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Abstract

We study the construction of the @g—measure and complete the program on the
(non-)construction of the focusing Gibbs measures, initiated by Lebowitz, Rose, and
Speer [J. Statist. Phys. 50 (1988), no. 3-4, 657-687]. This problem turns out to be
critical, exhibiting the following phase transition. In the weakly nonlinear regime, we
prove normalizability of the ®3-measure and show that it is singular with respect to
the massive Gaussian free field. Moreover, we show that there exists a shifted meas-
ure with respect to which the ®3-measure is absolutely continuous. In the strongly
nonlinear regime, by further developing the machinery introduced by the authors,
we establish non-normalizability of the ®3-measure. Due to the singularity of the
@g—measure with respect to the massive Gaussian free field, this non-normalizability
part poses a particular challenge as compared to our previous works. In order to
overcome this issue, we first construct a o-finite version of the <I>§—measure and
show that this measure is not normalizable. Furthermore, we prove that the truncated
@g—measures have no weak limit in a natural space, even up to a subsequence.

We also study the dynamical problem for the canonical stochastic quantization
of the CIDg-measure, namely, the three-dimensional stochastic damped nonlinear wave
equation with a quadratic nonlinearity forced by an additive space-time white noise
(= the hyperbolic ®3-model). By adapting the paracontrolled approach, in particular
from the works by Gubinelli, Koch, and the first author [J. Eur. Math. Soc. 26 (2024),
no. 3, 817-874] and by the authors [Mem. Amer. Math. Soc. 304 (2024), no. 1529],
we prove almost sure global well-posedness of the hyperbolic CDg—model and invari-
ance of the Gibbs measure in the weakly nonlinear regime. In the globalization part,
we introduce a new, conceptually simple and straightforward approach, where we
directly work with the (truncated) Gibbs measure, using the Boué—Dupuis variational
formula and ideas from theory of optimal transport.

Keywords. CDg—measure, stochastic quantization, stochastic nonlinear wave equation,
nonlinear wave equation, Gibbs measure, paracontrolled calculus
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Chapter 1

Introduction

1.1 Overview

In this paper, we study the ®3-measure on the three-dimensional torus on T3 =
(R/27Z)3, formally written as

do(u) = Z7! exp(%/ u3dx)dpb(u), (1.1.1)
T3

and its associated stochastic quantization. Here, p is the massive Gaussian free field
on T3 and the coupling constant o € R \ {0} measures the strength of the cubic
interaction. The associated energy functional for the ®3-measure p in (1.1.1) is given
by

£ =5 [ 1Pax=5 [ e (112)

where (V) = /1 — A. Since u? is not sign definite, the sign of o does not play any
role and, in particular, the problem is not defocusing even if o < 0.

Our main goal in this paper is to study the construction of the ®3-measure and its
associated dynamics, following the program on the (non-)construction of focusing'
Gibbs measures, initiated by Lebowitz, Rose, and Speer [44]. Let us first go over the
known results. In the seminal work [44], Lebowitz, Rose, and Speer studied the one-
dimensional case and constructed the one-dimensional focusing Gibbs measures” in
the L2-(sub)critical setting (i.e. 2 < p < 6) with an L?-cutoff:

1
do(u) = Z_ll{fT udx<K} exp(;/T |u|1’dx)d,u(u) (1.1.3)

or with a taming by the L?-norm:
1 q
dp(u) = 77! exp(—/ [u|Pdx — A(/ uzdx) )du(u) (1.1.4)
pJr T

1By “focusing”, we also mean the non-defocusing (non-repulsive) case, such as the cubic
interaction appearing in (1.1.1), such that the interaction potential (for example, % ,/‘T3 w3dx
in (1.1.1)) is unbounded from above.

2As pointed out by Carlen, Frohlich, and Lebowitz [17, p. 315], there is in fact an error in
the Gibbs measure construction in [44], which was amended by Bourgain [9] (for2 < p < 6
with any K > 0 and p = 6 with 0 < K < 1) and the first and third authors with Sosoe [62]

(forp=6and K < |Q ||22(R)). See [62] for a further discussion.
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for some appropriate ¢ = g(p), where u denotes the periodic Wiener measure on T.
See [44, Remark 2.1]. Here, the parameter A > 0 denotes the so-called (generalized)
chemical potential and the expression (1.1.4) is referred to as the generalized grand-
canonical Gibbs measure. See also the work by Carlen, Frohlich, and Lebowitz [17]
for a further discussion, where they describe the details of the construction of the
generalized grand-canonical Gibbs measure in (1.1.4) in the L?-subcritical setting
(2 < p < 6). In [44], Lebowitz, Rose, and Speer also proved non-normalizability of
the focusing Gibbs measure p in (1.1.3):

1
]E/‘L|:l{f'ﬂ‘ lu|2dx<K} exp(;[E |M|pd)€):| =0

in (i) the L2-supercritical case (p > 6) for any K > 0 and (ii) the L?-critical case
(p > 6), provided that K > [| 0|7, (®) Where Q is the (unique®) optimizer for the

Gagliardo—Nirenberg—Sobolev inequality on R such that

(1Y ”26(1&) =3 Q/HiZ(R)-

In a recent work [62], the first and third authors with Sosoe proved that the focusing
L?-critical Gibbs measure p in (1.1.3) (with p = 6) is indeed constructible at the
optimal mass threshold K = || Q|| i2 ®)’ thus answering an open question posed by
Lebowitz, Rose, and Speer [44] and completing the program in the one-dimensional
case.

In the two-dimensional setting, Brydges and Slade [16] continued the study on the
focusing Gibbs measures and showed that with the quartic interaction (p = 4), the
focusing Gibbs measure p in (1.1.3) (even with proper renormalization on the poten-
tial energy i Jr2 lu|*dx and on the L2-cutoff) is not normalizable as a probability
measure. See also [61] for an alternative proof. In view of

1. <k3 (x) < exp(—A|x|") exp(4K?) (1.1.5)

forany K > 0, y > 0, and A > 0, this non-normalizability result of the focusing Gibbs
measure on T2 with the quartic interaction (p = 4) also applies to the generalized
grand-canonical Gibbs measure in (1.1.4). Furthermore, the same non-normalizability
applies for higher order interaction (for an integer p > 5).

In [12], Bourgain reported Jaffe’s construction of a d>§—measure endowed with a
Wick-ordered L2-cutoff:

dp = z! l{fqrzluzz deK}e% Jr2w® dxdﬂ(”)’

3Up to the symmetries.
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where : u? : and : u> : denote the Wick powers of u, and y denotes the massive Gaus-
sian free field on T?2. See also [61]. We point out that such a Gibbs measure with a
(Wick-ordered) L2-cutoff is not suitable for stochastic quantization in the heat and
wave settings due to the lack of the L2-conservation. In [12], Bourgain instead con-
structed the following generalized grand-canonical formulation of the ®3-measure:

dp(u) — Z—le%fT2:u3:dx—A(sz:uzidx)2d/L(u)

for sufficiently large A > 0. See [35,37,53,64] for the associated (stochastic) nonlin-
ear wave dynamics.

In this paper, we consider the three-dimensional case and complete the focusing
Gibbs measure construction program initiated by Lebowitz, Rose, and Speer [44].
More precisely, we consider the following generalized grand-canonical formulation
of the ®3-measure (namely, with a taming by the Wick-ordered L?-norm):

/ u?: dx
T3

for suitable 4,y > 0. We now state our first main result in a somewhat formal manner.
See Theorem 1.2.1 for the precise statement.

Y
dp(u) = Z7! exp(g/ udidx— A )du(u) (1.1.6)
T3

3

Theorem 1.1.1. The following phase transition holds for the @g-measure in (1.1.6).

(1)  (weakly nonlinear regime). Let 0 < |o| < 1 and y = 3. Then, by intro-
ducing a further renormalization, the @g-measure p in (1.1.6) exists as a
probability measure, provided that A = A(o) > 0 is sufficiently large. In
this case, the resulting Cbg-measure p and the massive Gaussian free field
won T3 are mutually singular.

(i)  (strongly nonlinear regime). When |o| > 1, the @g-measure in (1.1.6) is
not normalizable for any A > 0 and y > 0. Furthermore, the truncated CD;—
measures py (see (1.2.11) below) do not have a weak limit, as measures on
e-3 (T3), even up to a subsequence.

Theorem 1.1.1 shows that the @g-model is critical in terms of the measure con-
struction. In the case of a higher order focusing interaction on T3 (replacing : u> : by
:u? :in (1.1.6) for an integer p > 4 with ¢ > 0 when p is even), or the CDi-model
on the four-dimensional torus T#, the focusing nonlinear interaction gets only worse
and thus we expect that the same approach would yield non-normalizability. Hence,
in view of the previous results [9, 16,44, 61,62], Theorem 1.1.1 completes the focus-
ing Gibbs measure construction program, thus answering an open question posed
by Lebowitz, Rose, and Speer (see “Extension to higher dimensions” in [44, Sec-
tion 5]). See also our companion paper [54], where we completed the program on the
(non-)construction of the focusing Hartree Gibbs measures in the three-dimensional
setting. See Remark 1.1.3 for a further discussion.
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We point out that in the weakly nonlinear regime, the @g—measure p 1s construc-
ted only as a weak limit of the truncated @g—measures. Moreover, we prove that there
exists a shifted measure with respect to which the ®3-measure is absolutely continu-
ous; see Appendix A. As for the non-normalizability result in Theorem 1.1.1 (ii), our
proof is based on a refined version of the machinery introduced by the authors [54]
and the first and third authors with Seong [61], which was in turn inspired by the
work of the third author and Weber [75] on the non-construction of the Gibbs meas-
ure for the focusing cubic nonlinear Schrodinger equation (NLS) on the real line,
giving an alternative proof of Rider’s result [67]. We, however, point out that there
is an additional difficulty in proving Theorem 1.1.1 (ii) due to the singularity of the
@g—measure with respect to the base massive Gaussian free field p. (Note that the
focusing Gibbs measures considered in [54,61] are equivalent to the base Gaussian
measures.) In order to overcome this difficulty, we first introduce a reference meas-
ure’ vg and construct a o-finite version of the ®3-measure (expressed in terms of the
reference measure vg). We then show that this o-finite version of the @g—measure is
not normalizable. See Chapter 4.

Remark 1.1.2. (i) As the name suggests, the CDg—measure is of interest from the point
of view of constructive quantum field theory. In the defocusing case (o < 0) with a
quartic interaction (u* in place of u3), the measure p in (1.1.1) corresponds to the
well-studied ®%-measure. The construction of the ®3-measure is one of the early
achievements in constructive quantum field theory. For an overview of the construct-
ive program, see the introductions in [1,33].

(i1) In the one- and two-dimensional cases, the non-normalizability of the focus-
ing Gibbs measures emerges in the L2-critical case (p = 6 whend = 1 and p = 4
when d = 2), suggesting its close relation to the finite time blowup phenomena of the
associated focusing NLS. See [62] for a further discussion. In the three-dimensional
case, it is interesting to note that the ®3-model is L2-subcritical and yet we have the
non-normalizability (in the strongly nonlinear regime). Thus, the non-normalizability
of the @g—measure is not related to a blowup phenomenon. Note that, unlike the
focusing CI>?— and CD‘Z‘—models which make sense in the complex-valued setting, the
®3-model makes sense only in the real-valued setting. It seems of interest to invest-
igate a possible relation to the following Gagliardo—Nirenberg inequality:

3 3
3 < 2 2
L P 5l o 11

4This reference measure is introduced as a tamed version of the @g—measure and is not to
be confused with the shifted measure mentioned above. See Proposition 4.1.1.
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(iii) Consider a ®3-measure with a Wick-ordered L2-cutoff:’

- o
do(u) =2 11{|fT3:u2:dx|§K} exp(g As ul: dx)d,u(u). (1.1.7)

Then, an analogue of Theorem 1.1.1 holds for the q)g-measure in (1.1.7). In view
of (1.1.5), Theorem 1.1.1 implies normalizability of the CDg—measure in (1.1.7) (with
a further renormalization) in the weakly nonlinear regime (0 < |o| < 1). On the
other hand, in the strongly nonlinear regime (|o’| >> 1), a modification of the proof of
Theorem 1.1.12 (ii) (see also [54,61]) yields non-normalizability of the CDg—measure
in (1.1.7) for any K > 0.

Remark 1.1.3. In [11], Bourgain studied the invariant Gibbs dynamics for the focus-
ing Hartree NLS on T3 (with 0 > 0):

idu+(1—Au—o(V *u®u=0, (1.1.8)

where V = (V)™# is the Bessel potential of order 8 > 0. In [11], Bourgain first
constructed the focusing Gibbs measure with a Hartree-type interaction (for complex-
valued u), endowed with a Wick-ordered L2-cutoft:

dp(u) = Z_ll{j’qr3:|u\2:dxsl(}e% Sz (Vslul?:):ul?: dxd/,L(u)

for > 2 and then constructed the invariant Gibbs dynamics for the associated dynam-
ical problem.® In [54], we continued the study of the focusing Hartree <I>§—measure in
the generalized grand-canonical formulation (with o > 0):

/ u?: dx
T3

and established a phase transition in two respects (i) the focusing Hartree <I>‘3‘—measure
pin (1.1.9) is constructible for 8 > 2, while it is not for 8 < 2 and (ii) when B = 2, the
focusing Hartree <I>‘3‘—measure is constructible for 0 < o0 < 1, while it is not for o > 1.
See [54] for the precise statements. These results in [54] in particular show the critical
nature of the focusing Hartree CD‘;—model when B8 = 2. In the same work, we also
constructed the invariant Gibbs dynamics for the associated (canonical) stochastic

y
dp(u) = 77! exp(%/ (Vs :u?:) u?: dex — A )du(u) (1.1.9)
T3

SWith a slight modification, one may also consider p in (1.1.7) with a slightly different
cutoff 1 3 u2idx <K} i.e. without an absolute value, and prove the same (non-)normaliza-
bility results. See [54, Remark 5.10].

By combining the construction of the focusing Hartree Gibbs measure in the critical case
(B =2) with 0 < 0 < 1in [54] and the well-posedness result in [22], this result on the focusing
Hartree NLS (1.1.8) by Bourgain [11] can be extended to the critical case 8 = 2 (in the weakly
nonlinear regime 0 < 0 < 1).
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quantization equation. See also [13, 14,54] for the defocusing case (o < 0). Note that
when = 0, the defocusing Hartree @g—measure reduces to the usual Cbg—measure.

In terms of scaling, the focusing Hartree ®3-model with 8 = 2 corresponds to
the d>g—model and as such, they share some common features. For example, they are
both critical with a phase transition, depending on the size of the coupling constant 0.
At the same time, however, there are some differences. While the focusing Hartree
®3-measure with B = 2 is absolutely continuous with respect to the base massive
Gaussian free field p, the @g—measure studied in this paper is singular with respect
to the base massive Gaussian free field ;. As mentioned above, this singularity of
the <I>§-measure causes an additional difficulty in proving non-normalizability in the
strongly nonlinear regime |o| > 1.

Next, we discuss the dynamical problem associated with the @g—measure con-
structed in Theorem 1.1.1. In the following, we consider the canonical stochastic
quantization equation [66, 68] for the d>§—measure in (1.1.6) (with y = 3). More pre-
cisely, we study the following stochastic damped nonlinear wave equation (SANLW)
with a quadratic nonlinearity, posed on T 3:

u + 0u + (1 — ANu —ou? = «/EE, (x,1) e T?> xRy, (1.1.10)

where o € R \ {0}, u is an unknown function, and & denotes a (Gaussian) space-time
white noise on T3 x R4 with the space-time covariance given by

E[f(xl,ll)f(xz,tz)] = §(x1 —x2)8(t1 — 12).

In this introduction, we keep our discussion at a formal level and do not worry about
various renormalizations required to give a proper meaning to the equation (1.1.10).
With & = (u, d;u), define the energy & () by
- 1
@)= Eu)+ = / (0;u)*dx
2 T3

1 1
. / (Vul2dx + - / Oa)?dx — 2 / s,
2 Jps 2 Jr3 3 Jr3

where E(u) is as in (1.1.2). This is precisely the energy (= Hamiltonian) of the
(deterministic) nonlinear wave equation (NLW) on T3 with a quadratic nonlinearity:

u+ (1 —Au —ou* =0. (1.1.11)

Then, by letting v = d,u, we can write (1.1.10) as the first order system:

()= () (L )
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which shows that the SANLW dynamics (1.1.10) is given as a superposition of the
deterministic NLW dynamics (1.1.11) and the Ornstein—Uhlenbeck dynamics for
v = 0;u:

d,v = —v + V2E.

Now, consider the Gibbs measure p, formally given by
dpi) = Z e €@ gy = dp @ duo(ii)

=z! exp(%/ u3dx)d(u®uo)(u,v), (1.1.12)
T3

where p is the <I>g-measure in (1.1.1) and po denotes the white noise measure; see
(1.2.1). See Remark 1.2.6 for the precise definition of the Gibbs measure p. Then,
the observation above shows that p is expected to be invariant under the dynamics
of the quadratic SANLW (1.1.10). Indeed, from the stochastic quantization point of
view, the equation (1.1.10) is the so-called canonical stochastic quantization equation
(namely, the Hamiltonian stochastic quantization) for the CDg—measure; see [68]. For
this reason, it is natural to refer to (1.1.10) as the hyperbolic CDg-model.

Let us now state our main dynamical result in a somewhat formal manner. See
Theorem 1.3.2 for the precise statement.

Theorem 1.1.4. Lety =3 and 0 < |o| < 1. Suppose that A = A(c) > 0 is sufficiently
large as in Theorem 1.1.1 (i). Then, the hyperbolic @g-model (1.1.10) on the three-
dimensional torus T3 (with a proper renormalization) is almost surely globally well-
posed with respect to the random initial data distributed by the (renormalized) Gibbs
measure p = p Q Lo in (1.1.12). Furthermore, the Gibbs measure p is invariant under
the resulting dynamics.

In view of the critical nature of the <I>_§,-measure, Theorem 1.1.4 is sharp in the
sense that almost sure global well-posedness does not extend to SANLW with a
focusing nonlinearity of a higher order. The construction of the CDg—measure in The-
orem 1.1.1 requires us to introduce several renormalizations together with the taming
by the Wick-ordered L2-norm. This introduces modifications to the equation (1.1.10).
See Section 1.3 and Chapters 5 and 6 for the precise formulation of the problem.

Over the last five years, stochastic nonlinear wave equations (SNLW) in the sin-
gular setting have been studied extensively in various settings:’

Fu+du+ (1—Au+ Nu)=¢£ (1.1.13)

for a power-type nonlinearity [14,23,24,35-37,52-54,59,65,73] and for trigonomet-
ric and exponential nonlinearities [57, 58, 60]. We mention the works [14,55,56, 64]

7Some of the works mentioned below are on SNLW without damping.
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on nonlinear wave equations with rough random initial data. In [36], by combining the
paracontrolled calculus, originally introduced in the parabolic setting [18,34,47], with
the multilinear harmonic analytic approach, more traditional in studying dispersive
equations, Gubinelli, Koch, and the first author studied the quadratic SNLW (1.1.10)
(without the damping). The paracontrolled approach in the wave setting was also
used in our previous work [54] and was further developed by Bringmann [14]. In
order to prove local well-posedness of the hyperbolic ®3-model (1.1.10), we also
follow the paracontrolled approach, in particular combining the analysis in [36, 54].
See Chapter 5. As for the globalization part, a naive approach would be to apply
Bourgain’s invariant measure argument [9, 10]. However, due to the singularity of the
@g—measure p with respect to the base massive Gaussian free field o (and the fact that
the truncated @g—measure PN converges to p only weakly), there is an additional diffi-
culty to overcome for the hyperbolic CDg—model. Hence, Bourgain’s invariant measure
argument is not directly applicable. In the context of the defocusing Hartree cubic
NLW on T3, Bringmann [14] encountered a similar difficulty and developed a new
globalization argument. While it is possible to adapt Bringmann’s analysis to our cur-
rent setting, we instead introduce a new alternative argument, which is conceptually
simple and straightforward. In particular, we extensively use the variational approach
and also use ideas from theory of optimal transport to directly estimate a probability
with respect to the limiting Gibbs measure g (in particular, without going through
shifted measures as in [14]). See Section 1.3 and Chapter 6 for details.

Remark 1.1.5. A slight modification of our proof of Theorem 1.1.4 yields the cor-
responding results (namely, almost sure global well-posedness and invariance of the
associated Gibbs measure) for the (deterministic) quadratic NLW (1.1.11) on T3 in
the weakly nonlinear regime.

Remark 1.1.6. We point out that an analogue of Theorem 1.1.4 also holds for the
parabolic @g—model, namely, the stochastic nonlinear heat equation with a quadratic
nonlinearity:

du—+ (1 —Au—ou? =28 (x.1) e T3 xRy. (1.1.14)

Thanks to the strong smoothing of the heat propagator, the well-posedness of (1.1.14)
follows from elementary analysis based on the first order expansion (also known as
the Da Prato—Debussche trick [20]). See for example [25]. While there is an extra term
coming from the taming by the Wick-ordered L2-norm (see, for example, (1.3.1) in
the hyperbolic case), this term does not cause any issue in the parabolic setting.

Remark 1.1.7. In [72], the third author introduced a new approach to establish unique
ergodicity of Gibbs measures for stochastic dispersive/hyperbolic equations. This was
further developed in [74] to prove ergodicity of the hyperbolic <I>‘2‘-model, namely
(1.1.13) on T? with N (1) = u3. See also [28] by the third author and Forlano on the
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asymptotic Feller property of the invariant Gibbs dynamics for the cubic SNLW on
T2 with a slightly smoothed noise. The ergodic property of the hyperbolic CDg—model
is a challenging problem, in particular due to its non-defocusing nature.

1.2 Construction of the <I>§’ -measure

In this section, we describe a renormalization procedure and also a taming by the
Wick-ordered L2-norm required to construct the d>g—measure in (1.1.6) and make
a precise statement (Theorem 1.2.1). For this purpose, we first fix some notations.
Given s € R, let us denote a Gaussian measure with the Cameron—Martin space
HS(T?3), formally defined by

dps = ;7 e 2 gy = 71 T e 2™ 0P gin), (1.2.1)

neZzZ3

1 .
where (-) = (1 + | -|?)2. When s = 1, the Gaussian measure /s corresponds to the
massive Gaussian free field, while it corresponds to the white noise measure (o when
s = 0. For simplicity, we set

p=pr and ji=p® K. (1.22)

Define the index sets A and Ay by

2
A= U Z’ x N x{0}*7 and Ao = A U{(0,0,0)} (1.2.3)
j=0

such that Z3=A U (—A)U{(0,0,0)}. Then, let {gn }ner, and {#, }ne, be sequences
of mutually independent standard complex-valued® Gaussian random variables and
set g_p 1= gn and h_, := h, for n € Ao. Moreover, we assume that {g, }nea, and
{hn}nen, are independent from the space-time white noise £ in (1.1.10). We now
define random distributions ¥ = u® and v = v® by the following Gaussian Fourier
series:”

u® = Z g’z}g(;))en and v¥ = Z hy(w)ey, (1.2.4)

nez3 nez3

where e, = ¢'*. Denoting by Law(X) the law of a random variable X (with respect
to the underlying probability measure P), we then have

Law(u,v) = i = i ® o

8This means that gg, ho ~ Mg (0, 1) and Re g;;, Img;,, Re hy,, Imh;, ~ NR (0, %) forn # 0.
9By convention, we endow T3 with the normalized Lebesgue measure dx3 = (27) 3dx.
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for (u,v) in (1.2.4). Note that Law(u, v) = ji is supported on
HS(T3) := H*(T3) x H"1(T?3)

for s < —1 butnot for s > —1 (and more generally in W*?(T?3) x W$~1-2(T?) for
any | < p <ocands < —%).

We now consider the ®3-measure formally given by (1.1.1). Since u in the sup-
port of the massive Gaussian free field x is merely a distribution, the cubic potential
energy in (1.1.1) is not well defined and thus a proper renormalization is required
to give a meaning to the potential energy. In order to explain the renormalization
process, we first study the regularized model.

Given N € N, we denote by my = nC“be the frequency projector onto the (spatial)
frequencies {n = (n1,n3,n3) € Z3 : max;=1 53 |n;| < N}, defined by

anf =73 f =Y anm) fn)en, (1.2.5)

nez3

associated with a Fourier multiplier y 5y = )(C“be

AN () = x§em) =1g(N"'n), (1.2.6)
where O denotes the cube of side length 2 in R3 centered at the origin:

0 ={t=(5.5.5)eR?: jmax, &1 < 1}. (1.2.7)

It turns out that, due to the critical nature of the ®3-measure, a choice of frequency
projectors makes a difference. See Remark 1.2.2 and Section 1.4 below for discus-
sions on different frequency projectors. In comparing different frequency projectors,
we refer to ty = nf\}’be in (1.2.5) as the cube frequency projector in the following.
Let u be as in (1.2.4) and set uy = myu. For each fixed x € T3, un(x) is a

mean-zero real-valued Gaussian random variable with variance

2
oON = E[u?v(x)] = Z I ) ~ N = oo, (1.2.8)

nez3 <n)2

as N — oo. Note that o is independent of x € T3 due to the stationarity of . We
define the Wick powers : u%, : and : u3, : by setting

:u?vzz Hy(uy;on) = ”%v —oy and 5“13\/5: Hi(uy;on) = ”?v —3oNuUp,

where Hy (x, o) denotes the Hermite polynomial of degree k with variance parameter
o defined by the generating function:

o]

2
z Hi(x:0).
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This suggests us to consider the following renormalized potential energy:

/ Uy dx
T3

As in the case of the d>§—measure in [3], the renormalized potential energy Ry (1)
in (1.2.9) is divergent (as N — 00) and thus we need to introduce a further renormal-
ization. This leads to the following renormalized potential energy:

14

Ry () = —% /T% w3 dx + A (1.2.9)

R%, (u) = Ry(u) + an, (1.2.10)

where oy is a diverging constant (as N — oo) defined in (3.2.6) below. Finally, we
define the truncated (renormalized) CDg-measure pN by

dpn(u) = Zy'e BN du(u), (1.2.11)

where the partition function Zy is given by
Zn = /e—R?vW)du(u). (1.2.12)

Then, we have the following construction and non-normalizability of the ®3-measure.
Due to the singularity of the @g—measure with respect to the base Gaussian measure
L, we need to state our non-normalizability result in a careful manner. Compare this
with [54, Theorem 1.15] and [61, Theorem 1.3]. See the beginning of Chapter 4 for a
further discussion.

Theorem 1.2.1. There exist 01 > oo > 0 such that the following statements hold.
(1)  (weakly nonlinear regime). Let O < |o| < 0¢. Then, by choosing y = 3 and
A = A(o) > 0 sufficiently large, we have the uniform exponential integ-
rability of the density:

sup Zy = sup ||e_R1‘V(“)HL1(M) < 00 (1.2.13)
NeN NeN

and the truncated CDg-measure pn in (1.2.11) converges weakly to a unique
3
— oo) du(u).

limit p, formally given by'"
[ u?:dx
T3
(1.2.14)

In this case, the resulting d)g—measure p and the base massive Gaussian

do(u) = Z7! exp(g/ udidx — A
3 T3

free field yu are mutually singular:

0By hiding oy in (1.2.11) into the partition function Z n , we could also say that the limiting
@g-measure p is formally given by (1.1.6) (with y = 3).
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(ii) (strongly nonlinear regime). Let |o| > o1 and y > 3. Then, the ®3-measure
is not normalizable in the following sense.
Fix § > 0. Given N € N, let vy s be the following tamed version of the
truncated @g—measure:

dvy,s(0) = Zylsexp(=8lanul® y = Ry ()du).  (1.2.15)
B

3.00

Then, {vys}NeN converges weakly to some limiting probability measure
vs and the following o-finite version of the @g—measure:

dps = exp(8lull?” ; )dvs
B4
= lim Z) exp(suuujl% ) eXp(—SIInNMIIZO,% — Ry () ) dpa ()

3,00 3,00

is a well-defined measure on € ~1%0(T 3). Furthermore, this o-finite version
ps of the ®3-measure is not normalizable:

/ld,(_),g = 00.

Under the same assumption, the sequence {pn}NeN of the truncated <I>§—
measures in (1.2.11) does not converge to any weak limit, even up to a

_3 5
subsequence, as measures on the Besov space By 3 (T3?) D €73 (T3).

In the weakly nonlinear regime, we also prove that the d>§—measure p is absolutely
continuous with respect to the shifted measure Law(Y (1) + 0.3(1) + W(1)), where
Law(Y (1)) = u, 3 = 3(Y) is the limit of the quadratic process 3V defined in (3.2.3),
and the auxiliary quintic process W = W(Y) is defined in (A.1.1). While we do not
use this property in this paper, we present the proof in Appendix A for completeness.

As in case of the <I>‘3‘—measure in [3], we can prove uniform exponential integ-
rability of the truncated density e RV i P (w) only for p = 1 due to the second
renormalization introduced in (1.2.10). See also [13, 54] for a similar phenomenon in
the case of the defocusing Hartree ®3-measure. We point out that the renormalized
potential energy Ry, (1) in (1.2.10) does not converge to any limit and neither does the
density e RN which is essentially the source of the singularity of the @g—measure
with respect to the massive Gaussian free field .

As in [54], following the variational approach introduced by Barashkov and Gu-
binelli [3], we use the Boué-Dupuis variational formula (Lemma 3.1.1) to prove
Theorem 1.2.1. In fact, we make use of the Boué-Dupuis variational formula in
almost every single step of the proof. In proving Theorem 1.2.1 (i), we first use the
variational formula to establish the uniform exponential integrability (1.2.13) of the
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truncated density e RY @ from which tightness of the truncated @g—measure ON
in (1.2.11) follows. See Section 3.2. Due to the singularity of the @g—measure, we
need to apply a change of variables (see (3.2.4)) in the variational formulation and
thus we need to treat the taming part more carefully than that for the focusing Hartree
@g—measure studied in [54]. See Lemma 3.2.3 below. This lemma also reflects the
critical nature of the q)g—measure.

In Section 3.3, we prove uniqueness of the limiting ®3-measure. Our main strategy
is to follow the approach introduced in our previous work [54] and compare two
(arbitrary) subsequences p Ni, and p Niy» using the variational formula. We point out,
however, that, due to the critical nature of the <I>§—measure, our uniqueness argument
becomes more involved than that in [54, Section 6.3] for the subcritical defocusing
Hartree Cbg—measure. In particular, we need to make use of a certain orthogonality
property to eliminate a problematic term. See Remark 3.3.2. See also Section 1.4.

In proving the singularity of the @g—measure, we once again follow the direct
approach introduced in [54], making use of the variational formula. We point out that
the proof of the singularity of the @g—measure by Barashkov and Gubinelli [4] goes
through the shifted measure. On the other hand, as in [54], our proof is based on a
direct argument without referring to shifted measures. See Section 3.4.

Let us now turn to the strongly nonlinear regime considered in Theorem 1.2.1 (ii).
As mentioned above, due to the singularity of the @g—measure, our formulation of
the non-normalizability result in Theorem 1.2.1 (ii) is rather subtle. In the situation
where the truncated density e R @) converges to the limiting density (as in [54,61]),
it would suffice to prove

sup E,[e BN ] = oo, (1.2.16)

NeN
since (1.2.16) would imply that there is no normalization constant which would make
the limit of the measure e‘RfV(")dp,(u) into a probability measure. In the current
problem, however, the potential energy Ry (1) in (1.2.10) (and the corresponding
density e_R%(”)) does not converge to any limit. Thus, even if we prove a statement
of the form (1.2.16), we may still choose a sequence of constants Zy such that the
measures Z X,le_Rfv )1 have a weak limit. A similar phenomenon happens for the
@g‘—measure, where one needs to introduce the second order renormalization; see [3].
The non-convergence of the truncated @g-measures claimed in Theorem 1.2.1 (ii)
tells us that this can not happen for the @g—measure. See also Remark 1.2.3 below.

Our strategy is to first construct a o-finite version of the ®3-measure and then
prove its non-normalizability. As stated in Theorem 1.2.1 (ii), we first introduce a
tamed version vy s of the truncated CDg-measure, by introducing an appropriate tam-
ing function F; see (4.1.6) below. The first step is to show that this tamed truncated
@g—measure vy, converges weakly to some limit vs (Proposition 4.1.1). We then
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define a o-finite version ps of the ®3-measure by setting
dps = eSF(u)dl)g

and prove that pg is not normalizable (Proposition 4.1.2). Here, the o-finite version
ps of the ®3-measure clearly depends on the choice of a taming function F. Our
choice is quite natural since the o-finite version ps of the @g—measure is absolutely
continuous with respect to the shifted measure Law (Y (1) + o 3(1) + W(1)), just like
the (normalizable) @g-measure in the weakly nonlinear regime discussed above. See
Remark A.3.1.

Once we construct the o-finite version ps of the ®3-measure, our argument fol-
lows closely the strategy introduced in [54,61] for establishing non-normalizability,
using the Boué-Dupuis variational formula. For this approach, we need to construct
a drift achieving the desired divergence, where (the antiderivative of) the drift is
designed to look like “—Y (1) + a perturbation”, where Law(Y (1)) = u; see (4.3.14)
below. Here, the perturbation term is bounded in L?(T?3) but has a large L3-norm,
thus having a highly concentrated profile, such as a soliton or a finite time blowup
profile. As compared to our previous works [54, 61], there is an additional difficulty
in proving the non-normalizability claim in Theorem 1.2.1 (ii) due to the singular-
ity of the @g-measure, which forces us to use a change of variables (see (3.2.4))
in the variational formulation. See Remark 4.3.1. The non-convergence of the trun-
cated @g-measures pn stated in Theorem 1.2.1 (ii) follows as a corollary to the non-
normalizability of the o-finite version pg of the @g—measure; see Proposition 4.1.4
and Section 4.4. If the ®3-measure existed as a probability measure in the strongly
nonlinear regime, then we would expect its support to be contained in o (T3)
for any & > 0, just as in the weakly nonlinear regime (and the ®$-measure). For

_3 3
this reason, the Besov space B3,§0(T3) D €~2(T?3) is a quite natural space to con-

sider. The restriction y > 3 in Theorem 1.2.1 (ii) comes from the construction of the
tamed version vg of the @g—measure; see (4.2.3) below. For y < 3, the taming by the
Wick-ordered L2-norm in (1.1.6) becomes weaker and thus we expect an analogous
non-normalizability result to hold.

Remark 1.2.2. We prove Theorem 1.2.1 for the cube frequency projector 7y = nf\‘,‘be

defined in (1.2.5). If we instead consider the ball frequency projector JTR;‘H defined
in (1.4.1) below, then our argument for the non-convergence claim in the strongly
nonlinear regime (Proposition 4.1.4) breaks down, while the other claims in The-
orem 1.2.1 remain true for the ball frequency projector n}“j‘”. If we consider the
smooth frequency projector n}'\‘,“"(’th defined in (1.4.2) below, then our argument for
the uniqueness of the limiting ®3-measure in the weakly nonlinear regime (Proposi-
tion 3.3.1) breaks down. In particular, the latter issue is closely related to the critical
nature of the ®3-model and, while we believe that uniqueness of the limiting ®3-

measure holds even in the case of the smooth frequency projector nj{,“"“‘h, it seems
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non-trivial to prove this claim by a modification of our argument. We point out that
the same issue also appears in showing uniqueness of the limit vg of the tamed version
vy,s of the truncated ®3-measure in (1.2.15) in the strongly nonlinear regime (Pro-
position 4.1.1) and in the dynamical part (Proposition 6.3.3). See Section 1.4 for a
further discussion. See also Remarks 3.3.2 and 4.4.2.

Remark 1.2.3. In the strongly nonlinear regime, Theorem 1.2.1 (ii) tells us that the
truncated @g-measures pn do not converge weakly to any limit as measures on

_3
B, 3.(T% > e~ i(T?).

It is, however, possible that the truncated QDg—measures converges weakly to some
limit (say, the Dirac delta measure 8o on the trivial function) as measures on some
space with a very weak topology, say € 190(T3). Theorem 1.2.1 (ii) shows that if
such weak convergence takes place, it must do so in a very pathological manner.

Remark 1.2.4. The second renormalization in (1.2.10) (i.e. the cancellation of the
diverging constant oy ) appears only at the level of the measure. The associated equa-
tion (see (1.3.6) below) does not see this additional renormalization.

Remark 1.2.5. It is of interest to investigate a threshold value o, > 0 such that the
construction of the @g—measure (Theorem 1.2.1 (i)) holds for 0 < |o| < 0%, while the
non-normalizability of the @g—measure (Theorem 1.2.1 (ii)) holds for |o| > 0. If such
a threshold value o, could be determined, it would also be of interest to determine
whether the @g—measure is normalizable at the threshold || = o«. Such a problem,
however, requires optimizing all the estimates in the proof of Theorem 1.2.1 and is
out of reach at this point. See a recent work [62] by Sosoe and the first and third
authors for such analysis in the one-dimensional case.

Remark 1.2.6. Consider the truncated Gibbs measure py = py & o for the hyper-
bolic ®3-model (1.1.10) with the density:

dpyn . v) = Zy'e RV d fi(u, v), (1.2.17)

where RY, (1) and fi are as in (1.2.10) and (1.2.2), respectively. Since the potential
energy Rj, (u) is independent of the second component v, Theorem 1.2.1 directly
applies to the truncated Gibbs measure py. In particular, in the weakly nonlinear
regime (0 < |o| < 09), the truncated Gibbs measure py converges weakly to the
limiting Gibbs measure

p=p® Wo, (1.2.18)

where p is the limiting @g—measure constructed in Theorem 1.2.1 (i). Moreover, the
limiting Gibbs measure p and the base Gaussian measure [i =  ® (o are mutually
singular.
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1.3 Hyperbolic ® g-model

In this section, we provide a precise meaning to the hyperbolic ®3-model (1.1.10)
and make Theorem 1.1.4 more precise. By considering the Langevin equation for
the Gibbs measure p = p ® o constructed in Remark 1.2.6, we formally obtain the
following quadratic SANLW (= the hyperbolic @g—model):

8?u+8,u+(1—A)u—a:u2:+M(:u2:)u=«/EE, (1.3.1)

/wdx/ wdx. (1.3.2)
T3 T3

Here, the term M(:u?:)u in (1.3.1) comes from the taming by the Wick-ordered
L?-norm appearing in (1.2.14). The term :u? : denotes the Wick renormalization'' of
u?, formally given by :u?: = u? — co. Namely, the equation (1.3.1) is just a formal
expression at this point. In the following, we provide the meaning of the process u
in (1.3.1) by a limiting procedure. In Chapter 5, we use the paracontrolled calcu-
lus to give a more precise meaning to (1.3.1) by rewriting it into a system for three
unknowns. See (5.2.27) below.

Given N € N, we consider the following quadratic SANLW with a truncated
noise:

where M is defined by

M(w) = 64

B%MN 4+ diuy +(1—A)uy —o :u%v: —I—M(:u%v:)uN = «/Emv*;‘, (1.3.3)
where 7 is as in (1.2.5) and the renormalized nonlinearity is defined by
Uy = uy — oy (1.3.4)

with oy as in (1.2.8). See also (5.2.9). In Chapter 5, we study SANLW (1.3.3) with
the truncated noise and prove the following local well-posedness statement for the
hyperbolic ®3-model.

Theorem 1.3.1. Given s > 3, let (ug,u1) € H*(T?3). Let (¢3, $%) be a pair of the
Gaussian random distributions with Law (¢$, ¢¢) = L = 4 ® fro. Then, the solution
(un, 0;un) to the quadratic SANLW (1.3.3) with the truncated noise and the initial
data

(un.0iuN)|r=0 = (uo,u1) + n(¢g . #7) (1.3.5)

converges to a stochastic process (u, d;u) € C([0, T]; # —3-¢ (T3)) almost surely,
where T = T (w) is an almost surely positive stopping time.

"In order to give a proper meaning to :u>

this discussion to Chapter 5.

:, we need to assume a structure on u. We postpone



Hyperbolic CD%-model 17

The limit (u, 0,u) formally satisfies the equation (1.3.1). Here, we took the ini-
tial data of the form (1.3.5) for simplicity of the presentation. A slight modification
of the proof yields an analogue of Theorem 1.3.1 with deterministic initial data
(un, 0run)|s=0 = (up, u1). In this case, we need to choose a diverging constant
on, depending on 7. See [35,36] for such an argument.

We follow the paracontrolled approach in [36], where the quadratic SNLW on
T3 was studied. However, the additional term M in (1.3.1) and (1.3.3) contains an
ill-defined product :u?: (or :u%v : in the limiting sense). In order to treat this term,
the analysis in [36] is not sufficient and thus we also need to adapt the paracontrolled
analysis in our previous work [54] and rewrite the equation into a system for three
unknowns. (Note that in [36], the resulting system was for two unknowns.) We also
point out that, unlike [36] (see also [47] in the context of the parabolic @g—model),
the equation for a less regular, paracontrolled component in our system (see (5.2.27)
below) is nonlinear in the unknowns. We then construct a continuous map from the
space of enhanced data sets to solutions. While the proof of Theorem 1.3.1 follows
from a slight modification of the arguments in [36,54], we present details in Chapter 5
for readers’ convenience.

In order to establish our main goal in the dynamical part of the program (The-
orem 1.1.4), we need to study the hyperbolic @g—model with the Gibbs measure
initial data. Since the Gibbs measure p = p ® (o in (1.2.18) and the Gaussian field
L = (L ® wo are mutually singular as shown in Theorem 1.2.1, it may seem that the
local well-posedness in Theorem 1.3.1 with the Gaussian initial data (plus smoother
deterministic initial data) is irrelevant. However, as we see in Chapter 6, the analysis
for proving Theorem 1.3.1 provides us with a good intuition of the well-posedness
problem for the hyperbolic ®3-model with the Gibbs measure initial data. Further-
more, one of advantages of considering the Gaussian initial data (as in (1.3.5)) is that
it provides a clear reason why oy appears in the renormalization in (1.3.4), since oy
is nothing but the variance of the first order approximation (= the stochastic convolu-
tion defined in (5.2.3)) to the solution to (1.3.3); see (5.2.9). This is the main reason
for considering the local-in-time problem with the Gaussian initial data.

Next, we turn our attention to the globalization problem. For this purpose, we
need to consider a different approximating equation. Given N € N, we consider the
truncated hyperbolic @g-model:

8?u1v + duny + (1 — A)uy
—onn(:(rvun)®:) + M(:(Tvun)®:)ayuy = V2§, (1.3.6)
where :(myuy)?: = (myun)? — on. A slight modification of the proof of The-
orem 1.3.1 yields uniform (in N) local well-posedness of the truncated equation

(1.3.6) (with the same limiting process (u, d;u) as in Theorem 1.3.1) for the ini-
tial data of the form (1.3.5). By exploiting (formal) invariance of the truncated Gibbs
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measure py in (1.2.17),'” we see that the truncated hyperbolic ®3-model (1.3.6) is
almost surely globally well-posed with respect to the truncated Gibbs measure py
and, moreover, py is invariant under the resulting dynamics; see Lemma 6.2.3.

We now state almost sure global well-posedness of the hyperbolic @g-model.

Theorem 1.3.2. Let 0 < |o| < 09 and A = A(0) > 0 is sufficiently large as in The-
orem 1.2.1 (i). Then, there exists a non-trivial stochastic process (u, 0;u) € C(Ry;
%_%_8(T3)) for any & > 0 such that, given any T > 0, the solution (uy, d;uy) to
the truncated hyperbolic CDg—model (1.3.6) with the random initial data distributed
by the truncated Gibbs measure py = py ® (o in (1.2.17) converges to (u, d;u)
in C([0, T]; %_%_5(T3)). Furthermore, we have Law((u(t), 0;u(t))) = p for any
reRy.

The main difficulty in proving Theorem 1.3.2 comes from the mutual singular-
ity of the Gibbs measure p and the base Gaussian measure [t (and the fact that
the truncated Gibbs measure py converges to p only weakly) such that Bourgain’s
invariant measure argument [9, 10] is not directly applicable. In the context of the
defocusing Hartree NLW on T3, Bringmann [14] encountered the same issue, and
introduced a new globalization argument, where a large time stability theory (in the
paracontrolled setting) plays a crucial role. Bourgain’s invariant measure argument
is often described (see [14]) as “the probabilistic version of a deterministic global
theory using a (sub-critical) conservation law”. In [14], Bringmann considers the
quantity o (un, 0,un)(t) € A), where (up, 0,u ) is the solution to the truncated
equation with a cutoff parameter N. While such an expression is not conserved for
M # N, it should be close to being constant in time when M, N > 1. For this
reason, he describes his new globalization argument as “the probabilistic version of
a deterministic global theory using almost conservation laws”. We also point out that
Bringmann’s analysis relies on the fact that the (truncated) Gibbs measure is abso-
lutely continuous with respect to a shifted measure [13,54] (as in Appendix A below).

While it is possible to follow Bringmann’s approach, we instead introduce a
new simple alternative argument to prove almost sure global well-posedness. Our
approach consists of the following four steps:

Step 1. We first establish a uniform (in V) exponential integrability of the truncated
enhanced data set (see (6.1.10) below) with respect to the truncated measure (Pro-
position 6.2.4). We directly achieve this by combining the variational approach with
space-time estimates without any reference to (the truncated version of) the shifted
measure constructed in Appendix A.

2This is essentially Bourgain’s invariant measure argument [9] applied to the truncated
hyperbolic @g-model (1.3.6), whose nonlinear part is finite dimensional.
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Step 2. Next, by a slight modification of the local well-posedness argument, we prove
a stability result (Proposition 6.3.1). This is done by a simple contraction argument,
with an exponentially decaying weight in time.

Step 3. Then, using the invariance of the truncated Gibbs measure, we establish a
uniform (in N) control on the solution to the truncated system (see (6.3.2) below)
with a large probability. The argument relies on a discrete Gronwall argument but is
very straightforward.

Step 4. In the last step, we study the convergence property of the distributions of
the truncated enhanced data sets, emanating from the truncated Gibbs measures. In
particular, we study the Wasserstein-1 distance of such a distribution with the limiting
distribution, using ideas from theory of optimal transport (the Kantorovich duality).
See Proposition 6.3.3 below.

Once we establish these four steps, Theorem 1.3.2 follows in a straightforward
manner. We believe that our new globalization argument is very simple, at least at a
conceptual level, and is easy to implement. See Chapter 6 for further details.

Remark 1.3.3. (i) In this paper, we treated the hyperbolic CDg—model. In the three-
dimensional case, it is possible to consider the defocusing quartic interaction poten-
tial, namely the CDg—measure. This leads to the following hyperbolic @g—model onT3:

Pu+ du+ (1 — Mu +u® = V2¢. (1.3.7)
Over the last ten years, the parabolic CIDf,f—model:
dou + (1 — A+ u® = V2, (1.3.8)

has been studied extensively by many authors. See [1, 18,32,34,39,43,47,49] and
references therein. Up to date, the well-posedness issue of the hyperbolic ®%-model
(1.3.7) remains as an important open problem.'® In [65], using Bringmann’s ana-
lysis [14], Y. Wang, Zine, and the first author recently proved local well-posedness
of the cubic stochastic NLW'# on T3 with an almost space-time white noise forcing
(i.e. replacing & by (V)7%& for any o > 0 in (1.3.7)).

(ii) In the parabolic setting (1.1.14), there is no issue is applying Bourgain’s
invariant measure argument in the usual manner since it is possible to prove local
well-posedness with deterministic initial data at the regularity of the ®3-measure.
See [40] in the case of the parabolic Cbg—model (1.3.8).

131n a recent paper [15], Bringmann, Deng, Nahmod, and Yue resolved this open problem in
the case of the Gibbsian initial data with no stochastic forcing.

14Tn [65], the authors considered the undamped SNLW but the same analysis applies to the
damped SNLW.
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1.4 On frequency projectors

We conclude this introduction by discussing different frequency projectors. Given
N €N, define the ball frequency projector JTR?“ onto the frequencies {n€Z3: |n| <N}
by setting

=0 A ) f e, (14.1)

nez3

associated with a Fourier multiplier
XN () =15(N~"n),
where B denotes the unit ball in R centered at the origin:

B={t=(61.6.6) R’ E| <1}

We also define the smooth frequency projector n;'\‘,“""‘h onto the frequencies {n € Z3 :

|n| < N} by setting
T[]S\lfn(x)thf — Z Xa{lfqooth(n)f(n)en’ (1.4.2)

nez3

associated with a Fourier multiplier
X?Jnooth(n) — )((N_ll’l)

for some fixed even function y € C2°(R3; [0, 1]) with supp y C {§ € R3 : |§] < 1}
and y=1lon{f eR3:|§| < %}

In Sections 1.2 and 1.3, we stated the (non-)construction of the d>g—measure (The-
orem 1.2.1) and the dynamical results for the hyperbolic @g—model (Theorems 1.3.1
and 1.3.2), using the cube frequency projector my = nlc\',lbe defined in (1.2.5). In com-

parison with the ball frequency projector JTR;‘" and the smooth frequency projector

nj\‘,“"‘“h, there are two important properties that the cube frequency projector Jrjc\',lbe
possesses simultaneously.

(1)  Asacomposition of (modulated) Hilbert transforms in different coordinate
directions, the cube frequency projector n}’\}‘be is uniformly (in N') bounded
in L?(T3) forany 1 < p < oc.

(i)  The cube frequency projector is indeed a projection, in particular satisfying
(Id - ™)™ = 0.

We make use of both of these properties in a crucial manner. Note that while the ball
frequency projector nR?” satisfies the property (ii), it is bounded in L? (T 3) only for
p = 2 [27] and thus the property (i) is not satisfied. On the other hand, by Young’s
inequality, the smooth frequency projector 7115\‘,“0"“1 is bounded on L?(T?3) for any

1 < p < oo but it does not satisfy the property (ii).
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Roughly speaking, Theorem 1.2.1 on the (non-)construction of the ®3-measure
consists of the following five results:

(1) the uniform exponential integrability (1.2.13) and tightness of the truncated
@g—measures pn in the weakly nonlinear regime,

(2) uniqueness of the limiting ®3-measure in the weakly nonlinear regime,

(3) mutual singularity of the ®3-measure and the base Gaussian free field in the
weakly nonlinear regime,

(4) non-normalizability of the ®3-measure in the strongly nonlinear regime,

(5) non-convergence of the truncated d>§—measures pn in the strongly nonlinear
regime.

Starting with the truncated q)g—measures pn in (1.2.11) defined in terms of the cube
frequency projector nf\}‘be in (1.2.5), we establish (1)—(5) in Chapters 3 and 4. In
proving (5), the property (i) above plays an important role and thus our argument
does not apply to the ball frequency projector JT}JVa“. See Remark 4.4.2.

In establishing (2), uniqueness of the limiting ®3-measure (Proposition 3.3.1),
we crucially make use of the property (ii) to show that a certain problematic term
vanishes; see I, in (3.3.12). It turns out that this problematic term reflects the critical
nature of the problem, where there is no room to spare, not even logarithmically. In

the case of the cube frequency projector nf\}‘be, the property (ii) allows us to conclude

that this term in fact vanishes. In the case of the smooth projector nj&“""th, the prop-
erty (ii) does not hold and thus we need to show by hand that this problematic term
tends to 0. As mentioned above, however, there is no room to spare and it seems rather
non-trivial to prove such a convergence result by a modification of our argument. See
Remark 3.3.2. In establishing (4) and (5), we first construct a reference measure vg as
a limit of the tamed version vy s of the truncated @g-measure in (1.2.15) (Proposi-
tion 4.1.1). With the smooth projector 715\‘,“"0”‘, the same issue also appears in showing
uniqueness of the limit vg.

While we believe that Theorem 1.2.1 holds for both the ball frequency projector
nR}i“ (in particular (5) above) and the smooth frequency projector JT;'\‘,“‘)"th (in particular
(2) above), we do not pursue these issues further in this paper in order to keep the
paper length under control.

Let us now turn to the dynamical part. As for the smooth frequency projector
7115\',“00‘“, there is no modification needed for the local well-posedness part. However,
as mentioned above, there is no uniqueness of the limiting ®3-measure in this case.
Furthermore, we point out that the proof of Proposition 6.3.3 also breaks down for the
smooth frequency projector njs\;nomh since part of the argument relies on the proof of
Proposition 3.3.1; see (6.3.64). On the other hand, as for the ball frequency projector
nR}ﬂl, both Theorems 1.3.1 and 1.3.2 hold as they are stated. However, the proof of

the local well-posedness part needs to be modified in view of the unboundedness of
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the ball frequency projector nR?” in the Strichartz spaces (see (5.5.1)). Note that this
issue can be easily remedied by using the Fourier restriction norm method via the
(L2—based) Xs’b—spaces asin [14,64,65].



Chapter 2

Notations and basic lemmas

In describing regularities of functions and distributions, we use € > 0 to denote a
small constant. We usually suppress the dependence on such ¢ > 0 in an estimate. For
a,b > 0, weuse a < b to mean that there exists C > O such thata < Cbh.Bya ~ b,
we mean thata < b and b < a.

In dealing with space-time functions, we use the following shorthand notation
LILY =L9([0, T]; L™ (T3)), etc.

2.1 Sobolev and Besov spaces

Lets € Rand 1 < p < co. We define the L2-based Sobolev space H*(T¢) by the
norm:

1/ lles = [ F )| -
We also define the L?-based Sobolev space W*?(T %) by the norm:
| fllws.e = |F 7 1) F @] -

When p = 2, we have H*(T%) = W52(T¥9).
Let ¢ : R — [0, 1] be a smooth bump function supported on [—%, %] and ¢ = 1
on [—%, %]. For £ € RY, we set 0o(§) = ¢(|€]) and

;i (§) = ¢(f7|) —¢(2|f—_|1) 2.1.1)

for j € N. Then, for j € Z>¢ := N U {0}, we define the Littlewood—Paley projector
P; as the Fourier multiplier operator with a symbol ¢;. Note that we have

o0
Y e =1
j=0
foreach & € R4 Thus, we have
o0
f=>_Pif
j=0

Let us now recall the definition and basic properties of paraproducts introduced
by Bony [7]. See [2, 34] for further details. Given two functions f and g on T3 of
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regularities s and s,, we write the product fg as

fe=/Qs+/@g+fO¢g
= Y PifPg+ Y PifPg+ > PifPyg. (2.1.2)

Jj<k—2 lj—k|<2 k<j—2

The first term f' < g (and the third term f ) g) is called the paraproduct of g by f
(the paraproduct of f by g, respectively) and it is always well defined as a distribution
of regularity min(sy, s; + s2). On the other hand, the resonant product f'© g is well
defined in general only if s 4 s > 0. See Lemma 2.1.2 below. In the following, we
also use the notation f& g := fO g + f© g. In studying a nonlinear problem,
main difficulty usually arises in making sense of a product. Since paraproducts are
always well defined, such a problem comes from a resonant product. In particular,
when the sum of regularities is negative, we need to impose an extra structure to
make sense of a (seemingly) ill-defined resonant product. See Chapter 5 for a further
discussion on the paracontrolled approach in this direction.

Next, we recall the basic properties of the Besov spaces B , (T4) defined by the
norm:

lullgs, = 127 1Pjullg oz

We denote the Holder—Besov space by €5(T¢) = Bgo,oo(Td ). Note that (i) the
parameter s measures differentiability and p measures integrability, (ii) H*(T¢) =
B, (T4), and (iii) for s > 0 and not an integer, € (T ¢) coincides with the classical
Holder spaces C*(T4); see [31].

We recall the basic estimates in Besov spaces. See [2, 38] for example.

Lemma 2.1.1. The following estimates hold.

(i) (interpolation) Let s, 51,52 € R and p, p1, p> € (1, 00) such that s = 0s; +

1 _ 0  1-0
(1 —0)s, and 5 = pr T 5, Jorsome( < 0 < 1. Then, we have

0 1-6
leellws.r < lullgysion lullys.ps - (2.1.3)

(ii) (immediate embeddings) Let s1, s, € R and p1, p2,4q1,492 € [1, 00]. Then, we
have

||7fl||15;;§_q1 S ||“||1_l;;§'q2 forsy < s2, p1 < pa, and q1 > qa,
hellgyy , S lullgs2 - forsy <s2, (2.1.4)
lullgg, . S lulleon S Jullzg -

(iii) (Besov embedding) Let 1 < p, < p; <00, g € [1,00], and 55 > s1 + a’(p—l2 —

pl—l). Then, we have

el gy, < Nl
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(iv) (duality) Let s € R and p, p'.q.q' € [1,00] such that 3 + 2, = 2 + & = 1.
Then, we have
V wvdx| < Jullgs, [vllas . @.15)
Td ’ p.q

where [14 uvdx denotes the duality pairing between B, (Td) and B (Td)
(v) (fractional Leibniz rule) Let p, p1, p2, P3, Pa € [l, o0] such that E + Z =
1)1—3 + i = %. Then, for every s > 0, we have

luvllgs, < llullsy, ,llvliees + lulzeslvllgg, - (2.1.6)

The interpolation (2.1.3) follows from the Littlewood—Paley characterization of
Sobolev norms via the square function and Holder’s inequality.

Lemma 2.1.2 (Paraproduct and resonant product estimates). Let s1, 52 € R and
1 < p, p1, p2,q < 00 such that% = p—ll + é. Then, we have

I/ @slgp, <1 fllriliglps - 2.1.7)
When s1 < 0, we have
1/ @&l S 17z Iglgss - 2.18)
When s1 + s, > 0, we have
1@l S 171 Iglgs - .19

The product estimates (2.1.7), (2.1.8), and (2.1.9) follow easily from the defini-
tion (2.1.2) of the paraproduct and the resonant product. See [2,48] for details of the
proofs in the non-periodic case (which can be easily extended to the current periodic
setting).

We also recall the following product estimate from [6,35].

Lemma 2.1.3. Lets > 0.
(i) Let1 < pj,qj,r <00, j = 1,2 such that% = plj + qu. Then, we have

KV (L ersy S VY flleersllglea sy + 1 1Le2 s (V) gllLaz (r3)-

(i) Let 1 < p<ooand1 <q,r<oosuchthatsz3(%+é—%)andq,r’ip’.
Then, we have

VY D errsy S V)Y fllee@s)I{V) gllLacrs).-
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2.2 On discrete convolutions

Next, we recall the following basic lemma on a discrete convolution.

Lemma 2.2.1. Letd > 1 and a, B € R satisfy
a+pB>d and a<d.

Then, we have

1
S n —a+A
2 T <
forany n € 7.4, where A = max(d — B.0) when B # d and A = € when p = d for
any ¢ > 0.

Lemma 2.2.1 follows from elementary computations. See, for example, [29, Lem-
ma 4.2] and [49, Lemma 4.1].

2.3 Tools from stochastic analysis

We conclude this chapter by recalling useful lemmas from stochastic analysis. See
[51, 69] for basic definitions. Let (H, B, i) be an abstract Wiener space. Namely, u
is a Gaussian measure on a separable Banach space B with H C B as its Cameron—
Martin space. Given a complete orthonormal system {e; }jen C B* of H* = H, we
define a polynomial chaos of order & to be an element of the form ]_[7‘;1 Hy, ({x,e;)),
where x € B, k; # 0 for only finitely many j’s, k = Z;’;l kj, Hg; is the Hermite
polynomial of degree k;, and (-,-) = p(-,-)p+ denotes the B-B* duality pairing. We
then denote the closure of polynomial chaoses of order k under L2(B, i) by Hy. The
elements in # are called homogeneous Wiener chaoses of order k. We also set

k
Hek = @ H;
j=0

for k € N.

As a consequence of the hypercontractivity of the Ornstein—Uhlenbeck semigroup
due to Nelson [50], we have the following Wiener chaos estimate [70, Theorem 1.22].
See also [71, Proposition 2.4].

Lemma 2.3.1. Let k € N. Then, we have
K
[XllLr@) < (p— D21 X2

for any finite p > 2 and any X € H.
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Lastly, we recall the following orthogonality relation for the Hermite polynomi-
als. See [51, Lemma 1.1.1].

Lemma 2.3.2. Let f and g be jointly Gaussian random variables with mean zero
and variances oy and og. Then, we have

E[Hy (f;07)He(g:;04)] = Skek {E[ f2]},

where Hy(x, o) denotes the Hermite polynomial of degree k with variance para-
meter o.






Chapter 3

Construction of the <I>§-measure in the weakly nonlinear
regime

In this chapter, we present the construction of the q)g—measure in the weakly non-
linear regime (Theorem 1.2.1 (i)). Our proof is based on the variational approach
introduced by Barashkov and Gubinelli [3]. See the Boué—Dupuis variational for-
mula (Lemma 3.1.1) below. In Section 3.1, we briefly go over the setup of the vari-
ational formulation for a partition function. In Section 3.2, we first establish the
uniform exponential integrability (1.2.13) and then prove tightness of the truncated
d>§—measures pn in (1.2.11), which implies weak convergence of a subsequence. In
Section 3.3, we follow the approach introduced in our previous work [54] and prove
uniqueness of the limiting ®3-measure, thus establishing weak convergence of the
entire sequence {py } yeN. Finally, in Section 3.4, we show that the @g—measure and
the base Gaussian free field p in (1.2.2) are mutually singular. While our proof of sin-
gularity of the @g—measure is inspired by the discussion in [4, Section 4], we directly
prove singularity without referring to a shifted measure. In Appendix A, we show that
the <I>§-measure is indeed absolutely continuous with respect to the shifted measure
Law(Y (1) + 03(1) + W(1)), where Law(Y (1)) = u, 3 = 3(Y) is the limit of the
quadratic process 3V defined in (3.2.3), and the auxiliary quintic process W = W(Y)
is defined in (A.1.1).

3.1 Boué-Dupuis variational formula

Let W(t) be the cylindrical Wiener process on L2 (T 3) (with respect to the underlying
probability measure P):

W(t) = Z By ()en, (3.1.1)

nez3

where {B),},cz3 is defined by B, (t) = (§, 1jo,¢] - €n)x,:- Here, (-, -)x denotes the
duality pairing on T3 x R. Note that we have, for any n € Z3,

Var(B, (1)) = E[(€. 10,11 - €n)x.t (6. 110,61 - €n)x.t | = | 10,11 - €n “1242” =1

As aresult, we see that { B, },e A, is a family of mutually independent complex-valued
Brownian motions conditioned so that B_,, = B,,, n € Z3.! We then define a centered

'In particular, By is a standard real-valued Brownian motion.
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Gaussian process Y (¢) by

Y(t) = (V)"'W(@). (3.1.2)
Then, we have Law(Y (1)) = u. By setting Yy = nyY, we have Law(Yy (1)) =
(7 )# . In particular, we have E[Yy (1)?] = oy, where oy is as in (1.2.8).

Next, let H, denote the space of drifts, which are the progressively measurable
processes belonging to L?([0, 1]; L?(T3)), P-almost surely. For later use, we also
define H to be the space of drifts, which are the progressively measurable processes
belonging to L2([0, 1]; H'(T3)), P-almost surely. Namely, we have

H! = (V)"'H,. (3.1.3)

We now state the Boué—Dupuis variational formula [8, 77]; in particular, see [77,
Theorem 7]. See also [3, Theorem 2].

Lemma 3.1.1. Let Y(t) = (V)" W(t) be as in (3.1.2). Fix N € N. Suppose that F :
C®(T?3) — R is measurable such that E[| F(Yy (1))|?] < oo and E[|e” F XN (D]4] <
oo for some 1 < p,q < oo with % + ‘17 = 1. Then, we have

1 1
“log E[e O] = int B[ PO () + w101 + 5 [ 160001t ]
OGHa 2 0 Lx
(3.1.4)
where 1(0) is defined by

t

10)(t) = /0 (V)yLotydr. (3.1.5)

Lemma 3.1.1 plays a fundamental role in almost every step of the argument
presented in this chapter and Chapter 4.
We state a useful lemma on the pathwise regularity estimates of : Y*(¢) : and

1(0)(1).
Lemma 3.1.2. (i) Forlli = 1,2, any finite p > 2, and ¢ > 0, : );f, (t) : converges to
L Yk(t) s in LP(Q;€7275(T3)) and also almost surely in €~ 27¢(T3). Moreover,
we have .

E[|l :YX(1): ||g_%_8] <p? <o, (3.1.6)

uniformly in N € N and t € [0, 1]. We also have
E[ll :Y§y(0): 15— ] ~ t*log N (3.1.7)

foranyt € [0,1].
(ii) For any N € N, we have

E[/T3 Yy(1): dx] =0.
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(iii) For any 0 € H,, we have

1
11O, < /0 100)]12, dv.

Proof. The bound (3.1.6) for ¢ > 0 follows immediately from the Wiener chaos
estimate (Lemma 2.3.1), Lemma 2.3.2, and then carrying out summations, using
Lemma 2.2.1. See, for example, [35,36]. As for (3.1.7), proceeding as in the proof
of [63, Lemma 2.5] with Lemma 2.3.2, we have

E[ll :Y5(0): ||H1

- Z / B[ G0 tom) (Y 0010 Jeny = )y

Y MGG [ - pindy

neZz3 n)? ny,ny€Z3 {11)?(n2)? TxTj
1? 13 (1) x% (n2)
— LAY AN 2 3.1.8
XZ: < n= ;‘I’IZ <n1)2(n2)2 ( )

where yn(n;) is as in (1.2.6). The upper bound in (3.1.7) follows from applying
Lemma 2.2.1 to (3.1.8). As for the lower bound, we consider the contribution from
In| < 2N and {|n| < |n| < 1|n| (which implies |n5| ~ |n|and |nj| < N, j = 1,2).
Then, from (3.1.8), we obtain

which proves the lower bound in (3.1.7). As for (ii), it follows from recalling the
definition :Yﬁ,(l): = H3(Yn(1); 0n) (with oy as in (1.2.8)) and the orthogonality
relation of the Hermite polynomials (Lemma 2.3.2 with k = 3 and £ = 0). Lastly,
the claim in (iii) follows from Minkowski’s integral inequality and Cauchy—Schwarz
inequality; see [38, Lemma 4.7]. ]

Remark 3.1.3. In [38,57], a slightly different (and weaker) variational formula was
used. See also [3, Lemma 1]. Given a drift 8 € H,, we define the measure Qg whose
Radon-Nikodym derivative with respect to P is given by the following stochastic
exponential:

dQg  [o0@®.dWn)-% fy 1)1, d

dP
where (-, -) stands for the usual inner product on L2(T3). Let H. denote the subspace
of H, consisting of drifts such that Qg (2) = 1. Then, the (weaker) variational for-
mula used in [38,57] is given by (3.1.4), where the infimum is taken over H, C H,
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and we replace Y and E = Ep by Yy =Y — I(0) and Eq,. Here, E = Ep and
Eq, denote expectations with respect to the underlying probability measure P and
the measure Qg, respectively. In such a formulation, Yy and the measure Qg depend
on a drift 6. This, however, is not suitable for our purpose, since we construct a drift 8
in (3.1.4) depending on Y.

3.2 Uniform exponential integrability and tightness

In this section, we first prove the uniform exponential integrability (1.2.13) via the
Boué—Dupuis variational formula (Lemma 3.1.1). Then, we establish tightness of the
truncated ®3-measures {pn } NeN-

As in the case of the <I>‘3‘—measure studied in [3] (see also [54, Section 6]), we
need to introduce a further renormalization than the standard Wick renormaliza-
tion (see (1.2.10)). As a result, the resulting @g—measure is singular with respect to
the base Gaussian free field p; see Section 3.4. We point out that this extra renor-
malization appears only at the level of the measure and thus does not affect the
dynamical problem, at least locally in time.” In the following, we use the follow-
ing shorthand notations: Yy (1) = anyY(¢), ®(t) = 1(0)(¢), and On () = nyO(¢)
with Yy = Yy (1) and O = O (1). Wealsouse Y = Y (1) and ® = O(1).

Let us first explain the second renormalization introduced in (1.2.10). Let Ry be
asin (1.2.9) and set

ZN = /e_RN(”)d/L(u).

By Lemma 3.1.1, we can express the partition function Zn as
log Z inf E| R (Y+®)+1/1||9(t)||2 dt
—1lo = in = .
EEN 6eH, N 2 0 L%
By expanding the cubic Wick power, we have

_E/ :(YN+®N)3:dx=—g/ :Yﬁ,:dx—a/ Y3 : Ondx
3 T3 3 T3 T3

—o/ YN@)fvdx—f/ ®3 dx. (3.2.1)
T3 3 T3

In view of Lemma 3.1.2, the first term on the right-hand side vanishes under an
expectation, while we can estimate the third and fourth terms on the right-hand side

2As mentioned in Chapter 1, this singularity of the @g—measure causes an additional diffi-
culty for the globalization problem.
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of (3.2.1) (see Lemma 3.2.2). As we see below, the second term turns out to be diver-
gent (and does not vanish under an expectation). From the Ito product formula, we

have
1
EU :Yﬁ:@Ndx}:EU/ :YJ%,(t):G)N(t)dxdt], (3.2.2)
T3 0o JT3

where we have O (1) = (V)17 0(r) in view of (3.1.5). Define 3V with 3V (0) =0
by its time derivative:

VO =1-M":Y20): (3.2.3)
and set 3y = 7y 3. Then, we perform a change of variables:
YN(@) =0O@)—o3n() (3.2.4)

and set Yy = xy Y. From (3.2.2), (3.2.3), and (3.2.4), we have

1 1
8|0 [ VRionds+ 3 [l
T3 2 Jo b

1 .
ZEEUO ||TN(t)||iI)}dt]—ozN, (3.2.5)

where the divergent constant o is given by

o2 1
an = 7]EUO ||3N(t)||il}dt] — 00, (3.2.6)

as N — oo. The divergence in (3.2.6) can be easily seen from the spatial regularity 1 —
eof 3y()=(1—-A)" :YI%,(I): (with a uniform bound in N € N). See Lemma 3.1.2.

In view of the discussion above, we define RY, as in (1.2.10), which removes
the divergent constant o in (3.2.5). Then, from (1.2.12) and the Boué-Dupuis vari-
ational formula (Lemma 3.1.1), we have

1 1
—logZy = Oierg IEJ[RX,(Y + 0) + 5/0 ||9(z)||§§dz} (3.2.7)

for any N € N. By setting

1 1
Wy (0) = E[RX,(Y + 0) + 5/ ||9(t)||22 dzi|, (3.2.8)
0 X
it follows from (1.2.9) with y = 3, (1.2.10), (3.2.1), (3.2.5), and Lemma 3.1.2 (ii) that
Wy (0) = E[—U/ Yn©%dx — 3] ©3 dx
T3 3 T3

3

Lt
+A +§/0 ||TN(t)||2)%dt]

(3.2.9)

/11*3(:)]1%: +2YNOpN + @i,)dx
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We also set
Tv =Ty =ayT¥(1) and Iy =3In()=anv3¥(D).  (B2.10)
In view of the change of variables (3.2.4), we have
On =Ty +ony3y = Tn +03y. ie 3y :=7nN3N. (3.2.11)

Namely, the original drift 6 in (3.2.7) depends on Y. By the definition (3.2.3) and
(3.2.10), 3w is determined by Yy . Hence, in the following, we view YV as a drift
and study the minimization problem (3.2.7) by first studying each term in (3.2.9)
(where we now view Wy as a function of TN ) and then taking an infimum in TV ¢
H, where H! is as in (3.1.3). Our main goal is to show that Wy (Y) in (3.2.9) is
bounded away from —oo, uniformly in N € N and TN e H}l.

Remark 3.2.1. In this paper, we work with the cube frequency projector my =
5 defined in (1.2.5), satisfying 7% = 7n. In view of (3.2.10) and (3.2.11), we
have 3 ~ = 3n. Nonetheless, we introduce the notation S N in (3.2.11) to indicate
the modifications necessary to consider the case of the smooth frequency projector
oo™ defined in (1.4.2), which does not satisfy (7 yr°°™)? = 75, This comment
applies to the remaining part of the paper.

We first state two lemmas whose proofs are presented at the end of this section.
While the first lemma is elementary, the second lemma (Lemma 3.2.3) requires much
more careful analysis, reflecting the critical nature of the ®3-measure.

Lemma 3.2.2. Let A > 0and0 < |o| < 1. Then, there exist small ¢ > 0 and a constant
¢ > 0 such that, for any § > 0, there exists Cs > 0 such that

/W YnNORdx| S 1+ CsllYnIL ) + SITw 32 + 8N 70 + 13w g1

(3.2.12)
[, Ohdx] £ 1+ ITWIG + 1Tl + 130 R G2.13)
and
3
A/ (:Yg:+2YNOy + OF)dx
T3
A 3
> 51 @ty + YR)aa| —sitw,
T-
3
—Ca,a{ /T LY dx +||YN||;_5_S+||3N||%M}, (3.2.14)

uniformly in N € N, where Oy = Ty + ong asin (3.2.11).
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The next lemma allows us to control the term || Y ||22 appearing in Lemma 3.2.2.

Lemma 3.2.3. There exists a non-negative random variable B(w) with E[B?] <
C, < oo for any finite p > 1 such that

3
T3(2YNTN +Yy)dx| + [ TNlI7 + Bw), (3.2.15)

6
ITwlz2 <

uniformly in N € N.

By assuming Lemmas 3.2.2 and 3.2.3, we now prove the uniform exponential
integrability (1.2.13) and tightness of the truncated @g-measures ON .

Uniform exponential integrability. In view of (3.2.9) and Lemma 3.2.3, define the
positive part Uy of Wy by

. A S B
uN(TN)=E[3‘A3(2YNTN+T3V)dx +§/0 IITN(t)||12LI}dt:|. (3.2.16)

As a corollary to Lemma 3.1.2 (i) with (3.2.3), we have, for any finite p > 1,

1
B[I3wIE. ] = [ EIIYR0: 12, Jdr 5 p < o, (3.2.17)

uniformly in N € N. Then, by applying Lemmas 3.2.2 and 3.2.3 to (3.2.9) together
with Lemma 3.1.2 and (3.2.17), we obtain

: A 3
WN(TN) > —Cy + E[(E — C|O’|) ‘/ (ZYNTN + lev)dx
T3

1 L,
+ (5 -elot) [ 1T¥ o]

1 .
> —C+ 5 Un(TY), (3.2.18)

for any 0 < |o| < 0y, provided A = A(op) > 0 is sufficiently large. Noting that the
estimate (3.2.18) is uniform in N € N and TV € H!, we conclude that

1 .
inf inf Wy(YV)> inf inf —Cy + —Un (TN} > —Cy > —o0.
NeN YNeH)} NeN YN cH} 10

(3.2.19)
Therefore, the uniform exponential integrability (1.2.13) follows from (3.2.7), (3.2.8),
and (3.2.19).

Tightness. Next, we prove tightness of the truncated @%—measures {pN}NeN. Al-
though it follows from a slight modification of the argument in our previous work [54,
Section 6.2], we present a proof here for readers’ convenience.
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As a preliminary step, we first prove that Zx in (1.2.12) is uniformly bounded
away from O:

inf Zy > 0. (3.2.20)
NeN

In view of (3.2.7) and (3.2.8), it suffices to establish an upper bound on Wy in (3.2.9).
By Lemma 2.1.1 and (3.2.11), we have

3

< 3 3
< IIYNllf_%_,H@NIIH%HS

[ 2YNOpndx
T3

S+ IIYNIIQ_% 3w lei— + 1T Nl

Thus, we have

3
A

/3(:Y1%: +2YNON + OF )dx
T

sl+||:Y£:||%,178+||YN||;1 + 138 1—e + TN 15 (322D

2—8

Then, from (3.2.9), Lemma 3.2.2, and (3.2.21) with Lemma 3.1.2 and (3.2.17), we
obtain
1 c
Cinf Wy <1+ inf E[(/ ||‘rN(z)||§{ldz) } <1
TN eH]} TN eH} 0 x
by taking TV = 0, for example. This proves (3.2.20).

We now prove tightness of the truncated CDg—measures. Fix small ¢ > 0 and let
BrR CH —3-¢ (T3) be the closed ball of radius R > 0 centered at the origin. Then,
by Rellich’s compactness lemma, we see that Bg is compact in H _%_28(71“ 3). In the
following, we show that given any small § > 0, there exists R = R(6) > 1 such that

sup pn(BR) <. (3.2.22)
NeN

Given M > 1, let F be a bounded smooth non-negative function such that

<3
(3.2.23)

> R.

B
2
I
2
Then, from (3.2.20), we have
pr(By) = 25! [ ORI gy

< / e FOO-RY W g, = 7 (3.2.24)
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uniformly in N > 1. Under the change of variables (3.2.4) (see also (3.2.5)), define
R, (Y + YN +03n) by

ﬁ;v(Y+TN+03N)=—3/ S E dx—o/ YN®§de—§/ @3 dx
3 T3 T3 3 T3

3

+A4 , (3.2.25)

/T3(: Yg:+2YNOy + OF)dx

where Oy = Yu + 03y with 3y = 7wy 3y as in (3.2.11). Then, by (3.2.24) and
the Boué—Dupuis variational formula (Lemma 3.1.1), we have

—logZy = inf IE[F(Y + YN +03w)
YN eH}

~ 1 [t .
+ R + 7YY +03n8) + 5/ ||TN(z)||§ndt].
O X
(3.2.26)

Since Y + 03N € H<», it follows from Lemma 3.1.2, (3.2.17), Chebyshev’s
inequality, and choosing R > 1 that

R
N
p(17 + 7V 4 o3ml, 1> 5)

2
R R
= P(IIY +o3nll, -1 > Z) - IP’(||TN||H1 > Z)
1 16
<5+ mEITYIZ,] (3.2.27)

uniformly in N € N and R > 1. Then, from (3.2.23), (3.2.27), and Lemma 3.1.2, we
obtain

E[F(Y + TV +03x)] = ME|

5%}]

1{||Y+TN+03N||
H

1
e
M 16M N2
27_ R2 E[”T ”H;]
M 1 1
e ) YN 0|3, dt |, 3.2.28
= [t oRa]. e

where we set M = é R? in the last step. Hence, from (3.2.26), (3.2.28), and repeating
the computation leading to (3.2.19) (by possibly making oy smaller), we obtain

—logZN

%

M . po N 1 ! N 2
7+TN12€HLE[RN(Y+T +03N)+Z/O 1T @)%, dt
M

—, 3.2.2
4 (3.2.29)

v
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uniformly N € Nand M = 6—14R2 > 1. Therefore, given any small § > 0, by choos-
ing R = R(6) > 1 and setting M = 6L4R2 > 1, the desired bound (3.2.22) fol-
lows from (3.2.24) and (3.2.29). This proves tightness of the truncated @g—measures
{PNINeN.

We conclude this section by presenting the proofs of Lemmas 3.2.2 and 3.2.3.

Proof of Lemma 3.2.2. From (2.1.5), (2.1.6), (2.1.4), and (2.1.3) in Lemma 2.1.1 fol-
lowed by Young’s inequality, we have

[N Yy ©%dx

SNy (P e (1N ez + 13w lher—) + 13w 12 )

SNl -3 1ON ], 12 1ON 2

) )
S ey (002 NN DT (I D2 + I3 lher) + 13 1)
ST+ GlYnIL 4 + SIS + 81Tl + 13N lIGi— (3.2.30)

which yields (3.2.12). As for the second estimate (3.2.13), it follows from Sobolev’s
inequality, the interpolation (2.1.3), and Young’s inequality that

3 3
/WT?vdx < ||TN||Z% SN ILICN I S IS + 1PN (7. (3231)
while Holder’s inequality with (2.1.4) shows
[ 3 3wax| | [ tuFhax| +| [ Bhdx| < 14 1TNIE + 13011
T3 T3 T3
Note that, given any y > 0, there exists a constant C = C(J) > 0 such that
J ’ J
Z;aj > §|a1|y—C(Z;|aj|y) for any a; € R. (3.2.32)
j= Jj=

See [54, Section 5]. Then, from (3.2.32) and Cauchy’s inequality, we have

3

A / (YR :+2YNOy + O )dx
T3

—CA{‘/ YR dx
T3

/ Ty 3ndx
T3

3 3

3
> +lof?

fTs QYN YN +TR)dx

/ Yn3ndx
’]1‘3

/T3 g%\,dx

3
+ o) +0°

]

3

A
=S| [ ey + Thyd| s
T

/T3:Y§,: dx

This proves (3.2.14). This completes the proof of Lemma 3.2.2. |

3
-G ISy, + 13N I8
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Next, we present the proof of Lemma 3.2.3.

Proof of Lemma 3.2.3. If we have

It lI72 > /3 YnYndx|, (3.2.33)
T
then, we have
3 3
ITw 5. = (/ T}"vdx) ~ / (YN Yw + Y3)dx| | (3.2.34)
T3 T3
which shows (3.2.15). Hence, we assume that
TN 72 < V Yn Ywndx (3.2.35)
T3

in the following.
Given j € N, define the sharp frequency projections I1; with a Fourier multiplier
Lgjnj<2y when j = 1 and 1(5/-1), <o/} When j > 2. We also set

J
Moj=) T and I.; =Id-T;.
k=1

Then, write Yy as

[e.¢] oo
Y=Y Ty =Y (AI,;Yy +w). (3.2.36)
j=1 j=1

where A; and w; are given by

(Yn,I; YN) )
)tj = ”HjYN”iZ , lf”H]YN”LZ #0’ and wj = HjTN—)ijjYN.
0, otherwise,
(3.2.37)
By definition, w; = I1;w; is orthogonal to T1; Yy (and also to Y ) in L?(T3). Thus,
we have

o0

TN 172 =D (AT, YN 72 + lwill7.). (3.2.38)
j=1
o0
_ X X 2
/T3 YnYndx = ZAJ ITL; Y 2,. (3.2.39)

Jj=1
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Hence, from (3.2.35), (3.2.38), and (3.2.39), we have

o0
oI YNl7, S : (3.2.40)
j=1

[o¢]
Y AT YN,
j=1

Fix jo = jo(w) € N (to be chosen later). By Cauchy—Schwarz’s inequality and
(3.2.37), we have

o0
> LI YN,

J=jot+1

o b | 4
s(zxizzfnﬂjmniz) ( > 2‘21||H1YN||22)

J=1 J=Jjo+1

< (Zzzfunjmniz) ( > 2—21||n,-YN||iz>

J=1

J=Jjo+1
~ YNl TS o Yo | =1 (3.241)

On the other hand, it follows from Cauchy—Schwarz’s inequality, (3.2.40), and
Cauchy’s inequality that

1

Jo 2
( IIHjYNIIiz)
j=1

% Jjo %
(Z ITT, Yoy ||zz)
J=1

(S

o0
< (ZA?HH;YNM,%Z)

J=1

Jo
> AT, YN 2,
j=1

o0
> LI YN 2,

Jj=1

o0
> AT, YN 2,

Jj=1

IA

C

IA

+ C/||n§j0YN||§2. (3.2.42)

1
2
Hence, from (3.2.41) and (3.2.42), we obtain

o0
> LT, YN,

Jj=1

SNl s o Ya g1 + 1Mo Y llzo.  (3:243)

Since Yy is spatially homogeneous, we have
IS o YN 13- = /T2 (V) 'S, YN )% dx + E[((V) s j, YN)?]. (3.2.44)

Recalling (3.1.2), we can bound the second term by

x5 ()
(n)*

5jo = E[(V) ' joYn)*] = > <270, (3.2.45)
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Let Zy,j, = (V) ', Yn. Proceeding as in the proof of [63, Lemma 2.5] with
Lemma 2.3.2, we have

#[(f, 2 or) |

- /TWBE[HZ(ZN,jO(x);ajO)Hz(zN,jo(y);ajo)]dxdy

X (1) (i (n2)
= 2 Z % en1+n2(x y)dxdy

ni,nz 73 ) (n2>4 Tg T

|n; |>270

4
-2 ) AN osio (3.2.46)

Now, define a non-negative random variable B;(w) by

1
[e] 2\ 2
Bi(w) = (Z 94j (/T3 Z3 dx) ) ) (3.2.47)

J=1

By Minkowski’s integral inequality, the Wiener chaos estimate (Lemma 2.3.1), and

(3.2.46), we have
4j 2 .
<p ( E 24 / Lyt dx

for any finite p > 2 (and hence for any finite p > 1). Hence, from (3.2.44), (3.2.45),
and (3.2.47), we obtain

2

2
SpP <o (3.2.48)
L2(Q)

ITTs o YN 12— S 2720 By (w) +277%. (3.2.49)

Next, define a non-negative random variable B;(w) by

/T3 ((T1;Yn)?: dx

oo

Br(w) = Z

Jj=1

Then, a similar computation shows
Mes ¥l = [ :(Majy s dx + B[]
< By(w) + 27° (3.2.50)

and E[BY] < C, < oo for any finite p > 1.
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Therefore, putting (3.2.35), (3.2.39), (3.2.43), (3.2.49), and (3.2.50) together,
. 2
choosing 270 ~ 1 4+ || Tn || 131, , and applying Cauchy’s inequality, we obtain

3 3

o0
=D LI Yy 2,
=0
. 3 3. .
< (27¥0B1 ()2 +2727)|| YN |3, + B3 (w) + 2370

SN, + B (@) + B3 (@) + 1, (3.2.51)

1wl < '/ Yy Twdx
T3

where the implicit constant is independent of N € N. This proves (3.2.15) in the
case (3.2.35) holds. This concludes the proof of Lemma 3.2.3. ]

Remark 3.2.4. From the proof of Lemma 3.2.3 (see (3.2.33) and (3.2.51)) with
Lemma 3.2.3, we also have

E|: / YNTNdX
T3

where Uy is as in (3.2.16).

3
] <E[ITw ]S + Iwl2.] + 1

< Uy +1, (3.2.52)

3.3 Uniqueness of the limiting <I>§ -measure

The tightness of the truncated Gibbs measures {px } yeN, proven in the previous sec-
tion, together with Prokhorov’s theorem implies existence of a weakly convergent
subsequence. In this section, we prove uniqueness of the limiting <I>g—measure, which
allows us to conclude the weak convergence of the entire sequence {pn } ven. While
we follow the uniqueness argument in our previous work [54, Section 6.3], there are
extra terms to control due to the focusing nature of the problem under consideration.

Proposition 3.3.1. Let {p 1 Yoy and{p N2 Vo betwo weakly convergent subsequen-

ces of the truncated CDg—measures {oN}neN defined in (1.2.11), converging weakly
10 pV and p@ as k — oo, respectively. Then, we have p™ = p@.

Proof. We break the proof into two steps.

Step 1. We first show that

lim Zy) = lim Zyo, (3.3.1)

k—o00 k—o00

where Z is as in (1.2.12). By taking a further subsequence, we may assume that
Nk1 > Nkz, k € N. Recall the change of variables (3.2.4) and let R}, (Y + YN +03n)
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be as in (3.2.25). Then, by the Boué-Dupuis variational formula (Lemma 3.1.1), we
have

: po Ny U ong oo 2
—logZy; = TNI;:HLE[RN;? (Y +07 +03y,) + 5/0 ™ (Z)”H%dz]
(3.3.2)
for j = 1,2 and k € N. We point out that ¥ and 3 do not depend on the drift TV
in (3.3.2).
Given § > 0, let IN % be an almost optimizer for (3.3.2) with j = 2:

1
~ N2 1 . N2 2
—logZy> = E[ijkz(y + XY +03y2) + 5/0 | k(t)”Hxldt] —-§8. (33.3)
By setting INkz = nNkzIng, we have
JTNIEIN]g = INI% (3.34)

since Nk1 > Nkz. Then, by choosing TNIE = IN%, it follows from (3.3.3) and (3.3.4)
that

—logZN]i —|—10gZN%

~ 1 [t .
< inf ]E[ijlg(Y%—TN/ngo?,Nkl)%—E/o||TN’§(I)H§1}dt}

TNk em}

_IE[I?;]?(Y +YNE +03ng) + %/01||IN13(’)H§1}0‘1[} +6
< E[ﬁ;kl (Y + Xy +03) + 5 /O l ing(t)Hiﬂdt]

_]E[ﬁjvlg(Y + YR +03N]3) + %/01||IN£(’)H12‘I}C”} +6
<E[R(Yyy + Xy2 +03u) = RO (Y2 + X2 +0352) | 46, 335)

where SN]{ =Ty 3ng is as in (3.2.11). Here, R? is defined by

1$°(Y+T+03)=—o/ Y@de—if ®%dx
T3 3 T3

3

+ A4 , (3.3.6)

/ (:Y?: +2YO + ©%)dx
T3

where ® = T 4 0.3.
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We now estimate the right-hand side of (3.3.5). The main point is that in the
difference

E[R°(Yy) + Xy +03y)) = R (Y2 + Tp2 +03y2) |, (33.7)

we only have differences in Y -terms and 3-terms, which allows us to gain a negative
power of N kz The contribution from the first term on the right-hand side in (3.3.6) is
given by

_0E|:/T3(YNk - Yng)Ii,]gdx]
_02E|:/T3(YN]: — YN,?)(le,f + USNé)gNgdx]
_02E|:/T3 YNkz(gNkl — gng)(ZINIg + UgNkl + of))ng)dx}. (3.3.8)

. N2
Let Uy = uN%@Nk) be as in (3.2.16) with Ty = Y2 and TV = Y. Then,

from Lemmas 3.1.2 and 3.2.3, we have
E[[nz 5 + 1Tazl72] S 1+ Uz

Now, proceeding as in (3.2.30) together with Holder’s inequality in @ and Young’s
inequality, we bound the first term in (3.3.8) by

EU“W;"N%“—%ﬂ”TNﬂuz ”TN4P+R]

32 1+2
||YNk N lez “L3 498_2_F “Tng leﬁ LEZ HTN/? ”zﬁ,Hz
TG O s o W g
S N1+ Upz), (339)

where the implicit constant is independent of Ng, k € N. Here, the second inequality
follows from a modification of the proof of Lemma 3.1.2 (i) and noting that the Four-
ier transform of Y 1= Yng is supported on the frequencies {|n| = N kz}, which allows

us to gain a small negative power of N kz Note that the implicit constants in (3.3.9)
depend on A > 0 and 0. However, the sizes of A and |o| do not play any role in the
subsequent analysis and thus we suppress the dependence on A and o in the follow-
ing. The same comment applies to Sections 3.3 and 3.4.

The second and third terms in (3.3.8) and the second term on the right -hand side
of (3.3.6) can be handled in a similar manner (with (3.2.17) to control the 3 N} -terms).

As a result, we can bound the first two terms on the right-hand side of (3.3. 6) by

(N (C(Yyp Yoz By Bw2) + Unz) S (VD14 Uy2)  (33.10)



Uniqueness of the limiting CDg-measure 45

for some small a > 0, where C (Y, i Yng, 3N 1 3 N,f) denotes certain high moments

of various stochastic terms involving YN jand 3 N/ J = 1,2, which are bounded by
. k k

some constant, independent of N ]g , j = 1,2, in view of Lemma 3.1.2 and (3.2.17).

It remains to treat the difference coming from the last term in (3.3.6). By Young’s
and Holder’s inequalities, we have

i

3

5 5 \2
/1F3(:Y1$]33+2YN,§(IN,§ +03n) + (L2 +03y;) )dx

= 5 \2
/;r-?(:YAz’/?: +2¥y2 (IN,f + 03N,§) + (IN,f + U3N,3) )a’x

5{ /W(:YAZ,/%:—:YAZﬂ:)dx

k

3]
L3

/1r3 Yy2 (gNkl - gNkz)dx

Lg)}

= 5 \2
/T3(:Y1\2/k1 42V (Lyz +03y) + (L2 +03n;) )dx

°

/T3(szkl = Yy2) X y2dx

L3

[E3(YN1< —Yng)gNkldx +

L3

.

L3

* H/qﬁ(gNlé _SNI?)(ZIng +0§N}l +O'§N]§)dx

d

2

L3

+

= = \2
/1r3(:Y1‘2’/?: +2V 2 (X2 +0352) + (L2 +0352) )dx

2
L;j)}

=:IxIL (3.3.11)
We divide I into two groups:

1=(1— )+‘
L

=11 + L. (3.3.12)

/T3(YN,g - YN,?)IN,gdx

/T3(YN,§ - YN,?)IN,gdx .

By the definition (1.2.5) of the cube frequency projector 7y = nf\}‘be, we have

/T3(YN —Yng)INkzdxASang(YN —Yy2) - Xy2dx =0 (3.3.13)

and thus I, = 0.
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By Lemma 2.1.1, Holder’s inequality in @, and Young’s inequality, followed by
Lemma 3.2.3 with (3.2.16), we can estimate I, in (3.3.12) by

LS|, Y&:HL3 o
+] Yyi—Yy2 HL6 e i ”3Nk g er-e
1wzl ot I3m = Bnzllger—

+ [ 3n1 = Sw2lLs e
X (HIN2 HLS)L_% + |’§N,§ ”Lga}—s + HgN,f ”Lgt’}—g)
SNDHTA(1+ ‘ung)%, (3.3.14)

where we used Lemma 3.1.2 and (3.2.17) in bounding the terms involving YN_,-
k

and §N,- =TTyJ 3Nj. As for IT in (3.3.11), it follows from (3.2.52), Lemma 3.2.3,
k K Nk
and (3.2.16) that

~ ~ 2
/qr3(:Y1i;{ : +2YN]_<,-(IN]3 +03N1{) + (Lv,f +03NA{) )dx

Yy X dx
/Ir? G L3

w

L

<1+

+ | Xn2 ||22,L§
<1+ ‘uflz. (3.3.15)
k

From (3.2.18), (3.2.8), (3.2.9), (3.2.25), and replacing IN/? by 0in view of (3.3.2),
we have

sup Uy (T N" )
keN

1
< 10C{ + 10 sup IE[R (Y + XM 4 63,2) +1/ ||iNk2(t)||§,1dt]
keN K 2 Jo ¥

S48+ supE[ w2 (Y +0+03N2)]
keN k K
<1 (3.3.16)
Hence, from (3.3.13), (3.3.14), (3.3.15), and (3.3.16), we obtain that
I- H<(N )% —0, 3.3.17)

as k — oo. Therefore, from (3.3.10) and (3.3.17), we conclude that

E[RO(YN,g +Xy2 +03N;i) — R<>(YN]3 + X2 +03N§)] -0, (3.3.18)
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as k — oo. Since the choice of § > 0 was arbitrary, it follows from (3.3.5) and (3.3.18)
that
lim Zy1 > lim ZNz (3.3.19)

k—00 k k—00
By taking a subsequence of {Nkz}keN, still denoted by {Nkz}keN, we may assume
that N;' < NZ. By repeating the computation above, we then obtain

lim ZNL < l1m ZNk' (3.3.20)

k—o0

Therefore, (3.3.1) follows from (3.3.19) and (3.3.20).

Step 2. Next, we prove p() = p®_ This claim follows from a small modification of
Step 1. For this purpose, we need to prove that for every bounded Lipschitz continu-
ous function F : €7199(T3) — R, we have

lim /exp(F(u))del > lim /exp(F(u))dez
k—o00 k k—00 k

under the condition N;! > N2, k € N (which can be always satisfied by taking a
subsequence of {Nk1 teen). In view of (1.2.12) and (3.3.1), it suffices to show

lim sup|:— log(/ exp(F(u) — ;’12 (u))du)

k—o0
+ log(/ exp(F (u) — R;vz(u))du):| <0. (3.3.21)
k
By the Boué-Dupuis variational formula (Lemma 3.1.1), we have

- 1og(/ exp(F (u) — R;II{ (u))du)

= inf JE[—F(Y+TN/?+03N,»)
TNl'éeH}l «

1 1 . i
+ RS, (Y + 1M +o3yi)+ 5/ | TN (r)||i11dz],
0 X
(3.3.22)

where R<> Y+ TNk + 03N,) is asin (3.2.25). Given § > 0, let TNk be an almost
optimizer for (3.3.22) with j = 2:

- 1og(/ exp(F(u) — R;}v]? (u))du)

> IE[—F(Y + XY +03y2)

N2 1 1 ng 2
F R (r + T 4 03,2) + 5/ 12V @2, dr |~
O X
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Then, by choosing TV = Ing = JTnging and proceeding as in (3.3.5), we have

— log(/ exp(F (u) — R;,kl (u))d,u) + log(/ exp(F(u) — R;)V,? (u))dp,)
~ 1. 5
+ ijkl (Y +Xy2 +0351) + 5/0 HIN]?(t)HH}dt}
- IE[—F(Y + V4 o3n2)
~ 2 1 (Y . N2 2
+ R?vlg(Y + 1N +03ng) + 5/0 ||I k(z)HH)}dt:| +4

< Lip(F) -E| |22 = (3, = 3w2) le-100]

+ E[EO(YN,Q + X2+ UgN,g) - ﬁo(YN,% + Xy + UgN,f)] +34,
(3.3.23)

where nf\; =Id—ny and R®isasin (3.3.6). We can proceed as in Step 1 to show that
the second term on the right-hand side of (3.3.23) satisfies (3.3.18). Here, we need to
use the boundedness of F' in showing an analogue of (3.3.16) in the current context
(with an almost optimizer IN % for (3.3.22)).

Finally, we estimate the first term on the right-hand side of (3.3.23). Write

E[”ﬂlt]glle —0o(3n —3n2) ”8*100]
SB[ 0 fesoo| + E[ 13w ~ 3wz le-o |

A standard computation with (3.2.3) shows that the second term on the right-hand
side tends to 0 as k — oo. As for the first term, from Lemma 3.1.2 and (an analogue
of) (3.3.16), we obtain

1
B[z X feroo] £ VDT |5y < N2 (s1p Uz)” = 0,

as k — oo. Since the choice of § > 0 was arbitrary, we conclude (3.3.21) and hence
pM = p@_ This completes the proof of Proposition 3.3.1. n

Remark 3.3.2. In the proof of Proposition 3.3.1, we used the orthogonality rela-

tion (3.3.13) to conclude that I, = 0. While the same orthogonality holds for the
ball frequency projector JTR?” in (1.4.1), such an orthogonality relation is false for the

smooth frequency projector nls\‘,“""th in (1.4.2). As seen from the proof of Lemma 3.2.3
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and the uniform bound (3.3.16) on U N2 (IN’g), the quantity I, in (3.3.12) is critical
(with respect to the spatial regularity/integrability and also with respect to the w-
integrability). From Remark 3.2.4 and (3.3.16), we see that the quantity I, is bounded,
uniformly in k € N. In the absence of the orthogonality (3.3.13), however, we do not
know how to show that this term tends to 0 as k — oo in the case of the smooth fre-
quency projector n?{,“""‘h. We point out that the same issue also appears in the proofs

of Propositions 4.1.1 and 6.3.3 in the case of the smooth frequency projector nf\‘,no"‘h.

3.4 Singularity of the <I>§’ -measure

We conclude this chapter by proving mutual singularity of the ®3-measure p, con-
structed in the previous sections, and the base Gaussian free field  in (1.2.2). In [4,
Section 4], Barashkov and Gubinelli proved the singularity of the <I>‘3‘—measure by
making use of the shifted measure. In the following, we follow our previous work [54]
and present a direct proof of singularity of the Cbg—measure without referring to a shif-
ted measure. See also Appendix A, where we construct a shifted measure with respect
to which the @g—measure is absolutely continuous.

Proposition 3.4.1. Let Ry be as in (1.2.9) with y = 3, and € > 0. Then, there exists
a strictly increasing sequence { Ny }xeny C N such that the set

S :={ue H 35(T3): lim (log Ny)~ % Ry, (u) = 0}
k—o00
satisfies
uw(S)y=1 bur p(S)=0. (3.4.1)

In particular, the @g-measure p and the massive Gaussian free field p in (1.2.2) are
mutually singular.

Proof. From (1.2.9) with y = 3, the Wiener chaos estimate (Lemma 2.3.1), Lem-
mas 2.3.2 and 2.2.1, we have
/ ‘uy s dx
T3

/:u?v:dx
T3
/:u%\,:dx
T3

/ uy s dx
T3 L2(w) L2(w)

S Y R (Y ) ) )
ni+na+n3=0 ni+nx=0
n;eNQ n;eENQ

S ), (m)Pr—m)T +15logN,

|n1l,ln—ny|SN

2 6

” Ry (u) ||1%2(M) <

a

LO6(u)
6

L2 ()
2
<

~

a

3
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where Q denotes the cube of side length 2 in R? centered at the origin as in (1.2.7).
Thus, we have

. _3 . _1
Aim (log N)"3|[Ry (w)llz2,) S lim (log N)™3 = 0.
Hence, there exists a subsequence such that
lim (log Ni)™# Ry, (u) = 0,
k—o0

almost surely with respect to u. This proves u(S) = 1in (3.4.1).
Given k € N, define G (u) by

Gr(u) = (log No) ™3 Ry, (). (3.4.2)

In the following, we show that e%+®) tends to 0 in L'(p). This will imply that there
exists a subsequence of G (1) tending to —oo, almost surely with respect to the <I>§-
measure p, which in turn yields the second claim in (3.4.1): p(S) = 0.

Let ¢ be a smooth bump function as in Section 2.1. By Fatou’s lemma, the weak
convergence of pys to p, the boundedness of ¢, and (1.2.11), we have

/ eCc M dp(u) < lim inf / ¢(GkT(u))eGk(”)dp(u)

= liminf lim ¢(GkT(u))eGk(“)dpM (u)

K—o00o M —o00

< lim [ ¢%*®dpy(u) =27 lim eG"'(")_RX/!(”)d/L(u)
M —o0 M —o0

=ZzZ! Jim Car e, (3.4.3)

provided that limps o0 Cprk exists. Here, Z = limps o0 Zpy denotes the partition
function for p.

Our main goal is to show that the right-hand side of (3.4.3) tends to 0 as k — co.
As in the previous sections, we proceed with the change of variables (3.2.4):

T (1) = 0(t) — o 3m ().

Then, by the Boué-Dupuis variational formula (Lemma 3.1.1) and (3.4.2), we have

—logCpyr = inf IE|:—(10g Nk)_%RNk Y +TM +63u)
T™eH)}

~ |
R+ T o3+ [T O]
0 X

= Ailanl Wagx (TM), (3.4.4)
€ a



Singularity of the CDg-measure 51
where I?X, is as in (3.2.25). In the following, we prove that the right-hand side (and
hence the left-hand side) of (3.4.4) diverges to co as k — oo.

Proceeding as in Section 3.2 (see (3.2.18)), we bound the last two terms on the
right-hand side of (3.4.4) as

~ 1t 1
E[RXJ(Y + M +03m) + 5 / ||TM(r>||§,1dz] > —Co+ 15Un. (45
0 X
where Upsr = Upr (TM) is given by (3.2.16) with Yy = s Y™ and YN = TM:

A

ot M ()2
+ 5/0 1T (t)||H)£dti|.
(3.4.6)
Next, we study the first term on the right-hand side of (3.4.4), which gives the
main (divergent) contribution. From (1.2.9) with y = 3, we have

/ (2YM71'MTM + (JTMTM)z)dX
T3

o
Ry, (Y +TM 4+ 634) =_§/T3 YR, dx—o/T3 Yy, : On,dx

o
— Yy, O%, dx — — v d
G/T3 N, O, dx 3/11‘3®ka

/T3(:Y,$k: +2Yy, On, + O}, )dx

= 14+ 0+M+IV+V (3.4.7)

3
+A

for Ny < M, where Oy, is given by
On, = 1N 0 = n YM + o7y, 3. (3.4.8)

As we see below, under an expectation, the second term II on the right-hand side
of (3.4.7) (which is precisely the term removed by the second renormalization) gives
a divergent contribution; see (3.4.14) below. From Lemma 3.1.2, the first term I on
the right-hand side of (3.4.7) gives 0 under an expectation. As for the last three terms,
we proceed as in Section 3.2 (see also the proof of Proposition 3.3.1) and obtain

IE[I + IV + V]| S C(Yn, . 7N 3m) + Uy, S 1+ Uy, (3.4.9)

where C(Yn, , my, 3m) denotes certain high moments of various stochastic terms
involving Yy, and 7y, 3m and Uy, = Un, (0: 7N, TM) is given by (3.2.16) with
TN = TN = T[NkTMi

A 3
uNk = E[E‘/ 3(2Y1\/k7'[NkT1u + (JTNkTM)z)dX
T3

1 1
+ 5/0 ||8t(nNkTM)(t)||§,}dt]. (3.4.10)
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In view of the smallness of (log Nk)_% in (3.4.4), the second term in (3.4.10)
can be controlled by the positive terms Uy in (3.4.5) (in particular by the second
term in (3.4.6)). As for the first term in (3.4.10), it follows from (3.2.52), mp, ™ —
TN, TM TM for N, < M, and Lemma 3.2.3 with (3.4.6) that

]

]EH/ YN, YM + (my, TM)?)dx
T3

3

< Yy YMdx|  + [low, YIS
/T R o T
M 6 M2

<14+ Uy
for Ny < M. Hence, Uy, in (3.4.10) can be controlled by Uy in (3.4.6):
Un, S 1+ Upy. (3.4.11)
Hence, from (3.4.4), (3.4.5), (3.4.7), (3.4.9), and (3.4.11), we obtain

O 1
Ware (TM) > 5 (log Nk)—iE[/ R @dex} —Cit 5 Un (3412)
T

forany M > N > 1.

Therefore, it remains to estimate the contribution from the second term on the
right-hand side of (3.4.7). Let us first state a lemma whose proof is presented at the
end of this section.

Lemma 3.4.2. We have
1
E[/ (3N(l‘),3M(l))H)1cdti| ~log N (3.4.13)
0

foranyl < N < M, where 3N = JTNSN.

By assuming Lemma 3.4.2, we complete the proof of Proposition 3.4.1. By (3.2.2),
(3.2.3) with 3y, = JTNk3Nk, (3.4.8), Lemma 3.4.2, Cauchy’s inequality (with small
go > 0), and Lemma 3.1.2 (see (3.1.7)), we have

1
0]E|:/;r3 :Yfzk: @dexi| = a]E|:/0 /1r3 :YAz,k(z); @Nk([)d,]
1 . - .
ZOZEU (3Nk(”’3M(f>>H;df} +0E[ / (3Nk(t),TM(t))H}dt:|
0 0
! 1
> clog Ni —801E|:/ | :Yf,k(t): 112 _ldt:| — C80E|:/ ||TM(I)||i11dt:|
0 x o 1

>

1
log Ny — CSOE[/ ||TM(t)||§11dt] (3.4.14)
0 X

NS
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for M > Ny > 1. Thus, putting (3.4.4), (3.4.12), and (3.4.14) together, we have
1
—logCrpx > inf Je(log Np)3 — Co + —Ups b > c(log Np)3 — Co (3.4.15)
’ TMecH) 40

for any sufficiently large & >> 1 (such that N; >> 1). Hence, from (3.4.15), we obtain
Crx S exp(—c(log N)¥) (3.4.16)

for M > N > 1, uniformly in M € N. Therefore, by taking limits in M — oo and
then £k — oo, we conclude from (3.4.3) and (3.4.16) that

lim / e W dpu) =0
k—o00
as desired. This completes the proof of Proposition 3.4.1. |

We conclude this chapter by presenting the proof of Lemma 3.4.2.

Proof of Lemma 3.4.2. For simplicity, we suppress the time dependence in the fol-
lowing. From (3.2.3), we have

v =m > Ynm)Yn(n2) (3.4.17)
ni,no€Z3
n=n1+ny#0
for n # 0. On the other hand, when n = 0, it follows from Lemma 2.3.2 that
~ ~ 2
E[BvOPT=E[( X (vl -)2) s X ™51, 6418)
I’l]EZ3 n1€Z3

nieNQ

where Q is as in (1.2.7). Hence, from (3.4.17) and (3.4.18), we have
1 )
E[/O (3w (), 3M(l))H)1cdti|

- /01 E[ Z (n)zéN(n,t)%]dt

nez3

1 ¢ —
=/0 E[ 3 )3we.03u.0]ar + 0.

neZ3\{0}

We now proceed as in the proof of (3.1.7) in Lemma 3.1.2 (i). By applying (3.2.3)
and Lemma 2.3.2, and summing over {|n| < %N, %|n| <|m| < %|n|} (which implies
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|n2| ~ |n|and [nj| < N, j = 1,2), we have

E[ Y 3wn03mn0)]

nezZ3\{0}
_ XN (1) xm (n)
- nGZZ:3 (n>2

XfTa T3H*:[HZ(Y’V(X’t);“"N)ILIz(YN(yJﬁION)]en(y—x)alxdy
xxXLly

_ Z lzXN(”)XM(n) Z X%v(nl))(%v(”h)

_ — yv)dxd
)2 ()2 {n2)2 Jpapy e 0T Ay

nez3 ny.n2€Z3
/2 2 (n)x (n
i) T Sy 1G5 U Y
nez3 (rl) n=nj+ny (n1> (nz)

where yn(n;) is as in (1.2.6). By integrating on [0, 1], we obtain the desired bound
(3.4.13). [



Chapter 4

Non-normalizability in the strongly nonlinear regime

4.1 Reference measures and the o -finite <I>§ -measure

In this chapter, we prove non-normalizability of the ®3-measure in the strongly non-
linear regime (Theorem 1.2.1 (ii)). In [54], we introduced a strategy for establishing
non-normalizability in the context of the focusing Hartree ®%-measures on T3, using
the Boué-Dupuis variational formula. We point out that, in [54], the focusing Hartree
CIDg—measures were absolutely continuous with respect to the base Gaussian free field
. Moreover, the truncated potential energy R%ﬂr‘ree(u) and the corresponding dens-
ity e RN () of the truncated focusing Hartree CD‘;—measures formed convergent
sequences. In [54], we proved the following version of the non-normalizability of
the focusing Hartree @g—measure:

sup E,,[e RN @] = o0, (4.1.1)
NeN

Denoting the limiting density by e R0 | this result says that the o-finite version
of the focusing Hartree <I>‘3‘—measure:

e_RHurlree(u)dM(u)

is not normalizable (i.e. there is no normalization constant to make this into a prob-
ability measure). See also [61] for an analogous non-normalizability result for the
log-correlated focusing Gibbs measures with a quartic interaction potential.

The main new difficulty in our current problem is the singularity of the <I>§—
measure. In particular, the potential energy Ry, (u) in (1.2.10) (and the correspond-
ing density e RY W) does not converge to any limit. Hence, even if we prove a
non-normalizability statement of the form (4.1.1), it might still be possible that by
choosing a sequence of constants Zn appropriately, the measure Zx,le_RX/(”)d,u,
has a weak limit. This is precisely the case for the <I>‘3‘-measure; see [3]. The non-
convergence claim in Theorem 1.2.1 (ii) for the truncated CDg-measures (see Proposi-
tion 4.1.4 below) tells us that this is not the case for the ®3-measure.

In order to overcome this issue, we first construct a reference measure vg as a
weak limit of the following tamed version of the truncated @g—measure (with § > 0):

dvys(u) = Z;,i; exp(—8F (myu) — Ry (u))dw(u)

for some appropriate taming function F; see (4.1.6). See Proposition 4.1.1. We also
show that F(u), without the frequency projection wy on u, is well defined almost
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surely with respect to the limiting reference measure vs = limy o0 Vy,5. This allows
us to construct a o-finite version of the <I>g—measure:

dﬁS — esF(")dvg = lim Z;]lse(SF(u)e—SF(nNu)—R?V(u)du(u). (412)
N —o0 ?

The main point is that while the truncated @g—measure pN (= vy with 6 = 0) may
not be convergent, the tamed version vy s of the truncated @g-measure converges to
the limit vg, thus allowing us to define a o-finite version of the CIDg—measure. We then
show that this o-finite version pg of the <I>§—measure in (4.1.2) is not normalizable in
the strongly nonlinear regime. See Proposition 4.1.2. Furthermore, as a corollary to
this non-normalizability result of the o-finite version pg of the CDg—measure, we also
show that the sequence {pn}nen of the truncated @g—measures defined in (1.2.11)
does not converge weakly in a natural space' 4(T?3) (see (4.1.3) below) for the ®3-
measure. See Proposition 4.1.4.

We first state the construction of the reference measure. Let p; be the kernel of
the heat semigroup e’2. Then, define the space 4 = A(T?3) via the norm:

3
lullag = sup (¢3]ps *ullL3(r3))- (4.1.3)
0<z<l1

Recall from [45, Theorem 5.3]° (see also [76, eq. (2.41)] and [2, Theorem 2.34]) that
_3
A= By 3 (T?). 4.1.4)

In particular, the space «# contains the support of the massive Gaussian free field
on T3 and thus we have |ju||4 < oo, p-almost surely. See Lemma 4.2.2 below. In
the following, for simplicity of notation, we use + rather than B; i (T3). Moreover,
the notation # is suitable for our purpose, since we make use of the characteriz-
ation (4.1.3) extensively via the Schauder estimate, which we recall now (see for
example [60]):

_o_3¢1_1 _
Ipe % ullacrsy < Capgt™ 2 207D (V) Ul Lo 13 (4.1.5)

forany « > 0and 1 < p < g < oo. From the Schauder estimate (4.1.5) (or directly
from (4.1.4)), we see that W=3:3(T3) C .

Given N € N, we set uy = wyu. Then, given § > 0 and N € N, we define the
measure vy, s by

dvn,s(u) = Zyls exp(=8llun |2 — Ry (w))dp(u) (4.1.6)

'For example, in the weakly nonlinear regime, the support of the limiting @g—measure

constructed in Theorem 1.2.1 (i) is contained in the space #4(T3) D e—i (T3).
2The discussion in [45] is on R¥, but a slight modification yields the corresponding result
onT<.
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for N € N and § > 0, where RX, isasin (1.2.10) and
Zns = /exp(—8||uN||i) — R?V(u))du(u). 4.1.7)

Namely, vy is a tamed version of the truncated @g—measure pn in (1.2.11). We
prove that the sequence {vy s}nen converges weakly to some limiting probability
measure vg.

Proposition 4.1.1. Let o # 0 and y > 3. Then, given any § > 0, the sequence of meas-
ures {VN s} NeN defined in (4.1.6) converges weakly to a unique probability measure
vs, and similarly Zy s converges to Zs. Moreover, |u| 4 is finite vs-almost surely,
and we have

exp(—(8 — &) [[ull3)

d —
M) = 6 — )2 dvs (1)

dvg(u) (4.1.8)

foré >4 > 0.
This proposition allows us to define a o-finite version of the ®3-measure by
dps = eSMIZ gug (4.1.9)

for any § > 0. Ata very formal level, §|[u||% in the exponent of (4.1.9) and —§ ||un ||
in the exponent of (4.1.6) cancel each other in the limit as N — oo, and thus the
right-hand side of (4.1.8) formally looks like Z(;1 limy o0 e RY (”)du. While this
discussion is merely formal, it explains why we refer to the measure pg as a o-finite
version of the CDg-measure. The identity (4.1.8) shows how vg’s for different values
of § > 0 are related. When § = 0, the expression Zgps would formally correspond
to a limit of e_R?V(”)d;L, but in order to achieve the weak convergence claimed in
Proposition 4.1.1 and construct a o-finite version of the @g—measure, we need to
start with a tamed version (i.e. § > 0) of the truncated @g—measure. For the sake
of concreteness, we chose a taming via the #-norm but it is possible to consider a
different taming (say, based on some other norm) and obtain the same result.

The next proposition shows that the o-finite version pg of the CDg—measure defined
in (4.1.9) is not normalizable in the strongly nonlinear regime.

Proposition 4.1.2. Let 0 > 1 and y > 3. Given § > 0, let vs be the measure con-
structed in Proposition 4.1.1 and let pg be as in (4.1.9). Then, we have

/ldﬁg = /exp(SHuH%)dva = 0. (4.1.10)

Remark 4.1.3. (i) A slight modification of the computation in Section 3.4 combined
with the analysis in Section 4.2 presented below (Step 1 of the proof of Proposi-
tion 4.1.1) shows that the tamed version vg of the @g-measure, constructed in Pro-
position 4.1.1, and the massive Gaussian free field p are mutually singular, just like
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the d>g—measure in the weakly nonlinear regime, constructed in Chapter 3. As a con-
sequence, the o-finite version pg of the @g—measure defined in (4.1.9) and the massive
Gaussian free field p are mutually singular.

(i1) In Appendix A, we show that the limiting @g—measure is absolutely continu-
ous with respect to the shifted measure Law (Y (1) + 0 3(1) + W(1)) in the weakly
nonlinear regime. A slight modification of the argument in Appendix A also shows
that the tamed version vs of the ®3-measure constructed in Proposition 4.1.1 and
the o-finite version ps of the @g—measure in (4.1.9) are also absolutely continuous
with respect to the same shifted measure, even in the strongly nonlinear regime. See
Remark A.3.1. This shows that the measure pg in (4.1.9) is a quite natural candidate
to consider as a o-finite version of the @g-measure.

As a corollary to (the proofs of) Propositions 4.1.1 and 4.1.2, we show the fol-
lowing non-convergence result for the truncated ®3-measure py in (1.2.11).

Proposition 4.1.4. Let 0 > 1, y > 3, and A = A(T3) be as in (4.1.3). Then, the
sequence {pN}NeN Of the truncated CDg-measures defined in (1.2.11) does not con-
verge weakly to any limit as probability measures on 4. The same claim holds for

any subsequence {pn, }keN-

In Section 4.2, we present the proof of Proposition 4.1.1. In Section 4.3, we then
prove the non-normalizability (Proposition 4.1.2). Finally, we present the proof of
Proposition 4.1.4 in Section 4.4.

4.2 Construction of the reference measure
In this section, we present the proof of Proposition 4.1.1 on the construction of the
reference measure vg. We first establish several preliminary lemmas.

Lemma 4.2.1. Let the A-norm be as in (4.1.3). Then, we have

<
el < Nl
Proof. This is immediate from the Schauder estimate (4.1.5). ]

Lemma 4.2.2. We have W_%’3(T3) C A and thus the quantity ||u|| 4 is finite -
almost surely. Moreover, given any 1 < p < oo, we have

Epfllmnulli] < Cp < o0, 4.2.1)
uniformly in N € N U {oo} with the understanding that me, = 1d.

Proof. As we already mentioned, the first claim follows from the Schauder estimate
(4.1.5) (or from (4.1.4)). As for the bound (4.2.1), from the Schauder estimate (4.1.5),
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Minkowski’s integral inequality, and the Wiener chaos estimate (Lemma 2.3.1) with
(1.2.4), we have

EM[””N””i]iE [|u||" W oy

1 p
< pg(z 7) < 0Q.
neZz3 <I’l)§

This proves (4.2.1). [ ]

We now present the proof of Proposition 4.1.1.

Proof of Proposition 4.1.1. We break the proof into three steps.

Step 1. In this first part, we prove that Z y s in (4.1.7) is uniformly bounded in N € N.
As for the tightness of {vy 5} ven and the uniqueness of vs claimed in the statement,
we can repeat arguments analogous to those in Sections 3.2 and 3.3 and thus we omit
details.

From (4.1.7) and the Boué-Dupuis variational formula (Lemma 3.1.1) with the
change of variables (3.2.4), we have

—logZys = inf ]E|:5||YN +®N”§8_O/ YNG%de_ 0/ @3 dx
TN eH} T3 3

v

/ 1T 01, ] 422)

where Oy = Yy + ogN with §N = nny 3N asin (3.2.11). Our goal is to establish
a uniform lower bound on the right-hand side of (4.2.2). Unlike Section 3.2, we do
not assume smallness on |0 |. In this case, a rescue comes from the extra positive term
8 YN + On||% as compared to (3.2.9).

Given any 0 < ¢g < 1, it follows from Young’s inequality (3.2.32) with y > 3 that

Y

/3(IY1\2/2 +2YNOpN + @%,)dx
']I‘.

3
—-C. (4.2.3)

= Co

/T}(:YAZ,: +2YNON + OF )dx




Non-normalizability in the strongly nonlinear regime 60

Then, taking an expectation and applying Lemmas 3.2.2 and 3.2.3 with Lemma 3.1.2
and (3.2.17), we have
|

IEZ[A/ (:Yy:+2YNOy + OF)dx
T3

> CoE[ITn ] — CiE[IITN 3] - C 4.2.4)

for some Cy > 0,0 < Cy < %. Hence, it follows from (4.2.2), (4.2.4), and Lemma 3.2.2
together with Lemma 3.1.2 and (3.2.17) that there exists C, > 0 such that

. ~ [0} ~
—logZys >  inf IE[5||YN +Yv +03nI% - —/ (Yn +03n5)dx
TN eH} 3 Jr3
+ Gl S, + C2||TN||§_I1i| - C. (4.2.5)
By Young’s inequality, we have

_|_

/ T,z\,gNdx / TNéﬁ,dx
T3 T3

2 2
< I lz2l3n ller—e + T llz2 I 3w lle1--

C
leumuzz + 13N 1S + Co (4.2.6)

A

Hence, from (4.2.5) and (4.2.6) with (3.2.32) (with y = 20) and Lemma 4.2.2, we
obtain

8 lo|
—1 7 > inf El =Y 20 ™M1 T 3
oszys = inf E|SITai - Sliais,
C, 6 )
+ S ITwllL + Gl Yl |~ €. (4.2.7)

Now, we need to estimate the L3-norm of Y. From (4.1.3), Sobolev’s inequality,
and the mean value theorem: |1 — e_’|”|2| < (t|n]?)? forany 0 < 6 < 1, we have

-9
ITwl7s <t 8||TN||3,A,+||TN_Pt*TN”Z%
9 3
STS|ON I + 3TN 7

for 0 < ¢ < 1. By choosing 13~ 1+ |C12| | Yw 1)~ and applying Young’s inequal-
ity, we obtain

3 Cz
o lITN 1175 < Cos ol TNl I 13 + TIITNH%” +1

8 C2
= Corols + 7N + I 70 (4.2.8)
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Therefore, from (4.2.7) and (4.2.8), we conclude that
Zngs < Cs < 00,
uniformly in N € N.

Step 2. Next, we show that ||u|| 4 is finite vg-almost surely. Let 1 be a smooth function
with compact support with [g3 [7(§)|*d§ = 1 and set

A(E) = / 1€ — DN EDdEL.
R3
Given ¢ > 0, define p, by
pe(x) = Y plen)e™™. (4.2.9)

nez3

Since the support of p is compact, the sum on the right-hand side is over finitely many
frequencies. Thus, given any ¢ > 0, there exists No(g) € N such that

Pe kU = P xUN (4.2.10)
for any N > Ny(¢e). From the Poisson summation formula, we have

Pe(x) = Z e_3|fFR_31(n)(e_1x + 27m)|2 >0,

nez3

where F' denotes the inverse Fourier transform on R*. Noting that

loellersy = [ pe(oydx = 50 = Inlagsy = 1
we have, from Young’s inequality, that

lloe * ulla =< lulla- (4.2.11)

Moreover, {p,} defined above is an approximation to the identity on T3 and thus for
any distribution u on T3, p,; * u — u in the A-norm, as ¢ — 0.

Let § > §’ > 0. By Fatou’s lemma, the weak convergence of {vy s} nen from Step
1 with (4.2.10), (4.2.11), and the definition (4.1.6) of vy 5, we have

f w6 =1tz )avs < timint [ exp((s —low D)

= liminf lim
e—>0 N-—>oo

Jdim [ exp(@ = )lhunlF)dvn

ZNs Zsr
lim ZN4 /1va5/ =¥
N—oo Zy s ’ Zs

exp((8 — 8[| ps * un||%)dvn.s

IA
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Hence, we have
/exp((S — 8’)||u||i))dv5 < 00

for any § > §’ > 0. By choosing §' = ‘%, we obtain

§
/exp(znunjﬁ’)dw < 00,

which shows that ||u|| 4 is finite almost surely with respect to vg.

Step 3. Finally, we prove the relation (4.1.8). We first note that it suffices to show that

z
Z—;dvg = exp(—(8 — 8)[|u]120)dvs- (4.2.12)

for any § > §’ > 0. In fact, once we have (4.2.12), by integration, we obtain

Z
Zj/ = /exp(—(S—S/)||u||2!A9)dv3/ (4.2.13)

and thus (4.1.8) follows from (4.2.12) and (4.2.13).
Let F : €719(T3) — R be a bounded Lipschitz function with F > 0. The

dominated convergence theorem, the weak convergence of {vy s} nen from Step 1,
and (4.1.6) yield that

d /F(u)dvg—/F(u)exp(—(S—8’)||u||f£)dv(g/

- [ Faoexp(-G =8l x ulZ)avy

z
— lim lim (L’(S/F(u)d\w,(g
N,§’

- / Fu) exp(—(5 — )]s * uanf)va,y)

= lim lim | F(u)[exp(—(8 — &) |un %)

e—>0 N—>o0

—exp(—(8 — &)l pe * un %) ]dvas
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Therefore, we have

ﬁ Fw)dvs— | F - 20)g
Zs (u)dvs (1) exp(—( MullZ))dvs
< lim sup lim sup/{exp(—(r? — 8 unl%)

e—>0 N—o0
—exp(—(8 — 8l ps * un|I2)|dv.s ()

< lim sup lim sup/‘exp(—((‘i — 5’)||JTNuN(w)||§,?)

e—>0 N-—oo

—exp(—(8 = &)lps * wvu™ (@) I [dP (), (4.2.14)

where ¥ is a random variable with Law(u?) = vy,s. Noting that the integrand

is uniformly bounded by 2, it follows from the bounded convergence theorem that
the right-hand side of (4.2.14) tends to 0 once we show that |p, * Tyu® () —
anu®y (w)]|| 4 tends to 0 in measure (with respect to ). Namely, it suffices to show

o . N N
leR)ngnooP({w €Q: lpe x iyu” (@) — wyu’ (®)|4 > a})

= lim lim v ({lun — pe xunlla >a}) =0

for any o > 0.
From (4.1.3) and (4.1.5), we have

1
lunw = pexunlla S luw —pexunll 35 S eSllunll 55 (4.2.15)
Hence, from Chebyshev’s inequality and (4.2.15), it suffices to prove

[ sl g sdvs 5 [ expllunl,, go)dvwy < Co<oo.  @216)

uniformly in N € N. We use the variational formulation as in (4.2.2), and write

_ log(/ exp(|luy ||W§,3)dVN,6’)

= inf E[SIHYN—F@NHZX—”YN—I-@NH _53—0/ YN®%de
TNeH]} w3 T3

v

/3(:1/1\2,: +2YNON + OF )dx
T

o 3
- — d A
3/T3®N X +

1 [t
= ||TN<z)||§,;dr}

+ IOg ZN,S’,
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where
Oy =Ty +03nN.

From Lemma 3.1.2 and (3.2.17), we have, for any finite p > 1,
E[IYNI? s, + 13517 s ,] <oe, (4.2.17)
W8 W%

uniformly in N € N. See also the proof of Lemma 4.2.2. Then, arguing as in (4.2.7)
and (4.2.8) with Young’s inequality, Sobolev’s inequality, and (4.2.17), we obtain

_ log(/ exp(||uN||W§_3)va,5/)

> inf E[—umn
TN ecH]}

s
L

8/
+ ColI T+ 1T ) + 101 | = Cer

z —1.

This proves (4.2.16) and hence concludes the proof of Proposition 4.1.1. ]

4.3 Non-normalizability of the o -finite measure p;

In this section, we present the proof of Proposition 4.1.2 on the non-normalizability
of the o-finite version pg of the @g—measure defined in (4.1.9).

Given ¢ > 0, let p; be as in (4.2.9). Then, by (4.2.11), the weak convergence of
{vns}Nen (Proposition 4.1.1), (4.2.10), and (4.1.6), we have

/exp(SHuIIif))dva > /exp(5||/?e *ul| %) dvs

> lim sup/exp(S min(|| pe * u[|%, L))dvs

L—o0

= li li § mi * 20 1.))d
imsup lim exp(6 min(||pe *x un |12, L))dvn,s

= limsup lim Z;,,llg/exp(Smin(Hpg*uN||f,?,L)—8||uN||f£—R}>v(u))du(u).

L—soco N—o0
Hence, (4.1.10) is reduced to showing that

limsulei_r)nooEM[exp((Smin(||p8 * uN||2Af),L) —8||MN||§8 — RX,(u))] =o00. (4.3.1)

L—oo
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Let Y = Y(1) be as in equation (3.1.2). By the Boué-Dupuis variational formula
(Lemma 3.1.1) with the change of variables (3.2.4), we have

— log E[exp(8 min([|pe * un 120, L) — §llun 1% — Ry (u))]
= inf E[—S min(||pe * (Yx + Tn + o 3n5)|%, L)
TN ecH)}
+8|Yy 4+ T +03n %
~ |
+Ry(Y +TN +03N) + 5/ ||TN(t)||§11dt}, (4.3.2)
0 X

where ﬁf\, is as in (3.2.25) with the third power in the last term replaced by the yth
power. With O = Yx + 03w, a slight modification of (3.2.30) yields

‘/;r% YN®§VdX

= ‘/ YN(T?V +20 N3N + Uzgﬁ)dx
T3

< Colt+IMwlE

1
100|0|(

7] A

+ 1N 17> + 1w 17 (4.3.3)

By Young’s inequality, we have

/:ﬂg G?de_[W Yydx

- ‘/T3(30T§,§N + 302 N33 + 0333 )dx

1
= Co||3N||~?é1—g + WHTN”%Z‘ 4.3.4)

Then, applying (4.3.3) and (4.3.4) with Lemma 3.1.2 and (3.2.17) to (4.3.2), we obtain
— log E[exp(8 min(|| pe * u|I%). L) — 8llun %) — Ry (u))]

< inf E[—S min(||ps * Yy + Yn + 3812, L)
TN eH)}
~ o
48l + Xy + 03wl -5 [ Yhax+ 1Tyl
T3

¥
+ A

/11‘3(:YA2,Z +2YNOpN + Gﬁv)dx

3 (1 N ’
3 [T o]+ e @35)

where Oy = Yy + ong.
In the following, we show that the right-hand side of (4.3.5) tends to —oo as
N, L — oo, provided that |o| > 0 is sufficiently large. By following the strategy
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introduced in our previous works [54, 61], we construct a drift YN , achieving this
goal. The main idea is to construct a drift YN such that TV looks like “—Y (D+a
perturbation” (see (4.3.14)), where the perturbation term is bounded in L?(T?3) but
has a large cubic integral (see (4.3.9) below). While we do not make use of solitons in
this paper, one should think of this perturbation as something like a soliton or a finite
blowup solution (at a fixed time) with a highly concentrated profile.

Remark 4.3.1. While our construction of the drift follows that in [54], we need to
proceed more carefully in our current problem in handling the first two terms under
the expectation in (4.3.5). If we simply apply (3.2.32) (with y = 20) to separate Yy
from Yx and ofg N, we end up with an expression like

(1
-5 m1n(§||p‘g * Y |12, L) + 28| Y |I%

such that the coefficients of ||p. * Tn ||§,? and | Yy ”?AO no longer agree, which causes
a serious trouble. We instead need to keep the same coefficient for the first two terms
under the expectation in (4.3.5) and make use of the difference structure. Compare
this with the analysis in [54, 61], where no such cancellation was needed.

Fix a parameter M > 1. Let f : R3 — R be a real-valued Schwartz function

such that the Fourier transform f is a smooth even non-negative function supported
{% < €] < 1} such that [3 | f(§)|*d§ = 1. Define a function fjs on T3 by

fu()=M"3 Y f(%)en, (4.3.6)
nez3

where f denotes the Fourier transform on R defined by

1

(271)% R3

feE = f(x)e ™ dx.

Then, a direct calculation shows the following lemma.

Lemma 4.3.2. Forany M € N and o > 0, we have
/ firdx =1+ 0(M™), (43.7)
T3
/ (V)7 fu)?dx S M2, (4.3.8)
T3

/T2 | fur3dx ~/T3 fldx ~ M3, (4.3.9)
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Proof. As for (4.3.7) and (4.3.8), see the proof of [54, Lemma 5.13]. From (4.3.6)
and the fact that f is supported on {% < |&| < 1}, we have

-3 Afn1\ pfn2\ »f n1+nz
Josias=at 3 A(5) ()7 (-52) -

nl,n2€Z3

N

(4.3.10)

The bound || fs ”ISﬁ z M 3 follows from (4.3.10), while || far ”Isﬁ < M 3 follows from
Hausdorff—Young’s inequality. This proves (4.3.9). |

We define Z)s and aps by

Zn =) Y(%)(n)en and oy = E[Z3,(x)]. (4.3.11)

[nl<M

Note that aps is independent of x € T3 thanks to the spatial translation invariance of
Z - Then, we have the following lemma. See [54, Lemma 5.14] for the proof.

Lemma 4.3.3. Let M > 1 and 1 < p < oo. Then, we have

am ~ M, (4.3.12)

E / |ZM|de]sc(p)M5’,
T3

IE:(/TF3ZJ%,,dx—aM)2:| +E[(/T3 YNZde—/TBZ]%,,dx)Z] <1,
o o o[ ([, s ]

forany N > M.

We now present the proof of Proposition 4.1.2.

Proof of Proposition 4.1.2. As described above, our main goal is to prove (4.3.1).
Fix N € N, appearing in (4.3.5). For M > 1, we set fa, Zpy, and oy as
in (4.3.6) and (4.3.11). We now choose a drift YV for (4.3.5) by setting

YN@) =2 1t>%<V)(—zM + sgn(o) Jau fu), (4.3.13)
where sgn(o) is the sign of o # 0. Then, we have

1
TV = 1(YM)(1) :/ (VYTIYN(0)dt = —Zp + sen(o) Jans fur. (4.3.14)
0

Note that for N > M > 1, we have Yy = 7y TN = TV, since Z3s and fum are
supported on the frequencies {|n| < M}.
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Let us first make some preliminary computations. We start with the first two terms
under the expectation in (4.3.5):

—8min(||pe * Yy + Yn + 03I L) +8lYy + T + 03512
= —min(|lpe * (Y5 + Yn + 03|20 = [ YN + T + 0 3n]2.
L—|IYy + Yy +03n]%)
=: —§ min(I, II). (4.3.15)
We first consider II. From Lemma 4.2.1, (2.1.3), and Lemma 4.3.2, we have
I la < 1Al < Wfaall ol fuall oy < ME (43.16)
From (4.3.14), (4.3.12) in Lemma 4.3.3, and (4.3.16), we have

0> L—2a]fll il —C>IYNIZ + 1 Zu 1% + o113~ %)
> L—CoM® —C(IIYNn IR + 1Zu 1% + 1o13n %)

1
P

1
> §L—C(||YNIIff+ 1Zu 1% + 1013w 1) (4.3.17)

for L >> M?. Note that the second term on the right-hand side is harmless since it is
bounded under an expectation. Next, we turn to I in (4.3.15). Let §¢ denote the Dirac
delta on T 3. Then, by applying (4.3.14), Young’s inequality, Lemma 4.2.1, (4.3.12),
and (4.3.7) in Lemma 4.3.2 and by choosing ¢ = ¢(M) > 0 sufficiently small, we
have

1> —|llps * (Y + Tn + 030X — 1Yy + Tn + 035 %
> —C||(pe — 80) * (Yn + Yn + 0304l ¥n + Yn + 0 3n[%

> =Caipf (o = 80) % fua |2y = C(IYNIZ + 120 |2 + 101131130
> —CeMY —C(|Yn|% + 1 Zul? + o]13n %)

=—Co—C(IYNIZ + 1Zu % + 1ol113n 1) (4.3.18)

Therefore, from (4.3.15), (4.3.17), and (4.3.18) together with (4.3.11), Lemma 4.2.2
and (3.2.17), we obtain
IE[—S min(I,II)] < C(8,0). (4.3.19)

Next, we treat the third term under the expectation in (4.3.5). This term gives the
main contribution. From (4.3.14) and Young’s inequality with Lemma 4.3.2, we have

3
0/ T13\,dx—|0|alf,1/ fiydx
T3 T3
= —0/ Z3dx + 3|0|/ ZIZ‘,“/OéMfde—-’)U/ Zymam fgdx
T3 T3 T3

3
> —r]|o|ozf,1/ fIadx—C,”ol/ | Zm|2dx (4.3.20)
T3 T3
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for any 0 < n < 1. Then, it follows from (4.3.20) with n = % and Lemmas 4.3.2
and 4.3.3 that

3
E[U/ T]%,dx]z(l—n)lo|a]\24/ ffldx—C,,|o|]E[/ |ZM|3dx}
T3 T3 T3
3 3
2 |o|M” —|o|M?>

> |lo|M? 4.3.21)

for M > 1.

We now treat the fourth and sixth terms under the expectation in (4.3.5). From
(4.3.14), we have Yy € H<;. Then, by the Wiener chaos estimate (Lemma 2.3.1)
and (4.3.14) with Lemmas 4.3.2 and 4.3.3, we have

3
E[ITn13.] S E[ITwIZ,]% < M3, 4.3.22)

Recall that both Zps and fM are supported on {|n| < M}. Then, from (4.3.13),
(4.3.14), and Lemmas 4.3.2 and 4.3.3 as above, we have

1
E[/ ||TN(z)||12qldt} < MPE[ITV)2,] < M3 (4.3.23)
0 X

We state a lemma which controls the fifth term under the expectation in (4.3.5).
We present the proof of this lemma at the end of this section.

Lemma 4.3.4. Let y > 0. Then, we have

i

uniformly in N > M > 1.3

_ %
/ (YN + TN + 03N)2: dx } < C(0,y) < o0, (4.3.24)
T3

Therefore, putting (4.3.5), (4.3.19), (4.3.21), (4.3.22), (4.3.23), and Lemma 4.3 .4
together, we obtain

— log E[exp(8 min(||ps * ul1%), L) — 8llun [IZ) — Ry (u))]
< —Ci|o|M? 4+ C,M? + C(8,0.y) (4.3.25)

for some C;, Co > 0, provided that L > M> > 1 and ¢ = ¢(M) > 0 sufficiently
small. By taking the limits in N and L, we conclude from (4.3.25) that

limsup lim ]Eu[exp(S min(||p£ * uN||2J,?, L) — 5||uN||2Af’ — Rj’v(u))]
L—soo N—o0

> exp(C1|0|M3 —CoM? — Co(0)) — o0,

3Recall from (4.3.14) that the definition of Y depends on M.
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as M — oo, provided that |o| is sufficiently large. This proves (4.3.1) and thus we
conclude the proof of Proposition 4.1.2. ]

We conclude this section by presenting the proof of Lemma 4.3.4.

Proof of Lemma 4.3.4. From (3.2.3) and (3.2.11), we have
1
/ Yn3ndx =/ / (V)3 Yy - (V)" 372 (:Y2(t): )dxdt
T3 0o JT3

1
<ITwl, 3 [ 1701, g0 4326)

As for the first factor, it follows from (4.3.14), (2.1.3), (4.3.12), and Lemma 4.3.2 that

<
x5 S 1Zull,,-3 + vearl furll, -3
3 1
SIZmll -3 + Vemll full g1/l
S1Zml, 3 + M7, “3.27)

Hence, from (4.3.26), (4.3.27), (4.3.11), and Lemma 3.1.2, we obtain

2
|| [, 13w | SEIMWE 1 +EILOR, s
T3 H 4 Li([0,1:Hy *)
(4.3.28)
From (4.3.14), we have
T2 + 2y YN
= Zy — 2sgn(0) Vo Zy fu + om fig
—2YNZpy + 2sgn(o)JSapu Y fu
= (Ziy —am) — 2sgn(o) Vo Zu fu + o (=1 + fi7) + 2am
—2(YNZym — Zjy) — 2(Zjy — anr) — 2000 + 25gn(0) o YN fu
= —(Zyy —am) — 23gn0(0) Jar Zas fur + e (=1 + frp)
—2(YNZm — Z3y) + 2sgn(0) Jau YN fu. (4.3.29)

Note from (3.2.3) and (4.3.14) that fT3 (Yn+ Yy + ong)Z: dx € #H<4. Then, from
the Wiener chaos estimate (Lemma 2.3.1), (4.3.14), (4.3.28), (4.3.29), and
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Lemmas 3.1.2 and 4.3.3 with (4.3.7), we have
]

< C(y){EH/T3 (YN + Yv +03n)%: dx

IEH/ YN+ TN +0§N)2: dx
T3

2%
_ C(y){]EH/TS Y2 dx+/TB(T12\, +2YN11}V)dx+oZ/T3§%de
1
(] 5 o], 5]
vors[( [ wdvax) o8 ( [ muBwa) |
+E[(_/T3YNszx+/T3zmx)2}
+IE[(/TBZ]%4dx—aM)2} vad (14 [ f,@dx)z
+o¢MIE[(/TB YNfde)z} +aME[(/T3 szde)z}}z

< C(o,7),

+20/ TNgNdx-i-Zo[ YNgNdx
T3 T3

which yields the bound (4.3.24). [ ]

4.4 Non-convergence of the truncated Qg-measures

In this section, we present the proof of Proposition 4.1.4 on non-convergence of the
truncated ®3-measures {pn } NeN-
We first define a slightly different tamed version of the truncated @g-measure by

setting
dvi™ @) = (ZM) 7V exp(=8[ul| % — RS (u))dp(u) (4.4.1)

for N € N and § > 0, where the +A-norm and RX] are as in (4.1.3) and (1.2.10),
respectively, and

20" = [ exp(-81ul - B3 0)dp).
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As compared to vy s in (4.1.6), there is no frequency cutoff 7 in the taming —6 ||u ||2J€
in (4.4.1). As a corollary to the proof of Proposition 4.1.1, we obtain the following
convergence result for véN).

Lemma4.4.1. Let§ > 0, Then, as measures on €~ 100(T3), the sequence of measures
{véN)} NeN defined in (4.4.1) converges weakly to the limiting measure vg constructed
in Proposition 4.1.1.

Proof. By the definitions (4.1.6) and (4.4.1) of vy 5 and v{", it suffices to prove
li F —8|Jul|?} — RS, (u))d
Jim { [ P exp(81ul — R o)
- [ Favexp(-slhon 12 - Ry )duto} =0
for any bounded continuous function F : €7199(T3) — R. In the following, we prove
i [ lexp(=8l1u120 = R5,0) = exp(=8lun 20 = R )| dpea) =0. (44

By the uniform boundedness of the frequency projector 7 on 4, we have

lunlla < llulla (4.4.3)

uniformly in N € N. Then, it follows from the mean-value theorem, (4.4.3), and the
Schauder estimate (4.1.5) that there exists co > 0 such that

[ exe(-81u120 ~ R3y0) - exp(-8luux % ~ R5:0) dnta)
<8 [ exp(-8min(lu2 Juw 20) — Ry o) [l — o 2] o
<8 [ exp(=Beollun 20 = R 0) e~y Ll e
<8 [ exp(-Beollun 20 = R @) NH P diut). @44
In the last step, we used the following bound:

1 _1
e —unlla S Il 35 N7 Elull, g5,
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which follows from (4.1.3), (4.1.5), and the fact that nﬁu = u —u y has the frequency
support {|n| = N}. Therefore, by (4.1.6), Proposition 4.1.1, and (4.2.16), we obtain

lim sup/|exp —8 )% — R} (w) — exp(—8||uN||2£ — R?V(u))|du(u)

. _1
<8 Jim / exp(=collun I = R ()N [ul®_s du)

20
=4 NIE;H N~ 8 ZN coé “u”W_%jdVN,cO(?
= 0.
This proves (4.4.2). [ ]

Remark 4.4.2. In the penultimate step of (4.4.4), we used the boundedness of the

cube frequency projector Ty = nf\‘,‘b" on L3(T?3) and hence this argument does not

work for the ball frequency projector 75" defined in (1.4.1).
We conclude this chapter by presenting the proof of Proposition 4.1.4.

Proof of Proposition 4.1.4. Suppose by contradiction that, as probability measures
on A, {pn, }ken has a weak limit vy. Then, given any § > 0, from Lemma 4.4.1
with (4.4.1) and (1.2.11), we have

. exp(—5||u||2 v, (1))
lim 50
k—oo [ exp(=8vll% — (v))du(v)

exp(=8lul)

im
koo [exp(=8[vIE)dpn, (v)
C exp(=Slull)

Jexp(=8l[v[1Z))dvo(v)

where the limits are interpreted as weak limits of measures on € ~190(T 3). Note that,
in the last step, we used the weak convergence in # of the truncated CI>3 -measures

PNy since exp(—8ul|%) is continuous on A, but not on €~1%9(T?3). Therefore,
from (4.4.5) and (4.1.9), we obtain

dvs = dp(u)

Nk (M)

dvo(u), (4.4.5)

duot) = ( [ exp(=81012)vo) )i (446

By assumption, v is a probability measure on # and thus ||u| 4 < 00, vg-almost
surely. By the fact that vy is a probability measure, (4.4.6), and Proposition 4.1.2,
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we obtain

1= ld\)o

/exp(—8||u||i))dvo(u)/ 1d ps (u)
00

’

which yields a contradiction. Therefore, no subsequence of the truncated QDg—measures
pn has a weak limit as probability measures on . |



Chapter 5

Local well-posedness

5.1 Overview of the chapter

In this chapter, we present the proof of Theorem 1.3.1 on local well-posedness of the
(renormalized) hyperbolic @g—model (1.3.1):

Pu+ du+ (1 — Ayu—o u?: + M(:u?:Hu = V2§, (5.1.1)

where M is defined as in (1.3.2). For the local theory, the size of 0 # 0 does not play
any role and hence we set ¢ = 1 in the remaining part of this chapter. As mentioned
in Chapter 1, local well-posedness of (5.1.1) follows from a slight modification of
the argument in [36, 54]. We, however, point out that the argument in [36] on the
quadratic SNLW alone is not sufficient due to the additional term M (: u? :)u, coming
from the taming in constructing the ®3-measure.

5.2 Paracontrolled approach

In this section, we go over a paracontrolled approach to rewrite the equation (5.1.1)
into a system of three unknowns. While our presentation closely follows those
in [36, 54], we present some details for readers’ convenience. Proceeding in the spirit
of [18,36,47,54], we transform the quadratic SANLW (5.1.1) to a system of PDEs. In
order to treat the additional term M (:u?:)u in (5.1.1), which contains an ill-defined
product in :u?:, we follow the approach in our previous work [54] on the focusing
Hartree @g—model, which leads to the system of three equations; see (5.2.27) below.
Compare this with [18,36,47], where the resulting systems consist of two equations.
At the end of this section, we state a local well-posedness result of the resulting
system.

The main difficulty in studying the hyperbolic @g—model (5.1.1) comes from the
roughness of the space-time white noise. This is already manifested at the level of
the linear equation. Let W denote the stochastic convolution, satisfying the following
linear stochastic damped wave equation:

PV 49,V + (1 — AW = 28
(\If’ allp)|l=0 = (¢07 ¢1)’
where (¢o, $1) = (97, ¢7’) is a pair of the Gaussian random distributions with

Law(¢Q, ¢%¥) = i = 4 ® o in (1.2.2). Define the linear damped wave propagator
D(7) by
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viewed as a Fourier multiplier operator. By setting

[ = |/ + a2 2.0

D) f=e2 Y Mf(n)en. (5.2.2)

nez3 IIn]]

Then, the stochastic convolution W can be expressed as

we have

t
V() = S(t)(¢o. 1) + \/E/O D@t —t)dw(t), (5.2.3)

where S(¢) is defined by

S)(f.8) =0: D) f +DO)(f +g) (5:2.4)

and W denotes a cylindrical Wiener process on L2?(T3) defined in (3.1.1). It is
easy to see that W almost surely lies in C(R4; W_%_E’OO(T3)) for any & > 0; see
Lemma 5.4.1 below. In the following, we use ¢ > 0 to denote a small positive con-
stant, which can be arbitrarily small.

In the following, we adopt Hairer’s convention to denote the stochastic terms
by trees; the vertex ““” corresponds to the space-time white noise &, while the edge
denotes the Duhamel integral operator .I given by

I(F)(t) = /Ot D@ —1t)F()Hdt

b psin(—1)/3 - A
— / e_Tsm( A )F(t’)dt’. (5.2.5)
0

—A

ﬂ

With a slight abuse of notation, we set
1=\, (5.2.6)

where W is as in (5.2.3), with the understanding that 1 in (5.2.6) includes the random
linear solution S(¢)(¢o, ¢1). As mentioned above, 1 has (spatial) regularity' —%—.
Given N € N, we define the truncated stochastic terms t 5 and Yy by

t
tn:=nny! and Yy :=I(Vy)= / D@ —1t)yvy(@dt', (5.2.7)
0

'We only discuss spatial regularities of various stochastic objects in this part. Hereafter, we
use a— to denote a — ¢ for arbitrarily small ¢ > 0.
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where my is the frequency projector defined in (1.2.5) and Vv is the Wick power

defined by
2

VN =1y —OnN (5.2.8)
with 5
_ 2 _ Xy ()
on =E[13(x, )] = EXZ:B e N — oo, (5.2.9)
n

as N — oo. Note that oy in (5.2.9) is independent” of (x,t) € T3 x R and agrees
with o defined in (1.2.8). Note that we have

v = lim vy inC([0,T]; W™ 1=%(T?3))
N —o0

almost surely. See Lemma 5.4.1.
Next, we define the second order stochastic term

Yi=1IWw) = fot D@ —t)yv('ydr,

as a limit of Yy defined in (5.2.7). With a naive regularity counting, with one degree
of smoothing from the damped wave Duhamel integral operator I in (5.2.5), one may
expect that " has regularity 0— = 2(—%—) + 1. However, by exploiting the multi-
linear dispersive smoothing effect, Gubinelli, Koch, and the first author showed that
there is an extra %—smoothing for 'Y and that Y has regularity %—. See Lemma 5.4.3
below. See also [14, 52, 65] for analogous multilinear dispersive smoothing for the
random wave equations. In particular, see [14, 65], where multilinear smoothing has
been studied extensively for higher order stochastic objects in the cubic case.
If we proceed with the second order expansion as in [36]:

u=1+Y+uv,
the residual term v satisfies the equation of the form:
(8? +0; +1—A)v=2v1 +21Y + other terms.

Inheriting the worse regularity —%— of 1, the second term 1Y has regularity —%—.
Hence, we expect v to have regularity at most %— = (—%—) + 1. In particular, the
product vt is not well defined since (%—) + (—%—) < 0.
In order to overcome this problem, we now introduce a paracontrolled ansatz as
in [36,47]:
u=1+Y+X+Y, (5.2.10)

’This comes from the space-time translation invariance of the truncated stochastic convo-
lution 1 5.
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where X and Y satisfy

@40, +1-M)X=2X+Y +YV)Q 1 — M(:u?:)1, (5.2.11)
P+ +1-ANY =X+Y +V)2 42X +Y +Y)O'!
—M(uPHX+Y +V) (5.2.12)

with the understanding that
wi= (X +Y +Y)2+2(X + V)1 +21Y + V. (5.2.13)

Here, ® = & + © . Note that, in the X-equation (5.2.11), we collected the worst
terms from the v-equation, while all the terms in the Y -equation (5.2.12) are expected
to behave better (that is, if the resonant product in (5.2.12) can be given a meaning).
We point out that the problematic term M(:u?:) appears in both equations, unlike
the situation in [36].

There are two resonant products in the system (5.2.11)—(5.2.12), which do not a
priori make sense: Y@ 1 and X © 1. We can use stochastic analysis and multilinear
harmonic analysis to give a meaning to the first resonant product:

=Y

as a distribution of regularity 0— = (%—) + (—%—) (without renormalization). See
Lemma 5.4.4 below. This in particular says that Y has expected regularity 1—.

In view of Lemma 2.1.2, the right-hand side of (5.2.11) has regularity —%— (if we
pretend that M (:u?:) makes sense), and thus we expect that X has regularity %—. In
particular, the resonant product X & 1 in the Y -equation is not well defined since the
sum of the regularities is negative. In [36], this issue was overcome by substituting
the Duhamel formulation of the X-equation into the resonant product X©& 1 and
then introducing certain paracontrolled operators (see (5.2.19), (5.2.20), and (5.2.22)
below). This was possible in [36] since there was no additional term M(:u?:) in
the system, in particular in the X -equation. In our current problem, the problematic
resonant product X @ 1 also appears in M(:u?:), in particular, in the X -equation.
Thus, a strategy in [36,47] of substituting the Duhamel formulation of the X -equation
into X & 1 would lead to an infinite iteration of such substitutions. We point out that
such an infinite iteration of the Duhamel formulation works in certain situations but
we choose an alternative approach which is simpler.

The main idea is to follow the strategy in our previous work [54] and introduce a
new unknown, representing the problematic resonant product:

“R=XE1 (5.2.14)

which leads to a system of three unknowns (X, Y, Ri).
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We now turn our attention to :u2: in (5.2.13). Let Qx.y to denote a good part of
:u?: defined by
Oxy =X+ YV +2(X + V)Y +2XQ 1 +2XO 1 + 2V 1. (5.2.15)

In view of X@ 1 and Y1, Qxy has (expected) regularity —%— From (5.2.10),
(5.2.14), and (5.2.15), we can write : u2: as

= Qxy + 2R+ Y2 + 2%+ v, (5.2.16)
where "> denotes the product of Y and t given by
VoY@ VYO

By substituting the Duhamel formulation of the X-equation (5.2.11) and (5.2.16)
into (5.2.14), we obtain

R=2I(X+Y+YV)Q1)O1
—I(M(Qxy +2R +Y? + 2V +V)1)O 1.

As we see below, both resonant products on the right-hand side are not well defined
at this point.
Let us consider the first term on the right-hand side of (5.2.17):

I(X+Y+Y)Q1)O1. (5.2.18)

(5.2.17)

Due to the paraproduct structure (with the high frequency part given by 1) under the
Duhamel integral operator I, we see that the resonant product in (5.2.18) is not well
defined at this point since a term I (w() 1) has (at best) regularity %—. In order to give
a precise meaning to the right-hand side of (5.2.17), we now recall the paracontrolled
operators introduced in [36].> We point out that in the parabolic setting, it is at this
step where one would introduce commutators and exploit their smoothing properties.
For our dispersive problem, however, one of the commutators does not provide any
smoothing and thus such an argument does not seem to work. See [36, Remark 1.17].
Given a function w on T3 x R4, define

Seow)() :=IT(w N({)
= Z en Z /Ot e_#%ww(nl,t’)?(nz,t')dﬂ,

nez3 n=nitnz ]

[n1|<K|n2|
(5.2.19)

3Strictly speaking, the paracontrolled operators introduced in [36] are for the undamped
wave equation. Since the local-in-time mapping property remains unchanged, we ignore this
minor point.
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where [[n] is as in (5.2.1). Here, |n1| < |n2| signifies the paraproduct & in the
definition of g .* As mentioned above, the regularity of 3g (w) is (at best) %— and
thus the resonant product Sg (w)© 1 does not make sense in terms of deterministic
analysis. Proceeding as in [36], we divide the paracontrolled operator 3g into two
parts. Fix small 6 > 0. Denoting by n; and n, the spatial frequencies of w and 1 as
in (5.2.19), we define Sél) and Sg) as the restrictions of Ig onto {|n;| 2 |n2]?} and
{In1] < |n2|?}. More concretely, we set

38 w)()
=) e > /te—"z’/Mw(nl,z')?(nz,z’)dﬂ (5.2.20)
0

n
nez3 n=ni+nz ]
210 <|n |<na|

and
3@ w) =3¢ (w) — 3§ (w). (5.2.21)

As for the first paracontrolled operator Sél), the lower bound |n;| = |n2|? and the
positive regularity of w allow us to prove a smoothing property such that the resonant
product Sél) (w)® 1 is well defined. See Lemma 5.4.5 below.

As noted in [36], the second paracontrolled operator Sg) does not seem to possess
a (deterministic) smoothing property. One of the main novelties in [36] was then to
directly study the random operator 3g o defined by

S0.0 W) =3 W) 1(1)
= Z €n t Z w(nlvt/)ff"n,nl(tvt/)d[/’ (5.2.22)

neZz3 0 n€Z3

where A, ,, (¢,t') is given by

Ann, (1,1)
— sin((t — ¢t/ ~ ~
Sy Y IO A5 v, 5223)
n—ni=nj-+ns Hnl + I’lz]]
Ini|<|n2|?
[ny+n2|~|n3|

Here, the condition |ny + ny| ~ |n3| is used to denote the spectral multiplier corres-
ponding to the resonant product & in (5.2.22). See (5.4.6) and (5.4.7) for the precise

4For simplicity of the presentation, we use the less precise definitions of paracontrolled
operators. For example, see (5.4.4) for the precise definition of the paracontrolled operator

(1)

39
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definitions. The almost sure bounded property of the random operator 3g,o was
studied in [36,54]. See Lemma 5.4.6 below.
Next, we consider the second term on the right-hand side of (5.2.17):

I(M(Qxy +2R+V2 + 20+ V)N 1. (5.2.24)

Once again, the resonant product is not well defined since the sum of regularities
is negative. The term (5.2.24) appeared in our previous work [54] on the focusing
Hartree @g—model, where we introduced the following stochastic term:

, _eesin(( =)D s, s
Aty =Y eax) Y e TIT(nI,Z)T(nZ,Z) (5.2.25)

nez3 n=ni+na
[ny|~n2|

fort > t' > 0, where |n1| ~ |n,| signifies the resonant product. Then, we have
t
(I(Mw))S 1)) =/ Mw)(t)A(t,t")dt'. (5.2.26)
0

We point out that the Fourier transform A&(n, t,t") corresponds to A, o(t,t") defined
in (5.2.23) and thus the analysis for A is closely related to that for the paracontrolled
operator 3g,g in (5.2.22). See Lemma 5.4.7 below for the almost sure regularity
of A.

Finally, we are ready to present the full system for the three unknowns (X, Y, ).
Putting together (5.2.11), (5.2.12), (5.2.15), (5.2.17), (5.2.20), (5.2.22), and (5.2.26),
we arrive at the following system:

(240, +1-AM)X =2(X +Y + V)1
— M(Qxy +20 + V2 + 2%+ )1,
P+ +1-2)Y =X +Y +Y)? +2R+YO 1 + 1)

12X +Y +Y)O! (5.2.27)
—M(Qxy +2R +V2 + 2V +V)(X +Y +Y).
R=23LX+Y+Y)O1+230.0(X +Y +7V)
- fot M(Oxy + 2R + Y2 + 2%+ V)A(t, 1))dr,
(X,0:X,Y,0:Y)|r=0 = (X0, X1, Yo, Y1).
By viewing the following random distributions and operator in the system above:
ov, Y. % A and 3g0, (5.2.28)

as predefined deterministic data with certain regularity/mapping properties, we prove
the following local well-posedness of the system (5.2.27).
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Theorem 5.2.1. Let § <51 < 3 <52 <1+ § and s — 1 < 53 < 0. Then, there
exist 0 = 0(s3) > 0 and ¢ = e(s1, $2,53) > 0 such that if

* 1is adistribution-valued function belonging to C ([0, 1]; W 2800 (T3)N
C (0. 1]: W37520(T %)),

Vs a distribution-valued function belonging to C([0, 1]; W=175°(T3)),

*  Yis a distribution-valued function belonging to C([0, 1]; W%_8’°°(T HHN
CH([0, 1]; WT175°(T?)),

YV is a distribution-valued function belonging to C([0, 1]; H~¢(T?3)),

o A(t, 1)) is a distribution-valued function belonging to L??L?(Az(l); H™(T?)),
where Ao (T) C [0, T)? is defined by

Ao(T) ={(t,t)eR::0<t' <t <T}, (5.2.29)
» the operator 3g) o belongs to the class 332(%, 1), where £,(q, T) is defined by
£2(q.T) := L(LI([0, T]; L*(T?)); L=([0, T]: H*3(T?))),  (5.2.30)

then the system (5.2.27) is locally well-posed in J5'(T3) x #*2(T?3). More pre-
cisely, given any (Xo, X1, Yo, Y1) € H51(T3) x H52(T?3), there exist T > 0 and a
unique solution (X, Y, R) to the hyperbolic ®3-system (5.2.27) on [0, T in the class:

Z515253(T) = XSU(T) x Y2(T) x L3([0, T]; H*3(T?)). (5.2.31)

Here, X*1(T) and Y*2(T) are the energy spaces at the regularities s1 and s, inter-
sected with appropriate Strichartz spaces defined in (5.5.1) below. Furthermore, the
solution (X, Y, N) depends Lipschitz-continuously on the enhanced data set:

(Xo0. X1.Y0. Y1, 1.V.YV. (. A, 3g.0) (5.2.32)
in the class:

x;},sz,e — gpsi (T3) % %sz(ﬂd)
X (C([0. T); W375(T2)) 0 C ([0, T): W3 75°(T?)))
x C([0. T]; W=175°(T3))
X (C([0. T]: WA=#(T2)) N €1 ([0. T): W1 =5(T %))

3
x C([0,T]; H~5(T?)) x LY L3} (Ax(T); H5(T?)) x :62(5, T).
Given the a priori regularities of the enhanced data, Theorem 5.2.1 follows from

the standard energy and Strichartz estimates for the wave equation. While the proof
is a slight modification of those in [36, 54], we present the proof of Theorem 5.2.1 in
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Section 5.5 for readers’ convenience. The local well-posedness of the hyperbolic ®3-
model (Theorem 1.3.1) follows from Theorem 5.2.1 and the almost sure convergence
of the truncated stochastic objects:

'N. VN. Y. %, Ay, and 3G g (5.2.33)

to the elements in the enhanced data set in (5.2.28); see Lemmas 5.4.1, 5.4.3, 5.4.4,
5.4.5,5.4.6, and 5.4.7 in Section 5.4. See Remark 5.2.2 below.

Remark 5.2.2. (i) For the sake of the well-posedness of the system (5.2.27), we con-
sidered general initial data (X¢, X1, Yo, Y1) € #°1(T3) x #52(T3) in Theorem 5.2.1.
However, in order to go back from the system (5.2.27) to the hyperbolic ®3-model
(5.1.1) with the identification (5.2.14) (in the limiting sense) we need to set (Xg, X1) =
(0, 0) since the resonant product of the linear solution S(¢)(Xo, X1) and 1 is not well
defined in general. As we see in Chapter 6, we simply use the zero initial data for
the system (5.2.27) in constructing global-in-time invariant Gibbs dynamics for the
hyperbolic ®3-model (5.1.1).

(i) Our choice of the norms for “{» is crucial in the globalization argument. See
Proposition 6.2.4 and Remark 6.2.5.

(iii) In proving the local well-posedness result of the system (5.2.27) stated in
Theorem 5.2.1, we do not need to use the C;-norms for 1 and Y. However, we
will need these CTl—norms for 1 and Y in the globalization argument presented in
Chapter 6 and thus have included them in the hypothesis and the definition of The-
orem 5.2.1 of the space X' *2**. See also (5.5.3) and Remark 5.5.1.

Furthermore, with this definition of the space X7'**2**, the map from an enhanced
data set in (5.2.32) (with (Xo, X1, Yo, Y1) = (0,0, ug, u1)) to (u, d;u), where u =
'+Y 4+ X + Y asin (5.2.10) becomes a continuous map from X4 > to C([0, T];
H~37E(T3)).

5.3 Strichartz estimates

Given 0 < s < 1, we say that a pair (g, r) is s-admissible (a pair (g, 7) is dual s-
admissible,’ respectively)if ] <§ <2 <qg <o0,1 <7 <2 <r < o0,
1 3 3 1 3 1 1 1 1 1_3
- +-=--s=-+--2, - +-=<-, and -+ ->_.
q 1 2 q T q r 2 qg 1 2
We say that u is a solution to the following nonhomogeneous linear damped wave
equation:
240 +1—-ANu=F
{( POt ) (5.3.1)

(u,0:u)|r=0 = (uo,u1)

>Here, we define the notion of dual s-admissibility for the convenience of the presentation.
Note that (G, 7) is dual s-admissible if and only if (§’, 7’) is (1 — s)-admissible.
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on a time interval containing ¢ = 0, if u satisfies the following Duhamel formulation:
t
u = S()(up,uy) + / D —tYF(dr,
0

where S(¢) and D(¢) are as in (5.2.4) and (5.2.2), respectively. We now recall the
Strichartz estimates for solutions to the nonhomogeneous linear damped wave equa-
tion (5.3.1).

Lemma 5.3.1. Given 0<s <1, let (q,r) and (4, 7) be s-admissible and dual s-admis-
sible pairs, respectively. Then, a solution u to the nonhomogeneous linear damped
wave equation (5.3.1) satisfies

Gt 0r)llLgegey + MullLg Ly < 1Geo.un)llses +11Fl a7 (53.2)
forall0 < T < 1. The following estimate also holds:
Gt de)llge gy + lullzg ry < 1o, un)llges + 1F MLy g (5.3.3)

forall 0 < T < 1. The same estimates also hold for for any finite T > 1 but with the
implicit constants depending on T .

The Strichartz estimates on RY are well known; see [30,41,46] in the context of
the undamped wave equation (with the linear part 32 — A). For the undamped Klein—
Gordon equation (with the linear part 8? 4+ 1 — A), see [42]. Thanks to the finite
speed of propagation, these estimates on T3 follow from the corresponding estimates
on R3.

As for the current damped case, by setting v(z) = e 5 u(t), the damped wave equa-
tion (5.3.1) becomes

{(8%+%—A)v=e§F

(v,0:V)[r=0 = (U0, u1),
to which the Strichartz estimates for the Klein—-Gordon equation apply. By undoing
the transformation, we then obtain the Strichartz estimates for the damped equa-
tion (5.3.1) on finite time intervals [0, 7], where the implicit constants depend on 7.

In proving Theorem 5.2.1, we use the fact that (8, %) and (4, 4) are %—admissible
and %—admissible, respectively. We also use a dual %—admissible pair (%, % .

5.4 Stochastic terms and paracontrolled operators
In this section, we collect regularity properties of stochastic terms and the paracon-

trolled operators. See [36, 54] for the proofs. Note that the stochastic objects are
constructed from the stochastic convolution 1 = W in (5.2.3). In particular, in the
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following, probabilities of various events are measured with respect to the Gaussian
initial data and the space-time white noise.’

First, we state the regularity properties of 1 and V. See [36, Lemma 3.1] and [54,
Lemma 4.1].

Lemma 5.4.1. Let T > 0.
(1) For any ¢ > 0, 'y in (5.2.7) converges to 1 in C([0, T]; W_%_E’m(T3)) n
c([0,T]; W_%_8’°°('IF3)) almost surely. In particular, we have

te C(0.TEW™275°(T*) N C((0, T W375(T?)
almost surely. Moreover, we have the following tail estimate:

P(Itnll o 1ieeo C3pee > A) SC(1+ T)exp(—cA?) (54.1)
CrW, 2 nclw, 2
forany T > 0 and A > 0, uniformly in N € N U {oo} with the understanding that
Too = 1.
(i) Forany e > 0, Vy in (5.2.8) converges toV in C ([0, T]; W —175°(T3)) almost
surely. In particular, we have

v e C([0, T); W™175°(T?))
almost surely. Moreover, we have the following tail estimate:
P(”VN||CTW;I_€’°° > k) <C(+T7T) eXp(—C)L)

forany T > 0 and A > 0, uniformly in N € N U {oo} with the understanding that
Voo = V.

Remark 5.4.2. A slight modification of the proof of the exponential tail estimate
(5.4.1) shows that there exists small § > 0 such that

P(NZItw = taall > 1) < C(1 + T) exp(—cA?)

_1_ _3_
e > g,oomC}Wx 5 —€,00
forany 7 > 0 and A > 0, uniformly in N; > N, > 1. A similar comment applies to
the other elements Vy, Yy, ?N, Ay, and i?g .© in the truncated enhanced data set

in (5.2.33).

The next two lemmas treat " and the resonant product ? exhibiting an extra

%—smoothing. See [36, Propositions 1.6 and 1.8]. While the exponential tail estim-

ates (5.4.2) and (5.4.3) were not proven in [36], they follow from the second moment

6With the notation in Chapter 6 (see (6.1.4)), this is equivalent to saying that we measure
various events with respect to i ® P».
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bounds on the Fourier coefficients of Yy and ?N obtained in [36] and arguing as

in the proof of [37, Lemma 2.3], using a version of the Garsia—Rodemich—Rumsey
inequality (see [37, Lemma 2.2]) with the fact that Y’y € J, and ?N € J<3. Since
the required argument is verbatim from [37], we omit details.

Lemma 5.4.3. Let T > 0. Then, Yy converges to Y in C([0, T]; W%_S’OO(T3)) N
CL([0, T]; W=1=6°°(T3)) almost surely for any & > 0. In particular, we have
Y € C([0, T; W3°(T%) 0 C1([0, T]; W'75°°(T?))

almost surely for any ¢ > 0. Moreover, we have the following tail estimate:

IP’(||YN||C 1—c.0 > A) <C(1+T) exp(—ck) (5.4.2)

TWx ﬂC}VVX_I_E“OO

forany T > 0 and A > 0, uniformly in N € N U {oo} with the understanding that

Lemma 5.4.4. Let T > 0. Then, ?N =YnN® tn converges to “ in C([0, T];

W=%%(T3)) almost surely for any & > 0. In particular, we have
e C(I0, T; W=5%(T?))
almost surely for any € > 0. Moreover, we have the following tail estimate:
POV lepwiee > 2) < C(1+T) exp(—cA3) (5.4.3)

forany T > 0 and A > 0, uniformly in N € N U {oo} with the understanding that
Vo=

Next, we state the almost sure mapping properties of the paracontrolled operators.
We first consider the paracontrolled operator 3, ) defined in (5.2.20). By writing out
the frequency relation |15|? < |n1| < |n2| in a more precise manner, we have

) =D e Y Y ek

nez3 n=ni+nz Ok+co<j<k—2
t : Y

<f -5 sin((t =) [n])
0 [n]

where @; is asin (2.1.1) and ¢o € R is some fixed constant. Given a pathwise regular-

W(ny, )1 (ne, 1')dt', (5.4.4)

ity of 1, the mapping property of Sé%) can be established in a deterministic manner.
See [54, Lemma 7.1]. See also [36, Corollary 5.2].

Lemma 5.4.5. Let s > 0 and T > 0. Then, given small 8 > 0, there exists small
e =¢&(s,0) > 0 such that the following deterministic estimate holds the paracontrolled
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operator Sé%) defined in (5.2.20):

||~9(1)(w)|| tae S wllpz gt ) 1o (54.5)
H2 TWX 2

In particular, 38) belongs almost surely to the class
£1(T) = LWL([0. T); H* (T*): C((0, T); H+#(T?),

Moreover, by letting i?g)’N, N € N, denote the paracontrolled operator in (5.2.20)
with 1 replaced by the truncated stochastic convolution 1y in (5.2.7), the truncated
paracontrolled operator Sél)’ converges almost surely to Sél) in £1(T).

Next, we consider the random operator 3, defined in (5.2.22). By writing out
the frequency relations more carefully as in (5.4.4), we have

t o0
oo @) =) e,,/ DD @) by 1) Ann, (1.0)dl, (5.4.6)

nez3 J=0n,ez3

where A, ,, (¢,1') is given by

Any (1.1) = 11 (1)) Z Z Y ek)ee(ny + n2)em(nz)

{,m=0 n—ni=np+n3
0</<9k+c0 [{—m|<2

it sin((t —t")[ny + n2]) ~

x e~ T T(n2, 1)1 (3, 1). (5.4.7)

Then, we have the following almost sure mapping property of the random operator
3©.0 - See [54, Proposition 2.5]. See also [36, Proposition 1.11].

Lemma 5.4.6. Let s3 < 0 and T > 0. Then, there exists small = 6(s3) > 0 such
that, for any finite q > 1, the paracontrolled operator 3g o defined by (5.2.22)
and (5.2.23) belongs to £,(q, T) defined in (5.2.30), almost surely. Furthermore,
the following tail estimate holds for some C,c > O:

P(I30.0 ll£,@.r) > A) < C(1 + T) exp(=A) (5.4.8)

SJorany A > 1.

If we define the truncated paracontrolled operator i?g o Ne N, by replacing
1 in (5.2.22) and (5.2.23) with the truncated stochastic convolution 1y in (5.2.7),
then the truncated paracontrolled operators i?g ,© converge almost surely to 30,0
in £5(q, T). Furthermore, the tail estimate (5.4.8) holds for the truncated paracon-
trolled operators 3%’,@, uniformly in N € N.
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Finally, we state the regularity property of A defined in (5.2.25). See [54, Lem-
ma 7.2]. Given N € N, we define the truncated version A y:

avtt) = Y e 3 IO 5 3 )

n
nez3 n=nj+ny |I 1]]
[y |~|n2|

(5.4.9)
by replacing 1 by 1y in (5.2.25).

Lemma 5.4.7. Fix finite ¢ > 2. Then, given any T, e > 0 and finite p > 1, {AN}NeN
is a Cauchy sequence in L? (Q; L;’?L?(AZ(T); H™%(T?))), converging to some limit
A (formally defined by (5.2.25)) in LP (R2; L‘;,"L?(Az (T); H™¢(T?))), where Ay(T)
is as in equation (5.2.29). Moreover, A Ny converges almost surely to the same limit in
L?,"L‘,] (A2(T); H4(T?3)). Furthermore, we have the following uniform tail estimate:

P(IAN L L ancryaze) > ) < C(L+ T) exp(=)

forany A > 1, and N € N U {00}, where Ay = A.

5.5 Proof of local well-posedness

In this section, we present the proof of Theorem 5.2.1. In the following, we assume
that s3 < 0 < 51 < 5o < 1. Recall that (8, &) and (4, 4) are %—admissible and %-
admissible, respectively. Given 0 < T < 1, we define X*!(7T') (and Y*2(T)) as the
intersection of the energy spaces of regularity s; (and s, respectively) and the
Strichartz space:

X*U(T) = C([0. T]: H*'(T?)) N C'([0. T]; HS1~1(T?)
N LE([0, T]; W~ 3 (T?)),

Y*2(T) = C([0.T]: H*>(T?)) n C'([0. T]; H*>~'(T?))
N L0, TT; W2~ 24(T?)),

5.5.D

and set
Z55253(T) = XSU(T) x Y52(T) x L3([0, T); H'3(T?)).

By writing (5.2.27) in the Duhamel formulation, we have
X = 0y(X. 7. %)
=80 (Xo. X1) +2I(X+Y +V)Q 1)
—I(M(Qx.y + 2% + Y+ 2% +v)1),



Proof of local well-posedness 89

Y = ®(X,Y, R)
1= S() (Yo, Y1) + I((X +Y +Y)?)
+2I(R+YO 1+ V) +2I(X+Y +Y)O 1)
—I(M(Qxy +2R+Y?* + 2% +V)(X + Y + 7)), (552)
R = d3(X. Y. R)
=230 (X +Y+Y)@1+230.0(X +Y +V)

t
—/ M(Qx,y + 2R + Y2420+ V)A(t,t)dt'.
0

In the following, we use &€ = &(s1, 52, 53) > 0 to denote a small positive number. Given
an enhanced data set as in (5.2.32), we set

E = (T,V,Y, ?,A,S@’@)

and
” = ||X% = || ! ”CTWY_%_S’OOQC}W;%_E’OQ + ||V||CTWX—1—8,OO
R
+ ”A”L?,"L?(AZ;H;S) +89.0 ||x2(%,T) (5.5.3)

for some small ¢ = &(s7, 52, 53) > 0. Moreover, we assume that
[(Xo. XD llgest + (Yo, YD) llges2 + [ Ellxce = K (5.5.4)
for some K > 1. Here, we assume the bound on E for the time interval [0, 1].

Remark 5.5.1. As for proving local well-posedness stated in Theorem 5.2.1, we do

1—e&,00

&,

not need to use the C Tl W, 2 *_norm for 1 and the C} Wy -norm for Y. How-
ever, in constructing global-in-time dynamics, we need to make use of these norms
and thus we have included them in the definition of the X7.-norm in (5.5.3).

We first establish preliminary estimates. By Sobolev’s inequality, we have

12Nt S WF20 ) e = IS p S A g (5.5.5)

3+2a 3+2a 4

forany 0 <a < % By (5.2.15), (5.5.5), Lemma 2.1.2, Lemma 2.1.3 (ii), and Holder’s
inequality with (5.5.4), we have

IOx.y |L‘%°Hx_100
2

SIX4+Y) ||L<7>-°Hx_100 + ”XY”L;’?H;‘OO + ||YY||L<%on—100

+ 11X T||L<%0Hx—1oo + 11X T”L‘}OH;IOO + Y1 ||L(7>—~OH;100
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2 2
SIX N zse e + 1Y Izge e
+ (XN ooz + 1Y llseor2) 1Y llzgerse

+ X oo T — 5 —£,00 + Y =+ T — x5 —E&,00
X1 oo 2l ”u;owx [ || Leonbt | IIL%OWX 1.
5 ”(X» Y’ E)%)”2251-S2.S3 (T) + Kz, (556)
provided that s; > ¢ and s, > l + ¢.
We now estimate @ (X, Y M) in (5.5.2). By (5.5.1), Lemmas 5.3.1 and 2.1.2,
(1.3.2), and (5.5.6) with (5.5.4), we have
[®1(X, Y, R)lxs1 (1)
S 1o, X0llzens + [(X + Y +NQ 1], o1
+ [ M(Qxy + 2% + Y2+ 2%+ V)1 HLITH;I—I
SIXos X)) llgest +TIX +Y + Yl poo 2|l ~L—ec0
(X0, X1) || ges1 | lzserzll IIL%OWX 1.
1 2
+T3]0xy + 2R+ +2V+ V”IZJ%HX—IOOH ! ||L%OH;I_]
(5.5.7)

1
S 1 Xo, X0)llgest + T3K(I(X, Y, R G123y + K°),

provided that e < 51 < % —&, 8 > % + &, and s3 > —100.
Next, we estimate @, (X, Y, R) in (5.5.2). By (5.5.1) and Lemma 5.3.1 with the

fractional Leibniz rule (Lemma 2.1.3 (i)), we have

I Z(X +Y +%) | yor )
VPRTI(X 4 Y + AN

'*! WA

\ VIR 2y 9 )

A
Bl=

T (H(v 2rx | s+

LS LX
(5.5.8)

(Ix.Y, 9%)”2?1 s2.53(7) T Kz)
%). By Lemmas 5.3.

Bl

<T
provided that % < s, <min(l —¢,s7 + 1 and 2.1.2, (5.5.8),
and (5.5.6) with (5.5.4), we have

[@2(X. Y, R)lys2(T)
SN0 YDllsez + [T +Y +3%) [ysn gy + 191 oo

+ ||Y@ T||L1 sp—1 + ”?”LlTH;z—l + ||(X +Y +Y)® T”LITH 2—1

—1

+[M(Qxy + 2%+ Y+ 26 A V)X Y + Yy e
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1 2
S o, YD llges2 + T3 (I(X. Y. ) Z5155.5 7y + K?) + T3 ||5R||L3TH;§3

+T 1" PllLge e +T(||X||L%OH;1 FNY o gz + IIYIIL?OWY%_S)H ! ||L?QWX-%_8
1
+ T3 Qxy +2% + Y+ 2%+ VI3 00
X (”X”L%OH;I + ||Y||L%0Hi2 + ”YHL%OWX%—SOO)
1
S Yo, YD) llges2 + T*(I(X, Y, R 1515253y + K°), (5.5.9)

provided that s; > e, % + & < 5o <min(l — 3¢, 51 + %,53 + 1), and s3 > —100.
Finally, we estimate ®3(X, Y, ) in (5.5.2). By Lemmas 2.1.2, 5.4.5 (in particu-
lar (5.4.5)), and (5.5.6) with (5.5.4), we have

[®3(X, Y. )l s

<3 1)(X +Y +Y)o1 HL-}Hj3 +l13e.0(X +Y +Y) HL;H;3

t
+ ‘ / M(Qxy + 2R + Y 4+ 2%+ V)A(r, 1)1’
0

L3 Hy?

STHRQE+Y )]yt FTERIX Y +Y 12

JUN B
T X

oo
T

T
2
[ IM@xy 423+ 4 26+ DO TAC g

oo

1
T

L deco)
X

1
+ T3K||Qxy + 2R + V> + 20+ V173 o100

1

STIK(I(X, Y, R) | %51 253 1y + K*) (5.5.10)
provided that s; > 0 with sufficiently small € = &(s1) > 0 (in view of Lemma 5.4.5),
Sy > % + &,and —100 < 53 < —&.

Note that |x|x is differentiable with a locally bounded derivative. In view of

(1.3.2), this allows us to estimate the difference M(w;) — M(w>). By repeating a
similar computation, we also obtain the difference estimate:

|D(X, Y, R) — DX, Y, R)| 2515253 (7)
1 ~ o~ o~
S THIX Y. R 1 sy + KDIX Y. R) = (R, T, )| 251253 (1
(5.5.11)

where
D = (P, Dy, 3).

Therefore, by choosing T = T'(K) > 0 sufficiently small, we conclude from (5.5.7),
(5.5.9),(5.5.10), and (5.5.11) that ® = (1, P, P3) is a contraction on the closed ball
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Br C Z515253(T) of radius R ~ 1 + || (Xo, X1) || 751 + ||(Yo, Y1) || ges2 centered at the
origin. A similar computation yields Lipschitz continuous dependence of the solution
(X, Y. R) on the enhanced data set (Xo, X1, Yo, Y1, ) measured in the X7'**2**-norm
by possibly making T > 0 smaller. This concludes the proof of Theorem 5.2.1.



Chapter 6

Invariant Gibbs dynamics

6.1 Overview of the chapter

In this chapter, we present the proof of Theorem 1.3.2. In the remaining part of this
chapter, we work in the weakly nonlinear regime. Namely, we fix ¢ % 0 such that
|o| < 09, where oy is as in Theorem 1.2.1 (i). We also fix sufficiently large A > 1
as in Theorem 1.2.1 (i) such that the @g—measure p is constructed as the limit of the
truncated @g-measures pn in (1.2.11). With these parameters, consider the truncated
Gibbs measure py:

PN = PN ® Ho (6.1.1)

for N € N, where ¢ is the white noise measure; see (1.2.1) with s = 0. A standard
argument [37, 54, 59] shows that the truncated Gibbs measure PN is invariant under
the truncated hyperbolic CDg-model (1.3.6):

uy + deuy + (1 — Auy
—orrN(: (rvun)? :) + M( (myun)? Hnnuy = «/ES, (6.1.2)

where : (myupy)? := (ryun)? —on and wy and oy are as in (1.2.5) and (1.2.8),
respectively. See Lemma 6.2.3 below. Moreover, as a corollary to Theorem 1.2.1 (i),
the truncated Gibbs measure py in (6.1.1) converges weakly to the Gibbs measure
P =p® oin (1.2.18).

Our main goal is to construct global-in-time dynamics for the limiting hyper-
bolic ®3-model (1.3.1) almost surely with respect to the Gibbs measure p, and prove
invariance of the Gibbs measure p under the limiting hyperbolic CDg-dynamics. A
naive approach would be to apply Bourgain’s invariant measure argument [9, 10],
by exploiting the invariance of the truncated Gibbs measure gy under the truncated
hyperbolic ®3-dynamics, and to try to construct global-in-time limiting dynamics for
the limiting process ¥ = limy_c0 Uy . There are, however, two issues in the cur-
rent situation: (i) the truncated Gibbs measure py converges to the limiting Gibbs
measure p only weakly and (ii) the Gibbs measure p and the base Gaussian measure
L= i ® wo in (1.2.2) are mutually singular. Moreover, our local theory relies on
the paracontrolled approach, which gives additional difficulty. As a result, Bourgain’s
invariant measure argument [9, 10] is not directly applicable to our problem. In [14],
Bringmann encountered a similar problem in the context of the defocusing Hartree
NLW on T3, where he overcame this issue by introducing a new globalization argu-
ment, by using the fact that the (truncated) Gibbs measure is absolutely continuous
with respect to a shifted measure (as in Appendix A below) [13, 54] in a uniform
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manner and establishing a (rather involved) large time stability theory, where sets of
large probabilities are characterized via the shifted measures.

In the following, we introduce a new alternative globalization argument. This
new argument has the advantage of being conceptually simple and straightforward.
Our approach consists of several steps:

Step 1. In the first step, we establish a uniform (in N) exponential integrability of
the truncated enhanced data set Zy (see (6.1.10) below) with respect to the trun-
cated measure oy ® P, (Proposition 6.2.4). Here, P, is the measure for the stochastic
forcing defined in (6.1.4) below. By combining the variational approach with space-
time estimates, we prove this uniform exponential integrability without any reference
to (the truncated version of) the shifted measure Law(Y (1) + 0 3(1) + W(1)) con-
structed in Appendix A. As a corollary, we construct the limiting enhanced data set
E associated with the Gibbs measure o (see (6.1.11) below) by establishing conver-
gence of the truncated enhanced data set & 5 almost surely with respect to the limiting
measure p ® Ps.

Step 2. In the second step, we establish a stability result (Proposition 6.3.1). We
prove this stability result by a simple contraction argument, where we use a norm
with an exponentially decaying weight in time. As a result, the proof follows from a
small modification of that of the local well-posedness (Theorem 5.2.1). As compared
to [14], our stability argument is very simple (both in terms of the statements and the
proofs).

Step 3. In the third step, we establish a uniform (in N) control on the solution
(Xn, Yy, Ry) to the truncated system (see (6.3.2) below) with respect to the trun-
cated measure py ® PP, (Proposition 6.3.2). The proof is based on the invariance of
the truncated Gibbs measure px and a discrete Gronwall argument.

Step 4. In the fourth step, we study the pushforward measures (E 5 )#(oy ® P») and
(E)#(p ® P»). In particular, by using ideas from theory of optimal transport (the Kan-
torovich duality) and the Boué—Dupuis variational formula, we prove that the push-
forward measure (E y)#(on ® P2) converges to (E)#(p ® P») in the Wasserstein-1
distance, as N — o00; see Proposition 6.3.3 below.

Once we establish Steps 1—4, the proof of Theorem 1.3.2 follows in a straightfor-
ward manner. In Section 6.2, we first study the truncated dynamics (6.1.2) and briefly
go over almost sure global well-posedness of (6.1.2) and invariance of the truncated
Gibbs measure py (Lemma 6.2.3). We then discuss the details of Step 1 above. In
Section 6.3, we first go over the details of Steps 2, 3, and 4 and then present the proof
of Theorem 1.3.2.

Notations. By assumption, the Gaussian field i = u ® o in (1.2.2) and hence the
(truncated) Gibbs measure are independent of (the distribution of) the space-time
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white noise £ in (1.3.1) and (6.1.2). Hence, we can write the probability space €2 as
Q= Q] X Qz (613)

such that the random Fourier series in (1.2.4) depend only on w; € €21, while the
cylindrical Wiener process W in (3.1.1) depends only on w, € €2;. In view of (6.1.3),
we also write the underlying probability measure P on €2 as

P=P ®P,, (6.1.4)

where P; is the marginal probability measure on Q;, j = 1, 2.
With the decomposition (6.1.3) in mind, we set

t
11300, w2) = S(t)iio + ﬁ/ D —1)dW(', w3) (6.1.5)
0

forig = (ug,u1) € Jf_%_s('lp) and w, € 25, where S(¢) and D(¢) are as in (5.2.4)
and (5.2.2), respectively. When it is clear from the context, we may suppress the
dependence on 1y and/or w,. Given N € N, we set

1w (o, w2) = 7N 1 (g, w2), (6.1.6)
where 7 is as in (1.2.5). We also set

v (tho, @2) = 13 (io, w2) — O,
Yn (o, 2) = wn I (Vv (tho, w2)), (6.1.7)
?N(ﬁo,wz) =Yy (tio. w2)® 1w (tho, w2),

and define A y (iig, ®>) as in (5.4. 9) by replacing 1y with 1y (ilo, @2). We define the
paracontrolled operator J@ o= J@ o (tig, w>) in a manner analogous to J@ o in
Lemma 5.4. 6 but with an extra frequency cutoff 7. Namely, instead of (5.2.19), we
first define 3 @ by

W) 0) = Iy 1w)(0), (6.1.8)

where 'y = 1y (to, wy) is as in (6.1.6). We then define SN and §§)’N as in
(5.2.20) and (5.2.21) with an extra frequency cutoff yy(n), depending on |ny| =
[n2|? or |ny| < |n2|?. Note that the conclusion of Lemma 5.4.5 (in partlcular the
estimate (5.4.5)) holds for é)’ , uniformly in N € N. Finally, we define 3, s@ o by

38,00 =3V w)© 18 (), (6.1.9)

namely, by inserting a frequency cutoff yy(n; + n2) and replacing 1 by 1y =
1§ (o, w3) in (5.2.23). We then define the truncated enhanced data set E y (1ig, w2)
by B

2y (g, w2) = (TN,vN,YN,yN,AN,sg’@), (6.1.10)
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where, on the right-hand side, we suppressed the dependence on (g, w,) for nota-
tional simplicity. Note that, given tig € # ~ e (T3), the enhanced data set E y (tig, w2)
does not converge in general. Nonetheless, for the notational purpose, let us formally
define the (untruncated) enhanced data set E (iig, w;) by setting

E(ig, w2) = (1. Y., A, 39.,0). (6.1.11)

where each term on the right-hand side is a limit of the corresponding term in (6.1.10)
(if it exists). In Corollary 6.2.6, we will construct the enhanced data set B (iig, w2)
in (6.1.11) as a limit of the truncated enhanced data set E y (iig, @) in (6.1.10) almost
surely with respect to p ® IP5.

In the remaining part of this chapter, we fix 51, 52, 53 € R satisfying

1 1 1
— <5 <=<85<s1+- and s —1<s53<0. (6.1.12)
4 2 4
Furthermore, we take both s; and s, to be sufficiently close to % (such that the con-

ditions in (6.3.26) are satisfied, say with r; = r, = 3).

Remark 6.1.1. (i) In view of (6.1.6) with (1.2.5) we have 1 y (tig, w2) =1 y (TN U0, @2)
and thus

B (thg, w2) = En(nntig, w2).
Namely, the truncated enhanced data set E y (1ig, ;) in (6.1.10) depends only on the
low frequency part 7 iig of the initial data.

(ii) Note that the terms Yy, \(QN, and §g .© in (6.1.10) come with an extra
frequency cutoff as compared to the corresponding terms studied in Chapter 5. When
Law(iig) = i1, the results in Lemmas 5.4.3, 5.4.4, and 5.4.6, and Remark 5.4.2 from
Section 5.4 also apply to Yn (g, @2), ?N (thg, w2), and §g@ (tg, w2).

(iii) Note that the X7.-norm for enhanced data sets defined in (5.5.3) also meas-
ures the time derivatives of ty and 'y in appropriate space-time norms. In view
of (6.1.7) and (5.2.5), the time derivative of Yy (1o, w2) is given by

t
0, Y n(t: g, w2) = nN[ 0, D(t — 1)y (t' g, wp)dt'.
0

As for the stochastic convolution, recall that, unlike the heat or Schrodinger case, the
stochastic convolution for the damped wave equation is differentiable in time and the
time derivative of 1y (lo, @;) is given by

t
01w (t; 1o, w2) = TN, S()g + «/Emv/ 0, D(t —tdW(t',wy). (6.1.13)

0
The formula (6.1.13) easily follows from viewing the stochastic integral in (6.1.5)

(with an extra frequency cutoff ) as a Paley—Wiener—Zygmund integral and taking
a time derivative.
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6.2 On the truncated dynamics

In this section, we study the truncated hyperbolic @g—model (6.1.2). We first go over
local well-posedness of the truncated equation (6.1.2) and then almost sure global
well-posedness and invariance of the truncated Gibbs measure py ; see Lemmas 6.2.1
and 6.2.3. Then, by combining the Boué—Dupuis variational formula (Lemma 3.1.1)
and space-time estimates, we prove uniform (in N) exponential integrability of the
truncated enhanced data set E y (o, w;) with respect to py ® P, on (iig, w2); see
Proposition 6.2.4. As a corollary, we prove that the truncated enhanced data set
En (g, @) in (6.1.10) converges to the limiting enhanced data set E (g, w;) in
(6.1.11) almost surely with respect to the limiting measure p ® P, (Corollary 6.2.6).

Given N € N, let g = (ug, u1) be a pair of random distributions such that
Law((ug, u1)) = py = pN ® po. Let uy be a solution to the truncated equation
(6.1.2) with (up, 0;uN)|i=0 = . With : (myupy)? := (Tyuy)? — on, we write
(6.1.2) as

djun + duny + (1 — Auy
—onN ((JTNMN)2 — O'N) + M((JTNMN)2 — O'N)T[NMN = «/ES (6.2.1)
(qu atuN)|t=0 = ﬁOa
where M is as in (1.3.2). Note that, due to the presence of the frequency projector py,

the dynamics (6.2.1) on high frequencies {|n| = N} and low frequencies {|n| < N}
are decoupled. The high frequency part of the dynamics (6.2.1) is given by

FPryun + 0yun + (1 — A)ryuy = V2rE 62.2)
(TN D) i=o = .
The solution nﬁuN to (6.2.2) is given by
nyuy = 7y 1 (o), (6.2.3)

where 1 (1ig) is as in (6.1.5) with the w,-dependence suppressed. With vy = Tyuy,
the low frequency part of the dynamics (6.2.1) is given by
ava + d;oy + (1 —A)vy
—OTTN ((JTNUN)2 — O'N) + M((]TNUN)2 - O'N)JTNUN = \/EnNg (6.2.4)
(v, 0:vN)|r=0 = 7N lo,
where we kept y in several places to emphasize that (6.2.4) depends only on finite

many frequencies {n € NQ} with Q as in (1.2.7). By writing (6.2.4) in the Duhamel
formulation, we have

t
vy (1) = Ty S(t)io +/ D(t —t)Ny(on)(@)dt’ + 1n(2;0), (6.2.5)
0
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where the truncated nonlinearity Ny (vy) is given by
Ny (vy) = oy ((ryon)*> —on) — M ((wvon)? —on) v, (6.2.6)

and 1 5 (7;0) is as in (6.1.6) with 1y = 0:
t
TN (0, w0) = ﬁ/ Dt —tand W', wy).
0

For each fixed N € N, we have 15 (¢;0) = 7y 1(t;0) € C'(Ry; C®(T?3)); see
Remark 6.1.1. By viewing 1 5 (¢;0) in (6.2.5) as a perturbation, it suffices to study the
following damped NLW with a deterministic perturbation:

wn (t) = 7n S(t)(vo, v1) +/0 Dt —t") Ny (un)(¢)dt' + F, (6.2.7)

where (v, v1) € H1(T3), oy isasin (1.2.8),and F € C'(R4; C*(T?)) is a given
deterministic function.

A standard contraction argument with the one degree of smoothing from the
Duhamel integral operator I in (5.2.5) and Sobolev’s inequality yields the follow-
ing local well-posedness of (6.2.7). Since the argument is standard, we omit details.
See, for example, the proof of [54, Lemma 9.1].

Lemma 6.2.1. Let N eN. Given any (vg,v1) e H(T3) and F e C'([0,1]; H'(T?3))
with
[(vo, v llger =R and |[Flcigoq.a1y = K

forsome R, K > 1, there exist t = ©(R, K, N) > 0 and a unique solution vy to (6.2.7)
on [0, t], satisfying the bound.:

”UN”}'ZI(.[) SR+K,

where
X'(r) = C([0,7); H'(T?)) N C'([0, T]; L*(T?)).
Moreover, the solution vy is unique in X * (7).
Remark 6.2.2. (i) A standard contraction argument gives T = t(R, K, N) ~ (R +
K + N)~% for some 6 > 0, in particular the local existence depends on N € N.
(i) We also point out that the uniqueness statement for vy in Lemma 6.2.1 is
unconditional, namely, the uniqueness of the solution vy holds in the entire class

X (7). Then, from (6.2.3) and the unconditional uniqueness of the solution vy =
v (T tig) to (6.2.4), we obtain the unique representation of u y:

uy = 7y 1 (o) + vy (T ido).

See for example (6.3.73) below, where we use a different representation of u .
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Before proceeding further, let us introduce some notations. Given the cylindrical
Wiener process W in (3.1.1), by possibly enlarging the probability space €2;, there
exists a family of translations 7, : £, — €2 such that

W(t, try(w2)) = W(t + to, w2) — W(to, w2)

fort,t9p > 0 and w, € 2;. Denote by oN () the stochastic flow map to the truncated
hyperbolic @g—model (6.1.2) constructed in Lemma 6.2.1 (which is not necessarily
global at this point). Namely,

in(t) = un(t), dun () = V(1) (g, w2)
= (@Y (1) (g, w2), @Y (1) (o, »2)) (6.2.8)

is the solution to (6.1.2) with 1 v |;=o = iy, satisfying Law(iig) = pn, and the noise
£(w,). We now extend ®V (¢) as

N (1) (Gio. w2) = (N (1) (G0, w2). 7 (2)). (6.2.9)
Note that by the uniqueness of the solution to (6.1.2), we have

N (11 + 1) (o, w2) = CDN(IZ)(‘I)N(“)(’}O"‘)Z)’T“ (a)z))
= oM (1) (B (11) (Gio. w2))

for t1,1, > 0 as long as the flow is well defined.
By writing the truncated dynamics (6.1.2) as a superposition of the deterministic
NLW:
uy + (1 — Auy — Ny (uy) =0, (6.2.10)

where Ny (1) is as in (6.2.6), and the Ornstein—Uhlenbeck process (for d,u y):
3, (dun) = —0;un + 2€, (6.2.11)

we see that the truncated Gibbs measure py in (6.1.1) is formally' invariant under the
dynamics of (6.1.2), since py is invariant under the NLW dynamics (6.2.10), while
the white noise measure po on d;uy (and hence py = py ® o on (uy, d,upy)) is
invariant under the Ornstein—Uhlenbeck dynamics (6.2.11). Then, by exploiting the
formal invariance of the truncated Gibbs measure py, Bourgain’s invariant measure
argument [9] yields the following result on almost sure global well-posedness of the
truncated hyperbolic @g—model (6.1.2) and invariance of the truncated Gibbs measure
pn - Since the argument is standard (for fixed N € N), we omit details. See the proof
of [54, Lemma 9.3] for details.

'Namely, as long as the dynamics is well defined.
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Lemma 6.2.3. Let N € N. Then, the truncated hyperbolic @g—model (6.1.2) is almost
surely globally well-posed with respect to the random initial data distributed by the
truncated Gibbs measure py in (6.1.1). Furthermore, py is invariant under the res-
ulting dynamics and, as a consequence, the measure py ® P, is invariant under the
extended stochastic flow map N () defined in (6.2.9). More precisely, there exists
YN CQ=Q1 x Qs withpy @ Po(Xn) =1 such that the solutionuy = uy (g, w2)
to (6.1.2) exists globally in time and Law(un (1), 0;un (1)) = pn foranyt € R.

Next, we establish uniform exponential integrability of the truncated enhanced
data set E y (o, wy) in (6.1.10) with respect to the truncated measure py ® P,. We
also establish uniform exponential integrability for the difference of the truncated
enhanced data sets.

Proposition 6.2.4. Let T > 0. Then, we have
/]E[pz [exp(| E n (i0. @2) %z ) |d v (iio) < C(T.e.) < 00 (6.2.12)

for0 <o < % uniformly in N € N, where the X7.-norm and the truncated enhanced

data set B y (g, wz) are as in (5.5.3) and (6.1.10), respectively. Here, Ep, denotes an

expectation with respect to the probability measure Py on w, € 2, defined in (6.1.4).
Moreover, there exists small B > 0 such that

/]Elpz[exp(NZﬁHENl (g, w2) — ENz(ﬁo,wz)H‘;g%)]dﬁN(ﬁo)

<C(T,e,a) <00 (6.2.13)

for0 <a < %, uniformly in N, N1, N, € N with N > N1 > N,.

Proof. For simplicity, we only prove (6.2.12) and (6.2.13) for the random operator
i?g,@ defined in (6.1.9). The other terms in E y (iig, w,) can be estimated in an
analogous manner. See Remark 6.2.5.

We break the proof into two parts.

Part 1. We first prove the following uniform exponential integrability:
/EP2 [exp(“%é”@ ||(;2(q’T)>j|d,5N(ﬁo) <C(T,ea) <o (6.2.14)

forany 7 > 0, any finiteg > 1,and 0 < o < % uniformly in N € N. Note that the
range 0 < o < % of the exponent in (6.2.14) comes from the presence of || 3 x ”%/Vl—mo
in (6.2.28) and (6.2.32), since 3y defined in one line below (3.2.3) belongs to H<,.
Similarly, the overall restriction 0 < o < % in this proposition comes from the terms
involving ¥; in (6.2.38), where v is defined in (6.2.23) with (6.2.21). Namely,
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the worst contribution in (6.2.38) behaves like || 35 ||€I‘j‘1_8_oo which is exponentially
integrable only for o < %; see (6.2.39).
From (6.1.8) and (6.1.9), we see that §g@ depends on two entries of Ty =

7y 1(do, w2). We now generalize the definition of §@’@ to allow general entries.

Given y; € C(R4; D'(T?)), j = 1,2, we first define 33 [y/1] by
8 lw) = I(an W (ny1))). (6.2.15)

As in (5.2.20) and (5.2.21), define 33" [1] to be the restriction of 3& [y1] onto
{In1] < [n2|%}:

3N il (w) = I(an (K8 (w, 7w yn))), (6.2.16)

where K is the bilinear Fourier multiplier operator with the multiplier 1 (n11<n2]f}-
More precisely, we have

FQN [y )(w)(r)
:ZXN(”)en Z Z @j(n) ek (n2) xn (n2)

nez3 n=nj1+n2 0<j<0k+cgo
t : _ 4/

x/ e_% sin((t — t")[n])
0 [~]

where yu isasin (1.2.6) and ¢y € R is as in (5.4.4). Then, we define §g@ [V1, ¥2]
by

W(ny, 1)1 (s, t')dt', (6.2.17)

38 o W v2lw) = 3N Y1 1)@ (anv2). (6.2.18)
Note that §g .o [¥1. ¥2] is bilinear in 1 and y>. We also set

38 oW =38 olv.v] (6.2.19)

for simplicity. With this notation, we can write §g o in(6.2.14) as 3 9.0 1o, w2)],
where g = (49, u1). Note that we have

38.olwvl =38 o vl

Before proceeding further, we record the following boundedness of K¢ defined in
(6.2.16) and (6.2.17); a slight modification of the proof of (2.1.7) in Lemma 2.1.2
yields

1K sz, < 1S e gl (6:2.20)

forany s, e Rand 1 < p, p1, p2,q foosuchthat% = %—l—é.



Invariant Gibbs dynamics 102

By the Boué-Dupuis variational formula (Lemma 3.1.1) with the change of vari-
ables (3.2.4), we have

~log / exp( |38 o [1 Gio. w21 1) ) o)

= it [0+ 0o

~ 1 o
FRRO TN 403w+ [ ||TN<z>||§,ldr] T log Zy.
0 X

where IQX, is asin (3.2.25) and
©=71"+03n. (6.2.21)
Recall the notation Yy =nn Y and Yy =7 YV . Then, from Lemmas 3.2.2 and 3.2.3

with Lemma 3.1.2 and (3.2.17), there exists g9, Co > 0 such that

—log / exp(“ §’é o1, w2)] ||;2(4,T))d,0N (1)

Z N E[-[38 01X +0.u1.02)]%, 1)

+eo(IT I3 + 11w 152) | - Co. (6.222)

uniformly in ¥ and w,.
In view of (6.1.5), we write 1(Y 4+ ©,uy, w;) as

WY + O, u1,m) = 1(Y,u1, @) + S()(©,0) = Yo + ¥1, (6.2.23)
where S(7) is as in (5.2.4). By (6.2.19), we have
138,011 +©.u1.02)]| ¢, 1)
= ||§g@ [¥0, Yol |é€2(q,T) + ”%g@ [¥o0, wl]“;(iz(q,T)
+ 138 o W1 vol | s + 138 .o V1. vl £5(q.T)" (6.2.24)

Under the truncated Gibbs measure py, we have Law(u1) = o and thus we have
Law(Y,u1) = ji = it ® j1o. Then, from the uniform exponential tail estimates in Lem-
mas 5.4.1 and 5.4.6 (see also Remark 6.1.1) with (3.2.3), there exists K(Y, uy, ;)
such that

138 0 Wolleyqiry + 1007y, o+ 13wlwi-scs o225
T x . .
< K(Y,ui,ws)
and
E;ep,[exp($K(Y.u1, w2))] < oo (6.2.26)

for sufficiently small § > 0.
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We now estimate the last three terms on the right-hand side of (6.2.24). Let s3 < 0.
By Sobolev’s inequality, (6.2.18), Holder’s inequality,” (6.2.16), Sobolev’s inequality,
Lemma 5.3.1, and (6.2.20) with (6.2.23), we have

138 .0 o, vil(w) | oo pysa

<38V wolw)© (ﬂN%)H

=55
soLy

L; __llznyn || Lﬁ

< 38 ol w)|
LF
SIZE @ mn oDl e WVt lgempe
7 Hx
< 0
< 1K (w,nNWO)HLlTH;T%H||®||H1—g

< llw —lo2cco Ollgi-e, 6.2.27
iy 2 Vol —3—2eco 1Ola1- ( )

T "X
for ¢ > O sufficiently small such that 4¢ < —s3. Hence, by the definition (5.2.30) of
the £(q, T')-norm, Cauchy’s inequality, and (6.2.21), we obtain
IN
H«S@,@ [Yo. V1] H£2(CI,T)

a=1
T e ol 1 oecollOllHi—
LW, 2

X

a—1
ST (ol 4 o+ IV I + 13N ) (6228)
LPW.

X

Proceeding as in (6.2.27) and applying Sobolev’s embedding theorem with (6.2.21)
and (6.2.23), we have

” §g O [¥1, ¥l HJCz(q,T)

a=1
ST 7 ||yl 1200 lOl1— A ||O||H1 —e
LW, 2

X

ST (V20 + 138121 ens). (6.2.29)

2To be more precise, this is the Coifman-Meyer theorem on T3 to estimate a resonant
product. The Coifman—Meyer theorem on T3 follows from the Coifman-Meyer theorem for
functions on R? [31, Theorem 7.5.3] and the transference principle [26, Theorem 3]. We may
equally proceed with (2.1.9) in Lemma 2.1.2 with a slight loss of derivative which does not
affect the estimate.
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Finally, from Lemmas 2.1.2, 5.3.1, Sobolev’s inequality, and (6.2.20), we have
138 o 1. Yol ) | o gy
< |38 w1 )© (v vo) | oo 2

< ||I<J<9(w,nw1)>||L

OOHX%+23 ||¢0 ||L%OW7%78.OO

X

6
<
<K (w,anﬁl)”L%H;%Jrzs||\/f0||L?OW7%7£.oo

X

9
<
<K (w’anl)”LlTLﬁ ||W0||L%owf%ﬂ;,ij

X

<
~ ||w ||L3"L)2c ”1//1 ||L?~,BO 6 5 ||W0 ||L’79W—%—£.OC . (6230)

T—4¢ x

Note that (%, 1_648) is (1 — ¢)-admissible. Since ¢ > 1, we can choose ¢ > 0 suffi-
ciently small such that ¢’ < % Then, by Minkowski’s integral inequality, (6.2.23),
and Lemma 5.3.1, we have

1

o0 2
/ < S()(P;O,0)|? < 1O 1—e, 6.2.31
||W1||L%BO6 2_(;” (1)(P;0, )IIL%,L;%) < 1O g ( )

1—4¢>

where P; is the Littlewood—Paley projector onto the frequencies {|n| ~ 2/}. Hence,
from (5.2.30), (6.2.30), (6.2.31), and Cauchy’s inequality with (6.2.21), we obtain

||§g ,© [¥1. Yo ”xz(q,r)

= C(D)[[voll “JecolOla1—2
LW

=CM (ol o+ 1TV + 1385 1—ee)-  (6232)
LWy

By (6.2.24), (6.2.25), (6.2.28), (6.2.29), (6.2.32), and Young’s inequality (with
o < 1) we have

Y;gﬂE[—HS@,@[T(Y +0.u1, 0|y qr + 2 (ITV 20 + 1T 152) ]

> —cE[K(Y,u1,02)**] + Lt (—eITMIE + 2ol TV 31) — G

a

> —E[K(Y.u1,02)**] — Cs. (6.2.33)
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Therefore, from (6.2.22), (6.2.33), Young’s inequality, and Jensen’s inequality, we
obtain

/ eXP(HSg,@ [t (o, 2)] “‘;32([1,1))de (10)
< exp(C]E[K(Y, ul,a)z)z“D
< exp(SE[K(Y, ul,a)z)])

< / exp(SK(Y. u1. 02))du(Y)

for0 <o < % Finally, by integrating in (u#, w2) with respect to u, ® P», we obtain
the desired bound (6.2.14) from (6.2.26).

Part 2. Next, we briefly discuss how to prove (6.2.13) for the random operator §g o-
For N > N; > N, > 1, proceeding as in Part 1, we arrive at

_log/eXP(Nzﬂ 1381 o 1 GGio. @2)] — 382 [ (i, )] H;z(q,T))dPN(uo)
> inf E[—Nﬂ SN _[1(Y + ©O,u,
> TAI’Ié]HI}, 2 ”6@,@[ (Y +0,uy, w)]
- §gz@ [1¥ +0, “1"‘)2)]”;2@1)
+eo(ITV 121 + 1w 152) | = Co.

uniformly in u; and w,. See (6.2.22). With ¢ and 1 as in (6.2.23), we write
N[ F Y +0 3 (Y +©
P ||~S©’@[T( + O, u1, wr)] 3@,@“( + »ulva)Z)]”;gz(q,T)
< N |38 o o, ol — S22 [vo, vl |
- 2 @a@ 0 0 @s@ 0, 0 xZ(q:T)
BaN N
+ Ny “6@1,@ [Vo. ¥1] — 352 g [Vo, %]sz(q,T)
L aN 3N
+ Ny H«S‘@‘,@ V1. Vol = 3520 [V1. Yol sz(q,T)

B~ ~
+ N 380 o, 1] = 3820 [V vl ¢y .1y (6.2.34)

In view of Remark 6.1.1 (see also Lemma 5.4.6 and Remark 5.4.2), we see that there
exists K(Y,u1,w,) such that

BuaN N
Ny || 30 o Vo, Yol =327 ¢ [Vo, WO]”iz(q’T)
+ vol? 4o 13N Iw1-cce < K(Y,uy, ;) (6.2.35)
LOO

T WX
and
Eep,[exp(K (Y. u1,@,))] < oo (6.2.36)
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for sufficiently small § > 0, provided that 8 > 0 is sufficiently small. The last three
terms on the right-hand side of (6.2.34) can be handled as in (6.2.28), (6.2.29),
and (6.2.32). By noting that one of the factors comes with 7, — 7y, , we gain a small
negative power of N, by losing small regularity in (6.2.28), (6.2.29), and (6.2.32),
while keepin% the resulting regularities on the right-hand sides unchanged. This allows

us to hide N,* in (6.2.34). The rest of the argument follows precisely as in Part 1. m

Remark 6.2.5. In the proof of Proposition 6.2.4, we only treated §g@ from the
truncated enhanced data set E y (1, @) in (6.1.10). Let us briefly discuss how to treat
the other terms in E y (o, @) to get the exponential integrability bound (6.2.12).
The second bound (6.2.13) follows in a similar manner. The terms ' n, VN, Y,
and Ay can be estimated in a similar manner since they are (at most) quadratic in
1(Y + ©,u1, wy) and the product Yoy is well defined, where ¥, j = 0, 1, is as
in (6.2.23).
As for ?N, with the notation above and (6.2.23), we have

?N[T(Y + 0O, uy, w;)]
= ?N[l/fo + V1]
=Yn[Vo + ¥v1]O (en o) + Yn[Vo + V11O (mn ). (6.2.37)

Let) <o < % Then, by Lemma 2.1.2 and Young’s inequality, we can estimate the
second term on the right-hand side as

IV n[vo + ¥11© (v v O)NE, e

< o o

S IYw o + WI]HCTWX%_S’OO IWilic, gi-e
3

SV +vilI2° A+ vl .. (6.2.38)
CTVVXZ . T1x

Noting that %a < % and 3x < 1, we can control the first term on the right-hand side
of (6.2.38) by the exponential integrability bound for Y’y under py ® P,, while by
Young’s inequality with (6.2.23) and (6.2.21), we can bound the second term by

ST lgr + 13w lwi—ec0) + Cs. (6.2.39)

for any small § > 0.
Let us consider the first term on the right-hand side of (6.2.37). In view of (6.1.7),
by writing

Yo + ¥11© (v o) = Y [vol® (mn o)

+2(nn I (N Y0) (TN 1)) © (Tn Yo)
+ (en I (N y1)?)) @ (envo). (6.2.40)
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Note that we have Yy [¥o]@ (Ty o) = ?N ((Y, u1), wp), where the latter term
is as in (6.1.7). While there is an extra frequency cutoff as compared to ?N in
Lemma 5.4.4, the conclusion of Lemma 5.4.4 also holds for Yy [¥0]® (n ¥o) =
}N ((Y, u1), wz). Hence, we can control the first term on the right-hand side of
(6.2.40) by the exponential tail estimate in Lemma 5.4.4 with 0 < o < % The third
term on the right-hand side of (6.2.40) causes no issue since the resonant product of
an I((mnv1)?) and Vo is well defined.

Lastly, let us consider the second term on the right-hand side of (6.2.40). In view
of (6.2.15), (6.2.16), and (6.2.18), we have

(en I ((en Yo) (e ¥1))) © (7t o)
= (an I (e Y1) © (7w ¥0))) © (w Yo)
+ §((@1)’N [Yol(rn 1)@ (TN Yo) + §g,@ [Wol(nvr1), (6.2.41)

where 38 ’N[wo] is defined by
38" ol := 3§ o] = 3§ o). (6.2:42)

From Lemma 2.1.2 and the one degree of smoothing from the Duhamel integral oper-
ator I, we see that T ((my¥1)® (mn o)) € C([0, T; H3 3 (T3)), which allows us
to handle the first term on the right-hand side of (6.2.41).

Next, we estimate the second term on the right-hand side of (6.2.41). Recall
from (6.2.23) that Yo = 1 (Y, uy, wp) with Law(Y, u;) = [i. Namely, §g)’N[x//0]
defined in (6.2.42) is nothing but 3 D-N in Lemma 5.4.5 with an extra frequency
cutoff yn (n). Hence, the conclusion of Lemma 5.4.5 (in particular (5.4.5)) holds true

for S&N [V0]. Then, from Lemmas 2.1.2 and 5.4.5, we have

58" WalGrn ) © o vo)| &

<3 1),N[Wo](nNW1)HZ H%Hgllwoll‘é i
Tax

TWx
< COOIWAIE, e lvol™

crwy 20

Then, Young’s inequality allows us to handle this term.
Finally, we treat the third term on the right-hand side of (6.2.41). From (5.2.30)
and Young’s inequality, we have

H%@ [Vfo](ﬂNl/fl)HoéTH—s < ||§g@ (Yol ||‘;(% olvl® 5
* ’ L2L%

~ 3
s (138 o Woll gy ry + 19115 ).

T tXx
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which can be controlled by (6.2.14) and (6.2.39).
Therefore, Proposition 6.2.4 holds for all the elements in the truncated enhanced
data set E y (1ig, w;) in (6.1.10).

We conclude this section by constructing the full enhanced data set E (g, ;)
in (6.1.11) under p ® P, as a limit of the truncated enhanced data set E y (1g, ®2)
in (6.1.10).

Corollary 6.2.6. Let T > 0. Then, the truncated enhanced data set E y(ilg, w3)
in (6.1.10) converges to the enhanced data set E(iig, w>) in (6.1.11), with respect
to the X.-norm defined in (5.5.3), almost surely and in measure with respect to the
limiting measure p @ Ps.

Proof. Let0 <o < % and B > 0 be as in Proposition 6.2.4. Then, by Fatou’s lemma,
the weak convergence of py ® PP, to p ® IP», and Proposition 6.2.4, we have

[ (N2 12w, o, 02) — B o, )5 )4 B P i 2)

< liminf / exp(min(NL || 2., (o, @2)— B, (o, @) [ . L) ) d(BRPs) g, )

L—>o0

= liminf lim exp(min(Nzﬂ | E N, (o, w2)
L—oco N—oo

— B, 0, 02) 1% - L) )d By @ Py) (o, @)

< Jim [ exp(Nf 2, io.02) — Ewa o, 02l ) B @ Pa)(o. 2
<1, (6.2.43)
uniformly in N; > N, > 1. Then, by Chebyshev’s inequality, we have

d -~ = ~ - — B
£ ® P2 (|| E n, (o, w2) — sz(Mo,wz)”(;C? > 1) <Ce cNy A

for any A > 0 and N; > N, > 1. This shows that {E y (ilg, w2)} yeN is Cauchy in
measure with respect to p ® P, and thus converges in measure to the full enhanced
data set E(ilg, ) in (6.1.11). By Fatou’s lemma and (6.2.43), we also have

[ exp (V212 o, 02) — Ewa o, 02) 5 )5 ® Pa) o) % 1

uniformly in N; > N, > 1, which in turn implies

R o . _eNPa
,0®]P’2(||a(u0,a)2)— DNz(uo,a)z)”ax? >)L) <Ce cNy A

for any A > 0 and N, € N. By summing in N, € N and invoking the Borel-Cantelli
lemma, we also conclude almost sure convergence E y (g, w3) to E (g, wp) with
respect to p ® P,. ]
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6.3 Proof of Theorem 1.3.2

In this section, we present the proof of Theorem 1.3.2. The main task is to prove con-
vergence of the solution (1, d;u ) to the truncated hyperbolic @g—model (6.1.2).
We first carry out Steps 2, 3, and 4 described at the beginning of this chapter. Namely,
we first establish a stability result (Proposition 6.3.1) as a slight modification of the
local well-posedness argument (Theorem 5.2.1). Next, we establish a uniform (in N)
control on the solution (X, Y, 3 ) to the truncated system (see (6.3.1) below) with
respect to the truncated measure py x P, (Proposition 6.3.2). Then, by using ideas
from theory of optimal transport, we study the convergence property of the pushfor-
ward measure (Ex)#(oy ® P) to (E)x(p ® P,) with respect to the Wasserstein-1
distance (Proposition 6.3.3).

Let ® (¢)(tio, w2) be the first component of ®V (¢)(iig, w,) in (6.2.8). Then, by
decomposing <I>]1v () (g, wy) as in (5.2.10):

Y (1) (o, w2) = 1(t:1g. w2) + oY (t:10. w2) + XN (1) + YN (1),  (6.3.1)
we see that X, Yy, and Ry := Xy @ 1 n (o, wy) satisfy the following system:
0+ 0, +1—-A)Xy
=20nN((Xn + YN +0YVN)Q 1)
— M(Qxy vy + 2%y + 02y + 20"y + V)TN,
(0240, +1—A)Yy
=onn((Xn + Yy +0Yn) +2(Ry + YN 1y + o)
+2(Xn +Yn +0YN)D TN) (6.3.2)
— M (Qxy.yy + 20N + 02y + 20N +VN)(Xy + Yy +0Vn),
Ry =203 (Xn + Yy +0VN)O 1w
+ 2a§g,@ (Xnv + YN +0Ynw)

t
- [ M(Oxy.y + 29y + 023 + 20y + V) () An (0, 1),
0
(XN, 0: XN, YN,0:YN)|r=0 = (0,0,0,0),

where M isasin (1.3.2), Qx, vy isasin(5.2.15) with 1 replaced by ' y =1 y (1o, w2)
as in (6.1.6), and the enhanced data set is given by E y (ilg, w2) in (6.1.10).

We first establish the following stability result. The main idea is that by intro-
ducing a norm with an exponential decaying weight in time (see (6.3.7)), the proof
essentially follows from a straightforward modification of the local well-posedness
argument (Theorem 5.2.1). A simple, but key observation is (6.3.9) below.
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Proposition 6.3.1. Let T > 1, K > 1, and Cy > 1. Then, there exist No(T, K, Cy) €
N and small ko = ko(T, K, Co) > 0 such that the following statements hold. Suppose
that for some N > Ny, we have

1€ (i, w3) ||z, < K (6.3.3)

and
(XN, YN, RN zs152.53¢m) < Co (6.3.4)

Sor the solution to (Xn, YN, RN) to the truncated system (6.3.2) on [0, T'| with the
truncated enhanced data set B y (i, w5). Furthermore, suppose that we have

IE (o, w2) — En (idg, w3) [l xs. < & (6.3.5)

for some 0 < k < ko and some (g, w3), where B (ig, w,) denotes the enhanced data
set in (6.1.11). Then, there exists a solution (X, Y, R) to the full system (5.2.27) on
[0, T'] with the zero initial data and the enhanced data set E (g, wy), satisfying the
bound

[(X,Y, R)| zs1.52.53¢7) < Co + 1.

Conversely, suppose that
€ (o, w2) ]| xs. < K

and that the full system (5.2.27) with the zero initial data and the enhanced data set
E(tig, w2) has a solution (X, Y, R) on [0, T}, satisfying

(X, Y, 3%)||ZSI~S2-53(T) < Cp.

Then, if (6.3.5) holds for some N > Ny, 0 < k < ko, and (iiy, w}), then there exists
a solution (Xn, YN, RN) to the truncated system (6.3.2) on [0, T]| with the enhanced
data set B y (g, w}), satisfying

I(Xn, YN, Rn) — (X, Y, R) || zs1.5253¢r) < AT, K, Co)(k + N7°)  (6.3.6)
for some A(T, K, Cy) > 0 and some small § > 0.
Proof. Fix T 3> 1. Given A > 1 (to be determined later), we define Zi‘ S253(T') by

[(X. Y. ) g15293 ) = (€7 X, 7Y TR 25152557 (6.3.7)

For notational simplicity, we set Z=(X,Y,Z), Zy=(Xn.Yn.RpN), E=E (1o, w2),
and Ey = By Uy, 05).

In the following, given N € N, we assume that (6.3.3), (6.3.4), and (6.3.5) hold.
Without loss of generality, assume that ¥ < 1. Then, from (6.3.3) and (6.3.5), we have

I8 g, w2)ll s < K +& < K + 1 =: K. (6.3.8)
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In the following, we study the difference of the Duhamel formulation® (5.5.2) of the
system (5.2.27) with the zero initial data (i.e. (Xo, X1, Yo, Y1) = (0,0, 0, 0)) and the
Duhamel formulation of the truncated system (6.3.2) with respect to the Z3'*>"(T')-
norm by choosing appropriate A = A(T, Ko, R) > 1. See (6.3.16) below.

The main observation is the following bound:

- / _1
e e ”L?,([O,t]) SATa. (6.3.9)

Let I be the Duhamel integral operator defined in (5.2.5). Then, using (6.3.9), we
have

t
le™ I(F)llcpmy < e / Ml F ()| gyt
0

LF

<1"a|le M F(@)| (6.3.10)

LY Hy™
forany 1 < g < oco. Let (g1, 71) be an s1-admissible pair with 0 < 57 < 1. Then, there
exists an sy-admissible pair (g2, r2) with 0 < 57 < s, < 1 such that

1 0 1-06 1 6 1-6

q_1:;+ P Z:5+ — and s1=6-04 (1 —06)s,

for some 0 < 6 < 1. By the homogeneous Strichartz estimate ((5.3.2) with F = 0),
we have

t
||e_“I(F)||Lc;2Lr2 < ” / e 2Dt — 1"y M F(t))dr
x 0

L‘71—~2L;2
T a5t
f / ||i)(t — t/)(e_ 4 F(l/))”L;IZ([O,T];L;Z)dZ,
0
< e F(t’)||L1TH;2_1. (6.3.11)

Thus, given any § > 0, it follows from interpolating (6.3.10) with large ¢ > 1 and
(6.3.11) that there exists small & = 6(8) > 0 such that

le™  I(F)lpar < CDA e F @] (6.3.12)

L1T+3H§171

Recalling that (4, 4) is %—admissible, it follows from (6.3.10), (6.3.12), and Sobolev’s
inequality that

le™™I(F)| < C(T)A e ™ F ()|
Cr¥ZnL% LY

< C(TA e ™ F ()|

1
1+3Hx_7

1+8L (6.3.13)

3Recall that we set 0 = 1 in Chapter 5 for simplicity and thus need to insert ¢ in appropriate
locations of (5.5.2).
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By writing (6.3.2) in the Duhamel formulation, we have
XN = Q1N (XN, YN, BN)
=207nI((Xn + YN +0YN)Q TN)

—I(M(Qxy,yy +2RN + o2V + 200N + VN)TN),
Yy = O n(Xn. YN, Ry)

=onnyI((Xn + YN + UYN)Z)
+ 2071NI(§RN +YNO N+ a?N)
+ 207N I((XN + YN +0YN)O tw) (6.3.14)
— I(M(Qxy vy + 2%y + 025
+ 200N +VN) (XN + YN +0YN)),
Ry = P3N (XN, YN, RN),

=203 1)’N(XN + YN +0YN)O 1N
+ 20§g,@ (Xnv + YN +0Yn)
t
= [ M(Qxy.ry + 2 + 07V + 20y + V)W) 1.0
0

Then, Z —Zy = (X — Xn,Y — YN, R — Ry ) satisfies the system

X—Xy =X, Y. R) — DO n(Xn, YN, RN),
Y =Yy = O(X. Y. R) — Py (XN, YN, Ry), (6.3.15)
R-—ANy = D:3(X, YV, R) — D3 v (XN, YN, Ry).

By setting
SXn=X—-Xy, Yy=Y—-Yy, and Ry =R -—Ry,
we have
X =06Xy+ Xy, Y =686Yy+Yy, and R =56Ry+ Ry.
Then, we can view the system (6.3.15) for the system for the unknown
8ZN = (8XN,8YN,6RN)

with given source terms Zy = (Xn,Yn,ZnN), En, and E. We thus rewrite (6.3.15)

as
SXN = \I’l(SXN,(SYN,&RN),

§Yn = Wa(8Xn,8Yw, 8% N), (6.3.16)
SRy = U3(8Xn. 8V, 5RN),
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where ¥;, j = 1,2, 3, is given by

U (6XN,0YN,60RN)
= @j((SXN + X§N.8YN + YN, 6RN + RN) — S, N XN, YN, RN). (63.17)

We now study the system (6.3.16). We basically repeat the computations in Sec-
tion 5.5 by first multiplying the Duhamel formulation by e~* and using (6.3.10),
(6.3.12), and (6.3.13) as a replacement of the Strichartz estimates (Lemma 5.3.1).
This allows us to place e** on one of the factors of §Xn (t'), §Yn (t'), or SRy (')
appearing on the right-hand side of (6.3.16) under some integral operator (with integ-
ration in the variable #’). Our main goal is to prove that

U = (U, Uy, U3) (6.3.18)

is a contraction on a small ball in Z3""*>**3(T). In the following, however, we first
establish bounds on W; in (6.3.17) for §Zy € Bj, where By C Z*1-°2%3(T') denotes
the closed ball of radius 1 (with respect to the Z51-52-°3(T")-norm) centered at the
origin. For §Zy € By, it follows from (6.3.4) that

I Z]| zs1s253(my S NIBZN || zs1-s2.53¢7) + 1 Z N || zs1-52:53(T)
<1+ Cy=:R. (6.3.19)

We first study the first equation in (6.3.16). From (6.3.17) with (5.5.2), (6.3.14),
and (6.3.17), we have

MU (8X N, 8Y N, SRN)(@) = e M1 (1) + e M (1) + e MIs(1),  (6.3.20)

where (i) I; contains the difference of one of the elements in the enhanced data sets &
and E y, (ii) I, contains the terms with the high frequency projection 7 ﬁ =Id—ny
onto the frequencies {|n| = N}, and (iii) I3 consists of the rest, which contains at least
one of the differences § X, 6Yn, or Ry (other than thosein Z = §Zy + Zn).

In view of (6.3.5), the contribution from I; gives a small number «, while the
contribution from I, with JTIJV‘ gives a small negative power of N by losing a small
amount of regularity.* Proceeding as in (5.5.7) with (6.3.3), (6.3.4), (6.3.5), (6.3.8),
and (6.3.19), we have

le ™1y + e La|lxsi ry < C(T)(k + N0 Ko)(R* + K§)
< C(T)(k + N~ Ko(R* + K (6.3.21)

4We have sharp inequalities in (6.1.12) as compared to the regularity condition in The-
orem 5.2.1. This allows us to gain a small negative power of N, by losing a small amount of
regularity and using ﬁ
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for any §Zn € B; and some small § > 0. As for the last term on the right-hand side
of (6.3.20), we use (6.3.10) and (6.3.12) in place of Lemma 5.3.1. Then, a slight
modification of (5.5.7) yields

le ™ Ts]|xs1(ry < C(TIA O Ko(R?|8Zw | 251253 (7 + Kg) (6.3.22)

forany 6Zx € B;.
Next, we study the second equation in (6.3.16). As in (6.3.20), we can write

e MU, (XN, 8Y N, SRN)(@) = e M (1) + e M1 (1) + e M), (6.3.23)

where (1) II; contains the difference of one of the elements in the enhanced data sets &
and E y, (ii) II; contains the terms with the high frequency projection 1# =Id—ny
onto the frequencies {|n| Z N}, and (iii) II3 consists of the rest, which contains at least
one of the differences 6 Xy, Yy, or SRy (other than thosein Z = §Zy + Zn). As
for the first two terms on the right-hand side of (6.3.23), we can proceed as in (5.5.9)
with (6.3.3), (6.3.4), (6.3.5), (6.3.8), and (6.3.19), and obtain

le™ M + e MM [lysary < C(T)(k + N~°)(R® + K3) (6.3.24)

for any 6Z € B and some small § > 0. Before we proceed to study the last term
e *1I5(¢), let us make a preliminary computation. By the fractional Leibniz rule
(Lemma 2.1.3 (1)) and Sobolev’s inequality, we have

_1 _1 _1
VY272l 3 < VY272 fllen gl + 1 2 (V)22 gl
_1 _1
S I3 71 5 IV ~Hgll s, (6.3.25)
provided that % + % = % with 1 < ry,r < oo,

3 1 sp— 1
> — — — and !
8 ry 3

1
7’2'

IS

3
> - — (6.3.26)
8
This condition is easily satisfied by taking s; < % < 53 both sufficiently close to %
and r; = rp = 3. By (6.3.13), (6.3.25), and Lemma 2.1.3 (i), we have

||e_“I((X1 + Y1+ E)X2+ Y, + E0>)HYS2(T)

< -’ ”e—mW)sz—%((xl +Y, +Eo)(Xo+ Yo + EO))”LH"L%
T X

1 _1 1.
= COOMUVITTEX g + V)72l + (V)72 Bollge)

= oo

L

_ _1 _1
+ e VY22 allyy + (V)72 Bollege, ).

~oo

x (Jle™ (V)*174 X, |

wioe

8 13
L1

=

(6.3.27)
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provided that s; < % < 5, are both sufficiently close to % Compare this with (5.5.8).
Then, from (6.3.10), (6.3.12), and (6.3.27) with (6.3.3), (6.3.4), (6.3.8), and (6.3.19),

a slight modification of (5.5.9) yields
le™* M3 lys> 7y < C(T)A™* (R4||52N||z§1 52537y + K3) (6.3.28)

forany 6Zx € B;.
Finally, we study the third equation in (6.3.16). As in (6.3.20) and (6.3.23), we
can write

e MW (8Xy, 8YN, 8RNI (1) = e MM (1) + e T (1) + e M T (1), (6.3.29)

where (i) III; contains the difference of one of the elements in the enhanced data sets
Z and Ep, (i1) I, contains the terms with the high frequency projection nﬁ =
Id —7n onto the frequencies {|n| =2 N}, and (iii) IlI3 consists of the rest, which
contains at least one of the differences §Xy, §Yn, or Ry (other than those in
Z = 6Zn + Zn). Proceeding as in (5.5.10) with (6.3.3), (6.3.4), (6.3.5), (6.3.8),
and (6.3.19), we have

le™ ML + e MMl 3 405 < C(T) (ke + N Ko(R* + K3)  (6.3.30)

for any §Z € B; and some small § > 0. As for the last term on the right-hand side
of (6.3.29), let us fist consider the terms with the random operator Jg g . By (6.3.8)
and (6.3.9), we have

le™3e.0 (X1 + Y1+ E0) (1) — ¢ *3g.0 (X2 + Y2 + Eo) ()] 13 25

= Kol[e ™ e (™' (X1 + Y1 = X2 = 12)| 3
L2([0.1:L3)

= CDA Ko(lle™ (X1 = Xo)lpgo g1 + €™ (Y1 = V2) | oo r12)

3
LT

for some 6 > 0. The other terms can be estimated in a similar manner and thus we
obtain

le™ M3l sz = CDA™ Ko(RUSZ ll sy + Kg)  (6:331)

for any 6Zx € Bj.
Hence, putting (6.3.21), (6.3.22), (6.3.24), (6.3.28), (6.3.30), and (6.3.31) together,
we obtain

|I\_I)(SZN) ”zil 9253 (1) =< C(T, Ko, R)/\_e ||8ZN ”Zil’sz’%(T)
+ C(T, Ko, R)(k + N7%) (6.3.32)
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forany §Zx € By, where U is as in (6.3.18). By a similar computation, we also obtain
the difference estimate:

[96ZY) = $GZ) | 3125 1

< C(T.Ko. RN 8ZYy) = 82| gr12a g (6.3.33)

for any SZI(\}), SZI(\?) € B;. We now introduce small » = r(7, A) > 0 such that, in
view of (6.3.7), we have

||SZN||Zsl»s2,s3(T) - eAT”(gZN”zil $2:53 () < eATr <1 (6.3.34)

for any §Zy € B}, where B} C Z3"#"3(T) is the closed ball of radius r (with

respect to the Z;'*>**3(T)-norm) centered at the origin. From (6.3.34), we see that

both (6.3.32), (6.3.33) hold on Bf. Therefore, by choosing large A=A(T, Ko, R) > 1,
small k = (T, Ko, R) > 0, and large Ng = No(T, Ko, R) € N, we conclude that U is
a contraction on B} for any N > Ny. Hence, there exists a unique solution §Zy € B}
to the fixed point problem §Zy = U(8Zy). We need to check that by setting Z =
8ZN + Zn, Z satisfies the Duhamel formulation (5.5.2) of the full system (5.2.27)
with the zero initial data and the enhanced data set & = E (1o, ;). From (6.3.16)
and (6.3.14), we have

Z=8Zy+Zy = V(SZy) + PN (ZN)
= ®(BZy + Zy) = B(2).
where ® N = (P1,n, P2 v, D3,n). This shows that Z indeed satisfies the Duhamel
formulation (5.5.2) with the zero initial data and the enhanced data set E = E (iig, w2).
Lastly, we point out that from (6.3.8) and (6.3.19), we have K9 = K + 1 and R =
Co + 1 and thus the parameters A, x, and Ny depend on T, K, and Cy.

As for the second claim in this proposition, we write Zy = Z — (Z — Zy) and
study the system for §Zy = Z — Zp:

§Zy = UV (Zy)
where UV = (\I’N,‘Ifév,\llév) and lIJ]N, j =1,2,3,is given by
WY (8Xn, YN, 5%N)
=Q;(X. Y R)—Djn(X —6XN.Y —8YN. R —5RN).

Here, we view Z = (X, Y, Z), Ey, and E as given source terms. By a slight modi-
fication of the computation presented above, we obtain

PN GZn) 5192937y < C(T. Ko, RIAT IS Z || 515253
+ C(T, Ko, R)(k + N7%) (6.3.35)
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and
|¥N 6z - IV 62 P) ||zj‘ 253 1)

< C(T.Ko. RN 8ZYy) = 82| gr12a g

for any 6Z n, SZ](\}), SZI(\?) € Bj. This shows that there exists a solution
Zy =Z—8Zy = 9(2) - VN ($Zy) = N (Zn)
to the truncated system (6.3.2) on [0, T']. Furthermore, from equation (6.3.35) with
A = AT, Ko, R) > 1, we have
1Z = ZNlzs1s253ry < WY GZNgs1s2-3 7
< C(T, Ko, R)e*T (k + N7%) — 0,
as N — oo and « — 0. This proves (6.3.6). This concludes the proof of Proposi-

tion 6.3.1. n

Next, we prove that the solution (X, Yy, R ) to the truncated system (6.3.2)
has a uniform bound with a large probability. The proof is based on the invariance
of the truncated Gibbs measure py under the truncated hyperbolic ®3-model (6.1.2)
(Lemma 6.2.3) and a discrete Gronwall argument.

Proposition 6.3.2. Let T > 0. Then, given any 6 > 0, there exists Co = Co(T,5) > 1
such that
pn @ Po(|(Xw, Y, Rw) | zs1:52.53(r) > Co) <6, (6.3.36)

uniformly in N € N, where (Xy, Yy, Ry) is the solution to the truncated sys-
tem (6.3.2) on [0, T]| with the truncated enhanced data set (g, w3) in (6.1.10).

Proof. Let (uy,d;u) = ®N (¢)(iig, w>) be a global solution to (6.1.2) constructed in
Lemma 6.2.3, where ®V (¢)(iig, w>) is as in (6.2.8). Then, by the invariance of the
truncated Gibbs measure oy (Lemma 6.2.3), we have

/ F(®N (1) (i, 02))d (B ® P)(iig. w2) = / F(io)dpn(io)  (63.37)

for any bounded continuous function F : €71%0(T3) x €=190(T3) - Randr e R,.
By Minkowski’s integral inequality, (6.3.37), (1.3.2), and Proposition 6.2.4, we have,
for any finite p > 1,

T
/O M Gonan )2 (0)]d

L? on®P
fi.on (PN ®F2)

T
< /0 ||M(:(77Nu0)23)”L50 w2(5N®]P’2)dt

< C(T, p) < o0, (6.3.38)
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forany 0 <7 < T and p > 1, uniformly in N € N. By defining
VN i=uny — 1,
we see that vy satisfies the equation
(0249 + 1 = Aoy = onn(:(eyun)?:) — M (:(wvun)?: ) vun
with the zero initial data, or equivalently

_ " i sin(@ —OIVD)
vn (1) —/O e ™

x (omn (:(myun)?:) — M(:(myun)®:)myun)(@)dt’.

Thus, we have
t . Y V
low (1) | y—eco < /0 ( (UTffH)

+ HM(i(ﬂNMN)Zi)(I')

o G (v ()
WX_S,OO

sin((¢ — 1)[V]) Jar

V] e

for any ¢ > 0. Then, by using Minkowski’s integral inequality, (6.3.37), and Proposi-
tion 6.2.4 once again, we have

anun(t')

Hlow () lly—e-c= |

</ (

Lgo.wz (6N ®P2)
sin(z[V])

WJTN(3(7TNMO)23)

L§0!w2 (PN ®P2; Wy ™)
sin(z[V])
vl

+ HM(i(ﬂNuo)zi) TNUQ

)dr

p 4 . —&,00
Lﬁo.a)Z(pN®P2’Wx )

< C(T, p) < (6.3.39)

forany0 <t <T, p>1,and ¢ > 0, uniformly in N € N.
We rewrite the system (6.3.2) as

(07 + 9+ 1—A) Xy =207n(oNQ TN) — M(:(Tvun)*:) TN,
(07 + 0, +1—A)Yy
=onn(vn(XN + YN +0YN) +2(Ry + YNO TN +U§N)
+2(Xy + Yy +0YN)O 1y) (6.3.40)
— M(:(myun)®:)(Xn + Yy + oY),
Ry =203 (Xn + Yn +0YN)O 1w +2038 o (Xn + Yv +0VYy)

- fo MC: (oyun ) )@Yy 0. £)d1,
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where we used (5.2.16) (with the frequency truncations and extra o’s in appropriate
places) and vy =o'+ Xy + Yy so the right-hand side is linear in (Xn, Yn, Rp).
Let § > 0. In view of Proposition 6.2.4, we choose K = K(T,8) > 1 such that

- Y a )
pn @ Pa ([ Ew (o, w2) [ xs. > K) < 3 (6.3.41)
uniformly in N € N. We also define L(¢) by
L) =1+ oy @) ll=eco + [M(:(rnun)?:) (@) (6.3.42)

In view of (6.3.38) and (6.3.39), we choose L1 = L1(T,8) > 1 such that
- 8
PN ® P2(||L||L3T > L) < 3 (6.3.43)

In the following, we work on the set
|| EN(ﬁo,wz)Hx? < K and ”L”L% < Lj. (6.3.44)

By applying Lemma 5.3.1 with (5.5.1) and Lemma 2.1.2 to (6.3.40) and using
(5.5.3), (6.3.42), and (6.3.44), we have

T
Xulern < [ (v vl
0 X

+ M (yun)? ) @) - | TN([)”H;l_l)d[
T
< K/ L(t)dt. (6.3.45)
0
Since s, < 1, we can choose sufficiently small ¢ > 0 such that Lemma 2.1.3 (ii)
yields
lon (Xn + YN + Y W)l 21
< lonllwzellXn + YN + Y llae
< lowllwgeee (I XNl gst + YN 52 + I1E N Gio, @2) [l xs.)-
Hence, by (6.3.40), Lemma 5.3.1 with (5.5.1), Lemma 2.1.2 (see also (5.5.9)),
(6.3.42), and (6.3.44), we have
T
YN Ilys2(r) < /0 (low () (Xn (@) + YN (1) + YN O o
HIRN O + YOO TN + 07 Ol s
HIXN @) + YN (@) + YN D) TN D)l s

+ | M(: (myun)?:)(@)|
< [Xn () + YN (1) + 0 N ()] 521 )d
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T
<C(DK>+ K / L1 + 1 Xl + 1Vallys)d
0

+/OT ||SftN(t)||H;3dt. (6.3.46)
Fix 0 < 7 < 1 and set
L‘IIk = L9(1I;), where I} = [kt, (k + )7].
By a computation analogous to that in (5.5.10), we obtain
||5RN||L§k a3 S ||§é§)’N (XN +YN+0YN)O 1w ”L?kH,‘?

+ 138 0 (X + Ty + 0V g s

T
—}—/ IM(:(myun)?:)(t)| - ”AN(I’t/)”L§([tf,T];H;§3)dt/
0
<C(MK*(K + | Xnllxs1(ry + YN lys2 (+1)0)

T
+K / L(t)dt. (6.3.47)
0

Given 0 <t < T, let k«(t) be the largest integer such that k«(¢)r < ¢. Then, from
(6.3.46) and (6.3.47), we have

1YNllys2@) < 1YW lys2 (s ) +1)7)
k() ,
< C(T)K*+ C(T)K? Z t3(1+ IL@ 3 )1+ X8 @) lxs1 (1))
k=0 k
ke@)
+ CKT Z T§||L(l)||L;k
k=0
k()

2
+CK? 30 (U4 L@ g YW sz @enyo- (6.3.48)
k=0

Now, choose t = (K, L1) = ©(T, §) > 0 sufficiently small such that
C:K2t3L; < 1. (6.3.49)
In view of (6.3.38) and (6.3.39), and define L, = L,(7,§) > 1 such that

kx(T)
- 1 8
PN & Pz(kz_o T3 (1 + ||L(t)||L3k) > L2) < 3 (6.3.50)
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In the following, we work on the set

k«(T)

Z f%(l + IIL(t)IIL;k) < L,. (6.3.51)
k=0

It follows from (6.3.48) with (6.3.44), (6.3.45), (6.3.49), and (6.3.51) that

1YWl ys2 (ks (0)+ 1))
ki (£)—1

2
< C(T)K*LiL; + C4K? Z T3 ||L(l)||L§k 1YWl ys2 (k+1)0)-
k=0

By applying the discrete Gronwall inequality with (6.3.51), we then obtain

1YNllys2¢) < 1YW lys2 (s ) +1)7)

ks()—1
§C(T)K4L1L2exp(c41<2 > r%||L(t)||L%)
k
k=0
< C(T)K*LyLsexp(C4K>L,). (6.3.52)

Therefore, from (6.3.45) and (6.3.52), we have
I X llxsicry + 1Ya lys2ery < C(T)KLy + C(T)K*Ly Ly exp(C4K?L»).
Together with (6.3.47), we then obtain
(XN, YN RN) | zs152.53(7) = Cs(T, K, Ly, L)
under the conditions (6.3.44) and (6.3.51). Hence, by choosing Cy = Co(T,8) > 0
in (6.3.36) such that Cy > Cs(T, K, Ly, L), we have
pN ® P, ({”(XN’ YN, Rw)llzs15253¢m) > Co} N {”EN(T}O,CUZ)HX? <K}

k+(T)

N {||L||L3% < Ll}ﬂ{ Z r%||L(t)||L?k < Lz}) =0. (6.3.53)

k=0
Finally, the bound (6.3.36) follows from (6.3.41), (6.3.43) (6.3.50), and (6.3.53). =

Given a map S from a measure space (X, i) to a space Y, we use Sz to denote
the image measure (the pushforward) of © under S. Fix 7" > 0 and we set

VN = (EN)#(ﬁN ®P;) and v = E#(,B@ P,), (6.3.54)

where we view E y = E n (i, ;) in (6.1.10) and E = E (1o, ;) in (6.1.11) as maps
1
from #H~275(T3) x Q5 to X7 defined in (5.5.3). In view of the weak convergence
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of py ® P, to p ® P, (Theorem 1.2.1 (i)) and the p ® P-almost sure convergence
of En (U, w2) to E(lig, w2) (Corollary 6.2.6), we see that vy converges weakly
to v. Indeed, given a bounded continuous function F : X% — R, by the dominated
convergence theorem, we have

‘/F(E)dv;v —/F(E)dv

- ‘ / F(En (. 02))d(By ® Py) — / F(E(iio. 02))d(7 ® P2)

< ||F||Loo‘/ 1d ((pn ® P2) — (,5®P2))‘

+ ‘/(F(EN(iio,wz)) — F(E(iho, 2)))d(5 ® P2)

— 0,

as N — oo.

Next, we prove that vy = (En)#(on ® P2) converges to v = E4(p @ P») in
the Wasserstein-1 metric. We view this problem as of Kantorovich’s mass optimal
transport problem and study the dual problem under the Kantorovich duality, using
the Boué-Dupuis variational formula. This proposition plays a crucial role in the
proof of almost sure global well-posedness and invariance of the Gibbs measure p
presented at the end of this chapter.

Proposition 6.3.3. Fix T > 0. Then, there exists a sequence {pN}NeN of probab-
ility measures on X7, x X%, with the first and second marginals v and vy on X7,
respectively, namely,

/ dpy(EY, E?) = dv(EY) and / dpn (B, E?) = dvy(E?),
E2eXt EleXs
(6.3.55)

=

such that
. —~1 —~2 —~1l =2
min(| 2" = E2|lxs., dpw (81, 82) — 0,
X5 x X5
as N — oco. Namely, the total transportation cost associated to py tends to 0 as
N — oo.

Remark 6.3.4. In view of the weak convergence of the truncated Gibbs measure gy
to p (Theorem 1.2.1) and the almost sure convergence of the truncated enhanced
data set Ey to E with respect to p ® P, (Corollary 6.2.6), it suffices to define
pv = (E, En)#(p ® P,). In the following, however, we present the full proof of
Proposition 6.3.3, using the Kantorovich duality and the variational approach since

we believe that such an argument is of general interest.
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Proof of Proposition 6.3.3. Define a cost function ¢(E', £%) on X2 x XZ. by setting
c(E', 8% = min(|E' — E?xz., 1).
Then, define the Lipschitz norm for a function F : X7 — R by

F(E!) = F(22)

c(E1, E?)

|FllLip =  sup

Note that || F'||Lip < 1 implies that F is bounded and Lipschitz continuous. From the
Kantorovich duality (the Kantorovich—Rubinstein theorem [78, Theorem 1.14]), we
have

inf / c(B', 2%dp(E!, E?
pel(v,vy) X2 x XL

= sup (/ F(E)duN(E)—/F(E)dv(E)), (6.3.56)

| FlLp=<1

where I'(v, vy) is the set of probability measures on X7 x X7 with the first and
second marginals v and vy on X%, respectively.
For a function F with || F ||, < 1, let

G:=F—infF + 1.

Then, we have

/F(E)va(E)—/F(E)dv(E):/G(E)va(E)—/G(E)dv(E). (6.3.57)

Note that |G ||Lip = || FllLip < 1 and 1 < G < 2. Moreover, the mean value theorem
yields that
1 1 -1
S oeYTeeY (6.3.58)
e x—y

for any x, y € [1, e] with x # y. Set {a}+ = max(a, 0) for any a € R. By (6.3.57)
and (6.3.58), we obtain

/F(E)va(E)—/F(E)dv(E)

< {—log(/ G(E)du(E)) +1og(/ G(E)duN(E))} (6.3.59)
+

forany N € N.
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Finally, define H =log G. Then, from (6.3.58) and 1 <G <2, we have || H ||Ljp < 1.
Hence, it follows from (6.3.56), (6.3.57), and (6.3.59) that

inf / c(E',E?)dp(E!, 8%
pel(vvn) Jxe x x5

< sup {—log(/ exp(H(E))dv(E)) —|—log(/ exp(H(E))va(E))} .
Ve i

Our goal is to show that the right-hand side tends 0 as N — oo. Since || H ||Lip <1, H
is bounded and Lipschitz continuous. Then, by the weak convergence of {vy } yeN tO
v, it suffices to show that

limsup sup sup {—log(/ exp(H(E))de(E))
N—oo 0<H=<1 M>N
1 H llLip <1

+ log(/ exp(H(E))va(E))} <0. (6.3.60)
+
From (6.3.54), (6.1.1), and (6.3.58) with 0 < H < 1, we have

{—log(/ exp(H(E))de(E)) + log(/ exp(H(E))a’vN(E))}

+

= {—log(/// exp(H (En (o, 2)))dpym (Mo)dﬂo(ul)dpz(wz))

i log( [JJ ot @ Gio.onnipn (uo)duo<u1)dﬂ>z(wz>)}

+

< {— /// exp(H (E 31 G0, 2)))dpas (w0)djto (1) d P (@)
+f exp(H(ENmo,wz)))de(uo)duo<u1)dﬂ>z(wz>}+
< // _{— / exp(H (S a1 (fio. ©2)))dpa (o)
+ [ exp(H(EN(ao,m)))de(uo)} :|duo(u1)dP2(w2)
+

< /f :{—log( [ exp(H(EM(ﬁo,wz)))dpM(uo))

+ log (/ exp(H (E y (tio, w2)))dpn (uo)) }

}dﬂo(ul)dﬂ”z(wz)-
(6.3.61)

+

In the following, we study the integrand of the (11, w,)-integral. Thus, we fix
u1 and w, and write E y (Uo, w2) = En(Ug, U1, w2) as En(ug) for simplicity of
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notation. By the Boué-Dupuis variational formula (Lemma 3.1.1) with the change of
variables (3.2.4), we have

- log( [ et Eastuondon (w)) T log( [ et @ oo (uo))

= inf ]E|:—H(EM(Y +TM 4 63m)) + Ry (Y +TM +634)

TMcH)
1 ! M 2
o3 [ (z>||,,;dz}

— inf E[—H(EN(Y + TV +638) + RY(Y + YN +03n)
TN ecH]}

1o
+ 5[ ||TN(t)||iI]dt} +log Zy —log Zn, (6.3.62)
0 X
where IQX, is as in (3.2.25). Given § > 0, let IN be an almost optimizer, namely,

inf E[—H(EN(Y + YV +03w))
TN ecH]}

~ 1o
+ RY(Y + YN +03n8) + Ef ||TN(z)||§I]dz]
0 X
= B[ -HEN + 1" +030)
Do N 1 bos N 2
tRyY + X7 +03n) + 5 | 1L Ol dt| =6
0 X
Then, by choosing Y™ = Y/ and the Lipschitz continuity of H, we have

~inf ]E|:—H(EM(Y + Y™ 4+ 03u))
TMeH)]

~ | I
R+ T o3+ [T O]
0 X

— inf E[—H(EN(Y + YV +03w))
TN eH]}

- 1 rt .
+ RG(Y + YN +03n) + 5/ ||TN(t)||12qldt}
0 X
<S§+E[HENY +X" +038) — HEMY + XV +03u))
+ Ry (Y + XY +03u) — RY(Y + XY +03w)]
<S8+ [HlLp-E[I1EM (Y + XY +03x5) — Ex(Y + XN + 034 llz |
+E[RG (Y + XN +03m) — Ry (Y + XV +03m)]. (6.3.63)
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Proceeding as in Section 3.3 with 0 < H < 1, we have (3.3.16). Then, using the
computations from (3.3.7) to (3.3.18) we obtain

E[Ry (Y + XN +03m) — Ry(Y + XV +03n)] = 0, (6.3.64)

as M > N — oo. We also note that as a consequence of (3.3.16) with (3.2.16) and
Lemma 3.1.2, we have
E[IXM)2,] < 1. (6.3.65)

uniformly in N € N.
Moreover, by slightly modifying (part of) the proof of Proposition 6.2.4, we can
show that

E[|En( + XV +035) —En(¥ + XV + 031y ] > 0. (6:3.66)

as M > N — oo. Here, we only consider the contribution from §é’@ The other
terms in the truncated enhanced data sets can be handled in a similar manner. With
the notations (6.2.18) and (6.2.19) (recall that we suppress the dependence on u; and
w,), we have
S + XN 403 - 38 o 1Y + XN 4 03w
=SU o1 + XN 4+ 03m). 1(0(3m — 33))]
+3% o103y —3n). 1 (¥ + XV +638)]
+ (Yol + XV +03M) =38 o1 (¥ + XN +03))
=: 14+ 1+ I (6.3.67)

It follows from (6.2.28), (6.2.29), and (6.2.32) together with Remark 5.4.2 that there
exists small 5o > 0 such that

I, + 12500,

<OV —yorme + 1T gt + 13w e 3 — Bat e
LW,
< C(T)N~% (|| + XY 1 + 13w )?
= oo —%—s.oo 1 H! N ||w1l—¢&.00
LW,
+ N%|35 = 3m 5 1-ec0 (6.3.68)

and
E[N%|3y — 3mll%1—coe] = O, (6.3.69)

as M > N — oo. From (6.2.16) and (6.2.18), we have

§g,@ (V1. 2] (w) = I(”N(KO(UL TNY1)) @ (TN ¥2).
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Hence, when we consider the difference in III, we see that one of the factors comes
with wps — 7, from which we can gain a small negative power of N. Hence, by
repeating the calculation above with this observation, we obtain

RGN O BN 1769))] PP
SNy I+ 13N le)’ (63.70)
LW,

X

forany M > N > 1. Lastly, from (6.2.35) and (6.2.23), there exists § > 0 such that
138 0 1M1 =38 o 1M g,y = N R (Your,02) (6.3.71)

forany M > N > 1, where, in view of (6.2.36), E[E(Y,ul,a)z)] < C(uy,wy) < 00
for almost every u; and w;. Therefore, from (6.3.67), (6.3.68), (6.3.69), (6.3.70),
and (6.3.71) with the bound (6.3.65), we obtain

E[|3 oy + 7 + 03] =58 oIV + X + 030 010 | = O

asM > N — oo.
Note that {Zx } neN is a convergent sequence and § > 0 was arbitrary. Hence, it
follows from (6.3.62), (6.3.63), (6.3.64), and (6.3.66) that

limsup sup  sup {—log(/ exp(H(EM(uo,ul,wz)))dpM(uo))
N—oo 0<H<1 M>N
I H llLip=s1

+log(/ eXP(H(EN(UOaul,wZ)))dPN(UO))} <0,
+
(6.3.72)

for almost every u; and w,, where the supremum in H was trivially dropped in
the last step of (6.3.63). Therefore, (6.3.60) follows from (6.3.61) and (6.3.72) with
Fatou’s lemma. This concludes the proof of Proposition 6.3.3. ]

Finally, we present the proof of Theorem 1.3.2.

Proof of Theorem 1.3.2. We break the proof into two parts.

Part 1. We first prove almost sure global well-posedness of the hyperbolic @g—model.
Asin [5,9,19], it suffices to prove “almost” almost sure global well-posedness. More
precisely, 1t suffices to prove that given any T > 0 and small § > 0, there exists
Srs CH™ 375(T3) x Qo with f ® P»(2¢5) < & such that for each (iig, w2) € T4,
the solution (X, Y, R) to (5.2.27), with the zero initial data and the enhanced data
E(tig, w) in (6.1.11), exists on the time interval [0, T'].
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We assume this “almost” almost sure global well-posedness claim for the moment.
Denote by (Xy, Yn, R y) the solution to the truncated system (6.3.2) with the trun-
cated enhanced data E y (#io, @) in (6.1.10) and set

upy (g, w2) = (o, w2) + oYy (o, w2) + Xy + YN, (6.3.73)

which is the solution to the truncated hyperbolic @g—model (6.1.2) with the initial
data (up, d;upN)|r=0 = g = (ug,u1) and the noise § = £(w,). Here, we used the
uniqueness of the solution u y to (6.1.2); see Remark 6.2.2. Then, we conclude from
Corollary 6.2.6 (on the almost sure convergence of Ey (g, w) to E(ilg, )) and
the second part of Proposition 6.3.1 that (1, d;u N ) (o, w2) in (6.3.73) converges to
(u, d,u) (g, w2) in C([0, T]; =2~ (T3)) for each (iig, w2) € 1.5, where u(iig, w2)
is defined by

u(ﬁo, W) = T(ﬁo,a)z) + OY(l_io, w)+X+Y. (6.3.74)

Now, we define
o0 o0
Y= U ﬂ Ezj,z—jk—l.
k=1j=1

Then, we have p ® P,(X) = 1 and, for each (i, w;) € X, the solution (uy, d,uy)
(1o, wy) to the truncated hyperbolic Cbg-model (6.1.2) converges to (u, d;u) (o, )
in (6.3.74) in C(R4; =3¢ (T3)) (endowed with the compact-open topology in
time). This proves the almost sure global well-posedness claim in Theorem 1.3.2,
assuming “almost” almost sure global well-posedness.

We now prove “almost” almost sure global well-posedness. Fix 7" > 0 and small
8 >0.Given E = (By,..., 8¢) € X5, let Z(E) = (X, Y, RN)(E) be the solution
to (5.2.27) with the zero initial data and the enhanced data set given by &, namely,
E; replacing the jth element in (5.2.28). Note that E here denotes a general element
in X' and is not associated with any specific (o, w2) € Je=2=¢ (T3) x Q5. Similarly,
given N e Nand E € X7,let Zy(E) = (Xn.Yn, RN )(E) be the solution to (6.3.2)
with the enhanced data set &, namely, 2; replacing the jth element of Z y (iio, @)
in (6.1.10).

Given Cy > 0, define the set ¢, C X7 such that, for each E € X¢,, the solution
Z(E) to (5.2.27), with the zero initial data and the enhanced data E, exists on the time
interval [0, 7], satisfying the bound

IZ(E) | zs1-s2.53(7) < Co + 1. (6.3.75)
Let N € N. Given K, Cy > 0, we set
ANk,.Co =B € X7 |Elxz < K N ZN(E)zs1:52:53(r) < Co}  (6.3.76)
and

Bnk,co ={(E.B) e XF x X5 |8 — E'|lxz. <k, B € An,k,co}. (6.3.77)

£
T
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where k > 0 is a small number to be chosen later. Then, from the stability result (the
first claim in Proposition 6.3.1) with (6.3.75), (6.3.76), and (6.3.77), there exists small
k(T, K, Cy) € (0,1) and Ny = No(T, K, Cyp) € N such that

ECO X X% D BN,K,CO (6.3.78)

forany N > Nj.
Let Co = Co(T,8) > 1 be as in Proposition 6.3.2 and let py, N € N, be as in
Proposition 6.3.3. Then, from (6.3.54), (6.3.55), and (6.3.78), we have

b ® P2(E(iig, w2) € Zc,)
Z/IEEZCO(E’ E/)de(E, E/)
> flgN_K,CO(E, =)dpn (B, &)
= 57— ¢ =/ ol

> 1—/1{||E—E'||x‘_;>x}dmv(~,u) /IAN'K!CO(H )dpn(E, E)
1L o

> 11— [ min(l2 - &'l Ddpu (E.2)

—pn ® P,({En (g, w3) € AN k.c,})

1

>1— —/min(||E — &'llxs. )dpy (B, E) - 25, (6.3.79)
K

where the last step follows from Proposition 6.2.4 by choosing K = K(§) > 1,
together with Proposition 6.3.2. By Proposition 6.3.3, we have

%/min(HE—E’I\,Hx?,l)de(E,E’N)—)O, (6.3.80)
as N — oo. Therefore, we conclude from (6.3.79) and (6.3.80) that
p® Pr(E (g, w) € B¢,) > 1 —26.
This proves “almost” almost sure global well-posedness with
Srs = (0. 02) € #72H(T%) x @z : Eilo. 2) € Ty,

and hence almost sure global well-posedness of the hyperbolic @g—model, namely,
the unique limit u = u(iig, w,) in (6.3.74) exists globally in time almost surely with
respect to p ® P,.

Part 2. Next, we prove invariance of the Gibbs measure p = p ® 1o under the limit-
ing hyperbolic Cbg—dynamics. In the following, we prove

[ F(®(0)(Fio. 02))d(F ® Py) o, 02) = f Fio)d 3(iio) 63.81)
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for any bounded Lipschitz functional F : € 199(T3) x €~190(T3) - R and ¢ €
R, where ®(iig, w,) is the limit of the solution (uy, d;un) = DY (iio, w») to the
truncated hyperbolic ®3-model defined in (6.2.8).

As in Part 1, we use the notation (X, Y, R) = (X, Y, R)(E), etc. Also, let py,
N € N, be as in Proposition 6.3.3. Then, by the decomposition (6.3.1) (also for N =
00), (6.3.54), (6.3.55), and the invariance of py under the truncated hyperbolic <I>§-
model (6.1.2) (Lemma 6.2.3), we have

| F@©in.02)d(G @ P)(io. 02
- [ Fem@)dmE.2)
— [ F@¥iEnden(E.2)
+ [[F@w@) - FeYoE)ldm E.2)
— [ FGdpn o) + [[F@©@) - F@¥O)E)]don(E. ).
By the weak convergence of py to p, we have
Jim [ F@odayGio) = [ Fiiod i)
Hence, since F is bounded and Lipschitz, (6.3.81) is reduced to showing that
[ min(190)(E) = & ()& lle-0.e-10. 1)dpn (8. E) 0. (6382)

as N — oo.
As in (6.2.8), we write

O(1)(8) = (®1(1)(B), D2(1)(E)) and @V (1)(E') = (@] (1)(E")., 87 (1)(E").
where E = (81,...,E¢) and E' = (E], ..., Ef) (see also (6.1.10) and (6.1.11)).
With the decomposition as in (6.3.1), we have

Q1(1)(E) = E1 +0E3 + X(E) + Y(B),

q)N =/ — =/ =/ X =/ Y ol (6383)
1 (D(E) Bl +0E3+ XnN(E") +YN(E),

and ®,(1)(E) = 3,P1(¢)(E) and &Y (t)(E') = 9,DY (t)(E’) are given by term-
by-term differentiation of the terms on the right-hand sides of (6.3.83). From the
definition (5.5.3) of the X7-norm, we clearly have

I(E1 + 083)(1) = (E] + 0 ES)(1)[e-100
+1(0:81 +00,83)(1) = (0, E} + 00, E5)(1)[le-100 S [|E — &l oxz .
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Hence, in view of (5.2.31) with (5.5.1), (6.3.82) is reduced to showing that
/min(||Z(E) — ZN (BN zs152:53(1), l)de(E, E) — 0, (6.3.84)

as N — oo, where Z(E) = (X,Y,R)(E) and ZN(E') = (Xn, YN, RN)(E') asin
Part 1.

It follows from the second part of Proposition 6.3.1 (withx = ||E — E/|| xz.) and
Proposition 6.3.3 that

/mm(”Z(E) — ZN(E/)||Z-Y1s~Y2~A"3(T), 1)de(E, E,)
< AT, Ellxz.. 1 Z(B) | zs1 5253 (1)
X /min(||E — Bl xs + N8, 1)dpn(E,E) — 0,

as N — oo. This proves (6.3.84) and therefore, we conclude (6.3.81), which proves
invariance of the Gibbs measure p under the limiting hyperbolic <I>§—model. ]






Appendix A

Absolute continuity with respect to the shifted measure

A.1 Preliminary lemmas

In this appendix, we prove that the ®3-measure p in the weakly nonlinear regime
(Jo| < 1), constructed in Theorem 1.2.1 (i), is absolutely continuous with respect
to the shifted measure Law(Y (1) + 0.3(1) + W(1)), where Y is as in (3.1.2), 3 is
defined as the limit of the antiderivative of 3N in (3.2.3) as N — oo, and the auxiliary
process W is defined by

1

W) = (1 —A)‘lfo (V)_TS((V)_%_gY(z/))Sdz/ (A.1.1)

for some small € > 0. For the proof, we construct a drift as in the discussion in [4, Sec-
tion 3]. See also [54, Appendix C]. The coercive term W is introduced to guarantee
global existence of a drift on the time interval [0, 1]. See Lemma A.1.2 below. We
closely follow the presentation in Appendix C of our previous work [54].

First, we recall the following general lemma, giving a criterion for absolute con-
tinuity. See [54, Lemma C.1] for the proof.

Lemma A.1.1. Let i, and py, be probability measures on a Polish space X . Suppose
that p,, and py, converge weakly to p and p, respectively. Furthermore, suppose that
Sor every € > 0, there exist §(¢) > 0 and n(e) > 0 with §(¢), n(e) — 0 as ¢ — 0 such
that for every continuous function F : X — R with0 < inf F < F < 1 satisfying

Un({F < e}) = 1—=46(e)

forany n > ny(F), we have

lim sup / F(u)dpn(u) < n(e).

n—>oo

Then, p is absolutely continuous with respect to [L.

By regarding 3V in (3.2.3) and ‘W in (A.1.1) as functions of ¥, we write them as
SACOIOENIEF VS CIOR

b 1 (A.1.2)
WE)@) = (1— A /O (V) A (V)R ) ar

and we set 35 (Y) = 7y 3V (Y). Then, from (A.1.2), we have

3N +0)—3n(Y)=(1-A)"7yQONYN + OF). (A.1.3)
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where @y = 7y 0. We also define Wy (Y)(t) by

t

Wy (Y)() = (1 —A)—lnN/O (V)26 ((V) 26 YN (1)) dr . (A.1.4)

Next, we state a lemma on the construction of a drift ®.

Lemma A.1.2. Leto € R and Y € L2([0,1]; H'(T?3)). Then, given any N € N, the
Cauchy problem for ©:

{®+o(1—A)—1nN(2®NYN+®§V)+WN(Y+®)—T=o ALS)

0(0) =0

is almost surely globally well-posed on the time interval [0, 1] such that a solution
® belongs to C([0,1]; H'(T3)). Moreover, if||T||iz([O LHD < M for some M >0
and for some stopping time t € [0, 1], then, for any 1,5, px< 00, there exists C =
C(M, p) > 0 such that

E[1O172 0.0:1)] = CM. p). (A.16)

where C(M, p) is independent of N € N.

A.2 Absolute continuity

In this section, we prove the absolute continuity of the ®3-measure p with respect
to Law(Y (1) + 0 3(1) + W(1)) by assuming Lemma A.1.2. We present the proof of
Lemma A.1.2 at the end of this appendix. For simplicity, we use the same shorthand
notations as in Chapters 3 and 4, for instance, Y = Y (1), 3 = 3(1), W = W(1), and
Wy = Wa(1).

Given L > 1, let §(L) and R(L) satisfy (L) — 0 and R(L) — oo as L — oo,
which will be specified later. In view of Lemma A.l.1, it suffices to show that if
G : €7199(T3) — R is a bounded continuous function with G > 0 and

P{G(Y +03n + Wy) = L}) > 1-8(L), (A.2.1)
then we have
lim sup/exp(—G(u))de(u) < exp(—R(L)), (A.2.2)
N —o0

where py denotes the truncated @g—measure defined in (1.2.11). Here, think of
Law(Y + 03~n + Wu) as the measure upy, weakly converging to u = Law(Y +
o3+ W).
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By the Boué-Dupuis variational formula (Lemma 3.1.1) and the change of vari-
ables (3.2.4), we have

- log( [ oG- R%(u))du(u))

— inf E[G(Y+TN+03N)+13;>V(Y+TN+03N)

TN eH}
1 b N 2
w5 [T oRa],

where IQX, is as in (3.2.25). We proceed as in Section 3.2, using Lemmas 3.2.2
and 3.2.3 with Lemma 3.1.2, (3.2.17), and the smallness of |a|. See (3.2.9), (3.2.16),
and (3.2.19). Thus, we have

tog( [ exp=Gtw - Ry (0t )

|
> inf E[G(Y + YN 4 03n) + —/ ||TN(t)||§11dt:| —C;  (A23)
TNeH} 20 Jo x

for some constant C; > 0. For TN € H; let ®N be the solution to (A.1.5) with Y
replaced by YV For any M > 0, define the stopping time 737 as

= min(l,min{r ;/ 1YY (@)12,,dt = M},
O X
min{r:/ &Y @)1, dt =2C(M,2)}), (A.2.4)
O X

where C(M, 2) is the constant appearing in (A.1.6) with p = 2. Let
oY @) := Y (min(t, tar)). (A.2.5)

From (3.1.2), we have Y(0) = 0, while 3V (0) = 0 by definition. Then, from the
change of variables (3.2.4) with ®(0) = 0, we see that TV (0) = 0. We also have
Wx (0) = 0 from (A.1.4). Then, substituting (A.1.3) into (A.1.5) and integrating from
t =0to1 gives

Y +TY 403y =Y + 0N + 038 +00) + Wy (Y +08)  (A26)

on the set {tyy = 1}.
From the definition (A.2.5) with (A.2.4), we have

and thus the Novikov condition is satisfied. Then, Girsanov’s theorem [21, The-
orem 10.14] yields that Law(Y + @f‘v,,) is absolutely continuous with respect to
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Law(Y); see (A.2.10) below. Let Q = QGII\Vl the probability measure whose Radon—
Nikodym derivative with respect to IP is given by the following stochastic exponen-

tial:
dQ (&N 0.AY®) =5 Jo 105 O, di
—_ e X x

= A.2.8
1P ( )
such that, under this new measure Q, the process
WO (1) = W(t) + (V)0 () = (V)Y + O3)(0)
is a cylindrical Wiener process on L?(T 3). By setting
YO (1) = (V) "' WO (1),
we have .
YOM(t) = Y (1) + ON (1). (A.2.9)

Moreover, from Cauchy—Schwarz inequality with (A.2.8) and the bound (A.2.7), and
then (A.2.9), we have

1

dP SN >
PY + 0} € £) = [ 1y oy er ggd@ = On (R4 < £))

=Cu(P({Y € E}))% (A.2.10)

for any measurable set E.
From (A.2.3), (A.2.6), and the non-negativity of G, we have

(A23)> inf E[(G(Y + 0N +03nY +ON) + Wy (Y +03))
TN eH}

1 [t
s ) ||TN<r>||§,;dr)1{W:n

+ (G(Y + YN +03w)

1 [t
+ %0 | IITN(Z)H?,;dt)l{Wq}]—C1

> inf E[G(Y + 08 + 03N +O5) + Wy (Y +Op)) - Liry =1
TN eH,

1t N
T30 ), 1T (t)Ili,;dt-l{w«}]—Cr
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Then, using the definition (A.2.4) of the stopping time t3s and applying (A.2.10)
and (A.2.1), we have

(A23) = w\i/rgﬂl E [L Ly =G+, 103 n (Y +ON )+ Wy (Y 10N )= 1)

M
T 50 Y <nnii ||®A’$(t)||21df<20(M’2)}] -

> inf {L(IP’({IM = 1)) — Cu(L)?)
TN ecH]}

M LI
+—P{{m <1}N / ||®A1\,;(t)||21dt<2C(M,2) —C.
20 0 Hx
(A.2.11)
In view of (A.1.6) with (A.2.4) and (A.2.5), Markov’s inequality gives

1 . ™
P(/O 6% @1 dr = | ||®1’C’4(t)||§,;dt22C(M,2))§

which yields

)

N =

]P)({TM <1)n {/01 163 (0112, dt < 2C(M,2)}) >P({my < 1}) — % (A2.12)

Now, we set M = 20L. Note from (A.2.4) that P({tyy = 1}) + P({tyr < 1}) = 1.
Then, from (A.2.11) and (A.2.12), we obtain

- log( [ expi=Ga - Rfv(u))du(u))

> inf {L(P({TM =1}) - C18(L)2) + L(P({W <= %)} —a

TN eH]}
1 , 1
=L 3 Cié(L)2 ) —-Cy.

Therefore, by choosing §(L) > 0 such that CICS(L)% — 0 as L — oo, this shows
(A.2.2) with

1
R(L) = L(E - Ci&(L)i) —Cy+1logZ,

where Z = limy_, o0 Z denotes the limit of the partition functions for the truncated
®3-measures py .

A.3 Proof of Lemma A.1.2

We conclude this appendix by presenting the proof of Lemma A.1.2.
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Proof of Lemma A.1.2. By Lemma 2.1.3 (i) and Sobolev’s inequality, we have

I(1=A)"'2ONYN + O3) D) 1
S 1QONYN + OF) (D)l g
<||@N(l)|| 1+€||YN(I)|| —%—soo—'—”@ (f)|| g

N ||®N(t)||H;, ||YN(f)||W_l_g,oo + ||®N(I)I|HX1 (A.3.1)

2

for small ¢ > 0. Moreover, from (A.1.1), we have

IWn (V@) + OOy S V)2 YN @50 + 1(V) 720N ()5
S IYvl +1ON O3 (A32)

—7—8 o
W

Therefore, by studying the integral formulation of (A.1.5), a contraction argument
in L>®°([0, T]; H'(T?3)) for small T > 0 with (A.3.1) and (A.3.2) yields local well-
posedness. Here, the local existence time T depends on [|@(0)| g1, || T|| LZHD and
| Y || 1 where the last term is almost surely bounded in view of Lem-

—4 ]
2 £,00
X

ma 3. l .2 and (2.1.4).
Next, we prove global existence on [0, 1] by establishing an a priori bound on the
H '-norm of a solution. From (A.1.5) with (A.1.4), we have

2dt ||®(t)||H1 = —0/ QON (YN (1) + O (1)On (1)dx
- /qr3((V)‘2‘S(YN(t) +ONn1)’ (V)"2 7O (1)dx
+[ (VYO(1) - (V)Y (t)dx. (A.3.3)
T3

The second term on the right-hand side of (A.3.3), coming from W is a coercive term,
allowing us to hide part of the first term on the right-hand side.
From Lemma 2.1.1 and Young’s inequality, we have

[ conom® + ehunennas
SION Ol +1OvOIL + TN O, (A3

for small ¢ > 0 and some ¢ > 0. We now estimate the second term on the right-hand
side of (A.3.4). By (2.1.3), we have

346e
||®N(l)||L3 < ||®N(t)||;";28 ||®N(l)|| 3+2€ »

< OnO3: + eo||®N(t)lle,%,8,6 + Ce (A3.5)
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for small €, &9 > 0. As for the coercive term, from (3.2.32) and Young’s inequality,
we have

/m((vri—%Yw) +ON (1)) (V)2 ON ()dx
S Y RO MOE

e / (V)42 (1)3 (V)2 @ (1) dx
T3

1 6 s
= 10N OISy~ VN O | O8O,y
1
> ;L||@N(l)||6 RIS O] . (A.3.6)
W 2 : w2 .

Therefore, putting (A.3.3), (A.3.4), (A.3.5), and (A.3.6) together we obtain

d 2 2 Y 2 6
2 10Oz S IOy + IT O + YOIy +IYOI ) o+ 1.

By Gronwall’s inequality, we then obtain

1O < W12 00 .01 + 1YW 1
H L2([0,t];HY) Le(oaLes 2 s)

+ Y |° L+, (A3.7)

—5—¢&.6

LS([0,1;Wy 2 )

uniformly in 0 < ¢ < 1. The a priori bound (A.3.7) together with Lemma 3.1.2 allows
us to iterate the local well-posedness argument, guaranteeing existence of the solution
® on [0, 1].

Lastly, we prove the bound (A.1.6). From (A.3.1), (A.3.2), and (A.3.7), we have

lo(1 = A" QONYN + OF) + W (Y + O 120,011

ST 500 11y + YN[ +1 (A.3.8)
L2([0,7];Hy) Lq([o,l];t’;%_%s)

for some finite ¢, cp > 1 and for any 0 < t < 1. Then, using the equation (A.1.5), the
bound (A.1.6) follows from (A.3.8), the bound on Y, and the following corollary to
Lemma 3.1.2:

E[||Yx|? g, <o

La(o,16, 2 2%
for any finite p,q > 1, uniformly in N € N. |
Remark A.3.1. A slight modification of the argument presented above shows that

the tamed ®3-measure v constructed in Proposition 4.1.1 is absolutely continuous
with respect to the shifted measure Law (Y (1) + o 3(1) + W(1)). In this setting, we
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can use the analysis in Section 4.2 (Step 1 of the proof of Proposition 4.1.1) to arrive
at (A.2.3). The rest of the argument remains unchanged. As a consequence, the o-
finite version ps of the @g-measure defined in (4.1.9) is also absolutely continuous
with respect to the shifted measure Law(Y (1) + 0.3(1) + W(1)) for any 6 > 0.
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Stochastic Quantization of the ®3-Model

We study the construction of the ®3-measure and complete the program on the
(non-)construction of the focusing Gibbs measures, initiated by Lebowitz, Rose, and Speer

[J. Statist. Phys. 50 (1988), no. 3-4, 657-687]. This problem turns out to be critical, exhibiting
the following phase transition. In the weakly nonlinear regime, we prove normalizability of
the ®3-measure and show that it is singular with respect to the massive Gaussian free field.
Moreover, we show that there exists a shifted measure with respect to which the
®3-measure is absolutely continuous. In the strongly nonlinear regime, by further developing
the machinery introduced by the authors, we establish non-normalizability of the
®3-measure. Due to the singularity of the ®3-measure with respect to the massive Gaussian
free field, this non-normalizability part poses a particular challenge as compared to our
previous works. In order to overcome this issue, we first construct a o-finite version of the
®3-measure and show that this measure is not normalizable. Furthermore, we prove that the
truncated ®3-measures have no weak limit in a natural space, even up to a subsequence.

We also study the dynamical problem for the canonical stochastic quantization of the
®3-measure, namely, the three-dimensional stochastic damped nonlinear wave equation
with a quadratic nonlinearity forced by an additive space-time white noise (= the hyperbolic
®3-model). By adapting the paracontrolled approach, in particular from the works by
Gubinelli, Koch, and the first author [J. Eur. Math. Soc. 26 (2024), no. 3, 817-874] and by
the authors [Mem. Amer. Math. Soc. 304 (2024), no. 1529], we prove almost sure global
well-posedness of the hyperbolic ®3-model and invariance of the Gibbs measure in the
weakly nonlinear regime. In the globalization part, we introduce a new, conceptually simple
and straightforward approach, where we directly work with the (truncated) Gibbs measure,
using the Boué-Dupuis variational formula and ideas from theory of optimal transport.
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