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Abstract

The Seiberg—Witten Floer spectrum is a stable homotopy refinement of the monopole
Floer homology of Kronheimer and Mrowka. The Seiberg—Witten Floer spectrum
was defined by Manolescu for closed, spin® 3-manifolds with by = 0 in an S!-
equivariant stable homotopy category and has been producing interesting topological
applications. Lidman and Manolescu showed that the S!-equivariant homology of
the spectrum is isomorphic to the monopole Floer homology.

For closed spin® 3-manifolds Y with b, (Y') > 0, there are analytic and homotopy-
theoretic difficulties in defining the Seiberg—Witten Floer spectrum. In this memoir,
we address the difficulties and construct the Seiberg—Witten Floer spectrum for Y,
provided that the first Chern class of the spin® structure is torsion and that the triple-
cup product on H!(Y; Z) vanishes. We conjecture that its S!-equivariant homology
is isomorphic to the monopole Floer homology.

For a 4-dimensional spin® cobordism X between Y, and Y7, we define the Bauer—
Furuta map on these new spectra of Y and Y;, which is conjecturally a refinement
of the relative Seiberg—Witten invariant of X. As an application, for a compact spin
4-manifold X with boundary Y, we prove a %—type inequality for X which is written
in terms of the intersection form of X and an invariant «(Y) of Y.

In addition, we compute the Seiberg—Witten Floer spectrum for some 3-mani-
folds.

Keywords. Seiberg—Witten equations, Floer theory, stable homotopy, Conley index,
spectral sections
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Chapter 1

Introduction

1.1 Background

The Seiberg—Witten equations [51] have been an important tool in the study of 4-
manifolds since their introduction. Soon after these equations appeared, Kronheimer—
Mrowka [28] extended their study to define the monopole Floer homology of 3-
manifolds, and established its relationship with the 4-manifold invariant; the resulting
theory has since had many applications in low-dimensional topology.

In both gauge theory and symplectic geometry, certain Floer homology theories
have since been shown to arise as the homology of well-defined Floer spectra as
envisioned by Cohen, Jones and Segal [11], and some invariants, obtained by count-
ing solutions of certain PDEs, are now either known or conjectured to come from the
degree of certain maps between spectra. One of the first examples of such a construc-
tion is the Bauer—Furuta invariant [8,21], which associates an element in stable homo-
topy 7*'(S?) to certain 4-manifolds, refining the ordinary Seiberg—Witten invariant.
Building on the finite-dimensional approximation technique introduced by Furuta,
Manolescu [35] constructed an S !-equivariant stable homotopy type SWF (Y, ) asso-
ciated to rational homology 3-spheres with spin® structure (Y, s).

It is natural to want to extend Manolescu’s construction to 3-manifolds with
b1(Y) > 0. In the case b1 (Y') = 1, Kronheimer—Manolescu [30] constructed a peri-
odic pro-spectrum for pairs (Y, s). Later, together with T. Khandhawit and J. Lin,
the first author constructed the unfolded Seiberg—Witten Floer spectrum for arbitrary
closed, oriented (Y, ) in [24,25].

The unfolded spectrum comes in multiple flavors. For now, we consider only
the type-A unfolded invariant swf4 (Y, s), which depends on (Y, s) as well as some
additional data we suppress. This invariant is a directed system in the S !'-equivariant
stable homotopy category. In particular, it is not per se a spectrum, and tends to be
very large.

Khandhawit, Lin and the first author [25] showed that the unfolded invariant
allowed for gluing formulas, in a very general setting, for the calculation of the
Bauer—Furuta invariant of a 4-manifold cut along 3-manifolds with b; > 0. In par-
ticular, this enables one to prove vanishing formulas for the Bauer—Furuta invariant
in many situations.

However, the invariant swf4 (Y, s) is not expected to recover the monopole Floer
homology, but is instead expected to recover a version of monopole Floer homology
with fully twisted coefficients.
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Here we construct a new Seiberg—Witten Floer spectrum SWF(Y, ) for b1 (Y) >
0, as follows.

Theorem 1.1.1. Let (Y, s) be a closed, spin® 3-manifold which satisfies that the
first Chern class ci(s) € H*(Y;Z) is torsion, and so that the triple-cup product
on HY(Y;Z) vanishes. Associated to a Floer framing B (see Section 3.5 for this
notation), there is a well-defined parameterized, S'-equivariant stable homotopy
type SWF(Y, s, B), over the Picard torus Pic(Y) = H'(Y;R)/H (Y ;Z), called
the Seiberg—Witten Floer stable homotopy type of (Y, s, B). Moreover, there is a
well-defined (unparameterized) S'-equivariant connected simple system of spectra
SWF* (Y, s, ), the Seiberg—Witten Floer spectrum.

If s is self-conjugate and B is a Pin(2)-equivariant Floer framing, then the equi-
variant, parameterized stable homotopy type SWF (Y, s, B) naturally comes with
the structure of a parameterized Pin(2)-equivariant stable homotopy type, where
the Picard torus has a Pin(2)-action factoring through wy(Pin(2)) by conjugation.
Similarly, SWF*(Y, s, B) has an underlying (unparameterized) Pin(2)-equivariant
spectrum, SWF“’Pi“(z)(Y, s, ).

The homotopy type SWF (Y, s, B), viewed without its parameterization, has the
homotopy type of a finite S' (respectively Pin(2))-CW complex. The Seiberg—Witten
Floer spectrum SWF* (Y, s, ) (respectively SWF*Pin® (Y, s,%)) has the homotopy
type of a finite S (respectively Pin(2)) CW-spectrum.

Ifb1(Y) =0, SWF(Y, s, B) agrees with the invariant SWF (Y, s) in [35], in that

SWF(Y,s,PB) ~ T"CSWF(Y, ),
for some n € Q, depending only on L.

For the notion of the parameterized spaces that we use, ex-spaces, we refer to
Appendix A, as well as for the notion of a connected simple system. In particular, see
Definition A.1.9 for the notion of a parameterized equivariant stable homotopy type.

The collection of Floer framings of (Y, s), should any exist, is an affine space
over K(Pic(Y)) = z2" 7 Moreover, there is an explicit relationship between the
Floer spectra constructed for different spectral sections; see Corollary 3.6.3.

In order to explain the context of Theorem 1.1.1, and its apparent difference from
the unfolded invariant, we review below the process of finite-dimensional approxi-
mation, introduced by Furuta, and used by Manolescu [35] in his construction of the
3-manifold invariant for rational homology 3-sphere input, as well as in [24,25,30].

1.2 Finite-dimensional approximation

There are two main approaches to refining the construction of Floer-theoretic invari-
ants from homology theories to generalized homology theories (and, in some
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instances, spectra). There is the approach by constructing framed flow categories (or
variations on this type of category) as envisioned originally by [11]. A very general
version of this has just been accomplished in [1] (while the present work was in its
final stages of preparation). There is also the method of finite-dimensional approxi-
mation, mentioned above, which we now summarize.

Manolescu’s construction of SWF(Y, s) takes place inside the Coulomb gauge
slice of the Seiberg—Witten equations. All that matters for this introduction is that,
roughly speaking, the Coulomb slice is some Hilbert space on which the Seiberg—
Witten equations admit a particularly simple form, as a linear operator plus a compact
perturbation. For certain linear subspaces of the Coulomb slice (adapted to the linear
part of the Seiberg—Witten equations), Manolescu considers an approximation of the
formal L2-gradient flow of the Seiberg—Witten equations. The approximations tend
to stabilize as larger and larger finite-dimensional subspaces are chosen. Associated
to suitable flows on suitable topological spaces, there is a convenient invariant, the
Conley index, which is a well-defined homotopy type associated to the flow (along
with some extra data). The invariant SWF(Y, ) is then taken as the Conley index of
these approximated flows.

The most pressing difficulty facing finite-dimensional approximation to other
equations of gauge theory or symplectic geometry is that the configuration space
in these other situations is usually not linear, so that it is not obvious which finite-
dimensional submanifolds one should consider “approximations” on.

For b1 (Y) > 0 the gauge slice of the Seiberg—Witten equations is no longer linear,
but Kronheimer—Manolescu [30], and the authors of [24,25], avoided the problem of
having a more general configuration space by considering the Seiberg—Witten equa-
tions on the universal cover (which is once again a Hilbert space) of a gauge slice to
the Seiberg—Witten equations, where finite-dimensional approximation is still possi-
ble, but where the usual compactness of the space of Seiberg—Witten trajectories is
lost. The loss of compactness leads to the resulting invariant swf“4 not being a single
spectrum, but rather a system of them.

The problem of performing finite-dimensional approximation in nonlinear situ-
ations has been open for some time (though see [27]). In this memoir our objective
is to resolve it in one (relatively simple) case, for the Seiberg—Witten equations. We
hope that this method may be useful in other situations where one would like to apply
finite-dimensional approximation for topologically complicated configuration spaces.

The main work of the present memoir is showing that there exist families of
submanifolds of the configuration space of the Seiberg—Witten equations (for b (Y) >
0) on which the Seiberg—Witten equations can be approximated very accurately. This
comes down to carefully controlling spectral sections of the Dirac operator, in the
sense of Melrose—Piazza [40], and in particular relies on some control of spectra
of Dirac operators. Once the submanifolds are constructed, there also remains the
problem of showing that the approximate Seiberg—Witten equations thereon are
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sufficiently accurate; for this we use a refined version of the original argument of
Manolescu which requires weaker assumptions than the original, but does not yield
the same strength of convergence as in Manolescu’s case.

A word is also in order about the hypotheses on the input in Theorem 1.1.1.
Cohen—-Jones—Segal conjectured that Floer spectra should exist for many of the famil-
iar Floer homology theories — but only in the event that the polarization is trivial. The
hypotheses in the theorem are necessary for the vanishing of the polarization (indeed,
a Floer framing is the same thing as a trivialization of the polarization), as observed
in [30].

However, in spite of usually having a dependence on the Floer framing, we can
consider generalized homology theories applied to SWF (Y, s, 3) that are insensitive
to the framing. In the following theorem, n(Y, s, B) is a certain numerical invariant
of a Floer framing, introduced in Chapter 6, and MU and MU g1 denote, respec-
tively, complex cobordism and S'-equivariant complex cobordism. For the notion
of an equivariant complex orientation, see Section 3.6 (and for more detail, [12]).

Theorem 1.2.1. Let E be a (possibly S'-equivariant) complex-oriented (resp. S'-
equivariantly complex oriented) cohomology theory. Then

E*2n(Ts ) (QWEY (Y, 5, B))

is (canonically) independent of 3.

In particular, the complex-cobordism theories

FMU*(Y,s) = MU*2"T5:8B) (SWF* (Y, 5, D)),
FMU, (Y. 5) = MU "0 P (SWF (Y, 5, ),

are invariants of the pair (Y, s), which we call the Floer (equivariant) complex cobor-
dism of (Y, ).

As MU, MU g1 are the universal complex-oriented cohomology theories, in some
sense FMU™ (Y, s) and FMU, (Y, 5) might be interpreted as the universal monopole
Floer-type invariants that are independent of the framing.

More speculatively, we remark that the independence of FMU™ on the framing
suggests that its definition could be extended to pairs (Y, s) which do not admit a
Floer framing. We plan to pursue this in future work.

It would also be desirable to relate the (generalized) homology theories of the
Seiberg—Witten Floer spectrum SWF*(Y, s, ) to the monopole-Floer homology of
Kronheimer—-Mrowka. In particular, we conjecture the following.
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Conjecture 1.2.2. For (Y, %) a pair as in Theorem 1.1.1,

1
HY 5 veqSWF(Y.5.8)) = HM. (Y, %),

l ——
CH.S—Zn(Y,g,‘.B) (SWF*(Y,s,P)) = HM.(Y, s),
1 —
tHOS—Zn(Y,s,‘.B) (SWF*(Y,s,P)) = HM(Y, s).
He on(v,sm) (SWF* (Y. 5, ) = HMJ(Y, 5).

Note that ordinary homology is (equivariantly) complex-orientable, and so the homol-
ogy theories on each left-hand side are independent of the choice of spectral section
(and we have been somewhat imprecise about the gradings on the right). Here, H* 1,
cHS' JtHS ! are, respectively, Borel, coBorel and Tate homology.

This conjecture has already been established by Lidman—Manolescu in the case
that Y is a rational-homology sphere [32].

We note that there is a natural generalization of Conjecture 1.2.2 to include the
case of local coefficient systems on monopole Floer homology HM?®; this involves
using other parameterized cohomology theories (as in [39, Section 20.3]) applied
to SWF(Y, s, ). There is also a further generalization of the conjecture to relate
the Pin(2)-equivariant cohomology of SWF* (Y, s, B), for (Y, s) admitting a Pin(2)-
equivariant Floer framing, to the equivariant monopole Floer homology defined by
Lin [34].

We remark that Theorem 1.1.1 should yield a well-defined connected simple sys-
tem SWF(Y, s, ) of equivariant, parameterized spectra. Indeed, this would follow
if the parameterized Conley index of a dynamical system were known to be well
defined as a connected simple system (rather than as a homotopy type; the ordinary
Conley index is known [47] to be a connected simple system). We hope to return to
this point, and other improvements to naturality, in future work.

1.3 Four-manifolds

In this memoir we also define a Bauer—Furuta invariant associated to a spin® 4-
manifold with boundary.

Let (Y, s) be a closed spin® 3-manifold and 8 be a Floer framing of (Y, s). Recall
that, in the parameterized setting, we only define the ex-space SWF (Y, s, T3) up to
stable homotopy equivalence. To fix notation, define a map class of maps P — Q
between two spaces P, Q, themselves only well defined up to homotopy equivalence,
to mean just a homotopy class, up to the action of self-homotopy-equivalences on P

or Q.
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For an S!-equivariant virtual vector bundle V over a base B, let S g denote the
corresponding sphere bundle over B. We then construct a Bauer—Furuta invariant 8F
as follows.

Theorem 1.3.1. Let (X, t) be a smooth, compact, spin® 4-manifold with boundary
(Y, ), and fix a Floer framing B of (Y, s). Then there is a well-defined (parameter-
ized, S 1—equivariant, stable) map class

BF (X.1): Spepi ) — SWF(Y.5.9).

For the definition of the index ind(Dy, L), see Chapter 5. There is also a ver-
sion of Theorem 1.3.1 at the spectrum level, which is more complicated to state; see
Corollary 5.2.7.

As a by-product of our proof of well-definedness of SWF (Y, s, L3), we also obtain
an invariant of families.

Theorem 1.3.2. Ler ¥ be a Floer-framed family of spin® 3-manifolds, with compact
base B and fibers denoted by ¥y for b € B. Let Pic(¥) denote the bundle over
B with fiber Pic(Fp). There is a well-defined parameterized, S'-equivariant stable-
homotopy type SWF (F), which is parameterized over Pic(F).

A similar families invariant exists for the Bauer—Furuta invariant, but we omit its
discussion, as we do not have need of it in the present memoir.

As an application of our construction, we construct Frgyshov-type invariants
associated to the Seiberg—Witten Floer stable homotopy type. In particular, we define
a generalization of Manolescu’s k-invariant, from Pin(2)-equivariant K-theory of 3-
manifolds with b1 (Y) = 0, to Y with b;(Y) > 0. We show the following theorem.

Theorem 1.3.3. Let (X, t) be a compact, spin 4-manifold with boundary —Yy [ | Y1.
Assume that Yy is a rational homology 3-sphere and the index ind D for (Y1, t|y,) is
zero in KQ' (Pic(Y1)). Here, KQ'! stands for the quaternionic K -theory. (See [19,33].)
Then we have

o(X)

2 + kYo, tlyy) — 1 < bT(X) + k (Y1, t]y,).

See Remark 6.2.13 for the reason why we assume b (Yp) = 0 in this theorem.

We also define invariants associated to the S !-equivariant monopole Floer homol-
ogy, corresponding roughly to the generalized d-invariants introduced by Levine—
Ruberman [31] in Heegaard Floer homology.

We also calculate the Seiberg—Witten Floer homotopy-type invariant in some rel-
atively simple situations; see Chapter 4.
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1.4 Further directions

We do not prove any gluing theorems for the Bauer—Furuta invariant, or for its fami-
lies analog, and this is a natural point of departure, remaining within Seiberg—Witten
theory. In this direction, we expect the surgery exact triangles [28, Section 42] (and
variations) to hold for homology theories other than ordinary homology. For this, it
would be particularly desirable to obtain a description of the map on FMU™ induced
by the Bauer—Furuta invariant, independent of choices like the Floer framing. It is also
natural to ask how the unfolded spectrum swf4 (Y, ) is related to the folded spectrum
SWF(Y,s).

A technical problem that may make the invariant SW¥ (Y, s, ) more wieldy is
to establish a natural topological description (on Y') of the set of Floer framings. We
hope to address some of these points in the future.

Furthermore, we expect that it should be possible to consider more detailed
applications to the question of when a family of 3-manifolds extends to a family
of 4-manifolds with boundary. Compare with recent work by Konno-Taniguchi [26]
in the case that the boundary family of 3-manifolds is the trivial family of a rational
homology sphere.

Finally, given an extension of FMU*(Y, s) to 3-manifolds that do not admit a
Floer framing, it seems likely that the excision argument of [29] should apply, in
which case we would expect there to exist generalizations of sutured monopole Floer
homology to various generalized homology theories.

1.5 Organization

This memoir is organized as follows. We first construct special families of spec-
tral sections to the Dirac operator in Chapter 2, and show that certain subsets of
the (approximate) Seiberg—Witten configuration space are isolating neighborhoods
in the sense of Conley index theory. In Chapter 3 we show that the resulting invari-
ant is well defined, as a consequence of this process we establish a Seiberg—Witten
Floer homotopy type for families. This consists of showing that all of the possible
choices for different approximations to the Seiberg—Witten equations are compatible.
In Chapter 4 we give various example calculations of SWF (Y, s, 3). In Chapter 5 we
construct a relative Bauer—Furuta invariant, and show that it is well defined. Finally,
in Chapter 6 we establish various Frgyshov-type inequalities that are a consequence
of the existence of the new relative Bauer—Furuta invariant.

There is one appendix, Appendix A, on homotopy-theoretic background, as well
as an afterword on potential further applications outside of Seiberg—Witten theory.






Chapter 2

Finite-dimensional approximation on 3-manifolds

2.1 Spectral sections

In order to define Seiberg—Witten Floer spectra, we will make use of spectral sections
of a family of Dirac operators introduced by Melrose—Piazza [40]. We will recall
definitions and basic things on spectral sections in this section.
Suppose that we have a closed, oriented (2n — 1)-manifold ¥ and that we have a
fiber bundle
Y —>B

with fiber Y. Here, B is a compact Hausdorff space. Also suppose that we are given
a finite-dimensional vector bundle

F Y — Yy
with metric. We consider an infinite-dimensional vector bundle on B defined by

Y00 = | T(Frly.).
ZEB

Let
Dy: 8Y,oo g 8Y,oo

be a family of first-order elliptic, self-adjoint differential operators. That is, Dy pre-
serves the fibers of €y, and foreach z € B,

DY,z: 8Y,oo,z - SY,oo,z

is a first-order, elliptic, self-adjoint differential operator. Here, &y  ; is the fiber of
8y.00 OVer z.
We assume that for each z € B, there is an open neighborhood U of z such that
we have a trivialization
Fy|yU ~ U x FY,z, (2.1.1)

where Yy is the restriction of the bundle ¥ to U, and we can write
DY,w = DY,z + AY,w

for w € U through the isomorphism Ey,o0,z = Ey,00,w induced by (2.1.1). Here, Ay,
is the operator acting on 8y, 1, induced by a fiberwise linear bundle map Fy |y, —
Fy|y,, which continuously depends on w.
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For k > 0, define the L,zc—inner product on &y, by

Kp1, Dy, |*pa) du.

(b1, d2)i = /y (@1.62) + (| Dy.:

Here, | Dy ;| denotes the absolute value of Dy, defined as in [46, Chapter VIII, §9].
We write &y, for the completions with respect to the L,zc-norm. The operator Dy
extends to a bounded operator

Dyt Sy’k —> gY,k—l-

For w € U, the algebraic operator Ay, extends to a bounded operator 8y —
&y k,w which continuously depends on w with respect to the operator norm, and
Dyw = Dy,; + Ay, as operators 8y k , — &y k—1,,» through the local trivialization
(2.1.1).

We now recall the definition of a spectral section from [40].

Definition 2.1.1 ([40]). A spectral section for Dy: Eyj — Ey r—1 over a compact
base B is a family of self-adjoint projections P: Ey,o — Ey,o so that there is a constant
C > 0 such that the following holds. Suppose that z € B, u € y,00,z, Dy,zU = Au
for some A € R. Then P,u = u if A > C and P,u = 0 if A < —C. Here, a family
is meant to be a continuous family in the L2-operator norm topology, parameterized
by B.

We note that the condition that P be continuous families in the L2-norm topology
is equivalent to P being continuous families in any L,zc—norm topology with k > 0,
using the interaction of P with the spectrum of Dy. Also note that since P is self-
adjoint, P is an orthogonal projection onto its image with respect to the LZ-inner
product. In fact, for ¢1, ¢ € Ey,00,z, We have

(Pp1,(1 = P)pa)o = (¢1, P(1 = P)gpz)o = 0.

Here we have used the fact that P is self-adjoint and P> = P.
Melrose and Piazza proved the following about the existence of a spectral section.

Theorem 2.1.2 ([40, Proposition 1]). There exists a spectral section of Dy if and
only if the index ind Dy is zero in K'(B). Here, ind Dy is the index defined in [6].

Using a spectral section, we can define the Atiyah—Patodi—Singer index for a
family of differential operators on a manifold with boundary. Let X be a compact,
oriented 2n-manifold with boundary Y. Suppose that we have a fiber bundle

X — B

with fiber X, such that the family obtained by taking the boundary of each fiber of X
is Y. Also suppose that we have finite-dimensional vector bundles

FQ,Ff — X
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and that isomorphisms
F)?|y = F)}ly = FY

are given. Define infinite-dimensional vector bundles over B by

€00 = | T(FRlx.). %00 = |J T(Fylx.).
ZEB ZEB

We consider a family of first-order elliptic differential operators
Dx: 6% oo = Ex.00

such that
0

Dy = % + Dy

near the boundary ¥. Here, ¢ is the coordinate of the first component of a neighbor-
hood of ¥ in X which is diffeomorphic to [0, 1] x Y. As before, we assume that for
z € B, there is an open neighborhood U of z and we can write Dy ,, = Dx ; + Ax,»
for w € U through local trivializations of Fy, F)}. Here, Ay, is an algebraic operator
induced by a linear bundle map Fy|x, — Fy|x,, depending on w continuously.

We define Hilbert bundles 8)‘}’ o 8)1( . over B for k > 0 using Dy as before. Note
that ind Dy = 0 in K!(B) because of the cobordism invariance of the index. Hence
there is a spectral section of Dy.

Let (& Yk—1 )2 ., be the subspace spanned by nonpositive eigenvectors of Dy and

p° be the Li , -orthogonal projection onto (Ey ;1 )% - Let us consider the family
-1 :

of operators with the APS boundary condition. That is, we consider the family of
operators

(Dx. p°or): €y — Exy_y ® (Sy,k—%)goo-

Here, r is the restriction to ¥. Note that this family is not continuous because of the
spectral flow of Dy. Hence we cannot use this family to define the index. A spectral
section enables us to avoid this issue. Since our sign convention is different from that
of [40], taking a spectral section of —Dy rather than Dy is more convenient for us.

Proposition 2.1.3. Fix k > 1. Let P be a spectral section of —Dy. We also denote
by P the image of P in Ey,y, which is a Hilbert subbundle. Let wp be the Li_l—
projection onto P N ng—%' Then >

K2

is a continuous family of Fredholm operators and we can define the index ind(Dyx, P)
€ K(B). The index ind(Dx, P) is independent of the choice of k.
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Let P be a spectral section of —Dy. We write P for the image of P in &y, too.
Then we can take other spectral sections Q, R of —Dy such that

Q CPCR.
See our construction of spectral sections in Section 2.4. Define a family of operators
¥y =0DyQ+(1—-R)Dy(1-—R)—(1— Q)P + R(1—P).

We can see that D}, is injective and that P is equal to the subspace spanned by
negative eigenvectors of Dj},. Also we see that the operator A = D}, — Dy is a family
of smoothing operators acting on &y . In fact, the image of A is included in the
subspace spanned by finitely many eigenvectors of Dy .

Take a smooth function f: X — [0, 1] such that

1 forx e[l 1]xY,
flx) = >

0 forxe X\ (0,1]x¥Y).
Define Dy: €y , — &y, _, by

Dy = Dx + fA.
Then

D/ — i + D/

X =3 Y

near ¥ and there is no spectral flow of Dj,. Therefore, the family of operators DY
with the APS boundary condition defines the index ind D € K(B), and

ind D} = ind(Dyx. P).

2.2 Connections on Hilbert bundles

Since we will consider a connection on a Hilbert bundle later, we give the definition
of a connection on a Hilbert bundle.

Let M be a connected, smooth n-manifold and H be a Hilbert space. We write
Aut H and End H for the group of bounded linear isomorphisms H — H and the
ring of bounded operators H — H respectively.

Take a coordinate chart (U, ¢) of M. For a map

f:U— H,
we define the partial derivative %(x) atx € U by

of

axt

(0 = lim = (7 097 (6() + her) — £ ()
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if the limit exists in H . Here, ¢; is the i th standard basis of R”. Fora = («1,...,a,) €
(Zso)", weagiﬁne %x—{: to be (axi,)ot1 (agn )a" f. We say that f is smooth if the

derivatives 5 exist and are continuous on U for all & € (Zx0)".

Let p: & — M be a smooth Hilbert bundle on M with fiber H. By a smooth
Hilbert bundle we mean that for each small open set U in M, we have a local trivial-
ization

Yv:8ly >UxH

such that if ¢': €|y» — U’ x H is another local trivialization with U N U’ # @, we
can write

Yoy (x,v) = (x, g(x)v)
forx e UNU’ andv € H, and g isamap U N U’ — Aut H which is smooth with
respect to the operator norm. We always assume that Hilbert bundles are smooth.
A section s: M — & is said to be smooth if for each local trivialization ¥: & |y —
U x H, the map
Yosly:U —>UxH

is smooth. We denote by I'(&) the space of smooth sections of &.
A connection V on & is defined to be a map

V:T(€) - T(T"M ® 6)
having the following properties:
(i) For any sections s1, 52 € ['(&),
V(s1 + 52) = Vsy + Vso.

(i) For any section s € I'(&), vector fields X1, X, € I'(TM) and smooth func-
tions f1, f» € C*°(M),

Vaxi+ x5 = [iVx s + f2Vx,s.
(iii) For any section s € I'(€) and function f € C*°(M),
V(fs)=df ®s+ fVs.
We define a connection V on the dual Hilbert bundle &* by
(Vxa)(s) := X(a(s)) —a(Vxs).
Here,s € I'(8), 0 € T'(€%), X e I'(TM).

For connections V1, V, on Hilbert bundles &1, &, over M, we define connections
Vi® Va2, Vi®Vyo0n & @ &, € ® & by
(V1 ® V2)(s1 @ 52) = (Vis1) ® (Vas2),
(V1 ® V2) (51 ® 52) 1= (V151) ® 52 + 51 ® (V252).
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Write Q! (M ; &) for the space of i-forms on M with values in &:
Q(M;8):=T(AN'T*M ® &).
For a connection V on &, we have the exterior derivative
dv: Q' (M:; &) - QTN (M 6)
defined by
dv(ns) = (dn)s +n A (Vs),
dv(m + n2) = dvm + dvna.

Here, s € ['(8),n € QI(M), n1,n2 € QLM E).
We will make an assumption on the smoothness of V. Take a local trivialization
Y:8ly — U x H. We can write

UVxs = X(¥s) + o(X)(¥s) 2.2.1)

fors e '(E|y)and X e ['(T'U). Here, foreach x € U and X € T, U, w(X) is a linear
map H — H . The assumption is that w(X) is bounded and the map w: 7T U — End H
is smooth with respect to the operator norm. In particular, for a compact set K in U,
the restriction w(X)|x is a Lipschitz continuous map K — End H.

Under the above assumption, for any smooth curve c: [—¢, ] — U and e € & (),
where ¢ > 0, we have a unique smooth section s of & along ¢ which solves the
ordinary differential equation in the Hilbert space:

d d
ZY6O) +o(5-0)Ws0) =0. 5O =e.

We call s a parallel section of & along ¢ or a horizontal lift of c. See [18] for the
existence and uniqueness of solutions to the equation.

Take x € U and let x!, ..., x" be local coordinates around x. Fori = 1,...,n,
let ¢; be a smooth curve [—e&, ] — U such that
dCi 0
(0)=x, —(0) = -,
i(0) O =5

For e € &,, we define the horizontal component (7,8)y of T.& to be the sub-
space spanned by {dsi(%)}ﬁl’m,n. Here, s; is the parallel section of & along c;
with s;(0) = e. We can show that (7, &) g is independent of the choice of the local
coordinates x!, ..., x™. The connection V defines a decomposition

T =(T&)y ® p*é6.
Note that we have a natural isomorphism

(T8)y =~ p*TM.
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As usual, there is a unique 2-form Fy € Q2(M;End &) such that
dvodyn=Fy A7
for n € Q¥ (M &). We can write
YFy =do+ow Ao

on U, where w is the 1-form with values in End H in (2.2.1). We call Fy the curvature
of V. We say that V is flat if Fy = 0.
We can associate a flat connection to a representation

p:m (M) — Aut(H)
in the usual way. Let & be the Hilbert bundle on M defined by
€:=M x, H,

where M is the universal cover of M. A smooth section s: M — & corresponds to a
smooth map §: M — H such that

$(y - x) = p(y)s(x)
forx € M, y € w1 (M). Taking the exterior derivative, we have
ds(y - x) = p(y) ds(x)

and hence d§ descends to a section of T*M ® &, which we denote by Vs. We can
show that the map
V:T(E) - T(T*"M ® &)

is a flat connection on &.

2.3 Notation and main statements

Let Y be a connected, closed, oriented 3-manifold and take a Riemannian metric g
and spin® structure s with ¢;(s) torsion on Y. We denote the spinor bundle over Y
by S. Fix a spin® connection 49 on Y with F4, = 0. For a 1-form a € Q1(Y), we
write D, for the Dirac operator D4, i, Which acts on the space C*°(S) of smooth
sections of S. The family {D,},c g1 (y) parameterized by the harmonic 1-forms on ¥
induces an operator D acting on the vector bundle

oo = H'(Y) X1 (y,2) C(S)
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over the Picard torus Pic(Y) = H'(Y;R)/H'(Y;Z). The action of H'(Y;Z) is
defined by

h(a,$) = (a = h,upp)

forhe HY(Y;Z),a € #'(Y), ¢ € C®(S), where uy, is the harmonic gauge trans-
formation Y — U(1) with —iu;l duyp = hin #'(Y).
For k € R, define a Hilbert bundle on Pic(Y) by

&k = H'(Y) Xp1(y.z) L7 (S).
For k > 1, the operator D on &, extends to a bounded operator
D: &, — &r_;.
We have a canonical flat connection V on & corresponding to the representation

mi(B) = H'(Y;Z) — Aut(L;(S)).

hl—)Mh,

where B = Pic(Y), Aut(Li(S)) is the group of bounded linear automorphisms on
LZ(S). See Section 2.2.
A smooth section s: B — & can be considered to be a smooth map

5:#(Y) — Li(S)

such that
S(a—h) =ups(a)

for h € im(H'(Y;Z) — #'(Y)). The covariant derivative Vs corresponds to the
usual exterior derivative d § of §.
Denote by (-, )4k the L,zc—inner product with respect to D,:

(b1, 02)ak = (D1, 02)0 + (| Dal* 1., | Dal*$2)o,

where (-, -)o is the L?(Y)-inner product. Here we write | D,| for the absolute value
of the Dirac operator D,, defined using the spectral theorem (see e.g. [46, Chap-
ter VIII, §9]). Then the family {(-, )a.k}qege1(v) Of Li-inner products induces a
fiberwise inner product (-, -); on &g. To see this, take sections s1, s2: B — & and
heim(H'(Y;Z) — H'(Y)). Let §1,5: H'(Y) — L7 (S) be the maps correspond-
ing to s1, 52. Note that

S5i(a—h) = upSi(a), Dg—p = upDauy".
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Therefore,

(§1(a —h). 52(a — 1)) aznk
= (S1(a — h),52(a —1))o + (| Da—n|*51(a — h), | Da—pn|¥52(a — h))o
= (uaf1(a). upS2(a))o + ((un|Dal*uy Yunsi (@), (up| Daluy Hupsa(a))o
= (upS1(@), und2(a))o + (un| Dal*51(a), un|Dal¥52(a))o
= (51(a). 52(@))a-

This implies that the family {(-, )4,k }qege1(y) descends to a fiberwise inner product
(-,)x on &x. We write || - || for the fiberwise norm on & induced by (-, -)«.
The flat connection V, with respect to k = 0, defines a decomposition

T& = p*TB @ p*&, (2.3.1)

where p: &y — B is the projection, p*TB is the horizontal component and p*&g
is the vertical component. See Section 2.2. Note that the flat connection V is not
compatible with the inner product (-, -)x on & for k > 0.

Put

We = B x L (imd™),

where d*:i Q?(Y) — iQ!(Y) is the adjoint of the exterior derivative. We consider
Wi to be a trivial Hilbert bundle on B. The Seiberg—Witten equations on ¥ x R are
equations for y = (¢,a,w):R — LZ(S) x H'(Y) x LZ(imd*), written as

d

d_‘f = —Da¢(t) —c1(y(1)),

da

E — _Xu(d). (2.3.2)
d

_d(;) =—xdw—c(y(t)).

The terms X g (¢), c1(y(t)), c2(y(¢)) are defined by

4@) = (99"~ JI9Pid) € Q')
Xu(@) =q(p)g € H'(Y), (2.3.3)
00) = (o) ~ EGO)B),
2(/0) = T+ (4G )

where p is the Clifford multiplication which defines an isomorphism

T*Y @ C — sl(S),
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q(¢) g is the harmonic component of g(¢), Tima+ is the L2-projection on ‘W and
£(¢) is the function ¥ — R satisfying

dE@) = imma (@()). /Y £(¢) vol = 0,

The equations (2.3.2) do not correspond to the Seiberg—Witten equations in Cou-
lomb gauge in ¥ x R (that is, solutions of the equations are not Seiberg—Witten
trajectories in Coulomb gauge). Instead, we use the pseudo-temporal gauge of [32,
Definition 5.2.1] (see also [35, Section 3]). The correspondence between solutions
of (2.3.2) and the Seiberg—Witten equations modulo gauge is given by [32, Proposi-
tion 5.4.2]. Note that Lidman—Manolescu work in the setting of 51 = 0; however, the
argument is local in the configuration space and passes over without change to the
by > 0 case. We will, however, call solutions of (2.3.2) Seiberg—Witten trajectories.

The equations descend to equations for y = (¢, w): R — & & Wy:

d
(d_‘i’(t))V = —D¢(t) — c1(y(1)).
d¢
(570),, = —Xu @), (234)

d
d_C;)(t) = —xdw(t) —ca(y(?)).

Here, (é—‘f)v, (‘i,—qtb) y are the vertical component and horizontal component of i—‘f
respectively, and we have suppressed the subscript from D.
Assume that the family index of the family of Dirac operators D over Pic(Y)
vanishes, that is,
ind D =0 e K'(B).

Then we can choose a spectral section Py of —D, and using Py, we can define a
self-adjoint (with respect to the L2) operator

A1 C®(S) — C2(S)

such that the image of A is included in a subspace spanned by finitely many eigen-
vectors of D, and so that ker(D + A) = 0. Put D’ = D + A. The L?-closure of
the subspace spanned by the negative eigenvectors of D’ is exactly the image of Py,
acting on L? (see [40] and Section 2.1 for all of these assertions). In the future, for a
spectral section P, we will also often write P to refer to the image of P. We have a
decomposition

Eoo = EL D EL,

where 6% and & are the subbundles of & spanned by positive eigenvectors and
negative eigenvectors of D’.
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For positive numbers k4, k_ and 51, 52 € C°(S), we define an inner product
($1,52)aky k_ DY

(s1.52)a g,k = (IDLI+sT DL+ s Yo + (1D 1557, |DL =55 )0, (2.3.5)

where s5; = sJ?L +s; and s;r € &L, s; € & Note that we do not need the term
(s1.52)0. since the kernel of D}, is zero. We call this inner product the Li+ & -inner
product.

As before, the family {{-, )4k, k_}qsez1(y) induces a fiberwise inner product
on € and we denote by & the completion of E with respect to the norm
I Moy k-

On the space imd* N Q!(Y), we define an inner product (-, Vg ke DY

(1. 02)k, ko = (| xd o] | xd ol ) + (| xd[*~oT .| *d*~w5)o.
+

where w; = a)]?L + w7 and a)]+ is in the subspace spanned by positive eigenvectors
of the operator *d and w; is in the negative one. We denote by Wy, x_ the com-
pletion of the vector bundle B x imd* over B with respect to || - [|x, x_. We will

use the L2 ,,-horm in Chapter 5 to define the relative Bauer—Furuta invariant. See
-1,

Remark 5.1.4 for the reason why we use the Lz_1 ,,~horm.
2
We recall the definition of finite-type trajectories (from e.g. [35, Definition 1]).
Definition 2.3.1. A Seiberg—Witten trajectory y(¢) = (¢(t),a(t), w(t)) is finite-type
if CSD(y(¢t)) and ||¢(?)||co are bounded functions of ¢, where CSD is the Chern—
Simons—Dirac functional.

The following is a direct consequence of a standard argument in Seiberg—Witten
theory; see e.g. [35, Proposition 1].

Proposition 2.3.2. For positive numbers ki, k_ > 0, there is a positive constant
Ry, k_ > 0 such that for any finite-type solution y:R — & x W, 10 (2.3.4), we
have

Iy O lley k- < Ry ke
forallt € R.

Write SO(D)Z, for the span of eigenvectors of D with eigenvalue in (b’, b], as a
space over #!(Y) (note that it will not usually be a bundle). For a spectral section P
of D, we also write P for the image of the projection P. By Theorem 2.4.1 below,
we can take sequences of smooth spectral sections Py, Q,, of —D, D, respectively,
such that

(Eo(D)35™ € Py C (60(D))255",

2.3.6
(E(DDT , C O C (Eo(DNE._. (230
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with
Mn,— + 10 < pn,4+ < pln,+ + 10 < ppt1,—,
Anti4+ <Ay ——10< A, — <Ay 4+ — 10,
Pn+ — Pn,— <8,
An+ — Ay — <§.

(2.3.7)

Here, § > 0 is a positive constant independent of n, and a smooth spectral section
means a spectral section which depends smoothly on the base space B.
We define a finite rank subbundle F}, in &, by

F,=P,N 0y
Define a connection Vf, on F}, by

VF,

n

=7F,V,
where ', is the L]2€+ «_-brojection on Fj,. The connection V, defines a decompo-
sition

TF, = (TFn)H,VFn e (TF,)y = P*TB 5} p*Fn. (2.3.8)

A calculation shows that the horizontal component (73 F,) g,v r, Of TFy at ¢ € Fy
is given by

{(v, (VorE,)$) v € TuB} C (p*TB & p*&)g = TpEo. (2.3.9)

Here, a = p(¢) € B.
Let W, be the finite-dimensional subbundle of the Hilbert bundle ‘W spanned by
the eigenvectors of the operator *d whose eigenvalues are in the interval (A, —, ity +]:

Wo = (Wit = B x Li(imd*);"*.
Fix a positive number R’ with R’ > 100R; +.k_ and a smooth function
X: 8k+,k_ @ Wk+,k_ - [07 1]

with compact support such that x(¢, w) = 1 if ||[(¢, ®)llx, k_ < R'. We consider
the following equations for y = (¢, w): R — F, & W,,, which we call the finite-
dimensional approximation of (2.3.4):

d
(F0), =~ Txamr)90) + 7, (DOO) + e1(re))}:
deo _
(570), = ~xXu@@). (23.10)

d
d_(;)(t) = —X{*da)(t) + JTWncz(J/(l))}~
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Here, (%)V, (%) g are the vertical component and the horizontal component with
respect to the fixed decomposition (2.3.1) rather than (2.3.8). It follows from (2.3.9)
that the right-hand side of (2.3.10) is a tangent vector on F; & W,,. Hence, equations
(2.3.10) define a flow

$n = §0n,k+,k_:(Fn ® Wu) XR — Fy & Wy.

(This flow depends on k4, k_ because nr, does.)
We have decompositions

F,=FfeoF , W,=Wrew,

where F,", Wt are the positive eigenvalue components of D’, xd, and F, , W, are
the negative eigenvalue components. In the remainder of Chapter 2, we will prove the
following.

Theorem 2.3.3. Let k., k_ be half-integers (that is, k4, k_ € %Z )withky, k_ > 5
and with |ky —k_| < % Fix a positive number R with Ry < R < ILOR/, where
Ry, k_ is the constant of Proposition 2.3.2. Then

(Br, (F,": R) xg Bx_(F,[: R)) xp (B, (W, : R) xg Bx_(W, : R))

is an isolating neighborhood of the flow ¢y ., k_ for n > 0. Here, By (Fni; R) are
the disk bundle of F;F of radius R in Lii and By, (F,t; R) xg Bx_(F,; R) is the
fiberwise product. Similarly for By (WE; R).

The general strategy to prove Theorem 2.3.3 is as follows: once we have The-
orem 2.4.1 in hand, we must control the gradient term (Vx,, 7w, )¢ (f) appearing in
the approximate Seiberg—Witten equations (2.3.10); a number of bounds for this are
obtained in Sections 2.5 and 2.6. The proof proper is in Section 2.7, where Theo-
rem 2.3.3 follows from establishing that, for sufficiently large approximations, the
linear term in the approximate Seiberg—Witten equations (2.3.10) tends to dominate
the other terms with respect to appropriate norms.

We also note that the total space B, r appearing in Theorem 2.3.3 is an ex-space
over B = Pic(Y) in the sense of Appendix A.1, with projection given by restricting
p: 8 — B to B, g, and with a section sp: Pic(Y) — B, g given by the zero-section.

2.4 Construction of spectral sections

We will prove the following.

Theorem 2.4.1. Assume that ind D = 0 in K'(B). Take a sequence i, of positive
numbers [, <K nt1, where b, — 00 as n — oo. There is a sequence of spectral
sections Py of —D with the following properties:
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(i) We have
y §
Eo(D)n. C P, C Eo(D)Hntd,
where § is a positive constant independent of n.

(i1) We can write
Pus1=Pa® (S, 1),

where { fl(n), e, ,Eln)} is a frame of P;- (where P;- is the L*-orthogonal
complement of P, inside of P,1). In particular,

Pn+1 gpnea(grn»

where C'™ is the trivial vector bundle over B.
Before we start proving Theorem 2.4.1, we will show the following.

Proposition 2.4.2. Take any nonnegative numbers k, 1. Let P, be a sequence of spec-
tral sections of —D having property (i) of Theorem 2.4.1. Let 7w,: & — P, N &y be
the Li—projection.
(1) The commutators
[D, 7n]: Eco = Eoo
extend to bounded operators

[D, m,]: 86 — &

and we have
||[D,7Tn]28] — 8[” < C,

where C is a positive constant independent of n. Moreover, for any [ > 0,
e>0with0 < e <|,

sup||[Da. 7n.al: L7 (S) = LI_o(S)| — 0

aeB
asn — oQ.

(2) The operator my: Eoo — Exo extends to a bounded operator & — &; for
each nonnegative real number |. Moreover, there is a positive constant C
independent of n such that

||7Tn: & — 81” < C.
Proof. Take a € B and let {e;}; be an orthonormal basis of L?(S) with
Daej =nje;j,

where n; € R.
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Let P, 4 be the fiber of P, over a. Take ¢ € Eo N Py . We can write

¢ = Z cjej,

where ¢; € C. Note that
Z cjej € Eoo N Pyy, Z cjej € Eoo N Py g.
nj <Hn Wn<nj <pn+38

We have

[Dav ﬂn,a](p = (Dann,a - nn,aD)(p

= E ﬂjcjej — TTn,a E r]jcjej

nj <tn+8 nj <tn=+38

=(=ma) D nicje

Mn<n;<pn+6

=(1- ﬂn,a){ Z (nj — mn)cjej + pn Z cje.i}

Mn<nj<pn+d Hn<nj<pn+38

= Y = (I— ey, (24.1)
Mn<nj <pn+8

Since

Ty =k + 7 pynE (DYt
for j with u, < n; <, + 6, we have
(1— ”n,a)ej € 80(Da)ﬁﬁ+8-

Hence we can write

(I—mwa)e; = Y. apep (2.4.2)
Mn<np=<pn+38

for j with u, < nj < u, + 8. Here, aj, € C. Since
1
(0 =@ Ly = Ll =1, llejllx = (1 + In; )2,
we have

10— maeilz = > leyplP A+ 11,%) < (1 + [1;1%).
Wn<np<tin+8



Finite-dimensional approximation on 3-manifolds 24

For j with 1, < 1; < ptn + 6,

1
Z lojp|* = Z lojp |2 (1 + |Up|2k)m
Mn<np<pn+8 Mn<np<pn+8 Tp
Gy
= 5 (o 1 9% > e+ )
Hn Mn<np=<pn+38
_ G A+ [0 )
T4 (pn + 8)%*
< (y, (2.4.3)
where C is a positive constant independent of j, n.
By (2.4.1), (2.4.2) and (2.4.3),
[[Da. ”n,a]d’ulz = Z Z nj — fn|*(1 + |77p|21)|cj|2|05jp|2
Wn<nj<pn+8 wn<np=<in+8
L+ |np ¥
< ) o WPl Plespl? - —— 5

1+ .21
Mn<nj <in+8 pn<np=<itn+6 |n] |

e X asiPigl( X ek

Mn<nj<pn+8 Mn<np=<ftn+8§

<G Y (T PhleP

M <nj <ptn+8

2
=< Gslloll}.
Here, C,, C3 > 0 are positive constants independent of n, ¢, a. Also we have

||[Da77Tn,a]¢||[2_8

= X S = P PO Pla,
Mn<nj <in+8 n<np=<iin+8
_ 1+ |n,|2¢—2
=8 Y Yo PGPl sy
1+ [n;[2¢=*

Un<nj<pn+8 wn<np<un+§

=G Z I+ |77j|2(l_6))|cj|2( Z |0‘jp|2)

M <nj <ptn+6 Mn<np=<pn-+8

<Cs Y (1P

Mn<nj<ftn+8

< Co(pn® + 1,25 19117

Here, C4, Cs, Cg are positive constants independent of n, ¢, a.
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On the other hand, consider ¢ € £ N P,f, X where PnJ‘, X is the Li-orthogonal
complement of P, 4, N LZ(S) in L7 (S). We can write

¢ = Z cjej-
nj>MKn
Note that
Z cjejeéiooﬂP,*j;, Z cjejeEiooﬂP,ig.
nj>Mn+8 Mn<nj<pn+8
We have

[Da, nn,a]d’ = Tn,a Z njcje;
Hn<mj<pn+8§

znn,a( Z (nj — mn)cjej + in Z c,-e,-)

Mn<nj <itn+8 Mn<nj <itn+8

= Z (Mj — Kn)CjmTn €.

M <nj <pn+6

As before, using this equality, we can show that

”[Davﬂn,a](p”l = C7||¢||l’ ”[Da,ﬂn,a]‘p”l—s = CSM;8”¢”1

for some positive constants C7, Cg independent of n, ¢, a.
Therefore [D,, 7, 4] extend to bounded maps Ll2 — le with

||[Da’ nn,a]: le - L12|| < Cy,
for some constant Cy independent of n, a. Also

sup [[Da, 7tna): L7 (S) = L_(S)[| = 0

aeB

as n — oo. We have proved (1).
We will prove (2). It is easy to see that if i, < n; < u, + 8, we have

+6
TTpej € (gl)ﬁz .
So we can write
Tp€j = Z Qjp€p.
Un<np=<tn+8
Because the operator norm of 7,: L7 — L7 is 1 and [|e;[|7 =1 + In;|?*, we have

2k 2 2 2k 2k
|14n] Yo el YD g PA A+ ) < 1+ g P
Mn<np<pn-+8 Mn<np=<pn+38
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Therefore, for j with w, <n; <, + 96,

1 12k
Yol < ™ _ e, 2.4.4)

2k —
Un<np<pn+8 |

Here, Cy > 0 is a constant independent of n, j. Take ¢ € &,. We can write

¢ = chej+ Z cjej + Z cje;-

nj =Hn Mn<n; <pn+8 Hn+8<n;
Then
T = E cjej + E Cjljpep.
nj <Mn Mn<nj<pn+8
Mn<np<tn-+8

Hence we obtain

2 2 21 2 2 2/

Il = D 1P+ P+ lej 1 lejp I7(1 + [np]™)
nj <Hn Mn<1j <pn=+8
Un<np<pn+8

<o X 6P+ 0l Xl Plal)

nj <in Un<nj <ptn+8
Hn<fp=<pn+38

sau T loPa+mP sl X lof)
nj<Wn Mn<nj <itn+8
= C12||¢n||12,

where we have used (2.4.4) and C;g, C11, C15 are constant independent of #n. There-
fore ||m,: L} — L7|| < Cia. n

To prove Theorem 2.4.1, we need the following theorem and lemma.

Theorem 2.4.3 ([4, Theorem 1*]). Let W be a closed, spin manifold of odd dimen-
sion. Then there is Cyx > 0 such that each interval of length C, contains an eigen-
value of D4. Here, A is a connection on a complex vector bundle V over W and
Dg:CR (S V) — C®(S ® V) is the twisted Dirac operator.

Assume that ind D = 0. By [40], we have a spectral section Py of —D. By [40,
Lemma 8], using Py, we can construct a smoothing operator A: & — &, whose
image is included in the space spanned by finitely many eigenvectors of D such that
ker D' = 0 and

&o(D")2 s, = Po,
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where D’ = D + A. Moreover, there is vy >> 0 such that A = 0 on &y(D)_t3 and
€o (D)7 - From the construction of A in the proof of [40, Lemma 8], it is easy to see
that for A <« 0 and u > 0,

Eo(D)oo = E0(D) . (D) = Eo(D)T,  Eo(D)y = Eo(DY.
Lemma 2.4.4. There is a constant § > 0 such that for any i > 0 and a,a’ € B,
dim E(D,)4 < dim Eo(D/, )T’
Proof. Put
M = max{||V,D": L*(S) - L*S)|| : v € TB, |v|| = 1}.

Take a smooth path {a,}fzo in B from a to a’ with || %a, || = 1. Here, £ is the length
of the path. Since B is compact, we may assume that there is a constant C > 0
independent of a, a’ such that £ < C. Put

I={tel0,€]:Vs <t dim&(D,), < dim& (D, )y M}.

Note that 0 € [ and that I is closed in [0, £] by the continuity of the eigenvalues of
D;, . It is sufficient to prove that sup I = ¢.
Put ¢y = sup / and assume that 7y < £. Choose 74 € (tg, £] with

ty —fy < 1.
Let vi(?),..., vm(?) be the eigenvalues of D, with
0 <vi(te) << vm(to) < pu+teM

such that v; (¢) are continuous in ¢ € [to, #4+] and dim 8(sz,0 o oM _ 1 Note that

to € I since I is closed in [0, £] and that
dim &o(D))y <m

by the definition of 7. Let v’ be the smallest eigenvalue of D"lto with v/ > v, (tp). We
may assume that
Mty —tg) K V' — vy (to). (2.4.5)

By [22, Theorem 4.10, p.291], we have
dist(v; (), E(D;ZO)) < M(t —t9)

for ¢t € [tg, t+]. Here, Z(D;to) is the set of eigenvalues of D(’HO. It follows from this
inequality and (2.4.5) that

0 <v(t) Svm(to) + M(t —to) < u+ Mt
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fort € [to,t+] and j € {1,...,m}. This implies that
dim &y(D)y < m < dim & (D, o+ ™M
fort € [ty, t4+]. This is a contradiction and we obtain ¢y = £. ]

Proof of Theorem 2.4.1. For some p >> 0, to construct a spectral section P between
&(D)" and 8(D)‘_/“2,L08, it is sufficient to find a frame { fi, ..., f;} in SO(D’)SLH
such that

Eo(D") C span{ fi..... fp} C Eo(D)ET?, (2.4.6)

because the direct sum &¢(D’)° ., @ span{fi,..., fr} is a spectral section between
8o(D)" oo and Eo(D)"2.

Put d = dim B. Fix an integer N with N > d. By Theorem 2.4.3, there is §¢p > 0
such that

dim(&o(D)))kt% > N (2.4.7)
foralla € B and i € R. By Lemma 2.4.4, we may assume that
dim E(D.,)47% < dim &9(D.)4 < dim Eo(D’,, )% (2.4.8)

foralla,a’ € B and u € R with u > .
Fix a positive number § with § > 108y. Take u € R with u > 0. For j €{0,1,...,
d}, choose positive numbers

,u,<aj_<bj_<c_<c+<a]7L<b;r<,u,+8
such that
— - + +
bj+1<aj, bj <aj,

by <c¢” — 280, T 4280 < a;r.
Take a CW complex structure of B such that for each j-dimensional cell e there are
real numbers 11~ (e), T (e) such that u ™~ (e), T (e) are spectral gaps of D/, fora € e
with

aj

<p~(e)<b;, af <put(e)<bi.

Choose a 0-dimensional cell ey (= 1 pt) and po € (c~,c™), and then put r :=
dim (D}, )o°-

Lemma 2.4.5. For any cell e and a € e, we have

dim (D)Y@ + N < r < dim (D)L © — N.
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Proof. Because g + 280 < ™ (e), by (2.4.7) and (2.4.8), we have

dim € (D)1 @ > dim &(D],)1o+0

= dim Eo(D)4O T + dim €y (D)0 2%

o+8o
> dim 80(D;O)g° +N
=r+ N.
Hence n
r < dim& (D)4 @ — N.
The proof of the inequality dim SO(D;){)‘_(“’) + N <rissimilar. [

By Lemma 2.4.5, for each 0-dimensional cell e, we can take a frame (meaning a
+
linearly independent collection) { f1, ..., fr} of &¢(DL)y © Such that

_ +
oD @ C (fi..... f) C (DL .

Assume that we have a frame {fi,..., f;} in E(D’)§° on the (j — 1)-dimen-
sional skeleton of B such that

_ +
Eo(DL)Y © C (frar- s fra) C E(DLY

for each cell e withdime < j — 1 anda € e.
Take a cell ¢’ of B with dime’ = j. Note that SO(D’)Gﬁ(e/), SO(D’)gi(e/) are
vector bundles over e’. We denote by % the bundle

U {frames of rank r in SO(D;)/(;“JF(‘?/)}

ace’

over e’.

Note that u*(e) < ut(e’) for any cell e with dime < j — 1. Hence the frame
{f1...., fr} defines a section of F on the boundary de’.

We have a homeomorphism

Fa = GL(m;C)/GL(m —r;C),
where a € ¢/, ¥, is the fiber of ¥ over a and m = dim & (Dt’l)gﬁ(e/). By Lemma 2.4.5,
m = dim & (D) > r + N.

Because N > d, we have
mm—r > d.
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By the homotopy exact sequence,

wi(GL(m;C)/GL(m —r;C)) =0

fori =0,1,...,d. Therefore we can extend { f1, ..., f;} to a frame in 80(D’)g+(8/)
over ¢’. We will denote the extended frame on e’ by the same notation { f1, ..., f}.
We will modify { f1,..., fr} on the interior Inte’ of e’ to get a frame {f,.... f}
such that

— 7 “+ (.
E(DYy (S ) C oDy
on ¢’. Since u~(e’) < u~(e), on de’ we have
Eo(DYY ) c &o(DYY @ Cspan{ fi..... [}
As mentioned before, E(D’)y “©) and &y(D’ )y "€ are vector bundles over ¢’.

Let

+(e (e
p:&o(DYy |, — (D)

e/
be the orthogonal projection.

Lemma 2.4.6. We can perturb f1, ..., f; slightly on Inte’ such that

Eo(DVY ) = p((firoo s S))

on e'. Here, Int e’ is the interior of ¢'.

Proof. We may suppose that

Eo(Dy |, = x (€ ®C"), Eo(DYy

o = e’ x (C" @ {0}).
For each a € e/, we can write

ﬁ’a = gj,ll @ g]/',a’

where
7

ga€C" gi,eC".
Note that

c" = p((fl,a, EEEE fr,a))

if and only if the (n X r)-matrix (1,4 . . . grq) is of rank . Let M be the set of (n x r)-
complex matrices, which is naturally a smooth manifold of dimension 2nr. We denote
by R; the set of (n x r)-matrices of rank /. Then R; is a smooth submanifold of M
of codimension 2(n — [)(r — ). If | <n — 1 we have

codimr(R; C M) =2(n—1)(r—1)>2(r—n+1)>2(N +1) > d.
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Here we have used
n = dim SO(D;)g_(e/) <r—N.

See Lemma 2.4.5. So we can slightly perturb (g ... g,) on Inte’ such that for all
aceandl €{0,1,...,n—1},

(&1,.a---8ra) ZR;.

Hence the rank of (g1,4 ... &ra) i8 n. Therefore C* = p({f1.4,--., fr.a)) for all
a € ¢’. We can assume that the perturbation is small enough such that after the per-
turbation, f1,..., f; is still linearly independent. ]

By this lemma, we may suppose that

&0y = p((fiv o fr))
one’. Fora € ¢, define F,: C" — 80(Dé)g+(e/) by
Fs(er,...oer) =c1fia+ -+ crfra
We have
€(D,)y = im(po Fo).

Put
K := | ker(po F,).

ace’

Then K is a subbundle of the trivial bundle C” on e’. We have the orthogonal decom-
position

C"=KoKt
We define
F:Cr - (D)),
by
F'=Flg+ poFlg..
Then

gD |, cimF'.
Lemma 2.4.7. The following statements hold:
(1) F = F' onde'.

(2) The map F’ is injective on ¢’.
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Proof. (1) Take a € de’. It is sufficient to show that F,|gx1 = F|g 1. Recall that
&o(D)L ) cim F,.
Since im Fy|kx, C (SO(Dé)g_(e/))J- and dim SO(Dg)g_(e/) = dim K-, we have
im(Falg1) = (D)) .

Therefore, for v € K-, F)(v) = pF,(v) = F,(v).

(2) Suppose that
F'(v,v)=0

forv € K,v' € K+. Then
F(v) + pF(') = 0.

So we have
pF() + pF(v') = 0.

Since v € K = ker p o F and p? = p,
pF(') =0.

Because p o F is an isomorphism on K+, we have

v = 0.
Hence
F() =0,
which implies that v = 0 because F is injective. |
Put
flai=Fyler)..... f = Fyler)
fora € e’. Here, ey, . .., e, is the standard basis of C". Then the frame { f/,.... f}

of &o(D')gy € on ¢ , which is an extension of the frame on de’, has the property
that ., o
8Dy C{fi. S C D,

We have obtained a frame f1,..., f, satisfying (2.4.6). Putting
P =60(D") 0 & (f1..... fr).
we obtain a spectral section with
8o(D)*, C P C Eo(D)" 3,

where § > 0 is a constant independent of L.
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Take another pos1t1ve number ji with u < fi. Domg this procedure one more
time, we get a frame {fl, .. fs} of PN &(D )th such that

8o(D)oy C P ® (fi..... f5) C E(D) .

Repeating this, we get a sequence of spectral sections satisfying the conditions of
Theorem 2.4.1. ]

We will state a Pin(2)-equivariant version of Theorem 2.4.1. If s is a self-conju-
gate spin® structure of Y, we have an action of Pin(2) on &. The action is induced
by the action of Pin(2) on #'(Y) x lec (S), which is an extension of the S!-action,
defined by

j(a7 ¢) = (_av .]¢)

The Dirac operator D is Pin(2)-equivariant and we have the index
ind D € KQ'(B).

Here, KO' (B) is the quaternionic K -theory defined in [19], which is used in [33].

Theorem 2.4.8. If s is a self-conjugate spin® structure of Y and ind D = 0 in
KQ'(B), then we have a sequence P, of Pin(2)-equivariant spectral sections having
the properties of Theorem 2.4.1.

Proof. We will show an outline of the proof. Since ind D = 0 in KQ'(B), it fol-
lows from the arguments in [33, Section 1] that the family D of Dirac operators is
Pin(2)-equivariantly homotopic to a constant family. Hence we can apply the proof
of [40, Proposition 1] to show that there exists a Pin(2)-equivariant spectral section
Py of —D.

Choose a CW complex structure of B such that for each cell e, (—1) - e is also a
cell. Note that

;i (Sp(m)/Sp(m —r)) =0
fori =1,...,d, provided that m,m — r > d. Hence for ;£ > 0, we can construct a

Pin(2)-equivariant frame fi, ..., f, of Py with

€o(D")y C {(fi,..., fr) C Eo(DHAT?

as in the proof of Theorem 2.4.1. Here, § is the positive constant from the proof of
Theorem 2.4.1. Then

Po® (f1..-.. fr)

is a Pin(2)-equivariant spectral section between &o(D)" ., and SO(D)’“L . Repeating
this construction, we obtain the desired sequence Py,. [
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2.5 Derivative of projections

Let D: &y — &1 be the original Dirac operator. Recall that we have a canonical flat
connection V on &. See Section 2.3. Note that fora € B, v € T,B = #'(Y), we

have J J
VyD = 7 t=0Da+tv = 11 t=O(Da +1p(v)) = p(v).
Here, p(v) is the Clifford multiplication. Since v is a harmonic (and hence smooth)
1-form, we have ||v|x < oo for any k > 0. Therefore V, D is a bounded operator
from L7 (S) to LZ(S) for each k > 0.
Take 1 € R. We write 72 for the L?-projection on (D)~ Similarly, 7}’ is
the L2-projection on SO(D)f . We have the following proposition.

Proposition 2.5.1. Fix a € B. Let {¢;}?° __ be an L*-orthonormal basis of L*(S)
such that
Dgei = nie;.

Here, n; are the eigenvalues of Dg. Take A, i € R with A < . Suppose that A, p are
not eigenvalues of Dy. Forv € T,B = J1(Y),
((Vorr))eisej)o

M ifni<A<n <pord<mn <p<n;,

ni —nj
= { (p(v)ei,ej)o iny <h<mi<porh<m<m<n (2.5.1)
nj —Ni
0 otherwise,
and (p)er. e;)
v)e;,e; .
WPREREI0 iy < < i,
ni —1n;j
w . . _ . .
(Vyrh)eisei)o = 4 (P()ei.ej)o i <<, (2.5.2)
nj—mni
0 otherwise.

Here, p(v) is the Clifford multiplication by v.

Proof. Since the connection V is induced by the trivial connection on F'(Y) x
C>(S), to compute V,r}’, Vymts, we can do computations over #!(Y) where
we have the canonical trivialization, and the covariant derivative is equal to the usual
exterior derivative.

Take a loop Fff in C defined by

Ffz{x—is:)&fxfu}u{pb—{—iy:—efyfs}
U{x—l—is:kfxfu}U{k—Fiy:—sfyfs}
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for some & > 0. We orient F/’f counterclockwise. We will show that for ¢ € C°(S),
)i = 57 [ o= D0

See also [22, Chapter 11, Section 4]. We can write

00
E Ci€j

i=—00
for some ¢; € C with
o0
Y e+ i) < o0
i=—00

for any k > 0. For z € C which is not an eigenvalue of D,, the operator z — D, is

invertible and
o0

(c=Da)7'¢= D - ii,,. ei. (2.5.3)

i=—00

Note that the sum in (2.5.3) converges uniformly on F”“ in the Lz—norm forany k > 0
since

Z=Mni

<leil (zeT})

if || > 0. Hence, by the residue formula,

g IR IRCLE

[e9)

1 .
Z 2—(/ “ dZ)ei
i oo CTTLNJTH 2~ T

A<mi<p

= (ﬂa)%d)'

Here we have used the fact that we are allowed to take the term-by-term integration
because of the uniform convergence.
Take v € T, B = #'(Y). Then, by the above formula for 7}, we have

(Yo} e = —% Jp 6= D otz = oy
=37 / (z = Do)~ p(v)(z =)' ei dz

= a7 Ju w7 = Do ot
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Therefore

(ortreseslo =~ [, G =700, G = Do) el
= i Jy 0 e G ) ez

= _('O(U;% /r‘j( (z — m)_l(z — ;7J~)_1 dz.

From this, we obtain the formula (2.5.1) for {(V, Jri‘)ei ,€j)0.

Note that since p(v) defines a bounded operator L? — L2, we can see that the
operators (7)Y, (Ta)2oo defined by the right-hand side of (2.5.1) and (2.5.2) are
bounded from L? to L?. Moreover, for each compact set K in #1(Y), (Ta)éf con-
verges to (T;)" o on K uniformly as A — —oo. We have

td
(rasen)f(e o = (e eo = [ Folmareneivedods

:/(; ((ana—l—svei)’ej)OdS
t
- /0 (Tass)“(ei). e} ds.

Taking the limit as A — —oo, we obtain

((na—l—tv)lioo(ei)’ ej)O - ((na)ﬁooei)o = /(; ((Ta-i-sv)lioo(ei)’ ej)O ds.
Therefore

(Vo ereg)o = |

We have obtained (2.5.2). [ ]

=0((77a+zu)’ic>0(ei),ej)o = ((Ta)2 oo (i) €))o.

Corollary 2.5.2. Suppose that u is not an eigenvalue of D,. Then for each v € TB
and nonnegative k,
Vorh oo Li(S) = Lz, ((S)

is a bounded operator. Moreover, if || > 2, o < k and if there is no eigenvalue of
Dy in the interval [0 — =%, u + u=%), forv € T, B with ||v] < 1,

[Vyrhog : LE(S) — Li_,(S)| < C.

Here, C > 0 is a constant independent of v, (. Similar statements hold for an)’f ,
an;jo
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Proof. Let e;, n; be as in Proposition 2.5.1. Take v € T, B = #!(Y). Put
pij = (p(v)ei, ej)o.

Take ¢ = ), cie; € C*°(S) with ||¢]|x = 1. Since p(v) is a bounded operator from
Li to lec we have

(1 + |’7j|2k) <(y,

lp()9 Iz =

2 2
Saime], = X einy
i, kel

where C; > 0 is a constant independent of ¢.
By Proposition 2.5.1, we have

I(Vorr )bl 11

ni<p<n; W 1 n;<u<n; nj k+1
2
¢ipi ¢i pii
S5 3P OE- LA FIREUPE o) b oy LTH FTRUMIERCE
<y i< T nj<i | p=n; 1

Note that there is a constant C, > 0 independent of i, j such that

1+ |nj |2k+2

o =G0+ In; %)
j i

fori, j withn; < pu <n; orn; < p < n;. Hence

2
(1+n;1%%) < C1Cs.

I(Vort )gI2,, < G Y ‘ ey
J i

Therefore V, 7", extends to a bounded operator L} — L7 ‘1
Next assume that there is no eigenvalue of D, in the interval [0 — ™%, u + pn™%].
Take v € T, B with ||v|| = 1. Itiseasy to see thatif n; < u <njorn; <u < we
have
L+ Iy P2
Ini —njl?
where C3 > 0 is independent of 7, j. It follows from this and Proposition 2.5.1 that

< C3(1 + n;[%),

.72 2
I|VU7TEOO'Lk e Lk—a“ E C4,
where C4 > 0 is a constant independent of y and v. |

Lemma 2.5.3. Fix positive numbers o, B witha +3 < Banda € #'(Y). Foru € R
with || >> 0, there exists ' € (0 — || ™%, i + || ~%] such that there is no eigenvalue
of Dg in the interval (W' — || ™8, ' + ||~
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Proof. Suppose that the statement is not true. Then there is a sequence w, with
|i4n| — oo such that for any i’ € (n — [tn|™%, ttn + |n| %] there is an eigenvalue
of Dy in (' — |pn|™®, 1 + |tn|~#]. Therefore, for each integer m with 1 < m <
|in P2, there is an eigenvalue of D, in the interval (w, + (m — 1)|pn| ™, ptn +
m|itn|#]. This implies that

dlm(SO(Da))Mn:‘;ﬁh o — |Mn|ﬂ_a -

On the other hand, by the Weyl law,

dim(€ (Dg)) 0 < C | .

We have obtained a contradiction. [

Corollary 2.5.4. For i € R with |u| > 0, there is ' € [, u + 1], such that for
v e TBwith|v| =1,

Vo L2(S) — L2_,(S)| < C.
Here, C > 0 is a constant independent of v, j1. Similar statements hold for 7 3°, Jrf .
Proof. This is a direct consequence of Corollary 2.5.2 and Lemma 2.5.3. |

Proposition 2.5.5. Take a nonnegative real number m and a smooth spectral section
P of —D with

(&0(D))5, C P C (Eo(D)E.
Let wp be the L*-projection onto P. Then for each v € TB, Vymp is a bounded
operator from L2,(S) to Lm+l(S)‘

Proof. We can take an open covering {U; }lN: , of B such that there are real numbers
Ai, vi with A; < u—, 4 < v;, which are not eigenvalues of D, for a € U;. Also we
may assume that for each i, we have a trivialization

Eolu; = Uy x LX(S)

such that the flat connection V is equal to the exterior derivative d through this triv-
ialization. Also for each i, we have smooth L?-orthonormal frames fits..os fir, of
the normal bundle of (80)£’§O|Ui in P|y,. We can write

ri
A.
mp =rllo+ ) [ ® fi

=1

over U;. We have

Ti
Vorrp = Vo, + > (Vo £ ® fin + £ ® Vi i)
=1
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By Corollary 2.5.2, V%, is a bounded operator from L2, to L2, +1- Also we have
Vo fia = Vo) fi) = (Vorr)!) frg + 750 (Vo fi)-

Since f; ;(b) € C*(S) for b € U;, and an;':i is a bounded operator L2, — L2 .,
we have

Vy fi1(b) € C(S)
for b € U;. Also we have
1@ = [{fiasd)ol < lPllo

for ¢ € C°°(S). Therefore

ri
S ALV fit L — L2y,
=1

is bounded.
Take ¢ € C°°(S). We have

(va:[)(d)) = <¢, vai,l)o-
Note that V,, f; ;(b) € C*°(S) for b € U;. Hence
1(Vo £ ® i) @) lm+1 = [(Vo 7))+ fialmr1 < Clidllo.

Therefore

ri
Zvvfij ® fia: Ly = Lo
=1

is bounded. n

Corollary 2.5.6. Suppose thatind D = 0 in K'(B) and let Py be a spectral section
of —D. Then there is a family of smoothing operators A acting on &g such that the
kernel of D' = D + A is trivial and

PO = 8O(D/)O—oo
Moreover, for each positive number k and v € TB,
VyD': L7 (S) — L3 (S)

is bounded.
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Proof. The operator A is obtained as follows. (See the proof of [40, Lemma 8].) We
can take smooth spectral sections Q, R of D and a positive number s with

(60)5, C Po C (60) oo, (60)I2 C QO C(E0) %, (60) oo C R C(60)%,.
Put
D' =nrgDrg —snp,(1—mo) + (1 —nr)D(1 — r) + s(1 — wp,) 7R,

where 7p,, g, R are the L>-projections. Then ker D’ = 0. The operator A is given
by
A=D"-D.

The image of A is included in the subspace spanned by finitely many eigenvectors of
D. By Proposition 2.5.10, Vymp,, Vymg, Vymr are bounded operators from Li (S)
to Li +1(S). Note that V,, D is the Clifford multiplication of the harmonic 1-form v.

Hence V, D is a bounded operator L? :(S) — L2 (S). Therefore V, D’ is a bounded
operator from L7 to LZ. n

Proposition 2.5.7. The statements of Proposition 2.5.1, Corollary 2.5.2 and Corol-
lary 2.5.4 hold for the perturbed Dirac operator D’, replacing p(v) with V,D’.

Proof. By Corollary 2.5.6, for any nonnegative number k,
V,D': Lk(S) — L2 «(S)

is bounded and we can do the same computations as those done for the original Dirac
operator D. |

Lemma 2.5.8. For a positive integer k, a positive number | with | > k — 1 and
v € T, B, the expression
Vol D'|*:L} — L7,

is bounded.
Proof. Note that
D' = (DY (1 = 7py) + (D)D" p,.
Here, mp, is the L?-projection on Py. We have
Vo(D)¥ = (V, D) (D) ' 4+ D'(V,D')(D')*"2 ... + (D')"1v, D',

which implies that V,,(D’)* is a bounded operator L — L?
Also Vy7p, is a bounded operator L7 — L?

7—k+1 Dy Corollary 2.5.6.

741 by Proposmon 2.5.5. |



Derivative of projections 41

Remark 2.5.9. So far the authors have not been able to prove Lemma 2.5.8 in the
case when k is not an integer, though there is an explicit formula

k k
ID'1F =" {nlF ;.
J
Here, m; is the projection onto the jth eigenspace which can be written as

/ (z— D) ldz.

2711

Suppose that ind D = 0 in K!(B) and fix a spectral section Py and recall the
definition of the L2 e e -inner product (-,+) _ defined by using the perturbed Dirac
operator D' = D + A of Corollary 2.5.6. (See (2.3.5).) Let & x_ be the completion
of & with respect to (-, )k, k_-

We will prove a generalization of Proposition 2.5.5.

Proposition 2.5.10. Take nonnegative half-integers k., k— and a smooth spectral
section P of —D with

(0)ls C P C (80) .

Let wp be the Li K -projection on P. Then for each nonnegative real number m,
v € TB, Vyrp is a bounded operator from L2,(S) to L2 mi1(S).

Proof. Let U;, A;, v; be as in the proof of Proposition 2.5.5 and f;1,..., fi,,; are

smooth L,ZC+ ¢ -orthonormal frames of the normal bundle of (80)£’§O|Ui in P. We
can write

ri
mp Znﬁgo+2fij’}®ﬂ,z
I=1

on U;. Here,

15(@) = (mpyd. 1D fido + (1 = wpy)e. 1 D1 fi1)o.

Py is the fixed spectral section used to define the L/,zC _-horm, and 7p is the L2-
projection onto Py. We have

Ti
Vorrp = Vo, + > (Vo 5 ® fin + [ ® Vi i)
=1

As stated in the proof of Proposition 2.5.5, V,7* and 1 ® Vy fi, are bounded

operators from L2 to L2 ;.
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For ¢ € C*°(S),

(Vo 5D @) = (Vorpy)¢, D17 fit)o + (pyd, (Yol D'IP57) findo
+ (7P ID'1P*= (Vo fi))o — (Vorpy)d. |D' 1%+ fi)o
+ (1= 7p), (Vo | D'1%4) fi1)o
+ (1 — 7p,) ¢, | D' |2k+ (Vo fi))o-

Note that 2k are nonnegative integers. By Proposition 2.5.5 and Lemma 2.5.8,

”(vvf:l ® fi,l)(¢)”m+1 = ||(vvf:l)(¢) : fi,l m+1 = C||¢||O

Hence V, /% ® fi,; are bounded operators from L2 to L2 .. L]

Lemma 2.5.11. Let V be a connection on & +.k_ (which is not necessarily the flat
connection defined in Section 2.3). Let F be a subbundle in &, j_ of finite rank and
TE: 8k+,k_ — F be the L,zch k_—projection. Forae B, ¢,y € Fyandv € T, B, we
have

(Vorp)ep. ¥ )iy e = 0.

Similarly, for ¢’ , ' € F;-, we have
(Vorp)d', ¥ )iy ke = 0.

Proof. Since

TFTF = F,

we have

(Vomp)mp + np(Vynp) = Vynp.

Hence

(Vortp)gp + np (Vorrp)$ = (Vyrrp)g.
Here we have used mr¢ = ¢. Therefore
nr(Vymrp)p =0,

which implies that
(Vortp), ¥)kp ke = 0.

The proof of the other equality is similar. |
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2.6 Weighted Sobolev space

Assume that ind D = 0 and fix a spectral section Py of —D. Let D’ = D + A be the
perturbed Dirac operator as in Corollary 2.5.6.
From now on, for k > 0, we consider the norm defined by

g1l = 11D *4llo.

Note that this norm is equivalent to the original Li-norm since ker D’ = 0. That is,
there is a constant C > 1 such that

CA+1DM¢llo < 11D Fgllo < CI(1 + [DIF)glo.

Hence we can apply Corollary 2.5.2, Corollary 2.5.4, Proposition 2.5.7 to the Sobolev
norms with respect to D’.
Let P,, O, be spectral sections of —D, D with

(Eo(D)2& C Pu C (E0(D))E,
(Eo(D))3> . C On C(E0(D))F _.
We may suppose that

Mn—+10 < pp 4 < plpt1,- — 10,
Anti4++10 < Ap— <Ay 4 — 10,
Mn,+ — Un,— < 8, Anﬁ_ — An,— <6

for some positive number § independent of n. See Theorem 2.4.1. By the definition
of D’ = D + A in the proof of Corollary 2.5.6, we have

Eo(D)!nE = go(D")nE,
Eo(D)T . =Eo(D)T |

for n > 0. Fix half-integers k,k_ > 5. Put { = min{k,k_}. Let wp,, 7o, be the
Li+’ _-brojections on Py, Q. By Proposition 2.5.10, we can assume that for each
n, there is C, > 0 such that for v € TB with |v| <1,

Define a finite-dimensional subbundle F;, of &, by
Fo =Py Qn C (803

We will next introduce weighted Sobolev spaces. Take positive numbers &, with

1
Chen < —, (2.6.2)
n



Finite-dimensional approximation on 3-manifolds 44

where C,, are the constants from (2.6.1). Fix a smooth function
w:R — R
with

0<w(x) <1 forall x € R,

w(x) = &, ifx €[An——3.An+ + 3] U [n,— — 3, n,+ + 3] for some n.
Take a € #'(Y). Let {e;}; be an orthonormal basis of L?(S) with
Dyej = njej.

where 7; are the eigenvalues of D/.
For a positive number k and ¢ = Zj cjej € C*°(S), we define a weighted
Sobolev norm ||¢ || k.w by

2
akw ‘= (ZIC;IZIWIZ"w(m)z)

J

I

Denote by LZ & (S) the completion of C*°(S) with respect to || - ||4,k,w- The family
Ul llak,w taeger (vy of norms induces a fiberwise norm || - [[¢,,, on Ec. We denote the
completion of &, with respect to || - ||x,w by &k, . Note that

@lliw < @]l

Proposition 2.6.1. Let k., k_ be half-integers with ki, k— > 5 and put { =
min{k,k_}. Then

.72 2
sup ||anpn.Lk+,k7 — Ly 5,1 —0.
veB(TB;1)

A similar statement holds for mg,,.

Proof. For A, u € R, let Jri’“ be the L2-projection to (80(D/))%. Take a € B and
v € T, B with ||v|| < 1. By Corollary 2.5.4 and Proposition 2.5.7, for n > 0, we can
take

Vn,— € [n— =2, pn,— = 1], Vnt € [Un 4+ + 1, a4 + 2]
such that

|Vorles L] | — L} 5| < C,

[(VpmyT): L2 | — L2 (|| <C,

Vn,—
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where C > 0 is a constant independent of n. Note that

p, = idg, o p,

— (g~ Vn.+ 00
= (- +m,~ +m, )onp,

_ Vn,—

=n% + n:,’;f omp,.
Hence
Vortp, = Vorls + (Vyrry! Dp, + mort (Vymp,). (2.6.3)

For ¢ > 0, take a positive number 8 with § > é Then for any ¢ € & x_ with
¢llx k. <1, we have

I Plle—r < e.
By Proposition 2.5.1 and Corollary 2.5.4, forn > 0 with § < v, _,
(Vo6 plle—s = (Vo5 ) (P o + 7)1 e—s
1
= +e). (2.6.4)
1B —vn-|

Here, C’ > 0 is independent of n. Similarly,

1

min{[ — v+

(Vo D), dlle—s < C”( oot s) (2.6.5)

for n > 0, where C” > 0 is a constant independent of n. By the definition of the
weighted Sobolev norm || - ||¢,,, and (2.6.2),

1
I (Vo )@l < Cuenll9llicy i < . (2.6.6)
The statement follows from (2.6.3), (2.6.4), (2.6.5), (2.6.6). [ ]
Lemma 2.6.2. Let K be a compact set in ' (Y). There is a norm | - || g.w on

C®°(S) such that for any a € K and ¢ € C*°(S) we have

Ak hw < lIPllakw-

Let L%{,k,w be the completion of C*°(S) with respect to | - ||k xw- For | >k, the
natural map L7 — L%, is injective.

Proof. Take a compact set K in #!(Y) and fix ag € K. Choose a € K. Put

a; = (1 —=1t)ag +ta,
r =llao—al.
§ :=max{|V,D": L> > L?|| : 1 € [0, 1], v € To, H'(Y), |[v]| = 1}.
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Let & be the trivial bundle J'(Y) x L2(S) over J!(Y), which is the pullback of
& by the projection #!(Y) — B. Also take a sequence {A1}72 _ o of real numbers
with

)L] + 7'8 < )'l-i-l-
We will prove that for each [, there is a constant ¢;(a) > 0 such that for ¢ €
éo(D"lo)ij+1 , we have

c@lgllo < 16ra)3 £ Bllo- (2.6.7)

Fix an integer /. We consider the following set:

I ={ref0,1]:Vse[0,1], s <t Jc(s) >0, V¢ € éO(Dézo)i;H’
Ajy1+sré

c(®)llgllo < I(ra,)y  5rs  ¢llo}-

Note that 0 € I. To prove (2.6.7), it is sufficient to show that sup / = 1. Puttyg = sup /
and assume that 7y < 1.
Then take ¢ty € (¢, 1] with |+ — 20| sufficiently small. For ¢ € [tg, £+], let

v1(t), ..., vm(t)

be the eigenvalues of D, which are continuous in ¢ such that

Al —toré < vl(lo), vz(lg), e, l)m(l()) < AH—I + toré,
. ~ Ar41toré
dlmgo(D;t);”J_r;O,,g =m

Take real numbers A_, A4 sufficiently close to A; — #9786, A;+1 + tor§, which are
not eigenvalues of Dy fort € [to, 4], such that

5 ’ At _ & ’ Aly1+tord
SO(DQIO)A— - SO(DHIO)AI—Z()I“S :

By [22, Theorem 4.10, p. 291], for ¢ € [to, t+],
Ar—tré <vi(t),...,vm(t) < Ajpq +1tré

which implies that

5 A 5 Ajy1+trd
&o (D;t)li_ = 80(Dt/lt)/llt;r8

So we have

A A +tré
1(wa )3 bllo = IGma)yo F 15 @llo-

From the equality

d
G305 = 2Re((Vy(ma) ;). Do
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5 A _ré
fort € [tyg,t+] and ¢ € 80(D;t_)kjf;_tt8 " we have

A A +tré
{1=2M(t —t0)}¢llo < Gra )3  bllo = IGra)3 E0rs #llos

where N
M = max{||[Vy(m,)5 : L? > L?| : 1 € [to.14]}

and v = a — ap. Taking 74 sufficiently close to #y, we have
2M|l+ — [0| < 1.

This implies that
tyel

and we get a contradiction. We have obtained (2.6.7).
Take a sufficiently small open neighborhood U; , of a in #'(Y). Then for all
a’ € Uy, we have

1 A +ré+1
Sa@lllo = 1)y 1 gl

5 A . . .
for ¢ € 80(D20)Aj+1. Since K is compact, there exista;,q,...,a;,y, € K such that

K CUpg U+ UUpay,-

Take a small positive number ¢ > 0 such that there are no eigenvalues of D/, in [—e¢, €]
fora € K. Put

¢; =min{c;(az). . ...ci(arn,)}
w(l) := min{|x[*w(x) : x & [~e.el, x € 1. Ao}

For ¢ € C°(S), define

1
2

1 2
9l = { 3 (Fperena) ollo)} 268)
[

Then
Pl kw < 1Pllakw

foralla € K and ¢ € C°°(S). From definition (2.6.8) of || - |k k,w. We have that the
natural map le — Li . 18 injective for [ > k. ]

Proposition 2.6.3. Let W be a closed, oriented, smooth manifold and E be a vector
bundle on W. Let k be a positive number with k > 1, I be a compact interval in R and
I - | be any norm on C*°(E) such that ||¢| < |@|lx—1 for all p € C®(E). Assume
that the natural map LIZ(E) — C®(E) is injective for | > k — 1. Here, C®(E) is
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the completion with respect to the norm || - ||. We consider LIZ(E ) to be a subspace of
C®(E) through this map.

Suppose that we have a sequence y,: I — C°°(E) such that y, are equicontin-
uous in || - || and uniformly bounded in Li. Then after passing to a subsequence, Yy,
converges uniformly in Li_l to a continuous

y:l — L_(E).

Proof. Letqy,q>, ..., be the rational numbers in /. Since y, are uniformly bounded
in Li, it follows from the Rellich lemma and the diagonal argument that there is a
subsequence (i) such that y,;)(¢m,) converges in L,zc_1 (and hencein || - ||)asi — oo
for each m. Since y, are equicontinuous in || - ||, for any ¢ > O and ¢ € I, we can find
gm which is independent of i, with

1Vn) () — Vi) (gm) || < &

So we have, for any ¢,

Y2y (®) = Yu(iy Ol
= ”Vn(i)(t) - Vn(i)(‘Jm)” + ”Vn(i)(‘]m) - )/n(j)(Qm)” + ”)’n(j)(‘Jm) - Vn(j)(t)”
= ”Vn(i)(Qm) - Vn(j)(CIm)” + 2e.

This implies that for each ¢ € I, y,(;(¢) is a Cauchy sequence in | - ||, and hence y, ;)
has a pointwise limit y: I — C*°(E), where C>°(E) is the completion with respect
to[| - |-

Since y, are equicontinuous in || - ||, for any & > 0 there is § > 0 such that for
t,t' € I with |t —t'| < § we have ||y, (t) — yn(t)|| < e. Taking the limit, we have
ly(@) — y(t")]| < &. We can choose finitely many rational numbers ¢1, ..., gy in /
such that for all ¢ € [ there is ¢; with [ € {1,..., N} such that |t — g;| < . If iy is
large enough, for i > ip we have ||,i)(qm) — v(gm)|l < eforallm € {1,..., N}.
Therefore, fori > iy,

172y @) = v O = 17ni) @) — vy (@D + lvnay (@) — v(@D)| + lv(q) — y @)l
< 3e.

Hence y, ;) converges uniformly to y in || - |.

We first show that the limit y defined above in fact lies in L2 . Indeed, for any
fixed t, and any sequence #; — foo in 1, we have that y,, ) (#;) converges in (k — )-
norm, after extracting a subsequence, to some §. However, as above, y,)(%) also
converges in | - [|-norm to y(fs). Recall that L2 | is a subspace of C®°(E), so
§ € C®(E), and we have

Iy (o) = 81 < [l¥ (o) = Yuy @Il + ¥niy (@) — 8|
=< 1Y (to0) = ¥n@y (@Il + 1¥ne) () = 8ll5_s-
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It follows that § = y (o). This establishes that y is defined as a function / — lec_ L

but not that it is continuous, nor that the {y,)} converges pointwise in (k — %)-
norm. Note that, since ||y, (¢)||x < C for a positive constant C independent of n, ¢ by
assumption, we have ||)/(t)||k_% <Cforallr el.

Assume that y,(;) does not converge uniformly in lec—l' Then after passing to a
subsequence, there is &9 > 0 such that for any i we have #; € [ with

1 Vnay () — v () llk=1 = €o.

After passing to a subsequence, #; converges to some fo, € I. Then y,(;)(#;) con-
verges t0 ¥(loo) in || - || Since yy(;y(#;) are uniformly bounded in L2, by the Rellich
lemma, after passing to a subsequence y,(;)(#;) converges to some § in L12<—1; by the
argument to show that y(ts) € lec— 1 above, we see that § = y(fx). Similarly, since

ly @)l - 1= C for all i, after passing to a subsequence, y(¢;) converges to some &’ in
Li_l. Since y(t;) — y(tso) in C®(E), the previous argument gives that §' = y(f0).
Therefore, after passing to a subsequence,

IVny (@) — y(E)llk—1 — 0

as i — oo. This is a contradiction. Thus y, ;) converges to y in Li_l uniformly. Since

the convergence is uniform in lec—l’ y is continuous in Li_l. |
2.7 Proof of Theorem 2.3.3
Take half-integers k4, k— with k4, k— > 5 and with |[ky — k_| < % We put £ =
min{k,k_} and

An i= (Bi, (F,7: R) xp Bi_(F, : R)) xB (B (W,": R) xp Bi_(W,”: R)).
We want to prove that A, are isolating neighborhoods for ¢, x, x_ = ¢n for n large.

If this is not true, after passing to a subsequence,
inv A, N0A, # @
for all n. Then we can take
Yn,0 = (Pn,0, Wn,0) € inv A, N 0A,.

After passing to a subsequence, we may suppose that one of the following cases holds
for all n:

@) ¢t € Sk, (FFR)
(i1) ¢n_,0 € Sk_(F,; R),
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(iii) o,y € Sk, (W,F:R),
(iv) w, o € Sk_ (W, ; R).
Let yp = (¢n, wn): R — F, & W, be the solution to (2.3.10) with y,(0) = y,0:

A
(“20)),, =~ (V8,00 ) — 2, (DI (0) + €1 0 (1)
debn ~
(T20), = =Xu @), 27.1)
1) = — e don (1) — e, c20n ().
We have

g Oy <R Ny Ollce <R, o Olley <R, oy Ol =R (27.2)
for all # € R. By the Sobolev multiplication theorem,

ller(va@)lle = Cllya @I < CR?,
lle2(va@)lle = Cllya @) = CR?,
IXe@@)lle < Cllya()| < CR?.

Let A C #'(Y) be a fundamental domain of the action of H'(Y;Z) on #'(Y),
which is a bounded set. By the path lifting property of the covering space #!(Y) x
Li+ v (S) = &k, k_, we have a lift

Yn = (d;nvwn):R - ng(Y) X L]2€+,k_(S) X lec+,k_(imd*)

of y, with
pax(Yn(0)) € A. (2.7.3)
By (2.7.1), we have
H (dZ" (t)) . H < CR2. (2.7.4)

Fix T > 0. It follows from (2.7.3) and (2.7.4) that we can take a compact set K7 of
J1(Y) such that for any n and ¢ € [T, T] we have

Py (Vn(1)) € Kr.

Note that % is uniformly bounded on [T, T] in | - ||k, ¢—5,w by (2.7.1),

Proposition 2.6.1 and Lemma 2.6.2, which implies that ¢, are equicontinuous in

2
LKT,Z—S,w
after passing to a subsequence, yy |[—7,7] converges to a map

on [T, T]. The wy, are also equicontinuous in L%_l . By Proposition 2.6.3,

7 = @D, 0 D) [T, T] - 1Y) x L2_(S) x L2_,(imd*)
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uniformly in L%_l. By the diagonal argument, we can show that there is a continuous
map
j=(p.w):R—H'(Y)x L} (S)x L (imd*")

such that, after passing to a subsequence, y, converges to y uniformly in L%_l on
each compact set in R.

Lemma 2.7.1. The limit y is a solution to the Seiberg—Witten equations over Y x R.
Proof. Fix T > 0.Fort € [T, T], we have

‘];n ([) - ‘];n (0)
'd ¢n

S (8)ds

0

= /0 (Vi 77 () + 75 (DFa(t) +c1(Fa () + X (b (s)) ds. (27.5)

We have that pg(7,(t)) € Kr for any n and ¢t € [T, T]. Note that we have no
estimate on (VXH TF,)¢n in any sz.—norm and that we just have control on it in the

auxiliary space L2 K=" . By Proposition 2.6.1 and Lemma 2.6.2,

(Vi 77 )nls) — 0

uniformly in L2 Ko f—sw 38T —> 00. Recall that q%,, Wy converge in L%_l uniformly
on[-T,T]. 1t follows from Proposition 2.4.2 and the inequality

|7F, Dén — Dlle—> = |75, Dn — Dn + D — Dpll¢—>
< |I[7Fps Dlpnlle—2 + | Dpn — DP|l¢—2

that 7, D¢, converges to D¢ uniformly in L2  on [T, T].
Taking the limit with n — oo in (2.7.5), we obtain

50 =30 == [ (D7) + 10D + X @60 ds.
Hence, by the fundamental theorem of calculus,

do . .
1) = (DI + 1(70) ~ Xu @),

A priori, the left-hand side & ar (t) only lives in the auxiliary space L2 How-

Krt—5w"
K l—2.w and the right-hand side is in L2

‘(li—‘f(t) is in L%_z and both sides are equal to each other as elements of L2 -2

ever, since Lﬁ_ is a subspace of 12 =2



Finite-dimensional approximation on 3-manifolds 52

Similarly, we can show that

d
d_cj(t) = —xdw(t) —c2(y(2)).

Therefore y is a solution to the Seiberg—Witten equations (2.3.4) and the ordinary
theory of elliptic regularity shows that ¥ is in C° as a section on any compact set in
Y x (=T, 7). ]

Composing 7: R — H1(Y) x L}_,(S) x Lj_, (imd*) with the projection
FHIY)x L7 [(S) x L}_,(imd*) — E¢—y & Wi—1,
we get a Seiberg—Witten trajectory
ViR —> &1 & Wp_1.
Since ||y(¢)|l¢—1 < Rforallt € R, y has finite energy. By Proposition 2.3.2,

Iy Ollkp k- < Ry ks (2.7.6)

forallt € R.
Assume that case (i) holds for all n. We have

g O)llx, = R.
Lemma 2.7.2. There is a constant C > 0 such that for all n,

" Oy, 1 <C.

Proof. Note that

d

— Tz, =o0.
77 i—ol18n Ol

Let us consider the case when k. € %Z \ Z.

Let 7T be the Li%ki—projection onto 8,;:_’,(7. (That is, 7" = 1 — 7p,.) Then
we have
1d

1d
2dt =

1 1
eI, = 53| _ (D1 a4, 1Dt g 0))o

= (Vi ID'[F++2)g:¥ (0), | D[+~ 2 ¢ (0))o
+ (D' 34(0), (Vi | D'+ 2)h (0))o

g
+Re{(Vi, 790 0). 67 Ok, +Re( 0. 6,7 0)

ki
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Note that k+ + % and k4 — % are integers. By Lemma 2.5.8,
1 1
[((Vxy D'+ 2),f (0), 1D+ 72, (0))o| = Cllg ),y =< CR?,

(1D 3,50, (Y [D'1+ =), (0))o| = Cligy Ol 43 I O,y
< CRI Oy, 11-

By Proposition 2.5.10,

(Vx5 Pn(0), &7 () iy | < 11 (Vi 7 ) n 0) i 1857 (0) iy
< Clign () ly -1l (0)x,
< Clign (0 lellp, 0k,
< CR?.

We have

dn
(0.9 (()))k+
= (Vx50 (0) + 75, (D'$n(0) — Adn(0) + c1(1a (0))). 87 Q) -

By Lemma 2.5.11,

(Y E)Pn(0). dF ()i, = (Vi 7F,)Pn(0). ¢ (0))k, k= 0.
We have
(7F, D' ¢n (0). ¢ (0))ic,. = (D'$n(0), wF, ;7 (0)),
= (D'$n(0). ¢, (0))ic,.
=l O, 4 1-

Since A is a smoothing operator,

(75, Apn (0. &5 (0))iey | < Clign(O)lolin (01, < CR2.
Since D’ is self-adjoint,
(5, €1 (7 (0)). &5 ()i, | = [{e1 (v (0)). 55 (), |
= [{|D'[*+c1(ya(0)). |D'[¥+ ¢, (0))o
= (1D 2 ¢1(ya (0)). | D'+ 365 (0))ol
< ler O, — 1 165 O, 43
< Cller O lelldy O, 4y (€ = minfky k_})
< CR?67 Ol 43
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Therefore
1d
_ _ + 2 At 2 2 + 2
0= 57 t=0||¢n Ol =—lo, (0)||k++% + CR7g, (Ol 41 + CR™.

This inequality implies that the sequence ¢, (0)]| kotd is bounded.
The proof in the case k4 € Z is similar. n

It follows from Lemma 2.7.2 and the Rellich lemma that after passing to a subse-
quence, ¢, (0) converges to ¢ (0) in L,2ch strongly. By the assumption, [|¢, (0)lx_.
= R for all n. Hence,

ly Ol k— = 16T (O)lky k. = R.

This contradicts (2.7.6).
Let us consider case (ii). In this case, we have

¢n O)llk_ = R.

Lemma 2.7.3. There is a constant C > 0 such that for all n,

16 O)l_41 < C.
Proof. Note that
(D'$n(0), 6, )i = =l OV;_, ;-

As in the proof of Lemma 2.7.2, we can show that

d - 2 - 2 20 4+ 2
= t=0||¢n Ol = e, (O)IIk_Jr% —CR%|ldy O)_11 —CR".

This implies that the sequence [|¢, (0)[|,_, ! is bounded. ]

By the Rellich lemma, ¢, (0) converges to ¢~ (0) in Li_ strongly. Hence

Iy Oy k- = o~ O)lk- = R.

We get a contradiction.
In the other cases (iii), (iv) where y, o is in the other components of d4,, we
similarly have a contradiction.

Definition 2.7.4. For this definition we refer to some notions from parameterized
homotopy theory and parameterized Conley index theory; refer to Sections A.l
and A.2, respectively. For notation as in Theorem 2.3.3, let SW# (Y, ) be the
parameterized Conley index of the flow ¢, &, x_ on the isolated invariant set Aj.
We call SWF|,)(Y, s) the pre-Seiberg—Witten Floer invariant of (Y, s) (for short,
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the pre-SWF invariant of (Y, s)). The object SW# (Y, s) is an (equivariant) topo-
logical space, depending on a number of choices (which are not all reflected in its
notation). First, SW¥ (Y, ) depends on the choice of an index pair, but its (equiv-
ariant, parameterized) homotopy type is independent of the choice of index pair —
we will abuse notation and also write SW¥,)(Y, s) for its (equivariant, parameter-
ized) homotopy type. It also depends on a choice of metric on Y, as well as spectral
sections P,, O, and subspaces Wni, as in the preliminaries to Theorem 2.3.3.

The projection used in the parameterized Conley index is from the ex-space B, gr
over Pic(Y), as explained in the discussion after Theorem 2.3.3.

We write § ’W.’F n) (Y. %) to refer to the Conley index with trivial parameterization.
By Lemma A.2.7, v;SWj' mY,s) = SW?'fn](Y s), where v: B — * is the map
collapsing the Picard torus to a point, and v is as defined in Appendix A.1.

If s is a self-conjugate spin structure, the bundle L? L (S) x HUY) x L? ¢ (imd™)
admits a Pin(2)-action extending the S !-action on spinors, by

J(@.v,0) = (jp,—v, —w).

In the event that the spectral sections P,, Q, are preserved by the Pin(2)-action,
then the approximate flow on F,, & W, will be Pin(2)-equivariant, and we define
SWF Pln(2)(Y %) to be the Pin(2)-equivariant parameterized Conley index, so that its

underlymg S1-space is SWF, (Y, s). We similarly define § WwF, i Pln(2)(Y $) (and we

will occasionally write SWF S (Y, ) to distinguish what equivariance is meant).

See Theorem 2.4.8 for the ex1stence of Pin(2)-equivariant spectral sections.






Chapter 3
Well-definedness

Here we show how changing the choices in the construction above affect the resulting
space output.

3.1 Variation of approximations

First, we consider the change due to passing between different approximations. For
this section, we fix a 3-manifold with spin® structure (¥, s).
As before, let P,, @, be spectral sections of —D, D with

(Eo(D) a5 C P, C (E0(D))25sT,
(E0(D)FS . C On C (E0(D))5 _.

We may assume that |, + — pty,—| and |A, + — A, | are bounded. We call any such
sequence of spectral sections a good sequence of spectral sections.

Fix half-integers k., k_ > 5. Put £ = min{k, k_}.

Let F, =P, NQ, C (SO)ZZ’:L, as before. Fix H to be the quaternion represen-
tation of Pin(2), and let B = Pic(Y') denote the Picard torus of Y. We write (¢, S)
for the (parameterized) Conley index of a flow ¢ and isolated invariant set S; we will
usually suppress S from the notation, and /% (¢, S) for the unparameterized version;
see Appendix A.2. Finally, a further bit of notation for the statement of the following
theorem. Let Th(E, Z), for a vector bundle : E — Z, denote the Thom construction
of m.

Theorem 3.1.1. Let n,f: Pii1—> P @ Ckprn gnd nng: Ony1 — 0, ® Ckon pe
vector-bundle isometries (with respect to the ki -metric), where C ke gnd Cken gre

the trivial bundles over B of rank kp , and kg . Let n,I;V’+: Wn"_"_l — Wn+ @ Rkw.+.n

and n,I;V’_: W, —>W, & RkW.—n pe another pair of isometries. Then there is an

S -equivariant parameterized homotopy equivalence of Conley indices
. cko.ngrRAW.—.n
Nw: H(@ny1) = EB ® I(gn),

which is well defined up to homotopy for the induced map

ko.n k —.n
Vi T (Pngr) — SC ORI pug,

Furthermore, if s is a self-conjugate spin® structure and instead n,f Py —> Py @
H¥*H.2.n gnd n,,Q: Qni1— O, ® HFH.Cn | and the maps nW-* above are equivariant



Well-definedness 58

with respect to the C-action on Wy 41, Wy, and R¥w.£.n, then there is a well-defined,
up to equivariant homotopy, Pin(2)-equivariant homotopy equivalence

K n@RkW.—.n
i T (gngr) — SHTOTORIT pu g,y

’

and similarly for the parameterized version.

The restriction 1« to the S -fixed point set I(¢n41)° Yisa fiber-preserving homo-
topy equivalence to E%kW’_’" Li(p)S".

More generally, without a selection of maps 1, as above, there is an S L equi-
variant parameterized homotopy equivalence of Conley indices

n nWap1/ Wi
Ne: L(nyr1) — Dot/ Cng et g, .

so that the induced, unparameterized map

Vi I (@nt1) = Th(Qns1/On ® W,y /W, 1" (¢n))

is well defined up to homotopy, as well as a similar statement for self-conjugate s.

Proof. By Lemma 3.1.2 below and invariance of the Conley index under deforma-
tions, there is a well-defined homotopy equivalence n': 1% (¢,4+1) — I* ((p;pj_ltl), where

(p;erml is defined in Lemma 3.1.2 (and similarly for the parameterized version). Using
the invariance of the Conley index under homeomorphism, we have a well-defined
homotopy equivalence
> L) — L™,
split,n

where ¢, ;" is defined in Lemma 3.1.9. Finally, by Lemma 3.1.9, the well-
definedness of the Conley index (independent of a choice of index pair), and the
definition of the Conley index (using our choice of index pair from Lemma 3.1.9),
there is a well-defined homotopy equivalence

lit, On+1/9n Wn_ Wy
P IRy — g TR R I (gy).

In the case that we have fixed trivializations, as above, of W, /W, and Q,", /O, ,
the target of > is identified with

k n —.n
D ()

Since the flows used to define the homotopy equivalences preserve the fibers of
the S!-fixed point sets (that is, X(¢)g = 0 if ¢ = 0), we can see from the formulas
for the maps f, g, F), G, in the proof of [43, Theorem 6.2] that the restrictions of
n', n%, n3 to the S'-fixed point sets preserve the fibers.

The argument adapts immediately to the case in which there is a spin structure,
and the theorem follows. |



Variation of approximations 59

Let X . be the L,zC k -orthogonal complement to P, in P,y (resp. O, in

n+1
On+1)- Similarly, let En i % be the L2+ e orthogonal complement to WjE in Wni_l_1
Let Sy =%, @ znﬂ and 2V =37t @ 277 Then Fypy = Fy ® Syt
and Wy =W, & En 1+ Write 7y, for the projection to ¥,41 with respect
to the Lk _-horm. We also write W, for the projection X, 1 With respect to
the Lk _-horm.

Let X be the approximate Seiberg—Witten vector field on F,, @ W,,, for all n, as
defined in (2.3.10). Let R be large enough as in Theorem 2.3.3.

For a path y(¢) in the total space of F, 41 @ Wy41, we write y(t) = (¢ (1) +
(1)) ® (P (1) + 0@ (1)), as an element in the fiber over b(¢) = p(y(t)), where
¢ M (1) is an element of (Fo)b@)> (1) € (Zn)b)s oW(1) € (Wn)b() and 0@ (1) €
D b-

We then write (1) = (¢ (1), o (), 0oV (¢), 0@ (¢), b(t)) to describe y in terms
of these coordinates. We also write ¢,1(¢) to refer to the path in the total space of
F,+1 determined by (¢£21(t), on+1(1),b(1)).

Lemma 3.1.2. Let X" be the vector field on the total space of (F, ® X,) ® (W, ®
=) defined by (3.1.1), where

Va1 (t) = (@ (0), 0nr1 (1), @82 (1), 02 (0), by (1))

and P,4+1(t) is the path obtained by (fiberwise) projecting yn41(t) to (F, &
Wb 0):

(1)
B0 (1) = (T )00 0) + 75, (DI 0) + er(Gusr (01).
doy
“d L) = =2 (T 75,)0041(0) + 73,1, (DO 1 (1)},
Pret ) = —xxn @) ). G
do (1)1 W
;f (t) = —x{*dw, () + 7w, c2(Put1(t)}
dw 2)

"“ (1) = —x % do), ().

Here, x is the cut-off function in (2.3.10). Then, for n sufficiently large, there is a con-
tinuous family of vector fields X, | on (the total space of) Fy+1 ® Wy41 between
Xn+1 and X,ﬂ_nl, with associated flows ¢;, , |, so that A, 41 is an isolating neighbor-
hood for all T, where

Ant1 = A xp B (3,11 R) x Br_(Z;,,1: R)
xg Bie, (S,{1: R) x5 Be_(2,{7: R).

where A is as Ay in the proof of Theorem 2.3.3.
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Proof. This is an immediate consequence of Lemmas 3.1.3, 3.1.7 and 3.1.8. [

We construct the homotopy X7, ,, with associated flow ¢* in stages.

n+1° n+1,kq k>

Lemma 3.1.3. Let X, for t € [0, 1] be defined by

¢(1)
0 = —x{(Vxy TE )G (1) + 0nt1 (1))

+ (1 = ) 7f, (Ddns1(t) + c1(Yar1(1)))
+ tnp, (D(¢n+1) + c1(Pat1(1)))},
(1) = —X{(VXHﬂ2n+1)(¢n+1 + on+1(1))

+ (=05, (DO @) + 0ns1 (1) + c1(yat1 (1))
+ s, D0n+1(t)},

d0n+1

db,
(0 = —xXH (fn1 (1)),
(1)
— 0 = —x{xdo () + w2 (ai (1)
+ (1 = D) 7w,c2(Ya+1(1)},
do), @
;t (1) = X{*dwn+1([) + (- T)EEZ_ICZ(Vn-i-I(t))}-

Here, yx is the cut-off function in (2.3.10). Then, for all n > 0, A, +1 is an isolating
neighborhood of ¢, | kg ke forall T € [0, 1].

Proof. The lemma is a consequence of Lemmas 3.1.4, 3.1.5 and 3.1.6. Indeed, let
AY = (Bi, (F,": R) xp Br_(F, ; R)) xg (Bi, (W,": R) xg Br_(W, : R))
be as in the proof of Theorem 2.3.3. Suppose that
invA,4q ¢ int A, 41,

for some 7, € [0, 1], for all n. Then there is a sequence of finite-energy approximate

trajectories 41 (), for (pn'_fll ks k_» 50 that ¥n11(0) € 04, 41. There are four cases

as in the proof of Theorem 2. 3.3; we only treat the case that

Yn+1(0) € (Sk+( n+1> R) xB By_ (Fn_+1; R))
xp (Bx_(W, n+1’ R) xp Bi_(W, 15 R))

for all n, the other cases being similar.
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As in the proof of Theorem 2.3.3, we have a lift
o1 = @ns1,0n1):R = HY) X LE, 4 (S)x LE, 4 _(imd™)

with p(yn+1(0)) € A.
By Lemma 3.1.5 and Proposition 2.6.3, the sequence y has a subsequence con-
verging, uniformly in (£ — 1)-norm to some continuous map

il — H! (Y)XLk+ Lk —1(S)XLk+ Lk (imd™).

By Lemma 3.1.6, y is a solution of the Seiberg—Witten equations. Finally, by
Lemma 3.1.4, we obtain that the sequence ¢, (0) converged to ¢ (0) uniformly in
Li+ -norm, which is a contradiction. n

Lemma 3.1.4. Assume that we have a sequence of trajectories Y41 as in the proof
of Lemma 3.1.2, with in particular

Vn-f—l(o) € (Sk+( n+1a R) xB Bk_(Fn__l_l; R))
XB (Bk ( n+]9 R) XB Bk_(Wn_—{-l’ R))

Then there is some Ry so that

||¢n+1(0)”k++% < Ry,

for all n.

Proof. We emphasize only what must be changed from the proof of Lemma 2.7.2.
We check the case where k. is an integer. We calculate

7| It 012,

= Re(<(vXH(D YN, 1(0), (DY (0))o

+ (Va7 ) Pn41(0). 4,6 (0))i,
— (Vi Ty )Bn+1(0), 854 (0,
—((1 = O)7E, D ns1(0), §F4 1 (0,

+ (1= DA = (1= O)7F, )1 Ynr1(0), $ify 1 (0,

— (75, DB2,(0)), $7F11 Ok, — (t7, €1 Pa41(0)), 6,51, ()i,
<”Z,1+1D0n+1(0) ¢n+1(0))k+

— (1= D)z, D@51 0) + c1(a1(0). 851, O),., )-
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Following the argument of Lemma 2.7.2, we obtain

1d

S| et 017,

< CRIG, 1 Ol 41 = (71 D' bnr10). 8,4 (0,

+ ({75 DO (0), bt () ks + (F, DOng1(0), d 1 (0))k, )-
But

(7T Ep iy D' ng1 (D), 5 ()i, = ||¢n+1(l)||,2(++%-

Since [D’, s, , ;] is uniformly bounded, we obtain

(72,4 D¢n+1’¢n+1) <CR?

for some constant C independent of 7.
A similar argument applies to (75, Doyt1, P, 1)k, - The lemma then follows as
did Lemma 2.7.2. ]

Lemma 3.1.5. The sequence ((]Sn, wy) IS equicontinuous in L%(T’Z_S’w—norm.
Proof. This follows exactly as in the proof of Theorem 2.3.3. ]

By Proposition 2.6.3, any sequence which is equicontinuous in L2 Ko 0—5,~NOTM
and bounded in £-norm has a subsequence converging, uniformly in | - || ¢—1, to some
continuous map y: I — H1(Y) x L%_l(S) X L%_l(imd*).

Lemma 3.1.6. A [imit y for the sequence (¢, wy) as above, is a solution of the
Seiberg—Witten equations over Y x R.

Proof. Take T € Z~g and t € [T, T]. We have
Gnt1(t) — Put1(0)
:/(; dd’n-ﬁ-l( )d

t
= Aa+a+a+%ﬂw@&@+%mm+mmm)

+ Xg (Pn+1(5)) ds,

where _
Z, = (VXH(¢n+1(t))7TFn+1)¢n+1’
Zy = —IE, 41 D‘Ptgl—{zl - T?TFnDO'n+1(l),
Z3 = —t(ng, ., c1(Fn(t)) + 15,1 (Gn()) — wE, 1 (n (1))
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It suffices to show that the Z; terms approach 0 uniformly in L%T (—5.4> and that

7, (D@nt1) + 1T (1)) + Xpg ($n41(0))
— D($(1) + c1(F(1) + Xu ((1)).

also in L%T (5 - Indeed, if that is the case, then the limit of integrals on the right-

hand side is well defined, and

t

¢(1) — $(0) = —/0 (D¢ + c1(7(1)) + Xu (p(s))) ds, (3.1.2)

giving the conclusion of the lemma.

Exactly as in the proof of Theorem 2.3.3, we obtain that Z; converges to 0 uni-
formlyin L%, 5.,

To show that 7 g, Do, 41(¢) — 0in LzT, (—5.> WE Use an elementary observation
about projection with respect to different norms. That is, if V' is a finite-dimensional
vector space with norms || - [|; and || - ||, then for a subspace V' C V' and projection
I to V' with respect to | - ||1, then || TT1x|2/[1x|l2 < p1p2 for x € V, where pp =
supyey={I1xll2/l1x 111} and pr = supyepdllxlli/l1xll2)-

We say a collection of finite-dimensional vector spaces V; with norms || -
| - |2, is controlled if py ; p2,; is bounded above.

We claim that the orthogonal complement of F;, in (8?:'_+)a, call it F;b, with

|1,; and

norms given by the restriction of L,zch ¢ and Li+_1 x__1 (respectively), is con-

trolled. Indeed, FnJ- is a subspace of (& ;f;‘f )a- On (Sllf;"f)a, by definition we have
P1P2 < Wn,+/Mn,—. By our condition on the growth of the u, +, we then have that
P1,n02,n 1s bounded as a function of n.

We claim that 7 g, Do, 41(¢) — Oin lec+—2, k. _o- Indeed, 0y, 11(7) converges to 0

weakly in L,2€+ ¢ by definition and 07,11 (7) converges strongly to 0 in Li+_1 1

Then Daoy,41(t) converges to 0 in Li+_2’ k__p- Finally, wF, is a bounded family of

operators in Li+ _» k__p by the above argument, giving the claim. As a consequence,

2
Krl—5w"*

To show that x| D¢,§1_31 converges to 0, we note that by Proposition 2.4.2,

we also have convergence in L

I[D. s, )i L7 — L7 <C

for some constant C independent of n, for all half-integers j < k. Moreover, we
have x| qb,(llJZl = 0, and so we need only show that the sequence [z, |, D]¢;(11421

converges to zero. Given the bound on 0D¢,(11£1 from the bound on the commuta-
tor [D, s, ] above, and using the definition of the norms involved, we see that

» :
75, Dyl — 0in L2 -norm.
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A very similar argument shows that 7y, c1(yx(t)) — 0 in L2 and

Krt—5w’
also that g, c1(y»(t)) and 7wF, c1(Pn(2)) converge to cq(y(?)) in LKT (—5.> SO that

V4 3 —> 0.
A similar argument also shows the convergence in (3.1.2), and the proof is com-
plete. |

For t € [1,2], define a flow ¢ Kk ON Fov1 ® Wyyq by
¢“+’1
— (1) = = {2 = D) (Vxy @y ) TF) (Pnt1(1))

+ (5, DO (0) + €1 (Pt (1))

+ (T - 1)(VXH(¢I1+1(Z))nFn)qs}gl-zl(t)}?
d0n+1

t)=—x{2- f)(VXH(¢n+1(z))ﬂzn+1)(¢n+1(l) + on+1(1))
+ (T = DYy ¢pi1 ) TS0V 0n+1(t) + 75, Dons1 (1)},

with the other terms unchanged. Inspection shows that the total space of Fj, 4+ &
W, +1 is preserved by the flow.
Lemma 3.1.7. Forn > 0, for all T € [1,2], Ap+1 is an isolating neighborhood for

T
(pn+1,k+,k_‘

Proof. We highlight only the difference in the argument compared to the proof of
Lemma 3.1.3. We have a sequence of trajectories

Vi1 (1) = @)1 (), 0ni1 (1), @ng1 (1))

exactly as in that argument. We assume that

)/n+1(0) € (Sk+( n+1’ R) XB Bk ( n+1s R))
XB (Bk ( n+1’R) XB Bk ( +1’R))

for all n; the other cases are similar. The proofs of the analogs of Lemma 3.1.5 and
Lemma 3.1.6 are unchanged, and we obtain that a lift y,, of y, to the universal cover-

ing converges in L2 Ko f—sp-NOrmto a solution y(¢) of the Seiberg—Witten equations.

We need only prove an analog of Lemma 3.1.4, that ||¢," Ll kot d is bounded inde-
pendent of 7, n. Suppose this is false, that is, that

s 27 (0) + 0,5 (0l , 4y — oo,
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Then we study (for the case k4 € Z, the other case being similar)

1d
S5 | it o + ot oI,

= Re({(Vx, 7P (0). 6501 (),
+ (Vi (D)0 (0). (DY + o) (0))o
—(7F, 4, D' 0. 9 Oy
(A = 7p )t Par1(0)), o80T 00,
(VX TE DT (), 30T Ok,
— 2= O((Vxpy 7F,)0n11(0). oS0 (),
+ ((Vay (D) )011(0), (D)0 01t (0))o
+ (Vi 7 )0n41(0). 0, ()i, — (w4, D'Ons1(0). 0 ()i,
— (Vx84 )0n+1(0), 0,5 (0D,

— 2= (Vx5 P (0), 0,5 (0, ) (3.1.3)

All of these terms can be dealt with as in the proof of Lemma 3.1.4, with the
exception of

— (2 = D) Re((Vx,; 75, )0n+1(0), B3 21 ()i,
— 2= D Re{(Viy 5,1 )21 (0). 0,5 (O -
To bound this term, consider the expression (¢,(11JZ’1+ (1), a,f +1(0))k, as afunction of 7.
By definition, this is zero, but expanding its derivative gives

0 = Re((Vx, 7)o (1. 0, ()i
+Re((Vy,, (D) H)g 0 (1), (DY + ot (D)o
+Re(p{ T (1), (Vi wH)0ns1 (1))
+Re((DY+ {0 (1), (Vx, (D))o, (0))o
+Re((Var, 5, )Py (1. 0, (D)
(

+ Re(o T (). Vi 705,01 Ont1 ()i (3.1.4)
Recall that
v o _ v )
”Zn-i-l( XHnFn)¢n+1 = ”Zn-i-l( X T4 1) i1
7F, (Vxy 7E,)0n+1 = —7F, (Vx s, )0n+1-

Then (3.1.4), also using the estimates from the proof of Lemma 2.7.2, becomes

(Y wE)BS2 (1), 07t Oy + (@80T (), (Vxyy 705,41 )0n41 (D)), | < CR2.
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Then, using (3.1.3), we have

1d
57|l O + 0L IR, < CRUBE Ol 4

—Re(ns, ., D'0y11(0), 0,;F+1(0))k+
—Re(np, ., D/¢r(;1421(0)’ ¢r(;142’1+(t))k+ +C.

The argument from Lemma 2.7.2 gives

1d .
= 5| _ et @ + oL 0l

< CR4,55F Ol 4y =~ 13257 Ol ) ~ oy, Ol ) +C.

Thus, ||¢),(11J21Jr 0)+o +1 O)l4 +1 is bounded. The proof of Lemma 3.1.7 then follows
exactly as Theorem 2.3.3. ]

Finally, for t € [2, 3], set

1
r(ljtl( IR TR S YN
+(r- 2)(VXH(¢H+1(t))ﬂFnH)aﬁ,Slﬁl(t)
+ 78, (D1 (1) + 1 (D1 (1))
+ (T = 2) (Vg (b1 ) TFD DS (D)}
d0n+1

(t) - _X{(3 - T)(VXH(¢H+1(I))7TE;1+1)0n+l(t)

+ (T 2)( (¢(” (t))JTZn_H)O}H_l(t)}

db
0 =B =DXuGur1(0) + ¢ = 2DXu (@i, ().

with the other terms unchanged. Note that it is clear that these equations preserve the
total space of Fy,+1 & W, 41.
Lemma 3.1.8. Forn > 0, forall T € [2,3], Ay+1 is an isolating neighborhood for

T
(pn-i-l,k.:,.,k_‘

Proof. This claim is a consequence of the arguments used in Lemma 3.1.3 and 3.1.7,
and there are no new difficulties. |

Write B(Qpn+1/Qn. R) for the R-disk bundle of Q,+1/Q, over Pic(Y), etc.
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Lemma 3.1.9. Say that (A;, L) is an index pair for Xy, for some Ly, of Xy on
F, ® W,,. Then (An+1, Ln+1) is an index pair for Xfﬂ_ltl, where
A1 = Ay xp (B(Pas1/Pa ® Wit /W, R)
XB (B(Qn+1/Qn ¥ Wn_—i-l/Wn_’ R))’

for some R sufficiently large, and

L1 = LY x5 (B(Pay1/Pa @ W,/ W,T, R))
xg (0B(Qn+1/0n ® W, 1/ W, . R)).

Proof. It follows from Lemma 3.1.2 that inv(/fn \ I:n) - int(ffn \ Zn).
We next check that L,, is positively invariant in 4,. Write

(a1 (0, 031 (1), Enr (1))
in
(Fn @ Wn) XB (B(Pn+1/Pn @ Wn4:|-1/Wn+v R))
XB (B(Qnt+1/0n @ Wn_-i—l/Wn_v R))
split

for a trajectory of ¢, "\ kg e The flow on the ¥, xp W,-factor is independent of
position on the (B(Pp+1/ Pn @ anH/ Wt R)xB (B(Qns1/On®W, /W, . R))
factor, and in particular, if (¢£21 (Ty), a),(llJZl (To)) € Ly, then (qb,(llJz1 (), a),(llJZ1 (t)) e Ly
for all # > Tp, by our assumption on L.

We must then show that if {,+1(To) € 0B(Qn+1/Qn ® W, 1/ W, . R), then

Cnv1(t) € 0B(Qny1/0n ® W, 1/ W, , R1),

(€Y

or exits A,41, for all 1 > Ty, if n is large enough. We regard the path (¢ 11(0),
a),(llle(t)) as fixed, and &, 4+1(¢) as a trajectory of a vector field on the boundary

aB(Qn-H/Qn @ Wn_—{-l/Wn_v Rl)
Write &1 (1) = (b(2), 05T, ¢ 2t 627y as a section of

Va(R1) = (B(Put1/Pn @ W, /W5 R1)) X (B(Qnt1/ OQn @ Wiy /W, RY)).

We may, and do, assume without loss of generality that 7y = 0. Then if (;,‘,Q’l‘, ¢ ,(12_3’1_

€ OB(Qnt1/0n ® Wiy /Wy, R), either &7 or ¢27 has [0 k. = Ri/2.
Assume i = 1, the other case being similar.

Recall that ((;S,(11J21 (1), a),(llJZl (1), &n41(2)) is equivalent to a trajectory

Yat1 (1) = @)1 (), 0ns1 (1), @ngr (1))

split
of X0 on Fry1 @ Wayi.
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We consider

1d -
S| I @I
1d

- 2
= 57| _ o OIF
= <_(VXH n2n+1)an+l(0) - n2n+1 D/Un+l(0): 0;1_+1(O)>k_
— (Vi (D))= 041(0), (DY~ 0, Do + (VT )0 +1(0), 051 (0))

<CR*—(7z,,,D'0531(0),0,,1(0)k_
= CR? - ||C7n_+1(0)||,2€_+%-
Note that we have used that n can be taken sufficiently large that 3,4 is perpendic-
ular to the image of A.

Now, by definition of ¥, 4, we have

||Un_+1 (O)Hi_—i-%
lloy1 (017

asn — oo.

Thus, if [0, 1 (0)[lx_ > R/2, we have that ||§,(11£1_ (t)||x_ is always increasing at
t = 0 (similarly, ||§,(11+)~’1Jr () |lx,. is decreasing at 1 = 0).

This shows that L, is positively invariant in A, 4. It follows similarly that
Ly is an exit set. |

3.2 Spin® structure for family of manifolds

Since we consider a family of spin® 3-manifolds to show that the Conley index for the
flow ¢, is independent of the choice of Riemannian metric of Y in Section 3.3, we
will give the definition of spin® structure for a family of Riemannian manifolds.

Take an n-dimensional real, oriented vector space V' and an inner product g on
V. We denote by Fr(V, g) the space of orthonormal bases of (V, g) compatible with
the orientation. Choose another inner product 2 on V. We define an isomorphism
between Fr(V, g) and Fr(V, h). For {e; }/_, € Fr(V, g), put

hij = h(ei.e;) € R.

Then the matrix H = (h;;)i,j=1,..» is symmetric and positive definite. We have the
square root +/ H of H defined as follows. Since H is symmetric and positive definite,
we have the eigenspace decomposition

r
R" = P Va,.

i=1
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where A; > 0 are the distinct eigenvalues of H, and V}, are the eigenspaces. Define
~/ H to be the matrix corresponding to the linear map R” — R” defined by v > /A;v
for v € Vy,. Define a basis f1,..., f, of V by

(Fioo f) =(er...emH

We can see that f7,..., f, are an orthonormal basis with respect to 4. So we get a
map
Fr(V,g) — Fr(V, h). (3.2.1)

Take G € SO(n) and put
(€)...ep) =(e1...en)G, H' = (h(e].€}))i j=1....n-
It is easy to see that
H' =G 'HG, YH =G 'VHG.

This implies that the map (3.2.1) is an SO(n)-equivariant isomorphism.

For an oriented smooth Riemannian n-manifold (X, g), let Px o be the principal
SO(n)-bundle of oriented, orthonormal frames in 7X . Recall that a spin® structure of
(X, g) is a pair of a principal Spin() bundle Py on X and a smooth map &: Py —
Px ¢ such that the diagram

5 3
Py ———— Py,

X
commutes, and for p € Py and s € Spin(n) we have

§(p-s) =E&(p)-7(s).

Here, 7: Spin€(n) — SO(n) is the projection.
Take another Riemannian metric 4 on X. The SO(n)-equivariant isomorphism
(3.2.1) induces an isomorphism

Pxg = Py, (3.2.2)

of principal bundles. Hence a spin® structure (Py, £) of (X, g) naturally defines a
spin€ structure of (X, h).

A locally trivial family of spin® manifolds over a topological space L is a tuple
(E,G, Pg,£). The first component E stands for a locally trivial fiber bundle

X—E—>L
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over L with fiber X. For each £ € L we have an open neighborhood Uy of £ and a
trivialization
E |Ue ~ Uy x Ey.

Here, Ey is the fiber of E over £. The second component G is a fiberwise Riemannian
metric of E. Let Pg be the principal SO(n)-bundle on E whose fiber over £ is the
principal SO(n)-bundle of oriented, orthonormal frames in TE,. Note that the local
trivialization of £ on U, and the isomorphism (3.2.2) induce an isomorphism

Pgly, = Uy x Pg,

of principal bundles. The third component Prisa principal Spin®(n) bundle over E.
The fourth component £ is a smooth map

PE—>PE

such that the diagram
P —5 Py

NS

commutes and £(p, -s) = £(p) - 7(s) for p € Pg and s € Spin°(n). Moreover, we
assume that Pg is locally trivial. That is, for each £ € L there is an isomorphism

ISE|U£ gUﬁx(};ElEz)

of principal bundles such that the following diagram commutes:

ﬁEIU@ i> UZX(ISE|E5)

sl lidug x

PElUg — Uy x PE('

=

3.3 Independence of metric

In this section we prove that the approximate Seiberg—Witten flow defined in (2.3.10)
varies continuously as we vary the 3-manifold.

To make this precise, let ¥ be a locally trivial family of spin® metrized
3-manifolds with compact base space L, so that L is a CW complex. See Section 3.2
for the definition of a locally trivial family of spin® metrized manifolds. Note that
associated to F there is also a bundle over L, Pic(¥), whose fiber is the Picard-
bundle at £ € L.
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Suppose that we are given a sequence of continuously varying spectral sections
Py o, Onforl € L sothatthe P, ¢, O, ¢ are good as at the beginning of Chapter 2,
with F, ¢ = P, ¢ N O, ¢ as a fiber bundle over (the total space of) L. Let On kg
be the flow defined by projection onto F}, ¢. Here, unlike in the case of a single 3-
manifold, the flow preserves fibers of F}, ¢ over L (though the flow can of course
move over Zg, the fiber of L — L).

There is one subtlety in that now the eigenvalues of *d may vary in the family % .
In particular, we will assume the existence of increasing spectral sections Wp ,, for
—xd, and increasing spectral sections Wy ,, for xd, satisfying the analogs of (2.3.6)—
(2.3.7), and set W, = Wp , N W ,. With this notation fixed, we define WnJr and W~
as before.

Theorem 3.3.1. Let ¥, with compact base L, be a family of spin® metrized 3-mani-
folds, with fiber Fy, for b € L. Let k., k_ be half-integers with k+ > 5 and with
1

|k+ —k_| < 3. Fix a positive number R with R > Ry x_ for some Ry x_. Then

(Bi, (F," i R) xg Br_(F; : R)) xp (Bi, (W,": R) xg Br_(W, : R))

is an isolating neighborhood of the flow ¢y ¢k k_ for n > 0. Here, By (Fni; R)
are the disk bundle of F* of radius R in Lii and By, (F,F; R) xg Bx_(F,; R) is
the fiberwise product.

The proof of this theorem differs from the proof of Theorem 2.3.3 only in nota-
tion, so we will not write out the details.
In particular, we have the following corollary.

Corollary 3.3.2. Let (Y, ) be a spin® manifold, with metrics go, g1, and fix a family
of good spectral sections Py o, Qpn,0 over (Y, go). Choose a family of metrics g; con-
necting go to g1. Then there exists a family of spectral sections Py, s, Qp ; extending
Py 0, On,0 and so that the flow ®n,0,k k_ on Fy o extends to a continuously varying
flow On,t ki k_ ON F, 1, so that

(Bi, (F," i R) xg Br_(F; : R)) xp (Bi, (W,": R) xg Br_(W, : R))

is an isolating neighborhood of the flow ¢n 4k, k_ forn > 0 and all t € [0,1]. In
particular, 1(¢n 0,k k_) is canonically, up to homotopy equivalence, identified with

H(@n, 1,0k 4 k)

Proof. The claim about the existence of the extended spectral sections follows from
the homotopy description of spectral sections and the fact that [0, 1] is contractible.
The claim on isolating neighborhoods is a consequence of Theorem 3.3.1. The well-
definedness of the Conley index follows from the continuity property of the Conley
index. |
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3.4 Variation of Sobolev norms

Proposition 3.4.1. Let (k! , k') and (k2,k?) be pairs of half-integers > 5, with
|kf|r —ki| < %for i = 1,2. Fix R sufficiently large. Then there exists a family of
flows ¢, for T € [0, 1] so that

(Bgr (F,F; R) xg Bgr (F, ; R)) xp (Bgr (W,F;R) xg Bz (W, ; R))

is a family of isolating neighborhoods, where g%, is the interpolated metric (defined
below), and where (p,? = Pukcl kL and (p,% = Pn i3 k2 In particular, there is a homo-
topy equivalence

I(‘/’n,kjr,kL) - I(‘/’n,ki,kz)’

suppressing the spectral section choices from the notation. The restriction to the S'-
fixed point set is a fiber-preserving homotopy equivalence.

Proof. Define the interpolated metric g* by
g (v, y) =yl = (L= 000yt g + 70 y)e2 g2

We abuse notation and also write g° for the restriction of g¥ to subbundles, including
FXand W2

The equation (2.7.1) defines a flow ¢, with nf,, mw, replaced appropriately.
Hypothesis (2.7.2) continues to hold, with the subscripts k+ replaced with k7 . Write
g, for projection with respect to g*.

As usual, we will assume for a contradiction that

Yulo = @0, 0,) € InVA, N 0A,.
Let us treat the case that
¢ € Sngr(F,j'; R) € invA, N 34,,

where S g% (V, R), for V' a vector bundle over B, is the R-sphere bundle.

Exactly as in the proof of Theorem 2.3.3, we can extract a sequence of approxi-
mate solutions ;" = (@7, wim), fort € [—T, T, with T fixed. To see this, we need to
control d;;’g in (K7,£ — 5, w)-norm. This amounts to generalizing Proposition 2.6.1

to the following situation.

Proposition 3.4.2. Let ki, k_ be half-integers, with k+ > 5, and also set { =
mini=1,2{ki, kl_} Then

sup | Vorp i L = Li s, [ =0,
veB(TB;1)

uniformly in t.



The Seiberg—Witten invariant 73

This proposition holds because the natural modification of the estimate at the end
of Corollary 2.5.2 holds.
Then the sequence J," (1) converges to a map

Pi[-T.T] — H'(Y) x L?_(S) x L?_,(imd*).
To verify that y solves the Seiberg—Witten equations, we observe that
(Vxy TE ) n(s) = 0

72
m LKT,K—S,IU
‘We have

-norm, as follows from Proposition 3.4.2.

”n}?,lquﬁn —Doulle— = ||7T;7’;D¢n — D¢y + Dy — Dpll¢—
< l[w% . Dlpulle—z + |1 Dgn — Dlle—s.

The first term drops out, using the rule of a sequence of controlled vector spaces, and
we obtain that 77! D, converges to D¢ uniformly in L_, on [T, T]. By the proof
of Lemma 2.7.1, the limit y is a solution of the Seiberg—Witten equations. The proof
from this point follows along the same lines as Theorem 2.3.3. ]

3.5 The Seiberg—Witten invariant

In this section we repackage the construction of SW¥,)(Y,s) to take account of the
choices made in the construction.

Definition 3.5.1. A 3-manifold spectral system (abbreviated as just a spectral system)
for a family # of metrized spin® 3-manifolds, with fiber (Y, s), is a tuple

&= (P.QWp. Wo. (18w n2 3 07 bn i ). (3.5.1)

where P = { Py}, (for n > 0) is a sequence of good (increasing) spectral sections of
the Dirac operator — D similarly, Q = {Q}, is a sequence of good increasing spec-
tral sections of D parameterized by Pic(¥'). The Wp = {Wp ,}, are good spectral
sections of the operator —xd ; similarly, Wo = {Wp ,}, are good spectral sections
of xd. We require Wp ¢ to be the sum of all negative eigenspaces of *d, as we may,
since the nullspace of *d, acting on the bundle Li(im d™), is trivial, and similarly
Wo o will be the sum of positive eigenspaces. The 7, are exactly as in Theorem 3.1.1.

We have not established that there exist good sequences of spectral sections for
xd for all families . However, they exist in many situations, as for example when
the family # is obtained as a mapping torus of a self-diffeomorphism preserving the
fiber metric. In this case, F is a family over S! and the eigenvalues of *d are constant
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functions on S!. More generally, if there is a neighborhood U of b for each b € L
such that ¥ has a local trivialization ¥ |y = U x Y preserving the fiber metric, then
the eigenvalues of *d are constants. So we have a good sequence of spectral sections
of xd.

Definition 3.5.2. The unparameterized Seiberg—Witten Floer spectrum
SWF“(¥,6, k4, k_)

of a family ¥ as in Definition 3.5.1 associated to a spectral system &, and k4 half-
integers with k+ > 5 and |k+ — k—| < 1/2, is the (partially defined) equivariant
spectrum, whose sequence of spaces is defined as follows.

Let G be a spectral system with components as named in (3.5.1). Let

D, = (dim(P, — Po),dim(Q, — Qo). dim(Wp,, — Wp ), dim(Wg ,, — Wp.0)).

whose components we denote Df; for{ =1,...,4.Recall (cf. Appendix A.3) that we
must assign, for a certain collection of representations, a space to each representation,
together with structure maps. The spaces in the Seiberg—Witten Floer spectrum are
most naturally defined at those representations cDi ® RP " ; in order to define the
spectra at other levels, we extrapolate from the definitions at these levels; see also
Remark 3.5.13.

Let Ny be the set of nonnegative integers. For (i1, i) € NZ sufficiently large,
let A(i1,i2) = (A(i1,i2)1, A(i1,12)2) denote the largest pair (D2, D;}) among pairs
(D7, Df) for which (D7, D}) < (i1, i2). We can write

.. 2 4
A(iy,12) = (Dn(il,iz)’ Dn(il,iz))

for some n(iy,iz) € No. Set SWF? . (¥,&, k4, k_) to be

i1,i2
Ci1—Al.i)1 @]Riz_A(il .i2)2
> SWIFY o (F LG ks k).

Here, SWF '[‘n(il )] (F,©, kg, k_) is the (unparameterized) Conley index with
respect to the flow @,y ip) k. k_- If (i1,12) is not sufficiently large, let SWF}, , (¥,
G, k4, k_) be a point. Define the transition map

0@, j),G+1,/) ECSWF:{j — SWF?_,_I,]',

where i + 1 # D2 for any n, as the identity (with the C factor contributing to the
leftmost factor of XC'1 71721 ), and similarly for transitions in the real coordinate.
If i + 1 = D2 for some n, we use the (17,) as defined in Theorem 3.1.1. Note that
the (1)« are only well defined up to homotopy; we choose representatives in the

homotopy class.
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In the event that the family has a self-conjugate spin® structure, and so that the
spectral section @ is preserved by j, we use H instead of C above, as appropriate, so
that SWF* is indexed on the Pin(2)-universe described in Appendix A.1. To be more
specific, we write SWF*Pin (F,©) for the Pin(2)-spectrum invariant. In particular,

SWFZ’F“(Z), viewed as an S !-space, is identified with SWFy, ;.

We will often suppress some arguments of SWF* from the notation where they
are clear from context.

At the point-set level, there is a choice of index pairs (at each level (i1, 1))
involved in Definition 3.5.2. However, the space SWF Fn](fF , G, ki, ko) is well
defined up to canonical homotopy, since the Conley index forms a connected sim-
ple system, Theorem A.2.3.

Remark 3.5.3. We would be able to repeat Definition 3.5.2 in the parameterized
setting, replacing the spectrum SWF* with a parameterized spectrum SWF, except
that it is not known that the parameterized Conley index forms a connected simple
system in K, g, the category considered in Appendix A.

The spaces SWF(; , 1(F) for (i1,i2) not a pair (D7, Dy), for some n, seem
to have rather an awkward definition, because they do not naturally represent the
Conley index of some fixed flow. However, they may be viewed as the Conley indices
of a split flow on V Xpie(g) SWF[n)(F), for V = Ci1=Di @ R2=Dii 4 vector space
equipped with a linear (repelling) flow.

More generally, associated to a spectral system &, we define the virtual dimension
of the vector bundle F,, & W, as

Dy, = (dim(P, — Po), dim(Q, — Qo). dim(W,}), dim(W,")).

We write 6(;) for the vector bundle of virtual dimension i = (i1, 12,13, 14). If the
spectral section does not produce a vector bundle in that virtual dimension, we define

6(1.1’1.2’1.371.4) = I_/ @ Fn @ Wna

where F;,, @ W, is the largest vector bundle coming from & with virtual dimension at
most (i1, i2,13,i4), and where we define V to be the trivial S! (or Pin(2), as appropri-
ate) vector bundle with dimension (i, iz, i3,14) — D,. When we need to distinguish
between the contributions of Fy, & W, and V to @(7), we call F,, ® W, the geometric
bundle, and V the virtual bundle.

We can treat &(iy, iz, i3, i4) as a vector bundle with a split flow, as discussed
above; its unparameterized Conley index is (canonically, up to homotopy) homotopy
equivalent to SWF(, ;.\ (F, ©).

Let

[_/(;’ j) — (le_il ® ((_jjz—iz ® Kj3_i3 ® Kj4—i4’
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viewed as a vector bundle with linear flow, outward in the even factors, inward in the
odd factors. Note that for any j > i (thatis, j; > i1,..., j4 > i4), there is a vector
bundle morphism

V@) ® @) - &()). (35.2)
as follows. Indeed, if A(?) = A(f), then (3.5.2) is defined by

Vi, ])® V(DuD)® Fy ® W) = (V0. ]) @ V(D) ® F, @ Wy
— V(Dp.j)® Fp ® W,.

If ] = Dp41 and i = D, the morphism (3.5.2) is Just the structure map involved in
the definition of a spectral system. For “more general J, z the morphlsm (3.5. 2) is the
composite coming from the sequence i —> Dy, — -+ = Dy, = A( ]) — j, where
the rightmost factors of V(? f) are used first.

Similarly, we define P (i) = ch DA(ll) @ Pag,), etc.

Definition 3.5.4. We call two spectral systems ©; and &, for the same family &
equivalent if there exists a collection of bundle isomorphisms,

Qpi: P(i) — P2(i),

and similarly for Q, Wp, Wy, for all i sufficiently large, satisfying the following
conditions. First, there exists some sufficiently large n, so that the ®p; (respectively
g, etc.), as i becomes large, must preserve the subbundles P’ for j = 1,2 (simi-
larly for Qn etc.). (Indeed, for sufficiently large, P! (respectively Q] etc.) will be
contained in the geometric bundles of P2 (i) (respectively Q2(i) etc.).)

Second, the ®; must be compatible with the structure maps of &1, ©; in that the
following square commutes (as well as its analogs):

idePp ;

V& PL) V& P2(i)
nl ln
PY(j) e P2(j).

We do not require the isomorphisms ®; (etc.) to preserve all of the P,,j as n varies.

Note that a morphism of spectral systems as in Definition 3.5.4 also induces maps
7@10) — &2()

for i sufficiently large, which preserve the subbundles Fn1 ® Wn1 (which lie in 62(17)
for i sufficiently large naturally), for some fixed large n, for i sufficiently large. There
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is also a commutative square:

- D -
Vo &i(i) —— V& &2()
| I
G1(j) ——5—— &2()).
J
Proposition 3.5.5. For ¥ a family of spin® 3-manifolds, n sufficiently large and

®: ©1 — G, an equivalence of spectral systems, there is a homotopy equivalence,
well defined up to homotopy,

D S'WT'[‘n](T, G1) —> S'W?f‘n](?, G5).
In fact, there is a fiberwise-deforming homotopy equivalence,
Dy SWF(F,C1) = SWF)(F,Sy),

so that @ , = v\ ®y . Here, v is the map Pic(F) — x sending Pic(¥) to a point,
and v is defined as in Appendix A. (Note that ®,, « is not claimed to be well defined.)
Analogous statements hold for Pin(2)-equivariant spectral sections.

Proof. We consider the pullback of the flow ¢, on @2(?) by the morphism (for some
large i)
®;:61(0) > G200,

defining a flow on &, (7). Following the proof of Theorem 3.1.1, we see that there is

a well-defined, up to homotopy, deformation of ®X @, to ¢,. Deformation invariance
l

of the Conley index gives a fiberwise-deforming homotopy equivalence

I(p1) = 1((P;)"p2) = I(g2),

where the isomorphism is canonical (at the point-set level). Passing to the unparame-
terized Conley index, the morphism

1"(¢1) — Iu((qD;-)*Wz)
is canonical (up to homotopy). This gives the proposition. ]

We write [&] for the equivalence class of a spectral system .

Remark 3.5.6. As usual, if Conjecture A.2.4 holds, then @, . appearing in Proposi-
tion 3.5.5, is well defined.
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Theorem 3.5.7. The equivariant parameterized stable homotopy type of
_D'21 _Dﬁ lrod lrod
5 R SWE L (7, (@)

is independent of the choices in its construction. That is, it is independent of
(1) the choice of k4, k_,
(2) the elementn > 0,
(3) a choice of spectral system S representing the equivalence class [©],

(4) the family of metrics on ¥ .

C_D’% @R—D# . 1)2 D4 .
Here, X5 stands for the desuspension by C%n @ R%n in the category
PSWg1 p. See Appendix A.1.
If the spin® structure is self-conjugate, a similar statement holds for

_D% ~_Dg Vrod rod
SE R SWE L (7, [@)).

Proof. Proposition 3.5.5 addresses changes in the spectral section. Proposition 3.4.1
addresses varying of k1. The choice of n was handled in Theorem 3.1.1, and the
metric was addressed in Theorem 3.3.1. |

Definition 3.5.8. The Seiberg—Witten Floer parameterized homotopy type
SWF(F,[G)])
is defined as the class of
=5 ORI g (7. (@),

for any n.
When the spin® structure is self-conjugate, the Pin(2)-Seiberg—Witten Floer
parameterized homotopy type SWF P’"(z)(fF , [©]) is defined as the class of

_D% ~_D’% Irod rod
SH R SWE L (7, [)).

Recall from Appendix A.3 that a weak morphism of spectra is a (collection of)
maps that is only defined in sufficiently high degrees (this is also the case for ordinary
morphisms in Adams’ [2] category of spectra).

Theorem 3.5.9. For ¥ a family of spin® 3-manifolds, and ®: ©; — &, an equiva-
lence of spectral systems, there is a weak morphism which is a homotopy equivalence
(see Appendix A.3), well defined up to homotopy:

D,: SWF(F,8,) — SWF(F, G»).
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That is, the collection of spectra
SWF*(¥,[®]) = {SWF*(¥,0)}s
forms a connected simple system in spectra, if ¥ admits a spectral system.

Proof. First, independence of SWF* (%, [©]) from the choice of Sobolev norms was
handled in Proposition 3.4.1. Moreover, variation of metric, for a particular level
SWF f‘n](?f~ , [&]), was handled in Theorem 3.3.1. We then need only show that an
equivalence of spectral systems induces a well-defined, up to homotopy, morphism

SWF*(F,@,) — SWF“(%,G,).

For this, we use Proposition 3.5.5 to define the maps levelwise, and we need only
show that the following square homotopy commutes (the squares involving other vec-
tor bundles &(i1, iz, i3, i4) are straightforward):

idA Dy,
SVISWFE(F,By) — -y SV SWF L (F, Bs)

Wn.*l l’?n.*

SWFly)(F.81) —g———t SWF},, 1(F.G2).

Here, V,, = CPn1=D3 &) RPn+17D3 | This is a consequence of the two compos-
ites involved being Conley-index continuation maps associated to deformations of
the flow. Observe that the composite deformations are related to each other by a
deformation of deformations. By [47, Section 6.3], the square homotopy commutes
(the necessary adjustments of Salamon’s argument for equivariance are straightfor-
ward). ]

As usual, subject to Conjecture A.2.4, Theorem 3.5.9 would hold in the parame-
terized case.

Moreover, it is easy to determine when two spectral systems are equivalent, as
follows.

Lemma 3.5.10. The set of spectral systems for a family ¥ of spin® 3-manifolds up to
equivalence, if nonempty, is affine equivalent to K(Pic(¥)) x K(Pic(¥')), where the
difference of systems &1, @, is sent to ([Pg — PZ],[Q8 — O2)).

Proof. By its construction, an equivalence of spectral systems is determined by its
value (®p i, @g i, Pw, i, Pwy,,i) for any sufficiently large i. In the positive spectral
section part of the spinor coordinate, to construct an equivalence ©; — S, it is suf-
ficient (and necessary) to construct an isomorphism P1(i) — P! — P2(i) — P} for
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some i large, relative to a fixed (large) n. By definition, P1(i) — P! is canonically
some number of copies of C, and so such an isomorphism exists if and only if

[P2(i) = P,] = [CHmPTO=FD),

This condition is satisfied exactly when [P} — PZ] = 0 € K(Pic(¥)), as needed.
The 1-form coordinate is handled similarly, but the bundles W,* there are always
trivial. |

In particular, we note that there is a canonical choice, subject to a choice of Qy,
and up to adding trivial bundles, of a spectral section Py, by requiring Py — Qo
trivializable. We call these normal spectral sections; the set of equivalence classes
of such is affine equivalent to K(Pic(Y)), as above.

Definition 3.5.11. An (S'-equivariant) Floer framing is an equivalence class of nor-
mal spectral sections. A Pin(2)-equivariant Floer framing is a (Pin(2))-equivalence
class of normal spectral sections. Here, a Pin(2)-equivalence of (Pin(2)-equivariant)
spectral sections is a collection of isomorphisms as in Definition 3.5.4 that are Pin(2)-
equivariant.

There are various extensions of Lemma 3.5.10. Let us state a Pin(2)- equivariant
version of the lemma.

Lemma 3.5.12. The set of Pin(2)-spectral systems for a family ¥ of spin® 3-mani-
folds up to equivalence, if nonempty, is affine equivalent to

KQ(Pic(¥)) x KQ(Pic(¥)),

where the difference of systems ©1, @, is sent to ([Py — PZ],[Q4 — Q3]). Here, KQ
is the quaternionic K-theory defined in [19,33].

Remark 3.5.13. We can define the spectrum SWF; ;. in a little different way. Fix a
sufficiently large integer n and put

i D2 i _pd
SWFY , = €7 eRT P gy

i1,i2

for (i1,i,) € Ng with i;,i, > n. The transition maps
.5 C u U
O(iy,in) (i1 +1,in)- 2 SWE; ;o — SWF} 45,

O(i1,i2),(i1,i2+1)* SRSWF | — SWF?I Jin+1

i1,02

are defined to be the identities. This spectrum is homotopy equivalent to the previous
one.

In the previous definition of SWF*, we introduced A(iy, i), which allows us to
avoid choosing a large integer n. This makes the definition of SWF* more natural.
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In the construction of SW¥,)(¥, @), we have a frame of the orthogonal com-
plement of @, in O, +1. Using the frame, we have

SWFp411(F,G) = zng"’ ORIV gy g 1(F . ).

More generally, we can choose spectral sections Q, such that the orthogonal com-
plement of @, in Q,+1 does not necessarily have a frame. In this case, we have

Kw,—.n
SWF (1) (F . ©) = £ @ntt/CnORIT gapg (7. ©),

where Q,,+1/Q, may not be trivialized. See Theorem 3.1.1. We can still define the
Seiberg—Witten Floer stable homotopy type in a suitable stable homotopy category.
The category is defined by taking R, W to be finite-dimensional, virtual G-vector
bundles over B in Definition A.1.9, so that we can take desuspensions by nontrivial
vector bundles. The Seiberg—Witten Floer stable homotopy type is defined to be the
class of

4
552/ QBRI gy g (F.©)

in the category, where # is a fixed large integer.

3.6 Elementary properties of SWF (Y, s)

Here we collect a few results about SWF (Y, ) that follow almost directly from the
definitions. We work only for a single (Y, s), but similar results hold in families.

Proposition 3.6.1. The total space of SWF f‘n] (Y, %) has the homotopy type of a finite
S1-CW complex; respectively, the total space of SWF Frl’;)in(z) (Y, 5), when defined, is
a finite Pin(2)-CW complex. As a consequence, for G = S' or Pin(2), the Seiberg—
Witten Floer spectrum SWF*S (Y, s, @) is a finite G-CW spectrum.

Proof. For this, we need to consider perturbations of the Seiberg—Witten equations.
Recall the notion of cylinder functions from [28, Chapter 11]. As in [24, Definition
2.1], given a sequence of {C; };";1 of positive real numbers and cylinder functions

{f 2 1+ let P be the Banach space
o0 )
P = {Zﬁjfj tn; €R, ZC]‘|77]'| <oo}
Jj=1 j=1

with norm defined by || >-°2, 1; fill = Y721 Inj|C;. The elements of & are called
extended cylinder functions.
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For f an extended cylinder function, let grad f = g be the L2-gradient over
Li(S) x HL(Y) x L,zc(im d*) of f. We write (ay, gy, aw) for the vertical, hori-
zontal and 1-form components of g. Define the perturbed Seiberg—Witten equations
by the downward gradient flow of £ + f, explicitly:

d

d_‘f =—Dyp@)—c1(y(?)) —av,

d

d—f =—Xu(¢) - an. 36.1)
d

_d(;) =—xdw—c(y()) —aw.

We may perform finite-dimensional approximation with the perturbed Seiberg—
Witten equations in place of (2.3.2) (with the same spectral sections as for the unper-
turbed equations). It is straightforward but tedious to check that the proof of The-
orem 2.3.3 holds also for (3.6.1), for k-extended cylinder functions f, where k >
max{ky,k_} + % The key points are [24, Proposition 2.2] and [32, Lemma 4.10].

Moreover, for a family of perturbations, the analog of Theorem 2.3.3 continues
to hold, by a similar argument. In particular, it is a consequence that SWF f‘n](Y, 3) is
well defined up to canonical equivariant homotopy, independent of perturbation.

Finally, the space of perturbations J attains transversality for the Seiberg—Witten
equations, in the sense that for a generic perturbation from #, there are finitely many
(all nondegenerate) stationary points for the perturbed formal gradient flow.

In particular, using the attractor—repeller sequence for the Conley index, together
with the fact that the Conley index for a single nondegenerate critical point is a sphere,
we observe that the Conley index 1" (¢p k. x_) for n large is a finite G-CW complex.

]

Proposition 3.6.2. For (Y, s) a spin, oriented closed 3-manifold, and & a spectral
system, we have
SWFH(Y,s,6)Y ~ SWF¥(-Y,s,8Y),

where the spectral system & is obtained by reversing the roles of P, and Q,, in ©.

Proof. This follows from the Spanier—Whitehead duality for the Conley index,
Theorem A.2.8. L

Note that it would be desirable in Proposition 3.6.2 to have a similar result in the
parameterized setting; the analog of Theorem A.2.8 in the parameterized setting has
not been established, but would suffice.

Using the latter parts of Theorem 3.1.1, we have the following corollary.

Corollary 3.6.3. The homotopy type of SWF [,1(Y, s, ©) is independent of the spec-
tral sections P, for n large. That is, instead of SWF,)(Y, s, ©) depending on a
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choice in a set affine equivalent to K(Pic(Y)) x K(Pic(Y)), SWF)(Y,s,©) is deter-
mined by a (relative) class in K(Pic(Y)).
Further,
SWF(Y,s,61) ~ T2 "C28WF |, (Y, 5, Gy),

where @1 — &, is the bundle defined by Lemma 3.5.10, and where suspension is
defined as in Remark A.1.8.

We can now prove some of the results from the introduction.

Proof of Theorem 1.1.1. By [30], the vanishing of the triple-cup product on H!(Y;Z)
implies that the family index of the Dirac operator on Y is trivial. Using this, fix a
Floer framing . In that case, Theorems 3.5.7 and 3.5.9 imply that SWF (Y, s, B)
and SWF(Y, s, ) are well defined.

Proposition 3.6.1 gives the claim about finite CW structures.

Finally, when b{(Y) = 0, the relationship with SWF(Y, ) is immediate from
the definition of SWF (Y, s, 3), since the collection of linear subspaces used in the
construction of SWF (Y, s) defines a spectral system as in Definition 3.5.1. |

Proof of Theorem 1.3.2. The argument is completely parallel to the proof of Theo-
rem 1.1.1. -

Finally, we address the claims in the introduction about complex oriented
cohomology theories. We start by reviewing the definition of an E-orientation of
a vector bundle, where E is a multiplicative cohomology theory (see [3] for a discus-
sion of orientability'). Indeed, let V' — X be a topological vector bundle of rank m.
Then an E-orientation is a class

u € E™(Th(V)),

so that, for all x € X and i,: S™ — V, the map associated to inclusion of a fiber
over x, i ¥u is a unit in E™(S™) = E°(S) (the latter equality being the suspension
isomorphism of the cohomology theory E).

Recall that a cohomology theory E is complex oriented if it is oriented on all com-
plex vector bundles. There is a universal such cohomology theory, complex cobor-
dism MU, in the sense that for any complex-oriented cohomology theory E, there is
a map of ring spectra MU — E inducing the orientation on E.

The utility of a complex-oriented cohomology theory E for studying the stable
homotopy type SWF (Y, s, ©1) is as follows. By Theorem 3.1.1, we have, by chang-
ing the spectral system &; to &,, that there is an (S!-equivariant) parameterized
equivalence

SWEFY,s,G) —> 281" C28WF(Y, s, B,). (3.6.2)

'nLab also has a nice discussion, which our presentation follows.
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In Chapter 6, after having considered the 4-dimensional invariant, we will intro-
duce anumber n(Y, s, g, Py) associated to a spectral section Py of the Dirac operator
over Y, and a metric g on (Y, s). By its construction, n(Y, s, g, Po) = n(Y, s, g,[S])
is an invariant of a spectral system up to equivalence [©], and its main property is that
it changes appropriately to counteract the shift in (3.6.2). That is,

n(ng’v g, [@1]) - n(Y’ S, 4, [62]) = dlm[61 - 62]5

as follows immediately from (6.2.1).
For E an S!-equivariant cohomology theory, let

FE*(Y,s,©;) = E* 2105880 (), SWF(Y, 5, B1)).

We call FE* (Y, s, ©1) the Floer E-cohomology of the tuple (Y, s, ©1).

More generally, we can also consider the notion of an equivariant complex ori-
entation. This is more complicated to state; we follow [12] for the definition of
equivariant complex orientability. That is, let A be an abelian compact Lie group, and
fix a complete complex A-universe U (see Appendix A). A multiplicative equivariant
cohomology theory E(-) is called complex stable if there are suspension isomor-
phisms:

oy: ER(X) — EIT™V (V) A X)

for all complex (finite-dimensional) A-representations V' in U. The natural transitiv-
ity condition on the oy is required, and the map oy is required to be given by multipli-
cation by an element of EdmV () (necessarily a generator). A complex orientation
of a complex stable theory E4 is a cohomology class x(¢) € EJ(CP(U, CP(e)))
that restricts to a generator of

EX(CP(a ®¢),CP(e)) = EX(S* ).

for all 1-dimensional representations «.
Building on the equivalence (3.6.2), we have the following claim.

Theorem 3.6.4. Let E be an equivariant complex-oriented (nonparameterized)
homology theory. Then, for any two spectral systems S1, ©,, there is a canonical
isomorphism

E*nSWF(Y,s,8;)) —> E*(nEZ® 1 SWEF(Y, s, 3,)).
Inparticular, FE*(Y,s,©,) is independent of ©1, and defines an invariant FE*(Y,s).

Proof. The theorem is a consequence of the fact that, for an ex-space (X, r, s) over a
base B, and a complex m-dimensional vector bundle V' over B, with v as usual the
basepoint map B — *,

nEEX = Th(r*V). (3.6.3)
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This equality is a direct exercise in the definitions. In fact, if (X, r,s) is an S L_ex-
space, with base B on which S! acts trivially, the equality also holds at the level of
S 1—spaces, where V is an S 1—equivariant vector bundle over B, inherited from its
complex structure (so that the pullback 7*V is an S !-equivariant vector bundle over
the S'-space X).

We have by (3.6.2),

EX(WSWF(Y,s,8,)) = E*(nZ® " C28WEF(Y, s, 3,)).

By (3.6.3),
E*(nSWF(Y,s,81)) = E*(Th(r* (&) — &y))),

where 7 is the restriction map of the ex-space SWF (Y, s, ©,). However, the complex
orientation on E induces an isomorphism,

E*(Th(r*(81 — @,))) — E* 1= (sWF(Y, 5, &,)),

which is exactly what we needed (the last isomorphism above, in the equivariant case,
follows from the construction of Thom classes in [12, Theorem 6.3]).
The last claim of the theorem is then a consequence of the definition of FE*. =

The most important equivariant complex orientable cohomology theory for us
will be equivariant complex cobordism MU g, defined by tom Dieck [50] for a com-
pact Lie group G. It turns out, if G is abelian, that MU ¢ is the universal G -equivariant
complex oriented cohomology theory, in the sense that any equivariant complex ori-
ented cohomology theory Eg accepts a unique ring map of ring spectra MUg — Eg
so that the orientation on Eg is the image of the canonical orientation on MUg.
See [12].

We define FMU*(Y, s) and FMU, (Y, s) by

FMU*(Y,s) = MU*"2"Y:5:88) (), SWF (Y, 5, ©)),
FMU%, (Y.5) = MU, 529 (0 SWF (Y. 5, ©)),

for some spectral sections ©. By Theorem 3.6.4 and the complex orientation on MU
and MU g1, these are well defined independent of a choice of &, and this proves
Theorem 1.2.1.

For a spin structure s, we have the Pin(2)-equivariant Seiberg—Witten Floer stable
homotopy type SWF Pin(2) (Y, s, ®). To define Pin(2)-equivariant cohomology theory
FMU;m(Z)(Y, $), we need to show that

m;;(z;)(Y,s,@) (v;S'W.’FPi“(z) Y,s,®))

*
Pin(2)"

since Pin(2) is not abelian. We do not

is independent of the choice of &, which requires an orientation on MU But we

*
Pin(2)

in this memoir.

cannot apply the argument in [12] to MU

discuss orientations on MU%.
Pin(2)






Chapter 4

Computation

In this chapter we provide a sample of calculations of the Seiberg—Witten Floer homo-
topy type.

4.1 Seiberg—Witten Floer homotopy type in reducible case

We will need the following lemma.

Lemma 4.1.1. Let o: M x R — M be a smooth flow on a smooth manifold M and
N be a compact submanifold (with corners) of M with dim M = dim N. Assume that
the following conditions are satisfied:

(1) ON = Ly U L_, where Ly, L_ are compact submanifolds (with corners) of
8N Wlth L+ NL_ = 8L+ = 8L_

(2) For x € int(L), there is € > 0 such that ¢(x,t) € int(N) fort € (0, ¢).
(3) Forx € L_, there is ¢ > 0 such that ¢(x,t) & N fort € (0, ¢).

Then N is an isolating neighborhood and (N, L_) is an index pair of inv(N). (See
[14] for a similar statement.)

Proof. By conditions (2) and (3), we have inv(N) C int(N). It is easy to see that
L_ is an exit set from the three conditions. Also, condition (3) implies that L_ is
positively invariant in V. ]

Fix a spin® 3-manifold (Y, ¢), along with a spectral system &, which we will
usually suppress from the notation. Let k1, k_ > 5 be half-integers with |k, —k_| <
%, k = min{k4,k_} and

Dn =§0n,k+,k_:(Fn W) xR—>F, &W,

be the flow induced by the Seiberg—Witten equations.
Fix R > 0. Put

An(R) := (Bi, (F,": R) xB Bi_(F; : R)) xp (Bi, (W,": R) xg Bx_(W, : R)).

Let I, — B = Pic(Y) be the parameterized Conley index of inv(A,(R), ¢5).

Theorem 4.1.2. Assume that the following conditions are satisfied:
(1) ker(D: 8 — Ex) = 0.
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(2) All solutions to the Seiberg—Witten equations (2.3.4) with finite energy are
reducible.

Let © be a spectral system such that Py = E(D)° .. Then for all n >> 0 we have

F,ew,”
I = Sg" "

as an S'-equivariant space, with the obvious projection to B. Hence the Seiberg—
Witten Floer parameterized homotopy type is given by

_n2 _p4
SWF(Y,s,[6]) = =§ "R~ g9

in PSWg1 g. Here, D} = rank Fy,, D,; = rank W,~ and PSWg\ p is the category
defined in Definition A.1.9.

If the spin® structure is self-conjugate, the Pin(2)-Seiberg—Witten Floer parame-
terized homotopy type is given by

SWFIA (v, 5, [@]) = S3

in PSWpin(z)’B.
To prove this, we need the following.

Proposition 4.1.3. Assume that all solutions to (2.3.4) with finite energy are redu-
cible. For any ¢ > 0, there is no such that for n > ny we have

inv(A,(R)) C A,(e).

Proof. Put
50 1= max{[$ e, : (¢, @) € inv(4,(R))}.

Let
Yn = ($n,wn): R — A, (R)

be approximate Seiberg—Witten trajectories with

I#;5 0) Iy = 8n.

Then we have J
+ (41112

— t =0.

|l Iz,

As we have seen before, after passing to a subsequence, y, converges to a Seiberg—
Witten trajectory y with finite energy. By assumption, y is reducible and we can write
y = (0, w). As in Lemma 2.7.2, we can show that there is a constant C > 0 such that
lo:F (0)]] ky+4 < C forall n. By the Rellich lemma, ¢,5 (0) converges to 0 in LZ.

Therefore 8, — 0.
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Similarly,
max{[|¢~ [lx_ : (¢, ®) € inv(4,(R))},
max{[lo™ [, : (¢, w) € inv(A4,(R))}.
max{[|o” ||x_ : (¢, ) € inv(4,(R))}
gotoOasn — 0. |

Proof of Theorem 4.1.2. Fix a small positive number & with 2 < & and choose n >
0. By the proposition,
inv(A,(R)) C A, (e).

Put
Lu,—(e) = (B, (F, 1) xp Sk_(F,; ;) xp (Be, (W,":¢) xg Be_ (W, 3 ¢))
\J(Be (F;:6) x5 Bi_(F;:€)) xB (Biy (W,"58) xB St (W, 3 ),
L4 (8) = (Sk, (F,;F;€) xg Bi_(F, :€)) xp (B, (W, :¢) xp Bx_ (W, ;€))
B (F, 1) xB Bi_(F; :€)) xB (Sky (W5 6) x Bi_ (W, :¢)).
Then we have

04,(¢) = Ln,—(e) U Ly + (o),

Ln~() N L4 () = ILn—(6) = ILn 4 (o).
We will show that the pair (A, (¢), L,,—(€)) is an index pair. It is enough to check
that A, (), Ly, —(€), Ln,+(¢) satisty conditions (2), (3) in Lemma 4.1.1. We consider

the case when k. € %Z \ Z.
Take an approximate Seiberg—Witten trajectory

Yy =(¢.0):(=8,8) > F, & W,

for a small positive number §.
Assume that

I+ Ok, = e.
We have
1d 1d | N
St ol Ol = 57| _ (DI 2170 0). |DI 210 (1)o

= ((Vxy |DIF+2)¢4(0), |DIF+26(0))o
+ (D[ +26(0), (Vxyy IDF+72)p™ (0))o

d
F (V7806 O, + (22 0. 47(0)

dt ki
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Note that
IXa @)l = llg(p)sell < Ce.

Hence we have

(Vi | DT3¢t (0), |DIF+2 6 (0)o| < Ce*
(D427 (0), (Vxy, | DIF+ %) (0) |<c

{(Vx )P (0). 91 (0), | < Ce*

by Proposition 2.5.5 and Lemma 2.5.8. Recall that 7+ = 1 — 7p,, where p, is the
L?-projection onto Py. We have

d
<d—¢t’<0>,<zs+<0>)k+ = ~{(Vxyy E,)$(0). ™+ )k, — (75, DH(0). ™ (0))i

— (F,c1(y(0)), 6T (01,

and

(Ve 7E,)$(0). ¢+ ()i, =0,
(7, DP(0), 6™ ()i, = (DP(0). ¢ (), = C&*,
(r,c1(7(0)), 6T ()i, | < C&>.

Here we have used Lemma 2.5.11 for the first equality. Therefore

d
yri ||¢+(z)||k <-Ce®+Ce <o.

Assume that

¢~ Ok =

A similar calculation shows that

d —
ELOW o2 >o.

Similarly, if o™ (0)|x, = & then %\t:0||w+(t)||i+ <0, and if [0~ (0)[|x_ =
then %{tzonw_(t)”i_ > 0. From these, it is easy to see that conditions (2), (3) in
Lemma 4.1.1 are satisfied and we can apply Lemma 4.1.1 to conclude that the pair
(A, (g), Ly(e)) is an index pair.

Therefore we have

Iy = An(e) Upy L () = Spm &7, .
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4.2 Examples

Example 4.2.1. Suppose that ¥ has a positive scalar curvature metric. Then the con-
ditions of Theorem 4.1.2 are satisfied.

Example 4.2.2. Let Y be a nontrivial flat torus bundle over S! which is not the
Hantzsche—Wendt manifold. Then Y has a flat metric and b;(Y) = 1. Take a torsion
spin® structure s of Y. All solutions to the unperturbed Seiberg—Witten equations on
Y are reducible solutions (A4, 0) with F4 = 0. Also, all finite energy solutions to the
unperturbed Seiberg—Witten equations on ¥ x R are the reducible solutions (7 4,0),
where A are the flat spin® connections on Y and 7y:Y x R — Y is the projection.
Hence condition (2) of Theorem 4.1.2 is satisfied.

By [28, Lemma 37.4.1], if s is not the torsion spin€ structure corresponding to the
2-plane field tangent to the fibers, condition (1) of Theorem 4.1.2 is satisfied.

We consider the sphere bundle of a complex line bundle over a surface . We will
make use of results from [42,44] and [24, Section 8].

Let ¥ be a closed, oriented surface of genus g and p: Ny — ¥ be the complex
line bundle on X of degree d. We will consider the sphere bundle Y = S(Ny). We
have

H*(Y:Z) = 7% & (Z/dZ).

The direct summand Z/d7Z corresponds to the image
Pic' (2)/Z[N4] 2> Pic' (V) 25 H2(Y:7Z),

where Pic’ (X) is the set of isomorphism classes of topological complex line bundles
on X.
Fix a torsion spin® structure 5. We consider a metric

grr =(n®* ®gs

on Y for r > 0. Here, in € i 2'(Y) is a constant-curvature connection 1-form of
S(Ng). Following [42,44], we take the connection V9 on TY which is trivial in the
fiber direction and is equal to the pullback of the Levi-Civita connection on ¥ on
kern. Fora € #¢1(Y), let D, 4 be the Dirac operator induced by V°. We have

Dr,a = Da + 87’7

where §, = %rd. See [42, Section 5.1] and [44, Section 2.1]. The family {D; 4}, 01 (v)
induces an operator

D;:8s = Eo.
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We consider the perturbed Seiberg—Witten equations for y = (¢, ): R — o X
imd*:

d
(d_‘i’(t))H = —D, (1) — 1 (y (1)),
d¢
(E(t))V = —Xu(p(1)). @.2.1)

99 1) = —x dott) ~ e2ty (1)
These equations are the gradient flow equation of the perturbed Chern—Simons—Dirac
functional
CSD; (¢, w) = CSD(¢p, ) + &, [1p]|7»-
The term &, ||¢||i2 is a tame perturbation. See [28, p. 171]. We can apply Theorem
2.3.3 to the perturbed Seiberg—Witten equations (4.2.1).
The following is a direct consequence of [42, Corollary 5.17 and Theorem 5.19].
See also [44, Section 3.2] and [24, Proposition 8.1, Section 8.2].

Proposition 4.2.3. Let so be the spin® structure of Y with spinor bundle S =
,D"‘KE1 @ C. Denote by Ly the flat complex line bundle on Y with ¢; = g mod d
in Tor H*(Y; Z). Put 34 := S0 ® Lg. Assume that 0 < g < d. Then for q € {g,
g+ 1,...,d — 1}, all critical points of the functional CSD, associated with s, are
reducible and nondegenerate.

Note that this proposition implies that ker D, = 0 and hence we have a natural
spectral section Py of D,:
Py = (80(Dr))0—oo‘
The following proposition is proved in [24, proof of Theorem 7.5].

Proposition 4.2.4. Under the same assumption as Proposition 4.2.3, any gradient
trajectory of CSD, (that is, a solution to (4.2.1)) with finite energy is reducible.

We can apply the proof of Theorem 4.1.2 to the perturbed Seiberg—Witten equa-
tions (4.2.1) to show the following.

Theorem 4.2.5. Take g € {g, g + 1,...,d — 1}. Let @ be a spectral system with

Py = 80(Dr)(loo. In the above notation, for r small, we have
I, = Spm &,

Therefore we have

SWF(Y.54.[C]) = S§
in PSWg1 . If s is self-conjugate,

SWFNA(y,5,.[6]) = S

in PSWPin(Z),B-
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Dai and the authors [17] computed the Seiberg—Witten Floer stable homotopy
type for almost rational plumbed 3-manifolds which have b; = 0. The computation is
based on surgery exact triangles in [48]. If we establish a surgery exact triangle for the
Seiberg—Witten Floer stable homotopy type SWF (Y, s, ©) defined in this memoir, it
would be possible to compute for more 3-manifolds with ; > 0.






Chapter 5

Finite-dimensional approximation on 4-manifolds

5.1 Construction of the relative Bauer—Furuta invariant

Let (X, t) be a compact spin® 4-manifold with boundary Y . Take a Riemannian metric
g of X such that a neighborhood of Y in X is isometric to ¥ x (—1, 0]. We assume
that the restriction s of t to Y is a torsion spin® structure. Put

Exx = H'(X) Xp1(x.z) LE(T(ST)),

Wy x := Bx x L3 (Q¢c(X)).
Here, By = Pic(X) and S* are the spinor bundles on X and Q&c(X) is the space
of 1-forms on X in double Coulomb gauge. See [23] for the double Coulomb gauge
condition. Note that §F Wy 1 are Hilbert bundles over By. We have the Dirac

Xk
operator
e -
Dx: &y = Ex

on X, and as before, we can define the fiberwise norm | - ||x on 8;(5 « for each non-
negative number k. Also we put

Sy = H'(Y) Xp1(y.zy LE(S),
Wy = By x L;(imd*) C By x L7 (Q'(Y)).
Here, Py = Pic(Y).

Proposition 5.1.1. For k,l > 0, there are constants Rx ., Ry > 0 such that for any
solution x € 8; > @ Wx 2 to the Seiberg—Witten equations on X and any Seiberg—
Witten trajectory y:Rso — 8y, & Wy,» with finite energy and with

ry (x) = y(0),

we have
[xllx < Rxk, lly@®ll: < Ry,

forallt € Rxq. Here, ry stands for the restriction to the boundary Y .

See [23, Section 4] for this proposition.

Let Dy be the family of Dirac operators on Y parameterized by By. Assume that
ind Dy = 0in K!(By). Choose a spectral system &. As usual, put

Fn:Panna WnZWP,anQ,n-

Then F,, W, are subbundles of Ey,g, Wy,o with finite rank.
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From now on, we assume that k is a half-integer and k > 5 so that we can use the
results in Chapters 2 and 3. We consider the map

SWX,nZ 8;’]( (&) FWX’k
= (Ex o1 X L (1 (X)) X (Py ® Wp ) N Li_%) (5.1.1)
defined by

SWx.n(¢,d) = (Dx¢ + p(@), F} —q(p), 7P, 1Y b, TWp Ty D).

Here, np,, mw, , are the L?-projection, where we have also written P, for the total
space of the spectral section P,. We will take subbundles U,, U, of 8; o 8}} 1
with finite rank as follows. The operator

(Dx, oty ): €5y = Ex g ®ry(PoN Ly )

is Fredholm. (See [40], [28, Section 17.2] and Section 2.1.) Hence there is a fiberwise
linear operator
p:C" — Ex i1 ® ry (Po N Li_%)

such that
(Dx,7pyry) +p: €5, ®C" = € ®ry(PoN Li_%) (5.1.2)

is surjective. Here, C™ = By x C™ is the trivial bundle over By.

Lemma 5.1.2. For any n and any subbundle U’ in &y, _,, U' ® ry F, and the image
of
(Dx,7p,ry) + 9164, & C™ = Exp D ry(PaN Ly )

are transverse in &y, | @ ry (P, N lec ).
’ 2
Proof. Take any element (x, y) from &, | @ ry (P, N lec ). There is (x,v) €
’ 2
8;:,{ @ C™ such that
((Dx, 7pyry) + p)(x,v) = (x', 7Py (1))

Note that
P, N (Py)t =F;.

We can write

(DX7nPnrY +p)(x’v) = ((DX’(T[PO + jTFn+)rY) + p)(-x9v) = (XIJTPO(J’) + Z)’
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where z = 74 (ryx) € F," C F,. Hence

" y) = (" mwp () +2) + 0.7+ (v) — 2)
€ im((Dx, mp,ry) + p) + Fa. L]

Take a sequence of finite-dimensional subbundles U,, of &,

X1 such that gy —

idg;) i strongly as n — oo and put

Un := ((Dx.7p,ry) + ) (Uy ® ry Fy). (5.1.3)
By Lemma 5.1.2, U, are subbundles of E’;k @ C™. Note that
[Un] = [U, & ry Fa] = [C™] = [ind(Dx ., Pn)] € K(Bx).

Here, the right-hand side is the index bundle defined in [40, Section 6].
Choose finite-dimensional subbundles

V)= Bx x V],

of By x L2_(QF (X)) with 7y, — idy

xL2_ (@ (X)) strongly as n — oo and put

Vo i=(d ¥ 7wy, ry) " (Vg & Wa) C Wyk.
We consider the maps

SWxnp:=Dx.d")+p+ryevcx:Us® Ve > U, ® V.
SWxnp = (SWX,n,m TP, Y, NWP‘,er,id(QWI)Z (5.1.4)
U, ®Vy %Ué@Vri@r;(Fn@Wn)@(gm,

where X . .
cx (¢, d) = (p(@)¢, F:{O +4(9))

for a fixed connection ffo on X . Fix positive numbers R, R’ with 0 < R’ < R. Put

An = (Bi_y (F,": R) Xy Bi(F, i R)) By (Bi_y(W,": R) xp, Bi(W,”: R)).

k-1
for Br(F, ; R), Bk_% (Wn+; R), Bx (W, ; R). Note that we take different norms lec .

2

and L? for F,", Wt and F,, W,~. By Theorem 2.3.3, for n > 0, A is an isolating
neighborhood of the flow Prk—L ko for suitable k. For ¢ > 0, we define compact
subsets K, 1(¢), K, 2(¢) of A, by

Here, B _ ! (F,F; R) is the ball in F," of radius R with respect to L? |, and similarly

Kni(e) :={y € Ay : 3(,v,0) € Bi(Up ® Vi: R'), ($,v) € Up C EF, & C™,
& € Vo [(SWxp, idem) (@, v, D) llx—1 < &,

y = ”PnGBW‘_‘gOrY(qS’ ‘5)}’
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and
Kna(e) i=1{y € Ay : 3($,v,0) € 3Bx(Uy & Vs R)),
[(SWx . idcm) (@, v, D) [lk—1 < &,
y = 7p, gwrn 1y ($.0)}
U4, N Ky,1(8)).
Here,

I(SWx ,p, idcm) (b, v, @) k-1 = ISWx,n,p(h, D)llk—1 + [[v]]-

We will show that we can find a regular index pair containing (K ,(¢), K2, (¢)). See
Appendix A.2 for the definition of a regular index pair.

Proposition 5.1.3. There is an g9 > 0 such that if 0 < & < gy, for n large, we can
find a regular index pair (N, Ly) of inv(A,; ‘/’n,k—%,k) with

Kn’l(é‘) C N, C A,, Kn,2(8) C L,.

[0,00)
n

Proof. We write ¢, for ¢, ; e We denote by A the set

{y € Ap 1 V1 €]0,00), gn(y,1) € An}-

By [35, Theorem 4], it is sufficient to prove the following for n large and & small:
() ifyeKyi(e)N A,[,O’oo) then we have ¢, (v,t) &€ 04, for all ¢t € [0, 00),
(i) Kno(e) N AL =g.

Furthermore, any index pair as constructed by [35, Theorem 4] may be thickened to
give a regular index pair still satisfying the conditions of the proposition. See [47,
Remark 5.4].

Note that for y € K}, 1(¢) we have

1y lle—y < R (5.1.5)

for all n since the restriction Li(X ) — Li , (Y) is bounded and R’ < R.
-2

First, we will prove that (i) holds for n large and ¢ small. Assume that this is not
true. Then there is a sequence &, — 0 such that after passing to a subsequence, we
have y, € Ay, (Pn, vn, ©n) € Br(Uy, & Vy; R'), t, € [0, 00) with

Yn = TP, @Wp ,, 7Y (¢A5n, C/’jn)v

ISWx .0 (bn- 0n)l7_1 + vnll® < 2.
(pn()’n, [Oa OO)) C An,

On(Vn,ty) € 0A,.
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Note that v,, — 0. Let
Yn = (Pn,wn):[0,00) = F, & W,
be the approximate Seiberg—Witten trajectory defined by

Yn(t) = @n(Yn.1).

After passing to a subsequence, one of the following holds for all n:

@ ¢ (tn) € Sp_y (FR),

() ¢, (tn) € Sk(F, 5 R),

© ©F (1) € S s (W;F5 R),

(d) , (ta) € Sg(W,: R).

Note that in cases (a) and (c), we have #,, > 0 because of (5.1.5).

As in the proof of Theorem 2.3.3, we can show that there is a Seiberg—Witten

trajectory
y = (¢, 0):[0,00) — 8Yk_i k—1 D 'WYk_é k—1

such that after passing to a subsequence, y, converges to y umformly in L2 3 on

each compact set in [0, 00). Also, after passing to a subsequence, (¢, &) Converges
to a solution (q> ®) to the Seiberg—Witten equations on X uniformly in L? %1 oneach
compact set in the interior of X. We have

ry (¢, @) = y(0).

Assume that case (a) happens for all 7. As mentioned, #, > 0. Hence we have

d
2 —
Tl teron_, =o.

As in Lemma 2.7.2, we can show that there is C > 0 such that ||¢;} ()| x < C for
all n. After passing to a subsequence, t, — foo € R5g or ¢, — oo. First assume that
In —> loo. By the Rellich lemma, ¢,/ (7,) converges in Li_l strongly. This implies

2
that

16+ (ool =

which contradicts Proposition 5.1.1.
Next we consider the case #,, — 00. Let

Yn = (?na wn): [—th,00) = F, ® W,
be the approximate Seiberg—Witten trajectory defined by

Yn(?) = @n(yn.t + 1n).



Finite-dimensional approximation on 4-manifolds 100

As before, we can show that there is a Seiberg—Witten trajectory
ViR =8y 3i1 ® Wypo 3

such that after passing to a subsequence, y, converges to y uniformly in L? k-3 on
each compact setin R. As before we can show that the sequence ||¢+ (0)]|x is bounded
and hence ¢, (0) converges to ¢ (0) in Li_ , strongly. Therefore ||¢_S+(0) le—y =R,
which contradicts Proposition 2.3.2. Thus (a)2 cannot happen.

Let us consider the case when (b) holds for all n. We have

g 17 < 0.

d
dt )t=tn

As in the proof of Lemma 2.7.3,

d
0z =] len oI
= (D' 1), 6 )i — ROy ) — CR

= ||¢n_(tn)||i+% — CR?(|¢, (tw)llg4y — CR?.

This implies that the sequence ||, (1n) ;4 1 is bounded and there is a subsequence

such that ¢, (,) converges in Li strongly. We have a contradiction as before.

In the case when (c) or (d) holds for all n, we have a contradiction similarly. We
have proved that (i) holds for n large and & small.

Next we will prove that (ii) holds for n large and e small. If this is not true, there
is a sequence &, — 0 such that after passing to a subsequence, one of the following
cases holds for all n:

(@) We have (¢, v, @n) € 0Bi(Uy ® Vi R'), yn € ALO’OO) with
ISWx.np(@n-@n) k=1 + lvall < &n. Yn = 7P @Wp, 7Y (Pn. @n).
(b) We have (¢, vn. @n) € Bi(Uy ® Vi R'), yu € 04, N AL with
1SWx.n.0(Pn.Gn) k=1 + [Vnll < . yn = TP @Wp 7Y (Pu. n)-
First we consider the case (a). Let
Yn = (¢n, wp):[0,00) —> F, & W,
be the approximate Seiberg—Witten trajectory defined by

Yn(t) = on(yn,1).
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As before, there is a Seiberg—Witten trajectory
Y= (9, 0):[0,00) = &y 34 1 © Wy 34

such that after passing to a subsequence, y, converges to y uniformly in lec— 3 on

each compact set in [0, 00). Also, there is a solution ((f), @) to the Seiberg—Witten
equations on X such that after passing to a subsequence, (¢, , @, ) converges to (¢, )
in Li_l on each compact set in the interior of X. We have

ry (¢, @) = (¢(0), (0)).
Since y, € A,, we have
Iy e = (@ (0), ; O)lx < R.

Hence, after passing to subsequence, (¢, (0), w, (0)) converges to (¢~ (0), w™(0)) in
Li , (Y) strongly. By the standard elliptic estimate, we have
2

”‘lgn - é”]&(x)
< C (I = 2y + 10x@n = Dz oy + 145 ©) =9~ O)l2 ).

From the condition that
ISWxt 1.0 (@ @n) k-1 + vl < en,
we have
IDx (Gn — D) lle—1 < CUlex (Gn, @n) — cx (B, D) -1 + £n).

Since cx (@n, @®y) converges to cy (q;, @) in L,%_l strongly, (]3,, converges to <ﬁ in L,zC
strongly.
Similarly, @, converges to @ in L3 strongly. Hence,

(@, )llx = R

This contradicts Proposition 5.1.1, so case (a) cannot happen.
Next we consider case (b). Let

Yn = (Pn, wn).

After passing to a subsequence, ¢, € Si(F, ; R) for all n, or w,; € S(W,”; R) for
all n. Note that the cases ¢, € Sk_%(Fn’L; R), o] € Sk_%(WnJr; R) do not happen
because of (5.1.5).
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We consider the case ¢, € Si(F,; R). Put

Yn(t) = (Pn(t), 00 (1)) = @n(yn, 1)

for t > 0. As in the proof of Lemma 2.7.3,

d — 12
0= 2| g0l

> Nt ey s = CR2I67 Nl — CR?.

Therefore the sequence [|¢, |, ;. ! is bounded. By the Rellich lemma, ¢, converges

to ¢~ in L,zc strongly and hence
¢~ 1l = R

which contradicts Proposition 5.1.1. Similarly, if w, € Si (W, ; R) for all n, we
obtain a contradiction. We have proved that (ii) holds for n large and ¢ small. |

Remark 5.1.4. To get (5.1.5), we used the L2 , -horm on the positive component.
On the other hand, in the case (ii)-(a), we used the cond1t10n that || ¢, (0) || is bounded
(rather than ||¢, (O)||k_1 ) to have that ¢, (0) converges to ¢~ (0) in L . This is

why we used the L,zc—norm on the negative component to define K, ; (8), K,,,z(s).
In the case where b;(Y) = 0, we can use the lec -nhorm on both of the positive

2
and negative component. See the proofs of [35, Proposition 6] and [23, Lemma 4.4].
In those proofs, to get the Li_ | -convergence of ¢, (0), the following identity was
used: >

P (1) — ¢ (0) = [ L P gu (1)) dt. (5.1.6)

In the case where b1 (Y) > 0, we have
%(e’Dn‘qsn (1)) = e"P(D + Vx,; DY~ ¢ (1) + P (Vi m7)n (¢)
Pr{(mnD + Vxy wE)bn (1) + q(dn(1))}-

Since (Vx,, F,)$n(t) does not converge in L>
converges in Li from (5.1.6).
-3

pae we cannot deduce that ¢, (0)

For n large and ¢ small, let (N, L,) be a regular index pair of inv(g,, A,) with

Kin(e) C Ny, Kou(e) C Ly
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Put
SYr®Vr .= | ) B((Un ® Vi)as R)/S((Un ® Vi)a: R),
a€By
SUOVIOC" — | ) B(U, &V, & C™)u:6)/S((U, & V| & C™)ase),
ac€By

which are sphere bundles over By, and let /,, be the Conley index:

I, =N, U By.

PBy Ly,
Here, ppy: Ny» — By is the projection. We obtain a map

U, eV, eC™
X

BF (X 1): S5"®"" — Sp ABy T Iy (5.1.7)

defined by
BF (X, 1)([$, v, B])
{ [SWXJ,,p((j;, V,0), V] A [Tp,0wp,TY ((;’3, ®)] if (5.1.8) holds,

*g otherwise.
Here, a = ppy (¢, ®), *, denotes the base point of the sphere §©Un®Vi®C™a and
we have the following condition:
ISWit (@, v. @) 7y + Il0]* <e,
P k- (5.1.8)

TP, &Wp 'Y ((}'), 63) € Kn,l (8)

We refer to the map BF, (X, t) as the (relative, nth) pre-Bauer—Furuta invariant of
(X, t), to emphasize that it is not yet an invariant of the construction (rather, its stable
homotopy equivalence class will turn out to be an invariant).

An alternative version of this relative Bauer—Furuta invariant is obtained instead
by considering the map of By spaces:

Ve, GUiBVEC™
BF (X 1): S5O — Spn ABy Nu/By Ln,

U, eV,
S n n
By

where is a By space using ry, and where N, /p L, is the fiberwise quotient.

5.2 Well-definedness of the relative Bauer—Furuta invariant

We next consider how the construction of the relative Bauer—Furuta invariant in
(5.1.7) depends on the choices involved. This is very similar to Chapter 3, so we
will abbreviate many of the arguments.
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First, we address the perturbation p.

Lemma 5.2.1. Let p1 be a perturbation for which (5.1.2) is surjective. Let q be a lin-
ear operator C"? — &4 i1 P ry (Po N L2 1) Let Uy, (p), respectively Uy, (p + q)
be the bundles defined as in (5.1.3) with respect to the perturbations p, respectively
p +q. Let BF [1,5(X, 1), respectively BF ], p+q (X, 1), be the maps defined in (5.1.7)
with respect to the perturbations p and p + q. Then there is the following commuta-
tive diagram:

’n2
$C2 GUn )@V =€ BF ) p U,&V,eCmeCm2
Bx

SBX ABy I,

Un (0+3) @V U, @V,eC" ®Cm2
Sg” > S ARy In.
Bx BFn).p+a Bx vy on

Moreover, a choice of map L:C™2 — 8;,{ ® C™ sothat (Dx,mp,ry) +p)oL=q
determines the vertical arrows in the diagram.

Proof. Such a choice of L as at the end of the statement exists for any such p, g, by
surjectivity of (5.1.2). We show how to define maps as in the commutative diagram
in terms of such L. Of course, if ¢ = 0, this is obvious, with L = 0.

More generally, we have the following commutative diagram:

il lid (5.2.1)

where L is the identity on Ey s i P C™, and L @ id¢cmz on C™2. The horizontal arrows
are (Dx,mp,ry) ®p @0 and (Dx,mpyry) @ p ® q, respectively.

Comparing with the definition of the Seiberg—Witten map (5.1.1), we see that
there is a commutative diagram analogous to (5.2.1), but with the maps SW X,n,p (and
similarly for q) from (5.1.4) along the horizontal arrows.

The definition of 8F7,(X, t) then gives the commutative diagram in the lemma
statement. ]

As in Chapter 3, the proof of well-definedness is related to the definition of a
families invariant. Let & be a family of (metrized, spin®) 4-manifolds with boundary,
over a base B, with fiber (X, t), and let ¥ be the boundary family (naturally over
the base B), where we write d(X,t) = (¥, s). See Section 3.2 for family of spin®
manifolds. Assume that we have fixed a sequence of good spectral sections Py, O,
on the boundary family.
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Assume also that we have fixed a sequence of good spectral sections Wp ,, Wo
of xd of the boundary family, and assume Wp g is the orthogonal complement
of WQ,().

As at the beginning of the section, we now have bundles & ; © and Wy i, where
the fibers over b € B (with associated 4-manifold (X, t)) are

EF 1 =K' (F) X (x.zy Ly (T (S})).
Wy kb = Pic(Fp) x LE(Qc(F)).
Furthermore, the space of sections L12€_1(9+(37 )) now defines a bundle over B as

well, with fiber L7 | (Q% (%)), the LZ_, -self-dual 2-forms on the fiber.
The 4-dimensional Seiberg—Witten equations (5.1.1) now define a fiberwise map:

SW.S"',n : 8;,]( ©® W&’f“,k - (83_7,](_1 @ L]2€_1(9+($))) ® r;(Pn @ WP,n)-

Define U, as in (5.1.3), and V;, similarly. Exactly as before, define A,; note
that A, is now a fiber bundle over the total space of the fibration Pic(¥) — B, a
fiber of this latter fibration is Pic(¥}). Define subspaces (themselves spaces over the
total space of Pic(§) — B) K,,,1(¢) and K, »(¢) with fibers K}, ; 5(¢) and K}, 5 p(€)
according to
Kn,l,b(g) = {y €A, 3($»U7@) € B (Up @ Vy; R/)a (q’;, v) € U, C 8;’]( @ @m,

& € Vo, [(SWxppp, idem)(, v, @)1 < &,
Y = TP, oWe g, (h,H))

and

Kn2p(e) = {y € An :3($,v.0) € 0Bx(Uy & V: R'),
|(SWx np,b,idcm) (X, v, @) k-1 < &,
Y = TP, oWp g, (9. D)}
U(@4n N K 15(6)).

The proof of Proposition 5.1.3 is only changed in this setting according to the
procedure in Chapter 3. In particular, the following proposition also relies on a fam-
ilies version of [35, Theorem 4]; the proof thereof is only notationally different from
that appearing in [35]. A families version of Proposition 5.1.1 is also used; its proof
is a modification of that in [23, Section 4]. We obtain the following proposition.

Proposition 5.2.2. There is an g9 > 0 such that if 0 < & < gy, for n large, we can
find a regular fiberwise index pair (Ny, L) of inv(A,: ¢, k,k—%) with

Kni1(e) C Ny CAn, Knpa(e) C Ly.
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Put
S = | B(Un® Va)ai R)/S((Un ® Vi)a: R).
a€Pic(¥)
U/ V/ (Cl‘n

Spig(?;)neaf = U B((U, ®V, ®C™)a:e)/S(U, ®V, ®C"),:¢).

a€Pic(¥F)
Let
1,(§) = Ny Uppic(g)an Pic(9),

where ppic(g) is the projection to Pic(§) of F x W.
We obtain a fiber-preserving map over Pic(§):

Upn®Vy U,eVv,eC”
BF)(F): Spicey" = Spicce) Apic(g) In(§).

Here, Sg:(g)v " and Sggg)V n®C" are spaces over Pic(¥) by pushing forward Sgg(%/"

and Sgég,‘;’; oL along the restriction map Pic(¥) — Pic(§) (see Appendix A.1).

In particular, we obtain that the homotopy class of the map BF[,,;(X,t) in (5.1.7)
is independent of the metric on X used in its construction. To be more precise, we
have the following lemma.

Lemma 5.2.3. Let (X, t) be a compact spin® 4-manifold with boundary (admitting a
Floer framing) (Y, s). Let g; for t € [0, 1] be a path of metrics on X, along with a
path of perturbations p; with surjectivity in (5.1.2) for all t. There exist good spec-
tral sections Py s, Ont, Wp i, Wo.n,s on the boundary Y, say, forming a spectral
system ©. Let I, = SW¥,,)(Y, s, ©) denote the family Seiberg—Witten invariant of
the boundary. Let p denote the projection p: By x I — By, where I = [0, 1]. Then
there exists a map
(Bf[n],I(X, 1): Sg;iaan — Sgﬁfll/”@gm ABy xI p*ln.

The map BF [n),1(X, 1) is a map respecting the projection on each side to By x I.

In particular, for a fixed trivialization of the families Uy ¢, Vu 1, Uy 4, V, , and I,
over 1, together with a path of perturbations p;, there is an (equivariant) homotopy
equivalence from BF [n),0,p, and BF [n),1,p, which is well defined up to (equivariant)
homotopy.

Proof. The existence of the spectral sections follows from Chapter 2. Otherwise the
lemma is a restatement of the definition of the families relative Bauer—Furuta invari-
ant. There is no issue in choosing a good spectral section for xd of the boundary
family in this situation, since on [0, 1], each xd may be written as a (small) compact
perturbation of *¢d, where g is some fixed metric. |
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Further, the homotopy class of 8F,)(X, t) does not depend on the Sobolev norm
used in its construction. The proof of the following lemma is analogous to the work
in Section 3.4, and is left to the reader. We state the result for the unparameterized
case; the parameterized case is not substantially different.

Lemma 5.2.4. Let (X, t) be a compact spin® 4-manifold with boundary (admitting
a Floer framing) (Y, s). Let U, be a sequence of finite-dimensional subbundles of
)?k fork >11/2, and V,, = Bx x Vn’ o be a sequence of finite-dimensional sub-
bundles of Bx x Ly(Q% (X)), where V,, o C L (Q*(X)), with my; — ide;, and
Ty, —> ldBXxLZ(S2+(X)) strongly. Let BF [, k+1(X) and BF [k (X) be the pre-

Bauer—Furuta invariants defined with respect to the L? , . and L -norms respectively.

k+1
Write 1 for the interval [0, 1]. Then there is a family of maps over the interval,

. Un®Vn U,ev,ec” -
BF .1 (X 0): Spr /" — Spil; AByx1 SWF (Y1,
where SWF (Y ) is the parameterized Conley index coming from the I-family of
flows used in the proof of Proposition 3.4.1. In particular, for the given homotopy
equivalence in Proposition 3.4.1, the maps BF 1k (X, t) and BF ) k+1(X, 1) are
homotopic by a homotopy well defined up to homotopy.

We next consider the effect of stabilization on 8F7,). There are two separate
stabilization5' increasing U, - V,;, or increasing P, Qp, Wn:':. Fix trivializations of
Uyii/Up=CandV, ,/V, = R% . Recall the definition of a spectral system from
Definition 3.5.1. By construction, U, is naturally identified with U, & Qan +cn
for kp,, ko as in Theorem 3.1.1, using the isomorphism n: P,41 — P, & Qsz”,
and similarly for kg ,. Analogously, V}, 1 is identified with V,, & I&kWﬁ"’Ld". Let
¢n+1,: denote the family of flows as in Theorem 3.1.1, with n chosen large enough.
Recall that there is an induced homotopy equivalence

cko.ngrkw

S5, O SWE(Y) > SWF (V)

as in Theorem 3.1.1.
Stabilization of the Bauer-Furuta invariant is as follows. Let ¢, = ¢, + ko, and
dy =dp +kw—n.

Proposition 5.2.5. For appropriate choices of index pairs, there is a homotopy-
commuting square of parameterized spaces, defined by Conley index continuation
maps:

cen @R Ty Tyt1
Sg RN fp, ST H
idABy ﬂy[n]l lﬂ‘?[n'f'l] (522)

CL‘;’L@Rd;, @T’é@cm . Tr/l eC™ o
SI?X a CSWIF (YY) —— SBX+] ABy SWFn11(Y),
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T,=U,®V,, T, =U, ®V,. Inparticular, (5.2.2) is a homotopy-commuting square
of (unparameterized) connected simple systems.

Proof. The proof is similar to the proof of Theorem 3.1.1, and we will only roughly
sketch the details. Indeed, the bottom arrow of (5.2.2) is exactly the map defined in
that theorem.

Recall that we have fixed identifications Uy, 41/U, = C°» +tko.n To obtain that
(5.2.2) homotopy-commutes, we deform WVXJ,,H,I, = SVVX’,,HJ,,O by a family
ﬁ/{VX’nH,p,t, by removing (linearly in ¢) the nonlinear terms in SWx , , on the
Uy+1/ Uy, and V41 / V,-factors to a map S'VVXJ,H,I,,] which is the sum of maps

H: Un+1/Un 2] Vn-l—l/Vn - U,;_H/U’; 2] V,,/.J,.l/V,: 2] @kQ’" 2] BkW’_’”
and
SWxnp: U ® Ve > U, ® V) @ ri(Fy & Wy) & C™.

Here, H is some linear isomorphism (from the linearization of SWx ;).
We define A, as before, and require that A, is an isolating neighborhood of the
flow @41, forall ¢ € [0, 1].
We then define
Kni(e) = {(y.1) € Ay x [0,1] : 3(p, v, ) € Br(Un ® Vu; R'),
1(SWxtn,p.05 idem) (@, v, &)1 < e,

Y = TpeWp, Iy ($.®))

and

Kna(e) :={(y.1) € Ay x [0.1]: 3¢, v.®) € IBx(Uy & Vu: R'),
I(SWx i p.s-idem) (R, 0. D) k-1 < &.

Yy = nPn@WP,nrY((i;?(D)}
U(((945) x [0,1]) N K 1(2)).

One then establishes the analog of Proposition 5.1.3 for the family of flows ¢, 41 ;.
Writing I = [0, 1], there results a map

centko.n granthw,—n U,®V,
ar . 4 —
j))f[n+1],1(x, t). SBXXI ABy xI SB;x]n
u eV , eC”
+19V,4,0C
- Spxr AByxI SWF[ni11(Y).

Att =1 this is the composite from first going down in (5.2.2), while for ¢ = 0, this
restricts to BF [, 413. The homotopy commutativity of (5.2.2) follows.

The claim on the well-definedness of the maps in (5.2.2) follows from Theo-
rem A.2.3. ]
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Proposition 5.2.6. The map BF |, is independent of the choice of regular index pair
(Np, Ly) with K, 1(¢) C Ny, Kn2(e) C Ly for n large and ¢ small, up to isomor-
phisms in PSWg1 p.

Proof. We will follow the argument in [23, Appendix]. Take another regular index
pair (N,, L)) with Ky ,(¢) C N,,, K5 ,(¢) C L), for n large and ¢ small. Let I,
denote the parameterized Conley index associated to (N, L})).

First we consider the case when (N, L,) C (N,,, L}). The map

n

iy > I,

induced by the inclusion is an isomorphism in PSWg1 g by [43, Theorem 6.2] and
the following diagram is commutative:

U/ eV, eCm
SB;® N

m

U,ev,eCc™” ’
SBX ABy 1.

ng" SVn idAL,

Next we consider the general case. As shown in [23, p. 1653], we have index pairs
(Nn, Ln), (Nn.1,Ln1), (N,’l’l, L}) such that

(Nu.Ln) € (Npji.Lny). (N, L) C (N, Ly ),

n

(Kn,l(s)a K2,n(8)) C (ﬁmzfn) C (Nn,l’Ln,l) N (Ny/,,l’L;,,l)-

We can assume that (N, Ly,), (Nn,1,Ln ), (N,;’1 , L;,l) are all regular by thickening
the exits slightly ([47, Remark 5.4]). The statement follows from the commutative
diagram

(Nn,lv Ln,l) (N,;’lv L;,l)

~

(No, L)

Recall that we have defined the virtual bundle ind(Dy, P) following equation
(5.1.3). For a normal spectral system 8 whose nth section is P,, we write ind(Dyx, ),
since ind(Dy, P,) and ind(Dy, P,+1) are canonically identified for all n. For V' =
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V1 © V5 a virtual vector bundle over a base B, we define an element S g of the
stable-homotopy category PSWp (see Definition A.1.9) by (S € ,—V>), where S g tis
the sphere bundle associated to V7; the stable-homotopy type of this space does not
depend on a choice of universe.

For V' a vector bundle over B, let Thg denote the Thom space of V'; we will abuse
notation and also write Thg for the suspension spectrum of Thg. Write ker(Dy, )
for the kernel of the map in (5.1.2), which depends on the perturbation p.

For topological spaces W, Z, a map class from W to Z will refer to a homo-
topy class W — Z, up to self-homotopy-equivalence of W, Z. We can now prove
Theorem 1.3.1 from the introduction, which we restate as follows.

Corollary 5.2.7. Fixa Floer framing B on Y. There is a well-defined (parameterized,
equivariant, stable) map class

BF(X.1): Spe D — SWE(Y.P).

For a choice of perturbation p as in (5.1.2), there is a well-defined (equivariant,
unparameterized) weak map of spectra:

BF, (X, 1): Thy (X ™ — 5C"SWEF (Y. ).

Moreover, if po and p are related by a family p; of perturbations satisfying (5.1.2),
BF,,, is homotopic to BF,,.

Proof. The class BF;, is well defined by Proposition 5.2.5. Independence (as a map
class) from p follows from Lemma 5.2.1.

The unparameterized case follows from Proposition 5.2.5, and an argument for
families as before. u

Analogous results hold for the Pin(2)-equivariant versions, mutatis mutandis.



Chapter 6

Frgyshov-type invariants

In this chapter we will generalize the Frgyshov-type invariants [20, 37] defined for
rational homology 3-spheres to 3-manifolds with b; > 0, making use of the Seiberg—
Witten Floer stable homotopy type constructed in this memoir. As applications, we
will prove restrictions on the intersection forms of smooth 4-manifolds with bound-
ary.

It may be of interest to compare the material of this section with work of Levine—
Ruberman, where similar invariants are defined in the Heegaard Floer setting [31];
also see [9] for further work in the Heegaard Floer setting.

6.1 Equivariant cohomology

We will recall a basic fact about the S !-equivariant Borel cohomology. For a pointed
S1-CW complex W, we let H ;‘1 (W;R) be the reduced S!-equivariant Borel coho-
mology:

HY (W:R) = H*(W Ag1 ESL:R),

where ESEr is a union of ES' and a disjoint base point. Note that H ;1 (S%; R) is

isomorphic to R[7T'] and that ﬁ;l (W;R) is an R[T]-module. We have the following
(see [16, Proposition 1.18.2] and [38, Proposition 2.2]).

Proposition 6.1.1. Let V be an S'-representation space and 'V be the vector bundle
V=W xES") xg1 V- W xg1 ES'

over W xg1 ES L The Thom isomorphism for 'V induces an R[T]-module isomor-
phism

A=V (sVwiR) = HY (W:R).

6.2 Frgyshov-type invariant

Let B be a compact CW-complex and choose a base point by € B. We view B as an
S1-CW-complex, with the trivial action of S!. The following definition is an S!-ex-
space version of [38, Definition 2.7].

Definition 6.2.1. Let U = (W, r, s) be a well-pointed S 1-ex-space over B such that
W is S!-homotopy equivalent to an S'-CW complex. We say that U is of SWF type
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. . . 1
at level ¢ if there is an equivalence, as ex-spaces, from WS — Sgt, and so that the
Sl actionon W\ W' is free.

Note that in the situation above, W5 " inherits the structure of an ex-space, as a
subspace of W, naturally. Spaces of SWF type are meant to be the class of spaces that
are produced by the Seiberg—Witten Floer homotopy-type construction. Indeed, note
that in the case that B is a point, spaces of SWF type over B are exactly spaces of
SWF type as in [38]. For us, B will always be a Picard torus.

Moreover, for U = SWF(Y) for some 3-manifold ¥ admitting a spectral sec-
tion (with torsion spin® structure and spectral section suppressed from the notation),
more is true, in that the fixed point set WS ' s actually fiber-preserving homotopy-
equivalent, relative to s(B),to S Rt, although for the definition of the Frgyshov invari-
ant, this is not strictly needed.

Definition 6.2.2. Let U = (W, r, s) be a well-pointed S!-ex-space of SWF type at
level 1 over B. We denote by I (U) the submodule in H*(B;R) ® R[T], viewed
as a module over the formal power series ring R[[7], generated by the image of the
homomorphism induced by the inclusion ¢: WS e w

Hy (W/s(B):R) — Hy (WS [s(B:R) = Hi (S™ A BiiR)
= H*(B:R) ® R[T] — H*(B:R) @ R[T].
We obtain a more specific invariant by considering only H°(B;R), in the case that B

is connected; we impose this condition on B from now on. Let I (U) denote the ideal
in R[T] which is the image of

AL W/s(B):R) S A (WS Js(B):R)
= A5 (SR A BaR) —» HL(SRR) = R[T] < R[T]

obtained using the inclusion of a fiber § RE_, SRY A B..
Then there is a nonnegative integer / such that I (U) = (T"). Here, (T") is the
ideal generated by T”. We denote this integer by /(U).

The invariant 2(U) defined above is most similar to dyo as in [31], while 7 (U)
is, roughly, in line with the collection of their “intermediate invariants”.

Remark 6.2.3. We also note that the cohomology group H ; L (W/s(B); R) admits
an action by H™*(B) as follows. Using the projection map r: W — B, we have an
algebra morphism r*: H*(B;R) — H*(W;R). The Mayer—Vietoris sequence for
(B, W) splits because of the map s: B — W, and we obtain

H*(W;R) = H*(W/s(B);R) ® H*(B;R),
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and in fact this splitting is at the level of H*(B;R)-modules, so that the cohomology
group H*(W/s(B); R) inherits an H*(B; R)-action. This is not strictly necessary
in the definition of invariants from I 4 (U) above, but is indicative of the structure
of TA(U).

From Proposition 6.1.1, we can see the following.

Lemma 6.2.4. Let U = (W, r,s) be a well-pointed S'-ex-space of SWF type over B.
If V is a real vector space, we have

h(ZpU) = h(U).
If V is a complex vector space, we have
h(Z}U) = h(U) + dimc V.

Proposition 6.2.5. Let Uy = (Wy, 1o, So), Ui = (W1, r1, s1) be well-pointed S'-
ex-spaces of SWF type at level t over By and B, and assume we are given a map
p: Bo — Bj. Let py/Ug denote the pushforward of Uy, as an ex-space over B. Assume
that there is a fiberwise-deforming S'-map

SfipUp — Uy
such that the restriction to
fSlilf)!WoS1 - W1S17
as a fiberwise-deforming morphism over B, is homotopy equivalent to
id A p: (R")T x By U, By — (R")' x By.

Then
h(Up) < h(Uy).

As a special case, if By is a point, the hypothesis is that the map f, restricted to
fixed point sets, /5 h WOS RN WIS : /s(W7), be homotopic to the inclusion of a fiber.

Proof of Proposition 6.2.5. We have the following diagram:

A+ (Wo/5(Bo): R) < . A+ (Wy/5(By): R)

| |

H*H ((RY)* x Bo/s(Bo): R) ¢ o H*H((R)* x By /s(B1): R)
A+ (R)*:R) = RT] < L H*(R)*;R) = R[T]

IR

\/

R[T].
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From this diagram, we obtain
(T 5 (TH),
which implies that #(Ug) < h(Uy). [
Definition 6.2.6. For m,n € Z and S!-ex-space U of SWF type over B, we define
h(=R"®C"Y) = h(U) + n.

Note that this definition is compatible with Lemma 6.2.4.

Definition 6.2.7. For mg, ng, mg,n; € Z and S'-ex-spaces Uy, U; of SWF type
over B, we say that E%moea(cno Up and E%ml eCH U, are locally equivalent if there
isN € Z>o with N +mo, N +no, N +m;, N + n; > 0 and fiberwise-deforming
maps

f: Z§N+MO®CN+HOUO N E§N+ml @CN+n] U ’

N+m N+ny N+mg N+ng
g x§ eCT My,  pRTTTeecT oy,

such that the restrictions
£51 LSRN0 gyt sRYE g st
¢SS WS - =TT W)
are homotopy equivalent to
Id: B x (RY) — B x (R)™T
as fiberwise-deforming morphisms over B.

It is easy to see that the local equivalence is an equivalence relation.

Corollary 6.2.8. I]”E]gmo@cno Up and E%ml eC" U, are locally equivalent,
h(EF " V) = h(SF" O ).
Proof. This is a direct consequence of Proposition 6.2.5. |

Let Y be a closed 3-manifold, ¢ be a Riemannian metric, s be a torsion spin®
structure on Y. Let By be the Picard torus Pic(Y) of Y. Assume that ind Dy = 0 in
K'(By). We take a spectral system

&= (P,QWp.Wo, {15 4w, 2}, 7 b, 0w @ 1)
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for Y. See Definition 3.5.1. Put
Fn:anQns Wn:WP,anQ,n

as before. Take half-integers k4, k_ with k4, k— > 5 and with |k — k_| < % We
have the approximate Seiberg—Witten flow

$n = Pnky k_- (Fn @ Wp) xR — F, @ W,.
Put
An = (Bi (F,[:R) xBy Br_(F;:R)) Xy, (B, (W,": R) xg, Br_(W, ;i R))

for R > 0. Recall that A, is an isolating neighborhood for n > 0 (Theorem 2.3.3).

Lemma 6.2.9. Let U, = (I,, 7y, 5,) be the S'-equivariant Conley index for the iso-
lated invariant set inv(Ay, ¢,) for n > 0. Then U, is of SWF type at level rankg W, .

Proof. We first note that I,, is of the homotopy type of an S!-CW complex by Propo-
sition 3.6.1. The S!-fixed point set (I,,, , sn)S "is the Conley index for

inv(@nlw, . Bey (W,": R) X, Bi_ (W, :R)).

Note that if ¢ = 0, the quadratic terms c1(y), c2(y), Xz (¢) are all zero. See (2.3.3).
Hence the restriction of the flow ¢, to W, is the flow induced by the linear
map —xd |w,. In particular, the flow ¢,|w, preserves each fiber of the trivial bun-
dle W, = By x Li(imd *)ﬁ:‘l over By. Hence there is an equivalence, as ex-spaces,

(I,)S 'S ;V n (In fact, more is true: there is a fiber-preserving homotopy equiva-
lence (In)S] o~ S;V” ) [

Let SWF (Y, s, [©]) be the Seiberg—Witten Floer parameterized homotopy type
(Definition 3.5.8).

Recall that n,f, n,,Q, n,I;V”, n,I:VQ are isomorphisms

Puy1 = Py @ Ckrm,
Qni1 = Qn @ Cro,
W = W,E @ RFw-An,
we, S W, @RW—,

These induce an S!-equivariant homotopy equivalence

kQ.n KW.—.n
H(gni1) = =5 2"ORT = 1(0,)
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for n > 0, whose restriction to the S !-fixed point set is a fiber-preserving homotopy
equivalence. See Theorem 3.1.1. This implies that the number

h(SWF(Y,s,[@])) = h(I(¢n)) — D2

is independent of the choice of n > 0 by Lemma 6.2.4 and Corollary 6.2.8. Here,
DZ = dim(Q, — Qo).

Also, it follows from Proposition 3.4.1 that A(SWF (Y, s, [©])) is independent of
k+.Hence h(SWF (Y, s, [S])) is well defined.

We will introduce another number. We can take a spin® 4-manifold (X, t) with
boundary (Y, s). Since ¢;(t)|y is torsion in H2(Y ; Z), there is a positive integer m
such that

mey(t) € H*(X,Y: 7).

Put )
c1(t)? = E((mcl(t)) Uei(1), [X]) € Q,

where (-, -) is the pairing

HYX,Y:Z)Q Hs(X;Z) — Z.

We define
)2 —o(X
n(Y, g, s, Py) := dimind(Dyx, Py) — M 0)
1 1
= EUD,P() - gr]Y,sigm (6.2.1)

Here, Dy is the Dirac operator on X, ind(D, Pyp) is the index defined in Proposi-
tion 2.1.3 and np, py, Ny,sign are the n-invariants of the Dirac operator and signature
operator. We have used the index formula [5,40]. See also [35, Section 6].

Definition 6.2.10. We define 4(Y, s) € Q by
h(Y,s) = h(SWFY,s,[S]) —n(Y, g, s, Po).

A priori, the expression in Definition 6.2.10 may depend on both the metric and
the spectral system. However, for two spectral systems G, ©; with dimind(Dy, P?)
= dimind(Dy, POI), we see that the h-invariants agree, since SWF (Y, s, [Sy]) differs
from SWF (Y, s, [©1]) by suspension by a virtual complex vector bundle of formal
dimension zero. In order to see this, we first note that S'! -equivariant Borel cohomol-
ogy is an S'-equivariant complex orientable cohomology theory by [12], so that for
an S'-equivariant complex vector bundle V over B and an S !-ex-space (X, r,s) over
B, there is a canonical isomorphism

ﬁ;f““kc Yzl Xx) =~ ﬁ;‘#“‘"“c Y(Th(r*V)) = HE (X).
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Here, v: B — * and we have used (3.6.3). This implies that
h(ZEX) = h(X) + 2rankc V.
It follows in particular that
h(SWF(Y,s,[Go]) = h(SWF (Y, s, [S1])).

Changes in the metric and changes in dimind(Dy, Py) are treated in a similar
way, so we only address the latter. Indeed, if we replace Gy with a spectral system
G so that the K-theory class is

[©1 —©o] = C € K(By),

then
h(SWFY,s,[©1]) = h(SWF(Y,s,[G0])) — 1,
butn(Y,g.s, Py) =n(Y, g, s, PJ) — 1, as needed.
Finally, in the case that b; (Y') = 0, this agrees (by definition) with the §-invariant
defined in [38].
In particular, it is natural to consider the parameterized equivariant homotopy type
of the formal desuspension:

— ,8,9, C Irog
sy lesCsywe(y s (@),

which one can think of as a desuspension so that the grading of a reducible element of
SWF(Y,s,[S]) has been specified. We note that n(S! x S2, g, s, Py) = 0, where g is
the product metric on S! x S2, s is the torsion spin structure and Py is the standard
spectral section (since the Dirac operator has trivial kernel for each flat connection,
this is specified). That is, with our conventions, the grading of each reducible in

Pic(S! x §2) ~ SWF (Y, s,[E])

is zero. This differs from the convention in Heegaard—Floer homology, for which each
reducible should be —%-graded, as in [45].
We will prove a generalization of [20, Theorem 4].

Theorem 6.2.11. Let Yy be a rational homology 3-sphere and Y1 be a closed, ori-
ented 3-manifold such that the triple-cup product

AHY(Y,:Z) - Z,

o] N0y N3 — (Oll UO{2UO[3,[Y1])

is zero. Let (X, t) be a compact, spin® negative semidefinite 4-manifold with boundary
—Yo | [ Y1 such that c1(t)|sx is torsion. Then we have

c1(t)? + by (X)

3 +h(Y0’t|Y0) Eh(Y13t|Y1)'
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Proof. Since the triple-cup product is zero, we have ind Dy; = 0in K 1 (By,) by the
index formula. (See [30, Proposition 6].) Note that the map BF,)(X, t) constructed
in Chapter 5 is a fiber-preserving map. We consider the restriction of 8F7,(X, 1) to
the fiber over a point [0] € By . The restriction B¥[,)(X, ) to the fiber and the duality
map

I,(Yo) A I,(=Yg) — SFn(YO)@Wn(Y())’

defined in [36, Section 2.5], induce an S'-map
ot SRIOOCOT L (vg) — SR OC (1, (Y1) /5 (By,))
for n > 0, where

mo —my = rankg Wy (Y1)™ — dimg Wy (¥o) ™,
no —ny = rankc F,(Y1)” —dime F,(Yo)™,
a = dimind Dy p,
c1(t)* + b5 (X)

= f + n(Yl,g|Y] ’t|Y] ) PO) - n(YOv g|Y07 t|Y0)-

The restriction of f,, to the S!-fixed point set TR (I,,(Yo))Sl is induced by the
operator

D' =@, 70 vy m0ory,): REc(X) = QT (X) & (W_ry)? oo & (Wy)% -

—0o0
The operator D’ is an isomorphism. Therefore the restriction

15 SR (1, (Y0)ST — =R (L)

n

is a homotopy equivalence. Here, [0] € By, is the restriction of [0] € Bx to Y and
(I,,(Yl))ﬁ)l] is the fiber over [0].
By Lemma 6.2.4 and Proposition 6.2.5, we have

c1(t)® + by (X)

8
Remark 6.2.12. There is an apparent discrepancy with the statement of [31, Theorem
4.7]. We note that in the translation between these statements, we expect £(Y, ) to
correspond to w + M, due to the difference in the grading conventions on

4
the reducible; with this observation, the statements are consistent.

+h(Y0’t|Y0) Eh(yl’ﬂYl)' u

Remark 6.2.13. In order to generalize Theorem 6.2.11 to the case by (Yy) > 0, we
need to establish the duality for the Seiberg—Witten Floer parameterized homotopy
types SWF (Yo, tly,. [©]) and SWF(—Yo, t|y,, [S5]) to get the parameterized
Bauer—Furuta map

SWF (Yo, tly,. [Go]) = SWF (Y1, tly,, [©1]).

We do not discuss it in this memoir. See Proposition 3.6.2.
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Corollary 6.2.14. Let Y be a closed, connected, oriented 3-manifold such that the
triple-cup product is zero. Let (X, t) be a compact, negative semidefinite, spin® 4-
manifold with 0X =Y such that c1(t)|y is torsion. Then we have

c1(t)* + b5 (X)

< h(Y,tly).

S < h(¥,tly)
Proof. Removing a small ball from X, we get a compact spin® 4-manifold X’ with
boundary S3 [ Y. Applying Theorem 6.2.11 to X', we get the inequality. |

Example 6.2.15. Let 72 be a torus (R/Z) x (R/Z). Put
Y :=RxT?/(x,61,6,) ~ (x +1,—6;,—6,).
Then Y is a flat 72 bundle over S, which has a flat metric and b;(Y) = 1. We have
H>(Y:Z) = H\(Y:Z) =7 & (Z)27) ® (Z/27).

There are four spin® structures s, . . ., $3. Let $¢ be the spin€ structure corresponding
to the 2-plane field tangent to the fibers. As stated in Example 4.2.2, for j = 1,2, 3,
(Y, ;) satisfies the conditions of Theorem 4.1.2. We have

SWF(Y,s,[G]) = Sgy.
Here, @ is a spectral system with Py = 80(D)°_oo. As stated in [24, p.2112],
n(Y,sj.g,Py) =0
for j = 1,2, 3. Therefore we obtain
h(Y,s;) =h(SWF(Y,s,[©]) —n(Y,s;,g, Py) =0.

Example 6.2.16. Let X be a closed, oriented surface with g(X) > 0 and Y be the
sphere bundle of the complex line bundle over X of degree d. Suppose that 0 <
g < d, where g := g(X). Let s, be the spin® structure in Proposition 4.2.3. For
qef{g.g+1,...,d —1}, we have

SWF(Y,34,[C]) = Sp

by Theorem 4.2.5. Here, @ is a spectral system with Py = Eo(D;)° .. The value of
n(Y, gr sq, Py) was computed in [24, Section 8.2] and we have

d—1 (g-1-q)d+g—1-¢q)
8 2d '

(Note that the definition of n(Y, g, s4, Po) of this memoir is —1 times that of [24].)
Hence

n(Y, gr,sq, Po) = — (6.2.2)

h(Y,s4,8) = h(SWF(Y,s4,[@])) —n(Y, g, 54, Po)

_d-1 -1-9d+g-1-9)
8 2d '
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6.3 K -theoretic Frgyshov invariant

In analogy to the previous section on the (homological) Frgyshov invariant, we now
generalize the invariant k(Y) constructed in [37]. For details on Pin(2)-equivariant
complex K-theory, we refer to [37].

Let R be the nontrivial real representation of Pin(2) = S![]jS!. Let B be a
compact, connected Pin(2)-CW complex with a Pin(2)-fixed marked (though we do
not consider B itself to be an object in the category of pointed spaces) point by €
BP"2) such that the S!-action on B is trivial and the action of j is an involution.

Definition 6.3.1. Let U = (W, r, s) be a well-pointed Pin(2)-ex-space over B such
that W is Pin(2)-homotopy equivalent to a Pin(2)-CW complex. We say that U is of
SWFE type at level ¢ if there is an ex-space Pin(2)-homotopy equivalence from ws!
to ng and if the Pin(2)-action on W \ WS s free.

As before, in fact for us there is the stronger condition that there is a fiber-
preserving (equivariant) homotopy equivalence WS g S}ft.
Let R(Pin(2)) be the representation ring of Pin(2). That is,

R(Pin(2)) = Z[z, w]/(w? — 2w, zw — 2w),
where
w=1-[C], z=2-[H].
We will generalize [37, Definition3] to Pin(2)-ex-spaces.

Definition 6.3.2. Let U = (W, r, s) be a well-pointed Pin(2)-ex-space of SWF type
at level 2¢ over B so that W is Pin(2)-homotopy equivalent to a Pin(2)-CW complex.
We denote by I'5 (U) the submodule in K7/, (B), viewed as a module over R(Pin(2)),
generated by the image of the homomorphism induced by the inclusion ¢: WS w:

~ * o~ 1 ~ Ct
Rrin2)(W/5(B)) = Kpinay(WS' /5(B)) = Kein() (S A By)
= Kz/2(B).

We obtain a more specific invariant by considering only a single fiber. Let I(U)
denote the ideal in R(Pin(2)) which is the image of

~ o~ 1

Kein2)(W/5(B)) — Kin) (W /5(B))

= Kona)(SC' A B+) = Koy (ST R) = R(Pin(2))

obtained using the inclusion of a fiber S RY _, SR A B4, over the marked point

bo € B Tn particular, the invariant k (U) depends on a choice of the point by € B,
which does not appear in the notation.
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We define k(U) € Zx¢ by
k(U) = min{k €Zso:3x € I(U), wx = 2kw}.

If 7(U) is of the form (z¥) for some nonnegative integer k, we say that U is Kpin2)-
split.

Lemma 6.3.3. ~
k(25U0) = k(U), k(EHU) = k(U) + 1.
Proof. Since
(=Sw)/s(B) = SCW/s(B),
(ZEW)/s(B) = S [W/s(B)],

we can apply [37, Lemma 3.4]. |

Proposition 6.3.4. Let Uy = (W, ro, s0), Uy = (W, 11, 81) be Pin(2)-ex-spaces of
SWF type at level 2ty, 2ty over By and Bi, and assume we are given an inclusion
p: Bo — Bj. Let pyUy denote the pushforward of Uy, as an ex-space over By. Assume
that there is a fiberwise-deforming S'-map

f:pUo — Uy
such that the restriction to
fslilolwos1 - W1S1’
as a fiberwise-deforming morphism over B, is homotopy equivalent to
€U p: ((C)* x By) Ug, By — (C'")* x By,

where £ is the map on one-point compactifications induced by a map of representa-
tions C' — C", which is an inclusion if ty < t1. Say that p sends the marked point
b() € By to b1 € By:

(1) Ifty < t1, we have
k(Ug) + to < k(Uy) +11.

(2) Ifto < t1 and Uy is Kpin2)-split, we have

k(Uo) +to+1< k(Ul) + 1.
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Proof. We have the following commutative diagram:

~ f* ~
Kpin2)(Wo/s0(Bo)) < Kpin2) (W1 /51(B1))
0 g
~ ~ (Lup)*
Kpin(2)((C™)* x Bo) U, Bi1/s(B1)) +—— Kpin2y((C")* x B1/s(B1))
* ok
~ ~ K* ~ ~
Kpin2) ((C)T) < Kpin2)((C1)T)
-wtO -wtl
Kpin2)(5°) < o Kpin(2)(S).

Here we have used ¢ to denote various inclusions. Note that f* in the first row is well
defined, because s¢(Bo) C so(B1), using the definition of the pushforward p;Uy (this
does not require that p be an inclusion). In fact, more is true, in that pyWy/so(B1) is
exactly Wy/so(By).

We can apply the arguments in the proofs of [37, Lemmas 3.10 and 3.11] so that
the result follows. ]

Definition 6.3.5. For m,n € Z and Pin(2)-ex-space U of SWF type at even level, we
define
R2m n
k(ZRTOHU) = k(U) + n.

Note that this definition is compatible with Lemma 6.3.3.

Definition 6.3.6. For mg,ng,my,n, € Z and Pin(2)-ex- spaces Uy, U; of SWF type

at even level over B, we say that ZR 0®Hn0U and ER ml@HHlUl are locally

equivalent if there are N € Z with N + mo, N +no, N +my, N +n; >0 and
Pin(2)-fiberwise deforming maps

2N +mg) N +n R2N +m ) o N +n
f1 E% 0)pH ()UO N 2% DeoH 1U1,

. @2(N+ml)®HN+I11 @2(N+M())®HN+I‘[()
o U, - =R Uo

’

such that the restrictions

1 R2(N +mg) 1 m2(N+mp) 1 1 R2(N+my) 1 R2(N +mg) 1
VARED> TR D > S D > S IR O S V1
are homotopy equivalent to

Id: B x (R")" — B x (R)™T

as Pin(2)-fiberwise-deforming morphisms.
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Corollary 6.3.7. If Eﬂgzmo@HnoUo and E%zml@HmUl are locally equivalent, we
have
R2mo SH"0 R2m1 OH"1
k(Zg Ug) = k(Zp Uy).

Proof. This is a direct consequence of Proposition 6.3.4. |

Let s be a spin structure (not just a self-conjugate spin® structure, although we will
also write s for the induced self-conjugate spin® structure) of Y. Then the Seiberg—
Witten equations (2.3.4) and the finite-dimensional approximations (2.3.10) have
Pin(2)-symmetry. Let By be the Picard torus of Y, which is homeomorphic to the
torus Ro1®) /2210 wwhere we have chosen coordinates so that 0 € R21™) corre-
sponds to the selected spin structure on Y. We choose [0] € By as base point. Assume
that ind Dy = 0 in KQ'(By). By Theorem 2.4.8, we can choose a Pin(2)-spectral
system

&= (P,QWp,Wo, {1 }n, 02}, 0" bn, i @ 3n)

for Y. Put
Fn:Panns WnZWP,anQ,n'

We have the Pin(2)-equivariant Conley index (1, r,, 5, ) for the isolated invariant set
inv(An, 9k, k_n) forn > 0.

Lemma 6.3.8. The Pin(2)-equivariant Conley index (I, 1y, sy) is of SWF type at
level rankg W,~ for n > 0.

Proof. The proof is similar to that of Lemma 6.2.9 and omitted. ]

Let SWF Pin(2)()’, s, [©]) be the Pin(2)-Seiberg—Witten Floer parameterized
homotopy type. As before, the local equivalence class of SWF Pin(2)(Y, s, [@]) is
independent of k1, n. See [49] for the study of the local equivalence class of the
Pin(2)-Seiberg—Witten Floer homotopy type in the case b;(Y) = 0. We may assume
that dimg W, are even for all n. Then we have the well-defined number

k(SWFP® (v, 5. [@))) € Z.

Definition 6.3.9. Fix (Y, ) as above. We define (Y, s) € Q U {—o0} by
: 1

K(Y,s) := inf 2(k(swszf*’m(2)(y, 5, [8]) — =n(Y. g, 5, Po)).
8,6 2

We say that (Y, s) is Floer Kpiy2)-splitif (1,1, 75, 5,) iS Kpin(2)-split for n large, where
(I, ryn, $y) realizes equality in the definition of « (Y, s).

Note that this invariant indeed depends a priori on s as a spin structure, in what
we have chosen as the marked point in By that is used in the definition of «.
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Unlike the case for homology, we have not shown that the invariant
k(SWFPO (Y. 5.[€])

is invariant under changes of spectral section that lie in @(B) (essentially since we
do not have access to a notion of Pin(2)-complex orientable cohomology theories).
We expect that the quantity appearing in the inf is, in fact, independent of [S], how-
ever.

We do not know whether a self-conjugate spin® structure may have different «-
invariants associated to different underlying spin structures. The invariant « (Y, ), for
Y a rational homology 3-sphere, agrees with Manolescu’s definition [37], by con-
struction.

Corollary 6.3.10. The reduction mod2 of the k invariant satisfies
w(¥,s) =«k(Y,s) mod 2,
where (Y, s) is the Rokhlin invariant of (Y, s).

Proof. Indeed, n(Y, g,s, Pp) mod 2 is the Rokhlin invariant of (Y, %) by its construc-
tion. The corollary then follows from the definition of k and the fact that k is an
integer. u

Corollary 6.3.10 indicates that « (Y, s) may depend on s, as a spin structure. Note
that if (Y, ) admits a Pin(2)-equivariant spectral section, for a self-conjugate spin®
structure s, then w(Y, —) is constant on all spin structures underlying s; by Lin’s
result [33], this condition, coupled with the triple-cup product vanishing, charac-
terizes 3-manifolds which admit a Pin(2)-equivariant spectral section. However, if
the Pin(2)-equivariant K-theory could be extended to 3-manifolds without a Pin(2)-
spectral section, so that Corollary 6.3.10 held, it would of course also imply that
k (Y, s) depends on the spin structure and not just the spin® structure.

Using our invariant (Y, ), we can prove a %-type inequality for smooth 4-
manifolds with boundary, which generalizes the results of [21] and [37].

Theorem 6.3.11. Let (Y, s9) be a spin, rational homology 3-sphere and (Y1, s1) be
a closed, spin 3-manifold such that the index ind Dy, is zero in KO! (By,).

(1) Let (X, t) be a compact, smooth, spin, negative semidefinite 4-manifold with
boundary —(Yo, s0) | [(Y1, %1). Then we have

1 _
gbz (X) + k(Yo,90) < k(Y1,%1).
(2) Let (X,t) be a compact, smooth, spin 4-manifold with boundary —(Yy, s0) | |
(Y1,91). Then we have
o(X)

—g tK(o,s0) =1 = bT(X) + k(Y1,31).
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Moreover, if Yy is Floer Kpin(a)-split and b* (X) > 0, we have

o(X)
8
Proof. Let [0] € By = Pic(X) be the element corresponding to the flat spin connec-
tion. Recall that BF ) is a fiber-preserving map. The restriction BF (X, t) to the
fiber over [0] and the duality map

+k(Yo.90) +1 <bT(X) + «(Y1,31).

I (Yo) A In(=Yo) — §FnT0)@WalXo)
defined in [36, Section 2.5], give a Pin(2)-map
S TGO L () — SR OH (1, (v,) /5, (By, )
such that
u((ER"OPE 1, (vg))S) € (B O 1, (1)) S
Ful(SRTOSH L, (1)) @) < (2R OH 1 (1) P
Here, [0] € Pic(Y7) is the element corresponding to the flat spin connection, and

mo —my = rankg Wy, (Y1)™ — dimg W, (Yo)™ — b (X),
no—np = rankH Fn(Yl)_ - dimH Fn(Y())_
1 1 o(X)
+ En(Yl7g|Y1 7t|Y1 ’ PO) - En(Y()? le()v 1.lY()) - T

The restriction of f; to (E]ﬁmo@Hm 1,(Yo))S " is induced by the operator
(@, 70 oy, 70 r1): R (X) = QT (X) & (Wory)20 ® (Wy, 101) 00
and is a homotopy equivalence
(SOOI [, (Yg)) @ — (SR OH [, (1) g) P

indeed, both of these are just S° consisting of 0 and the base point. Moreover, if
b+ (X) = 0, the restriction of f, to (SR"°®H"0 1 (¥())S' is a Pin(2)-homotopy
equivalence _ _

=R L (Yo)S" — SR L))

‘We may assume that m(, m; are even and we can use Proposition 6.3.4 (1) to get the
first statement. B B

If bT(X) is even, SR7COH"C 1 (¥y) and TR ®H" 1 (¥,) are of SWF type at
even levels and we can apply Proposition 6.3.4 (1), (2) to f;, to obtain the second state-
ment. If ¥ (X) is odd, we take a connected sum X#S52 x S2, and then we can apply
Proposition 6.3.4. In this second part, we take advantage of the fact that k (¥, s) mod 2
agrees with the Rokhlin invariant, as is used in [37, Proof of Theorem 1.4]. [
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Corollary 6.3.12. Let (X,t) be a compact spin 4-manifold with boundary Y . Assume
that the index bundle ind Dy is zero in KQ'(By). Then we have

_0X) ) 4 (Y tly).

Moreover, if bT(X) > 0 we have

0§”+1sb+a)+wnﬂw.

Proof. Removing a small disk from X, we get a bordism X’ with boundary S3[] Y.
Since k(S3) = 0 and S3 is Floer Kpi(2)-split, applying Theorem 6.3.11 to X', we
obtain the inequalities. |

Since the spin bordism group Q75 ™ is zero, we obtain the following.
Corollary 6.3.13. «(Y,s) > —o0.

Example 6.3.14. Let s be a spin structure on S! x §2. Since S! x $2 has a posi-
tive scalar curvature metric g, the conditions of Theorem 4.1.2 are satisfied. Hence
SWF(Y,s,©) = SgY. Here, @ is a spectral system with Py = &¢(D)? .. Also we
have n(S! x §2, g, s, Py) = 0, because there is an orientation-reversing diffeomor-
phism of S! x S2. So we obtain

/c(S1 X Sz,s) <0.

Note that s extends to a spin structure t on S x D3. Applying Theorem 6.3.12 to
(ST x D3)#(52 x §?), we get k(S x §2,5) > 0. Hence

k(S x S%,5)=0.

If X is a compact, oriented, spin 4-manifold with boundary S! x S? and with
bT(X) > 0, we have

“§)+155WX)

by Corollary 6.3.12. This inequality can be also obtained from the %—inequality [21]
for the closed 4-manifold X U (S! x D?) and the additivity of the signature.

Example 6.3.15. Let Y be the flat 3-manifold and s1, 35, $3 be the spin® structures
in Example 6.2.15. As in Example 6.2.15, for any underlying spin structure, we have

k(Y,s;) <0

for j = 1,2.3.
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Example 6.3.16. Let p: Y — X be the sphere bundle of the complex line bundle
Ng on a closed, oriented surface X of degree d. Assume that d is even and that
0<g@)< % + 1. Using a connection on N;, we have an identification

TNy = p*TX ® p*Ny.
Lets: Y — p*Ng|y be the tautological section. Then we have
TY = p*TZ @ iRs. (6.3.1)

Choose sp1n structures of ¥ and N,. Th1s is equlvalent to choosrng complex line

bundles K%, N2 and isomorphisms K2 ® K2 ~ Ky, N2 ® N2 >~ N,. Also we
consider the natural spin structure of the trivial bundle i Rs. The spin structures of %,

iRs and (6.3.1) induce a spin structure s’ on Y. Note that p*(N; 3 ®N; ) ~ p*Nyg =
C and hence the structure group of p Nd2 is {£1}. Put s = s ®p N2 Then s is

a spin structure of Y with spinor bundle S = p ((KZ <) KE) ®N; ). The spin®
structure induced by s is Se 144 of Proposition 4.2.3. Since g < g —1+ % <d,
we can apply Theorem 4.2.5 and we get

SWFPA (v, 5, [@]) =~ S9.
Here, G is as in Theorem 4.2.5. Takingg tobe g — 1 + % in (6.2.2), we have
n(Y,s, gr, Po) = ¢

Thus we obtain
(¥,8) < -
k(Y,s) < ——.
8






Appendix A

The Conley index and parameterized stable homotopy

In this appendix we define the category in which the Seiberg—Witten stable homotopy
type lives, and variations thereon, as well as some background on the Conley index.
Let G be a compact Lie group for this section. In Section A.1 we define parame-
terized homotopy categories we will be interested in. In Section A.2 we give basic
definitions for the Conley index. In Section A.3 we give a definition of spectra suit-
able for the construction. The main point is Theorem A.2.1, which states that the
parameterized homotopy class of the (parameterized) Conley index is well defined as
a parameterized equivariant homotopy class in K¢,z .

A.1 The unstable parameterized homotopy category

This section is intended both to introduce some notation and to point out that the
notions introduced in [43] are compatible with parameterized, equivariant homo-
topy theory, as considered in [16,39]." In the first part, we follow the discussion of
Costenoble—Waner [ 16, Chapter II] and Mrozek—Reineck—Srzednicki [43, Section 3].
In particular, we will occasionally use the notation of model categories, but the reader
unfamiliar with this language may safely ignore these aspects. The main points are
Lemma A.1.4, which lets us translate properties from the language of [43] to that
of [39], and Proposition A.1.6, which is used in describing the change of the Con-
ley index of approximate Seiberg—Witten flows upon changing the finite-dimensional
approximation.

Definition A.1.1. Fix a compactly generated space Z with a continuous G-action. A
triple U = (U, r, s) consisting of a G-space U and G-equivariant continuous maps
r:U — Zands: Z — U suchthatr o s = idz is called an (equivariant) ex-space over
Z.? Let K¢,z be the category of ex-spaces, where morphisms (U, r,s) — (U’,r’,s')
are given by maps f:U — U’ sothatr’ f = r and fs = s'.

In comparison to the ordinary homotopy category, passing to the parameterized
homotopy category results in many more maps (for a highbrow definition of the
parameterized homotopy category, refer to Remark A.1.3).

!Establishing that [43] and [16, 39] are compatible is, in fact, straightforward. However, at
the time that [43] appeared, the May—Sigurdsson parameterized homotopy category had not yet
appeared.

%In [43], ex-spaces are called fiberwise-deforming spaces.
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Definition A.1.2. A fiberwise-deforming map f:U — U’ is an equivariant contin-
uous map f: (U,s(Z)) — (U',s'(Z)) so that ¥’ o f is (equivariantly) homotopic
to r, relative to s(Z). We say that fiberwise-pointed spaces U and U’ are fiberwise-
deforming homotopy equivalent if there exist continuous G -equivariant maps f:U —
U, g:U" — U so that

fos=y, gos' =s,
r'o f ~rrels(Z), rog~r'rels'(Z),
go f ~idyrels(Z), fog~idy rels'(Z).

We write [U] for the fiberwise homotopy type of U. We will call a fiberwise-deforming
map, along with the choice of a homotopy / between r’ o f and r, a lax map, follow-
ing [16].

We can also consider homotopies of fiberwise-deforming maps. A homotopy
of fiberwise-deforming maps will mean a collection of fiberwise-deforming maps
F;:U — U, sothat F:U x I — U’ is continuous. Homotopy of lax maps is similar,
but requiring that the homotopy involved in the definition of a lax map is compatible,
as we will define below.

Remark A.1.3. There is a model structure (what May-Sigurdsson call the g-model
structure) on Kg,z given by declaring a map in K¢,z to be a weak equivalence,
fibration, or cofibration, if it is such after forgetting the base Z, but May—Sigurdsson
point out technical difficulties with this model structure. They define a variant, the
q f-model structure on Kg,z, whose weak equivalences are those of the g-model
structure, but with a smaller class of cofibrations. Let Ho K,z denote the homotopy
category of the g f-model structure; we call this the parameterized homotopy category
and write [ X, Y|,z for the morphism sets of Ho K,z — these turn out to be the same
as the lax maps X to Y up to homotopy, as in [16, Section 2.1].

Let A Z denote the set of Moore paths of Z:
AZ ={(A,0) € 21T x [0, 00) : A(r) = A(£) for r > ¢}
Recall that Moore paths have a strictly associative composition:

A?) ift <¥,,
Ap) (1) = .
u—1=2y) ift > 4¢,.
Given r: X — Z, the Moore path fibration LX = L(X,r) is defined by
LX =X xz AZ,

and there is an inherited projection map Lr: LX — Z by Lr((x,A)) = A(00), as well
as an inherited section map Ls: Z — LX given by Ls(b) = (s(b), b), the path with
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length zero at s(b). Finally, there is a natural inclusion ¢: X — LX, which is a weak-
equivalence on total spaces, and hence a weak equivalence in the g f -model structure.

Note that a lax map X — Y is equivalent to the data of a genuine map X — LY
in K,z (using that Y and LY are weakly equivalent, and basic properties of model
categories). In particular, any lax map defines an element of [X, Y]g,z, which may
or may not be represented by a map X — Y in Kg,z. The following lemma is then
immediate from the definitions.

Lemma A.1.4. Fiberwise-deforming homotopy-equivalent spaces are weakly equiv-
alent in Xg.z.

A homotopy between lax maps fo: X — Y and f1: X — Y isalax map X Az
[0,1]+ — Y so that f|x.; = f; fori =0, 1. By [16, Section 2.1] the homotopy
classes of lax maps are in agreement with [X, Y]g,z.

We will encounter collections of fiberwise-deforming spaces related by suspen-
sions. We have the following definition.

Definition A.1.5 ([43, Section 3.10]). Let U = (U, r,s) and U = (U’, r’, s) be ex-
spaces over Z, Z', where U, Z are G-spaces and U’, Z' are G’-spaces, for G, G’
compact Lie groups. Define an equivalence relation ~, on U x U’ by (u,u’) ~A
(v, V) if (u,u’) = (,v)oru=ves(Z),rw)=r'@)orr(u) =r),u =v'e
s'(Z"). Define the fiberwise smash product by

UANU :=UxU") ~,.

We call an ex-space U well pointed if the inclusion s(Z) — U is a cofibration in
the category of G-spaces. That is, we require that s(Z) C U admits a G-equivariant
Strgm structure (for a definition see [43, Section 3]). We record the following result
from [43] (the proof in the equivariant case is identical to that for the nonequivariant
case).

Proposition A.1.6 ([43, Proposition 3.10]). Assume that U, U, V, V' are fiberwise
well-pointed spaces, with [U] = [U'] and [V] = [V']. Then [U A V] = [U' A V]

There is also a pushforward for ex-spaces defined in [39]. Fix an ex-object U
givenby Z -5 U —" Z and amap f:Z — Y. Define /fU = (/iU, 1, q) by the
retract diagram

N+— c«—N
=
Ne—F e~

|
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where the top square is a pushout, and the bottom is defined by the universal property
of pushouts, along with the requirement that g o t = id.

Proposition A.1.7 ([39, Proposition 7.3.4]). Say that U and U’ are weakly equivalent
G-ex-spaces. Then /iU ~ fiU'.

Note the simple example that for U a sectioned spherical fibration over Z, and
f:Z — « the collapse, fiU is the Thom complex.

For W areal G-vector space and U € K¢, z, we define SYU=UAWT, where
W is considered as a parameterized space over a point (we consider U A W as a
G -fiberwise deforming space by pulling back along the diagonal map G — G x G).
By Proposition A.1.7, this is well defined on the level of homotopy categories.

Remark A.1.8. For two ex-spaces U, U’, there is a fiberwise product U x z U’, which
is naturally an ex-space (whose structure maps are inherited from the universal prop-
erties of pullbacks), and similarly we obtain a fiberwise smash product U Az U'.
That is, we have a functor Az:Ho K,z x Ho Kg,z — Ho Kg,z. By [39, Proposi-
tion 7.3.1], Az descends to homotopy categories. The main implication of this from
our perspective is that it is legitimate to suspend Conley indices by nontrivial sphere
bundles over the base Z.

Definition A.1.9. Fix B a finite G-CW complex. The G-equivariant parameterized
Spanier—Whitehead category PSWp is defined as follows. The objects are pairs
(U, R), also denoted by E§U, for U an element of K¢,z (with total space U a finite
G-CW complex) and R a virtual real finite-dimensional G-vector space (in a fixed
universe). Morphisms are given by

hom((U, R), (U', R")) = colimy [EW XU, W +R'U'|6 5.

where the colimit is over sufficiently large W. A stable homotopy equivalence in
PSWg,p will be a stable map that admits some representative which is a weak equiv-
alence. We write (U, R) ~pgw (U, R) to denote stable homotopy equivalence, omit-
ting the subscript if clear from the context. A parameterized G-equivariant stable
homotopy type is an equivalence class of objects in PSWg, p up to stable homotopy
equivalence.

In Definition A.1.9, the colimit may be taken over any sequence of representations
which is cofinal in the universe. In particular, in the case of S! and Pin(2)-spaces, we
will fix the following definitions.

Let Ug1 = C®>® @ R®>, where C is the standard representation of U(1), and R
is the trivial representation. Let Upip(2) = H®>® ¢ IZR@“’, where H is the quaternion
representation of Pin(2) and R is the sign representation. There is a full subcategory
€1 of PSWg1_p obtained by considering only those spaces (U, R) with R = C®" &
R®™ with m,n € Z; we use the shorthand (U, —2n, —m) to denote (U, R) in Cg1.
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Note that every element of PSWg1 g on Ug: is stable homotopy equivalent to an
element of Cg1. Similarly, we write Cpi,(2) for the subcategory whose objects are
tuples (U, R) in PSWpiy(2),p With

R = H@n @H’i@m'

We write (U, —4n, —m) for the resulting element (so that the notation is consistent
with the forgetful functor from Pin(2)-spaces to S !-spaces).

We note that PSW,, the parameterized Spanier—Whitehead category over a point,
is exactly the ordinary Spanier—Whitehead category. The next lemma follows from
the definitions.

Lemma A.1.10. Let f: B — *. There is an induced functor fi: PSWp — PSW,
defined by fi(U, R) = (£iU, R) so that (U, R) ~psw, (U', R') implies fi(U, R) ~pgw,
AU, R).

We have the following corollary.

Corollary A.1.11. Let f: B — *. Then stable-homotopy equivalence classes in
PSWpg give well-defined stable-homotopy classes in PSWi.

Finally, we remark that May—Sigurdsson [39, Chapters 20-22] define many par-
ameterized homology theories, suitably generalizing the usual definition of a (usual)
homology theory, and giving convenient invariants from objects of PSW.

A.2 The parameterized Conley index

In this subsection we review the parameterized Conley index from [43] (see also
Bartsch [7]); we note that we work in considerably less generality than they present.
We start by giving the basic definitions in Conley index theory, following [35, Sec-
tion 5]. Note that the authors of [43] work nonequivariantly; the proofs in the equiv-
ariant case are similar.

Let M be a finite-dimensional manifold and ¢ a flow on M ; for a subset N C M,
we define the following sets:

Nt ={xeN:Vi>0, ¢/(x) € N},
N™={xeN:Vt <0, g;(x) € N},
inN=NTnnN".
A compact subset S C M is called an isolated invariant set if there exists a com-
pact neighborhood S C N so that S = inv(N) C int(N). Such a set N is called an
isolating neighborhood of S.

A pair (N, L) of compact subsets L C N C M is an index pair for S if the
following hold:
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(1) inv(N\ L) =S Cint(N \ L).

(2) L is an exit set for N, that is, for any x € N and ¢ > 0 so that ¢;(x) ¢ N,
there exists T € [0,7) with ¢, (x) € L.

(3) L is positively invariant in N . That is, for x € L and ¢ > 0, if 9 ;1(x) C N,
then ¢po,1(x) C L.

For an index pair P = (P71, P») of an isolated invariant set S, we define 7p: P —
[0, oo] by

sup{t > 0: ¢o,(x) C Py \ Pz} ifx e P\ Ps,

p(X) =
P {o ifx € P,

We say that an index pair P is regular if tp is continuous.
For Z a Hausdorff space, w: M — Z a continuous map, and a regular index pair
P = (P, P»), define the parameterized Conley index 1,(P) as Py Uolp, Z, namely,

1,(P)=(Zx0)U (P x1)/ ~,

where (x, 1) ~ (w(x),0) forall x € P, x 1.

The space 1, (P) is naturally an ex-space, with embedding sp: Z — [, (P) given
by z — [z,0], and projection rp: I, (P) — Z given by rp([x, 1]) = w(x), rp([z,0]) =
z. By construction, rp o sp = idz.

For Z = %, we sometimes write /*(P) for I,(P), to specify the “unparameter-
ized” Conley index.

Theorem A.2.1 ([43, Theorem 2.1]). If P and Q are two regular index pairs for an
isolated invariant set S, then (I,(P),rp,sp) and (1,(Q),rg,sg) have the same
equivariant homotopy type over Z, and are both fiberwise well pointed.

Proof. In [43] it is proved that the two indices have the same fiberwise-deforming
type; Lemma A.1.4 then implies the statement. The well-pointedness is [43, Proposi-
tion 6.1]. [

Definition A.2.2 ([13], [47, Definition 2.6]). A connected simple system is a collec-
tion /o of pointed spaces along with a collection of I; of homotopy classes of maps
among them, so that

(1) for each pair X, X’ € Iy, there is a unique class [ f] € I;, from X — X';

(2) for f, f' € I, with f: X — X" and f": X’ — X", the composite f' o f is
in Ip;

(3) foreach X € Iy, the morphism f: X — X is [id].

Of course, the notion of a connected simple system has an obvious generalization
in any category with an associated homotopy category.
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Theorem A.2.3 ([47]). Fix notation as in Theorem A.2.1. The unparameterized Con-
ley indices I*(P) = 1,(P)/Z, ranging over regular index pairs for S, form a con-
nected simple system.

We conjecture that in fact the parameterized Conley indices also have this prop-
erty.

Conjecture A.2.4. Fix notation as in Theorem A.2.1. Then the parameterized Conley
indices (I, (P),rp,sp), running over all regular index pairs for the isolated invariant
set S, form a connected simple system.

In Chapter 3 we encounter the parameterized Conley indices for product flows.
We have the following theorem.

Theorem A.2.5 ([43, Theorem 2.4]). Let S, S’ be isolated invariant sets for ¢, ¢'.
Then

Toxaw (S % A @ X (,0/) >~ 1,(S,9) A Iw’(S/’ ﬁﬂ/)-
Moreover, the usual deformation invariance of the Conley index continues for the
parameterized Conley index.

Theorem A.2.6 ([43, Theorem 2.5], [47, Corollary 6.8]). If N is an isolating neigh-
borhood with respect to flows ¢* continuously depending on A € [0, 1], with a con-
tinuous family of isolated invariant sets S  inside of N, then the fiberwise-deforming
homotopy type of 1,(S*, ¢*) is independent of A.

In the case of the unparameterized Conley index, for each A1, A, € [0, 1], there is
a well-defined, up to homotopy, map of connected simple systems:

F(A A2): T*(S* . @) — 1(572,9™).
Furthermore, for all A1, A2, A3 € [0, 1],
F(Az,k:;) o F(Al,kz) ~ F(A],l:;),
F(A1, A1) ~id.

Lemma A.2.7. Fix aflow ¢ on a manifold X, along with a map p: X — B, and write
7. B — x as the map collapsing B to a point. Then the pushforward of the parame-
terized Conley index 1(¢), namely m1(p), is the ordinary Conley index 1" ().

Proof. This is immediate from the definitions. ]
We also note the behavior under time reversal.

Theorem A.2.8 ([15, Theorem 3.5], [38, Proposition 3.8]). Let M be a stably paral-
lelized G-manifold for a compact Lie group G. For ¢ a flow on M, the (unparame-
terized) Conley index of an isolated invariant set S with respect to the time-reversed
flow —@, denoted I (S, —), is equivariantly Spanier—Whitehead dual to I%(S, ¢).
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A.3 Spectra

For G a compact Lie group, we define a G-universe U to be a countably infinite-
dimensional orthogonal representation of G.

Definition A.3.1. Let U be a universe with a direct sum decomposition U =
@;_, V>, for finite-dimensional G -representations V;. A sequential G-spectrum X
on U is a collection X(V') of spaces, indexed on the subspaces of U of the form
V = @7:1 Viki for some k; > 0, along with transition maps, whenever W C V,

ov_w: VW XW) > X(V),

where V' — W is the orthogonal complement of W in V. For V' = W, the transition
map is required to be the identity, and the maps ¢ are required to be transitive in the
usual way. The space X (V') is sometimes referred to as the V'th level of the spectrum.
If oy _w is a homotopy equivalence for V', W sufficiently large, we say that X is
a G-suspension spectrum.
We will only work with suspension spectra in this memoir.

A morphism of spectra X — Y will be a collection of morphisms
v X(V) = Y(V)

compatible with the transition maps.
We will also consider a generalization of morphisms, as follows.

Definition A.3.2. A weak morphism of spectra ¢: X — Y is a collection of mor-
phisms
v X(V) > Y(V)

for V sufficiently large, so that the diagram

w-v =W Ver w-v
YV x(w) —— 2 sW-Vy ()

| |

X(W) > Y(W)

ow

homotopy commutes for W sufficiently large. Weak morphisms ¢y, ¢; are said to be
homotopic if there exists a weak morphism ¢po 17: X A [0, 1] — Y restricting to ¢;
at X A{j}forj =0,1.

We will also need the notion of a connected simple system of spectra. Indeed,
instead of using the direct generalization for spaces, the Seiberg—Witten Floer spec-
trum, as currently defined, requires that we work with weak morphisms instead, as
follows.
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Definition A.3.3. A connected simple system of G-spectra is a collection Iy of G-
spectra, along with a collection /; of weak homotopy classes of maps between them,
so that the analogs of (1)—(3) of Definition A.2.2 are satisfied.

Remark A.3.4. In Section 3.5 we could have used nonsequential G-spectra, but we
have no need for the added generality in the memoir, and it slightly complicates the
notation.

Remark A.3.5. If higher naturality is established for the Conley index, then it would
be possible to replace weak morphisms in the definition of SWF, and Definition A.3.3
could be replaced with ordinary morphisms of spectra.






Afterword: Finite-dimensional approximation
in other settings

Outside of Seiberg—Witten theory, we expect that the notion of parameterized finite-
dimensional approximation may be applicable in some cases in symplectic topology.
The methods of this memoir rely, roughly speaking, on a few special features of the
Seiberg—Witten equations, relative to other Floer-type problems:

(1) The configuration space is naturally a bundle over a compact, finite-dimen-
sional manifold.

(2) Bubbling phenomena do not occur.

(3) With respect to the bundle structure in (1), the Seiberg—Witten equations are
“close to linear” on the fibers.

(4) Thereis arelatively good understanding of the spectrum of the Dirac operator.

Perhaps the item most likely to elicit worry more generally is (1). However, we note
that it is classical that for any compact subset K of a Hilbert manifold, there is an
open sub-Hilbert-manifold B containing K which is diffeomorphic to the total space
of a Hilbert bundle over a compact finite-dimensional manifold.

Lemma 1. Let M be a separable Hilbert manifold and K C M a compact subset.
Then there exists some open U D K diffeomorphic to V x H, where H is a separable
Hilbert space, and V' is a finite-dimensional smooth manifold.

Proof. By compactness, choose a good open cover €’ of K, with finite subcover € =
{U;}i, which is once again good, with U = | J; U;. The nerve N(€) is then homo-
topy equivalent to U. Moreover, N(€) may be embedded in some finite-dimensional
Euclidean space and has a regular neighborhood which is a smooth manifold V', with
N(€) >~ V. By [10,41], separable infinite-dimensional homotopy-equivalent Hilbert
manifolds are diffeomorphic. Then V x H is diffeomorphic to U, as needed. n

In particular, (1) holds locally around the moduli space (of gradient flows of the
Chern—Simons functional, symplectic action, etc.) in many situations of interest (there
is the technical point that a version of Lemma 1 which respected Li-norms for mul-
tiple values of k would be more appropriate, but we have not attempted it). Although
it is not at all clear how to perform finite-dimensional approximation in the presence
of bubbling, nonetheless items (2) and (4) also hold in various geometric situations.
The problem then amounts to establishing appropriate versions of (3) in specific situ-
ations; this appears challenging except when the configuration space is very special.

We finally note that the finite-dimensional approximation process of this mem-
oir can also be applied locally. In particular, it can be applied in the neighborhood
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of a broken trajectory. Here, the base space is some smooth trajectory very close to
the broken trajectory, so that there is a neighborhood containing the broken trajec-
tory, and on which (1)-(4) hold. Finite-dimensional approximation then produces a
sequence of flows, whose finite-energy integral curves converge to solutions of the
Seiberg—Witten equations. Assuming nondegeneracy, one may be able to assemble
these locally constructed approximating submanifolds into the data of a flow cate-
gory as in [11]. The hoped-for result of this process would be replacing the need
to give a smooth structure to the corners for the moduli spaces of the Seiberg—Witten
equations themselves, with the problem of putting a smooth structure on the trajectory
spaces of a finite-dimensional approximation. The main obstruction to this approach
is likely the need to establish that the approximating submanifolds constructed this
way are suitably independent of the choices involved in their construction, which may
be difficult.
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Seiberg—Witten Floer Spectra for b; > 0

The Seiberg—Witten Floer spectrum is a stable homotopy refinement of the monopole Floer
homology of Kronheimer and Mrowka. The Seiberg—Witten Floer spectrum was defined by
Manolescu for closed, spin® 3-manifolds with by = 0 in an S'-equivariant stable homotopy
category and has been producing interesting topological applications. Lidman and
Manolescu showed that the S'-equivariant homology of the spectrum is isomorphic to the
monopole Floer homology.

For closed spin® 3-manifolds Y with b1 (Y) > 0, there are analytic and homotopy-theoretic
difficulties in defining the Seiberg—Witten Floer spectrum. In this memoir, we address the
difficulties and construct the Seiberg—Witten Floer spectrum for Y, provided that the first
Chern class of the spin structure is torsion and that the triple-cup product on H'(Y; Z)
vanishes. We conjecture that its S'-equivariant homology is isomorphic to the monopole
Floer homology.

For a 4-dimensional spin® cobordism X between Y, and Y7, we define the Bauer—Furuta map
on these new spectra of Yy and Y4, which is conjecturally a refinement of the relative
Seiberg-Witten invariant of X. As an application, for a compact spin 4-manifold X with
boundary Y, we prove a %-type inequality for X which is written in terms of the intersection
form of X and an invariant k(Y) of Y.

In addition, we compute the Seiberg—Witten Floer spectrum for some 3-manifolds.
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