,—1 (PronL L) dz

= /n vol,—1 (Proj, 1 L) dz.

Ssn—1
Remark 31. Using (1.55), Theorem 24 implies that Conjecture 9 (isomorphic reverse
isoperimetry) holds (with S the identity mapping) when K = B for any p > 1 and
n € N. Indeed, let Y}, be the normed space from Theorem 24. By the first inequality
in (1.40) we have

1 1

voly (Byn )™ < voly (Ben)™ = no, (1.56)

where the last equivalence in (1.56) is a standard computation (e.g., [263, p. 11]).
By (1.55) and (1.56), the second inequality in (1.40) implies that the isoperimetric
quotient of Byz is O(+/n). So, Conjecture 9 holds for K = By if we take L to be a
rescaling by a universal constant factor of By so that L € K.

Thanks to (1.55), if we set K = Bx and L = By in (1.54), then the right-hand
side of (1.54) satisfies
MaxProj(L l,—1(0L
axProj(L) diamgn (K) 2 Y2 1(0L)
vol, (L) 2 /nvol, (L)
_iq(L) diamyz (K) o diamyz (K)
Vi vol, (L) volu(K)7

Vv

diamgz (K)

, (1.57)

where we recall notation (1.11) for the isoperimetric quotient iq(-) and the last step
uses the isoperimetric theorem (1.12) and the assumption L. € K. The following
proposition explains what it would entail for one to be able to reverse (1.57) after
an application of a suitable linear transformation; in particular, it shows that one can
find S € SL,(R) and an origin-symmetric convex body L € SK such that

MaxProi(L diamyz (SK)
MaxProi(l) iames (SK) < 82
vol, (L) 2 vol,(K)#

if and only if Conjecture 10 on weak isomorphic reverse isoperimetry holds for K.

Proposition 32. The following two statements are equivalent for every n € N, every
origin-symmetric convex body K C R" and every o > 0.

(1) There exist a linear transformation S € SL, (R) and an origin-symmetric con-
vex body L € SK with

MaxProj(L)

1
1, (K)" < a. 1.
vol,(L) vol, (K) o (1.58)
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(2) There exist a linear transformation S € SL, (R) and an origin-symmetric con-
vex body L C SK that satisfies /vol,(L) = B Y/vol,(K) andiq(L) < y/n
forsome B Z 1/aandy S awithy/B < «a.

Proof. For the implication (1)=(2) we introduce the notations y = iq(L)/+/n and
B = Yvol,(L)/ %/vol,(K). Then,

(158 MaxProj(L)
~ vol, (L)

1 (39 vol,—1(9L) Y
~ Volu(L)y/n B

Since by the isoperimetric theorem (1.12) we have y = 1, it follows from this that
B2 1/a,andsince L € SK and S € SL,(R), we have vol, (L) < vol,(K),so 8 <1
and it also follows from this that y < «.

For the implication (2)=>(1), fix T € SL,(R) that satisfies

vol, (K VOln(K)% =

vol,—1(dTL) = min{vol,—1(dT'L) : T' € SL,(R)},

i.e., TL is in its minimum surface area position [250]. So, vol,—1 (0T L) <vol,—1 (dL)
by the definition of 7', and by Proposition 3.1 in the work [104] of Giannopoulos and
Papadimitrakis combined with (1.55) we have

vol,—1(dTL)
Jn .

Consequently, if L satisfies part (2) of Proposition 32, then

MaxProj(TL) =<

MaxProj(TL)
vol,(TL)

vol, (K)% =

vol,_1 (dTL)

1
P 1890 2 ol (K)o
vol, (T Ly v (&)

- vol,—1(0L)
~ vol,(TL)/n
. 1
_iq(L) (vol. (K)\" _ v _
vn \vol, (L)) ~ B~
Hence, (1) holds with S replaced by 7'S € SL,,(R) and L replacedby TLC TSK. =

vol, (K) i

o.

Since when o < 1 in Proposition 32 the assertion of its part (2) coincides with
Conjecture 10, it follows that Conjecture 10, and a fortiori Conjecture 9, imply that
for any normed space X = (R”, | - ||x) there is S € SL,(R) such that e(X) is at most
a universal constant multiple of diamyz (SBx)/ y/vol,(Bx). Indeed, this follows by
applying Theorem 21 to the normed spaces X' = (R”, || - ||x’) and Y = (R”, || - |ly)
whose unit balls are SBx and L, respectively, where S and L are as in part (1) of
Proposition 32 for K = By, while noting that e(X’) = e(X) since X’ is isometric
to X. We record this conclusion as the following corollary.
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Corollary 33. If Conjecture 10 holds for a normed space X = (R, || - ||x), then there
is S € SL,(R) such that
diamyn (SB )
o(x) < Hames (SBx) X,
vol, (Bx)"

The upshot of Corollary 33 is that the right-hand side of (1.59) involves only
Euclidean diameters and nth roots of volumes, which are typically much easier to
estimate than extremal volumes of hyperplane projections. This comes at the cost of
having to find the auxiliary linear transformation S € SL, (R), but we expect that in
concrete settings it will be simple to determine S. Moreover, in all of the specific
examples of spaces for which we are interested (at least initially) in estimating their
Lipschitz extension modulus, S should be the identity mapping. We will discuss this
matter and its consequences in Section 1.6.2.

(1.59)

Remark 34. There is a degree of freedom that the above discussion does not exploit.
Let X = (R”, || - ||x) be a normed space. By (1.31), we know that e(X) is bounded
from above by a constant multiple of the minimum of diamp+y(Bx)/ vol, (By) over
all the normed spaces Y = (R”, || - ||y) for which By C Bx. By (1.54), to control this
minimum it suffices to estimate the minimum of MaxProj(By)/ vol,,(By) over all
such Y, which relates to isomorphic reverse isoperimetric phenomena. But, we could
also take a normed space W = (R™, | - |w) for m = n such that By N R" = Bx
(we need that W contains an isometric copy of X), estimate either of the two minima
above for the super-space W, and then use e(X) < e(W). Thus, it would suffice to
embed X into a larger normed space that exhibits good isomorphic reverse isoperime-
try. Our conjectures imply that such an embedding step is not needed, namely we
expect that the desired isomorphic reverse isoperimetric property holds for X. Nev-
ertheless, it could be that by finding a suitable super-space W one could bound e(X)
while circumventing the difficulty of proving Conjecture 10 for X. For example, if
X is a subspace of {2 for some m = O(n), then by Theorem 14 we know that
e(X) < +/n, but this is because we know that £ has the desired isomorphic reverse
isoperimetric property, and it is not clear how to prove it for X itself. It is also unclear
how to construct for a given normed X a super-space W that could be used as above.
We leave the exploration of this possibility for future research.

1.6.1 A spectral interpretation, reverse Faber—-Krahn and the Cheeger space of
a normed space

We will henceforth quantify the extent to which Conjecture 10 holds through the
following condition:

(1.60)

iq(L) (vol,(K)\™ _ vol,(K)# (vol,_1(dL) 3
N (vol,,(L)) S Un ( vol, (L) )\a
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The factors iq(L)/+/n and (vol,(K)/ vol,(L))"/" that appear in the left-hand side
of (1.60) are at least a positive universal constant (by, respectively, the isoperimetric
theorem and the assumed inclusion L € K), so (1.60) implies that

iq(L) <a+v/n and  Yvol,(L) = a™! Y/vol,(K).

Thus, if « = O(1), then (1.60) is equivalent to the conclusion of Conjecture 10.
However, even though Conjecture 10 expresses our expectation that (1.60) is always
achievable with @« = O(1) upon a judicious choice of the Euclidean structure on R”,
in lieu of Conjecture 10 it would still be valuable to obtain (1.60) with & unbounded
but slowly growing. In such a situation, the bi-parameter quantification that we used
in part (2) of Proposition 32 contains more geometric information than (1.60), but
below we will work with (1.60) in order to simplify the ensuing discussion; this suf-
fices for our purposes because (1.60) is what shows up in all of the applications herein
(per the proof Proposition 32) since they all proceed by bounding the right-hand side
of (1.54) from above.

Alter and Caselles proved [7] that for every convex body K C R” there is a
unique measurable set A € K, which we call the Cheeger body of K and denote
Ch K, satisfying Per(A4)/ vol,(A) < Per(B)/ vol, (B) for every measurable B C K
with vol, (B) > 0, where Per(-) denotes perimeter in the sense of Caccioppoli and
de Giorgi; this notion is covered in [9] but we do not need to recall its definition
here since the perimeter of a convex body coincides with the (n — 1)-dimensional
Hausdorff measure of its boundary. It was proved in [7] that Ch K is convex and
its boundary is C !>!. Further information on this remarkable theorem can be found
in [7], where Ch K is characterized in terms of the mean curvature of its boundary
through the work [8] of Alter, Caselles and Chambolle (see also the precursor [74]
by Caselles, Chambolle and Novaga which obtained these statements under stronger
assumptions on K).

Beyond the fact that it allows us to use the notation Ch K and call it the Cheeger
body of K, the aforementioned uniqueness statement will be used substantially in the
ensuing reasoning. It implies in particular that if K is origin-symmetric, then so is
Ch K. Consequently, if X = (R”, || - ||x) is a normed space, then Ch By is the unit
ball of a normed space that we denote by Ch X and call the Cheeger space of X.

For a convex body K € R”, let A(K) be the smallest Dirichlet eigenvalue of the
Laplacian on K, namely it is the smallest A > 0 for which there is a nonzero function

¢: K—->R

that is smooth on the interior of K, vanishes on the boundary of K, and satisfies
A@ = —Ag on the interior of K; see, e.g., [77,81,265] for background on this classical
topic. If X = (R”, || - ||x) is a normed space, then we denote

A(X) = A(By).
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The quantity 4 (K) = vol,—1 (0 Ch K)/ vol, (Ch K) is called the Cheeger constant
of K; it relates to A(K) by

2 ST < h(K) = Y1 OCh K)o 7%, (1.61)
bid vol, (Ch K)

It is important for our purposes that the constants appearing in (1.61) are independent
of the dimension n. The second inequality in (1.61) is the Cheeger inequality for the
Dirichlet Laplacian on Euclidean domains. Cheeger’s proof of it for compact Rie-
mannian manifolds without boundary appears in [78] and that proof works mutatis
mutandis in the present setting; see its derivation in, e.g., the appendix of [174]. The
first inequality in (1.61) can be called the Buser inequality for the Dirichlet Lapla-
cian on convex Euclidean domains, since Buser proved [69] its analogue for compact
Riemannian manifolds without boundary that have a lower bound on their Ricci cur-
vature. In our setting, this reverse Cheeger inequality is more recent, namely it was
noted for planar convex sets by Parini [246] and in any dimension by Brasco [53]. It
can be justified quickly using the convexity of K and its Cheeger body Ch K as fol-
lows. By a classical theorem of Pélya we have A(K) < w2 (vol,—;(dK)/ vol,(K))?/4
(Pdlya proved this for planar convex sets, but in [144] Jo6 and Staché carried out
Pélya’s approach for convex bodies in R” for any n € N). Therefore,

7 vol,—1 (9 Ch K))2 _ ”—zh(K)z,

2vol,(Ch K) 4

A(K) < A(ChK) < (

since Ch K is convex.

Let j,/»—1,1 be the smallest positive zero of the Bessel function J,/>_1; see [14,
Chapter 4] for a treatment of Bessel functions and their zeros, though here we will
only need to know that j,/»_1,; < n (see [306] for more precise asymptotics). By
classical computations (see, e.g., [129, equation (1.29)]),

)“(BKZ) = Jé—l,l'

The Faber—Krahn inequality [95, 159] (see also, e.g., [77,265]) asserts that A(K) is
at least the first Dirichlet eigenvalue of a Euclidean ball whose volume is the same as
the volume of K. Thus,

3
3

A(K) VOln(K)% > /\(ng)voln(Bgtzz) = jg_mvoln(Bg;zl) =n,

where we used the straightforward fact that A(rK) = A(K)/r? for every r > 0.
Observe that (1.61) can be rewritten as follows for every convex body K C R™:

2 (A(K)voly(K)# \? _iq(ChK) [ vol,(K) %<2 A(K) vol, (K)7 \ 2
;( n ) S Un (Voln(ChK)) h ( n )
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Hence, for every o > 0 we have

iq(Ch K) ( vol,(K)
Jn (Voln (Ch K)

Since Ch K is convex, the convex body L. C K that minimizes the left-hand side
of (1.60) is equal to Ch K. We therefore see that Conjecture 35 below is equivalent
to Conjecture 10. Furthermore, if one of these two conjectures hold for a matrix S €
SL, (R), then the same matrix would work for the other conjecture.

1
) <a < A(K)vol,(K)7 < a?n. (1.62)

Conjecture 35 (Reverse Faber—Krahn). For any origin-symmetric convex body K C
R” there exists a volume-preserving linear transformation S € SL,(R) such that

A(SK) vol(K)# = n.

Remark 36. One can also wonder about exact maximizers in the context of Con-
jecture 35. Specifically, Bucur and Fragala stated in [67, p. 389] that they expect
that for any origin-symmetric convex body K € R” with vol, (K) = 1 there exists
S € SL,(R) such that A(SK) < A([0, 1]") = m2n. If true, then this would be a beauti-
ful statement even though it does not have substantial impact on Conjecture 10 and its
implications herein (it would only influence the value of the implicit constant factors
in our statements, which incur further losses that are most likely not sharp in other
steps of their derivations). The only available evidence for the aforementioned (spec-
ulative) exact statement is the partial result of [67] in the planar case n = 2, which
proves that it indeed holds when K C R? is a convex axisymmetric octagon that has
four of its vertices lying on the axes at the same distance from the origin; see specif-
ically [67, Proposition 10], whose proof involves delicate reasoning that incorporate
computer-assisted steps. A complete result for n = 2 has been subsequently obtained
by the same authors in [68] for the analogous question in which one replaces the
Dirichlet eigenvalue of the Laplacian by the Cheeger constant. Namely, [68, Theo-
rem 1.1] states that for every origin-symmetric convex body K € R? with vol,(K) =
1 there exists S € SL,(R) such that h(SK) < h([0, 1]?) = 2 + /7 (furthermore, in
this case S can be taken to be the matrix that puts K in John position, i.e., the ellipse
of maximal area that is contained in SK is a circle).

This above spectral interpretation of Conjecture 10 is useful for multiple pur-
poses, including the following lemma whose proof appears in Section 6.1. For its
statement, as well as throughout the ensuing discussion, recall that a basis x1, ..., x5
of an n-dimensional normed space (X, || - ||x) is a 1-unconditional basis of X if

leraixi + - + epanxn|x = la1x1 + -+ + anxnllx

for every choice of scalars aq,...,a, € R and signs €1, ...,&, € {—1,1}. When we
say that X = (R”, || - ||x) is an unconditional normed space, we mean that the standard
(coordinate) basis eq, ..., e, of R” is a 1-unconditional basis of X.
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Lemma 37 (Closure of Conjecture 10 under unconditional composition). Fixn € N
andmy,...,my € N. Let X1 = (R™, || - [|x,),.... Xy = (R™", || - |x,,) be normed

spaces. Also, let E = (R", || - ||g) be an unconditional normed space. Define a normed
space X = (R™! x --- x R™ || - ||x) by
def
Vx = (x1,...,Xxp) € R™ x--. xR™  ||x]|x = H(||x1||xl,...,||xn||xn)HE.
Suppose that there exist o > 0, linear transformations S; € SL,,, (R), ..., S, €
SLm, (R), and normed spaces Y1 = (R™', || - lly,)..... Y, = (R™", | - |ly,,) such
that

By, C SiBx, and <a, (1.63)

) (e )

forevery k € {1,...,n}. Then, there exist a normed space
Y = R xx R™ - %)

and S € SL(R™! x --- x R™") such that

1
iq(B Iot: oo, (Bx) \ AT
By C SBx and iq(By) (V0m1+ +mp ( X)) 1 <. (164)

vmi + -+ my \ Vol 4tm, (By)

As (1.63) with « = O(1) is immediate when ny = 1, Lemma 37 establishes
Conjecture 10 for when K is the unit ball of an unconditional normed space X =
(R, || - [Ix)- This holds, in particular, for X = £}, though we will prove in Section 6.1
that the stronger conclusion of Conjecture 9 holds in this case (recall Remark 31).
Lemma 37 also shows that Conjecture 10 holds for, say, X = £7({7'); we expect that
the reasoning of Section 6.1 could be adapted to yield Conjecture 9 for these spaces
as well, but we did not attempt to carry this out. Other spaces that satisfy (1.63)
with o slowly growing will be presented in Section 1.6.2; upon their substitution into
Lemma 37, more examples for which Conjecture 10 holds up to lower-order factors
are obtained (of course, we are conjecturing here that it holds for any space).

Remark 38. Say that a normed space X = (R”, | - [|x) is in Cheeger position if

VOln_l (8 Ch Bx) < VOln_l (8 Ch SBx)

VS € SL,(R), <
€SL(R). = (Ch By vol, (Ch SBy)

Observe that if X is in Cheeger position, then its Cheeger space Ch X is in minimum
surface area position, namely, vol,_; (0 Ch Bx) < vol,—1(dS Ch Byx) for every S €
SL, (R). Indeed, S Ch Bx € SBx, so by the definition of the Cheeger body of S Bx we
have vol,—1(dS Ch Bx)/ vol,(Ch Bx) = vol,—1(d Ch SBx)/ vol,(Ch SBx). At the
same time, vol,—_1(d Ch SBx)/ vol,(Ch SBx) = vol,_1(d Ch Bx)/ vol,(Ch Bx) by
the definition of the Cheeger position, so vol,—; (dS Ch Bx) = vol,,—1 (d Ch Bx). This
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shows that in the proof of the implication (2)=>(1) of Proposition 32, if we worked
with L = Ch SK, then there would be no need to introduce the additional linear
transformation 7" € SL, (R). It would be worthwhile to study the Cheeger position for
its own sake even if it were not for its connection to reverse isoperimetry. In particular,
we do not know if the converse of the above deduction holds, namely whether it is true
that if Ch X is in minimum surface area position, then X is in Cheeger position. We
also do not know if the Cheeger position is unique up to orthogonal transformation (as
is the case for the minimum surface area position [104]); we did not investigate these
matters since they are not needed for the present purposes, but we expect that the
characterisations of the Cheeger body in [7] would be relevant here. One could also
define that a normed space X = (R”, || - ||x) is in Dirichlet position it A(X) < A(SX)
for every S € SL, (R). It is unclear how the Cheeger position relates to the Dirichlet
position and it would be also worthwhile to study the Dirichlet position for its own
sake. By (1.61), working with either the Cheeger position or the Dirichlet position
would be equally valuable for the reverse isoperimetric questions in which we are
interested here.

1.6.2 Symmetries and positions

Thus far we considered an arbitrary scalar product on an n-dimensional normed space
through which we identified its underlying vector space structure with R”. How-
ever, the Lipschitz extension modulus is insufficiently understood for “very nice”
normed spaces (including even the Euclidean space %) that belong to a natural class
of normed spaces that have a canonical identification with R”. It therefore makes
sense to first focus on this class.

For a finite dimensional normed space (X, || - ||x), let Isom(X) be the group of
all of the isometric automorphism of X, i.e., all the linear operators U : X — X that
satisfy ||Ux||x = ||x||x for every x € X. We will denote the Haar probability measure
on the compact group Isom(X) by hx.

Definition 39. We say that a finite dimensional normed space (X, || - ||x) is canoni-
cally positioned if any two Isom(X)-invariant scalar products on X are proportional to
each other. In other words, if (-,-) : X x X — R and (-,-)’ : X x X — R are scalar prod-
ucts on X such that (Ux, Uy) = (x, y) and (Ux, Uy) = (x, y) forevery x,y € X
and every U € Isom(X), then there necessarily exists A € R such that (-,-)’ = A(-,").

On any finite dimensional normed space X there exists at least one scalar product
(-,+) : X x X — R that is invariant under Isom(X), as seen, e.g., by averaging any
given scalar product (-, -} on X with respect hy, i.e., defining

def

Vx,yeX, (x,y)= / (Sx,Sy)odhx(S).
Isom(X)
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Definition 39 concerns those spaces X for which such an invariant scalar product is
unique up to rescaling, so there is (essentially, i.e., up to rescaling) no arbitrariness
when we identify X with R4mX)

Example 40. The class of n-dimensional canonically positioned spaces includes
those normed spaces (X, || - ||x) that have a basis ey, ..., e, such that for any dis-
tinct i, j € {l,...,n} there are a permutation = € S, with 7(i) = j and a sign
vector € = (e1,...,&,) € {—1,1}" with &; = —g; such that T, S; € Isom(X), where
we denote Trx = Y ;_; aziyei and Sex = Y ;_; giaze; for x = Y7 aje; € X
with aq,...,a, € R. Indeed, let (-, -) be a scalar product on X that is Isom(X)-
invariant. For every distincti, j € {1,...,n},if 7 € S, and ¢ € {—1, 1}" are as above,
then (e;, e;) = (ex). exi)) = (ej. ej) while (e, e;) = (iei, gjej) = —(ei, ¢;), s0
<€i, 6’]') =0.

Example 40 covers all of the spaces for which we think that it is most press-
ing (given the current state of knowledge) to understand their Lipschitz extension
modulus, including normed spaces (E, || - ||g) that have a 1-symmetric basis, i.e.,
a basis ey, ..., e, € E such that || Y/_, siazmyeille = | Xj—; aiei|g for every
(e, m) € {—1,1}* x S,,. In particular, £, and more generally Orlicz and Lorentz
spaces (see, e.g., [181]), are canonically positioned. We will use below the common
convention that a normed space (R”, | - ||) is said to be symmetric if it is 1-symmetric
with respect to the standard (coordinate) basis eq, ..., e, of R".

Example 40 also includes matrix norms

X = My (R). [l - [Ix)

that remain unchanged if one transposes a pair of rows or columns, or changes the
sign of an entire row or a column, such as S7. More generally, if E = (R", || - ||) is a
symmetric normed space, then its unitary ideal Sg = (M, (R), || - ||s) is canonically
positioned (see, e.g., [37]), where for T € M, (R) one denotes its singular values by
$1(T) = +-- = $,(T) and defines || T ||s; = [1(s1(T), ..., $,(T))|e. More examples
of such matrix norms are projective and injective tensor products (see, e.g., [276]) of
symmetric spaces, where if X = (R”, || - ||x) and Y = (R™, || - ||y) are normed spaces,
then their projective tensor product X®Y is the norm on M,x,(R) = R” ® R™
whose unit ball is the convex hull of {x ® y : (x, y) € Bx X By}, and their injective
tensor product X®Y is the dual of X*®Y* (equivalently, X®Y is isometric to the
operator norm from X* to Y; see, e.g., [87, Section 1.1]).

Henceforth, when we will say that a normed space X = (R”, || - ||x) is canonically
positioned it will always be tacitly assumed that the standard scalar product (-, -) on
R" is Isom(X)-invariant, i.e., Isom(X) is a subgroup of the orthogonal group O, C
M, (R). This is equivalent to the requirement that for every symmetric positive definite
matrix T € M, (R), if TU = UT for every U € Isom(X), then there is A € (0, c0)
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such that T = Ald,. Indeed, any scalar product (-,-)' : R” x R" — R is of the form
{x,y) = (Tx,y) for some symmetric positive definite T € M, (R) and all x, y € R",
and using the Isom(X)-invariance of (-, -) we see that (-, -}’ is Isom(X)-invariant if and
only if 7 commutes with all of the elements of Isom(X).

Remark 41. A symmetry assumption that is common in the literature is enough sym-
metries. A normed space (X, || - ||x) is said [103] to have enough symmetries if any
linear transformation 7" : X — X must be a scalar multiple of the identity if 7 com-
mutes with every element of Isom(X). By the above discussion, if X has enough
symmetries, then X is canonically positioned. The converse implication does not hold,
i.e., there exist normed spaces that are canonically positioned but do not have enough
symmetries. For example, let Rot,/, € O, be the rotation by 90 degrees and let G be
the subgroup of O, that is generated by Rot,/». Thus, G is cyclic of order 4. Suppose
that
X =R x)

is a normed space with Isom(X) = G; the fact that there is such a normed space
follows from the general result [ 118, Theorem 3.1] of Gordon and Loewy on existence
of norms with a specified group of isometries, though in this particular case it is
simple to construct such an example (e.g., the unit ball of X can be taken to be a
suitable non-regular octagon). Since Isom(X) is Abelian, the matrix Rot,/, commutes
with all of the elements of Isom(X) yet it is not a multiple of the identity matrix, so X
does not have enough symmetries. Nevertheless, X is canonically positioned. Indeed,
suppose that T € Mz(R) is a symmetric matrix that commutes with Rot,/,. Then,
Rot,/, preserves any eigenspace of 7', which means that any such eigenspace must
be {0} or R2. But T is diagonalizable over R, so it follows that for some A € R
we have T = Ald,. If n is even, then one obtains such an #-dimensional example by
considering Egéz(X). However, a representation-theoretic argument due to Emmanuel
Breuillard (private communication; details omitted) shows that if # is odd, then any
n-dimensional normed space has enough symmetries if and only if it is canonically
positioned.

The following lemma is important for us even though it is an immediate conse-
quence of the (major) theorem of [7] that the Cheeger body of a given convex body
in R” is unique (recall Section 1.6.1).

Lemma 42. Let X = (R", || - ||x) be a normed space such that Isom(X) < O, is a
subgroup of the orthogonal group. Then the isometry group of its Cheeger space ChX
satisfies

Isom(Ch X) D Isom(X).

Consequently, if X is canonically positioned, then also ChX is canonically posi-
tioned.
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Proof. For any U € Isom(X) we have

vol,—1(dU Ch Bx) o) P (0 Ch Bx)
vol,(UChBx)  vol,(ChBx) '

and also U Ch Bx C UBx = By, since U € O,,. Consequently, (by definition), U Ch Bx
is a Cheeger body of Bx. The uniqueness of the Cheeger body now implies that
U Ch Bx = Ch Bx. Therefore, U € Isom(Ch X). ]

The following corollary is a quick consequence of Lemma 42.

Corollary 43. Let E = (R”, || - ||g) be a symmetric normed space. Then, its Cheeger
space ChE is also symmetric and there exists a (unique) symmetric normed space
YE = (R, || - | y&) such that the Cheeger space of the unitary ideal Sg, is the unitary
ideal of YE, i.e., ChSg = Syg.

Proof. The assertion that Ch E is symmetric coincides with requiring that Isom(ChE)
contains the group {—1,1}* x S, = {T:Sx : (e, 7) € {—1,1}* x S} < Oy, where we
recall the notation of Example 40. We are assuming that Isom(E) 2 {—1, 1}" x S,
so this follows from Lemma 42. For U, V € O, define Ry,y : M, (R) — M, (R) by
(A € M,,(R)) = UAV. Since Isom(Sg) 2 {Ry,y : U,V € O}, by Lemma 42 so
does Isom(Ch Sg). A normed space (M, (R), || - ||) that is invariant under Ry, for all
U,V € O, is the unitary ideal of a symmetric normed space F = (R”, | - ||r); see,
e.g., [37, Theorem IV.2.1]. This F is unique (consider the values of || - || s, on diagonal
matrices), so we can introduce the notation F = yE. |

The same reasoning as in the proof of Corollary 43 shows that if
E=@®R""g)

is an unconditional normed space, then so is Ch E. Thus, the space Y in Lemma 37
when
X ==X, =R

that satisfies (1.64) can be taken to unconditional, as seen by an inspection of the
proof of Lemma 37 (specifically, the operator S in (1.64) that arises in this case is
diagonal, so SE is also unconditional and we can take Y = Ch SE).

Problem 44. We associated above to every symmetric normed space
E=@®""e)

two symmetric normed spaces ChE = (R”, || - ||chg) and yE = (R”, || - [|4g). It
would be valuable to understand these auxiliary norms on R”, and in particular how
they relate to each other. By the definition of the Cheeger body, its convexity and
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uniqueness, Ch E is the unique minimizer of the functional

N vol,—1(0Br)  [yp, 1dx
volp(By) [, 1dx

(1.65)

over all symmetric normed spaces F = (R”, || - ||g) with B C Bg; denote the set of

all such F by 8y m (< Bg). In contrast to (1.65), yE is the unique minimizer of the

functional 5 5

L faBF [hi<icj<n IXi — x;|dx
fBF [Ti<i<j<n |x7 — ng| dx

over the same domain Sym (< Bg). To justify (1.66), observe first that by Corol-
lary 43 we know that yE is the unique minimizer of the following functional over
8ym(S Bg):

F

(1.66)

vol,2_ (8BSF) . f(BSF‘*'EBsg )\BSF Tdx
= " — lim . (1.67)
vol,2 (Bs;) e—>0+ e [p, 1dx

We claim that for every F € Sym(C Bg) and & > 0,
(Bsy + 8333) ~ Bg
def
= {4 € My(R) : 5(4) = (51(A),...,50(A)) € (Br +eBen) ~ B},  (1.68)

where we denote the singular values of A € M, (R) by s1(A4) = --- = s,(A). Indeed,
if A belongs to the right-hand side of (1.68), then ||s(A4)|r > 1 and s(4) = x + y
for x, y € R” that satisfy || x|y < 1 and ||y||gg < e Write A = UDV, where D €
M, (R) is the diagonal matrix whose diagonal is the vector s(A) € R”, and U,V €
Oy. Let D(x), D(y) € M, (R) be the diagonal matrices whose diagonals equal x, y,
respectively. By noting that || A||s; = [|s(A4)||g > 1 and A = UD,V + UD, V, where
IUD(x)V|sy < 1and ||UD(y)V ||sg < ¢, we conclude that A belongs to the left-hand
side of (1.68). The reverse inclusion is less straightforward. If A belongs to the left-
hand side of (1.68), then ||A|ls; > 1 and A = B + C, where B, C € M, (R) satisfy
[Bllse = ls(B)|lr < 1 and ||Cllss < e. By an inequality of Mirsky [222] we have
Is(4) = s(B)ley <114 — Bllsy = C sy < e. Hence s(4) = s(B) + (s(4) — s(B)) €
(Br + 8ng) ~ Bp, i.e., A belongs to the right-hand side of (1.68). With (1.68) estab-
lished, since membership of a matrix A in either By or (By + €Byz) ~ By depends
only on s(A), by the Weyl integration formula [311] (see [12, Proposition 4.1.3] for
the formulation that we are using),

2 2
f(BsF-‘,-sBSg)\BsF ldx f(BF+£B€g)\BF nlsi<jsn lx; — x;[dx

T, Ldx Jop i< jen 137 = 37| dx
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Thus (1.66) follows from (1.67). Analysing the functional in (1.66) seems nontrivial
but likely tractable using ideas from random matrix theory. It would be especially
interesting to treat the case E = ¢”_. While we have a reasonably good understanding
of the (isomorphic) geometry space Ch {7, its noncommutative counterpart y£%  is
still mysterious and understanding its geometry is closely related to Conjecture 10
(and likely also Conjecture 9) in the important special case of the operator norm S%_;
see also Remark 172.

If X = (R", | - |x) is canonically positioned and y is a Borel measure on R” that
is Isom(X)-invariant, i.e., u(UA) = u(A) for every U € Isom(X) and every Borel
subset A C R”, then consider the scalar product

Vxy R (x.y) ¥ /R (22 duce).

For every U € Isom(X) and x, y € R” we have

ws.Uy) = [

[ Wxa Uy e = [ U007 4

R~

= /]R" (x,z){y,z)du(z) = {(x,y),

where the second step uses the Isom(X)-invariance of (-, -), and the third step uses the
Isom(X)-invariance of . Hence (x, y)’ = A(x, y) for some A € R and every x, y €
R”. By considering the case x = y of this identity and integrating over x € S”~! one
sees that necessarily nA = [p, ||Z||%g du(z). Hence,

Jrn 1217 dpa(2)
Vx,y € R”, /Rn (x,z){y,z)du(z) = +(x,y). (1.69)

By establishing (1.69) we have shown that if
X=R"["Ix)

is a canonically positioned normed space, then any Isom(X)-invariant Borel measure
on R” is isotropic [55,107] (the converse also holds, i.e., X is canonically positioned
if and only if every Isom(X)-invariant Borel measure on R” is isotropic). In particular,
let ox be the measure on S~ ! that is given by

ox(A) = vol,—1({x € 0Bx : Nx(x) € A})

for every measurable 4 € S"!, where for x € dBx the vector Nx(x) € " ! is
the (almost-everywhere uniquely defined) unit outer normal to dBx at x, i.e., recall-
ing (1.30), we use the simpler notation Np, = Nx. In other words, ox is the image
under the Gauss map of the (n — 1)-dimensional Hausdorff measure on dBx. Then,
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ox is Isom(X)-invariant because every U € Isom(X) is an orthogonal transforma-
tion and Nx o U = U o Nx almost everywhere on dBx. By [250], this implies that
X is in its minimum surface area position (recall the proof of Proposition 32), so
MaxProj(Bx) =< vol,_1(dBx)//n by [104, Proposition 3.1].

The following corollary follows by substituting the above conclusion into Theo-
rem 21.

Corollary 45. Suppose that n € N and that X = (R", | - ||lx) and Y = (R, || - |ly)
are two n-dimensional normed spaces. Suppose also that'Y is canonically positioned
and By C Bx. Then,

vol,—1(dBy) diamyn (Bx)
vol, (By) /1

The assumption in Corollary 45 that Y is canonically positioned can be replaced
by the requirement MaxProj(By) < vol,—1(dBy)/+/n, which is much less stringent.
In particular, by [104, Proposition 3.1] it is enough to assume here that By is in its
minimum surface area position; see also Section 6.2.

We will denote the John and Lowner ellipsoids of a normed space X = (R”, | - ||x)
by Jx and Lx, respectively; see [128]. Thus, Jx € R” is the ellipsoid of maximum
volume that is contained in Bx and Lx € R” is the ellipsoid of minimum volume that
contains Bx. Both of these ellipsoids are unique [137]. The volume ratio vr(X) of X
and external volume ratio evr(X) of X are defined by

1 1
def VOln (Bx) n def VOln (Lx) n
Vr(X) = (m) and eVr(X) = (—Voln (BX)) . (170)

By the Blaschke—Santal6 inequality [39, 278] and the Bourgain—Milman inequal-
ity [501,

e(X) 5

evr(X) = vr(X*). (1.71)

By the above discussion, we can quickly deduce the following theorem that relates
the Lipschitz extension modulus of a canonically positioned space to volumetric and
spectral properties of its unit ball.

Theorem 46. Suppose that n € N and that X = (R", || - ||x) is a canonically posi-
tioned normed space. Then,

- diamyz (Bx)

e(X) < T,/,\(X) = evr(X) v/ A(X) vol,, (Bx) 7
= vi(X*)\/ A(X) vol,(Bx) 7. (1.72)

In fact, the minimum of the right-hand side of (1.54) over all those normed spaces Y =
R”™, || - ly) for which By < Bx is bounded above and below by universal constant

multiples of diamgz (Bx) /A (X)/n.
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Proof. By Lemma 42 the Cheeger space Ch X is canonically positioned. So, by Corol-
lary 45 with Y = ChX,

o(X) < vol,—1 (9 Ch By) diamgz (Bx) (121) diamgz (Bx)

~ vol,, (Ch By) /1 ~ N AX).

This proves the first inequality in (1.72). The final equivalence in (1.72) is (1.71).
To prove the rest of (1.72), let riy, = min{r > 0 : ngg D By} denote the radius of
the circumscribing Euclidean ball of Bx. We claim that rpy, Bgle = Lx. Indeed, for
every U € Isom(X) C O, the ellipsoid U Lx contains Bx and has the same volume
as Lx, so because the minimum volume ellipsoid that contains Bx is unique [137], it
follows that U Lx = Lx. Hence, the scalar product that corresponds to Lx is Isom(X)-
invariant and since X is canonically positioned, this means that £x is a multiple
of ng. Now,

Tmin diam@’zl (Bx)
N 2/n

The above reasoning shows that the minimum of the right-hand side of (1.54)
over all the normed spaces Y = (R”, || - |ly) with By C By is at most a universal
constant multiple of diamy (Bx)+/A(X)/n (take Y = Ch X). In the reverse direction,
for any such Y by (1.55) with L = By we have

MaxProj(By) S vol,—1(dBy) - vol,—1(d Ch By) (61 2/ A(X)
vol,(By) "~ vol,(By)vn ~ vol,(ChBx)J/n ~  nmn

where the penultimate step follows from the definition of the Cheeger body Ch Bx.
]

1 (1.70) 1
vol, (Bx) ™ evr(X) "= voly (Fmin Beg) "<

It is natural to expect that if X = (R", || - ||x) is a canonically positioned normed
space, then in Conjecture 9 for K = Bx holds with S the identity matrix and with
L being the unit ball of a canonically positioned normed space. We formulate this
refined special case of Conjecture 9 as the following conjecture.

Conjecture 47. Fix n € N and a canonically positioned normed space
X=®R" "%

Then, there exists a canonically positioned normed space Y = (R”, || - ||y) that satis-
fies || - ly < | - [x and iq(By) < /.

Theorem 48 below shows that Conjecture 47 holds if X = £} for any p > 1 and
infinitely many dimensions n € N; specifically, it holds if n satisfies the mild arith-
metic (divisibility) requirement (1.73) below. An obvious question that this leaves is
to prove Conjecture 47 for X = {7 and arbitrary (p,n) € [, 0o] x N. We expect that
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this question is tractable by (likely nontrivially) adapting the approach herein, but we
did not make a major effort to do so since obtaining Conjecture 47 for such a dense
set of dimensions 7 suffices for our purposes (the bi-Lipschitz invariants that we con-
sider can be estimated from above for any n € N since the requirement (1.73) holds
for some N € N N [n, O(n)] and £}, embeds isometrically into 6}’,\/ ). In Section 6 we
will prove Theorem 48, and deduce Theorem 24 from it. Recall Remark 31, which
explains that Conjecture 9 when K is the unit ball of {7 follows (with S the identity
matrix) from Theorem 24. Thus, we do know that a body L as in Conjecture 9 exists
for all the possible choices of p = 1 and n € N, and (1.73) is only relevant to ensure
that L is the unit ball of a canonically positioned normed space.

Theorem 48. Fixn € N and p = 1. Conjecture 47 holds for X = L7 if the following
condition is satisfied:

dmeN, m|n and max{p,2} <m <e”’. (1.73)

The following conjecture is a variant of Conjecture 11.

Conjecture 49. Fix n € N and suppose that X = (R”, || - |x) is a canonically posi-
tioned normed space. Then, there exists a normed space Y = (R”, || - ||y) with By C
Bx yet Y/vol,(By) 2 Y/vol,(Bx) such thatiq(By) < /7.

Conjecture 47 requires Y to be canonically positioned while Conjecture 49 does
not. The reason for this is that if any normed space Y satisfies the conclusion of
Conjecture 49, then also the Cheeger space Ch X of X satisfies it (this is so because
the convex body L that minimizes the second quantity in (1.60) is, by definition, the
Cheeger body of K = Bx), and by Lemma 42 the Cheeger space of X inherits from
X the property of being canonically positioned. This use of the uniqueness of the
Cheeger body will be important below. By (1.62), Conjecture 49 is equivalent to the
following symmetric version of Conjecture 35.

Conjecture 50. If X = (R”, | - ||x) is a canonically positioned normed space, then
A(X) VOI(Bx)% = n.

The following corollary is a substitution of Conjecture 50 into Theorem 46.

Corollary 51. If Conjecture 49 (equivalently, Conjecture 50) holds for a canonically
positioned normed space X = (R, || - ||x), then the right-hand side of (1.54) when
Y = ChXis O(evr(X)+/n). Consequently,

e(X) <evr(X)v/n = vr(X*)/n. (1.74)

It is worthwhile to note that by [19], the rightmost quantity in (1.74) is maximized
(over all possible n-dimensional normed spaces) when X = £”, in which case we have

evr({])/n < n.
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Remark 52. We currently do not have any example of a normed space
X=R"["Ix)

for which (1.74) provably does not hold. If (1.74) were true in general, or even if it
were true for a restricted class of normed spaces that is affine invariant and closed
under direct sums, such as spaces that embed into £; with distortion O(1), then it
would be an excellent result. When one leaves the realm of canonically positioned
spaces, (1.74) acquires a self-improving property® as follows. Suppose that X is in
Lowner position, i.e., Lx = Bg»zz. Fix m € N and consider the (n + m)-dimensional
space X' = X @ £45'. If (1.74) holds for X', then

e(X) < (X))
< evr(X')/dim(X")

VOln +m (Bén+m )
< 2
vol, (Bx) vol,, (Be’zﬂ

)>n+m\/n +m

. 1
_(vol, (LX))Hm Vola-tm (Bygtm) ) 7
- (Voln(Bx) (voln (¢2) voln (Bey) vinm

= evr(X) i n 2ot 2w (1.75)
The value of m that minimizes the right-hand side of (1.75) is
m =< nlog(evr(X) + 1),

for which (1.75) becomes

o(X) < y/nlog(evi(X) + 1). (1.76)

As evr(X) < /n by John’s theorem, (1.76) gives e(X) < /nlogn, which would be
an improvement of [140]. Also, by (1.9) the bound (1.76) gives

e(X) S Vnlog(C2(X) + 1),

which is better than the conjectural bound (1.10). Here and throughout what follows,
for 1 < p <2 < g the (Gaussian) type-p and cotype-q constants [204] of a Banach
space (X, || - [|x), denoted T, (X) and C,(X), respectively, are the infimum over those

8We recommend checking that the analogous stabilization argument does not lead to a
similar self-improvement phenomenon in Conjecture 9, Conjecture 10 and Corollary 33; the
computations in Section 4 of [198] are relevant for this purpose.
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T €[1,00] and C € [1, o], respectively, for which the following inequalities hold
for every m € N and every x1, ..., X, € X, where the expectation is with respect to
i.i.d. standard Gaussian random variables gy, ..., Qm:

1 m é m 2 % m %
5(Z||xj||§i) <(E{ D9 D d(Ziju{;) .
j=1 ji=1 X Jj=1

This observation indicates that it might be too optimistic to expect that (1.74) holds
in full generality, but it would be very interesting to understand the extent to which it
does. Obvious potential counterexamples are £ @ £7';if (1.74) holds for these spaces,
then e({]) < +/nlogn by the above reasoning (with m < nlogn), which would be a
big achievement because the best-known bound remains e(¢}) < n from [140].

Lemma 53 below, whose proof appears in Section 6.1, shows that Conjecture 49
holds for a class of normed space that includes any normed spaces with a 1-symmetric
basis, as well as, say, E;’, (Z;”) forany n,m € N and p, g = 1. Other (related) examples
of such spaces arise from Lemma 151 below.

Lemma 53. Let X = (R”, || - ||x) be an unconditional normed space. Suppose that
forany j k € {1,...,n} there is a permutation w € S, with 7w(j) = k such that
|37 anmeillx = || Yoi—y aieillx for every ay, ..., a, € R. Then, Conjecture 49

holds for X. Therefore, we have A(X) vol, (Bx)?'" =< n and e(X) < evr(X)/n.

By [293, Theorem 2.1], any unconditional normed space X = (R”, || - ||x) satisfies
vi(X) < C5(X)+/n, where C5(X) is the cotype-2 constant of X (this is an earlier
special case of (1.9) in which the logarithmic term is known to be redundant). Hence,
if X satisfies the assumptions of Lemma 53, then we know that

e(X) £ C2(X")Vn. (1.78)

By combining [22, Theorem 6] and (1.71), for any p € [1, 00], if a normed space X =
(R™, || - [x) is isometric to a quotient of L, (equivalently, the dual of X is isometric
to a subspace of L, ,(,—1)), then

evr(X) < evr(ﬁ”LH) =< min{n %_%, 1}.
2

Consequently, if X = (R”, || - ||x) satisfies the assumptions of Lemma 53 and is also
a quotient of L, then

e(X) < n™2 5}, (1.79)

Both (1.78) and (1.79) are generalizations of Theorem 18.
Lemma 54 below, whose proof appears in Section 6.3, shows that the unitary
ideal of any n-dimensional normed space with a 1-symmetric basis (in particular,



46 Introduction

any Schatten—von Neumann trace class), satisfies Conjecture 49 up to a factor of
O(+/logn). Upon its substitution into Lemma 151 below, more such examples are
obtained.

Lemma 54. Let E = (R”, | - ||g) be a symmetric normed space. Conjecture 49 holds
up to lower order factors for its unitary ideal Sg. More precisely, there is a normed
space Y = (M, (R), || - ||y) such that By € Bs, and

1L

1
vol,2(By)n? < vol,2(Bs;)"> and n <iq(By) < ny/logn. (1.80)

Therefore, we have
2
n* < A(Sg) vol,2(Bsg)»> < n’logn and e(Sg) < evr(Sp)n < evr(E)n.

For the final assertion of Lemma 54, the fact that evr(Sg) < evr(E) follows by
combining Proposition 2.2 in [285], which states that vr(Sg) =< vr(E), with (1.71) and
the duality Sf; = Sg+ (e.g., [289, Theorem 1.17]).

The proof of Lemma 54 also shows (see Remark 172 below) that if we could
prove Conjecture 49 for S”._, then it would follow that S satisfies Conjecture 49 for
any symmetric normed space E = (R”, | - ||g), i.e., the logarithmic factor in (1.80)
could be replaced by a universal constant.

By substituting Lemma 54 into Corollary 51 and using volume ratio computations
of Schiitt [285], we will derive in Section 6.3 the following proposition.

Proposition 55. IfE = (R", | - ||g) is a symmetric normed space, then
e(E) < diamy (B)ller + -+ enli
and

e(Sk) < diamgn (Be)ller + -+ + enllgv/nlogn.

The following remark sketches an alternative approach towards Conjecture 9
when K is the hypercube [—1, 1]* that differs from how we will prove Theorem 24.
It yields the desired result up to a lower order factor that grows extremely slowly.
Specifically, it constructs an origin-symmetric convex body L C [—1, 1] with

iq(L) = €©0e™ and [—1,1]" € eO0E™M L,
Here, for each x > 1 the quantity log*x is defined to be the k € N such that
tower(k — 1) < x < tower(k)

for the sequence {tower(i)}S2, that is defined by tower(0) = 1 and tower(i + 1) =
exp(tower(i)). We think that this approach is worthwhile to describe despite the fact
that it falls slightly short of fully establishing Conjecture 9 for [—1, 1]* due to its
flexibility that could be used for other purposes, as well as due to its intrinsic interest.
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Remark 56. Fixn € N and g = 1. Since the nth root of the volume of the unit ball of
KZ is of order n~1/4 and KZ is in minimum surface area position, we can restate (1.42)
as

iq(BgZ) = min{,/qn,n}. (1.81)

In particular, for Y = ¢} with ¢ = logn, we have | - ly < || - [|¢z, and

iq(Y) < v/nlogn,

which already comes close to the conclusion of Conjecture 9. We can do better using
the following evaluation of the isoperimetric quotient of the unit ball of £7 (£7'), which
holds for every n,m € N and p,q = 1:

nm m < min{Z, g},
nJqm q<m<2,

Jpnm % <m < min{p, q},
JPai max{Z.q} <m < p,
myn  p<m<gq,

Jgnm  m = max{p,q}.

We will prove (1.82) in Section 6. Note that when m = 1 this yields (1.81). The case
n = m of (1.82) is equivalent to (1.49) since E;’, (ZZ’) is canonically positioned (it
belongs to the class of spaces in Example 40) and using a simple evaluation of the
volume of its unit ball (see (6.6) below). The range of (1.82) that is most pertinent
for the present context is m = max{p, g}, which has the feature that the factor that
multiplies the quantity

iq(Byem) = (1.82)

Vnm = /dim(€z(£m))

is O(,/q) and there is no dependence on p. This can be used as follows. Suppose
that n = ab for a, b € N satisfying a < n/logn and b < logn. Identify £7  with
Kgo((fgo). IfwesetY = E;(Zé’) for p =loga < logn and ¢ = logb =< loglogn, then

- lly < Il - [lez, , while
iq(By) =< /nloglogn

by (1.82). By iterating we get that for infinitely many n € N there is a normed space
Y = (R", || - |ly) for which

I lly < 11 llez, < eC%E )+ |ly and iq(By) = eO0e™.

Even though the set of n € N for which this works is not all of N, it is quite dense in
N per Lemma 163 below. This will allow us to deduce that a space Y with the above
properties exists for every n € N; see Section 6.1 for the details.
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Remark 57. Recalling Remark 38, Conjecture 10 is equivalent to the assertion that
if a normed space X = (R”, || - ||x) is in Cheeger position, then iq(Ch Bx) < /n
and vol, (Ch Bx)l/ m > vol, (BX)I/ . Since Ch X is in minimum surface area position
when X is in Cheeger position (as explained in Remark 38), the proof of Proposi-
tion 32 shows that Conjecture 10 implies that if X is in Cheeger position, then

diamgg (Bx)

e(X) < (1.83)

In fact, the right-hand side of (1.54) is at most the right-hand side of (1.83) for
a suitable choice of normed space Y = (R”, | - ||y), specifically for Y = Ch X.
The discussion in Section 1.6.2 was about establishing (1.83) when X is canoni-
cally positioned (conceivably that assumption implies that X is in Cheeger position
or close to it, which would be a worthwhile to prove, if true). Even though, as we
explained earlier, given the current state of knowledge, understanding the Lipschitz
extension problem for canonically positioned spaces is the most pressing issue for
future research, it would be very interesting to study if (1.83) holds in other situa-
tions. For examples, we pose the following two natural questions.

Question 58. Does (1.83) hold if the normed space X = (R”, || - ||x) is in minimum
surface area position?

The extent to which ITX is close to being in minimum surface area position when
X is in minimum surface area position seems to be unknown. Therefore, the con-
nection between Question 59 below and Question 58 is unclear, but even if there is
no formal link between these two questions, both are natural next steps beyond the
setting of canonically positioned normed spaces.

Question 59. Let Z = (R”, || - ||z) be a normed space in minimum surface area posi-
tion. Does (1.83) hold for the normed space X = I1Z whose unit ball is the projection
body of Bx?

IfZ = (R", || - ||z) is a normed space in minimum surface area position, then

diamgn(HBz)
L N (1.84)
vol, (ITBz)n

Indeed, because Z is in minimum surface area position, by [104, Corollary 3.4] we

have
vol,—1(0Bz)

n

vol, (TI Bz)# =
and also by combining [104, Proposition 3.1] and (1.55) we have

vol,—1(0Bz)
—

MaxProj(Bz) =<
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We can therefore justify (1.84) using these results from [104] and duality as follows:

diam@g (HBZ) _ n”ldn”HZ—)Zg _ n”IdnHZZ—)H*Z
vol,(TIBz)%  Vola—1(8Bz) ~ vol,—1(3Byz)
nmax;cgn—1 ||z|lmz (.30 nMaxProj(Bz)
= vol,.1(Bz)  vol,_1(9Bz)

x\/ﬁ.

By this observation, a positive answer to Question 59 would show that e(T1Z) < /n
for any normed space Z = (R”, || - ||z). Indeed, if we take S € SL,,(R) such that SZ
is in minimum surface area position, then by [251] we know that [1Z and TISZ are
isometric, so e(I1Z) = e(I1SZ). As the class of projection bodies coincides with the
class of zonoids [41, 283], which coincides with the class of convex bodies whose
polar is the unit ball of a subspace of L;, we have thus shown that a positive answer
to Question 59 would imply the following conjecture (which would simultaneously
improve (1.23) and generalize Theorem 18).

Conjecture 60. For any normed space X = (R”, || - ||x) we have
e(X) < ez, (X*)V/n.

Note that Conjecture 60 is consistent with the estimate e(X) < evr(X)./n that
has been arising thus far. Indeed, if X* is isometric to a subspace of L (it suffices to
consider only this case in Conjecture 60 by a well-known differentiation argument;
see, e.g., [36, Corollary 7.10]), then we have the bound evr(X) < 1 which can be seen
to hold by combining (1.71) with (1.9), since C»(X*) < Co(L;) < 1.7

Relating e(X) to evr(X) is valuable since the Lipschitz extension modulus is for
the most part shrouded in mystery, while the literature contains extensive knowl-
edge on volume ratios (we have already seen several examples of such consequences
above, and we will derive more later). Section 6.3 contains examples of volume ratio
evaluations for various canonically positioned normed spaces. Through their substi-
tution into Corollary 51, they illustrate how our work yields a range of new Lipschitz
extension results, some of which are currently conjectural because they hold assuming
Conjecture 49 for the respective spaces; specifically, consider the Lipschitz extension
bounds that correspond to using (1.14) and (1.15) with [173].

% Alternatively, evr(X) < 1 can be justified by writing X = I1Z for some normed space
Z = (R",| - ||lz) (using [41,283]), and then applying the bound (1.84) that we derived above
(this even demonstrates that the external volume ratio of I1Z is O(1) when Z is in minimum
surface area position rather when Z is in Lowner position). Actually, the sharp bound evr(X) <
evr({Z) holds, as seen by combining [22, Theorem 6] with Reisner’s theorem [271] that the
Mabhler conjecture [193] holds for zonoids.
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1.6.3 Intersection with a Euclidean ball

Fix an integer n = 2 and a canonically positioned normed space X = (R”, || - ||x)-
A natural first attempt to prove Conjecture 49 for X is to consider the normed space
Y = (R”, || - |ly) such that By = Bx N 7By for a suitably chosen r > 0 (equivalently,
we have ||x|ly = max{[|x||x. [|x||¢z /r} for every x € R"). However, we checked with
G. Schechtman that this fails even when X = £%. Specifically, if the nth root of the
volume of Byn_ N (rB@’z’) is at least a universal constant, then necessarily r > +/n, but

Vs >0, iq(Bes, N (sv/nBe)) 2 n. (1.85)

A justification of (1.85) appears in Section 7 below. In terms of the quantification
(1.60) of Conjecture 49 that is pertinent to the applications that we study herein, we
will also show in Section 7 that

iq(Ber. N (rBex (B "
min a(Beg, N ( 42))( vol, (Bygz,) ) = /logn, (1.86)
r>0 N voly (Ben, N (rBen))

where the minimum in the right-hand side of (1.86) is attained at some r > 0 that
satisfies r < /n/logn.

Even though the above bounds demonstrate that it is impossible to resolve Con-
jecture 49 by intersecting with a Euclidean ball, this approach cannot fail by more
than a lower-order factor; the reasoning that proves this assertion was shown to us
by B. Klartag and E. Milman in unpublished private communication that is explained
with their permission in Section 7. Specifically, we have the following proposition.

Proposition 61. For any normed space X = (R", || - ||x) there exist a matrix S €
SL, (R) and a radius r > 0 such that for L = (SBx) N (rBgz) € SBx we have iq(L) <

Vi and Y/vol, (L) 2 V/vol,(Bx)/K(X), where K(X) is the K-convexity constant
of X. If X is canonically positioned, then this holds when S is the identity matrix.

For Proposition 61, the K-convexity constant of X is an isomorphic invariant
that was introduced by Maurey and Pisier [204]; we defer recalling its definition to
Section 7 since for the discussion here it suffices to state the following bounds that
relate K(X) to quantities that we already encountered. Firstly,

K(X) < log(dpm(t5.X) + 1) < logn, (1.87)

The first inequality in (1.87) is a useful theorem of Pisier [256, 257]. The second
inequality in (1.87) follows from John’s theorem [137], though for this purpose it
suffices to use the older Auberbach lemma (see [27, p. 209] and [83,300]). By [257]
(see also, e.g., [143, Lemma 17]) the rightmost quantity in (1.87) can be reduced if X
is a subspace of L, namely we have

K(X) S ¢z, (X)y/logn. (1.88)
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Secondly, K(X) relates to the notion of type that we recalled in (1.77) through the
following bounds:

_pP

Tisc s (X)2 S K(X) < Jng OO, (1.89)
where ¢, C > 0 are universal constants. The qualitative meaning of (1.89) is that the
K -convexity constant of a Banach space is finite if and only if it has type p for some
p > 1; this is a landmark theorem of Pisier (the ‘if’ direction is due to [259] and
the ‘only if” direction is due to [254]). Since in our setting X is finite dimensional
(dim(X) = n = 2), such a qualitative statement is vacuous without its quantitative
counterpart (1.89). The first inequality in (1.89) can be deduced from [260] (together
with the computation of the implicit dependence on p in [260] that was carried out
in [131, Lemma 32]). The second inequality in (1.89) follows from an examination
of the proof in [259]. We omit the details of both deductions as they would result in a
(quite lengthy and tedious) digression. It would be very interesting to determine the
best bounds in the context of (1.89).

Proposition 61 combined with (1.87) implies that Conjecture 10 holds up to a
logarithmic factor in the sense that for every integer n = 2, any origin-symmetric
convex body K C R” admits a matrix S € SL,(R) and an origin-symmetric convex
body L € SK such that

iq(L) ( vol,(K)\ ™
N (VOln(L)) < logn. (1.90)

Furthermore, by (1.88) the logn in (1.90) can be replaced by +/logn if K is the
unit ball of a subspace of L; (equivalently, the polar of K is a zonoid), and by the
second inequality in (1.89) if p > 1, then the logn in (1.90) can be replaced by
a dimension-independent quantity that depends only on p and the type-p constant
of the norm whose unit ball is K. Also, Corollary 33 holds with the right-hand side
of (1.59) multiplied by logn, and the reverse Faber—Krahn inequality of Conjecture 35
holds up to a factor of (logn)?, i.e., for any origin-symmetric convex body K € R”
there is S € SL,(R) such that A(SK) vol(K)?/" < n(logn)?. If X = (R”, | - ||x) is
a canonically positioned normed space, then it follows that for a suitable choice of
normed space Y = (R”, || - |ly) the right-hand side of (1.28), and hence also e(X)
by Theorem 21, is at most a universal constant multiple of evr(X)./n log n, and also
n < A(X) vol,(Bx)?'" < n(logn)?.

1.7 Randomized clustering

All of the new upper bounds on Lipschitz extension moduli that we stated above rely
on a geometric structural result for finite dimensional normed spaces (and subsets
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thereof). Beyond the application to Lipschitz extension, this result is of value in its
own right because it yields an improvement of a basic randomized clustering method
from the computer science literature.

The link between random partitions of metric spaces and Lipschitz extension was
found in [173]. We will adapt the methodology of [173] to deduce the aforemen-
tioned Lipschitz extension theorems from our new bound on randomized partitions
of normed spaces. In order to formulate the corresponding definitions and results, one
must first set some groundwork for a notion of a random partition of a metric space,
whose subsequent applications necessitate certain measurability requirements.

A framework for reasoning about random partitions of metric spaces was devel-
oped in [173], but we will formulate a different approach. The reason for this is that
the definitions of [173] are in essence the minimal requirements that allow one to use
at once several different types of random partitions for Lipschitz extension, which
leads to definitions that are more cumbersome than the approach that we take below.
Greater simplicity is not the only reason why we chose to formulate a foundation that
differs from [173]. The approach that we take is easier to implement, and, impor-
tantly, it yields a bi-Lipschitz invariant, while we do not know if the corresponding
notions in [173] are bi-Lipschitz invariants (we suspect that they are not, but we did
not attempt to construct examples that demonstrate this). The Lipschitz extension
theorem of [173] is adapted accordingly in Section 5, thus making the present article
self-contained, and also yielding simplification and further applications. Neverthe-
less, the key geometric ideas that underly this use of random partitions are the same
asin [173].

Obviously, there are no measurability issues when one considers finite metric
spaces (in our setting, finite subsets of normed spaces). The ensuing measurability
discussions can therefore be ignored in the finitary setting. In particular, the computer
science literature on random partitions focuses exclusively on finite objects. So, for
the purpose of algorithmic clustering, one does not need the more general treatment
below, but it is needed for the purpose of Lipschitz extension.

1.7.1 Basic definitions related to random partitions

Let (M, dw) be a metric space. Suppose that P € 2W is a partition of M. For x €
T, denote by P(x) € T the unique element of P to which x belongs. The sets
{P(x)}xem are often called the clusters of P. Given A > 0, one says that P is A-
bounded if diam (P(x)) < A for every x € Til, where

diamyp (S) = sup{dm (x,y) : x,y € S}

denotes the diameter of @ # S C Ti.
Suppose that (Z, F) is a measurable space, i.e., Z is a set and F C 2Zisao-
algebra of subsets of Z. Recall (see [133] or the convenient survey [309]) that if
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(M, dm) is a metric space, then a set-valued mapping
r:z—2m

is said to be strongly measurable if for every closed subset £ C Til we have

()%

{zeZ:ENT(z) # 2} 7. (1.91)

Throughout what follows, when we say that P is a random partition of a met-
ric space (T, dw ), we mean the following (formally, the objects that we will be
considering are random ordered partitions into countably many clusters). There is a
probability space (€2, Prob) and a sequence of set-valued mappings

{rk:q—2Mmy> .

We write P® = {T* (w)}z=, for each w € 2 and require that the mapping @ + P*
takes values in partitions of M. We also require that for every fixed k € N, the set-
valued mapping T'* : Q@ — 2™ is strongly measurable, where the o-algebra on Q
is the Prob-measurable sets. Given A > 0, we say that P is a A-bounded random
partition of (T, dy ) if P is a A-bounded partition of (T, dy ) for every w € Q.

Remark 62. Recall that when we say that X = (R”, || - ||x) is a normed space we
mean that the underlying vector space is R”, equipped with a norm | - ||x : R” —
[0, 00). By doing so, we introduce a second metric on X, i.e., R” is also endowed
with the standard Euclidean structure that corresponds to the norm || - || ¢z This leads
to ambiguity when we discuss A-bounded partitions of X for some A > 0, as there
are two possible metrics with respect to which one could bound the diameters of the
clusters. In fact, a key aspect of our work is that it can be beneficial to consider another
auxiliary norm || - ||y on R”, as in, e.g., Theorem 21, thus leading to three possible
interpretations of A-boundedness of a partition of R”. To avoid any confusion, we
will adhere throughout to the convention that when we say that a partition P of X is
A-bounded we mean exclusively that all the clusters of P have diameter at most A
with respect to the norm || - ||x.

1.7.2 Iterative ball partitioning

Fix A € (0, 00). Iterative ball partitioning is a common procedure to construct a A-
bounded random partition of a metric probability space. We will next describe it to
clarify at the outset the nature of the objects that we investigate, and because our new
positive partitioning results are solely about this type of partition. Thus, our contri-
bution to the theory of random partitions is a sharp understanding of the performance
of iterative ball partitioning of normed spaces, and, importantly, the demonstration
of the utility of its implementation using balls that are induced by a suitably chosen
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auxiliary norm rather than the given norm that we aim to study. On the other hand,
our impossibility results rule out the existence of any random partition whatsoever
with certain desirable properties.

The iterative ball partitioning method is a ubiquitous tool in metric geometry and
algorithm design. To the best of our knowledge, it was first used by Karger, Motwani
and Sudan [152] and the aforementioned work [76] in the context of normed spaces,
and it has become very influential in the context of general metric spaces due to its
use in that setting (with the important twist of randomizing the radii) by Calinescu,
Karloff and Rabani [71]. To describe it, suppose that (Til, d ) is a metric space and
that u is a Borel probability measure on Tl. Let {Xg}22, be a sequence of i.i.d.
points sampled . Define inductively a sequence {I'k}zo=1 of random subsets of Tl
by setting I'! = B (X1, A/2) and

def Ay Kl A
k det = i
Vke€{2,3,...,}, T —Bm(Xk,z)\] le(Xj,z).

By design, diamy (I'F) < A. Under mild assumptions on W\ and  that are simple
to check, I'® will have the measurability properties that we require below and P =
{Fk}]‘zo:1 will be a partition of Tl almost-surely. While initially the clusters of P are
quite “tame,” e.g., they start out as balls in 1, as the iteration proceeds and we discard
the balls that were used thus far, the resulting sets become increasingly “jagged.”
In particular, even when the underlying metric space (W, dw ) is very “nice,” the
clusters of P need not be connected; see Figure 1.2. Nevertheless, we will see that
such a simple procedure results in a random partition with probabilistically small
boundaries in sense that will be described rigorously below.

In the present setting, the metric space that we wish to partition is a normed space
X = (R”, || - |Ix), so it is natural to want to use the Lebesgue measure on R” in the
above construction. Since this measure is not a probability measure, we cannot use
the above framework directly. For this reason, we will in fact use a periodic variant
of iterative ball partitioning of X by adapting a construction that was used in [173].

1.7.3 Separation and padding

Fix A > 0. Let P be a A-bounded random partition of a metric space Tl. As a random
“clustering” of Tl into pieces of small diameter, P yields a certain “simplification”
of M. For such a simplification to be useful, one must add a requirement that it
“mimics” the geometry of Tl in a meaningful way. The literature contains multiple
definitions that achieve this goal, leading to applications in both algorithms and pure
mathematics. We will not attempt to survey the literature on this topic, quoting only
the definitions of separating and padded random partitions, which are the simplest
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Figure 1.2. A schematic depiction of (randomized) iterative ball partitioning of a bounded sub-
set of RZ, where R? is equipped with a norm whose unit ball is a regular hexagon. The centers
of the above hexagons are chosen independently and uniformly at random from a large region
that contains the given subset of R2. At each step of the iteration, a new hexagon appears, and it
carves out a new cluster which consists of the part of the hexagon that does not intersect any of
the clusters that have been formed in the previous stages of the iteration. The first few clusters
that are formed by this procedure are typically hexagons, but at later stages the clusters become
more complicated and less “round.” In particular, they can eventually become disconnected, as
exhibited by the region that is shaded black above.

and most popular notions of random partitions of metric spaces among those that
have been introduced.

Definition 63 (Separating random partition and separation modulus). Let (M, dwy )
be a metric space. For o, A > 0, a A-bounded random partition P of (T, dw) is
o-separating if

Vx,y € M, Prob[iP(x) #* CP(y)] < %dm(x,y). (1.92)

The separation modulus'® of (W, dw ), denoted SEP(T, dw ) or simply SEP(M) if
the metric is clear from the context, is the infimum over those ¢ > 0 such that for
every A > 0 there exists a o-separating A-bounded random partition of (W, d).
If no such o exists, then write SEP(Tl, dw ) = oo. Similarly, for n € N, the size-n
separation modulus of (WL, dy ), denoted SEP” (TN, dy ) or simply SEP” (Til) if the
metric is clear from the context, is the infimum over those o > 0 such that for every
S € MW with |S| < n and every A > 0 there exists a o-separating A-bounded random

101n [227] we called the same quantity the “modulus of separated decomposability.”



56 Introduction

partition of (S, d ). In other words,

SEP" (M, dm) = sup SEP(S, dm).
Scm
|S|<n
While the notions that we presented in Definition 63 are standard (see below for
the history), it will be beneficial for us (e.g., for proving Theorem 29) to introduce
the following terminology.

Definition 64 (Separation profile). Let (Til, dyw ) be a metric space. We say that a
metric D : M x Tl — [0, c0) on M is a separation profile of (M, dw ) if for every
A > 0 there exists a A-bounded random partition P of (T, dw ) that is defined on
some probability space (2a, Proba) such that

Vx,y €M, bd(x,y)= sup AProba[Pa(x) # Pa(y)] (1.93)
A€(0,00)

So, the separation modulus of (T, dy ) is the infimum over those o > 0 for
which ody is a separation profile of (Til, d ). Definition 64 would make sense for
functions b : Tl x Tl — [0, co) that need not be metrics on T, but we prefer to
deal only with separation profiles of (Til, dy ) that are metrics on Til so as to be
able to discuss the Lipschitz condition with respect to them; observe that the right-
hand side of (1.93) is a metric on T, so any such function is always at least (point-
wise) a metric that is a separation profile of (Til, dw). If b : Tl x T — [0, 00) is a
separation profile of (Til, dy ), then d(x, y) = dw (x, y) for all x, y € W because
diamm (P (x,)—(X)) S dm(x,y) —e& <dm(x,y) forany 0 < & < dm(x,y), so
we necessarily have y ¢ Py (x,y)—s(X) (deterministically) and therefore

b(x’ y) = (dm(x, y) - €)Pr0bdm(x,y)—s[ipdm(x,y)—s(x) 75 iPdm(x,y)—e(y)]
=dm(x,y) —e. (1.94)

Definition 65 (Padded random partition and padding modulus). Let (Til, dw ) be a
metric space. For 8, p, A > 0, a A-bounded random partition P of (W, dw ) is (p, §)-
padded if

Vxem, Prob[Bm (x, %) - iP(x)] > 5. (1.95)

Denote by PADs (T, dw ), or simply PADg(Til) if the metric is clear from the con-
text, the infimum over those p > 0 such that for every A > 0 there exists a (p, §)-
padded A-bounded random partition P of (Til, dy ). If no such p exists, then write
PADs (T, dyw) = oo. For every n € N, denote

PAD} (M. dm) £ sup PAD;(S. dm).
Scm
|S|<n



Randomized clustering 57

See Section 3 for a quick justification why the above definition of random par-
tition implies that the events that appear in (1.92) and (1.95) are indeed Prob-mea-
surable.

Qualitatively, condition (1.92) says that despite the fact that P decomposes Til
into clusters of small diameter, any two nearby points are likely to belong to the same
cluster. Condition (1.95) says that every point in Tl is likely to be “well within” its
cluster (its distance to the complement of its cluster is at least a definite proportion
of the assumed upper bound on the diameter of that cluster). Both of these require-
ments express the (often nonintuitive) property that the “boundaries” that the random
partition induces are “thin” in a certain distributional sense, despite the fact that each
realization of the partition consists only of small diameter clusters that can sometimes
be very jagged. Neither of the above two definitions implies the other, but it follows
from [170] that if P is a (p, §)-padded A-bounded random partition of (M, dw),
then there exists a random partition P’ of (Tll, dyy ) that is (2A)-bounded and (4p/4)-
separating.

Separating and padded random partitions were introduced in the articles [29, 30]
of Bartal, which contained decisive algorithmic applications and influenced a flurry
of subsequent works that obtained many more applications in several directions.
Other works considered such partitions implicitly, with a variety of applications; see
the works of Leighton—Rao [175], Awerbuch—Peleg [18], Linial-Saks [184], Alon—
Karp—Peleg—West [4], Klein—Plotkin—Rao [156] and Rao [269]. The nomenclature of
Definition 63 and Definition 65 comes from [124, 160, 170,171, 173].

By [29], for every metric space (Til, dw ) and every integer n = 2, we have the
bound SEP" (M) < logn. It was observed by Gupta, Krauthgamer and Lee [124]
that [29] also implicitly yields the padding bound PAD] (i) < logn. It was proved
in [29] that both of these estimates are sharp.

Random partitions of normed spaces were first studied by Peleg and Reshef [248]
for applications to network routing and distributed computing. The aforementioned
work [76] improved and generalized the bounds of [248], and influenced later works;
see, e.g., [173], and the work [13] of Andoni and Indyk. Similar partitioning schemes
appeared implicitly in earlier work [152] on algorithms for graph colorings based on
semidefinite programming.

1.7.4 From separation to Lipschitz extension

As we already explained, the connection between random partitions and Lipschitz
extension was found in [173]. Here we will use the following theorem to deduce
Theorem 29. It implies in particular the bound

e(M) < SEP(M) (1.96)
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of [173] and its proof is an adaptation of the ideas of [173] to both the present setup
(extension to a function that is Lipschitz with respect to a different metric) and our
different measurability requirements from the random partitions; we stress, however,
that even though we cannot apply [173] directly as a “black box,” the geometric ideas
that underly the proof of Theorem 66 are the same as those of [173].

Theorem 66. Suppose that b is a separation profile of a locally compact metric space
(M, dw). For every Banach space (Z, || - ||z) and every subset C C W, if f : C > Z
is 1-Lipschitz with respect to the metric dw, i.e., | f(x) — f(V)|z < dw(x, y) for
every x,y € M, then there is F : ML — Z that extends [ and is O(1)-Lipschitz with
respect to the metric 9, i.e., | F(x) — F(y)|lz < d(x, y) for every x,y € M.

1.7.5 Bounds on the separation and padding moduli of normed spaces

To facilitate the ensuing discussion of upper and lower bounds on the separation
and padding moduli of (subsets of) normed spaces, we will first record two of their
rudimentary properties. Firstly, the following lemma formally expresses the afore-
mentioned advantage of the definitions in Section 1.7.3 over those of [173], namely
that the moduli SEP(-) and PADg(-) are bi-Lipschitz invariants; its straightforward
proof appears in Section 3.

Lemma 67 (Bi-Lipschitz invariance of separation and padding moduli). Let (Til, dw )
be a complete metric space that admits a bi-Lipschitz embedding into a metric space

(M, dw). Then
SEP(T, dm) < c(n,qq) (M, dm)SEP(T, dy) (1.97)
and
Vé € (0,1), PADs(M,dwm) < cm,dq) (M, dm)PADs (N, dn). (1.98)

Secondly, we have the following tensorization property of the separation and
padding moduli, whose simple proof appears in Section 3. For s € [1, co] and met-
ric spaces (Til1, dw,), (M, dw,), the metric dm,g,m, : M1 x T2 — [0, c0) on
the Cartesian product Ml x Til, is defined by setting for every (x1, x2), (V1, y2) €
ml X mz,

def 1

dw@,m, ((x1.X2), (1. ¥2)) = (dm (x1. y1)° + da(x2, y2)°) (1.99)

With the usual convention that when s = oo the right-hand side of (1.99) is equal to
the maximum of dw (x1,y1) and dq (x2,y2). The metric space (11 x W2, dwm, o, m,)
is will be denoted Tl ; &, M ».
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Lemma 68 (Tensorization of separation and padding moduli). For any s € [1, o0]
and 81,8, € (0, 1), any two metric spaces (W1, dw,) and (W2, dw,) satisfy

SEP(M; @, M,) < SEP(TL,) + SEP(M,), (1.100)

and
1
PADs, 5, (TILy @5 M>) < (PADs, (1) + PADs, (M)%) . (1.101)

The following theorem shows that the bi-Lipschitz invariant PADg(-) is not suf-
ficiently sensitive to distinguish substantially between normed spaces, as its value is
essentially independent of the norm.

Theorem 69. For every n € N, every normed space X = (R, || - ||x) satisfies
o1 1+ V8
V§ € (0,1), ADg( ) < —. (1.102)
—s S - Vs

Therefore, PADg(X) = max{l1, lg'gr?l(;(g) } for every finite dimensional normed space X
and $ € (0,1).

As we explained above, in the setting of Theorem 69 the fact that
PAD (X) = O(n)

is well known. We will prove the upper bound on PADg(X) that appears in (1.102),
i.e., with sharp dependence on both n and §, in Section 4.1. The fact that PADg 5(X)
is at least a universal constant multiple of n was proved in the manuscript [170].
Because [170] is not intended for publication, we will prove the lower bound on
PAD; (X) that appears in (1.102) in Section 2.6, by following the reasoning of [170]
while taking more care than we did in [170] in order to obtain sharp dependence on §
in addition to sharp dependence on 7.

In contrast to Theorem 69, the separation modulus of a finite dimensional normed
space can have different asymptotic dependencies on its dimension. For example, we
have SEP(£5) =< /n and SEP({}) < n by [76]. Using Lemma 67, we see from this
that every normed space X = (R”, || - ||x) satisfies the a priori bounds

m < SEP(X) < dpm(£2.X) /1, (1.103)
which we already quoted in the above overview as (1.2).

Giannopoulos proved [105] that every n-dimensional normed space X satisfies
dgm(}, X) < n5/6, so the first inequality in (1.103) implies that SEP(X) > &/n.
Alternatively, the fact that SEP(X) = n°¢ for some universal constant ¢ > 0 follows
from by combining Theorem | with (1.96). Actually, we always have

SEP(X) = /n, (1.104)
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which coincides with the first half of (1.7). Observe that (1.104) cannot follow from a
“vanilla” application of the first inequality in (1.103) by Szarek’s work [295]. In fact,
the first inequality of (1.103) must sometimes yield a worse power type dependence
on n than in (1.104), because Tikhomirov proved in [302] that there is a normed space
X = (R”, || - |x) that satisfies dgp (£", X) = n? for some universal constant a > 1/2.
Nevertheless, we can prove (1.104) by the following a “hereditary” application
of (1.103). Bourgain—Szarek [51] and independently Ball (see [51, Remark 7], [296,
Remark 7], [305, p. 138]) proved (relying on the Bourgain—Tzafriri restricted invert-
ibility principle [52]) that there is m € {1,...,n} with m < n such that cx({T") <
J/n (in fact, by [51] any 2n-dimensional normed space has Banach-Mazur distance
O(y/n) from £} & £4). Hence, SEP(X) 2 SEP({7")/cx(€") =< m/cx({7) 2 /n,
by (1.97).
The second half of (1.7) is the following lower bound on SEP(X) in terms of the
type 2 constant of X:
SEP(X) = T»(X)>. (1.105)

We will prove (1.105) in Section 2.2 using Talagrand’s refinement [298] of Elton’s
theorem [92], by the same hereditary use of (1.103), namely showing that there is
m € {1,...,n} for which m/cx(¢7") 2 T»(X)%.

Remark 70. It is impossible to improve (1.7) for all the values of the relevant param-
eters, as seen by considering X = €37 @, {" foreachm € {1,...,n}. Indeed, since
in this case T>(X) < /m,

SEP(X) | < SEP(¢5™"™) + SEP({T')

< Vn—m+mx J/n+k < max{y/dim(X), T»(X)?}.

Thanks to (1.71), the following theorem is a restatement of the lower bound on
SEP(X) in Theorem 3.

Theorem 71. For every n € N, any normed space X = (R", || - ||x) satisfies
SEP(X) = evr(X)+/n.

As evr(X) = 1 (by definition), Theorem 71 implies (1.104), via a proof that dif-
fers from the above reasoning. Also, Theorem 71 is stronger than the first inequality
in (1.103) because evr(¢}) =< /n, and hence

evr(£?) n
eviX)Vn> ——Y nx ———— .
X = @ V"™ o @.X)

We will prove Theorem 71 in Section 2.5 by adapting to the setting of general normed
spaces the strategy that was used in [76] to treat £. The volumetric lower bound on
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SEP(X) of Theorem 71 is typically quite easy to use and it often leads to estimates
that are better than the first inequality in (1.103).

For example, by [285, Proposition 2.2] the Schatten—von Neumann trace class S},
satisfies D

Vp =1, evr(sh) < n™rm20 (1.106)

By substituting (1.106) into Theorem 71 we get that
n 1_1 [ 141
VI<p<2 SEPS)) znr 2,/dim(Sp) <nr"2. (1.107)

An upper bound that matches (1.107) is a consequence of the second inequality
in (1.103) as follows

SEP(S}) < dai (). £37) /dim(S) = di (5. S3)n = n 744,

We therefore have
n L_i_l
VI<p<2 SEP(S))=<nr’2.

At the same time, the first inequality in (1.103) does not imply (1.107) since by
a theorem of Davis (which was published only in the monograph [305]; see Theo-
rem 41.10 there), for every 1 < p < 2 we have

dpwi (€27, S2) = n. (1.108)

So, the first inequality in (1.103) only implies the weaker bound SEP(S}) 2 n. Of
course, this rules out a “vanilla” use of (1.103) and a hereditary application of (1.103)
as we did above could conceivably lead to (1.107), i.e., there could be m € {1,...,n}
such that m/cgn (€7) is at least the right-hand side of (1.107). However, this possibil-
ity seems to be unlikely, as it would mean that the following conjecture has a negative
answer, which would entail finding a remarkable (and likely valuable elsewhere) sub-
space of S7.

Conjecture 72. Fix 1 < p <2and0 < § < 1.If n,m € N satisfy m > §n?, then
dgm (7. X) Zp5 1
for every m-dimensional subspace X of Sj.

Thus, (1.108) is the case § = 1 of Conjecture 72, which asserts that the same
asymptotic lower bound persists if we consider subspaces of S} of proportional di-
mension rather than S itself. Conjecture 72 is attractive in its own right, but it also
implies that (1.107) does not follow from a hereditary application of the first inequal-
ity in (1.103). To see this, suppose for contradiction that there were m € {1,...,n}

such that
m

Zo N
cep (1) P

N=

+3 (1.109)
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By Rademacher’s differentiation theorem [267] there is an m-dimensional subspace
X of S}, satisfying

den (07,6 Jm

dem(S1.S5) b

cgn (67) = dpm ({7, X) 2 (1.110)

By contrasting (1.110) with (1.109) we deduce that necessarily m 2, n?, so an appli-
cation of Conjecture 72 gives m/cgp (£1') <p n, which contradicts (1.109) since p<2.

Remark 73. The Lowner ellipsoid of £7,(€7) is /1 Bez ), and Bea, ony = (Bep)".
Consequently,

(7m)2/F(2+1)) i

evr (€5, (€1))n = ”( 272/ (n1)"

Therefore, Theorem 71 gives
SEP(€2,(¢1)) 2 n3. (1.111)

We will soon see that (1.111) is optimal, though unlike the above discussion for S}
when 1 < p < 2, this does not follow from the second inequality in (1.103) because
by [1631,

A (€27, €2 (€1)) = du (€2, €2(€1)) = n. (1.112)

(1.112) also shows that (1.111) does not follow from the first inequality in (1.103).
It seems that the method used in [163] to prove (1.112) is insufficient for prov-
ing that (1.111) does not follow from a hereditary application of the first inequal-
ity in (1.103). Analogously to Conjecture 72, we conjecture that this is impossible,
which is a classical-sounding question about Banach—Mazur distances of independent
interest.

Before passing to a description of our upper bounds on the separation modulus,
we formulate the following corollary of Theorem 71 on the separation modulus of
norms whose unit ball is a polytope; it restates the lower bound (1.6) and establishes
its optimality.

Theorem 74. Fix n € N and a normed space X = (R", || - ||x). Suppose that Bx
is a polytope that has exactly pn vertices (note that necessarily p = 2, since Bx is

origin-symmetric). Then
n

Viogp’

Moreover, this bound cannot be improved in general.

SEP(X) > (1.113)
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As an example of a consequence of Theorem 74, let
G=®R"1"le

be a Gluskin space [111], i.e., it is a certain random norm on R” whose unit ball
has O(n) vertices; see the survey [196] for extensive information about this impor-
tant construction and its variants. The expected Banach—-Mazur distance between two
independent copies of G is at least cn for some universal constant ¢ > 0, so the
expected Banach-Mazur distance between G and {7 is at least /cn. Thus, the first
inequality in (1.103) only shows that SEP(G) > /n in expectation, while Theorem 74
shows that SEP(G) = n//log n. It would be interesting to determine the growth rate
of E[SEP(G)]. In particular, can it be that E[SEP(G)] Z n?

Proof of Theorem 74. By applying a linear isometry of X we may assume that ng is
the Lowner ellipsoid of Bx. Since By is a polytope with pn vertices that is contained
in ng, we have

J1
2/vol,(By) < Y—2F
n

by a result of Maurey [258] (see also [25,28,48,72,73,112, 164] and the expository
treatments in [24, 55]). Hence, evr(X) = +/n/logp, so (1.113) follows from Theo-
rem 71.

Consider the following (dual of an) example of Figiel and Johnson [98]. Fix
m € N. Let Z = (R™, | - ||z) be a normed space with dgy(£5', Z) < 1 such that
By is a polytope of e2 vertices; e.g., Bz can be taken to be the convex hull of
anet of S ! For k € N, let X = K’f(Z). So, dim(X) = km and By is a poly-
tope of 2ke ™ vertices. Thus (1.113) becomes SEP(X) > k/m. At the same time,
since dpy ({2, Z) < 1 we have dBM(Elzcm, X) < vk, so by (1.103) in fact SEP(X) <
Vk - Vkm = k/m, i.e., (1.113)is sharp in this case. n

Theorem 29 follows from Theorem 66 thanks to the following randomized parti-
tioning theorem.

Theorem 75. For every n € N and every normed space X = (R”, || - ||x), the metric
D that is defined by

4lx = yllmex
Vx,y € R, d(x,y)= —— =X
X,y (x.y) vol, (By)

is a separation profile for X.

To illustrate Theorem 75, fix 1 < p < oo and apply it when X is the space Y},
of Theorem 24. By using Theorem 75 we see that for every A > 0 there is a random
partition P of R” with the following properties.

(1) For every x € R" we have diamgz (P(x)) < A.
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(2) Forevery x,y € R" we have

1
% = yllmeys (13070139 o

Prob[P(x) # P(y)] < W < K”x = Vllez. (1.114)

In comparison to the O(/n)-separating partition of £3 from [76], when p < 2 the
above random partition has smaller clusters in the sense that their diameter in the @;’,
metric is at most A, which is more stringent than the requirement that their Euclidean
diameter is at most A. This improved control on the size of the clusters comes at the
cost that in the probabilistic separation requirement (1.114) the quantity that multi-
plies the Euclidean distance increases from O(4/n) to O(n'/?). When p > 2 this
tradeoff is reversed, i.e., we get an asymptotic improvement in the separation guar-
antee (1.114) at the cost of requiring less from the cluster size, namely the diameter
of each cluster is now guaranteed to be small in the K;‘, metric rather than the more
stringent requirement that it is small in the Euclidean metric.

Theorem 76 below follows from Theorem 75 the same way we deduced Theo-
rem 21 from Theorem 29.

Theorem 76. Fixn € N and two normed spaces X = (R, || - [|x),. Y = R", | - [ly).
Every closed C C R”" satisfies

SEP(Cx)
— vol,—1 (Proj¢,_ B X — n
s4( up M) Sup( n=1(Projic—y) L (By)) | Y||ez). a115)
xyee X =ylly /) xyee vol, (By) lx — yllx

x#y X#y

Proof of Theorem 76 assuming Theorem 75. Let M, M’ be as in (1.51) and (1.52).
By Theorem 75 applied to Y, for every A > 0 there is a random partition P of R”
that is (A /M )-bounded with respect to Y, i.e.,

diamy (P(x)) (51

A
I < diamy(P(x)) < —

M

for every x € R”, and also, recalling Definition 64, for every distinct x, y € R" we
have

A 4lx — ylimey
aFrop[Pe) # P0] < -

(1.30) 4V01n—1(Pr°j(x—y)i (BY))HX - )’”6'21
B vol, (By)

sy
< AMlx = yllx. L]

The special case ¢ = R” of Theorem 76 coincides (with an explicitly stated
constant factor) with the upper bound on SEP(X) in Theorem 3, since under the
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normalization By C Bx we have

(L30A(L115)  sup,eapy 12 ey

SEP(X <
&) vol, (By)
[[1dn Il x—1*y _ ll1d [ rry—x* _ 2diamx*(HBY)
vol, (By) vol, (By) vol, (By)

Also, Theorem 76 is stronger than the second inequality in (1.103) because by apply-
ing a linear isometry of X we may assume without loss of generality that ||x|x <
[xllez < dmm(€3,X)]|x[Ix for all x € R”, in which case the special case € = R" and
Y = {7 of (1.115) implies that

4V01,,_1(B£n—1) 4n "5t (£+ 1)
SEPX) < ————2 " dgy(t2.X) = ——— 2 dgu(£2.X
(X) Vol (Bez) M (€3, X) AT 1) M (€3, X)
2 + o(1)

NG ————=—dpm({3,X)V/n.

The right-hand side of (1.115) coincides (up to a universal constant factor) with
the right-hand side of (1.28), so all of the upper bounds for the Lipschitz extension
modulus that we derived in the previous sections from Theorem 21 hold for the sep-
aration modulus, by Theorem 76. For the separation modulus, we get several lower
bounds from Theorem 71 that either provably match our upper bounds up to lower
order factors, or match them assuming our conjectural isomorphic reverse isoperime-
try. We will next spell out some of those consequences on randomized clustering of
high dimensional norms.

Theorem 77. Forevery p = 1,n € Nandk,r € {l,...,n} we have
SEP((¢0)<k) = km‘“{%’%} (1.116)
and
P /n < SEP((Sh)<r)
paxth by ymax{log(), p} if p < logr, (1.117)
Viogn if p=logr.
Moreover, if Conjecture 49 holds for X = S}, then in fact
SEP((Sh)<r) = r™5:2) /.

Proof. The deduction of the upper bounds on the separation modulus that appear
in (1.116) and (1.117) from Theorem 76 are identical, respectively, to the ways we
deduced Theorem 20 and (1.45) from Theorem 21.
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For the first inequality in (1.116), since (£})<k contains an isometric copy of ok,
we have
k (1.103) k (Ll 1
SEP(({M)<k) = SEP(LF) > ——— "< — — = mintga)
(( p)sk) ( p) dBM(ﬁ’;l’f) kmax{l—%,%}

where the asymptotic evaluation of dgy (€5, Z’; ) for all p,q = 1 is due Gurarii, Kadec’
and Macaev [125].

For the first inequality in (1.117), use the fact that (S;‘,)gr contains an isometric
copy of SI’,X”, which is the Schatten—von Neumann trace class on the r-by-n real
matrices M, x, (R), whose norm is given by

VA€ Mrxn(R), [Allgyn = (Tr((AA*)g))%. (1.118)

We then have the following rectangular version of (1.106) whose derivation is ex-
plained in Remark 171:

evr(S;X”) = pmaxt =30}, (1.119)
The desired lower bound on SEP((S})<,) is now an application of Theorem 71.  m

Remark 78. Theorem 3.3 in [76] asserts that SEP(£5) = nmad1l/p1=1/P} for every
p = 1. Therefore, when p > 2 it was previously thought that SEP(}) =< nl=1/p,
which contradicts the case k = n of (1.116). While [76] provides a complete and
correct proof that SEP({}) < n'/P when 1 < p <2, in the range p > 2 the assertion
SEP({;) < n'~1/P in [76] is justified through the use of a result from reference [14]
in [76], which is cited there as a “personal communication” with P. Indyk (dated April
1998). This reference was never published. After discovering Theorem 77, we con-
firmed with Indyk that his aforementioned personal communication with the authors
of [76] contained a gap.

Corollary 79. Conjecture 49 implies Conjecture 6. Namely, if Conjecture 49 holds
for a canonically positioned normed space X = (R", || - ||x), then

SEP(X) < evr(X)/n = vr(X*)/n. (1.120)

In particular, if X satisfies the assumptions of Lemma 53 (e.g., if X is symmetric),
then (1.120) holds. Furthermore, if E = (R", || - |g) is a symmetric normed space,
then SEP(Sg) = evr(E)n' W, More precisely,

evr(E)n < SEP(Sg) < evr(E)n+/logn.

Proof. The lower bound on SEP(X) in (1.120) is Theorem 71 (thus, it requires neither
Conjecture 49 nor X being canonically positioned). The matching upper bound on
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SEP(X) in (1.120) follows from Corollary 51 and the fact that by Theorem 76 the
separation modulus of any (not necessarily canonically positioned) normed space

X=R"[x)

is bounded from above by the right-hand side of (1.54). The rest of the assertions of
Corollary 79 follow from Lemma 53 and Lemma 54. |

By incorporating Proposition 61 into the same reasoning as in the justification of
Corollary 79, we also deduce the following stronger version of Theorem 12.

Theorem 80. If X = (R”, || - ||x) is a canonically positioned normed space, then

evr(X)v/n < SEP(X) < K(X) evr(X)v/n “%7) evr(X)+/nlogn.

Section 6.3 contains volume ratio computations that show how Corollary 79 and
Theorem 80 imply Corollary 4, as well as the conjectural (i.e., conditional on the
validity of Conjecture 49 for the respective spaces) asymptotic evaluations (1.14)
and (1.15), and several further results of this type. Most of the volume ratio compu-
tations in Section 6.3 rely on the available literature (notably Schiitt’s work [285]),
with a few new twists that are perhaps of independent geometric/probabilisitic interest
(e.g., Lemma 173).

1.7.6 Dimension reduction

Fix n € N and a metric space (Til, dy ). Recall that in Definition 63 we denoted by
SEP” (M, dw ) the supremum over all the separation moduli of subsets of Tl of size
at most 7. In [76] it was shown that SEP"(£3) < +/logn. Indeed, this follows from
the Johnson—Lindenstrauss dimension reduction lemma [138], which asserts that any
n-point subset of £, can be embedded with O(1) distortion into £5' with m < logn,
combined with the proof in [76] that SEP({%') < /m.

One might expect that the optimal bounds that we know for SEP({}) in the
entire range p € (1, co) also translate to improved bounds on SEP"({,). The term
“improved” is used here to mean any upper bound of the form o, (logn) as n — oo,
since the benchmark general result is the aforementioned upper bound

SEP" (M, dw) < logn

from [29], which holds for any n-point metric space (Til, dy ). This bound is sharp in
general [29], so (because every n-point metric space embeds isometrically into £2)
we cannot hope to get a better bound on SEP" ({,) despite the fact that we obtained
here an improved upper bound on SEP(£2).

The obstacle is that when p € [1, oo] ~ {2} no bi-Lipschitz dimension reduction
result is known for finite subsets of £,, and poly-logarithmic bi-Lipschitz dimension
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reduction is impossible if p € {1, co}; the case p = oo is due to Matousek [200]
(see also [228,230]) and the case p = 1 is due to Brinkman and Charikar [58] (see
also [172,232,240,270]). When p € [1,00] ~ {1, 2, 0o} remarkably nothing is known,
i.e., neither positive results nor impossibility results are available for bi-Lipschitz
dimension reduction, and it is a major open problem to make any progress in this
setting; see [229] for more on this area. Despite this obstacle, we have the following
theorem that treats the range p < [1,2].

Theorem 81. For every p € (1,2] and n € N we have

(logn)?

(logn)? < SEP"((,) S =

The lower bound on SEP"({,) of Theorem 81 can be deduced from [76]; see
Section 4.2 for the details. An upper bound of SEP"({,) <, (log n)/? was obtained
when p € (1, 2] in the manuscript [170]. As [170] is not intended for publication, a
proof of the upper bound on SEP”({,) that is stated in Theorem 81 is included in
Section 4.2, where we perform the argument with more care than the way we initially
did it in [170], so as to obtain the best dependence on p that is achievable by this
approach. Nevertheless, we conjecture that the dependence on p in Theorem 81 could
be removed altogether, though this would likely require a substantially new idea.

Conjecture 82. The dependence on p in Theorem 81 can be improved to
SEP"((,) < (logn)?.

So, if p < 1+ c(logloglogn)/loglogn for some universal constant ¢ > 0, then
Theorem 81 does not improve asymptotically over SEP”({,) < logn, while Conjec-
ture 82 would imply that SEP" (£,,) = o(logn) if and only if

lim (p — 1) loglogn = oo.
n—>o0
For fixed p € (2, 00), at present we do not see how to obtain an upper bound on

SEP"({,) of the form 0, (logn) as n — oo. We state this separately as an interesting
and challenging open question.

Question 83. Is it true that for every n € N and p € (2, 00) we have

. SEP"({p)
Iim ———— =
n—00 ]ogn

0?

More ambitiously, is it true that SEP" (£,,) <, +/logn?

Note that SEP"(X) = +/logn for any infinite-dimensional normed space X, be-
cause by Dvoretzky’s theorem [90] we have cx (¢5') = 1 for every m € N, and there-
fore SEP"(X) = SEP"({,) =< /logn.
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1.8 Consequences in the linear theory

Even though the purpose of the present article was to investigate the nonlinear invari-
ants e(-) and SEP(-), by relating them to volumetric quantities and other linear invari-
ants of Banach spaces (such as type and cotype), we arrive at consequences that have
nothing to do with nonlinear issues. In this section, we will give a flavor of such con-
sequences, though we will not be exhaustive since it would be more natural to pursue
them separately for their own right in future work.

Denote the Minkowski functional of an origin-symmetric convex body K € R”
by || - |, i-e., it is the norm on R” whose unit ball is equal to K. The following theo-
rem coincides with the second inequality in (1.1) upon a straightforward application
of duality as we did in (1.31); this formulation is intended to highlight how we are
bounding a convex-geometric quantity by a bi-Lipschitz invariant.

Theorem 84 (Nonsandwiching between a convex body and its polar projection body).
Fixn e Nanda, B € (0,00). Let K, L C R" be origin-symmetric convex bodies with
vol, (L) = 1. Suppose that

al C K C BIT*L. (1.121)

Then,
P2 sepen. 1 1), (1.122)

Since the separation modulus of a metric space is at least the separation modu-
lus of any of its subsets, by combining (1.122) with the first inequality in (1.1) we
see that the sandwiching hypothesis (1.121) implies the following purely volumetric
consequence for every linear subspace V C R”:

P2 evi(k 0 V)it < vr(Proly K°) i (1123)

In particular, using evr(¢}) < /n, we record separately the following special case
of (1.123).

Corollary 85 (Nonsandwiching of the cross-polytope). Fixn € N and a, 8 € (0, 00).
If L € R” is a convex body of volume 1 that satisfies al. C ngt C BII*L, then
necessarily B/o = n.

The geometric meaning of Theorem 84 when L = K is spelled out in the follow-
ing corollary.

Corollary 86 (Every origin-symmetric convex body admits a large cone). For every
n € N, every origin-symmetric convex body K C R" has a boundary point z € 0K
that satisfies

vol, (Cone; (K))

1
% —SEP(R", || - . 1.124
o % a PR 1) (1.124)
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To see that Corollary 86 coincides with the case L = K of Theorem 84, simply
recall the definition of the polar projection body IT* K in (1.30), while also recalling
that for z € R” ~ {0} we denote the cone whose base is Proj, . (K) C z* and whose
apex is z by Cone; (K), and the volume of Cone, (K) is given in (1.35).

A substitution of (1.104) into Corollary 86 shows that any origin-symmetric con-
vex body K C R” has a boundary point z € dK that satisfies

vol,, (ConeZ(K)) 1
vol, (K) < f

It seems (based on inquiring with experts in convex geometry) that the classical-
looking geometric statement (1.125) did not previously appear in the literature. How-
ever, in response to our inquiry Lutwak found a different proof of (1.125) which in
addition shows that the best possible constant in (1.125) is 1/+/27. More precisely,
we have the following proposition, whose proof (which relies on classical Brunn—
Minkowski theory, unlike the indirect way by which we found (1.125)), is included
in Section 2.7 (this proof is a restructuring of the proof that Lutwak found; we thank
him for allowing us to include it here).

(1.125)

Proposition 87 (Lutwak). For every n € N, any origin symmetric convex body K C
R” satisfies

vol,(Cone; (K)) _~ T(3) 1+, (1.126)
N .

max = = .

z€dK vol, (K) 2 /al (2 ) 27n
Moreover, the first inequality in (1.126) holds as equality if and only if K is an ellip-
soid.

A substitution of (1.105) into Corollary 86 yields the following geometric in-
equality.

Corollary 88. Fix n € N and suppose that K C R" is an origin-symmetric convex
body. There is a boundary point z € 0K such that the following inequality holds for
every x1,...,x, € K:

voly (Cone; (K)) f 6 (1.127)
N sn—1 . '

vol, (K)

Zéx,

By combining [303] with Lemma 102 below, the maximum of the right-hand side
of (1.127) over all possible x1,...,x, € K is bounded above and below by universal
constant multiples of T5(R”, || - |x)?/n (recall the definition (1.77) of the type-2
constant), so Corollary 88 is indeed a substitution of (1.105) into (1.124).

Returning to Corollary 86, recall that both the cross-polytope B¢» and the hyper-
cube [—1, 1]* are examples of extremal symmetric convex bodies K C R” that have
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a boundary point z € dK for which the volume of Cone,(K) is a universal con-
stant proportion of the volume of K (the Euclidean ball is an example of a convex
body that is not extremal in this regard). But, there is a difference between the cross-
polytope and the hypercube in terms of the stability of this property. Specifically,
there is an origin-symmetric convex body K < [—1, 1]" € O(1)K such that for
every z € 0K the left-hand side of (1.124) is at most a universal constant multi-
ple of 1/4/n. In contrast, the following proposition shows that the extremality of
max;cyp o vol, (Cone; (Byn)) / vol, (B¢r) (up to constant factors) persists under O(1)
perturbations.

Proposition 89. Fixn € N and o, § € (0, 00). Suppose that K C R" is an origin-
symmetric convex body that satisfies a K ngt C BK. Then there exists a boundary
point z € 0K such that
vol, (Cone; (K)) Lo
vol, (K) A

Proposition 89 is a direct consequence of Corollary 86, the bi-Lipschitz invari-
ance of the modulus of separated decomposability, and the lower bound SEP({) X n
of [76].

The following proposition is an application in a different direction of the results
that we described in the preceding sections.

Proposition 90. If (E, | - ||g) is a finite dimensional normed space with a 1-symmetric
basis, then every subspace X of E satisfies

evr(X)y/dim(X) < evr(E)+/dim(E). (1.128)

Proposition 90 holds because SEP(E) < evr(E)./dim(E) by Corollary 79, while

SEP(X) Z evr(X)+/dim(X)

by Theorem 71, so (1.128) follows from SEP(X) < SEP(E). This justification shows
that Proposition 90 holds for a class of spaces that is larger than those that have a
1-symmetric basis, and Conjecture 6 would imply that Proposition 90 holds when E
is any canonically positioned normed space.

Nevertheless, Proposition 90 fails to hold true without any further assumption on
the normed space E. For example, the computation in Remark 52 shows that for any
n,m € N withn = 2 and m < nlogn, the space E = {] @ {7 satisfies

evi(E)+/dim(E) < y/nlogn

while its subspace X = {7 satisfies evr(X) {/dim(X) =< n.
Proposition 90 shows that if E has a 1-symmetric basis, then among the linear
subspaces X of E the invariant evr(X) ,/dim(X) is maximized up to universal constant
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factors at X = E. The fact we are multiplying here the external volume ratio of X by
the square root of its dimension is an artifact of our proof and it would be interesting
to understand what correction factors allow for such a result to hold.

Question 91. Characterize (up to universal constant factors) those A : [1, 00) —
[1, co) with the property that for any n = 1 we have evr(X)A(k) < evr(E)A(n) for
every normed space (E, || - ||g) of dimension at most # that has a 1-symmetric basis,
every k € {1,...,n}, and every k-dimensional subspace X of E.

Proposition 90 shows that if A(n) < /n, then A : [1,00) — [1, 00) has the proper-
ties that are described in Question 91. At the same time, no A4 : [1, c0) — [1, c0) with
A(n) = O(1) can be as in Question 91. Indeed, for any such A consider the symmet-
ric normed space E = {7 . There is a universal constant 7 > 0 such that any normed
space X with dim(X) < nlogn is at Banach—-Mazur distance at most 2 from a sub-
space of £%_."! In particular, this holds for X = ¢7" when m € N satisfies m < nlogn,
so we get that

A(nlogn)+/logn < evr(]")A(nlogn) < 2evr({Z,)A(n) < A(n). (1.129)

So, A(n) Z +/logn and by iterating (1.129) one gets the slightly better lower bound
A(n) 2 \/(logn)loglogn, as well as A(n) 2 +/(log n)(log log n) log log log n and so

forth, yielding in the end the estimate

(Sl

log*n loglk]
(TTx2," log" n)
Aln) = e O(log™n) ’

(1.130)

where for k € N U {0} we denote the kth iterant of the logarithm by log[k], ie.,
log[o] x = x for x > 0, and

loglx >0 = logl™! x = log(log* x). (1.131)

There is no reason to expect that the lower bound (1.130) is close to being optimal,
but in combination with Proposition 90 it does show that the answer to Question 91
is likely nontrivial.

These considerations lead to the following open-ended question. The literature
contains multiple results showing that £}, maximizes certain geometric invariants
(for examples, Banach-Mazur distance to £ [176], or volume ratio [22]) among all

"'This assertion is standard, here is a quick sketch. Take a §-net Tl of the unit sphere of X*
for a sufficiently small universal constant § > 0 and consider the embedding x > (x™ (X)) x*eq
from X to £oo (). Since log |T| < dim(X), this gives a distortion 2-embedding (say, for § =
1/10) of X into £ provided log n is at least a sufficiently large universal constant multiple of
dim(X).
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the n-dimensional subspaces or quotients of L. Is there an analogous theory in the
spirit of (1.128) in the much more general setting of spaces that have a 1-symmetric
basis? This could be viewed as a symmetric space variant of the classical work of
Lewis [176,177]. An interesting step in this direction can be found in [304]; specif-
ically, see [304, Theorem 1.2], which could be relevant to Question 91 through the
approach of [22, Section 2].






Chapter 2

Lower bounds

In this section we will prove the impossibility results that were stated in the Intro-
duction. Throughout what follows, all Banach spaces will be tacitly assumed to be
separable. Given a Banach space X, its Banach—Mazur distance to a Hilbert space will
be denoted dx € [1, 00], i.e., dx = dpm(X, H) where H is a Hilbert space with either
dim(H) = dim(X) when dim(X) < oo, or H = £, when X is infinite dimensional. By
a classical result of Enflo [93, Theorem 6.3.3] (see also [36, Corollary 7.10]) we have
dx = CZ(X).

2.1 Proof of Theorem 13

Recall that the (Gaussian) type 2 and cotype 2 constants of a Banach space (X, || - [|x),
denoted T, (X) and C;(X), respectively, are the infimum over those T € [1, co] and
C < [1, oo], respectively, for which the following inequalities hold for every m € N
and every x1,...,X, € Xt

1 m
EZuxjnisE[

j=1

2 m
} <72y 13 @.1)

X Jj=1

m
§ :gjxj
J=1

where henceforth g1, g, . .. will always denote i.i.d. standard Gaussian random vari-
ables. The following theorem of Kwapieni [162] is fundamental (see also [261, Theo-
rem 3.3] or [305, Theorem 13.15]).

Theorem 92. Every Banach space (X, || - ||x) satisfies dx < T2(X)C1(X).

We will use Theorem 92 to estimate the following quantity, which in turn will be
used to get the best bound that we currently have on the constant ¢ that appears in the
lower bound on e(X) of Theorem 13.

Definition 93 (Lindenstrauss—Tzafriri constant). Suppose that (X, || - [|x) is a Banach
space. Define LT(X) to be the infimum over those K € [1, oo] such that for every
closed linear subspace V C X there exists a projection Proj : X — V from X onto V
whose operator norm satisfies ||Proj||x—x < K.

So, the Lindenstrauss—Tzafriri constant of a Hilbert space equals 1, and Sobczyk
proved [290] that
VneN, LT({}) = LT(L) =< +/n. (2.2)



76 Lower bounds

We chose the nomenclature of Definition 93 in reference to the famous solution [180]
by Lindenstrauss and Tzafriri of the complemented subspace problem, which asserts
that if (X, || - [|x) is a Banach space for which LT(X) < oo, then X is isomorphic to a
Hilbert space, i.e., dx < oo. Moreover, if X is infinite dimensional, then it was shown
in [180] that

dx < LT(X)*.

This dependence was improved in [147] by Kadec and Mitjagin, who established the
following theorem, which is the currently best-known bound in the Lindenstrauss—
Tzafriri theorem (see also [3,97, 150,262,264] for subsequent improvements of the
implicit universal constant factor and further generalizations).

Theorem 94. Every infinite dimensional Banach space (X, || - ||x) satisfies
dx < LT(X)2.

When dim(X) < oo the question of bounding dx by a function of LT(X) was
left open in [180]. This question, which was eventually solved by Figiel, Linden-
strauss and Milman [99, Theorem 6.7], turned out to be significantly more subtle
than its infinite dimensional counterpart. The currently best-known estimate is due to
Tomczak-Jaegermann [305, Theorem 29.4], who proved the following theorem.

Theorem 95. Every finite dimensional Banach space (X, || - ||x) satisfies
dx < LT(X).

The proof of Theorem 95 is achieved in [305] through an interesting combination
of the proof of the Lindenstrauss—Tzafriri theorem [180] with the finite dimensional
machinery of [99] and Milman’s Quotient of Subspace Theorem [216].

The following theorem is a link between the Lindenstrauss—Tzafriri constant and
Lipschitz extension.

Theorem 96. Every Banach space (X, || - ||x) satisfies e(X) = LT(X).

Proof. By Remark 98, if dim(X) = oo, then e(X) = oo, so we may assume that
dim(X) < oo. Fix L > e(X) and let V € X be a linear subspace of X. Then, the
identity mapping from V to V can be extended to an L-Lipschitz mapping p: X — V.
In other words, p is an L-Lipschitz retraction from X onto V. By a classical theorem
of Lindenstrauss [179] (see also its elegant alternative proof by Petczynsky in [247,
p. 61]), there is a projection of norm at most L from X onto V. This proves that
LT(X) < L. u

The following theorem is the lower bound e(¢3) = ¥/n of [210] that we already
quoted in (1.22), in combination with the bi-Lipschitz invariance of the Lipschitz
extension modulus.
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Theorem 97. For every n € N, any normed space X = (R”, || - ||x) satisfies

4
e(X) =z ﬁ
dx

Remark 98. The question whether e(£,) is finite or infinite was open for quite some
time: it was first stated in print in [ 140, p. 137], and it was also posed by Ball in [23,
p- 170] (Ball conjectured that e(£,) = 0o). We answered it in [224] by proving that
lim, o e(£}) = oo. Due to Dvoretzky’s theorem [90] this implies that e(X) is at
least an unbounded function of dim(X) for any normed space X, and in particular
e(X) = oo if dim(X) = oo. A rate at which e({}) tends to co was not specified
in [224], but the reasoning of [224] was inspected quantitatively in [173, Remark 5.3],
yielding an explicit lower bound that depends on an auxiliary parameter, and it was
noted in [62] that an optimization over this parameter yields the estimate e(¢3) > /n.
A further improvement from [210] (whose proof refines ideas of Kalton [149, 151])
was the aforementioned estimate e(¢%) > /n (a different proof of this bound follows
from [231]), which is the currently best-known lower bound on e(¢%). By Milman’s
sharpening [215] of Dvoretzky’s theorem [90], it follows that every normed space X
satisfies e(X) 2 /logn. As we explained in Section 1.3, the bound e(¢%.) > /n is
classical (specifically, by substituting (2.2) into Theorem 96). In combination with
the Alon-Milman theorem [5] (see also [299]), the fact that both e(£}) = nM and
e(¢.) = n*M formally implies that

e(X) = evloen
for some universal constant 7 > 0 and every n-dimensional normed space X, which

was the best-known general lower bound on the Lipschitz extension modulus prior to
Theorem 1.

The above results imply as follows the lower bound on e(X) of Theorem 13. By
combining Theorems 95 and 96, we have e(X) = /dx. In combination with Theo-
rem 97, it therefore follows that

e(X) > max {2/—% f/&} > 2Yn, (2.3)
X

where the last step follows from elementary calculus and holds as equality when

dx =n24.

N

We will derive a better lower bound on e(X) than (2.3) through the following
theorem which improves over the power of LT(X) in Theorem 95, showing that in
the finite dimensional setting one can come close (up to logarithmic factors) to the
infinite dimensional bound of Theorem 94; see also Remark 103 below.
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Theorem 99. For every integer n = 2, any n-dimensional Banach space (X, || - ||x)
satisfies
dx < LT(X)?(logn)>. (2.4)

Assuming Theorem 2.3, reason analogously to (2.3) while using (2.4) in place of
Theorem 95 to get

4 1

e(X) Rmax{ﬁ, /dx }z e @.5)
dx (logn)*) = (logn)?

where equality holds in the final step of (2.5) if and only if dx = ¢/ (logn)?.

Prior to proving Theorem 99, we will record the following two standard lemmas
that will be used in its proof; both will be established in correct generality that also
treats infinite dimensional Banach spaces even though here we will need them only
in the finite dimensional setting (the infinite dimensional formulations are relevant to
the discussion in Remark 103).

Lemma 100. For every Banach space (X, || - ||x) we have LT(X*) < LT(X) + 1.

Proof. We may assume that LT(X) < oo. Then X is reflexive (even isomorphic to
Hilbert space), by [180]. Fix a closed linear subspace W of X* and denote its pre-
annihilator by
TWE (N {reX:x*(x) =0} S X
x*eEW

Suppose that K > LT(X). By the definition of LT(X) there exists Proj : X — X that is a
projection from X onto -W whose operator norm satisfies ||Proj||x_x < K. Observe
that for every x* € X* and x € 1w,

(x* = Proj*x™*)(x) = x*(x) — x*(Projx) = 0,
since Projx = x. This shows that
(Idx» — Proj*)(X*) € (W) = {x* € X* : x*(*W) = {0}} = W,

where the last step follows from the double annihilator theorem since X is reflex-
ive and hence W is weak™ closed in X*. If x* € W, then for any x € X we have
Proj*x*(x) = x*(Projx) = 0, as Projx € “W. Hence Proj*x* = 0, and so ldx+ — Proj*
acts as the identity when it is restricted to W, i.e., ldxx — Proj* : X* — X* is a pro-
jection from X* onto W. It remains to note that

[ldx+ — Proj*||xx* < 1+ [[Proj*|[x*x* = 1 + [[Projllx»x < K + 1. ]

The following simple lemma shows that the Lindenstrauss—Tzafriri constant is a
bi-Lipschitz invariant.
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Lemma 101. Any two Banach spaces (W, || - |lw) and (X, || - ||x) satisfy
LT(W) < cx(W)LT(X). (2.6)

Proof. We may assume that cx (W) < oo and LT(X) < oco. By [180], the latter assump-
tion implies that X is isomorphic to a Hilbert space, and hence it is reflexive. We may
therefore apply a classical differentiation argument (see e.g., [36, Corollary 7.10]) to
deduce that there is a closed subspace Y of X such that

dpm(W.Y) = cx(W).

In other words, for every D > cx (W) there is a linear isomorphism 7 : W — Y satis-
tying | T|lw—y||T ! |ly—w < D.If Vis a closed subspace of W and K > LT(X), then
there is a projection Proj from X onto T'V with ||Proj||x7v < K. Now, T~!ProjT is
a projection from W onto V of norm less than DK. |

The type-2 constant of a normed space (X, || - ||x) is equal to its “equal norm type-
2 constant,” namely to the infimum over those T > 0 for which the second inequality
in (2.1) holds for every m € N and every choice of vectors xi,. .., X, € X that satisfy
the additional requirement

[xillx =+ = lxmllx:

this is a well-known result of Pisier, though it first appeared in James’ important
work [134], where it had a vital role. We will likewise need to use this result, with the
twist that we require a small number of unit vectors for which the type-2 constant of
X is almost attained. The classical proof of the aforementioned equivalence between
type-2 and “equal norm type-2” [134, p. 2] increases the number of vectors poten-
tially uncontrollably, so we will preform the analysis more carefully in the following
lemma, which shows that one need not increase the number of vectors when passing
from general vectors to unit vectors.

Lemma 102 (Equal norm type 2 without increasing the number of vectors). Fixn €

N and 0 < 8 < 1. Let (X, | - ||x) be a normed space and suppose that there exist
vectors X1, . .., xn € X~ {0} that satisfy
n 29\ % n 3
(E{ > aixi D > ﬂTz(X)<Z ||x,-||§) : 2.7)
i=1 X i=1

Then, there also exist unit vectors y1, ..., Yn € {x;i/||xi|x}/=; € 0Bx that satisfy

§

n
> gy

i=1

29\ 3
:|) > BT (X)/n.
X
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Proof. We may assume without loss of generality the following normalized version
of assumption (2.7):

n n
Y Ixli=1 and IEI|:
i=1

i=1

i Xi

2
} > BT, (X)2. (2.8)
X

For every k € N define a subset I of {1,...,n} by

def | . 1
el g < Il < g 9)

So, {I; }ren is a partition of {1,...,n} as 0 < ||x;||x < 1foralli € {1,...,n} by the
first equation in (2.8). Write

m ’710g2(3;3/ﬁ)—‘ and U U I X {1,...,22(m_k)}. (2.10)
k=1

With this notation, Lemma 102 will be proven if we show that there exists S C U
with | S| = n such that

9ij
E X
( [H (.Z el ™

i,j)ES

2

])2 2 BT (X)Vn, (2.11)

X

where {g;; }7_, are i.i.d. standard Gaussian random variables.
To prove (2.11), observe first that by the contraction principle (see, e.g., [168,
Section 4.2]) we have

2 % 22(m—k) 5 1
9ii k
(E[ 2 IIx-UII i D ( [ 27EY D  Lapes)gii D :
G,j)es MHIX X iely j=1

(2.12)
where we used the fact that 1/]|x;||x = 2%~! for every k € N and i € I; (by the
definition (2.9) of Ij). Also,

1= Z Ixi 1% = Z > Il

i=1 k=1i€ly

e o~ |

<
22k—2
k=1

< 4370 22 R |+ > kem1 k|
=~ 22m

@10 B>(4|U| +n)
h 9n '
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This simplifies to give that |[U| = 2n/B% > n. We can therefore average the right-hand
side of (2.12) over all the n-point subsets of U to get the following estimate:

| 22(m—k) 29\ %
TN Z( [ Z2k ") Yapesy9ixi }
( n ) lglcu iely j=1 X
=n
m 22(m—k) (lUl 1) 2 9 %
([Z >y bae] |)
k= i€l j=1 X
22(m—Kk) 2 %
_ k
5T )
k=1 iely j=1
_ 1
2m—1 m 2
= “(E Zzgiyi
|U| :
L k=ll€1k X
< E ZZQ!J’I D : 2.13)
ﬂ|U| k= llEIk

where the first step of (2.13) uses convexity, the penultimate step of (2.13) uses the

fact that
22(m—k) m
(( > g,.,.) ) nd (a0 )i
j=1 iely

k=1
have the same distribution, and for the final step of (2.13) recall the definition (2.10)
of m.
It follows from (2.12) and (2.13) that there must exist S € U with |S| = n such

(2 e ) =S g ) e

To use (2.14), we claim that |U| < n/B?. Indeed,

e 2 @9 Mkl a0 |U] €10 B*U|
Zn lnX—ZZn xil% Zsz = o 2 e

i=1 k=1li€ly k=1

Z 9ij

Sz Tl

PIPIEE

k=1i€ly

By combining the aforementioned upper bound on the size of U with (2.12) and

(2.14), we see that
27\ 4 !
) =rat{|E 5 )
X

Y gy

k=1i€ly

it Tl
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From this, we deduce the desired estimate (2.11) by combining as follows the second
inequality in our assumption (2.8) with the triangle inequality and the definition (2.1)
of the type-2 constant 75 (X):

ElEz=]-C1Ee[) -2 5+{])

(E)ﬂmm—mm( 3 anini)

k=m+1i€ly
29 T,(X)\/n
> BTa(X) - 20
(2.10)
< BT (X).

Proof of Theorem 99. We will prove that the type 2 constant of X satisfies
T5(X) < LT(X)(logn)?. (2.15)

After (2.15) will be proven, we deduce Theorem 99 as follows. We first claim that the
estimate (2.15) implies the same upper bound on the cotype 2 constant of X. Namely,
we also have

Co(X) < LT(X)(logn)3. (2.16)

Indeed,

C2(X) < To(X*) < LT(X*)(logn)?
< LT(X)(logn)3, 2.17)

where the first step of (2.17) follows from a standard duality argument [204] (see also,
e.g., [220, Section 9.10], [253, Section 4.9] or [3, Proposition 6.2.12]), the second step
of (2.17) is an application of (2.15) to X*, and the third step of (2.17) is application
of Lemma 100. The desired estimate (2.4) now follows by a substitution of (2.15)
and (2.16) into Theorem 92 (Kwapieni’s theorem).

By [99, Lemma 6.1] (see also the exposition of this fact in [141, p. 546]) there

exists an integer'
1
1<m< —"(”; ) 2.18)

By [303], if one does not mind losing a universal constant factor in (2.19), then one could
take m = n here, but for the purpose of the ensuing reasoning it suffices to use the much simpler
result [99, Lemma 6.1].
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and x1, ..., X, € X~ {0} such that

m 29\ 3 m 3
(E|: > gixi :|) = Tz(X)(Z ||x,~||,2() (2.19)
i=1 X

i=1
By Lemma 102, it follows that there exist y1, ..., ¥, € 0Bx and a universal constant

0 < y < 1 such that
:|2 E(E[
V
X

m m
E[ D givi D aivi
i=1 i=1

where the first step in (2.20) holds by (the Gaussian version of) Kahane’s inequal-
ity [148] (see, e.g., [168, Corollary 3.2] and specifically [167, Corollary 3] for the
(optimal) constant that we are quoting here even though its value is of secondary
importance in the present context). If we denote

29\ 3
D > yTr(X)/m, (2.20)
X

of YT2(X
wr Y1 (X) 2.21)
vm
then a different way to write (2.20) is
m
IEJ|: > iy } > §m. (2.22)
i=1 X

Because we ensured that yy, ..., y,, are unit vectors in X, we may use a theorem
of Rudelson and Vershynin [274, Theorem 7.4] (an improved Talagrand-style two-
parameter version of Elton’s theorem; see Remark 103), to deduce from (2.22) that
there are two numbers 0 < s < 1 and § < ¢ < 1 that satisfy

)
15 2 —— (2.23)
!
(log(5))*
such that there exists a subset J of {1, ..., m} whose cardinality satisfies
|J| = sm, (2.24)
and moreover we have
J
V@aj)jes €RY. 1) laj| 5 H > ajy, HX <) lgjl. (2.25)
jeJ jeJ jeJ

(2.25) means that the Banach-Mazur distance between span({y;};cs) and @IIJl is
O(1/t). Hence,

ex () < % (2.26)
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Now, the justification of (2.15), and hence also the proof of Theorem 99, can be
completed as follows:

2AQ. (2.24)
Z  tJ|J] = tsm

(2;3) S/m o yT2(X) > LX)
~ 3 - m ~ 3
(log(3))®  (og(Fg))?  (ozm?

where the final step of (2.27) holds because 7>(X) = 1 and logm <logn by (2.18). =

(2.27)

Njw

Remark 103. In the proof of Theorem 99 we relied on [274, Theorem 7.4], which
improves (in terms of the power of the logarithm in (2.23)) Talagrand’s refinement
[298] of Elton’s theorem [92] (which is itself a major quantitative strengthening of an
important theorem from [254]). Continuing with the notation of Theorem 99, Elton’s
theorem is a similar statement, except that the size of the subset J is a definite propor-
tion of m that depends only on the parameter § for which (2.22) holds, and also the
parameter ¢ for which (2.25) holds depends only on §. The asymptotic dependence
on § in Elton’s theorem [92] was improved by Pajor [245], a further improvement
was obtained in [298], and the optimal dependence on § was found by Mendelson
and Vershynin in [213]. However, plugging this sharp dependence into our proof of
Theorem 99 shows that the classical formulation of Elton’s theorem is insufficient for
our purposes. The two-parameter formulation of Elton’s theorem that was introduced
in [298] allows for the subset J to have any size through the parameter s in (2.24),
but imposes a relation between s and ¢ such as (2.23), thus making it possible for us
to obtain Theorem 99.

The only reason why the logarithmic factor in (2.4) occurs is our use of a
Talagrand-style two-parameter version of Elton’s theorem, for which the currently
best-known bound [274] is (2.23). Thus, if (2.23) could be improved to /s = 6,
i.e., if Question 104 below has a positive answer, then the conclusion (2.4) of Theo-
rem 99 would become dx < LT(X)2. This would improve Theorem 95 to match the
bound of Theorem 94 which is currently known only for infinite dimensional Banach
spaces. Moreover, since the resulting bound is independent of the dimension of X,
this would yield a new proof of the Lindenstrauss—Tzafriri solution of the comple-
mented subspace problem; the infinite dimensional statement follows formally from
its finite dimensional counterpart (e.g., [3, Theorem 12.1.6]), though all of the steps
that led to Theorem 99 work for any reflexive Banach space. Question 104 is interest-
ing in its own right regardless of the above application to the complemented subspace
problem. In particular, a positive answer to Question 104 would resolve the question
that Talagrand posed in the remark right after Corollary 1.2 in [298], though we warn
that he characterises this in [298] as “certainly a rather formidable question.”
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Question 104. Fix 0 < § < 1 and n € N. Let (X, | - ||x) be a Banach space and
suppose that x1, ..., X, € dBx satisfy E[|| Y7L, i x;[|x] = §n. Does this imply that
there are two numbers 0 < s, ¢ < 1 satisfying £+/s = & and a subset J C {1,...,n}
with [J| = sn such that || 3 ey a;xjlx =1 ;e laj| forevery ai, ... ,a, € R?

2.2 Proof of (1.105)

Because by [76] we know that SEP({7) < n for every n € N, using bi-Lipschitz
invariance we see that in order to prove (1.105) it suffices to show that for any normed
space X = (R”. [ - [[x),

Im e {l,...,n}, > T (X)2. (2.28)

cx(41")

We will prove (2.28) using Talagrand’s two-parameter refinement of Elton’s the-
orem [298] that we discussed in Remark 103 (it is worthwhile to note that the afore-
mentioned improvements over [298] in [213,274] do not yield a better bound in the
ensuing reasoning. Also, the classical formulation of Elton’s theorem is insufficient
for our purposes, even if one incorporates the asymptotically sharp dependence on §
from [213]). Suppose that k € N and xy,...,x; € Bx.Letgy,...,gx bei.i.d. standard
Gaussian random variables. Denote

Xj|

def |: Z 9

By [298, Corollary 1.2], there exist a universal constant C € [1, co) and a subset
S C{1,...,k} satisfying

& E?
S
IS| = o

and such that for every (a;)jes € RS we have

W( eCkm C Z i1 < ” Zajxj Hx S Z|aj|'

jes jeS jeS
Consequently,
v Ckm eCkm\\€
CX(Z'I") < z (log( 7 ))
Therefore,

m_ Em . €t E* _E?
ox(t1) ~ /Ch(log(<Skm))© ~ 2€CEH kT kT
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where the last step uses the fact that the function u — /u/(log(e Cku/E?))€ attains
its minimum on the ray [E2/(Ck), o0) at u = e2¢~1E?/(Ck). It remains to choose

X1, ..., Xg so that E2/k =< T,(X)2. This is possible because the equal norm type 2
constant of X equals 7, (X), so there are x1, ..., x; € dBx for which
k 29\ 2
T (X)Vk = (E[ > gjx; D = E,
j=1 X
where the last step uses Kahane’s inequality. |

2.3 Holder extension

In this section we will prove the lower bound on e’ (£%,) in (1.20) for every n € N
and 0 < 6 < 1. It consists of two estimates, the first of which is

el () 2 na 01, (2.29)

and the second of which is

JNES

e (th,) 2 ni. (2.30)

We will justify (2.29) and (2.30) separately.

Note that (2.29) is vacuous if §/2 + 62 — 1 <0, 1i.e.,if 0 < 8 < (/17— 1)/2. The
reason for this is that (2.29) is based on a reduction to the linear theory from [233]
(extending the approach of [138] to the Holder regime), that breaks down for func-
tions which are too far from being Lipschitz. Specifically, for a Banach space X and
a closed subspace E of X, let A(E; X) be the projection constant [122] of E relative
to X, i.e., it is the infimum over those A € [1, oo] for which there is a projection Proj
from X onto E whose operator norm satisfies ||Proj||xg < A. Also, let e? (X; E) be
the infimum over those L € [1, co] such that for every € € X and every f : € — E
that is 8-Holder with constant 1, there is F' : X — E that extend f and is 6-Holder
with constant L. With this notation, it was proved in [233] (see equation (106) there)
that

A(E; X)?

dim(E)'3” dim(X)#(1-9c,(E)1-6

Using the bounds dim(E) <dim(X) and ¢, (E) < 1/dim(E) (John’s theorem) in (2.31),
we get that

e’ (X;E) > (2.31)

A(E; X)?
e/ (X;E) 2 (—)2
dim(X)1-¢
By [290] there is a linear subspace E of £2_ with A(E; ¢ ) < /n, using which (2.32)
implies (2.29).

(2.32)
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Remark 105. In [233] it was deduced from (2.31) that
ef (¢7) = n®- 1, (2.33)

Specifically, by [153] there is a linear subspace E of £] with c;(E) < 1 and dim(E) =
[n/2]; call such E a KaSin subspace of £. By [275] we have A(E; £7) < /n, s0 (2.33)
follows by substituting these parameters into (2.31). For X = £”_, the poorly comple-
mented subspace that we used above can be taken to be the orthogonal complement
of any Kasin subspace of £. Such a subspace of £7 has pathological properties [98];
in particular its Banach-Mazur distance to a Euclidean space is of order /n. So, a
“vanilla” use of (2.31) leads at best to (2.29). However, we expect that it should be
possible to improve (2.29) to

el (e ) 2 n?1, (2.34)

If (2.34) holds, then (1.20) improves to

0 . /53
0 pn max{ 4,621} ns if0 <6< H

e (o) X ™I T =0 13
nf?=3 it Y3 < g <.

For (2.34), it would suffice to prove the following variant of Conjecture 7 for random
subspaces of {7 . Let E be a subspace of R” of dimension m = |n /2] that is chosen
from the Haar measure on the Grassmannian. We conjecture that there is a universal
constant D = 1 such that with high probability there is an origin-symmetric convex
body L C By that satisfies MaxProj(L)/ vol,, (L) < 1. If this indeed holds, then by
using it in the proof of (2.31) in [233] we can deduce (2.34) (specifically, replace
in [233, Lemma 20] the averaging over Bym by averaging over L; we omit the details
of this adaptation of [233]).

Proof of (2.30). Fix k, m € N satisfying k < 2m < n/2 whose value will be spec-
ified later so as to optimize the ensuing reasoning (see (2.48) below). Denote £ =
[(4m/ k)] and define C = C(k,m,n) € L5 (C) by

def

CEEmks):s e{l,....00"},

where for every s = (s1,...,5,) € R” we define E,,,(s) € C" by
n .
En(s) &I Z exmie;.
j=1
Denote the standard basis (delta masses) of R® by {§}sce. Let RS be the hyper-

plane of R consisting of those (as)see = Y gce @s8s With Y e a5 = 0. Suppose
that Xg = (RS, || - |[x,) is a normed space that satisfies

Vx,y €€ 1I8x = 8ylx, = Ix = ¥lfn ) (2.35)
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and
k 6
ekl () oo < ey, S liloe- 230
For this, Xy can be taken to be the normed space whose unit ball is

1

Bx, = conv{ 6x—68y):x,yelC, x # y} C Rg, (2.37)

”x - y”ggo(c)

which is the maximal norm on Rg satisfying (2.35). To check that (2.36) holds for
the choice (2.37), note that, as 1 < k < 2m, distinct x, y € C satisfy

k
— S lx=yllen,cy) S 1.
m

It is simple to deduce (2.36) from this, as done in [233, Lemma 7]. The choice (2.37)

makes Xy be the Wasserstein-1 space over (C, dg), where dy is the 6-snowflake of

the {2 (C) metric, i.e., dg(x,y) = ||x — y||2go(<c) for x, y € £2,(C); see Section 5.1.
By virtue of (2.35), if we define f : € — Xy by setting

) 1
Vel fx)¥s,— S > sy,
yee

then f is 6-Holder with constant 1. We claim that if m > 7 4/n, then by (2.35) every
F 0% (C) — Xy satisfies

1
(4m)"

Z Z HF(E,,,(S + Zmej)) - F(Em(s))”Xe
Jj=1s€{1,...,4am}"
m2+9

S K (12m)yr 2 Yo | F(EnGs+9) = F(En(s)) ]y, 239

ee{—1,0,1}" se{l,...,4m}"

Indeed, (2.38) follows from a substitution of (2.35) into the following inequality
from [209, Remark 7.5]:

1 n
) Z Z | F (Em(s + 2me;j)) — F(Em(s)) ”61(@)
J=1s€{1,...,4m}"
2
S (121m)n > Y NF(Ents+9) - F(En())] 4, )

ee{—1,0,1}" se{1,...,4m}"

Suppose that F : {1,...,4m}" — Xy is 6-Holder with constant L > 1 on the set
(1, ....4my" || - llen,(c))- e,

xy €{ldAm)" IF() = FO)lixy < Llx = ylin c)-
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Then, each of the summands that appear in the right-hand side of (2.38) is at most
2L/m?. Consequently,

2

1 " L
a2 2o N F(EnGs+2mep) = F(En)]y, < T )
j=1s€{1,...,4am}"

If F also extends f, then F(E;,(s)) = f(Ewn(s")) for every s € N”, where we use
the notation s" = (s7,...,s;,) and for each u € N we let u’ be an element o of
{k,2k, ..., Lk} for which |0 —u mod (4m)| is minimized, so that s’ € € and

k
Vs € N, [ En(s) — Em(s)len ) S p (2.40)
Hence, forany j € {1,...,n}ands € {1,...,4m}" we have
9 Tl 0
2" = | —2e2mVej | ()
= | Em(s + 2me;) = En()|fn_(c) (2.41)

< NEm((s +2me;)) = Em()n_ ¢y
+ I Em((s +2me;)) = Em(s +2mep)ln )
+ | Em(s’) — Em(s)”ggo((c)

/ ANt Zkg
< |Em((s + 2me;)’) — Em(s )”ggo((c) + o (2.42)
2k
= [8£ntst2me) = 8Ennlx, + 5 (243)
2k
= | f(Em((s +2me;)) = f(Em(s))[x, + —7 (2.44)
2k
= | F(Em((s +2me;)")) = F(Em(s") |, + 7 (2.45)
< | F(Em(s + 2mej)) — F(Em(s)) ||X9
+ [ F(Em((s + 2me;))) — F(Em(s + 2me))) | s,
2k’
[ F(Ens)) = F(En)x, + 7
< | F(Em(s + 2mej)) — F(Em(s)) ||X9
+ L| En((s + 2me;)') — Em(s + 2me))l|3n_ ()
, 2k
+ LIEmG) = En(0)ligc) + —5 (2.46)

2(L + 1)k
< | F(Em(s +2mej)) — F(En(5)) |, + (m;@) (2.47)
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where for (2.41) recall the definition of E,,, in (2.42) and (2.47) we used (2.40),
in (2.43) we used (2.35), for (2.44) recall the definition of f, in (2.45) we used the
fact that F' extends f and {(s + 2me;)’, s’} € C, and in (2.46) we used the fact that F
is 6-Holder with constant L. By averaging this inequality over (j,s) chosen uniformly
at random from {1,...,n} x {1, ...,4m}" and applying (2.39), we conclude that

m? kY

15— +—|L. 2.48

< ( ot me) (2.48)

This holds whenever k, m € N satisfy k < 2m < n/2 and m = 7w /n, so choose
m =< /n and k < {/n to minimize (up to constants) the right-hand side of (2.48) and

deduce the desired lower bound L > nf4. ]
By [210, Lemma 6.5], for every 6 € (0, 1] and n € N we have
/() 2 nk. (2.49)

In combination with (2.30) and [5], this implies that there is a universal constant ¢ > 0
such that
e?(X) = ¢cfvloen (2.50)

for every n-dimensional normed space X and every 8 € (0, 1].

Conjecture 106. For any 6 € (0, 1] there is ¢(6) > 0 such that e? (X) = dim(X)¢®
for every normed space X.

Conjecture 106 has a positive answer when the Holder exponent is close enough
to 1. Specifically, if

V193 + 1
0.9307777... = T+ <0 <1, 2.51)

then
6(862—6—6)
P n- 200—38
e’ (X) 2 YR (2.52)
(logn)so—2
Indeed, by bi-Lipschitz invariance, (2.49) implies the following generalization of
Theorem 97:

2]

f(X) 2 L.
dX
Also,
g 30 30
o/ (X) <2£1> LT(X)? (2%4) dg/(logn)2 dy?

n(=0@+1)gl=0 ~ 1-6)O+1)g1-6 C p0=0E+D) (100 )%
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Therefore, in analogy to (2.5) we see that

n d%_1
e’ (X) 2 max{ —-. X = (- (2.53)
dy n(=96+2)(logn)=

Elementary calculus shows that (2.53) implies (2.52) in the range (2.51). If 8 does
not satisfy (2.51), then (2.53) does not imply a lower bound e? (X) that depends only
on 1 and grows to oo with n; for such 6 the best lower bound that we know is (2.50).
The application of (2.38) in the above proof of (2.30) can be mimicked using other
bi-Lipschitz invariants to prove Conjecture 106 for various normed spaces, such as
£5(£7) or ST, using [237] and [235], respectively. We do not know if Conjecture 106
holds even when, say, X = (7.

2.4 Justification of (1.25)

In the range p € [1,4/3] U {2} U [3, co] the bound in (1.25) is a combination of [64,
Corollary 8.12] and [210, Theorem 1.17]. We only need to justify (1.25) in the range
p € (4/3,3) ~ {2} because it was not previously stated in the literature. Suppose first
that p € (4/3,2). By [99], there is k € {1,...,n} with k < n such that ng(@lzc) = 1.
Hence,

o(ty) 2 o(t5) 2 Vi =

where the penultimate inequality follows from [210, Theorem 1.17]. Analogously, if
g € (2,3), then by [99] there is m € {1,...,n} with m < n?/9 such that cen (£3') < 1.

We therefore have )

e(th) 2 e(ty) 2 V/m < n2a.

2.5 Proof of the lower bound on SEP(X) in Theorem 3

Thanks to (1.71), the first part of Theorem 107 below coincides with the lower bound
on SEP(X) in Theorem 3, except that in (2.54) below we also specify the constant
factor that our proof provides (there is no reason to expect that this constant is optimal;
due to the fundamental nature of this randomized clustering problem it would be
interesting to find the optimal constant here). The second part of Theorem 107 relates
to dimension reduction by controlling the cardinality of a finite subset C of X on
which the lower bound is attained. We conjecture that the first part of (2.55) below
could be improved to |C|'/” = O(1); an inspection of the ensuing proof suggests
that a possible route towards this improved bound is to incorporate a proportional
Dvoretzky—Rogers factorization [51, 106, 297] in place of our use of the “vanilla”
Dvoretzky—Rogers lemma [91].
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Theorem 107. Foreveryn € N, any n-dimensional normed space (X, || - ||x) satisfies
1 1
2nh>rT(1L+3)" _ V2+o(l)
Jn e

Furthermore, there exists a finite subset C of X satisfying

ek 5 Y2
evr(X)

SEP(X) = evr(X) evr(X) /1. (2.54)

and SEP(Cx) = evr(X)/n. (2.55)

Our proof of Theorem 107 builds upon the strategy that was used in [76] to treat
¢! A combinatorial fact on which it relies is Lemma 108 below, which is implicit in
the proof of [76, Lemma 3.1]. After proving Theorem 107 while using Lemma 108,
we will present a proof of Lemma 108 which is a quick application of the Loomis—
Whitney inequality [185]; the proof in [76] uses a result of [4] which is proved in [4]
via information-theoretic reasoning through the use of Shearer’s inequality [80]; the
relation between the Loomis—Whitney inequality and Shearer’s inequality is well
known (see, e.g., [64]), so our proof of Lemma 108 is in essence a repackaging of
the classical ideas.

Lemma 108. Fixn, M € N and a nonempty finite subset Q of Z". Suppose that P is
a random partition of 2 that is supported on partitions into subsets of cardinality at
most M, i.e.,
Prob[ max |T'| < M] = 1.
I'e®

Then, there existsi € {1,...,n} and x € Q N (2 — e;) for which

Prob[P(x) # P(x + ¢)] = (2.56)

1
YM n Q|

Proof of Theorem 107 assuming Lemma 108. By suitably choosing the identification

IZ”:m\m—em
i=1

of X with R”, we may assume without loss of generality that X = (R”, | - ||x) and
ng is the Lowner ellipsoid of Bx. Then,
vol,, (Byn)\
evr(X) = ( 1" = ) = }E . (2.57)
vol, (Bx) F(l-l—%)ﬁvoln(Bx)ﬁ

By the Dvoretzky—Rogers lemma [91], there exist contact points

X1,...,Xp € Sn_l ﬂaBX

“k+1
= s
2 n

that satisfy

Vk e {l,...,n}, “Projspan(x1,...,xk_l)L(xk)
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Let A = A(x1,...,x,) € R” denote the lattice that is generated by x1, ..., X,

namely
n n
A ZZin = {Zkixi Zkl,...,kn GZ}.
i=1

i=1
By (2.58), A is a full-rank lattice. Denote the fundamental parallelepiped of A by
Q = Q(XI, ey xn), i-e.,

n n
0 :Z[O,l)xi = {Zsixi 0<s$1,...,8, < 1}.
i=1

i=1

Since x1,...,x, € Bx, we have Q — O C nBx and by (2.58) the volume of Q (the
determinant of A) satisfies

n
det(A) = VO]n(Q) = l_[ ||Pr0jspan{x1,...,xk_1}l (xk)”ggt

k=1
2.58) & —k+1 !
Sl | Y ‘/”_ (2.59)
k=1 n n2

Fix m € N and o, A > 0. Denote

Cm = Cn(x1,....,x5) = AN (mMQ)
{Zkixi ki,... ky € {0,...,m—l}},
i=1

and suppose that P is o-separating A-bounded random partition of C,,. The fact that
P is A-bounded means that ' — I" € A Bx for every I' € €, with Prob[I" € P] > 0.
Recalling that Q — Q < n By, this implies that

1
Bx2 (C+0)—(T+ Q). (2.60)
Now,
\/;1 — Voly(Bx)¥ = ——— vol,(T + Q)*
(14 2%)" evr(X) A+n
2 1 2(n!)i 1
_—A+n(|F|V01n(Q)) 2—(A+n)ﬁ|r| .61

where the first step of (2.61) is (2.57), the second step of (2.61) uses (2.60) and
the Brunn—Minkowski inequality, the third step of (2.61) holds because the paral-
lelepipeds {y + Q : y € I'} are disjoint, and the final step of (2.61) is (2.59). If
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T € GL,(R) is given by Te; = x;, then by (2.61) the random partition
TP rep)
of T71€,, = {0,...,m — 1}" satisfies the assumptions of Lemma 108 with

_ i@ 1
C (14 2Vl evi(X)"

If we choose 2 = {0,...,m — 1} = T~'C,, in Lemma 108, then we have |Q| = m"
and

2~ (Q—e) = m"!
forevery i € {1,...,n}, so it follows from Lemma 108 that there existi € {1,...,n}
and x € G, such that
1 1
2n)zaC(1+2)" 1

Prob[P(x) # P(x + ¢;)] = evr(X 2 2.62
At the same time, the left-hand side of (2.62) is at most o/ A, since P is o-separating
and ||x;||x < 1. Thus,

1 1
2A(mN)2n (1 + 2)n A
o = evr(X) ()2l + )" —. (2.63)
(A+n)mn m
By letting m — oo in (2.63) and then letting A — oo in the resulting estimate, we
get (2.54). Also, if we set A = n in (2.63), then for sufficiently large m = /n/ evr(X)

we have

SEP(Cnm) Z evi(X)v/n,
giving (2.55). |

We will next provide a proof of Lemma 108 whose main ingredient is the follow-
ing lemma.

Lemma 109 (Application of Loomis—Whitney). Fix an integer n = 2 and a finite
subset T of Z". For x € Z" and i € {1,...,n}, let di(x;T) € N U {0} be the number
of times that the oriented discrete axis-parallel line x + Ze; transitions from I" to
7" < T, and let g(x; ") be the geometric mean of d1(x;T"),...,d,(x;T). Thus

Viell,...on), di(:T)E[{keZ:x+kei el Ax+(k+1)e ¢ T}
and
gD E Ydi (D) dy (1),
Then,

n—1

n n—1
%er\(r—e»v(z g D)) TN 264
i=1

xeZmn
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Proof. The second inequality in (2.64) holds because di(x; '), ...,d,(x;T) = 1
for every x € I (as |I'| < o00), and hence g(-; I') = 1p(:) point-wise. For the first
inequality in (2.64), observe that for each i € {1, ..., n},

Z Ir(x)1zn<r(x + €;)

xezZ"

Z (Z Ir(y + kei)lzn\r(y + (k + 1)€i)>

yeProje_Ll" keZ
1

Y di(y:T).

Y€Proj, 1 "
1

IT~ (I —e)|

Consequently,

LS P el = L gy !
;Z| ~( —ez)|—;§” i(:1) HZn,I(ProjeiLZ")

i=1

WV

n q ,n=l
[ldi¢:mym= ||¢n"_1(pm,-efzn>
i=1

= Z ﬁ di(Pl’OjeiLx)”%l,

xeZ"i=1

where the second step is an application of the arithmetic-mean/geometric-mean in-
equality and the final step is an application of the Loomis—Whitney inequality [185]
(see [288, Theorem 3] for the functional version of the Loomis—Whitney inequality
that they are using here); we note that even though this inequality is commonly stated
for functions on R” rather than for functions on Z”, its proof for functions on Z" is
identical (in fact, [185] proves the continuous inequality by first proving its discrete
counterpart). |

Note that when n = 1 Lemma 109 holds trivially if we interpret (2.64) as the
estimate |I' ~ (T' — 1)| = maxyez g(x;T) = 1, since in this case

glx:I) = I~ (' = 1]

for every x € Z.
The following corollary of Lemma 109 is a deterministic counterpart of Lemma
108.

Corollary 110. Fixn, M € N and a nonempty finite subset Q2 of Z". Suppose that P
is a partition of 2 with
max || < M. (2.65)
r'e®
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Then,
1 n
~Y lx e QN (Q@—e): P(x) # Plx + )}
i=1
Q 1
L __Zm Q@ —en)l. (2.66)
Proof. Observe that for each fixed i € {1,...,n} we have
|2~ (R —¢)| + Z 1?(x);é?(x+ej)
xeQN(Q—e;)

2~@-el+ Y (X @izt +e)

xeQN(Q—e;) T'e?
Y D r()1zar(x +e)
xeZn TP

=Y P~ (T —e)l. (2.67)

re?

where the first step of (2.67) holds because P is a partition of 2 and the second step
of (2.67) holds because
Ir(x)1znr(x +€;) =0

forevery ' C Qifx € Z" ~ Q,andif x € Q@ ~ (2 —¢;), then
Ir(x)1zn<r(x +¢€;) =1

for exactly one I' € P (specifically, this is satisfied only for I' = P(x) because we
have x +¢; € Z" ~ Q C Z" ~ P(x)). Now,

L3 e QN @) P AP+ e+ Y IR~ (@)
i=1 i=1

n
D DD DN

rer i=1
.04 ,, 1 Q05) |22
2y e = 2L
Ce?P CeP
where the last step holds because P is a partition of 2. ]

Proof of Lemma 108. Denoting

= ma ma Prob[P P )1,
P ie{l,...X,n}xeﬂﬂ(S)Z(—ei) [Px) # Plx + )]
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the goal is to show that p is at least the right-hand side of (2.56). This follows from
Corollary 110 because

n
p
plalz 23 1an@-e)
i=1

\V

% Y Prob[P(x) # P(x +¢)]

i=1xeQN(Q—e;)

1 n
= ; Z Z E[l?(x);é?(x+ei)]

i=1xeQN(Q—e;)

- E|:% Z Hx e QN (QL—e;): Plx) # P(x + ei)}|:|

i=1

oo Q1 ¢
= - = Q~(Q—e)l ]
W n§| ( l)l

2.6 Proof of the lower bound on PADs (X) in Theorem 69

Fixing n € N, a normed space X = (R”, || - ||x), and § € (0, 1), recalling the notation
in Definition 65 we will prove here that

PADs(X) > sup PAD?(X) =

meN 1—%,

which gives the first inequality in (1.102).

(2.68)

Proof of (2.68). Suppose that 0 < ¢ < 1 and r > 2. Let T, be any e-net of rBx.
Then, log |Tl¢| =< nlog(r/e) (see, e.g., [244, Lemma 9.18]). Fix a (disjoint) Voronoi
tessellation {Vx }xen, of rBx that is induced by .. Thus, {Vx}xen, is a partition of
r Bx into Borel subsets such that x € Vi C x + ¢Bx for every x € Tl.. So, for every
w € rBx there is a unique net point x(w) € T, such that w € V().

Fix p > sup,,en PADY'(X) = PADs(Tl¢). Assume from now that 0 < & < 1/(2p)
and r > 1/p — 2¢ (eventually we will consider the limits ¢ — 0 and r — o0). By
the definition of PADg(Tl.), there exists a probability distribution P over 1-bounded
partitions of Tl such that

1
Vy € g, Pmb[(y + 5BX) NN, C iP(y)] > 6. (2.69)

For every y € T, define

PN E |J V:={werBx:xw) e Py)).
zeP(y)
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Then {P*(y)}yen. is a (finitely supported) random partition of rBx into Borel sub-
sets.
We claim that for every y € Tl, the following inclusion of events holds:

1 —2ep —2ep
welR” w4+ Bx € P* }+—CP* — Pp* C P*(y).
{ x € P*(y) s 28)]0( (») () S P*(»)
(2.70)
Indeed, take any w € R” such that
1—2¢
w + 2By < ().

and also take any u, v € P*(y). By the definition of P* we have x(u), x(v) € P(y).
As P is 1-bounded, we have ||x(u) — x(v)||x < 1. Therefore,

le = vlix < flu —x@)llx + [le@) —x@)x + v —x@)llx <1+ 26

Hence,
1-2 1-2
P u—v)e P By,
1+ 2¢)p
so the assumption on w implies that
1 —2ep
w4+ ————(wu—v) € P*(y).
eSS USOERA
This is precisely the assertion in (2.70). By the Brunn—Minkowski inequality, (2.70)
gives
1 1—2ep 1
vol, (P* " =2—— vol, (P* "
(P () 052007 #(P*())
1
1-2 n
+voln({w eR":w+ Sprg‘P*(y)}) .
This simplifies to give the following estimate:
1-2
Voln({w eR”::w+ ngx gﬂ’*(y)})
1—2ep \"
<(1—=2—] vol,(P* . 2.71
( 0z 28)p) n(P*() (2.71)

Now,

1 —2ep

Voln({w erBx:w+

Bx € P* (oc(w))})
-y voln({w e P () w+ l_ngp Bx C fP*(oc(w))}) 2.72)

yEN,
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-y Voln({w €P* () w+ 2 _ngp Bx C :P*(y)}) (2.73)

yeEN,
1—2¢ep \" .
< (1 207 28)p) y;g vol, (P*(1)) (2.74)
o, 5 1=2ep .
= (1 20T 20m +28)p) r" vol, (Bx). (2.75)

Here (2.72) holds because {P*(y)}yen, is a partition of rBx. The identity (2.73)
holds because, since by the definition of P* we have w € P*(x(w)) for every w € r Bx
and the sets {P*(y)},en, are pairwise disjoint, if w € P*(y) for some y € T, then
necessarily P*(x(w)) = P*(y). The estimate (2.74) uses (2.71). The identity (2.75)
uses once more that {P*(y)},en, is a partition of rBx.

We next claim that for every w € (r + 2e — 1/p) Bx the following inclusion of
events holds:

1 —2¢ep

1
{(oc(w) + —BX) NN, C ?(x(w))} - {w + Bx € P* (x(w))} (2.76)
p
Indeed, suppose that w € X satisfies (oc(w) + (1/p)Bx) N Mg € P(x(w)) and also
|lw|x <r 4+ 2&—1/p.Fixany z € X such that |w — z||x < (1 — 2&p)/p. Then we
have ||z|x < ||lw|x + ||lw — z|lx <, so z € rBx and therefore x(z) € N, is well
defined. Now,
1 —2ep 1

+e=-—.
p

le(w) —x(@)xs o) —wlx + [w—zlx + [z —x(2)[x<e +

So, our assumption on w implies that x(z) € P(x(w)). By the definition of P* (x(w)),
this means that z € P*(x(w)), thus completing the verification of (2.76). Due to (2.69)
and (2.76) we conclude that

1 —2¢ep

1
Yw € (r + 2¢ — —)BX, Prob[w +

. Bx € P* (x(w))] =68, (277

Finally,

1 n
5(r + 2¢ — ;) vol, (Bx)

2.77)
< / Prob| w +
(r+25—%)BX

= [Voln({w € (r + 26 — %)Bx Cw 4+ ! _pzepr C T*(x(w))})]

(2.75) 1-2 "
(1 — —SD) r" vol, (Bx).
(14+2¢)p

1 —2¢ep

Bx C P* (oc(w))] dw
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This simplifies to give the estimate
n 1 2 1-2
JS(l——+—8) <1-2- %
(14+2¢)p

By letting r — oo, then & — 0, and then

p — sup PADY (X),

meN

the desired bound (2.68) follows. ]

2.7 Proof of Proposition 87

The final lower bound from the Introduction that remains to be proven is Proposi-
tion 87. The ensuing reasoning is a restructuring of a proof that was shown to us by
Lutwak.

Lemma 111. Every origin-symmetric convex body K C R” satisfies

/ vol,—1 (Proj, 1 (K)) . n’I' (%)
si=t fult! 2/ (%)

Equality in (2.78) holds if and only if K is an ellipsoid.

vol, (K)2. (2.78)

Before proving Lemma 111, we will explain how it implies Proposition 87.

Proof of Proposition 87 assuming Lemma 111. The following standard identity fol-
lows from integration in polar coordinates (its quick derivation can be found, for
example, on [263, p. 91]):

1 du
vol, (K) = —/ —. (2.79)
n Jsn—1 ulk
Hence,
/ voln_l(Prrcl)flL(K)) < (/ dun) i vol,—1 (Proj, 1 (K))
§n=1 llull% sn—1 |[ullk J uesn—1 llullx

2.79) :
=" nvol,(K) max (||z[l¢z vol,—i (Proj, . (K)))
zedK

= n?vol, (K) max vol, (Conez (K)). (2.80)
zedK

The desired inequality (1.126) follows by contrasting (2.80) with (2.78). Conse-
quently, if there is equality in (1.126), then (2.78) must hold as equality as well,
so the characterization of the equality case in Proposition 87 follows from the char-
acterization of the quality case in Lemma 111. |
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The important Petty projection inequality [252] (see also [194,281] for different
proofs, as well as the survey [190]) states that for every convex body K C R”, the

affine invariant quantity
vol,, (K)" ! vol, (IT*K) (2.81)

is maximized when K is an ellipsoid, and ellipsoids are the only maximizers of (2.81).
Recall that the polar projection body IT* K is given by (1.30), which shows in partic-
ular that vol,_; (B[g—l )H*ng = Byy. Hence,

vol, (K)" ™! vol, (IT* K) < vol, (Bez)" ™" vol, (TT* Byx)
_ ( voly (Bey) ) _ (MF(%))”

vol,_q (Beg—l) nl'(%)

At the same time, by combining (1.30) and (2.79) we have

N 1 du
vol, (IT*K) = —/ . .
n Jsn=1 vol,_i (Proj, 1 (K))

Consequently, Petty’s projection inequality can be restated as the following estimate:
du 27T ("
/ 7 < i (n ) —, (2.82)
sn=1 vol,_1 (Proj, 1 (K)) nl' (%) vol, (K)"

together with the assertion that (2.82) holds as an equality if and only if K is an
ellipsoid.

Proof of Lemma 111. Observe that

vol, (K)

n

1 1 ol,,—1 (Proj, . (K))"+!
n-Jsn=1 \ vol,—1 (Proj, L (K)) ™! l[ull%

1 n

1 (/ du )"+1 (/ vol,—1 (Proj, 1 (K)) q )n+1
— u
n \Jsn—1 vol,_1 (Proj, . (K))" sn—1 [+

<
(2.84)
- 1 Zﬁr("erl) L, (/ vol,,_l(ProjML(K)) q )nil
~ n— u ’
n\  nT(3) vol, (K) At \Jsn-1 NP
(2.85)

where (2.83) is (2.79), in (2.84) we used Holder’s inequality with the conjugate expo-
nents 1 + % and n 4 1, and (2.85) is an application of (2.82). This simplifies to give
the desired inequality (2.78). |
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Remark 112. Fix n € N, a normed space X = (R”, || - ||x) and x € S”~!. Both of the
bounds in (1.50) follow from elementary geometric reasoning (convexity and Fubini’s
theorem). Recalling (1.30), the second inequality in (1.50) is vol,—; (Proj,1 Bx) <
n||x|x vol, (Bx)/2; its justification can be found in the proof of [109, Lemma 5.1]
(this was not included in the version of [109] that appeared in the journal, but it
appears in the arxiv version of [109]). The rest of (1.50) is

vol, (Bx)||x|lx < 2vol,—;(Proj,. Bx);

since we did not find a reference for the derivation of this simple lower bound on
hyperplane projections, we will now quickly justify it. For every u € Proj, 1 Bx let
s(u) =inf{s € R :u + sx € Bx} and f(u) = sup{t € R : u + tx € Bx}. For every
u € Proj,1 Bx we have u + t(u)x € Bx, and by symmetry also —u — s(u)x € Bx.
Hence, by convexity

IIOERON

€ Bx.
) X

20+ 100%) + 3 (- = s(u)x)

By the definition of #(0), this means that (#(u) — s(u))/2 < ¢t(0) = 1/]|x||x. Conse-
quently, using Fubini’s theorem (recall that x € S”~1) we conclude that

vol, (Bx) =/P o (t(u)—s(u)) du
0] 1 BX

2 2 .
< du = —VOln_l(PrOJxJ_ Bx).
proj, 1 Bx [IXIIx llxIx




Chapter 3

Preliminaries on random partitions

This section treats basic properties of random partitions, including measurability
issues that we need for subsequent applications. As such, it is of a technical/founda-
tional nature and it can be skipped on first reading if one is willing to accept the
measurability requirements that are used in the proofs that appear in Section 4 and
Section 5.

Recall that a random partition P of a metric space (T, dw ) was defined in the
Introduction as follows. One is given a probability space (€2, Prob) and a sequence of
set-valued mappings {I'F : Q@ — 2W } %=, such that for each fixed k € N the mapping
' : @ — 2™ s strongly measurable relative to the o-algebra of Prob-measurable
subsets of Q, i.e., the set (I*)™(E) = {w € Q : E N T*(w) # @} is Prob-measurable
for every closed E C M. We require that P© = {I'¥ (w)}z, is a partition of Tl for
every w € Q.

Definition 63 and Definition 65 (of separating and padded random partitions,
respectively) assumed implicitly that the quantities that appear in the left-hand sides
of equations (1.92) and (1.95) are well defined, i.e., that the events {P(x) # P(y)}
and {Bw (x,r) C P(x)} are Prob-measurable for every x, y € W and r > 0. This
follows from the above definition, because for every closed subset £ C Til we have

{w e Q:P°x) # P°(y)}
= |J (fee@:{x}nTHw) £ o} n{w e Q: {y}NT ) # 2})

k,leN
k#L

and
{weQ:EgZPx)
= |J foe@:{x}nT*w) £ o} n{w e Q: ENT w) # a}).

k.teN
k£L
Another “leftover” from the Introduction is the proof of Lemma 67, which asserts
that the moduli of Definition 63 and Definition 65 are bi-Lipschitz invariants. The
proof of this simple but needed statement is the following direct use of the definition
of a A-bounded random partition.

Proof of Lemma 67. Fix D > c(q,dq) (T, dw ). There is an embedding ¢ : Tl — Tl
and a scaling factor A > 0 such that (1.16) holds. Fix A > 0 and let P be a A A-bounded
random partition of Tl. Suppose that PP is induced by the probability space (€2, Prob),
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i.e., there are strongly measurable mappings {I'* : Q@ — 2“}]‘2":1 such that P® =
{1""((1))},3"=1 for every € Q. For every k € N the mapping @ > ¢~ (I'*(w)) € 2™
is strongly measurable. Indeed, if £ € Tl is closed then, because Til is complete and
¢ is a homeomorphism, also ¢ (E) € T is closed. So,

weQ : ¢(E)NTH(w) £ 2) ={weQ: ENn¢ ' (TF(w)) # 2}

is Prob-measurable, as required. Therefore, if we define Q¥ = {¢~1(T'* (w))}z=, for
w € €2, then Q is a random partition of M.

Q is A-bounded since for x € Tl and u, v € Q(x) we have ¢ (1), p(v) € P(¢(x)),
hence dm (4, v) < dp(d(u), p(v))/A < diamy (P(P(x)))/A < A, using (1.16) and
that P is A A-bounded. For every x, y € Tl the events {Q(x) # Q(y)} and {P(P(x)) #
P(¢(¥))} coincide. So, if P is o-separating for some o > 0,

Prob[Q(x) # Q(y)] = Prob[P(¢(x)) # P(¢(»))]
< Zdn(9(.90) < Dl dmix. )

This shows that Q is (Do )-separating, thus establishing the first assertion (1.97) of
Lemma 67.

Suppose that P is (p, §)-padded for some p > 0and 0 < § < 1. Fix x € Hil. Assum-
ing that the event {Bp (¢(x), AA/p) C P(¢(x))} occurs, if z € By (x, A/(Dp)),
then dy (¢ (2), p(x)) < ADdw(z,x) < AA/p by (1.16). Thus,

AA
#(2) € B (¢(x). =)
p
and therefore ¢ (z) € P(¢(x)), i.e., z € Q(x). This shows the inclusion of events
AA A
{0 (000, 22) e 20| < {om (5. 5-) < o)

Since P is (p, §)-padded, it follows from this that also Q is (Dp, §)-padded, thus
establishing the second assertion (1.98) of Lemma 67. [ ]

The final basic “leftover” from the Introduction is the following simple proof of
Lemma 68.

Proof of Lemma 68. Fix A > 0 and suppose that 0; > SEP(Til;) and o, > SEP(Til).
Define

@ |

01
01+ 02

); and A2=A( %2 ) 3.1)

A1=A<
o1 + 02

Let Pa, be a o-separating A;-bounded random partition of Tl . Similarly, let P,
be a 0,-separating A,-bounded random partition of Til,. Assume that P, and Pa,
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are independent random variables. Let P be the corresponding product random par-
tition of Til; x Wl,, i.e., its clusters are give by

V(x1,x2) € My x M2, Palxr,x2) = Pa,(x1) X Pa,(x2). (3.2)

By (3.1) we have A] + A5 = A%, 50 P4 is a A-bounded random partition of the met-
ric space Til; @5 W, (the required measurability is immediate). It therefore remains
to observe that every (xp, x2), (y1, y2) € Tl x T, satisfy

Prob[iPA (x1,x2) # Palyy, J’2)]

= 1—Prob[Pa, (x1) = Pa, (y1)|Prob[Pa, (x2) = Pa,(2)] (3.3)
<1- (1 _ Uldml(xl,)ﬂ)) (1 _ Uzdmz(xz,h)) (3.4)
Ay Ay
_o1dm, (x1, 1) + o2dm, (X2, y2)  0102dwm, (x1. y1)dm, (X2, y2) (3.5)
o Ay A, A1A; .
s—1
01 \iil (o) ﬁ = s s %
< ((A—l) (o) ) (dm, (1)’ +dmy(2.72)°)° (6)
o1 + o
=~ dm,e,m, ((x1.32). (1. 32)). (3.7)

where (3.3) uses (3.2) and the independence of P, and Pa,, the bound (3.4) is an
application of the assumption that Pa, is oj-separating and Pa, is 0,-separating,
(3.6) is an application of Holder’s inequality, and (3.7) follows from (1.99) and (3.1).
This proves (1.100). Note that even though we dropped the quadratic additive im-
provement in (3.5), this does not change the final bound in (1.100) due to the need
to work with all possible scales A > 0 and all possible values of dw, (x1, y1) and
dmz (x2,¥2).

To prove (1.101), fix p; > PADs, (1) and p> > PADs, (ML) and replace (3.1)
by

A A
Ay=—"" _ and Ap=—"F2

(v} +93)° (0] +93)*
This time, we choose Pa, to be a (p1, §;1)-padded A;-bounded random partition
of ;. Similarly, let P, be a (p2, §2)-padded A,-bounded random partition of
Ty, with Pa, and Pa, independent, and we again combine them as in (3.2) to
give the product partition Po of Til; x Til,. By reasoning analogously, Pa is a
((p3 + pi)l/“‘, 8162)-padded A-bounded random partition of T, &, T,. [

3.1 Standard set-valued mappings

Recall that a metric space (T, dy ) is said to be Polish if it is separable and complete.
Polish metric spaces are the appropriate setting for Lipschitz extension theorems that
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are based on the assumption that for every A > 0 there is a probability distribution
over A-bounded partitions of Tl with certain properties. Indeed, a Banach space-
valued Lipschitz function can always be extended to the completion of Til while
preserving the Lipschitz constant, and the mere existence of countably many sets
of diameter at most A that cover Tl for every A > 0 implies that Tl is separable.

Theorem 66 assumes local compactness. Even though this assumption is more
restrictive than being Polish, it suffices for the applications that we obtain herein
because they deal with finite dimensional normed spaces. It is, however, possible
to treat general Polish metric spaces by working with a notion of measurability of
set-valued mappings that differs from the strong measurability that was assumed in
Section 1.7. We call this notion standard set-valued mappings; see Definition 113.

The requirements for a set-valued mapping to be standard are quite innocuous
and easy to check. In particular, the clusters of the specific random partitions that
we will study are easily seen to be standard set-valued mappings. It is also simple to
verify that the clusters of the random partitions that we construct are strongly mea-
surable. So, we have two approaches, which are both easy to work with. We chose to
work in the Introduction with the requirement that the clusters are strongly measur-
able because this directly makes the quantity SEP(-) be bi-Lipschitz invariant, and it
is also slightly simpler to describe. Nevertheless, in practice it is straightforward to
check that the clusters are standard, and even though we do not know that this leads to
a bi-Lipschitz invariant (we suspect that it does not), it does lead to an easily imple-
mentable Lipschitz extension criterion that holds in the maximal generality of Polish
spaces.

Definition 113 (Standard set-valued mapping). Suppose that (Z, dz) is a Polish met-
ric space and that Q C Z is a Borel subset of Z. Given a metric space (T, dw), a
set-valued mapping I' : @ — 2™ is said to be standard if the following three condi-
tions hold.

e Forevery x € Tl the set {w € 2 : x € I'(w)} is Borel.
e ThesetGr =T (M) ={w € QL : T'(w) # @} is Borel.

e Forevery x € Tl the mapping (w € Gr) + dm (x, ['(w)) is Borel measurable on

Sr.

The following extension criterion is a counterpart to Theorem 66 that works in
the maximal generality of Polish metric spaces; its proof, which is an adaptation of
ideas of [173], appears in Section 5.

Theorem 114. Letr (W, dw) be a Polish metric space and fix another metric D on
M. Suppose that for every A > 0 there is a Polish metric space Za, a Borel subset
Qa € Za, a Borel probability measure Proba on Qa and a sequence of standard
set-valued mappings {I’ﬁ QA —2M Vo Such that PR = {Fﬁ (w)}z2, is a partition
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of M for every w € Q, for every x € WL and w € QA we have diamgy (PR (x)) < A,
and
Vx,y €M, AProba[w € Qa : PR(x) # PR(Y)] < d(x, y).

Then, for every Banach space (Z, || - ||z), every subset C C M\ and every 1-Lipschitz
mapping [ : € — Z, there exists a mapping F : W — Z that extends f and satisfies
|F(x)— F(y)|lz < d(x,y) for every x,y € WL (namely, F is Lipschitz on W with
respect to the metric ). Moreover, F depends linearly on f.

3.2 Proximal selectors

For later applications we need to know that set-valued mappings that are either strong-
ly measurable or standard admit certain auxiliary measurable mappings that are (per-
haps approximately) the closest point to a given (but arbitrary) nonempty closed
subset of the metric space in question. We will justify this now using classical descrip-
tive set theory.

Lemma 115. Fix a measurable space (2, F). Suppose that (W, dw) is a metric
space and that S € W\ is nonempty and locally compact. Let T : Q@ — 2™ be a
strongly measurable set-valued mapping such that I'(w) is a bounded subset of T
for every w € Q. Then there exists an F-to-Borel measurable mapping y : Q@ — S
that satisfies dgy (y(w), ['(®)) = dwm (S, ['(w)) for every w € Q for which T'(w) # @.

Proof. For every w € Q2 define a subset ®(w) C S as follows:

def | 5€8Sdmns. T'(w) =dn(S. I'(w)} ifI'w) # 2,
d(w) =
ifINw) = @.

The goal of Lemma 115 is to show the existence of an F-to-Borel measurable map-
ping y : Q — § that satisfies y(w) € ®(w) for every w € Q. Since (S, dw) is
locally compact, it is in particular Polish, so by the measurable selection theorem
of Kuratowski and Ryll-Nardzewski [161] (see also [309] or [291, Chapter 5.2]) it
suffices to check that ®(w) is nonempty and closed for every w € €2, and that we
have {w € Q : E N ®(w) = T} € F for every closed E C S. Since S is locally
compact, every closed subset of S is a countable union of compact subsets, so it
suffices to check the latter requirement for compact subsets of S, i.e., to show that
{weQ:KN®d(w) =3} eFforevery compact K C S.

Fix w € Q. If '(w) = @ then ®(w) = § is closed (since § is locally compact)
and nonempty by assumption. If I'(w) # @ then the continuity of s > dw (s, ['(@))
on § implies that ®(w) is closed. Moreover, in this case since I'(w) is bounded and
S is locally compact, the continuous mapping s — d (s, I'(w)) attains its minimum
on S, so that ®(w) # .
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It therefore remains to check that {w € 2 : KN®(w) =3} € F for every nonempty
compact K ¢ S. Fixing such a K, since § is locally compact and hence separable,
there exist {«;}72, € K and {o; }}";1 C S that are dense in K and S, respectively.
Denote §r = {w € Q : I'(w) # @}. Then Gr € F, because I is strongly measurable.
Observe that the following identity holds:

{weQ:Kﬂ@(w):@}
= {a) €Sr: Ve e K, dmk,T'(w)) > dwm(S, F(a)))}

— U ﬂ U {a) € Sr : dm ki, T'(®)) > dw(0j, '(w)) + %} (3.8)

m=1i=1j=1

The verification of (3.8) proceeds as follows. Since ®(w) # @ for every w € Q and
K # @,ift KN ®(w) = & then w € Gr (otherwise ®(w) = S). This explains the
first equality (3.8). For the second equality in (3.8), note that since I'(w) is bounded
and K is compact, inf,e g dw (¢, I'(w)) is attained. Therefore, the second set in (3.8)
isequal to A = {w € Gr : dw (K, '(w)) > dw (S, T'(w))}. If w € A, then there is
m € N such that dyw (K, T'(w)) > dwm (S, T'(w)) 4+ 2/m, implying in particular that
dw (i, I'(@)) > dw (S, I'(®)) +2/m forevery i € N. As{0;}72, is dense in S, for
every i € N thereis j € N such that dy («;, I'(w)) > dw (0;.T'(w)) + 1/m. Hence,
the second set in (3.8) is contained in the third set in (3.8). For the reverse inclusion,
if w is in third set in (3.8) then

dm(K.T(@)) = inf dm (. T(@) > inf dm (0}, T(@)) = dm(S.T(@)).
i€ JE

By (3.8), it suffices to show that {w € Gr : dm (x, ' (w)) > dm (¥, T'(®)) +r}eF
for every fixed x, y € S and r > 0. For this, it suffices to show that for every z € Til
the mapping @ +— dw (z, I'(w)) is F-to-Borel measurable on Gr. Since Gr € F, this
is a consequence of the strong measurability of I', because for every ¢ = 0 we have

{w € Gr :dm(z,T'(w)) >t}
:kLleSpﬂ{a)eQ:Bm(z,t—i-%)ﬂF(w):@}. n

Lemma 115 is a satisfactory treatment of measurable nearest point selectors for
strongly measurable set-valued mappings, though under an assumption of local com-
pactness. We did not investigate the minimal assumptions that are required for the
conclusion of Lemma 115 to hold. We will next treat the setting of standard set-valued
mappings without assuming local compactness.

Let (Z, dz) be a Polish metric space. Recall that a subset A of Z is said to be uni-
versally measurable if it is measurable with respect to every complete o -finite Borel
measure ( on Z (see, e.g., [154, p. 155]). If (W, dw ) is another metric space and
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Q € Z is Borel, then a mapping ¥ : 2 — Tl is said to be universally measurable
if Y ~1(E) is a universally measurable subset of € for every Borel subset E of M.
Finally, recall that A € Til is said to be analytic if it is an image under a continu-
ous mapping of a Borel subset of a Polish metric space (see, e.g., [154, Chapter 14]
or [136, Chapter 11]). By Lusin’s theorem [189, 192] (see also, e.g., [154, Theo-
rem 21.10]), analytic subsets of Polish metric spaces are universally measurable.

Lemma 116. Let (T, dyw) and (Z, dz) be Polish metric spaces and fix a Borel
subset Q C Z. Fix also A > 0 such that diam(W\) > A. Suppose that T : Q@ — 2™
satisfies the following two properties.

(1) Forevery w € Q such that I'(w) # @ we have diamp (I'(w)) < A.
(2) Foreveryx € M andt € R the set {w € 2 : T'(w) # @ Adwm (x,T(w)) >t}
is analytic.

Then, for every closed subset @ # S C M\ there exists a universally measurable
mapping y . Q2 — S such that

Viw,x) e xM, xel(w) = dmnx,y(®)) <dm(x,S)+ A.
Proof. For every w € 2, define a subset W(w) C S as follows:
U(w)
gt | Nxemis €S - dm(x.5) <2dm(x, T (@) + dw(x.5) + A} if (o) # 2.

S if ['(0) = @.
3.9)

We will show that there exists a universally measurable mapping y : & — S such
that y(w) € ¥(w) for every w € Q. Since § is a closed subset of Til, it is Pol-
ish. Hence, by the Kuratowski—Ryll-Nardzewski measurable selection theorem [161],
it suffices to prove that W(w) is nonempty and closed for every w € €2, and that
U™ (E)={weQ: ENY¥(w)+# J}isuniversally measurable for every closed £ C S.

By design, ¥(w) = S is nonempty and closed if I'(w) = @. So, fix w € Q such
that I'(w) # &. Then W(w) is closed because if {sx}>; € W(w) and 5 € T satisfy
limg 00 dm (8%, ) = 0, then for every k € N and x € M, since s; € ¥V(w) we have
dw 5k, x) < 2dm(x, T'(w)) + dm(x,S) + A. Hence, by continuity also

dwm (s, x) < 2dm(x, T(@)) + dm(x,S) + A

forevery x € M, i.e., s € Y(w).

We will next check that ¥(w) # @ for every w € 2 such that ['(w) # @. Denote
o = A — diamm (I'(w)). By assumption (1) of Lemma 116 we have g, > 0, so we
may choose s, € S and y,, € ['(w) that satisty dm (Y, S0) < dm(T(w), S) + ¢4.
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We claim that s, € V(w). Indeed, for every x € W and z € I'(w) we have

dm(xv Sw) S dm(x7 Z) + dm(zﬂ )’w) + dm(yansw)
< dw(x, z) + diamp (T'(@)) + dn (I'(@). S) + €0
<dwm(x,z) +dw(z,S)+ A
Sdw(x,2) +dm(x,S) + dw(x,2) + A, (3.10)
where in the penultimate step of (3.10) we used the fact that dm(T" (@), S)<dw (2, S),

since z € I'(w), and in the final step of (3.10) we used the fact that p — dw (p, S) is
1-Lipschitz on ML. Since (3.10) holds for every z € I'(w), it follows that

dm (x,50) < 2dwm(x,T(®)) +dwm(x,S) + A.

Because this holds for every x € Til, it follows that s, € ¥(w).

Having checked that W takes values in closed and nonempty subsets of S, it
remains to show that W~ (E) is universally measurable for every closed E C S. To
this end, since Ml is separable, we may fix from now on a sequence {x;}72 that is
dense in L. Note that by the case ¢t = 0 of assumption (2) of Lemma 116, for every
Jj € N the following set is analytic:

{weQ:T() #IAdn(x,.T)>0={weQ:T()#TAx; ¢ (0}

Countable unions and intersections of analytic sets are analytic (see, e.g., [ 154, Propo-
sition 14.4]), so we deduce that the following set is analytic:

o0
U{a) eQ:T'(w) #TAxj ¢ F(a))}
j=1
={weQ:T(w) # 3 A{x; o ZT(w)} ={weQ:T'(w)#a}, (.11
where for the final step of (3.11) observe that, since {x; }72 ; is dense in T, if {x; Jre1

were a subset of I'(w) then it would follow that I'(w) is dense in . This would
imply that diamyy (I'(w)) = diam(Til) > A, in contradiction to assumption (1) of
Lemma 116. We have thus checked that the set G = {w € Q : ['(w) # @} is analytic,
and hence by Lusin’s theorem [189, 192] it is universally measurable. Now,

v (E) = (2~ Sr)

U{weGr:dse€ EVx e M, dm(x,s) <2dmx, '(w)) + dm(x,S) + A}
Hence, it remains to prove that the following set is universally measurable:

{w €SGr:3s € EVx eM, dwn(x,s) < 2dm(x,T' (@) +dwm(x,S) + A}

= {a) €9r:3dseEVjeN, dn(x;,s) <2dwm(x;, I'(w) +dmn(x;,S) + A},
(3.12)

where we used the fact that {x;}72, is dense in L.
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Consider the following subset C of Q2 x E:
o= {(a),s) €GrxE:VjeN, dn(x;,s) <2dm(xj, ') +dwm(xj,S) + A}.

The set in (3.12) is 71 (€), where 71 : 2 x E —  is the projection to the first coor-
dinate, i.e., 71 (w, s) = w for every (w, s) € 2 x E. Since continuous images and
preimages of analytic sets are analytic (see, e.g., [154, Proposition 14.4]), by another
application of Lusin’s theorem it suffices to show that C is analytic. We already
proved that Sy C 2 is analytic, so there is a Borel subset L of a Polish space Y
and a continuous mapping ¢ : L — 2 such that ¢(L) = Gr. Denoting the identity
mapping on E by Idg : E — E, since ¢ maps L onto 9r, the set C is the image under
the continuous mapping ¢ x Idg of the following subset of Y x E:

{(y,s) eLxE:VjeN,dn(xj.s) < de(xj, F(¢(y))) +dwm(xj,S) + A}

= ({(r.9) € Lx E : dw(x;.5) < 2dm (x;. T(¢(»)) + dm(x;. 5) + A}.
ji=1

Hence, since continuous images and countable intersections of analytic sets are ana-
lytic, by yet another application of Lusin’s theorem we see that it suffices to show that
for every fixed x € Ml the following set is analytic, where for every ¢ € Q we denote
Ag={(y.s) e LXE:q<dm(x,s)} =Lx{seE:q<dm(x,s)}:

{(y.5) € LX E :dwm(x.s) < 2dm(x.T($(») + dm(x.5) + A}
= () (L x E)~ 4)
q€Q
U (4g N{(y,s) € L x E : 2dwm (x,. T(¢()) > ¢ — dm(x.S) — A})),

Since Ay is Borel for all ¢ € Q, it suffices to show that the following set is analytic
for every ¢t € R:

{(r.s) e LXE :dm(x.T(¢(») >t} =¢ ' ({w € Gr : dm(x.['(w)) > 1}) X E.

Since a preimage under a continuous mapping of an analytic set is analytic, the above
set is indeed analytic due to assumption (2) of Lemma 116 and the fact that E is
closed. |

Remark 117. The proof of Lemma 116 used the assumption diam(Tl) = A only to
deduce that the set

Sr ={w e Q:T(w) # o}

is analytic from (the case t = 0 of) assumption (2) of Lemma 116. Hence, if we add
the assumption that Gr is analytic to Lemma 116, then we can drop the restriction
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diam(Wl) > A altogether. Alternatively, recalling equation (3.11) and the paragraph
immediately after it, for the above proof of Lemma 116 to go through it suffices to
assume that I"(w) is not dense in Til for any w € Q.

Recalling Definition 113, Lemma 116 and Remark 117 imply the following corol-
lary. Indeed, by Remark 117 we know that we can drop the assumption diam(Til) > A
of Lemma 116, and when T is a standard set-valued mapping the sets that appears in
assumption (2) of Lemma 116 are Borel.

Corollary 118. Fix A > 0. Let (W, dw ) and (Z, dz,) be Polish metric spaces and fix
a Borel subset @ C Z. Suppose that T : Q — 2W is a standard set-valued mapping
such that diamy (I'(w)) < A for every w € Gr. Then for every closed @ # S C T
there exists a universally measurable mapping y : Q — S that satisfies

Viw,x) e 2 xM, xel(lw) = dmx,y(w)) <dm(x,S)+ A.

3.3 Measurability of iterative ball partitioning

The following set-valued mapping is a building block of much of the literature on
random partitions, including the present investigation. Fix a metric space (M, dw )
and k € N. Define a set-valued mapping I" : M¥ x [0, 00)k — 2™ by setting

k—1
> o\ def
I'(%.7) = Bm(xe.ro) ~ | Bm(xj. 1)) (3.13)
j=1
for (X,7) = (X1...., Xk, F1, ..., 7%) € MK x [0, 00)*. We can think of T as a ran-

dom subset of M if we are given a probability measure Prob on MX x [0, co)*.
The measure Prob can encode the geometry of (W, dw ); for example, if (W, dw)
is a complete doubling metric space, then in [173] this measure arises from a dou-
bling measure on Ml (see [191,308]). The measure Prob can also have a “smoothing
effect” through the randomness of the radii (see, e.g., [1,30,71,96,173,208,238,239];
choosing a suitable distribution over the random radii is sometimes an important
and quite delicate matter, but this intricacy will not arise in the present work. For
finite dimensional normed spaces, a random subset as in (3.13) was used in [76, 152].
Note that given A > 0, if the measure Prob is supported on the set of those (X,7) €
M* x [0, 00)* for which ry < A/2, then the mapping I takes values in subsets of
T of diameter at most A.

While the definition (3.13) is very simple and natural, in order to use it in the ensu-
ing reasoning we need to know that it satisfies certain measurability requirements.
Note first that the set-valued mapping I in (3.13) has the following basic measurabil-
ity property: for every fixed y € M the set {(¥,7) € M¥ x [0,00)¥ : y € T'(X,7)} is
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Borel. Indeed, by definition we have

{(F.7) e M* x[0,00)" : y € T'(%.7)}
k—1
= NAEF) e M* x[0,00)" : dm(y,x;) > r;}
j=1

N{(%,7) € M* x [0,00)% : dm (v, xk) < e}

In other words, the indicator mapping (X, 7) — 1p( 7)(y) is Borel measurable for
every fixed y € Tl.

Lemma 119. Fix k € N. Let (W, dw) be a Polish metric space and suppose that
[ Mk x [0, 00)k — 2™ pe given in (3.13). Then

I (S) = {(¥,7) e M¥ x[0,00)* : S NT(¥,7) # @}

is analytic for every analytic subset S € WL. Consequently, for every complete o -finite
Borel measure |1 on MX x [0, co)¥, if F,, denotes the o-algebra of j-measurable
subsets of mkr x [0, oo)k , then T is a strongly measurable set-valued mapping from
the measurable space (M* x [0, 00)*, F,,) to 2™,

Proof. Since S is analytic, there exists a Borel subset 7" of a Polish metric space Z
and a continuous mapping ¥ : T — Til such that ¢ (7") = §. Consider the following
Borel subset ® of the Polish space M¥ x [0, 00)* x Z (® is Borel because it is defined
using finitely many continuous inequalities)

8 L (R, 7,1) € M¥ x[0,00)% x T : dn (¥ (1), xi) < rx
A Vj € {1, ok — 1}, dm(W(Z),Xj) > I‘j}.

Then ' (S) = 7(8), where
7 MmE x [O,oo)k x Z — MF x [O,oo)k

is the projection onto the first two coordinates, i.e., 7 (X, 7,z) = (X,7) for (X,7,z) €
M* x [0, 00)* x Z. Since 7 is continuous, it follows that T'~(S) is analytic. By
Lusin’s theorem [189, 192], it follows that I'"(.S) is universally measurable. In par-
ticular, if 41 is a complete o-finite Borel measure on WX x [0, c0)* and F,, is the
o-algebra of y-measurable subsets of MK x [0, c0)¥, then I (E) € J,. for every
closed subset £ C Til. Recalling (1.91), this means that I" is a strongly measurable
set-valued mapping from the measurable space (¥ x [0, c0)¥, F w) to 2 ]

Lemma 120 below contains additional Borel measurability assertions that will be
used later. Its assumptions are satisfied, for example, when Tl is a separable normed
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space, which is the case of interest here. We did not investigate the maximal generality
under which the conclusion of Lemma 120 holds.

In what follows, given a metric space (MWL, dy ), for every x € W and r > 0 the
open ball of radius r centered at x is denoted By (x,7) ={y € M :dwm(x,y) <r}.

Lemma 120. Suppose that (W, dw) is a separable metric space such that
V(x,r) € M x (0,00), Bm(x,r)= By (x,r). (3.14)

Fixk € N and let T : MK x (0, 00)* — 2™ be given in (3.13). Then the following
set is Borel measurable:

Sr = {(¥,7) € M* x (0,00) : T'(F,7) # o).
Also, for each y € W the mapping from Sr to R that is given by
(X,7) = dm(y.T(x,7))
is Borel measurable.

Proof. Let © C M be a countable dense subset of Til. The assumption (3.14) implies
that © N T'(X¥,7) is dense in ['(X, 7) for every (¥,7) € M* x (0, co)¥. This is
straightforward to check as follows. Fix y € I'(X,7) and § > 0. We need to find
g € ®NT(x,7) with dm (g, y) < §. Recalling (3.13), since y € I'(X, 7) we know
that dw (v, Xx) < ry, and also d (v, x;) > rj forevery j € {1,...,k —1},ie.,n>0
where

def .
n = m1n{8,dm(y,x1) — Iy dm(y, Xg—1) — rk—l}‘
By (3.14) there is z € By, (xk, rx) with dw (z, y) < n/2. Denote

ef . 1
P d=fm1n{rk —dwm(z, xg), 577}-

Then p > 0, so the density of ® in Tl implies that there is ¢ € D with dw (¢,z) < p.
Consequently,

dm(q.y) < dm(@.2) +dm(z.y) < p+3 <8,
It remains to observe that g € I'(X, F), because
dw (g, xx) < dwm(q.z) + dw(z, xx) < p + dw(z, xx) < 1k,
and also for every j € {1,...,k — 1} we have

dm(q.x;) = dwm(y.x;) —dwm(y.2) — dm(z.9)
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For every (¥,7) € MK x (0, 00)*, we have I'(X,7) # @ if and only if D N
I'(X,7) # @. Consequently,

Sr = {(¥.7) € MF x (0, 00)F : T'(,7) # @}

= [J {(F.7) e M x (0,00) : g € T(%.7)}.
qed

Since O is countable and we already checked in the paragraph immediately preceding
Lemma 119 that {(X,7) € W* x (0,00)* : y € T'(¥,7)} is Borel measurable for every
y € T, we get that Sr is Borel measurable.

Next, dm (v, T(X,7)) = dm(y, D N T'(X,7)) for every (X,7) € Gr and y € M.
So, for every ¢ > 0 we have

{(£.7) € Gr : dm (v, T (%,7)) <1}
= U {E)em x0.00)f:q el (7).

gE€DNBY, (v.1)

It follows that {(X¥,7) € Gr : dwm(y, T'(X, 7)) < t} is Borel measurable for every
t eR. ]

Corollary 121 below follows directly from the definition of a standard set-valued
mapping due to Lemma 120 and the discussion in the paragraph immediately preced-
ing Lemma 119.

Corollary 121. Let (W, dw) be a Polish metric space satisfying (3.14). Then, for
every k € N the set-valued mapping T : ¥ x (0, 00)¥ — 2W in (3.13) is standard.






Chapter 4

Upper bounds on random partitions

In this section, we will prove the existence of random partitions with the separation
and padding properties that were stated in the Introduction.

4.1 Proof of Theorem 75 and the upper bound on PAD; (X)
in Theorem 69

Theorem 122 below asserts that every normed space X = (R”, || - ||x) admits a ran-
dom partition that simultaneously has desirable padding and separation properties.
In the literature, such properties are obtained for different random partitions: sepa-
rating partitions of normed spaces use iterative ball partitioning with deterministic
radii, while padded partitions also rely on randomizing the radii. At present, we do
not have in mind an application in which good padding and separation properties are
needed simultaneously for the same random partition, so it is worthwhile to note this
feature for potential future use but in what follows we will use Theorem 122 to obtain
two standalone conclusions that yield upper bounds on the moduli of padded and
separated decomposability (in fact, the separation profile of Theorem 75).

Theorem 122. Fixn € N and a normed space X = (R", || - ||x). For every A € (0, 00)
there exists a A-bounded random partition P of X such that for every x,y € R" and
every § € (0,1) we have

vol,—1 (Proj,_yy+ (Bx))

Prob[Pa(x) # Pa(y)] = min{l, llx — y||gg} (4.1)

AVOln(Bx)
and /5
1-X A
Prob[fPA(x) ) - 5 . —Bx} = 4.
1+ V8 2

By the conventions of Remark 62, the A-boundedness of Theorem 122 is with
respect to the norm || - ||x, i.e., the clusters of the random partition Pa have X-diameter
at most A. By the definitions in Section 1.7.1, the notion of random partition implies
that each of the clusters of Pa is strongly measurable, but we will see that they are
also standard (recall Definition 113).

Remark 123. For every M > 0, consider the metric space LISM = (L1, dy) thatis
given by
def .
VieLi, du(fg)=min{M, |/ gL}
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A useful property [211, Lemma 5.4] of this truncated L metric is ¢, (LfM )< 1,
ie., LfM embeds back into L, with bi-Lipschitz distortion O(1). Theorem 122 gives
a different proof of this since if X = £%_, then by (1.38) the right-hand side of (4.1) is
equal to min{2A, ||x — y|l1}/(2A). At the same time, if P = {Fz (w)}32,, then the
left-hand side of (4.1) embeds isometrically into an L (i) space via the embedding

(f € L)~ (0 (Ipr) () rey) € L1(Prob; £y).

By (1.30), the right-hand side of (4.1) equals min{A, ||x — y||*x}/A. But, by [41]
the class of finite dimensional normed spaces whose unit ball is a polar projection
body coincides with those finite dimensional normed spaces that embed isometrically
into L1, so this does not give a new embedding result.

We will first describe the construction that leads to the random partition whose
existence is asserted in Theorem 122. This construction is a generalization of the
construction that appears in the proof of [173, Lemma 3.16], which itself combines
a coloring argument with a generalization of the iterated ball partitioning technique
that was used in the Euclidean setting in [76, 152].

In the rest of this section we will work under the assumptions and notation of
Theorem 122. Let A C R” be a lattice such that {z + Bx},ea have pairwise disjoint
interiors (equivalently, ||z — z’|x = 2 for distinct z,z’ € A) and | J,c, (z + 3Bx) =
R” (i.e., for every x € R” there is z € A such that ||x — z||x < 3). The existence
of such a lattice follows from the work of Rogers [273] (see [315, Remark 6]). The
constant 3 here is not the best-known (see [70, 315]); we prefer to work with an
explicit constant only for notational convenience despite the fact that its value is not
important in the present context.

Denote the X-Voronoi cell of A, i.e., the set of points in R” whose closest lattice
point is the origin, by

VE {x € R" : |lx|x = min [x — z[)x}.
zEA

Then V C 3Bx and the translates {z 4+ V};c cover R” and have pairwise disjoint
interiors.

Remark 124. Our choice of the above lattice is natural since it is adapted to the
intrinsic geometry of X = (R”, || - [|x) and it leads to a simpler probability space
in the construction below. Nevertheless, for the present purposes this choice is not
crucial, and one could also work with any other lattice, including Z". In that case, one
could carry out the ensuing reasoning while adapting it to geometric characteristics
of the lattice in question (its packing radius, covering radius and the diameter of
its Voronoi cell, all of which are measured with respect to the metric induced by
Il - lIx)- This requires several changes in the ensuing discussion, resulting in slightly
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more cumbersome computations that incorporate these geometric characteristics of
the lattice. All of these quantities are universal constants for our choice of A.

Define graph G = (A, Eg) whose vertex set is the lattice A and whose edge set
Eg is given by

Yw,ze A, {w,z} €Eg < w#zA inf |a—>b|x <10.
acw+V
bez+V

So, if {w, z} € Eg and x € By then there are u, v € V such that
l(w+u)—(z+v)|x <10
and therefore, since V C 3By, we have
[lw—(z+0)lx < [(w+u)—(+v)lx + llulx + [vlx + l[x]x < 17.

Hence z + Bx € w + 17Bx. It follows that if w € A and z1,...,z, € A are the
distinct neighbors of w in the graph G then the balls {z; + Bx}/_, have disjoint
interiors (since distinct elements of the lattice A are at X-distance at least 2), yet
they are all contained in the ball w + 17 Bx. By comparing volumes, this implies that
m < 17". In other words, the degree of the graph G is at most 17", and therefore
(by applying the greedy algorithm, see, e.g., [59]) its chromatic number is at most
17" +1 < 52" ie., thereis y : A — {1,...,5%"} such that

Yw,ze A, w#zA inf |la—->blx <10 = y(w) # x(2). 4.2)
acw+V
bez+V
Consider the Polish space Z LLYN o {1,...,5%" }N. In what follows, every w € Z
will be written as w = (X, 7), where ¥ = (x1,x2,...) € VWWand j = (y1,2,...) €
{1,...,5%"}N Denote by u the normalized Lebesgue measure on V and by v the
normalized counting measure on {1, ..., 52"}, i.e., for every Lebesgue measurable
A CR"andevery F C {1,...,5>"}\N we have
def VOl (A n V) def |F|
A) = ——— = and F)=—.
u(A) vol, ) v(F) =2

Henceforth, the product probability measure 1N x vN on Z will be denoted by Prob.
Forevery k € N, z € A and (¥,7) € Z define a subset '8 (¥, ) € R” by

k—1
oy def
1) =y = Fk’z(x,)/) = (z + xx + Bx) ~ U U (w + xj + Bx),
j=1 weA
x(w)=y;

@) # e = T (7)) = o 43)
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Lemma 125. Foreveryk € N and z € A the set-valued mapping T%% : Z — 2R" js
both strongly measurable and standard (where the underlying o-algebra on Z is the
Prob-measurable sets).

Proof. Forevery y1,..., xx € {1,...,5%"} consider the cylinder set

Cttr- ) EAET) €Z: tseevovi) = (s X0))-

AS{C(x1s .o i)t (1s- v xi) €41,...,52" %V is a partition of Z into finitely many
measurable sets, it suffices to fix from now on a k-tuple of colors ¥ = (x1,..., xx) €
{1,...,5%"}* and to show that the restriction of I'®? to @(y1.,. .., xx) is both strongly
measurable and standard.

Observe that for each fixed z € A and y € {1, ..., 5%"} there is at most one
w € A that satisfies y(w) =y and (z + V + Bx) N (w + V + Bx) # @. Indeed,
if both w € A and w’ € A satisfied these two requirements then we would have
y(w) =y = y(w’) and there would exist a,a’, b, b’ € V and u,u’, v, v’ € Bx such
thatw+a4+u=z4+b+vandw +a’ +u’ =z + b+ v'. Hence,

inf o —Blx < (w+a) - (W' +a)lx
Y
=|l+b+v—u)—(z+b +v—-u)|x

151x + 116" lx + llvllx + [[v"x + llullx + ulx

<
<3+3+1+1+1+1=10,

where we used the fact that b, b’ € V C 3Bx. By (4.2) this contradicts the fact that
x(w) = y(w").

Having checked that the above w is unique, denote it by w(y, z) € A. If there
isno w € A that satisfies y(w) = y and (z + V + Bx) N (w + V + Bx) # @ then
let w(y,z) € A be an arbitrary (but fixed) lattice point such that (z +V 4+ Bx) N
(w(y, z) +V 4+ Bx) = @. Observe that w(y(z), z) = z. Under this notation, for
every X1,...,xx € Vand yq,...,yk—1 € {1,...,5%"} we have

k—1

(Z+Xk+3x)\U U (w + x;j + Bx)

j=1 weA
x(w)=y;

k—1
= (w(x(2).2) + xc + Bx) ~ | Jw(y;.2) + x; + By).
j=1
Equivalently, if we denote for every y = (y1,...,yx) € (R™)¥,

k—1

Ok () £ (v + Bx) ~ | + Bx),
j=1
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then the definition (4.3) can be rewritten as the assertion that the restriction of k.2
to C() is the constant function @ if y(z) # yx, whereas if y(z) = yx, then we
define 52 (%, ) = OF(w(¥, z) + X) for every (X,7) € C(¥), where we use the
notation w(¥,z) = (w(x1,2)....,w(yx z)) € (R")¥. The desired measurability of
the restriction of I'*? to C() now follows from Lemma 119 and Corollary 121. m

Since the sets {z + V},ea cover R”, for every rational point ¢ € Q" we can fix
from now on a lattice point z; € A such that ¢ € z; 4+ V. Define a subset 2 € Z =
VN % {1,...,52"\N by

o0

Q¥ NNu {(2)7) €Z: x(zq) = yr A (zg + x1) —qllx <

m=1 qe@” k=1

}. (4.4)

3=

We record for ease of later use the following simple properties of 2.

Lemma 126. 2 is a Borel subset of Z that satisfies Prob[Q2] = 1. Furthermore, for
every (X,y) € Q the set {z + xi : (k,z) € N x A A y(2) = yi} is dense in R".

Proof. The fact that  is Borel is evident from its definition (4.4). Also, if (X,}) €
Q,u € R" and ¢ € (0, 1), then choose ¢ € Q" such that ||u — g||x < &/2. Setting
m = [2/¢] € N, it follows from (4.4) that there exists k € N satisfying y(z4) = v«
and |(zg + xx) —qllx < 1/m < &/2. By our choice of g, it follows that

“(Zq + Xx) —u||X <e.

Since this holds for every ¢ € (0, 1), the set {z + xx : (k,z) € N X A A y(2) = y}
is dense in R”. It remains to show that Prob[2] = 1. Indeed,

Prob[Z ~ Q]
@) & = 1
< Z Prob|: ﬂ Z ~ {(2 V)EZ : x(zg) =vk A ||(zq+xk)—q||x\%}:|
m=1geQn k=1
oo 1 )4
-3 % dim (1 _ voh ({g G T n Bx) 0 V)) =0, 4.5)
w1 qe0r {—o0 527 yol, (V)

where for the penultimate step of (4.5) recall that Prob = 1N x v For the final step
of (4.5) note that vol, ((¢ — z4 + rBx) N'V) = vol,((q + rBx) N (z4 +V)) > 0 for
every fixed ¢ € Q" and r € (0, 00), because z; € A was chosen so thatg € z; +V
(and 'V is a convex body). [

The following lemma introduces the random partition that will be used to prove
Theorem 122.
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Lemma 127. P& (Tk?|q : Q — 2R" }(k,2)eNxA is a 2-bounded random partition of

X = (R™, || - Ix), each of whose clusters are both strongly measurable and standard
set-valued mappings.

Proof. Since 2 is a Borel subset of Z, for each (k,z) € N x A the measurability
requirements for the restriction of I'®% to Q follow from Lemma 125. Fix (¥, 7) € Z.
Recalling (4.3), if I'®% (X, 7) # @, then diamx (I'%? (¥, 7)) < diamx(z 4 x + Bx) <
2. Note also that by (4.3) if ®% (X, }) # @, then

k—1
Fk’z()?,ﬁ) = (z+ xx + Bx) ~ U U Fj’w(f,?).
j=lweA

Hence I'%?(X,y) N T/% (¥, 7) = @ for every distinct j,k € N and for every w,z € A.
We claim that also

rk2z, ) nrev i,y = o
for every k € N and every distinct w, z € A. Indeed, it suffices to check this under the

assumption that y(w) = x(z) = yx, since otherwise @ € {I'®% (X, y), TF% (%, 7))
So, suppose that

xw) = x(z) =y yet TF(E . 7)NTF9) # 2.

By (4.3), this implies that there are u, v € Bx such that w + xx +u = z + xx + v.
Hence, forevery o, B € V,

[(w+a)—(E+P)lx=lle—pB+v—ulx
< llellx + I1Blx + lulx + lviix
<34+3+14+1<10,

where we used the fact that V C 3 Bx. Since w and z are distinct and y(w) = y(z), this
is in contradiction to (4.2). We have thus shown that the sets {T%7 (X, 7)}k.z)eNxA
are pairwise disjoint.

Note that by the definition (4.3), for every (X, y) € Z we have

o0

UJyUr=Ey»= | E+x+By. (4.6)
k=1zeA (k,z)eNxA
x(2)=vyk

Indeed, it is immediate from (4.3) that the left-hand side of (4.6) is contained in the
right-hand side of (4.6). If u belongs to the right-hand side of (4.6), then let k be
the minimum natural number for which there is z € A with u € z 4+ x; + Bx and
x(z) = yk. Consequently, forall j € {1,...,k — 1} and w € A with y(w) = y; we
have u ¢ w + x; + Bx, and hence by (4.3) we have v € I'®?(¥, ), as required. By
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Lemma 126, if (X,y) € Q, then {z + x : (k.,z) € N x A A x(z) = yi} is dense in
R”, and therefore the right-hand side of (4.6) is equal to R”. Thus P takes values in
partitions of R”. [

Definition 128 introduces convenient notation that will be used several times in
what follows.

Definition 128. If M C R” is Lebesgue measurable and (k,z) € N x A, then define
k,z
Hyt € Q by

Hif &of (X.7) € Q: x(2) = vk Az + x, € M. 4.7)

If 8§, T C R” are Lebesgue measurable and (k, z) € N x A, then define Kgér C Q by

k—1
KEZ EHE < | He™. 4.8)
j=lweA

The meaning of the set in (4.8) is that it consists of all of those (X, y) € Q such
that the kth coordinate of y € {1, ..., 5>"}N is the color of the lattice point z € A,
the kth coordinate of X € VN satisfies xx € S —z, and forno j € {1,...,k —1} and
no lattice point w € A do the same assertions hold with § replaced by 7.

Lemma 129. Suppose that 8, T C R" are Lebesgue measurable sets of positive vol-
ume such that 8 C T. Suppose also that diamx (T) < 4. Then the sets

{Kg’,z‘T}(k,z)eNxA

are pairwise disjoint and

* kz | _ VOln(S)
Pr0b|: U U Ks,7i| = ol () 4.9

k=1zeA

Proof. The definition of the product measure Prob implies that for any Lebesgue
measurable M € R” and every (j, w) € N x A we have

Prob[HL" | = u(M — w)v(x(w))
vol, (\7 NnM- w))

T 32yol, (V)
vol, ((\7 +w)N JV[)

T Syl (V) (4.10)

We claim if diamyx (M) < 4, then {H;;}(w}we A are pairwise disjoint for every fixed
j € N. Indeed, otherwise ‘ '
3(F.7) € MY NI



124  Upper bounds on random partitions

for some distinct lattice points w, z € A. Then, w + xj,z + x; € M and y(w) =
y; = x(z). Hence,
[w=zllx = [[(w + x;) = (z + x;)Ix < diamx(M) < 4.
Since V C 3B, it follows that for every «, § € V we have
[(w+a)—(z+B)lx < llw—zlx + lalx + [|Bllx <4+3+3 =10,

which, by virtue of (4.2), contradicts the fact that w # z and y(w) = x(2).
Since {Hg\’{w }wea are pairwise disjoint and {w + V},ea cover R” and have pair-
wise disjoint interiors,

Prob[ U Hg;;tw] = Z Prob[Hg;;Ew]
weA weA

(4.10) 1
527 yol, (V)

vol, (V)

weA

@.11)

As 8 C T, we have diamx (8) < diamx(T) < 4. So, { Hg’z }zen are pairwise disjoint
for every k € N by the case M = § of the above reasoning. Recalling (4.8), this
implies that for every k € N and distinct w, z € A,

k,w k,z __
KS,T N KS,T = .

To establish that {K’g:g}(k’ z)eNxA are pairwise disjoint it therefore remains to check
that
K§Z NKLY = @
for every j,k € N with j < k and any w, z € A. This is so because if (X, ) €
Kgé then (X, 7) ¢ H2™ by (4.8). Therefore, either y(w) # y; or w + x; ¢ T2 8.
Co’nsequently,
(%.7) ¢ HE" 2 KL

This concludes the verification of the disjointness of {Kgfr}(k, Z)ENXA-

As for every k € N and z € A, the membership of (X,y) € {1+,..., 52”}N x VN
in ng’z and HI‘}’Z depends only on the kth coordinates of X and ¥, it follows from the
independence of the coordinates that

k—1
Prob[Kng] e Prob|:HI§’Z N ( ﬂ (Q ~ U H’Tw>):|

j=1 weA
k—1
= Prob[H*] (1 - Prob| | J H2"])
j=1 weA

@.10)A@.11) VOlp (V+2)Nn38) - vol, (7) k=1 “4.12)
N 521 yol, (V) 521 yol, (V) ' ‘
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Hence, since we already checked that {Kg’ZT}(k’Z)GNX A are pairwise disjoint,

Pr0b|: G U K§§:|

k=1z€eA
o
= >3 " Prob[KS?
k=1z€eA
(4.12) 1 > vol, (T) k=t
S vol, (V) (Z;\ vol, ((V + z) N S)) ,;( Prvol, (\7))
_volu(8)
~ vol, (7)’

where in the final step we used once more the fact that the sets {w + V},ea cover
R" and have pairwise disjoint interiors. This completes the verification of the desired
identity (4.9). n

The following lemma is a computation of the probability of the “padding event”
corresponding to the random partition P, as a consequence of Lemma 129. In [208]
a similar argument was carried out for general finite metric spaces, but it relied on a
different random partition in which the radius of the balls is also a random variable
(namely, the partition of [71]). This subtlety is circumvented here by using properties
of normed spaces that are not available in the full generality of [208].

Lemma 130. Let P be the random partition of Lemma 127. For every p € (0, 1) and
u € R" we have "
l—p
Prob Bx C? =—. 4.13
rob[u + pBx € P(u)] (1+,0) (4.13)

Proof. Foreveryk e N,z € A and r € (0, 00) define 8,”, u, C Q by

k Z def k,z k Z det k,z
Sur = Hirpe and Fr =K B ut(14r) By (4.14)

i.e., we are using here the notations of Definition 128 for the following sets:
M=u+rBx, 8S=u+(1—-r)Bx, and T =u+ (1+r)Bx.
We claim that
Vk.z) e Nx A, {(%.7) € Q: TR (X.7) 2u+pBx} =F52.  (4.15)
Asu+ (1—p)Bx Cu+ (1+ p)Bx and

diamx (v + (1 + p)Bx) = 2(1 + p) < 4,
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once (4.15) is proven we could apply Lemma 129 to deduce the desired identity (4.13)
as follows:

Prob|u + pBx € P(u)]
= Prob[{(%,7) € @ : 3(k.2) € N x A, T**(%,7) 2 u + pBx}]

oo n
/ 9 1 1-p)B 1-
L) prob| | ) | ) gkz | COmt vol, (u 4 (1 — p) Bx) :( p) _
Pty vol, (u + (1 + p) Bx) 1+p

To establish (4.15), suppose first that (X, y) € fr'",’jjf,. By the definition of 3'“5:; we
therefore know that

Vi.w) e{l... k=1 x A, (3.7) &b yet (%.7)¢elT,,.

Jjw

w.1—p We know that

Hence, by the definition of £
x@)=yx and z+4+xr €u+(1—-p)Bx,

which (using the triangle inequality), implies that z + x; + Bx 2 u + pBx. At the
same time, if j € {l,...,k — 1} and w € A, then by the definition of 8;1{’ +p- the fact
that (X,7) ¢ 85”'f+p means that if y(w) = y; then necessarily ||w 4+ x; —u||x > 1+ p,
which (using the triangle inequality) implies that (w + x; + Bx) N (u + pBx) = @.
Hence, the ball u + pBx does not intersect the union of the balls

{w—l—xj 4+ Bx:(jyw)e{l,....k—1} x AA y(w) = yj}.
Since y(z) = yx, due to (4.3), this implies that
%% (%,7) N (u+ pBx) = (z + xx + Bx) N (u + pBx) = u + pBx,

i.e., (X, ) belongs to the left-hand side of (4.15).

To establish the reverse inclusion, suppose that %% (¥, 7) D u + pBx. The defini-
tion (4.3) implies in particular that T%?(¥,9) C z + x; + Bx and that for ['*% (X, 7)
to be nonempty we must have y(z) = yx. So, we know that z + xx + Bx 2 u + pBx
and y(z) = yx. Assuming first that z 4+ xz # u, consider the vector

vV=u+ ——— (U —z — Xp).

Then, v € u + pBx and hence also v € z + x; + Bx, i.e.,
1= v—z—=xlx = llu—2z—xkllx + p.

This shows that ||z + xx —ul|lx < 1—p,ie., z + xx € u + (1 — p) Bx. We obtained
this conclusion under the assumption that z + x # u, but it of course holds trivially

also when z + x; = u. We have thus shown that (X, y) € Sﬁzf_p.



Proof of Theorem 75 and the upper bound on PADs(X)in Theorem 69 127

By the definition of ?ﬁjz, it remains to check that
VGw) e{l... k=1 x A, (%.7) ¢ €S0, (4.16)

Assume for the purpose of obtaining a contradiction that (4.16) does not hold. Then,
let jmin be the minimum j € {1,...,k — 1} for which (X, y) € Si”'ﬁp for some
w € A. Hence, y(w) = yj,,, and w + x;,;,, €u + (1 + p)Bx. f w + x;,,, # u, then
the vector p
SR T R

is at X-distance p from u and also at X-distance |p — ||w + x;,,, — u||x| < 1 from
w + xj,.., where we used the fact that |w + xj,. — ullx < 1+ p. We have thus
shown that (w + x;,,, + Bx) N (u + pBx) # @ under the assumption w + x;,,, # u,
and this assertion trivially holds also if w + xj,,, = u. By the minimality of the
index jmin, forevery j € {1,..., jmin — 1} and every w’ € A with y(w’) = y; we have
w' 4+ xj ¢ u + (1 + p)Bx, ie., |[w + x; —ullx > 1 + p. Hence, by the triangle
inequality (w’ + x; + Bx) N (v + pBx) = @. The definition of ['/mn¥ (¥, y) now
shows that (1 4+ pBx) N [/min¥ (X, y) # @, and since by Lemma 127 we know that
[Jmin® (¥, %) and T2 (¥, 7) are disjoint (as jmin < k), this contradicts the premise
Fk’z()_é, )_/') D u+ pBx. ]

The probability of the “separation event” corresponding to the random partition
P is estimated in the following lemma by using Lemma 129, together with input from
Brunn—Minkowski theory.

Lemma 131. Let P be the random partition of Lemma 127. For every u,v € R" we

have

voly—1 (Proj,_y)L (Bx))
vol, (Bx)

Prob[i])(u) #* fP(v)] = min{l, |lu — v||4r21}. 4.17)

More precisely, if we denote ¥ (0) = 0 and

der VOly—1 (Proj, 1 (Bx))

Yw € R" < 0}, vw) s L (5D |wllm=x

n = ———— 4.18
oy = of (e @19

then for every u,v € R" we have

2eV =) _ o 29 (u —v)
26'”(”_—”)—1 < Prob[‘.P(u) %+ (P(U)] < m

In particular, (4.19) implies the following more precise version of (4.17):

(4.19)

e —
2e — 1

Moreover, (4.19) shows that Prob[P(u) # P(v)] = 2¥ (u — v) + O(Y¥ (u — v)?) as

U — v.

min{1, ¥ (u — v)} < Prob[P(u) # P(v)] < 2min{l, ¥ (u — v)}.
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Proof. If |lu — v||x > 2, then Prob[P(u) # P(v)] = 1 because P is 2-bounded. Since
(2e¥ @) _2) /(2¢¥ @~V _ 1) < 1, the first inequality in (4.19) holds. By (1.50) we
have Y (u —v) = ||lu —v|x/2 > 1, so 2¥(u — v)/(¥(u — v) + 1) > 1 and hence
the second inequality in (4.19) holds. We will therefore assume from now on that
Ju —vix <2.

Denote J(u,v) = (u + Bx) N (v + Bx) and U(u,v) = (u + Bx) U (v + Bx).
We claim that

N N k,
Vk,z) eNx A, {(%7) € Q:{u,v} ST X P)} = Ki&h vy 420)

where we recall the notation that was introduced in Definition 128. Assuming (4.20)
for the moment, we will next explain how to conclude the proof of Lemma 131.

Note that IJ(u, v) € U(u, v) and diamy (U(u, v)) < ||u — v||x + 2diamx(Bx) < 4.
Consequently, by Lemma 129,

Prob[?(u) = iP(v)]
2 Prob[{(%,7) € @ :3(k,2) € N x A, {u,v} € TH*(%,7)}]

o0
(4.20) k,z
= Pr0b|: U U Kj](u,v),u(u,v):|

k=1z€eA
.9) Vvolp (I(u,v))
— vol, (U(u, v))
_ vol, (v + Bx) N (v + Bx))
~ 2voly(Bx) — vol, (4 + Bx) N (v + Bx))’

Hence,
7 _ 2voln ((u+Bx)N(v+ Bx))
_ vol,; (Bx)
Prob|P(u) # P(v)] = S @i BBy (4.21)
voly (Bx)

Now, by the work [280, Corollary 1] of Schmuckenschlidger we have the following
general estimates:

vol, (v + Bx) N (v + Bx))

Y (u—v)
<e , 422
vl (By) (422

l—Y(u—v)<

where 1 (-) is defined in (4.18). The mapping ¢ — (2 — 2¢)/(2 — t) is decreasing
on [0, 1], so (4.19) is consequence of (4.21) and (4.22). The remaining assertions of
Lemma 131 (in particular the asymptotic evaluation (4.17) of the separation prob-
ability) follow from (4.19) by elementary calculus. Observe that for the purpose of
bounding the separation modulus of X from above, we need only the first inequality
in (4.22); since it is stated in [280] but not proved there, for completeness we will
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include its elementary proof in Section 4.1.1 below. The second inequality in (4.22)
is used here only to show that our bounds are sharp; its proof in [280] relies on a more
substantial use of Brunn—Minkowski theory.

It remains to verify (4.20). Fix (k,z) € N x A. Suppose first that (X, y) is an
element of the right-hand side of (4.20). Recalling the definitions (4.7) and (4.8), this
implies that y(z) = y¢ and z + x; € (u + Bx) N (v + Bx), while for every j €
{1,...,k— 1} and w € A with y(w) = y; wehave w + x; ¢ (u + Bx) U (v + Bx).
By the triangle inequality these facts imply that z + x; + Bx 2 {u, v} and the union
of the balls

{w—|-xj+BX:(j,w)e{1,...,k—1}xA/\)((w)=yj}

contains neither of the vectors u, v. The definition (4.3) of I'®2 (¥, 7) now shows that
{u.v} cTH(E.7).

For the reverse inclusion, assume that {u, v} € T'®Z(¥, 7). Then y(z) = yx and
{u,v} € z + x; + Bx by (4.3), which implies that

z+ x; € (u+ Bx) N (v+ Bx) = I(u,v).

If there were j € {1,...,k — 1} and w € A such that (w + x; + Bx) N {u,v} # & and
x(w) = y;, then when one subtracts w + x; + Bx from z 4+ x; + Bx one removes
at least one of the vectors u, v, which by (4.3) would mean that one of these two
vectors is not an element of I'®% (¥, 7), in contradiction to our assumption. Hence
forall j € {l,....k — 1} and w € A with y(w) = y; we have u ¢ w + x; + Bx
andv ¢ w + x; + Bx,ie., w+x; ¢ (u + Bx) U (v + Bx) = U(u, v). This shows
that (X, ) belongs to the right-hand side of (4.20), thus completing the proof of
Lemma 131. ]

Proof of Theorem 122. By rescaling, namely considering the norm (2/A)| - ||x, it
suffices to treat the case A = 2. The desired random partition will then be the partition
P of Lemma 127 and the conclusions of Theorem 122 follow from Lemma 130 and
Lemma 131. ]

4.1.1 Proof of the first inequality in (4.22)

The proof of the first inequality in (4.22) is a simple and elementary application of
standard reasoning using Fubini’s theorem. Denote

= lv—ullgy and x f ;(v —u) e §"L,

Then,
vol, ((u + Bx) N (v + Bx)) = vol,(Bx N (1x + Bx)),
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u+ (Bu +1)x

Bx

U+ (o +1)x

U+ oyXx

Figure 4.1. A schematic depiction of the partition of By into the sets U, V, W (with the sets
U, W shaded), as well as the line segments parallel to x that are used in the justification of the
estimate (4.23).

The desired estimate is therefore equivalent to the following assertion:
vol, (Bx) < vol,(Bx N (tx + Bx)) + 1 - vol,—_1 (Proj, 1 (Bx)). (4.23)

To prove (4.23), partition By into the following three sets:

U % Bxn (tx + By), (4.24)
V €y € Bx~ (tx + Bx) : Proj,.1 (y) € Proj, (U)}, (4.25)
WE By~ (UUV)={yeBx:Proj,.(y) ¢ Proj,.(U)}.  (4.26)
A schematic depiction of this partition, as well as the notation of ensuing discussion,
appears in Figure 4.1. We recommend examining Figure 4.1 while reading the follow-
ing reasoning because it consists of a formal justification of a situation that is clear
when one keeps the geometric picture in mind.
For z € Proj, 1 (Bx) let «; € R be the smallest real number such that z 4+ o, x €
Bx and let B, € R be the largest real number such that z + B,x € Bx. Thus the
intersection of the line z + Rx with By is the segment w + [a, B;]x € R”. Since
||x||gg = 1, by Fubini’s theorem we have

vol, (Bx) = / (B: —az)dz
Proj,. 1 (Bx)

= / (Bu — o) du + / (Bw —aw)dw.  (4.27)
Proj,. 1 (U)

Proij_ w)
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To see why the final step of (4.27) holds, simply observe that by (4.26) we have
Proj, 1 (Bx) = Proj, . (U) U Proj,. . (W), and the sets Proj, . (U), Proj, . (W) have dis-
joint interiors (in the subspace x1).

Since U = Bx N (tx + Bx) is convex, for every u in the interior of Proj, . (U)
the line ¥ + Rx intersects U in an interval, say (v + Rx) N U = u + [yy, 6,]x with
Yu, 0y € R satisfying y,, < &y suchthatu + y,,x,u + 8,x € dU and u + sx € int(U)
for every s € (yy, 6,). Also,

(u +Rx) N Bx = u + [y, Bulx

with u 4+ ayx,u + Byx € dBx. Thus [y,, §,] € [y, Bul- Since u + y,x € U C
tx + By, it follows that yy, — t € [y, Bw]. But ¥, € [0, Bul, s0 By — oy =t and
therefore ay, + ¢, By — t € [y, By], or equivalently u + (o, + ¢)x,u + (B, —t)x €
Bx.Asu + oy x,u + Byx € 0Bx, we have u + (o + t)x € Bx N (tx + dBx) C U
and u + B,x € (0Bx) N (tx + Bx) € dU. Hence y,, = ay, + ¢t and §,, = B, from
which we conclude that

ueProj,,(U) = u+Rx)NU =u+ oy + ¢, Bulx, (4.28)

and therefore also

ueProj, . (U) = w+Rx)NV 42 Bx ~ ((u + Rx)N U)

“2 U+ o o + 1]x (4.29)

Another application of Fubini’s theorem now implies that

/ (Bu — o) du
Proj 1 (U)

:/ Voll((u+Rx)ﬂU)du+/ tdu
Proj, .1 (U) Proj,. 1 (U)

= vol, (U) + t vol,—1 (Proj, 1+ (U))
= vol, (U) + t(vol,—1 (Proj, (Bx)) — vol,—1 (Proj, . (W))), (4.30)

where the first step of (4.30) uses (4.28) and (4.29) and for the last step of (4.30)
recall the definition (4.26).
Observe next that

w € Proj, (W) = By —ay <t 4.31)

Indeed, if w € Proj,. . (W) yet By —atyy, >t then w + (B, —¢)x belongs to the interval
joining w + ayx and w + By x. We therefore have w + (8, — t)x € Bx by the
convexity of By, or equivalently w + B x € tx + Bx. Recalling that w 4+ B, x € Bx,
this means that w + S, x € Bx N (tx + Bx). By the definition (4.24) of U,, it follows
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that w € Proj, 1 (U). By the definition (4.26) of W, this means that w ¢ Proj, . (W),
a contradiction.
Having established (4.31) we see that

431)
/ (Bw —ay)dw < tvol,—; (Proij(W)). (4.32)
Proj 1 (W)

The estimate (4.23) now follows from a substitution of (4.30) and (4.32) into
4.27). n

4.2 Proof of Theorem 81

For any m € N, because evr(£]") =< /m, by the second part (2.55) of Theorem 107
there exists € € R™ with |G| < e#™” for some universal constant f > 0 such that
SEP(Cym) X m (as we are considering here {7 rather than more general normed
spaces, this statement is due [76]). Fix an integern > 2 and 1 < p < 2. Let m be the
largest integer such that ePm <. Thus m = logn and

SEP(Cyr) - m
demi (7. 0) ™ dem (€7 03)

SEP"(£,) = SEP(Cep) = —m7 = (logn)7.
This proves the lower bound on SEP"({,,) in Theorem 81.

It remains to prove the upper bound on SEP” (£,) in Theorem 81, i.e., that for all
X1seoosXp € 4p,

1
1 2
SEP({Xl, ce 9xn}v ” . ”‘ep) S %

The proof of (4.33) will refer to the following technical probabilistic lemma.

(4.33)

Lemma 132. Suppose that p € (1, 00) and let X be a nonnegative random variable,
defined on some probability space (2, Prob), that satisfies the following Laplace
transform identity:

S

Vu € [0,00), E[e™]=e>. (4.34)
Then

r(-1
E[X] = -3 _» . (4.35)

Moreover, we have

P\2—p (1 _ P
Vi € (0,00), Prob[X <] <exp (— (2)#(,}2)) (4.36)
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Proof. Suppose that & € (0, 1). Then every x € (0, 00) satisfies

00 | _ pux 00 | _ v (-
- - dx = x* ¢ dx = (- x%, 4.37)
0 ul—i—a 0 v1+a o

where the first step of (4.37) is a straightforward change of variable and the last step
of (4.37) follows by integration by parts. The case & = 1/2 of (4.37) implies (4.35)
as follows:

1 [®1—e® 1 [ 1—E[e™]
EX] =E du | = / du
IX] |:2ﬁ/0 us i| 2ﬁ 0 w3

(4.34) /°°1—e du = /°°1—e” (437)F(1_%)
2% b V7
The small ball probability estimate (4.36) is a consequence of the following stan-

dard use of Markov’s inequality. For every u, ¢ € (0, 00) we have

N\'u

SN

2

Prob[X < 1] = Prob[e ™ = ¢ 7] < e E[e ] = "2 (4.38)

The value of u € (0, co) that minimizes the right-hand side of (4.38) is

2
def P \2—
u=u(p.t) = (ﬁ) °.

A substitution of this value of u into (4.38) simplifies to give the estimate (4.36). m

Proof of (4.33). Fix distinct xy, ..., x, € {,. It suffices to prove (4.33) when p €
(1,2), since the quantity that appears in the right-hand side of (4.33) remains bounded
as p — 27, and every finite subset of £, embeds isometrically into £, for every p €
[1,2] (see, e.g., [314, Chapter III.A]). We will therefore assume in the remainder of
the proof of (4.33) that p € (1, 2).

Marcus and Pisier proved [197, Section 2] the following statement, relying on a
structural result for p-stable processes; its deduction from the formulation in [197]
appears in [169, Lemma 2.1]. There exists a probability space (€2, Prob) for which
there is a Prob-to-Borel measurable mapping (w € Q) = Ty, € £({,, {») (we denote
by £(€,.{2) the space of bounded operators from £, to {,, equipped with the strong
operator topology) such that for every w € Q and x € £, ~ {0} the random variable

170 () le,

(w e Q)
Ixlle,

has the same distribution as the random variable X of Lemma 132 (in particular, its
distribution is independent of the choice of x € £, ~ {0}). Consequently, for every
i,j €{l,...,n} wehave

4.35) lxi —xjlle,

—1 (4.39)

/ | Teo (xi) = Too (x)) |l ¢, dPrOb(w) = [lxi — x;l¢, EIX] =
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It also follows from the above discussion and Lemma 132 that for every ¢ € (0, 00)
we have

Prob[ () {w€Q:ITui) = To(hlles = i = xile,}]

i,j€{l,...,n}
Ty (x;) — Tp(xi
< Z Pr0b|:{a) eQ: 7o (xi) = To(x))lle, <Z}i|
i,j€{l,....n} lxi = xjlle,
i#)
(3)77(1-3)
(4.36) 2 )
< (5)ee| -2 7) (4.40)
2 P 2p
t2-r

If we choose 1

1
df [p(2=p\? 2
r=tp) = 5(4logn) '

then the right-hand side of (4.40) becomes less than 1/2. In other words, this shows
that there exists a measurable subset A C 2 with Prob[A] = 1/2 such that for every
weAandi,je{l,..., n},

1 1
2 (4logn\? 2
I =xshey < 2 (5250) 100 =~ Tt
1_1
$4(logn)ﬂ 2||Ta)(xi)_Ta)(xj)”€2' (4.41)

The last step of (4.41) uses the elementary inequality

2—p
2\ |2
(—) P S 4’
2—p p

which holds (with room to spare) for every p € [1,2).

{Tw(x1),...,Tp(xn)} S €5 is a subset of Hilbert space of size at most n, so by
the Johnson-Lindenstrauss dimension reduction lemma [138] there is k € N with
k < logn such that for every w € Q there is a linear operator Q,, : £ — R¥ such
that forall i, j € {1,...,n},

1T (xi) = To ()l < 1Q0Tw(xi) = Qo Tuw (X))l gk
< 20T (xi) = Too (x)) e, - (4.42)
An examination of the proof in [138] reveals that the mapping
o Qg

can be taken to be Prob-to-Borel measurable, but actually Q,, can be chosen from a
finite set of operators (see, e.g., [2]).



Proof of Theorem 81 135

Fix A € (0, 00). Since by [76] we have SEP(E’Zc ) < vk, there exists a probability
space (®, ) and a mapping 0 — RY that is a random partition of R¥ for which

V(w,0,i) e 2xOx{l,....n}, diamu (R?(QuTw(xi))) < %,
2 4(1 772
(fogm) (4.43)
and alsoevery w € Q and i, j € {1,...,n} satisfy
n({6 € ©: R (QuTu(x)) # R (QuTo(x))})
k
< \/_ 1 ”Qa)T (x;) QwTa)(xi)Hglzc
A/(4(10gn)ﬁ )
1
< (°g") | 7o) = T (60) |, (4.44)

where the last step of (4.44) uses the right-hand inequality in (4.42) and the fact that
k <logn.

Recalling the set A € 2 on which (4.41) holds for every i, j € {1,...,n}, letv
be the probability measure on A defined by

Prob[E]

VIET = Brob[A]

for every Prob-measurable £ C A (recall that Prob[A] = 1/2). For every (w, 8) €
A x © define a partition P@-9 of {x;,..., x,} by setting forevery i € {1,...,n},

P@0) (i) L {x € (XL X} OuTow(x) € Re(QwTw(xi))}. (4.45)

Then, for every (w,0) € A x ® and every i € {1,...,n} we have

diamyg,, ((P(“”G)(xi))

= max Xy — X
u,ve{l,...,n} ” " UHZP

Q0 Tew (1), Q0 Ter (x0)ERC (Qey Tor (x7))

1_1
< 4(10gn)p 2 max | T (xu) — Tw(xv)”b

u,ve{l,...,n}
OwTw(xu), 0w Tw (xv)ERG(Qw Tw (x:))
1

1_
< 4(logn)r 2 max |QwTw(xy) — QwTw(xv)||e/2<

u,ve{l,...,n}
OwTw(xu), 0w Tw (XU)EZRG(Q(U Tw (x:))

< 4(logn)r~2 diam, (R?(Qu T (x1))) < A, (4.46)

where the first step of (4.46) uses (4.45), the second step of (4.46) uses (4.41), the
third step of (4.46) uses (4.42), and the final step of (4.46) uses (4.43). Also, every
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distinct i, j € {1,...,n} satisfy
vx p({(@,0) € Ax 0 : PO (x;) £ P@O(x;)))
= [ ({6 € ©:2°(QuTu(x) £ R (QuTu(x))}) dv(@)

1 (logn)?
s Prob|[A] /A OgAn | T (xi) = Ty (xi) ||, dProb(w)

2(logn)?
< %/ﬂ H Tow(xi) — Ta)(xi)ng dProb(w)

1
_ Gogm)? [1xi = x;lle,
~ p _1 A b

(4.47)

where the first step of (4.47) uses (4.45), the second step of (4.47) uses (4.44), the
third step of (4.47) uses Prob[A] = % and the last step of (4.47) uses (4.39). By (4.46)

and (4.47), the proof of (4.33) is complete.



Chapter 5

Barycentric-valued Lipschitz extension

In this section, we will explain how separation profiles relate to Lipschitz extension.
We cannot invoke [173] as a “black box” because we need a more general result and
our definition of random partitions differs from that of [173]. But, the modifications
that are required in order to apply the ideas of [173] in the present setting are of a sec-
ondary nature, and the main geometric content of the phenomenon that is explained
below is the same as in [173].

In addition to making the present article self-contained, there are more advan-
tages to including here complete proofs of Theorem 66 and Theorem 114. Firstly,
the reasoning of [173] was designed to deal with a more general setting (treating
multiple notions of random partitions at once), and it is illuminating to present a
proof for separating decompositions in isolation, which leads to simplifications. Sec-
ondly, since [173] appeared, alternative viewpoints have been developed that relate
it to optimal transport, as carried out by Kozdoba [158], Brudnyi and Brudnyi [62],
Ohta [243], and culminating more recently with a comprehensive treatment by
Ambrosio and Puglisi [11]. Here we will frame the construction using the optimal
transport methodology, which has conceptual advantages that go beyond yielding a
clearer restructuring of the argument. The optimal transport viewpoint had an impor-
tant role in quantitative improvements that were obtained in [231, 233], as well as
results that will appear in forthcoming works. As a byproduct, we will use this view-
point to easily derive a stability statement for convex hull-valued Lipschitz extension
under metric transforms.

5.1 Notational preliminaries

We will start by quickly setting notation and terminology for basic concepts in mea-
sure theory and optimal transport. Everything that we describe in this subsection is
standard and is included here only in order to avoid any ambiguities in the subsequent
discussions.

Given a signed measure ¢ on a measurable space (2, ), its Hahn—Jordan decom-
position is denoted ;= u™ — w7, i.e., wT, u~ are disjointly supported nonnegative
measures. The total variation measure of p is || = u™ + u™. For A € F, the restric-
tion of w to A is denoted |4, i.e., w|a(E) = u(ANE) for E € F.If (R, F) is
another measurable space and f : 2 — Q' is a measurable mapping, then the push-
forward of p under f is denoted fiu. Thus fyu(E) = u(f~Y(E)) for E € F, or



138 Barycentric-valued Lipschitz extension
equivalently
vhe L. [ @) dfinl@) = [ h(f@)du)

Suppose from now on that (T, d ) is a Polish metric space. A signed Borel
measure £ on WL has finite first moment if [ dw (x, y)d|u|(y) < oo forall x € M.
Note that this implies in particular that || (W) < oo, because if x, x” € M are distinct
points, then the mapping (y € M) > [dwm (x, ¥) + dm (x’, ¥)]/dw (x, x’) belongs to
L1(Jp]) and takes values in [1, 0o) by the triangle inequality.

The set of all of the signed Borel measures on Til of finite first moment is denoted
M1 (T, dw ) or simply My (M) if the metric is clear from the context. The set of all
nonnegative measures in M; (M) is denoted M;L(m), the set of all & € My (M) with
total mass 0, i.e., T (M) = = (M), is denoted M‘l’ (), and the set of all probability
measures in M; (Til) is denoted P; ().

Given u,v € Mf(m) with (M) = v(M), a Borel measure 7 on Tl x MW is a
coupling of u and v if

7(ExM)=u(d4) and n(M x E) =v(A)

for every Borel subset £ C Til. The set of couplings of p and v is denoted IT(u,v) €
Mf(m x ). Note that (i x v)/ (M) = (u x v)/v(M) € TI(w,v), so Ik, v) #
. The Wasserstein-1 distance between w and v that is induced by the metric d,
denoted thim (i, v) or simply Wy (u, v) if the metric is clear from the context, is the
infimum of fmxm dw (x, y)dm(x, y) over all possible couplings 7 € I1(x, y). Since
(N, dw ) is Polish, the metric space (P (Til), W;) is also Polish; see, e.g., [42] or [10,
Proposition 7.1.5]. Throughout what follows, P (Til) will be assumed to be equipped
with the metric W;. The Kantorovich—Rubinstein duality theorem (see, e.g., [307,
Theorem 5.10]) asserts that

Wi(uv) = sup (/ vfdu—/ wdv). 5.1)
Y:M—->R m m
1% Lipem)y =1

Note that (5.1) implies that Wy (1 + 7,v + ) = Wy (i, v) forevery t € Mf(m).
For u € M() we have u™ (M) = ™ (M), so we can define':

ltllw, my = Wi (e, 1),

'Note for later use that if w,v € Mf(m) satisfy u(M) = v(M), then u — v € M?(m)
and || — v|lw, (m) = W1 (i, v). For a standard justification of the latter assertion, see, e.g., the
simple deduction of [236, equation (2.2)].
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This turns M‘;(m) into a normed space whose completion is called the free space over
T (also known as the Arens—Eells space over Til), and is denoted F(M); see [16,
113,310] for more on this topic, and note that while F(Til) is commonly defined as the
closure of the finitely supported measures in M(l’ () with respect to the Wasserstein-
1 norm, since the finitely supported measures are dense in MJ(T) (see, e.g., [307,
Theorem 6.18]), the definitions coincide. It follows from (5.1) that the dual of F ()
is canonically isometric to the space of all the real-valued Lipschitz functions on
T that vanish at some (arbitrary but fixed) point x¢ € T, equipped with the norm
Il lipcm)-

Suppose that (Z, || - ||z) is a separable Banach space and fix u € M;(Til). By
the Pettis measurability criterion [249] (see also [36, Proposition 5.1]), any f €
Lip(T; Z) is |u|-measurable. Moreover, we have || f ||z € L1(|i|) because if we
fix x € M, then for every y € T,

/() = f)llz + 11/ )lIx

IfDllz <
< 1 f lLipemszydm (v, %) + | f(0)llx € La(lpe)),

|
|
where the last step holds by the definition of M;(Til) and the fact that it implies
that |u|(T) < co. By Bochner’s integrability criterion [40] (see also [36, Propo-

sition 5.2]), it follows that the Bochner integrals [y f du™ and [g f du~ are
well-defined elements of Z, so we can consider the vector

S = /m fdp= /m fdpt — /m fdu~ ez (5.2)

If i € MO(M), then I (1) = fmxm(f(x) — f(y))dn(x,y) for every coupling = €
(™, u7). Consequently, |37 (1)llz < [ f ILipm:z) [icm dm (x, y) de(x, p), so
by taking the infimum over all # € TI(u™t, u™) we see that the norm of the linear

operator 3y from (MY(ML), || - [lw,) to Z satisfies
||3f||(M(1>(m),||.||Wl)_>z < 1 f luipem;z)- (5.3)

Since MY(M) is dense in F(M), it follows that I extends uniquely to a linear opera-
tor 37 : F(T) — Z of norm at most || f'||Lip(m;z)- S0, even though elements of F (T )
need not be measures, one can consider the “integral” 3¢ (¢) € Z of f € Lip(Ti; Z)
with respect to ¢ € F(T); see [114] for more on this topic.

5.2 Refined extension moduli
Continuing with the notation that was introduced by Matousek [199], we will con-

sider the following parameters related to Lipschitz extension. Suppose that (T, dw ),
(M, dp) are metric spaces and that € C Til. Denote by e(M, C; M) the infimum over
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those K € [1, oo] such that for every f : € — T with || f|lLipce;n) < oo there is
F : M — M that extends f and satisfies

I FllLipemsny < Kl f luipee;n-

The supremum of e(Tl, C; 1) over all subsets C C il will be denoted e(Til; TL). Note
that when Tl is complete, Tl-valued Lipschitz functions on € automatically extend to
the closure of € while preserving the Lipschitz constant, so we may assume here that
€ is closed. The supremum of (L, C; Z) over all Banach spaces (Z, || - ||z) will be
denoted below by e(Tl, C). Thus, the notation e() of the Introduction coincides
with the supremum of e(Til, C) over all subsets C < Til.

If (WM, dw) is a metric space, C C Til, and (Z, || - ||z) is a Banach space, then it
is natural to consider variants of the above definitions with the additional restrictions
that the extended mapping F is required to take values in either the closure of the lin-
ear span of f(C) or the closure of the convex hull of f(C). Namely, let eg., (T, C; Z)
be the infimum over those K € [1, oo] such that for every f : € — Z there exists

F : W — span(f(C))
that extends f and satisfies

I FllLipm:zy < K| S ILip(e:z)- (5.4)

Analogously, let econy (T, C; Z) be the infimum over K € [1, oo] such that for
every f : C — Z there exists

F : M — conv(f(C))

that extends f and satisfies (5.4). We then define e, (1L, C) to be the supremum of
econv (ML, C; Z) over all possible Banach spaces (Z, || - ||z). Note that while one could
attempt to define epan (T, €) similarly, there is no point to do so because it would
result in the previously defined quantity e(Til, C). By considering the supremum of
econv(TIL, C) over all subsets C C Til, one defines the quantity econy (TL).

Remark 133. By [179] one can have e(Tll, C; Z) =e(M; Z) =1 yet expan (M, C, Z) =
oo for some metric space (Til, dyw ), some C C T and some Banach space (Z, || - ||z)-
Indeed, if X is a closed reflexive subspace of £, and V C X is a closed uncom-
plemented subspace of X, then by [179] (see also [36, Corollary 7.3]) there is no
Lipschitz retraction from X onto V. Equivalently, the identity mapping from V to V
cannot be extended to a Lipschitz mapping from X to V. Hence, since span(V) =V C
Loo, we have egpan (X, Vi €oo) = 0o. In contrast, e(X; £) = 1 by the nonlinear Hahn—
Banach theorem (see [206] or, e.g., [36, Lemma 1.1]). By combining [290] with the
discretization method of [138] (see also [195]), one can quantify the above example
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by showing that for arbitrarily large n € N there are Banach spaces (X, || - ||x) and
(Z,| - |z), and a subset C € X with |G| = n for which we have

espan (X, C:Z) logn (5.5)
e(X,C;Z) ~ \loglogn’ ’

(In fact, in (5.5) one can have e(X, C;Z) = e(X;Z) = 1.) At present, the right-hand
side of (5.5) is the largest asymptotic dependence on n that we are able to obtain
for this question, and it remains an interesting open problem to determine the best
possible asymptotics here.

Most, but not all, of the Lipschitz extension methods in the literature, including
Kirszbraun’s extension theorem [155], Ball’s extension theorem [23] and methods
that rely on (variants of) partitions of unity such as in [61, 140, 166, 173], yield
convex hull-valued extensions, i.e., they actually provide bounds on the quantity
econv (T, C; Z). Nevertheless, it seems likely that there is no ¢ : [1, c0) — [1, 00)
such that eony (M) < @(e(T)) for every Polish metric space (M, dm ), though if
such an estimate were available, then it would be valuable; see, e.g., Remark 141. In
fact, we propose the following conjecture.

Conjecture 134. There exists a Polish metric space (Til, dy ) for which e(Til) < co
yet econy (TIL) = o0.

Remark 135. By definition, for every metric space (il, dy ), every Banach space
(Z,| - ||z) and every C € M,

econv(M, C;Z) = espan(m, C;Z) = e(M,C;Z).

We explained in Remark 133 that the second of these inequalities can be strict (in a
strong sense). However, as a complement to Conjecture 134, we state that to the best
of our knowledge it is unknown whether this is so for the first of these inequalities,
i.e., if it could happen that e, (T, C: Z) < 00 yet econy(Til, C; Z) = oo. We suspect
that this is possible, but if not, then it would be interesting to investigate how one
could bound econy (11, €; Z) from above by a function of egp., (T, C; Z). We do know
that there are a metric space (W, dw ), a Banach space (Z, || - ||z), a subset C C Tl
and a Lipschitz mapping f : € — Z that can be extended to a Lipschitz mapping that
takes values in span( f(C)) but cannot be extended to a Lipschitz mapping that takes
values in conv( f(€)). To see this, let {e;}72, be the standard basis of £. Forn € N
setm(n) =n(n —1)/2 and let X, be the span of {€,,(4)+1,- - -+ €m(n+1)} in Loo. Thus,
X, is isometric to £, and £, = (@Zc’:l X1 )oo- By [290], there is a linear subspace
V,, of X, such that every linear projection Q : X,, — V,, satisfies

IQllx, »v, 2 V7.
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By the method of [138], it follows that there exists? A, C By, = V, N By, with
|Ap| < n9® guch that | B llipx,:vi) 2 J/n for any F, : X,, — V,, that extends the
formal identity Id4, v, : An — V,. By compactness, there exists 6, € (0, 1) such
that if we define

Ch=Ap U {Snem(n)-i-ls cees 8nem(n+1)} U {0},

then also || @, [|Lip(x,:x,) = /7 for any mapping ®,, from X, to the polytope conv(C,)
that extends the formal identity Ide, —x,, . Consider the subset

(e ]
e=Jen S leo
n=1

Suppose that ® : £, — conv(C) extends Ide_, ¢ . Then, for each n € N the mapping
Rn o (Plx,) : X, — X, extends Ide, ¢, and takes values in conv(C,), where we
denote the canonical restriction operator from £, to X;, by R, : £ooc — X,,. Hence,

[P Lip(tosiXn) = IRn 0 (Plx) ILipx,ix,) = V1.

Since this holds for every n € N, the mapping & is not Lipschitz. Consequently, we
have econy(£oo, €; £oo) = 00. At the same time, by construction we have span(C) =
span({e;}72,) = co (recall that co commonly denotes the subspace of {so consist-
ing of all those sequences that tend to 0). So, any 2-Lipschitz retraction p of £
onto ¢ extends Ide—¢. and takes values in Span(C); the existence of such a retrac-
tion p is due to [179] (see also [36, Example 1.5]). If espan(£oo, C; €oo) were finite,
then this example would answer the above question,’ but we suspect that in fact
€span(Loo, Ci loo) = 00.

Proposition 136 is a convenient characterization of the quantities e(Til, €) and
econv (T, €); while it was not previously stated explicitly in this form, its proof is
based on well-understood ideas.

Proposition 136. Suppose that (W, dw) is a metric space, C is a Polish subset of W
and sy € C. Fix two nonnegative functions d : M x M — [0, 00) and ¢ : C :— [0, 00).
Then, the following two equivalences hold.

2The subset A, can be taken to be any &, -net of the unit sphere of V,;, for any ¢,, < n—3/2,

Note, however, that the bound that follows from [138] (and also [195, Appendix C]) is &, <
n~2, and this suffices for the present purposes; see [233, Theorem 23] for the above stated
weaker requirement from &,,.

3And, it would show that for arbitrarily large k € N there exist a metric space
(M, dm ), a Banach space (Z, || - ||z) and a subset 8 € Ml with |§] = k such that
econv(TL, 8:Z)/espan (M, 8;Z) 2 /(logk)/loglog k. It would then remain an interesting open

question to determine the largest possible asymptotic dependence on k here.
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(1) The following two statements are equivalent.

For every Banach space (1, || - ||z) and every mapping [ : C — Z that
is 1-Lipschitz with respect to the metric dy, there exists F : W — Z that
satisfies the following two conditions.

- |[F(@s) — f(9)|lz < e(s) for every s € C.
- [[F(x) = F(¥)lz < d(x, y) for every x,y € M.

There exists a family {¢x}xem of elements of the free space F(C) with
the following properties.

= s — 85+ 85 lIze) < €(s) forevery s € C.
- ll¢x — dylize) < d(x,y) forevery x,y € M.

(2) The following two statements are equivalent.

For every Banach space (Z, || - ||z) and every mapping f : C — Z that is 1-
Lipschitz with respect to the metric dy, there exists F : Tl — conv( f(C))
that satisfies the following two conditions.

- |F(s)— f(s)|lz < &(s) for every s € C.
- [FG&) = F(y)lz < d(x,y) forevery x,y € M.

There exists a family {{Lx}xem of probability measures in P1(C) with the
following properties.

- Wilm (s, 85) < &(s) for every s € C.
- W’fm(ux,uy) < d(x,y) forevery x,y € M.

In the setting of Proposition 136, if (s) = 0 for every s € C and also b = Kdmn

for some K = 1, then in [11, Definition 2.7] a family {¢x}xem < &(C) as in part
(1) of Proposition 136 is called a K-random projection of Tl onto C, and in [243,
Definition 3.1] a family {ix }xem < P1(C) as in part (2) of Proposition 136 is called
a stochastic K-Lipschitz retraction of Tl onto € while in [11, Definition 2.7] it is
called a strong K-random projection of Til onto C.

Proof of Proposition 136. Suppose first that {¢ }xem S F(C) and {tx}xem SP1(C)
are as in the two parts of Proposition 136. Let (Z, || - ||z) be a Banach space and
fix a 1-Lipschitz function f : € — Z. Since C is Polish and hence separable, by
replacing Z with the closure of the linear span of f(C) we may assume that Z is
separable. Recalling the notation (5.2) and the discussion immediately following it
for the (integration) operator

3 oMy (L) U (M) — Z.

define two (linear) mappings

Ext‘gf,Ext‘éf:’m—)Z
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by setting for every x € ML,
c o ef ~ 5.2
Ex? /0 2 flo0) + 37 (60) and B f0) 230 C [ f e 656)
c

Observe that since u, is a probability measure, Ext’é f(x) belongs to the closure of
the convex hull of f(C).
For every x, y € Tl we have

¢ CE® % — O -
HEXtef(x) EXtef(J’)”Z ||~5f(¢x ¢y)“z < dx — dyllze < d(x,y),

and similarly (using Kantorovich—-Rubinstein duality),

| Extls £(x) — Ext) £ ()], < W™ (e ) < BCx, p).

Also, for every s € C we have

[Ex? £ (5) = (5)], = [ 37 (s — 85 + 8s0) | < s — 85 + 8o l3cer < (),

and similarly,
|Exte £(5) = £, = |37 (s — 80) |, < W™ (1. 8) < ().

Conversely, define f : € — F(C) by setting f(s) = 85 — 85, for each s € C.
Then f is 1-Lipschitz. Fix F : M — &(C). Writing F(x) = ¢, for each x € T, the
assumptions of the first half of part (1) of Proposition 136 coincide with the assertions
of its second half. As € is Polish, P (C) is closed in (C). Therefore,

conv(f(@)) = P1(C) — 8s,,
where the closure is with respect to the topology of #(C). Thus, if
F(M) < conv(f(©)),

then fy = (x) + 85, € P1(C) and the assumptions of the first half of part (2) of
Proposition 136 coincide with the assertions of its second half. |

The proof of Proposition 136 shows that even though in the first parts of the two
equivalences in Proposition 136 one assumes merely the existence of an F with the
desired properties, it follows that such an F can in fact be chosen to depend linearly
on the input f', per (5.6).

Due to Proposition 136, the following question is closely related to Conjecture
134, though we think that it is also of independent interest.

Question 137. Characterize those Polish metric spaces (W, dy ) for which there
exists a Lipschitz mapping p : F(W) — P (W) (recall that by default P;(T) is
equipped with the Wasserstein-1 metric) and xo € Tl such that p(8, — 6x,) = &, for
every y € Til.
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5.3 Barycentric targets

Following [210], say that a metric space (WL, dw ) is Wy-barycentric with constant
B > 0 if there is a mapping B : P (M) — T that satisfies B(8x) = x for every
x, € M, and also

Vv e P, dm (B(w), Bv)) < WT™ (1, v).

The infimal 8 for which this holds is denoted B;(Til). This notion (and variants
thereof) were studied in various contexts; see, e.g., [17,33,94,119,165,173,178,210,
241,243,292]. Any normed space X is W1 -barycentric with constant 1, as seen by con-
sidering B(i) = [y x duu(x). Other examples of spaces that are W -barycentric with
constant 1 include Hadamard spaces and Busemann nonpositively curved spaces [57],
or more generally spaces with a conical geodesic bicombing [86].

Thanks to Proposition 136, convex hull-valued (approximate) extension theorems
automatically generalize to extension theorems for mappings that take value in Wy -
barycentric metric spaces.

Proposition 138. Let (T, dw) be a metric space and let C € M be a Polish subset
of M. Fixd: M x M — [0,00) and & : C — [0, 00). Assume that for every Banach
space (Z, || - ||lz) and every f : C — Z that is 1-Lipschitz with respect to dw, there is
F : M — conv( f(C)) that satisfies

VseC, [F(s)—f()lz <els)

and
Vx,y e M, [F(x)—F()lz <d(x,y).

Fixn:C— (1,00) and v : M x M — (1, 00), as well as B > 0 and a concave
nondecreasing function w : [0, 00) — [0, 00) with w(0) = 0. If (N, dpn) is a W;-
barycentric metric space with constant B and ¢ : C — N has modulus of uniform
continuity w with respect to dw, namely dy(f(s), f(t)) < w(dw(s, 1)) for every
s,t € @, then there is © : ML — N such that dy (D (s), P (s)) < w(n(s)e(s)) for every
s € Cand dp(P(x), D(y)) < w(t(x,y)d(x,y)) forevery x,y € Tl.

Proof. By Proposition 136, there is a collection of measures {{tx}xem < P1(C) such
that

Vs € C, me (s, 85) <e(s) and Vx,y eM me (Hxs fy) < D(x, ).

Hence, for every s € Cand x, y € T there are couplings 7y € IT(uy,85) and 7y 5, €
IT(px, pty) such that

/ dw (1, v) dms(u, v) < n(s)e(s)
exe
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and
/ dw (4, v)dmy y(u,v) < 7(x, y)d(x,y).
exe

Since (¢ X ¢)ums € TI(Pujrs, Ppuds) and (¢ X P)umx y € T(Pupix, Pupry), it follows
that

WO (Garas. 48s) < //n dn(@b)d@ x $ems(a.b)
- // du (1), $(v)) drs (1, v)
nxn
< [ olanw)an

(//nxn dp (u,v) dmg(u, v))

< o(n(s)e(s)),
where the penultimate step uses the concavity of w. For the same reason, also

W™ (Burir, agty) < o(z(x, y)d(x, ).

Since (N, dy) is B-barycentric there is 2B : P (1) — T satisfying B(8;) = z for
every z, € 1, and

Vo, v € PI(M),  da(Bw1), B(12)) < W™ (v1, v2).
Define @ : Til — N by
Vre Wl o) E B(u).
Then, for every s € C we have
d(®(5), $(5)) < BWT™ (Bares. u8s) < w(n(s)e(s))-
For the same reason also dy (D(x), ¢ (y))<w(r(x,y)d(x, y)) forevery x, yeTil. m

Because (as we will soon see) all of our new Lipschitz extension theorems are in
fact bounds on e oy (+), the following immediate corollary of Proposition 138 (with D
a multiple of dyy and w linear) shows that they apply to barycentric targets and not
only to Banach space targets.

Corollary 139. Fix 8 > 0. Suppose that W\ is a Polish metric space and that W is a
complete W -barycentric metric space with constant B. Then,

eCOnV(m7 n) § ﬁeCODV (m)'
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Another noteworthy special case of Proposition 138 is when w(s) = s for some
0 < 8 <1, i.e., in the setting of Holder extension that we discussed in Remark 15
and Section 2.3. Analogously to (1.18), we denote the convex hull-valued 6-Holder
extend modulus of a metric space (Til, dw ) by

e@ (m) = eCOnV(ma d%l)

conv

Corollary 140. Suppose that W\ is a Polish metric space. Then, for every 0 < 6 < 1
we have

ef(M) < e, (M) < econ(M)’.

conv

Because the upper bound on e(£%,) that we obtain in Theorem 14 is actually an
upper bound on econy(£5,), Corollary 140 implies (1.19). More generally, Proposi-
tion 138 implies that

@ (@cony (M) d)
o (o) < 3 =

for any concave nondecreasing function o : [0, co0) — [0, co) with w(0) = 0.

55 eCOnV(zWL)

Remark 141. The question of how Lipschitz extension results imply extension re-
sults for other moduli of uniform continuity was studied in [224] and treated defini-
tively by Brudnyi and Shvartsman in [65] using an interesting connection to the
Brudnyi-Krugljak K-divisibility theorem [66] (see also [82]) from the theory of
real interpolation of Banach spaces. In particular, by [65] we have e? (M) < e(M)2,
which remains the best-known bound on e (W) in terms of e(M) and it would be
interesting to determine if it could be improved. As Corollary 140 shows that a better
bound is available in terms of % (), Conjecture 134 and Question 137 could be
relevant for this purpose.

5.4 Gentle partitions of unity

The following definition describes a numerical parameter that underlies the extension
method of [173].

Definition 142 (Modulus of gentle partition of unity). Suppose that (Til, dw ) is a
metric space and that C € Til is nonempty and closed. Define the modulus of gentle
partition of unity of M relative to C, denoted GPU(TN, dw ; €) or simply GPU(TI; C)
when the metric is clear from the context, to be the infimum over those ¢ € (0, o]
such that for every x € Til there is a Borel probability measure u, supported on C
with the requirements that if s € C, then uy; = §;, and also for every x, y € T we
have

/@ dam (5. %) dtx — 11y ](5) < gdm (x. ).
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The modulus of gentle partitions of unity of W, denoted GPU(TN, dy ) or simply
GPU(T) when the metric is clear from the context, is defined to be the supremum of
GPU(M, dw; C) over all nonempty closed subsets C C Til.

The nomenclature of Definition 142 is derived from [173], though we warn that
Definition 142 considers objects that are not identical to those that were introduced
in [173]. In [173] the measures {iy}xem~c Were also required to have a Radon—
Nikoym derivative with respect to some reference measure p. This additional require-
ment arises automatically from the constructions of [173] but it is not needed for any
of the known applications of gentle partitions of unity, so it is beneficial to remove
it altogether. The formal connection between [173] and Definition 142 was clarified
in[11].

In anticipation of the proof of Theorem 66, one can generalize Definition 142 to
the case of general profiles, analogously to what we did in Definition 64.

Definition 143 (Gentle partition of unity profile). Suppose that (W, dyy ) is a metric
space and that € C T is nonempty and closed. A metric b : T x Tl — [0, c0) is
called a gentle partition of unity profile for (T, dy ) relative to C if for every x € Til
there is a Borel probability measure u, supported on € with the requirements that if
s € G, then ug = 8, and also for every x, y € Tl we have

[ dms ) i = y1(6) < B3,
If b is a gentle partition of unity profile for (M, dy ) relative to every closed subset

@ # € C T, then we say that D is a gentle partition of unity profile for (W, dyw).

Note in passing that if D is a gentle partition of unity profile for (Til, dy ) relative
to C, then for every x € Tl the probability measure py in Definition 143 has finite
first moment. Indeed, for any s¢ € C,

[ dmso:5)diests) = [ dm(s0.9) (s = 8 6)
e e
< /edm(so,s) d}p,x — Mso|(5) < b(s9,x) <00, (5.7

where we used the fact that j15, = Jy,, since 5o € C.
Suppose that (Til, dy ) is a Polish metric space. The following estimate is implicit
in [173]:
€cony (L) < 2GPU(M).

In fact, the same reasoning as in [173] leads to the following more general lemma.

Lemma 144. Suppose that (W, dw) is a Polish metric space and that € C M is
nonempty and closed. Assume that d : Tl x WL — [0, 00) is a gentle partition of unity
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profile for (W, dw) relative to C. Then, for every Banach space (Z, || - ||z) and every
1-Lipschitz mapping [ : C — Z there exists

F : T — conv(f(C))
that extends f and satisfies ||F(x) — F(y)|lz < 20(x, y) for every x,y € M.

Proof. Let {ix}xewm be probability measures as in Definition 143. Then, {{tx}xem <
P1(€) by (5.7). So, by Proposition 136 (with ¢ = 0) it suffices to check that for every
x,y € M we have Wy (ux, tty) < 20(x, y). To this end, fix n > 0 and s¢ € C such
that d (x, s0) < dwm (x, C) + n. Then, for every s € C we have

dm(svs()) < dm(svx) + dm(X,SO) < dm(s’x) + dm(x’ e) + n < 2dm(s’x) + n.

Consequently, every 1-Lipschitz function v : € — R satisfies
[vdine= [ wau = [ 06 = v60) doss = m)6)
< [ 106 =y 0l = 1)
sﬁwmwwm—wm

< [ Cdm(s.x)+ ) dlis =)
<20d(x,y) + 2n.
The desired conclusion follows by letting
n—0

and using the Kantorovich—Rubinstein duality (5.1). ]

5.5 The multi-scale construction

Suppose that (M, dy ) is a Polish metric space and fix another metric ® on Tl. In
this section we will show that there is a universal constant o = 1 with the following
property. Assume that either (Til, dy ) is locally compact and b is a separation mod-
ulus for (WL, dw ) per Definition 64, or the assumptions of Theorem 114 are satisfied.
We will prove that either of these assumptions implies that od is a gentle partition
of unity profile for (T, dy ). By Lemma 144 this gives Theorems 66 and 114, and
will show that in fact these extension results are both convex hull-valued and via a
linear extension operator. This also implies that every locally compact metric space
T satisfies

GPU(T) < SEP(MM). (5.8)
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Remark 145. The bound (5.8) need not be sharp. Indeed, it was proved in [173] that
if W is finite, then
log | T |

loglog |T|
However, by [29] sometimes SEP(Til) = log |W| (and always SEP(Til) < log |T|).
A shorter presentation of the proof of (5.9) can be found in [226], and a different
proof of (5.9) will appear in the forthcoming work [207]. Also, in the forthcoming
work [212] it is proved that (5.9) is optimal.

GPU(M) < (5.9)

The following theorem is a precise formulation of what we will prove in this
section.

Theorem 146. Let (T, dw ) be a Polish metric space and fix another metric D on
M. Suppose that for every A > 0 there is a probability space (2, Proba) and a
sequence of set-valued mappings {Fg (QA—2W }ow such that one of the following
two measurability assumptions hold.

e Either (W, dw) is locally compact and Fi is strongly measurable for each fixed
k e Nand A > 0,

e or QA is a Borel subset of some Polish metric space Z o and Proba is a Borel
probability measure supported on Qa, and I’ z is a standard set-valued mapping
for each fixed k € N and A > 0.

Suppose that the following three requirements hold.
1) P2 = {FZ (w)}2, is a partition of M for every w € Qa,
(2) diamp (PR (x)) < A forevery x € W and w € Q4,
3) AProbA[a) € Qa1 PR(x) # T‘K(y)] < d(x, y) forevery x,y € M.

Then, ad is a gentle partition of unity profile for (W\, dw ) for some universal constant
a € [1,00).

Suppose from now on that € is a nonempty closed subset of TiL. We will first set
notation and record basic properties of a sequence of bump functions that will be used
in the proof of Theorem 146; this part of the discussion is entirely standard and has
nothing to do with random partitions.

Fix a 1-Lipschitz function i : [0, c0) — [0, o) such that supp(¥) C [1, 4] and
w(t) = 1 for every t € [2, 3] (these requirements uniquely determine v, which is
piecewise linear). Define for each n € Z,

Vre M, ¢u(x) = 65 (1) £ Y (2" dm(x, €).
Then [|¢n [|lLipem) < 27" and if ¢, (x) # O then necessarily 2" < dm (x, €) < 2"+2.
We also denote
Vxem, &) =o%xE > ba(x).

meZ
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For each x € MW, at most two summands in the sum that defines ®(x) do not
vanish. If x € Tl ~ €, then since C is closed we have d (x, €) > 0, and therefore there
is n € Z for which 2" < dm (x, C) < 2"+, For this value of n we have ¢, (x) = 1,
so ©(x) = 1 for every x € Tl ~ C. Finally, for each n € Z define

e On(x) if x e m e
Ve, A,(x)=AS(x) &) e U7 ~6
0 if x € C.

By design, D, .7 An(x) = 1 for every x € M ~ C. Further properties of these bump
functions are recorded in the following basic lemma, for ease of later reference.

Lemma 147. Suppose that x,y € W satisfy dwm (x,C) = dw (y,C) > dwm (x,y). Then
foreveryn € Z,

dm?;,e) # G’Z) = ¢u(X) = ¢ ()) = n(x) = 4u(») =0 (5.10)

and
dw.(x,y)
dw(y.C)’

Proof. Our assumption implies that d (x, C), dm(y,C) > 0,s0 x,y € WM ~ C. To
prove (5.10), suppose first that 2" = 2dw (v, €). Then, since supp(y) < [1, 4] and
27"dm (v, C) < 1 we have ¢, (y) = A, (y) = 0. Also,

2" <dm(y.€) < 2" = |A(x) = Aa(p)] S (5.11)

dm(x’ 6) < dm()ﬁ y) + dm(y’ e) < de(y’ e) < 2n7

s0 27" dm (x, ©) < 1 and hence ¢, (x) = A,(x) = 0. The remaining case of (5.10) is
when dm (7, ) = 272, When this holds we have 27" dm (x, ) = 2dm (y,C) = 4
and therefore {27 dmw (x, C), 27"dwm (¥, )} N supp(y¥) = &. Consequently, in this
case we have ¢, (x) = ¢n(y) = An(x) = Au(y) = 0.

To prove (5.11), assume that 2"~ < dm (y, €) < 2"+2, Recalling that (point-
wise) on Wl ~ C we have A, = ¢,/ for all n € Z and ® = 1, and moreover
|#n llLipm) < 27", we conclude as follows:

| (xX) — du(¥)] 0))

[An () = An )] € = S0 V)~ W)
<27dm(x, ) + ) [¢n(x) — ¢a(y))|
nez
(5%0) 2_"dm(x, y) + Z 2_”dm(x, y)

nez
2"~ <dm (v,€)<2n+2
_ dw(x,y)
dw.(y,€)
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The interaction between {A, },ecz and the random partitions of Theorem 146 is
the content of the following lemma. Note that by reasoning as in (1.94), the metric d
in Theorem 146 must satisfy

Vx,y e M, bd(x,y)=dmn(x,y).
Lemma 148. In the setting of Theorem 146, if x € WL ~ Cand y € M ~ {x} satisfy
dw.(x,€) = dw(y, €), then
o0
DD /an |An OLpk, () ¥ = An W) 1rk () ()| dProb» ()

neZ k=1
< d(x, )
T dw(.C) +dm(x.y)

Proof. As ) ,cz An(X) =D ,cz An(y) = 1 and

o0 o0
2 1m0 @ = D Ink () =1
k=1 k=1

(5.12)

for every n € Z and w € Q2,n, the left-hand side of (5.12) is at most 2. Since d(x, y) =
dw (x, y), it follows that (5.12) holds if dw (¥, €) < dm (x, y). So, we will assume
in the rest of the proof of Lemma 148 that dw (x, y) < dm (y, C) (thus, in particular,
y € Tl ~ ©), in which case the right-hand side of (5.12) becomes at least a universal
constant multiple of the quantity d(x, y)/dm (y, C).

We claim that for every n € Z the following inequality holds for every @ € 2,n:

o0
kX: |An(x)1r§n (@) (x) = An (J’)lréfn (w)()’)|
=1

S @7 dm(x. 9) + Lpg, 2r5 o) 1< 20y (5.13)

dp (v.©)

Assuming (5.13) for the moment, we will conclude the proof of (5.12) in the remain-
ing case dm (x, y) < dw (y, C) as follows:

Z Z /S:Z |A” (x)ll"én (w) ()C) —An (y)ll"én (@) (y)| dProbn (C())

nezZ k=1

< > (27" dm (x, y) + Probo [{w € Qon : P4 (x) # Po(0)}])
2”_1<dﬂnjyzze)<2"+2
5 > 27" (dm (x.y) + b(x.y))
nez
2m”71<dm(y,€)<2”+2
dx,y) _ D(x,y)

T dm(y,©) " dm(».C) +dm(x,y)’
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where the first step uses (5.13), the second step is where we used condition (3) of
Theorem 146, the penultimate step uses D(x, y) = dm (x, y), and in the final step
uses the assumption d (x, ¥) < dm (¥, C).

It therefore remains to establish (5.13). By Lemma 147, if it is not the case that
271 < dp(y,C) < 2"*2 then A, (x) = A,(y) = 0, so both sides of (5.13) vanish.
Thus, we may assume from now that 2*~! < dm (v, @) < 272, Under this assump-
tion, if P%, (x) # P%.(y), then the right-hand side of (5.13) is at least 1, while the
left-hand side of (5.13) consists of a sum of two numbers, each of which is at most
1. It therefore remains to establish (5.13) when P%, (x) = P%,(y) (and still 2"~! <
dw. (¥, C) < 2"%2). In this case, (5.13) becomes the inequality [An (x) — An (y)| <
dw (x,y)/dwm(y, C), which we proved in Lemma 147. [

Proof of Theorem 146. By Lemma 115 and Corollary 118, for every A > 0 there
exists a Proba -to-Borel measurable mapping yﬁ : Q,, — € such that

Vo€ Qa, Th(w) #2 = dn(yk(@).TX (@) <dm(C.TX (@) +A. (5.14)

(In fact, in the locally compact setting of Theorem 146, the use of Lemma 115 shows
that the additive A term in the right-hand side of (5.14) can be removed).
For every x € Tl ~ C define a Borel measure i, supported on C by

(e, 0)
déf k
xS YD An(x)(vhn)(Probys L wesan eerk, ) (5.15)
neZ k=1
In other words, for every Borel-measurable mapping /& : € — [0, co) we have

[0 a) = 3 30

neZ k=1

/ h(y%: (@)) dProbyn (). (5.16)
{weQon xelk, ()}

Since P9, is a partition of X for every n € Z and w € Qn, the special case h = 1¢
of (5.16) implies that

Ux(C) = Z Z Ay (x)Probsn [{a) € Qo :x € an (a))}]

neZ k=1
= Y Au(x)Proby» |:{a) €Qp:xel rgn(a))H =Y A(x) =1
nez k=1 nez

Thus u, is a probability measure. Consequently, if we also denote s = 8 for every
s € C, then the proof of Theorem 146 will be complete if we show that

Vax,y € i, /e din (5. ) dlptx — 1y 1(5) < DCx. ). (5.17)
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It suffices to prove (5.17) when x, y € Ml are distinct and {x, y} € C. Indeed,
if {x, y} € Cthen uy = 85 and u, = §,, so the left-hand side of (5.17) is equal to
dw (x, y), which is at most d(x, y). Hence, in the rest of the proof of Theorem 146
we will assume without loss of generality that x € Tl ~ C and dm (x, C) = dm (¥, C).

We claim that the left-hand side of (5.17) can be bounded from above as follows:

/(;dm(S,X) d|,l,Lx _Myl(s) < dm(x7 y)

+2.2 /Q dn (730 (@) %) [An () Ipk () () =A2n (7)1, () (9)] dPrODs ().
ne€zZ k=1"732"
(5.18)

Indeed, if x, y € M ~ C, then jix, i, are defined according to (5.15), so that

/@ dn (5. %) dlptx — py|(s)

< Z Z/@dm(s,x)

neZ k=1
d((an)#Mn(x)Pme” L{weﬂzn xerk, (@)} An(y)Proban L{wean :yerk, (a))}|)(s)

=33 /Q dm (v (@), %) [An (COLEk, () (¥) = An ()1t () (9)] dProban (@),
nezZ k=1" 2"

thus establishing (5.18) in this case. The remaining case is when x € Tl ~ € and
¥ € C, so that uy is given in (5.15) and @y, = §,. We can then use the following
(crude) estimate:

/e dm (5. %) dljt — iy |(5)

< /@ dm (s, %) diay (5) + /e dm (s, %) dii (s)

=dnx.y)+Y > /Q dw,(v5n (a)),x))tn(x)lrgn (@) (X) dProby (). (5.19)
nezZ k=1 an

It remains to observe that because y € € we have A,,(y) = 0 for all n € Z and therefore
the right-hand side of (5.19) coincides with the right-hand side of (5.18).
Next, we claim that for every (n,k) € Z x N and every w € Q2,» we have

dm (v5r (). %) [An (g, () (0) = An () Aps, ) ()]
< (dm (v, ©) + dm (x, 1)) An ()11t () (X) = An () 1pk, ) (V)] (5.20)
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By substituting the point-wise estimate (5.20) into (5.18) and using dwy (x, y) <
D(x, y) the desired estimate (5.17) follows from Lemma 148, thus completing the
proof of Theorem 146.

To verify (5.20), note first that both sides of (5.20) vanish unless x € Fé‘n (w) or
y € Tk, (») and also, due to Lemma 147, 2"~! < dg (v, C) < 2"*2. So, assume from
now on that

(x.y}NTh (@) #@ and 27! <dg(y,C) <2"*2. (5.21)
Our goal (5.20) then becomes to deduce that
du (v3n (@), x) £ dw(y,€) + dm (%, y). (5.22)
Choose a point z € F,’f, (w) such that

dm (5 (0), 2) < di (V5 (@), Tha (@) + 2"
C2Y g (€. TE () + 27!

(5.21)

= dm (C, 5 (0)) + dm (. ©). (5.23)
If x € TX, (»), then
dw (€. T (@) < dm(x,€) < dw(x,y) + dm(y, €)

and
dm (x. 2) < diamq (T, (@)) < 2" 2 dm (v, ©).

By combining these two estimates with (5.23) and the triangle inequality, we see that
du (y3n (@), x) < dw (y3 (@), 2) + dm (2. ) < dm(x.y) + dw (y. ©).

Hence, the desired estimate (5.22) holds when x € Fé‘n (w).
It remains to check (5.22) when y € Fé‘n (w), in which case we proceed similarly
by noting that now
dm (€. T3 (@) < dm(y.©),

and
dm (y.2) < diamq (T, ()) < 2" 2 dm (v, ).

By combining these two estimates with (5.23) and the triangle inequality, we conclude
that

dw, (5 (®),2) + dwm (2, y) + dw (y, x)

dm ()/écn (CU), x) <
Sdwm(y.©) +dm(x,y). L]






Chapter 6

Volume computations

In this section we will prove volume estimates that occur in our bounds on the sepa-
ration modulus.

6.1 Direct sums

Fix n € N and a normed space X = (R”, | - ||x). Throughout what follows, the (nor-
malized) cone measure [120] on 0Bx will be denoted kx. Thus, for every measurable
A C 9By,

def Vol ([0, 1]4)  vol,({sv : (s,v) € [0, 1] x A})

=By vol, (Bx)

(6.1)

The probability measure «x is characterized by the following “generalized polar
coordinates” identity, which holds for every f € L;(R"); see, e.g., [242, Proposi-
tion 1]:

/ f(x)dx = nvol,(Bx) /oo rl (/ f(ro) dKX(O)) dr. (6.2)
R~ 0 dBx

As a quick application of (6.2), we will next record for ease of later reference the
following computation of the volume of the unit ball of an £, direct sum of normed
spaces.

Lemma 149. Fixn,my,...,m, € N and normed spaces {X; = (R™1,|| - ||xmj)}7=1.
Then

[Ti2i T(1 + =£) voly, (Bx;)
Vp e [1’ OO], V01m1+"'+m" (Bxlﬂap"'@pxn) =— F(l + m117+...+m"j) &8
p
(6.3)

Proof. This follows by induction on n from the following identity (direct application
of Fubini), which holds for every a, b € N and any two normed spaces X = (R4, || -
Ix) and Y = (R || - [ly):

1
volg+p(Bxe,y) = /B vol (1 — llx[I%) ? By) dx
) b
V4

= voly(By) [ (1= 1+1%)" v
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1 b
€2 vol, (Bx) Volb(BY)/ ar“_l(l — rp) 2 dr
0
L1+ 2)r(1+9)
— J2 P
= vol, (Bx) voly(By) F(l n m) . [
p
By Lemma 149, for every m € N, every normed space X = (R™, || - ||x) satisfies
r(1+2)"
Volym (Ben(x)) = =2~ vol,,(Bx)", 6.4
nm( Kp(X)) F(l I %) m( X) (6.4)
and hence,
1
1 vol,(Bx)m
VOlnm(B(Z(X))“m = LLX) (65)
nr
In particular, for every m,n € N and 1 < p,g < oo we have
214+ H)* (1 4 m)”
VOlnm(B@;t)(a[n)) = ( mql ( nmp) (66)
T(1+2)"T(1+ )
and hence,
1 1
Volum (B em) ™ < ——- 6.7)
nrma

The following simple lemma records an extension of (6.5) to m-fold iterations of
the operation X +— E;‘, (X), i.e., to spaces of the form

m Tm—1 (... " “ee N
(Gt (6100 -)):
the main point for us here is that the implicit constants remain bounded as m — oo.

Lemma 150. Fix {n;}$2 € N and {p}32 | € [1,00]. Let X = (R™, || - ||x) be a
normed space and define

Yk e NU{0}, Xit1 =8 (Xg), where Xo =X.
Then, for every m € N we have

1
1 L., (Bx)"

Volygenm, (me) no'}‘nk = M
]_[Z=1”/fk

Proof. With the convention that an empty product equals 1, by applying (6.4) induc-
tively we see that

N1 \PBk " Pm
F(1+n0pnkk 1) k

F(l + nopknk) k+1

m
VOluganyy (Bx,,) = volno (Bx)" ™" T
k=1
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Hence,
e 1
VOan nm(BXm)nO Ni Hk lnk ﬁ 1+ M)no Np_q npi
VOan(BX)% k=1 (1 4 n()pknk)nolnk k
“ 1
= l:[ fn() N—1-Nk (;), (6.8)

where for u, v,t > 0 we denote
1
def F(l + ut)ﬁ
Jup(t) = ﬁvt~
'+ uvt)wo
Since (log '(2))’ = [>° <= ds for z > 0 (see, e.g., [313, Chapter XII), if u,7 > 0

T—e—
and v > 1, then

9 log fun() =1 +/°o( —uts _gwots) g5 >
— 10 = 108V e — e —as =2 L.
a8 w S A [—es

Thus, f, v is increasing on [0, o), and therefore we get from (6.8) that

1 1
- VOlng-my (Bxm) "0 "% Tlg=1 1"

1 = 1—[ fn()---nk_l,nk (0) $ 1
k=1 Vol (Bx) ™

1
(noh)"ony---nm

m
< l_[ fn(y--nk_l,nk(l) = i <e. [ |
k=1 ((n() e nm)') no-nm

The first part of Lemma 151 below is a restatement of Lemma 37 from the Intro-
duction. Qualitatively, it shows that the class of spaces for which Conjecture 10 holds
is closed under unconditional composition, namely, norms of the form (6.9) below.
The second part of Lemma 151 is further information that pertains to Conjecture 49,
1.e., to the symmetric version of the weak reverse isoperimetric conjecture, for which
we want the operator S to be the identity mapping (i.e., weak reverse isoperimetry
holds without the need to first change the “position” of the given normed space).

Lemma 151. Fixn,mq,...,m, € N. Let
Xi=@®R" - x)s Xe = R Ix,,)

be normed spaces. Also, let E = (R", || - ||[g) be an unconditional normed space.
Define a normed space X = (R™! x --- x R™ || - ||x) by

def

VX =(x1,. . x0) €RM o x R™ L ixlx Z || (11 1%, - X l1x,) [ - (6.9)
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Then, Conjecture 10 (equivalently, Conjecture 35) holds for the space X if it holds
for all of the spaces Xy, ..., X,.

More precisely, suppose that there exist S} €SL,,, (R),. .., Sy €SLy, (R), normed
spaces Y1 = (R, || - |ly,),.... Yn = R™ | - |ly,), and o« > 0 such that for every
k €{l,...,n} we have

1

iq(By,) (VOlmk (Bx) ) e
o <a. 6.10
Yir = PkDX, an M VOlmk(BYk) ’ ( )

Then, there exist a normed space Y = (R™! x --- x R™" || - ||x) and a linear trans-
formation S € SL(R™ x --- x R™7) such that

By € SBx and

. e
iq(By) (Volm1 Sty (Bx)) P <a. (6.11)
vmi + -+ my \ Vol 4m, (By)

Iffurthermore Sy, ..., Sy are all identity mappings (of the respective dimensions),
then S can be taken to be the identity mapping provided the following two conditions

n n
2 e |2 e

i=1 i=1

<n (6.12)
E*

E

and

1
n my~+-+mn
Mt tmn 1
[T e volm, (Bx;) < ————" min voly, (Bx,)"*.
i n kellm)

Note that (6.13) is satisfied in particular if m; < m; and
e e
VOl; (Bx;)"i < Vol (Bx; )™

foreveryi,j e{l,...,n}.

Prior to proving Lemma 151 we will make some basic observations. Firstly,
(6.9) indeed defines a norm because it is well known that the requirement that E =
(R™, ]| - |lg) is an unconditional normed space is equivalent to (see, e.g., [181, Propo-
sition 1.c.7]) the following “contraction property”:

Va,x e R", |(aix1,....anxn)llE < llallen, || x|e- (6.14)

Thus, ||x|g < ||y|g if x, y € R” satisfy |x;| < |y;| for every i € {1,...,n}, so the
triangle inequality for (6.9) follows from applying the triangle inequalities entry-wise
for each of the norms {|| - ||x; }7—,. using this monotonicity property, and then apply-
ing the triangle inequality for || - || g.
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It is well known that condition (6.12) holds (as an equality) when E is a symmetric
normed space (see, e.g., [182, Proposition 3.a.6]). More generally, condition (6.12)
holds (also as an equality) in the setting of the following simple averaging lemma,
which shows in particular that Lemma 151 implies Lemma 53.

Lemma 152. Let X = (R”, || - |x) be a normed space such that for every two indices
J.k €{1,...,n} there exists a permutation m = w;i € Sy with w(j) = k such that
13271 aneillx = | o= aieillx for every ay, ... an € R. Then,

n n
Eei }ei

i=1 i=1

=n.
X*

X

Proof. Denote ©(X) = {wr € S, : T, € Isom(X)}, where T, € GL, (R) was defined
in Example 40 for each = € Sj,. Then, &(X) is a subgroup of S,, that we are assuming

acts transitively on {1, ..., n}. Consequently,
6(X
Vi,je{l,....,n}, {meX):n(i)=j} = |©( )l. (6.15)
n
For every ay,...,a, € R we have
1 - [ U € B(X) i w(i) = j}
B0l L 20 = Z( BX) “v e
Te&(X)i=1 i=1 \j=1

n

n
(6.15) Zj:laj
= —E e;.
n .
i=1

Hence,

n n
> ey aje;
j=1  j=1

n
> as
j=1

_n ” m ZﬂEG(X) Z?=1 Ar(i)€i ||x
Dy
et rea) | izt axirei |x
|2 eillx
_n |35 aiei|
(parye HX ’

where the penultimate step uses convexity and the final step uses the assumption that
Ty is an isometry of X for every n € &(X). Since this holds for every a1, ...,a, € R,

we have || Y7 eillx* <n/ll Y_i—; eillx. The reverse inequality holds for any normed
space X = (R”, | - |x) because (> ;_, ei, > r_, €i) = n. ]
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By combining Lemmas 151 and 152 we obtain the following corollary that estab-
lishes Conjecture 49 for the iteratively nested £, spaces of Lemma 150, provided it
holds for the initial space X.

Corollary 153. Fix {n}3>, € N and {pi}32, € [1,00]. Let X = (R", | - |[x) be
a normed space and define

Vk e N, Xpip1 =8 (Xg), whereXo =X.

Suppose that a > 0 and there exists a normed space Y = (R™0, || - ||y) with By C Bx
and that satisfies
1
iq(B 1, (Bx)\ 70
o) (0B 6.16)
/Mo \ vol,,(By)
Then, for every m € N there is a normed space Y, = (R0 || - ||y,,) that satisfies

By,, <€ Bx,, and

iq(By,,) (volno.‘.nm(BXm))W _.
no - Am \VOlyg.m,y, (BYm) o,

To see why Corollary 153 indeed follows from Lemmas 151 and 152, observe
that if we start with Eg = R and define inductively Ez+; = K;’; (E), then for each
m € N the space E,, is unconditional and satisfies the assumptions of Lemma 152.
The space Y, of Corollary 153 is the same space that is defined in Lemma 151 if we
take E = E,;,, and also X; = --- = X,;, = X, which ensures that (6.13) holds.

Proof of Lemma 151. Denote
n 1
MEY mp=dimX) and Vk €{l.....n}, px = voly, (Bx,)™. (6.17)
k=1

Fix numbers ¢, Cy1, ..., Cy, Y1, oo s Vs Wiy oo s Wy, WYL oo, Wy, Brs oo s B >0
that satisfy the following conditions (their values will be specified later). Firstly, we
require that

n n
Y wiei| =D wie| =1 (6.18)
i=1 E i=1 E*
Secondly, we require that
mg
Vk e{l,....n}, wrw; = ——. (6.19)
“T M
Finally, we require that
1 C
Vk ell,....n), <pp< = (6.20)

~ ~ ’
CWk Pk Wi Pk
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Denote

def = ﬁ
k=1

Consider the block diagonal linear operator S : R™! x ... x R"? — R™1 x ... x R™»

that is given by

def 1

Vx =(x1,...,Xx) € R™ x ... x R"", Sx:B

The normalization by D in (6.21) ensures that S € SL(R™! x --- x R™),
Since Y wy e is a unit functional in E*, we have

n

Z ”Sk_lxk ||Xk e
Bk

k=1

(6.9AE21)

|5~ ¥ D

E
n n -1
(6.18) S lx|x
> D<Zw;ek,z—” k,B | kek>
k=1 k=1 k
6.19 " S—1
©19 D o~ Mkl S el

M~ yrwiPr

for every x = (x1,...,x,) € R™ x ... x R™2_ This shows that

n

my || S x M
SBx C {xeR’”‘ X e x R™ - Zk”"—ﬂk”"ksf}
Yk Wk Pk

k=1
M
= D DL X))@ e (kb s, X,,)

Using Lemma 149, we therefore have

a
PP S X))@y @) (Yinbn 5%

1
©» 1 MM ﬁm, view Beor \ ™\
D\ M k- my

k=1

1 M
volps (Bx) ™ < 3 volys (B

1

D

S

©200 1 [ MM 2 my! M
< — |1 i i Co)™
( M! k=1 mkk
1

< %( H(ykck)"'k) .

k=1

(B1S1x1..... BnSnxn). (6.21)

(6.22)
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Next, for every x = (x1,...,x,) € R™ x ... x R™" we have
n -1
_ (6.9)A6.21) ||Sk Xk||xk
HS 1x” = D Z—ek
X
k=1 Pr E
(6.14) S Ly X
90 e ISE el
kefl,...,n} wkﬁk
ST 1x
619 5 1S, k||xk'

ke{l,...n}  wiPr

This establishes the following inclusion:

1 u def
SBx 2 Bk]j[1 wi Bi S Bx, = Q. (6.23)

Thanks to (1.62), the assumption (6.10) of Lemma 151 implies that
2
Vk e {l.....n}. A(SkBx, ) o2 "= A(Sk Bx, ) Volmy (Bx, )™ < o2my. (6.24)

Foreachk € {1,...,n} take fi : Sx Bx, — R thatis smooth on the interior of Sy Bx, ,
vanishes on 0S5k Bx, , and satisfies A fi = —A(Sk Bx, ) fx on the interior of Sy Bx, .
Define f : Q@ — R by

1 £ def T~ D
Vx =(x1,...,xp) € Q2= — Wi Br Sk Bx, , Xx) = k( xk),
LX) l)k]:[1 BeSkBx,. [(x) ,Elf —H

Thus f = 0 on the boundary of 2 and on the interior of 2 it is smooth and satisfies

2 Sk Bxy
P (Z (wkﬂk)z) (623
Hence,
B 62, (Sk Bx,
ASX) = 2(5By) (g o w)

((,2 ) (6.24)

< (cD)? (ZA(SkBXk)p,’ﬁ) < (caD)®>M.  (6.26)

By combining (6.22) and (6.26) we see that

2

n M
A(SX) voly (Bx) 7 < 62( H(chk)mk) o’ M.
k=1
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Another application of (1.62) now shows that the desired conclusion (6.11) holds with
Y = Ch SX (recall the definition of Cheeger space in Section 1.6.1) provided

n i
c( H(chk)mk) S L (6.27)

k=1

To get (6.11), by the Lozanovskif factorization theorem [186] there exist weights

Wi, ..., Wp, W, ..., w, > 0 such that (6.18) holds and also wkw;(= = my /M for
every k € {1,...,n}. Thus (6.19) holds (as equality) if we choose y; =--- =y, = 1.
Ifwetakec = Cy =---=C, = l and Bx = 1/(wgpx) foreach k € {1,...,n}, then

both (6.20) and (6.27) also hold (as equalities). With these choices, (6.11) holds.
Suppose that the additional assumptions (6.12) and (6.13) hold. Denote

1 n n
n= 0 Zei Zei
i=1 Ell i=1 E*
Thus, n = O(1) by (6.12). Consider the weights w; = --- = w, = 1/[| Y./, eile
and w =--- = w} = 1/| X7, eillg*» so that (6.18) holds by design. This choice
also ensures that if we take y, = my/(nM) for each k € {1, ..., n}, then (6.19)
holds (as an equality). Next, choose Cy = pi for each k € {1,...,n}, as well as
Br=-=Pn=|>;_¢illg and c = 1/ minge(s,.._n} pk. This ensures that (6.20)

holds, and also that (6.27) coincides with the assumption (6.13), since = O(1). The
desired conclusion (6.11) therefore holds with Sx = (S1x1,...,Syxy,) in (6.21). In
particular, if S = Idy,, forevery k € {1,...,n}, then we can take S = Idgm1 x..xgmn
in (6.11). [

The following lemma provides a formula for the cone measure of Orlicz spaces.
Fix a convex increasing function v : [0, 00) — [0, oo] that satisfies ¥ (0) = 0 and
limy 00 ¥ (x) = 00 (80, if limy—;— ¥ (x) = oo for some a € (0, 00), then we require
that ¥ (x) = oo for every x = a). Henceforth, the associated Orlicz space (see, e.g.,
[268]) €% = (R™, || - || o ) will always be endowed with the Luxemburg norm that is

given by
n
. |xi
n — . _
Vx eR", [lxlley —1nf{s>0.;w( =) <1 (6.28)
i=
Lemma 154. Fix n € N. Suppose that i : [0, 00) — [0, o0] is convex, increas-
ing, continuously differentiable on the set {x € (0, 00) : ¥ (x) < oo}, and satisfies
limy 00 ¥ (x) = 00 and ¥ (0) = 0. Define a function ¢y, : R" — [0, 00) by setting

n —1(1.-. I (1= ().
V= (rr.....1) CR". %(T)d:efzmw by’ (0 5D) (o)

[T v/ (v~ (D)
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Then, for every g € L (K(l‘}/ ) we have

”—!voln(B% ) / g(0) dicgn (6)

n B
Sy

= [ e qubsientm). ...y Gl () () g (). (630
en

For example, when v/ (¢) = t? for some p = 1 and every ¢ = 0, in which case
£y, = {3, Lemma 154 gives

r(l+7%) goM!, (1)
[, e =t B [ LM g
L B

1
n'F(l—f—;) 0 5? |Tl"'fn| P
where M_, , : R" — R" is the Mazur map [205] from £} to ZZ, ie.,

1. 1,
Vx € R”, Ml”_,p(xl, ceXp) = (|x1|P sign(xy), ..., |xn|? s1gn(xn)).

As another special case of Lemma 154, consider the following family of Orlicz spaces
= R || - lan):

VB>0. Qb= (6.31)

where

wr | plog(is) if0<r <1,

120, Ya)Z (6.32)

00 ift = 1.

Observe that by considering the case g = 1 of (6.30) we obtain the following identity:

g dign
/G;Berl v
v

fagen g () sign(m), ..., ¥~ (| ) sign(za)) @y (v) dicen (7)
_ 1 , (6.33)
o 740 gy (0

where we recall that go"; is defined in (6.29). When ¥ = v as in (6.32) for some
B > 0 (we will eventually need to work with § =< n), for every t € 834:11 we have

S vy (uhvg (07 (mh) X (1 — e Bty 2!

Movpvp'dmd) eﬂ;il

n—1 ,3|1’1|_1 n
_ BT Y _ eﬂ Z (Pl 1), (6.34)

ﬂ”T”[’l
1 i=1

P (1) =
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Consequently, (6.33) gives the following identity, which we will need later:

/ g dKQn
9Bon b

Jop,, 8(( M =Dysign(z). ... (A1 — 1) sign(za)) 7, (€A77 =1) diegy (v)
fBBe? Yoiz1(ePlil=1) dicgn (7) '

Proof of Lemma 154. Foreachi €{1,...,n}define f; : R" — R by setting f; (0) =0
and il

Consider f = (f1,..., fn) : R" — R”. Then, ||f(y)||4:}, = ||y||grll for every y € R”.
Hence, f(Byr) = B%. Now,

(6.2) 1 1
g(0) diyn (0) = / g( x) dx
/33% “ vol, (B ) ") £ \xlle

1
~ vl (B, )/Ben (Ilf(y)ll 0 e £ Oy

©2) vol,, (Bgrll )
vol, (B% )

Vy eR < {0) £i0) = Iyl ( )sign(y».

| sl @)dens @l deey 0

where in the final step we used the fact f is positively homogeneous of order 1, and
hence its derivative is homogeneous of order 0 almost everywhere ( f is continuously
differentiable on {y € R"; yi,..., y, # 0}). Since the volume of the unit ball of £
equals 2" /n!, it remains to check that the Jacobian of f satisfies

Yo v M why' (v wh) -,

det () = = ¢y (1),
[Ti= v/ (v~ (uD) Y
for every 7 € aBgrll with 71, ..., 7, # 0. This indeed holds because for every such ©
andi, j € {l,...,n} we have
7; sign(ty) _ ) .
0, fi() = S NENG) o 1)) sign () sign(y ).

D))

Hence, f'(7) = A(t) + u(r) ® v(r), where A(zr) € M, (R) is the diagonal matrix
Diag((1/v'(¥ ' (|7i])))?_,) and the vectors u(7), v(r) € R" are defined by setting

T—(H))):l v() = (sign(w));_, € R".

) = (v G sente) = e S
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By the textbook formula for the determinant of a rank-1 perturbation of an invertible
matrix (e.g., [214, Section 6.2]), it follows that

det f'(7)

(1 + (A(x)"u(z), v(r))) det A(r)
2 ¥ (0 () (0 (D) sign(a) — 5y sign(z)
[T= v (v~ (uD)
X v N uhy' (v (k) .
M- v (v=dub)

Another description of kx is the fact (see, e.g., [242, Lemma 1]) that the Radon—
Nikodym derivative of the (n — 1)-dimensional Hausdorff (non-normalized surface
area) measure on dBx with respect to the (non-normalized cone) measure vol, ( Bx)kx
is equal at almost every x € dBx to n times the Euclidean length of the gradient at x
of the function u + ||u||x. In other words, for any g € L{(dBx),

/ g(x) dx = n vol, (Bx) / gV - lIx ()] gr diex (x). (6.35)
0Bx 0Bx 2

The special case g = 1 of (6.35) gives the following identity:

VOln_l (aBX) _
ol (By) " /BBX [VI1 - x ) diex )

VI - n
L f Iy 636
Bx

—1
1%

where the second equality in (6.36) is an application of (6.2) because it is straightfor-
ward to check that [ V|| - [x(rx)llez = [Vl - [x(x)[|¢z for any r > 0 and x € R at
which the norm || - ||x is smooth.

Remark 155. By applying Cauchy—Schwarz to the first equality in (6.36), we see
that

vol,—1 (0Bx) , !
e <[ 191 ol aesco)

i !
= (m /BBX HV“ - Ix(x) “eg dx) , 6.37)

where the final step of (6.37) is an application of (6.35) with g(x) = [[V| - [|x(x)[l¢z-
If || - ||x is twice continuously differentiable on R” ~ {0} and ¢ : R — [0, 00) is twice
continuously differentiable with ¢’(1) > 0 and ¢”(0) = 0, then because for every
x € dBx the vector V|| - [|lx(x)/|IVIl - ||X(x)||4§ is the unit outer normal to dBx at x,
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by the divergence theorem we have

/an Alpoll-lx)(x)dx = /me divV(g o || - [Ix)(x) dx

_ / (Vigoll- (), VI - x())
o8y [V Ix]

- / ¢ (1x11x) [ V1 - x(x) | g dx
3By 2

dx

=) [ |91 s g .

A substitution of this identity into (6.37) give the following bound:

vol,—1 (0Bx) Jn ( Mool ] )2
vol,, (Bx) < Jo'() ]gBX (ol lx)(x)dx ) . (6.38)

In particular, for every p > 2 we have

VOln_l(an) n %
ol (By) \/; (]ix Al 1) (x) dx) . (6.39)

It is worthwhile to record (6.38) separately because this estimate is sometimes con-
venient for getting good bounds on vol,—; (dBx). In particular, by using (6.39) when
X is an £, direct sum one can obtain an alternative derivation of some of the ensu-
ing estimates. Another noteworthy consequence of (6.37) is when there is a transitive
subgroup of permutations G < S, such that [|(Xz(1), ..., Xzm)|x = ||x||x for all
x € R" and w € G. Under this further symmetry assumption, the first inequality
of (6.37) becomes

vol,—1(3Bx) _ 3 oll-lx .\ :
vol(Bx) (/aB( o, (x)) d""(x)) |

The following lemma provides a probabilistic interpretation of the cone mea-
sure which generalizes the treatment of the special case X = £}, by Schechtman-
Zinn [279] and Rachev—Riischendorf [266].

Lemma 156 (Probabilistic representation of cone measure). Fixn € N and let X =
(R”, || - IIx) be a normed space. Suppose that ¢ : [0, 00) — [0, 00) is a continuous
function such that ¢(0) = 0, () > 0 whent > 0 and [;° r" 1o(r)dr < co. Let V
be a random vector in R" whose density at each x € R" is equal to

1
n vol, (Bx) fooo r"=lo(r)dr

e(lxlx). (6.40)
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where we note that (6.40) in indeed a probability density by (6.2). Then, the density
of IV|x at s € [0, 00) is equal to s" ' ¢(s)/ fooo "~ Lo(r)dr. Moreover, the following
two assertions hold:

e V/|\Vlx is distributed according to the cone measure kx,

o ||Vlx and V/||V|x are (stochastically) independent.

Proof. The density of ||V|x ats € [0, 00) is equal to
d%Pmb[”V”X <] = dis(n vol, (Bx) foio r"o(r)dr /sBx ?(lxlx) dx)
©2 d (f(f tr"o(r) dr)
ds \ [ r*=lo(r)dr
s"Lg(s)
- fooo rn=lo(rydr

The rest of Lemma 156 is equivalent to showing that for every measurable A C dBx
and p > 0,

V
Prob|:— e A||VIx = pj| = kx(A).
IVIIx

To prove this identity, observe first that for every a, b € R with a < b we have
a
vol, ([a, b]A) = vol, (b(([o, 14) ~ (E[O’ 1]A)))
= (b" —a") vol, ([0, 1]A).

Hence, it follows from the definition (6.1) that

vol, ([a, b]A)

vol, ([a, b]0Bx) " ©41)

kx(A) =

Consequently,

v Prob[V e ||V|[x4 and p—e < |V||x <
Prob[_ eAl|VIx = p] = lim — [Ve|V|xA and p—e < ||V|x < p + €]
IVl 50 Problp —& < |[V[|x < p+é]

= lim f([O’OO)A)ﬂ([p—s,ers]an)‘P(||x||x) dx
>0 Jipme prejony P [1x) dx
vol, ([p — &, p + €]A)
= 11um
e~>0 vol, ([p — &, p + £]9Bx)

= kx(4),

where the penultimate step holds as ¢ is continuous at p and ¢(p) > 0, and the final
step uses (6.41). [ ]
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Lemma 157. Fix m,n € N and p € (1, 00). Suppose that X = (R™, || - ||x) is a
normed space. Let Ry, ..., Ry, be ii.d. random variables taking values in [0, 00)
whose density at each t € (0, 00) is equal to

P

—1 _t2p —2

— Ll (6.42)
2(p — DI (%)
Then,
VOlnm_l (ang (X))
VOlnm (B(Z (X))
1
pT(1+ %) / |:( n 2
= ey E| | DoRAVI-IxGolEy | | deg” (vre ).
—1 { X n
F(l + %) (3Bx)" ! 2
(6.43)
Furthermore,
T (1) (202) :
V1 legool gy decy b [ 191 Il dex.
/BBeg(x) pX) ez (e Sp(X) = (%)F(nm—ﬂp 2) 3By “ “(2
(6.44)
Proof. For almost every x = (x1,...,x,) € £7(X) we have
VI leoo () = ——== (Il VI Ix G, 1 IE VI xGen)).
E Ilm)
Consequently,
X
102 0 | VI oo ()
fieo PO xlggoo /Ny
1
Xi 2 \?
anznz” Vi ||x(—)
llx[lez ox)

1

2 2
m) , (6.45)
2

I 13272 9l (=)
(Z ! i/ le
where we used the straightforward fact that the gradient of any (finite dimensional)
norm is homogeneous of order O (on its domain of definition, which is almost every-
where).

Let
V=(V1,...,Vn)
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be a random vector on {7 (X) whose density at x = (x1, ..., x,) € £7(X) is
n
! oMo _ 1 oIl
T (1 + 22) volum (Benx) ) L (1 + 22) volum (Besx) i)
(6.46)
By combining Lemma 156 with the first equality in (6.36), we see that
volnm—1(3Bgz(x)) Vv
L = nmE[HVH . ||£7,(X)(—) ] (6.47)
VOlym (Beg(x)) IVIlenx) e

Also, using the formula from Lemma 156 for the density of [|V||¢z(x), for g > —nm

we have
fo gnm+a—1,=s? q¢ F(M)

V n = P . 4
[” ”g (X)] foooi”nm le_rp dr F(%) (6 8)

Consequently,

[nvu VI - e ( v ) ]
n 129691 BT
L5 (X) »(X) ”V”EZ(X) e

\'%
= E[IVI1 5B H'V“ | “fﬁ@(m)
D

+p—1
_ F(—nm pp ) ] volnm_l(ang(X))
nml"(%) Volnm(B%(X))
where the first step of (6.49) uses the independence of [|V||¢z(x) and V/|[V| ¢ (x),
by Lemma 156, and the final step of (6.49) is a substitution of (6.47) and the case
qg = p — 1 0of (6.48). Hence,
Volpm—1 (aBZ%(X))
VOlnm (Bg;t] (X))
an(l + "m)
= (1 4 nm= 1) |:||V”€”(X)

A (z;")}

) (6.49)

Vi ( v )
s lenx _—
PO\ VIl o

ﬁg(zzm)}
= P 2 Vil 2|V ( )

2\ 2
) :| (6.50)
where in the last step we used the identity (6.45).

The product structure of the density of V in (6.46) means that Vy, ..., V, are
(stochastically) independent. By Lemma 156, for each i € {1, ..., n} the random
vector V;/||V;||x is distributed on dBx according to the cone measure xx, and it is
independent of the random variable

def
Ri = Vi3 72, 6.51)
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whose density at ¢ € (0, 00) is equal (using Lemma 156 once more) to

1

d 1 d (177 gmelems”
—Prob|||V;|x <1272 | = — ds
dr [” illx ] dr Jo fooo pm—1p=r? qp

- r zzﬁz_le_ﬂ"’%z

2(p - 1T (%)

Hence, the identity (6.50) which we established above coincides with the desired
identity (6.43).

To prove the identity (6.44), let R be a random variable whose density at each
t € (0,00) is given by (6.42), i.e., Ry, ..., R, are independent copies of R. Then, for
every @ > —m/(2p — 2) we have

E[RY] = dt= ———— P2 2 (652

A F(2a + 25%)
20— DT(2) Jo r(=)

Using Lemma 156 (including the independence of V;/||V;||x and ||V; | x), we have

n V 2
E| S v 127 vn-nx( ! )
[; X IVillx /|l g
nr(m+2p—2

= nElR] [ 90 ] aex
0Bx 2
) >
= o /a . [ VIl diex (6.53)

r(%)

where we recall (6.51) and the last step of (6.53) is the case o« = 1 of (6.52). At the

same time,
2
Vi
vu-ux( )
IVillx /1l g

n
2p—2
E|:Z||Vi||xp
i=1

Vv 2

= E[nvnzf‘2 VI llenx (—) }

£ (X) »™X) IVllez ) / llez ey

2p—2 v ’
— Ve |9 oo (e )|

[ ep<X>] >0 IVIlep e / llez ey
) IV1 - g ey ey (654)
) lleg g B0 '
L) Bepoo TR

where the first step of (6.54) uses the identity (6.45), the second step of (6.54) uses
the independence of |[V||¢zx) and V/||V||¢zx) per Lemma 156, and the final step of
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uses the case ¢ = 2p — 2 of (6.48) and Lemma 156. The desired identity (6.44) now
follows by substituting (6.54) into (6.53). [ ]

The following lemma will have a central role in the proof of Theorems 24 and 48.

Lemma 158. Suppose that n,m € N and B > 0 satisfy B < == Then,

Vi< p<m, iq(Bgl;)(ng)) n dlm(ﬂ”(Qm))

Recall that the normed space Q’" ®R™ ] - ”Qm) was defined in (6.31) and (6.32).

Prior to proving Lemma 158, we will show how it implies Theorem 48, and then
deduce Theorem 24.

Proof of Theorem 48 assuming Lemma 158. By the assumption (1.73) of Theorem
48, write n = km for some k,m € N with max{2, p} <m <e?.Then(m—1)/2>0
and m = p, so we may apply Lemma 158 with n replaced by k and 8 = (m — 1)/2.
Denoting Y = E’Ij (QZ’), the conclusion of Lemma 158 is that iq(By) < /7.

Y is canonically positioned (it is a space from Example 40). To prove Theorem 48,
it remains to check that || - [ly < || - [[¢z, where, since n = km, we identify R" with
Mixn (R), namely we identify £ with £% (¢7).

In fact, for any 8 > 0 (not only our choice 8 = (m — 1)/2 above) we will check
that 5

Vx eR™, (1—e m)xllay < lxllen < lxllay. (6.55)

It follows from (6.55) that || - ||Qan < |- llez, when g < m. But, || - [|gz < [| - |z, by
the assumption e? = m. So,

B = v =1 gy = I ez = - legeegy = 11+ leg-

Fix x € R™. To verify the second inequality in (6.55), the definition (6.32) gives
Y1V (|xil/s)=00 when 0 <s < ||x[| ¢z, so [|x [l = [|x ez by (6.28) and (6.31).
For the first inequality in (6.55), by direct differentiation it is elementary to verify that
the function u > log(1/(1 — u))/u is increasing on the interval [0, 1). Thus,

log(125)
of

1 1
O$t$a<1:>1ﬂ,3(t)=glog(l t)$ 1.

Hence, for every fixed 0 < a < 1,

mlog (-
> ~xllen, = Zw (") < Z aﬂs o)), < Ojﬂ(;—“)nxnegno.

i=1
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Provided & = 1 — e™#/™ the choice s = m log(1/(1 — a))|lx|l¢m /(aB) satisfies the
requirement s = ||x ||z /@, so we get from (6.28) and (6.56) that

mlog (s
Ixllgz < —la)||x||egg~ (6.57)
ap
The optimal choice of « in (6.57) is ¢ =1 — eBim, giving the first inequality
in (6.55). [ ]

Having proved Theorem 48 (assuming Lemma 158, which we will soon prove),
we have also already established Theorem 24 provided n € N and p > 1 satisty the
divisor condition (1.73). Indeed, the space Y that Theorem 48 provides is canonically
positioned and hence by the discussion in Section 1.6.2 it is also in its minimum
surface area position, so by [ 104, Proposition 3.1] we have

MaxProj(By)  vol,—1(dBy) iq(By) 1 1 ©h 1
= = = = n l
vol, (By) vol, (By)/n NG

voly(By)®  vol,(Bg)7
where the penultimate step uses the fact that iq(By) < +/n by Theorem 48, and also
that by Theorem 48 we have || - [y < || - [|¢z, which implies that the nth root of the
volume of the unit ball of Y is proportional to the nth root of the volume of the unit
ball of £7.
The deduction of Theorem 24 for the remaining values of p = 1 and n € N uses
the following identity, which we will also use in the proof of Proposition 164 below.

Lemma 159. Fix n,m € N. Suppose that K € R" and L € R™ are convex bodies.
Then,

MaxProj(K x L) MaxProj(K)?>  MaxProj(L)? 3
Volpym(K x L) — U vol,(K)? vol,, (L)2

Proof. Fix z € S"*™~1 By Cauchy’s projection formula [102] that we recalled in
(1.30), we have

. 1
Vol 4-m—1(Proj, 1 (K x L)) = 3 /8(K 5 |(z. Nrxr(w))] dw,
X

where Ngxr (w) is the (almost-everywhere defined) unit outer normal to d(K x L)
atw € (K x L). Now,

(K xL)=(@KxL)U(KxdL) and Voln+m_1((8K x L) N (K x 3L)) =0.
Consequently,

VOl 4m—1(Proj, . (K x L))

_ %/BKXL (2. Nisr (w))| dw + %/KXM (2. Nicr ()] duw.
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If we write each w € R” as w = (wy, wy) where w; € R” and w, € R™, then
for almost every (with respect to the (n + m — 1)-dimensional Hausdorff measure)
w € 0K x L we have Ngxr (w) = (Ng(wy),0). Also, Ngxr(w) = (0, Np(w5)) for
almost every w € K x dL. We therefore have

V01n+m—1 (Prosz (K X L))

I (L ln (K
_ Yol )/3K|(ZI,NK(x)>|dx+V° . )/BL|<22’NL(Y)>|"Y

= vol,, (L) vol,—; (Pron% K)|z1llen 4 voly (K) voly—1 (Projzé_ L)lz2llep,

where the last step is two applications of the Cauchy projection formula (in R” and
R™). Hence,

Vol 4m—1(Proj, . (K x L))
Vol +m (K X L)
Vol tm—1(Proj, L (K x L))

vol, (K) vol,, (L)
vol,—1 (PrOJ'ZlL K) voly,—1 (ProjzzlL)
= vol, () lz1llez + voln(L) llz21lez-
Consequently,
MaxProj(K x L)
voly4m (K X L)
—  max VOln-i—m—l(PrszL(K x L))
zesntm=l Vol 1m (K x L)
= max max max VO]”+m—1(Pr°j(ux+vy)L(K x L))
(40)eS! resn=t yesnl Vol e (K x L)

VOln_l(PrijJ_K)| 4 Vol —1 (Proj, . L) |
vol, (K) " vol,, (L)
MaxProj(K) MaxProj(L)
= max jul + o
(u,v)es! vol, (K) voly, (L)
_ (MaxProj(K)*> = MaxProj(L)? 2
U vol,(K)2? vol,, (L)2

= max max max
(u,v)eS! xesn—1yesgm—1

We can now prove Theorem 24 in its full generality using the fact that we proved
Theorem 48.

Proof of Theorem 24. Let m € N satisfy max{2, p} <m < e? (if 1 < p < 2, then
take m = 2, and if p > 2, then such an m exists because e? — p = e? —2 > 5). Write
n=km+rforsomek e NU{O}andr €{0,...,m — 1}.If r =0, then m divides n
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and we can conclude by applying Theorem 48 as we did above (recall the paragraph
immediately before Lemma 159). So, assume from now that r > 1.

By Theorem 48 there is a canonically positioned normed space Y = (R*¥™_ || - ||y)
such that iq(By) =< vkm and || - ||y < || - ||e]1§m. Define Y, =Y ®oo Q;}, where 8 =< r
and iq(erg) = /r; such B exists trivially if » = 1, and if r > 2, then its existence
follows from an application of Lemma 158 (with the choicesn = 1 and p = m =r).

Since B =< r, by (6.55) we have || - ||Q;3 <[ Nleng - Also, [ - [z, =< || - lle; since

e? = m > r. Consequently, for every (x, y) € R¥” x R” we have

N

max{[lx[ly. [y lgy} =< max{[lx[lgm. [¥lle} =< (lxlgem + 171,)

Recalling the definition of Yj,, this means that [| - [lyz < || - [[¢.
Since both Y and erg are canonically positioned and hence in their minimum
surface area positions,
MaxProj(By) _  iq(By) 1 1

(km)?
= NN = NS = m)r
VOlg (BY) vkm Vol m (BY) km Vol (Bﬁf,m) km

and

X
~
=

= =1
vol, (BQ;rS) \/7

MaxProj(BQg) g (1q($22) ) 1 1
VOI(QE)% VOI(EZO)%

Consequently, since By = By x Bglrg, by Lemma 159 we conclude that

1
MaxProj(By:) [ MaxProj(By)? MaxProj(B Qy )2 :
vol, (By) volgm (By)? VOlr(BQg)z

2 2,1 1 1
< ((km)? +r7)? < (km+r)7 =n7. n
The following lemma will be used in the proof of Lemma 158.

Lemma 160. Suppose thatm € N, r € N U {0} and > 0 satisfy B < % Then

©  pki_ 1k © ki 1k
Blul A" |71 _/ B 71|
e — E dicgm (t) = E dicgm ()
/BB@,ln ( k! 4 9Ben \ i k! “

k=r—1
"(m—1)!
< Lm= DL (6.59)
(m+r—1)
Proof. LetHy,...,H, beindependent random variables whose density at each s € R

is equal to e 7181 /2. Then, |H;|. ..., |H,| are exponential random variables of rate 1,
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and therefore if we denote
m
def
TE) [Hil,
i=1

then I' has I"(m, 1) distribution, i.e., its density at s > 0 equals s le™/(m — 1)!;
the proof of this standard probabilistic fact can be found in, e.g., [89]. By [266,279]
(or Lemma 156), the random vector (Hq, ..., H;,)/ T is distributed according to Kem
and is independent of I". Thus, for every k € N,

Hil* ] E[IHil
/ |T1|deglln(‘E):]E|:| 1| :|: [ ]
332'1"

rk E[T*]
B [ ske™s ds
(mil)! fooo ghtm—1o—s qg¢
_ klm—1)!
Ck4+m—1)
Consequently,
o0 o0 —
BEIn ¥ (m—1)1 & prrmt
/ (Z kvl dicgy (v) = pm—1 Z(k+m—1)'
Bgm \ = k=r :
_ Bm-1!

1
= i) /0 P =)™ 2dr, (6.59)
where the last step is the integral form of the remainder of the Taylor series of the
exponential function.

It is mechanical to check that (6.58) holds for m € {1, 2}, so assume for the rest
of the proof of Lemma 160 that m > 3. We then see from (6.59) that our goal (6.58)
is equivalent to showing that

1
/ P — )"t 2dr <
0

. 6.60
m-+r ( )

For the upper bound in (6.60), estimate the integrand using

(1 _ t)m+r—2 < e—(m+r—2)t
to get

1 1
/ eﬂt(l _ t)m+r—2 dr < / e—(m+r_2_ﬁ)t dr
0 0
1— e—(m+r—2—ﬂ) 1

~

m4r—2—-8 " m+r’
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where we used 8 < %’_2 For the lower bound in (6.60), since (1 — )™ =2 > |

1
< < —
whenO\t\ r—2°

1 2
/ eﬂt(l _ [)m+r—2 dt > / eﬂt(l _ t)m+r—2 dr
0 0

=2 eﬁ—l 1
2/ ePrar = = ,
0 ,3 m-+r

m+2r =2 once more. n

where in the last step we used the assumption 8 <
Proof of Lemma 158. By combining the case g = 1 of (6.30) with (6.34), we see that

658 (28)™

,Bm_12m
_m/aB (P11 — 1) degrr () = o (661
e'l" :

eBm!

VOlm (BQ’Z;) =

Since we are assuming in Lemma 158 that 8 < m, in combination with (6.4) we get
from (6.61) that
B

1
vol,,m(Bg;z,(ng))”’" = — 0, (6.62)
nrm

At the same time, by applying Cauchy—Schwarz to the identity (6.43) of Lemma 157
we have

volum—1 (9B )

volum (Bey )
pI(1 + %) i )
< r(l_l_—%—l)(ﬂ(]E[Rl]) /BBQM MREAC] d,c%,,(g))
B
2
= ”Hm( / [V Nl 0) [ dKQg(e)) , 6.63)
839? 2

where the random variable R; is as in Lemma 157, i.e., its density is in (6.42), and the
last step is an application the evaluation (6.52) of its moments and Stirling’s formula,
using the assumption 1 < p < m.

Recalling (6.31) and (6.32), even though | - ||le is defined implicitly by (6.28),
we can compute V|| - || Qm (0) for almost every 6 € 8BQ:;; as the unique vector v € R™
that is normal to 839731 and satisfies (v, 8) = 1. Indeed, since BQZ‘ is parameterized
as the zero set of the function Wg : R” — R" that is given by

m
Vx e R", Wg(x) Ly ZWﬂ(lxiD’

i=1
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the following vector is normal to 8Bg’r3n for almost every 6 € BBQ?;:

vg(0) Z VWg(0) = —(W5(101]) sign(81). . ... ¥ (16m]) sign(Om)).
So, V|| - ||QZ7 (0) = Ag(8)vg () for almost every 6 € BBQréz,where Ag(0) € Ris such
that (Ag(0)vg(0),0) = 1,i.e., Ag(0) = —1/(vg(0), 0). This shows that for almost
every 0 € aBQ’é’l,

1 ’ . ’ .
VI -lagy @) = gy (V19D sien(8). ... ¥ (6 sign(t)

_ 1 (sign(@l) sign(@m))
- m ei _ LERIE ] _ ’
S L\ Tl =16

where the first equality in (6.64) holds for any /g that satisfies the conditions of
Lemma 154, and for the second equality in (6.64) recall the definition (6.32) of the
specific ¥4 that we are using here. Therefore,

(6.64)

> 28Izl

o, ST
em YL (ePTil-1)
V|- Nl (0) | 5 dicge (8) = —

/8ng H 2 ”‘Zz 2 m faBe’I” (ePlnrl — l)dkeqﬂ (7)

dicgm (7)

2817;

Yitie | m
faBeqn B In dKﬁl (v)
o (P~ 1) G
fagem 2Pl dicgm ()
_ 1
B T, P~ ) 0

m
/\ﬁ’

(6.65)

where the first step of (6.65) is a substitution of (6.64) into (6.33) while using (6.34)
and that wﬁ_l (1) =1—e P! forevery t = 0, the second step of (6.65) uses the inequal-
ity e’ =t + 1 which holds for any ¢ € R, and the final step of (6.65) is an application
of Lemma 160. Now, a combination of (6.63) and (6.65) gives

volum—1(8Bey@yp) _ nv*2m

volum (Bggeapy)  ~ B

Nl

(6.66)

By combining (6.62) and (6.66) we conclude that

VOlpm—1 (3355(9;;1)) 1
1 Byngny) " < 4/ .

ia(Bey ) =
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The reverse inequality, namely iq(Bez @) X /nm, follows from the isoperimetric
theorem (1.12), so the proof of Lemma 158 is complete. Note that this also shows
that all of the inequalities that we derived in the above proof of Lemma 158 are in
fact asymptotic equivalences. This holds in particular for (6.66), i.e.,

volum—1(0Bepy)) — nrtim3
volum (Beyey) B

The following asymptotic evaluation of the surface area of the sphere of {7 (£7")
in the entire range of possible values of p,q = 1 and m,n € N is an application of
Lemma 157; by (6.7) it is equivalent to (1.82).

Theorem 161. For everyn,m € N and p,q € [1, co] we have
Volum—1 (0B )

n'Trm'Ta mSmin{E,q},
11,1
Jan'trmeta g <m <2,

_ 2an( ) ( p) . \/ﬁn%"'Lm%"'é ; <m< mln{p q},

)
(1+ )n (1 +%) ./pqn%Jr%mé max{2. ¢} <m < p,
11%+%1n“ré ps<m<yq,
+

1 1 1 1
Jqn? »m2Ta  m = max{p,q}.

Proof. By continuity we may assume that p, g € (1, 0c0). Suppose that G is a sym-
metric real-valued random variable whose density at each s € R is equal to

L s
——¢ . (6.67)
2r(1+ 1)

LetGy,...,G, beindependent copies of G. Set U = «f (G1,...,Gm) € R™. By the prob-
abilistic representation of the cone measure on aBgzn in [266,279] (or Lemma 156),
the random vector U/[|U][¢z is distributed according to the cone measure on 3By,
and moreover it is independent of [|U||¢z.

Consider the following random variable:

def U 2 Z 24-3 _ U] Zq 22
N V) g (—) G2 = B (g
“\IIUlleg /ey ||U||2q 2 ol
IfweletNy,...,N,,Ry,...,R, beindependent random variables such that Ny, ..., N,
have the same distribution as N, and Ry, ..., R, are as in Lemma 157, then Lemma

157 gives that

VOlnm_l(ang(ajn)) _ pF(l + %)

Volum (Beyey) (1 + 221)

E[Z] < pnrm?E[Z],  (6.69)
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where for (6.69) we introduce the following notation:

1
n 2
z¥ (Z R,N,-) . (6.70)
i=1

Let R be a random variable that takes values in [0, c0) whose density at each
t € (0,00) is given by (6.42), i.e., Ry, ..., R, are independent copies of R. We com-
puted the moments of R in (6.52) and by Stirling’s formula this gives the following
asymptotic evaluations:

E[R}] = 2 6.71)
p
m ml_%
E[R] = max{—, 1} , (6.72)

p p
m3 m'~r

E[R?] < max{—S, 1} . (6.73)
P p

We also need an analogous asymptotic evaluation of moments of the random vari-
able N in (6.68). Observe that the random variables N and [[U||¢z are independent,
since U/[|U|[¢zz and [|U]|¢z are independent and N is a function U/|[U||¢z. Conse-
quently, for every § > 0 we have

E[||U||§§?‘2)ﬂ]1E[Nﬂ] - IE[||U||Z7?_2)ﬂ NA] L) ]E[||U||%Z:22)ﬁ]. (6.74)

Since (e.g., by Lemma 156) the density of [|[U]|¢z at s € (0, 00) is proportional to

s 1= 'we can compute analogously to (6.48) that

_ _ _ —28
]E[”U”(zq_z)ﬁ] _ fooo §m 1+(2q 2)ﬂ€ s9 ds _ F(ZIB + mq )
&' fooo pm—le=r gy F(%)

Therefore, (6.74) implies that

r@)

E[N?] = E[|u) 2924

Z2:1—2

By considering each of the values 8 € {%, 1,2} in this identity and using Stirling’s
formula, we get the following asymptotic evaluations of moments of N in terms of

moments of ||U|;m _:
2g—2

q _
= l_éE[HUHZ%;], (6.75)

m

D=

E[N
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E[N]xmin{n%,l} 1‘15 [||U||Zq 22] (6.76)
m
q3 q 4q—4
E[Nz]xmin{ﬁ,l}ml s [IIu|| - 2], (6.77)

Due to (6.75), (6.76), (6.77), we will next evaluate the corresponding moments of
||U||@12nq_2. Recalling the density (6.67) of G, for every § > —1/(2g — 2) we have

2qg—2
E[1G|29=287 — _r = (2q-2)B ,—57 45 = F( qq :3“‘5)
[l61Co~2#] [T 2 e Pt D)
r(+2) gT(1+ 1)

Hence,
E[|G|97!] < E[|G]??72] < E[|G|* ] < 1 (6.78)
q

We therefore have

E[|Ullg ] = mE[|GP~2 (6.79)

E[IUllgh ] = E[(i |G,»|2q—2)2}

Jj=1

(6.78) m
I'= q

and

= mE[|G[**] + m(m — 1)(E[|G|*2])*
©78) max{ﬂ, l}ﬂ (6.80)
9 Jq

Consequently, using Holder’s inequality we get the following estimate:

~

(6.79)
=S E[uigg ]

—E[nun*("_”uun““qz“’]
q— 3 4q—4
< (E[Iuig" ) EQur )’

@ (& [lung, _2])%(max{%, 1}%)5. 6.81)

_ . m m
E[||U||g,2,,q‘_2] zmm{ /5,;}. (6.82)

At the same time, by Cauchy—Schwarz,

B, ] < @0uEg ) 2 (683)

This simplifies to give

(Sl
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Also, by the subadditivity of the square root on [0, c0),

m % m
-1 _ _
E[1Ulg" ] =E[(Z 161 2) }SE[ZIG;'I" 1}
j=1 ji=1

= mE[ja]7] %" 2. (6.84)
q

By combining (6.83) and (6.84) we see that (6.82) is in fact sharp, i.e.,

— . m m
E[||U||szqi2] xmm{ /3’3}‘ (6.85)

By substituting (6.85) into (6.75), and correspondingly (6.79) into (6.76) and
(6.80) into (6.77), we get the following asymptotic identities:

E[N] < min{\/g, 1}m3:, (6.86)
E[N] = mm{i 1}m%, (6.87)
E[Nz] = mln{— 1 mg (6.88)

By combining (6.72) and (6.87) we see that

E[22] = n(E[R])(2N)) = P LL

ST

Using Cauchy—Schwarz, this implies the following upper bound on the final term
in (6.69):

pn%m%E[Z] < pn%m%(E[Zz])%

= n2* 5 ma /maxim, p) min{m, q}. (6.89)

Also, recalling (6.70) and using the subadditivity of the square root on [0, c0) in
combination with (6.71) and (6.86), we have the following additional upper bound on
the final term in (6.69):

=" om2ty min{m, q}. (6.90)



It follows from (6.89) and (6.90) that

pn%m%E[Z] < n2trma \/min{m,q}min{«/nm, v/ max{m, p}}
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m < min{2 ¢},
g<m<E,
P < m < mi
xS m < min{p,qj, 6.91)

p
max{;,q} =m<p,
psms<gq,

m = max{p,q}.

We will next prove that (6.91) is optimal in all of the six ranges that appear
in (6.91); by (6.69) and (6.6), this will complete the proof of Theorem 161. Recall-

ing (6.70) and using (6.72), (6.73), (6.87), (6.88), the fourth moment of Z can be
evaluated (up to universal constant factors) as follows:

E[z*] = E[iiRiRjNiN,}

i=1j=1

= n(E[R?])(E[N?]) + n(n — D(E[R))(EIN])’

(max{m, p})*(min{m,q})*> a_a_,
= nma »

P4

: 2
. (maxtm. p)mintm. 7
4
: 2
max{m, p} min{m, max{nm, 4_4_
_ (max{m, p} min{ 4q}) nm, p} -4 6.92)
p
By using Holder’s inequality similarly to (6.81), we conclude that
3
T 1 (E[27])
pnrm?E[Z] = pnPm? T
(E[z¢])°
CINC?) 141 Lyl y/max{m, p} min{m, q}
vmax{nm, p}
't omita m < min{Z ¢},
\/ﬁnH%mlJré g<m< 5’
pn%+117m%+% 2 <m < min{p, g},
= |
./pqn%J“%mé max{Z, g} <m < p,
Lyl q41
n2 rm "4 psm<yq,
qn%+%m%+é m = max{p,q}.
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Lemma 162 below applies Theorem 161 iteratively to obtain an upper bound on
the surface area of the unit sphere of nested £, norms on k-tensors (the case k = 2
corresponds to n by m matrices equipped with the £7(£7') norm). The second part
of Lemma 162, namely the conclusion (6.94) below, is an implementation of the
approach towards Conjecture 9 for the hypercube that we described in Remark 56.

Lemma 162. Suppose thatk,ny,...,nr € Nand p1,..., pr € [1,00] are such that
ny = max{3, p1 —2} and niny---n;_y = p; —2 for every j € {2, ..., k}. Define
normed spaces Yo, Y1, ..., Yy by setting Yo = R and inductively Y; = ZZ; (Yj-1)
for j €{1,...,k}. Then,

VOln 1ng—1 (BBYk)

vOlyny (By,

ko1,
< 00 ml‘[n]? Pi (6.93)
=1

Hence, using the natural identification of the vector space that underlies Yy with
RAmYK) = Rk if in addition we have ny = O(1) and p;j = lognj for every
j e{l,...,k}, then

MaxProj (BY k)

O(k)
— "~ <e , (6.94)
vOlgim(y;) (Byy)

By, C Bédim(Yk) C eo(k)BYk and
oo

where we recall the notation (1.53).

Proof. Suppose that n,m € N and p € (1, c0). By applying Cauchy—Schwarz to the
right-hand side of (6.43) while using the case « = 1 of (6.52), we see that for every
normed space X = (R™, | - ||x) we have

1
2

wlonct(BBi0) P04 (TR oy o
ohn(Bgoo) PO+ TG ST
(6.95)

P
If also m = max{3, p — 2}, then by Stirling’s formula (6.95) gives the following esti-

mate: 1
L.{.L 2 2
Bhn([ 191 Il ae ) 699
dBx 2

By continuity we may assume that py,..., px € (1,00). Denote dy = 1 and for
Jj €{l,... .k} denote d; = dim(Y;) = nyny---n;. We will naturally identify Y;
with (R%, || - |ly;). As Y = £;F (Yi—1), we deduce from (6.96) that

i) o () bt )
R S S 774 . — . |
volg, (BYk) = ny H nj 9By, ” I vy, ”(;k_l Ky,

j=1
(6.97)

VOlnm_l (aBgZ (X))
VOlnm (Bgz (X))

<
~

S
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At the same time, by (6.44) for every j € {1,...,k} we have

g 1701l 0o,

d; dj_1+2p;—2
R e

C(&n) P (222 o

HV” : ||Yj_1 ”2’/—1 dry; . (6.98)

Ifalso j = 2,thend;_; = n; = 3 and by assumption dj_; = p; — 2, so by Stirling’s
formula (6.98) gives that for every j € {2,...,k} we have

2 21
/aBy. VI Iy, ||ez21j dey, = nj”f /aB

2
VI lyy o[ diey; o (6.99)

J Yj—1 2

When j = 1 we have dyp = 1 and n; = max{3, p; — 2}, and therefore by Stirling’s

formula (6.98) gives

2 _
/BB [VI- v, [ dieyy = pan g (6.100)
Y

1
Hence, by applying (6.99) iteratively in combination with the base case (6.100), we
conclude that
k=1 2
/ [VI- v [ dieyy < @®pa [T/ (6.101)
Yi—1 j=1
A substitution of (6.101) into (6.97) yields the desired estimate (6.93).
To deduce the conclusion (6.94), note that for every j € {1,..., k} we have the
point-wise bounds
#
<nl7 -

. . < . . = . . . .
|| ”(Zé (Y;_1) < || ”Yj || ”E;j (Y;_1) < fgé Y, 1)

It follows by induction that

1

k
: . 2\ = G0
Il <1 ||Yks(1'[n,. )n g = €“@N- 1l
j=1

where the final step holds if p; = logn; for every j € {1, ..., k}. This implies the
inclusions in (6.94). Furthermore, Y belongs to the class of spaces from Example 40.
Hence Yy, is canonically positioned and by the discussion in Section 1.6.2 know that
By’ is in its minimum surface area position. Therefore,

MaxProj(By,) _ volg,—1(dBy,)

k1
- < 2 0) n? = eo(k)’
oy (Bry) vola, B << Yl

Jj=1
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where the first step uses [104, Proposition 3.1], the second step is (6.93), and the final
step holds because p; = O(1) and p; =logn;. This completes the proof of (6.94). =

The following technical lemma replaces a more ad-hoc argument that we previ-
ously had to deduce Proposition 164 below from Lemma 162; it is due to Noga Alon
and we thank him for allowing us to include it here. This lemma shows that the set of
super-lacunary products nin; - - - ny that can serve as dimensions of the space Y in
Lemma 162 for which (6.94) holds is quite dense in N.

Lemma 163. For every integer n = 3 there are k,m € N U {0} and integers ny <
ny < --- < ng that satisfy
* n=mnny---ng+m,
e npe{6,7tandnjy; <2M < ni3+1f0reveryi e{l,....k—1},
o m < (logn)ito®),
Prior to proving Lemma 163, we will make some preparatory (mechanical) obser-

vations for ease of later reference. Note first that the conclusion n; 47 < 2% < ”1'3 1
of Lemma 163 can be rewritten as

Vie{l,....k—1}, logynit1 <n; < log%niﬂ.
It follows by induction that

Vie{l,....k}, logF ™ np <n; < 1og[§f;” k. (6.102)

where, as we also did in (1.131), we denote the iterates of a function ¢ : (0,00) — R
by ¢l = @ o =11 (lI=11)=1(0, 00) — R for each j € N, with the convention
¢l (x) = x for every x € (0, 00). Since 1] € {6, 7}, it follows from (6.102) that

k =< log*n; <log*n. (6.103)

Consequently,

k k k
i
nilogng <X ngng—q < l_[nk <Sn=m+ l—[nk < (10gn)1+"(1) + Hlog[%l]nk

i=1 i=1 i=1

< (logn)? + ng (log ng) (loglog ni) 4™ 5 (logn)? + nyc(log ).
This implies the following (quite crude) bounds on 7:

n
<n, <

Note in particular that thanks to (6.104) we know that (6.103) can be improved to
k =< log*n.

. (6.104)
logn
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Proof of Lemma 163. Let Ml C N be the set of all those x € N that can be written as
X =niny---ny forsome k,ny,...,n; € N that satisfy ny >ng_q1 >--->ny € {6,7}
and

Vie{l,....k—1}, njp1 <2" <nj,. (6.105)

The goal of Lemma 163 is to show that there exists x € M such that
n — (logn)' M < x <. (6.106)

By adjusting the o(1) term, we may assume that » is sufficiently large, say, n = n(0)
for some fixed 7(0) € N that will be determined later. We will then find x € M with
a representation x = njn, ---ny as above and

n—niny - Ngp—1 <X <N (6.107)

This would imply the desired bound (6.106) because

k—1

[Tm =<
i=1

We will first construct {y; }72, € M such that y; = 7 and y; < y;4+1 < 12y; for
every i € N. Furthermore, for each i € N there are k,n1,...,n; € N with y; =
nin,---ng suchthatny > ng_; > --- > n; € {6,7} and

(6.103)
l_[log nk < (lognk)1+"(1) < (logn)1+"(1)
i=1

(. |0°)

Vjell,... k—1} ni, <2% <2, (6.108)

which is a more stringent requirement than (6.105). Note in passing that (6.108)

implies the (crude) bound
k

IT(LFI) 2. (6.109)
nj

Jj=1

To verify (6.109), note that since {n; }j?zl is strictly increasing and the second inequal-
ity in (6.108) holds, it is mechanical to check thatn; = 6,n, = 7, n3 = 8, nqg = 12
andnj41 = 3n; forevery j € {4,5,...,k —1}. So,

k

1 1 1 1) yoo
[T(1+=)<(t+=)(1+2])(1+)e—onF
j=1 n; 6 7 8

L )14 2) (14 1)t <2
= - = —Jes <2.
6 7 8

Suppose that y; has been defined with a representation y; = nyn, - - -ny that fulfils
the above requirements. Define mq, m1,...,my € N withmg = 6, my = ny + 1 and
mj € {nj,n; + 1} forall j € {1,...,k — 1} by induction as follows. Assuming that
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mj 41 has already been constructed for some j € {1,...,k — 1}, let
n; itm?,, <2m,
m; &L SRrAR (6.110)
nj+1 1fm12.+1>2”f.

Definition (6.110) implies that m; < m;1. Indeed, n; < njyq soif m; = nj,
then n; < njiq < mjyq since mjy1 = nj4q by the induction hypothesis. On the
other hand, if m; = n; + 1, then since the first inequality in (6.108) holds, the defi-
nition (6.110) necessitates that m; 1 = nj + 1, som; < m; 1 in this case as well.

Next, Definition (6.110) also ensures that the requirement (6.108) is inherited by
{m; }}‘:1, ie.,

Vief{l,....k—1}, mi, <2™ <2mj,,. (6.111)

Indeed, if m; = nj, then mjz-+1 < 2% = 2™/ by (6.110), i.e., the first inequality
in (6.111) holds, and the second inequality in (6.111) holds because m; 1 = n; 1
and (6.108) holds. On the other hand, if m; =n; + 1, then by (6.110) we have m; 1=
n; + 1 and mJ2 41 > 2", which directly gives the second inequality in (6.111), and in
combination with (6.108) we also get the first inequality in (6.111) because

mjp1 _ (n + 1)? ©109) (nj + 1)? <1
2m; T e T
where the final step uses n; = 6, though n; = 1/(v/2—1) = 2.414 ... is all that is
needed for this purpose.

If the above construction produces m € {6, 7}, then define y; 1 = mymy - --my.
Otherwise necessarily m; = n; + 1 = 8, so (6.111) holds also when j = 0 (recall
that my = 6, hence m% = 26 = 2™M0), 50 we can define y; 1 = momy ---my and
thanks to (6.111) in both cases y;+; has the desired form. Moreover,

(6.109)

k
~ I
2l < 6] |(1+—) <
Yi i=1 nj

This completes the inductive construction of the desired sequence {y; }72, € M.

With the sequence {y; }72, € M at hand, will next explain how to obtain for each
integer n = n(0), where n(0) € N is a sufficiently large universal constant that is yet
to be determined, an element x € M that approximates # as in (6.107). Leti € N be
such that y; < n < y;41 and denote y = y;. Thus, there are k,ny,...,nx € N for
which y = nyny---ng suchthatng > ngp_; > --- > n; € {6,7} and (6.108) holds.

If y=>n—nyny---ng_1, then x = y has the desired approximation property, so
suppose from now that y <n —njny---ng_q, or equivalently

n y

> + 1 =n;+ 1.
ning---Ng—1 ninz---Ng—1
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Hence, if we define

/ def n /
n=|——— and x = NNy« NNy,
ninz,...,Ng—q

then nj = nx + 1 2 n/(log n)?, where we used (6.104). Consequently, recalling
(6.102), there is a universal constant 7(0) € N such that if n > n(0), then nj >
max{144, ny_.}. Thus, the sequence ny,ns, ..., ng_1, n;c is still increasing. Since
by design x satisfies (6.107), it remains to check that x € M, i.e., that (6.105) holds.
Since ny, ..., ng are assumed to satisfy the more stringent requirement (6.108), we
only need to check that

nj, < 2"=1 < (n)). (6.112)

The second inequality in (6.112) is valid since (6.108) holds and n}c > ng. To justify
the first inequality in (6.112), observe that y < n < 12y, as y;4+1 < 12y;. Conse-
quently,

ny <nf(niny---ng_y) <12y /(niny---ng_y) = 12ny.

2
(6.108) n’

-1 =2 = (K ) >,
12

where the last step uses the fact that n} > 144. |

Therefore,

We are now ready to extend the conclusion (6.94) of Lemma 162 to all dimensions
n € N. Namely, we will prove the following proposition, which comes very close to
proving Conjecture 9 for the hypercube [—1, 1]* via a route that differs from the way
by which we proved Theorem 24.

Proposition 164. For any n € N there is a normed space Y = (R”, | - ||y) that for
every x € R" ~ {0} we have

VOln—l(ProijBY) ~ eO(log*n)
vol, (By) N '

lxllen, < Ixlly < P | x||n  and

Furthermore, Y can be taken to be an L, direct sum of nested £, spaces as in
Lemma 162.

Proof. Let M C N be the set of integers from the proof of Lemma 163, namely m €
M if and only if there are integers ny > ny_; > --- > n; € {6, 7} that satisfy (6.105)
such that m = nyn, ---ng. By Lemma 162, there exists C > 1 such that for every
m € M there is a normed space Y” = (R™, || - ||ym) that satisfies

MaxProj(Bym) < (Clog™m
VOln (Bym) '

C log*
- llem <1~ llym < e ™| -|lgn  and <
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By applying Lemma 163 iteratively writen =mq + -+ +mgyq formy, ... ,ms €
M and m41 € {1, 2} that satisfy m; 1 < (logm;)€ foreveryi € {1,...,s}, where

. . me . .
¢ > 1 is a universal constant. Denote Y”s+1 = £o ™" and consider the £, direct sum

Y = def Y"1 Doo Y™2 Do Poo Yt = (Rn’ ” : ”Y)

C log*m; ”

* .
Then | - lez, < |- Iy < maxjeqs,...s+13 € eClogmn|. [|¢n, . We claim

that

: ”g’:ol S

MaxProj(By) _ oqes'n
vol,(By) .

Since By = Bymi X Byms X -+ X Bymsy1, by an inductive application of Lemma
159 we have

1 1
. +1
MaxProj(By) - ( MaXPI'O_](BYm, ) (SX: 2C log* mz) < (Clog™n
i=1

VOln (BY) VOlml' (Ble )

where the first step uses Lemma 159, the penultimate step is our assumption on Y,
and the final step has the following justification. Recall that m; 4+ < (logm;)¢ for
every i € {1,...,s}, where ¢ > 1 is a universal constant. So, m; 4, < c¢(loglogm; )¢
for everyi € {1,...,s — 1}. Fix ng € N such that c¢¢(loglogn)¢ < logn for every
n = ng. Then, m; 5 < logm; if m; = ng, hence log*m; 1> < log*m; — 1. Let iy be
the largest i € {1,...,s + 1} for which m; < n¢. Then,

i=1

log*my; <log*my —i <log*n —i

and log*myj 41 <log*my — j <log*n — j if2i,2j + 1 €{l,...,ip — 1}. We also
have |{ig,...,s + 1}| = O(1). Consequently,

s+1
ZeZClog mi < eZClog n Ze—ZCk + 0(1) < eZClog n -
i=1 k=0

Remark 165. A straightforward way to attempt to compute the surface area of the
unit sphere of a normed space X = (R”, || - ||x) is to fix a direction z € $”~! and con-
sider dBx as the union of the two graphs of the functions WX, X : Proj,. (Bx) — R
that are defined by setting UX(x) and ¥ X(x) for each x € Proj, (Bx) to be, respec-
tively, the largest and smallest s € R for which x 4+ sz € dBx. We then have

vl @B = [ [TV ax
Proj, 1 (Bx) 2

+/ \/1 + VY02, dx. (6.113)
Proj, 1 (Bx)
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When X = E;‘, for some p € (1,00) and z = e,

N

. o o
Vx € PrOJe,Jl- (B(Z;',) = Bzg*l, Ve (X) = =V, (x) = (l - ”x”é};l)

Therefore, (6.113) becomes

1

vol,—1(0B¢x) sy A\

Voo 1 (By1) Zf I+ (1= “x”fg_l) P E |xi|2(p D) 4y
n—I1

V01n—1(ng—l) Bep i=1

By [31], a point chosen from the normalized volume measure on Beg—l is equidis-
tributed with

_1
(IG1]? + -+ + |Gu=1]? +2Z) 7 (G1.....Gu1) € R*T,

where Gy, . ..,G,—1,Z are independent random variables, the density of Gy, ...,G,—1
ats € R is equal to 2I'(1 + 1/p)~'e™ 11" and the density of Z at ¢ € [0, 00) is equal
to e~*. Consequently,

1
n—1 2
Vol (0B) _ ZE[(I ) |Gi|2<p—l>) ] 6114

T

Optimal estimates on moments such as the right-hand side of (6.114) were derived
(in greater generality) in [225], using which one can quickly get asymptotically sharp
bounds on the left-hand side of (6.114). It is possible to implement this approach to
get an alternative treatment of £ (£7"), though it is significantly more involved than
the different way by which we proceeded above, and it becomes much more tedious
and technically intricate when one aims to treat hierarchically nested £, norms as we
did in Lemma 162. Nevertheless, an advantage of (6.113) is that it applies to normed
spaces that do not have a product structure as in Lemma 157, which is helpful in other
settings that we will study elsewhere.

6.2 Negatively correlated normed spaces

Our goal here is to further elucidate the role of symmetries in the context of the
discussion in Section 1.6.2. Fix n € N and y = 1. Say that a normed space X =
(R”™, || - IIx) is y-negatively correlated if the standard scalar product (-, -) on R” is
invariant under its isometry group Isom(X), i.e., Isom(X) < O,, and there exists a
Borel probability measure p on Isom(X) such that

Y
Vx.y € R, / (U ) i) < = Jixllen 1y - 6.115)
Isom(X) \/ﬁ 2 2
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We were inspired to formulate this notion by the proof of [286, Theorem 1.1]. It is
tailored for the purpose of bounding volumes of hyperplane projections of Bx from
above in terms of the surface area of dBy, as exhibited by the following lemma which
generalizes the reasoning in [286].

Lemma 166. Fixn € N and y = 1. If X = (R", || - ||x) is y-negatively correlated,
then y
MaxProj(Bx) < —— vol,—1(dBx).
xProj(Bx) 2ﬁVn1( X)
Proof. Recall that for every y € dBx at which dBx is smooth we denote the unit outer
normal to dBx at y by Nx(y) € S"!. By the Cauchy projection formula (1.30) for
every x € S~ ! we have

Vol (Proj (By)) = 5 / It s .

Since every U € Isom(X) is an orthogonal transformation and Nx o U* = U* o Nx
almost surely on 9By,

. 1
vol, -1 (Proje (B)) = 5 [ 1(Ux. Nx()}
2 JaBy
By integrating this identity with respect to u, we therefore conclude that

b (o (80) = 3 [ ([ s onlan) ) oy

Y
< l,,—1(9Bx),
2/ vol,—1(dBx)
where we used (6.115) and the fact that || x|z = 1 and || Nx(y)ll¢z = 1 for almost
every y € dBx. ]

By substituting Lemma 166 into Theorem 76 and using (1.96), we get the follow-
ing corollary.

Corollary 167. Fixn € Nandy = 1. If X = (R", || - ||x) is y-negatively correlated,
then
vol,,—1(0Bx) diamgz (Bx)

vol, (Bx) /1

Corollary 167 generalizes Corollary 45 since any canonically positioned normed
space is 1-negatively correlated. Indeed, suppose that

e(X) < SEP(X) < 2y

X=R"["Ix)

is canonically positioned. Recall that in Section 1.6.2 we denoted the Haar probability
measure on Isom(X) by hx. Fix x, y € R”. The distribution of the random vector
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Ux when U is distributed according to hx is Isom(X)-invariant, and therefore it is
isotropic. Hence,

/ |<Ux,y>|dhx(U)s(/ <Ux,y>2dhx<U>)
Isom(X) Isom(X)

169y 1y llez / 5 )
= Ux||7» dhx(U
\/ﬁ Isom(X) ” “62 X( )

1
= el

1

where the final step uses the fact that each U € Isom(X) is an orthogonal transforma-
tion.

One way to achieve (6.115), which is close in spirit to the considerations in [286],
is when there are I' € {—1, 1} and Il € S, such that U, , € Isom(X) for every
(g,m) € I' x I1, where U, , € GL,(R) is given by

def
Vx = (x1,...,x5) €R", Ugpx = (slxn(l), . ..snx,,(n)),

and also there are ¢, 8 > 0 such that

1
VweR", — > [(e.w)| < allwle (6.116)
|F| eel :
and -
Vi,je{l,...,n}, |{n€H:n(i)=j}|S,Bu. (6.117)
n

Under these assumptions, X is y-negatively correlated with y = a\/ﬁ . Indeed, we
can take p in (6.115) to be the uniform distribution over the finite set

{Ue : (e,m) € T x IT} C Isom(X),
since every x, y € R” satisfy

1
1 6.116) 1 n 2
Y W) < = 3 a3 G i)?
IT ] I{ e,mX hal I Ot( (xﬂ(l)yl) )

(e,m)erxI1 rell i=1

< “(i(ﬁ 2 xfr(i))yiz)5

i=1 nwell

i=1 j=1
(6-1<l7) (X\/B

< gyl
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Condition (6.116) can be viewed as a negative correlation property of the coor-
dinates of sign vectors that are chosen uniformly from I'. Condition (6.117) roughly
means that foreachi € {1,...,n}thesets{m € [1:x(i)=1},...,{mell:n(i) =n}
form an approximately equitable partition of IT. This holds with 8 = 1 if IT is a tran-
sitive subgroup of S,,. One could formulate weaker conditions that ensure the validity
of the conclusion of Lemma 166 (e.g., considering bi-Lipschitz automorphisms of X
rather than isometries of X), and hence also the conclusion of Corollary 167, though
we will not pursue this here as we expect that in concrete cases such issues should be
easy to handle.

6.3 Volume ratio computations

Here we will present asymptotic evaluations of volume ratios of some normed spaces,
for the purpose of plugging them into results that we stated in the Introdcution. Due
to the large amount of knowledge on this topic that is available in the literature, we
will only give a flavor of such applications. The main reference for the contents of
this section is the valuable work [285].

We will start by examining the iteratively nested £, products {Xg}?2, that we
considered in Corollary 153, in the special case when the initial space X = Xj is a
canonically positioned normed space for which Conjecture 49 holds. Thus, we are
fixing {ng )7, € N and {px}72; C [I, 0], and assuming that

X=R".]-[x)

is a canonically positioned normed space satisfying Conjecture 49, i.e., (6.16) holds
with @« = O(1); the case X = R is sufficiently rich for our present illustrative pur-
poses, but one can also take X = E to be any symmetric space, per Lemma 54. By
Corollary 153 and Corollary 79, if we define inductively

Vk e N, Xpi1 = F(Xk), where Xo = X,

then, because {Xj }22, are canonically positioned (they belong to the class of spaces
in Example 40),

Vm e N, SEPX,,) < evr(Xy)vdim(X,,) = evr(X;,)/No - Nm.  (6.118)

Let {H }72, be the sequence of Euclidean spaces that arise from the above con-
struction with the same {nx}z2, € N but with py = 2 forall k € N and X = 05°.
Thus, for each meN the Euclidean space H,;, can be identified naturally with £5°"".
Under this identification, by a straightforward inductive application of Holder’s
inequality and the fact that the £, norm deceases with p, the Lowner ellipsoid of
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X,, satisfies'
m ax{l—-L o
Lx,, € ( l_[ nzdx{z DK’ }) (Lx)™mm
k=1

Also, by Lemma 150 we have

1
1 l,,(Bx)"

VOl (me)"o‘}'"k = M.
[Ti= ”lfk

These facts combine to give the following consequence of (6.118):
m
. X{l,L}
SEP(Xpm) = eviX) [[ g~ 7% -
k=1
In particular, when we take X = R and consider only two steps of the above
iteration, we get the following asymptotic evaluation of the separation modulus of the
€5 (£7') norm the space of n-by-m matrices Mpxm (R) forany n,m € N and p,q = 1;
the case of square matrices was stated in the Introduction as (1.5):

1 1 11 1 1 1 1
SEP(@‘,(EZ’)) = gtz gk, mady, ot max{«/nm,mﬁ n,nfﬂ,nfmﬁ}.

Next, fix an integer n = 2 and let E = (R”, || - |g) be an unconditional normed
space. Given g € [2,00] and A = 1, one says (see, e.g., [182, Definition 1.f.4]) that E
satisfies a lower g-estimate with constant A if for every {uy}7> ; € R" with pairwise
disjoint supports we have

[ee] % [ee]
(Znukn‘é) SA| D u
k=1 k=1

Note that by (6.14) this always holds with A = 1 if ¢ = oco.

In concrete cases it is often mechanical to evaluate up to universal constant factors
the minimum radius of a Euclidean ball that circumscribes By, but it is always within
a O(+/logn) factor of the expression

Re &  max (ﬂ) (6.120)

oSl \ | Yieseill

More precisely, if E satisfies a lower g-estimate with constant A, then

(6.119)

E

Rg < 0utradius¢g (Bx) < A(logn)%_éRE. (6.121)

' As X,,, is canonically positioned, this holds as an equality, but for the present purposes we
just need the stated inclusion.
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The first inequality in (6.121) is immediate because | Y ;g eillg' ;e ¢ € B if
@ # S Cc{l,...,n}. For a quick justification of the second inequality in (6.121),
note that by homogeneity we may assume without loss of generality that |le;|g = 1
for every i € N. Therefore, using (6.14) we see that if x = (x1,...,X,) € Bg, then
max;e(1,...n) |Xi| < 1. Consequently, if we fix x € Bg and denote for each k € N,

def | . 1 1
Sk:Sk(x)é{l E{l,...,l’l}:z—k<|xl’|§2k—_l}, (6122)

then the sets {Sy }72, are a partition of {1, ...,n} and in particular > e |Sk| = n.
Next,

1
o0 q q
ARg = ARg| x| = RE(Z H Z Xie; ‘E)
k=1 iESk
1 0o q 1
(Z RE ) (Z ) . (6.123)

The second step of (6.123) uses (6.119), the penultimate step of (6.123) uses (6.14)
and (6.122), and the final step of (6.123) uses (6.120). Now, for every 0 < 8 < 1 we
have

N\

> 5

lGSk

00 1
2
Il = (z 5 )

k=1i€Sk

1
oo 2

|Sk|
k=1
1

|8y |1 :
= (Z 22k (1— 9)|S k| 2_2k6)

/A

[\®]
—
Me T
[ R
S~
o
—

N

=2
N~
(8]

[N (*—*)(1 0)
2kqgb
(Z 2" @ (1=0 )
k=1

< (ARp)"n%0~ G, (6.124)

where the second step of (6.124) uses (6.122), the penultimate step of (6.124) uses
trilinear Holder with exponents 1/6, g/(2(1 —6)) and 1/((1 —2/g)(1 — 0)), and the
final step of (6.124) uses (6.123), the fact that

[e.e]
D oISkl =n,
k=1

and elementary calculus. By choosing & = 1/logn in (6.124), we get (6.121).
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By the Lozanovskii factorization theorem [186] there exist wy, ..., w, > 0 such
that
n n 1
Y wiei| =Y —e| = (6.125)
“ — W;
i=1 E i=1 E*

We will call any wy, ..., w, > 0 that satisfy (6.125) Lozanovskii weights for E. They
can be found by maximizing the concave function w +— Y i, log w; over w € Bg
(see also, e.g., [263, Chapter 3]), which can be done efficiently if E is given by an
efficient oracle; their existence can also be established non-constructively using the
Brouwer fixed point theorem [135]. By [285, Lemma 1.2] (note that we are using a
different normalization of the weights than in [285]),

1
vol, (Bg)# = % (6.126)

By combining (6.121) and (6.126), we get the following lemma.

Lemma 168. Fix an integer n = 2 and let E = (R", || - ||[g) be an unconditional
normed space. Suppose that E satisfies a lower q-estimate with constant A for some
q=2and A = 1. Then,

VIST
max@#SQ{l,...,n}(m)

evr(E) < TR A(logn)%_é,
n
for any Lozanovskit weights wy, ..., w, > 0 for E. If the Lowner ellipsoid of E is a
multiple of ng, then
VST
max@#‘gg{l""’”}(ll Yies i ”E) < evi(E)
n wl e wn ~
NN
max T
< fa#SE{lv--’"}(||Z,-ese,»||E)A(logn)%_g'
n wy - wn

The following corollary is a consequence of Lemma 168 because if
E=@®R".[-[e

is a normed space that satisfies the assumptions of Lemma 53 (in particular, E is
unconditional), then by Lemma 152

Jn
ler 4 -+ + enlle

wlzwzz...zwnz

are Lozanovskii weights for E.
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Corollary 169. IfE = (R”, || - ||[g) a normed space that satisfies the assumptions of
Lemma 53, then

||€1+"'+€n||E( \/]; )
ma

Jn ke{1,..,n} |ler + -+ + ex|lE
||e1+---+en||E( vk ) fioan
<evr(E) < max logn.
Jn ke{l,..n} [ler + -+ + ek lE &

Hence, by Corollary 79 we have

N
lex +-~-+en||E( max )

ke{l,..n} |ler + -+ ex|lg

N/

S SEPE) < ller +---t+e hax fog.
(E) < llex ””E(ke{l ..... n} |leq +"‘+ek”E) &

More succinctly, this can be written in the following form, which we already stated in
Corollary 4:

k
SEP(E) = |ley + -+ + en||E( ma vk )n"(l).

X
ke{l,...n} |ler + -+ + ex|lg

By [285, Proposition 2.2], the unitary ideal of any symmetric normed space E =
(R™, || - l|g) satisfies
vr(Sg) < vr(E). (6.127)

This implies that
evr(Sg) =< evr(E), (6.128)

by (1.71) combined with S}, = Sg+, though a straightforward adjustment of the proof
of (6.127) in [285] yields (6.128) directly, without using the much deeper result
(1.71). We therefore have the following corollary.

Corollary 170. IfE = (R",| - ||g) is a symmetric normed space, then

||e1+-~-+en||E( - vk )
N ke{l,..n} ler + -+ + ex|le

k
Sevr(Sg) S ler -+ en”E( max vk )\/logn.

Jn ke{l,..n} |ler + -+ + exlE

Hence, by Corollary 79 we have

max
ke{l,...n} |ler + -+ + exllg

||e1+---+en||E( vk )
JE

< SEP(Sg) Sler +---+e max J/nlogn,
(Sk) < llex ””E(ke{lr-"”} llex + - +€k”E) ¢
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More succinctly, this can be written in the following form, which we already stated in
Corollary 4:

— vk 3+o(1)
SEP(Sg) = [ler + -+ en ”E(ke?;?in} T ek”E)n2 :
Remark 171. In the above discussion, as well as in the ensuing treatment of ten-
sor products, we prefer to consider square matrices rather than rectangular matrices
because the setting of square matrices exhibits all of the key issues while being nota-
tionally simpler. Nevertheless, there are two places in which we do need to work
with rectangular matrices, namely the above proof of Proposition 164 and the proof
of the first inequality in (1.117). For the latter, fix p = 1 and n, m € N. As in the
proof of Theorem 77, denote the Schatten—von Neumann trace class on the n-by-m
real matrices Myxn, (R) by S77™; recall (1.118). The following asymptotic identity
implies (1.119) (recall that in the setting of (1.119) we have r € {1,...,n})

evr(Sme) = (min{n, m})maX{%_%’O}. (6.129)

Volumes of unit balls of Schatten—von Neumann trace classes have been satisfacto-
rily estimated in the literature, starting with [293] and the comprehensive work [285],
through the more precise asymptotics in [146,277]. Unfortunately, all of these works
dealt only with square matrices. Nevertheless, these references could be mechani-
cally adjusted to treat rectangular matrices as well. Since (6.129) does not seem to
have been stated in the literature, we will next sketch its derivation by mimicking the
reasoning of [285], though the more precise statements of [146,277] could be derived
as well via similarly straightforward modifications of the known proofs for square
matrices. We claim that

VOlnm(Bng’")ﬁ = ! . (6.130)

(min{n,m})? \/max{n,m}

(6.130) gives (6.129) since S;‘,X’” is canonically positioned, so by Holder’s inequality
its Lowner ellipsoid is

S =

Lszxm = (min{n,m})max{%_%’o} Bst21><m.

To prove (6.130), note first that it follows from its special case p = oo. Indeed, as
ST = (SK™)*, by the Blaschke—Santal6 inequality [39,278] and the Bourgain—
Milman inequality [50] the case p = 1 of (6.130) follows from its case p = co. Now,
(6.130) follows in full generality since by Holder’s inequality:

1 _1
Bsggm - Bsgxm - (min{n,m})l szrllxm.

S =

(min{n, m})
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The upper bound vol,, ,, (Bsggm)l/ (nm) <1/, /max{n, m} follows from the inclusion

Bgnxm C y/min{n, m}BSi21><m. To justify the matching lower bound, if {&;;}; jen are
i.i.d. Bernoulli random variables, then by [35, Theorem 1],

n m
IE|: ZZsijei ®e; :| < vmax{n,m},
S8

i=1,=1
This implies the lower bound voly,,, (Bsgoxm)l/ (nm) > 1/ /max{n, m} by an applica-
tion of [285, Lemma 1.5].

Proof of Lemma 54. By [285, equation (2.2)] we have

1 1
vol > (Bs; ) "* = . (6.131)
2 (Bsr) llex + -+ enlle/n
In particular,
4 1
Vg =1, vol,2(Bgn)n? =< ——. (6.132)
nzta

Because S7 is canonically positioned (it belongs to the class of spaces in Example 40),
and hence it is in its minimum surface area position, by combining [104, Proposi-
tion 3.1] and (1.55) we see that

voi2-1(9Bgy) _ nMaxProj(Bsy) 10 a4t pes 6
vol,,2 (Bsg) vol,,2 (Bsg)

Consequently,

VOlnz_l(aBSg) 1

lq(BSg) = V01n2 (BSZ) n2

V01n2 (Bsg)
3.1
6.13)A6.133) n27a vmin{g,n} -
= n%+é = n+/min{q,n}. (6.134)
Because by (6.14) we have
Vx eR", |x[e < llex +-- +enlellxlle,.

every matrix A € M, (R) satisfies

[Allsg < llex + -+ enllelAllsn, < llex + -+ enllelAllsy-

q

Consequently,

1
Ben C Bs,.. 6.135
e (6.135)
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Moreover,

. 1 . (6.134) .

i Bsn | =1q(Bgr) =< n+/min{qg,n

q(Ile1 +-+enlr S“) a(Bs;) g}
and

; 2 (Bs, )"
1 n2 (6.132 1 6.131) VO
VOIZ( Bq) (©132) __euy 2(lsE)
lex + -+ enle ler + -+ enllgn2™a nia

By choosing ¢ = logn we get (1.80) for the normed space Y whose unit ball is the
left-hand side of (6.135). ]

Remark 172. An inspection of the proof of Lemma 54 reveals that if Conjecture 49
holds for S%_, then also Conjecture 49 holds for Sg for any symmetric normed space
= (R", | - ||g). Indeed, we would then take Y = (M, (R), || - ||y’) to be the normed
space whose unit ball is
1 1

By = ChS" = S,
ler + -+ + enllE 7 g + e+ enllg X0

where we recall Corollary 43. If Conjecture 49 holds for S7_, then we would have
n =< iq(Ch S%,) = iq(Byr), and also

1 (6. 132) 1
1,2(Ch SZ)»% < vol,2(SZ —
vol, > (C S ) vol, > (S ) \/ﬁ’

from which we see that

e
vol,2 (Ch SZ) 2 1 6.131)

1 1
vol.o(Bv/)nZ = = =< " vol,2(Bsg) .
B = e el et T enlev (B

This proves Conjecture 49 for Sg. Note in passing that this also implies that

1 (6.131) 1
— =< vol2(S oy "2 = .
2 (Seez.) ler + -+ + enllyen /1

Jn

Hence, if Conjecture 49 holds for S, then we would have [le; + - + eu| e, < 1.
More generally, by mimicking the above reasoning we deduce that if Conjecture 49
holds for Sg, then |[ey + -+ + e, ||y& =< |le1 + -+ + e, |k, which would be a modest
step towards Problem 44.

Fix n € N and p,g = 1. We claim that the volume ratio of the projective tensor
product £}, ®€Z satisfies
vi(£p®¢E) < ©p (), (6.136)



204  Volume computations

where

—

S
D=
|
[N

S

def
Dpq(n) =

D= Q=
D= R

S

S
S |-
|

if1<p,q<2,

(6.137)

Assuming (6.137) for the moment, by substituting it into Theorem 3 we get that

SEP(EI';QVMZ) >n Vr((ZZéZZ)*) =n Vr(@Z* @@;*)

n if p,g = 2,
1 1
7+7 . q
ne’?2 lqusp§2$q’
3.1 . g
n2 d ifps F<2<q,
1 1
- ) L+l e P
= n®px gx(n) = { na™2 if 255 <gs2<p,
3_1 . »
nz r 1f6]$ﬁ§2§17,
. 1,13
< = <=2
n 1fp,q\2andp+q\2,
1 1 1
Lyl 1l o7 1.3
nr'a 2 lf;+525
Since for any two normed spaces X = (R”, || - [[x) and Y = (R”, | - |ly) the space

of operators from X* to Y is isometric to the injective tensor product X*®Y (see,

e.g., [87]), we get from this that

SEP(My (R). || - [len—e2) = SEP (7. ®¢7)

Vv

ifp<2<q,

if2<p<y,

— Q= =

if2<q<p,

+

ifp<q<2, (6.138)

N= R= W NI

+
(ST

ifg <p<2,

. 2P
if 743

3 2p
< =&
lfq\ 3.

<g<2<p,

S 8 S S 2 = S
N =

Q=
+

N~

Note that the rightmost quantity in (6.138) coincides with the right-hand side of
(1.14). Since £7 @KZ belongs to the class of spaces in Example 40, a positive answer
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to Conjecture 11 for E;’,@Vbﬁg would imply the following asymptotic evaluation of
SEP(¢}, (EVQEZ), which is equivalent to (1.14):

n if p,g =2,
1,1
n§+f 1quTl§p$2$q,
n2"a ifp< 3 <2<gq,
n3oon\ _ l+l p

SEP({,&®¢y) = n2ta if 2y <qg<2<p,
n2"7r ifg <y <2<p,
n 1fp,q$2and%+é$%,
Lyl-Ll o1 1.3
netya 1f;+—/5.

Furthermore, by Theorem 80 the leftmost quantity in (6.138) is bounded from above
by O(logn) times the rightmost quantity in (6.138), thus implying the fourth bullet
point of Corollary 4.

The asymptotic evaluation (6.136) of vr({}, @Zg) was proved in [285] up to con-
stant factors that depend on p, ¢, namely [285, Theorem 3.1] states that

Vp.g > 1, vi((h®¢E)) <pq Ppy(n). (6.139)

If 2 € {p, g} and also min{p, ¢} < 2, then (6.139) is due to Szarek and Tomczak-
Jaegermann [293]. More recently, Defant and Michels [84] generalized (6.139) to
projective tensor products of symmetric normed spaces that are either 2-convex or 2-
concave. The proof of (6.139) in [285] yields constants that degenerate as min{p, ¢}
tends to 1. We will therefore next improve the reasoning in [285] to get (6.136).

Lemma 173. Fixn € N and p,q = 1. Let {¢ij }i je1,...ny be i.i.d. Bernoulli random
variables (namely, they are independent and each of them is uniformly distributed
over {—1, 1}). Then,

n n
E|: ZZsijei ® ej

i=1j=1
Citing the work [79] of Chevet, a version of Lemma 173 appears as [285, Lemma
2.3], except that in [285, Lemma 2.3] the implicit constants in (6.140) depend on p, ¢q.
An inspection of the proof of (6.139) in [285] reveals that this is the only source of
the dependence of the constants on p, g (in fact, for this purpose [285] only needs
half of (6.140), namely to bound from above its left-hand side by its right-hand side).
Specifically, all of the steps within [285] incur only a loss of a universal constant

] — BP9
e

1o1_1 .
e pla 2 ,qr <2,
&ef { " if max{p. g} (6.140)

nwra if max{p.q} = 2.



206 Volume computations

factor, and the proof of (6.139) in [285] also appeals to inequalities in the earlier
work [284] of Schiitt, as well a classical inequality of Hardy and Littlewood [127];
all of the constants in these cited inequalities are universal. Therefore, (6.136) will be
established after we prove Lemma 173.

Proof of Lemma 173. We will denote the random matrix whose (i, j) entry is &;; by
& € M, (R). Then, the goal is

E[||5||e;*—>zg] = nfPD, (6.141)

In fact, the lower bound on the expected norm in (6.141) holds always, i.e., for a
universal constant ¢ > 0,

vAeM(=L 1)), [ Allen, ep = enPPD, (6.142)

A justification of (6.142) appears in the proof of Proposition 3.2 of Bennett’s work
[34] (specifically, see the reasoning immediately after [34, inequality (15)]), where it
is explained that we can take ¢ = 1 if min{p*, ¢} = 2 or max{p*, ¢} < 2, and that
we can take ¢ = 1/+/2 otherwise.

Next, let {g;j}i,jeq1,..,ny be ii.d. standard Gaussian random variables. By [79,
Lemme 3.1],

n n
E[ S g w6,

i=1j=1

1 1

XI’lmaX{%—Fé_j’F}ﬁ+anX{%+é_%’$}«/q-
0

(6.143)
Consequently,
n n P n n
IE|: ZZeljei@ej 5 :|$\/;E|: Zzgij€i®€j 5 j|
i=1j=1 e i=1j=1 Y%
< nP@D /max{p, q}, (6.144)

where the first step of (6.144) is a standard comparison between Rademacher and
Gaussian averages (a quick consequence of Jensen’s inequality; e.g., [204]) and the
final step of (6.144) uses (6.143). This proves the desired bound (6.140) when

max{p,q} <2,

so suppose from now on that max{p, ¢} = 2.
It suffices to treat the case p = 2. Indeed, if p <2, then g = 2 since max{p,q} =2,
so by the duality

1Ellen, —en = €% Ngn, e,
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and the fact that the transpose £* has the same distribution as &, the case p < 2
follows from the case p = 2. It also suffices to treat the case ¢ < p because if ¢ = p,
then || - [lgz < || - |l¢ point-wise, and therefore

IE€ller, —ez < NEllen, —e3-

Consequently, since 8(p,q) = B(p, p) when g = p, the case g = p follows from the
case g = p.
So, suppose from now that p = 2 and ¢ < p. If we denote

rd:efQ(P—2)
P—9q

’

with the convention r = oo if ¢ = p, thenr = 1 and

1 1-6

q - r

6 )
+ 5. where L2 o1 (6.145)
P

Hence, by the Riesz—Thorin interpolation theorem [272,301] we have

0
1ENen, ey < IENEE o €Ny e

= (, max [eei ) T IEN Loy =n T 1Ny

By taking expectations of this inequality, we get that

1

%]
[||6||§?gﬁeg] <n 7 (E[lElasea])
9
7

= ni = pfPD, (6.146)

6

Efll€]len, ~ep] < n

A

n r

where the second step of (6.146) uses Jensen’s inequality, the third step of (6.146)
uses the classical fact that the expectation of the operator norm from £} to £5 of an
n x n matrix whose entries are i.i.d. symmetric Bernoulli random variables is O(/n)
(this follows from (6.144), though it is older; see, e.g., [35]), the penultimate step
of (6.146) uses (6.145), and the last step of (6.146) uses the definition of B(p, q)
in (6.140) while recalling that we are now treating the case p = 2 and g < p. ]

A substitution of Lemma 173 into the proof of [285, Lemma 3.2] yields the fol-
lowing asymptotic evaluations of the n2-roots of volumes of the unit balls of injective
and projective tensor products; the statement of [285, Lemma 3.2] is identical, except
that the constant factors depend on p, g, but that is due only to the dependence of the
constants on p, ¢ in [285, Lemma 2.3], which Lemma 173 removes

1 1 * ok
vol,2 (Byngen) ™2 = n PP and vol,2 (Bygen)n? < nPPT1072 (6.147)
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Since ZZ @)ZZ belongs to the class of spaces in Example 40, its Lowner ellipsoid
is the minimal multiple of the standard Euclidean ball Bsg that superscribes the unit
ball of £7®{7, namely

L(%@[Z = R(}’l, P,‘])Bsg,
where, since Beg e 1s the convex hull of BEZ ® B@Z,
R(n.p.q) = max |x ® ylsy
XEB[%

€B
y gg

1 1 1 1
= ( max ||x max = pmadz =5 0mad3 2.0 (6 148
(amg ) mg 1) (6.148)

By combining (6.147) and (6.148) we get that

vr(en@en) L eve(e2@en)

vol,2(Bgz) ) pel

max{}—2,0}+max{ 1 —1,0}—B(p*.¢*)+1

=R(n,p,q)(

=n

(6.140) { ﬁ if max{p,q} =2,

mo (6.149)
nmax{p.qay if maX{P, q} < 2.

A substitution of (6.149) into Theorem 3 gives

3

n2 if max{p,q} = 2,

(6.150)
alt

SEP({"®L") >
( »® q) ~ { wra if max{p,q} < 2.

Furthermore, if Conjecture 11 holds for ZZ (EA{)KZ, then (6.150) is sharp, namely (1.15)
holds. Also, by Theorem 80 the left-hand side of (6.150) is bounded from above by
O(logn) times the right-hand side of (6.150), thus implying the fifth bullet point of
Corollary 4.

Remark 174. The above results imply clustering statements (and impossibility
thereof) for norms that have significance to algorithms and complexity theory. For
example, the cut norm [101] on M, (R) is O(1)-equivalent [6] to the operator norm
from {7 to £7. So, by (1.13) the separation modulus of the cut norm on M, (R) is
predicted to be bounded above and below by universal constant multiples of n3/2,
and by Theorem 80 we know that it is at least a universal constant multiple of 1n3/2
and at most a universal constant multiple of n3/2 log n. As another notable example,
we proved that

SEP(L2,®0%) 2 n3.
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Moreover, if Conjecture 11 holds for £ ®¢™_, then SEP(£” &™) =< n>/? and by
Theorem 80 we have ,
SEP({5,®05,) < nlogn.

Grothendieck’s inequality [121] implies that

VA€M (R), [ Allgn gen = v, *(A), (6.151)

where yzl_’°° (A) is the factorization-through-£, norm (see [261]) of A as an operator
from {7 to €7, i.e.,

1 def .
v (A = min IX ez —en IY llen—en
A=XY
= min max |[row; (X)|[¢z [[column; (Y) | ¢z

XY eMu(R)i,jell,....n}
=XY
Above, fori, j €{l1,...,n}and M € M, (R) we denote by row; (M) and column; (M)
the ith row and jth column of M, respectively. See [183] for the justification of
(6.151), as well as the importance of the factorization norm y, ~ to complexity the-
ory (see [38,202] for further algorithmic significance of factorization norms). Thanks
to the above discussion, we know that

ns < SEP(M,,(R),)/ZI_"X’) < n3 logn,

and that SEP (M, (R), y1 =) < 1n3/2 assuming Conjecture 11. To check that this does
not follow from the previously known bounds (1.2), we need to know the asymptotic
growth rate of the Banach-Mazur distance between €7 &®¢" and each of the spaces
K’fz, Egz. However, these Banach—Mazur distances do not appear in the literature. In
response to our inquiry, Carsten Schiitt answered this question, by showing that

A (€27 0, R07) = dpw (€77, 2. BL7) < n. (6.152)
More generally, Schiitt succeeded to evaluate the asymptotic growth rate of the
Banach-Mazur distance between £} @)Eg and 6:‘,(}562 to each of 5’1’2, Zgz for every
P.q € [1,00] (this is a substantial matter that Schiitt communicated to us privately
and he will publish it elsewhere). Due to (6.152), an application of (1.2) only gives the
bounds n < SEP(£2, @Z’o’o) < n?, which hold for every n-dimensional normed space.
More generally, Schiitt’s result shows that (1.13) and (1.15) do not follow from (1.2).

The volume computations of this section are only an indication of the available
information. The literature contains many more volume estimates that could be sub-
stituted into Theorem 3 and Conjecture 6 to yield new results (and conjectures) on
separation moduli of various spaces; examples of further pertinent results appear
in [20, 85, 88,104,110, 115-117, 145, 146,285].






Chapter 7

Logarithmic weak isomorphic isoperimetry in minimum
dual mean width position

In this section we will prove the results that we stated in Section 1.6.3. We first claim
that for every integer n = 2 and every r > 0 we have

iq(Bez, N (rBen)) = iq([~1,1]" N (rBe))

(min{ﬁ,r}(l —m) ’

Observe that (7.1) implies (1.85). Furthermore, (7.1) implies the direction 2 in (1.86)
because

RV

+ 1) Jn. (1.1

S|—

iq(Bez, N (ngg)) ( vol, (Bgn,) )
vol,

min
r>0 ﬁ (B(go N (}’Bgtzl))
) iq(ngo N (ngg)) ( on ):]z
= min
r>0 N vol, (rBgz)
2
n—1
1 2 1
> min min{ﬁ,l}(l——) +-|Vn
r>0 r max{1, 2} r
= 4/logn,

where the penultimate step uses (7.1) and the final step is elementary calculus. Since
the K-convexity constant of £7 satisfies K(¢7) =< /logn (see [263, Chapter 2]),
the matching upper bound in (1.86) will follow after we will prove (below) Proposi-
tion 61. This will also show that Proposition 61 is sharp, though it would be worth-
while to find out if it is sharp even for some normed space X = (R”, || - ||x) for
which K(X) =< logn; such a space exists by a remarkable (randomized) construction
of Bourgain [44].
To prove (7.1), note first that if 0 < r < 1, then rBgy [—1, 1]" and therefore

Vo<r<1, ig(-L1]"n (ngg)) =iq(rBg) = Jn. (7.2)
Similarly, note that if r > /i, then rBen [—1, 1]"* and therefore
Vr=/n, iq(-1.1]" N (ngg)) =iq([-1,1]") < n. (7.3)

Both (7.2) and (7.3) coincide with (7.1) in the respective ranges. The less trivial range
of (7.1)is when 1 < r < 4/n, in which case the boundary of [—1, 1]" N (rBgz) contains
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the disjoint union of the intersection of 7Byn with the 2n faces of [—1, 1]", each of
which is isometric to the following set:

[FL A" N (VP2 = 1By-1).

Together with the straightforward inclusion

LN (VP2 = 1By-1) 2 V11— :—2([—1, "1 N (rByy-1)).

the above observation implies that if 1 < r < 4/n, then

vol,—1(3([=1, 1" N (rBen)))

> 2n(1 - riz)z vol,—1 ([-1, 11" 'n (rBeg—l))
_ n(l _ riz) Vol (=1 1771 1 (rByg1) X [~1.,1])

> n(l - riz) ’ voly ([=1, 1" N (rBgm)), (7.4)

where the final step (7.4) is a consequence of the straightforward inclusion
(L1171 N (rByy-1)) X [=1. 1] 2 [=1. 11" N (rBey).

By combining (7.4) with the definition (1.11) of the isoperimetric quotient, we see
that

n—1

n(1 = )" vol (=111 N (Bey)

vol, ([—1, 11" N (;’ng))n";l

iq([=1.11" N (rBe)) =

n—1

:n(l — l) ’ vol, ([-1,1]" N (ngg))%. (7.5)

72

When r < /n we have

111" N (rBey) 2 [— % %]"

In combination with (7.5), this implies that

n—1

2

Vi<r</n, iq([-1,11" N (rBe)) = 2rﬁ(1 — riz)

As also iq([—1, 1]* N (ngg)) > /n by the isoperimetric theorem (1.12), this com-
pletes the proof of (7.1). |
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Passing to the proof of Proposition 61, observe first that for every r > 0 we have

vol, (Bx N (rByn)) _voly ({x € rBer = |x[x < 1})
vol, (ngzzw ) B vol, (rBez)

> 1—][ Ixlxdx = 1 - 2 MX),  7.6)
rBzg n+1

where the penultimate step in (7.6) is Markov’s inequality and the final step in (7.6)
is integration in polar coordinates using the following standard notation for the mean
of the norm on the Euclidean sphere:

def
MOzl

We will also use the common notation M *(X) 'y (X*). By setting r = 1/(2M (X))
in (7.6) we get that

1 " (1 1 " 1
on(0 (i )) = (2 (s ) = oo 07

This simple consideration gives the following general elementary lemma.

Lemma 175. Let X = (R”, || - ||x) be a normed space. If we denote r = 1/(2M (X))
and L = Bx N (ngg ), then we have

1 MaxProj(L)
————= dan a1 S 1
M(X)/n vol, (L)"
Proof. The first inequality in (7.8) follows from (7.7). For the second inequality

in (7.8), observe that Proj,1 (L) C Prosz(ngg) forevery z € §" !, since L C ngg.
Consequently,

voln (L) > (7.8)

MaxProj(L) < MaxProj(rBgs) = r"~! voln_l(Be,z,_l)

n—

n—1
= vol, (ngg) " < vol,(L) T , (7.9

where the penultimate step of (7.9) is a standard computation using Stirling’s formula
and the final step of (7.9) uses the first inequality in (7.7). ]

By (1.55), the second inequality in (7.8) implies that iq(L) < 4/n. Hence, in order
to use Lemma 175 in the context of Conjecture 10 it would be beneficial to choose
S € SL,(R) for which M(SX) is small. So, fix § > 0 and suppose that

SM(SX) < min  M(TX). (7.10)

TesL,(R)
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By compactness, this holds for some S € SL, (R) with § = 1, in which case the polar
of SBx is in minimum mean width position and we will say that SX is in minimum
dual mean width position (the terminology that is used in [108] is that SBx has min-
imal M). By [107], the matrix in SL,(R) at which minreg,,(r) M(TX) is attained
is unique up to orthogonal transformations. We allow the flexibility of working with
some universal constant 0 < § < 1 rather than considering only the minimum dual
mean width position since this will encompass other commonly used positions, such
as the £-position (see [55, Section 1.11]). By [107], X is in minimum dual mean width
position if and only if the measure dvx(z) = ||z||x dz on $”~! is isotropic. Since vx
is evidently Isom(X)-invariant, by (1.69) if X is canonically positioned, then it is in
minimum dual mean width position.

Let y denote the standard Gaussian measure on R, i.e., its density at u € R equals
exp(—u2/2)/+/27. The (Gaussian) K -convexity constant K (X) of X is defined [204]
to be the infimum over those K > 0 that satisfy

(o

< 2 ®No
<k( [, 11@By™o)

for every measurable f : R¥0 — X with Jrro 1/ (9) ||,2(d)/®&0 (g9) < 00. By [100] there
is T € SL, (R) such that M(TX)M *(TX) < K(X). By the above assumption (7.10)
we know that M (SX) < M(TX), so sM(SX) < K(X)/M*(TX). Next, we always

have ]
vol, (Byp)\ n
MX) = (M) :

see, e.g., [218, Section 2] and [132, Lemma 30] for two derivations of this well-known
volumetric lower bound on M (X). Applying this lower bound to the dual of TX, we
get M*(TX) = (vol, (Bez) / vol,(Bx+))'/". The Blaschke—Santal6 inequality [39,
278] states that

2 1
2
dy ®Ro (g’))

X

S ’ . ®Ro
> L, af@a*)

2
)

vol, (Bgz) _ voly(Bx)
vol,(Byx*) ~ vol, (Be)’

so we conclude that M (SX)/n < K(X)/ ¥/vol,(Bx). A substitution of this bound
into Lemma 175 gives the following proposition:

Proposition 176. Fix 0 < 6 < 1 and a normed space X = (R”, || - ||x). Suppose that
S € SL, (R) satisfies
SM(SX) < - min )M(TX).
s

n
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Then, denoting r = 1/(2M(SX)) we have

1 1
vol, ((SBx) N (rBe))" 2 vol, (Bx)”

K(X)

and

n—1
MaxProj((SBx) N (ngg)) < vol, ((SBx) N (rBen)) " .
Furthermore, if X is canonically positioned, then this holds when S is the identity
matrix and § = 1.

By (1.55), Proposition 176 implies Proposition 61, with the additional informa-
tion that the conclusion of Proposition 61 holds with S the identity matrix if X is
in minimum dual mean width position, in which case we obtain an upper bound on
MaxProj(L). Hence, by the reasoning in Section 1.6, if X is in minimum dual mean
width position, then
diam(g (Bx)

SEP(X) < K(X) —2>—+-.
vol, (Bx) "
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vex polytope that has O (n) faces. The forthcoming article [123] proves Conjecture 10
when K C M, (R) is the unit ball of the unitary ideal Sg of any 1-symmetric normed
space E = (R”, || - ||g); consequently, Lemma 54 and Proposition 55 hold with all
of the logarithmic factors that appear in them replaced by universal constants. The
forthcoming work [54] builds on the results herein while adding multiple innovations
and ideas to obtain several new results. These include the estimate e(X) > v/dim(X)
for every normed space X, which is an improvement over the value of the universal
constant ¢ that we obtained in the proof of Theorem 1. Conjecture 134 is resolved
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(negatively) in [54], where it is proved that econ, () < e(T)? for every Polish met-
ric space (T, dm). It is also proved in [54] that e(£%?, ) < ¥/n for any 1-net T
of ¢ and e({}, Z™) =< {/n; both of these asymptotic evaluations of Lipschitz exten-
sion moduli answer questions that were posed in the precursor [227] of the present
work. Finally, the lower order factor in the main result of [231] is removed in [54],
thus showing that an old Lipschitz almost-extension result of Bourgain [46] is sharp
up to universal constant factors. Beyond the aforementioned examples of statements
from [54], multiple other new results on Lipschitz extension and separation mod-
uli are obtained in [54]. The discussion in Remark 41 (more generally, the role that
canonically positioned norms play herein), evolved (very substantially) to the forth-
coming work [56] which investigates the question of when is it possible to construct
a norm with prescribed group of isometries; as demonstrated in [56], it turns out that
the answer to this old inverse problem is quite subtle.
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The Lipschitz extension modulus e(777) of a metric space 71 is the infimum over those L € [1, 00]
such that for any Banach space Z and any & < M1, any 1-Lipschitz function f : & — Z can be
extended to an L-Lipschitz function F : 711 — Z. Johnson, Lindenstrauss and Schechtman proved
(1986) that if X is an n-dimensional normed space, then e(X) < n. In the reverse direction, we
prove that every n-dimensional normed space X satisfies e(X) 2 n¢, where ¢ > 0 is a universal
constant. Our core technical contribution is a geometric structural result on stochastic clustering
of finite dimensional normed spaces which implies upper bounds on their Lipschitz extension
moduli using an extension method of Lee and the author (2005). The separation modulus of a
metric space (11, dy) is the infimum over those o € (0, 00] such that for any A > 0 there is a
distribution over random partitions of 777 into clusters of diameter at most A such that for every
two points x, y € 171 the probability that they belong to different clusters is at most ady; (x, y) / A.
We obtain upper and lower bounds on the separation moduli of finite dimensional normed spaces
that relate them to well-studied volumetric invariants (volume ratios and projection bodies). Using
these connections, we determine the asymptotic growth rate of the separation moduli of various
normed spaces. If X is an n-dimensional normed space with enough symmetries, then our bounds
imply that its separation modulus is equal to vr(X™)+/n up to factors of lower order, where
vr(X*) is the volume ratio of the unit ball of the dual of X. We formulate a conjecture on
isomorphic reverse isoperimetric properties of symmetric convex bodies (akin to Ball’s reverse
isoperimetric theorem (1991), but permitting a non-isometric perturbation in addition to the
choice of position) that can be used with our volumetric bounds on the separation modulus to
obtain many more exact asymptotic evaluations of the separation moduli of normed spaces. Our
estimates on the separation modulus imply asymptotically improved upper bounds on the
Lipschitz extension moduli of various classical spaces. In particular, we deduce an improved upper
bound on e(£;) when p > 2 that resolves a conjecture of Brudnyi and Brudnyi (2005), and we
prove that e(£%) < +/n, which is the first time that the growth rate of e(X) has been evaluated
(as dim(X) — oo) for any finite dimensional normed space X.
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