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Abstract

We extend the theory of almost coherent modules that was introduced in Almost ring
theory by Gabber and Ramero (2003). Then we globalize it by developing a new the-
ory of almost coherent sheaves on schemes and on a class of “nice” formal schemes.
We show that these sheaves satisfy many properties similar to usual coherent sheaves,
i.e., the almost proper mapping theorem, the formal GAGA, etc. We also construct an
almost version of the Grothendieck twisted image functor f Š and verify its proper-
ties. Lastly, we study sheaves of p-adic nearby cycles on admissible formal models
of rigid-analytic varieties and show that these sheaves provide examples of almost
coherent sheaves. This gives a new proof of the finiteness result for étale cohomology
of proper rigid-analytic varieties obtained before in Scholze’s work p-adic Hodge
theory for rigid-analytic varieties (2013).
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Chapter 1

Introduction

1.1 Motivation

The purpose of this work is two-fold. The first goal is to develop a sufficiently rich
theory of almost coherent sheaves on schemes and a class of formal schemes. The
second goal is to provide the reader with one interesting source of examples of almost
coherent sheaves. Namely, we show that the complex of p-adic nearby cycles R��.E/
has quasi-coherent, almost coherent cohomology sheaves for any admissible formal
OC -scheme X and OC

X}
=p-vector bundle E (see Definition 6.5.1).

Before we discuss the content of each chapter in detail, we explain the motivation
behind the work done in this memoir.

The first source of motivation comes from the work of P. Scholze on the finiteness
of Fp-cohomology groups of proper rigid-analytic varieties over p-adic fields (see
[59]). The second source of motivation (clearly related to the first one) is the desire to
set up a robust enough theory of almost coherent sheaves that is crucially used in our
proof of Poincaré duality for Fp-local systems on smooth and proper rigid-analytic
varieties over p-adic fields in [71].

We start with the work of P. Scholze. In [59], he showed that there is an almost
isomorphism

Hi
�
X;Fp

�
˝OC=p '

a Hi
�
X;OCXét

=p
�

for any proper rigid-analytic variety X over a p-adic algebraically closed field C .
This almost isomorphism allows us to reduce studying certain properties of Hi .X;Fp/
for a p-adic proper rigid-analytic space X to studying almost properties of the coho-
mology groups Hi .X;OCXét

=p/, or the full complex R�.X;OCXét
=p/. For instance,

Scholze shows that Hi .X;Fp/ are finite groups by deducing it from almost coherence
of Hi .X;OCXét

=p/ over OC=p.
Scholze’s argument does not involve any choice of an admissible formal model

for X and is performed entirely on the generic fiber via an elaborate study of can-
cellations in certain spectral sequences. A different natural approach to studying
R�.X;OCXét

=p/ is to rewrite this complex as

R�
�
X;OCXét

=p
�
' R�

�
X0;Rt�OCXét

=p
�

for a choice of an admissible formal OC -model X and the natural morphism of ringed
sites

t W
�
Xét;O

C

Xét
=p
�
!
�
X0;Zar;OX0

�
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with X0 the mod-p fiber of X. Then we can separately study the complex Rt�.OCXét
=p/

and the functor R�.X;�/. In order to make this strategy work, we develop the notion
of almost coherent sheaves on X and X0 and show its various properties similar to the
properties of coherent sheaves. This occupies Chapters 2–5. While Chapters 6 and 7
are devoted to showing that the complex Rt�.OCXét

=p/ has almost coherent cohomol-
ogy groups, and to generalizing these finiteness results to all OC=p-vector bundles.
Combining that with the almost proper mapping theorem (Theorem 1.2.9), we reprove
[59, Lemma 5.8 and Theorem 5.1] in a slightly greater generality (allowing arbitrary
Zariski-constructible coefficients as opposed to local systems).

Theorem 1.1.1 (Lemma 7.3.4, Lemma 7.3.7, and Lemma 6.7.10). Let C be an alge-
braically closed p-adic non-archimedean field, let X be a proper rigid-analytic vari-
ety over C , and let F be a Zariski-constructible sheaf of Fp-modules (see Defini-
tion 7.1.7). Then

(1) Hi .X;F ˝FpOCXét
=p/ is an almost finitely generated OC=p-module for i � 0;

(2) the natural morphism

Hi
�
X;F

�
˝Fp OC=p ! Hi

�
X;F ˝Fp OCXét

=p
�

is an almost isomorphism for i � 0;

(3) Hi .X;F ˝Fp OCXét
=p/ is almost zero for i > 2 dimX .

Theorem 1.1.2 (Lemma 7.3.6).1 In the notation of Theorem 1.1.1, we have

(1) Hi .X;F / is a finite group for i � 0;

(2) Hi .X;F / ' 0 for i > 2 dimX .

Now we discuss the role of this memoir in our proof of Poincaré duality in [71].
We start with the precise formulation of this result.

Theorem 1.1.3 ([71]). Let C be an algebraically closed p-adic non-archimedean
field, let X be a rigid-analytic variety over C of pure dimension d , and let L be an
Fp-local system on Xét. Then there is a canonical trace map

tX WH2d
�
X;Fp.d/

�
! Fp

such that the induced pairing

Hi .X;L/˝ H2d�i .X;L_.d//
�[�
���! H2d .X;Fp.d//

tX
�! Fp

is perfect.

1Theorem 1.1.2 can also be easily deduced from the results of [7].
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The essential idea of the proof (at least for L D Fp) is to use Theorem 1.1.1 to
reduce Poincaré duality to almost duality for the complex R�.X;OCXét

=p/. We study
this complex via the isomorphism

R�.X;OCXét
=p/ ' R�.X0;Rt�OCXét

=p/:

Roughly, we separately show almost duality for the “nearby cycles functor” Rt�, and
then establish an almost version of Grothendieck duality for the OC=p-scheme X0.
Even to formulate these things precisely, one needs a good theory of almost (coherent)
sheaves that globalizes the theory of almost (coherent) modules. For this theory to
be useful, we have to establish that almost coherent sheaves share many properties
similar to classical coherent sheaves and the “nearby cycles” Rt�

�
OCXét

=p
�

are almost
coherent.

The main goal of Chapters 2–5 is to develop this general theory of almost (coher-
ent) sheaves. In Chapter 6, we study OC=p, OC, and O-vector bundles in different
topologies. Chapter 7 is devoted to verifying that “nearby cycles” are almost coher-
ent. That being said, we now discuss the content and main results of each section in
more detail.

1.2 Foundations of almost mathematics (Chapters 2–5)

Section 2.1 defines the category of almost modules and studies its main properties.
This section is very motivated by [26]. However, it seems that some results that
we need later in the memoir are not present in [26], so we give an (almost) self-
contained introduction to almost commutative algebra. We define the category of
almost modules (see the discussion after Corollary 2.1.4), the almost tensor product
functor�˝Ra � (see Proposition 2.2.1 (1)), the almost Hom functor alHomRa.�;�/

(see Proposition 2.2.1 (3)), and the notion of almost finitely generated (see Defi-
nitions 2.5.1), almost finitely presented (see Definition 2.5.2), and almost coherent
modules (see Definition 2.6.1). We show that almost coherent modules satisfy many
natural properties similar to the properties of classical coherent modules. We summa-
rize some of them in the following theorem:

Theorem 1.2.1 (Lemma 2.6.8, Propositions 2.6.18, 2.6.19, 2.6.20, Theorem 2.10.3,
and Lemma 2.10.5). Let R be a ring with an ideal m such that em WD m ˝R m is
R-flat and m2 D m.

(1) Almost coherent Ra-modules form a weak Serre subcategory of ModaR.

(2) Let R be an almost coherent ring (i.e., free rank-1 R-module is almost coher-
ent), andM a;N a two objects in D�acoh.R/

a. ThenM a ˝LRa N
a 2 D�acoh.R/

a.
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(3) Let R be an almost coherent ring, and M a 2 D�acoh.R/
a, N a 2 DCacoh.R/

a.
Then

RalHomRa.M
a; N a/ 2 DCacoh.R/

a:

(4) Let R be an almost coherent ring, M a 2 D�acoh.R/
a, N a 2 DC.R/a, and P a

an almost flat Ra-module. Then the natural map RHomRa.M
a; N a/ ˝Ra

P a ! RHomRa.M
a; N a ˝Ra P

a/ is an almost isomorphism.

(5) Descent of almost modules along an almost faithfully flat morphism R! S

is always effective.

(6) Let R ! S be an almost faithfully flat map, and let M a be an Ra-module.
Suppose that M a ˝Ra S

a is almost finitely generated (resp. almost finitely
presented, resp. almost coherent) Sa-module. Then so is M a.

IfR is I -adically adhesive for some finitely generated ideal I (in the sense of Def-
inition 2.12.1), we can show that almost finitely generatedR-modules satisfy a (weak)
version of the Artin–Rees lemma, and behave nicely with respect to the completion
functor. These results will be crucial for globalizing the theory of almost coherent
modules on formal schemes.

Lemma 1.2.2 (Lemma 2.12.6 and Lemma 2.12.7). Let R be an I -adically adhesive
ring with an ideal m such that I � m, m2 D m, and m ˝R m is R-flat (see Set-
up 2.12.3). LetM be an almost finitely generatedR-module. Then the following hold:

(1) For anyR-submoduleN �M , the induced topology onN coincides with the
I -adic topology.

(2) The natural morphism M ˝R yR!cM is an isomorphism. In particular, if R
is I -adically complete, then any almost finitely generated R-module is also
I -adically complete.

If R is a (topologically) finitely generated algebra over a perfectoid valuation
ring KC (see Definition B.2), we can say even more. In this case, it turns out that R
is almost noetherian (see Definition 2.7.1), so the theory simplifies significantly.
Another useful result is that it suffices to check that a derived complete complex
is almost coherent after taking the derived quotient by a pseudo-uniformizer $ . This
is very handy in practice because it reduces many (subtle) integral questions to the
torsion case, where there are no topological subtleties.

Theorem 1.2.3 (Theorem 2.11.5, Theorem 2.11.9, Theorem 2.13.2). Let KC be a
perfectoid valuation ring with a pseudo-uniformizer $ as in Lemma B.9, and let R
be a KC-algebra. Then the following hold:

(1) R is almost noetherian if R is (topologically) finite type over KC.
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(2) Suppose R is a topologically finite type KC-algebra and M is a derived $ -
adically complete object in D.R/ such that ŒM=$� 2 DŒc;d�acoh .R=$/. Then
M 2 DŒc;d�acoh .R/.

We discuss the extension of almost mathematics to ringed sites in Chapter 3. The
main goal is to generalize all constructions from almost mathematics to a general
ringed site. We define the notion of almost OX -modules on a ringed site .X;OX / (see
Definition 3.1.9) and of Oa

X -modules (see Definition 3.1.10), and show that they are
equivalent:

Theorem 1.2.4 (Theorem 3.1.20). Let R be as in Theorem 1.2.1 and .X; OX / a
ringed R-site. Then the functor

.�/aWModaOX !ModOa
X

is an equivalence of categories.

We define the functors �˝ �, HomOa
X
.�;�/, alHomOa

X
.�;�/, Hom Oa

X
.�;�/,

alHom Oa
X
.�;�/, f�, f � too on the category of Oa

X -modules. We refer to Section 3.2
for an extensive discussion of these functors. Then we study the derived category of
Oa
X -modules and derived analogues of the functors mentioned above. This is done in

Sections 3.4 and 3.5.
We develop the theory of almost finitely presented and almost (quasi-)coherent

sheaves on schemes and on a class of formal schemes in Section 4.1. The main goal
is to show that these sheaves behave similarly to classical coherent sheaves in many
aspects.

Roughly, we define almost finitely presented Oa
X -modules as modules that, for

any finitely generated sub-ideal m0 � m, can be locally approximated by finitely
presented OX -modules up to modules annihilated by m0 (see Definition 4.1.4 for a
precise definition). Sections 4.1–4.4 are mostly concerned with local properties of
these sheaves. We summarize some of the main results below:

Theorem 1.2.5 (Corollary 4.1.12, Theorem 4.4.6, Lemmas 4.4.8, 4.4.7, 4.4.9, 4.4.10).
Let R be a ring with an ideal m such that em WD m˝R m is R-flat and m2 D m.

(1) For any R-scheme X , almost coherent Oa
X -modules form a weak Serre sub-

category of ModaOX .

(2) The functor
e.�/WD�.R/a ! Daqc;�.SpecR/a

is a t -exact equivalence of triangulated categories for � 2 ¹“ ” acohº. Its
quasi-inverse is given by R�.Spec R; �/. In particular, an almost quasi-
coherent Oa

SpecR-module F a is almost coherent if and only if F a.SpecR/
is an almost coherent Ra-module.
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(3) The natural morphism EM a ˝LRa N
a !eM a ˝LOaSpecR

fN a is an isomorphism
for any M a; N a 2 D.R/a.

(4) Letf WSpecB! SpecA be anR-morphism of affine schemes. Then Lf �.eM a/

is functorially isomorphic to DM a˝LAaB
a for any M a 2 D.A/a.

(5) Let f WX ! Y be a quasi-compact and quasi-separated morphism of R-
schemes. Suppose that Y is quasi-compact. Then Rf� carries D�aqc.X/

a to
D�aqc.Y /

a for any � 2 ¹“ ”;�;C; bº.

(6) Suppose that R is almost coherent. Then the natural maps

DRalHomRa.M
a; N a/ ! RalHom OaSpecR

.eM a; fN a/;

DRHomRa.M
a; N a/ ! RHom OaSpecR

.eM a; fN a/

are almost isomorphisms for M a 2 D�acoh.R/
a, N a 2 DC.R/a.

We also show that, for a quasi-compact and quasi-separated scheme X , any al-
most finitely presented Oa

X -module admits a global approximation by finitely pre-
sented OX -modules. This result is crucial for establishing global properties of almost
finitely presented Oa

X -modules, and it will be systematically used in Chapter 5.

Theorem 1.2.6 (Corollary 4.3.5). Let X be a quasi-compact and quasi-separated
R-scheme, and let F be an almost quasi-coherent OX -module. Then F is almost
finitely presented (resp. almost finitely generated) if and only if for any finitely gen-
erated ideal m0 � m there is a morphism f W G ! F such that m0.Ker f / D 0,
m0.Cokerf / D 0, and G is a quasi-coherent finitely presented (resp. finitely gener-
ated) OX -module.

We now discuss the content of Sections 4.5–4.9. The main goal of these sections
is to show an analogue of Theorem 1.2.5 for a class of formal schemes. To achieve
this, we restrict our attention to the class of topologically finitely presented schemes
over a topologically universally adhesive ringR (see Set-up 4.5.1). This, in particular,
includes admissible formal schemes over a mixed characteristic, p-adically complete
rank-1 valuation ring OC with algebraically closed fraction field C .

One of the main difficulties in developing a good theory of almost coherent Oa
X-

modules on a formal scheme X is that there is no good abelian theory of “quasi-
coherent” on X. The theory of quasi-coherent sheaves is an important tool used in
developing the theory of almost coherent sheaves on schemes that does not have an
immediate counterpart in the world of formal schemes.

We overcome this issue in two different ways: we use the notion of adically
quasi-coherent OX-modules introduced in [25] (see Definition 4.5.2) and the notion
of derived quasi-coherent OX-modules introduced in [49] (see Definition 4.8.1). The
first notion has the advantage that every adically quasi-coherent OX-module is an
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actual OX-module. However, these modules do not form a weak Serre subcategory
inside ModOX

, so they are not always very useful in practice. The latter definition
has the advantage that derived quasi-coherent OX-modules form a triangulated sub-
category inside D.X/; it is quite convenient for certain purposes. However, derived
quasi-coherent OX-modules are merely objects of D.X/ and not actual OX-modules
in the classical sense. Therefore, we usually use adically quasi-coherent OX-modules
when needed except for Section 4.8, where the notion of derived quasi-coherent OX-
modules seems to be more useful for our purposes. In particular, it allows us to define
the functor

.�/L�WDacoh.A/
a
! Dacoh.Spf A/a

for any topologically finitely presented R-algebra A in a way that “extends” the clas-
sical functor .�/�WModacoh

A !ModOX
(see Definition 4.8.7 and Lemma 4.8.13).

Theorem 1.2.7 (Lemma 4.5.23, Corollary 4.8.16, Lemmas 4.9.4, 4.9.3, 4.9.7). LetR
be a ring with a finitely generated ideal I such that R is I -adically complete, I -
adically topologically universally adhesive, I -torsion free with an ideal m such that
I � m, m2 D m and em WD m˝R m is R-flat.

(1) For any topologically finitely presented formal R-scheme X, almost coherent
Oa

X-modules form a weak Serre subcategory of ModaOX
.

(2) The functor

R�.Spf R;�/WDacoh.Spf R/a ! Dacoh.R/
a

is a t -exact equivalence of triangulated categories.

(3) The natural morphism .M a ˝LRa N
a/L� ! .M a/L� ˝L

OaSpf R
.N a/L� is an

isomorphism for any M a; N a 2 Dacoh.R/
a.

(4) Let fW Spf B ! Spf A be a morphism of topologically finitely presented
affine formal R-schemes. Then Lf�

�
.M a/L�

�
is functorially isomorphic to

.M a ˝LAa B
a/L� for any M a 2 Dacoh.A/

a.

(5) The natural morphisms�
RalHomRa.M

a; N a/
�L�
! RalHom OaSpf R

�
.M a/L�; .N a/L�

�
;�

RHomRa.M
a; N a/

�L�
! RHom OaSpf R

�
.M a/L�; .N a/L�

�
are almost isomorphisms for M a 2 D�acoh.R/

a, N a 2 DCacoh.R/
a.

Similarly to the case of schemes, almost coherent sheaves on formal schemes
satisfy the global approximation property:

Theorem 1.2.8 (Theorem 4.7.6). Let R be as in Theorem 1.2.7, let X be a finitely
presented formal R-scheme, and let F be an almost finitely generated (resp. almost
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finitely presented) OX-module. Then, for any finitely generated ideal m0 �m, there is
an adically quasi-coherent, finitely generated (resp. finitely presented) OX-module G

together with a map �WG ! F such that m0.Coker�/ D 0 and m0.Ker�/ D 0.

We discuss the global properties of almost coherent sheaves in Chapter 5. Namely,
we generalize certain cohomological properties of classical coherent sheaves to the
case of almost coherent sheaves. We start with the almost version of the proper map-
ping theorem:

Theorem 1.2.9 (Theorem 5.1.3). Let R be a universally coherent2 ring with an
ideal m such that em WDm˝R m is R-flat and m2 Dm. Let furthermore f WX ! Y

be a proper morphism of finitely presented R-schemes with quasi-compact Y . Then
Rf� carries D�acoh.X/

a to D�acoh.Y /
a for � 2 ¹“ ”;�;C; bº.

The essential idea of the proof is to reduce Theorem 1.2.9 to the classical proper
mapping theorem over a universally coherent base [25, Theorem I.8.1.3]. The key
input to make this reduction work is Theorem 1.2.6.

We also prove a version of the almost proper mapping theorem for a morphism of
formal schemes:

Theorem 1.2.10 (Theorem 5.1.6). Let Y be a topologically finitely presented formal
R-scheme forR as in Set-up 4.5.1 and let fWX!Y be a proper, topologically finitely
presented morphism. Then Rf� carries D�acoh.X/

a to D�acoh.Y/
a for � 2 ¹“ ”;�;C; bº.

Then we characterize quasi-coherent, almost coherent complexes on finitely pre-
sented, separated schemes over a universally coherent base ring R. This is an almost
analogue of [68, Tag 0CSI]. We follow the same proof strategy but adjust it in certain
places to make it work in the almost setting. This result is important for us as it will
later play a crucial role in the proof of the formal GAGA theorem for almost coherent
sheaves.

Theorem 1.2.11 (Theorem 5.2.3). Let R be a universally coherent ring with an
ideal m such that em WD m ˝R m is R-flat and m2 D m. Let X be a separated,
finitely presented R-scheme, and let F 2 D�qc.X/ be an object such that

RHomX .P ;F / 2 D�acoh.R/

for any P 2 Perf.X/. Then F 2 D�qc;acoh.X/.

Theorem 1.2.12 (Corollary 5.3.3). Let R be as in Theorem 1.2.10, and let X be a
finitely presented R-scheme. Then the functor

Lc�WD�acoh.X/
a
! D�acoh.X/

a

induces an equivalence of categories for � 2 ¹“ ”;C;�; bº.

2Any finitely presented R-algebra A is coherent.

https://stacks.math.columbia.edu/tag/0CSI
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We note that the standard proof of the classical formal GAGA theorem via pro-
jective methods has no chance to work in the almost coherent situation (due to the
lack of “finiteness” for almost coherent sheaves). Instead, we “explicitly” construct a
pseudo-inverse to Lc� in the derived world by adapting an argument from the paper
of J. Hall [31].

The last thing we discuss in Chapter 5 is the almost version of the Grothendieck
duality. This is a crucial technical tool in our proof of Poincaré duality in [71]. So we
develop some foundations of the f Š functor in the almost world in this memoir. We
summarize the main properties of this functor below:

Theorem 1.2.13 (Theorem 5.5.8). Let R be as in Theorem 1.2.9, and FPSR be the
category of finitely presented, separated R-schemes. Then there is a well-defined
pseudo-functor .�/Š from FPSR into the 2-category of categories such that

(1) .X/Š D DCaqc.X/
a;

(2) for a smooth morphism f WX ! Y of pure relative dimension d , there is a
natural isomorphism f Š ' Lf �.�/˝LOa

X
�d
X=Y

Œd �;

(3) for a proper morphism f WX ! Y , the pseudo-functor f Š is right adjoint to
Rf�WDCacoh.X/

a ! DCacoh.Y /
a.

1.3 OC=p, OC, and O-vector bundles (Chapter 6)

The main goal of Chapter 6 is to study the categories of OC=p-vector bundles in the
étale, quasi-proétale, and v-topologies. We also show that OC=p-vector bundles can
be trivialized by some particular étale covers. These results will play a crucial role in
Chapter 7. Also, as an application of our results, we give a new proof of the theorem of
Kedlaya–Liu saying that, for a perfectoid spaceX , the categories of O-vector bundles
in the analytic and v-topologies are equivalent.

We formulate the results of this section more precisely below:

Theorem 1.3.1 (Corollary 6.6.9). Let X be a strongly sheafy adic space (see Defini-
tion C.4.1) over Spa .Qp;Zp/. Then

(1) the categories Vect.XétIO
C

Xét
=p/, Vect.X}qpIOX}qp

C =p/, and Vect.X}v IO
C

X}
=p/

are equivalent;

(2) these equivalences preserve cohomology groups;

(3) for any OC
X}
=p-vector bundle E and a point x 2 X , there exist an open

affinoid subspace x 2 Ux � X and a finite étale surjective morphism zUx !
Ux such that Ej zU}x

is a free vector bundle.
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Theorem 1.3.1 (1), (2) is essentially due to B. Heuer (see [35, Section 2] for a
similar result in a slightly different level of generality). However, Theorem 1.3.1 (3)
does not seem to follow from [35] and is crucial for our arguments in Chapter 7.

We also prove a version of Theorem 1.3.1 for OC-vector bundles:

Theorem 1.3.2 (Theorem 6.8.4, Corollary 6.8.3). Let X be a perfectoid space over
Spa .Qp;Zp/. Then

(1) the categories Vect.Xét IO
C

Xét
/, Vect.X}qp IOX}qp

C /, and Vect.X}v IO
C

X}
/ are

equivalent;

(2) these equivalences preserve cohomology groups;

(3) for any OC
X}

-vector bundle E and a point x 2 X , there exist an open affinoid
subspace x 2 Ux � X and a finite étale surjective morphism zUx ! Ux such
that Ej zU}x

is a free vector bundle.

We also refer to Theorem 6.8.4 for a slightly more precise statement. As an appli-
cation of our methods, we can also deduce the following theorem of Kedlaya–Liu:

Theorem 1.3.3 ([42, Theorem 3.5.8], [63, Lemma 17.1.8], [35, Theorem 4.27], The-
orem 6.8.13). Let X be a perfectoid space over Spa .Qp;Zp/.

(1) The categories Vect.Xan;OX /, Vect.XétIOXét/, Vect.X}qpIOX}qp
/, as well as

Vect.X}v IOX}/ are equivalent. Furthermore, if X D Spa .R;RC/ is an affi-
noid perfectoid, all these categories are equivalent to the category of finite
projective R-modules.

(2) These equivalences preserve cohomology groups.

We note that the proof of Theorem 1.3.3 is quite different from the proofs of
[42, Theorem 3.5.8] and [63, Lemma 17.1.8]. However, it is quite similar to the proof
of [35, Theorem 4.27] (with appropriate simplifications). We also note that [35, The-
orem 4.27] proves a stronger result that applies to G-torsors for any rigid group G.
We also show that any O-vector bundle in the v-topology admits an OC-lattice after
a very explicit étale cover:

Theorem 1.3.4 (Corollary 6.8.14). Let X denote a strongly sheafy adic space over
Spa .Qp;Zp/, and let E be an OX}-vector bundle. Then, for each x 2 X , there are
an open subspace x 2 Ux � X , a finite étale surjective morphism zUx ! Ux , and an
OC
zU}x

-vector bundle ECx such that ECx
�
1
p

�
' Ej zUx .

1.4 p-adic nearby cycles sheaves (Chapter 7)

The main goal of Chapter 7 is to give the main non-trivial example of almost coherent
sheaves: the p-adic nearby cycles sheaves.
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We fix a p-adic perfectoid field K and a rigid-analytic variety X over K with an
admissible formal OK-model X.

The rigid-analytic variety X comes with a morphism of ringed sites

�W
�
X}v ;O

C

X}

�
!
�
XZar;OX

�
and a morphism

�W
�
X}v ;O

C

X}
=p
�
!
�
X0;Zar;OX0

�
;

where X0 is the mod-p fiber of X, X}v is the v-site of the associated diamond (see
Section 6.1), and OC

X}
is its integral “untilted” structure sheaf (see Definition 6.3.1).

The main goal of Chapter 7 is to show that the nearby cycles functor R�� sends
some class of OC

X}
=p-sheaves to complexes of almost coherent OX0-modules. More

precisely, we show that, for any OC
X}
=p-vector bundle E , the complex R��E has

quasi-coherent and almost coherent cohomology sheaves. We also give a bound on
its almost cohomological dimension.

Theorem 1.4.1 (Theorem 7.1.2). Let X be an admissible formal OK-scheme with
adic generic fiber X of dimension d and mod-p fiber X0, and let E be an OC

X}
=p-

vector bundle. Then

(1) R��E 2 DCqc;acoh.X0/ and .R��E/a 2 DŒ0;2d�acoh .X0/
a;

(2) if X D Spf A is affine, then the natural map

DHi�X}v ;E�! Ri��
�
E
�

is an isomorphism for every i � 0;

(3) the formation of Ri��.E/ commutes with étale base change, i.e., for any étale
morphism fWY!X with adic generic fiber f WY !X , the natural morphism

f�0
�
Ri�X;�.E/

�
! Ri�Y;�

�
EjY}

�
is an isomorphism for any i � 0;

(4) if X has an open affine covering X D
S
i2IUi such that Ej.Ui;K/} is small

(see Definition 7.1.1), then

.R��E/a 2 DŒ0;d�acoh .X0/
a
I

(5) there is an admissible blow-up X0 ! X such that X0 has an open affine cov-
ering X0 D

S
i2IUi such that Ej.Ui;K/} is small.

In particular, there is a cofinal family of admissible formal models ¹X0iºi2I of
X such that

.R�X0
i
;�E/

a
2 DŒ0;d�acoh .X

0
i;0/

a;

for each i 2 I .
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Remark 1.4.2. We note that Theorem 1.4.1 implies that the nearby cycles complex
R��E is quasi-coherent on the nose (as opposed to being almost quasi-coherent). This
is quite unexpected to the author since all previous results on the cohomology groups
of OC=p were only available in the almost category.

Remark 1.4.3. We do not know if an admissible blow-up X0! X in the formulation
of Theorem 1.4.1 is really necessary or just an artifact of the proof. More importantly,
we do not know if, for every OC

X}
=p-vector bundle E , there is an admissible formal

model X such that the “nearby cycles” sheaf R�X;�E lies in DŒ0;d�acoh .X0/
a.

The proof of Theorem 1.4.1 crucially uses Theorem 1.3.1, and especially Theo-
rem 1.3.1 (3).

Another family of sheaves for which we can establish a good behavior of “nearby
cycles” is given by sheaves of the form F ˝OC

X}
=p for a Zariski-constructible étale

sheaf of Fp-modules (see Definition 7.1.7). Namely, in this case, we can get a better
cohomological bound and show that nearby cycles almost commute with proper base
change, as this happens in algebraic geometry.

Theorem 1.4.4 (Theorem 7.1.9 and Lemma 7.3.8). Let X be an admissible formal
OK-scheme with adic generic fiber X of dimension d and mod-p fiber X0, and let
F 2 DŒr;s�zc .X IFp/. Then

(1) there is an isomorphism Rt�.F ˝OCXét
=p/ ' R��.F ˝OC

X}
=p/;

(2) R��.F ˝OC
X}
=p/2DCqc;acoh.X0/ and R��.F ˝OC

X}
=p/a 2DŒr;sCd�acoh .X0/

a;

(3) if X D Spf A is affine, then the natural map

DHi
�
X}v ;F ˝OC

X}
=p
�
! Ri��

�
F ˝OC

X}
=p
�

is an isomorphism for every i � 0;

(4) the formation of Ri��.F ˝ OC
X}
=p/ commutes with étale base change, i.e.,

for any étale morphism fWY ! X with adic generic fiber f W Y ! X , the
natural morphism

f�0
�
Ri�X;�

�
F ˝OC

X}
=p
��
! Ri�Y;�.f

�1F ˝OC
Y}
=p
�

is an isomorphism for any i � 0;

(5) if fWX ! Y is a proper morphism of admissible formal OK-schemes with
adic generic fiber f WX ! Y , then the natural morphism

R�Y;�

�
Rf�F ˝OC

Y}
=p
�
! Rf0;�

�
R�X;�

�
F ˝OC

X}
=p
��

is an almost isomorphism.

We also show an integral version of Theorem 1.4.1:
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Theorem 1.4.5 (Theorem 7.1.11). Let X be an admissible formal OK-scheme with
adic generic fiber X of dimension d , and let E be an OC

X}
-vector bundle. Then

(1) R��E 2 DCqc;acoh.X/ and .R��E/a 2 DŒ0;2d�acoh .X/a;

(2) if X D Spf A is affine, then the natural map

Hi
�
X}v ;E

��
! Ri��

�
E
�

is an isomorphism for every i � 0;

(3) the formation of Ri��.E/ commutes with étale base change, i.e., for any étale
morphism fWY!X with adic generic fiber f WY !X , the natural morphism

f�
�
Ri�X;�.E/

�
! Ri�Y;�

�
EjY}

�
is an isomorphism for any i � 0;

(4) if X has an open affine covering X D
S
i2IUi such that Ej.Ui;K/} is small

(see Definition 7.1.10), then

.R��E/a 2 DŒ0;d�acoh .X/
a
I

(5) there is an admissible blow-up X0 ! X such that X0 has an open affine cov-
ering X0 D

S
i2IUi such that Ej.Ui;K/} is small.

In particular, there is a cofinal family of admissible formal models ¹X0iºi2I of
X such that

.R�X0
i
;�E/

a
2 DŒ0;d�acoh .X

0
i /
a;

for each i 2 I .

Theorem 1.4.5 has an interesting consequence saying that v-cohomology groups
of any OC

X}
-vector bundle are almost coherent and almost vanish in degrees larger

than 2dimX . This (together with Theorem 1.1.1) indicates that there should probably
be stronger (almost) finiteness results for some bigger class OC

X}
-modules.

Theorem 1.4.6 (Theorem 7.3.3). LetK be a p-adic perfectoid field, letX be a proper
rigid-analytic K-variety of dimension d , and let be E an OC

X}
-vector bundle (resp.

OC
X}
=p-vector bundle). Then

R�.X}v ;E/ 2 DŒ0;2d�acoh .OK/
a:

We now explain the main steps of our proofs of Theorems 1.4.1 and 1.4.5 for
E D OC

X}
=p and E D OC

X}
respectively:

Proof sketch. (1) We first show that the sheaves Ri��.OCX}=p/ are quasi-coherent.
The main key input is that the cohomology groups of OC

X}
=p-vector bundles vanish

on strictly totally disconnected spaces (see Definition 6.2.5), and that each affinoid
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rigid-analytic variety admits a v-covering such that all terms of its Čech nerve are
strictly totally disconnected.

(2) The same ideas can be used to show that the formation of Ri��.OCX}=p/
commutes with étale base change.

(3) We show next that the OX0-modules Ri��
�
OC
X}
=p
�

are almost coherent for
smooth X . This is done in three steps: first, we find an admissible blow-up X0 ! X

such that X0 has an open affine covering X0 D
S
i2I Ui such that each Ui D Spf Ai

admits a finite rig-étale morphism to yAd
OK

, then we show that the cohomology groups
Hi .U}i;K;v;O

C

X}
=p/ are almost coherent over Ai=pAi , and after that we conclude

almost coherence of Ri��
�
OC
X}
=p
�
.

The first step is the combination of [15, Proposition 3.7] and Theorem D.4. The
first result allows us to choose an admissible blow-up X0!X with an open affine cov-
ering X0 D

S
i2I Ui such that each Ui admits a rig-étale morphism Ui ! yAdOK . Then

Theorem D.4 guarantees that we can change these morphisms so that they become
finite and rig-étale.

The second step follows the strategy presented in [59]. We construct an explicit
affinoid perfectoid cover of Ui that is a Zp.1/d -torsor. So we can reduce studying
Hi .U}i;K;v;O

C

X}
=p/ to studying cohomology groups of Zp.1/d that can be explicitly

understood via the Koszul complex.

The last step is the consequence of the almost proper mapping theorem in Theo-
rem 1.2.9 and the already obtained results.

(4) The next step is to show that Ri��
�
OC
X}
=p
�

is almost coherent for a gen-
eral X . This is done by choosing a proper hypercovering by smooth spaces X� and
then using a version of cohomological v-descent to conclude almost coherence of the
p-adic nearby cycles sheaves. As an important technical tool, we use the theory of
diamonds developed in [61].

(5) Next we show that R��
�
OC
X}
=p
�

is almost concentrated in degrees Œ0; d �.
This claim is quite subtle. The key input is the version of the purity theorem [10,
Theorem 10.11] that implies that any finite (but not necessarily étale) adic space over
an affinoid perfectoid space has a diamond that is isomorphic to a diamond of an
affinoid perfectoid space. This allows us to reduce the question of cohomological
bounds of R��

�
OC
X}
=p
�a to the question about the cohomological dimension of the

pro-finite group Zp.1/d . This can be explicitly understood via the Koszul complex
again.

(6) Finally, we show Theorem 1.4.5 by reducing it to Theorem 1.4.1. The key
input is Theorem 1.2.3 that allows us to check finiteness mod-p.
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1.5 Notation

A non-archimedean field K is always assumed to be complete. A non-archimedean
field K is called p-adic if its ring of power-bounded elements OK D K

ı is a ring of
mixed characteristic .0; p/.

We follow [68, Tag 02MN] for the definition of a (weak) Serre subcategory of an
abelian category A.

For an ringed R-site .X;OX /, an element of the derived category F 2 D.X/,
and an element $ 2 R, we denote by ŒF =$� the cone of the multiplication by $ -
morphism, i.e.,

ŒF =$� WD cone.F
$
�! F /:

Namely, we say that a non-empty full subcategory C of an abelian category A is
a Serre subcategory if, for any exact sequence A! B ! C with A;C 2 C , we have
B 2 C . We say that C is a weak Serre subcategory if, for any exact sequence

A0 ! A1 ! A2 ! A3 ! A4

withA0;A1;A3;A4 2C , we haveA2 2C . Look at [68, Tag 02MP] and [68, Tag 0754]
for an alternative way to describe (weak) Serre subcategories.

If C is a Serre subcategory of an abelian category A, we define the quotient
category as a pair .A=C ; F / of an abelian category A=C and an exact functor

F WA! A=C

such that, for any exact functorGWA!B to an abelian category B with C � KerG,
there is a factorization G D H ı F for a unique exact functor H WA=C ! B. The
quotient category always exists by [68, Tag 02MS].

If B is a full triangulated subcategory of a triangulated category D , we define the
Verdier quotient as a pair .D=B; F / of a triangulated category D=B and an exact
functor

F WD ! D=B

such that, for any exact functor GWD ! D 0 to a pre-triangulated category D 0 with
B �KerG, there is a factorizationGDH ıF for a unique exact functorH WD=B!

D 0. The Verdier quotient always exists by [68, Tag 05RJ].
We say that a diagram of categories

A B

C D

f

h g

k

˛

is .2; 1/-commutative if ˛W k ı h) g ı f is a natural isomorphism of functors.

https://stacks.math.columbia.edu/tag/02MN
https://stacks.math.columbia.edu/tag/02MP
https://stacks.math.columbia.edu/tag/0754
https://stacks.math.columbia.edu/tag/02MS
https://stacks.math.columbia.edu/tag/05RJ
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For an abelian group M and commuting endomorphisms f1; : : : ; fn, we define
the Koszul complex

K.M If1; : : : ; fn/ WDM !M ˝Z Zn !M ˝Z ^
2.Zn/! � � � !M ˝Z ^

n.Zn/

viewed as a chain complex in cohomological degrees 0; : : : ; n. The differential

dk WM ˝Z ^
k.Zn/ '

M
1�i1<���<ik�n

M !M ˝Z ^
iC1.Zn/ '

M
1�j1<���<jkC1�n

M

from M in spot i1 < � � � < ik to M in spot j1 < � � � < jkC1 is nonzero only if
¹i1; : : : ; ikº � ¹j1; : : : ; jkC1º, in which case it is given by .�1/m�1fjm , where m 2
¹1; : : : ; k C 1º is the unique integer such that jm … ¹i1; : : : ; ikº.

If M is an R-module and fi are elements of R, the complex K.M I f1; : : : ; fn/
is a complex of R-modules and can be identified with

M !M ˝R R
n
!M ˝R ^

2.Rn/! � � � !M ˝R ^
n.Rn/:



Chapter 2

Almost commutative algebra

This chapter is devoted to the study of almost coherent modules. We recall some basic
definitions of almost mathematics in Section 2.1. Then we discuss the main proper-
ties of almost finitely generated and almost finitely presented modules in Section 2.5.
These two sections closely follow the discussion of almost mathematics in [26]. Sec-
tion 2.6 is dedicated to almost coherent modules and almost coherent rings. We show
that almost coherent modules form a weak Serre subcategory of R-modules, and they
coincide with almost finitely presented ones in the case of almost coherent rings.
We discuss base change results in Section 2.8. Finally, we develop some topological
aspects of almost finitely generated modules over “topologically universally adhesive
rings” in Section 2.12.

2.1 The category of almost modules

We begin this section by recalling basic definitions of almost mathematics from [26].
We fix a “base” ring R with an ideal m such that m2 D m and em D m˝R m is flat.
We always do almost mathematics with respect to m.

Lemma 2.1.1. Let M be an R-module. Then the following are equivalent:

(1) The module mM is the zero module.

(2) The module m˝R M is the zero module.

(3) The module em˝R M is the zero module.

(4) The module M is annihilated by " for every " 2 m.

Proof. Note that the multiplication map m˝R m!m is surjective as m2 Dm. This
implies that we have surjections

em˝RM � m˝RM � mM:

This shows that (3) implies (2), and (2) implies (1). It is clear that (2) implies (3), and
(1) is equivalent to (4). So the only thing we are left to show is that (1) implies (2).

Suppose that mM ' 0. Pick an arbitrary basic element a˝m 2 m˝R M with
a 2 m, m 2 M . Since m2 D m, there is a finite number of elements y1; : : : ; yk ,
x1; : : : ; xk 2 m such that

a D

kX
iD1

xiyi :
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Then we have an equality

a˝m D

kX
iD1

xiyi ˝m D

kX
iD1

xi ˝ yim D 0:

Definition 2.1.2. An R-moduleM is almost zero, if any of the equivalent conditions
of Lemma 2.1.1 is satisfied for M .

Lemma 2.1.3. Under the same assumption as above, the “multiplication” morphismem˝R em! em is an isomorphism.

Proof. We consider a short exact sequence

0! m! R! R=m! 0:

Note that .R=m/˝R m D m=m2 D 0, so we get a short exact sequence

0! TorR1 .R=m;m/! em! m! 0:

Since TorR1 .R=m;m/ is almost zero, Lemma 2.1.1 says that after applying the
functor �˝R em we get an isomorphismem˝R em ' m˝R em:
Since em is R-flat, we also see that m˝R em injects into em. Moreover, it maps iso-
morphically onto its image mem D em as m2 D m. Taken together, it shows thatem˝R em ' em:
It is straightforward to see that the constructed isomorphism is the “multiplication”
map.

We denote by †R the category of almost zero R-modules considered as a full
subcategory of ModR.

Corollary 2.1.4. The category †R is a Serre subcategory of ModR.1

Proof. This follows directly from criterion (3) from Lemma 2.1.1, flatness of em and
[68, Tag 02MP].

This corollary allows us to define the quotient category2 ModaR WD ModR/†R
that we call as the category of almost R-modules. Note that the localization functor

.�/aWModR !ModaR

1We refer to [68, Tag 02MN] for the discussion of (weak) Serre categories.
2We refer to [68, Tag 02MS] for the discussion of quotient categories.

https://stacks.math.columbia.edu/tag/02MP
https://stacks.math.columbia.edu/tag/02MN
https://stacks.math.columbia.edu/tag/02MS
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is an exact and essentially surjective functor. We refer to elements of ModaR as almost
R-modules orRa-modules. We will usually denote them byM a to distinguish almost
R-modules from R-modules.

To simplify the exposition, we will use the notation ModaR and ModRa inter-
changeably.

Definition 2.1.5. A morphism f WM ! N is an almost isomorphism (resp. almost
injection, resp. almost surjection) if the corresponding morphism f a WM a ! N a is
an isomorphism (resp. injection, resp. surjection) in ModaR.

Remark 2.1.6. For any R-module M , the natural morphism � W em˝R M ! M is
an almost isomorphism. Indeed, it suffices to show that

em˝R Ker� ' 0 and em˝R Coker� ' 0:

Using R-flatness of em, we can reduce the question to showing that the map

em˝R � W em˝R em˝RM ! em˝R M
is an isomorphism. This follows from Lemma 2.1.3.

Definition 2.1.7. Two R-modules M and N are called almost isomorphic if M a is
isomorphic to N a in ModaR.

Lemma 2.1.8. Let f WM !N be a morphism ofR-modules, then the following hold:

(1) The morphism f is an almost injection (resp. almost surjection, resp. almost
isomorphism) if and only if Ker.f / (resp. Coker.f /, resp. both Ker.f / and
Coker.f /) is an almost zero module.

(2) We have a functorial bijection HomR.em˝R M;N/ ' HomModa
R
.M a; N a/.

(3) Modules M and N are almost isomorphic (not necessarily via the mor-
phism f ) if and only if em˝RM ' em˝R N .

Proof. (1) just follows from definition of the quotient category. (2) is discussed in
detail in [26, page 12 (2.2.4)].

Next we show that (3) follows from (1) and (2). Remark 2.1.6 implies that M
and N are almost isomorphic if em˝RM ' em˝R N .

Suppose that there is an almost isomorphism 'WM a!N a. It has a representative
f W em ˝R M ! N by (2). Now (1) together with the R-flatness of em implies thatem˝R f W em ˝R em ˝R M ! em ˝R N is an isomorphism. Lemma 2.1.3 ensures
that em˝R em ' em, so em˝R f gives an isomorphism

em˝R f W em˝RM ! em˝R N:
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We now define the functor of almost sections

.�/�WModaR !ModR

via the formula

.M a/� WD HomModa
R
.Ra;M a/ D HomR.em;M/

for any Ra-module M a with an R-module representative M . The construction is
clearly functorial in M a, so it defines the functor .�/�WModaR !ModR.

The functor of almost sections will be the right adjoint to the almostification func-
tor .�/a. Before we discuss why this is the case, we need to define the unit and counit
transformations.

We start with the unit of the adjunction. For anyR-moduleM , there is a functorial
morphism

�M;�WM ! HomR.em;M/ DM a
�

that can easily be seen to be an almost isomorphism.
This allows us to define a functorial morphism

"Na;�W .N
a
� /
a
! N a

for any Ra-module N a. Namely, the map �N;�WN ! N a
� is an almost isomorphism,

so we can invert it in the almost category and define

"Na;� WD .�
a
N;�/

�1
W .N a
� /
a
! N a:

Now we define another functor

.�/ŠWModaR !ModR

that will be a left adjoint to the almostification functor .�/a. Namely, we put

.M a/Š WD .M
a/� ˝R em �

 �M ˝R em
for any Ra-module M a with an R-module representative M . This construction is
clearly functorial inM a, so it does define a functor. Similarly to the discussion above,
for any R-module M , we define the transformation

"M;ŠW .M
a/Š D em˝RM !M

as the map induced by the natural morphism em ! R. Clearly, "M;Š is an almost
isomorphism for any M . Therefore, this actually allows us to define the morphism

�Na;ŠWN
a
! .em˝R N/a ' .N a

Š /
a

as �Na;Š D ."aN;Š/
�1. We summarize the main properties of these functors in the fol-

lowing lemma:
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Lemma 2.1.9. Let R and m be as above. Then the following hold:

(1) The functor .�/� is the right adjoint to .�/a. In particular, it is left exact.

(2) The unit of the adjunction is equal to �M;�, the counit of the adjunction is
equal to "Na;�. In particular, both are isomorphisms.

(3) The functor .�/Š is the left adjoint to the localization functor .�/a.

(4) The functor .�/ŠWModaR !ModR is exact.

(5) The unit of the adjunction is equal to �Na;Š, the counit of the adjunction is
equal to "M;Š. In particular, both are almost isomorphisms.

Proof. This is explained in [26, Proposition 2.2.13 and Proposition 2.2.21].

Corollary 2.1.10. Let R and m be as above. Then .�/aWModR !ModaR commutes
with limits and colimits. In particular, ModaR is complete and cocomplete, and filtered
colimits and (arbitrary) products are exact in ModaR.

Proof. The first claim follows from the fact that .�/a admits left and right adjoints.
The second claim follows the first claim, exactness of .�/a, and analogous exactness
properties in ModR.

The last thing we need to address in this section is how almost mathematics
interacts with base change. We want to be able to talk about preservation of vari-
ous properties of modules under a base change along a map R! S . The issue here
is to define the corresponding ideal mS as in the definition of almost mathematics. It
turns out that the most naive ideal mS WD mS does define an ideal of almost mathe-
matics in S , but this is not entirely formal and crucially uses our choice of definition
for an ideal of almost mathematics.

More precisely, if one starts with a flat ideal m � R, then the ideal mS � S is
not necessarily flat. However, we show that flatness of em implies flatness of emS . For
this reason, it is essential to not impose the stronger condition on m to be R-flat in
the foundations of almost mathematics.

Lemma 2.1.11. Let f WR ! S be a ring homomorphism, and let mS be the ideal
mS � S . Then we have the equality m2

S DmS and the S -module emS WDmS ˝S mS

is S -flat.

Proof. The equality m2
S D mS follows from the analogous assumption on m and

the construction of mS . Regarding the flatness issue, we claim that mS ˝S mS '

.m˝R S/˝S .m˝R S/. That would certainly imply the desired flatness statement.
To prove this claim, we look at the following short exact sequence:

0! m! R! R=m! 0:
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We apply �˝R S to get a short exact sequence

0! TorR1 .R=m; S/! m˝R S ! mS ! 0:

We observe that TorR1 .R=m; S/ is almost zero, so both TorR1 .R=m; S/˝S mS and
TorR1 .R=m; S/˝S .m˝R S/ are zero modules due to Lemma 2.1.1. So we use the
functors �˝S .m˝R S/ and �˝S mS to obtain isomorphisms

.m˝R S/˝S .m˝R S/ ' mS ˝R .m˝R S/ ' .mS/˝S .mS/:

Thus we get the desired equality.

Lemma 2.1.12. Let f WR! S be a ring homomorphism, and let F WModR!ModS
be anR-linear functor (resp. let F WModop

R !ModS be anR-linear functor). Then F
sends almost zero R-modules to almost zero S -modules.

Proof. Suppose thatM is an almost zero R-module, so "M D 0 for any " 2m. Then
"F.M/ D 0 because F is R-linear, so F.M/ is almost zero by Lemma 2.1.1.

Corollary 2.1.13. Let f WR ! S be a ring homomorphism, and let F WModR !
ModS be a left or right exact R-linear functor (resp. let F WModop

R !ModS be a left
or right exact R-linear functor). Then F preserves almost isomorphisms.

Proof. We only show the case of a left exact functor F WModR ! ModS , all other
cases are analogous to this one. We choose any almost isomorphism f WM 0 ! M 00

and wish to show that F.f / is an almost isomorphism. For this, we consider the
following exact sequences:

0! K !M 0 !M ! 0;

0!M !M 00 ! Q! 0:

We know that K and Q are almost zero by our assumption on f . Now, the above
short exact sequences induce the following exact sequences:

0! F.K/! F.M 0/! F.M/! R1F.K/;

0! F.M/! F.M 00/! F.Q/:

Lemma 2.1.12 guarantees thatF.K/, R1F.K/, andF.Q/ are almost zero S -modules.
Therefore, the morphisms F.M 0/! F.M/ and F.M/! F.M 00/ are both almost
isomorphisms. In particular, the composition F.M 0/! F.M 00/ is an almost isomor-
phism as well.
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2.2 Basic functors on categories of almost modules

The category of almost modules admits certain natural functors induced from the
category ofR-modules. It has two versions of the Hom-functor and the tensor product
functor. We summarize the properties of these functors in the following proposition:

Proposition 2.2.1. Let R;m be as above.

(1) We define the tensor product functor �˝Ra �WModaR �ModaR !ModaR as

.M a; N a/ 7! .M a
Š ˝R N

a
Š /
a:

Then there is a natural transformation of functors

ModR �ModR ModR

ModaR �ModaR ModaR

�˝R�

.�/a�.�/a .�/a
�

�˝Ra�

that makes the diagram .2;1/-commutative. In particular, there is a functorial
isomorphism .M ˝R N/

a 'M a ˝Ra N
a for any M;N 2ModR.

(2) There is a functorial isomorphism

HomRa.M
a; N a/ ' HomR.em˝M;N/;

for any M; N 2 ModR. In particular, there is a canonical structure of an
R-module on the group HomRa.M

a; N a/; thus it defines the functor

HomRa.�;�/WModop
Ra �ModRa !ModR:

(3) We define the functor alHomRa.�;�/WModop
Ra �ModRa ! ModRa of al-

most homomorphisms as

.M a; N a/ 7! HomRa.M
a; N a/a:

Then there is a natural transformation of functors

Modop
R �ModR ModR

Modop
Ra �ModRa ModRa

HomR.�;�/

.�/a�.�/a � .�/a

alHomRa .�;�/

that makes the diagram .2; 1/-commutative. In particular, it yields an isomor-
phism alHomRa.M

a; N a/ Ša HomR.M;N /
a for any M;N 2ModR.
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Proof. (1). We define

�M;N W .M
a
Š ˝R N

a
Š /
a
! .M ˝R N/

a

to be the morphism induced by

M a
Š ' em˝R M !M and N a

Š ' em˝R N ! N:

It is clear that �M;N is functorial in both variables, so it defines a natural transforma-
tion of functors �. We also need to check that �M;N is an isomorphism for any M
and N . This follows from the following two observations: �M;N is an isomorphism if
and only if �M;N ˝R em is an isomorphism; and �M;N ˝R em is easily seen to be an
isomorphism as em˝R em! em is an isomorphism.

(2) is just a reformulation of Lemma 2.1.8 (2).
In order to show (3), we need to define a functorial morphism

�M;N WHomR.M;N /
a
! alHomRa.M

a; N a/:

We start by using the functorial identification from (2):

alHomRa.M
a; N a/ Ša HomR.em˝M;N/a:

Namely, we define �M;N as the morphism HomR.M; N /
a ! HomR.em˝M;N/a

induced by the map em˝M ! M . This is clearly functorial in both variables, so it
defines the natural transformation �.

We also need to check that �M;N is an isomorphism for any M and N . This boils
down to the fact that HomR.�; N / sends almost isomorphisms to almost isomor-
phisms. This, in turn, follows from Corollary 2.1.13.

Remark 2.2.2. It is straightforward to check that whenever N a has a structure of
an Sa-module for some R-algebra S , then the Ra-modules alHomRa.M

a; N a/ and
M a ˝Ra N

a have functorial-in-M a structures of Sa-modules. This implies that
the functors � ˝Ra N a, alHomRa.�; N

a/ naturally land in ModaS , i.e., they define
functors

�˝Ra N
a
WModaR !ModaS and alHomRa.�; N

a/WModa;opR !ModaS :

Similarly, HomRa.�; N
a/ defines a functor ModaR !ModS .

The functor of almost homomorphisms is quite important, as it turns out to be the
inner Hom functor, i.e., it is right adjoint to the tensor product.

Lemma 2.2.3. Let f WR! S be a ring homomorphism, and letM a be anRa-module
and N a; Ka be Sa-modules. Then there is a functorial S -linear isomorphism

HomSa.M
a
˝Ra N

a; Ka/ ' HomRa.M
a; alHomSa.N

a; Ka//:
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Proof. This is a consequence of the usual˝-Hom-adjunction, Proposition 2.2.1, and
the fact that em˝2 ' em. Indeed, we have the following sequence of functorial isomor-
phisms:

HomSa.M
a
˝Ra N

a; Ka/ ' HomS .em˝R M ˝R N;K/
' HomS ..em˝R M/˝R .em˝R N/;K/
' HomR.em˝R M;HomS .em˝R N;K//
' HomRa.M; alHomSa.N

a; Ka//:

The first isomomorphism follows from Proposition 2.2.1 (1), (2), the second isomor-
phism follows from the observation em˝2 ' em, the third isomorphism is just the
classical ˝-Hom-adjunction, and the last isomorphism is a consequence of Proposi-
tion 2.2.1 (2), (3).

Corollary 2.2.4. (1) Let N be an Ra-module, then the functor �˝Ra N a is left
adjoint to the functor alHomRa.N

a;�/.

(2) Let R! S be a ring homomorphism. Then the functor �˝Ra SaWModaR!
ModaS is left adjoint to the forgetful functor.

Proof. Part (1) follows from Lemma 2.2.3 by taking S to be equal to R. Part (2)
follows from Lemma 2.2.3 by taking N a to be equal to Sa.

Definition 2.2.5. The following types of Ra-modules will be used throughout the
memoir:

• An Ra-module M a is flat if the functor M a ˝Ra �WModaR !ModaR is exact.

• An Ra-module M a is faithfully flat if it is flat and N a ˝Ra M
a ' 0 if and only

if N a ' 0.

• An R-module M is almost flat (resp. almost faithfully flat) if an Ra-module M a

is flat (resp. faithfully flat)

• An Ra-module I a is injective if the functor HomRa.�; I
a/WModa;opR ! ModR

is exact.

• AnRa-module P a is almost projective if the functor alHomRa.P
a;�/WModaR!

ModaR is exact.

Lemma 2.2.6. The functor .�/aWModR ! ModaR sends flat (resp. faithfully flat,
resp. injective, resp. projective) R-modules to flat (resp. faithfully flat, resp. injective,
resp. almost projective) Ra-modules.

Proof. The case of flat modules is clear from Proposition 2.2.1 (1). Now suppose that
M is a faithfully flat R-module. Recall that M ˝R �WModR ! ModR is an exact
and faithful functor. Therefore, if M ˝R N is almost zero, it implies that so is N .
Thus Proposition 2.2.1 (1) ensures that M a is almost faithfully flat.
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The case of injective modules follows from the fact that .�/a admits an exact left
adjoint functor .�/Š. The case of projective modules is clear from the definition.

Lemma 2.2.7. The functor .�/ŠWModaR ! ModR sends flat Ra-modules to flat R-
modules.

Proof. This follows from the formula M a
Š
˝R N ' .M a ˝Ra N

a/Š for any Ra-
module M a and an R-module N .

Warning 2.2.8. If M a is a faithfully flat Ra-module, the R-module M a
Š

may not be
faithfully flat. For instance, Ra is a faithfully flat Ra-module, but Ra

Š
D em is not a

faithfully flat R-module. For example, em˝R R=m ' 0.

Corollary 2.2.9. Any bounded above complex C �;a 2 Comp�.Ra/ admits a resolu-
tion P �;a ! C �;a by a bounded above complex of almost projective modules.

Proof. We consider the complex C �;a
Š
2 Comp�.R/; it admits a resolution by a com-

plex of free modules pWP � ! C
�;a
Š

. Now we apply .�/a to this morphism to obtain
the maps

P �;a
pa

��! .C
�;a
Š
/a

"
 � C �;a:

The map " is an isomorphism in Comp.Ra/ by Lemma 2.1.9, and pa is a quasi-
isomorphism by construction. Thus, "�1 ı paWP �;a ! C �;a is a quasi-isomorphism
in Comp.Ra/. We conclude by noting that each term of P �;a is almost projective by
Lemma 2.2.6.

2.3 Derived category of almost modules

We define the derived category of almost modules in two different ways and show
that these definitions coincide. Later we define certain derived functors on the derived
category of almost modules. We pay some extra attention to showing that the functors
in this section are well defined on unbounded derived categories.

Definition 2.3.1. We define the derived category of almost R-modules as D.Ra/ WD
D.ModaR/.

We define the bounded version of the derived category of almost R-modules
D�.Ra/ for � 2 ¹C;�; bº as the full subcategory consisting of bounded below (resp.
bounded above, resp. bounded) complexes.

Definition 2.3.2. We define the almost derived category of R-modules as the Verdier
quotient D.R/a WD D.ModR/=D†R.ModR/.
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We recall that †R is the Serre subcategory of ModR that consists of almost zero
modules, and D†R.ModR/ is the full triangulated category of elements in D.ModR/
with almost zero cohomology modules.

We note that the functor .�/aWModR!ModaR is exact and additive. Thus, it can
be derived to the functor .�/aWD.R/!D.Ra/. Similarly, the functor .�/ŠWModaR!
ModR is additive and exact, so it can be derived to the functor .�/ŠWD.Ra/! D.R/.
The standard argument shows that .�/Š is a left adjoint functor to the functor .�/a

since this already happens on the level of abelian categories. Now we also want
to derive the functor .�/�WModaR ! ModR. In order to do this on the level of
unbounded derived categories, we need to show that D.Ra/ has enough K-injective
objects.

Definition 2.3.3. A complex of Ra-modules I �;a is K-injective if

HomK.Ra/.C �;a; I �;a/ D 0

for any acyclic complex C �;a of Ra-modules.

Remark 2.3.4. We remind the reader that K.Ra/ stands for the homotopy category
of Ra-modules.

Lemma 2.3.5. The functor .�/aW Comp.R/ ! Comp.Ra/ sends K-injective R-
complexes to K-injective Ra-complexes.

Proof. We note that .�/a admits an exact left adjoint .�/Š thus [68, Tag 08BJ] ensures
that .�/a preserves K-injective complexes.

Corollary 2.3.6. Every objectM �;a 2 Comp.Ra/ is quasi-isomorphic to aK-injec-
tive complex.

Proof. We know that the complexM � 2 Comp.R/ is quasi-isomorphic to aK-injec-
tive complex I � by [68, Tag 090Y] (or [68, Tag 079P]). Now we use Lemma 2.3.5 to
say that I �;a is a K-injective complex that is quasi-isomorphic to M �;a.

As the first application of Corollary 2.3.6, we define the functor .�/�WD.Ra/!
D.R/ as the derived functor of .�/�WModaR ! ModR. This functor exists by [68,
Tag 070K].

Lemma 2.3.7. (1) The functors

D.R/ D.Ra/
.�/a

.�/Š

are adjoint. Moreover, the unit (resp. counit) morphism

.M a/Š !M (resp. N ! .NŠ/
a)

https://stacks.math.columbia.edu/tag/08BJ
https://stacks.math.columbia.edu/tag/090Y
https://stacks.math.columbia.edu/tag/079P
https://stacks.math.columbia.edu/tag/070K
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is an almost isomorphism (resp. isomorphism) for anyM2D.R/,N2D.Ra/.
In particular, the functor .�/a is essentially surjective.

(2) The functors

D.R/ D.Ra/
.�/a

.�/�

are adjoint. Moreover, the unit (resp. counit) morphism

M ! .M a/� (resp. .N�/a ! N )

is an almost isomorphism (resp. isomorphism) for anyM2D.R/;N2D.Ra/.

Proof. We start the proof by showing (1). First, we note that the functors .�/Š and
.�/a are adjoint by the discussion above. Now we show that the cone of the counit
map is always in D†R.R/. As both functors .�/a and .�/Š are exact on the level
of abelian categories, it suffices to show the claim for M 2 ModaR. But then the
statement follows from Lemma 2.1.9 (5). The same argument shows that the unit
map N ! .NŠ/

a is an isomorphism for any N 2 D.Ra/.
Now we go to (2). We define the functor .�/�WD.Ra/!D.R/ as the right derived

functor of the left exact additive functor .�/�WModaR ! ModR. This functor exists
by [68, Tag 070K] and Corollary 2.3.6. The functor .�/� is right adjoint to .�/a by
[68, Tag 0DVC].

We check that the natural map M ! .M a/� is an almost isomorphism for any
M 2 D.R/. We choose some K-injective resolution M

�
�!I �. Then Lemma 2.3.5

guarantees that M a ! I �;a is a K-injective resolution of the complex M a. The map
M ! .M a/� has a representative

I � ! .I �;a/�:

This map is an almost isomorphism of complexes by Lemma 2.1.9 (2). Thus, the map
M ! .M a/� is an almost isomorphism. A similar argument shows that the counit
map .N�/a ! N is an (almost) isomorphism for any N 2 D.Ra/.

Theorem 2.3.8. The functor .�/aWD.R/! D.Ra/ induces an equivalence of trian-
gulated categories .�/aWD.R/a ! D.Ra/.

Proof. We recall that the Verdier quotient is constructed as the localization of D.R/
along the morphisms f WC ! C 0 such that cone.f / 2 D†R.R/. For instance, this is
the definition of Verdier quotient in [68, Tag 05RI]. Now we see that a morphism
f aW C a ! C 0a is invertible in D.Ra/ if and only if cone.f / 2 D†R.R/, by the
definition of †R and the exactness of .�/a. Moreover, .�/a admits a right adjoint
such that .�/a ı .�/� ! id is an isomorphism of functors. Thus, we can apply [27,
Proposition 1.3] to say that the induced functor .�/aWD.R/a ! D.Ra/ must be an
equivalence.

https://stacks.math.columbia.edu/tag/070K
https://stacks.math.columbia.edu/tag/0DVC
https://stacks.math.columbia.edu/tag/05RI
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Remark 2.3.9. Theorem 2.3.8 shows that the two notions of the derived category
of almost modules are the same. In what follows, we do not distinguish D.Ra/ and
D.R/a anymore.

2.4 Basic functors on derived categories of almost modules

Now we can “derive” certain functors constructed in the previous section. We start
by defining the derived versions of different Hom functors, after that we move to the
case of the derived tensor product functor.

Definition 2.4.1. We define the derived Hom functor

RHomRa.�;�/WD.Ra/op
� D.Ra/! D.R/

as it is done in [68, Tag 0A5W], using the fact that Comp.Ra/ has enoughK-injective
complexes.

We define Ext modules via the following formula:

ExtiRa
�
M a; N a

�
WD Hi

�
RHomRa.M

a; N a/
�
2ModR;

for M a; N a 2ModaR.

Explicitly, for any M a; N a 2 D.Ra/, the complex RHomRa.M
a; N a/ is con-

structed as follows: We choose a representative C �;a ! M a and a K-injective res-
olution N a ! I �;a. Then we set RHomRa.M

a; N a/ D Hom�Ra.C
�;a; I �;a/. This

construction is independent of the choices and is functional in both variables. We
refer to [68, Tag 0A5W] for the details.

Remark 2.4.2. We see that [68, Tag 0A64] implies a functorial isomorphism

Hi
�
RHomRa.M

a; N a/
�
' HomD.R/a

�
M a; N aŒi �

�
:

Lemma 2.4.3.

(1) There are functorial isomorphisms

HomD.R/a.M
a; N a/ ' HomD.R/.M

a
Š ; N /

and
RHomRa.M

a; N a/ ' RHomR.M
a
Š ; N /

for any M;N 2 D.R/.
(2) For any chosenM a 2ModaR, the functor RHomRa.M

a;�/WD.R/a! D.R/
is isomorphic to the (right) derived functor of HomRa.M

a;�/.

https://stacks.math.columbia.edu/tag/0A5W
https://stacks.math.columbia.edu/tag/0A5W
https://stacks.math.columbia.edu/tag/0A64
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Proof. The first claim easily follows from the fact that .�/a is a right adjoint to the
exact functor .�/Š. We leave the details to the reader.

The second claim follows from [68, Tag 070K] and Corollary 2.3.6.

Definition 2.4.4. We define the derived functor of almost homomorphisms

RalHomRa.�;�/WD.Ra/op
� D.Ra/! D.Ra/

as
RalHomRa.M

a; N a/ WD RHomRa.M
a; N a/a D RHomR.M

a
Š ; N /

a:

We define the almost Ext modules as Ra-modules defined by

alExtiRa
�
M a; N a

�
WD Hi

�
RalHomRa.M

a; N a/
�

for M a; N a 2ModaR.

Definition 2.4.5. For K�;a; L�;a 2 Comp.Ra/, we define the complex of almost
homomorphisms alHom�Ra.K

�;a; L�;a/ as follows:

alHomn
Ra.K

�;a; L�;a/ WD
Y

nDpCq

alHomRa.K
�q;a; Lp;a/

with the differentials

d.f / D dL�;a ı f � .�1/nf ı dK�;a :

Lemma 2.4.6. LetP �;a be a bounded above complex ofRa-modules with almost pro-
jective cohomology modules and let M �;a ! N �;a be an almost quasi-isomorphism
of bounded below complexes of Ra-modules. Then the natural morphism

alHom�Ra.P
�;a;M �;a/! alHom�Ra.P

�;a; N �;a/

is an almost quasi-isomorphism.

Proof. We note that as in the case of the usual Hom-complexes, there are convergent3

spectral sequences

Ei;j1 D Hj
�
alHom�Ra.P

�i;a;M �;a/
�
) HiCj

�
alHom�Ra.P

�;a;M �;a/
�

E0i;j1 D Hj
�
alHom�Ra.P

�i;a; N �;a/
�
) HiCj

�
alHom�Ra.P

�;a; N �;a/
�
:

Moreover, there is a natural morphism of spectral sequences Ei;j1 ! E0i;j1 . Thus, it
suffices to show that the associated map on the first page is an almost isomorphism

3Here we use that P �;a is bounded above, M �;a and N �;a are bounded below.

https://stacks.math.columbia.edu/tag/070K
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at each entry. For this, we use the fact that alHomRa.P
�i;a;�/ is exact to rewrite the

first page of this spectral sequence as

Ei;j1 D alHomRa
�
P�i;a;Hj .M �;a/

�
and the same for E0i;j1 . So the question boils down to showing that the natural mor-
phisms

alHomRa
�
P�i;a;Hj .M �;a/

�
! alHomRa

�
P�i;a;Hj .N �;a/

�
are almost isomorphisms. But this is clear as M �;a ! N �;a is an almost quasi-
isomorphism.

Lemma 2.4.7. Let P �;a1 ! P
�;a
2 be an almost quasi-isomorphism of bounded above

complexes with almost projective cohomology modules and let M �;a be a bounded
below complex of Ra-modules. Then the natural morphism

alHom�Ra.P
�;a
2 ;M �;a/! alHom�Ra.P

�;a
1 ;M �;a/

is an almost quasi-isomorphism.

Proof. We choose some injective resolutionM �;a! I �;a of the bounded below com-
plex M �;a. Then we have a commutative diagram

alHom�Ra.P
�;a
2 ;M �;a/ alHom�Ra.P

�;a
1 ;M �;a/

alHom�Ra.P
�;a
2 ; I �;a/ alHom�Ra.P

�;a
1 ;M �;a/:

The bottom horizontal arrow is an almost quasi-isomorphism by the standard cat-
egorical argument with injective resolutions. The vertical maps are almost quasi-
isomorphism by Lemma 2.4.6.

Proposition 2.4.8. (1) There is a natural transformation of functors

D.R/op � D.R/ D.R/

D.Ra/op � D.Ra/ D.Ra/

RHomR.�;�/

.�/a�.�/a .�/a�

RalHomRa .�;�/

that makes the diagram .2; 1/-commutative. In particular,

RalHomRa.M
a; N a/ Ša RHomR.M;N /

a

for any M;N 2 D.R/.
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(2) For any chosen M a 2 ModaR, the functor RalHomRa.M
a; �/W D.Ra/ !

D.Ra/ is isomorphic to the (right) derived functor of alHomRa.M
a;�/.

(3) For any chosen N a 2 ModaR, the functor RalHomRa.�; N
a/WD�.Ra/op !

D.Ra/ is isomorphic to the (right) derived functor of alHomRa.�; N
a/.

Proof. In order to show Part (1), we construct functorial morphisms

�M;N WRHomR.M;N /
a
! RalHomRa.M

a; N a/;

for any M;N 2 D.R/. We recall that there is a functorial identification

RalHomRa.M
a; N a/ Ša RHomR.M

a
Š ; N /

a
Š
a RHomR.em˝RM;N/a:

So we define

�M;N WRHomR.M;N /
a
! RHomR.em˝R M;N/a

as the morphism induced by the canonical map em˝RM !M . This is clearly func-
torial, so it defines the stated natural transformation of functors. The only thing we
are left to show is that �M;N is an almost isomorphism for any M;N 2 D.R/.

We recall that RHomR.M;N / is isomorphic to Hom�R.C
�; I �/ for any choice of

a K-injective resolution of N ��!I � and any resolution M �
�!C �. Since em˝R C � is a

resolution of em˝RM due to theR-flatness of em, we reduce the question to showing
that the natural map

˛WHom�R.C
�; I �/! Hom�R.em˝R C �; I �/

is an almost quasi-isomorphism of complexes. For this, it suffices to show that ˛ is
an isomorphism of complexes. Now note that the degree-n part of ˛ is the mapY

pCqDn

HomR.C
�q; Ip/!

Y
pCqDn

HomR.em˝R C�q; Ip/:
Since (infinite) products are exact in ModaR, and any (infinite) product of almost
zero modules is almost zero, it is enough that we show that each particular map
HomR.C

�q; Ip/! HomR.em˝R C�q; Ip/ is an almost isomorphism. This follows
from Proposition 2.2.1 (3).

Part (2) is similar to Part (2) of Lemma 2.4.3.
Part (3) is also similar to Part (2) of Lemma 2.4.3, but there are some subtleties

due to the fact that ModaR does not have enough projective objects. We fix this issue
by using [68, Tag 06XN] instead of [68, Tag 070K]. We apply it to the subset P of
bounded above complexes with almost projective terms. This result is indeed appli-
cable in our situation due to Corollary 2.2.9 and Lemma 2.4.7.

Now we deal with the case of the derived tensor product functor.

https://stacks.math.columbia.edu/tag/06XN
https://stacks.math.columbia.edu/tag/070K
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Definition 2.4.9. We say that a complex K�;a of Ra-modules is almost K-flat if the
naive tensor product complex C �;a ˝�Ra K

�;a is acyclic for any acyclic complex C �;a

of Ra-modules.

Lemma 2.4.10. The functor .�/aWComp.R/! Comp.Ra/ sends K-flat R-comp-
lexes to almost K-flat Ra-complexes.

Proof. Suppose that C �;a is an acyclic complex of Ra-modules and K� is a K-flat
complex. Then we see that

C �;a ˝�Ra K
�;a
Š
a .C � ˝�R K

�/a

Š
a .em˝R C � ˝�R K�/a Ša ..em˝R C �/˝�R K�/a:

The latter complex is acyclic as em˝ C � is acyclic and K� is K-flat.

Corollary 2.4.11. Every objectM �;a 2Comp.Ra/ is quasi-isomorphic to an almost
K-flat complex.

Proof. We know that the complex M � 2 Comp.R/ is quasi-isomorphic to a K-flat
complex K� by [68, Tag 06Y4]. Now we use Lemma 2.4.10 to say that K�;a is an
almost K-flat complex that is quasi-isomorphic to M �;a.

Definition 2.4.12. We define the derived tensor product functor

�˝
L
Ra � WD.R/

a
� D.R/a ! D.R/a

by the rule .M a; N a/ 7! .MŠ ˝
L
R NŠ/

a for any M a; N a 2 D.R/a.

Proposition 2.4.13. (1) There is a natural transformation of functors

D.R/ � D.R/ D.R/

D.R/a � D.R/a D.R/a

�˝L
R
�

.�/a�.�/a .�/a

�˝L
Ra
�

�

that makes the diagram .2;1/-commutative. In particular, there is a functorial
isomorphism .M ˝LR N/

a 'M a ˝LRa N
a for any M;N 2 D.R/.

(2) For any chosen M a 2 ModaR, the functor M a ˝LRa �WD.R/
a ! D.R/a is

isomorphic to the (left) derived functor of M a ˝Ra �.

Proof. The proof of Part (1) is similar to that of Proposition 2.2.1 (1). We leave the
details to the reader.

The proof of Part (2) is similar to that of Proposition 2.4.8 (2). The claim follows
by applying [68, Tag 06XN] with P being the subset of almost K-flat complexes.
This result is indeed applicable in our situation due to Corollary 2.4.11 and the almost
version of [68, Tag 064L].

https://stacks.math.columbia.edu/tag/06Y4
https://stacks.math.columbia.edu/tag/06XN
https://stacks.math.columbia.edu/tag/064L


Almost commutative algebra 34

Lemma 2.4.14. Let M a; N a; Ka 2 D.R/a, then we have a functorial isomorphism

RHomRa.M
a
˝
L
Ra N

a; Ka/ ' RHomRa.M
a;RalHomRa.N

a; Ka//:

In particular, the functors RalHomRa.N
a;�/WD.R/a D.R/aW � ˝LRa N

a

are adjoint.

Proof. The claim follows from the following sequence of canonical identifications:

RHomRa.M
a
˝
L
Ra N

a; Ka/

' RHomR..em˝RM/˝LR .em˝R N/;K/ Lemma 2.4.3 (1)

' RHomR.em˝RM;RHomR.em˝R N;K// [68, Tag 0A5W]

' RHomRa.M
a;RHomR.em˝R N;K/a/ Lemma 2.4.3 (1)

' RHomRa.M
a;RalHomRa.N

a; Ka//: Definition 2.4.4

Definition 2.4.15. Let f W R ! S be a ring homomorphism. We define the base
change functor

�˝
L
Ra S

a
WD.R/a ! D.S/a

by the rule M a 7! .MŠ ˝
L
R S/

a for any M a 2 D.R/a.

Proposition 2.4.16. (1) There is a natural transformation of functors

D.R/ D.S/

D.R/a D.S/a

�˝L
R
S

.�/a .�/a

�˝L
Ra
Sa

�

that makes the diagram .2;1/-commutative. In particular, there is a functorial
isomorphism .M ˝LR S/

a 'M a ˝LRa S
a for any M 2 D.R/.

(2) The functor � ˝LRa S
aWD.R/a ! D.S/a is isomorphic to the (left) derived

functor of �˝LRa S
a.

Proof. The proof is identical to Proposition 2.4.13.

Lemma 2.4.17. Let R ! S be a ring homomorphism, let M a 2 D.R/a, and let
N a 2 D.S/a. Then we have a functorial isomorphism

RHomSa.M
a
˝
L
Ra S

a; N a/ ' RHomRa.M
a; N a/:

In particular, the functors ForgetWD.S/a D.R/aW � ˝LRa S
a are adjoint.

Proof. The proof is similar to that of Lemma 2.4.14.

https://stacks.math.columbia.edu/tag/0A5W
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2.5 Almost finitely generated and almost finitely presented modules

In this section, we discuss the notions of almost finitely generated and almost finitely
presented modules. Our discussion closely follows [26]. The main difference is that
we avoid any use of “uniform structures” in our treatment; we think that it simplifies
the exposition. We recall that we fixed some “base” ring R with an ideal m such
that m2 D m and em D m˝R m is flat, and we always do almost mathematics with
respect to this ideal.

Definition 2.5.1. AnR-moduleM is called almost finitely generated, if for any "2m

there are an integer n" and an R-homomorphism

Rn"
f
�!M

such that Coker.f / is killed by ".

Definition 2.5.2. An R-module M is called almost finitely presented, if for any
"; ı 2 m there are integers n";ı , m";ı and a complex

Rm";ı
g
�! Rn";ı

f
�!M

such that Coker.f / is killed by " and ı.Kerf / � Img.

Remark 2.5.3. Clearly, any almost finitely presented R-module is almost finitely
generated.

Remark 2.5.4. A typical example of an almost finitely presented module that is
not finitely generated is M D

L
n�1 OC=p

1=nOC for an algebraically closed non-
archimedean field C of mixed characteristic .0; p/.

The next few lemmas discuss basic properties of almost finitely generated and
almost finitely presented modules. For example, it is not entirely obvious that these
notions transfer across almost isomorphisms. We show that this is actually the case,
so these notions descend to ModaR. We also show that almost finitely generated and
almost finitely presented modules have many good properties that are similar to those
of usual finitely generated and finitely presented modules.

Our first main goal is to get alternative criteria for a module to be almost finitely
generated (resp. almost finitely presented) and show that this notion descends to the
category of almost modules.

Lemma 2.5.5. Let M be an R-module, then M is almost finitely generated if and
only if for any finitely generated ideal m0 � m there is a morphism Rn

f
�!M such

that m0.Cokerf / D 0.
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Proof. The “if” part is clear, so we only need to deal with the “only if” part. We
choose a set of generators ."0; : : : ; "n/ for an ideal m0. By assumption, we have
R-morphisms

fi WR
n"i !M

such that "i .Cokerfi / D 0 for all i . Then the sum of these morphisms

f WD

nM
iD1

fi WR
P
n"i !M

defines a map such that m0.Cokerf /D 0. Since m0 was an arbitrary morphism, this
finishes the proof.

Lemma 2.5.6. LetM be an almost finitely presented R-module, and let 'WRn!M

be an R-homomorphism such that m1.Coker '/ D 0 for some ideal m1 � m. Then
for every finitely generated ideal m0 � m1m there is morphism  WRm ! M such
that

Rm
 
�! Rn

'
�!M

is a three-term complex and m0.Ker'/ � Im. /.

Proof. SinceM is almost finitely presented, for any two elements "1; "2 2m, we can
find a complex

Rm2
g
�! Rm1

f
�!M

such that "1.Cokerf /D 0 and "2.Kerf /� Img. Now we choose an element ı 2m1

and wish to define morphisms

˛WRm1 ! Rn and ˇWRn ! Rm1

such that ' ı ˛ D ıf and f ı ˇ D "1'.

Rm2 Rm1 M

Rn

g f

˛ˇ
'

To achieve this goal, we define ˛ and ˇ in the following way: we fix a basis
e1; : : : ; em1 of Rm1 , a basis e01; : : : ; e

0
n of Rn, and then put ˛ and ˇ to be the unique

R-linear morphisms such that

˛.ei / D yi 2 R
n for some yi such that '.yi / D ıf .ei /;

ˇ.e0j / D xj 2 R
m1 for some xj such that f .xj / D "1'.e0j /:

It is clear that ' ı ˛ D ıf and f ı ˇ D "1' as it holds on the basis elements.
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We define the morphism  WRn ˚Rm2 ! Rn by the rule

 .x; y/ D ˛ ı ˇ.x/ � ."1ı/x C ˛ ı g.y/:

Now we show that

' ı  D 0 and "1"2ıKer' � Im :

We start by showing that ' ı  D 0: it suffices to prove that

.˛ ı g/.y/ 2 Ker' for y 2 Rm2 ; and .˛ ı ˇ/.x/ � ."1ı/x 2 Ker' for x 2 Rn:

We note that we have an equality

.' ı ˛ ı g/.y/ D ı.f ı g/.y/ D ı0 D 0;

so .˛ ı g/.y/ 2 Ker.'/. We also have an equality

.' ı .˛ ı ˇ � "1ı//.x/ D .' ı ˛ ı ˇ/.x/ � "1ı'.x/

D ı.f ı ˇ/.x/ � "1ı'.x/

D ı"1'.x/ � "1ı'.x/

D 0:

This shows that .˛ ı ˇ/.x/ � ."1ı/x 2 Ker.'/ as well.

We show that ."1"2ı/Ker ' � Im. /: we observe that for any x 2 Ker ' we have
ˇ.x/�Kerf as f ıˇD "1'. This implies that "2ˇ.x/2 Img since "2Kerf � Img.
Thus, there is y 2 Rm2 such that g.y/ D "2ˇ.x/, so .˛ ı g/.y/ D "2˛ ı ˇ.x/. This
shows that

 .�"2x; y/ D �"2.˛ ı ˇ/.x/C "1"2ıx C .˛ ı g/.y/

D �"2.˛ ı ˇ/.x/C "1"2ıx C "2.˛ ı ˇ/.x/ D "1"2ıx:

We conclude that "1"2ıx 2 Im. / for any x 2 Ker.'/.
Finally, we recall that m0 is a finitely generated ideal, and that m0 � m1m D

m1m
2 � m1. This means that we can find a finite set I , and a finite set of elements

"i;1; "i;2 2m; ıi 2m1 such that m0 is contained in the ideal J WD ."i;1"i;2ıi /i2I (the
ideal generated by all products "i;1"i;2ıi ). The previous discussion implies that for
each i 2 I , we have a map  i W Rki ! Rn such that

' ı  i D 0 and ."i;1"i;2ıi /.Ker'/ � Im i :

By passing to the homomorphism

 WD
M
i2I

 i WR
P
ki ! Rn;
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we get a map  such that ' ı D 0 and m0.Ker'/ � Im. /. Therefore,  does the
job.

Lemma 2.5.7. LetM be anR-module. Then the following conditions are equivalent:

(1) The R-module M is almost finitely presented.

(2) For any finitely generated ideal m0 � m there exist a finitely presented R-
module N and a homomorphism f WN ! M such that m0.Ker f / D 0 and
m0.Cokerf / D 0.

(3) For any finitely generated ideal m0 �m there exist integers n;m and a three-
term complex

Rm
g
�! Rn

f
�!M

such that m0.Cokerf / D 0 and m0.Kerf / � Img.

Proof. It is clear that (3) implies both (1) and (2).
We show that (1) implies (3). Since M is an almost finitely generated R-module,

Lemma 2.5.5 guarantees that, for any finitely generated ideal m0 � m, there exists a
morphism Rn

f
�!M such that m0.Cokerf / D 0.

We know that m0 �mDm2; this easily implies that there is a finitely generated
ideal m1 �m such that m0 �m1m �m1. So, using m0 Dm1, we can find a homo-
morphismRn

'
�!M such that m1.Coker'/D 0. Lemma 2.5.6 claims that we can also

find a homomorphism  WRm ! Rn such that

Rm
 
�! Rn

'
�!M

is a three-term complex and m0.Ker'/� Im . As m0 �m1 and m1.Coker'/ D 0,
we get that m0.Coker'/D 0 as well. This finishes the proof since m0 was an arbitrary
finitely generated sub-ideal of m.

Now we show that (2) implies (3). We pick an arbitrary finitely generated ideal
m0 � m, and we try to find a three-term complex

Rm
g
�! Rn

f
�!M

such that m0.Coker f / D 0 and m0.Ker f / � Im.g/. To achieve this, we use the
assumption in (2) to find a morphism hWN ! M such that N is a finitely presented
R-module, m0.Coker h/ D 0, and m0.Ker h/ D 0. Since N is finitely presented, we
can find a short exact sequence

Rm
g
�! Rn

f 0

�! N ! 0:

It is straightforward to see that a three-term complex

Rm
g
�! Rn

f WDhıf 0

������!M
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satisfies the condition that m0.Cokerf / D 0 and m0.Kerf / � Im.g/.

Lemma 2.5.8. Let M be an R-module, and suppose that for any finitely gener-
ated ideal m0 � m there exists a morphism f WN ! M such that m0.Ker f / D 0,
m0.Cokerf /D 0, andN is almost finitely generated (resp. almost finitely presented).
Then M is also almost finitely generated (resp. almost finitely presented).

Proof. We give a proof only in the almost finitely presented case; the other case is
easier. We pick an arbitrary finitely generated ideal m0 � m and another finitely
generated ideal m1 � m such that m0 � m2

1. Then we use the assumption to get a
morphism

f WN !M

such that m1.Ker f / D 0;m1.Coker f / D 0 and N is an almost finitely presented
R-module. Lemma 2.5.7 guarantees that there is a three-term complex

Rm
h
�! Rn

g
�! N

such that m1.Cokerg/D 0 and m1.Kerg/� Imh. Then we can consider a three-term
complex

Rm
h
�! Rn

f 0WDf ıg
������!M;

it is easily seen that m2
1.Coker f 0/ D 0 and m2

1.Ker f 0/ � Im.h/. Since m0 � m2
1,

we conclude that m0.Cokerf 0/ D 0 and m0.Kerf 0/ � Im.h/. This shows thatM is
almost finitely presented.

Lemma 2.5.9. Let M be an R-module and let ¹Niºi2I be a filtered diagram of
R-modules. Then

(1) the natural morphism

0M W colimI HomR.M;Ni /! HomR.M; colimI Ni /

is almost injective for an almost finitely generated M ;

(2) the natural morphism

0M W colimI HomR.M;Ni /! HomR.M; colimI Ni /

is an almost isomorphism and

1M W colim Ext1R.M;Ni /! Ext1R.M; colimNi /

is almost injective for an almost finitely presented M .

Proof. We give a proof for an almost finitely presented M ; the case of an almost
finitely generated M is similar.
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Step 1: The case of a finitely presentedM . In this case, 0M is an isomorphism and 1M
is injective due to [68, Tag 064T] and [68, Tag 0G8W].

Step 2: General case. We fix a finitely generated ideal m0�m. Since m0�mDm4,
there is a finitely generated ideal m1 such that m0 �m4

1. So we use Lemma 2.5.7 (2)
to find a finitely presented moduleM 0 and a morphism f WM 0!M such that Ker.f /
and Coker.f / are annihilated by m1. We denote the image of f byM 00 and consider
the short exact sequences

0! K !M 0 !M 00 ! 0;

0!M 00 !M ! Q! 0

with K and Q being annihilated by m1. Applying the functors colimI HomR.�; Ni /

and HomR.�; colimI Ni / and considering the associated long exact sequences, we
see that

bi W colimI ExtiR.M;Ni /! colimI ExtiR.M
0; Ni /

and
ci WExtiR.M; colimI Ni /! ExtiR.M

0; colimI Ni /

have kernels and cokernels annihilated by m2
1 for any i � 0. Now we consider a

commutative diagram

colimI ExtiR.M
0; Ni / ExtiR.M

0; colimI Ni /

colimI ExtiR.M;Ni / ExtiR.M; colimI Ni /

 i
M 0

bi

 i
M

ci

By Step 1, we know that  iM 0 is an isomorphism for i D 0 and injective for i D 1.
Moreover, we know that bi and ci have kernels and cokernels annihilated by m2

1.
Then it is easy to see that Coker.0M /, Ker.0M /, and Ker.1M / are annihilated by
m4
1. In particular, they are annihilated by m0 � m4

1. Since m0 was arbitrary finitely
generated sub-ideal m0 �m, we conclude that 0M is an almost isomorphism and 1M
is almost injective.

Lemma 2.5.10. Let M be an R-module.

(1) If, for any filtered diagram of R-modules ¹Niºi2I , the natural morphism

colimI HomR.M;Ni /! HomR.M; colimI Ni /

is almost injective, then M is almost finitely generated.

https://stacks.math.columbia.edu/tag/064T
https://stacks.math.columbia.edu/tag/0G8W
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(2) If, for any filtered system of R-modules ¹Niº, the natural morphism

colimI HomR.M;Ni /! HomR.M; colimI Ni /

is an almost isomorphism, then M is almost finitely presented.

Proof. (1) Note that M ' colimI Mi is a filtered colimit of its finitely generated
submodules. Therefore, we see that

colimI HomR.M;M=Mi / '
a HomR.M; colimI .M=Mi // ' 0:

Consider an element ˛ of colimI HomR.M;M=Mi / that has a representative the quo-
tient morphism M ! M=Mi (for some choice of i 2 I ). Then, for every " 2 m,
"˛ D 0 in colimI HomR.M;M=Mi /. Explicitly, this means that there is j � i such
that "M � Mj . Now we choose a surjection Rnj ! Mj to see that the composition
f WRnj ! M gives a map with ".Coker f / D 0. Now note that this property is pre-
served by replacing j with any j 0 > j . Therefore, for any m0 D ."1; : : : ; "n/, we can
find a finitely generated submoduleMi �M such that m0M �Mi . Therefore,M is
almost finitely generated.

(2) Fix any finitely generated sub-ideal m0 D ."1; : : : ; "n/ � m. We use [68,
Tag 00HA] to write M ' colimƒM� as a filtered colimit of finitely presented R-
modules. By assumption, the natural morphism

colimƒ HomR.M;M�/! HomR.M; colimƒM�/ D HomR.M;M/

is an almost isomorphism. In particular, "i idM is in the image of this map for every
i D 1; : : : ; n. This means that, for every "i , there are an element �i 2 ƒ and a mor-
phism gi WM !M�i such that

f�i ı gi D "i idM ;

where f�i WM�i !M is the natural morphism to the colimit. Note that the existence
of such a gi is preserved by replacing �i with any �0i � �i . Therefore, using that
¹M�º is a filtered diagram, we can find an index � with maps

gi WM !M�

such that f� ı gi D "i idM . We consider the morphism

Fi WD gi ı f� � "i idM� WM� !M�:

We note that Im.Fi / � Ker.f�/ because

f� ı gi ı f� � f�"i idMi D "if� � "if� D 0:

https://stacks.math.columbia.edu/tag/00HA
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We also have "i Ker.f�/ � Im.Fi / because Fi jKer.f�/ D "i id. Therefore,
P
i Im.Fi /

is a finite R-module such that

m0.Kerf�/ �
X
i

Im.Fi / � Ker.f�/:

Therefore, f WM 0 WDM�=.
P
i Im.Fi //!M is a morphism such that its source M 0

is finitely presented, m0.Ker f / D 0, and m0.Coker f / D 0. Since m0 � m was an
arbitrary finitely generated sub-ideal, we see that M is almost finitely presented.

Corollary 2.5.11. Let M be an R-module. Then

(1) M is almost finitely generated if and only if the natural morphism

colimI alHomR.M
a; N a

i /! alHomR.M
a; colimI N a

i /

is injective in ModaR, for every filtered diagram ¹N a
i ºi2I of Ra-modules;

(2) M is almost finitely presented if and only if the natural morphism

colimI alHomR.M
a; N a

i /! alHomR.M
a; colimI N a

i /

is an isomorphism in ModaR, for every filtered diagram ¹N a
i ºi2I of Ra-

modules.

Proof. It formally follows from Lemma 2.5.9, Lemma 2.5.10, Proposition 2.2.1 (3),
and Corollary 2.1.10.

Corollary 2.5.12. Let M and N be two almost isomorphic R-modules (see Defini-
tion 2.1.7). ThenM is almost finitely generated (resp. almost finitely presented) if and
only if so is N .

Proof. Corollary 2.5.11 implies that M is almost finitely generated (resp. almost
finitely presented) if and only ifM a

Š
is. SinceM a

Š
'N a

Š
, we get the desired result.

Corollary 2.5.13. Let R! S be an almost isomorphism of rings. Then the forgetful
functor Mod�Sa !Mod�Ra is an equivalence for � 2 ¹“ ”; aft; afpº.

Proof. Corollary 2.5.11 ensures that it suffices to prove the claim for � D “ ” as the
property of being almost finitely generated (resp. almost finitely presented) depends
only on the category ModRa and not on the ring R itself.

Corollary 2.2.4 (2) guarantees that the forgetful functor admits a right adjoint
�˝Ra S

aWModaR!ModaS . Therefore, it suffices to show that the natural morphisms

M a
!M a

˝Ra S
a

and
N a
˝Ra S

a
! N a
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are isomorphisms for any M 2ModaR and N 2ModaS . This is obvious from the fact
that Ra ! Sa is an isomorphism of Ra-modules.

Definition 2.5.14. We say that an Ra-module M a 2 ModaR is almost finitely gen-
erated (resp. almost finitely presented) if its representative M 2 ModR is almost
finitely generated (resp. almost finitely presented). This definition does not depend
on the choice of a representative due to Corollary 2.5.12.

We now want to establish certain good properties of almost finitely presented
modules in short exact sequences. This will be crucial later in developing a good
theory of almost coherent modules.

Lemma 2.5.15. Let 0!M 0
'
�!M

 
�!M 00! 0 be an exact sequence of R-modules.

(1) If M is almost finitely generated, then so is M 00.

(2) If M 0 and M 00 are almost finitely generated (resp. finitely presented), then so
is M .

(3) IfM is almost finitely generated andM 00 is almost finitely presented, thenM 0

is almost finitely generated.

(4) IfM is almost finitely presented andM 0 is almost finitely generated, thenM 00

is almost finitely presented.

Proof. This can be easily deduced from Lemma 2.5.9 and Lemma 2.5.10 via the five
lemma (or diagram chase). We only note that the Ext1 part of Lemma 2.5.9 (2) is
crucial to make the argument work.

Corollary 2.5.16. Let 0! M 0a
'
�! M a

 
�! M 00a ! 0 be an exact sequence of Ra-

modules. Then all conclusions of Lemma 2.5.15 still hold.

Proof. We use Lemma 2.1.9 (4), (5) to see that the sequence

0! .M 0a/Š
'Š
�! .M a/Š

 Š
�! .M 00a/Š ! 0

is exact and almost isomorphic to the original sequence. Moreover, Corollary 2.5.12
says that each of those modules N a

Š
is almost finitely generated (resp. almost finitely

presented) if and only if so is the corresponding N a. Thus, the problem is reduced to
Lemma 2.5.15.

Lemma 2.5.17. Let M a; N a be two almost finitely generated (resp. almost finitely
presented)Ra-modules, then so isM a˝Ra N

a. Similarly,M ˝R N is almost finitely
generated (resp. almost finitely presented) for any almost finitely generated (resp.
almost finitely presented) R-modules M and N .
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Proof. We show the claim only in the case of almost finitely presented modules; the
case of almost finitely generated modules is significantly easier. Moreover, we use
Proposition 2.2.1 (1) to reduce the question to showing that the tensor product of two
almost finitely presented R-modules is almost finitely presented.

Step 1: The case of finitely presented modules. If both M and N are finitely pre-
sented, then this is a standard fact proven in [17, II Section 3.6, Proposition 6].

Step 2: The case of M being finitely presented. Now we deal with the case of a
finitely presented R-module M and an almost finitely presented R-module N . We
fix a finitely generated ideal m0 � m and a finitely generated ideal m1 such that
m0 � m2

1. Now we use Lemma 2.5.7 (2) to find a finitely presented module N 0 and
a morphism f WN 0 ! N such that Ker.f / and Coker.f / are annihilated by m0. We
denote the image of f by N 00 and consider the short exact sequences

0! K ! N 0 ! N 00 ! 0;

0! N 00 ! N ! Q ! 0;

with K and Q being annihilated by m0. After applying the functor M ˝R �, we get
the following exact sequences:

M ˝R K !M ˝R N
0
!M ˝R N

00
! 0;

TorR1 .M;Q/!M ˝R N
00
!M ˝R N !M ˝R Q! 0:

We note that M ˝R K;TorR1 .M;Q/, and M ˝R Q are annihilated by m0. Now it is
straightforward to conclude that the map

M ˝R f WM ˝N
0
!M ˝N

has kernel and cokernel annihilated by m1 � m2
0. Moreover, M ˝ N 0 is a finitely

presented module by Step 1. Since m1 was an arbitrary finitely generated subideal
of m, we conclude that M ˝N is almost finitely presented due to Lemma 2.5.7 (2).

Step 3: The general case. Repeat the argument of Step 2 once again using Step 2 in
place of Step 1 at the end, and Lemma 2.5.8 in place of Lemma 2.5.7 (2).

Lemma 2.5.18. Let M be an almost finitely presented R-module, let N be any R-
module, and let P be an almost flat R-module. Then the corresponding natural map
HomR.M;N /˝R P ! HomR.M;N ˝R P / is an almost isomorphism.

Similarly, HomRa.M
a;N a/˝Ra P

a! HomRa.M
a;N a ˝Ra P

a/ is an almost
isomorphism for any almost finitely presented Ra-module M a, any Ra-module N a,
and an almost flat Ra-module P a.

Proof. Proposition 2.2.1 (1) and (3) ensure that it suffices to prove the claim for the
case of honest R-modules M , N , and P .
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Step 1: The case of a finitely presented module M . We choose a presentation of M :

Rn ! Rm !M ! 0:

Then we use that P is almost flat to get a morphism of almost exact sequences:

0 HomR.M;N /˝R P HomR.R
m; N /˝R P HomR.R

n; N /˝R P

0 HomR.M;N ˝R P / HomR.R
m; N ˝R P / HomR.R

n; N ˝R P /:

Clearly, the second and third vertical arrows are (almost) isomorphisms, so the first
vertical arrow is an almost isomorphism as well.

Step 2: The general case. The case of an almost finitely presented module M fol-
lows from the finitely presented case by approximating M by finitely presented R-
modules. This is similar to the strategy used in Lemma 2.5.17; we leave the details to
the reader.

The last ingredient we will need is the interaction between properties of an R-
module M and its “reduction” M=I for some finitely generated ideal I � m. For
example, we know that for an ideal I � rad.R/ and a finite module M , Nakayama’s
lemma states thatM=I D 0 if and only ifM D 0. Another feature is that an I -adically
complete moduleM isR-finite if and only ifM=I isR=I -finite. It turns out that both
facts have their “almost” analogues.

Lemma 2.5.19. Let I �m\ rad.R/ be a finitely generated ideal. If M is an almost
finitely generated R-module such that M=IM ' 0. Then M ' 0. If M=IM Ša 0,
then M Ša 0.

Proof. We use the definition of an almost finitely generated module to find a finite
submoduleN containing IM . IfM=IM is isomorphic to the zero module, then inclu-
sion IM � N �M implies thatN DM . ThusM is actually finitely generated, now
we use the usual Nakayama’s lemma to finish the proof.

If M=IM is merely almost isomorphic to the zero module, then we see that the
inclusion IM � M is an almost isomorphism. In particular, mM is almost isomor-
phic to IM . Using that m2 D m, we obtain an equality

mM D m2M D m.IM/ D I.mM/:

Thus we can apply the argument from above to conclude that mM D 0. This finishes
the proof as mM Ša M .
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Lemma 2.5.20. Let R be I -adically complete for some finitely generated I � m.
Then an I -adically complete R-module M is almost finitely generated if and only if
M=IM is almost finitely generated.

Proof. [26, Lemma 5.3.18]

2.6 Almost coherent modules and almost coherent rings

This section is devoted to the study of almost coherent modules which are “almost”
analogues of classical coherent modules. We show that these modules form a weak
Serre subcategory in ModR. Then we study the special case of almost coherent mod-
ules over an almost coherent ring. In this case, we show that almost coherent modules
are equivalent to almost finitely presented modules.

We recall that we fixed some “base” ring R with an ideal m such that m2 D m

and em D m˝R m is flat, and we always do almost mathematics with respect to this
ideal.

Definition 2.6.1. An (almost) R-module M is almost coherent if it is almost finitely
generated and every almost finitely generated almost submoduleN a �M a is almost
finitely presented.

Remark 2.6.2. An almost submodule f WN a ,! M a does not necessarily give rise
to a submodule N 0 �M for some .N 0/a ' N a. The most we can say is that there is
an injection fŠW .N a/Š ,! .M a/Š whose almostification is equal to the morphism f

(this follows from Lemma 2.1.8 (2)).

Lemma 2.6.3. Let R ! S be an almost isomorphism of rings. Then the forgetful
functor Modacoh

Sa !Modacoh
Ra is an equivalence.

Proof. This follows directly from Corollary 2.5.13 and Definition 2.6.1.

Lemma 2.6.4. Let M a be an almost R-module with a representative M 2 ModR.
Then the following are equivalent:

(1) The almost module M a is almost coherent.

(2) The R-module .M a/� is almost finitely generated, and any almost finitely
generated R-submodule of .M a/� is almost finitely presented.

(3) The R-module .M a/Š is almost finitely generated, and any almost finitely
generated R-submodule of .M a/Š is almost finitely presented.

Proof. First of all, we note that Corollary 2.5.12 guarantees that M is almost finitely
generated if and only if so is .M a/�. Second, Lemma 2.1.9 implies that the functor
.�/� is left exact. Therefore, any almost submodule N a �M a gives rise to an actual
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submodule .N a/� � .M
a/� that is almost isomorphic to N . In reverse, any submod-

ule N � .M a/� gives rise to an almost submodule of M a. Hence, we see that all
almost finitely generated almost submodules of M a are almost finitely presented if
and only if all actual almost finitely generated submodules of M� are almost finitely
presented (here we again use Corollary 2.5.12). This shows the equivalence of (1)
and (2). The same argument shows that (1) is equivalent to (3).

Note that it is not that clear whether a coherentR-module is almost coherent. The
issue is that in the definition of almost coherent modules we need to be able to handle
all almost finitely generated almost submodules and not only finitely generated ones.
The lemma below is a useful tool to deal with such problems; in particular, it turns
out (Corollary 2.6.7) that all coherent modules are indeed almost coherent, but we do
not know a direct way to see that.

Lemma 2.6.5. Let M be an R-module. Then M is an almost coherent module if one
of the following holds:

(1) For any finitely generated ideal m0 �m, there exist a coherent R-module N
and a morphism f WN !M such that m0.Kerf /D 0 and m0.Cokerf /D 0.

(2) For any finitely generated ideal m0 � m, there exist an almost coherent
R-module N and a morphism f WN ! M such that m0.Ker f / D 0 and
m0.Cokerf / D 0.

Proof. We start the proof by noting that M comes with the natural almost isomor-
phism M ! M a

� . Since both assumptions on M pass through this almost isomor-
phism, Lemma 2.6.4 implies that it suffices to show that M� WDM a

� is almost coher-
ent.

Lemma 2.5.7 guarantees thatM� is almost finitely generated. Thus, we only need
to check the second condition from Definition 2.6.1. So we pick an arbitrary almost
finitely generated R-submodule M1 �M� and wish to show that it is almost finitely
presented. We choose an arbitrary finitely generated ideal m0�m and another finitely
generated ideal m1 � m such that m0 � m2

1.
We use Lemma 2.5.8 to find a morphism 'WRn!M1 such that m1.Coker'/D 0.

We denote by e1; : : : ; en the standard basis of Rn and by xi WD '.ei / the image of ei
in M1. We also choose a set of generators ."1; : : : ; "m/ of the ideal m1.

By assumption, there is a morphism f WN ! M� with a(n) (almost) coherent
R-module N such that m1.Coker f / D 0 and m1.Ker f / D 0. This implies that
"ixj is in the image of f for any i D 1; : : : ; m; j D 1; : : : ; n. Let us choose some
yi;j 2 N such that f .yi;j / D "ixj , and define an R-module N 0 as the submodule
of N generated by all yi;j . By construction, N 0 is a finite R-module. Since N is a
(almost) coherent module, we conclude that N 0 is (almost) finitely presented.
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We observe that f 0 WD f jN 0 naturally lands inM1, and we have m1.Kerf 0/D 0
and m2

1.Cokerf 0/ D 0. Since m0 � m2
1, this shows that the morphism

N 0
f 0

�!M1

has kernel and cokernel killed by m0. Lemma 2.5.8 shows that M1 is almost finitely
presented.

Question 2.6.6. Does the converse of Lemma 2.6.5 hold?

Corollary 2.6.7. Any coherent R-module M is almost coherent.

The next thing we want to show is that almost coherent modules form a weak
Serre subcategory of ModR. This is an almost analogue of the corresponding state-
ment in the classical case.

Lemma 2.6.8. Let R and m be as above. Then

(1) an almost finitely generated almost submodule of an almost coherent module
is almost coherent;

(2) let 'WN a !M a be an almost homomorphism from an almost finitely gener-
ated Ra-module to an almost coherent Ra-module, then Ker ' is an almost
finitely generated Ra-module;

(3) let 'WN a ! M a be an injective almost homomorphism of almost coherent
Ra-modules, then Coker' is an almost coherent Ra-module;

(4) let 'WN a ! M a be an almost homomorphism of almost coherent Ra-mod-
ules, then Ker' and Coker' are almost coherent Ra-modules;

(5) given a short exact sequence of Ra-modules 0!M 0a !M a !M 00a ! 0,
if two out of three are almost coherent, so is the third.

Proof. (1) This is evident from the definition of an almost coherent almost module.
(2) Let us define N 00a WD Im ' and N 0a WD Ker ', then Corollary 2.5.16 implies

that N 00a is an almost finitely generated almost submodule of M a. Furthermore, it is
almost finitely presented sinceM a is almost coherent. Thus, Corollary 2.5.16 implies
that N 0 is almost finitely generated as well.

(3) We denote Coker' by M 00a, then we have a short exact sequence

0! N a
!M a

!M 00a ! 0:

Corollary 2.5.16 implies that M 00a is almost finitely generated. Let us choose any
almost finitely generated almost submodule M 00a1 � M

00a and denote its pre-image
in M a by M a

1 . Then we have a short exact sequence

0! N a
!M a

1 !M 00a1 ! 0:



Almost coherent modules and almost coherent rings 49

Corollary 2.5.16 guarantees thatM a
1 is an almost finitely generated almost submodule

of M a. Since M a is almost coherent, we see that M a
1 is an almost finitely presented

Ra-module. Therefore, Corollary 2.5.16 implies that M 00a1 is also almost finitely pre-
sented. Hence, the Ra-module M 00a is almost coherent.

(4) We know that N 0a WD Ker ' is almost finitely generated by (2). Since N a is
almost coherent, we conclude that N 0a is almost coherent by (1). We define N 00a WD
Im' and M 00a WD Coker', then we note that we have two short exact sequences

0! N 0a ! N a
! N 00a ! 0;

0! N 00a !M a
!M 00a ! 0:

We observe that (3) shows that N 00a is almost coherent, then we use (3) once more to
conclude that M 00a is also almost coherent.

(5) The only thing that we are left to show is that if M 0a and M 00a are almost
coherent, so is M a. It is almost finitely generated by Corollary 2.5.16. In order to
check the second condition from Definition 2.6.1, we choose an almost finitely gen-
erated almost submodule M a

1 � M
a. Let us denote by M 00a1 its image in M 00a, and

by M 0a1 the kernel of this map. So we have a short exact sequence

0!M 0a1 !M a
1 !M 00a1 ! 0:

Corollary 2.5.16 guarantees thatM 00a1 is an almost finitely generated almost submod-
ule of the almost coherent Ra-module M 00a. Hence, (1) implies that M 00a1 is almost
coherent, in particular, it is almost finitely presented. Moreover, we use (2) to see
that M 0a1 is an almost finitely generated almost submodule of M 0a. Since M 0a is
almost coherent, we conclude that M 0a1 is almost finitely presented. Finally, Corol-
lary 2.5.16 shows thatM a

1 is almost finitely presented as well. This finishes the proof
of almost coherence of the Ra-module M a.

Corollary 2.6.9. LetM a be an almost finitely presentedRa-module and letN a be an
almost coherent Ra-module. Then M a ˝Ra N

a and alHomRa.M
a; N a/ are almost

coherent.

Proof. We use Proposition 2.2.1 (1) and (3) to reduce the question to showing that
M ˝R N and HomR.M;N / are almost coherent R-modules for any almost finitely
presented R-module M and almost coherent R-module N .

Step 1: The case of a finitely presented module M . In this case, we choose a presen-
tation of M as the quotient

Rn ! Rm !M ! 0:

Then we have short exact sequences

N n
! Nm

!M ˝R N ! 0
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and
0! HomR.M;N /! Nm

! N n:

We note that Lemma 2.6.8 (5) implies that Nm and N n are almost coherent. Thus,
Lemma 2.6.8 (5) guarantees that bothM ˝R N and HomR.M;N / are almost coher-
ent as well.

Step 2: The general case. The argument is similar to the one used in Step 2 of the
proof of Lemma 2.5.17. We approximate M by finitely presented R-modules. This
gives us approximations ofM a ˝Ra N

a and alHomRa.M
a;N a/ by almost coherent

modules. Now Lemma 2.6.5 guarantees that these modules are almost coherent. We
leave the details to the interested reader.

We define Modacoh
R (resp. Modacoh

Ra ) to be the strictly full4 subcategory of ModR
(resp. ModRa ) consisting of almost coherent R-modules (resp. Ra-modules).

Corollary 2.6.10. The category Modacoh
R (resp. Modacoh

Ra ) is a weak Serre subcategory
of ModR (resp. ModRa ).

Corollary 2.6.10 and the discussion in [68, Tag 06UP] ensure that Dacoh.R/ and5

Dacoh.R/
a are strictly full saturated6 triangulated subcategories of D.R/ and D.R/a

respectively. We define DCacoh.R/ WD Dacoh.R/ \ DC.R/ and similarly for all other
bounded versions.

Lemma 2.6.11. Let M 2 D.R/ be a complex of R-modules. Then M 2 Dacoh.R/ if
one of the following holds:

(1) for every finitely generated ideal m0 � m, there are N 2 Dcoh.R/ and a
morphism f WN !M such that m0

�
Hi .cone.f //

�
D 0 for every i 2 Z;

(2) for every finitely generated ideal m0 � m, there are N 2 Dacoh.R/ and a
morphism f WN !M such that m0

�
Hi .cone.f //

�
D 0 for every i 2 Z.

Proof. This is an easy consequence of Lemma 2.6.5 applied together with the defini-
tion of Dacoh.R/.

The last part of this subsection is dedicated to the study of almost coherent rings
and almost coherent modules over almost coherent rings. Recall that coherent mod-
ules over a coherent ring coincide with finitely presented ones. Similarly, we will
show that almost coherent modules over an almost coherent ring turn out to be the
same as almost finitely presented ones.

4A strictly full subcategory is a full subcategory that is closed under isomorphisms.
5These are, respectively, full subcategories of D.R/ and D.R/a of complexes with almost

coherent cohomology modules.
6A strictly full subcategory D 0 of a triangulated category D is saturated if X ˚ Y 2 D 0

implies X; Y 2 D 0.

https://stacks.math.columbia.edu/tag/06UP
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Definition 2.6.12. We say that a ring R is almost coherent if the rank-1 free module
R is almost coherent as an R-module.

Lemma 2.6.13. A coherent ring R is almost coherent.

Proof. Apply Corollary 2.6.7 to the rank-1 free module R.

Lemma 2.6.14. If R is an almost coherent ring, then any almost finitely presented
R-module M is almost coherent.

Proof. Step 1: If M is finitely presented over R, then we can write it as a cokernel
of a map between free finite rank modules. A free finite rank module over an almost
coherent ring is almost coherent due to Lemma 2.6.8 (5). A cokernel of a map of
almost coherent modules is almost coherent due to Lemma 2.6.8 (4). Therefore, any
finitely presented M is almost coherent.

Step 2: Suppose thatM is merely almost finitely presented. Lemma 2.5.7 guarantees
that, for any finitely generated m0 � m, we can find a finitely presented module N
and a map f WN !M such that Kerf and Cokerf are annihilated by m0. We know
that N is almost coherent by Step 1. Therefore, Lemma 2.6.5 (2) implies that M is
almost coherent as well.

Corollary 2.6.15. Let R be an almost coherent ring. Then an R-moduleM is almost
coherent if and only if it is almost finitely presented.

Proof. The “only if” part is clear from the definition, the “if” part follows from
Lemma 2.6.14.

Our next big goal is to show that bounded above almost coherent complexes over
an almost coherent ring are exactly “almost pseudo-coherent complexes” in some
precise way. More precisely, any element M 2 D�acoh.R/ can be “approximated” up
to any small torsion by complexes of finite free modules.

Proposition 2.6.16. Let R be an almost coherent ring and let M 2 D�.R/. Then
M 2 D�acoh.R/ if and only if, for every finitely generated ideal m0 � m, there are a
complex F � of finite free R-modules, and a morphism

f WF � !M

such that m0

�
Hi .cone.f //

�
D 0 for every i 2 Z. Moreover, ifM 2 D�0coh.R/, one can

choose F � 2 Comp�0.R/.

Proof. The “if” direction is Lemma 2.6.11. So we only need to prove the “only if”
direction. For this direction, we fix a finitely generated ideal m0 � m and another
finitely generated ideal m1 � m such that m0 � m2

1.
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Without loss of generality, we may and do assume that M 2 D�0.R/, and then
we choose a complexM � 2 Comp�0.R/ that representsM . Now we prove a slightly
more precise claim:

Claim. For every n 2Z, there is a complex of finite free modules F �n with a morphism
fnWF

�
n !M � such that

(1) F �n 2 CompŒ�n;0�.R/;
(2) ���nC1F �n D F

�
n�1 and ���nC1fn D fn�1, where ��n�1 is the naive trun-

cation;

(3) kernels and cokernels of Hi .fn/ are annihilated by m1 for i � nC 1;

(4) the cokernel of Hn.fn/ is annihilated by m1.

Proof of the claim. We argue by descending induction on n. If n � 1, F � D 0 works.
Now we suppose that we can construct F �n , and wish to construct F �n�1. Consider the
morphism fn presented as a commutative diagram

0 0 F nn F nC1n � � �

M n�2 M n�1 M n M nC1 � � �

dn
F

f nn

dnC1
F

f
nC1
n

dn�2
M

dn�1
M

dn
M dnC1

M

Firstly, Ker.dnF / is almost coherent as a kernel between finitely presented modules
over an almost coherent ring. Secondly, the R-module

Bn WD Ker
�
Ker.dnF /! Hn.M/

�
is also almost coherent as a kernel between almost coherent modules. Therefore, there
are a finite free R-module F 0n�1 and a morphism

d0WF 0n�1 ! Bn

such that m1.Coker d0/ D 0. Since Hn�1.M/ is almost coherent, we can find a finite
free R-module F 00n�1 and a morphism

�WF 00n�1 ! Hn�1.M/

such that m1.Coker�/D 0. Let �WF 00n�1!Zn�1.M �/ be any lift of � to the module
of closed elements Zn�1.M �/ D Ker.dn�1M /. We define

f 00n�1WF 00n�1 !M n�1

to be the composition of � with the inclusion Zn�1.M �/!M n�1.
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Now we wish to define F �n�1 and fn�1. We start with F �n�1; we put Fmn�1 D F
m
n

if m � n, Fmn�1 D 0 if m < n � 1, F n�1n�1 D F 0n�1 ˚ F 00n�1, and define the only
non-evident differential

dn�1F WF n�1n�1 D F
0n�1
˚ F 00n�1 ! F nn

to be zero on F 00n�1 and equal to d0 on F 0n�1. It is evident that dnF ı dn�1F D 0, so
this structure defines a complex F �n�1 of finite free R-modules.

We are only left to define fn�1. We must put f mn�1 D f mn if m > n � 1 and
f mn�1 D 0 if m < n � 1, so the only question is to define f n�1n�1 . By construction, we
have f nn .d

0F 0n�1/ � dn�1M M n�1, so we can find

f 0n�1WF
0n�1
!M n�1

such that dn�1 ı f 0n�1 D f
n
n ı d0. Thus we define

f n�1n�1 WF
n�1
n�1 D F

0n�1
˚ F 00n�1 !M n�1

to be f 0n�1 on F 0n�1 and f 00n�1 on F 00n�1. Then it is evident from the construction
that f �n�1 is a morphism of complexes, i.e. , it fits the diagram

0 F n�1n�1 F nn�1 F nC1n�1 � � �

M n�2 M n�1 M n M nC1 � � �

dn�1
F

f n�1
n�1

dn
F

f n
n�1

dnC1
F

f
nC1
n�1

dn�2
M

dn�1
M

dn
M dnC1

M

By construction, the kernel and cokernel of Hn.fn�1/ are annihilated by m1, and
the cokernel of Hn�1.fn�1/ is annihilated by m1. So this finishes the proof of the
claim.

Now the morphism f WF � !M � simply comes as the colimit of fn, i.e.,

f D colimfnWF
�
WD colimF �n !M �:

It is not hard to see that the cohomology groups of cone.f / are annihilated by
m0 � m2

1.

Corollary 2.6.17. Let R be a coherent ring and M 2 Db.R/. Then M 2 Dbacoh.R/ if
and only if, for every finitely generated ideal m0�m, there is a complexN 2Dbcoh.R/

together with a morphism f WN !M such that m0.Hi .cone.f /// D 0 for all i .
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Proof. The “if” direction is Lemma 2.6.11. So we only need to deal with the “only
if” direction. Assume that M 2 Db.R/. Then Proposition 2.6.16 implies that there
are F 2 D�coh.R/ and a morphism f WF ! M such that m0.Hi .cone.f /// D 0 for
all i . Now we can replace F by F 0 WD ��aF to get the desired approximation with
F 0 2 Dbcoh.R/.

Proposition 2.6.18. Let R be an almost coherent ring, and let M a; N a be objects
in D�acoh.R/

a. Then M a ˝LRa N
a 2 D�acoh.R/

a.

Proof. Proposition 2.4.13 ensures that it suffices to show that M ˝LR N 2 D�acoh.R/

forM ,N 2D�coh.R/. Clearly, we can cohomologically shift bothM andN to assume
that they lie D�0coh.R/.

Now we fix a finitely generated ideal m1 � m and use Proposition 2.6.16 to find
an exact triangle

F � !M ! Q;

where F � 2D�0.R/ is a complex of finite free modules and Hi .Q/ are all annihilated
by m1. Then it is easy to see that the kernel and cokernel of the map

H�i .F � ˝LR N/! H�i .M ˝LR N/

are annihilated by miC1
1 . Now we note that, clearly,

F � ˝LR N ' F
�
˝
�
R N

lies in D�coh.R/ because F � is a complex of finite free modules. For each pair of an
integer i � 0 and a finitely generated ideal m0 � m D miC1, we can find another
finitely generated ideal m1 such that m0 � miC1

1 . Therefore, the map

H�i .F � ˝LR N/! H�i .M ˝LR N/

is a morphism with an almost coherent source and m0-torsion kernel and cokernel.
Therefore, Lemma 2.6.5 (2) implies the claim.

Proposition 2.6.19. Let R be an almost coherent ring, and let M a 2 D�acoh.R/
a,

N a 2 DCacoh.R/
a. Then RalHomRa.M

a; N a/ 2 DCacoh.R/
a.

Proof. The proof is similar to that of Proposition 2.6.18. We use Proposition 2.4.8
and the same approximation argument to reduce to the case M D F � is a bounded
above complex of finite free modules. In this case, the claim is essentially obvious
due to the explicit construction of the Hom-complex Hom�R.F

�; N /.

Proposition 2.6.20. Let R be an almost coherent ring, let M 2 D�acoh.R/, let N 2
DC.R/, and let P be an almost flat R-module. Then the natural map

RHomR.M;N /˝R P ! RHomR.M;N ˝R P /
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is an almost isomorphism.
Similarly, RHomRa.M

a; N a/ ˝LRa P
a ! RHomRa.M

a; N a ˝LRa P
a/ is an

almost isomorphism for any M a 2 D�acoh.R/
a, N a 2 DC.R/a, and P a an almost

flat Ra-module.

Proof. The proof is similar to that of the above lemmas.

Corollary 2.6.21. LetR be an almost coherent ring, letM abe an object in D�acoh.R/
a,

let N a be an object in DC.R/a, and let P a be an almost flat Ra-module. Then the
natural map

RalHomRa.M
a; N a/˝LRa P

a
! RalHomRa.M

a; N a
˝Ra P

a/

is an isomorphism in D.Ra/.

2.7 Almost noetherian rings

The main goal of this section is to define the almost analogue of the noetherian prop-
erty. We also verify some of its basic properties. Even though most of the basic
facts about noetherian rings carry over to the almost world, we warn the reader that
Hilbert’s Nullstellensatz seems to be more subtle in the almost world (see Warn-
ing 2.7.9); we are able to establish it only in some very particular situations in Sec-
tion 2.11.

As in the previous sections, we fix a ring R with an ideal m such that m2 D m

and em D m˝R m is flat, and we always do almost mathematics with respect to this
ideal.

Definition 2.7.1. A ringR is almost noetherian if every ideal I �R is almost finitely
generated.

The main goal is to show that every almost finitely generated module over an
almost noetherian ring is almost finitely presented. In particular, an almost noetherian
ring is almost coherent.

Lemma 2.7.2. Let R be an almost noetherian ring, and M � Rn an R-submodule.
Then M is almost finitely generated.

Proof. We argue by induction on n. The base of induction is n D 1, where the claim
follows from the definition of an almost noetherian ring.

Suppose we know the claim for n � 1, so we deduce the claim for n. Denote by
Rn�1 �Rn a freeR-module spanned by the first n� 1 standard basis elements ofRn,
and denote by M 0 WD M \ Rn�1 the intersection of M with Rn�1. Then we have a
short exact sequence

0!M 0 !M !M 00 ! 0;
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where M 00 is naturally an R-submodule of R ' Rn=Rn�1. By the induction hypoth-
esis, M 0 is almost finitely generated. Then M 00 is almost finitely generated by almost
noetherianness of R. Thus, M is almost finitely generated by Lemma 2.5.15 (2).

Lemma 2.7.3. Let R be an almost noetherian ring. Then any almost finitely gener-
ated R-module M is almost finitely presented.

Proof. Pick any finitely generated sub-ideal m0 � m. By Lemma 2.5.5, there is an
R-linear homomorphism

f WRn !M

such that m0.Cokerf / D 0. Consider N WD Ker.f /. Lemma 2.7.2 ensures that N is
also almost finitely generated, so there is an R-linear homomorphism

g0WRm ! N

such that m0.Cokerg0/ D 0. Therefore, the composition

Rm
g
�! Rn

f
�!M

is a three-term complex with m0.Coker f / D 0 and m0.Ker f / � Im.g/. Since m0

was an arbitrary finitely generated sub-ideal in m, we conclude that M is almost
finitely presented by Lemma 2.5.7 (3).

Corollary 2.7.4. A ring R is almost noetherian if and only if any almost finitely
generated R-module M is almost finitely presented.

Proof. If R is almost noetherian, then any almost finitely generated R-module is
almost finitely presented due to Lemma 2.7.3.

Now we suppose that every almost finitely generated R-module is almost finitely
presented, and we wish to show thatR is almost noetherian. Consider an ideal I �R.
Then R=I is clearly a finitely generated R-module, in particular, it is almost finitely
generated. Therefore, it is almost finitely presented by our assumption on R. Now the
short exact sequence

0! I ! R! R=I ! 0

and Lemma 2.5.15 (3) imply that I is almost finitely generated.

Corollary 2.7.5. Let R! R0 be an almost isomorphism of rings. Then R is almost
noetherian if and only if R0 is.

Corollary 2.7.6. Let R be an almost noetherian ring, and M an almost finitely gen-
erated R-module. Then any submodule N �M is almost finitely generated.
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Proof. Consider the short exact sequence

0! N !M !M=N ! 0:

By construction, M=N is almost finitely generated and, therefore, almost finitely
presented by Lemma 2.7.3. So Lemma 2.5.15 (3) implies that N is almost finitely
generated.

Corollary 2.7.7. Let R be an almost noetherian ring. Then R is almost coherent.

Proof. Lemma 2.6.4 guarantees that it suffices to show that RŠ ' em is almost finitely
generated and every finitely generated submodule of RŠ is almost finitely presented.
The first property is trivial since RŠ is almost isomorphic to R, and the second one
follows from Lemma 2.7.3.

Corollary 2.7.8. Let R be an almost noetherian ring. Then an R-module M (resp.
an Ra-module M a) is almost coherent if and only if it is almost finitely generated.

Proof. It suffices to prove the claim for an honest R-module M . Corollary 2.7.7 and
Corollary 2.6.15 imply that M is almost coherent if and only if it is almost finitely
presented. Now Lemma 2.7.3 says thatM is almost finitely presented if and only if it
is almost finitely generated. This finishes the proof.

Warning 2.7.9. Unlike the case of usual noetherian rings, Hilbert’s Nullstellensatz is
more subtle in the almost world. In particular, we do not know if a polynomial algebra
in a finite number of variables over an almost noetherian ring is almost noetherian.
However, we will show that Hilbert’s Nullstellensatz holds for perfectoid valuation
rings in Section 2.11.

Example 2.7.10. Let BI be the period ring from [22, Definition 1.6.2]. Then [69,
Corollary 8.16] implies that the rings BCI are almost noetherian for any closed interval
I � .0;1/. Another family of examples of almost noetherian rings will be con-
structed in Section 2.11.

2.8 Base change for almost modules

In this section, we discuss the behavior of almost modules with respect to base
change. Recall that, for a ring homomorphism 'WR! S , we always do almost math-
ematics on S -modules with respect to the ideal mS WD mS ; look at Lemma 2.1.11
for details.

Lemma 2.8.1. Let 'WR ! S be a ring homomorphism, and let M a be an almost
finitely generated (resp. almost finitely presented) Ra-module. Then the Sa-module
M a
S
WDM a ˝Ra S

a is almost finitely generated (resp. almost finitely presented).
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Proof. The claim follows from Lemma 2.5.7 (2) and the fact that, for any finitely
generated ideal m00 � mS , there is a finitely generated ideal m0 � m such that
m00 � m0S . We give a complete proof only in the case of finitely presented mod-
ules because the other case is an easier version of the same argument.

First, we note that it suffices to show that M ˝R S is almost finitely presented.
Now we note that, for any finitely generated ideal m00 �mS , there is a finitely gener-
ated ideal m0 �m such that m00 �m0S . Therefore, it suffices to check the condition
of Lemma 2.5.7 (2) only for ideals of the form m0S , where m0 � m is a finitely
generated sub-ideal. Then we choose some finitely generated ideal m1 �m such that
m0 � m2

1 and use Lemma 2.5.7 (2) to find a finitely presented module N and a map
f WN !M such that m1.Kerf / D m1.Cokerf / D 0. Consider an exact sequence

0! K ! N
f
�!M ! Q! 0

and denote the image of f by M 0. Then we have the following exact sequences:

K ˝R S ! N ˝R S !M 0 ˝R S ! 0;

TorR1 .Q; S/!M 0 ˝R S !M ˝R S ! Q˝R S:

Since K ˝R S , TorR1 .Q; S/ and Q ˝R S are killed by m1S , we conclude that
Coker.f ˝R S/ and Ker.f ˝R S/ are annihilated by m2

1S . In particular, they are
killed by m0S . Since N ˝R S is finitely presented over S , Lemma 2.5.7 finishes the
proof.

Corollary 2.8.2. Let R! S be a ring homomorphism of almost coherent rings, and
let M a be an object of D�acoh.R/

a. Then M a ˝LRa S
a 2 D�acoh.S/

a.

Proof. The proof is similar to that of Proposition 2.6.18. We use Proposition 2.4.16
and a similar approximation argument based on Proposition 2.6.16 to reduce to the
case M ' F �, where F � is a bounded above complex of finite free modules. In this
case, the claim is essentially obvious.

Lemma 2.8.3. Let S be an R-algebra that is finite (resp. finitely presented) as an
R-module, and letM a be an Sa-module. ThenM a is almost finitely generated (resp.
almost finitely presented) over Ra if and only if it is almost finitely generated (resp.
almost finitely presented) over Sa.

Proof. As always, we first reduce the question to the case of an honest S -moduleM .
Now we use the observation that it suffices to check the condition of Lemma 2.5.7 (2)
only for the ideals of the form m0S for some finitely generated ideal m0 � m � R.
Then the only non-trivial direction is to show that M is almost finitely presented
over S if it is almost finitely presented over R. This is proven in a more general
situation in Lemma 2.8.4.
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Lemma 2.8.4. Let S be a possibly non-commutative R-algebra that is finite as a
left (resp. right) R-module, and let M be a left (resp. right) S -module that is almost
finitely presented over R. Then M is almost finitely presented over S (i.e., for every
finitely generated ideal m0 � m, there exist a finitely presented left (resp. right) S -
module N and a map N !M such that Kerf and Cokerf are annihilated by m0).

Remark 2.8.5. This lemma will actually be used for a non-commutative ring S in
the proof of Theorem 5.2.1 that, in turn, will be used in the proof of formal GAGA
for almost coherent sheaves Theorem 5.3.2. Namely, we will apply Lemma 2.8.4 to
S D EndPN .O ˚O.1/˚ � � � ˚O.N //.

Besides this application, we will usually use Lemma 2.8.4 when R and S are
almost coherent commutative rings. In this case, the proof of Lemma 2.8.4 can be
significantly simplified.

Proof. We give a proof for left S -modules; the proof for right S -modules is the same.
We start the proof by choosing some generators x1; : : : ;xn of S as anR-module. Then
we pick a finitely generated ideal m0 � m and another finitely generated ideal m1

such that m0 � m2
1. We also choose some generators ."1; : : : ; "k/ D m1 and find a

three-term complex

Rt
g
�! Rm

f
�!M

such that m1.Coker f / D 0 and m1.Ker f / � Im g. Next we consider the images
yi WD f .ei / 2 M of the standard basis elements in Rm. Then we can find some
ˇi;j;s;r 2 R such that

"sxiyj D

mX
rD1

ˇi;j;s;r � yr with ˇi;j;s;r 2 R

for any s D 1; : : : ; kI i D 1; : : : ; nI j D 1; : : : ;m. Furthermore, we have t “relations”

mX
jD1

˛i;jyj D 0 with ˛i;j 2 R

such that for any relation
Pm
iD1 biyi D 0 with bi 2 R and any " 2 m1, we have that

the vector ¹"biºmiD1 2 R
m lives in the R-subspace generated by vectors ¹˛i;j ºmiD1 for

j D 1; : : : ; t . Or, in other words, if
Pm
jD1 ˛i;jyj D 0 then ".

Pm
jD1 ˛i;j ej / 2 Im.g/

for any " 2 m1.
Now we are finally ready to define a three-term complex

SnmkCt
 
�! Sm

'
�!M:

We define the map ' to be the unique S -linear homomorphism such that '.ei / D yi
for the standard basis in Sm. We define as the unique S -linear homomorphism such
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that

 .fi;j;s/ D "sxiej �

mX
rD1

ˇi;j;s;r � er and  .f 0l / D
mX
jD1

˛l;j ej

for the standard basis ®
fi;j;s; f

0
l

¯
i�n;j�m;s�k;l�t

2 SnmkCt :

Then we clearly have that ' ı  D 0 and that m1.Coker '/ D 0. We claim that
m2
1.Ker'/ � Im .

Let '.
Pm
iD1 ciei / D 0 for some elements ci 2 S . We can write each

ci D

nX
jD1

ri;jxj with ri;j 2 R (2.8.1)

because x1; : : : ; xn are R-module generators of S . Consequently, the condition that
'.
Pm
iD1 ciei / D 0 is equivalent to

P
i;j ri;jxjyi D 0. Now recall next that for any

s D 1; : : : ; k we have

"sxjyi D

mX
rD1

ǰ;i;s;r � yr :

Therefore, multiplying equation (2.8.1) by "s , we get an equality

0 D "s

�X
i;j

ri;jxjyi

�
D

X
i;j

ri;j

� mX
rD1

ǰ;i;s;r � yr

�
D

mX
rD1

�X
i;j

ri;j ǰ;i;s;r

�
yr :

This means that for any s0 D 1; : : : ; k, the vector
®
"s0.

P
i;j ri;j ǰ;i;s;r/

¯m
rD1
2 Rm

lives in an R-subspace generated by vectors ¹˛i;j ºmiD1. In particular, for any r and s0,
"s0.

P
i;j ri;j ǰ;i;s;rer/ is equal to  .some sum of f 0

l
/ by the definition of  .

After unwinding all definitions, we get the following:

"s0"s

� mX
iD1

ciei

�
D "s0"s

�X
i;j

ri;jxj ei

�
D "s0

�X
i;j

ri;j

�
"sxj ei �

X
r

ǰ;i;s;rer C
X
r

ǰ;i;s;rer

��
D "s0

�X
i;j

ri;j

�
"sxj ei �

X
r

ǰ;i;s;rer

��
C "s0

�X
r

�X
i;j

ri;j ǰ;i;s;r

�
er

�
D  

�
"s0
X
i;j

ri;jfj;i;s

�
C  

�
some sum of f 0l

�
:
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So we see that m2
1 Ker.'/ � Im . In particular, we have m0 Ker.'/ � Im .

Now we replace the map 'WSn !M with the induced map

'WCoker. /!M

to get a map from a finitely presented left S -module such that Ker.'/ and Coker.'/
are annihillated by m0.

2.9 Almost faithfully flat algebras

In this section, we study the almost faithfully flat morphisms of algebras. This notion
turns out to be quite subtle in the almost world due to the following two observa-
tions: The first observation is that, for an almost faithfully flat morphism R! S , the
Ra
Š

-module Sa
Š

is always flat, but not necessarily faithfully flat (see Warning 6.1.8).
Another observation is that Sa

Š
usually does not have a structure of an R-algebra.

For these reasons, it is not evident how to relate almost faithful flatness of an
R-algebra S to some classical faithful flatness. In order to make this possible, we
replace the .�/Š-functor with another functor .�/ŠŠ that takes into account the R-
algebra structure on S . This functor will send almost faithfully flat R-algebras into
faithfully flat R-algebras, however, it will not, in general, send flat R-algebras into
flat R-algebras. However, this functor will suffice for the purpose of studying almost
faithfully flat morphisms.

In this section, we follow [26] pretty closely.
For the rest of the section, we fix a ringR with an ideal of almost mathematics m.

Definition 2.9.1. A homomorphism ofR-algebrasA!B is almost flat (resp. almost
faithfully flat) if Ba is a flat (resp. faithfully flat) Aa-module (see Definition 2.2.5).

Lemma 2.9.2. Any (faithfully) flat A-algebra B is almost (faithfully) flat.

Proof. This follows directly from Lemma 2.2.6.

Lemma 2.9.3. Let A be an R-algebra and f WA! B a morphism of R-algebras.
Then B is almost faithfully flat over A if and only if Ba is a flat Aa-module and
Aa! Ba is universally injective, i.e., for any Aa-moduleM a, the natural morphism
M a !M a ˝Aa B

a is injective in ModaA.

Proof. Suppose that B is almost faithfully flat. Then Ba is a flat Aa-module by def-
inition. So we only need to show that Aa ! Ba is universally injective. Pick any
M a 2ModaA and consider the Aa-module

N a
WD Ker.M a

!M a
˝Aa B

a/:
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Flatness of Ba implies that the morphism

N a
˝Aa B

a
!M a

˝Aa B
a

is injective. Now we also note that the morphism

N a
˝Aa B

a
!M a

˝Aa B
a

is equal to zero by our choice of N a. This implies that N a ˝Aa B
a ' 0. Since Ba is

faithfully flat over Aa, we conclude that N a ' 0.
Now we suppose that Ba is a flat Aa-module and Aa ! Ba is universally injec-

tive. Thus, for any Aa-module M a, we have an injection M a ! M a ˝Aa B
a. So if

M a ˝Aa B
a ' 0, we conclude that M a ' 0. Thus Ba is faithfully flat over Aa.

Corollary 2.9.4. Let A be an R-algebra and f WA! B a morphism of R-algebras.
Then B is almost faithfully flat over A if and only if Ba and Coker.f a/ are flat Aa-
modules.

Proof. By Lemma 2.9.3, it suffices to show that f a is universally injective if and only
if Coker.f a/ is Aa-flat. Next we observe that, for any Aa-module M a, we have the
isomorphism Ker.M a !M a ˝Aa B

a/ ' H�1
�
M a ˝LAa Coker.f a/

�
. In particular,

H�1
�
M a
˝
L
Aa Coker.f a/

�
' 0

for any Aa-moduleM a if and only if the functor �˝Aa Coker.f a/WModaA!ModaA
is exact. In other words, Aa ! Ba is universally injective if and only if Coker.f a/
is flat over Aa.

Now we define the functor .�/ŠŠWAlgR ! AlgR. We start by constructing an R-
algebra structure on R˚ Aa

Š
D R˚ .em˝R A/ by defining the multiplication as

.r ˚ a/ � .r 0 ˚ a0/ D .rr 0/˚ .ra0 C r 0aC aa0/

and the summation law coordinate-wise. One easily checks that this is a well-defined
(unital, commutative) R-algebra structure on R˚Aa

Š
. We consider the R-submodule

IA of R˚ AŠ generated by elements of the form .mn;�m˝ n˝ 1A/ for m, n 2 m.

Lemma 2.9.5. The R-module IA � R˚ AaŠ is an ideal.

Proof. It suffices to show that, for any element .r; x˝ y ˝ a/ inR˚Aa
Š
, the product

.r ˚ x ˝ y ˝ a/ � .mn˚�m˝ n˝ 1A/

lies in IA for any m, n 2 m. By definition,

.r ˚ x ˝ y ˝ a/ � .mn˚�m˝ n˝ 1A/

D .rmn/˚ .�rm˝ n˝ 1A C xm˝ yn˝ a � xm˝ yn˝ a/

D r.mn˚�m˝ n˝ 1A/ 2 IA:
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Definition 2.9.6. The functor .�/ŠŠWAlgR ! AlgR is defined as

A 7! .R˚ AaŠ /=IA

with the induced R-algebra structure.

For any R-algebra A, there is a functorial R-algebra homomorphism R˚ Aa
Š
!

A defined by
r ˚ .m˝ n˝ a/ 7! r Cmna:

Clearly, this homomorphism is zero on IA, so it descends to an R-algebra homomor-
phism �WAŠŠ ! A.

Lemma 2.9.7. (1) For any R-algebra A, the natural morphism �WAŠŠ! A is an
almost isomorphism.

(2) A morphism of R-algebras f WA! B is almost injective (as a morphism of
R-modules) if and only if fŠŠWAŠŠ ! BŠŠ is injective.

(3) For any morphism of R-algebras f WA ! B , there is a canonical isomor-
phism of AŠŠ-modules Coker.fŠŠ/ ' Coker.f /Š.

(4) The functor .�/ŠŠWAlgR ! AlgR commutes with tensor products.

Proof. (1) We recall that the morphism AŠ ! A is an almost isomorphism. In par-
ticular, it is almost surjective. Thus, AŠŠ ! A is also almost surjective. Now we
check almost injectivity. Suppose �.a/ D 0 where a D r ˚

Pk
iD1 mi ˝ ni ˝ ai 2

R˚ em˝A and a 2 AŠŠ is the class of a in AŠŠ. Then the condition �.a/ D 0 implies
that there is an equality

r C

kX
iD1

miniai D 0

in A. In particular, for every " 2 m, we have "r D
Pk
iD1.�mi /."niai / in A. Thus,

we see that

"a D "r ˚

kX
iD1

mi ˝ ni ˝ "ai D

kX
iD1

.�mi /."niai /˚

kX
iD1

mi ˝ ni"ai ˝ 1A

D

kX
iD1

�
.�mi /."niai /˚mi ˝ "niai ˝ 1A

�
2 IA:

Therefore, "a D 0 for every " 2 m. In particular, � is almost injective.
(2) and (3) Consider a commutative diagram

AŠŠ BŠŠ

A B:

fŠŠ

�A �B

f
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Since �A and �B are almost isomorphisms, we see that f is almost injective if and
only if fŠŠ is almost injective. So we are left to show that fŠŠ is injective if f is almost
injective, and Coker.fŠŠ/D Coker.f /Š. For this, we consider a commutative diagram
of short exact sequences

0 IA R˚ AŠ AŠŠ 0

0 IB R˚ BŠ BŠŠ 0:

˛ id˚fŠ fŠŠ

Clearly, ˛ is surjective, Ker.id˚ fŠ/ D Ker.fŠ/ D Ker.f /Š, and Coker.id˚ fŠ/ D
Coker.fŠ/ D Coker.f /Š. Thus, the Snake lemma implies that

Ker.f /Š ! Ker.fŠŠ/

is surjective and
Coker.fŠŠ/! Coker.f /Š

is an isomorphism. Thus fŠŠ is injective if f is almost injective, and Coker.fŠŠ/ D
Coker.f /Š.

(4) This is an elementary but pretty tedious computation. We leave it to the inter-
ested reader.

Corollary 2.9.8. For any R-algebra A, the forgetful functor Mod�Aa !Mod�Aa
ŠŠ

is an
equivalence for � 2 ¹“ ”; aft; afp; acohº.

Proof. For � D “ ”, the claim follows from Lemma 2.9.7 (1), Corollary 2.5.13, and
Lemma 2.6.3.

Corollary 2.9.9. Let f WA! B be an almost faithfully flat morphism of R-algebras.
Then fŠŠWAŠŠ ! BŠŠ is faithfully flat.

Proof. Let us denote by Q the cokernel of f as an A-module. Then Lemma 2.9.3
and Lemma 2.9.7 (2), (3) ensure that fŠŠWAŠŠ ! BŠŠ is injective and Coker.fŠŠ/ D
Coker.f /Š. Now Corollary 2.9.4 and Lemma 2.2.7 applied to Aa

ŠŠ
' Aa imply that

Coker.fŠŠ/ D Coker.f /Š is a flat AŠŠ-module. This already implies that B is a flat
AŠŠ-module as an extension of two flat AŠŠ-modules. To see that it is faithfully flat, we
note that flatness of Coker.fŠŠ/ implies that

M !M ˝AŠŠ BŠŠ

is injective for any AŠŠ-moduleM . SoM ˝AŠŠ BŠŠ ' 0 if and only ifM ' 0. In other
words, BŠŠ is a faithfully flat AŠŠ-module.

Warning 2.9.10. The functor .�/ŠŠ does not send flat A-algebras to flat AŠŠ-algebras.
See [26, Remark 3.1.3].
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For future reference, we also show that the base change functor interacts espe-
cially well with the Hom-functor in the almost flat situation.

Lemma 2.9.11. Let R! S be an almost flat morphism of rings, let M be an almost
finitely presented R-module, and let N be an R-module. Then the natural map

HomR.M;N /˝R S ! HomS .M ˝R S;N ˝R S/

is an almost isomorphism.

Proof. This follows from the classical˝-Hom adjunction and Lemma 2.5.18.

Lemma 2.9.12. Let R be an almost coherent ring, let R! S be an almost flat map
of rings, and let M 2 D�acoh.R/, N 2 DC.R/. Then the natural map

RHomR.M;N /˝
L
R S ! RHomS .M ˝

L
R S;N ˝

L
R S/

is an almost isomorphism.

Proof. We recall that we always have a canonical isomorphism RHomR.K; L/ '

RHomS .K ˝
L
R S; L/ for any K 2 D�.R/ and any L 2 DC.S/. This implies that it

suffices to show that the natural map

RHomR.M;N /˝
L
R S ! RHomR.M;N ˝

L
R S/

is an almost isomorphism. This follows from Proposition 2.6.20.

2.10 Almost faithfully flat descent

The main goal of this section is to show almost faithfully flat descent for almost
modules.

For the rest of the section, we fix a ringR with an ideal of almost mathematics m.
In this section, for any morphism A! B of R-algebras, we denote the tensor

product functor �˝Aa Ba simply by

f �WModaA !ModaB :

In particular, if A! B is a morphism of R-algebras, the canonical “co-projection”
morphisms pi WB ! B ˝A B induce morphisms

p�i WModaB !ModaB˝AB

for i 2 ¹1; 2º. The same applies to the “co-projections”

p�i;j WModaB˝AB !ModaB˝AB˝AB

for i ¤ j 2 ¹1; 2; 3º.
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Definition 2.10.1. The almost descent category DescaB=A for a morphism of R-alge-
bras A! B is the category whose objects are pairs .M a; �/, where M a 2 ModaB
and

�Wp�1 .M
a/! p�2 .M

a/

in an isomorphism of .B ˝A B/a-modules such that p�1;3.�/ D p�2;3.�/ ı p
�
1;2.�/.

Morphisms between .M a; �M / and .N a; �N / are defined to be Ba-linear homomor-
phisms f WM a ! N a such that the diagram

p�1 .M
a/ p�2 .M

a/

p�1 .N
a/ p�2 .N

a/

�M

p�
1
.f / p�

2
.f /

�N

commutes.

Remark 2.10.2. Explicitly, an object of the descent category DescaB=A is a Ba-mod-
ule M a with a .B ˝A B/a-linear homomorphism �WM a ˝Aa B

a ! Ba ˝Aa M
a

satisfying the “cocycle condition”.

There is a natural functor

IndWModaA ! DescaB=A

that sendsM a to f �.M a/DM a˝Aa B
a where we make the canonical identification

�Wp�1f
�.M a/ ' p�2f

�.M a/ coming from the equality f ı p1 D f ı p2.
To define the functor in the other direction, we note that we have the natural Ba-

module morphisms �i WM a ! p�i .M
a/ for i 2 ¹1; 2º. Explicitly, they are defined as

morphisms induced by �1.m/Dm˝ 1 and �2.m/D 1˝m. Therefore, given a descent
datum .M a; �/ 2 DescaB=A, we can define an Aa-module

Ker
�
M a; �

�
WD Ker

�
M a i1��

�1i2
������!M a

˝Aa B
a
�

that is functorial in DescaB=A. Therefore, this defines a functor

KerWDescaB=A !ModaA:

We show that Ker and Ind are quasi-inverse to each other and induce an equiva-
lence between DescaB=A and ModaA for an almost faithfully flat morphism f WA! B .

Theorem 2.10.3. Let f WA! B be an almost faithfully flat morphism. Then

IndWModaA ! DescaB=A

is an equivalence, and its quasi-inverse is given by KerWDescaB=A !ModaA.
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Proof. Corollary 2.9.8 and Corollary 2.9.9 imply that we may replace f with fŠŠ to
assume that f is faithfully flat. Then the claim follows from the classical faithfully
flat descent (see [14, Theorem 6.1/4]) and the observation that the classical versions
of Ind and Ker carry almost isomorphisms to almost isomorphisms.

On a similar note, we show that the Amitsur complex for an almost faithfully flat
morphism is acyclic.

Lemma 2.10.4. Let f WA! B be an almost faithfully flat morphism of R-algebras,
and M 2ModaB . Then the Amitsur complex

0!M a
!M a

˝Aa B
a
!M a

˝Aa B
a
˝Aa B

a
! � � �

is an exact complex of ModaB -modules (see the discussion around [68, Tag 023K] for
the precise definition of differentials in this complex).

Proof. Corollary 2.9.8 and Corollary 2.9.9 imply that we may replace f with fŠŠ to
assume that f is faithfully flat. Then the claim follows from [68, Tag 023M].

Now we show that some properties of Aa-modules can be verified after a faith-
fully flat base change.

Lemma 2.10.5. Let f WA! B be an almost faithfully flat morphism of R-algebras,
and let M a be an Aa-module. Then M a is an almost finitely generated (resp. almost
finitely presented) Aa-module if and only if M a ˝Aa B

a is an almost finitely gener-
ated (resp. almost finitely presented) Ba-module.

Proof. Corollary 2.9.8 and Corollary 2.9.9 imply that we may replace f with fŠŠ to
assume that f is a faithfully flat morphism. Then a standard argument reduces the
questions to the case of an honest A-module M , i.e., we show that an A-module M
is almost finitely generated (resp. almost finitely presented) if so is the B-module
M ˝A B .

We start with the almost finitely generated case. So we assume that M ˝A B is
almost finitely generated over B and wish to show thatM is almost finitely generated
over A. Our assumption implies that, for any " 2 m, we can choose a morphism
gW Bn ! M ˝A B such that ".Coker g/ D 0. Let us consider the standard basis
e1; : : : ; en of Bn, and write

g.ei / D
X
j

mi;j ˝ bi;j with mi;j 2M;bi;j 2 B:

We define the A-module F as the finite free A-module with the basis ei;j . Then we
define the morphism

hWF !M

https://stacks.math.columbia.edu/tag/023K
https://stacks.math.columbia.edu/tag/023M
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as the unique A-linear homomorphism with h.ei;j / D mi;j . It is easy to see that
".Coker.h˝A B// D 0. Since f is faithfully flat, this implies that ".Coker h/ D 0.
We conclude that M is almost finitely generated as " was an arbitrary element of m.

Now we deal with the almost finitely presented case. We pick some finitely gener-
ated ideal m0�m, and another finitely generated ideal m1�m such that m0 �m1m.
We try to find a three-term complex

Am
g
�! An

f
�!M

such that m0.Cokerf / D 0 and m0.Kerf / � Img.
The almost finitely generated case established above implies that M is almost

finitely generated. In particular, we have some morphism

An
f
�!M

such that m1.Cokerf /D 0, thus m1.Coker.f ˝A B//D 0 as well. Therefore, we can
apply Lemma 2.5.6 to find a homomorphism g0WBm ! Bn satisfying the conditions
m0.Ker.f ˝A B//� Im.g0/ and .f ˝A B/ ı g0D 0. This implies that g0 lands inside
Ker.f ˝A B/ D Ker.f /˝A B due to A-flatness of B .

Now we do the same trick as above: we write

g.ei / D
X
j

mi;j ˝ bi;j with mi;j 2 Ker.f /; bi;j 2 B;

we define an R-module F as a finite free A-module with a basis ei;j , and then we
define the morphism

gWF ! Ker.f /

as the unique A-linear morphism such that g.ei;j / D mi;j . With that, we can see
that m0.Ker.f ˝A B// � Im.g ˝A B/. Since B is faithfully flat, we conclude that
m0.Kerf / � Im.g/ as well. This shows that a three-term complex

F
g
�! An

f
�!M

does the job. Therefore, M is an almost finitely presented A-module.

Corollary 2.10.6. Let f WA!B be an almost faithfully flat morphism ofR-algebras,
and let M a be an Aa-module. Suppose that M a ˝Aa B

a is an almost coherent
Ba-module. Then so is M a.

Proof. This follows directly from Lemma 2.6.3 and Lemma 2.10.5.

Lemma 2.10.7. Let f WA! B be an almost faithfully flat morphism of R-algebras,
and let M a be an Aa-module. Then M a is a flat (resp. faithfully flat) Aa-module if
and only if M a ˝Aa B

a is a flat (resp. faithfully flat) Ba-module.
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Proof. The classical proof works verbatim in the almost world. We leave the details
to the reader.

2.11 (Topologically) Finite type K C-algebras

This section is devoted to the proof that (topologically) finite type algebras over a
perfectoid valuation ring KC are almost noetherian. We refer to Appendix B for the
relevant background on perfectoid valuation rings.

For the rest of the section, we fix a perfectoid valuation ring KC (see Defini-
tion B.2) with perfectoid fraction fieldK, associated rank-1 valuation ring OK D K

ı

(see Remark B.3), and ideal of topologically nilpotent elements m D Kıı � KC.
Lemma B.12 ensures that m is flat over KC and em ' m2 D m. Therefore, it makes
sense to do almost mathematics with respect to the pair .KC;m/. In what follows,
we always do almost mathematics on KC-modules with respect to this ideal.

Warning 2.11.1. The ideal m � KC is not the maximal ideal of KC. Instead, it is
the maximal ideal of the associated rank-1 valuation ring OK .

Lemma 2.11.2. Let KC be a perfectoid valuation ring. Then the natural inclusion
�WKC ! OK is an almost isomorphism.

Proof. Clearly, the map �WKC ! OK is injective, so it suffices to show that its co-
kernel is almost zero, i.e., annihilated by any " 2 m. Pick an element x 2 OK , then
"x 2 m � KC. Therefore, we conclude that ".Coker �/ D 0 finishing the proof.

The first main result of this section is that any (topologically) finite type algebra
over KC is almost noetherian.

Lemma 2.11.3. Let KC be a perfectoid valuation ring, and n � 0 an integer. Then
the Tate algebra KChT1; : : : ; Tni is almost noetherian.

Proof. First, we note that OKhT1; : : : ; Tni ' K
ChT1; : : : ; Tni ˝KC OK . Therefore,

Lemma 2.11.2 implies that the natural morphism

KChT1; : : : ; Tni ! OKhT1; : : : ; Tni

is an almost isomorphism. So Corollary 2.7.5 ensures that it suffices to show that
OKhT1; : : : ; Tni is almost noetherian.

Pick any ideal I � OKhT1; : : : ; Tni D KhT1; : : : ; Tni
ı and 0 ¤ " 2m. Now [43,

Satz 5.1] (or [11, Lemma 6.4/5]) applied toB DKhT1; : : : ;Tni,EDOKhT1; : : : ;Tni,
E 0 D I , and ˛ D j"jK guarantees that there is a finite submodule E 00 � I such that
"I � E 00. Since " was an arbitrary element of m, we conclude that I is indeed almost
finitely generated.
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Corollary 2.11.4. Let KC be a perfectoid valuation ring, $ 2 m, and n � 0 an
integer. Then the polynomial algebra .KC=$m/ŒT1; : : : ; Tn� is almost noetherian for
any m � 1.

Proof. It easily follows from Lemma 2.11.3, Corollary 2.7.4, and Lemma 2.8.3.

Theorem 2.11.5. LetKC be a perfectoid valuation ring, and A a topologically finite
type KC-algebra. Then A is almost noetherian.

Proof. Since A is topologically finite type over KC, there exists a surjection

f WKChT1; : : : ; Tni ! A! 0:

Pick an ideal I �A and consider its pre-image J D f �1.I /. Then J is almost finitely
generated over KChT1; : : : ; Tni by Lemma 2.11.3. Therefore, Lemma 2.5.15 (1)
ensures that I is almost finitely generated overKChT1; : : : ;Tni. Finally, Lemma 2.8.3
ensures that I is almost finitely generated over A.

Now we are going to show that any finite type KC-algebra is almost noetherian.
Before doing this, we need a couple of preliminary lemmas.

Lemma 2.11.6. LetR be a rank-1 valuation ring with a non-zero topologically nilpo-
tent element$ 2 R, andM a finite RŒT1; : : : ; Tn�-module. ThenMŒ$1�DMŒ$c�

for some c � 0.

Proof. The RŒT1; : : : ; Tn�-module M 0 WDM=MŒ$1� is finitely generated. Further-
more, M 0 is R-flat because it is torsion free (and R is a valuation ring). Therefore,
[68, Tag 053E] ensures that M 0 is finitely presented over RŒT1; : : : ; Tn�. Thus, we
conclude that MŒ$1� is finitely generated. In particular, MŒ$1� D MŒ$c� for
some N .

Lemma 2.11.7. LetR be a rank-1 valuation ring with a non-zero topologically nilpo-
tent element$ 2R,M a finiteRŒT1; : : : ; Tn�-module, andN �M anRŒT1; : : : ; Tn�-
submodule. Then there is a non-negative integer c such that

N \$mCcM D $m.N \$cM/

for every m � 0.

Proof. Lemma 2.11.6 ensures that there is a suitable c such that .M=N/Œ$1� D
.M=N/Œ$c�. Therefore, [25, Lemma 0.8.2.14] guarantees that, indeed,

N \$mCcM D $m.N \$cM/

for every m � 0.

https://stacks.math.columbia.edu/tag/053E
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Lemma 2.11.8. Let KC be a perfectoid valuation ring, and n � 0 an integer. Then
the polynomial algebra KCŒT1; : : : ; Tn� is almost noetherian.

Proof. Similarly to the proof of Lemma 2.11.3, it suffices to treat the caseKC D OK
a perfectoid valuation ring of rank-1 with a pseudo-uniformizer $ .

Now we fix an ideal I � A WD OK ŒT1; : : : ; Tn� and wish to show that I is almost
finitely generated. Recall that the polynomial algebra KŒT1; : : : ; Tn� is noetherian by
Hilbert’s Nullstellensatz. Therefore, the ideal

I
h 1
$

i
� KŒT1; : : : ; Tn�

is finitely generated. So we can choose a finitely generated sub-ideal J � I such that
any element of I=J is annihilated by a power of$ , i.e., .I=J /Œ$1�D I=J . Clearly
I=J is a submodule of a finite A-module A=J , so Lemma 2.11.6 easily implies that

I=J D .I=J /Œ$1� D .I=J /Œ$c�

for some c � 0. In other words, $cI � J . Now we use Lemma 2.11.7 to get an
integer c0 such that

I \$c0A � $cI � J:

We note that I=.I \$c0A/ is an ideal in A=$c0A, and therefore it is almost finitely
generated over A=$c0A by Corollary 2.11.4. Lemma 2.8.3 guarantees that it is also
almost finitely generated over A.

The inclusion I \$c0A � J implies that I=J is a quotient of an almost finitely
generated A-module I=.I \$c0A/, and so is also almost finitely generated. Finally,
the short exact sequence

0! J ! I ! I=J ! 0

and Lemma 2.5.15 (2) imply that I is almost finitely generated as well.

Theorem 2.11.9. Let KC be a perfectoid valuation ring, and A a finite type KC-
algebra. Then A is almost noetherian.

Proof. It follows from Lemma 2.11.8, similarly to how Theorem 2.11.5 follows from
Lemma 2.11.3.

2.12 Almost finitely generated modules over adhesive rings

This section discusses some basic aspects of almost finitely generated modules over
adhesive rings. The results of this section will be crucial in defining and verifying
certain good properties of adically quasi-coherent, almost coherent sheaves on “good”



Almost commutative algebra 72

formal schemes in Section 4.5. One of the essential ingredients that we will need later
is the “weak” version of the Artin–Rees lemma (Lemma 2.12.6) and Lemma 2.12.7.
Recall that these properties are already known for finite modules over adhesive rings.
This is explained in a beautiful paper [24]. The main goal of this section is to extend
these results to the case of almost finitely generated modules.

That being said, let us introduce the set-up for this section. We start with the
definition of an adhesive ring:

Definition 2.12.1. [24, Definition 7.1.1] An adically topologized ring R endowed
with the adic topology defined by a finitely generated ideal I � R is said to be (I -
adically) adhesive if it is noetherian outside7 I and satisfies the following condition:
for any finitely generated R-module M , its I1-torsion part MŒI1� is finitely gener-
ated.

Remark 2.12.2. Following the convention of [24], we do not require a ring R with
adic topology to be either I -adically complete or separated.

Set-up 2.12.3. We fix an I -adically adhesive ringR with an ideal m such that I �m,
m2 D m and em WD m˝R m is flat. We always do almost mathematics with respect
to the ideal m.

The main example of an adhesive ring is a (topologically) finitely presented
algebra over a complete microbial valuation ring. This follows from [24, Proposi-
tion 7.2.2] and [24, Theorem 7.3.2]. For example, any topologically finitely presented
algebra over a complete rank-1 valuation ring is adhesive.

Lemma 2.12.4. Let R be as in Set-up 2.12.3, and let M be an I -torsionfree almost
finitely generated module. Then M is almost finitely presented. Similarly, any satu-
rated submodule8 of an almost finitely generated R-module is almost finitely gener-
ated.

Proof. As M is almost finitely generated, we can find a finitely generated submod-
ule N � M that contains m0M for a choice of a finitely generated ideal m0 � m.
Since N is a submodule of M , it is itself I -torsion free. Then [24, Proposition 7.1.2]
shows that N is finitely presented. Then Lemma 2.5.7 (2) implies that M is almost
finitely presented.

Now let M be an almost finitely generated R-module, and let M 0 � M be a
saturated submodule. Then M=M 0 is almost finitely generated by Lemma 2.5.15 (1)
and it is I -torsion free. Therefore, it is almost finitely presented by the argument
above. Then Lemma 2.5.15 (3) guarantees that M 0 is almost finitely generated.

7By definition, this means that the scheme SpecA n V.I / is noetherian.
8A submodule N �M is saturated if M=NŒI1� D 0.
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Lemma 2.12.5. Let R be as in Set-up 2.12.3, and let M be an almost finitely gen-
erated R-module. Then the I1-torsion module MŒI1� is bounded (i.e., there is an
integer n such that MŒI n� DMŒI1�).

Proof. Since M is almost finitely generated and the ideal I � m is finitely gener-
ated, we conclude that there exists a finitely generated submodule N �M such that
IM � N . Then I.MŒI1�/ � NŒI1�, and NŒI1� is finitely generated by adhesive-
ness of the ring R. In particular, there is an integer n such that NŒI1� is annihilated
by I n. This implies that any element of MŒI1� is annihilated by I nC1.

Lemma 2.12.6. Let R be as in Set-up 2.12.3, and let M be an almost finitely gener-
ated R-module. Suppose that N �M is a submodule of M . For any integer n, there
is an integer m such that N \ ImM � I nN . In particular, the induced topology on
the module N coincides with the I -adic one.

Proof. If M is finitely generated, then this is [24, Theorem 4.2.2]. In general, we
use the definition of almost finitely generated module to find a submodule M 0 �M
such that M 0 is finitely generated and IM � M 0. We define N 0 WD N \M 0 as the
intersection of those modules. Then the established “weak” form of the Artin–Rees
lemma for finitely generated R-modules provides us with an integer m such that
N 0 \ ImM 0 � I nN 0. In particular, we have

ImC1M \N 0 � ImM 0 \N 0 � I nN 0 � I nN:

Then we conclude that

ImC2M \N � ImC1M \M 0 \N � ImC1M \N 0 � I nN:

Since n was arbitrary, we conclude the claim.

Lemma 2.12.7. Let R be as in Set-up 2.12.3, and let M be an almost finitely gen-
erated R-module. Then the natural morphism M ˝R yR !cM is an isomorphism.
In particular, any almost finitely generated module over a complete adhesive ring is
complete.

Proof. We know that the claim holds for finitely generated modules by [24, Proposi-
tion 4.3.4]. Now we deal with the almost finitely generated case. We choose a finitely
generated submodule N � M such that IM � N . Lemma 2.12.6 implies that the
induced topology on N coincides with the I -adic topology on N . Thus the short
exact sequence

0! N !M !M=N ! 0
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remains exact after completion. Since R ! yR is flat by [24, Proposition 4.3.4], we
conclude that we have a morphism of short exact sequences

0 N ˝R yR M ˝R yR .M=N/˝R yR 0

0 bN cM 1M=N 0:

'N 'M 'M=N

Note that 'N is an isomorphism asN is finitely generated, and 'M=N is isomorphism
since it is an I -torsion module so M=N ' .M=N/˝R yR ' 1M=N . The five lemma
implies that 'M is an isomorphism as well.

Corollary 2.12.8. Let R be as in Set-up 2.12.3, and let M 2 Dacoh.R/. Suppose that
R is I -adically complete. Then M is I -adically derived complete.9

Proof. First of all, we note that [68, Tag 091P] implies that M is derived complete
if and only if so are Hi .M/ for any integer i . So it suffices to show that any almost
coherent R-module is derived complete. Lemma 2.12.7 gives that any such module is
classically complete, and [68, Tag 091T] ensures that any classically complete mod-
ule is derived complete.

2.13 Modules over topologically finite type K C-algebras

The main goal of this section is to show that almost finite presentation of derived com-
plete modules over a topologically finite type KC-algebras can be checked modulo
the pseudo-uniformizer.

For the rest of the section we fix a valuation perfectoid ring KC (see Defini-
tion B.2) with perfectoid fraction fieldK, associated rank-1 valuation ring OK D K

ı

(see Remark B.3), and ideal of topologically nilpotent elements mDKıı �KC with
a pseudo-uniformizer $ 2 m as in Lemma B.9 (in particular, m D

S
n$

1=pnKC).
Lemma B.12 ensures that m is flat over KC and em ' m2 D m. Therefore, it makes
sense to do almost mathematics with respect to the pair .KC;m/. In what follows,
we always do almost mathematics on KC-modules with respect to this ideal.

Lemma 2.13.1. Let R be a topologically finite type KC-algebra, and M an R-
module that is $ -adically derived complete. Suppose that M=$M is almost coher-
ent, then M is almost coherent as well.

9Look at [68, Tag 091N] for the definition of derived completeness (or Definition A.1 in
case of a principal ideal I ).

https://stacks.math.columbia.edu/tag/091P
https://stacks.math.columbia.edu/tag/091T
https://stacks.math.columbia.edu/tag/091N
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Proof. Theorem 2.11.5 ensures that R is almost noetherian, and so Corollary 2.7.8
implies that it suffices to check that M is almost finitely generated. Recall that m DS
n$

1=pnKC for a pseudo-uniformizer $ as in Lemma B.9.
The assumption on M says that M=$M is almost coherent. Therefore, there is a

morphism
gW .R=$R/c !M=$M

such that $1=p.Coker g/ D 0. We denote its cokernel by Q WD Coker.g/. Now we
lift g to a morphism

gWRc !M

and denote is cokernel by Q WD Coker.g/.

Step 1:Q is annihilated by$1=p . Suppose that$1=pQ¤ 0, so there is x0 2Q such
that $1=px0 ¤ 0. Firstly, we note that Q=$ ' Q is annihilated by $1=p , so

$1=px0 D $x1 D $
1�1=p.$1=px1/:

Now we apply the same thing to x1 to get

$1=px0 D $
1�1=p.$1=px1/ D .$

1�1=p/2.$1=px2/:

Continue the process to get a sequence of elements xn 2 Q such that

$1�1=p.$1=pxn/ D $
1=pxn�1:

The sequence ¹$1=pxiº gives an element of

T 0.Q;$1�1=p/ WD lim
n
.� � �

$1�1=p

�����! Q
$1�1=p

�����! Q/

that is non-trivial because $1=px0 ¤ 0. Now we note that Rc is derived $ -adically
complete since R is classically $ -adically complete by [11, Corollary 7.3/9] and
any classically complete module is derived complete by [68, Tag 091T]. Therefore,
Q is $ -adically derived complete as a cokernel of derived complete modules (see
[68, Tag 091U]). Now [68, Tag 091S], Remark A.2, and [68, Tag 091Q] imply that
T 0.Q;$1�1=p/ must be zero leading to the contradiction.

Step 2: M is almost coherent. Note that Q ' Q=$Q and Q is $1=p-torsion, so
Q ' Q. We know that Q is almost finitely generated over R=$R because it is
a quotient of an almost finitely generated module M=$M . Therefore, Q ' Q is
almost finitely generated over R by Lemma 2.8.3. Now M is an extension of a finite
R-module Im.g/ by an almost finitely generated R-module Q, so it is also almost
finitely generated by Lemma 2.5.15 (2). In particular, it is almost coherent since R is
almost noetherian.

https://stacks.math.columbia.edu/tag/091T
https://stacks.math.columbia.edu/tag/091U
https://stacks.math.columbia.edu/tag/091S
https://stacks.math.columbia.edu/tag/091Q
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Theorem 2.13.2. Let R be a topologically finite type KC-algebra, and M 2 D.R/
a $ -adically derived complete complex. Suppose that ŒM=$� 2 DŒc;d�acoh .R=$/, then
M 2 DŒc;d�acoh .R/.

Proof. Lemma A.3 guarantees that M 2 DŒc;d�.R/, so we only need to show that
cohomology groups of M are almost coherent over R.

We argue by induction on d � c. If c D d , then Hd .M/=$ ' Hd .ŒM=$�/ is
almost coherent. Therefore, M ' Hd .M/Œ�d� is almost coherent by Lemma 2.13.1.

If d > c, we consider an exact triangle

��d�1M !M ! Hd .M/Œ�d�:

We see that both ��d�1M and Hd .M/ are derived complete by [68, Tag 091P] and
[68, Tag 091S]. Moreover, we know that Hd .M/=$ ' Hd .ŒM=$�/ is almost coher-
ent. Therefore, Hd .M/ is almost coherent by Lemma 2.13.1. Finally,

Œ��d�1M=$� ' cone
�
ŒM=$�! ŒHd .M/=$�Œ�d�

�
Œ1�

is a (shifted) cone of a morphism in Dbacoh.R=$/, therefore, Œ��d�1M=$� also lies in
Dbacoh.R=$/. By the induction hypothesis, we conclude that ��d�1M 2DŒc;d�1�acoh .R/.
So M 2 DŒc;d�acoh .R/.

Corollary 2.13.3. LetR be a topologically finite typeKC-algebra, andM 2 D.R/ a
$ -adically derived complete complex. Suppose that ŒM a=$� 2 DŒc;d�acoh .R=$/

a, then
M a 2 DŒc;d�acoh .R/

a.

Proof. Note that m˝M is derived complete by Lemma A.4. So the claim follows
from Theorem 2.13.2 applied to m˝M .

https://stacks.math.columbia.edu/tag/091P
https://stacks.math.columbia.edu/tag/091S


Chapter 3

Almost mathematics on ringed sites

The main goal of this chapter is to “globalize” the results of Chapter 2. The two main
cases of interest are almost coherent sheaves on schemes and “good” formal schemes.
In order to treat those cases uniformly, we define the notion of almost sheaves in the
most general set-up of ringed sites and check their basic properties. This is the content
of Section 3.1. Sections 4.1 and 4.5 are devoted to establishing the foundations of
almost coherent sheaves on schemes and formal schemes, respectively. In particular,
we show that the notion of almost finitely generated (resp. presented, resp. coher-
ent) module globalizes well on schemes and some “good” formal schemes. Then we
discuss the derived category of almost sheaves and various functors on the derived
categories of almost sheaves. Later in Chapter 4, we use this theory to establish foun-
dations of almost coherent sheaves on schemes and formal schemes, respectively.

3.1 The category of Oa
X

-modules

We start this section by fixing a ring R with an ideal m such that m D m2 andem Dm˝R m is R-flat. We always do almost mathematics with respect to this ideal.
The main goal of this section is to globalize the notion of almost mathematics to the
case of ringed R-sites.

In this section, we fix a ringed R-site .X;OX /, i.e., a ringed site .X;OX / where
OX is a sheaf ofR-algebras onX . Note that any ringed site .X;OX / is, in particular, a
ringed OX .X/-site. The main goal of this section is to develop foundations of almost
mathematics on ringed R-sites.

We note that, on each open U 2 X , it makes sense to speak of almost OX .U /-
modules with respect to the ideal mOX .U /; we refer to Lemma 2.1.11 for the details.
In what follows, we extend the definition of almost modules to the category of OX -
modules.

Definition 3.1.1. Let .X;OX / be a ringedR-site, and let F be any OX -module. Then
the sheaf of almost section em˝F is the sheafification of the presheaf defined via the
formula

U 7! em˝R F .U /:

Remark 3.1.2. This definition coincides with the tensor product em˝R F , whereem is the constant sheaf associated with the R-module m. Alternatively, we see thatem˝ F ' emX ˝OX F where emX D em˝R OX .
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We also note that flatness of the R-module em implies that the functor � ˝ em is
exact and descends to a functor

�˝ emWD.X/! D.X/;

where D.X/ is the derived category of OX -modules.

Definition 3.1.3. An OX -module F is almost zero if em˝ F is zero. We denote the
category of almost zero OX -modules by †X .

Remark 3.1.4. Since em is anR-flat module, we easily see that the category of almost
zero OX -modules is a Serre subcategory of ModOX DModX .

Lemma 3.1.5. Let .X;OX / be a ringedR-site, and let F be an OX -module. Suppose
that U is a base of topology on X . Then the following conditions are equivalent:

(1) F ˝ em is the zero sheaf.

(2) For any " 2 m, "F D 0.

(3) For any U 2 U, the module em˝ F .U / is zero.

(4) For any U 2 U, the module m˝ F .U / is zero.

(5) For any U 2 U, the module m
�
F .U /

�
is zero.

Proof. We first show that (1) implies (2). We pick an element " 2m Dm2 and write
it as "D

P
xi � yi for some xi ; yi 2m. So the multiplication by "map can be decom-

posed as

F
s 7!s˝

P
xi˝yi

����������! F ˝ em m
�! F ;

where the last map is induced by the multiplication map em! R. Then if F ˝ em D
0, the multiplication by " map is zero for any " 2 m. Now (2) easily implies (5).
Further, Lemma 2.1.1 ensures that (3), (4), and (5) are equivalent. Finally, (3) clearly
implies (1).

Lemma 3.1.6. Let .X;OX / be a ringed R-site, and let F be an almost zero OX -
module. Then Hi .U;F / Ša 0 for any open1 U 2 X and any i � 0.

Proof. If F is almost zero, then "F D 0 for any " 2 m by Lemma 3.1.5. Since the
functors Hi .X;�/ are R-linear, we conclude that "Hi .U;F /D 0 for any open U and
any " 2 m; i � 0. Thus Lemma 2.1.1 ensures that Hi .U;F / Ša 0.

Definition 3.1.7. We say that a homomorphism 'W F ! G of OX -modules is an
almost isomorphism if Ker.'/ and Coker.'/ are almost zero.

1An open U 2 X is by definition an object U 2 Ob.X/ of the category underlying the
site X .
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Lemma 3.1.8. A homomorphism 'W F ! G of OX -modules is an almost isomor-
phism if and only if '.U /W F .U / ! G .U / is an almost isomorphism of OX .U /-
modules for any open U 2 X .

Proof. The ( implication is clear from the definitions. We give a proof of the )
implication.

Suppose that ' is an almost isomorphism. We define the auxiliary OX -modules:
K WD Ker.'/;F 0 WD Im.'/;Q WD Coker.'/. Lemma 3.1.6 implies that the maps

F .U /! F 0.U / and F 0.U /! G .U /

are almost isomorphisms. In particular, the composition F .U /! G .U /must also be
an almost isomorphism.

Now we discuss the notion of almost OX -modules on a ringed R-site .X;OX /.
This notion can be defined in two different ways: either as the quotient of the category
of OX -modules by the Serre subcategory of almost zero modules or as modules over
the almost structure sheaf Oa

X . Now we need to explain these two notions in more
detail.

Definition 3.1.9. We define the category of almost OX -modules as the quotient cate-
gory

ModaOX WDModOX =†X :

Now we define the category ModOa
X

of Oa
X -modules that we will show to be

equivalent to ModaOX . We recall that the almostification functor .�/a is exact and
commutes with arbitrary products. This allows us to define the almost structure sheaf:

Definition 3.1.10. The almost structure sheaf Oa
X is the sheaf 2 of Ra-modules

Oa
X W .Ob.X//op

!ModaR

defined via the formula U 7! OX .U /
a.

Definition 3.1.11. We define the category of Oa
X -modules ModOa

X
as the category of

modules over Oa
X 2 Shv.X;Ra/ in the categorical sense. More precisely, the objects

are sheaves of Ra-modules F with a map F ˝Ra Oa
X ! F over Ra satisfying the

usual axioms for a module. Morphisms are defined in the evident way.

We now define the functor

.�/aWModOX !ModOa
X

that sends a sheaf to its “almostification”, i.e., it applies the functor .�/aWModR !
ModaR section-wise. Since the almostification functor .�/a is exact and commutes

2It is a sheaf exactly because .�/a is exact and commutes with arbitrary products.
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with arbitrary product, it is evident that F a is actually a sheaf for any OX -module F .
Moreover, it is clear that F a ' 0 for any almost zero OX -module F . Thus, it induces
the functor

.�/aWModaOX !ModOa
X
:

The claim is that this functor induces the equivalence of categories. The first step
towards the proof is to construct the right adjoint to .�/aWModOX ! ModOa

X
. Our

construction of the right adjoint functor will use the existence of the left adjoint func-
tor. So we slightly postpone the proof of the equivalence mentioned above and first
discuss adjoints to .�/a.

We start with the definition of the left adjoint functor. The idea is to apply the
functor .�/ŠWModOa

X
! ModOX section-wise, though this strategy does not quite

work as .�/Š does not commute with infinite products.

Definition 3.1.12. We define the desired functor in two steps.

• First, .�/p
Š
WModOa

X
!Modp

OX
as3

F 7!
�
U 7! F .U /Š

�
:

• With its help, .�/ŠWModOa
X
!ModOX as the composition .�/Š WD .�/# ı .�/

p
Š

,
where .�/# is the sheafification functor.

Lemma 3.1.13. Let .X;OX / be a ringed R-site.

(1) The functor
.�/ŠWModOa

X
!ModOX

is the left adjoint to the localization functor .�/aWModOX ! ModOa
X

. In
particular, we have a functorial isomorphism

HomOa
X
.F ;G a/ ' HomOX .FŠ;G /

for any F 2ModOa
X
;G 2ModOX .

(2) The functor .�/ŠWModOa
X
!ModOX is exact.

(3) The counit morphism .F a/Š ! F is an almost isomorphism for any object
F 2ModOX . The unit morphism G ! .GŠ/

a is an isomorphism for any object
G 2ModOa

X
. In particular, the functor .�/a is essentially surjective.

Proof. (1) follows from Lemma 2.1.9 (3) and the adjunction between sheafication and
the forgetful functor. More precisely, we have the following functorial isomorphisms:

HomOa
X
.F ;G a/ ' HomModp

OX

.F
p
Š
;G / ' HomOX .FŠ;G /:

3Modp
OX

stands for the category of modules over OX in the category of presheaves.
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We show (2). It is easy to see that .�/Š is left exact from Lemma 2.1.9 (4) and
the exactness of the sheafification functor. It is also right exact since it is a left adjoint
functor to .�/a.

Now we show (3). Lemma 2.1.9 (5) ensures that the kernel and cokernel of the
counit map of presheaves .F a/

p
Š
! F are annihilated by any " 2 m. Then the same

holds after sheafification, proving that .F a/
p
Š
! F is an almost isomorphism by

Lemma 3.1.5.
We consider the unit map G! .GŠ/

a, we note that using the adjuction ..�/Š; .�/a/
section-wise, we can refine this map

G ! .G
p
Š
/a ! .GŠ/

a:

It suffices to show that both maps are isomorphisms; the first map is an isomorphism
by Lemma 2.1.9 (5). In particular, this implies that .Gp

Š
/a is already a sheaf of almost

Ra-modules, but then we see that the natural map .Gp
Š
/a ! .GŠ/

a must also be an
isomorphism as it coincides with the sheafification in the category of presheaves of
Ra-modules.

Remark 3.1.14. In what follows, we denote the objects of ModOa
X

by F a to distin-
guish OX and Oa

X -modules. This notation does not cause any confusion as .�/a is
essentially surjective.

Now we construct the right adjoint functor to .�/a. The naive idea of apply-
ing .�/� section-wise works well in this case.

Definition 3.1.15. The functor of almost sections .�/�WModOa
X
! ModOX is de-

fined as
F a
7!
�
U 7! HomR

�em;F a.U /Š
�
D HomR.em;F .U //�;

where the equality comes from Lemma 2.1.8 (2).

Remark 3.1.16. The functor .�/� is well defined, i.e., it defines a sheaf of OX -
modules. This follows from the fact that HomR.em;�/ is left exact and commutes
with arbitrary products.

Lemma 3.1.17. Let .X;OX / be a ringed R-site.

(1) The functor .�/�WModOa
X
! ModOX is the right adjoint to the exact local-

ization functor .�/aWModOX !ModOa
X

. In particular, it is left exact.

(2) The unit morphism F ! .F a/� is an almost isomorphism for any object
F 2ModOX . The counit morphism .G a� /

a ! G a is an isomorphism for any
G a 2ModOa

X
.

Proof. It is sufficient to check both claims section-wise. This, in turn, follows from
Lemma 2.1.9 (1) and Lemma 2.1.9 (2) respectively.
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Corollary 3.1.18. The functor .�/aWModOX ! ModOa
X

commutes with limits and
colimits. In particular, ModOa

X
is complete and cocomplete, and filtered colimits and

(finite) products are exact in ModOa
X

.

Proof. The first claim follows from the fact that .�/a admits left and right adjoints.
The second claim follows from the first claim, the exactness of .�/a, and analogous
exactness properties in ModR.

Corollary 3.1.19. Let .X;OX / be a ringed R-site. Then the functor

.�/aWModOX !ModOa
X

is exact.

Proof. The functor .�/a is exact as it has both left and right adjoints.

Theorem 3.1.20. Let .X;OX / be a ringed R-site. Then the functor

.�/aWModaOX !ModOa
X

is an equivalence of categories.

Proof. Lemma 3.1.17 implies that the functor .�/aWModOX ! ModOa
X

has a right
adjoint functor .�/� such that the counit morphism .�/a ı .�/� ! id is an iso-
morphism of functors. Moreover, the exactness of .�/a implies that a morphism
'WF ! G is an almost isomorphism if and only if 'aWF a! G a is an isomorphism.
Thus, [27, Proposition 1.3] guarantees that the induced functor .�/aWModaOX !
ModOa

X
is an equivalence.

Remark 3.1.21. In what follows, we do not distinguish ModOa
X

and ModaOX . More-
over, we sometimes denote both categories by ModaX or ModXa to simplify the
notation.

3.2 Basic functors on categories of Oa
X

-modules

We discuss how to define certain basic functors on ModaX . Our main functors of
interest are Hom, alHom, ˝, f �, and f� (for any map f of ringed sites). We define
their almost analogues and discuss the relation with their classical versions. As a by-
product, we give a slightly more intrinsic definition of .�/�WModaX ! ModX along
the lines of the definition of the ModaR-version of this functor. For the rest of the
section, we fix a ring R with an ideal m such that m D m2 and em D m ˝R m

is R-flat. We also fix an ringed R-site .X;OX / that we also consider as a ringed
OX .X/-site.
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Definition 3.2.1. The global and local Hom functors are defined as follows:

• The global Hom functor

HomOa
X
.�;�/WModop

Xa �ModXa !ModOX .X/

is defined as .F a;G a/ 7! HomOa
X
.F a;G a/.

• The local Hom functor

Hom Oa
X
.�;�/WModop

Xa �ModXa !ModX

is defined as .F a;G a/ 7!
�
U 7! HomOa

U
.F ajU ;G

ajU /
�
. The standard argument

shows that this functor is well defined, i.e., Hom Oa
X
.F ; G / is indeed a sheaf of

OX -modules.

Lemma 3.2.2. Let U 2 Ob.X/, and let F a; G a be Oa
X -modules. Then the natural

map
�
�
U;Hom Oa

X
.F a;G a/

�
! HomOa

U

�
F a
jU ;G

a
jU

�
is an isomorphism of OX .U /-modules.

Proof. This is evident from the definition.

Lemma 3.2.3. Let .X;OX / be a ringed R-site. Then there is a functorial isomor-
phism of OX -modules

Hom Oa
X
.F a;G a/

�
�! Hom OX ..F

a/Š;G /

for F a 2ModaX and G 2ModX .

Proof. Lemma 3.2.2 and Lemma 3.1.13 ensure that the desired isomorphism exists
section-wise. It glues to a global isomorphism of sheaves since these section-wise
isomorphisms are functorial in U .

Now we move on to show a promised more intrinsic definition of the functor .�/�.
As a warm-up, we need the following result:

Lemma 3.2.4. Suppose that the ringed R-site .X;OX / has a final object that (by
slight abuse of notation) we denote by X . Then the evaluation map

evX WHomOa
X

�
Oa
X ;G

a
�
! HomOX .X/a

�
Oa
X .X/;G

a.X/
�

' 7! '.X/

is an isomorphism of OX .X/-modules for any G a 2ModaX .
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Proof. As .�/a is essentially surjective by Lemma 3.1.13 (3), there exists some OX -
module G with almostification being equal to G a. Now we recall that the data of an
Oa
X -linear homomorphism 'WOa

X ! G a is equivalent to the data of OX .U /
a-linear

homomorphisms 'U 2 HomOX .U /a
�
Oa
X .U /;G

a.U /
�

for each open U in X such that
the diagram

OX .U /
a G .U /a

OX .V /
a G .V /a

'U

rOa
X
jU
V rGa j

U
V

'V

commutes for any V � U . Now we note that an OX .U /
a-linear homomorphism 'U

uniquely determines an OX .V /
a-linear homomorphism 'V in such a diagram. Indeed,

this follows from the equality

HomOX .V /a
�
OX .V /

a;G .V /a
�

D HomOX .V /

�em˝OX .V /;G .V /
�

D HomOX .V /

�em˝OX .U /˝OX .U / OX .V /;G .V /
�

D HomOX .U /

�em˝OX .U /;G .V /
�

D HomOX .U /a
�
OX .U /

a;G .V /a
�
:

Now we use the assumption that X is the final object to conclude that any homomor-
phism 'WOa

X ! G a is uniquely defined by '.X/.

Corollary 3.2.5. Let .X;OX / be an ringed R-site and let U 2 Ob.X/. Then the
evaluation map

evU WHomOa
U

�
Oa
U ;G j

a
U

�
! HomOU .U /a

�
Oa
U .U /;G

a.U /
�

' 7! '.U /

is an isomorphism of OX .U /-modules for any G a 2ModaX .

Proof. For the purpose of the proof, we can change the siteX to the slicing siteX=U
of objects over U . Then U automatically becomes the final object inX=U , so we can
apply Lemma 3.2.4 to finish the proof.

Now we are ready to prove a new description of the sheaf version of the func-
tor .�/�.

Lemma 3.2.6. Let .X;OX / be a ringed R-site. Then there is a functorial isomor-
phism of OX -modules

Hom Oa
X
.Oa
X ;F

a/! F a
�

for F a 2ModaX .
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Proof. Lemma 3.2.2 and Corollary 3.2.5 imply the existence of an isomorphism of
OX .U /-modules

�
�
U;Hom Oa

X

�
Oa
X ;F

a
�� �
�! HomOU .U /a

�
Oa
U .U /;F

a.U /
�

that is functorial in both U and F a. We use the functorial isomorphism of OX .U /-
modules

HomOU .U /a
�
OU .U /

a;F a.U /
�
' HomRa

�
Ra;F a.U /

�
D .F a/�.U /

to construct a functorial isomorphism

�
�
U;Hom Oa

X

�
Oa
X ;F

a
�� �
�! .F a/�.U /:

Functoriality in U ensures that it glues to the global isomorphism of OX -modules

Hom Oa
X

�
Oa
X ;F

a
� �
�! F a

� :

Now we discuss the functor of almost homomorphisms.

Definition 3.2.7. The global and local alHom functors are defined as follows:

• The global alHom functor

alHomOa
X
.�;�/WModop

Xa �ModXa !ModRa

is defined as�
F a;G a

�
7! HomOa

X

�
F a;G a

�a
' HomOX

��
F a

�
Š
;G
�a
:

• The local alHom functor

alHom Oa
X
.�;�/WModop

Xa �ModXa !ModXa

is defined as

.F a;G a/ 7!
�
U 7! alHomOa

U
.F a
jU ;G

a
jU /

a
�
:

Remark 3.2.8. At this point we have not checked that alHom Oa
X
.F a;G a/ is actually

a sheaf. However, this follows from the following lemma:

Lemma 3.2.9. The natural map

Hom OX .em˝ F ;G /a ! alHom Oa
X
.F a;G a/

is an almost isomorphism of Oa
X -modules for any F a; G a 2 ModaX . In particular,

alHom Oa
X
.F a;G a/ is a sheaf of Oa

X -modules.
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Proof. This follows from the sequence of functorial in U isomorphisms:

Hom OX .em˝ F ;G /.U /a 'a HomOU .em˝ F jU ;G jU /
a

'
a alHomOa

U
.F a
jU ;G

a
jU /

'
a alHom Oa

X
.F a;G a/.U /

In order to make Definition 3.2.7 computable, we need to show that these functors
can be computed by using any representative for F a and G a.

Proposition 3.2.10. Let .X;OX / be a ringed R-site.

(1) There is a natural transformation of functors

Modop
X �ModX ModX

Modop
Xa �ModXa ModXa

HomOX
.�;�/

.�/a�.�/a � .�/a

alHomOa
X
.�;�/

that makes the diagram .2; 1/-commutative. In particular, it yields an isomor-
phism alHomOa

X
.F a;G a/ ' HomOX .F ;G /

a for any F ;G 2ModX .

(2) There is a natural transformation of functors

Modop
X �ModX ModX

Modop
Xa �ModXa ModXa

Hom OX
.�;�/

.�/a�.�/a � .�/a

alHom Oa
X
.�;�/

that makes the diagram .2; 1/-commutative. In particular, it yields an isomor-
phism alHom Oa

X
.F a;G a/ ' Hom OX .F ;G /

a for any F ;G 2ModX .

Proof. The proof is similar to the proof of Proposition 2.2.1 (3). The only new thing
is that we need to prove an analogue of Corollary 2.1.13, that is, that the func-
tors alHomOX .�; G /, alHom OX .�; G / preserve almost isomorphisms. It essentially
boils down to showing that ExtiOX .K; G / Ša 0 and Ext i

OX
.K; G / Ša 0 for any

K 2 †X ;G 2ModX ; and an integer i � 0.
Now Lemma 3.1.5 implies that "K D 0 for any " 2 m. With that at hand, we see

that ExtiOX .K;G / and Ext i
OX
.K;G / are also annihilated by any "2m since the func-

tors ExtiOX .�;G /, Ext i
OX
.�;G / are R-linear. Thus, ExtiOX .K;G / and Ext i

OX
.K;G /

are almost zero by Lemma 2.1.1 and Lemma 3.1.5 respectively.

Definition 3.2.11. The tensor product functor �˝Oa
X
�WModaX �ModaX !ModaX

is defined as
.F a;G a/ 7! F a

Š ˝OX G aŠ :
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Proposition 3.2.12. There is a natural transformation of functors

ModX �ModX ModX

ModaX �ModaX ModaX

�˝OX
�

.�/a�.�/a .�/a
�

�˝Oa
X
�

that makes the diagram .2; 1/-commutative. In particular, there is a functorial iso-
morphism

.F ˝OX G /a ' F a
˝Oa

X
G a

for any F ;G 2ModX .

Proof. The proof is analogous to that of Propisition 2.2.1 (1).

The tensor product is adjoint to Hom as it happens in the case of Ra-modules.
We give a proof of the local version of this statement.

Lemma 3.2.13. Let .X;OX / be a ringedR-site, and let F a;G a;Ha be Oa
X -modules.

Then there is a functorial isomorphism

Hom Oa
X
.F a
˝Oa

X
G a;Ha/ ' Hom Oa

X
.F a; alHom Oa

X
.G a;Ha//:

After passing to the global sections, this gives the isomorphism

HomOa
X
.F a
˝Oa

X
G a;Ha/ ' HomOa

X
.F a; alHom Oa

X
.G a;Ha//:

And after passing to the almostifications, it gives an isomorphism

alHom Oa
X
.F a
˝Oa

X
G a;Ha/ ' alHom Oa

X
.F a; alHom Oa

X
.G a;Ha//:

Proof. We compute �.U;Hom Oa
X
.F a ˝Oa

X
G a;Ha// by using Lemma 3.2.2 and

the standard .˝;Hom / adjunction. Namely,

�
�
U;Hom Oa

X

�
F a
˝Oa

X
G a;Ha

��
' HomOa

U

�
F a
jU ˝Oa

U
G ajU ;H

a
jU

�
Lemma 3.2.2

' HomOa
U

�
.F jU ˝OU G jU /

a;Ha
jU

�
Proposition 3.2.12

' HomOU

�em˝ .F jU ˝OU G jU /;H jU
�

Lemma 3.1.13

' HomOU

�
.em˝ F jU /˝OU .em˝ G jU /;H jU

� em˝2 ' em
' HomOU

�em˝ F jU ;Hom OU

�em˝ G jU ;H jU
��

.˝;Hom/ adjunction

' HomOa
U

�
F a
jU ; alHom OU

�em˝ G jU ;H jU
��

Lemma 3.1.13

' �
�
U;Hom Oa

X

�
F a; alHom Oa

X
.G a;Ha/

��
: Lemma 3.2.2
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Since these identifications are functorial in U , we can glue them to a global isomor-
phism

Hom Oa
X
.F a
˝Oa

X
G a;Ha/ ' Hom Oa

X
.F a; alHom Oa

X
.G a;Ha//:

This finishes the proof.

Corollary 3.2.14. Let .X;OX / be a ringed R-site, and let F a be an Oa
X -module.

Then the functor �˝Oa
X

F a is left adjoint to alHom Oa
X
.F a;�/.

For what follows, we fix a map f W .X;OX /! .Y;OY / of ringed R-sites. We are
going to define the almost version of the pullback and pushforward functors.

Definition 3.2.15. The pullback functor f �a WModaY !ModaX is defined as

F a
7!
�
f �
�
F a
Š

��a
:

In what follows, we will often abuse notation and simply write f � instead of f �a .
This is “allowed” by Proposition 3.2.19.

As always, we want to show that this functor can be actually computed by apply-
ing f � to any representative of F a. The main ingredient is to show that f � sends
almost isomorphisms to almost isomorphisms. The following lemma shows slightly
more, and will be quite useful later on:

Lemma 3.2.16. Let f W .X;OX /! .Y;OY / be a morphism of ringedR-sites. Then for
any OX -module F , there is a natural isomorphism 'f .F /Wf �.em˝F /! em˝f �F
functorial in F .

Proof. We use Remark 3.1.2 to conclude that em˝ F is functorially isomorphic toemY ˝OY F , where emY WD em ˝R OY . Now we note that f �.emY / ' emX as can
be easily seen from the very definitions (using that em is R-flat). Therefore, 'f .F /
comes from the fact that the pullback functor commutes with the tensor product. More
precisely, we define it as the composition

f �.em˝F /
�
�! f �.emY ˝OY F /

�
�! f �.emY /˝OX f

�.F /
�
�! emX ˝OX f

�.F /:

We now also show a derived version of Lemma 3.2.16 that will be used later in
the text.

Lemma 3.2.17. Let f W .X;OX /! .Y;OY / be a morphism of ringed R-sites. Then
for any F 2 D.X/, there is a natural isomorphism

'f .F /WLf �.em˝ F /! em˝ Lf �F

functorial in F .
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Proof. Similarly, we use Remark 3.1.2 to say that em˝ F is functorially isomorphic
to emY ˝OY F , where emY WD em˝R OY . We note that Lf �.emY /' f

�.emY / ' emX

as em isR-flat. The rest of the proof is the same using the Lf � functorially commutes
with the derived tensor product.

Corollary 3.2.18. Let f W .X;OX /! .Y;OY / be a morphism of ringed R-sites, and
let 'WF ! G be an almost isomorphism of OY -modules. Then the homomorphism
f �.'/Wf �.F /! f �.G / is an almost isomorphism.

Proof. The question boils down to showing that the homomorphism

em˝ f �.F /! em˝ f �.G /
is an isomorphism. Lemma 3.2.16 ensures that it is sufficient to prove that the map

f �.em˝ F /! f �.em˝ G /

is an isomorphism. But this is clear because the map em˝ F ! em˝ G is already an
isomorphism.

Proposition 3.2.19. Let f W .X;OX / ! .Y;OY / be a morphism of ringed R-sites.
Then there is a natural transformation of functors

ModY ModX

ModaY ModaX

f �

.�/a .�/a
�

f �a

that makes the diagram .2; 1/-commutative. In particular, there is a functorial iso-
morphism .f �F /a ' f �a .F

a/ for any F 2ModY .

Proof. The proof is similar to that of Proposition 2.2.1. For any F 2 ModY , we
define �F Wf

�.em˝ F /a ! f �.F /a as the map induced by the natural homomor-
phism em ˝ F ! F . It is clearly functorial in F , and it is an isomorphism by
Corollary 3.2.18.

Definition 3.2.20. The pushforward functor f a� WModaX !ModaY is defined as

F a
7!
�
f�
�
F a
Š

��a
:

In what follows, we will often abuse the notation and simply write f� instead of f a� .
This is “allowed” by Proposition 3.2.24.
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Definition 3.2.21. The global sections functor �a.X;�/WModaX !ModaR is defined
as

F a
7! �

�
X;F a

Š

�a
:

In what follows, we will often abuse the notation and simply write � instead of �a.
This is also “allowed” by Proposition 3.2.24.

Remark 3.2.22. The global section functor can be realized as the pushforward along
the map .X;OX /! .�; R/.

Lemma 3.2.23. Let f W .X;OX /! .Y;OY / be a morphism of ringed R-sites, and let
'WF ! G be an almost isomorphism. Then the morphism f�.'/Wf�.F /! f�.G / is
an almost isomorphism.

Proof. The standard argument considering the kernel and cokernel of ' shows that
it is sufficient to prove that f�K Ša 0, R1f�K Ša 0 for any almost zero OX -
module K . This follows from R-linearity of f� and Lemma 3.1.5.

Proposition 3.2.24. Let f W .X;OX /! .Y;OY / be a morphism of ringed R-spaces.
Then there is a natural transformation of functors

ModX ModY

ModaX ModaY

f�

.�/a .�/a
�

f a�

that makes the diagram .2;1/-commutative. In particular, there is a functorial isomor-
phism .f�F /

a ' f a� .F
a/ for any F 2ModX . The same results hold for �a.X;�/.

Proof. We define �F W f�.em ˝ F /a ! f�.F /
a as the map induced by the natural

homomorphism em˝ F ! F . It is clearly functorial in F , and it is an isomorphism
by Lemma 3.2.23.

Lemma 3.2.25. Let .X;OX / be a ringed R-site, and let F ;G be Oa
X -modules. Then

the natural morphism

�
�
U; alHom Oa

X
.F a;G a/

�
! alHomOa

U
.F a
jU ;G

a
jU /

is an isomorphism of Ra-modules for any U 2 Ob.X/.

Proof. The claim easily follows from Lemma 3.2.2, Proposition 3.2.10 (2), and Propo-
sition 3.2.24.
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Lemma 3.2.26. Let f W .X;OX /! .Y;OY / be a morphism of ringed R-sites, and
let F a 2 ModaY , and G a 2 ModaX . Then there is a functorial isomorphism of OY -
modules

f�Hom Oa
X
.f �.F a/;G a/ ' Hom Oa

Y
.F a; f�.G

a//:

After passing to the global sections, this gives the isomorphism of OY .Y /-modules

HomOa
X
.f �.F a/;G a/ ' HomOa

Y
.F a; f�.G

a//:

And after passing to the almostifications, it gives the isomorphism of Oa
Y -modules

f�alHom Oa
X
.f �.F a/;G a/ Ša alHom Oa

Y
.F a; f�.G

a//:

Proof. This is a combination of the classical .f �; f�/-adjunction, Lemma 3.1.13,
Lemma 3.2.16, Proposition 3.2.19, and Proposition 3.2.24. Indeed, we choose U 2
Ob.Y / and denote its pullback by V WD f �1.U /. We also define F a

U
WD F ajU and

G aV WD G ajV . The claim follows from the sequence of functorial isomorphisms

�
�
U;Hom Oa

Y
.F a; f�.G

a//
�

' HomOa
U

�
F a
U ; f�.G

a
V /
�

Lemma 3.2.2

' HomOa
U

�
F a
U ; f�.GV /

a
�

Proposition 3.2.24

' HomOU

�em˝ FU ; f�.GV /
�

Lemma 3.1.13

' HomOV

�
f �.em˝ FU /;GV

�
.f �;f�/-adjunction

' HomOV

�em˝ f �.FU /;GV � Lemma 3.2.16

' HomOa
V

�
f �.FU /

a;G aV
�

Lemma 3.1.13

' HomOa
V

�
f �.F a

U /;G
a
V

�
Proposition 3.2.19

' �
�
U; f�Hom Oa

X

�
f �.F a/;G a

��
: Lemma 3.2.2

Since these identifications are functorial in U , we can glue them to a global isomor-
phism

f�Hom Oa
X
.f �.F a/;G a/ ' Hom Oa

Y
.F a; f�.G

a//:

Corollary 3.2.27. Let f W .X;OX /! .Y;OY / be a morphism of ringed R-sites. Then
the functors f�W ModaX ModaY Wf � are adjoint.

3.3 Digression: The projection formula

In this section, we show that the tensor product em˝ � behaves especially well on
locally spectral spaces4. For instance, we show that we can explicitly describe sec-

4We refer to [68, Tag 08YF] and [70, Section 3] for a comprehensive discussion of (locally)
spectral spaces.

https://stacks.math.columbia.edu/tag/08YF
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tions of em ˝ F on a basis of opens for such spaces, and verify a version of the
projection formula for this tensor product.

Lemma 3.3.1. Let .X;OX / be a locally spectral, locally ringed R-space. Then for
any spectral 5 open subset U � X , the natural morphismem˝R F .U /! .em˝ F /.U /

is an isomorphism of OX .U /-modules.

Proof. As spectral subspaces form a basis of topology on X , it suffices to show that
the functor

U ! em˝R F .U /

satisfies the sheaf condition on spectral open subsets. In particular, we can assume
that X itself is spectral.

As any open spectral U is quasi-compact, we conclude that any open covering
U D

S
i2I Ui admits a refinement by a finite one. Thus, it is sufficient to check the

sheaf condition for finite coverings of a spectral space by spectral open subspaces.
Thus, we need to show that, for any finite covering U D

S
i2I Ui , the sequence

0! em˝R F .U /!

nY
iD1

�em˝R F .Ui /
�
!

nY
i;jD1

�em˝R F .Ui \ Uj /
�

is exact. This follows from flatness of em and the fact that tensor product commutes
with finite direct products.

Now we want to show a version of the projection formula for the functor em˝�,
it will take some time to rigorously prove it. We recall that a map of locally spectral
spaces is called spectral, if the pre-image of any spectral open subset is spectral.

Lemma 3.3.2. Let .X;OX / be a spectral locally ringed R-space. Then for any injec-
tive OX -module 	, the OX -module em˝ 	 is H0.X;�/-acyclic.

Proof. We note that spectral open subspaces form a basis for the topology onX . Thus
[68, Tag 01EV] and [68, Tag 0A36] imply that it suffices to show that

.em˝ 	/.V /
r zm˝	 j

V
U

�����! .em˝ 	/.U /

is surjective for any inclusion of any spectral open subsets U ,! V . Lemma 3.3.1
says that this map r zm˝	j

V
U is identified with the map

em˝R 	.V /
em˝Rr	 jVU
�������! em˝R 	.U /:

5We remind the reader that any quasi-compact quasi-separated open subset of a locally
spectral space is spectral. This can be easily seen from the definitions.

https://stacks.math.columbia.edu/tag/01EV
https://stacks.math.columbia.edu/tag/0A36
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But now we note that r	jVU is surjective since any injective OX -module is flasque
by [68, Tag 01EA], and therefore the map em˝R r	jVU is surjective as well.

Corollary 3.3.3. Let f W .X;OX /! .Y;OY / be a spectral morphism of locally spec-
tral, locally ringed R-spaces, and let 	 be an injective OX -module. Then em˝ 	 is
f�.�/-acyclic.

Proof. It suffices to show that for any open spectral U � Y , the higher cohomology
groups

Hi
�
XU ; .em˝ 	/jXU

�
vanish. This follows from Lemma 3.3.2 since XU is spectral because both f and U
are spectral.

Lemma 3.3.4. Let f W .X;OX /! .Y;OY / be a spectral morphism of locally spectral,
locally ringed R-spaces, and let F be an OX -module. Then there is an isomorphism

ˇ W em˝ f�F ! f�.em˝ F /

functorial in F .

Proof. It suffices to define a morphism on a basis of spectral open subspaces U � Y .
For any such U � Y , we define

ˇU W .em˝ f�F /.U /! f�.em˝ F /.U /

as the composition of isomorphisms

.em˝ f�F /.U / ˛�1U��! em˝R .f�F /.U / D em˝R F .XU /

˛XU
���! .em˝ F /.XU / D f�.em˝ F /.U /

with ˛U and ˛XU being isomorphisms from Lemma 3.3.1. Since the construction
of ˛ is functorial in U , we conclude that ˇ defines a morphism of sheaves. It is an
isomorphism because ˇU is an isomorphism on a basis of Y .

Lemma 3.3.5. Let f W .X;OX /! .Y;OY / be a spectral morphism of locally spectral,
locally ringed R-spaces. Then for any F 2 D.X/, there is a morphism

�f .F /W em˝ Rf�F ! Rf�.em˝ F /

functorial in F . This map is an isomorphism in either of the following cases:

• the complex F is bounded below, i.e., F 2 DC.X/, or

• the space X is locally of uniformly bounded Krull dimension and F 2 D.X/.

https://stacks.math.columbia.edu/tag/01EA
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Proof. We start the proof by constructing the map �f .F /. Note that by adjunction it
suffices to construct a map

Lf �.em˝ Rf�F /! em˝ F :

We define this map as the composition

Lf �.em˝ Rf�F /
'f .Rf�F /
�������! em˝ Lf �Rf�F

em˝�F
����! em˝ F ;

where the first map is the isomorphism coming from Lemma 3.2.17 and the second
map comes from the counit �F of the .Lf �;Rf�/-adjunction.

Now we show that �f .F / is an isomorphism for F 2 DC.X/. We choose an
injective resolution F ! 	�. In this case, we use Corollary 3.3.3 to note that ˇ is the
natural map em˝ f�.	�/! f�.em˝ 	�/

that is an isomorphism by Lemma 3.3.4.
The last thing we need to show is that �f .F / is an isomorphism for any unbound-

ed F when X is locally of uniformly bounded Krull dimension. The claim is local,
so we may and do assume that both X and Y are spectral spaces. As X is quasi-
compact (because it is spectral) and locally of finite Krull dimension, we conclude
that X has finite Krull dimension, say N WD dimX . Then [57, Corollary 4.6] (or
[68, Tag 0A3G]) implies that Hi .U;G /D 0 for any open spectral U �X , G 2ModX ,
and i > N . In particular, Rif�G D 0 for any G 2 ModX , and i > N . Thus we see
that the assumptions of [68, Tag 0D6U] are verified in this case (with A D ModX
and A0 DModY ), so the natural map

H j .Rf�F /! H j .Rf�.���nF //

is an isomorphism for any F 2 D.X/, j � N � n. As em is R-flat, we get the com-
mutative diagram

H j
�em˝ Rf�F

�
H j

�
Rf�.em˝ F /

�
H j

�em˝ Rf�.���nF /
�

H j
�
Rf�.em˝ ���nF /

�
Hj .�F /

� �

Hj .����nF /

with the vertical arrows being isomorphisms for j �N � n, and the bottom horizontal
map is an isomorphism as ���nF 2DC.X/. Thus, by choosing an appropriate n� 0,
we see that H j .�F / is an isomorphism for any j ; so �F is an isomorphism itself.

https://stacks.math.columbia.edu/tag/0A3G
https://stacks.math.columbia.edu/tag/0D6U
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3.4 Derived category of Oa
X

-modules

This section is a global analogue of Section 2.3. We give two different definitions of
the derived category of almost OX -modules and then show that they coincide.

For the rest of the section, we fix a ring R with an ideal m such that mDm2 andem D m˝R m is R-flat. We also fix an ringed R-site .X;OX /.

Definition 3.4.1. By definition, the derived category of Oa
X -modules is D.Xa/ WD

D.ModaX /.

We define the bounded version of the derived category of almost R-modules
D�.Xa/ for � 2 ¹C;�; bº as the full subcategory of D.Xa/ consisting of bounded
below (resp. bounded above, resp. bounded) complexes.

Definition 3.4.2. We define the almost derived category of OX-modules as the Verdier
quotient6 D.X/a WD D.ModX /=D†X .ModX /.

Remark 3.4.3. We recall that †X is the Serre subcategory of ModX that consists of
the almost zero OX -modules.

We note that the functor .�/aWModX !ModaX is exact and additive. Thus, it can
be derived to the functor .�/aWD.X/!D.Xa/. Similarly, the functor .�/ŠWModaX !
ModX can be derived to the functor .�/ŠWD.Xa/! D.X/. The standard argument
shows that .�/Š is a left adjoint functor to the functor .�/a as this already happens on
the level of abelian categories.

We also want to establish a derived version of the functor .�/�. But since the
functor is only left exact, we do need to do some work to derive it. Namely, we need
to ensure that Oa

X -modules admit enough K-injective complexes.

Definition 3.4.4. We say that a complex of Oa
X -modules I �;a is K-injective if the

condition HomK.Oa
X
/.C
�;a; I �;a/ D 0 is satisfied for any acyclic complex C �;a of

Ra-modules.

Remark 3.4.5. We remind the reader that K.Oa
X / stands for the homotopy category

of Oa
X -modules.

Lemma 3.4.6. The functor .�/aWComp.OX /! Comp.Oa
X / sends K-injective Oa

X -
complexes to K-injective Oa

X -complexes.

Proof. We note that .�/a admits an exact left adjoint .�/Š thus [68, Tag 08BJ] ensures
that .�/a preserves K-injective complexes.

6We refer to [68, Tag 05RA] for an extensive discussion of Verdier quotients of triangulated
categories.

https://stacks.math.columbia.edu/tag/08BJ
https://stacks.math.columbia.edu/tag/05RA
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Corollary 3.4.7. Let .X;OX / be a ringed R-site. Then every F �;a 2 Comp.Oa
X / is

quasi-isomorphic to a K-injective complex.

Proof. The proof of Corollary 2.3.6 works verbatim with the only exception that one
needs to use [68, Tag 079P] instead of [68, Tag 090Y].

Similarly to the case ofRa-modules, we define the functor .�/�WD.Xa/! D.X/
as the derived functor of .�/�WModaX!ModX . This functor exists by [68, Tag 070K].

Lemma 3.4.8. Let .X;OX / be a ringed R-site.

(1) The functors .�/aW D.X/ D.Xa/ W .�/Š are adjoint. Moreover, the
counit (resp. unit) morphism

.F a/Š ! F (resp. G ! .GŠ/
a)

is an almost isomorphism (resp. isomorphism) for any F2D.X/;G 2D.Xa/.
In particular, the functor .�/a is essentially surjective.

(2) The functor .�/a W D.X/ ! D.Xa/ also admits a right adjoint functor
.�/�WD.Xa/! D.X/. Moreover, the unit (resp. counit) morphism

F ! .F a/� (resp. .G�/a ! G )

is an almost isomorphism (resp. isomorphism) for any F2D.X/;G 2D.Xa/.

Proof. The proof is similar to that of Lemma 2.3.7.

Theorem 3.4.9. The functor .�/aWD.X/! D.Xa/ induces an equivalence of trian-
gulated categories .�/aWD.X/a ! D.Xa/.

Proof. The proof is similar to that of Theorem 2.3.8.

Remark 3.4.10. Theorem 3.4.9 shows that the two notions of the derived category
of almost modules are the same. In what follows, we do not distinguish D.Xa/ and
D.X/a anymore.

3.5 Basic functors on derived categories of Oa
X

-modules

Now we can “derive” certain functors constructed in Section 3.2. For the rest of the
section, we fix a ringed R-site .X;OX /. The section follows the exposition of Sec-
tion 2.4 very closely.

https://stacks.math.columbia.edu/tag/079P
https://stacks.math.columbia.edu/tag/090Y
https://stacks.math.columbia.edu/tag/070K
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Definition 3.5.1. We define the derived Hom functors

RHom Oa
X
.�;�/WD.Xa/op

� D.Xa/! D.X/;

and
RHomOa

X
.�;�/WD.Xa/op

� D.Xa/! D.R/

as it is done in [68, Tag 08DH] and [68, Tag 0B6A], respectively.

Definition 3.5.2. We define the global Ext-modules as the R-modules

Exti
Oa
X

�
F a;G a

�
WD Hi

�
RHomOa

X
.F a;G a/

�
for F a;G a 2ModaX .

Finally, we define the local Ext-sheaves as the OX -modules Ext i
Oa
X

.F a; G a/ WD

H i .RHom Oa
X
.F a;G a//, for F a;G a 2ModaX .

Remark 3.5.3. We see that [68, Tag 0A64] implies that there is a functorial isomor-
phism

Hi
�
RHomOa

X
.F a;G a/

�
' HomD.R/a

�
F a;G aŒi �

�
for F a;G a 2 D.X/a.

Remark 3.5.4. The standard argument shows that there is a functorial isomorphism

R�
�
U;RHom Oa

X
.F a;G a/

�
' RHomOa

U

�
F a
jU ;G

a
jU

�
for any open U 2 X , F a;G a 2 D.X/a.

Now we show a local version of the ..�/Š; .�/a/-adjunction, and relate RHom
(resp. RHom) to a certain derived functor. This goes in complete analogy with the
situation in the usual (not almost) world.

Lemma 3.5.5. Let .X;OX / be a ringed R-site.

(1) There is a functorial isomorphism

RHom Oa
X
.F a;G a/ ' RHom OX .F

a
Š ;G /

for any F a 2 D.X/a and G 2 D.X/. In particular, this isomorphism induces
functorial isomorphisms

RHomOa
X
.F a;G a/ ' RHomOX .F

a
Š ;G /

and
HomD.X/a.F

a;G a/ ' RHomD.X/.F
a
Š ;G /:

(2) For any chosen F a 2ModaX , the functor RHomOa
X
.F a;�/WD.X/a! D.R/

is isomorphic to the (right) derived functor of HomOa
X
.F a;�/.

https://stacks.math.columbia.edu/tag/08DH
https://stacks.math.columbia.edu/tag/0B6A
https://stacks.math.columbia.edu/tag/0A64
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(3) For any chosen F a 2ModaX , the functor RHom Oa
X
.F a;�/WD.X/a!D.X/

is isomorphic to the (right) derived functor of HomOa
X
.F a;�/.

Proof. (1) Lemma 3.4.6 and the construction of derived homs ensure that

RHom Oa
X
.F a;G a/ ' Hom �

Oa
X
.F �;a;	�;a/

RHom OX .F
a
Š ;G / ' Hom �OX .F

�;a
Š
;	�/;

where G ! 	� is a K-injective resolution. Now we recall the term-wise equalities

Hom n
Oa
X
.F �;a;	�;a/ D

Y
pCqDn

Hom Oa
X
.F �q;a;	p;a/

Hom n
OX
.F
�;a
Š
;	�/ D

Y
pCqDn

Hom OX .F
�q;a
Š

;	p/:

Thus Lemma 3.2.3 produces term-wise isomorphisms

�nWHom n
Oa
X
.F �;a;	�;a/! Hom n

OX
.F
�;a
Š
;	�/

that commute with the differentials by inspection, therefore defining the desired iso-
morphism of complexes.

Parts (2) and (3) are identical to Lemma 2.4.3 (2).

Definition 3.5.6. We define the derived almost Hom functors

RalHom Oa
X
.�;�/WD.Xa/op

� D.Xa/! D.Xa/;

RalHomOa
X
.�;�/WD.Xa/op

� D.Xa/! D.Ra/

as

RalHom Oa
X
.F a;G a/ WD RHom Oa

X
.F a;G a/a D RHom OX .F

a
Š ;G /

a;

RalHomOa
X
.F a;G a/ WD RHomOa

X
.F a;G a/a D RHomOX .F

a
Š ;G /

a:

Definition 3.5.7. The global almost Ext modules are defined as the Ra-modules
alExti

Oa
X
.F a;G a/ WD Hi .RalHomOa

X
.F a;G a// for F a;G a 2ModaX .

We define the local almost Ext sheaves as the Oa
X -modules alExt i

Oa
X

.F a;G a/ WD

H i .RalHom Oa
X
.F a;G a// for F a;G a 2ModaX .
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Proposition 3.5.8. Let .X;OX / be a ringed R-site.

(1) There is a natural transformation of functors

D.X/op � D.X/ D.X/

D.Xa/op � D.Xa/ D.Xa/

RHom OX
.�;�/

.�/a�.�/a .�/a�

RalHom Oa
X
.�;�/

that makes the diagram .2; 1/-commutative. In particular, it yields an isom-
prphism RalHom Oa

X
.F a;G a/ ' RHom OX .F ;G /

a for any F ;G 2 D.X/.
(2) For any F a 2ModaR, the functor RalHom Oa

X
.F a;�/WD.X/a ! D.X/a is

isomorphic to the (right) derived functor of alHom Oa
X
.F a;�/.

(3) The analogous results hold true for the functor RalHomOa
X
.�;�/.

Proof. The proof is identical to that of Proposition 2.4.8. One only needs to use
Proposition 3.2.10 in place of Proposition 2.2.1 (3).

Now we deal with the case of the derived tensor product functor. We will show
that our definition of the derived tensor product functor makes RalHom Oa

X
.�;�/ into

the inner Hom functor.

Definition 3.5.9. We say that a complex of Oa
X -modules F �;a is almost K-flat if the

naive tensor product complex C�;a ˝�
Oa
X

F �;a is acyclic for any acyclic complex C�;a

of Oa
X -modules.

Lemma 3.5.10. The functor .�/aWComp.OX /!Comp.Oa
X / sendsK-flat OX -com-

plexes to almost K-flat Oa
X -complexes.

Proof. The proof Lemma 2.4.10 applies verbatim.

Lemma 3.5.11. Let f W .X;OX /! .Y;OY / be a morphism of ringed R-sites, and let
F �;a 2 Comp.Oa

Y / be an almost K-flat complex. Then f �.F �;a/ 2 Comp.Oa
X / is

almost K-flat.

Proof. The proof of [68, Tag 06YW] works verbatim in this situation.

Corollary 3.5.12. Every object F �;a 2 Comp.Oa
X / is quasi-isomorphic to an almost

K-flat complex.

Proof. The proof of Corollary 2.4.11 applies verbatim with the only difference that
one needs to use [68, Tag 06YF] in place of [68, Tag 06Y4].

https://stacks.math.columbia.edu/tag/06YW
https://stacks.math.columbia.edu/tag/06YF
https://stacks.math.columbia.edu/tag/06Y4
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Definition 3.5.13. We define the derived tensor product functor

�˝
L
Oa
X
�WD.X/a � D.X/a ! D.X/a

by the rule .F a;G a/ 7! .GŠ ˝
L
OX

GŠ/
a for any F a;G a 2 D.X/a.

Proposition 3.5.14. (1) There is a natural transformation of functors

D.X/ � D.X/ D.X/

D.X/a � D.X/a D.X/a

�˝L
OX
�

.�/a�.�/a .�/a

�˝L
Oa
X

�

�

that makes the diagram .2;1/-commutative. In particular, there is a functorial
isomorphism .F ˝L

OX
G /a ' F a ˝L

Oa
X

G a for any F ;G 2 D.X/.
(2) For any chosen F a 2 ModaX , the functor F a ˝LRa �WD.X/

a ! D.X/a is
isomorphic to the (left) derived functor of F a ˝Oa

X
�.

Proof. Again, the proof is identical to that of Proposition 3.5.14. The only non-trivial
input that we need is the existence of sufficiently many K-flat complexes of Oa

X -
modules. But this is guaranteed by Corollary 3.5.12.

Remark 3.5.15. For any F a;G a 2 D.X/a, there is a canonical morphism

RalHom Oa
X
.F a;G a/˝LOX F a

! G a

that, after the identifications from Proposition 3.5.8 and Proposition 3.5.14, is the
almostification of the canonical morphism

RHom OX .F
a
Š ;G

a
Š /˝

L
OX

F a
Š ! G aŠ

from [68, Tag 0A8V].

Lemma 3.5.16. Let .X;OX / be a ringed R-site, and let F a;G a;Ha 2 D.X/a. Then
we have a functorial isomorphism

RHom Oa
X

�
F a
˝
L
Oa
X

G a;Ha
�
' RHom Oa

X

�
F a;RalHomRa.G

a;Ha/
�
:

This induces functorial isomorphisms

RHomOa
X

�
F a
˝
L
Oa
X

G a;Ha
�
' RHomOa

X

�
F a;RalHomRa.G

a;Ha/
�
;

RalHom Oa
X

�
F a
˝
L
Oa
X

G a;Ha
�
' RalHom Oa

X

�
F a;RalHomRa.G

a;Ha/
�
;

RalHomOa
X

�
F a
˝
L
Oa
X

G a;Ha
�
' RalHomOa

X

�
F a;RalHomRa.G

a;Ha/
�
:

https://stacks.math.columbia.edu/tag/0A8V


Basic functors on derived categories of Oa
X

-modules 101

Proof. The proof of the first isomorphism is very similar to that of Lemma 2.4.14.
We leave the details to the interested reader. The second isomorphism comes from
the fist one by applying the functor R�.X;�/. The third and the fourth isomorphisms
are obtained by applying .�/a to the first and the second isomorphisms respectively.
Here, we implicitly use Proposition 3.5.8.

Corollary 3.5.17. Let .X;OX / be a ringed R-site, and let G a 2 D.X/a. Then the
functors

RalHom Oa
X
.G a;�/WD.X/a D.X/aW � ˝L

Oa
X

G a

are adjoint.

Now we discuss the almost analogues of derived pullbacks and derived pushfor-
wards. We start with the derived pullbacks:

Definition 3.5.18. Let f W .X;OX /! .Y;OY / be a morphism of ringed R-sites. We
define the derived pullback functor

Lf �WD.Y /a ! D.X/a

as the derived functor of the right exact, additive functor f �WModaY !ModaX .

Remark 3.5.19. We need to explain why the desired derived functor exists and how
it can be computed. It turns out that it can be constructed by choosing K-flat res-
olutions, the argument for this is identical to [68, Tag 06YY]. We only emphasize
that three main inputs are Lemma 3.5.11, Lemma 3.5.10, and an almost analogue of
[68, Tag 06YG].

Proposition 3.5.20. Let f W .X;OX / ! .Y;OY / be a morphism of ringed R-sites.
Then there is a natural transformation of functors

D.Y / D.X/

D.Y /a D.X/a

Lf �

.�/a .�/a

Lf �

�

that makes the diagram .2; 1/-commutative. In particular, there is a functorial iso-
morphism .Lf �F /a ' Lf �.F a/ for any F 2 D.Y /.

Proof. We construct the natural transformation �WLf � ı .�/a) .�/a ı Lf � as fol-
lows: Pick any object F 2D.Y / and itsK-flat representative K�, then K� is adapted
to compute the usual derived pullback Lf �. Lemma 3.5.11 ensures K�;a is also

https://stacks.math.columbia.edu/tag/06YY
https://stacks.math.columbia.edu/tag/06YG
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adapted to compute the almost version of the derived pullback Lf �. So we define the
morphism

�F W .f
�.em˝K�//a ! f �.K�/a

as the natural morphism induced by em˝K� ! K�. This map is clearly functorial,
so it defines a transformation of functors �. To show that it is an isomorphism of
functors, it suffices to show that the map

f �.em˝K�/! f �.K�/

is an almost isomorphism of complexes for any K-flat complex K�. But this is clear
as em˝K� ! K� is an almost isomorphism, and Corollary 3.2.18 ensures that f �

preserves almost isomorphisms.

Definition 3.5.21. Let f W .X;OX /! .Y;OY / be a morphism of ringed R-sites. We
define the derived pushforward functor

Rf�WD.X/a ! D.Y /a

as the derived functor of the left exact, additive functor f�WModaX !ModaY .
We define the derived global sections functor R�.U;�/WD.X/a ! D.R/a in a

similar way for any open U � X .

Remark 3.5.22. This functor exists by abstract nonsense (i.e., [68, Tag 070K]) as the
category ModaX has enough K-injective complexes by Corollary 3.4.7.

Proposition 3.5.23. Let f W .X;OX / ! .Y;OY / be a morphism of ringed R-sites.
Then there is a natural transformation of functors

D.X/ D.Y /

D.X/a D.Y /a

Rf�

.�/a .�/a

Rf�

�

that makes the diagram .2; 1/-commutative. In particular, there is a functorial iso-
morphism .Rf�F /a ' Rf�.F a/ for any F 2 D.X/. The analogous results hold for
the functor R�.U;�/.

Proof. The proof is very similar to that of Proposition 3.5.20. The main essential
ingredients are: .�/a sends K-injective complexes to K-injective complexes, and f�
preserves almost isomorphisms. These two results were shown in Lemma 3.4.6 and
Lemma 3.2.23.

https://stacks.math.columbia.edu/tag/070K
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Lemma 3.5.24. Let .X;OX / be a ringed R-site, let F be an Oa
X -module, and let

U 2 X be an open object. Then we have a canonical isomorphism

R�
�
U;RalHom Oa

X
.F a;G a/

�
' RalHomOa

U

�
F a
jU ;G

a
jU

�
Proof. This easily follows from Remark 3.5.4, Proposition 3.5.8, and finally Propo-
sition 3.5.23.

Lemma 3.5.25. Let f W .X;OX /! .Y;OY / be a morphism of ringed R-sites. Then
there is a functorial isomorphism

Rf�RHom Oa
X
.Lf �F a;G a/ ' RHom Oa

Y
.F a;Rf�G a/

for F a 2 D.Y /a, G a 2 D.X/a. This isomorphism induces isomorphisms

Rf�RalHom Oa
X
.Lf �F a;G a/ ' RalHom Oa

Y
.F a;Rf�G a/;

RHomOa
X
.Lf �F a;G a/ ' RHomOa

Y
.F a;Rf�G a/;

RalHomOa
X
.Lf �F a;G a/ ' RalHomOa

Y
.F a;Rf�G a/:

Proof. It is a standard exercise to show that the first isomorphism implies all other
isomorphisms by applying certain functors to it, so we deal only with the first one.
The proof of the first one is also quite standard and similar to Lemma 3.2.26, but
we spell it out for the reader’s convenience. The desired isomorphism comes from a
sequence of canonical identifications:

Rf�RHom Oa
X

�
Lf �.F a/;G a

�
' Rf�RHom Oa

X

�
Lf �.F /a;G a

�
Proposition 3.5.20

' Rf�RHom OX

�em˝ Lf �.F /;G
�

Lemma 3.5.5 (1)

' Rf�RHom OX

�
Lf �.em˝ F /;G

�
Lemma 3.2.17

' RHom OY

�em˝ F ;Rf�.G /
�

classical

' RHom Oa
Y

�
F a;Rf�.G /a

�
Lemma 3.5.5 (1)

' RHom Oa
Y

�
F a;Rf�.G a/

�
Proposition 3.5.23:

Corollary 3.5.26. Let f W .X;OX /! .Y;OY / be a morphism of ringed R-sites. Then
the functors Rf�.�/WD.X/a D.Y /aWLf �.�/ are adjoint.

Now we discuss the projection formula in the world of almost sheaves. Sup-
pose f W .X;OX / ! .Y;OY / is a morphism of ringed R-sites, F a 2 D.X/a, and
G a 2 D.Y /a. We wish to construct the projection morphism

�WRf�.F a/˝L
Oa
Y

G a ! Rf�
�
F a
˝
L
Oa
X

Lf �.G a/
�
:
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By Corollary 3.5.26, it is equivalent to constructing a morphism

� WLf �
�
Rf�.F a/˝L

Oa
Y

G a
�
! F a

˝
L
Oa
X

Lf �.G a/:

We define � as the composition of the natural isomorphism

Lf �
�
Rf�.F a/˝L

Oa
Y

G a
�
' Lf �

�
Rf�.F a/

�
˝
L
Oa
X

Lf �.G a/

and the morphism

Lf �
�
Rf�.F a/

�
˝
L
Oa
X

Lf �.G a/
"F a˝id
�����! F a

˝
L
Oa
X

Lf �.G a/

induced by the counit of the .Lf �;Rf�/-adjunction.

Proposition 3.5.27. Let f W .X;OX / ! .Y;OY / be a morphism of ringed R-sites,
F a 2 D.X/a, and G 2 D.Y / a perfect complex. Then the projection morphism

�WRf�.F a/˝L
Oa
Y

G a ! Rf�
�
F a
˝
L
Oa
X

Lf �.G a/
�

is an isomorphism in D.Y /a.

Proof. The claim is local on Y , so we may assume that G is isomorphic to a bounded
complex of finite free OY -modules. Then an easy argument with naive filtrations
reduces the question to the case when G D On

Y . This case is essentially obvious.



Chapter 4

Almost coherent sheaves on schemes and formal
schemes

In this chapter, we develop a theory of almost coherent sheaves on schemes, and on a
“nice” class of formal schemes.

4.1 Schemes. The category of almost coherent Oa
X

-modules

In this section we discuss the notion of almost quasi-coherent, almost finite type,
almost finitely presented and almost coherent sheaves on an arbitrary scheme. One of
the main goals is to show that almost coherent sheaves form a weak Serre subcategory
in OX -modules. Another important result is the “approximation” Corollary 4.3.5; it
will play a key role in reducing many global results about almost finitely presented
OX -modules to the classical case of finitely presented OX -modules. In particular,
we follow this approach in our proof of the almost proper mapping theorem in Sec-
tion 5.1.

As always, we fix a ring R with an ideal m such that mDm2 and emDm˝R m

is R-flat. We always do almost mathematics with respect to this ideal. In what fol-
lows, X will always denote an R-scheme. Note that this implies that X is a locally
spectral, ringedR-site, so the results of Chapter 3 and in particular Section 3.3 apply.

We begin with some definitions:

Definition 4.1.1. We say that an Oa
X -module F a is almost quasi-coherent if the asso-

ciated OX -module F a
Š
' em˝ F is quasi-coherent.

We say that an OX -module F is almost quasi-coherent if F a is an almost quasi-
coherent Oa

X -module.

Remark 4.1.2. Any quasi-coherent OX -module is almost quasi-coherent.

Remark 4.1.3. We denote by Modaqc
Xa � ModXa the full subcategory consisting of

almost quasi-coherent Oa
X -modules. It is straightforward1 to see that the “almostifi-

cation” functor induces an equivalence

Modaqc
Xa 'Modqc

X =.†X \Modqc
X /;

i.e., Modaqc
Xa is equivalent to the quotient category of quasi-coherent OX -modules by

the full subcategory of almost zero, quasi-coherent OX -modules.

1The proof is completely similar to the proof of Theorem 3.1.20 or Theorem 3.4.9.
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Definition 4.1.4. We say that an Oa
X -module F a is of almost finite type (resp. almost

finitely presented) if F a is almost quasi-coherent, and there is a covering of X by
open affines ¹Uiºi2I such that F a.Ui / is an almost finitely generated (resp. almost
finitely presented) Oa

X .Ui /-module.
We say that an OX -module F is of almost finite type (resp. almost finitely pre-

sented) if so is F a.

Remark 4.1.5. We denote by Modqc;aft
X (resp. Modqc;afp

X ) the full subcategory of
ModX consisting of almost finite type (resp. almost finitely presented) quasi-coherent
OX -modules. Similarly, we denote by Modaft

Xa (resp. Modafp
Xa ) the full subcategory of

ModXa consisting of almost finite type (resp. almost finitely presented) Oa
X -modules.

Again, it is straightforward to see that the “almostification” functors induce equiva-
lences

Modaft
Xa 'Modqc;aft

X =.†X \Modqc;aft
X /; Modafp

Xa 'Modqc;afp
X =.†X \Modqc;afp

X /:

Remark 4.1.6. Recall that, in the usual theory of OX -modules, finite type OX -mod-
ules are usually not required to be quasi-coherent. However, it is more convenient
for our purposes to put almost quasi-coherence in the definition of almost finite type
modules.

The first thing that we need to check is that these notions do not depend on a
choice of an affine covering.

Lemma 4.1.7. Let F a be an almost finite type (resp. almost finitely presented) Oa
X -

module on anR-schemeX . Then F a.U / is an almost finitely generated (resp. almost
finitely presented) Oa

X .U /-module for any open affine U � X .

Proof. First, Corollary 2.5.12 and Lemma 3.3.1 imply that for any open affine U ,
F a.U / is almost finitely generated (resp. almost finitely presented) if and only if so
is .em˝ F a/.U /. Thus, we can replace F a by F a

Š
' em˝ F to assume that F is an

honest quasi-coherent OX -module.
Now Lemma 2.8.1 guarantees that the problem is local on X . So we can assume

that X D U is an affine scheme and we need to show that F .X/ is almost finitely
generated (resp. almost finitely presented).

We pick some covering X D
Sn
iD1 Ui by open affines Ui such that F .Ui / is

almost finitely generated (resp. almost finitely presented) as an OX .Ui /-module. We
note that since F is quasi-coherent, we have an isomorphism

F .Ui / ' F .X/˝OX .X/ OX .Ui /:

Now we see that the map OX .X/!
Qn
iD1 OX .Ui / is faithfully flat, and the module

F .X/˝OX .X/

� nY
iD1

OX .Ui /
�
'

� nY
iD1

OX .Ui /
�
˝OX .X/ F .X/
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is almost finitely generated (resp. almost finitely presented) over
Qn
iD1OX .Ui /. Thus,

Lemma 2.10.5 guarantees that F .X/ is almost finitely generated (resp. almost finitely
presented) as an OX .X/-module.

Corollary 4.1.8. Let X D SpecA be an affine R-scheme, and let F a be an almost
quasi-coherent Oa

X -module. Then F a is almost finite type (resp. almost finitely pre-
sented) if and only if �.X; F a/ is almost finitely generated (resp. almost finitely
presented) A-module.

Now we check that almost finite type and almost finitely presented Oa
X -modules

behave nicely in short exact sequences.

Lemma 4.1.9. Let 0 ! F 0a
'
�! F a

 
�! F 00a ! 0 be an exact sequence of Oa

X -
modules.

(1) If F a is almost of finite type and F 00a is almost quasi-coherent, then F 00a is
almost finite type.

(2) If F 0a and F 00a are of almost finite type (resp. finitely presented), then so
is F a.

(3) If F a is of almost finite type and F 00a is almost finitely presented, then F 0a

is of almost finite type.

(4) If F a is almost finitely presented and F 0a is of almost finite type, then F 00a

is almost finitely presented.

Proof. First of all, we apply the exact functor .�/Š to all Oa
X -modules in question to

assume the short sequence is an exact sequence of OX -modules and all OX -modules
in this sequence are quasi-coherent. Note that we implicitly use here that quasi-
coherent modules form a Serre subcategory of all OX -modules by [68, Tag 01IE].
Then we check the statement on the level of global sections on all open affine sub-
schemesU �X using that quasi-coherent sheaves have vanishing higher cohomology
on affine schemes. That is done in Lemma 2.5.15.

Definition 4.1.10. An Oa
X -module F a is almost coherent if F a is almost finite type,

and for any open set U , any almost finite type Oa
U -submodule G a � .F ajU / is an

almost finitely presented Oa
U -module.

We say that an OX -module F is almost coherent if F a is an almost coherent
Oa
X -module.

Lemma 4.1.11. Let X be an R-scheme, and let F a be an Oa
X -module. Then the

following are equivalent:

(1) F a is almost coherent;

(2) F a is almost quasi-coherent, and the Oa
X .U /-module F a.U / is almost coher-

ent for any open affine subscheme U � X ;

https://stacks.math.columbia.edu/tag/01IE
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(3) F a is almost quasi-coherent, and there is a covering of X by open affine
subschemes ¹Uiºi2I such that F a.Ui / is almost coherent for each i .

In particular, if X D Spec A is an affine R-scheme and F a is an almost quasi-
coherent Oa

X -module, then F a is almost coherent if and only if F a.X/ is almost
coherent as an A-module.

Proof. We start the proof by noting that we can replace F a by F a
Š

to assume that F

is a quasi-coherent OX -module.
First, we check that (1) implies (2). Given any affine open U � X and any

almost finitely generated almost submoduleM a � F .U /a, we define an almost sub-
sheaf A.M a/Š � .F jU /

a. We see that A.M a/Š must be an almost finitely presented
OU -module, so Lemma 4.1.7 guarantees that M a

Š
is an almost finitely presented

OX .U /-module. Therefore, any almost finitely generated submodule M a � F .U /a

is almost finitely presented. This shows that F .U / is almost coherent.
Now we show that (2) implies (1). Suppose that F is almost quasi-coherent and

F .U / is almost coherent for any open affine U � X . First of all, it implies that F

is of almost finite type, since this notion is local by definition. Now suppose that we
have an almost finite type almost OX -submodule G � .F jU /

a for some open U . It is
represented by a homomorphism

em˝ G
g
�! F

with G being an OX -module of almost finite type, and em˝ Ker g ' 0. We want to
show that G is almost finitely presented as an OX -module. This is a local question, so
we can assume that U is affine. Then Lemma 3.3.1 implies that the natural morphism

g.U / W em˝R G .U /! F .U /

defines an almost submodule of F .U /. We conclude that em ˝R G .U / is almost
finitely presented by the assumption on F .U /. Since the notion of almost finitely
presented OX -module is local, we see that G is almost finitely presented.

Clearly, (2) implies (3), and it is easy to see that Corollary 2.10.6 guarantees
that (3) implies (2).

Corollary 4.1.12. Let X be an R-scheme.

(1) Any almost finite type Oa
X -submodule of an almost coherent Oa

X -module is
almost coherent.

(2) Let 'WF a ! G a be a homomorphism from an almost finite type Oa
X -module

to an almost coherent Oa
X -module, then Ker.'/ is an almost finite type Oa

X -
module.

(3) Let 'WF a ! G a be a homomorphism of almost coherent Oa
X -modules, then

Ker.'/ and Coker.'/ are almost coherent Oa
X -modules.
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(4) Given a short exact sequence of Oa
X -modules

0! F 0a ! F a
! F 00a ! 0;

if two out of three are almost coherent, so is the third.

Proof. The proofs of parts (1), (2) and (3) are quite straightforward. As usually, we
apply .�/Š to assume that all sheaves in question are quasi-coherent OX -modules.
Then the question is local and it is sufficient to work on global sections over all affine
open subschemes U � X . So the problem is reduced to Lemma 2.6.8.

The proof of part (4) is similar, but we need to invoke that given a short exact
sequence of OX -modules

0! F 0aŠ ! F a
Š ! F 00aŠ ! 0;

if two of these sheaves are quasi-coherent, so is the third one. This is proven in the
affine case in [68, Tag 01IE], the general case reduces to the affine one. The rest of
the argument is the same.

Definition 4.1.13. We define the categories Modacoh
X (resp. Modqc;acoh

X , resp. Modacoh
Xa )

as the full subcategory of ModX (resp. ModX , resp. ModXa ) consisting of the almost
coherent OX -modules (resp. quasi-coherent almost coherent modules, resp. almost
coherent almost OX -modules). As always, it is straightforward to see that the “almos-
tification” functor induces the equivalence

Modacoh
Xa 'Modqc;acoh

X =
�
†X \Modqc;acoh

X

�
:

Moreover, Corollary 4.1.12 ensures that Modacoh
X �ModX , Modqc;acoh

X �ModX , and
Modacoh

Xa �ModXa are weak Serre subcategories.

The last thing that we discuss here is the notion of almost coherent schemes.

Definition 4.1.14. We say that an R-scheme X is almost coherent if the sheaf OX is
an almost coherent OX -module.

Lemma 4.1.15. Let X be a coherent R-scheme. Then X is also almost coherent.

Proof. The structure sheaf OX is quasi-coherent by definition. Lemma 4.1.11 says
that it suffices to show that OX .U / is an almost coherent OX .U /-module for any
open affine U � X . Since X is coherent, we conclude that OX .U / is coherent as an
OX .U /-module. Then Lemma 2.6.7 implies that it is actually almost coherent.

Lemma 4.1.16. Let X be an almost coherent R-scheme. Then an Oa
X -module F a is

almost coherent if and only if it is of almost finite presentation.

Proof. The “only if” part is easy since any almost coherent Oa
X -module is of almost

finite presentation by definition. The “if” part is a local question, so we can assume
that X is affine, then the claim follows from Lemma 2.6.14.

https://stacks.math.columbia.edu/tag/01IE
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4.2 Schemes. Basic functors on almost coherent Oa
X

-modules

This section is devoted to study how certain functors defined in Section 3.2 inter-
act with the notions of almost (quasi-) coherent Oa

X -modules defined in the previous
section.

As always, we fix a ring R with an ideal m such that mDm2 and emDm˝R m

is R-flat. We always do almost mathematics with respect to this ideal.
We start with the affine situation, i.e., X D SpecA. In this case, we note that

the functor e.�/WModA ! Modqc
X sends almost zero A-modules to almost zero OX -

modules. Thus, it induces the functor

e.�/WModAa !Modaqc
Xa :

Lemma 4.2.1. LetX D SpecA be an affineR-scheme. Then for any �2 ¹“ ”;aft;afp;
acohº, the functor e.�/WModA!Modqc

X induces equivalences e.�/WMod�A!Modqc;�
X .

The quasi-inverse functor is given by �.X;�/.

Proof. We note that the functor e.�/WModA ! Modqc
X is an equivalence with the

quasi-inverse �.X;�/. Now we note that Corollary 4.1.8 and Lemma 4.1.11 guar-
antee that a quasi-coherent OX -module F is almost finite type (resp. almost finitely
presented, resp. almost coherent) if �.X;F / is almost finitely generated (resp. almost
finitely presented, resp. almost coherent) as an A-module.

Lemma 4.2.2. LetX D SpecA be an affineR-scheme. Then for any �2 ¹“ ”;aft;afp;
acohº, the functor e.�/WModAa ! Modaqc

Xa induces an equivalence e.�/aWModAa !
Modaqc

Xa and restricts to further equivalences e.�/aWMod�Aa ! Mod�Xa . The quasi-
inverse functor is given by �.X;�/.

Proof. We note that e.�/WModA ! Modqc
X induces an equivalence between almost

zero A-modules and almost zero, quasi-coherent OX -modules. Thus, the claim fol-
lows from Lemma 4.2.1, Remark 4.1.3, Remark 4.1.5, Definition 4.1.13 and the anal-
ogous presentations of Mod�Aa as quotients of ModAa for any � 2 ¹aft; afp; acohº.

Now we show that the pullback functor preserves almost finite type and almost
finitely presented Oa

X -modules.

Lemma 4.2.3. Let f WX ! Y be a morphism of R-schemes.

(1) Suppose that X D SpecB , Y D SpecA are affine R-schemes. Then f �.eM a/

is functorially isomorphic to EM a ˝Aa B
a for any M a 2ModaA.

(2) The functor f � preserves almost quasi-coherence (resp. almost finite type,
resp. almost finitely presented) for O-modules.

(3) The functor f � preserves almost quasi-coherence (resp. almost finite type,
resp. almost finitely presented) for Oa-modules.
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Proof. (1) follows from Proposition 3.2.19 and the analogous result for quasi-coher-
ent OY -modules. More precisely, Proposition 3.2.19 provides us with the functorial
isomorphism

f �
�eM a

�
'

�
f �
�fM ��a

'

�
CM ˝A B

�a
' EM a

˝Aa B
a:

Now we note that (2) and (3) are local on X and Y , so we may and do assume that
X D SpecB , Y D SpecA are affine R-schemes. Furthermore, it clearly suffices to
prove (2) as (3) follows formally from it.

Now Lemma 4.2.2 guarantees that any almost quasi-coherent Oa
X -module is iso-

morphic to eM a for some Aa-module M a. Furthermore, (1) ensures that f �.eM a/ '
EM a ˝Aa B

a is an almost quasi-coherent Oa
X -module. The other claims from (2) are

proven similarly using Lemma 4.2.2 and Lemma 2.8.1.

Now we discuss that tensor product preserves certain finiteness properties of
almost sheaves.

Lemma 4.2.4. Let X be an R-scheme.

(1) Suppose that X D SpecA is an affine R-scheme. Then eM a ˝Oa
X

fN a is func-
torially isomorphic to EM a ˝Aa N

a for any M a; N a 2ModaA.

(2) Let F a; G a be two almost finite type (resp. almost finitely presented) Oa
X -

modules. Then the Oa
X -module F a ˝Oa

X
G a is almost finite type (resp. almost

finitely presented). The analogous result holds for OX -modules F ;G .

(3) Let F a be an almost coherent Oa
X -module, and let G a be an almost finitely

presented Oa
X -module. Then F a ˝Oa

X
G a is an almost coherent Oa

X -module.
The analogous result holds for OX -modules F ;G .

Proof. The proof is similar to the proof of Lemma 4.2.3. The only difference is that
one needs to use Proposition 3.2.12 in place of Proposition 3.2.19 to prove Part (1).
Part (2) follows from Lemma 2.5.17, and Part (3) follows from Corollary 2.6.9.

We show that f� preserves almost quasi-coherence of Oa-modules for any quasi-
compact and quasi-separated morphism f . Later on, we will be able to show that f�
also preserves almost coherence of Oa-modules for certain proper morphisms.

Lemma 4.2.5. Let f WX ! Y be a quasi-compact and quasi-separated morphism of
R-schemes.

(1) The OY -module f�.F / is almost quasi-coherent for any almost quasi-coher-
ent OX -module F .

(2) The Oa
Y -module f�.F a/ is almost quasi-coherent for any almost quasi-co-

herent Oa
X -module F a.
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Proof. Since F is almost quasi-coherent, we conclude that em˝ F is a quasi-coher-
ent OX -module. Thus f�.em˝F / is a quasi-coherent OY -module by [68, Tag 01LC].
Recall that the projection formula (Lemma 3.3.4) ensures that

f�.em˝ F / ' em˝ f�F :
Thus, we see that em˝ f�F ' f�.F a/Š is a quasi-coherent OY -module. This shows
that both f�.F / and f�.F a/ are almost quasi-coherent over OY and Oa

Y ; respec-
tively. This finishes the proof.

Finally, we deal with the Hom Oa
X
.�; �/ functor. We start with the following

preparatory lemma:

Lemma 4.2.6. Let X be an R-scheme.

(1) Suppose X D SpecA is an affine R-scheme. Then the canonical map

BHomA.M;N / ! Hom OX .
fM; eN/ (4.2.1)

is an almost isomorphism of OX -modules for any almost finitely presented
A-module M and any A-module N .

(2) Suppose X D SpecA is an affine R-scheme. Then there is a functorial iso-
morphism

DalHomAa.M a; N a/ ' alHom Oa
X
.eM a; fN a/ (4.2.2)

of Oa
X -modules for any almost finitely presented Aa-module M a, and any

Aa-module N a. We also get a functorial almost isomorphism

BHomA.M;N / 'a Hom Oa
X
.eM a; fN a/ (4.2.3)

of OX -modules for any almost finitely presented A-module M , and any A-
module N .

(3) Suppose F is an almost finitely presented OX -module and G is an almost
quasi-coherent OX -module, then Hom OX .F ;G / is an almost quasi-coherent
OX -module.

(4) Suppose F a is an almost finitely presented Oa
X -module and G a is an almost

quasi-coherent Oa
X -module, then Hom Oa

X
.F a;G a/ (resp. alHom Oa

X
.F a;G a/)

is an almost quasi-coherent OX -module (resp. Oa
X -module).

Proof. (1) Note the canonical morphism HomA.M; N /! HomOX .
fM; eN/ for any

A-modules M , N . This induces a morphism

BHomA.M;N / ! Hom OX .
fM; eN/:

https://stacks.math.columbia.edu/tag/01LC
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In order to show that it is an almost isomorphism for an almost finitely presented M ,
it suffices to show that the natural map

HomA.M;N /˝A Af ! HomAf .M ˝A Af ; N ˝A Af /

is an almost isomorphism for any f 2 A. This follows from Lemma 2.9.11.
(2) follows easily from (1). Indeed, we apply the functorial isomorphism

Hom OX .F ;G /
a
' alHom Oa

X
.F a;G a/

from Proposition 3.2.10 (2) to the almost isomorphism in Part (1) to get a functorial
isomorphism

BHomA.M;N /a ' alHom Oa
X
.eM a; fN a/:

Now we use Proposition 2.2.1 (3) to get a functorial isomorphism

alHomAa.M a; N a/ ' HomA.M;N /a:

Applying the functor e.�/ to this isomorphism and composing it with the isomorphism
above, we get a functorial isomorphism

DalHomAa.M a; N a/ ' alHom Oa
X
.eM a; fN a/:

The construction of the isomorphism (4.2.3) is similar and even easier.
(3) is a local question, so we can assume that X D SpecA. We note that

Hom OX .F ;G / '
a Hom OX .em˝ F ; em˝ G /

by Proposition 3.2.10 (2). Thus, we can assume that both F and G are quasi-coherent.
Then the claim follows from (1) and Lemma 4.2.1.

(4) is similarly just a consequence of (2) and Lemma 4.2.2.

Corollary 4.2.7. Let X be an R-scheme.

(1) Let F be an almost finitely presented OX -module, and let G be an almost
coherent OX -module. Then Hom OX .F ;G / is an almost coherent OX -module.

(2) Let F a be an almost finitely presented Oa
X -module, and let G a be an almost

coherent Oa
X -module. Then Hom Oa

X
.F a; G a/ (resp. alHom Oa

X
.F a; G a/) is

an almost coherent OX -module (resp. Oa
X -module).

Proof. We start by observing that Hom OX .F ;G / '
a Hom OX .em˝ F ; em˝ G / by

Proposition 3.2.10 (2). Thus we can assume that both F and G are actually quasi-
coherent. In that case we use Lemma 4.2.6 (1) and Lemma 4.1.11 to reduce the
question to showing that HomA.M; N / is almost coherent for any almost finitely
presented M and almost coherent N . However, this has already been done in Corol-
lary 2.6.9.

Part (2) follows from Part (1) thanks to the isomorphisms Hom Oa
X
.F a; G a/ '

Hom OX .F
a
Š
;G / and alHom Oa

X
.F a;G a/ ' Hom OX .F ;G /

a.
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4.3 Schemes. Approximation of almost finitely presented Oa
X

-modules

One of the defects of our definition of almost finitely presented OX -modules is that it
is (Zariski)-local on X ; we require the existence of an approximation by finitely pre-
sented OX -modules only Zariski-locally onX . In particular, this definition is not well
adapted to proving global statements such as the almost proper mapping theorem. We
resolve this issue by showing that (on a quasi-compact quasi-separated scheme) any
almost finitely presented Oa

X -module can be globally approximated by finitely pre-
sented OX -modules.

As always, we fix a ring R with an ideal m such that mDm2 and emDm˝R m

is R-flat. We always do almost mathematics with respect to this ideal.

Lemma 4.3.1. Let X be an R-scheme, and ¹G ai ºi2I a filtered diagram of almost
quasi-coherent Oa

X -modules.

(1) The natural morphism

0F W colimI alHom OX .F
a;G ai /! alHom OX .F

a; colimI G ai /

is injective for an almost finitely generated Oa
X -module F a.

(2) The natural morphism

0F W colimI alHom OX .F
a;G ai /! alHom OX .F

a; colimI G ai /

is an almost isomorphism for an almost finitely presented Oa
X -module F a.

Proof. The statement is local, so we can assume thatX D SpecA is an affine scheme.
Then Lemma 4.2.2 implies that F a ' M a and G ai ' N a

i for an almost finitely
generated (resp. almost finitely presented) A-module M . Then [68, Tag 009F] and
Lemma 4.2.6 imply that it suffices to show that

0M W colimi alHomAa.M a; N a
i /! alHomAa.M a; colimN a

i /

is injective (resp. an isomorphism) in ModaR. But this is exactly Corollary 2.5.11.

Corollary 4.3.2. Let X be a quasi-compact and quasi-separated R-scheme, and
¹G ai ºi2I a filtered diagram of almost quasi-coherent Oa

X -modules.

(1) The natural morphism

0F W colimI alHomOX .F
a;G ai /! alHomOX .F

a; colimI G ai /

is injective for an almost finitely generated Oa
X -module F a.

(2) The natural morphism

0F W colimI alHomOX .F
a;G ai /! alHomOX .F

a; colimI G ai /

is an almost isomorphism for an almost finitely presented Oa
X -module F a.

https://stacks.math.columbia.edu/tag/009F
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Proof. It formally follows from Lemma 3.2.25, Lemma 4.3.1, and [68, Tag 009F]
(and Corollary 3.1.18).

Definition 4.3.3. An OX -module F is globally almost finitely generated (resp. glob-
ally almost finitely presented) if, for every finitely generated ideal m0 � m, there
are a quasi-coherent finitely generated (resp. finitely presented) OX -module G and a
morphism f WG ! F such that m0.Kerf / D 0, m0.Cokerf / D 0.

Lemma 4.3.4. Let X be a quasi-compact and quasi-separated R-scheme, and F an
almost adically quasi-coherent OX -module.

(1) If, for any filtered diagram of adically quasi-coherent OX -modules ¹Giºi2I ,
the natural morphism

colimI HomOX .F ;Gi /! HomOX .F ; colimI Gi /

is almost injective, then F is globally almost finitely generated.

(2) If, for any filtered system of adically quasi-coherent OX -modules ¹Giºi2I , the
natural morphism

colimI HomOX .F ;Gi /! HomOX .F ; colimI Gi /

is an almost isomorphism, then F is globally almost finitely presented.

Proof. Lemma 3.2.25 and Corollary 3.1.18 ensure that we can replace F with F a
Š

without loss of generality. So, we may and do assume that F is quasi-coherent. Then
the proof of Lemma 2.5.10 works essentially verbatim. We repeat it for the reader’s
convenience.

(1) Note that F ' colimI Fi is a filtered colimit of its finitely generated OX -
submodules (see [68, Tag 01PG]). Therefore, we see that

colimI HomOX .F ;F =Fi / '
a HomOX .F ; colimI .F =Fi // ' 0:

Consider an element ˛ of the colimit that has a representative the quotient mor-
phism F ! F =Fi (for some choice of i ). Then, for every " 2 m, we have "˛ D 0
in colimI HomOX .F ; F =Fi /. Explicitly this means that there is j � i such that
"F � Fj . Now note that this property is preserved by replacing j with any j 0 > j .
Therefore, for any m0 D ."1; : : : ; "n/, we can find a finitely generated OX -submodule
Fi � F such that m0F � Fi . Therefore, F is almost finitely generated.

(2) Fix any finitely generated sub-ideal m0 D ."1; : : : ; "n/ � m. We use [68,
Tag 01PJ] to write F ' colimƒ F� as a filtered colimit of finitely presented OX -
modules. By assumption, the natural morphism

colimƒ HomOX .F ;F�/! HomOX .F ; colimƒ F�/ D HomOX .F ;F /

https://stacks.math.columbia.edu/tag/009F
https://stacks.math.columbia.edu/tag/01PG
https://stacks.math.columbia.edu/tag/01PJ
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is an almost isomorphism. In particular, "i idF lies in the image of this map for
every i D 1; : : : ; n. This means that, for every "i , there are �i 2 ƒ and a morphism
gi WF ! F�i such that the composition satisfies

f�i ı gi D "i idF ;

where f�i WF�i ! F is the natural morphism to the colimit. Note that the existence
of such a gi is preserved by replacing �i with any �0i � �i . Therefore, using that ¹F�º
is a filtered diagram, we can find an index � with maps

gi WF ! F�

such that f� ı gi D "i idF . Now we consider the morphism

Gi WD gi ı f� � "i idF� WF� ! F�:

Note that Im.Gi / � Ker.f�/ because

f� ı gi ı f� � f�"i idF� D "if� � "if� D 0:

We also have that "i Ker.f�/ � Im.Gi / because Gi jKer.f�/ D "i id. So,
P
i Im.Gi / is

a quasi-coherent finitely generated OX -module such that

m0.Kerf�/ �
X
i

Im.Gi / � Ker.f�/:

Therefore, f WF 0 WD F�=.
P
i Im.Gi //! F is a morphism such that F 0 is finitely

presented, m0.Ker f / D 0, and m0.Coker f / D 0. Since m0 � m was an arbitrary
finitely generated sub-ideal, we infer that F is globally almost finitely presented.

Corollary 4.3.5. Let X be a quasi-compact and quasi-separated R-scheme, and
let F be an almost quasi-coherent OX -module. Then F is almost finitely presented
(resp. almost finitely generated) if and only if for any finitely generated ideal m0 �m

there is a morphism f W G ! F such that G is a quasi-coherent finitely presented
(resp. finitely generated) OX -module, m0.Kerf / D 0 and m0.Cokerf / D 0.

Proof. Corollary 4.3.2 ensures that F satisfies the conditions of Lemma 4.3.4. Now,
Lemma 4.3.4 gives the desired result.

Corollary 4.3.6. Let X be a quasi-compact and quasi-separated R-scheme, and F a

an almost quasi-coherent Oa
X -module.

(1) F a is almost finitely generated if and only if, for every filtered diagram
¹G ai ºi2I of almost quasi-coherent Oa

X -modules, the natural morphism

colimI alHomOa
X
.F a;G ai /! alHomOa

X
.F a; colimI G ai /

is injective in ModaR.
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(2) F a is almost finitely presented if and only if, for every filtered diagram
¹G ai ºi2I of almost quasi-coherent Oa

X -modules, the natural morphism

colimI alHomOa
X
.F a;G ai /! alHomOa

X
.F a; colimI G ai /

is an isomorphism in ModaR.

4.4 Schemes. Derived category of almost coherent Oa
X

-modules

The goal of this section is to define different versions of the “derived category of
almost coherent sheaves”. Namely, we define the categories Dacoh.X/, Dqc;acoh.X/,
and Dacoh.X/

a. Then we show that many functors of interest preserve almost coher-
ence in an appropriate sense.

Definition 4.4.1. We define Daqc.X/ (resp. Daqc.X/
a) to be the full triangulated

subcategory of D.X/ (resp. D.X/a) consisting of the complexes with almost quasi-
coherent cohomology sheaves.

Definition 4.4.2. We define Dacoh.X/ (resp. Dqc;acoh.X/, resp. Dacoh.X/
a) to be the

full triangulated subcategory of D.X/ (resp. D.X/, resp. D.X/a) consisting of the
complexes with almost coherent (resp. quasi-coherent and almost coherent, resp.
almost coherent) cohomology sheaves.

Remark 4.4.3. Definition 4.4.2 makes sense as the categories Modacoh
X , Modqc;acoh

X ,
and Modacoh

Xa are weak Serre subcategories of ModX , ModX , and ModaX respectively.

Now suppose that X D SpecA is an affine R-scheme. Then we note that the
functor

e.�/WModA !ModX
is additive and exact, thus it can be easily derived to the functor

e.�/WD.A/! Dqc.X/:

Lemma 4.4.4. Let X D SpecA be an affine R-scheme. Then the functor

e.�/WD.A/! Dqc.X/

is a t -exact equivalence of triangulated categories 2 with the quasi-inverse given by
R�.X;�/. Moreover, these two functors induce the equivalence

e.�/WD�acoh.A/ D�qc;acoh.X/WR�.X;�/

for any � 2 ¹“ ”;C;�; bº.

2Meant with respect to the standard t -structures.
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Proof. The first part is just [68, Tag 06Z0]. In particular, it shows the isomorphism
Hi .R�.X;F // ' H0.X;H i .F // for any F 2 Dqc.X/. Now Lemma 4.1.11 implies
that H i .F / is almost coherent if and only if so is H0.X;H i .F //. So the functor
R�.X;�/ sends D�qc;acoh.X/ to D�acoh.A/.

We also observe that the functor e.�/ clearly sends Dacoh.A/ to Dqc;acoh.X/. Thus,
we conclude that e.�/ and R�.X;�/ induce an equivalence between Dacoh.A/ and
Dqc;acoh.X/. The bounded versions follow from t -exactness of both functors.

Lemma 4.4.5. LetX D SpecA be an affineR-scheme. Then the almostification func-
tor

.�/aWD�qc.X/! D�aqc.X/
a

induces an equivalence D�qc.X/=D�qc;†X
.X/

�
�! D�aqc.X/

a for any � 2 ¹“ ”;C;�; bº.
Similarly, the induced functor

D�qc;acoh.X/=D�qc;†X .X/
�
�! D�acoh.X/

a

is an equivalence for any � 2 ¹“ ”;C;�; bº.

Proof. The functor .�/ŠWD�aqc.X/
a ! D�qc.X/ gives the left adjoint to .�/a such that

id! .�/Š ı .�/
a is an isomorphism and the kernel of .�/a consists exactly of the

morphisms f such that cone.f / 2 Dqc;†X .X/. Thus, the dual version of [27, Propo-
sition 1.3] finishes the proof of the first claim. The proof of the second claim is similar
once one notices that eM a is almost coherent for any almost coherentAa-moduleM a.
The latter fact follows from Lemma 4.1.11.

Lemma 4.1.11 ensures that D.A/a ' D.A/=D†A.A/. Since e.�/ clearly sends
D†A.A/ to D�qc;†X

.X/, we conclude that it induces a functor

e.�/WD�.A/a ! D�aqc.X/
a:

Theorem 4.4.6. Let X D SpecA be an affine R-scheme. Then the functor

e.�/WD.A/a ! Daqc.X/
a

is a t -exact equivalence of triangulated categories with the quasi-inverse given by
R�.X;�/. Moreover, these two functors induce equivalences

e.�/WD�acoh.A/
a D�acoh.X/

aWR�.X;�/

for any � 2 ¹“ ”;C;�; bº.

https://stacks.math.columbia.edu/tag/06Z0
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Proof. We note that Lemma 4.4.4 ensures that e.�/WD�qc;acoh.X/! D�acoh.X/
a is an

equivalence with quasi-inverse R�.X;�/. Moreover, .�/a induces an equivalence
between D†A.A/ and Dqc;†X .X/; we leave the verification to the interested reader.
Thus, Lemma 4.4.5 ensures that e.�/ gives an equivalence

D.A/a ' D.A/=D†A.A/
�
�! Dqc.X/=Dqc;†X .X/ ' Daqc.X/

a:

Its quasi-inverse is given by the functor R�.X;�/WDaqc.X/
a ! D.A/a by Proposi-

tion 3.5.23.
The version with almost coherent cohomology sheaves is similar to the analogous

statement from Lemma 4.4.4.

Lemma 4.4.7. Let f WX ! Y be a morphism of R-schemes.

(1) Suppose that both X D SpecB and Y D SpecA are affine R-schemes. Then

Lf �.eM a/ is functorially isomorphic to EM a ˝LAa B
a for any M a 2 D.A/a.

(2) The functor Lf � carries an object of D�aqc.Y / to an object of D�aqc.X/ for
� 2 ¹“ ”;�º.

(3) The functor Lf � carries an object of D�aqc.Y /
a to an object of D�aqc.X/

a for
� 2 ¹“ ”;�º.

(4) Suppose thatX and Y are almost coherentR-schemes. Then the functor Lf �

carries an object of D�qc;acoh.Y / (resp. D�acoh.Y /) to an object of D�qc;acoh.X/

(resp. D�acoh.X/).

(5) Suppose thatX and Y are almost coherentR-schemes. Then the functor Lf �

carries an object of D�acoh.Y /
a to an object of D�acoh.X/

a.

Proof. We start with Part (1). We use Proposition 3.5.20 to see the isomorphism

Lf �
�eM a

�
'
�
Lf �

�fM ��a. Proposition 2.4.16 says that
�CM ˝LA B�a'EM a ˝LAa B

a,

so it suffices to show Lf �
�fM �

'
CM ˝LA B . But this is a classical fact about quasi-

coherent sheaves.
Now we show (2). We note that Lemma 3.2.17 implies that Lf �.em ˝ F / 'em˝ Lf �.F / for any F 2 D.Y /. Thus, we can replace F with em˝ F to assume

that it is quasi-coherent. Then it is a standard fact that Lf � sends D�qc.Y / to D�qc.X/

for � 2 ¹“ ”;�º.
(3) follows from Part (2) by noting that Lf �.F a/ ' .Lf �.F a

Š
//a according to

Proposition 3.5.20.
To prove (4), we use again the isomorphism Lf �.em ˝ F / ' em ˝ Lf �.F /

to assume that F is in D�qc;acoh.X/. Then Lemma 4.4.4 guarantees that there exists
M 2 D�coh.A/ such that fM ' F . Thus Part (1) and Lemma 4.1.11 ensure that it is
sufficient to show that M a˝LAaB

a ' .M˝LAB/
a has almost finitely presented coho-

mology modules. This is exactly the content of Corollary 2.8.2.
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(5) follows from (4) as Lf �.F a/ ' .Lf �.F a
Š
//a.

Lemma 4.4.8. Let X be an R-scheme.

(1) Suppose that X D SpecA is an affine R-scheme. Then eM a ˝L
Oa
X

fN a is func-

torially isomorphic to EM a ˝LAa N
a for any M a; N a 2 D.A/a.

(2) Let F ;G 2 D�aqc.X/, then F˝L
OX

G 2 Daqc.X/ for � 2 ¹“ ”;�º.

(3) Let F a;G a 2 D�aqc.X/
a, then F a˝L

Oa
X

G a 2 Daqc.X/
a for � 2 ¹“ ”;�º.

(4) Suppose that X is an almost coherent R-scheme, and let F ;G 2 D�qc;acoh.X/

(resp. D�acoh.X/). Then F˝L
OX

G 2 D�qc;acoh.X/ (resp. D�acoh.X/).

(5) Suppose thatX is an almost coherentR-scheme, and let F a;G a 2D�acoh.X/
a.

Then F a˝L
Oa
X

G a 2 D�acoh.X/
a.

Proof. The proof is basically identical to that of Lemma 4.4.7 and is left to the reader.
We only mention that one has to use Proposition 2.6.18 in place of Corollary 2.8.2.

Lemma 4.4.9. Let f WX ! Y be a quasi-compact and quasi-separated morphism of
R-schemes. Suppose that Y is quasi-compact.

(1) The functor Rf� carries D�aqc.X/ to D�aqc.Y / for any � 2 ¹“ ”;�;C; bº.

(2) The functor Rf� carries D�aqc.X/
a to D�aqc.Y /

a for any � 2 ¹“ ”;�;C; bº.

Proof. Proposition 3.5.23 tells us that .Rf�F /a 'Rf�F a. Since .em˝ F /a ' F a,
we see that it suffices to show that the functor

Rf�.em˝�/
carries D�aqc.X/ to D�aqc.Y / for any � 2 ¹“ ”;�;C; bº. Since em˝ F is in Dqc.X/,
we conclude that it is enough to show that Rf�.�/ carries D�qc.X/ to D�qc.Y / for any
� 2 ¹“ ”;�;C; bº. This is proven in [68, Tag 08D5].

Before going to the case of the derived Hom-functors, we recall the construction
of the functorial map

 W BRHomA.M;N / ! RHom OX

�fM; eN �
for any M 2 D�.A/, N 2 DC.A/, and an affine scheme X D SpecA. For this, we
recall that the functor e.�/ is left adjoint to the global section functor �.X;�/ on the
abelian level. Thus, after deriving these functors, we see that e.�/ is left adjoint to
R�.X;�/. Thus it follows that, for any F 2 D.X/, there is a canonical morphism
BR�.X;F / ! F . We apply it to F D RHom OX

�fM; eN � to obtain the desired mor-
phism

 W BRHomA.M;N / ! RHom OX

�fM; eN �:
Lemma 4.4.10. Let X be an almost coherent R-scheme.

https://stacks.math.columbia.edu/tag/08D5
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(1) Suppose X D SpecA is an affine R-scheme. The canonical map

 W BRHomA.M;N / ! RHom OX

�fM; eN �
is an almost isomorphism for M 2 D�acoh.A/, N 2 DC.A/.

(2) Suppose X D SpecA is an affine R-scheme. There is a functorial isomor-
phism

DRalHomAa.M a; N a/ ' RalHom Oa
X

�eM a; fN a
�

forM a 2 D�acoh.A/
a, N a 2 DC.A/a. We also get a functorial almost isomor-

phism
DRHomAa.M a; N a/ 'a RHom Oa

X

�eM a; fN a
�

for M 2 D�acoh.A/, N 2 DC.A/.
(3) Suppose F 2 D�acoh.X/ and G 2 DCaqc.X/. Then RHom OX .F ;G / 2 DCaqc.X/.

(4) Suppose that F a 2 D�acoh.X/
a and G a 2 DCaqc.X/

a. In this case we have both
RHom Oa

X
.F a;G a/ 2 DCaqc.X/ and RalHom Oa

X
.F a;G a/ 2 DCaqc.X/

a.

Proof. We start with (1). We use the convergent compatible spectral sequences

Ep;q2 D
DExtpA.H
�q.M/;N / )

BExtpCqA .M;N /

E0p;q2 D Ext p
OX

�CH�q.M/; eN �) Ext pCq
OX

�fM; eN �
to reduce to the case when M 2 Modacoh

A is an A-module concentrated in degree 0.
Similarly, we use the compatible spectral sequences

Ep;q2 D
DExtqA.M;H

p.N // )
BExtpCqA .M;N /

E0p;q2 D Ext q
OX

�fM;BHp.N /�) Ext pCq
OX

�fM; eN �
to assume that N 2 ModA. Thus, the claim boils down to showing that the natural
map

BExtpA.M;N / ! Ext p
OX

�fM; eN �
is an almost isomorphism for anyM 2Modacoh

A ,N 2ModA, and p � 0. Lemma 3.1.5
says that it is sufficient to show that the kernel and cokernel are annihilated by any
finitely generated sub-ideal m0 � m.

Recall that, for any OX -modules F , G , the sheaf Ext p
OX
.F ; G / is canonically

isomorphic to the sheafification of the presheaf

U 7! Extp
OU
.F jU ;G jU /:



Almost coherent sheaves on schemes and formal schemes 122

Thus, in order to show that the map BExtpA.M;N / ! Ext p
OX

�fM; eN � is an almost
isomorphism, it suffices to show that

ExtpA.M;N /˝A Af ! Extp
OXf

�eMf ;fNf �
is an almost isomorphism. Now we use canonical isomorphisms

Extp
OXf

�eMf ;fNf � ' HomD.Xf /
�eMf ;fNf Œp��

' HomD.Af /.Mf ; Nf Œp�/

' ExtpAf .Mf ; Nf /;

where the second isomorphism follows using that e.�/ induces a t -exact equivalence
e.�/WD.Af / �! Dqc.SpecAf /. Thus, the question boils down to showing that the nat-
ural map

ExtpA.M;N /˝A Af ! ExtpAf .Mf ; Nf /

is an almost isomorphism. This follows from Lemma 2.9.12.
(2) formally follows from (1) by using Proposition 3.5.8 (1).
(3) is also a basic consequence of (2). Indeed, the claim is local, so we can assume

thatX D SpecA is an affineR-scheme. In that case, we use Theorem 4.4.6 to say that
F 'fM , G ' eN for some M 2 D�acoh.A/, N 2 DC.A/. Then RHom OX .F ; G / 'BRHomA.M;N / by (2), and the latter complex has almost quasi-coherent cohomology
sheaves by design.

(4) easily follows from (3) and the isomorphisms

RHom Oa
X
.F a;G a/ ' RHom OX .F

a
Š ;G /

RalHom Oa
X
.F a;G a/ ' RHom OX .F

a
Š ;G /

a

that come from Lemma 3.5.5 (1) and Definition 3.5.6.

Corollary 4.4.11. Let X be an almost coherent R-scheme.

(1) Let F 2D�aqc;acoh.X/, G 2DCaqc;acoh.X/. Then RHom OX .F ;G /2DCaqc;acoh.X/.

(2) Let F a2D�acoh.X/
a, G a2DCacoh.X/

a. Then RalHom Oa
X
.F a;G a/2DCacoh.X/

a.

Proof. The question is local on X , so we can assume that X D SpecA is affine. Then
Lemma 4.4.10, Theorem 4.4.6, and Lemma 4.1.11 reduce both questions to showing
that RHomA.M; N / 2 DCacoh.A/ for M 2 D�acoh.A/ and N 2 DCacoh.A/. This is the
content of Proposition 2.6.19.
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Proposition 4.4.12. Let f WX ! Y be a quasi-compact quasi-separated morphism
of R-schemes, F a 2 Daqc.X/

a, and G 2 Daqc.Y /
a. Then the projection morphism

(see the discussion before Proposition 3.5.27)

�WRf�.F a/˝L
Oa
Y

G a ! Rf�
�
F a
˝
L
Oa
X

Lf �.G a/
�

is an isomorphism in D.Y /a.

Proof. Proposition 3.5.14, Proposition 3.5.20, and Proposition 3.5.23 imply that we
can replace F a (resp. G a) with F a

Š
2 Dqc.X/

a (resp. G a
Š
2 Dqc.Y /

a). So it suffices
to show the analogous result for modules with quasi-coherent cohomology sheaves.
This is proven in [68, Tag 08EU].

4.5 Formal schemes. The category of almost coherent Oa
X

-modules

In this section, we discuss the notion of almost coherent sheaves on “good” formal
schemes. One of the main complications compared to the case of usual schemes is
that there is no good notion of a “quasi-coherent” sheaf on a formal scheme. Namely,
even though there is a notion of adically quasi-coherent sheaves on a large class of
formal schemes due to [25, Section I.3], this notion does not behave well. In particu-
lar, this category is not a weak Serre subcategory of OX-modules for a “nice” formal
scheme X.

Another (related) difficulty comes from the lack of the Artin–Rees lemma for
not finitely generated modules. More precisely, many operations with adically quasi-
coherent sheaves require taking completions, but this operation is usually not exact
without the presence of the Artin–Rees lemma.

We deal with this by using a version of the Artin–Rees lemma (Lemma 2.12.6)
for almost finitely generated modules over “good” rings. The presence of the Artin–
Rees lemma suggests that it is reasonable to expect that we might have a good notion
of adically quasi-coherent, almost coherent OX-modules on some “good” class of
formal schemes.

We start by giving a set-up in which we can develop the theory of almost coherent
sheaves.

Set-up 4.5.1. We fix a ring R with a finitely generated ideal I such that R is I -
adically complete, I -adically topologically universally adhesive3, and I -torsion free
with an ideal m such that I � m, m2 D m and em WD m˝R m is R-flat.

3This means that the algebra RhX1; : : : ; XniŒT1; : : : ; Tm� is I -adically adhesive for any n
and m.

https://stacks.math.columbia.edu/tag/08EU


Almost coherent sheaves on schemes and formal schemes 124

The basic example of such a ring is a complete microbial4 valuation ring R with
algebraically closed fraction field K. We pick a pseudo-uniformizer $ and define
I WD .$/, m WD

S1
nD1.$

1=n/ for some compatible choice of roots of $ . We note
that R is topologically universally adhesive by [24, Theorem 7.3.2].

We note that the assumptions in Set-up 4.5.1 imply that any finitely presented
algebra over a topologically finitely presented R-algebra is coherent and I -adically
adhesive. Coherence follows from [24, Proposition 7.2.2] and adhesiveness follows
from the definition. In what follows, we will use those facts without saying.

In what follows, X always means a topologically finitely presented formal R-
scheme. We will denote by Xk WD X �Spf R SpecR=I kC1 the “reduction” schemes.
They come equipped with a closed immersion ik WXk ! X. Also, given any OX-
module F , we will always denote its “reduction” i�

k
F by Fk .

Definition 4.5.2. [25, Definition I.3.1.3] An OX-module F on a formal scheme X of
finite ideal type is called adically quasi-coherent if F ! limn Fn is an isomorphism
and, for any open formal subscheme U � F and any ideal of definition 	 of finite
type, the sheaf F =	F is a quasi-coherent sheaf on the scheme .U;OU=	/.

We denote by Modqc
X the full subcategory of ModX consisting of the adically

quasi-coherent OX-modules.

Definition 4.5.3. We say that an Oa
X-module F a is almost adically quasi-coherent

if F a
Š
' em ˝ F is an adically quasi-coherent OX-module. We denote by Modaqc

Xa

the full subcategory of ModXa consisting of the almost adically quasi-coherent OX-
modules.

We say that an OX-module F is almost adically quasi-coherent if F a is an almost
quasi-coherent Oa

X-module. We denote by Modaqc
X the full subcategory of ModX con-

sisting of the adically quasi-coherent OX-modules.

Remark 4.5.4. In general, we cannot say that every adically quasi-coherent OX-
module F is almost adically quasi-coherent. The problem is that the sheaf em˝ F

might not be complete, i.e., the map em˝F ! limk em˝Fk is a priori only an almost
isomorphism.

Lemma 4.5.5. Let X be a topologically finitely presented formal R-scheme for R
as in Set-up 4.5.1, and let F a be an almost adically quasi-coherent Oa

X-module.
Then F a

k
is almost quasi-coherent for all k. Moreover, if an Oa

X-module G a is anni-
hilated by some I nC1, then G a is almost adically quasi-coherent if and only if so
is G an .

4A valuation ring R is microbial if there is a non-zero topologically nilpotent element $ 2
R. Any such element is called a pseudo-uniformizer.
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Proof. To prove the first claim, it is sufficient to show that em˝ Fk is quasi-coherent
provided that em˝ F is adically quasi-coherent. We use Corollary 3.2.18 to say thatem ˝ Fk ' .em ˝ F /k and the reduction of an adically quasi-coherent module is
quasi-coherent. Therefore, each F a

k
is almost adically quasi-coherent.

Now if G is annihilated by I nC1, then G D in;�Gn. We use the projection formula
(Lemma 3.3.5) to see that em˝ G ' in;�.Gn˝ em/. Clearly, in;� sends quasi-coherent
sheaves to adically quasi-coherent sheaves. So G a is almost adically quasi-coherent
if so is G an .

Definition 4.5.6. We say that an Oa
X-module F a is of almost finite type (resp. almost

finitely presented) if F a is almost adically quasi-coherent, and there is a covering
of X by open affines ¹Uiºi2I such that F a.Ui / is an almost finitely generated (resp.
almost finitely presented) Oa

X.Ui /-module. We denote these categories by Modaft
Xa

and Modafp
Xa respectively.

We say that an OX-module F is of almost finite type (resp. almost finitely pre-
sented) if so is F a. We denote these categories by Modaft

X and Modafp
X respectively.

Definition 4.5.7. We say that an OX-module F is adically quasi-coherent of almost
finite type (resp. adically quasi-coherent almost finitely presented) if it is adically
quasi-coherent and there is a covering of X by open affines ¹Uiºi2I such that F .Ui /

is an almost finitely generated (resp. almost finitely presented) OX.Ui /-module. We
denote these categories by Modqc;aft

X and Modqc;afp
X respectively.

Remark 4.5.8. If F a is a finite type (resp. finitely presented) Oa
X-module, then it

follows that .F a/Š is adically quasi-coherent of almost finite type (resp. almost finite
presentation).

Remark 4.5.9. We note that, a priori, it is not clear if F a is an almost finite type
(resp. almost finitely presented) Oa

X-module for an adically quasi-coherent almost
finite type (resp. almost finitely presented) OX-module F . The problem comes from
the fact that we do not require em˝F to be adically quasi-coherent in Definition 4.5.7.
However, we will show in Lemma 4.5.10 that it is indeed automatic in this case.

Lemma 4.5.10. Let X be a topologically finitely presented formalR-scheme forR as
in Set-up 4.5.1, and let F be an adically quasi-coherent OX-module of almost finite
type (resp. of almost finite presentation). Then em˝ F is adically quasi-coherent. In
particular, F is almost of finite type (resp. almost finitely presented).

Proof. Corollary 2.5.12 and Lemma 3.3.1 imply that the only condition we really
need to check is that em˝F is adically quasi-coherent. Therefore, it suffices to prove
the result for an adically quasi-coherent, almost finite type OX-module F .

Since the question is local on X, we can assume that X D Spf A is affine and
M WD F .X/ is almost finitely generated over A. Then we use [25, Theorem I.3.2.8]
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to conclude that F is isomorphic to M�. We claim that em ˝ F is isomorphic to
.em˝AM/� as that would imply that em ˝ F is adically quasi-coherent by [25,
Proposition I.3.2.2]. In order to show that em ˝ F is isomorphic to .em ˝R M/�,
we need to check two things: for any open affine Spf B D U � X the B-module
.em˝ F /.U/ is I -adically complete, and then the natural map .em˝R M/b̋AB !
.em˝ F /.U/ is an isomorphism.

We start with the first claim. Lemma 3.3.1 says that .em˝ F /.U/ is isomorphic
to em˝R F .U/. Since F is adically quasi-coherent, F .U/ 'M b̋AB , and therefore
.em˝ F /.U/ ' em˝R .M b̋AB/. Lemma 2.8.1 says that M˝AB is almost finitely
generated over B , so it is already I -adically complete by Lemma 2.12.7. Therefore,
we see that em˝R F .U/' em˝R .M˝AB/, and the latter is almost finitely generated
over B by Corollary 2.5.12. Thus, we use Lemma 2.12.7 once again to show its
completeness.

Now we show that the natural morphism .em˝R M/b̋AB ! .em˝ F /.U/ is an
isomorphism. Again, using the same results as above, we can get rid of any comple-
tions and identify this map with the “identity” map

.em˝RM/˝AB ! em˝R .M˝AB/:
This finishes the proof.

Lemma 4.5.11. Let X be a topologically finitely presented formal R-scheme for R
as in Set-up 4.5.1, and let F a be an almost finite type (resp. almost finitely presented)
Oa

X-module. Then the Oa
Xk

-module F a
k

is almost finite type (resp. almost finitely pre-
sented) for any integer k.

Proof. Lemma 4.5.5 implies that each F a
k

is an almost quasi-coherent OXk -module.
So it is sufficient to find a covering of Xk by open affines Ui;k such that F a

k
.Ui;k/ is

almost finitely generated (resp. almost finitely presented) over Oa
Xk
.Ui;k/. We choose

a covering of X by open affines Ui such that F a.Ui / are almost finitely gener-
ated (resp. almost finitely presented) over Oa

X.Ui /. Since the underlying topological
spaces of X and Xk are the same, we conclude that Ui;k form an affine open cover-
ing of Xk . Then using the vanishing result for higher cohomology groups of adically
quasi-coherent sheaves on affine formal schemes of finite type [25, Theorem I.7.1.1]
and Lemma 3.3.1, we deduce that

F a
k .Ui;k/ '

�em˝ F a
k

�
.Ui;k/

a
'
�em˝ F .Ui /=I

kC1
�a

is almost finitely generated (resp. almost finitely presented) over OXk .Ui;k/.

Lemma 4.5.12. Let X be a locally topologically finitely presented formal R-scheme
for R as in Set-up 4.5.1, and let F a be an almost finite type (resp. almost finitely
presented) Oa

X-module. Then F a.U/ is an almost finitely generated (resp. almost
finitely presented) Oa

X.U/-module for any open affine U � X.
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Proof. Corollary 2.5.12 and Lemma 3.3.1 guarantee that we can replace F withem˝ F for the purpose of the proof. Thus, we may and do assume that F is an
adically quasi-coherent almost finitely generated (resp. almost finitely presented) OX-
module. Then, using Lemma 2.8.1 and Lemma 2.12.7, we can use the argument as in
the proof of Lemma 4.5.10 to show that the restriction of F to any open formal sub-
scheme is still adically quasi-coherent of almost finite type (resp. finitely presented).
Thus, we may and do assume that X D Spf A is an affine formal R-scheme.

So, now we have an affine topologically finitely presented formal R-scheme
X D Spf A, a finite5 covering of X by affines Ui D Spf Ai , and an adically quasi-
coherent OX-module F such that F .Ui / is almost finitely generated (resp. almost
finitely presented) Ai -module. We want to show that F .X/ is an almost finitely gen-
erated (resp. almost finitely presented) A-module.

First, we deal with the almost finitely generated case. We note that Lemma 4.1.7,
Lemma 4.5.11, and [25, Theorem I.7.1.1] imply that F .X/=I is almost finitely gen-
erated. We know that F is adically quasi-coherent, so F .X/ must be an I -adically
complete A-module. Therefore, Lemma 2.5.20 guarantees that F .X/ is an almost
finitely generated A-module.

Now we move to the almost finitely presented case. We already know that F .X/

is almost finitely generated over A. Thus, the standard argument with Lemma 2.12.7
implies that F .Ui / D F .X/ ˝A Ai for any i . Recall that [25, Proposition I.4.8.1]
implies6 that eachA!Ai is flat. Since Spf Ai form a covering of Spf A, we conclude
thatA!

Qn
iD1Ai is faithfully flat. Now the result follows from faithfully flat descent

for almost finitely presented modules, which is proven in Lemma 2.10.5.

Corollary 4.5.13. Let X D Spf A be a topologically finitely presented affine formal
R-scheme for R as in Set-up 4.5.1, and let F a be an almost adically quasi-coherent
Oa

X-module. Then F a is almost finite type (resp. almost finitely presented) if and only
if F a.X/ is an almost finitely generated (resp. almost finitely presented) Aa-module.

Similarly, an adically quasi-coherent OX-module F is of almost finite type (resp.
almost finitely presented) if and only if F .X/ is an almost finitely generated (resp.
almost finitely presented) A-module.

Lemma 4.5.14. Let XD Spf A be a topologically finitely presented affine formal R-
scheme for R as in Set-up 4.5.1, let 'WN !M be a homomorphism of almost finitely
generated A-modules. Then the following sequence:

0! .Ker'/� ! N� '�

��!M�
! .Coker'/� ! 0

is exact. Moreover, Im.'/� ' Im.'�/.

5We implicitly use here that X is quasi-compact.
6Topologically universally adhesive rings are by definition “t. u. rigid-noetherian”.
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Proof. We denote the kernel Ker ' by K, the image Im.'/ by M 0, and the cokernel
Coker' by Q.

We start with Ker '�: We note that .Ker '�/.X/ D K, this induces a natural mor-
phism ˛WK� ! Ker '�. In order to show that it is an isomorphism, it suffices to
check that it induces an isomorphism on values over a basis of principal open sub-
sets. Now recall that for any A-module L, we have an equality L�.Spf A¹f º/ D cLf ,
where the completion is taken with respect to the I -adic topology. Thus, in order
to check that ˛ is an isomorphism, it suffices to show that cKf is naturally identi-
fied with .Ker '/.Spf A¹f º/ D Ker.cNf !bMf /. Using the Artin–Rees lemma (see
Lemma 2.12.6) over the adhesive ring Af , we conclude that the induced topologies
on Kf and M 0

f
coincide with the I -adic ones. This implies thatcKf D limKf =I

nKf D limKf =.I
nNf \Kf /

and
bM 0f D limM 0f =I

nM 0f D limM 0f =.I
nMf \M

0
f /:

This guarantees that we have two exact sequences:

0! cKf !bMf !bM 0f ! 0; 0!bM 0f ! cNf :
In particular, we get that the natural map cKf ! Ker.bMf ! cNf / is an isomorphism.
This shows that K� ' Ker.'�/.

We prove the claim for Im '�: We note that since the category of OX-modules is
abelian, we can identify Im '� ' Coker.K� ! N�/. We observe that [25, Theo-
rem I.7.1.1] and the established fact above that Ker' is adically quasi-coherent imply
that the natural map F .U/=K�.U/! .Im '�/.U/ is an isomorphism for any affine
open formal subscheme U. In particular, we have .Im'�/.X/DM=K DM 0. There-
fore, we have a natural map .M 0/�! Im'� and we show that it is an isomorphism.
It suffices to show that this map is an isomorphism on values over a basis of princi-
pal open subsets. Then we use the identification F .U/=K�.U/ ' .Im'/.U/ and the
short exact sequence

0! cKf !bMf !bM 0f ! 0;

to finish the proof.

We show the claim for Coker'�: The argument is identical to the argument for Im'
once we know that Im' D Ker.G ! Coker'/ is adically quasi-coherent.

Corollary 4.5.15. Let X D Spf A be a topologically finitely presented affine formal
R-scheme for R as in Set-up 4.5.1, let M be an almost finitely generated A-module,
and let N be any A-submodule of M . Then the following sequence is exact:

0! N� '�

��!M�
! .M=N/� ! 0:
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Proof. We just apply Lemma 4.5.14 to the homomorphism M ! M=N of almost
finitely generated A-modules.

Corollary 4.5.16. Let X be a topologically finitely presented formal R-scheme for R
as in Set-up 4.5.1, and let 'W F ! G be a morphism of adically quasi-coherent,
almost finite type OX-modules. Then Ker' is an adically quasi-coherent OX-module,
Coker' and Im' are adically quasi-coherent OX-modules of almost finite type.

Corollary 4.5.17. Let X be a topologically finitely presented formal R-scheme for
R as in Set-up 4.5.1, and let 'W F a ! G a be a morphism of almost finite type
Oa

X-modules. Then Ker ' is an almost adically quasi-coherent Oa
X-module, Coker '

and Im' are Oa
X-modules of almost finite type.

Proof. We apply the exact functor .�/Š to the map ' and reduce the claim to Corol-
lary 4.5.16.

Now we are ready to show that almost finite type and almost finitely presented
OX-modules share many good properties as we would expect. The only subtle thing
is that we do not know whether an adically quasi-coherent quotient of an adically
quasi-coherent, almost finite type OX-module is of almost finite type. The main extra
complication here is that we need to be very careful with the adically quasi-coherent
condition in the definition of almost finite type (resp. almost finitely presented) mod-
ules since that condition does not behave well in general.

Lemma 4.5.18. Let 0! F 0
'
�! F

 
�! F 00! 0 be an exact sequence of OX-modules,

then the following assertions hold:

(1) If F is adically quasi-coherent of almost finite type and F 0 is adically quasi-
coherent, then F 00 is adically quasi-coherent of almost finite type.

(2) If F 0 and F 00 are adically quasi-coherent of almost finite type (resp. almost
finitely presented), then so is F .

(3) If F is adically quasi-coherent of almost finite type, and F 00 is adically quasi-
coherent, almost finitely presented, then F 0 is adically quasi-coherent of al-
most finite type.

(4) If F is adically quasi-coherent almost finitely presented, and F 0 is adi-
cally quasi-coherent of almost finite type, then F 00 is adically quasi-coherent,
almost finitely presented.

Proof. (1) Without loss of generality, we can assume that X D Spf A is an affine
formal scheme. Then F Š M� for some almost finitely generated A-module M ,
and F 0 Š N� for some A-submodule N � M . Then Corollary 4.5.15 ensures that
F 00 ' .M=N/�. In particular, it is adically quasi-coherent. The claim is then an easy
consequence of the vanishing theorem [25, Theorem I.7.1.1] and Lemma 2.5.15 (1).
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(2) The difficult part is to show that F is adically quasi-coherent. In fact, once we
know that F is adically quasi-coherent, it is automatically of almost finite type (resp.
almost finitely presented) by [25, Theorem I.7.1.1] and Lemma 2.5.15 (2).

In order to show that F is adically quasi-coherent, we may and do assume that
X D Spf A is an affine formal R-scheme for some adhesive ring A. Then let us intro-
duceA-modulesM 0 WDF 0.X/; M WDF .X/, andM 00 WDF 00.X/. We have the natural
morphism M� ! F and we show that it is an isomorphism. The vanishing theorem
[25, Theorem I.7.1.1] implies that we have a short exact sequence:

0!M 0 !M !M 00 ! 0:

Thus by Lemma 2.5.15 (2), M is almost finitely generated (resp. almost finitely pre-
sented). Then Lemma 4.5.14 gives that we have a short exact sequence

0!M 0� !M�
!M 00� ! 0:

Using the vanishing theorem [25, Theorem I.7.1.1] once again, we get a commutative
diagram

0 M 0� M� M 00� 0

0 F 0 F F 00 0;

where the rows are exact, and the left and right vertical arrows are isomorphisms.
That implies that the map M� ! F is an isomorphism.

(3) This easily follows from Lemma 2.5.15 (3), Corollary 4.5.16, and [25, Theo-
rem I.7.1.1].

(4) This also easily follows from Lemma 2.5.15 (4), Corollary 4.5.16, and [25,
Theorem I.7.1.1].

We also give the almost version of Lemma 4.5.18:

Corollary 4.5.19. Let 0! F 0a
'
�! F a

 
�! F 00a ! 0 be an exact sequence of Oa

X-
modules, then the following hold:

(1) If F a is of almost finite type and F 0a is almost adically quasi-coherent,
then F 00a is of almost finite type.

(2) If F 0a and F 00a are of almost finite type (resp. almost finitely presented), then
so is F a.

(3) If F a is of almost finite type and F 00a is almost finitely presented, then F 0a

is of almost finite type.
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(4) If F a is of almost finitely presented and F 0a is of almost finite type, then F 00a

is almost finitely presented.

Definition 4.5.20. An Oa
X-module F a is almost coherent if F a is almost finite type

and for any open set U, any finite type Oa
X-submodule G a � .F jU/

a is an almost
finitely presented OU-module.

An OX-module F is (adically quasi-coherent) almost coherent if F a is almost
coherent (and F is adically quasi-coherent).

Remark 4.5.21. We note that Lemma 4.5.10 ensures that any adically quasi-coherent
almost coherent OX -module F is almost coherent.

Lemma 4.5.22. Let F a be an Oa
X-module on a topologically finitely presented for-

mal R-scheme X. Then the following are equivalent:

(1) F a is almost coherent;

(2) F a is almost quasi-coherent and the Oa
X.U/-module F a.U/ is almost coher-

ent for any open affine formal subscheme U � X;

(3) F a is almost quasi-coherent and there is a covering of X by open affine
subschemes ¹Uiºi2I such that F a.Ui / is almost coherent for each i .

In particular, an Oa
X-module F a is almost coherent if and only if it is almost finitely

presented.

Proof. The proof that these three notions are equivalent is identical to the proof of
Lemma 4.5.22 modulo facts that we have already established in this chapter, espe-
cially Lemma 4.5.14.

As for the last claim, we recall that X is topologically finitely presented over a
topologically universally adhesive ring, so OX.U/ is coherent for any open affine U

[25, Proposition 0.8.5.23, Lemma I.1.7.4, Proposition I.2.3.3]. Then the equivalence
is proved by Lemma 2.6.13 and Corollary 2.6.15.

Although Lemma 4.5.22 says that the notion of almost coherence coincides with
the notion of almost finite presentation, it shows that almost coherence is morally
“the correct” definition. In what follows, we prefer to use the terminology of almost
coherent sheaves as it is shorter and gives a better intuition from our point of view.

Lemma 4.5.23. (1) Any almost finite type Oa
X-submodule of an almost coherent

Oa
X-module is almost coherent.

(2) Let 'WF a ! G a be a homomorphism from an almost finite type Oa
X-module

to an almost coherent Oa
X-module. Then Ker ' is an almost finite type Oa

X-
module.

(3) Let 'WF a ! G a be a homomorphism of almost coherent Oa
X-modules. Then

Ker' and Coker' are almost coherent OX-modules.
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(4) Given a short exact sequence of Oa
X-modules

0! F 0a ! F a
! F 00a ! 0;

if two out of three are almost coherent, then so is the third one.

Remark 4.5.24. There is also an evident version of this lemma for adically quasi-
coherent almost coherent OX-modules.

Proof. The proof is identical to the proof of Corollary 4.1.12 once we have estab-
lished Corollary 4.5.16 and the equivalence of almost coherent and almost finitely
presented OX-modules from Lemma 4.5.22.

Corollary 4.5.25. Let X be a topologically finitely presented formal R-scheme for R
as in Set-up 4.5.1. Then the category Modacoh

X (resp. Modqc;acoh
X , Modacoh

Xa ) of almost
coherent OX-modules (resp. adically quasi-coherent, almost coherent OX-modules,
resp. almost coherent Oa

X-modules) is a weak Serre subcategory of ModX (resp.
ModX, resp. ModaX).

4.6 Formal schemes. Basic functors on almost coherent Oa
X

-modules

In this section, we study the interaction between the functors defined in Section 3.2
and the notion of almost (quasi-)coherent Oa

X-modules. The exposition follows Sec-
tion 4.2 very closely.

We start with an affine situation, i.e., X D Spf A. In this case, we note that the
functor .�/�WModA ! Modqc

X sends almost zero A-modules to almost zero OX-
modules. Thus, it induces a functor

.�/�WModAa !ModXa :

Lemma 4.6.1. Let XD Spf A be an affine formalR-scheme forR as in Set-up 4.5.1.
Then .�/�WModA ! Modqc

X induces an equivalence .�/�WMod�A !Modqc;�
X for

any � 2 ¹aft; acohº. The quasi-inverse functor is given by �.X;�/.

Proof. We note first that the functor .�/�WModA ! Modqc
X induces an equivalence

between the category of I -adically complete A-modules and adically quasi-coherent
OX-modules by [25, Theorem I.3.2.8]. Recall that almost finite type modules are
complete due to Lemma 2.12.7. Thus, it suffices to show that an adically quasi-
coherent OX-module is almost finitely generated (resp. almost coherent) if and only
if so is �.X;F /. Now this follows from Corollary 4.5.13 and Lemma 4.5.22.

Lemma 4.6.2. Let XD Spf A be an affine formalR-scheme forR as in Set-up 4.5.1.
Then .�/�WModA!Modqc

X induces equivalences .�/�WMod�Aa !Mod�Xa , for any
� 2 ¹aft; acohº. The quasi-inverse functor is given by �.X;�/.
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Proof. The proof is analogous to Lemma 4.2.2 once Lemma 4.6.1 is verified.

Now we recall that, for any R-scheme X , we can define the I -adic completion
ofX as a colimit colim.Xk;OXk / of the reductionsXk WD X �R SpecR=I kC1 in the
category of formal schemes. We refer to [25, Section 1.4(c)] for more details. This
completion comes with a map of locally ringed spaces

cW yX ! X:

In the affine case, we note that 2SpecA D Spf yA for any R-algebra A.7 We study
properties of the completion map for a (topologically) finitely presentedR-algebraA.

Lemma 4.6.3. Let X D SpecA be an affine R-scheme for R as in Set-up 4.5.1. Sup-
pose thatA is either finitely presented or topologically finitely presented overR. Then
the morphism cW yX ! X is flat, and there is a functorial isomorphismM� Š c�

�fM �
for any almost finitely generated A-module M .

Proof. The flatness assertion is proven in [25, Proposition I.1.4.7 (2)]. Now the natu-
ral map

M ! H0
�
X; c�

�fM ��
induces the mapM�! c�.fM/. To show that it is an isomorphism, it suffices to show
that the map

bMf !Mf ˝Af
cAf

is an isomorphism for any f 2 A. This follows from Lemma 2.12.7, as each such Af
is I -adically adhesive.

Corollary 4.6.4. Let X be a locally finitely presented R-scheme for a ring R as in
Set-up 4.5.1. Then the morphism cW yX ! X is flat and c� sends almost finite type
Oa
X -modules (resp. almost coherent Oa

X -modules) to almost finite type Oa
X-modules

(resp. almost coherent Oa
X-modules).

Similarly, c� sends quasi-coherent almost finite type OX -modules (resp. quasi-
coherent almost coherent OX -modules) to adically quasi-coherent almost finite type
OX-modules (resp. adically quasi-coherent almost coherent OX-modules)

Proof. The statement is local, so we can assume that X D SpecA. Then the claim
follows from Lemma 4.6.3.

Now we show that the pullback functor preserves almost finite type and almost
coherent Oa

X-modules.

7We note that yA is I -adically complete due to [68, Tag 05GG].

https://stacks.math.columbia.edu/tag/05GG
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Lemma 4.6.5. Let fWX! Y be a morphism of locally finitely presented formal R-
schemes for R as in Set-up 4.5.1.

(1) Suppose that X D Spf B and Y D Spf A are affine formal R-schemes. Then
f�.M�/ is functorially isomorphic to .M ˝A B/�, for any M 2Modaft

A .

(2) Suppose again that XD Spf B and YD Spf A are affine formal R-schemes.
Then f�.M a;�/ is functorially isomorphic to .M a ˝Aa B

a/�, for any M a 2

Moda;aft
A .

(3) The functor f� sends Modqc;aft
Y (resp. Modqc;acoh

Y ) to Modaft
X (resp. Modqc;acoh

X ).

(4) The functor f� sends Modaft
Ya (resp. Modacoh

Ya ) to Modaft
Xa (resp. Modacoh

Xa ).

Proof. We prove (1), the other parts follow from this (as in the proof of Lemma 4.2.3).
We consider a commutative diagram

Spf B SpecB

Spf A SpecAm

cB

f f

cA

where the map f WSpecB! SpecA is the map induced by f#WA! B . Then we have
that M� ' c�A

fM by Lemma 4.6.3. Therefore,

f�.M�/ ' c�B
�
f �fM �

' c�B
�CM ˝A B� ' .M ˝A B/�

where the last isomorphism follows from Lemma 4.6.3.

The next thing we discuss is the interaction of tensor products and almost coherent
sheaves.

Lemma 4.6.6. Let X be a topologically finitely presented formal R-scheme for R as
in Set-up 4.5.1.

(1) Suppose that XD Spf A is affine. ThenM�˝OX
N� is functorially isomor-

phic to .M ˝A N/� for any M;N 2Modaft
A .

(2) Suppose that X D Spf A is affine. Then M a;� ˝Oa
X
N a;� is functorially iso-

morphic to .M a ˝Aa N
a/� for any M a; N a 2Modaft

Aa .

(3) Let F ; G be two adically quasi-coherent almost finite type (resp. almost
finitely presented) OX-modules. Then the OX -module F ˝OX

G is adically
quasi-coherent of almost finite type (resp. almost finitely presented).

(4) Let F a; G a be two almost finite type (resp. almost coherent) Oa
X-modules.

Then the Oa
X-module F a ˝Oa

X
G a is of almost finite type (resp. almost coher-

ent). The analogous result holds for OX -modules F ;G .
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Proof. Again, we only show (1) as the other parts follow from this similarly to the
proof of Lemma 4.2.4.

The proof of (1) is, in turn, similar to that of Lemma 4.6.5 (1). We consider the
completion morphism cWSpf A! SpecA. Then we have a sequence of isomorphisms

M�
˝OX

N�
' c�

�fM �
˝OX

c�
�eN �

' c�
�fM ˝OSpecA

eN � ' c��CM ˝A N � ' .M ˝A N/�:
Finally, we deal with the functor Hom Oa

X
.�; �/. We start with the following

preparatory lemma:

Lemma 4.6.7. Let X be a locally topologically finitely presented formal R-scheme
for R as in Set-up 4.5.1.

(1) Suppose X D Spf A is affine. Then the canonical map

HomA.M;N /� ! Hom OX
.M�; N�/ (4.6.1)

is an almost isomorphism for any almost coherent A-modules M and N .

(2) Suppose X D Spf A is affine. Then there is a functorial isomorphism

alHomAa.M a; N a/� ' alHom Oa
X
.M a;�; N a;�/ (4.6.2)

for any almost coherent Aa-modules M a and N a. We also get a functorial
almost isomorphism

HomAa.M a; N a/� 'a Hom Oa
X
.M a;�; N a;�/ (4.6.3)

for any almost coherent Aa-modules M a and N a.

(3) Suppose F and G are almost coherent OX-modules. Then Hom OX
.F ;G / is

an almost coherent OX-module.

(4) Suppose F a and G a are almost coherent Oa
X-modules. Then

Hom Oa
X
.F a;G a/ (resp. alHom Oa

X
.F a;G a/)

is an almost coherent OX-module (resp. Oa
X -module).

Proof. Again, the proof is analogous to that of Lemma 4.2.6 and Corollary 4.2.7
once (1) is proven. So we only give a proof of (1) here.

We note that both M and N are I -adically complete by Lemma 2.12.7. Now
we use [25] to say that the natural map HomA.M; N /! HomOX

.M�; N�/ is an
isomorphism. This induces a morphism

HomA.M;N /� ! Hom OX
.M�; N�/:
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In order to prove that it is an almost isomorphism, it suffices to show that the natural
map

HomA.M;N /b̋AA¹f º ! HomA¹f º
�
M b̋AA¹f º; N b̋AA¹f º�

is an almost isomorphism for any f 2 A. Now we note that HomA.M;N / is almost
coherent by Corollary 2.6.9. Thus, HomA.M; N / ˝A A¹f º is already complete, so
the completed tensor product coincides with the usual one. Similarly, M b̋AA¹f º '
M ˝A A¹f º and N b̋AA¹f º ' N ˝A A¹f º. Therefore, the question boils down to
showing that the natural map

HomA.M;N /˝A A¹f º ! HomA¹f º
�
M ˝A A¹f º; N ˝A A¹f º

�
is an almost isomorphism. This, in turn, follows from Lemma 2.9.11.

4.7 Formal schemes. Approximation of almost coherent Oa
X

-modules

In this section, we fix a ringR as in Set-up 4.5.1, and a topologically finitely presented
formal R-scheme X.

The main goal of this section is to establish an analogue of Corollary 4.3.5 in the
context of formal schemes. More precisely, we show that, for any finitely generated
ideal m0 �m, an almost coherent OX-module F can be “approximated” by a coher-
ent OX-module Gm0 up to m0 � m torsion. It turns out that this result is more subtle
than its algebraic counterpart because, in general, we do not know if we can present
an adically quasi-coherent OX-module as a filtered colimit of finitely presented OX-
modules. Also, colimits are much more subtle in the formal set-up due to the presence
of topology. It seems unlikely that the method used in the proof Corollary 4.3.5 can
be used in the formal set-up. Instead, we take another route and, instead, we first
approximate F up to bounded torsion and then reduce to the algebraic case.

Definition 4.7.1. A map of OX-modules �WG ! F is an FP-approximation if G is a
finitely presented OX-module, and I n.Ker�/D 0, I n.Coker�/D 0 for some n > 0.

If m0�m is a finitely generated sub-ideal of m0, a map of OX-modules �WG!F

is an FP-m0-approximation if it is an FP-approximation and m0.Coker�/ D 0.

Lemma 4.7.2. Let X D Spf A be an affine topologically finitely presented formal
R-scheme, and F an adically quasi-coherent OX-module of almost finite type. Then,
for any finitely generated ideal m0 � m, F admits an FP-m0-approximation.

Proof. Lemma 4.6.2 guarantees that F DM� for some almost finitely generated A-
module M . Then, by definition, there is a submodule N � M such that m0.M=N/.
By assumption, U WD SpecA nV.I / is noetherian, so eN jU is a finitely presented OU -
module. Then [25, Lemma 0.8.1.6 (2)] guarantees that there is a finitely presented
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A-module N 0 with a surjective map N 0! N such that its kernelK is I1-torsion. In
particular,K �N 0ŒI1�. But sinceA is I -adically complete and noetherian outside I ,
[24, Theorem 5.1.2 and Definition 4.3.1] guarantee that N 0ŒI1� D N 0ŒI n� for some
n � 0. In particular, K is an I n-torsion module.

Therefore, we have an exact sequence

0! K ! N 0 !M ! Q! 0;

whith the properties that N 0 is finitely presented, M is almost finitely generated,
m0Q D 0 and I nK D 0 for some n � 1. Now Lemma 4.5.14 says that the following
sequence is exact:

0! K� ! N 0� !M�
! Q�

! 0:

In particular,N 0� is a finitely presented OX-module, m0.Q
�/D 0, and I n.K�/.

Lemma 4.7.3. [25, Exercise I.3.4] Let X be a finitely presented formal R-scheme, F

an adically quasi-coherent OX-module of finite type, and G � F an adically quasi-
coherent OX-submodule. Then G is a filtered colimit G D colim�2ƒ G� of adically
quasi-coherent OX-submodules of finite type such that, for all � 2 ƒ, G=G� is anni-
hilated by I n for a fixed n > 0.

Lemma 4.7.4. Let X be a finitely presented formal R-scheme, F an adically quasi-
coherent, almost finitely generated OX-module, and �i W Gi ! F for i D 1; 2 two
FP-m0-approximations of F for some finitely generated sub-ideal m0 � m. Then
there is a commutative diagram

G1

H F ;

G2

q1
�1

�

q2
�2

where � and qi are FP-m0-approximations for i D 1; 2.

Proof. By assumption, there is an integer c > 0 such that Ker.�i / and Coker.�i / are
annihilated by I c for i D 0; 1. Therefore, we may replace m0 by m0 C I

c to assume
that m0 contains I c .

Now we define K to be the kernel of the natural morphism G1 ˚ G2 ! F . Note
that it is an adically quasi-coherent OX-submodule of G1 ˚ G2 due to Lemma 4.5.14.
Therefore, Lemma 4.7.3 applies to the inclusion K � G1 ˚ G2, so we can write
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K D colim�2ƒ K� as a filtered colimit of adically quasi-coherent, finite type OX-
submodules of G1˚ G2 with Im.K=K�/D 0 for some fixedm> 0 and every � 2ƒ.
We define H� D .G1 ˚ G2/=K�, it comes with the natural morphisms

��WH� ! F ;

qi;�W Gi ! H�

for i D 1; 2. We claim that these morphisms satisfy the claim of the lemma for some
� 2 ƒ, i.e., ��, and qi;� are FP-m0-approximations.

Since X is topologically finitely presented (in particular, it is quasi-compact and
quasi-separated), these claims can be checked locally. So we may and do assume
that X D Spf A is affine. Then we use Lemma 4.6.2, [25, Theorem I.3.2.8, Propo-
sition I.3.5.4] to reduce to the situation where X D Spf A, F D M�, G1 D N�

1 ,
G2 D N�

2 for some almost finitely generated A-module M , and finitely presented
A-modules N1, N2 with maps of sheaves induced by homomorphisms N1 !M and
N2!M . Then Lemma 4.5.14 says that K DK� forK DKer.N1 ˚N2!M/, and
K D colim�2ƒ K� for finitely generated A-submodules8 K� with Im.K=K�/ D 0

for some fixed m > 0 and all � 2 ƒ. So one can use Lemma 4.5.14 once again to
conclude that it suffices (due to the assumption that I c � m0) to show that, for some
� 2 ƒ, the natural morphisms .N1 ˚ N2/=K� ! M , Ni ! .N1 ˚ N2/=K� have
kernels annihilated by some power of I , and cokernels annihilated by m0.

The kernels of Ni ! .N1 ˚ N2/=K� (for i D 1; 2) embed into the respective
kernels for the natural morphisms Ni !M , so they are automatically annihilated by
some power of I for any � 2 ƒ. Also, clearly, the morphism .N1 ˚ N2/=K� ! M

has kernel K=K� that is annihilated by Im by the choice of K�.
Therefore, it suffices to show that we can choose � 2 ƒ such that qi;�WNi !

.N1 ˚ N2/=K� (for i D 1; 2) and ��W .N1 ˚ N2/=K� ! M have cokernels annihi-
lated by m0. The latter case is automatic and actually holds for any � 2 ƒ. So the
only non-trivial thing we need to check is that m0.Coker qi;�/ D 0 for some � 2 ƒ.

Let .m1; : : : ; md / 2 m0 be a finite set of generators, and ¹yi;j ºj2Ji a finite set
of generators of Ni for i D 1; 2. Denote by yi;j the image of yi;j in M . Define
xi;j;k 2 N2�i to be a lift ofmkyi;j 2M inN2�i for kD 1; : : : ; d , i D 1;2 and j 2 Ji .
Note that elements .mky1;j ; x1;j;k/ 2 N1 ˚N2 and .x2;j;k; mky2;j / 2 N1 ˚N2 lie
in K. Consequently, for some � 2 ƒ, K� contains the elements .mky1;j ; x1;j;k/ and
.x2;j;k; mky2;j /. Then it is easy to see that the cokernels of Ni ! .N1 ˚ N2/=K�
are annihilated by m0. This finishes the proof.

Lemma 4.7.5. Let X be a finitely presented formal R-scheme, F an adically quasi-
coherent, almost finitely generated OX-module. Then, for any finitely generated ideal
m0 � m, F is FP-m0-approximated.

8Here, K� D �.X;K�/, so the equality follows from [68, Tag 009F].

https://stacks.math.columbia.edu/tag/009F
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Proof. First, we note that Lemma 4.7.2 guarantees that the claim holds if X is affine.
Now choose a covering of X by open affines X D

Sn
iD1 Vi . We know that claim

on each Vi , so it suffices to show that, if X D U1 [ U2 is a union of two finitely
presented open formal subschemes and F is FP-m0-approximated on U1 and U2,
then F is FP-m0-approximated on X.

Suppose that Gi ! F jUi are FP-m0-approximations on Ui for i D 1; 2. Then the
intersection U1;2 WD U1 \ U2 is again a topologically finitely presented formal R-
scheme because X is so. Therefore, Lemma 4.7.4 guarantees that we can find another
FP-m0-approximation H ! F jU1;2 that is dominated by both Gi jU1;2!F jU1;2

for
i D 1; 2. Consider the OU1;2-modules

Ki WD Ker.Gi jU1;2 ! H / for i D 1; 2:

Lemma 4.5.14 guarantees that both Ki are adically quasi-coherent OX-modules of
finite type.9 The fact that Gi jU1;2 ! H are FP-m0-approximations ensures that
both Ki are killed by some Im form� 1. In particular, we see that Ki � Gi ŒI

m�jU1;2 ,
so they are naturally quasi-coherent sheaves on Xm�1 DX�Spf R SpecR=Im. There-
fore, one can use [68, Tag 01PF] (applied to Xm�1) to extend Ki toeK i � Gi ŒI

m� � Gi ;

where eK i are adically quasi-coherent OX-modules of finite type. Then we see that
Gi=eK i ! F jUi are FP-m0-approximations of F jUi that are isomorphic on the inter-
section. Therefore, they glue to a global FP-m0-approximation G ! F .

Theorem 4.7.6. Let X be a finitely presented formal R-scheme, F an almost finitely
generated (resp. almost finitely presented) OX-module. Then, for any finitely gener-
ated ideal m0 � m, there are an adically quasi-coherent, finitely generated (resp.
finitely presented) OX-module G and a map �W G ! F such that m0.Coker �/ D 0
and m0.Ker�/ D 0.

Proof. Without loss of generality, we can replace F by em˝ F , so we may and do
assume that F is adically quasi-coherent.

The case of almost adically quasi-coherent, almost finite type OX-module F fol-
lows from Lemma 4.7.5. Indeed, there is an FP-m0-approximation �0W G 0 ! F , so
we define �W G ! F to be the natural inclusion G WD Im.�0/! F . This gives the
desired morphism as G is an adically quasi-coherent OX-module of almost finite type
by Corollary 4.5.16.

Now suppose F is an adically quasi-coherent, almost finitely presented OX-
module. Then we use Lemma 4.7.5 to find an FP-m0-approximation �0W G 0 ! F .

9Since they are kernels of morphisms between coherent OX-modules.

https://stacks.math.columbia.edu/tag/01PF
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Now we note that any almost finitely presented OX-module is almost coherent by
Lemma 4.5.22. Therefore, Ker � is again adically quasi-coherent, almost finitely
presented. Therefore, we can find an FP-m0-approximation �00W G 00 ! Ker.�0/ by
Lemma 4.7.5. Denote by �000WG 00! G0 the composition of �00 with the natural inclu-
sion Ker.�0/! G 0. Now it is easy to check that �WCoker.�000/! F gives the desired
“approximation”.

4.8 Formal schemes. Derived category of almost coherent Oa
X

-modules

We discuss the notion of the derived category of almost coherent sheaves on a formal
scheme X. One major issue is that, in this situation, the derived category of OX-
modules with adically quasi-coherent cohomology sheaves is not well defined, as
adically quasi-coherent sheaves do not form a weak Serre subcategory of ModX.

To overcome this issue, we follow the strategy used in [49] and define another
category “Dqc.X/” completely on the level of derived categories. For the rest of the
section, we fix a base ring R as in Set-up 4.5.1.

Definition 4.8.1. Let X be a locally topologically finitely presented R-scheme. Then
we define the derived category of adically quasi-coherent sheaves “Dqc.X/” as a full
subcategory of D.X/ consisting of objects F such that the following conditions are
met:

• For every open affine U � X, R�.U;F / 2 D.OX.U// is derived I -adically com-
plete.

• For every inclusion U � V of affine formal subschemes of X, the natural mor-
phism

R�.V;F /b̋LOX.V/
OX.U/ ! R�.U;F /

is an isomorphism, where the completion is understood in the derived sense.

Remark 4.8.2. We refer to [68, Tag 091N] and [68, Tag 0995] for a self-contained
discussion on derived completions of modules and sheaves of modules respectively.

We now want to give an interpretation of “Dqc.X/” in terms of A-modules for an
affine formal scheme X D Spf A. We recall that in the case of schemes, we have a
natural equivalence Dqc.SpecA/ ' D.A/ and the map is induced by R�.SpecA;�/.
In the case of formal schemes, it is not literally true. We need to impose certain
completeness conditions.

Definition 4.8.3. Let A be a ring with a finitely generated ideal I . We define the
complete derived category Dcomp.A; I / � D.A/ as a full triangulated subcategory
consisting of the I -adically derived complete objects.

https://stacks.math.columbia.edu/tag/091N
https://stacks.math.columbia.edu/tag/0995
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Suppose that X D Spf A is a topologically finitely presented affine formal R-
scheme. We note that the natural functor R�.X;�/WD.X/! D.A/ induces a functor

R�.X;�/W “Dqc.X/”! Dcomp.A; I /:

We wish to show that this functor is an equivalence. For this, we need some prelimi-
nary lemmas:

Lemma 4.8.4. Let A be a topologically finitely presented R-algebra for R as in Set-
up 4.5.1, let f 2A be any element, and let .x1; : : : ; xd /D I be a choice of generators
for the ideal of definition ofR. Denote byK.Af Ixn1 ; : : : ;x

n
d
/ the Koszul complexes for

the sequence .xn1 ; : : : ; x
n
d
/. Then the pro-systems ¹K.Af Ixn1 ; : : : ; x

n
d
/º and ¹Af =I nº

are isomorphic in Pro.D.Af //.

Proof. The proof is the same as [68, Tag 0921]. The only difference is that one needs
to use [24, Theorem 4.2.2 (2) (b)] in place of the usual Artin–Rees lemma.

Lemma 4.8.5. Let A be a topologically finitely presented R-algebra for R as in Set-
up 4.5.1, let f 2 A be any element. Then the completed localization A¹f º coincides
with the I -adic derived completion of Af .

Proof. Choose some generators I D .x1; : : : ; xd /. Then we know that the derived
completion of Af is given by R limnK.Af I x

n
1 ; : : : ; x

n
d
/, where K.Af I xn1 ; : : : ; x

n
d
/

is the Koszul complex for the sequence .xn1 ; : : : ; x
n
d
/. Lemma 4.8.4 implies that the

pro-systems ¹K.Af I xn1 ; : : : ; x
n
d
/º and ¹Af =I nº are naturally pro-isomorphic. Thus

we have an isomorphism

R lim
n
K.Af I x

n
1 ; : : : ; x

n
d / Š R lim

n
Af =I

n
' A¹f º:

The last isomorphism uses the Mittag-Leffler criterion to ensure vanishing of lim1.

Theorem 4.8.6 ([49, Corollary 8.2.4.15]). Let X D Spf A be an affine, finitely pre-
sented formal scheme over R as in Set-up 4.5.1. Then the corresponding functor
R�.X;�/W “Dqc.X/”! Dcomp.A; I / is an equivalence of categories.

Proof. Lemma 4.8.5 implies that the definition of Spf A in [49] is compatible with the
classical one. Now [49, Proposition 8.2.4.18] ensures that our definition of “Dqc.X/”
is equivalent to the homotopy category of Qcoh.X/ in the sense of [49]. Therefore, the
result follows from [49, Corollary 8.2.4.15] by passing to the homotopy categories.

The proof of [49, Corollary 8.2.4.15] can also be rephrased in our situation with-
out using any derived geometry. However, it would require quite a long digression.

https://stacks.math.columbia.edu/tag/0921
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Definition 4.8.7. We denote by

.�/L�WDcomp.A; I /! “Dqc.X/”

the pseudo-inverse to R�.X;�/W “Dqc.X/”! Dcomp.A; I /. We note that

R�
�
Spf A¹f º;ML�

�
'M b̋AA¹f º

for any M 2 Dcomp.A; I /.

Remark 4.8.8. The functor .�/L� is not compatible with the “abelian” functor .�/�

used the previous sections.

Now we define a category Dqc;acoh.X/ and show that it is equivalent to Dacoh.A/.
Theorem 4.8.6 will be an important technical tool for establishing this equivalence.

Definition 4.8.9. We define Dqc;acoh.X/ (resp. Dacoh.X/
a) to be the full triangulated

subcategory of D.X/ (resp. D.X/a) consisting of the complexes with adically quasi-
coherent, almost coherent (resp. almost coherent) cohomology sheaves (resp. almost
sheaves).

Remark 4.8.10. An argument similar to the one in the proof of Lemma 4.4.5 shows
that Dacoh.X/

a is equivalent to the Verdier quotient Dqc;acoh.X/=Dqc;†X
.X/.

In order to show an equivalence Dqc;acoh.X/ ' Dacoh.A/, our first goal is to show
that Dqc;acoh lies inside “Dqc.X/”. This is not entirely obvious because the definition
of Dqc;acoh.X/ imposes some restrictions on individual cohomology sheaves while the
definition of “Dqc.X/” on the whole complex itself.

Lemma 4.8.11. Let X D Spf A be an affine topologically finitely presented formal
R-scheme for R as in Set-up 4.5.1. Then the functor R�.X;�/WDqc;acoh.X/! D.A/
is t -exact (with respect to the evident t -structures on both sides) and factors through
Dacoh.A/. More precisely, there is an isomorphism

Hi
�
R�.X;F /

�
' H0

�
X;H i .F /

�
2Modacoh

A

for any object F 2 Dqc;acoh.X/.

Proof. We note that the vanishing theorem [25, Theorem I.7.1.1] implies that we
can use [68, Tag 0D6U] with N D 0. Thus, we see that the map Hi .R�.X;F //!
Hi .R�.X; ��iF // is an isomorphism for any integer i , and that R�.X;F /2Dacoh.A/

for any F 2 Dqc;acoh. X /. Applying it together with the canonical isomorphism
Hi .R�.X; ��iF // ' H0.X;H i .F //, we get the desired result.

Lemma 4.8.12. Let X be a locally topologically finitely presented formal R-scheme
for R as in Set-up 4.5.1. Then Dqc;acoh.X/ is naturally a full triangulated subcategory
of “Dqc.X/”.

https://stacks.math.columbia.edu/tag/0D6U
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Proof. Both Dqc;acoh.X/ and “Dqc.X/” are full triangulated subcategories of D.X/.
Thus, it suffices to show that any F 2 Dqc;acoh.X/ lies in “Dqc.X/”.

Lemma 4.8.11 and Corollary 2.12.8 imply that R�.U;F / 2 Dcomp.A; I / for any
open affine U � X. Now suppose U � V is an inclusion of open affine formal sub-
schemes in X. We consider the natural morphism

R�.V;F /b̋LOX.V/
OX.U/! R�.U;F /:

We note that OX.U/ is flat over OX.V/ by [25, Proposition I.4.8.1]. Thus, the com-
plex

R�.V;F /˝LOX.V/
OX.U/

lies in Dacoh.OX.U// by Lemma 2.8.1. Therefore, it also lies in Dcomp.A;I / by Corol-
lary 2.12.8. So we conclude that

R�.V;F /b̋LOX.V/
OX.U/ ' R�.V;F /˝LOX.V/

OX.U/:

Using OX.V/-flatness of OX.U/, we conclude that the question boils down to show-
ing that

Hi .V;F /˝OX.V/ OX.U/ ! Hi .U;F /

is an isomorphism for all i . Now Lemma 4.8.11 implies that this, in turn, reduces to
showing that the natural map

�.V;H i .F //˝OX.V/ OX.U/ ! �.U;H i .F //

is an isomorphism. Without loss of generality, we may assume XDVD Spf A. Then
H i .F / is an adically quasi-coherent, almost coherent OX-module, so Lemma 4.6.1
ensures that it is isomorphic to M� for some M 2Modacoh

A . Thus, the desired claim
follows from [25, Lemma 3.6.4] and the observation thatM˝OX.V/ OX.U/ is already
I -adically complete due to Lemma 2.12.7.

Now we show that the functor .�/L� sends Dacoh.A/ to Dqc;acoh.Spf A/. This is
also not entirely obvious as .�/L� is a priori different from the classical version of
the .�/�-functor studied in previous sections. However, we show that these functors
coincide on Modacoh

A .

Lemma 4.8.13. Let X D Spf A be an affine topologically finitely presented formal
R-scheme for R as in Set-up 4.5.1. Then the functor .�/L�WDacoh.A/! “Dqc.X/”
factors through Dqc;acoh.X/. Moreover, for any M 2 Dacoh.A/ and an integer i , there
is a functorial isomorphism

Hi .M/� ' H i .ML�/:
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Proof. We note that Hi .X;ML�/'Hi .M/ due to its construction. Since H i .ML�/

is canonically isomorphic to the sheafification of the presheaf

U 7! Hi .U;ML�/;

we get that there is a canonical map Hi .M/ ! �.X;H i .M�//. By the universal
property of the classical .�/� functor, we get a functorial morphism

Hi .M/� ! H i .ML�/:

Since Hi .M/ is almost coherent, we only need to show that this map is an isomor-
phism for any i . This boils down (using almost coherence of Hi .M/) to showing that
the natural morphism

Hi .M/˝A A¹f º ! Hi
�
Spf A¹f º;ML�

�
is an isomorphism for all f 2 A. Now recall that R�.Spf A¹f º;ML�/'M b̋L

AA¹f º
for any f 2A. Using thatM 2Dacoh.A/,A¹f º is flat overA, and that almost coherent
complexes are derived complete by Corollary 2.12.8, we conclude that the natural
map

Hi .M/˝A A¹f º ! Hi .Spf A¹f º;ML�/

is an isomorphism finishing the proof.

Corollary 4.8.14. Let X D Spf A be an affine topologically finitely presented for-
mal R-scheme for R as in Set-up 4.5.1. Suppose that M 2 D.A/ has almost zero
cohomology modules. Then H i .ML�/ is an almost zero, adically quasi-coherent
OX-module for each integer i . Therefore, in particular, .�/L� induces a functor
.�/L�WDacoh.A/

a ! Dacoh.X/
a.

Proof. We note that any almost zero A-module is almost coherent, thus the result
follows directly from the formula Hi .M/� ' H i .ML�/ in Lemma 4.8.13.

Theorem 4.8.15. Let X D Spf A be an affine topologically finitely presented formal
R-scheme for R as in Set-up 4.5.1. Then R�.X;�/WDqc;acoh.X/ ! Dacoh.A/ is a
t -exact equivalence of triangulated categories with the pseudo-inverse .�/L�.

Proof. Lemma 4.8.11 implies that R�.X;�/ induces the stated functor Dqc;acoh.X/!

Dacoh.A/ and that this functor is t -exact. Lemma 4.8.12 and Theorem 4.8.6 ensure
that it is sufficient to show that .�/L� sends Dacoh.A/ to Dqc;acoh.X/, this follows
from Lemma 4.8.13.

Now we can pass to the almost categories using Remark 4.8.10 to get the almost
version of Theorem 4.8.15.
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Corollary 4.8.16. Let XD Spf A be an affine topologically finitely presented formal
R-scheme for R as in Set-up 4.5.1. Then R�.X;�/WDacoh.X/

a ! Dacoh.A/
a is a

t -exact equivalence of triangulated categories with the pseudo-inverse .�/L�.

4.9 Formal schemes. Basic functors on derived categories of
Oa

X
-modules

We discuss the derived analogue of the main results of Section 4.6. We show that
the derived completion, derived tensor product, derived pullback, and derived almost
Hom functors preserve complexes with almost coherent cohomology sheaves under
certain conditions. For the rest of the section, we fix a ring R as in Set-up 4.5.1.

We start with the completion functor. We recall that we have defined the mor-
phism of locally ringed spaces cW yX !X for anyR-schemeX . IfX is locally finitely
presented over R or X D SpecA for a topologically finitely presented R-algebra A,
then c is a flat morphism as shown in Lemma 4.6.3 and Corollary 4.6.4.

Lemma 4.9.1. Let X D Spec A be an affine R-scheme for R as in Set-up 4.5.1.
Suppose that A is either finitely presented or topologically finitely presented over R.
Suppose M 2 Dacoh.A/. Then ML� ' Lc�.fM/.

Proof. First of all, we show that Lc�.fM/ 2 Dqc;acoh. yX/. Indeed, the functor c� is
exact as c is flat. Thus, Lemma 4.6.3 guarantees that we have a sequence of isomor-
phisms

H i
�
Lc�.fM/

�
' c�

�BHi .M/
�
'
�
Hi .M/

��
:

In particular, Theorem 4.8.6 ensures that the natural morphism

M ' R�.X;fM/! R�
�
yX;Lc�.fM/

�
induces the morphism ML� ! Lc�.fM/. As c� is exact, Lemma 4.8.13 implies that
it is sufficient to show that the natural map

Hi .M/� ! c�
�BHi .M/

�
is an isomorphism for all i . This follows from Lemma 4.6.3.

Corollary 4.9.2. Let X be a locally finitely presented R-scheme for a ring R as
in Set-up 4.5.1. Then Lc� induces functors Lc�WD�qc;acoh.X/ ! D�qc;acoh.

yX/ (resp.
Lc�WD�acoh.X/

a ! D�acoh.
yX/a) for any � 2 ¹“ ”;�; b;Cº.

Proof. The claim is local, so it suffices to assume that X D SpecA. Then it follows
from the exactness of c� and Lemma 4.9.1.
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Lemma 4.9.3. Let fWX! Y be a morphism of locally finitely presented formal R-
schemes for R as in Set-up 4.5.1.

(1) Suppose that XD Spf B , YD Spf A are affine formalR-schemes. Then there
is a functorial isomorphism

Lf�.ML�/ ' .M ˝A B/
L�

for any M 2 Dacoh.A/.

(2) Suppose that XD Spf B , YD Spf A are affine formalR-schemes. Then there
is a functorial isomorphism

Lf�.M a;L�/ ' .M a
˝Aa B

a/L�

for any M a 2 Dacoh.A/.

(3) The functor Lf� carries D�qc;acoh.Y/ to D�qc;acoh.X/.

(4) The functor Lf� carries D�acoh.Y/
a to D�acoh.X/

a.

Proof. The proof is similar to the proof of Lemma 4.6.5. We use Lemma 4.9.1 and
Lemma 4.8.13 to reduce to the analogous algebraic facts that were already proven in
Lemma 4.2.3.

Lemma 4.9.4. Let X be a locally topologically finitely presented formal R-scheme
for R as in Set-up 4.5.1.

(1) Suppose that X D Spf A is affine. Then there is a functorial isomorphism

ML�
˝
L
OX

NL�
' .M ˝LA N/

L�

for any M , N 2 Dacoh.A/.

(2) Suppose that X D Spf A is affine. Then there is a functorial isomorphism

M a;L�
˝
L
Oa

X
N a;L�

' .M a
˝
L
Aa N

a/L�

for any M a, N a 2 Dacoh.A/
a.

(3) Let F , G 2 D�qc;acoh.X/. Then F ˝L
OX

G 2 D�qc;acoh.X/.

(4) Let F a, G a 2 D�acoh.X/
a. Then F a ˝L

Oa
X

G a 2 D�acoh.X/
a.

Proof. Similarly to Lemma 4.9.3, we use Lemma 4.9.1 and Lemma 4.8.13 to reduce
to the analogous algebraic facts that were already proven in Lemma 4.2.4.

Now we discuss the functor RalHom OX
.�;�/. Our strategy of showing that

RalHom .�;�/ preserves almost coherent complexes will be slightly different from
the schematic case. The main technical problem corresponds to defining the map
RalHomAa.M a; N a/L� ! RalHom Oa

X
.M a;L�; N a;L�/ in the affine case.
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The main issue is that we do not know if .�/L� is a left adjoint to the func-
tor of global section on the whole category D.X/; we only know that it becomes
a pseudo-inverse to R�.X;�/ after restriction to “Dqc.X/”. However, the complex
RHom OX

.ML�;NL�/ itself usually does not lie inside “Dqc.X/”. To overcome this
issue, we will show that

em˝ RHom OX
.ML�; NL�/

does lie in “Dqc.X/” for M 2 D�acoh.A/ and N 2 DCacoh.A/.
Since “Dqc.X/” was defined in a bit abstract way, it is probably the easiest way to

show that em˝RHom OX
.ML�; NL�/ actually lies in Dqc;acoh.X/. That is sufficient

by Lemma 4.8.12.

Lemma 4.9.5. Let XD Spf A be a topologically finitely presented formal R-scheme
for R as in Set-up 4.5.1. ForM;N 2Modacoh

A , there is a natural almost isomorphism

ExtpA.M;N /
� �
�! Ext p

OX
.M�; N�/

for every integer p.

Proof. We recall that Ext p
OX
.M�; N�/ is canonically isomorphic to the sheafifica-

tion of the presheaf
U 7! Extp

OU
.M�

jU; N
�
jU/:

In particular, there is a canonical map Extp
OX
.M�;N�/! �.X;Extp

OX
.M�;N�//.

It induces a morphism

Extp
OX
.M�; N�/� ! Ext p

OX
.M�; N�/: (4.9.1)

Now we note that the classical .�/� functor and the derived version coincide on
almost coherent modules thanks to Lemma 4.8.13. As a consequence, the equivalence
“Dqc.X/”'Dcomp.A; I / coming from Theorem 4.8.6 and Lemma 4.8.13 ensures that
Extp

OX
.M�; N�/ ' ExtpA.M;N /. So the map (4.9.1) becomes a map

ExtpA.M;N /
�
! Ext p

OX
.M�; N�/:

We note that ExtpA.M; N / is an almost coherent A-module by Proposition 2.6.19.
Using that almost coherent modules are complete, we conclude that it suffices to
show that

ExtpA.M;N /˝A A¹f º ! ExtpSpf A¹f º

�
M�
jSpf A¹f º ; N

�
jSpf A¹f º

�
is an almost isomorphism. Using Lemma 4.6.5 and the equivalence “Dqc.X/” '
Dcomp.A; I / as above, we see that the map above becomes the canonical map

ExtpA.M;N /˝A A¹f º ! ExtpA¹f º.M ˝A A¹f º; N ˝A A¹f º/:
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Finally, this map is an almost isomorphism by Lemma 2.9.12.

Corollary 4.9.6. Let X be a locally topologically finitely presented formal R-scheme
for R as in Set-up 4.5.1. Then

em˝ RHom OX
.F ;G / 2 DCqc;acoh.X/

for F 2 D�qc;acoh.X/, and G 2 DCqc;acoh.X/.

Proof. The claim is local, so we can assume that X D Spf A. Then we use the Ext-
spectral sequence and Lemma 4.5.18 to reduce to the case when F and G are in
Modqc;acoh

X . Thus, Lemma 4.6.2 ensures that F D M� and G D N� for some M ,
N 2Modacoh

A . So Lemma 4.9.5 guarantees that

Hp
�
RHom OX

.F ;G /
�
'
a ExtpA.M;N /

�:

In other words,

em˝Hp
�
RHom OX

.F ;G /
�
' em˝ ExtpA.M;N /

�:

Now ExtpA.M; N /
� is an adically quasi-coherent, almost coherent OX-module as a

consequence of Proposition 2.6.19 and Lemma 4.6.1. So Lemma 4.5.10 guarantees
that em˝ ExtpA.M;N /

� is also adically quasi-coherent and almost coherent. There-
fore, em˝ RHom OX

.F ;G / 2 DCqc;acoh.X/.

Lemma 4.9.7. Let X be a locally topologically finitely presented formal R-scheme
for R as in Set-up 4.5.1.

(1) Suppose X D Spf A is affine. Then there is a functorial isomorphism

RalHomAa.M a; N a/L� ! RalHom Oa
X

�
M a;L�; N a;L�

�
;

for M 2 D�acoh.A/
a and N 2 DCacoh.A/

a.

(2) Suppose F a 2 DCacoh.X/
a and G a 2 D�acoh.X/ are almost coherent Oa

X-mod-
ules. Then RalHom Oa

X
.F a;G a/ 2 DCacoh.X/

a.

Proof. We start with (1). Proposition 3.5.8 implies that the map�em˝ RHom OX

�
M�; N�

��a
! RalHom Oa

X

�
M a;�; N a;�

�
is an isomorphism in D.X/a. Similarly, the map�em˝ RHomA.M;N /�

�a
! RalHomAa.M a; N a/�

is an isomorphism by Lemma 4.9.5. Thus, it suffices to construct a functorial isomor-
phism em˝ RHomA.M;N /L� ! em˝ RHom OX

�
ML�; NL�

�
:
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Now Lemma 4.8.13 and Corollary 4.9.6 guarantee that

em˝ RHom OX

�
ML�; NL�

�
2 Dqc;acoh.X/:

Proposition 2.6.19, Lemma 4.6.1, and Lemma 4.5.10 also guarantee that

em˝ RHomA.M;N /� 2 Dqc;acoh.X/:

Thus, Theorem 4.8.6 ensures that, in order to construct the desired isomorphism, it
suffices to do it after applying R�.X;�/. The projection formula (see Lemma 3.3.5)
and the definition of the functor .�/L� provide us with functorial isomorphisms

R�
�
X; em˝ RHomA.M;N /L�

�
' em˝ RHomA.M;N /

and

R�
�
X; em˝ RHom OX

.ML�; NL�/
�
' em˝ R�

�
X;RHom OX

.ML�; NL�/
�

' em˝ RHomOX .M
L�; NL�/

' em˝ RHomA.M;N /

where the last isomorphism uses the equivalence from Theorem 4.8.6. Thus, we see

R�
�
X; em˝ RHomA.M;N /L�

�
' R�

�
X; em˝ RHom OX

.ML�; NL�/
�
:

As a consequence, we have a functorial isomorhism

em˝ RHomA.M;N /L�
�
�! em˝ RHom OX

.ML�; NL�/:

This induces the desired isomorphism

RalHomAa.M a; N a/L�
�
�! RalHom Oa

X
.M a;L�; N a;L�/:

(2) is an easy consequence of (1), Proposition 2.6.19, and Corollary 4.8.14.





Chapter 5

Cohomological properties of almost coherent sheaves

The main goal of this chapter is to establish that almost coherent sheaves share sim-
ilar cohomological properties to classical coherent sheaves. In particular, we prove
almost versions of the proper mapping theorem (both for schemes and nice formal
schemes), of the formal GAGA theorem, of the formal function theorem, and of the
Grothendieck duality. The formal GAGA theorem is arguably quite surprising in the
almost coherent context because almost coherent sheaves are rarely of finite type, so
none of the classical proofs of the formal GAGA theorem applies in this situation.
We resolve this issue by adapting a new approach to GAGA theorems due to J. Hall
(see [31]).

5.1 Almost proper mapping theorem

The main goal of this section is to prove the almost proper mapping theorem which
says that derived pushforward along a proper (topologically) finitely presented mor-
phism of nice (formal) schemes preserves almost coherent sheaves.

The idea of the proof is relatively easy: we approximate an almost finitely pre-
sented OX -module by a finitely presented one using Corollary 4.3.5 or Theorem 4.7.6
and then use the usual proper mapping theorem. For this, we will need a version of the
proper mapping theorem for a class of non-noetherian rings, which we review below.

Definition 5.1.1. We say that a scheme Y is universally coherent if any scheme X
that is locally of finite presentation over Y is coherent (i.e. the structure sheaf OX is
coherent).

Theorem 5.1.2 (Proper mapping theorem [25, Theorem I.8.1.3]). Let Y be a univer-
sally coherent quasi-compact scheme, and let f WX ! Y be a proper morphism of
finite presentation. Then Rf� sends D�coh.X/ to D�coh.Y / for any � 2 ¹“ ”;C;�; bº.

We want to generalize this theorem to the “almost world”. So we pick a ring R
and a fixed ideal m � R such that m2 D m and em D m ˝R m is R-flat. In this
section, we always consider almost mathematics with respect to this ideal.

Theorem 5.1.3 (Almost proper mapping theorem). Let Y be a universally coherent
quasi-compactR-scheme, and let f WX! Y be a proper, finitely presented morphism.
Then the following statements hold:

• The functor Rf� sends D�qc;acoh.X/ to D�qc;acoh.Y / for any � 2 ¹“ ”;C;�; bº.

• The functor Rf� sends D�acoh.X/
a to D�acoh.Y /

a for any � 2 ¹“ ”;C;�; bº.



Cohomological properties of almost coherent sheaves 152

• The functor Rf� sends DCacoh.X/ to DCacoh.Y /.

• If Y has finite Krull dimension, then Rf� sends D�acoh.X/ to D�acoh.Y / for any
� 2 ¹“ ”;C;�; bº.

Lemma 5.1.4. Let Y be a quasi-compact scheme of finite Krull dimension, and let
f WX! Y be a finite type, quasi-separated morphism. ThenX has finite Krull dimen-
sion, and f� has finite cohomological dimension on ModX .

Proof. First of all, we show that X has finite Krull dimension. Indeed, the morphism
f WX ! Y is quasi-compact, therefore X is quasi-compact. So it suffices to show
that X locally has finite Krull dimension. Thus, we can assume that X D SpecB and
Y D SpecA are affine, and the map is given by a finite type morphism A! B . In
this case, we have dim Y D dimA and dimX D dimB . Thus, it is enough to show
that the Krull dimension of a finite type A-algebra is finite. This readily reduces the
question to the case of a polynomial algebra dimAŒX1; : : : ; Xn�. Now [3, Chapter 11
Exercise 6] implies that dimAŒX1; : : : ; Xn� � dimAC 2n.

Now we prove that f� has finite cohomological dimension. We note that it suffices
to show that there is an integerN such that, for any open affine U � Y , the cohomol-
ogy groups Hi .XU ;F / vanish for i � N and any OXU -module F . We recall that f
is quasi-separated, soXU is quasi-compact, quasi-separated and dimXU � dimX for
any open U �X . Therefore, it suffices to show that on any spectral spaceX , we have
Hi .X;F / D 0 for i > dimX and F 2 Ab.X/. This is proven in [57, Corollary 4.6]
(another reference is [68, Tag 0A3G]). Thus, we conclude that N D dimX does the
job.

Proof of Theorem 5.1.3. We divide the proof into several steps.

Step 0: Reduction to the case of bounded below derived categories. We note that f�
has a bounded cohomological dimension on Modqc

X . Indeed, for any quasi-compact
separated scheme X and F 2Modqc

X , we can compute Hi .X;F / via the alternating
Čech complex for some finite affine covering of X . Therefore, if X can be covered
by N affines, the functor f� restricted to Modqc

X has cohomological dimension at
most N .

Now we use [68, Tag 0D6U] (alternatively, one can use [46, Lemma 3.4]) to
reduce the question of proving the claim for any F 2 Dqc;acoh.X/ to the question
of proving the claim for all its truncations ��aF . In particular, we reduce the case
of F 2 Dqc;acoh.X/ to the case where F 2 DCqc;acoh.X/. Similarly, (using Proposi-
tion 3.5.23), we reduce the case of F a 2 Dacoh.X/

a to the case of F a 2 DCacoh.X/
a.

Using Lemma 5.1.4, a similar argument also allows us to reduce the case of
F 2 Dacoh.X/ to the case of F 2 DCacoh.Y / when Y has finite Krull dimension.

Step 1: Reduction to the case of quasi-coherent almost coherent sheaves. Using the
projection formula Lemma 3.3.5 (resp. Proposition 3.5.23), we see that, in order to

https://stacks.math.columbia.edu/tag/0A3G
https://stacks.math.columbia.edu/tag/0D6U
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show that Rf� sends DCacoh.X/ to DCacoh.Y / (resp. DCacoh.X/
a to DCacoh.Y /

a), it suf-
fices to show the analogous result for DCqc;acoh.X/. Moreover, we can use the spectral
sequence

Ep;q2 D Rpf�Hq.F /) RpCqf�.F /

to reduce the claim to the fact that higher derived pushforwards of a quasi-coherent,
almost coherent sheaf are quasi-coherent and almost coherent.

Step 2: The case of a quasi-coherent, almost coherent OX -module F . We show
that Rif�F is a quasi-coherent, almost coherent OY -module for any quasi-coherent,
almost coherent OX -module F and any i . First, we note that Rif�F is quasi-coherent,
as higher pushforwards along quasi-compact, quasi-separated morphisms preserve
quasi-coherence.

Now we show that Rif�F is almost coherent. Note that it is sufficient to show
that Rif�F is almost finitely presented, as Y is a coherent scheme (this follows from
Lemma 4.1.15 and Lemma 4.1.16). We choose some finitely generated ideal m0 � m

and another finitely generated ideal m1 �m such that m0 �m2
1. Then we use Corol-

lary 4.3.5 to find a finitely presented OX -module G and a morphism

'WG ! F

such that Ker.'/ and Coker.'/ are annihilated by m1. We define OX -modules

K WD Ker'; M WD Im'; Q WD Coker';

so we have two short exact sequences

0!K ! G !M! 0;

0!M! F ! Q! 0

with sheaves K and Q killed by m1. This easily shows that the natural homomor-
phisms

Rif�.'/WRif�G ! Rif�F

have kernels and cokernels annihilated by m2
1. Since m0 � m2

1 we conclude that
m0.Ker Rif�.'//D 0 and m0.Coker Rif�.'//D 0. Moreover, we know that Rif�G
is a finitely presented OY -module by Theorem 5.1.2 (G is a coherent OX -module
since X is a coherent scheme). Therefore, we use Corollary 4.3.5 to conclude that
Rif�F is an almost finitely presented OY -module for any i � 0.

The next goal is to prove a version of the almost proper mapping theorem for nice
formal schemes. But before doing this, we need to establish a slightly more precise
version of the usual proper mapping theorem for formal schemes than the one in [25].
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Theorem 5.1.5 (Proper mapping theorem). Let R be as in Set-up 4.5.1, A a topolog-
ically finitely presented R-algebra, fWX! Spf A a topologically finitely presented,
proper morphism, and F a coherent OX-module. Then Hi .X;F / is a coherent A-
module and the natural morphism

Hi .X;F /� ! Rif�.F /

is an isomorphism for any i � 0.

Proof. First, we use [25, Theorem I.11.1.2] to conclude that Rf�F 2 DCcoh.Spf A/.
Therefore, Theorem 4.8.15 implies that M WD R�.Spf A;Rf�F / lies in DCacoh.A/,
and

ML�
' Rf�F :

Moreover, Lemma 4.8.13 implies that the natural map

Hi .X;F /� ' Hi .M/� ! Rif�F

is an isomorphism. Finally, we conclude that

Hi .X;F / ' H0
�
X;Hi .X;F /�

�
' H0.X;Rif�F /

must be coherent because Rif�F is coherent.

Theorem 5.1.6 (Almost proper mapping theorem). Let Y be a topologically finitely
presented formal R-scheme for R as in Set-up 4.5.1, and let fWX! Y be a proper,
topologically finitely presented morphism. Then the following assertions hold true:

• The functor Rf� sends D�qc;acoh.X/ to D�qc;acoh.Y/ for any � 2 ¹“ ”;C;�; bº.

• The functor Rf� sends D�acoh.X/
a to D�acoh.Y/

a for any � 2 ¹“ ”;C;�; bº.

• The functor Rf� sends DCacoh.X/ to DCacoh.Y/.

• If Y0 WDY�Spf R .SpecR=I/ has finite Krull dimension, then Rf� sends D�acoh.X/

to D�acoh.Y/ for any � 2 ¹“ ”;C;�; bº.

Moreover, if Y D Spf A is an affine scheme and F is an adically quasi-coherent,
almost coherent OX-module, then Hn.X;F / is almost coherent over A, and the nat-
ural map Hn.X;F /� ! Rnf�F is an isomorphism of OY-modules for n � 0.

Lemma 5.1.7. Let Y be a quasi-compact adic formal R-scheme, and let fWX !

Y be a topologically finite type, quasi-separated morphism. Suppose furthermore
that the reduction Y0 D Y �Spf R .SpecR=I/ (or, equivalently, the “special fiber”
Y D Y �Spf R SpecR=Rad.I /) is of finite Krull dimension. Then X has finite Krull
dimension, and f� is of finite cohomological dimension on ModX.

Proof. The proof is identical to that of Lemma 5.1.4 once we notice that the underly-
ing topological spaces of Y, Y0, and Y are canonically identified.
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Also, before starting the proof of Theorem 5.1.6, we need to establish the follow-
ing preliminary lemma:

Lemma 5.1.8. Let fWX ! Y D Spf A be a morphism as in Theorem 5.1.6 with
affine Y, and let F 2 ModX be an adically quasi-coherent, almost coherent sheaf.
Then Rqf�F is an adically quasi-coherent, almost coherent OY-module if

(1) the A-module Hq.X;F / is almost coherent for any q � 0, and

(2) for any g 2 A with U D Spf A¹gº, the canonical map

Hq.X;F /˝A A¹gº ! Hq.XU;F /;

is an isomorphism for any q � 0.

Proof. Consider anA-moduleM WDHq.X;F / that is almost coherent by our assump-
tion. So, Lemma 2.12.7 guarantees that M is I -adically complete, and so M� is an
adically quasi-coherent, almost coherent OX-module. Now note that Rqf�F is the
sheafification of the presheaf

U 7! Hq.XU;F /:

Thus, there is a canonical map M ! H0.Y;Rqf�F / that induces a morphism

M�
! Rqf�F :

The second assumption together with Lemma 2.8.1 and Lemma 2.12.7 ensure that
this map is an isomorphism on stalks (as the sheafification process preserves stalks).
Therefore, M� ! Rqf�F is an isomorphism of OX-modules. In particular, Rqf�F
is adically quasi-coherent and almost coherent.

Proof of Theorem 5.1.6. We use the same reductions as in the proof of Theorem 5.1.3
to reduce to the case of an adically quasi-coherent, almost coherent OX-module F .
Moreover, the statement is local on Y, so we can assume that Y D Spf A is affine.

Now we show that both conditions in Lemma 5.1.8 are satisfied in our situation.

Step 1: Hq.X;F / is almost coherent for every q � 0. Fix a finitely generated ideal
m0 � m and another finitely generated ideal m1 � m such that m0 � m2

1.
Theorem 4.7.6 guarantees that there are a coherent OX-module Gm1 and a mor-

phism �m1 WGm1 ! F such that its kernel and cokernel are annihilated by m1. Then
it is easy to see that the natural morphism

Hq.X;Gm1/! Hq.X;F /

has kernel annihilated by m2
1 and cokernel annihilated by m1. In particular, both

the kernel and cokernel are annihilated by m0. Since m0 was an arbitrary finitely
generated sub-ideal of m, it suffices to show that Hq.X;Gm1/ are coherentA-modules
for any q � 0. This follows from Theorem 5.1.5.
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Step 2: The canonical maps Hq.X;F /˝A A¹gº! Hq.XU;F / are isomorphisms for
any g 2 A, q � 0, and UD Spf A¹gº. Lemma 4.7.5 guarantees that F admits an FP-
approximation �WG ! F . Using Lemma 4.5.14, we get the short exact sequences of
adically quasi-coherent sheaves

0!K ! G !M! 0;

0!M! F ! Q! 0;

where K and Q are annihilated by I nC1 for some n� 0. So K and Q can be identified
with quasi-coherent sheaves on Xn WD X �Spf A SpecA=I nC1. Therefore, the natural
morphisms

Hq.X;K/˝A A¹gº ' Hq.Xn;K/˝A=InC1 .A=I
nC1/g! Hq.XU;n;K/;

Hq.X;Q/˝A A¹gº ' Hq.Xn;Q/˝A=InC1 .A=I
nC1/g ! Hq.XU;n;Q/

are isomorphisms for q � 0. The morphism

Hq.X;G /˝A A¹gº ! Hq.XU;G / (5.1.1)

is an isomorphism by Theorem 5.1.5. Consequently, the five lemma and A-flatness
of A¹gº imply that the morphism

Hq.X;M/˝A A¹gº ! Hq.XU;M/

is an isomorphism for any q � 0 as well. Applying the five lemma again (and A-
flatness of A¹gº), we conclude that the morphism

Hq.X;F /˝A A¹gº ! Hq.XU;F /

must be an isomorphism for any q � 0 as well.

5.2 Characterization of quasi-coherent, almost coherent complexes

The main goal of this section is to show an almost analogue of [68, Tag 0CSI]. This
gives a useful characterization of objects in Dbqc;acoh.X/ on a separated, finitely pre-
sentedR-scheme for a universally coherentR. This will be crucially used in our proof
of the almost version of the formal GAGA theorem (see Theorem 5.3.2).

Our proof follows the proof of [68, Tag 0CSI] quite closely, but we need to make
certain adjustments to make the arguments work in the almost coherent setting.

Theorem 5.2.1. Let R be a universally coherent ring with an ideal m such that
m2 D m and em WD m˝R m is flat. Suppose that F 2 Dqc.PnR/ is an element such
that RHomPn.P ;F / 2 D�acoh.R/ for P D

Ln
iD0 O.i/. Then F 2 D�qc;acoh.P

n
R/.

https://stacks.math.columbia.edu/tag/0CSI
https://stacks.math.columbia.edu/tag/0CSI
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Proof. We follow the ideas of [68, Tag 0CSG]. Denote the dg algebra RHomX .P ;P /
by S . A computation of cohomology groups of line bundles on PnR implies that S
is a “discrete” non-commutative algebra that is finite and flat over R. Now [68,
Tag 0BQU]1 guarantees that the functor

�˝
L
S P WD.S/! Dqc.PnR/

is an equivalence of categories, and its quasi-inverse is given by

RHom.P ;�/WDqc.PnR/! D.S/:

So, if we define M WD RHom.P ;F / 2 D.S/, our assumption implies that the image
of M in D.R/ lies in D�acoh.R/.

Therefore, it suffices to show that, for any N 2 D.S/ such that its image in D.R/
lies in D�acoh.R/, we have that N ˝L

S P lies in D�qc;acoh.P
n
R/.

We use the convergence spectral sequence

Ep;q2 D Hp.Hq.N /˝L
S P /) HpCq.N ˝L

S P /

to conclude that it suffices to assume thatN is just an S -module. Now we fix a finitely
generated ideal m1 � m and a finitely generated ideal m0 � m such that m1 � m2

0.
Then Lemma 2.8.4 implies that there is a finitely presented right S -module N 0 with a
morphism f WN 0! N such that Kerf and Cokerf are annihilated by m0. Then the
universal coherence of R and [68, Tag 0CSF] imply that N 0 ˝L

S P 2 D�qc;coh.P
n
R/.

Now we note that the functor

�˝
L
S P WD.S/! Dqc.PnR/

is R-linear, so the standard argument shows that the cone of the morphism

f ˝L
S P WN 0 ˝L

S P ! N ˝L
S P

has cohomology sheaves annihilated by m1 � m2
0. Since m1 � m was an arbitrary

finitely generated ideal, Lemma 2.5.7 implies thatN ˝L
S P is in D�qc;acoh.P

n
R/ and this

finishes the proof.

Lemma 5.2.2. Let R be a universally coherent ring, let X be a finitely presented
separated R-scheme, and let K 2 Dqc.X/. If R�.X; E ˝L

OX
K/ is in D�acoh.R/ for

every E 2 D�coh.X/, then K 2 D�qc;acoh.X/.

Proof. We follow the proof of [68, Tag 0CSL]. First, we note that the condition that
K 2 D�qc;acoh.X/ is local on X because X is quasi-compact. Therefore, we can prove
it locally around each point x. We use [68, Tag 0CSJ] to find

1Note that they have slightly different notations for R and S .

https://stacks.math.columbia.edu/tag/0CSG
https://stacks.math.columbia.edu/tag/0BQU
https://stacks.math.columbia.edu/tag/0CSF
https://stacks.math.columbia.edu/tag/0CSL
https://stacks.math.columbia.edu/tag/0CSJ
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• an open subset U � X containing x,

• an open subset V � PnR,

• a closed subset Z � X �R PnR with a point z 2 Z lying over x,

• an object E 2 D�coh.X �R PnR/,
with a lot of properties listed in the cited lemma. Even though the notation is pretty
heavy, the only properties of these objects that we will use are that x 2 U and that

Rq�.Lp�K ˝L E/jV D R.U ! V /�.KjU /:

The last formula is proven in [68, Tag 0CSK] and we refer to this lemma for a dis-
cussion of the morphism U ! V that turns out to be a finitely presented closed
immersion.

That being said, it is sufficient to show that KjU is almost coherent for each
such U . Moreover, the formula Rq�.Lp�K ˝L E/jV D R.U ! V /�.KjU /, the fact
that U ! V is a finitely presented closed immersion, and Lemma 2.8.4 imply that it
suffices to show that R.U ! V /�.KjU / D Rq�.Lp�K ˝L E/jV lies in D�qc;acoh.V /.
In particular, it is enough to show that Rq�.Lp�K ˝L E/ 2 D�qc;acoh.P

n
R/.

Now we check this using Theorem 5.2.1. For doing so, we define a sheaf P WDLn
iD0 OPn.i/ and observe that

RHomPn
�
P ;Rq�.Lp�K ˝L E/

�
D R�

�
Pn;Rq�.Lp�K ˝L E/˝L

OPn
P_

�
D R�

�
Pn;Rq�

�
Lp�K ˝L E ˝L Lq�P_

��
D R�

�
X �R PnR;Lp

�K ˝L E ˝L Lq�P_
�

D R�
�
X;Rp�

�
Lp�K ˝L E ˝L Lq�P_

��
D R�

�
X;K ˝L

OX
Rp�

�
E ˝L Lq�P_

��
;

where the second equality and the fifth equality come from the projection formula
[68, Tag 08EU]. Now we note that the proper mapping theorem (see Theorem 5.1.2)
implies that Rp�.E ˝L Lq�P_/ 2 D�coh.X/. So our assumption on K implies that

RHomPn.P ;Rq�.Lp�K˝LE//DR�.X;K ˝L
OX

Rp�.E ˝LLq�P_// 2D�acoh.R/:

Now Theorem 5.2.1 finishes the proof.

Theorem 5.2.3. Let R be a universally coherent ring, let X be a separated, finitely
presentedR-scheme. If F 2D�qc.X/ is an object such that RHomX .P ;F /2D�acoh.R/

for any P 2 Perf.X/, then F2D�qc;acoh.X/. Analogously, if RHomX .P;F /2Dbacoh.R/

for any P 2 Perf.X/, then F 2 Dbqc;acoh.X/.

Proof. With Lemma 5.2.2 and the equality RHomX .P ;F / D R�.X;P_ ˝L
OX

F /

at hand, the first part of the theorem is absolutely analogous to [68, Tag 0CSH]. The
second part now follows directly from [68, Tag 09IS] and [4, Lemma 3.0.12].

https://stacks.math.columbia.edu/tag/0CSK
https://stacks.math.columbia.edu/tag/08EU
https://stacks.math.columbia.edu/tag/0CSH
https://stacks.math.columbia.edu/tag/09IS
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5.3 The GAGA theorem

The main goal of this section is to prove the formal GAGA theorem for almost coher-
ent sheaves. It roughly says that any adically quasi-coherent, almost coherent sheaf
on a completion of a proper, finitely presented scheme admits an essentially unique
algebraization, and the same holds for morphisms of those sheaves.

We start by recalling the statement of the classical formal GAGA theorem. We
fix an I -adically complete noetherian ring A and a proper A-scheme X . Then we
consider the I -adic completion X as a formal scheme over Spf A. It comes equipped
with the natural morphism cWX! X of locally ringed spaces that induces a functor

c�WCohX ! CohX:

The GAGA theorem says that it is an equivalence of categories. Let us say a few words
about the classical proof of this theorem. It consists of three essentially independent
steps: the first is to show that the morphism c is flat; the second is to show that the
functor c� induces an isomorphism

c�WHi .X;F/! Hi .X; c�F/

for any F 2 CohX and any integer i . The last is to prove that any coherent sheaf
G 2 CohPN admits a surjection of the form

L
i O.ni /

mi ! G . Though the first two
steps generalize to our set-up, there is no chance of having an analogue of the last
statement. The reason is easy: existence of such a surjection would automatically
imply that the sheaf G is of finite type, however, almost coherent sheaves are usually
not of finite type.

This issue suggests that we should take another approach to GAGA theorems
recently developed by J. Hall in his paper [31]. The main advantage of this approach
is that it first constructs a candidate for algebraization, and only then proves that this
candidate indeed provides an algebraization. We adapt this strategy to our almost
context.

We start with the discussion of the GAGA functor in the almost world. In what
follows, we assume that R is a ring from Set-up 4.5.1. We fix a finitely presented
R-scheme X , and we consider its I -adic completion X that is a topologically finitely
presented formal R-scheme. The formal scheme X comes equipped with the canoni-
cal morphism of locally ringed spaces

cW .X;OX/! .X;OX /

that induces the pullback functor

Lc�WD.X/! D.X/:

We now want to check that this functor preserves quasi-coherent, almost coherent
objects. This verification will be necessary even to formulate the GAGA statement.
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Lemma 5.3.1. Let R be a ring as in Set-up 4.5.1, A a topologically finitely presented
R-algebra, and X a finitely presented A-scheme. Then the morphism c is flat, and
the funtor c�WModX ! ModX sends (quasi-coherent and) almost coherent sheaves
to (adically quasi-coherent and) almost coherent sheaves. In particular, it induces
functors

Lc�WD�qc;acoh.X/! D�qc;acoh.X/

for any � 2 ¹“ ”;C;�; bº.

Proof. The flatness assertion follows from [25, Proposition I.1.4.7 (2)]. Flatness of c
implies that it suffices to show that c�.G/ is an adically quasi-coherent, almost coher-
ent OX-module for a quasi-coherent, almost coherent OX -module G. This claim is
Zariski-local on X . Thus we can assume that X D SpecA is affine, so G 'fM for
some almost finitely presented A-module M . This case is done in Lemma 4.6.3.

Theorem 5.3.2. Let R be a ring as in Set-up 4.5.1, A a topologically finitely pre-
sented R-algebra, and X a finitely presented, proper A-scheme. Then the functor

Lc�WD�qc;acoh.X/! D�qc;acoh.X/

induces an equivalence of categories for � 2 ¹“ ”;C;�; bº.

Corollary 5.3.3. Let R, A and X be as in Theorem 5.3.2. Then the functor

Lc�WD�acoh.X/
a
! D�acoh.X/

a

induces an equivalence of categories for � 2 ¹“ ”;C;�; bº.

Corollary 5.3.4. Let R, A, and X be as in Theorem 5.3.2, and let K 2 Dqc;acoh.X/.
Then the natural map

ˇK WR�.X;K/! R�.X;Lc�K/

is an isomorphism. Moreover, ˇK is an almost isomorphism for K 2 Dacoh.X/.

Proof. Note that the case of K 2 Dacoh.X/ follows from the case of K 2 Dqc;acoh.X/

due to Lemma 3.2.17 and Proposition 3.5.23. So, it suffices to prove the claim for
K 2 Dqc;acoh.X/.

Now since we are allowed to replace K with KŒi� for any integer i , it suffices to
show that the map

H0.R�.X;K// ' HomX .OX ; K/! HomX.OX;Lc�K/ ' H0.R�.X;Lc�K//

is an isomorphism. This follows from Theorem 5.3.2 together with the observation
that OX ' Lc�OX .
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Our proof of Theorem 5.3.2 will follow Jack Hall’s proof of the GAGA theorem
very closely with some simplifications due to the flatness of the functor c�. As he
works entirely in the setting of pseudo-coherent objects, and almost coherent sheaves
may not be pseudo-coherent, we have to repeat some arguments in our setting.

Before we embark on the proof, we need to define the functor in the other direc-
tion. Recall that the morphism of locally ringed spaces c defines the derived pushfor-
ward functor

Rc�WD.X/! D.X/:

This functor is t -exact as cWX!X is topologically just a closed immersion. In partic-
ular, it preserves boundedness of complexes (in any direction). However, that functor
usually does not preserve (almost) coherent objects as can be seen in the example of
Rc�OX D c�OX. A way to fix it is to use the quasi-coherator functor

RQX WD.X/! Dqc.X/

that is defined as the right adjoint to the inclusion �WDqc.X/! D.X/. It exists by
[68, Tag 0CR0]. We define the functor

RcqcWD.X/! Dqc.X/

as the composition Rcqc WD RQX ı Rc�.
Combining the adjunctions .Lc�;Rc�/ and .�;RQX /, we conclude that we have

a pair of the adjoint functors:

Lc� W Dqc.X/� D.X/ WRcqc:

That gives us the unit and counit morphisms

�W id! RcqcLc� and "WLc�Rcqc ! id:

For future reference, we also note that the above adjunction and the monoidal property
of the functor Lc� define a projection morphism

�G;F WG˝L
OX

.RcqcF /! Rcqc
�
Lc�G˝L

OX
F
�

for any G2Dqc.X/ and any F 2D.X/. Before discussing the proof of Theorem 5.3.2,
we need to establish some properties of these functors.

Lemma 5.3.5. Let R be a ring as in Set-up 4.5.1, A a topologically finitely presented
R-algebra, andX a finitely presented A-scheme. Then there is an integerN DN.X/
such that Rcqc carries D�nqc;acoh.X/ to D�nCNqc .X/ (resp. DŒa;n�qc;acoh.X/ to DŒa;nCN�qc .X/)
for any integer n. In particular, the natural map

��aRcqcF ! ��a
�
Rcqc�

�a�NF
�

is an isomorphism for any F 2 Dqc;acoh.X/ and any integer a.

https://stacks.math.columbia.edu/tag/0CR0
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Proof. We explain the proof that Rcqc carries D�nqc;acoh.X/ to D�nCNqc .X/; the case of
DŒa;n�qc;acoh.X/ is similar. We fix an object F 2 D�nqc;acoh.X/ and note that Rc�F D c�F
since c is topologically a closed immersion. Thus, [68, Tag 0CSA] implies2 that it
suffices to show that

Hi
�
R�.U;Rc�F /

�
D Hi

�
R�.U; c�F /

�
D 0

for any open affine U � X and any i � n. Therefore, we see that

Hi
�
R�.U;Rc�F /

�
D Hi

�
R�. yU ;F /

�
D Hi

�
yU ;F j yU

�
;

and thus Lemma 4.8.11 implies that Hi
�
yU ;F j yU

�
D 0 for any i � n. This finishes the

proof of the first claim in the lemma.
The second claim of the lemma follows from the first claim and the distinguished

triangle
��a�N�1F ! F ! ��a�NF ! ��a�N�1F :

Namely, we apply the exact functor Rcqc to this distinguished triangle to get that

Rcqc.�
�a�N�1F /! RcqcF ! Rcqc.�

�a�NF /! Rcqc.�
�a�N�1F Œ1�/

is a distinguished triangle in Dqc.X/ and that Rcqc.�
�a�N�1F / 2 D�a�1qc .X/. This

implies that the map

��aRcqcF ! ��aRcqc.�
�a�NF /

is an isomorphism.

Lemma 5.3.6. Let X be as in Theorem 5.3.2, F 2 D�qc;acoh.X/ and G 2 D�qc.X/.
Suppose that for each i there is some ni such that I niH i .F /D 0 and I niH i .G/D 0.
Then the natural morphisms �G and "F are isomorphisms.

Proof. We prove the claim only for F as the other claim is similar.

Reduction to the case when F 2 Dbqc;acoh.X/: First, we note that it suffices to show
that the natural map

��aF ! ��aLc�RcqcF

is an isomorphism for any integer a. Moreover, we also note that t -exactness of
Lc� and Lemma 5.3.5 imply that there is an integer N such that the natural map
��aLc�RcqcF ! ��aLc�Rcqc�

�a�NF is an isomorphism for any integer a. In par-
ticular, we have a commutative diagram

��a�NF Lc�Rcqc.�
�a�NF /

��aF ��aLc�RcqcF ' �
�aLc�Rcqc�

�a�NF ;

2We note that the proof of [68, Tag 0CSA] works well with a D �1 as well.

https://stacks.math.columbia.edu/tag/0CSA
https://stacks.math.columbia.edu/tag/0CSA
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where the vertical maps induce isomorphisms in degree � a. Therefore, it suffices to
prove the claim for ��a�NF . So we may and do assume that F is bounded.

Proof for a bounded F : The case of a bounded F easily reduces to the case of an
adically quasi-coherent, almost coherent OX-module F concentrated in degree 0. In
that situation, we have I kC1F D 0 for some k. This implies that F D ik;�Fk D

Rik;�Fk for the closed immersion ik WXk ! X. Now it is straightforward to see that
the canonical map

Rik;�Fk ! Lc�Rcqc.Rik;�Fk/

is an isomorphism. The key is flatness of c and the observation that Rc�.Rik;�Fk/ is
already quasi-coherent, so the quasi-coherator does nothing in this case.

Lemma 5.3.7. If G 2 Dqc.X/ and F 2 D.X/, then the natural projection morphism

�G;F WG˝L
OX

RcqcF ! Rcqc.Lc�G˝L
OX

F /

is an isomorphism if G is perfect.

Proof. [31, Lemma 4.3].

Now we come to the key input ingredient. Although Rcqc is quite abstract and
difficult to compute in practice, it turns out that the almost proper mapping theorem
allows us to check that this functor sends D�qc;acoh.X/ to D�qc;acoh.X/. This would give
us a candidate for an algebraization.

Lemma 5.3.8. Let R be a ring as in Set-up 4.5.1, A a topologically finitely presented
R-algebra, andX a finitely presented, properA-scheme. Then Rcqc sends D�qc;acoh.X/

to D�qc;acoh.X/ for � 2 ¹�; bº.

Proof. We prove only the bounded above case as the other one follows from this
using Lemma 5.3.5. We pick any F 2 D�qc;acoh.X/ and use Theorem 5.2.3 to say that
it is sufficient to show that RHomX .P;Rc�F / 2 D�acoh.R/ for any perfect complex
P 2 Perf.X/. For this, we consider the following sequence of isomorphisms:

RHomX .P;RcqcF / D RHomX.Lc�P;F /

D RHomX.OX;
�
Lc�P

�_
˝

L
OX

F /

D R�
�
X; .Lc�P/_ ˝L

OX
F
�
:

Then we note that P WD .Lc�P/_ is a perfect complex of OX-modules, and therefore
P˝L

OX
F lies in D�qc;acoh.X/. Thus, R�.X;P˝L

OX
F / lies in D�acoh.R/ due to the

almost proper mapping theorem (see Theorem 5.1.6).

Finally, we are ready to give a proof of the GAGA theorem.

Proof of Theorem 5.3.2. For clarity, we divide the proof into the verification of sev-
eral claims.
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Claim 0: It suffices to show the theorem for � D �, that is, for bounded above
derived categories. Indeed, flatness of c� implies that Lc� preserves boundedness
(resp. boundedness above, resp. boundedness below), so it suffices to show that the
natural morphisms

�GWG! RcqcLc�G;
"F WLc�RcqcF ! F

are isomorphisms for any G 2 Dqc;acoh.X/ and F 2 Dqc;acoh.X/.
We fixN as in Lemma 5.3.5. Then flatness of c� and Lemma 5.3.5 guarantee that

RcqcLc���aG 2 DŒa;1�.X/;

Lc�Rcqc�
�aF 2 DŒa;1�.X/:

Therefore, we see that �G is an isomorphism on H i for i < a if and only if the
same holds for ���a�1G. Since a was arbitrary, we conclude that it suffices to show
that �G is an isomorphism for G 2D�qc;acoh.X/. Similar argument shows that it suffices
to show that "F is an isomorphism for F 2 D�qc;acoh.X/. So it suffices to prove the
theorem for � D �.

Before we formulate the next claim, we need to use the so-called “approximation
by perfect complexes” [68, Tag 08EL] to find some P 2 Perf.X/ such that ��0P '
OX=I ' OX0 and whose support is equal to X0. We note that it implies that all coho-
mology sheaves H i .P/ are killed by some power of I . We also denote its (derived)
pullback by P WD Lc�P.

Claim 1: If G 2 D�qc;acoh.X/ such that G˝L
OX

P ' 0, then we have G ' 0. Similarly,
if F 2 D�qc;acoh.X/ such that F ˝L

OX
P ' 0, then F ' 0. We choose a maximal

m (assuming that G 6' 0) such that Hm.G/ ¤ 0. Then we see that Hm.G˝L
OX

P/ '
Hm.G/˝OX OX0 DHm.G/=I . Also, .Hm.G/=I /.U /DHm.G/.U /=I ' 0 on any
open affineU . So Nakayama’s lemma (see Lemma 2.5.19) implies that Hm.G/.U /'
0 for any such U . This contradicts the choice of m. The proof in the formal set-up is
the same once we notice that H0.P / D OX=I .

Claim 2: The map �GWG! RcqcLc�G is an isomorphism for any G 2 D�qc;acoh.X/.
Claim 1 implies that it is sufficient to show that the map

"G ˝
L
OX

PWG˝L
OX

P! RcqcLc�G˝L
OX

P (5.3.1)

is an isomorphism. Recall that the cohomology sheaves of P are killed by some power
of I . This property passes to G˝L

OX
P, so we can use Lemma 5.3.6 to get that the

map
"G˝L

OX
PWG˝

L
OX

P! Rcqc
�
Lc�.G˝L

OX
P /
�

https://stacks.math.columbia.edu/tag/08EL
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is an isomorphism. Now comes the key: we fit the morphism "G˝L
OX

P into the follow-
ing commutative triangle:

G˝L
OX

P RcqcLc�G˝L
OX

P

Rcqc.Lc�.G˝L
OX

P // Rcqc.Lc�G˝L
OX

Lc�P/;

"G˝
L
OX

P

"
G˝L

OX
P �P;Lc�G

�

where the bottom horizontal arrow is the isomorphism map induced by the monoidal
structure on Lc�. Moreover, we have already established that the left vertical arrow is
an isomorphism, and the right vertical arrow is an isomorphism due to Lemma 5.3.7.
That shows that the top horizontal must also be an isomorphism.

Claim 3: The map "F WLc�RcqcF ! F is an isomorphism for any F 2 D�qc;acoh.X/.
We use Claim 1 again to say that it is sufficient to show that the map

"F ˝
L
OX

Lc�PWLc�RcqcF ˝
L
OX

Lc�P! F ˝L
OX

Lc�P

is an isomorphism. But that map fits into the commutative diagram:

Lc�RcqcF ˝
L
OX

Lc�P F ˝L
OX

Lc�P

Lc�.RcqcF ˝
L
OX

P/ Lc�Rcqc.F ˝
L
OX

Lc�P/

"F˝
L
OX

Lc�P

o

Lc�.�P;F /

"
F˝L

OX
Lc�P

where the vertical morphism on the left is the canonical isomorphism induced by the
monoidal structure on Lc�, the bottom morphism is an isomorphism by Lemma 5.3.7,
and the right vertical morphism is an isomorphism by Lemma 5.3.6. This implies that
the top horizontal morphism is an isomorphism as well. This finishes the proof.

5.4 The formal function theorem

In this section, we prove the formal function theorem for almost coherent sheaves as
a consequence of the formal GAGA theorem established in the previous section.

For the rest of the section, we fix a ring R as in Set-up 4.5.1 and a finitely pre-
sented or a topologically finitely presented R-algebra A.

Remark 5.4.1. Both A and yA are topologically universally adhesive by [25, Propo-
sition 0.8.5.19], and they are (topologically universally) coherent by [25, Proposi-
tion 0.8.5.23].
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For the next definition, we fix a finitely presented A-scheme X and an OX -
module F .

Definition 5.4.2. The natural I -filtration F�Hi .X;F / on Hi .X;F / is defined via
the formula

FnHi .X;F / WD Im
�
Hi .X; I nF /! Hi .X;F /

�
:

The natural I -topology on Hi .X;F / is the topology induced by the natural I -
filtration.

Lemma 5.4.3. Let X be a finitely presented A-scheme, F a quasi-coherent almost
finitely generated OX -module, and G � F a quasi-coherent OX -submodule of F .
Then, for any n, there is an m such that ImF \ G � I nG .

Proof. It suffices to assume that X is affine, in which case the claim follows from
Lemma 2.12.6.

Lemma 5.4.4. Let X be a finitely presented A-scheme, F and G quasi-coherent
almost finitely generated OX -modules, and 'WG ! F an OX -linear homomorphism
such that Ker.'/ and Coker.'/ are annihilated by I c for some integer c. Then, for
every i � 0, the natural I -topology on Hi .X;F / coincides with the topology induced
by the filtration

FilnG Hi .X;F / D Im
�
Hi .X; I nG /! Hi .X;F /

�
:

Proof. Consider the short exact sequences

0!K ! G ! H ! 0;

0! H ! F ! Q! 0;

where K and Q are annihilated by I c . The first short exact sequence induces the
following short exact sequence:

0!K \ ImG ! ImG ! ImH ! 0

for anym� 0. Lemma 5.4.3 implies that K \ ImG � I cKD 0 form� 0. Therefore,
the natural map ImG ! ImH is an isomorphism for m� 0. Note that H is almost
finitely generated and quasi-coherent, so we can replace G with H to assume that '
is injective.

Clearly, FilkG Hi .X;F / � FkHi .X;F / for every k. So it suffices to show that, for
any k, there ism such that FmHi .X;F /� FilkG Hi .X;F /. We consider the short exact
sequence

0! G \ ImF ! ImF ! ImQ! 0:
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Ifm� c, we get that G \ ImF D ImF because I cQ' 0. Now we use Lemma 5.4.3
to conclude there is m � c such that

ImF D G \ ImF � I kG :

Therefore, FmHi .X;F / � FilkG Hi .X;F /.

Lemma 5.4.5. Let X be a finitely presented A-scheme, F and G quasi-coherent
almost finitely generated OX -modules, and 'WG ! F an OX -linear homomorphism
such that Ker.'/ and Coker.'/ are annihilated by I c for some integer c. Suppose
that the natural I -topology on Hi .X;G / is the I -adic topology. Then the same holds
for Hi .X;F /.

Proof. Clearly, I nHi .X;F / � FnHi .X;F /. So it suffices to show that, for every n,
there is an m such that FmHi .X;F / � I nHi .X;F /.

The assumption that the natural I -topology on Hi .X; G / coincides with the I -
adic topology guarantees that FkHi .X; G / � I nHi .X; G / for large enough k. Pick
such k. Lemma 5.4.4 implies that

FmHi .X;F / � Im.Hi .X; I kG /! Hi .X;F //

for large enough m. So we get that

FmHi .X;F / � Im
�
Hi .X; I kG /! Hi .X;F /

�
� Im

�
I nHi .X;G /! Hi .X;F /

�
� I nHi .X;F /

for a large enough m.

Theorem 5.4.6. Let X be a proper, finitely presented A-scheme, and F a quasi-
coherent, almost coherent OX -module. Then the natural I -topology on Hi .X; F /
coincides with the I -adic topology for any i � 0.

Proof. Lemma 4.7.3 guarantees that there are a finitely presented OX -module G and a
morphism 'WG ! F such that I n.Ker'/D 0 and I n.Coker'/D 0 for some integer
n > 0. Lemma 5.4.5 then ensures that it suffices to prove the claim for G . In this case,
the claim follows [25, Proposition I.8.5.2 and Lemma 0.7.4.3] and Remark 5.4.1.

Now we consider a proper, finitely presented A-scheme X , and an almost coher-
ent OX -module F . We denote the I -adic completion of X by X, so we have the
following commutative diagram:

X X

Spf . yA / SpecA:

c

yf f (5.4.1)
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Then we consider four different cohomology groups

Hi .X; c�F /; 3Hi .X;F /; Hi .X;F /˝A yA; and lim
n

Hi .Xn;Fn/;

and note that they are related via the following A-linear homomorphisms:

Hi .X;F /˝A yA 3Hi .X;F /

Hi .X; c�F / limn Hi .Xn;Fn/:

˛i
F

ˇ i
F

�i
F

 i
F

(5.4.2)

We show that all these morphisms are (almost) isomorphisms:

Theorem 5.4.7. In the notation as above, all maps ˛i
F
; ˇi

F
;  i

F
; �i

F
are almost

isomorphisms for any almost coherent OX -module F . If F is quasi-coherent, almost
coherent, then these maps are isomorphisms.

Proof. Once again, we divide the proof into several (numbered) steps.

Step 0: Reduction to the case of a quasi-coherent, almost coherent sheaf F . We
observe that Lemma 3.3.1, Lemma 3.2.17 and the fact that limits of two almost iso-
morphic direct systems are almost the same, allow us to replace F with em˝ F to
assume that F is quasi-coherent and almost coherent.

Step 1: ˛i
F

is an isomorphism. This is just a consequence of Lemma 2.12.7, as we
established in Theorem 5.1.3 that Hi .X;F / is an almost coherent A-module.

Step 2: ˇi
F

is an isomorphism. We note that the assumptions onA imply that the map
A! yA is flat by [25, Proposition 0.8.218]. Thus, flat base change for quasi-coherent
cohomology groups implies that Hi .X;F /˝A yA' Hi .X yA;F yA/. Therefore, we may
and do assume thatA is I -adically complete. Then the map Hi .X;F /!Hi .X; c�F /
is an isomorphism by Theorem 5.3.2.

Step 3: ˛i
F

is injective. Theorem 5.4.6 and Corollary 5.3.4 imply that the I -adic
topology of Hi .X;F / coincides with the natural I -topology. Therefore,

3Hi .X;F / ' lim
n

Hi .X;F /
Im
�
Hi .X; I nC1F /! Hi .X;F /

� :
Clearly, we have an inclusion

Hi .X;F /
Im
�
Hi .X; I nC1F /! Hi .X;F /

� ,! Hi .Xn;Fn/:

Therefore, we conclude that ˛i
F

is injective by left exactness of the limit functor.
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Step 4:  i
F

is surjective. Recall that F ' limk Fk because F is adically quasi-
coherent. Therefore, [25, Corollary 0.3.2.16] implies that it is sufficient to show that
there is a basis of opens B such that, for every U 2 B,

Hi .U;F / D 0 for i � 1;

and
H0.U;FkC1/! H0.U;Fk/ is surjective for any k � 0:

Vanishing of the higher cohomology groups of adically quasi-coherent sheaves on
affine formal schemes (see [25, Theorem I.7.1.1]) implies that one can take B to be
the basis consisting of open affine formal subschemes of X. Therefore, we get that  i

F

is indeed surjective for any i � 0.

Step 5: ˛i
F

and  i
F

are isomorphisms. This follows formally from commutativity of
Diagram (5.4.1) and the previous steps.

5.5 Almost version of Grothendieck duality

For this section, we fix a universally coherent ring R with an ideal m such thatem WD m˝R m is R-flat and m2 D m. Since R is universally coherent, there is a
good theory of a functor f Š for morphisms f between finitely presented, separated
R-schemes.3

Proposition 5.5.1. Let f WX ! Y be a morphism between separated, finitely pre-
sented R-schemes. Then f Š sends DCqc;acoh.Y / to DCqc;acoh.X/.

Proof. The only thing that we need to check here is that f Š preserves almost coher-
ence of cohomology sheaves. This statement is local, so we can assume that both X
and Y are affine. Then we can choose a closed embedding X ! AnY ! Y . So, it
suffices to prove the claim for a finitely presented closed immersion and for the mor-
phism AnY ! Y .

In the case f WX ! Y a finitely presented closed immersion, we know that for
any F 2 DCqc.Y /,

f ŠF ' RHom Y .f�OX ;F /:

Since Y is a coherent scheme and f is finitely presented, we conclude that f�OX
is an almost coherent OY -module. So, f ŠF D RHom Y .f�OX ;F / 2 Dqc;acoh.X/ by
Corollary 4.4.11.

3This theory does not seem to be addressed in the literature in this generality, however, all
arguments from [68, Tag 0DWE] can be adapted to this level of generality with little or no extra
work. See [71, Section 2.1–2.2] for more detail.

https://stacks.math.columbia.edu/tag/0DWE
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Now we consider the case of a relative affine space f WX D AnY ! Y . In this
case, we have f ŠF ' Lf �F ˝LOX �

n
X=Y

Œn�. Then Lf �.F / 2 DCqc;acoh.X/ in view
of Lemma 4.4.7 (4), and so Lf �F ˝LOX �

n
X=Y

Œn� 2 DCqc;acoh.X/ because �n
X=Y

is
(non-canonically) isomorphic to OX .

Now we use Proposition 5.5.1 to define the almost version of the upper shriek
functor:

Definition 5.5.2. Let f WX ! Y be a morphism of separated, finitely presented R-
schemes. We define the almost upper shriek functor f Ša WDCaqc.Y /

a ! DCaqc.X/
a as

f Ša.F / WD .f
Š.FŠ//

a.

Remark 5.5.3. In what follows, we will usually denote the functor f Ša simply by f Š

as it will not cause any confusion.

Lemma 5.5.4. Let f WX ! Y be a morphism between separated, finitely presented
R-schemes. Then f Š carries DCacoh.Y /

a to DCacoh.X/
a.

Proof. This follows from Proposition 5.5.1.

Theorem 5.5.5. Let f WX ! Y be as above. Suppose that f is proper. Then the
functor f ŠWDCaqc.Y /

a ! DCaqc.X/
a is a right adjoint to Rf�WDCaqc.Y /

a ! DCaqc.X/
a.

We note that the theorem makes sense as Rf� carries DCaqc.X/
a into DCaqc.Y / due

to Lemma 4.4.9.

Proof. This follows from a sequence of canonical isomorphisms:

HomD.Y /a
�
Rf�F a;G a

�
' HomD.Y /

�em˝ Rf�F ;G
�

Lemma 3.1.13

' HomD.Y /
�
Rf�.em˝ F /;G

�
Lemma 3.3.5

' HomD.X/
�em˝ F ; f Š.G /

�
Grothendieck duality

' HomD.X/a
�
F a; f Š.G /a

�
: Lemma 3.1.13:

Now suppose that f WX ! Y is a proper morphism of separated, finitely pre-
sented R-schemes, F a 2 DCaqc.X/

a, and G a 2 DCaqc.Y /
a. Then we want to construct

a canonical morphism

Rf�RalHomX .F
a; f Š.G a//! RalHom Y .Rf�.F a/;G a/:

Lemma 3.5.16 says that such a map is equivalent to a map

Rf�RalHomX

�
F a; f Š.G a/

�
˝
L
OX

Rf�.F a/! G a:

We construct the latter map as the composition

Rf�RalHomX

�
F a; f Š.G a/

�
˝
L
OX

Rf�.F a/
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! Rf�
�
RalHomX .F

a; f Š.G a//˝LOX F a
�
! Rf�f ŠG a ! G a;

where the first map is induced by the relative cup product (see [68, Tag 0B68]),
the second map comes from Remark 3.5.15, and the last map is the counit of the
.Rf�; f Š/-adjunction.

Lemma 5.5.6. Let f WX ! Y be a proper morphism of separated, finitely presented
R-schemes, F a 2 D�acoh.X/

a, and G a 2 DCaqc.Y /
a. Then the map

Rf�RalHomX .F
a; f Š.G a//! RalHom Y .Rf�.F a/;G a/

is an (almost) isomorphism in DCaqc.X/
a.

Proof. We note that Rf�RalHomX .F
a; f Š.G a// lies in DCaqc.Y /

a as a consequence
of Lemma 4.4.10 (4) and Lemma 4.4.9. Likewise, RalHom Y .Rf�.F a/; G a/ lies in
DCaqc.Y /

a by Theorem 5.1.3 and Lemma 4.4.10 (4). Therefore, it suffices to show that

RHomY

�
Ha;Rf�RalHomX

�
F a; f Š.G a/

��
! RHomY

�
Ha;RalHom Y

�
Rf�.F a/;G a

��
is an isomorphism for any Ha 2 DCaqc.Y /

a. This follows from the following sequence
of isomorphisms:

RHomY

�
Ha;Rf�RalHomX

�
F a; f Š.G a/

��
' RHomX

�
Lf �Ha;RalHomX

�
F a; f Š.G a/

��
' RHomX

�
Lf �Ha

˝
L
OX

F a; f Š.G a/
�

' RHomY

�
Rf�

�
Lf �Ha

˝
L
OX

F a
�
;G a

�
' RHomY

�
Ha
˝ Rf�.F a/;G a

�
' RHomY

�
Ha;RalHom Y

�
Rf�.F a/;G a

��
:

The first isomorphism holds by Corollary 3.5.26. The second isomorphism holds by
Lemma 3.5.16. The third isomorphism holds by Theorem 5.5.5. The fourth isomor-
phism holds by Proposition 4.4.12. The fifth equality holds by Lemma 3.5.16.

Theorem 5.5.7. Let f WX! Y be as above. Suppose that f is smooth of pure dimen-
sion d . Then f Š.�/ ' Lf �.�/˝L

OX
�d
X=Y

Œd �.

Proof. It follows from the corresponding statement in the classical Grothendieck
duality.

We summarize all results of this section in the following theorem:

https://stacks.math.columbia.edu/tag/0B68
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Theorem 5.5.8. Let R be a universally coherent ring with an ideal m such thatem WD m˝R m is R-flat and m2 D m, and FPSR be the category of finitely pre-
sented, separated R-schemes. Then there is a well-defined pseudo-functor .�/Š from
FPSR into the 2-category of categories such that

(1) .X/Š D DCaqc.X/
a;

(2) for a smooth morphism f WX ! Y of pure relative dimension d , we have a
natural isomorphism f Š ' Lf �.�/˝L

Oa
X

�d
X=Y

Œd �;

(3) for a proper morphism f WX ! Y , the functor f Š is the right adjoint of
Rf�WDCaqc.X/

a ! DCaqc.Y /
a.



Chapter 6

OC=p-modules

The main goal of this chapter is to discuss the comparison results between OC=p-
modules in the étale, quasi-proétale, and v-topologies. In particular, we show that the
categories of OC=p-vector bundles in all these topologies are canonically equiva-
lent. Furthermore, one can compute cohomology groups with respect to any of these
topologies (without passing to almost mathematics). A good understanding of OC=p-
vector bundles in the v-topology will be crucial for our proof of almost coherence of
nearby cycles for general OC=p-vector bundles (see Theorem 7.1.2). We also discuss
more general OC=p-modules in Section 6.7.

In this chapter, we will freely use the notions of perfectoid spaces and their tilts
as developed in [58] and [61].

6.1 Recollection: The v-topology

In this section, we discuss the v-topology on adic spaces and show some of its basic
properties that seem difficult to find explicitly stated in the literature.

Before we start this discussion, we recall the notion of a diamond and its relation
to the notion of an adic space. To motivate this discussion, we remind the reader of
the two major problems with the category of adic spaces: the existence of non-sheafy
(pre-)adic spaces and the lack of (finite) limits in the category of adic spaces. It turns
out that both of these problems go away if we consider a (pre-)adic space over Qp as
some kind of sheafX˘ on the category of perfectoid spaces of characteristic p > 0. It
could sound somewhat counter-intuitive to consider a p-adic rigid-analytic variety as
a sheaf on characteristic p objects, but it turns out to be quite useful in practice. The
main idea is that an S D Spa .R;RC/-point of X} should be a choice of an untilt S#

of S (this is a mixed characteristic object) and a morphism S# ! X . This procedure
turns out to remember a lot of information about X (e.g., étale cohomology), but not
all information about X (see Warning 6.1.8).

Definition 6.1.1 ([61, Definitions 8.1, 12.1, and 14.1]). The category Perf is the cat-
egory of characteristic p perfectoid spaces.

The v-topology is the Grothendieck topology on Perf, defined such that a family
¹fi WXi ! Xºi2I of morphisms in Perf is a covering if, for any quasi-compact open
U �X , there are a finite subset I0 � I and quasi-compact opens ¹Ui �Xiºi2I0 such
that U �

S
i2I0

fi .Ui /.
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A small v-sheaf is a v-sheaf Y on Perf such that there is an epimorphism of
v-sheaves Y 0 ! Y for some perfectoid space Y 0.

The v-site Yv of a small v-sheaf Y is the site whose objects are all maps Y 0 ! Y

from small v-sheaves Y 0, with coverings given by families ¹Yi ! Y ºi2I such thatF
i2I Yi ! Y is an epimorphism of v-sheaves.

Remark 6.1.2. The v-site of a small v-sheaf Y has all finite limits by [61, Proposi-
tion 12.10] and [68, Tag 002O].

In what follows, we denote by AdQp the category of adic spaces over Spa.Qp;Zp/
and by pAdQp the category of pre-adic spaces over Spa .Qp;Zp/ as defined in [62,
Definition 2.1.5] and [41, Definition 8.2.3].1 The category of pre-adic spaces satisfies
the following list of properties (see [62, Proposition 2.1.6] or [41, Section 8.2.3]):

(1) The natural functor AdQp ! pAdQp is fully faithful.

(2) There is a functor .Tate–Huber.Qp ;Zp/
comp/op ! pAdQp from the opposite

category of complete Tate–Huber pairs over .Qp;Zp/ to the category of pre-
adic spaces over Spa .Qp;Zp/. To each such .A; AC/ it assigns the pre-adic
affinoid space2 BSpa .A;AC/ .

(3) For an adic space S and a pre-adic affinoid space BSpa .A;AC/ , the set of
morphisms is given by

HompAdQp

�
S; BSpa .A;AC/

�
D Homcont

�
.A;AC/; .OS .S/;O

C

S .S//
�
:

(4) pAdQp has all finite limits.

(5) With a pseudo-adic space X , one can functorially associate an underlying
topological space jX j such that it coincides with the usual underlying topo-
logical space jX j when either BSpa .A;AC/ is a pre-adic affinoid space or
X D .jX j;OX ;O

C

X / is an adic space.

(6) With every pre-adic spaceX 2 pAdQp , one can functorially associate an étale
siteXét such thatXét coincides with the classical étale site whenX is a locally
strongly noetherian space or a perfectoid space (see [38, Section 2.1] and
[58, Section 7]).

Warning 6.1.3. In general, it is not true that HompAdQp

�
Spa .B;BC/; Spa .A;AC/

�
is equal to Homcont

�
.A; AC/; .B; BC/

�
unless Spa .B; BC/ is sheafy. In particular,

the functor �
Tate–Hubercomp

.Qp ;Zp/

�op
! pAdQp

is not fully faithful.

1These spaces are called adic in [62], we prefer to call them pre-adic to distinguish them
from the usual adic spaces in the sense of Huber.

2We follow [41] and use the notation BSpa .A;AC/ for affinoid pre-adic spaces. If A is
sheafy, we freely identify it with Spa .A;AC/.

https://stacks.math.columbia.edu/tag/002O
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Definition 6.1.4 ([62, Definition 2.4.1]). LetXi be a cofiltered inverse system of pre-
adic spaces with quasi-compact and quasi-separated transition maps, X a pre-adic
space, and fi WX ! Xi a compatible family of morphisms.

We say that X is a tilde-limit of Xi , X � limI Xi if the map of underlying topo-
logical spaces jX j ! limI jXi j is a homeomorphism and there is an open covering
of X by affinoids BSpa .A;AC/ � X , such that the map

colim BSpa .A;AC/�Xi
Ai ! A

has dense image, where the filtered colimit runs over all open affinoids

BSpa .A;AC/ � Xi

over which BSpa .A;AC/ � X ! Xi factors.

Definition 6.1.5 ([61, Definition 15.5]). The diamond associated with X 2 pAdQp
is a presheaf

X}WPerfop
! Sets

such that, for any perfectoid space S of characteristic p, we have

X}.S/ D
®�
.S]; �/; f WS] ! X

�¯
=isom;

where S] is a perfectoid space, �W .S]/[ ! S is an isomorphism of the tilt of S]

with S , and f WS] ! X is a morphism of pre-adic spaces.
The diamantine spectrum Spd .A; AC/ of a Huber pair .A; AC/ is a presheaf
BSpa .A;AC/}.

We list the main properties of this functor:

Proposition 6.1.6. The diamondification functor factors through the category of v-
sheaves. Moreover, the functor .�/}WpAdQp ! Shv.Perfv/ satisfies the following list
of properties:

(1) if X is a perfectoid space, then X} ' X [;

(2) X} is a small v-sheaf for any X 2 pAdQp ;3

(3) if ¹Xi ! Xºi2I is an open (resp. étale) covering in pAdQp , then the family
¹X}i ! X}ºi2I is an open (resp. étale) covering of X};

(4) there is a functorial homeomorphism jX j ' jX}j for any X 2 pAdQp ;

(5) if X is a perfectoid space such that X � limI Xi in pAdQp with quasi-
compact quasi-separated transition maps, then X} ! limI X}i is an iso-
morphism;

(6) the functor .�/}W WpAdQp ! Shv.Perfv/ commutes with fiber products.

3It is even a locally spatial diamond in the sense of [61, Definition 11.17].
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Proof. The first claim follows from [61, Corollary 3.20] and the definition of the
diamondification functor. As for the second claim, [61, Proposition 15.6] implies
thatX} is a diamond, and so it is a small v-sheaf due to [61, Proposition 11.9] and the
definition of a diamond (see [61, Definition 11.1]). The third and fourth claims follow
from [61, Lemma 15.6]. The proof of the fifth claim is identical to that of [62, Propo-
sition 2.4.5] (the statement makes the assumption that X and Xi are defined over a
perfectoid field, but it is not used in the proof).

Now we give a proof of the sixth claim. Let U ! V , W ! V be morphisms in
pAdQp with the fiber product U �V W . We fix a perfectoid space S of characteris-
tic p. Then we have a sequence of identifications

.U �V W /
}.S/

D
®�
.S]; �/; S] ! U �V W

�¯
=isom

D
®�
.S]; �/; S] ! U

�¯
=isom �¹..S];�/;S]!V /º=isom

®�
.S]; �/; S] ! W

�¯
=isom

D U}.S/ �V}.S/ W
}.S/;

which is functorial in S . Therefore, this defines an isomorphism

.U �V W /
} �
�! U} �V} W

}:

Warning 6.1.7. The functor .�/} does not send the final object to the final object.
In particular, it does not commute with all finite limits.

Warning 6.1.8. The functor .�/}W pAdQp ! Shv.Perfv/ is not fully faithful. This
observation is quite crucial for our proof of Theorem 7.10.3. In that proof, we exploit
Theorem 7.10.1 which guarantees that some non-perfectoid affinoid (pre-)adic spaces
become perfectoid after diamondification.

The next goal is to discuss some examples of v-covers of X}.

Definition 6.1.9. A family of morphisms ¹fi WXi ! Xºi2I in pAdQp is a naive v-
covering if, for any quasi-compact open U � X , there are a finite subset I0 � I and
quasi-compact opens ¹Ui � Xiºi2I0 such that jU j �

S
i2I0
jfi j.jUi j/.

Remark 6.1.10. Using that the natural morphism jX �Y Zj ! jX j �jY j jZj is sur-
jective, it is easy to see that a pullback of a naive v-covering is a naive v-covering.

Lemma 6.1.11. Let f WX ! Y be an étale morphism of pre-adic spaces in pAdQp
(in the sense of [41, Definition 8.2.19]). Then f is an open map.

Proof. By definition, open immersions induce open maps of underlying topological
spaces. Therefore, after unraveling the definition of étale morphisms, it suffices to
show that a map of pre-adic spaces j Spa .'/jW j Spa .B; BC/j ! j Spa .A; AC/j is
open when 'W .A; AC/! .B; BC/ is a finite étale morphism of Tate–Huber pairs.
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In this case, Lemma C.2.9 and Corollary C.3.12 allow us to assume that .A; AC/ is
strongly noetherian. Then the result follows from [38, Lemma 1.7.9] (alternatively,
one can directly adapt the proof of [38, Lemma 1.7.9] to work in the non-noetherian
case).

Example 6.1.12. (1) A quasi-compact surjective morphism X ! Y of pre-adic
spaces over Spa .Qp;Zp/ is a naive v-cover;

(2) Lemma 6.1.11 implies that a family of jointly surjective étale morphisms
¹Xi ! Xº of pre-adic spaces over Spa .Qp;Zp/ is a naive v-cover.

Our next goal is to show that the diamondification functor .�/˘ sends naive v-
covers to surjections of small v-sheaves.

Lemma 6.1.13. Let f WX!Y be a quasi-compact (resp. quasi-separated) morphism
in pAdQp . Then f }WX}! Y } is quasi-compact (resp. quasi-separated) in the sense
of [61, p. 40].

Proof. We first deal with a quasi-compact f . In order to check that f } is quasi-
compact, it suffices to show that S �Y} X

} is quasi-compact for any morphism
S ! Y with an affinoid perfectoid S . By definition, this morphism corresponds to a
morphism S] ! Y with an affinoid perfectoid source S]. By Proposition 6.1.6, we
have S �Y} X

} ' .S] �Y X/
}, so [61, Lemma 15.6] implies that

jS �Y} X
}
j ' jS] �Y X j

is quasi-compact by our assumption on f . Now S �Y} X
} is quasi-compact due to

the combination of [61, Proposition 12.14 (iii) and Lemma 15.6].
The case of a quasi-separated f follows from Proposition 6.1.6 and the quasi-

compact case by considering the diagonal morphism �f WX ! X �Y X .

Lemma 6.1.14. Let ¹fi WXi ! Xºi2I be a naive v-covering in pAdQp . Then the
family ¹f }i WX

}

i ! X}ºi2I is a v-covering as well.

Proof. We can find a covering ¹Uj ! Xºj2J by open affinoids. Proposition 6.1.6
implies that ¹U}j ! X}º is a v-covering. Therefore, it suffices to show that the fam-
ily ¹fi;j WXi;j WD Xi �X Uj ! Uj ºi2I is a v-covering for every j 2 J . Since naive
v-covers are preserved by open base change, we reduce to the case when X is an
affinoid.

Moreover, the proof of [61, Proposition 15.4] ensures that there is a v-surjection
f WS ! X} where S is an affinoid perfectoid space. By definition, the map f corre-
sponds to a map gWS]!X . Proposition 6.1.6 ensures that diamondization commutes
with fiber products, so it suffices to show that ¹.Xi �X S]/} ! .S]/}ºi2I is a v-
covering. In other words, we can assume that X D S] is an affinoid perfectoid space.
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Now we can find a covering ¹Ui;j ! Xiºj2Ji by open affinoids for each i 2 I .
Then the family ¹Ui;j ! Xºi2I;j2Ji is also a naive v-covering, and so it suffices
to show that ¹U}i;j ! X}ºi2I;j2Ji is a v-covering. In other words, we can assume
thatX is an affinoid perfectoid space and that allXi are affinoids. A similar argument
allows us to assume that each Xi is an affinoid perfectoid space.

Finally, we note that under our assumption that X and Xi are (affinoid) per-
fectoids, ¹Xi ! Xºi2I is a naive v-covering if and only if ¹X}i ! X}ºi2I is a
v-covering since jX}i j ' jXi j and jX}j D jX j by [61, Lemma 15.6].

6.2 Recollection: The quasi-proétale topology

The main goal of this section is to recall the notions of a quasi-proétale morphism
and the quasi-proétale topology. This topology will be a crucial intermediate tool to
relate the v-topology to the étale topology.

In this section, we will only work with strongly sheafy spaces in the sense of
Definition C.4.1. We advise the reader to look at Appendix C for basic definitions
involving such spaces. Most likely, this discussion can be generalized to arbitrary
affinoid pre-adic spaces, but we do not do this since we will never need this level of
generality.

For the purpose of the next definition, we fix a morphism f WX D Spa .S;SC/!
Y D Spa .R;RC/ of strongly sheafy Tate-affinoid adic spaces.

Definition 6.2.1. A morphism f WSpa .S;SC/! Spa .R;RC/ is an affinoid strongly
pro-étale morphism if there is a cofiltered system of strongly étale morphisms of
strongly sheafy affinoid adic spaces (see Definition C.4.5)

Spa .Ri ; RCi /! Spa .R;RC/

such that .S; SC/ D
�5.colimI Ri /u;5.colimI Ri /Cu

�
is the completed uniform filtered

colimit of .Ri ; RCi / (see Definition C.2.4).
We will usually write Spa .S; SC/ � limI Spa .Ri ; RCi /! Spa .R; RC/ for an

affinoid strongly pro-étale presentation of Spa .S; SC/! Spa .R;RC/.

Remark 6.2.2. Explicitly, Remark C.2.5 implies that SC D .colimI RCi /
^
$ is equal

to the$ -adic completion of colimI RCi and S D SC
�
1
$

�
for any choice of a pseudo-

uniformizer $ 2 RC.

Remark 6.2.3. We note that Theorem C.3.10 (1) (see also [62, Proposition 2.4.2])
implies that Spa .S; SC/ � limI Spa .Ri ; RCi / for an affinoid strongly pro-étale mor-
phism Spa .S; SC/ � limI Spa .Ri ; RCi /! Spa .R;RC/.

Warning 6.2.4. Definition 6.2.1 is more restrictive than [61, Definition 7.8] when
Spa .R;RC/ is an affinoid perfectoid space.
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Definition 6.2.5. A perfectoid space X is strictly totally disconnected if X is quasi-
compact, quasi-separated, and every étale cover of X splits.

Lemma 6.2.6. Let each X , Y , Y 0, and Z be affinoid spaces over Spa .Qp;Zp/. We
assume that each of them is strongly sheafy.

(1) Let f WX ! Y and gWY !Z be affinoid strongly pro-étale morphisms. Then
the composition g ı f WX ! Z is also an affinoid strongly pro-étale mor-
phism.

(2) Let f WX ! Y be an affinoid strongly pro-étale morphism, let gW Y 0 ! Y

be a morphism of adic spaces with Y 0 being an affinoid perfectoid space
(resp. strictly totally disconnected perfectoid space), and letXY 0 WDX �Y Y 0

be the fiber product (in pre-adic spaces). Then X}Y 0 is an affinoid perfectoid
space (resp. strictly totally disconnected perfectoid space) and the morphism
f }Y 0 WX

}

Y 0 ! Y 0} is an affinoid pro-étale morphism in the sense of [61, Defi-
nition 7.8].

Proof. (1) The proof of [52, Lemma 2.5 (1)] goes through if we use Theorem C.3.10
in place of [61, Proposition 6.4] (and [38, Proposition 1.7.1]).

Now we show (2). We setXDSpa.S;SC/, Y DSpa.R;RC/, Y 0DSpa.R0;R0C/,
and let X � limI

�
Xi D Spa .Ri ; RCi /

�
! Y D Spa .R;RC/ be an affinoid strongly

pro-étale presentation of X ! Y . Then Proposition 6.1.6 (5) implies that

X} D lim
I
X}i :

Therefore, X}Y 0 D limI .Xi �Y Y 0/} ! Y 0}. Hence it suffices to show that each
.Xi �Y Y

0/} is represented by an affinoid perfectoid space, and that each morphism
f }i W .Xi �Y Y

0/} ! Y 0} is étale. By construction, f }i is étale. In particular, .Xi �Y
Y 0/} is represented by a perfectoid space. Furthermore, f }i is a composition of finite
étale maps and finite disjoint unions of rational subdomains. Therefore, .Xi �Y Y 0/}

is an affinoid perfectoid space due to the combination of [58, Theorem 6.3 and The-
orem 7.9].

If Y 0 is strictly totally disconnected, then [61, Lemma 7.19] implies that X}Y 0 is
also represented by a strictly totally disconnected perfectoid space.

Warning 6.2.7. [52, Lemma 2.5 (1)] claims a stronger version of Lemma 6.2.6 (2).
However, it seems to be false (see Warning 7.6.5).

Now we are ready to show that the issue raised in Warning 6.2.4 disappears when
the target is a strictly totally disconnected perfectoid space.

Lemma 6.2.8. Let X D Spa .R; RC/ be a strictly totally disconnected perfectoid
space, and let f W Y D Spa .S; SC/ ! X D Spa .R; RC/ be an affinoid pro-étale
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morphism (in the sense of [61, Definition 7.8]). Then f is an affinoid strongly pro-
étale morphism.

Proof. The proof of [61, Lemma 7.19] ensures that f can be realized as a pro-
(rational subdomain) inside the pro-(finite étale) morphismX ��0.X/ �0.Y /. Each of
these morphisms is an affinoid strongly pro-étale morphism. Thus, Lemma 6.2.6 (1)
ensures that f is an affinoid strongly pro-étale morphism as well.

For the next definition, we fix a morphism f WX ! Y of adic spaces such that X
and Y are strongly sheafy adic spaces over Spa .Qp;Zp/.

Definition 6.2.9. A morphism f WX ! Y is strongly pro-étale if, for every point
x 2 X , there are an open affinoid x 2 U � X and an open affinoid f .x/ 2 V � Y
such that f jU WU ! V is affinoid strongly pro-étale.

Now we are ready to define quasi-proétale morphisms.

Definition 6.2.10 ([61, Definition 10.1 and 14.1]). A morphism of small v-sheaves
f WX ! Y is quasi-proétale if it is locally separated, and for every morphism S ! Y

with a strictly totally disconnected perfectoid S , the fiber product XS WD X �Y S is
represented by a perfectoid space and XS ! S is pro-étale.

The quasi-proétale site XqproKet of a small v-sheaf is the site whose objects are
quasi-proétale morphisms Y ! X , with coverings given by families ¹Yi ! Y ºi2I
such that

F
i2I Yi ! Y is a surjection of v-sheaves.

Lemma 6.2.11. Let f WX ! Y be a strongly pro-étale morphism such that both X
and Y are strongly sheafy adic spaces over Spa .Qp;Zp/. Then f }WX} ! Y } is
quasi-proétale. Furthermore, if f is also a naive v-covering, then f } is a quasi-
proétale covering.

Proof. The question is local on the source and on the target, so we can assume that f
is an affinoid strongly pro-étale morphism. Then it is easy to see that f }WX}! Y }

is a separated morphism (for example, it is quasi-separated due to Lemma 6.1.13
and then the valuative criterion [61, Proposition 10.9] implies that it is separated).
Therefore, it suffices to show that, for any strictly totally disconnected perfectoid S
and a morphism S ! Y }, the fiber product S �Y} X

}! S is a pro-étale morphism
of perfectoid spaces.

Now we recall that a morphism f WS ! Y } uniquely corresponds to a morphism
gWS] ! Y . Proposition 6.1.6 (6) implies that

S �Y} X
}
' .S] �Y X/

}:

Therefore, Lemma 6.2.6 (2) implies that S �Y} X
} ! S is affinoid pro-étale in the

sense of [61, Definition 7.8]. This finishes the proof that f } is quasi-proétale. If we
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also assume that f is a naive v-covering, then Lemma 6.1.14 ensures that f } is a
surjection of v-sheaves. Thus, f } is a quasi-proétale covering in this case.

Finally, we wish to show that strongly sheafy Tate-affinoids Spa .A; AC/ admit
affinoid strongly pro-étale covers by strictly totally disconnected perfectoid spaces.
For this, we will need some preliminary lemmas:

Lemma 6.2.12. Let .A;AC/ be an affinoid perfectoid pair. Suppose that every surjec-
tive (affinoid) strongly étale morphism Spa .B;BC/! Spa .A;AC/ admits a section
(see Definition C.4.5). Then Spa .A; AC/ is a strictly totally disconnected perfectoid
space.

Proof. It suffices to show that every étale surjective morphism X ! Spa .A; AC/
admits a section. Any such morphism can be dominated by a surjective morphism of
the form

F
i2I Xi ! Spa .A;AC/ where Xi D Spa .Bi ; BCi /! Spa .A;AC/ is affi-

noid strongly étale and I is a finite set. Then Remark C.4.7 implies that
F
i2I Xi !

Spa .Ai ; ACi / is itself strongly étale (and affinoid), so it admits a section due to the
assumption on X . Therefore, X ! Spa .A;AC/ also admits a section.

Lemma 6.2.13. Let Spa .A; AC/ denote a strongly sheafy Tate-affinoid space over
Spa .Qp;Zp/. Then there is an affinoid strongly pro-étale covering Spa .A1;AC1/!
Spa .A; AC/ such that the fiber products Spd .A1; AC1/

j=Spd .A;AC/ are represented
by strictly totally disconnected (affinoid) perfectoid spaces for j � 1. In particular,

Spd .A1; AC1/! Spd .A;AC/

is a quasi-proétale covering by a strictly totally disconnected perfectoid space.

Proof. For the purpose of the present proof, we say that a strongly étale morphism
f W .R;RC/! .S;SC/ of complete Tate–Huber pairs is a covering if the correspond-
ing morphism jSpa .f /jW jSpa .S; SC/j ! jSpa .R;RC/j is surjective.

To begin with, we fix a set of representatives of all strongly étale coverings
¹.A;AC/! .Ai ; A

C

i /ºi2I . Then, for each finite subset S � I , we define

.AS ; A
C

S / D b̋s2S .As; ACs /:
Each .AS ; ACS / is a strongly étale covering of .A; AC/. For each S � S 0, we put
fS;S 0 W .AS ;A

C

S /! .AS 0 ;A
C

S 0/ to be the natural morphism induced by S ,! S 0. Then
we see that ¹.AS ; ACS /; fS;S 0ºS�I finite is a filtered system of strongly étale .A; AC/-
algebras. We put

.A.1/; AC.1// D
�
.4colimS A

C

S /
h 1
p

i
; 4colimS A

C

S

�
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to be the completed uniform filtered colimit of .AS ; ACS / (see Definition C.2.4). The-
orem C.3.10 implies that every strongly étale covering .A;AC/! .B;BC/ admits a
splitting over .A.1/; AC.1//. We repeat the same construction to inductively define�

A.2/; AC.2/
�
WD
�
A.1/.1/; A.1/C.1/

�
;�

A.3/; AC.3/
�
WD
�
A.2/.1/; A.2/C.1/

�
; : : : ;�

A.n/; AC.n/
�
WD
�
A.n � 1/.1/; A.n � 1/C.1/

�
; : : :

Finally, we let .A1;AC1/ be the completed uniform filtered colimit of .A.n/;A.n/C/.
Then Theorem C.3.10 implies that any strongly étale covering of .A1; AC1/ comes
from a covering of some .A.n/; AC.n//, hence it admits a splitting over .A.nC 1/;
AC.nC 1//. In particular, every strongly étale covering of .A1; AC1/ admits a split-
ting. The proof of [61, Lemma 15.3] implies that .A1; AC1/ is a perfectoid pair. In
particular, it is strongly sheafy. Furthermore, Lemma 6.2.12 ensures that it is strictly
totally disconnected. We notice that the morphism Spa .A1; AC1/! Spa .A;AC/ is
an affinoid strongly pro-étale covering. Finally, we conclude that all fiber products
Spd .A1; AC1/

j=Spd .A;AC/ are represented by strictly totally disconnected perfectoid
spaces due to Lemma 6.2.6 (2).

Lemma 6.2.14. Let X D Spa .A; AC/ denote a strongly sheafy Tate-affinoid over
Spa .Qp; Zp/. Then the set of all morphisms f }W Y } ! X} for an affinoid per-
fectoid Y with an affinoid strongly pro-étale morphism f W Y ! X forms a basis
of X}qproKet.

Proof. Let Z ! X} be a quasi-proétale morphism. We wish to show that it can be
covered (in the quasi-proétale topology) by elements of the form Y } ! X} for an
affinoid perfectoid Y and an affinoid strongly pro-étale morphism Y ! X .

Then Lemma 6.2.13 implies that we can find an affinoid strongly pro-étale cov-
ering X 0 ! X such that X 0 is a strictly totally disconnected perfectoid space. Since
Z ! X} is quasi-proétale, we conclude that Z �X} X 0} is a perfectoid space and
Z �X} X

0} is pro-étale. Therefore, we can cover it (in the analytic topology) by
affinoid perfectoid spaces Zi such that each Zi is an affinoid perfectoid space and
Zi ! X 0} is affinoid pro-étale. By construction ¹Zi ! Zºi2I is a covering in the
quasi-proétale topology.

Now Lemma 6.2.8 implies that each Zi ! X 0} is affinoid strongly pro-étale.
Therefore, when we pass to the corresponding untilts, we get morphisms Z]i ! X 0

that are affinoid strongly pro-étale as well (we use [61, Theorem 3.12 and Theo-
rem 6.1]). Consequently, Lemma 6.2.6 (1) implies that each Z]i ! X is an affi-
noid strongly pro-étale morphism (with an affinoid perfectoid Z]i ). By construction
.Z

]
i /
} D Zi ! X} cover the morphism Y ! X}.
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6.3 Integral structure sheaves

In this section, we define various structure sheaves associated with a (pre-)adic space
over Qp . Then we discuss the relationship between some of these sheaves. We will
continue the discussion between these sheaves (and their cohomology) in the next
section.

First, we note that the étale, quasi-proétale, and v-sites of a pre-adic spaceX over
Spa .Qp;Zp/ are related via the following sequence of morphisms of sites:

X}v X}qproKet Xét;
� �

(6.3.1)

which essentially come from the fact that any étale covering is a quasi-proétale cover-
ing, and any quasi-proétale covering is a v-covering.4 Now we define various structure
sheaves on each of these sites:

Definition 6.3.1. Let X be a pre-adic space over Spa .Qp;Zp/.
The integral “untilted” structure sheaf OC

X}
is a sheaf of rings on X}v obtained

as the sheafification of a pre-sheaf defined by the assignment®
S ! X}

¯
7! OC

S]

�
S]
�

for any perfectoid space S ! X} over X} (the transition maps are defined in the
evident way5).

The rational “untilted” structure sheaf OX} is a sheaf of rings on X}v given by
the formula OX} D OC

X}
Œ 1
p
�.

The mod-p structure sheaf OC
X}
=p is the quotient of OC

X}
by p in the category

of sheaves of rings on X}v .
The quasi-proétale integral “untilted” structure sheaf O

X}qp
C is the restriction

of OC
X}

to the quasi-proétale site of X}, i.e., O
X}qp
C D ��O

C

X}
.

The quasi-proétale mod-p structure sheaf O
X}qp
C =p is the quotient of O

X}qp
C by p

in the quasi-proétale site X}qproKet.
If X is a strongly sheafy space over Spa .Qp; Zp/, the étale mod-p structure

sheaf OCXét
=p is the quotient of OCXét

by p in the étale site Xét (see Definition C.4.9
and Lemma C.4.11).

4To show that the natural continuous functors Xét ! X}qproKet and X}qproKet ! X}v induce
morphisms of sites (in the other direction), one needs to verify that all these sites admit finite
limits and these functors commute with all finite limits. We leave this as an exercise to the
interested reader.

5Recall that a morphism S!X} is, by definition, a datum of an untilt S] with a morphism
S] ! X and an isomorphism .S]/[ ' S . Thus, a pair of morphisms T ! S ! X} defines a
pair T ] ! S] ! X .
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Remark 6.3.2. We note that it is not, a priori, clear whether O
X}qp
C =p ' ��

�
OC
X}
=p
�
.

The problem comes from the fact that � is not an exact functor, so it is not clear
whether it commutes with quotiening by p.

Remark 6.3.3. The relation between O
X}qp
C =p and OCXét

=p is even more mysterious.
The first sheaf is defined via descent from perfectoid spaces, so it seems subtle to
control values of this sheaf on locally noetherian adic spaces. On the contrary, the
second sheaf is defined using the étale topology on Xét, so its definition has no direct
relation to perfectoid spaces when X is a locally noetherian adic space.

By definition, for a strongly sheafy adic space X over Spa .Qp;Zp/, we can pro-
mote Diagram (6.3.1) to a diagram of morphisms of ringed sites:

�
X}v ;O

C

X}
=p
� �

X}qproKet;OX}qp
C =p

� �
Xét;O

C

Xét
=p
�
:

� �
(6.3.2)

We also have “tilted” versions of the structure sheaves:

Definition 6.3.4. Let X be a pre-adic space over Spa .Qp;Zp/.
The integral “tilted” structure sheaf O

[;C

X}
is the sheaf of rings on X}v obtained

as the sheafification of a pre-sheaf defined by the assignment®
S ! X}

¯
7! OCS .S/

for any perfectoid space S ! X} over X}.
IfX is a pre-adic space over a p-adic perfectoid pair .R;RC/with a good pseudo-

uniformizer$ 2RC (see Definition B.11), the rational “tilted” structure sheaf O[
X}

is O
[;C

X}
Œ 1
$[
�.

We start with some easy properties of these structure sheaves:

Lemma 6.3.5. Let X 2 pAdQp be a pre-adic space over Spa .Qp;Zp/. Then

(1) for any affinoid perfectoid space Y D Spa .S;SC/! X}, we have the coho-
mology groups H0.Y;OC

X}
/ D S];C and Hi .Y;OC

X}
/ 'a 0 for i � 1;

(2) for any affinoid perfectoid space Y D Spa .S;SC/! X}, we have the coho-
mology groups H0.Y;O[;C

X}
/ D SC and Hi .Y;O[;C

X}
/ 'a 0 for i � 1;

(3) the sheaf OC
X}

is derived p-adically complete and p-torsion free;

(4) if X is pre-adic space over a perfectoid pair .R; RC/ with a good pseudo-
uniformizer $ 2 RC, the sheaf O

[;C

X}
is derived $ [-adically complete and

$ [-torsion free;

(5) if X is a pre-adic space over a perfectoid pair .R;RC/ with a good pseudo-
uniformizer$ 2RC, there is a canonical isomorphism OC

X}
=p'O

[;C

X}
=$ [.
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Proof. (1) and (2) follow directly from [61, Theorem 8.7 and Proposition 8.8].
(3) To show that OC

X}
is p-torsion free, it suffices to show that OX}

C.U / is
p-torsion free on a basis of X}v . Therefore, it is enough to show that

OC
X}
.Y /

is p-torsion free for any affinoid perfectoid space Y ! X}. This follows from (1).
Lemma A.8 ensures that, for the purpose of proving that OC

X}
is p-adically

derived complete, it suffices to show that

R�.Y;OC
X}
/

is derived p-adically complete for any affinoid perfectoid space of the form Y D

Spa .S; SC/! X . Then it suffices to show that each cohomology group Hi .Y;OC
X}
/

is derived p-adically complete. Now (1) implies that

H0.Y;OC
X}
/ D S];C

is p-adically complete, and so it is derived p-adically complete (see [68, Tag 091R]).
Moreover, (1) implies that all higher cohomology groups

Hi .Y;OC
X}
/ 'a 0

are almost zero. In particular, they are p-torsion, and so derived p-adically complete.
Thus, R�.Y;OC

X}
/ is derived p-adically complete finishing the proof.

(4) This is completely analogous to the proof of (3) using (2) in place of (1).
(5) Denote by F the presheaf quotient of OC

X}
by p, and by G the presheaf

quotient of O
[;C

X}
by $ [. It suffices to construct a functorial isomorphism

F .U / ' G .U /

on a basis of X}v . Therefore, it suffices to construct such an isomorphism for any
affinoid perfectoid space U ! X}. Then (1) and (2) ensure that, for an affinoid per-
fectoid space U D Spa .S; SC/! X},

F .U / ' S];C=pS];C;

G .U / ' SC=$ [SC:

Essentially by the definition of a tilt, we have a canonical isomorphism

S];C=pS];C D S];C=$S];C ' SC=$ [SC

finishing the proof.

https://stacks.math.columbia.edu/tag/091R
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Remark 6.3.6. The conclusion of Lemma 6.3.5 (1), (3) holds for the sheaf O
X}qp
C by

a similar proof (using [61, Theorem 8.5] in place of [61, Theorem 8.7 and Proposi-
tion 8.8]). IfX is a perfectoid space, the same conclusions hold for OCXét

with a similar
proof (using [61, Theorem 6.3] in place of [61, Theorem 8.7 and Proposition 8.8]).

Our next goal is to discuss the precise relation between OC
X}
=p, O

X}qp
C =p, and

OCXét
=p. If one is willing to work in the almost world, then one can quite easily see

that each of these sheaves is obtained as the (derived) restriction of the previous one to
the smaller site (this essentially boils down to Lemma 6.3.5). However, to understand
the relation between the categories of OC=p-vector bundles in different topologies,
it is essential to understand the relation between these sheaves on the nose. This turns
out to be quite subtle and will be discussed in the rest of this and the next sections.

Lemma 6.3.7. Let X 2 pAdQp be a pre-adic space over Spa .Qp; Zp/. Then the
natural morphism

O
X}qp

C =p ! ��
�
OC
X}
=p
�

is an isomorphism. If X is a strongly sheafy adic space over Spa .Qp;Zp/, then the
natural morphisms 6

��1
�
OCXét

=p
�
! O

X}qp

C =p;

OCXét
=p ! R��

�
O
X}qp

C =p
�

are isomorphisms as well.

Proof. The first result is [52, Proposition 2.13]. For the second result, we note that
[52, Lemma 2.7] ensures7 that, for a strongly sheafy adic space X , the sheaf O

X}qp
C is

isomorphic to bOCXqp
WD lim

n
��1

�
OCXét

=pn
�
:8

Now we know that the quasi-proétale site of a diamond is replete (in the sense of
[9, Definition 3.1.1]) due to [52, Lemma 1.2]. Therefore, the fact that OCXét

is p-
torsion free and [9, Proposition 3.1.10] imply that

bOCXqp
' R lim��1

�
OCXét

=pn
�
'

4��1.OCXét
/

6The functor ��1WAb.Xét/ ! Ab.X}qproKet/ denotes the pullback of sheaves of abelian
groups.

7Strictly speaking, the proof of [52, Lemma 2.7] assumes that X is either locally noethe-
rian or perfectoid. However, a similar proof works for any strongly sheafy X if one uses
Lemma 6.2.14 in place of [52, Lemma 2.6].

8The sheaf O
X
}
qp
C is denoted bybOCX} in [52].
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is the derived p-adic completion of ��1
�
OCXét

�
. Since O

X}qp
C is also p-torsion free by

Lemma 6.3.5, the universal property of derived completion implies that

O
X}qp

C =p '
�
O
X}qp

C =p
�

'
�4��1.OCXét

/=p
�

' ��1
�
OCXét

=p
�
:

Finally, [61, Proposition 14.8 and Lemma 15.6] imply that

OCXét
=p ' R����1

�
OCXét

=p
�
' R��

�
O
X}qp

C =p
�
:

Our next goal is to compare R��
�
OC
X}
=p
�

with O
X}qp
C =p. To do this, we need a

number of preliminary results. This will be done in the next section.

6.4 v-descent for étale cohomology of OC=p

The main goal of this section is to show that the natural morphism

O
X}qp

C =p ! R��
�
OC
X}
=p
�

is an isomorphism. However, our argument is a bit roundabout, and we first show
that the étale cohomology complex R�.Xét;O

C
Xét
=p/ satisfies v-descent on affinoid

perfectoid spaces. Even to formulate this precisely, we will need to use1-categories
as developed in [48]. In what follows, we denote by D.Z/ the1-enhancement of the
triangulated derived category of abelian groups D.Z/. We are also going to slightly
abuse the notation and identify a (usual) category C with its nerve N.C/ (see [50,
Tag 002M]) considered as an1-category.

We fix a category PerfAffQp of affinoid perfectoid spaces over Spa .Qp;Zp/. For
any morphismZ! Y , we can consider its Čech nerve Č.Z=Y / as a simplicial object
in PerfAffQp , i.e., a functor

Č.Z=Y /W�op
! PerfAffQp :

More explicitly, the n-th term

Č.Z=Y /n D Zn=Y

is the n-th fiber product of Z over Y . Face and degeneracy maps are defined in an
evident way.

For any functor (in the1-categorical sense) F WPerfAffop
Qp!D.Z/, we can com-

pose F with Č.Z=Y /op to get a cosimplicial object Č.Z=Y;F / in D.Z/, whose n-th
term is given by

Č.Z=Y;F /n D F .Zn=Y /:

https://kerodon.net/tag/002M
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Now it makes sense to talk about (derived) limits over this cosimplicial object (see
[50, Tag 02VY] for more detail).

Definition 6.4.1. Let F W PerfAffop
Qp ! D.Z/ be a functor (understood in the 1-

categorical sense).

• A morphism Z ! Y is of F -descent if the natural morphism

F .Y /! R lim
n2�

Č.Z=Y;F /n

is an equivalence;

• a morphism Z ! Y is of universal F -descent if, for every morphism Y 0 ! Y ,
the base change Z �Y Y 0 ! Y 0 is of F -descent;

• F satisfies v-descent (resp. quasi-proétale descent) if every v-covering9 (resp.
quasi-proétale covering) X ! Y is of (universal10) F -descent;

• F is a (derived) v-sheaf if F satisfies v-descent and for any Y1; Y2 2 PerfAffQp ,
the natural morphism F .Y1 t Y2/! F .Y1/ � F .Y2/ is an equivalence.

Remark 6.4.2. A functor F WPerfAffop
Qp!D.Z/ is a (derived) v-sheaf in the sense of

Definition 6.4.1 if and only if it is a D.Z/-valued sheaf on the (big) v-site PerfAffQp
(see [49, Section A.3.3] for the precise definition). See [49, Proposition A.3.3.1] for
a detailed proof of this fact.

Our current goal is to give an explicit condition that ensures that a functor F

satisfies v-descent. Later on, we will show that the étale cohomology of the OC=p-
sheaf satisfies this condition. This will be the crucial input to relate R��

�
OC
X}
=p
�

to O
X}qp
C =p.

Lemma 6.4.3 ([47, Lemma 3.1.2]). Let F W PerfAffop
Qp ! D.Z/ be a functor (in the

1-categorical sense), and f WZ ! Y , gWZ0! Z be morphisms in PerfAffQp . Then

(1) if f has a section, then it is of universal F -descent;

(2) if f and g are of universal F -descent, then f ı gWZ0 ! Y is of universal
F -descent;

(3) if f ı g is of universal F -descent, then f is so.

Lemma 6.4.4. Let Y be a strictly totally disconnected perfectoid space, and let
Z ! Y be a v-cover by an affinoid perfectoid space. Then there is a presentation

9A morphism f WZ ! Y in PerfAffQp is a v-covering (resp. a quasi-proétale covering) if
f }WX} ! Y} is so.

10We note that if every v-covering (resp. quasi-proétale covering) is of F -descent, then they
are automatically of universal F -descent because v-coverings (resp. quasi-proétale coverings)
are closed under pullbacks in PerfAffQp .

https://kerodon.net/tag/02VY
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Z D limI Zi ! Y as a cofiltered limit of affinoid perfectoid spaces over Y such that
each Zi ! Y admits a section.

Proof. The proof of [52, Lemma 2.11] carries over to this case if one uses [34,
Lemma 2.23] in place of [61, Lemma 9.5].

Definition 6.4.5. A v-covering Z ! Y of affinoid perfectoid spaces is nice if it can
be written as a cofiltered limitZ D limI Zi ! Y of affinoid perfectoid spaces over Y
such that each Zi ! Y admits a section.

Remark 6.4.6. ([61, Proposition 6.5]) We recall that the category of affinoid per-
fectoid spaces PerfAff admits cofiltered limits. Namely, the limit of the cofiltered
system ¹Spa .Si ;SCi /º is given by Spa .S;SC/where SC is the$ -adic completion of
colimI SCi (for some compatible choice of pseudo-uniformizers$ ) and S D SCŒ 1

$
�.

In particular, PerfAffQp also admits all cofiltered limits. Moreover, one can choose
$ D p in this case.

Lemma 6.4.7. Let F WPerfAffop
Qp !D.Z/ be a functor (in the1-categorical sense)

such that

(1) F is universally bounded below, i.e., there is an integer N such that F .Y / 2

D��N .Z/ for any Y 2 PerfAffQp ;

(2) F satisfies quasi-proétale descent;

(3) for an affinoid perfectoid space Z D limI Zi that is a cofiltered limit of affi-
noid perfectoid spaces Zi over Spa .Qp;Zp/, the natural morphism

hocolimI F .Zi /! F .Z/

is an equivalence.

Then F satisfies v-descent.

Proof. By shifting, we can assume that F .Y / 2D�0.Z/ for any Y 2 PerfAffQp . We
pick a v-covering f WZ ! Y in PerfAffQp , and wish to show that it is of universal
F -descent. We use [61, Lemma 7.18] to find a quasi-proétale covering gW Y 0 ! X

such that Y 0 is strictly totally disconnected. Then we consider the fiber product

Z �Y Y
0 Z

Y 0 Y:

g0

f 0 f

g

Lemma 6.4.3 implies that f is of universal F -descent if g and f 0 are so. By assump-
tion, F satisfies quasi-proétale descent, so g is of universal F -descent. Therefore, it
suffices to show that f 0 is of universal F -descent.
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We rename f 0 by f to reduce the question to showing that any v-cover f WZ ! Y

with a strictly totally disconnected Y is of universal F -descent. Further, Lemma 6.4.4
implies that f is nice, so it suffices to show that any nice v-cover (with an arbitrary
affinoid perfectoid target space) is of universal F -descent. The property of being nice
is preserved by arbitrary pullbacks, so it suffices to show that a nice v-cover is of F -
descent.

After all these reductions, we are in the situation of a v-cover f WZ! Y that can
be written as a cofiltered limitZ D limI Zi ! Y of affinoid perfectoid spaces over Y
admitting a Y -section. Lemma 6.4.3 ensures that each fi WZi ! Y is of F -descent
since it has a section. We wish to show that

F .Y /! R lim
n2�

Č.Z=Y;F /n

is an equivalence. By assumption, we know that the natural morphism

hocolimI Č.Zi=Y;F /n ! Č.Z=Y;F /n

is an equivalence for any n � 0. Now the claim follows from the fact that totalization
of a coconnective cosimplisial object commutes with filtered (homotopy) colimits
(for example, this follows from [44, Corollary 3.1.13] applied to C D Fun.�;D.Z//,
D D D.Z/, and F D hocolim).

The next goal is to show that the functor (in the1-categorical sense)

R�ét.�;O
C=p/WPerfAffop

Qp ! D.Z/

Y 2 PerAffQp 7! R�.Yét;O
C

Yét
=p/

is a (derived) v-sheaf.

Lemma 6.4.8. The functor R�ét.�;O
C=p/WPerfAffop

Qp !D.Z/ satisfies quasi-pro-
étale descent.

Proof. By Lemma 6.3.7, we have a functorial isomorphism

R�.Yét;O
C

Yét
=p/ ' R�.Y }qp ;OY}qp

C =p/:

Now the quasi-proétale cohomology satisfies quasi-proétale descent by definition.

Lemma 6.4.9. Let ¹Zi D Spa .Si ; SCi /ºi2I be a cofiltered system of affinoid perfec-
toid spaces over .Qp;Zp/, and letZ1 D limZi with morphisms fi WZ1!Zi . Then
the natural morphism

colimI f �1i OCZi;ét
=p ! OCZ1;ét

=p

is an isomorphism, where fi WX1 ! Xi are the natural projection morphisms and
f �1i is the pullback functor on small étale topoi.
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Proof. Note that [61, Proposition 6.5] implies that Z1 D Spa .S1; SC1/, where SC1
is the p-adic completion of colimI SCi and S1 D SC1Œ

1
p
�.

Now we put F to be the sheaf colimI f �1i OCZi ;ét. Since filtered colimits are exact,
we conclude that F =p D colimI f �1i OCZi ;ét=p. Because affinoid perfectoid spaces
U1 ! Z1, étale over Z1, form a basis of the étale site Z1;ét, it thus suffices to
show that the natural morphism

F .U1/=p ! OCZ1;ét
.U1/=p

is an isomorpism for any such U1 ! Z1. Then [61, Proposition 6.4 (iv)] implies
that, for some i0 2 I , there is an affinoid perfectoid space Ui0 with an étale morphism
Ui0 ! Zi0 such that

Ui0 �Zi0
Z1 ' U1:

For any j � i0, we put Uj WD Ui0 �Zi0 Zj . Since fiber products commute with limits,
we see that

U1 ' lim
I
Ui

in the category of affinoid perfectoid spaces. From this it follows that OCZ1;ét
.U1/D�

colimi�i0 OCZi;ét
.Ui /

�^
p

. Arguing as in [61, Proposition 14.9] (or as in [23, Proposi-
tion 5.9.2]), we conclude that F .U1/D colimi�i0 OCZi ;ét.Ui /. Thus, [68, Tag 05GG]
ensures that the natural morphism

F .U1/=p ! OCZ1;ét
.U1/

is an isomorphism.

Corollary 6.4.10. Let Z be an affinoid perfectoid space over Spa .Qp;Zp/, and let
Z D limI Zi be a cofiltered limit of affinoid perfectoid spaces Zi over Spa .Qp;Zp/.
Then the natural morphism

hocolimI R�
�
Zi;ét;O

C

Zi;ét
=p
�
! R�

�
Zét;O

C

Zét
=p
�

is an equivalence.

Proof. The result is a formal consequence of Lemma 6.4.9 and [61, Proposition 6.4]
(for example, argue as in [23, Proposition 5.9.2]).

Corollary 6.4.11. The functor R�ét.�;O
C=p/W PerfAffop

Qp ! D.Z/ is a (derived)
v-sheaf.

Proof. Clearly, R�ét.�;O
C=p/ transforms disjoint unions into direct products, so it

suffices to show that R�ét.�;O
C=p/ satisfies v-descent. Then it suffices to show that

R�ét.�;O
C=p/ satisfies the conditions of Lemma 6.4.7.

https://stacks.math.columbia.edu/tag/05GG
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By definition, R�.Yét;O
C

Yét
=p/ 2 D�0.Z/ for any Y 2 AffPerfQp . Lemma 6.4.8

implies that R�ét.�;O
C=p/ satisfies quasi-proétale descent, and Corollary 6.4.10

ensures that it satisfies the third condition of Lemma 6.4.7. Thus, Lemma 6.4.7 guar-
antees that R�ét.�;O

C=p/ satisfies v-descent.

Lemma 6.4.12. Let Y 2 PerfAffQp , and let K ! Y } be a v-hypercover in Y }v (in
the sense of [68, Tag 01G5]). Then there is a split (in the sense of [68, Tag 017P])
v-hypercover K 0 ! Y such that each term K 0n is a strictly totally disconnected per-
fectoid space, and there is a morphism K 0} ! K of augmented (over Y ) simplicial
objects.

Proof. This is a standard consequence of the fact that any v-small sheafX admits a v-
covering f WX 0! X with a strictly totally disconnected affinoid perfectoid spaceX 0.
Since this reduction is standard, we only indicate that one should argue as in [68,
Tag 0DAV] or [21, Theorem 4.16] by inductively constructing a split n-truncated
hypercoverK 0 with a morphismK 0! K�n. For this inductive step, the crucial input
is [21, Theorem 4.12] that allows us to construct morphisms from a split (truncated)
hypercovering.

Lemma 6.4.13. For an affinoid perfectoid space Y D Spa .S;SC/ over Spa .Qp;Zp/,
the natural morphism

R�.Yét;O
C

Yét
=p/! R�.Y }v ;O

C

Y}
=p/

is an isomorphism.

Proof. We divide the proof into several steps.

Step 1: Compute R�.Y }v ;O
C

Y}
=p/ “explicitly” in terms of hypercovers (see [68,

Tag 01G5] for a definition of a hypercovering). Let us denote by HC.Y }/ the cate-
gory of all v-hypercovers of Y } up to homotopy.11 Likewise, we denote by HC.Y /
the category of all v-hypercovers of Y in PerfAffQp up to homotopy, and by HCstd.Y /

the full subcategory of hypercovers K ! Y such that each Kn is strictly totally dis-
connected.

Then the diamondification functor naturally extends to a fully faithful functor
.�/}WHCstd.Y /!HC.Y }/. Lemma 6.4.12 ensures that this functor is cofinal, and so
[68, Tag 01H0] implies that, for every integer i � 0, we have a canonical isomorphism

Hi
�
Y }v ;O

C

Y}
=p
�
' colimK2HCstd.Y /

LHi
�
K}v ;O

C

Y}
=p
�
; (6.4.1)

where LHi
�
K}v ;O

C

Y}
=p
�

are the Čech cohomology groups associated with a hyper-
cover K} ! Y } (see [68, Tag 01GU]).

11See [68, Tag 01GZ] for the precise definition.

https://stacks.math.columbia.edu/tag/01G5
https://stacks.math.columbia.edu/tag/017P
https://stacks.math.columbia.edu/tag/0DAV
https://stacks.math.columbia.edu/tag/01G5
https://stacks.math.columbia.edu/tag/01H0
https://stacks.math.columbia.edu/tag/01GU
https://stacks.math.columbia.edu/tag/01GZ
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Moreover, for any affinoid perfectoid space Z with a map Z ! Y , we have a
natural isomorphism OC

Y}
=pjZ} ' OC

Z}
=p. Furthermore, Lemma 6.3.7 ensures that

H0
�
Z}v ;O

C

Y}
=p
�
' H0

�
Z}v ;O

C

Z}
=p
�
' H0

�
Zét;O

C

Zét
=p
�
:

IfZ D Spa .S;SC/ is strictly totally disconnected, we can simplify it even further by
noting that all étale sheaves on Zét have trivial higher cohomology groups, so

H0
�
Zét;O

C

Zét
=p
�
' SC=pSC:

Combining all these observations, we see that Equation (6.4.1) can be simplified
to the following form:

Hi
�
Y };OC

Y}
=p
�
' colimK2HCstd.Y / Hi

�
SC0;K=p ! SC1;K=p ! � � �S

C

n;K=p ! � � �
�
;

(6.4.2)
where Kn D Spa .Sn;K ; SCn;K/ is a strictly totally disconnected perfectoid space, and
the differentials are given by the usual Čech-type differentials.

Step 2: R�ét.�;O
C=p/ satisfies v-hyperdescent. First, we note that Corollary 6.4.11

and [49, Proposition A.3.3.1] ensure that R�ét
�
�;OCYét

=p
�

is a D.Z/-valued v-sheaf
on PerfAffQp . Moreover, for any Y 2 PerfAffQp , we know that

R�
�
Yét;O

C

Yét
=p
�
2 D�0.Z/:

Therefore, [48, Lemma 6.5.2.9] implies that R�ét.�; O
C=p/ is a hypercomplete

(derived) v-sheaf. Furthermore, [48, Corollary 6.5.3.13] implies that any hypercom-
plete (derived) v-sheaf F (in particular, R�ét.�;O

C=p/) satisfies hyperdescent, i.e.,
for any v-hypercovering K ! X , the natural morphism

F .X/! R lim
n2�

F .Kn/

is an equivalence.

Step 3: Compute R�.Yét;O
C

Yét
=p/ “explicitly” in terms of hypercovers. By Step 2,

we know that, for any v-hypercovering K ! Y in PerfAffQp , the natural morphism

R�
�
Yét;O

C

Yét
=p
�
! R lim

n2�
R�

�
Kn;ét;O

C

Kn;ét
=p
�

is an isomorphism. Now we assume that each termKn D Spa
�
Sn;K ; S

C

n;K

�
is strictly

totally disconnected, so higher étale cohomology of any étale sheaf on Kn vanishes.
Thus, we have

R�
�
Kn;ét;O

C

Kn;ét
=p
�
' H0

�
Kn;ét;O

C

Kn;ét
=p
�
' SCn;K=pS

C

n;K :
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Therefore, in this case, the totalization R limn2� R�
�
Kn;ét;O

C

Kn;ét
=p
�

can be explic-
itly computed as the Čech cohomology associated with the hypercovering K ! Y .
More explicitly, we see that, for every integer i � 0, we have

Hi
�
Yét;O

C

Yét
=p
�
' Hi

�
SC0;K=p ! SC1;K=p ! � � �S

C

n;K=p ! � � �
�

with standard Čech-type differentials. Since this formula holds for any v-hypercover
K ! Y with strictly totally disconnected terms Kn, we can pass to the filtered co-
limit12 over HCstd.Y / to see that, for every integer i � 0,

Hi
�
Yét;O

C

Yét
=p
�
' colimK2HCstd.Y / Hi

�
SC0;K=p ! SC1;K=p ! � � �S

C

n;K=p ! � � �
�
;

(6.4.3)
where Kn D Spa

�
Sn;K ; S

C

n;K

�
is a strictly totally disconnected perfectoid space, and

the differentials are given by the usual Čech-type differentials.

Step 4: Finish the proof. Now Equations (6.4.2) and (6.4.3) imply that the natural
morphism

Hi
�
Yét;O

C

Yét
=p
�
! Hi

�
Y }v ;O

C

Y}
=p
�

is an isomorphism for every i � 0. In other words, the morphism

R�
�
Yét;O

C

Yét
=p
�
! R�

�
Y }v ;O

C

Y}
=p
�

is an isomorphism.

Corollary 6.4.14. Let X 2 pAdQp be a pre-adic space over Spa .Qp;Zp/. Then the
natural morphism

O
X}qp

C =p ! R��
�
OC
X}
=p
�

is an isomorphism.

Proof. Lemma 6.3.7 ensures that O
X}qp
C =p ! ��

�
OC
X}
=p
�

is an isomorphism. Thus,
it suffices to show that

Rj��
�
OC
X}
=p
�
' 0

for j � 1. Since strictly totally disconnected spaces form a basis for the quasi-proétale
topology of any diamond, it suffices to show that

Hj .Y }v ;O
C

Y}
=p/ D 0

for a totally strictly disconnected perfectoid Y !X and j � 1. Lemma 6.4.13 implies
that

Hj
�
Y }v ;O

C

Y}
=p
�
' Hj

�
Yét;O

C

Yét
=p
�
:

12The category HCstd.Y / is cofiltered because it is a cofinal category in the filtered category
HC.Y}/. See Step 1 and [68, Tag 01GZ] for more detail.

https://stacks.math.columbia.edu/tag/01GZ
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Now the latter group vanishes because any étale sheaf on a strictly totally discon-
nected perfectoid space has trivial higher cohomology groups.

Corollary 6.4.15. LetX be a strongly sheafy adic space over Spa .Qp;Zp/. Then the
natural morphisms

R�
�
X;OCXét

=p
�
! R�

�
X}qp;OX}qp

C =p
�
! R�

�
X}v ;O

C

X}
=p
�

are isomorphisms.

Proof. It follows directly from Lemma 6.3.7 and Corollary 6.4.14.

Corollary 6.4.16. Let X D Spa .R;RC/ be a strictly totally disconnected perfectoid
space over Spa .Qp;Zp/. Then we have Hi

�
X}v ;O

C

X}
=p
�
' 0 for every i � 1, and

H0
�
X}v ;O

C

X}
=p
�
' RC=pRC.

Remark 6.4.17. We emphasize that Corollary 6.4.16 guarantees the actual vanishing
of higher v-cohomology groups of OCX}=p on a strictly totally disconnected perfec-
toid spaceX . This is quite surprising for two reasons: this vanishing holds on the nose
(without passing to the almost category), the definition of strictly totally disconnected
perfectoid spaces, a priori, guarantees vanishing only of étale cohomology groups (as
opposed to the v-cohomology groups).

Proof. Corollary 6.4.15 implies that

R�
�
X}v ;O

C

X}
=p
�
' R�

�
X;OCXét

=p
�
:

Since X is a strictly totally disconnected space, so any étale sheaf has no higher
cohomology groups. This implies that Hi

�
X}v ;O

C

X}
=p
�
' 0 for i � 1, and

H0
�
X}v ;O

C

X}
=p
�
' H0

�
X;OCXét

�
=p ' RC=pRC:

As an application, we get the following result:

Corollary 6.4.18. LetK be a p-adic non-archimedean field, letKC �K be an open
and bounded valuation subring, and let X be a locally noetherian adic space over
Spa .K;KC/. Put Xı WD X �Spa .K;KC/ Spa .K;OK/. Then the natural morphism

R�
�
X}v ;O

C

X}
=p
�
˝KC=p OK=p ! R�

�
Xı;}v ;OC

Xı;}
=p
�

is an isomorphism. In particular, if .K;KC/ is a perfectoid field pair, then the natural
morphism

R�
�
X}v ;O

C

X}
=p
�
! R�

�
Xı;}v ;OC

Xı;}
=p
�

is an almost isomorphism.
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Proof. Using the Mayer–Vietoris spectral sequence, we can localize the problem
on X . Thus, we can assume that X D Spa .A; AC/ is affinoid. Then we can find a
quasi-proétale covering Spd .A1; AC1/! Spd .A;AC/ such that all fiber products

Spd .A1; AC1/
j=Spd .A;AC/

D Spd .Bj ; BCj /

are strictly totally disconnected (affinoid) perfectoid spaces for j � 1. Thus, Corol-
lary 6.4.16 implies that

Hi
�
Spd .Bj ; BCj /v;O

C

X}
=p
�
' 0

for i; j � 1, and

H0
�
Spd .Bj ; BCj /v;O

C

X}
=p
�
' BCj =pB

C

j

for j � 1. Therefore, we can compute Hj
�
X}v ;O

C

X}
=p
�

via the Čech cohomology
groups of the covering Spd .A1; AC1/! Spa .A;AC/. So we get an isomorphism

Hi
�
X}v ;O

C

X}
=p
�
' Hi

�
BC1 =p ! BC2 =p ! � � �

�
:

Now the morphism Spa .K;OK/ ! Spa .K; KC/ is a pro-open immersion, so the
fiber products

Spa .Bj ; BCj / �Spa .K;KC/ Spa .K;OK/

are strictly totally disconnected affinoid perfectoid spaces represented by13

Spa
�
Bj ; Bj b̋KCOK

�
:

In particular, the same argument as above implies that the OC=p cohomology of
Xı;} can be computed as follows:

Hi
�
Xı;}v ;OC

X}
=p
�
' Hi

�
BC1 =p ˝KC=p OK=p ! BC2 =p ˝KC=p OK=p ! � � �

�
:

Now [53, Theorem 10.1] implies that OK is an algebraic localization of KC, so OK
is KC-flat. Thus, we get the desired isomorphism

R�
�
X}v ;O

C

X}
=p
�
˝KC=p OK=p ! R�

�
Xı;}v ;OC

Xı;}
=p
�
:

If K is perfectoid, the almost isomorphism

R�
�
X}v ;O

C

X}
=p
�
! R�

�
Xı;}v ;OC

Xı;}
=p
�

now follows from Lemma B.13.

13For example, the proof of Lemma 7.4.6 goes through without any changes as OK is an
algebraic localization of KC.
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6.5 OC=p-vector bundles in different topologies

The main goal of this section is to show that the categories of v-, quasi-proétale, and
étale OC=p-vector bundles are all equivalent.

The results of this section are mostly due to B. Heuer. A version of these results
has also appeared in [35]. We present a slightly different argument that avoids non-
abelian cohomology. We heartfully thank B. Heuer for various discussions around
these questions and for allowing the author to present a variation of his ideas in this
section.

For the next definition, we fix a pre-adic space X over Spa .Qp;Zp/.

Definition 6.5.1. An OC
X}
=p-module E (in the v-topology on X}) is an OC

X}
=p-

vector bundle if there is a v-covering ¹Xi ! X}ºi2I such that EjXi '
�
OC
X}
=p
�
j
ri
Xi

for some integers ri . The category of OC
X}
=p-vector bundles will be denoted by

Vect
�
X}v ;O

C

X}
=p
�
.

An O
X}qp
C =p-module E (in the quasi-proétale topology on X}) is said to be an

O
X}qp
C =p -vector bundle if there is a quasi-proétale covering ¹Xi!X}ºi2I such that

EjXi '
�
O
X}qp
C =p

�
j
ri
Xi

for some integers ri . We will denote the category of O
X}qp
C =p-

vector bundles by Vect
�
X}qp;OX}qp

C =p
�
.

Let now X be a strongly noetherian adic space over Spa .Qp;Zp/. An OCXét
=p-

module E (in the étale topology on X ) is an OCXét
=p-vector bundle if, there is an étale

covering ¹Xi ! Xºi2I such that EjXi '
�
OCXét

=p
�
j
ri
Xi

for some integers ri . We will
denote the category of OCXét

=p-vector bundles by Vect
�
Xét;O

C

Xét
=p
�
.

Remark 6.5.2. Note that OC
X}
=p-vector bundles are “big sheaves”, i.e., they are

defined on the big v-site X}v . In contrast, O
X}qp
C =p and OCXét

=p-vector bundles are
“small sheaves”; i.e., they are defined on the small quasi-proétale X}qproKet or the small
étale site Xét respectively.

The main goal of this section is to show that all these notions of OC=p-vector
bundles are equivalent.

First, we define the functors between these categories of OC=p-vector bundles
which we later show to be equivalences. For this, we note that Lemma 6.3.7 implies
that ��1

�
OCXét

=p
�
' O

X}qp
C =p. Consequently, ��1 carries OCXét

=p-vector bundles to
O
X}qp
C =p-vector bundles. In particular, it defines the functor

�� WD ��1WVect
�
Xét;O

C

Xét
=p
�
! Vect

�
X}qp;OX}qp

C =p
�
:

Unfortunately, the natural morphism ��1
�
O
X}qp
C =p

�
! O

X}v

C =p is not an isomorphism
(see Remark 6.5.2). For this reason, we define �� to be the “OC=p-module pullback”
functor

��WVect
�
X}qp;OX}qp

C =p
�
! Vect

�
X}v ;O

C

X}
=p
�
;
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defined by the formula

��E WD ��1E ˝��1O
X
}
qp
C =p OC

X}
=p:

Our goal is to show that both �� and �� are equivalences. Before we do this, we
need some preliminary lemmas:

Lemma 6.5.3. Let X be a pre-adic space over Spa .Qp;Zp/, let E be an OC
X}
=p-

vector bundle, and let Z D limI Zi be a cofiltered limit of affinoid perfectoid spaces
over X . Then the natural morphism

colimI H0
�
Z}i;v;E

�
! H0

�
Z}v ;E

�
is an isomorphism.

Proof. Without loss of generality, we can assume that I has a final object 0. Then,
by the sheaf condition and exactness of filtered colimits, it suffices to show the claim
v-locally on Z0. Therefore, we may assume that EjZ} '

�
OC
Z}
=p
�d is a free vector

bundle. The claim then follows from Corollary 6.4.10.

Corollary 6.5.4. Let X be a pre-adic space over Spa .Qp;Zp/, let E be an OC
X}
=p-

vector bundle, and letZ � limI Zi !Z0 be an affinoid strongly pro-étale morphism
of strongly sheafy Tate-affinoid spaces over X . Then the natural morphism

colimI H0
�
Z}i;v;E

�
! H0.Z}v ;E/

is an isomorphism.

Proof. We can prove the claim v-locally on Z}0 . Therefore, we can choose a v-
covering eZ0!Z0 with a strictly totally disconnected perfectoid space eZ0. The proof
of Lemma 6.2.6 (2) ensures that each eZi WD Zi �Z0 eZ0 is a strictly totally discon-
nected affinoid space, and the diamond .Z �Z0 eZ0/} is a strictly totally disconnected
perfectoid space (of characteristic p). Therefore, we see that the natural morphism

eZ WD �.Z �Z0 eZ0/}�] ! Z �Z0
eZ0

becomes an isomorphism after applying the diamondification functor, and

eZ ' lim
I

eZi
in the category of perfectoid spaces over X . Since the question is v-local on Z}0 and
depends only on the associated diamonds ofZi andZ, we can replaceZi andZ witheZi and eZ, respectively, to achieve that each Zi and Z is an affinoid perfectoid. In
this case, the result follows from Lemma 6.5.3.
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Lemma 6.5.5. Let X be a pre-adic space over Spa .Qp;Zp/, let E be an OC
X}
=p-

vector bundle, and letZ � limI Zi !Z0 be an affinoid strongly pro-étale morphism
of strongly sheafy Tate-affinoid adic spaces over X . If EjZ} '

�
OC
Z}
=p
�d for some

integer d , then there is an i 2 I such that Ej
Z}
i
'
�
OC
Z}
i

=p
�d .

Proof. We choose an isomorphism

f W
�
OC
Z}
=p
� �
�! EjZ}

and wish to descend it to a finite level.

Step 1: We approximate f . Corollary 6.5.4 ensures that we can find i 2 I and a
morphism

fi W
�
OC
Z}
i

=p
�d
! Ej

Z}
i

such that fi jZ} D f .

Step 2: Approximate f �1WEjZ} !
�
OC
Z}
=p
�d . We note that the dual sheaf

E_ D Hom
O
C

X}
=p

�
E;OC

X}
=p
�

is also an OC
X}
=p-vector bundle. So we can apply the same argument as in Step 1 to

.f �1/_W
�
OC
Z}
=p
�d
! E_jZ} D Hom

O
C

X}
=p

�
E;OC

X}
=p
�
jZ}

to find (after possible enlarging i 2 I ) a morphism

g0i W
�
OC
Z}
i

=p
�d
! E_j

Z}
i

such that g0i jZ} D .f
�1/_. By dualizing, we get a morphism

gi WEjZ}
i
!
�
OC
Z}
i

=p
�d

such that gi jZ} D f
�1.

Step 3: Show that fi ı gi D id and gi ı fi D id after possibly enlarging i 2 I . We
show the first claim, the second is proven in the same way (and even easier). We
consider idEj

Z
}
i

and fi ı gi as sections of the internal Hom sheaf, i.e.,

idEj
Z
}
i

; fi ı gi 2
�
End

O
C

X}
=p
.E/

��
Z}i

�
:

For brevity, we simply denote End
O
C

X}
=p
.E/ by End . Note that End is again an

OC
X}
=p-vector bundle, and so Lemma 6.5.3 ensures that

colimI End .Z}i / D E.Z}/:
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Thus if fi ı gi and id are equal in the colimit, they are equal on Z}i for some large
index i . Similarly, gi ı fi D id for some i 2 I . Therefore, fi W

�
OC
Z}
i

=p
�d �
�! Ej

Z}
i

is an isomorphism for i � 0.

Lemma 6.5.6. Let Y denote a strictly totally disconnected perfectoid space over
Spa .Qp;Zp/, and let E be an OC

Y}
=p-vector bundle. Then there is a finite clopen

decomposition Y D
F
i2I Yi such that Ej

Y}
i
'
�
OC
Y}
i

=p
�ri for some integers ri .

Proof. By assumption, there is a v-covering ¹fj WZj ! Y } D Y [ºj2J by affinoid
perfectoid spaces. Since Y is quasi-compact, we can assume that J is a finite set.

We put Y 000j WD fj .Zj / � Y
[. This subset is pro-constructible by [68, Tag 0A2S]

and it is generalizing due to [38, Lemma 1.1.10]. Therefore, [61, Lemma 7.6] implies
that there is a canonical structure of an affinoid perfectoid space on Y 000j such that
�j W Y

000
j ! Y [ is a pro-(rational subdomain). In particular, Y 000j is strictly totally dis-

connected for every j 2 J (for example, due to [61, Lemma 7.19]).
Lemma 6.4.4 implies that, for each j 2 J , we can writeZj D limƒj Zj;� ! Y 000j

as a cofiltered limit of affinoid perfectoid spaces such that Zj;� ! Y 000j admits a sec-
tion for each � 2 ƒj . Therefore, Lemma 6.5.5 ensures that, for each j 2 J , there is
�j 2 ƒj such that EjZj;�j

is a free OC
Y}
=p-vector bundle. Since each Zj;�j ! Y 000j

admits a section, we can pull back this trivialization along the section to conclude that
EjY 000

j
is a free OC

Y}
=p-vector bundle.

Now we use Lemma 6.5.5 and the fact that �j W Y 000j ! Y [ is a pro-(rational sub-
domain) to find a rational open subdomain Y 00j � Y

[ such that Y 000j � Y
00
j and EjY 00

j

is a free OC
Y}
=p-vector bundle of rank r.j /. Finally, for each integer i , we put Y 0i to

be the union of all Y 00j such that r.j / D i (in other words, it is the union of Y 00j such
that EjY 00

j
is free of rank i ). Then all Y 0i are disjoint and only finitely many of them

are non-empty. Finally, we define I to be the (finite) set of integers such that Y 0i ¤ ¿.
Then Y } D Y [ D

F
i2I Y

0
i is a finite clopen decomposition such that EjY 0 is finite

free. Then the set of untilts Yi WD Y
0]
i � .Y

[/] D Y does the job.

Theorem 6.5.7 (see also [35]). Let X be a pre-adic space over Qp . Then the functor

��WVect
�
X}qp;OX}qp

C =p
�
! Vect

�
X}v ;O

C

X}
=p
�

is an equivalence of categories. Furthermore, for any O
X}qp
C =p-vector bundle E , the

natural morphism
E ! R����E

is an isomorphism.

Proof. We start the proof by showing that the natural morphism

E ! R����E

https://stacks.math.columbia.edu/tag/0A2S
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is an isomorphism. The claim is quasi-proétale local, hence we can assume that E is
a trivial O

X}qp
C =p-vector bundle. In this case, the claim follows from Corollary 6.4.14.

This already implies full faithfulness of ��. Indeed, it follows from a sequence of
isomorphisms:

Hom
O
C

X}
=p
.��E1; �

�E2/ ' HomO
X
}
qp
C =p.E1; ���

�E2/ ' HomO
X
}
qp
C =p.E1;E2/:

To show that �� is essentially surjective, it is enough to show that, for an OC
X}
=p-

vector bundle E , ��E is an O
X}qp
C =p-vector bundle and the natural morphism

E ! ����E

is an isomorphism. Both claims are quasi-proétale local on X}, so we can assume
that X is a strictly totally disconnected perfectoid space. Then we can assume that E

is a free vector bundle due to Lemma 6.5.6. Then ��E is a free O
X}qp
C =p-vector bundle

by Lemma 6.3.7. Thus, the natural morphism

E ! ����E

is evidently an isomorphism.

Lemma 6.5.8. Let X be a strongly sheafy adic space over Spa .Qp;Zp/, and let E

be an O
X}qp
C =p-vector bundle (equivalently, an OC

X}
=p-vector bundle). Then there is

an étale covering ¹X 0i ! Xºi2I such that Ej
X 0}
i
' .O

X 0}
i

C =p/ri for some integers ri .

Proof. The question is local on X . So we can assume that X D Spa .A; AC/ for a
complete strongly sheafy Tate–Huber pair .A; AC/. Then the result follows directly
from Lemma 6.2.13, Theorem C.3.10, Lemma 6.5.6, and Lemma 6.5.3.

Theorem 6.5.9 (See also [35]). Let X denote a strongly sheafy adic space over
Spa .Qp;Zp/. Then the functor

��WVect.Xét;O
C

Xét
=p/! Vect.X}qp;OX}qp

C =p/

is an equivalence of categories. Furthermore, for any O
X}ét

C =p-vector bundle E , the
natural morphism

E ! R����E

is an isomorphism.

Proof. The proof is completely analogous to the proof of Theorem 6.5.7 making use
of Lemma 6.5.8 in place of Lemma 6.5.6.
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6.6 Trivializing OC=p-vector bundles

We recall that Theorem 6.5.7 and Theorem 6.5.9 ensure that the categories of OC=p-
vector bundles in the v, quasi-proétale, and étale topologies are equivalent. In partic-
ular, any OC=p-vector bundle in the v-topology can be trivialized étale locally. The
main goal of this section is to show that it suffices to consider some very specific étale
covers.

To do this, we need to start with the discussion of OC=p-vector bundles on some
very specific adic spaces.

Lemma 6.6.1. Let X D Spa .A;AC/ be a Tate affinoid pre-adic space such that AC

is a Prüfer domain (in the sense of [28, Theorem 22.1 and the discussion before it]).
Then the specialization map spX W jX j ! jSpf ACj D jSpecAC=Aııj is a homeomor-
phism.

Proof. First, (the proof of) [5, Theorem 8.1.2] implies that it suffices to show that
SpecAC does not admit any non-trivial admissible blow-ups. For this, it suffices to
show that any finitely generated ideal I � AC is invertible. This is, in turn, one of the
defining properties of Prüfer domains (see [28, Theorem 22.1]).

Lemma 6.6.2. Let X D Spa .K;KC/ be a Tate affinoid adic space such that K is a
non-archimedean field and KC is a Prüfer domain.14 Then the morphism of locally
ringed spaces

spX W
�
Xan;O

C

X

�
!
�
Spf KC;OSpf KC

�
is an isomorphism.

Proof. Lemma 6.6.1 implies that spX is a homeomorphism. Therefore, it suffices to
show that sp#

X WOSpf KC ! spX;�.O
C

X / is an isomorphism. It suffices to show that
sp#
X .Df / is an isomorphism for any f 2 KC.

Since K is a non-archimedean field, we conclude that Kı D OK is a rank-1
valuation ring. Then we consider the inclusions Kıı � KC � OK and fix a pseudo-
uniformizer $ 2KC. Since OK is a rank-1 valuation ring, we conclude that the
induced topologies on OK and KC coincide with the $ -adic topologies.

Now pick f 2KC. If f 2Kıı, thenKC
�
1
f

�
DK and so the principal open D.f /

is empty. In particular, sp#
X .Df / is clearly an isomorphism. Therefore, we can assume

that f 2 KC XKıı. Then KC
�
1
f

�
� OK is an open subring, so KC

�
1
f

�
is already

complete in the $ -adic topology. In particular, we conclude that OSpf KC.D.f // D
KC

�
1
f

�
. Likewise, since KC

�
1
f

�
� K is already complete and integrally closed, we

conclude that �
spX;�O

C

X

��
D.f /

�
D OCX

�
X
� 1
f

��
D KC

h 1
f

i
:

14We do not assume that KC is a valuation ring.
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In particular, we conclude that sp#
X .Df / is an isomorphism, finishing the proof.

Now we recall that any locally noetherian analytic adic space X comes with the
natural morphism of ringed sites iX W

�
Xét;O

C

Xét

�
!
�
Xan;O

C

X

�
. We show that this is

an equivalence for some special X .

Lemma 6.6.3. Let X D Spa .K;KC/ be a Tate affinoid adic space such that K is a
non-archimedean field,15 and let U � X be a non-empty rational subdomain. Then
U D Spa .K;K 0C/ for some Tate–Huber pair .K;K 0C/.

Proof. Since U is an affinoid space, we only need to show that OX .U / D K. First,
we choose a pseudo-uniformizer $ 2 KC. Then we note that Kı D OK is a rank-1
valuation ring since K is a non-archimedean field. In particular, we conclude that the
induced topologies on bothKı andKC coincide with the$ -adic topology (and both
are complete with respect to this topology).

Now we consider the case U D X
�
f
g

�
for some f;g 2K�. SinceK is a field, we

can assume that U D X
�
1
f

�
for some f 2 K�. If f 2 Kıı, then X

�
1
f

�
D ¿, so we

can assume that f … Kıı. Then we recall that the induced topology on KC is equal
to the $ -adic topology to conclude that (see [37, Section 1])

OX .U / D
�
KC

h 1
f

i^
.$/

�h 1
$

i
;

whereKC
�
1
f

�
is theKC-subalgebra ofK

�
1
f

�
D K generated by 1

f
. Since f … Kıı,

we conclude thatKC
�
1
f

�
�OK is an open subring of OK . Thus, it is already complete

in the $ -adic topology. So we conclude that

OX .U / D
�
KC

h 1
f

i�h 1
$

i
D K:

A rational subdomain U is equal toX
�
f1;:::;fn

g

�
for some f1; : : : ; fn; g 2 K�. Denote

by Ui the rational subdomain X
�
fi
g

�
. Then

U D U1 \ U2 \ � � � \ Un:

Therefore, we see that

OX .U / ' OX .U1/b̋KOX .U2/b̋K � � � b̋KOX .Un/ ' K b̋KK b̋K � � � b̋KK ' K:
Lemma 6.6.4. Let X D Spa .C; CC/ be a Tate affinoid adic space such that C is an
algebraically closed non-archimedean field.16 Let $ 2 CC be a pseudo-uniformizer.
Then the morphism of ringed topoi

iX W
�
Xét;O

C

Xét

�
!
�
Xan;O

C

X

�
15We do not assume that KC is a valuation ring.
16We do not assume that CC is a valuation ring.
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is an equivalence. In particular, the functor i�1X induces an equivalence of categories

i�1X WVect
�
Xan;O

C

X =$
� �
�! Vect

�
Xét;O

C

Xét
=$

�
:

Proof. We verify conditions (a)–(d) of [38, Corollary A.5]. Conditions (a) and (c)
are clear. Condition (d) follows from the fact that étale maps are open. Indeed, in
the notation of [38, Corollary A.5], we can take I D ¹0º, X0 D X , Y0 D '.X/, and
X0 ! Y0 the map induced by '.

Therefore, we are only left to check condition (c) of loc. cit. That is, we need to
show that any étale morphism f WY !X admits an étale covering ¹Yi ! Xºi2I such
that Yi ! X is an open immersion.

Without loss of generality, we can assume that Y D Spa .A; AC/ is affinoid.
We can construct Yi analytically locally on X . Lemma 6.6.2 implies that we can
freely replace X with any non-empty open affinoid without changing the assump-
tions onX . Therefore, [38, Lemma 2.2.8] implies that we can assume that f WY !X

factors as a composition of an open immersion j WY ! Y =X followed by a finite étale
morphism f =X WY =X ! X . Since X is strongly noetherian, we conclude that the cat-
egory Xfet of finite étale adic spaces over X is equivalent to the category Cfet of finite
étale C -algebras. Since C is algebraically closed, we conclude that Y =X D

F
i2I Xi

is a disjoint union of a finite number of copies of X (Xi ' X ). Therefore,®
ji WYi WD Xi \ Y ! Y

¯
i2I

gives the desired covering of Y .
Now to conclude that i�1X WVect

�
Xan;O

C

X =$
�
! Vect

�
Xét;O

C

Xét
=$

�
is an equiv-

alence, it suffices to show that i�1X OCX =$ D OCXét
=$ . Since i�1X is exact, it suffices

to show that i�1X OCX D OCXét
. For this, it suffices to show that iX;�OCXét

D OCX , but this
is evident from the definition.

Lemma 6.6.5. Let K be a non-archimedean field with an open and bounded val-
uation subring KC � K and a pseudo-uniformizer $ 2 KC. Let Ksep be a sep-
arable closure of K, and let ¹Kiºi2I be a filtered system of finite subextensions
K � Ki � K

sep. For each i 2 I , we put KCi to be the integral closure of KC in Ki .
Then the completed colimit

CC WD
�
colimI KCi

�^
.$/

is a Prüfer domain and C WD CC
�
1
$

�
is an algebraically closed non-archimedean

field.

Proof. First, we note that [36, Lemma 1.6] implies that C is the usual completion of
the topological fieldKsep. Therefore, [12, Proposition 3.4.1/3 and Proposition 3.4.1/6]
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imply that C is algebraically closed. So we only need to show that CC is a Prüfer
domain.

First, we note that [28, Theorem 22.1] ensures that KC is a Prüfer domain. Then
[28, Theorem 22.3] implies that each KCi is a Prüfer domain. Now we note that
colimI KCi is a domain, so [28, Proposition 22.6] ensures that it is a Prüfer domain.
Then [56, Theorem 4] implies that it suffices to show that every torsionfree CC-
module M is flat. Clearly, M

�
1
$

�
is a flat C D CC

�
1
$

�
-module because C is a

field. Furthermore, [19, Chapter VII, Proposition 4.5] applied to A D M and ƒ D
colimI KCi implies that M is flat over colimI KCi . In particular, M=$M is flat over
CC=$ '

�
colimI KCi

�
=$ . Therefore, [11, Lemma 8.2/1] concludes that M is flat

over CC and finishes the proof.

Lemma 6.6.6. In the notation of Lemma 6.6.5, any finite projective CC=$ -module
is free.

Proof. First, we note that CC=$ ' colimI .KCi =$/. Therefore, a standard approxi-
mation argument reduces the question of showing that every finite projectiveKCi =$ -
module is finite free. Let us denote the residue field of (the rank-1 valuation ring)
Kıi D OKi by ki . Then we observe that Kııi D rad.$/, and thus KCi =rad.$/ D
KCi =K

ıı
i � OKi =K

ıı
i D ki is a domain. In particular,

jSpecKCi =$ j D jSpecKCi =K
ıı
i j

is irreducible. Furthermore, [17, Ch. VI Section 8.3, Thm. 1 and Ch.VI, Section 8.6,
Prop. 6] imply that eachKCi is semi-local. In particular, the ringKCi =$ is semi-local
as well. Therefore, [68, Tag 02M9] and the above observation, that jSpecKCi =$ j is
irreducible, guarantee that any finite projective KCi =$ -module is free.

Corollary 6.6.7. In the notation of Lemma 6.6.5, put X D Spa .C; CC/. Then any
OCXét

=$ -vector bundle is free.

Proof. Lemma 6.6.2, Lemma 6.6.4, and Lemma 6.6.5 imply that the category of
OCXét

=$ -vector bundles is equivalent to the category of usual vector bundles on the
scheme SpecCC=$ . Any such vector bundle is free due to Lemma 6.6.6.

Now we can prove the main result of this section:

Theorem 6.6.8. Let X be a strongly sheafy adic space over Spa .Qp;Zp/, let x 2 X
be a point, and let E be an OC

X}
=p-vector bundle. Then there are an affinoid open

subset x 2Ux �X and a finite étale surjective morphism zUx!Ux such that Ej zUx '�
O
C
zU}x
=p
�d for some integer d .

Proof. For clarity, we divide the proof into several steps.

https://stacks.math.columbia.edu/tag/02M9
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Step 1: The space X D Spa .K; KC/ for a non-archimedean field K and an open
and bounded valuation subring KC � K. In this case, we first fix a separable clo-
sure Ksep of K. We put ¹Kiºi2I to be a filtered system of all finite sub-extensions
K � Ki � K

sep, we also put KCi to be the integral closure of KC in Ki . Then
Lemma 6.6.5 ensures that CC WD

�
colimI KCi

�^
.p/

is a Prüfer domain and C WD
CC

�
1
p

�
is an algebraically closed non-archimedean field. Therefore, Corollary 6.6.7

implies that EjSpd .C;CC/ is free. By construction,

Spa .C; CC/ � lim
I

Spa .Ki ; KCi /! Spa .K;KC/

is an affinoid strongly pro-étale morphism. Therefore, Lemma 6.5.5 implies that there
is an index i 2 I such that EjSpd .Ki ;K

C

i
/ is free. Now the result follows from the

evident observation that Spa .Ki ; KCi / ! Spa .K; KC/ is a surjective finite étale
morphism.

Step 2: General X . Step 1 constructs a finite separable extension bk.x/ � K such
that EjSpd .K;KC/ is free, where KC is the integral closure of bk.x/C in K.

Now, [5, Proposition 7.5.5 (5)] implies that OCX;x is p-adically henselian, and
there is a natural isomorphism

�
OCX;x

�^
.p/
' bk.x/C. So, [26, Proposition 5.4.54] says

that we can find a finite étale morphism OX;x ! A such that A˝OX;x
bk.x/ D K.

Since OX;x is a local ring with residue field k.x/, we easily conclude that OX;x ! A

is also faithfully flat. Now we recall that OX;x D colimx2V�X OX .V /, so a standard
approximation argument implies that we can find an affinoid open x 2 V � X and a
faithfully flat finite étale morphism OX .V /! AV such that AV ˝OX .V / OX;x ' A.

For each affinoid open subset x � W � V , we put AW WD AV ˝OX .V / OX .W /

and put ACW to be the integral closure of OX .W / in AW . Then Lemma C.1.1 ensures
that .AW ; ACW / is a complete Tate–Huber pair for each open affinoid x � W � V .
Furthermore, the corresponding morphism fW W Spa .AW ; ACW /! W is a finite étale
surjection due to Lemma C.1.2. By construction, we have that

Spa .K;KC/ � lim
x2W�V

Spa .AW ; ACW /! Spa .AV ; ACV /

is an affinoid strongly pro-étale morphism, and EjSpd .K;KC/ is free. So, Lemma 6.5.5
implies that there is an open affinoid subspace x 2 Ux � Vx such that EjSpd .AU ;A

C

U
/

is free. Then zU x D Spa .AU ; ACU / does the job.

Now we summarize all results about various OC=p-vector bundles below:

Corollary 6.6.9. Let X be a strongly sheafy adic space over Spa .Qp;Zp/. Then

(1) the categories Vect.XétIO
C

Xét
=p/, Vect.X}qpIOX}qp

C =p/, and Vect.X}v IO
C

X}
=p/

are equivalent;

(2) these equivalences preserve cohomology groups;
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(3) for any OC
X}
=p-vector bundle E and a point x 2 X , there exists an open affi-

noid subspace x 2 Ux � X and a finite étale surjective morphism zUx ! Ux
such that Ej zU}x

is a free vector bundle.

6.7 Étale coefficients

The main goal of this section is to relate the étale and v-cohomology groups of étale
“overconvergent” OC=p-modules.

We fix a strongly sheafy adic space X over Spa .Qp; Zp/. Then we note that
any étale sheaf of Fp-modules F on X defines sheaves ��1F and ��1��1F of
Fp-modules on X}qp and X}v respectively, see Diagram (6.3.1). In what follows, we
abuse the notation and denote .��1��1F /˝Fp OC

X}
=p simply by F ˝OC

X}
=p for

any F 2 Shv.XétI Fp/. Similarly, we denote by .��1F / ˝Fp O
X}qp
C =p simply by

F ˝O
X}qp
C =p.

Before we go to the comparison results, we need to discuss some preliminary
results on sheaves on pro-finite sets. They turn out to be tied up with overconvergent
étale sheaves on strictly totally disconnected spaces.

Definition 6.7.1. For S a pro-finite set, a sheaf of Fp-modules F is constructible
if there exists a finite decomposition of S into a disjoint union of clopen subsets
S D

Fn
iD1 Si such that F jSi is a constant sheaf of finite rank.

Lemma 6.7.2. Let S be a pro-finite set, and let f WF ! G be a morphism of con-
structible sheaves of Fp-modules. Then Kerf and Cokerf are constructible.

Proof. Since S is pro-finite, each point s 2 S admits a clopen subset s 2 Us � S
such that both F jUs and G jUs are constant. Since S is quasi-compact, we can find a
finite disjoint union decomposition S D

Fn
iD1 Ui such that both F jUi and G jUi are

constant. So we can assume that both F and G are constant. Then it is easy to see
that the kernel and the cokernel are constant as well.

Lemma 6.7.3. Let S be a pro-finite set, and let F be a sheaf of Fp-vector spaces.
Then F ' colimI Fi for a filtered system of constructible sheaves Fi .

Proof. We use [68, Tag 093C], with B being the collection of clopen subsets of S , to
write F as a filtered colimit of the form

F ' colimI Coker
� mM
jD1

Fp;Vj !
nM
iD1

Fp;Ui
�
:

Now Lemma 6.7.2 implies that each cokernel is constructible finishing the proof.

https://stacks.math.columbia.edu/tag/093C
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Definition 6.7.4. A sheaf of Fp-modules F on Xét is overconvergent if, for every
specialization �! s of geometric points of X , the specialization map Fs ! F� is an
isomorphism.

Definition 6.7.5. An étale sheaf of Fp-modules F on a strictly totally disconnected
perfectoid spaceX is special if there exists a finite decomposition ofX into a disjoint
union of clopen subsets X D

Fn
iD1 Xi such that F jXi is a constant sheaf of finite

rank.

Lemma 6.7.6. Let X be a strictly totally disconnected perfectoid space, and F an
overconvergent étale sheaf of Fp-modules. Then F ' colimI Fi for a filtered system
of special sheaves Fi of Fp-modules.

Proof. Since X is strictly totally disconnected, the étale and analytic sites of X are
equivalent. So we can argue on the analytic site of X . By [61, Lemma 7.3], there
is a continuous surjection � WX ! �0.X/ onto a pro-finite set �0.X/ of connected
components.

Step 1: The natural map ����F ! F is an isomorphism. It suffices to check that
it is an isomorphism on stalks. Pick a point x 2 X , then [61, Lemma 7.3] implies
that the connected component of x has a unique closed point s. Then after unrav-
eling all definitions, one gets that the map .����F /x ! Fx is naturally identified
with the specialization map Fs ! Fx that is an isomorphism by the overconvergent
assumption.

Step 2: Finish the proof. Lemma 6.7.3 ensures that ��F ' colimI G 0i is a filtered
colimit of constructible sheaves. Since pullback commutes with all colimits, we get
isomorphisms F ' ����F ' colimI ��G 0i . This finishes the proof since each Gi WD

��G 0i is special.

Lemma 6.7.7. Let X be a strongly sheafy adic space over Spa .Qp;Zp/, and let F

be an overconvergent étale sheaf of Fp-modules. Then the natural morphism

O
X}qp

C =p ˝ F ! R��
�
OC
X}
=p ˝ F

�
is an isomorphism.

Proof. Since strictly totally disconnected spaces form a basis for the quasi-proétale
topology on X}, it suffices to show that a is an isomorphism on such spaces. Then
we can write F ' colimI Fi as a filtered colimit of special sheaves by Lemma 6.7.6.
One easily checks that ˛ is a coherent morphism of algebraic topoi, and thus each
Ri��.OCX}=p ˝ �/ commutes with filtered colimits by [2, Exp. VI Theoreme 5.1].
Thus, it suffices to prove the claim for a special F . By the definition of a special
sheaf, there exists a disjoint decomposition X D

Fn
iD1 Xi into clopen subsets such

that F jXi is constant of finite rank. Since the question is local on X}qproKet, we can
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replace X with each Xi to assume that F is constant. In this case, the claim follows
from Corollary 6.4.14.

Remark 6.7.8. We do not know if Lemma 6.7.7 holds for non-overconvergent étale
sheaves F .

Now we discuss the relation between the étale and quasi-proétale topologies.

Lemma 6.7.9. Let X be a strongly sheafy adic space over Spa .Qp;Zp/, and let F

be an overconvergent étale sheaf of Fp-modules. Then the natural morphism

OCXét
=p ˝ F ! R��

�
O
X}qp

C =p ˝ F
�

is an isomorphism.

Proof. As a consequence of Lemma 6.3.7, the right-hand side is canonically isomor-
phic to R����1

�
OCXét

=p˝F
�
. So the result follows from [61, Proposition 14.8].

Now we combine all these results together:

Lemma 6.7.10. Let X be a strongly sheafy adic space over Spa .Qp;Zp/, and F an
overconvergent étale sheaf of Fp-modules on X . Then the natural morphisms

OCXét
=p ˝ F ! R��

�
O
X}qp

C =p ˝ F
�
;

O
X}qp

C =p ˝ F ! R��
�
OC
X}
=p ˝ F

�
are isomorphisms.

6.8 Application: OC and O vector bundles

In this section, we discuss the relation between OCX} and OX} vector bundles in
different topologies. As an application of the methods developed in this section, we
reprove a theorem of Kedlaya–Liu saying that, for a perfectoid spaceX , the categories
of OX}-vector bundles in the analytic, étale, quasi-proétale, and v-topologies are all
equivalent. To achieve this result, we prove an intermediate claim that the categories
of OCX}-vector bundles in the étale, quasi-proétale, and v-topologies are equivalent.
The results of this section will not be used in the rest of the memoir.

We define the categories of v, quasi-proétale, and étale OC-vector bundles on X
(resp. O-vector bundles on X ) similarly to Definition 6.5.1.

We start by understanding the category of OCX}-torsors on an affinoid perfectoid
space X .

Lemma 6.8.1. Let .R; RC/ be a perfectoid pair, and let f W .RC/d ! .RC/d be
an RC-linear homomorphism such that f W .RC=Rıı/d ! .RC=Rıı/d is an isomor-
phism. Then f is an isomorphism.
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Proof. Lemma B.9 (2) together with a standard approximation argument imply that
f mod$ W .RC=$/d ! .RC=$/d is an isomorphism. Then [68, Tag 0315] implies
that f is surjective, put K D Ker f . We note that K is derived $ -adically complete
due to [68, Tag 091U]. Furthermore, our assumption implies that K=$K D 0, so
[68, Tag 09B9] ensures that K D 0. In particular, f is an isomorphism.

Lemma 6.8.2. LetXDSpa.R;RC/ be an affinoid perfectoid space over Spa.Qp;Zp/,
and let E be an OC

X}
-vector bundle. If E=p is a free OC

X}
=p-vector bundle, then E

is a free OC
X}

-vector bundle.

Proof. In this proof, we put mDRıı and always do almost mathematics with respect
to this ideal (see Lemma B.12).

Lemma 6.3.5 (1) implies that R�.X}v ;E=p/ is almost concentrated in degree 0.
Then Lemma 6.3.5 (3), [68, Tag 0A0G], and Lemma A.5 imply that R�.X}v ; E/ is
almost concentrated in degree 0. This implies that

m˝RC R�.X}v ;E/ D R�.X}v ;m˝RC E/ D R�.X}v ;mE/ (6.8.1)

and

m˝RC R�.X}v ;E=p/ D R�.X}v ;m˝RC E=p/ D R�.X}v ;mE=pmE/ (6.8.2)

are concentrated in degree 0. Since E=p is trivial, we conclude that E=mE is a trivial
OC
X}
=m-vector bundle. We choose an isomorphism E=mE '

�
OC
X}
=m
�d and define

a basis
e001 ; : : : ; e

00
r 2 H0

�
X}v ;E=mE

�
:

Then we consider the short exact sequence

0! m˝RC .E=p/! E=pmE ! E=mE ! 0:

Now (6.8.1) implies that we can lift e00i to elements e0i 2 H0
�
X}v ;E=pmE

�
. Then we

use the commutative diagram

0 m˝RC pE E E=pmE 0

0 E E E=p 0
�p

and (6.8.2) to conclude that the natural morphism H0
�
X}v ;E=pmE

�
!H0

�
X}v ;E=p

�
factors through H0

�
X}v ; E

�
=p � H0

�
X}v ; E=p

�
. This implies that we can lift e0i to

elements ei 2 H0
�
X}v ;E

�
. This defines a morphism

'W
�
OC
X}

�d
! E:

https://stacks.math.columbia.edu/tag/0315
https://stacks.math.columbia.edu/tag/091U
https://stacks.math.columbia.edu/tag/09B9
https://stacks.math.columbia.edu/tag/0A0G
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By construction, ' mod m becomes an isomorphism. We wish to show that this
implies that ' is an isomorphism. This can be checked v-locally on X , so we can
assume that E ' .OC

X}
/d , and we need to check that '.X 0/ is an isomorphism for

any affinoid perfectoid X 0 ! X . Then the result follows directly from Lemma 6.3.5
and Lemma 6.8.1.

Corollary 6.8.3. Let X be a perfectoid space over Spa .Qp; Zp/, and let E be an
OC
X}

-vector bundle. Then, for each x 2 X , there are an open subspace x 2 Ux � X
and a finite étale surjective morphism zUx ! Ux such that Ej zUx is trivial.

Proof. This formally follows from Corollary 6.6.9 and Lemma 6.8.2.

Now we denote by

�� D ��1 ˝��1O
C

Xét
O
X}qp

C
WVect

�
XétIO

C

Xét

�
! Vect

�
XqpIOX}qp

C
�

and
�� D ��1 ˝��1O

X
}
qp
C OC

X}
WVect

�
X}qpIOX}qp

C
�
! Vect

�
X}v IO

C

X}

�
the pullback functors.

Now we can show that the categories of OC-vector bundles in the étale, quasi-
proétale, and v topologies are all equivalent:

Theorem 6.8.4. Let X be a pre-adic space over Spa .Qp;Zp/.

(1) Then the functor ��WVect
�
X}qpI O

X}qp
C
�
! Vect

�
X}v IO

C

X}

�
is an equivalence.

Furthermore, for any O
X}qp
C -vector bundle V , the natural morphism

V ! R����V

is an isomorphism.

(2) If X is perfectoid, then the functor ��WVect
�
XétIO

C

Xét

�
! Vect

�
X}qpIOX}qp

C
�

is an equivalence. Furthermore, for any OCXét
-vector bundle E , the natural

morphism
E ! R����E

is an isomorphism.

Proof. First, we note that the second claim is quasi-proétale local on X , so we can
assume that X is a perfectoid space. Then the proof is very similar to that of Theo-
rem 6.5.7. We spell out the main steps.

We first show that the natural morphisms

˛WOCXét
! R��OX}qp

C ;

ˇWO
X}qp

C
! R��OCX}
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are isomorphisms. For this, we note that Remark 6.3.6 implies that OCXét
, O

X}qp
C ,

and OC
X}

are derived p-adically complete and p-torsion free. Therefore, we can
check that ˛ and ˇ are isomorphisms modulo p (in the derived sense). This follows
from Theorem 6.5.9 and Theorem 6.5.7.

This formally implies that the maps V ! R����V and E ! R����E are iso-
morphisms. This, in turn, formally implies that �� and �� are fully faithful. Essential
surjectivity of both functors follows from Corollary 6.8.3.

Remark 6.8.5. We note that [35, Theorem 4.27] gives a much more general version
of Theorem 6.8.4. However, Corollary 6.8.3 does not seem to be addressed in [35].

Now we discuss the case of OX -vector bundles. We first wish to show that any
OX}-vector bundle (in the v-topology) admits an OC

X}
-lattice étale locally on X .

This will be our key tool to reduce questions about O-vector bundles to the case of
OC-vector bundles. For this, we will need a number of preliminary lemmas:

Lemma 6.8.6. Let A be an f -henselian ring for some regular element f 2 A, and
let yA be its f -adic completion. Then the natural morphism

GLn
�
A
�
1
f

��
=GLn.A/! GLn

�
yA
�
1
f

��
=GLn. yA /

is a bijection.

Proof. In this proof, we denote by Vectn.R/ the groupoid of finite projective R-
modules of rank-n, and by Vectn.R/ the set of isomorphism classes of finite projective
R-modules of rank-n.

Now we start the proof. First, [68, Tag 0BNS] ensures that .A ! yA; f / is a
gluing data. Second, [68, Tag 0BNW] ensures that any finite projective A-module
is glueable. Therefore, [68, Tag 0BP2] and [68, Tag 0BP6] imply that the following
diagram of groupoids:

Vectn.A/ Vectn. yA /

Vectn.Af / Vectn. yA
�
1
f

�
/

�˝A yA

�˝AAf �˝ yA
yA
h
1
f

i

�˝Af
yA
h
1
f

i
is cartesian. Therefore, we can pass to homotopy groups at the free module An to get
a long exact sequence of pointed sets:

0 GLn.A/ GLn.A
�
1
f

�
/� GLn. yA / GLn. yA

�
1
f

�
/

Vectn.A/ Vectn. yA / � Vectn.A
�
1
f

�
/ Vectn. yA

�
1
f

�
/ 0:

˛

https://stacks.math.columbia.edu/tag/0BNS
https://stacks.math.columbia.edu/tag/0BNW
https://stacks.math.columbia.edu/tag/0BP2
https://stacks.math.columbia.edu/tag/0BP6
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To prove the claim, it suffices to show that the fiber of ˛ over the pair of trivial rank-n
modules is just a point. This follows from [68, Tag 0D4A] which even implies that
the map Vectn.A/! Vectn. yA/ is a bijection.

Definition 6.8.7. Let X be a pre-adic space over Spa .Qp;Zp/. The (pre-)sheaf of
invertible matrices GLn;X} on X}v is defined via the rule�

S ! X}
�
7! GLn

�
OS].S

]/
�

for any affinoid perfectoid space S over X}.
We define the (pre-)sheaf of integral invertible matrices GLCn;X} on X}v via the

rule �
S ! X}

�
7! GLn

�
OC
S]
.S]/

�
for any affinoid perfectoid space S over X}.

One easily checks that a GLn;X} is a v-sheaf since it is isomorphic to the diamond
associated with the classical (pre)-adic space GLn;Qp �Qp X . Similarly, GLCn;X} is
a v-sheaf since it is isomorphic to the diamond associated with the (pre-)adic space�
GLn;Qp \ Dn2Qp

�
�Qp X .

For the next definition, we fix a pre-adic spce X over Spa .Qp;Zp/ and an OX}-
vector bundle E .

Definition 6.8.8. The sheaf of lattices LattX .E/ is the v-sheaf defined by the formula�
S ! X}

�
7!

°
EC 2 Vect

�
S];}v IO

C

S];}

�
; 'WEC

h 1
p

i
�
�! EjS

±
=isom

for each affinoid perfectoid S ! X} over X}.

Lemma 6.8.9. Let X denote a pre-adic space over Spa .Qp;Zp/, and let E be an
OX}-vector bundle. Then, v-locally on X}, the sheaf LattX .E/ is isomorphic to
GLn;X}=GLCn;X} .

Proof. The claim is v-local on X by design, so we can assume that E ' Od
X}

. Then
we note that GLn;X} acts E , i.e., for any g 2 GLn;X}.S/ we have an isomorphism
g�WES ! ES . Therefore, it also acts on LattX .E/ via the rule

g
�
EC; 'WEC

�
�! E

�
D
�
EC; g� ı '

�
:

Now let EC0 � E be the trivial lattice
�
OC
X}

�d
� Od

X}
D E , this defines a point `0 2

LattX .E/. Then the orbit map defines a morphism of sheaves ˛WGLn;X} ! LattX .E/
via the rule

g 7! g.`0/:

https://stacks.math.columbia.edu/tag/0D4A
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The stabilizer of `0 is equal to GLCn;X} , so ˛ factors through an injective morphism

ˇWGLn;X}=GLCn;X} ,! LattX .E/:

So we are only left to show that it is surjective. Let S ! LattX .E/ be a point corre-
sponding to a lattice .EC; '/. We need to show that this point lies in the image of ˇ
locally in the v-topology. By definition, there is a v-covering S 0! S such that ECjS 0

becomes a free OC
X}

-vector bundle. But then there is an element g 2 GLn;X}.S 0/
such that g.EC/ D EC0 jS 0 . In particular, .ECjS 0 ; 'jS 0/ lies in the image of ˇ.S 0/.

Corollary 6.8.10. Let X be a pre-adic space over Spa .Qp;Zp/, let E be an OX}-
vector bundle, and let Z D limI Zi be a cofiltered limit of affinoid perfectoid spaces
over X . Then the natural morphism

colimI LattX .E/.Z}i /! LattX .E/.Z}/

is a bijection.

Proof. Let Zi D Spa .Ri ; RCi /, we put RC1 WD colimI RCi and denote by yRC1 its p-
adic completion. Then we note that the claim is v-local onZ, so we can assume that E

is a free OX}-vector bundle. Then Lemma 6.8.9 implies that it suffices to show that

GLn
�
RC1

�
1
p

��
=GLn

�
RC1

�
! GLn

�
yRC1
�
1
p

��
=GLn

�
yRC1
�

is a bijection. This follows directly from Lemma 6.8.6, [68, Tag 0ALJ], and [68,
Tag 0FWT].

Corollary 6.8.11. Let X be a pre-adic space over Spa .Qp;Zp/, let E be an OX}-
vector bundle, and letZ � limI Zi !Z0 be an affinoid strongly pro-étale morphism
of strongly sheafy Tate-affinoid adic spaces over X . Then the natural morphism

colimI LattX .E/
�
Z}i

�
! LattX .E/

�
Z}

�
is a bijection.

Proof. This is a direct consequence of Corollary 6.8.10 (one can argue as in Corol-
lary 6.5.4).

Corollary 6.8.12. Let X be a strongly sheafy adic space over Spa .Qp;Zp/, let E be
an OX}-vector bundle. Then there are an étale covering X 0 ! X , an OC

X 0}
-vector

bundle EC, and an isomorphism EC
�
1
p

�
' EjX 0 .

Proof. First, we note that we want to show that LattX .E/ admits a section for some
étale covering X 0 ! X . For this, we can assume that X is an affinoid space.

If X is strictly totally disconnected, the result follows from the observation that
such a section exists after a v-surjection, Lemma 6.4.4, and Corollary 6.8.10. Then
the result follows from Lemma 6.2.13 and Corollary 6.8.11.

https://stacks.math.columbia.edu/tag/0ALJ
https://stacks.math.columbia.edu/tag/0FWT
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We will later be able to prove a more precise version of Corollary 6.8.12. But,
before that, we show that all possible versions of OX -vector bundles coincide on
perfectoid spaces. For this, we denote by � W .Xét;OXét/! .Xan;OX / the natural mor-
phism of ringed sites. We also denote by

�� D ��1 ˝��1OXan
OXét WVect.XanIOXan/ ! Vect.XétIOXét/;

�� D ��1 ˝��1OXét
OX}qp

WVect.XétIOXét/ ! Vect.X}qpIOX}qp
/;

�� D ��1 ˝��1OX}qp
OX} WVect.X}qpIOX}qp

/! Vect.X}v IOX}/

the natural pullback functors.

Theorem 6.8.13 ([42, Theorem 3.5.8], [63, Lemma 17.1.8], [35, Theorem 4.27]).
Let X be a pre-adic space over Spa .Qp;Zp/.

(1) IfX is strongly sheafy, then ��WVect.Xan;OX /!Vect.Xét;OXét/ is an equiv-
alence. Moreover, the natural morphism

L! R����L

is an isomorphism for any OX -vector bundle L. Further, if X D Spa .A;AC/
for a strongly sheafy Tate ring A, then Vect.Xan;OX / is equivalent to the
category of finitely generated projective R-modules.

(2) If X is perfectoid, then ��WVect.XétIOXét/! Vect.XqpIOX}qp
/ is an equiva-

lence. Furthermore, the natural morphism

E ! R����E

is an isomorphism for any OXét-vector bundle E .

(3) The functor ��WVect
�
X}qpIOX}qp

�
! Vect

�
X}v IOX}

�
is an equivalence. Fur-

thermore, the natural morphism

V ! R����V

is an equivalence for any OX}qp
-vector bundle V .

Proof. (1) follows from [41, Theorem 8.2.22 (c), (d)].
Part (3) is quasi-proétale local on X , so we can assume that X is an affinoid

perfectoid for the purpose of proving (2) and (3).
Then it follows from Theorem 6.8.4 that the natural maps OCXét

! R��OX}qp

and OX}qp
! R��OX} are isomorphisms. Then this formally implies that the maps

E ! R����E and V ! R����V are isomorphisms. This, in turn, formally implies
that �� and �� are fully faithful. In order to show essential surjectivity, it suffices
to show that any OX}-vector bundle can be trivialized étale locally on X (for a
perfectoid space X ). This follows from the combination of Corollary 6.8.12 and
Corollary 6.8.3.



OC=p-modules 216

Finally, we give a more refined version of Corollary 6.8.12:

Corollary 6.8.14. Let X be a strongly sheafy adic space over Spa .Qp; Zp/, and
let E be an OX}-vector bundle. Then, for each x 2 X , there are an open subspace
x 2 Ux � X , a finite étale surjective morphism zUx ! Ux , and an O zU}x

C -vector bun-
dle ECx such that ECx

�
1
p

�
' Ej zUx .

Proof. Using Corollary 6.8.11 in place of Lemma 6.5.5, we can repeat the argument
of Theorem 6.6.8 once we know that EjSpd .C;CC/ admits a lattice for any mor-
phism Spa .C; CC/ ! X such that C is an algebraically closed non-archimedean
field (and any open, integrally closed, bounded subring CC � C ).17 For this, we
note that .C; CC/ is a perfectoid pair, so Theorem 6.8.13 implies that the category
of OSpd .C;CC/-vector bundles is equivalent to the category of finite-dimensional C -
vector spaces. In particular, any EjSpd .C;CC/ is a free bundle, so it clearly admits an
OC
X}

-lattice. This finishes the proof.

17The proof of Theorem 6.6.8 ensures that it suffices to prove this claim for a very restrictive
class of such pairs .C; CC/, but this is irrelevant for the current proof.



Chapter 7

Almost coherence of “p-adic nearby cycles”

7.1 Introduction

The main goal of this chapter is to study the “p-adic nearby cycles” sheaves R��OCX}
and R��OCX}=p for a rigid-analytic variety X . We also study other versions with
more general “coefficients” including OC=p-vector bundles in the v-topology, and
sheaves of the form OCX}=p ˝ F for a Zariski-constructible sheaf F (see Defini-
tion 7.1.7). These complexes turn out to be almost coherent; this makes it possible
to study étale cohomology groups of rigid-analytic varieties using (almost) coherent
methods on the special fiber.

Before giving precise definitions, let us explain the main motivation to study these
sheaves and their relation with étale cohomology of rigid-analytic varieties in the sim-
plest case of the “nearby cycles” of the sheaf OCXét

=p. In [59], P. Scholze proved ([59,
Theorem 5.1]) that the étale cohomology groups Hi .X;Fp/ are finite for any smooth,
proper rigid-analytic variety X over an algebraically closed p-adic non-archimedean
field C . There are two important ingredients: the almost primitive comparison theo-
rem that says that Hi .X;OCXét

=p/ are almost isomorphic to Hi .X;Fp/˝ OC=p, and
the almost finiteness of Hi .X;OCXét

=p/.
The proof of the almost finiteness result in [59] uses properness of X in a very

elaborate way; first, the proof constructs some specific “good covering” of X by affi-
noids and then shows that there is enough cancelation in the Čech-to-derived spectral
sequence associated with that covering. We note that all terms of the second page
of this spectral sequence are not almost finitely generated, but mysteriously there is
enough cancelation so that the terms of the1-page become almost finitely generated.
We refer to [59, Section 5] for details.

Our main goal is to give a more geometric and conceptual way to prove this
almost finiteness result. Instead of constructing an explicit “nice” covering of X , we
separate the problem into two different problems. We choose an admissible formal
OC -model X of X and consider the associated morphism of ringed topoi

t W
�
Xét;O

C

Xét

�
!
�
XZar;OX

�
that induces the morphism

t W
�
Xét;O

C

Xét
=p
�
!
�
XZar;OX=p

�
D
�
X0;OX0

�
;

where X0 WD X �Spf OC Spec OC=p is the mod-p fiber of X. Then one can write

R�
�
X;OCXét

=p
�
' R�

�
X0;Rt�OCXét

=p
�
;
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so one can separately study the “nearby cycles” complex Rt�OCXét
=p and its derived

global sections on X0.
The key is that now X is proper over Spf OK by [51, Lemma 2.6]1 (or [65, Corol-

lary 4.4 and 4.5]). Thus, the almost proper mapping theorem (see Theorem 5.1.3) tells
us that, to prove the almost finiteness of R�.X;OCXét

=p/, it is sufficient only to show
that Rt�OCXét

=p 2 DCacoh.X/ has almost coherent cohomology sheaves.
The main advantage now is that we can study the “nearby cycles” Rt�OCXét

=p

locally on the formal model X. So this holds for any admissible formal model and
not only for proper ones. Moreover, the only place where we use properness of X in
our proof is to get properness of the formal model X to be able to apply the almost
proper mapping theorem (see Theorem 5.1.3). This allows us to avoid all elaborate
spectral sequence arguments while at the same time making the essential part of the
proof local on X.

Now we discuss how we prove that Rt�OCXét
=p is almost coherent. In fact, we

will prove a much stronger result that Rt�E is almost coherent for any OC=p-vector
bundle E in the v-topology. However, we find it instructive to discuss the simplest
case first.

When E D OCXét
=p, the main idea of the proof is similar to the idea behind the

proof [59, Lemma 5.6]: we reduce the general case to the case of an affine X with
“nice” coordinates, where everything can be reduced to almost coherence of certain
continuous group cohomology via perfectoid techniques. In order to make this work,
we have to pass to a finer topology that allows towers of finite étale morphisms.
There are different possible choices, but we find the v-topology on the associated
diamond X} of X (in the sense of [61]) to be the most convenient for our purposes
(see Chapter 6 for the detailed discussion).

The case of a general OC
X}
=p-vector bundle (see Definition 6.5.1) will cause us

more trouble; we will use the structure results from Section 6.6 to handle a general
OC
X}
=p-vector bundle. The main crucial input that we are going to use is that the

category of OC
X}
=p-vector bundles is equivalent to the category of étale OCXét

=p-
vector bundles and that, locally, any OC

X}
=p-vector bundle can be trivialized by some

very particular étale covering (see Corollary 6.6.9).
That being said, we can move to the formulation of the main theorem of this

section. We refer to Chapter 6 for the definition of the quasi-proétale and v-topologies
on X} for a rigid-analytic variety over a non-archimedean field K. These sites come
with their “integral” structure sheaves OCX} , OCX}qp

, and OCXét
(see Definition 6.3.1)

and a diagram of morphisms of ringed sites (see Diagram (6.3.1) and (6.3.2)):�
X}v ;O

C

X}

� �
X}qproKet;OX}qp

C
� �

Xét;O
C

Xét

� �
XZar;OX

�
�

� � t (7.1.1)

1Strictly speaking, his proof is written under the assumption that OK is discretely valued.
However, it can be easily generalized to the of a general rank-1 complete valuation ring OK .
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and the mod-p version�
X}v ;O

C

X}
=p
� �

X}qproKet;OX}qp
C =p

� �
Xét;O

C

Xét
=p
� �

XZar;OX0

�
:

�

� � t

(7.1.2)
If there is any ambiguity in the meaning of �, we then denote it by �X to explicitly

specify the formal model for these functors.
Recall that for a perfectoid field K, Lemma B.12 ensures that the maximal ideal

m � OK is an ideal of almost mathematics with flat em ' m2 D m. For the rest of
this section, we fix a p-adic perfectoid field K, and always do almost mathematics
with respect to the ideal m.

We are ready to formulate our first main result. We thank B. Heuer for the sug-
gestion of trying to prove Theorem 7.1.2 for all OCX}=p-vector bundles.

Definition 7.1.1. An OCX}=p-module E is a small OCX}=p-vector bundle if there is
a finite étale surjective morphism V ! U such that Ej

V}v
' .OC

V}
=p/r for some

integer r .

Theorem 7.1.2. Let X be an admissible formal OK-scheme with adic generic fiberX
of dimension d and mod-p fiber X0, and let E be an OCX}=p-vector bundle. Then

(1) R��E 2 DCqc;acoh.X0/ and .R��E/a 2 DŒ0;2d�acoh .X0/
a;

(2) if X D Spf A is affine, then the natural map

BHi
�
X}v ;E

�
! Ri��.E/

is an isomorphism for every i � 0;

(3) the formation of Ri��.E/ commutes with étale base change, i.e., for any étale
morphism fWY!X with adic generic fiber f WY !X , the natural morphism

f�0
�
Ri�X;�.E/

�
! Ri�Y;�

�
EjY}

�
is an isomorphism for any i � 0;

(4) if X has an open affine covering X D
S
i2I Ui such that Ej.Ui;K/} is small,

then
.R��E/a 2 DŒ0;d�acoh .X0/

a
I

(5) there is an admissible blow-up X0 ! X such that X0 has an open affine cov-
ering X0 D

S
i2I Ui such that Ej.Ui;K/} is small.

In particular, there is a cofinal family of admissible formal models ¹X0iºi2I
of X such that �

R�X0
i
;�E

�a
2 DŒ0;d�acoh .X

0
i;0/

a;

for each i 2 I .
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Remark 7.1.3. We refer to Definition 4.4.1 and Definition 4.4.2 for the precise def-
inition of all derived categories appearing in Theorem 7.1.2. In order to avoid any
confusion, we explicate that the expression .R��E/a 2 DŒ0;d�acoh .X0/

a means that the
complex .R��E/ is almost concentrated in degree Œ0; d � and each of its cohomology
sheaves is almost coherent.

Remark 7.1.4. We note that Theorem 7.1.2 (1) implies that the nearby cycles R��E
is quasi-coherent on the nose (as opposed to being almost quasi-coherent). This is
quite unexpected to the author since all previous results on the cohomology groups
of OC=p were only available in the almost category.

Remark 7.1.5. IfKDC is algebraically closed, the proof gives a non-almost version
of cohomological bound. Namely, we see that

R��E 2 DŒ0;2d�acoh .X0/:

However, we do not know if R��E is concentrated in degrees Œ0; d � on the nose (for
a cofinal family of formal models).

Remark 7.1.6. Ofer Gabber has informed the author that he knows an example of a
smooth affinoid rigid-analytic variety X , a formal model X, and an OC

X}
=p-vector

bundle E such that R�X;�E is not almost concentrated in degrees Œ0; d �.

One can prove a slightly more precise version in case E is equal to the tensor
product of a Zariski-constructible étale sheaf of Fp-modules and OC

X}
=p.

Definition 7.1.7 ([32]). An étale sheaf F of Fp-modules is a local system if it is a
locally constant sheaf with finite stalks.

An étale sheaf F of Fp-modules is Zariski-constructible if there is a locally finite
stratification X D

F
i2I Zi into Zariski locally closed subspaces Zi such that F jZi

is a local system.
The category Dzc.X IFp/ is a full subcategory of D.XétIFp/ consisting of objects

with Zariski-constructible cohomology sheaves.

Remark 7.1.8. Any Zariski-constructible sheaf F is overconvergent, i.e., for any
morphism �! s of geometric points in Xét, the specialization map Fs ! F� is an
isomorphism.

Note that any sheaf of Fp-modules on Xét can be treated as a sheaf on any of
the sites X}v , X}qproKet, or XproKet via the pullback functors along the morphisms in Dia-
gram (7.1.1). In what follows, we abuse the notation and implicitly treat a sheaf F as
a sheaf on any of those sites. We also denote the tensor product F ˝Fp OCX =p simply
by F ˝OCX =p in what follows.

Now we discuss an integral version of Theorem 7.1.2:
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Theorem 7.1.9. Let X be an admissible formal OK-scheme with adic generic fiberX
of dimension d and mod-p fiber X0, and F 2 DŒr;s�zc .X IFp/. Then

(1) there is an isomorphism Rt�
�
F ˝OCXét

=p
�
' R��

�
F ˝OC

X}
=p
�
;

(2) R��
�
F ˝OC

X}
=p
�
2DCqc;acoh.X0/, and R��

�
F ˝OC

X}
=p
�a
2DŒr;sCd�acoh .X0/

a;

(3) if X D Spf A is affine, then the natural map

CHi
�
X}v ;F ˝OC

X}
=p
�
! Ri��

�
F ˝OC

X}
=p
�

is an isomorphism for every i � 0;

(4) the formation of Ri��
�
F ˝ OC

X}
=p
�

commutes with étale base change, i.e.,
for any étale morphism fWY ! X with adic generic fiber f W Y ! X , the
natural morphism

f�0
�
Ri�X;�

�
F ˝OC

X}
=p
��
! Ri�Y;�

�
f �1F ˝OC

Y}
=p
�

is an isomorphism for any i � 0.

Definition 7.1.10. An OC
X}

-vector bundle E is a small OCX}-vector bundle if E=pE

is a small OC
X}
=p-vector bundle (see Definition 7.1.1).

Theorem 7.1.11. Let X be an admissible formal OK-scheme with adic generic fiber
X of dimension d , and let E be an OC

X}
-vector bundle. Then

(1) R��E 2 DCqc;acoh.X/ and .R��E/a 2 DŒ0;2d�acoh .X/a;

(2) if X D Spf A is affine, then the natural map

Hi
�
X}v ;E

��
! Ri��.E/

is an isomorphism for every i � 0;

(3) the formation of Ri��.E/ commutes with étale base change, i.e., for any étale
morphism fWY!X with adic generic fiber f WY !X , the natural morphism

f�
�
Ri�X;�.E/

�
! Ri�Y;�.EjY}/

is an isomorphism for any i � 0;

(4) if X has an open affine covering X D
S
i2I Ui such that Ej.Ui;K/} is small,

then
.R��E/a 2 DŒ0;d�acoh .X/

a
I

(5) there is an admissible blow-up X0 ! X such that X0 has an open affine cov-
ering X0 D

S
i2I Ui such that Ej.Ui;K/} is small.

In particular, there is a cofinal family of admissible formal models ¹X0iºi2I
of X such that

.R�X0
i
;�E/

a
2 DŒ0;d�acoh .X

0
i /
a;

for each i 2 I .



Almost coherence of “p-adic nearby cycles” 222

Remark 7.1.12. We refer to Definition 4.8.9 for the precise definition of all derived
categories appearing in Theorem 7.1.11.

Remark 7.1.13. One can also prove a version of Theorem 7.1.11 for Zariski-con-
structible Zp-sheaves in the sense of [7, Definition 3.32]. However, we prefer not to
do this here as it does not require new ideas but instead complicates the notation.

For the version of Theorem 7.1.11 with the pro-étale site XproKet as defined in [59]
and [60], see Theorem 7.13.6.

The rest of the memoir is devoted to proving Theorem 7.1.9, Theorem 7.1.2, and
Theorem 7.1.11 and discussing their applications. We have decided to work entirely
in the v-site of X} because it is quite flexible for different types of arguments (e.g.,
proper descent, torsors under pro-finite groups, etc.). However, most of the argument
can be done using the more classical pro-étale site defined in [59]. However, it is
crucial to use the theory of diamonds to get an almost cohomological bound on R��E
for non-smooth X , and it also seems difficult to justify that the sheaves Ri��E are
quasi-coherent without using (at least) quasi-proétale topology.

7.2 Digression: Geometric points

In this section, we discuss preliminary results that will be used both in the proof of
Theorem 7.1.9 and in deriving applications from it.

We start the section by recalling some definitions.

Definition 7.2.1. [67, Section 2.1.4] An extension of non-archimedean fields2 K �

L is topologically algebraic if the algebraic closure of K in L is dense in L. Equiva-
lently, K � L is topologically algebraic if L is a non-archimedean subfield of bK.

Lemma 7.2.2. (1) LetK � L and L �M be two topologically algebraic exten-
sions of non-archimedean fields. ThenK �M is also topologically algebraic.

(2) Let
N L

M K

be a commutative diagram of non-archimedean fields such that LM is dense
in N and K � L is topologically algebraic. Then M � N is also a topolog-
ically algebraic extension.

2Recall that non-archimedean fields are complete by our convention.
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Proof. (1) We know that L � bK andM � bL since both extensions are topologically
algebraic. Since bL is already algebraically closed, we conclude that M � bL � bK.

(2) First, we note that

LM � bKM � bKM �cM;

where the composites are taken inside bN . Then we note that LM � N is dense, so
the inclusion LM �cM uniquely extends to an inclusion N �cM . This implies that
M � N is topologically algebraic.

Definition 7.2.3. A geometric point above the point x2X of an analytic adic spaceX
is a morphism xW Spa

�
C.x/; C.x/C

�
! X such that C.x/ is an algebraically closed

non-archimedean field, C.x/C is an open and bounded valuation subring of C.x/,
and the corresponding extension of completed residue fields bk.x/ � C.x/ is a topo-
logically algebraic extension.

Remark 7.2.4. If Spa
�
C.x/; C.x/C

�
! X is a geometric point, then C.x/ can be

identified with the completed algebraic closure of bk.x/ (or, equivalently, of k.x/) and
C.x/C with a valuation ring extending bk.x/C (or, equivalently, k.x/C). Therefore,
Definition 7.2.3 is more restrictive than [38, Definition 2.5.1], but coincides with the
subclass of geometric points constructed in [38, eq. (2.5.2)].

Lemma 7.2.5. Let K be a non-archimedean field with an open and bounded valua-
tion subring KC � K and a pseudo-uniformizer $ . Let f WX ! Y be a morphism
of locally of finite type .K; KC/-adic spaces, and yW Spa

�
C.y/; C.y/C

�
! Y be a

geometric point above y 2 Y . Then the natural morphism

aW i�1
�
OCXét

=$
�
! OCXy;ét

=$

is an isomorphism, where i W Xy ! X is the “projection” of the geometric fiber
Xy WD X �Y Spa

�
C.y/; C.y/C

�
back to X .

Proof. [38, Proposition 2.5.5] ensures that it suffices to show that a is an isomor-
phism on stalks at geometric points of Xy . Now note that Lemma 7.2.2 implies
that any geometric point xW Spa

�
C.x/; C.x/C

�
! Xy defines a geometric point

x0W Spa
�
C.x/; C.x/C

�
! X of X by taking the composition of x with i . So it is

enough to show that the natural map�
OCXét

=$
�
x0
'
�
i�1.OCXét

=$/
�
x
!
�
OCXy;ét

=$
�
x

(7.2.1)

is an isomorphism. But [38, Proposition 2.6.1] naturally identifies both sides of (7.2.1)
with C.x/C=$C.x/C finishing the proof.

Remark 7.2.6. Lemma 7.2.5 is very specific to the adic geometry (and quite counter-
intuitive from the algebraic point of view). Its scheme-theoretic version with OC=$
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replaced by O is false. The main feature of analytic adic geometry (implicitly) used
in the proof is that the morphism OCX;x ! k.x/C becomes an isomorphism after the
$ -adic completion.

Lemma 7.2.7. Let C be an algebraically closed non-archimedean field, let CC � C
be an open and bounded valuation subring with a pseudo-uniformizer $ 2 CC, and
let .C; CC/ be the corresponding Huber pair. Let .C; CC/! .D;DC/ be a finite
morphism of complete Huber pairs with a local ring D. Then the natural morphism

CC=$CC ! DC=$DC

is an isomorphism.

Proof. First, we show that CC=$CC ! DC=$DC is injective. For that, suppose
that c 2 CC=$CC is an element in the kernel and lift it to c 2 CC. The assumption
on c implies that c D $d for some d 2 DC. Then d D c=$ 2 C \ DC D CC.
Therefore, c D 0 in CC=$CC.

Now we check surjectivity. Since D is a local ring that is finite over an alge-
braically closed fieldC , we conclude thatD is an Artin local ring andD=nil.D/'C .
Therefore, for every d 2DC, we can find c 2C and d 0 2 nil.D/ such that d D cC d 0.
Since nil.D/ � Dıı � DC, we conclude that c D d � d 0 2 DC \ C D CC. Now
note that d 0=$ is still a nilpotent element of D, thus d 0=$ 2 nil.D/ � DC. So we
conclude that

d D c C$.d 0=$/

proving that CC=$CC ! DC=$DC is surjective.

Corollary 7.2.8. Let K be a p-adic non-archimedean field, and KC an open and
bounded valuation subring ofK. Let f WX ! Y be a finite morphism of locally finite
type .K;KC/-adic spaces. Then the natural morphism

cW
�
f�Fp

�
˝OCYét

=p ! f�
�
OCXét

=p
�

is an isomorphim on Yét.

Proof. We use [38, Proposition 2.5.5] to ensure that it suffices to show that c is
an isomorphism on stalks at geometric points. Thus, [38, Proposition 2.6.1] and
Lemma 7.2.5 imply that it suffices to show that the natural map

H0ét

�
X;Fp

�
˝ CC=p ! H0ét

�
X;OCXét

=p
�

is an isomorphism when Y D Spa .C; CC/ for an algebraically closed p-adic non-
archimedean field C and an open and bounded valuation subring CC � C . In this
case,X D Spa .D;DC/ for some finite morphism of Huber pairs .C;CC/! .D;DC/.
In particular, D is a finite C -algebra, so it is a finite direct product of local artinian
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C -algebras. By passing to a direct factor of D (or, geometrically, to a connected
component of Spa .D;DC/), we can assume thatD is local. In particular,D does not
have any idempotents, and therefore Spa .D;DC/ is connected. In this case, we have

H0ét.X;Fp/˝ C
C=pCC ' CC=pCC;

since H0ét.X;Fp/ ' Fp since Spa .D;DC/ is connected.
Now we observe that Spa .D; DC/red ' Spa .C; CC/, so all étale sheaves on

Spa .D;DC/ do not have higher cohomology groups. Thus, we have

H0ét

�
X;OCXét

=p
�
' DC=pDC:

In particular, the question boils down to showing that the natural map

CC=pCC ! DC=pDC

is an isomorphism. This was already done in Lemma 7.2.7.

Corollary 7.2.9. Let K be a p-adic non-archimedean field, f WX ! Y a finite mor-
phism of rigid-analytic varieties over K, and F 2 Dbzc.X I Fp/. Then the natural
morphism

cW .f�F /˝OCYét
=p ! f�.F ˝OCXét

=p/

is an isomorphim on Yét.

Proof. We recall that [7, Proposition 3.6] says that Dbzc.X IFp/ is a thick triangulated
subcategory of D.XétIFp/ generated by objects of the form g�Fp for finite morphisms
gWX 0 ! X . Since both claims in the question satisfy the 2-out-of-3 property and
are preserved by passing to direct summands, it suffices to prove the claim only for
F D g�Fp . In this situation, the claim follows from Corollary 7.2.8 by the sequence
of isomorphisms

f�
�
g�.Fp/

�
˝OCYét

=p ' .f ı g/�.Fp/˝OCYét
=p

' .f ı g/�
�
OC
X 0ét
=p
�

' f�
�
g�O

C

X 0ét
=p
�

' f�
�
g�Fp ˝OCXét

=p
�
:

7.3 Applications

The main goal of this section is to discuss some applications of Theorem 7.1.9. In
particular, we show that “p-adic nearby cycles” commute with proper pushfowards
and prove finiteness of the usual étale cohomology of proper rigid-analytic varieties.
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For the rest of the section, we fix a p-adic algebraically closed field C with its
rank-1 valuation ring OC , maximal ideal m � OC , and a good pseudo-uniformizer
$ 2 OC (see Definition B.11). We always do almost mathematics with respect to the
ideal m in this section. If we need to consider a more general non-archimedean field,
we denote it by K.

The first non-trivial consequence of Theorem 7.1.11 is that the v-cohomology
groups of OCX}-vector bundles have bounded p-torsion.

Lemma 7.3.1. LetK be a p-adic perfectoid field, let XD Spf A0 be an affine admis-
sible formal OK-scheme with adic generic fiber X , and let E be an OC

X}
-vector

bundle. Then the cohomology groups Hi
�
X}v ; E

�
are almost finitely presented over

A0. In particular, they are p-adically complete and have bounded torsion p1-torsion.

Proof. This is a straightforward consequence of Theorem 7.1.11, Lemma 2.12.5, and
Lemma 2.12.7.

Remark 7.3.2. Lemma 7.3.1 implies that the v-cohomology groups of OC
X}

behave
pretty differently from the analytic cohomology groups of OCX . Indeed, we refer to
[5, Remark 9.3.4] (that can be easily adapted to the p-adic situation) for an example
of an affinoid rigid-analytic variety with unbounded p1-torsion in H1an.X;O

C

X /. The
same example shows that H1et.X;O

C/ could have unbounded p1-torsion.

Theorem 7.3.3. Let K be a p-adic perfectoid field, let X be a proper rigid-analytic
K-variety of dimension d , and let E be an OC

X}
-vector bundle (resp. OC

X}
=p-vector

bundle). Then
R�

�
X}v ;E

�
2 DŒ0;2d�acoh

�
OK

�a
:

Proof. We firstly deal with the case of an OC
X}
=p-vector bundle E . We choose an

admissible formal model X of X as in Part (5) of Theorem 7.1.2. This formal model
is automatically proper by [51, Lemma 2.6] and [65, Corollary 4.4 and 4.5]. Now
Theorem 7.1.2 implies that

.R��E/a 2 DŒ0;d�acoh .X0/
a:

Recall that the underlying topological space of X0 is equal to the underlying topo-
logical space of the special fiber X WD X �Spf OC Spec OC=m. Thus, [25, Corol-
lary II.10.1.11] implies that X0 has Krull dimension d . Therefore, Theorem 5.1.3,
[68, Tag 0A3G], and Lemma 3.3.5 imply that

R�
�
X}v ;E

�a
' R�

�
X0;R��

�
E
��a
2 DŒ0;2d�acoh

�
OK=p

�a
:

The case of an OC
X}

-vector bundle follows from the OC
X}
=p-case, Corollary 2.13.3,

and Lemma 6.3.5 (3).

https://stacks.math.columbia.edu/tag/0A3G
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Lemma 7.3.4. Let X be a proper rigid-analytic variety over C of dimension d ,
and let F be a Zariski-constructible sheaf of Fp-modules on Xét. Then we have
R�.X}v ;F ˝OC

X}
=p/a 2 DŒ0;2d�acoh .OC=p/

a.

Proof. The proof is analogous to the proof of Theorem 7.3.3 using Theorem 7.1.9 in
place of Theorem 7.1.2.

Now we discuss finiteness of classical étale cohomology groups. Later, we will
generalize it to Zariski-constructible coefficients.

Lemma 7.3.5. LetX be a proper rigid-analytic variety over C of dimension d . Then

R�.X;Fp/ 2 DŒ0;2d�coh .Fp/

and the natural morphism

R�.X;Fp/˝OC=p ! R�.X}v ;O
C

X}
=p/

is an almost isomorphism.

Proof. The proof will be divided into several steps.

Step 1: R�
�
X}v ;O

[;C

X}

�a
2 DŒ0;2d�acoh

�
O[
C

�a. We consider the tilted integral structure
sheaf O

[;C

X}
(see Definition 6.3.4). Lemma 6.3.5 (4) ensures that O

[;C

X}
is derived $ [-

adically complete and Lemma 6.3.5 (5) implies that�
O
[;C

X}
=$ [

�
'
�
OC
X}
=p
�
' OC

X}
=p:

Therefore, [68, Tag 0BLX] guarantees that R�
�
X}v ;O

[;C

X}

�
2 D

�
O[
C

�
is derived $ [-

adically complete. Moreover, Lemma 7.3.4 implies�
R�

�
X}v ;O

[;C

X}

�a
=$ [

�
' R�

�
X}v ;O

C

X}
=p
�a
2 DŒ0;2d�acoh

�
OC=p

�a
:

Thus, Corollary 2.13.3 applied to R D CC D O[
C implies that R�

�
X}v ;O

[;C

X}

�a
2

DŒ0;2d�acoh

�
O[
C

�a.

Step 2: R�.X; Fp/ 2 DŒ0;2d�coh .Fp/ and the natural morphism R�.X; Fp/ ˝ C [ !
R�

�
X}v ;O

[
X}

�
is an isomorphism. After inverting $ [, Step 1 implies that

R�
�
X}v ;O

[
X}

�
2 DŒ0;2d�coh .C [/:

Since O[
X}

is a sheaf of Fp-algebras, we have a natural Frobenius morphism

F WO[
X}

f 7!f p

�����! O[
X}

https://stacks.math.columbia.edu/tag/0BLX
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that can be easily seen to be an isomorphism by Lemma 6.3.5 (2) (and Remark B.7).
Now we use the Artin–Shreier short exact sequence

0! Fp ! O[
X}

F�id
���! O[

X}
! 0

on the v-site X}v to get the associated long exact sequence3

� � � ! Hi
�
X;Fp

�
! Hi

�
X}v ;O

[
X}

� Hi .F /�id
������! Hi

�
X}v ;O

[
X}

�
! HiC1

�
X;Fp

�
! � � �

We already know that each group Hi
�
X}v ;O

[
X}

�
is a finitely generated C [-vector

space, each Hi .F / is a Frobenius-linear automorphism, and C [ is an algebraically
closed field of characteristic p (see [58, Theorem 3.7]). Thus (the proof of) [68,
Tag 0A3L] ensures that Hi .F / � id is surjective for each i � 0 (so Hi .X; Fp/ '
Hi
�
X}v ;O

[
X}

�
FD1) and the natural morphism

Hi
�
X;Fp

�
˝ C [ ! Hi

�
X}v ;O

[
X}

�
is an isomorphism. In particular, we have dimFp Hi .X;Fp/ D dimC [ Hi .X}v ;O

[
X}
/,

the natural morphism

R�
�
X;Fp

�
˝ C [ ! R�

�
X}v ;O

[
X}

�
is an isomorphism, and R�.X;Fp/ 2 DŒ0;2d�coh .Fp/.

Step 3: The natural morphism R�.X;Fp/˝OC=p!R�
�
X}v ;O

C

X}
=p
�

is an almost
isomorphism. It suffices to show that

R�
�
X;Fp

�
˝O[

C ! R�
�
X}v ;O

[;C

X}

�
is an almost isomorphism. The version with OC

X}
=p would follow by taking the

derived mod-$ [ reduction. Therefore, it suffices to show that

Hi
�
X;Fp

�
˝O[

C ! Hi
�
X}v ;O

[;C

X}

�
is an almost isomorphism for each i � 0. We consider the following commutative
diagram:

Hi .X;Fp/˝O[
C Hi

�
X}v ;O

[;C

X}

�
Hi .X;Fp/˝ C [ Hi

�
X}v ;O

[
X}

�
:

˛

i

ˇ

3We implicitly use that Hi .X; Fp/ ' Hi .X}v ; Fp/ by [61, Propositions 14.7, 14.8, and
Lemma 15.6].

https://stacks.math.columbia.edu/tag/0A3L
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By Step 2, we know that ˇ is an isomorphism. Since i is injective, we conclude that ˛
is injective as well. So it suffices to show that ˛ is almost surjective.

The actions of Frobenius on O[
C and on O

[;C

X}
induce the Frobenius actions on

Hi .X;Fp/˝O[
C and Hi .X}v ;O

[;C

X}
/, respectively. Moreover, the map ˛ is Frobenius-

equivariant. The action on Hi .X;Fp/˝O[
C is an isomorphism because O[

C is perfect,
and the action on Hi .X}v ;O

[;C

X}
/ is an isomorphism because Frobenius is already an

isomorphism on O
[;C

X}
due to Lemma 6.3.5 (2) (and Remark B.7). Therefore, it makes

sense to consider the inverse Frobenius action F �1 on both modules and ˛ commutes
with this action.

Next we pick an element x 2 Hi .X}v ; O
[;C

X}
/. Since F is an isomorphism on

Hi .X}v ; O
[;C

X}
/, we conclude that there exists some x0 2 Hi .X}v ; O

[;C

X}
/ such that

Fm.x0/ D x holds. Since Hi .X}v ;O
[;C

X}
/ is almost coherent, Lemma 2.12.5 implies

that it has bounded .$ [/1-torsion. Combining this with the fact that ˇ is an isomor-
phism, we conclude that there is an integerN and an element y0 2 Hi .X}v ;Fp/˝O[

C

such that ˛.y0/ D .$ [/Nx0. Therefore,�
$ [
�N=pm

x D F �m
��
$ [
�N
x0
�
D F �m

�
˛.y0/

�
D ˛

�
F �m.y0/

�
:

Thus .$ [/N=p
m
x D ˛.y/ where y D F �m.y0/ 2 Hi .X;Fp/˝O[

C . SinceN=pm can
be made arbitrary small by increasing m, we conclude that ˛ is almost surjective.

Lemma 7.3.6. Let X be a proper rigid-analytic variety over C of dimension d , and
F 2 DŒr;s�zc .X IFp/ for some integers Œr; s�. Then

R�.X;F / 2 DŒr;sC2d�coh .Fp/:

Proof. First, [38, Corollary 2.8.3] implies that R�.X;F /2DŒr;sC2d�.Fp/. Therefore,
it suffices to show that R�.X; F / 2 Dcoh.Fp/. For this, we recall that [7, Propo-
sition 3.6] says that Dbzc.X; Fp/ is a thick triangulated subcategory of D.XétI Fp/
generated by objects of the form f�.Fp/ for finite morphisms f WX 0 ! X . Since
Since Dcoh.Fp/ is a thick triangulated subcategory of D.Fp/, it suffices to prove the
claim for F D f�.Fp/. Then Lemma 7.3.5 and [38, Proposition 2.6.3] imply that

R�
�
X; f�.Fp/

�
' R�.X 0;Fp/ 2 DŒ0;2d�coh .Fp/:

The last thing we discuss is the behavior of the “p-adic nearby cycles” under
proper pushforwards. We start with the following lemma:

Lemma 7.3.7. LetK be a p-adic perfectoid fieldK, let f WX ! Y be a proper mor-
phism of rigid-analytic varieties over K, and let F 2 Dbzc.X IFp/. Then the natural
morphism

Rf�F ˝OCYét
=p ! Rf�

�
F ˝OCXét

=p
�

is an almost isomorphism.
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Proof. The claim is local on Y , so we can assume that Y is affinoid. Then a sim-
ilar argument to the proof of Lemma 7.3.6 allows us to reduce to the case when
F D g�.Fp/ for a finite map gWX 0 ! X . Therefore, Corollary 7.2.8 implies that it
suffices to prove the claim for the morphism f ı gWX 0 ! Y and F D Fp .

Now [38, Proposition 2.5.5] guarantees that it suffices to show the claim on stalks
at geometric points. Therefore, by Lemma 7.2.5 we reduce the question to showing
that, for any proper adic space X over a geometric point Spa .C; CC/, the natural
morphism

R�
�
X;Fp

�
˝ CC=p ! R�

�
X;OCXét

=p
�

is an almost isomorphism. Denote by Xı WD X �Spa .C;CC/ Spa .C; C ı/. Now [38,
Proposition 8.2.3 (ii)] implies that R�.X;Fp/' R�.Xı;Fp/, Lemma 2.11.2 implies
that CC=pCC 'a OC=pOC , and Corollary 6.4.15 and Corollary 6.4.18 imply that

R�
�
X;OCXét

=p
�
'
a R�

�
Xı;OC

Xıét
=p
�
:

Combining these results, we may replace .C; CC/ with .C;OC / and X with Xı to
achieve that Spa .C;OC / is a geometric point of rank-1. In this case, the claim was
already proven in Lemma 7.3.6.

Now we show that p-adic nearby cycles commute with proper morphisms.

Corollary 7.3.8. Let K be a p-adic perfectoid field K, let fWX! Y be a proper
morphism of admissible formal OK-schemes with adic generic fiber f WX ! Y , and
let F 2 Dbzc.X IFp/. Then the natural morphism

R�Y;�

�
Rf�F ˝OC

Y}
=p
�
! Rf0;�

�
R�X;�

�
F ˝OC

X}
=p
��

is an almost isomorphism.

Proof. First, note that Rf�F has overconvergent cohomology sheaves by [38, Propo-
sition 8.2.3 (ii)] and Remark 7.1.8. Therefore, Lemma 6.7.10 implies that

R�Y;�

�
Rf�F ˝OC

Y}
=p
�
' RtY;�

�
Rf�F ˝OCYét

=p
�
;

where tYW
�
Yét;O

C
Yét
=p
�
!
�
Y0;OY0

�
is the natural morphism of ringed sites. Simi-

larly, we have an isomorphism

Rf0;�
�
R�X;�

�
F ˝OC

X}
=p
��
' Rf0;�

�
RtX;�

�
F ˝OCXét

=p
��
:

Therefore, it suffices to show that the natural morphism

RtY;�
�
Rf�F ˝OCYét

=p
�
! Rf0;�

�
RtX;�

�
F ˝OCXét

=p
��

is an almost isomorphism.
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For this, we observe that the commutative diagram of ringed sites�
Xét;O

C

Xét
=p
� �

X0;OX0

�
�
Yét;O

C

Yét
=p
� �

Y0;OY0

�
tX

f f0

tY

implies that

Rf0;�
�
RtX;�

�
F ˝OCXét

=p
��
' RtY;�

�
Rf�

�
F ˝OCXét

=p
��
:

Therefore, the morphism

RtY;�
�
Rf�F˝OCYét

=p
�
!Rf0;�

�
RtY;�

�
F˝OCYét

=p
��
'RtY;�

�
Rf�

�
F˝OCXét

=p
��

is an almost isomorphism due to Lemma 7.3.7 and Proposition 3.5.23.

7.4 Perfectoid covers of affinoids

The main goal of this section is to show almost vanishing of higher v-cohomology
groups of a small OCX}=p-vector bundle on an affinoid perfectoid space. Later on, we
will apply it to certain pro-étale coverings of Spa .A; AC/ to reduce the computation
of v-cohomology groups to the computation of Čech cohomology groups.

Set-up 7.4.1. We fix

(1) a p-adic perfectoid field K together with its rank-1 open and bounded val-
uation ring denoted by OK and a good pseudo-uniformizer $ 2 OK as in
Definition B.11 (we always do almost mathematics with respect to the ideal
m D

S
n$

1=pnOK D K
ıı);

(2) an affine admissible formal OK-scheme X D Spf A0 with adic generic fiber
X D Spa .A;AC/;

(3) and an affinoid perfectoid pair .A1; AC1/ (see Definition B.5) with a mor-
phism .A; AC/! .A1; A

C
1/ such that Spd .A1; AC1/! Spd .A; AC/ is a

v-covering (see Definition 6.1.1 and Definition 6.1.5);

(4) a small OC
X}
=p-vector bundle E (see Definition 7.1.1).

Definition 7.4.2. We say that a p-torsionfree (equivalently,$ -torsionfree) OK-alge-
bra R is integrally perfectoid if the Frobenius homomorphism

R=$R
x 7!xp

����! R=$pR D R=pR

is an isomorphism.
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Remark 7.4.3. [8, Lemma 3.10] implies that this definition coincides with [8, Defi-
nition 3.5] for p-torsionfree OK-algebras. In particular, AC1 is an integral perfectoid
OK-algebra by [8, Lemma 3.20].

Lemma 7.4.4. Under the assumption of Set-up 7.4.1, let fW Spf B0 ! Spf A0 be an
étale morphism of admissible affine formal OK-schemes. Then BC1 WD B0b̋A0AC1 is
p-torsion free integrally perfectoid OK-algebra.

Proof. Firstly, we note that A0 ! B0 is a flat morphism by [25, Proposition I.4.8.1],
so B0 ˝A0 A

C
1 is $ -torsion free. Since the $ -adic completion of a $ -torsionfree

algebra is $ -torsion free, we conclude that BC1 D B0b̋A0AC1 is $ -torsion free. We
see that the only thing we are left to show is that the Frobenius morphism

BC1=$B
C
1 ! BC1=$

pBC1

is an isomorphism. We consider the commutative diagram

SpecBC1=$

Spec
�
BC1=$

p ˝
A
C
1=$

p A
C
1=$

�
SpecBC1=$

p

SpecAC1=$ SpecAC1=$
p:

F

ˆ�
B

f1=$
ˆ�
A
�B0

˛ f1=$
p

ˆ�
A

We need to show that ˆ�B is an isomorphism. We know that f1=$
p and f1=$ are

étale morphisms since f is so, and moreover the Frobenius ˆ�A is an isomorphism by
Remark 7.4.3. Therefore, the morphism

˛WSpec
�
BC1=$

p
˝
A
C
1=$

p A
C
1=$

�
! SpecAC1=$

is étale as a base change of the étale morphism f1=$
p . Thus, we conclude that F is

an étale morphism as a morphism between étale AC1=$ -schemes. Now we note that
ˆ�A � B0 is an isomorphism since ˆ�A is an isomorphism. Therefore, ˆ�B is an étale
morphism as a composition of an étale morphism and an isomorphism. However, ˆ�B
is a bijective radiciel morphism since it is the absolute Frobenius morphism. Thus,
we conclude that it must be an isomorphism as any étale, bijective radiciel morphism
is an isomorphism by [29, Exp. I, Théorème 5.1].

Corollary 7.4.5. Under the assumption of Set-up 7.4.1, let fW Spf B0 ! Spf A0 be
an étale morphism of admissible affine formal OK-schemes. Then

.B1; B
C
1/ WD

�
.B0b̋A0AC1/� 1p �; B0b̋A0AC1�

is a perfectoid pair.
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Proof. Lemma 7.4.4 states that BC1 D B0b̋A0AC1 is a p-torsionfree integral per-
fectoid. Now B0 ˝A0 A

C
1 is integrally closed in B0 ˝A0 A

C
1

�
1
p

�
because AC is

integrally closed in A and B0 is étale over A0. Therefore, [5, Lemma 5.1.2] ensures
that the same holds after completion, i.e., BC1 is integrally closed in B1. Thus [8,
Lemma 3.20] guarantees that .B1; BC1/ is a perfectoid pair.

Lemma 7.4.6. Under the assumption of Set-up 7.4.1, let fW Spf B0 ! Spf A0 be
an étale morphism of admissible affine formal OK-schemes with adic generic fiber
Spa .B;BC/! Spa .A;AC/. Then the natural morphism�

.B0b̋A0AC1/� 1p �; B0b̋A0AC1�! �
B b̋AA1; .B b̋AA1/C�

is an isomorphism of Tate–Huber pairs.

Proof. By [36, Lemma 1.6], B b̋AA1 ' .B0b̋A0AC1/� 1p �. Now, .B b̋AA1/C is
defined to be the integral closure of the image of the map

BCb̋ACAC1 ! B b̋AA1:
By [36, Lemma 1.6], we also have

BCb̋ACAC1 ' .BC ˝AC AC1/˝B0˝A0AC1 .B0b̋A0AC1/:
Since BC is integral over B0, we have that BCb̋ACAC1 is integral over B0b̋A0AC1.
In particular, we see that .B b̋AA1/C is integral over B0b̋A0AC1. However, Corol-
lary 7.4.5 implies that B0b̋A0AC1 is a subalgebra of B b̋AA1 that is integrally closed
in B b̋AA1. Thus, we have an isomorphism

B0b̋A0AC1 ' .B b̋AA1/C:
Remark 7.4.7. It will be crucial for our arguments later that .B b̋AA1/C is equal to
B0b̋A0AC1 and not simply to its integral closure.

Lemma 7.4.8. Under the assumption of Set-up 7.4.1, we put

ME WD H0
�
Spd .A1; AC1/v;E

�
:

Then ME is an almost faithfully flat, almost finitely presented AC1=p-module, and
for every morphism Spa .D;DC/! Spa .A1;AC1/ of affinoid perfectoid spaces, the
natural morphism

ME ˝AC1=p
DC=p ! H0

�
Spd .D;DC/v;E

�
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is an almost isomorphism.4 Moreover,

Hi
�
Spd .A1; AC1/v;E

�
'
a 0

for i > 0.

Proof. We divide the proof into several steps.

Step 1: H0
�
Spd.A1; AC1/v; E

�
is almost flat and almost finitely presented. The

smallness assumption implies that there is a finite étale surjection Spa .B; BC/ !
Spa .A1; AC1/ such that EjSpd .B;BC/ ' .O

C

X}
=p/r for some integer r � 0. The adic

space Spa .B;BC/ is affinoid perfectoid by [59, Theorem 7.9].
The natural morphism AC ! BC is almost finitely presented and almost faith-

fully flat by [59, Theorem 7.9] (see also [5, Theorem 10.0.9] for the almost faithfully
flat part). Since EjSpd .B;BC/ is trivial, Lemma 6.3.5 (1) implies that

H0
�
Spd .B;BC/v;E

�
'
a .BC=pBC/r :

In particular, it is almost flat and almost finitely presented. We now want to descend
these properties to H0

�
Spd .A1;AC1/v;E

�
. For this, we use Proposition 6.1.6 to recall

that diamondification commutes with fiber products, and so

Spd .B;BC/ �Spd .A1;A
C
1/

Spd .B;BC/

'
�
Spa .B;BC/ �Spa .A1;A

C
1/

Spa .B;BC/
�
}

' Spd
�
B b̋A1B; .B b̋A1B/C�:

By the proof of [58, Proposition 6.18] (and Lemma B.13), we see thatBCb̋AC1BC!
.B b̋A1B/C is an almost isomorphism (while, a priori, the latter group is the integral
closure of the former one inside B b̋A1B). In particular,

BC=p ˝
A
C
1=p

BC=p 'a .B b̋A1B/C=p.B b̋A1B/C:
Thus

H0
�
Spd .B b̋A1B; .B b̋A1B/C/v;E� 'a �.BC=p/˝2AC1=p�r

and the two natural morphisms

H0
�
Spd .B;BC/v;E

�
˝BC=p .B

C=p/˝
2
A
C
1=p

! H0
�
Spd

�
B b̋A1B; .B b̋A1B/C�v;E�

4We note that E is a sheaf on a (big) v-site of Spd .A;AC/, so it makes sense to evaluate E

on Spd .D;DC/.
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are almost isomorphisms. We use the sheaf condition and the previous discussion to
get the following almost exact sequence:

0! H0
�
Spd

�
A1; A

C
1

�
v
;E
�
!H0

�
Spd .B;BC/v;E

�
!H0

�
Spd .B;BC/v;E

�
˝BC=p

�
.BC=p/˝2

�
:

Theorem 2.10.3 applied to the almost faithfully flat morphism AC1=pA
C
1 !

BC=pBC implies that the natural morphism

H0
�
Spd

�
A1; A

C
1

�
v
;E
�
˝
A
C
1=p

BC=p ! H0
�
Spd .B;BC/v;E

�
(7.4.1)

is an almost isomorphism. The above computation tells us that H0
�
Spd .B;BC/v;E

�
is almost faithfully flat and almost finitely presented over BC=pBC. Thus, the faith-
fully flat descent for flatness and almost finitely presented modules (see Lemma 2.10.5
and Lemma 2.10.7) implies that H0

�
Spd .A1; AC1/v;E

�
is almost faithfully flat and

almost finitely presented over AC1=pA
C
1.

Step 2: H0
�
Spd.A1; AC1/v;E

�
almost commutes with base change. By the proof

of [58, Proposition 6.18] (and by virtue of Lemma B.13), we can conclude that
Spa .B;BC/�Spa .A1;A

C
1/ Spa .D;DC/ exists as an adic space and is represented by

Spa .R;RC/ for a perfectoid pair .R;RC/ such that

BC=p ˝
A
C
1=p

DC=p ! RC=p (7.4.2)

is an almost isomorphism. Thus, the proof of Step 1 and (7.4.2) imply that

H0
�
Spd .D;DC/v;E

�
˝
A
C
1=p

BC=p ! H0
�
Spd .R;RC/v;E

�
is an almost isomorphism. Now we wish to show that the natural morphism

H0
�
Spd .A1; AC1/v;E

�
˝
A
C
1=p

DC=p ! H0
�
Spd .D;DC/v;E

�
is an almost isomorphism. By the faithfully flat descent, it suffices to check after
tensoring against BC=p over AC1=p. Therefore, we use (7.4.1) and (7.4.2) to see that
it suffices to show that

H0
�
Spd .B;BC/v;E

�
˝BC=p R

C=p ! H0
�
Spd .R;RC/v;E

�
is an almost isomorphism. Now Lemma 6.3.5 (1) almost identifies (in the technical
sense) this morphism with the identity morphism

.BC=pBC/r ˝BC=p R
C=p ! .RC=pRC/r

since EjSpd .B;BC/ is a trivial OC=p-vector bundle of rank r . This map is clearly an
isomorphism.
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Step 3: Hi
�
Spd.A1; AC1/v;E

�
is almost zero for i > 0. As in Step 1, we use that

Spa .B;BC/! Spa .A1; AC1/

is a finite étale morphism of affinoid perfectoid spaces to conclude that all fiber prod-
ucts

Spa .B;BC/j=Spd .A1;A
C
1/

are represented by affinoid perfectoid spaces Spa .Bj ;BCj / and the natural morphisms

.BC=pBC/
˝
j

A
C
1=pA

C
1 ! BCj =pB

C

j

are almost isomorphisms. Since each restriction EjSpd .Bj ;B
C

j
/ is trivial, it is ensured

by Lemma 6.3.5 (1) that the higher cohomology of E on Spd .Bj ; BCj / almost van-
ishes. Thus, R�

�
Spd .A1;AC1/v;E

�
is almost isomorphic to the Čech complex asso-

ciated with the covering Spd .B; BC/ ! Spd .A1; AC1/. Step 2 implies that this
complex is almost isomorphic to the standard Amitsur complex

0!ME !ME ˝AC1=p
BC=p !ME ˝AC1=p

BC=p ˝
A
C
1=p

BC=p ! � � �

Almost exactness of this complex follows from Lemma 2.10.4.

7.5 Strictly totally disconnected covers of affinoids

The main goal of this section is to eliminate almost mathematics in Lemma 7.4.8
under some stronger assumptions on A1.

Set-up 7.5.1. We fix

(1) a p-adic perfectoid field K with its rank-1 open and bounded valuation ring
denoted by OK and a good pseudo-uniformizer $ 2 OK (we always do
almost mathematics with respect to the ideal m D

S
n$

1=pnOK D K
ıı);

(2) an affine admissible formal OK-scheme X D Spf A0 with adic generic fiber
X D Spa .A;AC/;

(3) a strictly totally disconnected affinoid perfectoid space Spa .A1; AC1/ (see
Definition 6.2.5) with a morphism

Spa .A1; AC1/! Spa .A;AC/

such that Spd .A1;AC1/! Spd .A;AC/ is a v-covering and all fiber products

Spd .A1; AC1/
j=Spd .A;AC/

are strictly totally disconnected affinoid perfectoid spaces.
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Corollary 7.5.2. Under the assumption of Set-up 7.5.1, let fW Spf B0 ! Spf A0 be
an étale morphism of admissible affine formal OK-schemes. Then

.B1; B
C
1/ WD

�
.B0b̋A0AC1/� 1p �; B0b̋A0AC1�

is a perfectoid pair and Spa .B1; BC1/ is a strictly totally disconnected (affinoid)
perfectoid space.

Proof. Corollary 7.4.5 already implies that Spa .B1; BC1/ is an affinoid perfectoid
space. Moreover, Lemma 7.4.6 implies that

Spa .B1; BC1/ ' Spa .B;BC/ �Spa .A;AC/ Spa .A1; AC1/;

where Spa .B;BC/ is the generic fiber of Spf B0. So Spa .B1;BC1/! Spa .A1;AC1/
is an étale morphism, thus the claim follows from [61, Lemma 7.19].

Lemma 7.5.3. Under the assumption of Set-up 7.5.1, let ME be the AC1=pA
C
1-

module
ME WD H0

�
Spd .A1; AC1/v;E

�
:

Then ME is a finite projective .AC1=p/
r -module. Moreover, for every morphism

Spa .D; DC/ ! Spa .A1; AC1/ of strictly totally disconnected affinoid perfectoid
spaces, the natural morphism

ME ˝AC1=p D
C=p ! H0

�
Spd .D;DC/v;E

�
is an isomorphism. Furthermore,

Hi
�
Spd .A1; AC1/

j=Spd .A;AC/
v ;E

�
' 0

for i; j � 1.

Proof. Lemma 6.5.6 implies that we can replace Spa .A1; AC1/ by a finite clopen
decomposition to assume5 that EjSpd .A1;A

C
1/ '

�
OCSpd .A1;A

C
1/
=p
�r for some inte-

ger r . Then Corollary 6.4.16 implies that ME ' .AC1=p/
r . The same applies to

EjSpd .D;DC/, therefore the natural morphism

ME ˝AC1=p
DC=p D .AC1=p/

r
˝
A
C
1=p

DC=p ! .DC=p/r

is clearly an isomorphism. Furthermore, Corollary 6.4.16 implies that

Hi
�
Spd .A1; AC1/

j=Spd .A;AC/
v ;E

�
' 0

for i; j � 1 because we assume that all fiber products Spd
�
A1; A

C
1

�j=Spd .A;AC/ are
representable by strictly totally disconnected (affinoid) perfectoid spaces.

5At this step, the map Spd .A1;A
C
1/! Spd .A;AC/might not be a v-covering anymore.

But this will not matter for the rest of the proof.
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Corollary 7.5.4. Under the assumption of Set-up 7.5.1, let fW Spf B0 ! Spf A0 be
an étale morphism, and let .B1; BC1/ be the perfectoid pair from Corollary 7.4.5.
Then the natural morphism

�
�
Spd .A1; AC1/

j=Spd .A;AC/
v ;E

�
˝A0=pA0 B0=pB0

! �
�
Spd .B1; BC1/

j=Spd .B;BC/
v ;E

�
is an isomorphism for j � 1.

Proof. For j D 1, the result follows from Lemma 7.5.3 and Corollary 7.5.2. For
j > 1, we know that Xj WD Spd .A1; AC1/

j=Spd .A;AC/ is represented by a strictly
totally disconnected perfectoid space. The morphism Xj ! Spd .A; AC/ defines a
strictly totally disconnected perfectoid spaceX]j with a morphismX

]
j ! Spa .A;AC/.

One checks that X]j ! Spa .A; AC/ satisfies the assumptions of Set-up 7.5.1, so we
can replace Spa .A1;AC1/ with X]j to reduce the case of j > 1 to the case j D 1.

Corollary 7.5.5. Under the assumption of Set-up 7.5.1, let fW Spf B0 ! Spf A0 be
an étale morphism, and let Spa .B; BC/ be the adic generic fiber of Spf .B0/. Then
the natural morphism

Hi
�
Spd .A;AC/v;E

�
˝A0=pA0 B0=pB0 ! Hi

�
Spd .B;BC/v;E

�
is an isomorphism for i � 0.

Proof. Arguing as in the proof of Corollary 7.5.4, we see that Lemma 7.5.3 implies
that

Hi
�
Spd .A1; AC1/

j=Spd .A;AC/
v ;E

�
' 0

for i; j � 1. Consequently, the cohomology groups Hi .Spd .A; AC/v; E/ can be
computed via the cohomology of the Čech complex associated with the covering
Spd .A1; AC1/! Spd .A;AC/. By Corollary 7.5.2, the same applies to Spa .B;BC/
and the Čech complex associated with the covering Spd .B1; BC1/! Spd .B; BC/.
Therefore, the claim follows from Corollary 7.5.4.

Corollary 7.5.6. Under the assumption of Set-up 7.4.1, let K � C be a completed
algebraic closure of K, and Spa .AC ; ACC / D Spa .A; AC/ �Spa .K;OK/ Spa .C;OC /.
Then the natural morphism

Hi
�
Spd .A;AC/v;E

�
˝OK=p OC=p ! Hi

�
Spd .AC ; ACC /v;E

�
is an almost isomorphism.
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Proof. The proof is similar to that of Corollary 7.5.4 and Corollary 7.5.5. The only
change we need to make is that the fiber product

Spa .A1; AC1/ �Spa .K;OK/ Spa .L;OL/

is a strictly totally disconnected affinoid perfectoid space with the C-ring almost
isomorphic to AC1b̋OKOL. The strictly totally disconnected claim follows from [61,
Lemma 7.19] and the almost computation of the C-ring follows from the proof of
[59, Proposition 6.18].

7.6 Perfectoid torsors

We apply the results of Section 7.4 to certain pro-étale covers of Spa .A; AC/ to see
that the computation of v-cohomology groups can often be reduced to the compu-
tation of certain continuous cohomology groups. To make this precise, we need to
define the notion of a G-torsor under a pro-finite group G.

Definition 7.6.1. A v-sheaf G associated with a pro-finite group G is a v-sheaf
GWPerfop

! Sets such that G.S/ D Homcont.jS j; G/.
A morphism of v-sheaves X ! Y is a G-torsor if it is a v-surjection and there is

an action aWG �X!X over Y such that the morphism a �Y p2WG �X!X �Y X

is an isomorphism, where p2WG �X ! X is the canonical projection.

Remark 7.6.2. If a pro-finite group G is a cofiltered limit of finite groups, that is,
G ' limI Gi , then G ' limI Gi .

Now we can formulate the precise set-up we are going to work in.

Set-up 7.6.3. We fix

(1) a p-adic perfectoid field K with its rank-1 open and bounded valuation ring
denoted by OK and a good pseudo-uniformizer $ 2 OK (we always do
almost mathematics with respect to the ideal m D

S
n$

1=pnOK D K
ıı);

(2) an admissible formal OK-scheme X D Spf A0 with adic generic fiber X D
Spa .A;AC/;

(3) a morphism .A; AC/! .A1; A
C
1/ such .A1; AC1/ is a perfectoid pair and

Spd .A1; AC1/! Spd .A;AC/ is a �1-torsor under a pro-finite group �1;

(4) a small OC
X}
=p-vector bundle E .

At the beginning of this section, we analyze the structure of the fiber products
Spd .A1; AC1/

j=Spd .A;AC/ for j � 1. For a general v-cover, we cannot say much
about these fiber products. However, we have much more control in the case of G-
torsors.
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Lemma 7.6.4. With the notation and under the assumption of Set-up 7.6.3, the fiber
product Spd .A1; AC1/

j=Spd .A;AC/ is represented by an affinoid perfectoid space6

Spa .Tj ; TCj /, for every j � 0. Moreover, for every j � 0,�
Tj ; T

C

j

�
'
�
Mapcont.�

j�1
1 ; A[1/;Mapcont.�

j�1
1 ; A[;C1 /

�
and T ];Cj =pT

];C
j ' TCj =$

[TCj ' Mapcont

�
�
j�1
1 ; AC1=pA

C
1

�
.

Proof. We first show that Spd .A1; AC1/
j=Spd .A;AC/ are representable by affinoid

perfectoid spaces. We write a presentation of �1 D limI �i as a cofiltered limit of
finite groups. Since Spd .A1; AC1/! Spd .A;AC/ is a �1-torsor, we get that

Spd .A1; AC1/
j=Spd .A;AC/

' Spd .A;AC/ ��j�11
' lim

I

�
Spa .A[1; A

[;C
1 / ��

j�1
i

�
' lim

I

�
Spa

�
Map.�j�1i ; A[1/;Map.�j�1i ; A[;C1 /

��
is a cofiltered limit of affinoid perfectoid spaces, so it is an affinoid perfectoid space
Spa .Tj ; TCj / by [61, Proposition 6.5]. Moreover, loc. cit. implies that TCj is equal
to the $ [-adic completion of the filtered colimit colimI Map.�j�1i ; A[;C1 / and Tj D
TCj Œ

1

$[
�. In particular, we already see that

T
];C
j =pT

];C
j ' TCj =.$/

[TCj '
�
colimI Map.�j�1i ; A[;C1 /

�
=.$/[

' colimI Map
�
�
j�1
i ; A[;C1 =.$/[A[;C1

�
' colimI Map

�
�
j�1
i ; AC1=$A

C
1

�
' colimI Map

�
�
j�1
i ; AC1=pA

C
1

�
' Mapcont

�
�j�11 ; AC1=pA

C
1

�
:

Now we compute TCj and Tj . We start with TCj :

TCj ' lim
n

�
colimI Map.�j�1i ; A[;C1 /=.$ [/n

�
' lim

n

�
colimI Map.�j�1i ; A[;C1 =.$ [/nA[;C1 /

�
' lim

n
Map

�
�j�11 ; A[;C1 =.$ [/nA[;C1

�
' Mapcont

�
�j�11 ; lim

n
A[;C1 =.$ [/nA[;C1

�
' Mapcont

�
�j�11 ; A[;C1

�
:

6Recall that Spd .A1;A
C
1/ is itself represented by an affinoid perfectoid Spa .A[1;A

[;C
1 /.
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Since �1 is compact and A[1 ' A
[;C
1

�
1

$[

�
, we also have

Tj ' T
C

j

h 1
$ [

i
' colim�$[;n Mapcont

�
�j�11 ; A[;C1

�
' Mapcont

�
�j�11 ; colim�$[ A

[;C
1

�
' Mapcont

�
�j�11 ; A[1

�
finishing the proof.

Warning 7.6.5. The fiber product Spa .A1; AC1/ �Spa .A;AC/ Spa .A1; AC1/ in the
category of adic spaces is often not a perfectoid space. This already happens for
Spa .A; AC/ D Spa .Qp; Zp/ and Spa .A1; AC1/ D Spa .Qp.�p1/^; ZpŒ�p1 �^/.
However, the diamond Spd .A1; AC1/ �Spd .A;AC/ Spd .A1; AC1/ is always repre-
sented by an affinoid perfectoid space as guaranteed by Lemma 7.6.4.

Note that since Spd .A1;AC1/! Spd .A;AC/ is a�1-torsor, there is a canonical
continuous AC-linear action of �1 on AC1. Now we want to relate v-cohomology
groups of E to the continuous group cohomology of�1. This is done in the following
lemmas:

Lemma 7.6.6. Under the assumption of Set-up 7.6.3, we defineME to be the AC1=p-
module H0

�
Spd .A1; AC1/v;E

�
. Then ME is an almost faithfully flat, almost finitely

presented AC1=p-module, and for every i; j � 1,

H0
�
Spd .A1;AC1/

j=Spd .A;AC/
v ;E

�
'
aMapcont

�
�j�11 ;ME

�
'
aMapcont

�
�j�11 ;.M a

E /Š
�
;

Hi
�
Spd .A1;AC1/

j=Spd .A;AC/
v ;E

�
'
a 0:

Proof. Lemma 7.6.4 implies that all fiber products Spd .A1; AC1/
j=Spd .A;AC/ satisfy

the assumptions of Lemma 7.4.8. Thus, Lemma 7.4.8 and the computation of fiber
products in Lemma 7.6.4 imply that

Hi
�
Spd .A1; AC1/

j=Spd .A;AC/
v ;E

�
'
a 0

for every i; j � 1, and the natural morphism

ME ˝AC1=p Mapcont

�
�j�11 ; AC1=p

�
! H0

�
Spd .A1; AC1/

j=Spd .A;AC/
v ;E

�
is an almost isomorphism for every j � 1. Thus, it suffices to show that the natural
morphism

ME ˝AC1=p
Mapcont

�
�j�11 ; AC1=p

�
! Mapcont

�
�j�11 ;ME

�
is an isomorphism. This can be done by writing �1 D limI �i and reducing to the
case of a finite group similarly to the proof of Lemma 7.6.4. The almost isomorphism

Mapcont.�
j�1
1 ;ME/ '

a Mapcont.�
j�1
1 ; .M a

E /Š/
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is achieved similarly using that .�/Š commutes with colimits being a left adjoint func-
tor.

Lemma 7.6.7. Under the assumption of Set-up 7.6.3, let ME be the AC1=pA
C
1-

module H0
�
Spd .A1; AC1/v;E

�
. Then there is a canonical continuous action of �1

on .M a
E
/Š compatible with the action of �1 on AC1=p, i.e., g.am/ D g.a/g.m/ for

any a 2 AC1=p and m 2ME .

Proof. By Lemma 7.6.4, the fiber product Spd .A1; AC1/ �Spd .A;AC/ Spd .A1; AC1/
is represented by an affinoid perfectoid space Spa .T2;TC2 / of characteristic p. There-
fore, we can uniquely write it as Spd .S; SC/ for an untilt of .T2; TC2 / corresponding
to the morphism Spa .T2; TC2 /! Spd .A;AC/! Spd .Qp;Zp/.

Lemma 7.4.8 implies that the descent data for the sheaf E provide us with an
.SC=pSC/a-isomorphism

.SC=p/a ˝.AC1=p/a .ME/
a
! .ME/

a
˝.AC1=p/a .S

C=p/a

satisfying the cocycle condition. By Corollary 2.2.4 (2), this defines an .AC1=p/
a-

linear morphism �
ME

�a
!
�
ME

�a
˝.AC1=p/a

�
SC=p

�a
:

By Lemma 7.4.8 and Lemma 7.6.6, this is equivalent to an .AC1=p/
a-linear morphism�

ME

�a
! Mapcont

�
�1; .M

a
E /Š
�a
:

By Lemma 2.1.9 (3), this is the same as an .AC1=pA
C
1/-linear morphism

�W
�
M a

E

�
Š
! Mapcont

�
�1;

�
M a

E

�
Š

�
:

This defines a morphism

 W�1 ! HomA
C
1=p

��
ME

�
Š
;
�
ME

�
Š

�
by the rule

.g/.m/ D .�.m//.g/:

One checks that the cocycle condition translates to the statement that  is a group
homomorphism, i.e., it defines an action of �1. Similarly, one checks that AC1=p-
linearity of � translates into the fact that this action is compatible with the action on
AC1=p. And continuity of � translates to the fact that  defines a continuous action,
i.e., the natural morphism

colimUiG�1;open
�
M a

E

�Ui
Š
!
�
M a

E

��1
Š

is an isomorphism.
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Corollary 7.6.8. Under the assumption of Set-up 7.6.3, letME be theAC1=p-module
H0
�
Spd .A1; AC1/v;E

�
. Then

Hi
�
Spd .A;AC/v;E

�
'
a Hicont

�
�1; .M

a
E /Š
�
:

Proof. Lemma 7.6.6 implies that

Hi
�
Spd .A1; AC1/

j=Spd .A;AC/
v ;E

�
'
a 0

for i; j � 1. Consequently, the cohomology groups Hi
�
Spd .A; AC/v; E

�
can be

almost computed via cohomology of the Čech complex associated with the cover-
ing Spd .A1; AC1/ ! Spd .A; AC/. Moreover, Lemma 7.6.6 also implies that the
terms of this complex can be almost identified with the bar complex computing the
continuous cohomology of the pro-finite group �1 with coefficients in the discrete
module .M a

E
/Š. We leave it to the reader to verify that the differentials in the Čech

complex coincide with the differentials in the bar complex computing the continuous
cohomology.

For future reference, we also discuss the following base change result:

Lemma 7.6.9. Let G be a pro-finite group, and let M be a discrete R-module that
has a continuous R-linear action of G. Suppose that R! A is a flat homomorphism
of rings. Then the canonical morphism Hicont.G;M/˝R A! Hicont.G;M ˝R A/ is
an isomorphism for i � 0.

Proof. We first prove the claim for H0. SinceG acts onM continuously, we can write
M D colimI Mi as a filtered colimit of G-stable R-submodules of M such that the
action ofG onMi factors through a finite groupGi . Since both H0cont.G;�/˝R A and
H0cont.G;�˝R A/ commute with filtered colimits, we can reduce to the case when the
action of G factors through a finite group quotient. In this case, the result is classical
(see, for example, [29, Exp. V, Proposition 1.9]).

In general, the result follows from the following sequence of isomorphisms:

Hicont.G;M/˝R A Š
�
colimHGG;open Hi .G=H;MH /

�
˝R A

' colimHGG;open
�
Hi .G=H;MH /˝R A

�
' colimHGG;open Hi

�
G=H;MH

˝R A
�

' colimHGG;open Hi
�
G=H; .M ˝R A/

H
�

' Hicont

�
G;M ˝R A

�
:

7.7 Nearby cycles are quasi-coherent

We start the proof of Theorem 7.1.9 and Theorem 7.1.2 in this section. Namely, we
show that the complex R��E is quasi-coherent and commutes with étale base change
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for an OC
X}
=p-vector bundle E . The main idea is to apply the results of Section 7.4

to a particular perfectoid covering of X .
For the rest of this section, we fix a perfectoid p-adic fieldK with a good pseudo-

uniformizer $ 2 OK (see Definition B.11). We always do almost mathematics with
respect to the ideal m D

S
n$

1=pnOK .

Lemma 7.7.1. Let X D Spf A0 be an admissible affine formal OK-scheme with an
affinoid generic fiber X D Spa .A;AC/, and let E be an OC

X}
=p-vector bundle. Then

Ri��E is quasi-coherent for i � 0. More precisely, the natural morphism

BHi
�
X}v ;E

�
! Ri��E

is an isomorphism for any i � 0.

Proof. The universal property of the tilde-construction implies that we do have a
natural morphism

cW BHi
�
X}v ;E

�
! Ri��E:

Recall that Ri��E is the sheafification of the presheaf defined by the rule

U 7! Hi
�
U}K;v;E

�
:

Thus, in order to show that c is an isomorphism, it suffices to show that the natural
morphism

Hi
�
X}v ;E

�
˝A0=p

�
A0=p

�
f
! Hi

�
U}K;v;E

�
is an isomorphism for any open formal subscheme Spf .A0/¹f º � Spf A0. We choose
a covering Spa .A1; A1/! Spa .A; AC/ from Lemma 6.2.13. Then the result fol-
lows from Corollary 7.5.5 since .A;AC/! .A1; A

C
1/ fits into Set-up 7.5.1.

Theorem 7.7.2. Let X be an admissible formal OK-scheme with adic generic fiber
X D XK , and let E be an OC

X}
=p-vector bundle. Then Ri��E is quasi-coherent for

i � 0. Furthermore, if fWY! X is an étale morphism with generic fiber f WY ! X ,
then the natural morphism

f�0
�
Ri�X;�E

�
! Ri�Y;�

�
Ej
Y}v

�
is an isomorphism for any i � 0.

Proof. Both claims are local on X and Y, so we can assume that X D Spf A0 and
Y D Spf B0 are affine. Then quasi-coherence of Ri��.E/ directly follows from
Lemma 7.7.1. In order to show that f�0

�
Ri�X;�E

�
! Ri�Y;�

�
EjY}v

�
is an isomor-

phism, it suffices to show that the natural morphism

Hi
�
X}v ;E

�
˝A0=pB0=p ! Hi

�
Y }v ;E

�
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is an isomorphism. This follows by the application of Corollary 7.5.5 to the covering
Spa .A1; AC1/! Spa .A;AC/ from Lemma 6.2.13.

For future reference, we also prove the following result:

Lemma 7.7.3. LetX D Spa .A;AC/ be an affinoid rigid-analytic space overK, let E

be an OC
X}
=p-vector bundle, and let K � C be a completed algebraic closure of K.

Then
Hi
�
X}v ;E

�
˝OK=p OC=p ! Hi

�
X}C;v;E

�
is an almost isomorphism.

Proof. Similarly to the reasoning above, this follows directly from Corollary 7.5.6
using the covering Spa .A1; AC1/! Spa .A;AC/ from Lemma 6.2.13.

7.8 Nearby cycles are almost coherent for smooth X and small E

The main goal of this section is to show that the complex R��E has almost coherent
cohomology sheaves for an admissible formal OK-scheme with smooth generic fiber.
The main idea is to apply the results of Section 7.6 to a particular “small” perfectoid
torsor cover of X , where one has good control over the structure group �1.

For the rest of the section, we fix a p-adic perfectoid fieldK with a good pseudo-
uniformizer $ 2 OK . We always do almost mathematics with respect to the ideal
m D

S
n$

1=pnOK .
Before we embark on the proof, we discuss the overall strategy of the proof. We

proceed in four steps: first, we show the result for bGn
m and E D OC

X}
=p; then we

deduce the result for affine formal schemes such that the adic generic fiber admits a
map to a torus TnC that is a composition of finite étale maps and rational embeddings.
After that, we finish the proof for E D OC

X}
=p and a general smooth X by choosing

a “good” covering of X, possibly after an admissible blow-up of X. We reduce the
general case to the case E D OC

X}
=p via Corollary 6.6.9.

The main ingredient for the third step is Achinger’s result ([1, Proposition 6.6.1])
that any étale morphism gW Spa .A; AC/ ! DnK can be replaced with a finite étale
morphism

g0WSpa .A;AC/! DnK :

The proof of this result in [1] is given only for rigid-analytic varieties over discretely
valued non-archimedean fields, but we need to apply it in the perfectoid situation that
is never discretely valued. So Appendix D provides the reader with a detailed proof
of this result without any discreteness assumptions.

To realize the above sketched strategy, we consider XD Spf OK
˝
T˙11 ; : : : ; T˙1n

˛
,

and set RC WD OK
˝
T˙11 ; : : : ; T˙1n

˛
and RCm WD OK

˝
T
˙1=pm

1 ; : : : ; T
˙1=pm

n

˛
. We note
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that the map Spf RCm ! Spf RC defines a �npm-torsor, thus �npm continuously acts
on RCm by RC-linear automorphisms.

Now we consider the RC-algebra

RC1 D OK
˝
T
˙1=p1

1 ; : : : ; T˙1=p
1

n

˛
D
�
colimn R

C
m

�b
where b stands for the p-adic completion. It comes with a continuous RC-linear
action of the profinite group�1 WD Zp.1/n D Tp.�p1/ on RC1. We trivialize Zp.1/
by choosing some compatible system of pi -th roots of unity .�p; �p2 ; �p3 ; : : : /. To
describe the action of �1 on RC1 we need the following definition:

Definition 7.8.1. For any a 2 Z
�
1
p

�
, we define �a as �ap

l

pl
whenever apl 2 Z. It is

easy to see that this definition does not depend on the choice of l .

Essentially by definition, the k-th basis vector k 2 �1 ' Znp acts on RC1 as

k
�
T
a1
1 � � �T

an
n

�
D �akT

a1
1 � � �T

an
n :

Lemma 7.8.2 ([59, Lemma 5.5]). Let RC, RC1 and�1 be as above. Then the coho-
mology groups Hicont

�
�1; R

C
1=p

�
are almost coherent RC=p-modules. Moreover,

the natural map

Hicont

�
�1; R

C
1=p

�
˝RC=p A

C=p ! Hicont

�
�1; R

C
1=p ˝RC=p A

C=p
�

is an isomorphism for a p-torsionfree RC-algebra AC and i � 0.

Proof. We note that RC=p is an almost noetherian ring due Theorem 2.11.5. Thus,
Corollary 2.7.8 implies that Hicont

�
�1; R

C
1=pR

C
1

�
is almost coherent if it is almost

finitely generated.
Now [8, Lemma 7.3] says that R�cont

�
�1; R

C
1=p

�
is computed via the Koszul

complex K
�
RC1=pI 1 � 1; : : : ; n � 1

�
. Then, similarly to [6, Lemma 4.6], we can

write

K
�
RC1=pI 1 � 1; : : : ; n � 1

�
D K

�
RC=pI 0; 0; : : : ; 0

�
˚

M
.a1;:::;an/

2.ZŒ1=p�\.0;1//n

K
�
RC=pI �a1 � 1; : : : ; �an � 1

�
:

We observe that

Hi
�
K.RC=pI 0; 0; : : : ; 0/

�
D ^

i
�
RC=p

�
is a free finitely presented RC=p-module. For each .a1; : : : ; an/ 2

�
Z
�
1
p

�
\ .0; 1/

�n,
we can assume that a1 has the minimal p-adic valuation for the purpose of proving
that

K
�
RC1=pI 1 � 1; : : : ; n � 1

�
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has almost finitely generated cohomology groups. Then [8, Lemma 7.10] implies that
Hi
�
K.RC=pI �a1 � 1; : : : ; �an � 1/

�
is finitely presented over RC=p and a �a1 � 1-

torsion module. Note that

vp.�
a1 � 1/ D vp.�pl � 1/ D

v.p/

pl � pl�1
! 0

where a1 D b=pl with gcd.b; p/ D 1. Furthermore, for any h 2 Z, there are only
finitely many indices .a1; : : : ; an/ 2 .Z

�
1
p

�
\ .0; 1//n with vp.aj / � h. This implies

that

Hicont

�
�1; R

C
1=p

�
D Hi

�
K.RC1=pI 1 � 1; : : : ; n � 1/

�
is a finitely presentedRC=p-module up to any$1=pn-torsion. In particular, this mod-
ule is almost finitely presented.

Now we show that Hicont.�1; R
C
1=p/ commutes with base change for any OK-

flat algebra AC. In order to show this, we observe that the .RC=p/Œ�1�-module
RC1=p comes as a tensor product M ˝OK=p R

C=p for the .OK=p/Œ�1�-module

M WD
M

.a1;:::;an/
2.ZŒ1=p�\Œ0;1//n

.OK=pOK/T
a1
1 � � �T

an
n ;

where the basis element k acts by

k.T
a1
1 � � �T

an
n / D �akT

a1
1 � � �T

an
n :

Therefore, the desired claim follows from a sequence of isomorphisms

Hicont

�
�1; R

C
1=p

�
˝RC=p A

C=p

'
�
Hicont.�1;M/˝OK=p R

C=p
�
˝RC=p A

C=p

' Hicont

�
�1;M

�
˝OK=p A

C=p

' Hicont

�
�1;M ˝OK=p A

C=p
�

' Hicont

�
�1; R

C
1=p ˝RC=p A

C=p
�
;

where the third isomorphism uses Lemma 7.6.9.

Lemma 7.8.2 combined with Corollary 7.6.8 essentially settles the first step of our
strategy. Now we move to the second step. We start with the following preliminary
result:

Lemma 7.8.3. Let A0 be a topologically finitely presented OK-algebra, and P a
topologically free A0-module, i.e., P DcL

IA0 for some set I . Then M is A0-flat.
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Proof. We start the proof by noting that [68, Tag 00M5] guarantees that it suffices to
show that TorA01 .P;M/ D 0 for any finitely presented A0-module M . We choose a
presentation

0! Q! An0 !M ! 0

and observe thatQ is finitely presented because A0 is coherent. So vanishing of Tor1
is equivalent to showing that

P ˝A0 Q! P ˝A0 A
n
0

is injective.
Now note that QŒp1�, An0Œp

1�, and MŒp1� are bounded by [11, Lemma 7.3/7],
so the same holds for

L
I Q,

L
I A

n
0 , and

L
I M . Therefore, the usual p-adic com-

pletions of
L
IQ,

L
I A

n
0 and

L
IM coincide with their derived p-adic completions.

Since derived p-adic completion is exact (in the sense of triangulated categories) and
coincides with the usual one on these modules, we get that the sequence

0!cL
I

Q!cL
I

An0 !cL
I

M ! 0

is exact.
Now we want to show that this short exact sequence is the same as the sequence

P ˝A0 Q! P ˝A0 A
n
0 ! P ˝A0 M ! 0:

As a consequence, this will show that P ˝A0 Q! P ˝A0 A
n
0 is injective.

For each A0-module N , there is a canonical map

P ˝A0 N !cL
I

N:

So we have a morphism of sequences:

P ˝A0 Q P ˝A0 A
n
0 P ˝A0 M 0

0 cL
IQ cL

IA
n
0

cL
IM 0:

The map An0 ˝A0 P !cL
IA

n
0 is an isomorphism because An0 ˝A0 P D P

n is
already p-adically complete. This implies that the arrow

M ˝A0 P !cL
I

M

https://stacks.math.columbia.edu/tag/00M5
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is surjective. But then

P ˝A0 Q!cL
I

Q

is surjective since M was an arbitrary finitely presented A-module. Now a diagram
chase implies that

M ˝A0 P !cL
I

M

is also injective. And, therefore, it is an isomorphism. So

P ˝A0 Q!cL
I

Q

is also an isomorphism. Therefore, these two sequences are the same. In particular,

P ˝A0 Q! P ˝A0 A
n
0

is injective.

To establish the second part of our strategy, we will also need a slightly refined
version of [59, Lemma 4.5] specific to the situation of an étale morphism to a torus.

We recall that we have defined

RC WD OKhT
˙1
1 ; : : : ; T˙1n i;

RCm WD OKhT
˙1=pm

1 ; : : : ; T˙1=p
m

n i;

and
RC1 D OK

˝
T
˙1=p1

1 ; : : : ; T˙1=p
1

n

˛
D
�
colimn R

C
m

�b;
and the group �1 ' Zmp continuously acts on RC1. We also define R (resp. Rm
and R1) as RC

�
1
p

�
(resp. RCm

�
1
p

�
and RC1

�
1
p

�
). Furthermore, for an étale morphism

Spa .A;AC/! Spa .R;RC/ D Tn, we define a Huber pair�
Am; A

C
m

�
WD
�
Rm ˝R A; .Rm ˝R A/

C
�
D
�
Rmb̋RA; .Rmb̋RA/C�;

where .Rmb̋RA/C is the integral closure of the image of RCm b̋RCAC in Rmb̋RA.
Similarly, we define

AC1 WD
�
colimn A

C
m

�b
and A1 WD AC1

�
1
p

�
.

Lemma 7.8.4. [59, Lemma 4.5] Let Spa .A; AC/! Spa .R; RC/ D Tn be a mor-
phism that is a composition of finite étale maps and rational embeddings. Then the
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pair .A1; AC1/ is an affinoid perfectoid pair, Spd .A1; AC1/ ! Spd .A; AC/ is a
�1-torsor, and, for any n 2 Z, there exists m such that the morphism

ACmb̋RCmRC1 ! AC1

is injective with cokernel annihilated by $1=pn .

Proof. We note that [59, Lemma 4.5] proves that .A1; AC1/ is an affinoid perfec-
toid space (denoted by .S1; SC1/ there). By construction (and Proposition 6.1.6 (6)),
Spd .Am; ACm/! Spd .A; AC/ is a .Z=pmZ/n-torsor. Therefore Spd .A1; AC1/ '
limm Spd .Am; ACm/ (see Proposition 6.1.6 (5)) is a �1 ' limm .Z=pnZ/n-torsor.
Thus, we are only left to show that, for any n 2 Z, there exists m such that the mor-
phism

ACmb̋RCmRC1 ! AC1

is injective with the cokernel annihilated by $1=pn .
In the following, we denote by zAm the p-adic completion of the p-torsionfree

quotient of ACm˝RCmR
C
1 ( zAm is denoted by Am in [59, Lemma 4.5]). Then [59,

Lemma 4.5] shows that, for any n 2 Z, there exists m such that the map zAm ! AC1
has cokernel annihilated by $1=pn . Moreover, the map becomes an isomorphism
after inverting p. We observe that this implies that zAm ! AC1 is injective as the
kernel should be p1-torsion, but the p-adic completion of a p-torsionfree ring is
p-torsion free. Thus, the only thing we need to show is that ACm˝RCmR

C
1 is already

p-torsion free for any m. We note that RC1 is topologically free as an RCm-module
because

RC1 D OKhT
˙1=p1

1 ; : : : ; T˙1=p
1

n i

D cL
.b1;:::;bn/2ZnnmZn

OKhT
˙1=pm

1 ; : : : ; T˙1=p
m

n iT
1=pb1

1 � � �T 1=p
bn

n

D cL
.b1;:::;bn/2ZnnmZn

RCm � T
1=pb1

1 � � �T 1=p
bn

n :

Thus, RC1 is RCm-flat for any m due to Lemma 7.8.3. Therefore, ACm˝RCmR
C
1 is flat

over ACm, so it is, in particular, OK-flat. As a consequence, it does not have any non-
zero p-torsion. This finishes the proof.

Lemma 7.8.5. Let X D Spf A0 be an affine admissible formal OK-scheme with
generic fiber X D Spa .A; AC/ that admits a map f WX ! Tn D Spa .R; RC/ that
factors as a composition of finite étale morphisms and rational embeddings. Then the
cohomology groups

Hi
�
X}v ;O

C

X}
=p
�

are almost coherent A0=p-modules for i � 0.
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Proof. We denote the completed algebraic closure of K by C . Then we note that
Lemma 7.7.3 implies that

Hi
�
X}v ;O

C

X}
=p
�
˝OK=p OC=p ! Hi

�
X}C;v;O

C

X}
C

=p
�

is an almost isomorphism for any i � 0. Therefore, faithful flatness of the morphism
OK=p ! OC=p and Lemma 2.10.5 imply that it suffices to prove the claim under
the additional assumption that K D C is algebraically closed.

Theorem 2.11.5 ensures that A0 is an almost noetherian ring, thus it suffices to
show that Hi .X}v ;O

C

X}
=p/ are almost finitely generated A0=p-modules.

Now the generic fiber X is smooth over C , so [12, Corollary 6.4.1/5] implies
that AC D Aı is a flat, topologically finitely type OC -algebra that is finite over A0.
Thus Lemma 2.8.3 ensures that it suffices to show that Hi

�
X}v ;O

C

X}
=p
�

is an almost
finitely generatedAC=pAC-module for i � 0. We note thatAC is almost noetherian as
a topologically finitely generated OC -algebra, so almost coherent and almost finitely
generated AC-modules coincide.

We consider the �1-torsor Spd .A1; AC1/! Spd .A;AC/ that was constructed
in Lemma 7.8.4. Thus, Corollary 7.6.8 ensures that

R�
�
X}v ;O

C

X}
=p
�
'
a R�cont

�
�1; A

C
1=p

�
:

So we reduce the problem to showing that the complex R�cont
�
�1; A

C
1=p

�
has

almost finitely generated cohomology modules.
We pick any " 2 Q>0 and use Lemma 7.8.4 to find m such that the map

ACmb̋RCmRC1 ! AC1

is injective with cokernel killed by p". Thus, we conclude that the map

ACm=p ˝RCm=p R
C
1=p ! AC1=p

has kernel and cokernel annihilated by p". Then it is clear that the induced map

Hicont

�
�1; A

C
m=p ˝RCm=p R

C
1=p

�
! Hicont

�
�1; A

C
1=p

�
has kernel and cokernel annihilated by p2" for any i � 0. Therefore, Lemma 2.5.7
implies that it is sufficient to show that Hicont

�
�1; A

C
m=p ˝RCm=p R

C
1=p

�
is almost

finitely generated over AC=p for any m � 0 and any i � 0.
The trick now is to consider the subgroup pm�1 that acts trivially on ACm=p to

pull it out of the cohomology group by Lemma 7.8.2. More precisely, we consider
the Hochschild–Serre spectral sequence

Ei;j2 DHi
�
�1=p

m�1;H
j
cont.p

m�1; A
C
m=p ˝RCm=p R

C
1=p/

�
) HiCjcont

�
�1; A

C
m=p ˝RCm=p R

C
1=p

�
:
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We recall that the group cohomology of any finite group G can be computed via
an explicit bar complex. Namely, for a G-module M , the complex looks like

C0.G;M/
d0

�! C1.G;M/
d1
�! � � � ;

where
Ci .G;M/ D

®
f W Gi !M

¯
'M˚i �#G

and

d i .f /.g0; g1; : : : ; gi / Dg0 � f .g1; : : : ; gi /

C

iX
jD1

.�1/jf .g0; : : : ; gj�2; gj�1gj ; gjC1; : : : ; gi /

C .�1/iC1f .g0; : : : ; gi�1/:

In caseM is an AC=p-module and G acts AC=p-linearly onM , all terms Ci .G;M/

have a natural structure of an AC=p-module, and the differentials are AC=p-linear.
Moreover, the terms Ci .G;M/ are finite direct sums of M as an AC=p-module. In
particular, they are almost coherent, if so is M . Thus, Lemma 2.6.8 guarantees that
all cohomology groups Hi .G; M/ are almost coherent over AC=p if M is almost
coherent (equivalently, almost finitely generated) over AC=p.

We now apply this observation (together with Lemma 2.6.8) to

G D �1=p
m�1 and M D Hjcont

�
pm�1; A

C
m=p ˝RCm=p R

C
1=p

�
to conclude that it suffices to show that Hjcont

�
pm�1;A

C
m=p˝RCm=p R

C
1=p

�
is almost

coherent (equivalently, almost finitely generated) over AC=p for any j � 0, m � 0.
We note that ACm is finite over AC by [12, Corollary 6.4.1/5]. Thus, Lemma 2.8.3
implies that it is enough to show that Hjcont

�
pm�1; A

C
m=p ˝RCm=p R

C
1=p

�
is almost

finitely generated over ACm=p for i � 0 andm� 0. Now we use Lemma 7.8.2 to write

Hjcont
�
pm�1; A

C
m=p ˝RCm=p R

C
1=p

�
' Hjcont

�
pm�1; R

C
1=p

�
˝RCm=p A

C
m=p:

Moreover, Lemma 7.8.2 guarantees that Hjcont
�
pm�1; R

C
1=p

�
is almost finitely gen-

erated over RCm=p. Thus Hjcont
�
pm�1; R

C
1=p

�
˝RCm=p A

C
m=p is almost finitely gen-

erated over ACm=p by Lemma 2.8.1.

Corollary 7.8.6. Let X D Spf A0 and X D Spa .A;AC/ be as in Lemma 7.8.5, and
let E be a small OC

X}
=p-vector bundle. Then the cohomology group Hi .X}v ; E/ is

almost coherent over A0=pA0 for any i � 0.

Proof. Similarly to the proof of Lemma 7.8.5, we can assume that K D C is alge-
braically closed and A0 D Aı D AC is almost noetherian.
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By assumption, we can find a finite étale surjection Y ! X that splits E . SinceX
is noetherian, we can dominate it by a Galois cover to assume that Y ! X is a G-
torsor for a finite group G such that Ej

Y}v
' .OC

Y}
=p/r for some r . Then we have

the Hochschild–Serre spectral sequence

Ei;j2 D Hi
�
G;Hj

�
Y }v ;

�
OC
Y}
=p
�r��
) HiCj

�
X}v ;E

�
:

Now note that [12, Corollary 6.4/5] implies that OCX .X/! OCY .Y / is a finite mor-
phism. Therefore, similarly to the proof of Lemma 7.8.5, the argument with the
explicit bar complex computing Hi .G;�/ implies that it is sufficient to show that
Hj
�
Y }v ;

�
OC
Y}
=p
�r� is almost coherent over OC

Y}
.Y }/=p for j � 0. But this is done

in Lemma 7.8.5.

Lemma 7.8.7. Let K be a p-adic perfectoid field, let X be an admissible formal
OK-scheme with adic generic fiber X D XK , and let E be an OC

X}
=p-vector bundle

on X}v . Then there is a collection of

(1) an admissible blow-up X0 ! X,

(2) a finite open affine cover X0 D
S
i2I Ui ,

such that, for every i 2 I , the restriction Ej.Ui;K/}v is small.

Proof. Corollary 6.6.9 ensures that there is a finite open coverX D
S
i2I Ui such that

Ej.Ui;K/}v can be trivialized by a finite étale surjection. Therefore, [11, Lemma 8.4/5]
implies that there is an admissible blow-up X0 ! X with a covering X0 D

S
i2I Ui

such that Ui;K D Ui . We can then refine U to assume that each Ui D Spf Ai;0 is
affine.

Theorem 7.8.8. Let X be an admissible formal OK-scheme with smooth adic generic
fiber X and mod-p fiber X0. Then

.R��E/a 2 DCacoh.X0/
a

for any OC
X}
=p-vector bundle E .

Proof. First, we note that the claim is clearly Zariski-local on X and descends through
rig-isomorphisms by the almost proper mapping theorem (see Theorem 5.1.3). Thus
Lemma 7.8.7 implies that it suffices to prove the theorem for X D Spf A0 an affine
formal OK-scheme and a small E .

Now we note that X is rig-smooth in the terminology of [15, Section 3]. Thus, [15,
Proposition 3.7] states that there are an admissible blow-up � WX0!X and a covering
of X0 by open affine formal subschemes U0i with rig-étale morphisms f 0i WU

0
i !
yAni

OK
,

i.e., the adic generic fibers f 0i;K WU
0
i;K ! DniK are étale. We apply the almost proper

mapping theorem (see Theorem 5.1.3) again to conclude that it suffices to show the
theorem for X0. Moreover, since the claim is Zariski-local on X, we can even pass to
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each U0i separately. So we reduce to the case where X D Spf A0 is affine, admits a
rig-étale morphism f 0WX! yAd

OK
, and E is small.

We wish to reduce the question to the situation of Corollary 7.8.6, though we are
still not quite there. The key trick now is to use Theorem D.4 to find a finite rig-étale
morphism fWX! yAd

OK
. In particular, the generic fiber fK WX ! DdK is a finite étale

morphism. So the only thing we are left to do is to embed DdK into TdK as a rational
subset. This is done by observing that

DdK ' TdK
�T1 � 1

p
; : : : ;

Td � 1

p

�
� TdK :

In particular, X admits an étale morphism to a torus that is a composition of a finite
étale morphism and a rational embedding. Therefore, Corollary 7.8.6 implies that

R�
�
X}v ;E

�a
2 DCacoh

�
A0=pA0

�a
:

Finally, we note that Theorem 7.7.2 ensures that BR�
�
X}v ;E

�
' R��E , so

.R��E/a 2 DCacoh.X0/
a

by Theorem 4.4.6.

7.9 Nearby cycles are almost coherent for general X and E

The main goal of this section is to generalize Theorem 7.8.8 to the case of a general
generic fiber X . The idea is to reduce the general case to the smooth case by means
of Lemma 5.4.4, resolution of singularities, and proper hyperdescent.

For the rest of this section, we fix a perfectoid p-adic fieldK with a good pseudo-
uniformizer $ 2 OK (see Definition B.11). We always do almost mathematics with
respect to the ideal m D

S
n$

1=pnOK .

Lemma 7.9.1. Let Spf A0 be an admissible affine formal OK-scheme with adic
generic fiber Spa .A; AC/. Let f WX ! Spa .A; AC/ be a proper morphism with
smoothX , and let E be an OCSpd .A;AC/=p-vector bundle. Then Hi .X}v ;E/ is an almost
coherent A0=p-module for any i � 0.

Proof. First, [13, Assertion (c) on p. 307] implies that we can choose an admissible
formal OK-model X of X with a morphism fWX! Spa A0 such that fK D f . The
map f is proper by [51, Lemma 2.6] (or [65, Corollary 4.4 and 4.5]). Now we can
compute

R�
�
X}v ;E

�
' R�

�
X0;R��E

�
:

Theorem 7.8.8 implies that R��E 2 DCacoh.X0/ as X is smooth. Thus, Theorem 5.1.3
implies that

R�
�
X}v ;E

�
' R�

�
X0;R��E

�
2 DCacoh

�
A0=p

�
:
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Now we recall the notion of a hypercovering that will be crucial for our proof.
We refer to [68, Tag 01FX] and [21] for more detail.

Definition 7.9.2. Let C be a category admitting finite limits. Let P be a class of
morphisms in C which is stable under base change, preserved under composition
(hence under products), and contains all isomorphisms. A simplicial object X� in C

is said to be a P-hypercovering if, for all n � 0, the natural adjunction map7

X� ! coskn.skn.X�//

induces a map XnC1! .coskn.skn.X�///nC1 in degree nC 1 which is in P. If X� is
an augmented simplicial complex, we make a similar definition but also require the
case n D �1 (and then we say X� is a P-hypercovering of X�1).

Lemma 7.9.3. Let X be a quasi-compact, quasi-separated rigid-analytic variety
overK. Then there is a proper hypercovering aWX�! X such that allXi are smooth
over K.

Proof. First, we note that quasi-compact rigid-analytic varieties over Spa .K;OK/
admit resolution of singularities by [66, Theorem 5.2.2]. Thus, the proof of [21,
Theorem 4.16] (or [68, Tag 0DAX]) carries over to show that there is a proper hyper-
covering aWX� ! X such that all Xi are smooth over Spa .K;OK/.

Lemma 7.9.4. Let aWX� ! X be a proper hypercovering of a rigid-analytic vari-
ety X . Then a}WX}� ! X} is a v-hypercovering of X}.

Proof. The functor .�/} commutes with fiber products by Proposition 6.1.6 (6). So�
.coskn.sknX�//nC1

�}
'
�
coskn

�
sknX}�

��
nC1

:

Therefore, the only thing we need to show is that .�/} sends proper coverings to
v-coverings. This follows from Lemma 6.1.14 and Example 6.1.12.

Theorem 7.9.5. Let X be an admissible formal OK-scheme with adic generic fiberX
and mod-p fiber X0 WD X �Spf OK Spec OK=p. Then

R��E 2 DCacoh.X0/

for any OC
X}
=p-vector bundle E .

Proof. The claim is Zariski-local on X, so we can assume that X D Spf A0 is affine.
Thus, Theorem 7.7.2 and Theorem 4.4.6 ensure that it suffices to show that

R�
�
X}v ;E

�
2 DCacoh

�
A0=p

�
:

7See [21, Section 3] (or [68, Tag 0AMA]) for the definition of the coskeleton functor.

https://stacks.math.columbia.edu/tag/01FX
https://stacks.math.columbia.edu/tag/0DAX
https://stacks.math.columbia.edu/tag/0AMA
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Lemma 7.9.3 shows that there is a proper hypercovering aWX�! X with smooth Xi ,
and Lemma 7.9.4 implies that aWX}� ! X} is then a v-hypercovering.

The proof of [68, Tag 01GY] implies that there is a spectral sequence

Ei;j1 D Hj
�
X}i;v;E

�
) HiCj

�
X}v ;E

�
:

Lemma 7.9.1 guarantees that Hj .X}i;v; E/ is almost coherent over A0=p for every
i; j � 0. Therefore, Lemma 2.6.8 guarantees that HiCj

�
X}v ; E

�
is almost coherent

over A0=p for every i C j � 0.

7.10 Cohomological bound on nearby cycles

The main goal of this section is to show that R��E is almost concentrated in degrees
Œ0; d � for a small vector bundle E . This claim turns out to be pretty hard. To achieve
this result, we have to use a recent notion of perfectoidization developed in [10] that
gives a stronger version of the almost purity theorem in the world of diamonds. Our
approach is strongly motivated by the proof of [30, Proposition 7.5.2].

For the rest of this section, we fix a perfectoid p-adic fieldK with a good pseudo-
uniformizer $ 2 OK . We always do almost mathematics with respect to the ideal
m D

S
n$

1=pnOK .
In this section, it is crucial that we work on the level of diamonds. The main

observation is that the functor

.�/}W
®
(Pre-)Adic Analytic Spaces

¯
!
®
Diamonds

¯
is not fully faithful, so it is possible that a non-perfectoid (pre)-adic space becomes
representable by an affinoid perfectoid space after diamondification (we already saw
this phenomenon in Warning 7.6.5). An explicit construction of such examples is the
crux of our argument in this section. To construct such spaces, we need the following
theorem of B. Bhatt and P. Scholze:

Theorem 7.10.1 ([10, Theorem 10.11]). Let R be an integral perfectoid ring.8 Let
R ! S be the p-adic completion of an integral map. Then there exists an integral
perfectoid ring Sperfd together with a map of R-algebras S ! Sperfd, such that it is
initial among all R-algebra maps S ! S 0 for S 0 being integral perfectoid.

Now we show how this result can be used to obtain a cohomological bound on
R��E . We recall that a torus

Td D Spa
�
K
˝
T˙11 ; : : : ; T˙1d

˛
;OK

˝
T˙11 ; : : : ; T˙1d

˛�
D Spa

�
R;RC

�
8We use [8, Definition 3.5] as the definition of integral perfectoid rings here. This definition

coincides with Definition 7.4.2 in the p-torsionfree case, but it is less restrictive in general.

https://stacks.math.columbia.edu/tag/01GY
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admits a map

Td1 D Spa
�
K
˝
T
˙1=p1

1 ; : : : ; T
˙1=p1

d

˛
;OK

˝
T
˙1=p1

1 ; : : : ; T
˙1=p1

d

˛�
! Td

such that Td1 is an affinoid perfectoid space, and the map becomes a �1 D Zp.1/d -
torsor after applying the diamondification functor.

Now we can embed a d -dimensional disk Dd as a rational subdomain

Dd D Td
�T1 � 1

p
; : : : ;

Tn � 1

p

�
� Td ;

so the fiber product
Dd1 D Dd �Td Td1 ! Dd

is again an affinoid perfectoid covering of Dd by Lemma 7.8.4.
If X D Spa .A;AC/! Dd is an arbitrary finite morphism, then the fiber product

X �Dd Dd1 may not be an affinoid perfectoid space (or even an adic space). How-
ever, it turns out that the associated diamond is always representable by an affinoid
perfectoid space.

Lemma 7.10.2. Let f WX D Spa .A;AC/!Dd be a finite morphism of rigid-analytic
K-spaces. Then the fiber product X}1 WD X

} �Dd;} Dd;}1 is representable by an affi-
noid perfectoid space (of characteristic p).

Proof. Let us say that Dd D Spa .S; SC/ and bDd1 D Spa .S1; SC1/. The map f
defines an integral morphism SC ! AC, we define

A�1 WD S
C
1
b̋
SCA

C:

This is a p-adic completion of an integral morphism over an integral perfectoid
ring SC1 (see [8, Lemma 3.20]), so there is a map

A�1 !
�
A�1

�
perfd

initial to an integral perfectoid ring. We define A1 as A�1
�
1
p

�
and AC1 as the inte-

gral closure of A�1 in A1. Then .A1; AC1/ is an affinoid perfectoid pair by [8,
Lemma 3.21]. Therefore, it suffices to show that the natural morphism

Spd
�
A1; A

C
1

�
! Spd

�
A;AC

�
�Spd .S;SC/ Spd

�
S1; S

C
1

�
is an isomorphism. This can be easily checked on the level of rational points by the
universal property of .A�1/perfd and the construction of the diamondification functor
in Definition 6.1.5 (and [8, Lemma 3.20] that relates affinoid perfectoid pairs and
integral affinoid rings).
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Theorem 7.10.3. Let X D Spf A0 be an admissible formal OK-scheme with adic
generic fiber X D Spa .A; AC/ of dimension d , and let E be a small OC

X}
=p-vector

bundle. Then
R�

�
X}v ;E

�a
2 DŒ0;d�acoh

�
A0=p

�a
:

Proof. Lemma 7.9.1 ensures that R�
�
X}v ;E

�
2 Dacoh.A0=p/, so it suffices to show

that
Hi
�
X}v ;E

�
'
a 0

for i > d . The Noether normalization theorem (see [11, Proposition 3.1.3]) implies
that there is a finite morphism f WX ! Dd . We consider the �1 ' Zp.1/d -torsor

X}1 ' X
}
�Dd;} Dd;}1 ! X}:

As a consequence of Lemma 7.10.2, X}1 is represented by an affinoid perfectoid
space Spd

�
A1;A

C
1

�
D Spa

�
A[1;A

[;C
1

�
. Thus, we are in the situation of Set-up 7.6.3.

So Corollary 7.6.8 implies that

Hi
�
X}v ;E

�
'
a Hicont

�
�1; .M

a
E /Š
�
;

where ME ' H0
�
X}1;v; E

�
. Therefore, the claim follows from the observation that

the cohomological dimension of�1 ' Zp.1/d ' Zdp is d due to [8, Lemma 7.3].

7.11 Proof of Theorem 7.1.2

The main goal of this section is to give a full proof of Theorem 7.1.2. Most of the
hard work was already done in the previous sections.

For the rest of this section, we fix a perfectoid p-adic field K with a pseudo-
uniformizer $ 2 OK as in Remark B.10. We always do almost mathematics with
respect to the ideal m D

S
n$

1=pnOK .

Theorem 7.11.1. Let X be an admissible formal OK-scheme with adic generic fiber
X of dimension d and mod-p fiber X0, and let E be an OCX}=p-vector bundle. Then

(1) R��E 2 DCqc;acoh.X0/ and .R��E/a 2 DŒ0;2d�acoh .X0/
a;

(2) if X D Spf A is affine, then the natural map

BHi
�
X}v ;E

�
! Ri��

�
E
�

is an isomorphism for every i � 0;

(3) the formation of Ri��.E/ commutes with étale base change, i.e., for any étale
morphism fWY!X with adic generic fiber f WY !X , the natural morphism

f�0
�
Ri�X;�.E/

�
! Ri�Y;�

�
EjY}

�
is an isomorphism for any i � 0;



Proof of Theorem 7.1.9 259

(4) if X has an open affine covering X D
S
i2IUi such that Ej.Ui;K/} is small,

then �
R��E

�a
2 DŒ0;d�acoh

�
X0
�a
I

(5) there is an admissible blow-up X0 ! X such that X0 has an open affine cov-
ering X0 D

S
i2IUi such that Ej.Ui;K/} is small.

In particular, there is a cofinal family of admissible formal models ¹X0iºi2I of
X such that �

R�X0
i
;�E

�a
2 DŒ0;d�acoh

�
X0i;0

�a
;

for each i 2 I .

Proof. The first part of (1), (2), and (3) follow from Theorem 7.7.2 together with
Theorem 7.9.5. Now to show that R��E is almost concentrated in degrees Œ0; 2d �, it
suffices to show that, for every affine U D Spf A0 � X, the complex R�.U}K;v;E/

a

(almost) lies in DŒ0;2d�.A0=p/a. By Lemma 7.7.3 and full faithful flatness of OK=p!

OC=p, it is sufficient to prove it under the additional assumption that K D C is
algebraically closed. Then Theorem 6.5.7 and Theorem 6.5.9 imply that

E 0 WD R��R��E

is an OCXét
=p-vector bundle concentrated in degree 0. Therefore,

R�
�
U}C;v;E

�
' R�

�
UC;ét;E

0
�
;

and
R�

�
UC;ét;E

0
�
2 DŒ0;2d�.A0=p/

due to [38, Corollary 2.8.3 and Corollary 1.8.8].
In order to show (4), we consider an open affine covering XD

S
i2IUi and denote

Ui D Spf Ai . Then Part (2) implies that it suffices to show that

R�
�
.Ui;K/

}
v ;E

�a
2 DŒ0;d�acoh

�
Ai=p

�a
for each i 2 I . This follows from Theorem 7.10.3 and the assumption that Ej.Ui;K/}

is small.
(5) now follows from Lemma 7.8.7.

7.12 Proof of Theorem 7.1.9

The main goal of this section is to prove Theorem 7.1.9. The idea is to reduce to the
case of a constant Zariski-constructible sheaf through a sequence of reductions; in
this case, the result follows directly from Theorem 7.1.2.
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For the rest of this section, we fix a perfectoid p-adic field K with a pseudo-
uniformizer $ 2 OK as in Remark B.10. We always do almost mathematics with
respect to the ideal m D

S
n$

1=pnOK .
We consider the following diagram of morphisms of ringed sites:

�
X}v ;O

C

X}
=p
� �

X}qproKet;OX}qp
C =p

� �
Xét;O

C

Xét
=p
� �

XZar;OX0

�
:

�

� � t

Both �� and t� will play an important role in the proof.

Lemma 7.12.1. Let fWX!Y be a finite morphism of admissible formal OK-schemes
with adic generic fiber f WX ! Y , and F 2 Dbzc.X IFp/. Then the natural morphism

R�Y;�

�
f�F ˝OC

Y}
=p
�
! Rf0;�

�
R�X;�

�
F ˝OC

X}
=p
��

is an isomorphism in D.Y0/.

Proof. First, we note that f is finite, and so f� ' Rf� due to [38, Proposition 2.6.3].
Now the proof of Corollary 7.3.8 just goes through using Corollary 7.2.9 (that does
not use Theorem 7.1.9 as an input) in place of Lemma 7.3.7.

Lemma 7.12.2. Let f WX ! Y be a finite morphism of quasi-compact, quasi-sepa-
rated rigid-analytic varieties over K, and F 2 DŒr;s�zc .X IFp/ such that

R�X;�

�
F ˝OC

X}
=p
�a
2 DŒr;sCd�acoh

�
X0
�a

(resp.
R�X;�

�
F ˝OC

X}
=p
�
2 DCqc;acoh

�
X0
�
/

for any formal OK-model X of X . Then, for any formal OK-model Y of Y ,

R�Y;�

�
f�F ˝OC

Y}
=p
�a
2 DŒr;sCd�acoh .Y0/

a

(resp.
R�Y;�

�
f�F ˝OC

Y}
=p
�
2 DCqc;acoh

�
Y0

�
/:

Proof. First, we note that we can choose a finite morphism fWX! Y such that its
generic fiber fK is equal to f (for example, this follows from [25, Corollary II.5.3.3,
II.5.3.4]).

Now Lemma 7.12.1 ensures that the natural morphism

R�Y;�

�
f�F ˝OC

Y}
=p
�
! Rf0;�

�
R�X;�.F ˝OC

X}
=p/

�
is an isomorphism. Therefore, R�Y;�

�
f�F ˝ OCY}=p

�
already lies in Dacoh.Y0/

a

(resp. in Dqc;acoh
�
Y0

�
) by Theorem 5.1.3. The cohomological bound follows from
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Proposition 3.5.23 and the fact that the finite morphism f0 is (almost) exact on (al-
most) quasi-coherent sheaves.

Lemma 7.12.3. Let X be an admissible formal OK-scheme with adic generic fiberX
of dimension d and mod-p fiber X0, and let F 2 DŒr;s�zc .X IFp/. Then

Rt�
�
F ˝OCXét

=p
�
' R��

�
F ˝OC

X}
=p
�
2 DCqc;acoh

�
X0
�
;

and
R��

�
F ˝OC

X}
=p
�a
2 DŒr;sCd�qc;acoh

�
X0
�a
:

Proof. Lemma 6.7.10 and Remark 7.1.8 imply that

Rt�
�
F ˝OCXét

=p
�
' R��

�
F ˝OC

X}
=p
�
:

In what follows, we will freely identify these sheaves. Also, we can assume that F is
concentrated in degree 0, i.e., F is a usual Zariski-constructible sheaf.

Step 1: The case of a local system F . In this case, E WDF ˝OC
X}
=p fits the assump-

tion of Theorem 7.11.1. Since an Fp-local system on any rigid-analytic variety Y
splits by a finite étale cover, so F ˝ OC

X}
=p is small for any open affinoid U � X .

Thus, the desired claim follows from Theorem 7.11.1.

Step 2: Case of a zero-dimensional X . If X is of dimension 0, then any Zariski-
constructible sheaf on X is a local system. So the claim follows from Step 1.

Now we argue by induction on dimX . We suppose the claim is known for every
rigid-analytic variety of dimension less than d (and any Zariski-constructible F ) and
wish to prove the claim for X of dimension d .

Step 3: Reduction to the case of a reduced X . Consider the reduction morphism
i WXred ! X . Then iét is an equivalence of étale topoi, we see that

i�i
�1F ! F

is an isomorphism. Thus the claim follows from Lemma 7.12.2.

Step 4: Reduction to the case of a normal X . Consider the normalization morphism
f WX 0 ! X . It is finite by [20, Theorem 2.1.2] and an isomorphism outside of a
nowhere dense Zariski-closed subset Z. We use [38, Proposition 2.6.3] and argue on
stalks to conclude that the natural morphism F ! f�f

�1F is injective. Therefore,
there is an exact sequence

0! F ! f�f
�1F ! i�G ! 0;

where i WZ ! X is a Zariski-closed immersion with dimZ < dimX and G is a
Zariski-constructible sheaf on Z. Now the induction hypothesis and Lemma 7.12.2
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ensure that

R��
�
i�G ˝OC

X}
=p
�
2 DCqc;acoh

�
X0
�
;

R��
�
i�G ˝OC

X}
=p
�a
2 DŒ0;d�1�acoh

�
X0
�a
:

Therefore, it suffices to show the claim for f�f �1F . Thus, Lemma 7.12.2 guarantees
that it suffices to show that

R�X0;�

�
f �1F ˝OC

X 0}
=p
�
2 DCqc;acoh

�
X00
�
;

R�X0;�

�
f �1F ˝OC

X 0}
=p
�a
2 DŒr;sCd�acoh

�
X00
�a

for any admissible formal OK-model X0 of X 0. So we may and do assume that X is
normal.

Step 5: Reduction to the case F D Fp . By definition of a Zariski-constructible sheaf,
there are a nowhere dense Zariski-closed subset i WZ!X with the open complement
j WU ! X and an Fp-local system L on U such that F jU ' L. In particular, there is
a short exact sequence

0! jŠL! F ! i�F jZ ! 0:

Similarly to the argument in Step 4, it suffices to prove the claim for F D jŠL.
Then “méthode de la trace” (see [68, Tag 03SH]) implies that there is a finite

étale covering gWU 0 ! U of degree prime-to-p such that L0 WD LjU 0 is an iterated
extension of constant sheaves Fp . Then L is a direct summand of g�.L0/. Thus, it is
enough to prove the claim for

F D jŠ.g�L0/:

Moreover, it suffices to prove the claim for F D jŠ.g�Fp/ because the claim of
Lemma 7.12.3 satisfies the 2-out-of-3 property, and both functors g� and jŠ are exact.

Now we use [32, Theorem 1.6] to extend g to a finite morphism g0WX 0 ! X .
Then a similar reduction shows that it suffices to prove the claim for F D g0�.Fp/.
This case follows from Step 1 and Lemma 7.12.2.

Theorem 7.12.4. Let X be an admissible formal OK-scheme with adic generic fiber
X of dimension d and mod-p fiber X0, and F 2 DŒr;s�zc .X IFp/. Then

(1) there is an isomorphism Rt�
�
F ˝OCXét

=p
�
' R��

�
F ˝OC

X}
=p
�
;

(2) R��
�
F ˝OC

X}
=p
�
2DCqc;acoh.X0/, and R��

�
F ˝OC

X}
=p
�a
2DŒr;sCd�acoh .X0/

a;

(3) if X D Spf A is affine, then the natural map

DHi
�
X}v ;F ˝OC

X}
=p
�
! Ri��

�
F ˝OC

X}
=p
�

is an isomorphism for every i � 0;

https://stacks.math.columbia.edu/tag/03SH
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(4) the formation of Ri��
�
F ˝ OC

X}
=p
�

commutes with étale base change, i.e.,
for any étale morphism fWY ! X with adic generic fiber f W Y ! X , the
natural morphism

f�0
�
Ri�X;�

�
F ˝OC

X}
=p
��
! Ri�Y;�

�
f �1F ˝OC

Y}
=p
�

is an isomorphism for any i � 0.

Proof. (1) and (2) follow from Lemma 7.12.3. Now (3) follows from Lemma 4.4.4
and the isomorphism

R�
�
X0;R��

�
F ˝OC

X}
=p
��
' R�

�
X}v ;F ˝OC

X}
=p
�
:

We are left to show (4). By (1), it suffices to show that the natural morphism

f�0
�
Ri tX;�

�
F ˝OCXét

=p
��
! Ri tY;�

�
f �1F ˝OCYét

=p
�

is an isomorphism. Moreover, [7, Proposition 3.6] ensures that it suffices to prove
the claim for F D g�.Fp/ for some finite morphism gWX 0 ! X . Then we can lift
it to a finite morphism gWX0 ! X as in the proof of Lemma 7.12.2. Then we have a
commutative diagram

.Y 0ét;O
C

Y 0ét
=p/ .Y00;OY0

0
/

.X 0ét;O
C

X 0ét
=p/ .X00;OX0

0
/

.Yét;O
C

Yét
=p/ .Y0;OY0/

.X;OCXét
=p/ .X0;OX0/

f 0

g0

tY0

f0
0

g0
0

g

tX0

f

tY

f0
tX

g0

(7.12.1)
with Y0 D Y �X X0 and Y 0 being its adic generic fiber. Then we have a sequence of
isomorphisms:

f�0
�
RtX;�

�
g�
�
Fp
�
˝OCXét

=p
��
' f�0

�
RtX;�

�
Rg�OCX 0ét

=p
��

' f�0
�
Rg0;�

�
RtX0;�OCX 0ét

=p
��

' Rg00;�
�
f 00
��RtX0;�OCX 0ét

=p
��

' Rg00;�
�
RtY0;�

�
OC
Y 0ét
=p
��

' RtY;�
�
Rg0�O

C

Y 0ét
=p
�
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' RtY;�
�
g0�
�
Fp
�
˝OCYét

=p
�

' RtY;�
�
f �1

�
g�Fp

�
˝OCYét

=p
�
:

The first isomorphism holds by (the proof of) Corollary 7.2.9. The second isomor-
phism is formal and follows from Diagram (7.12.1). The third isomorphism holds by
flat base change applied to f0. The fourth isomorphism follows from Theorem 7.11.1
applied to E D OC

X 0}
=p and the étale morphism Y0 ! X0. The fifth isomorphism

is formal again. The sixth isomorphism follows from (the proof of) Corollary 7.2.9.
Finally, the last isomorphism follows from [38, Theorem 4.3.1].

7.13 Proof of Theorem 7.1.11

The main goal of this section is to prove Theorem 7.1.11. The proof is a formal
reduction to the case of OC

X}
=p-vector bundles. After that, we also discuss a version

of this theorem for the classical pro-étale site from [59].
For the rest of this section, we fix a perfectoid p-adic fieldK with a good pseudo-

uniformizer $ 2 OK . We always do almost mathematics with respect to the ideal
m D

S
n$

1=pnOK .

Lemma 7.13.1. LetX be a rigid-analytic variety overK, and let E be an OC
X}

-vector
bundle on X . Then E is derived p-adically complete.

Proof. It suffices to prove the claim v-locally on X}v . Therefore, we may and do
assume that E D

�
OC
X}

�r for some integer r . Then the claim follows immediately
from Lemma 6.3.5 (3).

Lemma 7.13.2. Let XD Spf A0 be an affine admissible formal OK-scheme with adic
generic fiber X D Spa .A;AC/ of dimension d , and let E be an OC

X}
-vector bundle.

Then
R�

�
X}v ;E

�a
2 DŒ0;2d�acoh

�
A0
�
:

Moreover,
R�

�
X}v ;E

�a
2 DŒ0;d�acoh

�
A0
�

if E is small (see Definition 7.1.10).

Proof. Lemma 7.13.1 implies that E is derived p-adically complete. Thus, the result
follows from Theorem 7.1.2, [68, Tag 0A0G], and Corollary 2.13.3.

Lemma 7.13.3. Let X D Spf A0 be an admissible affine formal OK-scheme with
adic generic fiber X D Spa .A; AC/, and fW Spf B0 ! Spf A0 an étale morphism

https://stacks.math.columbia.edu/tag/0A0G
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with adic generic fiber f W Y ! X , and E an OC
X}

-vector bundle on X . Then the
natural morphism

r WR�
�
X}v ;E

�
˝A0 B0 ! R�

�
Y }v ;E

�
is an isomorphism.

Proof. The morphism A0 ! B0 is flat since f is étale. Now Lemma 7.13.2 and
Lemma 2.12.7 ensure that the cohomology groups of both R�

�
X}v ;E

�
˝A0 B0 and

R�
�
Y }v ; E

�
are (classically) p-adically complete. In particular, both complexes are

derived p-adically complete. So it suffices to show that r is an isomorphism after
taking derived mod-p fiber (see [68, Tag 0G1U]). Then the claim follows from The-
orem 7.11.1 (3) (4).

Theorem 7.13.4. Let X be an admissible formal OK-scheme with adic generic fiber
X of dimension d , and let E be an OC

X}
-vector bundle. Then

(1) R��E 2 DCqc;acoh.X/ and .R��E/a 2 DŒ0;2d�acoh .X/a;

(2) if X D Spf A is affine, then the natural map

Hi
�
X}v ;E

��
! Ri��

�
E
�

is an isomorphism for every i � 0;

(3) the formation of Ri��.E/ commutes with étale base change, i.e., for any étale
morphism fWY!X with adic generic fiber f WY !X , the natural morphism

f�
�
Ri�X;�.E/

�
! Ri�Y;�

�
EjY}

�
is an isomorphism for any i � 0;

(4) if X has an open affine covering X D
S
i2IUi such that Ej.Ui;K/} is small,

then �
R��E

�a
2 DŒ0;d�acoh

�
X
�a
I

(5) there is an admissible blow-up X0 ! X such that X0 has an open affine cov-
ering X0 D

S
i2IUi such that Ej.Ui;K/} is small.

In particular, there is a cofinal family of admissible formal models ¹X0iºi2I
of X such that �

R�X0
i
;�E

�a
2 DŒ0;d�acoh

�
X0i
�a
;

for each i 2 I .

Proof. First, (5) follows directly from Lemma 7.8.7. Therefore, we only need to
prove (1)–(4). These claims are local on X, so we can assume that X D Spf A is

https://stacks.math.columbia.edu/tag/0G1U
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affine. Then it suffices to show that, for every étale morphism Spf B0! Spf A0 with
adic generic fiber Y ! X ,

Hi
�
Y }v ;EjY}

�
is almost coherent for i � 0,

Hi
�
Y }v ;EjY}

�
'
a 0

for i > 2d (resp. for i > d if E is small), and the natural morphism

Hi
�
X}v ;E

�
˝A0 B0 ! Hi

�
Y }v ;EjY}

�
is an isomorphism (see Lemma 5.1.8 and its proof). The first two claims follow
from Lemma 7.13.2, while the last one follows from Lemma 7.13.3 (and A0-flatness
of B0).

Let us also mention a version of Theorem 7.1.11 for the pro-étale site of X as
defined in [59] and [60]. It will be convenient to have this reference in our future
work. In what follows, bOCX is the completed integral structure sheaf on XproKet (see
[59, Definition 4.1]), and

�0W
�
XproKet;bOCX �! �

XZar;OX

�
is the evident morphism of ringed sites.

Theorem 7.13.5. Let X be an admissible formal OK-scheme with adic generic fiber
X of dimension d and mod-p fiber X0. Then

(1) R�0�
�
OCX =p

�
2 DCqc;acoh.X0/ and R�0�

�
OCX =p

�a
2 DŒ0;d�acoh .X0/

a;

(2) if X D Spf A is affine, then the natural map

CHi
�
XproKet;O

C

X =p
�
! Ri�0�

�
OCX =p

�
is an isomorphism for every i � 0;

(3) the formation of Ri�0�
�
OCX =p

�
commutes with étale base change, i.e., for any

étale morphism fWY ! X with adic generic fiber f W Y ! X , the natural
morphism

f�0
�
Ri�0X;�

�
OCX =p

��
! Ri�0Y;�

�
OCY =p

�
is an isomorphism for any i � 0.

Proof. By [59, Corollary 3.17], R�0�
�
OCX =p

�
' Rt�

�
OCXét

=p
�
. So the results follow

formally from Theorem 7.12.4.

Theorem 7.13.6. Let X be an admissible formal OK-scheme with adic generic fiber
X of dimension d . Then
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(1) R�0�bOCX 2 DCqc;acoh.X/ and
�
R�0�bOCX �a 2 DŒ0;d�acoh .X/

a;

(2) if X D Spf A is affine, then the natural map

Hi
�
XproKet;bOCX �� ! Ri�0�bOCX

is an isomorphism for every i � 0;

(3) the formation of Ri�0�.E/ commutes with étale base change, i.e., for any étale
morphism fWY!X with adic generic fiber f WY !X , the natural morphism

f�
�
Ri�0X;�

�bOCX ��! Ri�0Y;�
�bOCY �

is an isomorphism for any i � 0.

Proof. The proof is identical to the proof of Theorem 7.13.4 once one establishes that
the sheaf bOCX is p-adically derived complete. For this, see [8, Remark 5.5].





Appendix A

Derived complete modules

The main goal of this appendix is to collect some standard results on derived complete
modules that seem difficult to find in the literature.

For the rest of the appendix, we fix a ring R with an element $ 2 R.

Definition A.1. A complex M 2 D.R/ is $ -adically derived complete (or just de-
rived complete) if the natural morphism M ! R limnŒM=$

n� is an isomorphism.

Remark A.2. This definition coincides with [68, Tag 091S] due to [68, Tag 091Z].

Lemma A.3. Let M 2 D.R/ be a derived complete complex. Then

(1) M 2 D�d .R/ if ŒM=$� 2 D�d .R=$/;
(2) M 2 D�d .R/ if ŒM=$� 2 D�d .R=$/.

Proof. (1): By shifting, we can assume that d D 0. Now suppose that ŒM=$� 2
D�0.R=$/. Then we use an exact triangles

ŒM=$�! ŒM=$n�! ŒM=$n�1�

to ensure that ŒM=$n� 2D�0.R=$n/ for every n� 0. Now we use thatM is derived
complete to see that the natural morphism

M ! R lim
n
ŒM=$nM�

is an isomophism. By passing to cohomology groups (and using that lim has coho-
mological dimension 1), we see that

0! R1 lim
n

Hi�1
�
ŒM=$n�

�
! Hi

�
M
�
! lim

n
Hi
�
ŒM=$n�

�
! 0

are exact for any integer i . This implies that Hi .M/D 0 for i � 0, i.e.,M 2 D�0.R/.
(2): Similarly, we can assume that d D 0. Then the same inductive argument

shows that ŒM=$n� 2 D�0.R=$n/ and we have short exact sequences

0! R1 lim
n

Hi�1
�
ŒM=$n�

�
! Hi

�
M
�
! lim

n
Hi
�
ŒM=$n�

�
! 0:

This implies that M 2 D�1.R/ and H1.M/ D R1 limn H0
�
ŒM=$n�

�
. Now note that

the exact triangle
ŒM=$�! ŒM=$n�! ŒM=$n�1�

and the fact that ŒM=$� 2 D�0.R=$/ imply that H0
�
ŒM=$n�

�
! H0

�
ŒM=$n�1�

�
is surjective, so R1 limn H0

�
ŒM=$n�

�
D 0 by the Mittag-Leffler criterion.

https://stacks.math.columbia.edu/tag/091S
https://stacks.math.columbia.edu/tag/091Z
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Lemma A.4. Let R be a ring with an ideal of almost mathematics m and an element
$ 2 m. Let M 2 D.R/ be a derived $ -adically complete complex. Then em˝M is
also derived $ -adically complete complex.

Proof. Consider the exact triangle

em˝M !M ! Q:

Since em˝M ! M is an almost isomorphism, we see that the cohomology groups
of Q are almost zero. In particular, they are $ -torsion, so derived complete. There-
fore,Q is derived complete (for example, by [68, Tag 091P] and [68, Tag 091S]). Now
derived completeness of M and Q implies derived completeness of em˝M .

Lemma A.5. Let R be a ring with an ideal of almost mathematics m and an element
$ 2 m. Let M 2 D.R/ be a $ -adically derived complete complex. Then

(1) M a 2 D�d .R/a if ŒM a=$� 2 D�a.R=$R/a;

(2) M a 2 D�d .R/a if ŒM a=$� 2 D�a.R=$R/a.

Proof. Lemma A.4 guarantees that em˝M is derived $ -adically complete. There-
fore, the claim follows from Lemma A.3 applied to em˝M .

Now we fix an ringed R-site .X;OX /.

Definition A.6. A complex M 2 D.X IOX / is $ -adically derived complete (or just
derived complete) if the natural morphism M ! R limnŒM=$

n� is an isomorphism.

Remark A.7. This definition coincides with [68, Tag 0999] by [68, Tag 0A0E].

Lemma A.8. Let B�Ob.X/ be a basis in a ringed site .X;OX / and M 2D.X IOX /.
Then M is $ -adically derived complete if and only if R�.U; M/ is $ -adically
derived complete for any U 2 B.

Proof. Suppose that M is $ -adically derived complete. Then R�.U;M/ is derived
$ -adically complete for any U 2 Ob.X/ by [68, Tag 0BLX].

Now suppose that R�.U;M/ is$ -adically derived complete for any U 2B, and
consider the derived $ -adic completion M !cM with the associated distinguished
triangle

M !cM ! Q:

We aim at showing that Q ' 0. In order to show it, it suffices to establish that
R�.U;Q/ ' 0 for any U 2 B. Now we use [68, Tag 0BLX] to conclude that

R�.U;cM/ ' 4R�.U;M/;

https://stacks.math.columbia.edu/tag/091P
https://stacks.math.columbia.edu/tag/091S
https://stacks.math.columbia.edu/tag/0999
https://stacks.math.columbia.edu/tag/0A0E
https://stacks.math.columbia.edu/tag/0BLX
https://stacks.math.columbia.edu/tag/0BLX
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so we get the distinguished triangle

R�.U;M/! 4R�.U;M/! R�.U;M/:

Since R�.U;M/ is derived $ -adically complete by the assumption, we see that the
morphism

R�.U;M/!4R�.U;Q/
is an isomorphism. Therefore, we conclude that R�.U; Q/ ' 0. This finishes the
proof.





Appendix B

Perfectoid rings

The main goal of this appendix is to recall the main structural results about perfectoid
rings.

Definition B.1 ([61, Definition 3.6]). A non-archimedean field .K; j: jK/ is a perfec-
toid field if there is a pseudo-uniformizer$ 2K such that$p j p in OK D

®
x 2K j

jxj � 1
¯

and the p-th power Frobenius map

ˆWOK=$OK ! OK=$
pOK

is an isomorphism.

Definition B.2. A complete valuation ring KC is a perfectoid valuation ring if its
fraction field K WD Frac.KC/ is a perfectoid field with its valuation topology.

A Huber pair .K;KC/ is a perfectoid field pair if K is a perfectoid field and KC

is an open and bounded valuation subring.

Remark B.3. Any perfectoid valuation ringKC is automatically microbial (see [64,
Lecture 9, Proposition 9.1.3 and Definition 9.1.4]). Note that any rank-1 valuation
ring KC � KCC � K defines the same topology on K by [17, Ch. VI Section 7.2,
Proposition 3]. Therefore, KCC must be equal to Kı, the set of power-bounded ele-
ments. In particular, there is a unique rank-1 valuation ring between KC and K that
we denote by OK , and the associated rank-1 valuation on K by j : jK WK ! R�0.

Lemma B.4 ([61, Proposition 3.8]). Let K be a non-archimedean field. Then K is a
perfectoid field if and only if the following conditions hold:

(1) K is not discretely valued,

(2) jpjK < 1,

(3) the Frobenius morphism ˆWOK=pOK ! OK=pOK is surjective.

We wish to show that the ideal m D Kıı � KC defines an ideal of almost math-
ematics in KC. For future reference, it will be convenient to do that in the more
general set-up of perfectoid pairs.

Definition B.5 ([61, Definition 3.1]). A complete Tate–Huber pair .R;RC/ is called
a perfectoid pair if R is a uniform Tate ring that contains a pseudo-uniformizer
$R 2 R

ı such that $p
R j p in Rı and moreover, the Frobenius homomorphism

Rı=$RR
ı
x 7!xp

����!Rı=$
p
RR
ı is an isomorphism.

A Tate–Huber pair .R; RC/ is a p-adic perfectoid pair if it is a perfectoid pair,
and p ¤ 0 in R.

A Tate ring R is a perfectoid ring if .R;Rı/ is a perfectoid pair.
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Remark B.6. It is not, a priori, clear that a perfectoid ring R that is a field is a
perfectoid field (in the sense of Definition B.1). The problem is to verify that R has a
non-archimedean topology on it. This turned out to be always true by [40].

Remark B.7. By [61, Proposition 3.5], a complete Tate ring R of characteristic p
is perfectoid if and only if R is perfect as a ring, i.e., the Frobenius morphism is an
isomorphism.

Remark B.8. In the definition of a perfectoid pair above, it suffices to require that
Rı=$RR

ı
x 7!xp

����!Rı=$
p
RR
ı be surjective. This map actually turns out to be always

injective. Moreover, this condition turns out to be equivalent to the surjectivity of the
Frobenius map

Rı=pRı ! Rı=pRı:

In particular, it is independent of a choice of a pseudo-uniformizer $p
R j p, see [61,

Remark 3.2] for more detail. Therefore, if R is an algebra over a perfectoid field K
with a pseudo-uniformizer $K 2 OK , one can always take $R D $K . In particular,
every perfectoid ring in the sense of [58, Definition 5.1] is a perfectoid ring in the
sense of Definition B.5.

Lemma B.9 ([61, Lemma 3.10]). Let .R; RC/ be a perfectoid pair. Then there is a
pseudo-uniformizer $ 2 Rıı such that

(1) $p j p in Rı;

(2) $ admits a compatible sequence of pn-th roots $1=pn 2 RC for n � 0.

In this case, Rıı D
S
n�0$

1=pnRC.

Proof. [61, Lemma 3.10] says that there is a pseudo-uniformizer $ 2 Rıı � RC

such that $p j p in Rı, and there is a compatible sequence of the pn-th roots
$1=pn 2 Rı for n � 0. Since RC is integrally closed, we conclude that all $1=pn

must lie inRC. SinceRıı is a radical ideal ofRC and contains$ , it clearly containsS
n�0$

1=pnRC.
Now we pick an element x 2 Rıı, and wish to show that x 2

S
n�0$

1=pnRC.
Since x is topologically nilpotent, we can find an integer m such that

xp
m

2 $RC:

Therefore, xp
m
D $a for a 2 RC. Thus� x

$1=pm

�pm
D a 2 RC:

Therefore, x

$1=p
m 2R

C becauseRC is integrally closed inR. So x 2$1=pmRC.
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Remark B.10. If .R; RC/ is a p-adic perfectoid pair, then one can choose $ such
that $pRC D pRC. Indeed, [8, Lemma 3.20] implies that RC is perfectoid in the
sense of [8, Definition 3.5]. Thus the desired $ exists by [8, Lemma 3.9].

Definition B.11. A pseudo-uniformizer$ 2 RC of a p-adic perfectoid pair .R;RC/
is good if $RC D pRC and $ admits a compatible sequence of p-power roots.

For the rest of the appendix, we fix a perfectoid pair .R; RC/ and the ideal
m D Rıı. Our goal is to show that m defines a set-up for almost mathematics, i.e.,em D m˝RC m is RC-flat and m2 D m.

Lemma B.12. Let .R; RC/ be a perfectoid pair, and m D Rıı the associated ideal
of topologically nilpotent elements. Then m is flat over RC and em ' m2 D m.

Proof. Lemma B.9 implies that m is flat as a colimit of free modules of rank-1.
Now we wish to show that m2 Dm. We take any element x 2m, by Lemma B.9

we know that x D $1=pna for some integer n and a 2 RC. Therefore,

x D
�
$1=pnC1

�p�1�
$1=pnC1a

�
2 m2:

Now we consider the short exact sequence

0! m! RC ! RC=m! 0:

By flatness of m, we know that it remains exact after applying the functor �˝RC m.
Therefore, the sequence

0! em! m! m=m2
! 0

is exact. Since m2 D m, we conclude that

em ' m2
D m:

Lemma B.13. For a perfectoid pair .R; RC/, the natural inclusion �WRC ! Rı is
an almost isomorphism.

Proof. Clearly, the map �WRC!Rı is injective, so it suffices to show that its cokernel
is almost zero, i.e., annihilated by any " 2 m. Pick an element x 2 Rı, then "x 2
Rıı � RC. Therefore, we conclude that ".Coker �/ D 0 finishing the proof.





Appendix C

Strongly sheafy adic spaces

In this appendix, we discuss the notion of strongly sheafy spaces following [33]
and [41].

C.1 Preliminary results

In this section, we discuss some results about general Tate–Huber pairs.

Lemma C.1.1. Let .A;AC/ be a complete Tate–Huber pair with a pair of definition
.A0 � A

C; $/, and let A! B be a finite étale morphism. Topologize B using its
natural A-module topology (see [72, Appendix B.3]). Then .B; BC/ is a complete
Tate–Huber pair where BC is the integral closure of AC in B .

Proof. Step 1: B is complete in its natural topology. Since B is finite étale, B is
a projective A-module of finite rank. Then there is another finite A-module M such
that B ˚M ' A˚n. Consider the projection pWA˚n! B , the natural topology on B
coincides with the quotient topology (see [72, Lemma B.3.2]). Using the fact thatA is
a Huber ring, it is not difficult to show that the quotient topology onB should coincide
with the subspace topology. Since A˚n is complete, we conclude that the natural
topology onB is separated. Therefore, the same applies toM since we never used the
ring structure onB . ThenB is closed inA as a kernel of a continuous homomorphism
with a separated target. In particular, B is complete in its subspace (equivalently,
quotient) topology, and as discussed above, this topology coincides with the natural
topology. So it is complete in its natural topology.

Step 2: B admits a finite set of A-module generators x1; : : : ; xn that are integral
over A0. Pick any finite set x01; : : : ; x

0
n 2 B of A-module generators. It suffices to

show that xi D $cx0i 2 B are integral over A0 for some integer c. So it is enough to
show that, for any b 2 B , there is an integer c such that $cb is integral over A0.

By definition, b is integral over A. So we can find a monic equation

bn C an�1b
n�1
C � � � C a0 D 0

with ak 2 A for k D 0; : : : ; n � 1. Then there is an integer c such that $cak 2 A0
for k D 0; : : : ; n � 1. Thus, the equation

.$cb/n C an�1$
c.$cb/n�1 C � � � C a0$

cn
D 0

shows that $cb is integral over A0.
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Step 3: An A0-subalgebra B0 of B generated by x1; : : : ; xn is finite as an A0-module.
Clearly, this algebra is finitely generated over A0 as an algebra and every element is
integral. Therefore, it is finite.

Step 4: B0 is open in B and the induced topology coincides with the $ -adic one.
Choose some A0-module generators b1; : : : ; bm 2 B0. Clearly, B0

�
1
$

�
D B , so the

A-linear morphism

qW

mM
iD1

Aei ! B

sending ei to bi is surjective. By [37, Lemma 2.4 (i)], q is open. In particular, the
topology on B is the quotient topology along q. Therefore, B0 is open in B as
q�1.B0/ is a subgroup that contains an open subgroup

Lm
iD1 A0ei . Moreover, the

topology on B0 is$ -adic since B0 D q.
Lm
iD1A0ei / with the quotient topology, and

the topology on
Lm
iD1A0ei is already $ -adic.

Step 5: .B;BC/ is a complete Huber pair. We have already shown that B is complete
in its natural topology and .B0; $/ is a pair of definition for this topology. There-
fore, B is a Huber ring. It suffices to show that BC is open, integrally closed, and lies
in Bı. Openness is clear since B0 � BC, and BC is integrally closed by definition.
One also easily shows that BC � Bı because BC is integral over AC � Aı.

Lemma C.1.2. Let .A; AC/ and .B; BC/ be as in Lemma C.1.1. Then SpecB !
SpecA is surjective if and only if Spa .B;BC/! Spa .A;AC/ is surjective.

Proof. First, we assume that SpecB ! SpecA is surjective. In order to show that
Spa .B;BC/! Spa .A;AC/ is surjective, we need to show thatB b̋A bk.x/¤ 0 for any
x 2 Spa .A;AC/. Now [72, Lemma B.3.5] and Lemma C.1.1 ensure thatB b̋A bk.x/D
B ˝A bk.x/. To finish the proof, we note that B ˝A k ¤ 0 for any field k and a
homomorphism A! k (in particular, this holds for A! bk.x/).

Now we assume that Spa .B; BC/ ! Spa .A; AC/ is surjective. Then we note
that [37, Lemma 1.4] implies that every maximal ideal m � A admits a valuation
v 2 Spa .A;AC/ such that supp.v/Dm. This implies that the image of the morphism
SpecB ! SpecA contains all closed points of SpecA. Since étale morphisms are
open, we conclude that SpecB ! SpecA must be surjective.

Now we discuss the notion of semi-uniform Tate–Huber pairs.

Lemma C.1.3. Let .A;AC/ be a (possibly noncomplete) Tate–Huber pair. Then AC

is bounded if and only if A is uniform (i.e., Aı is bounded).

Proof. Clearly, AC is bounded if Aı is bounded. So we assume that AC is bounded
and we wish to show thatAı is bounded as well. Choose a ring of definitionA0 �AC

and a pseudo-uniformizer$ 2A0. SinceAC is bounded, we conclude that there is an
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integerN such thatAC � 1
$N

A0. Now we note thatAıı �AC sinceAC is integrally
closed and open. Since$ is topologically nilpotent and any element a 2 Aı is power
bounded, we conclude that$Aı � Aıı � AC. Therefore, Aı � 1

$NC1
A0, i.e., Aı is

bounded.

The above lemma motivates the following definition:

Definition C.1.4. A (possibly noncomplete) Tate–Huber pair .A; AC/ is uniform if
AC � A is bounded.

Remark C.1.5. [36, Proposition 1] implies that .A; AC/ is uniform if and only if
the subspace topology on AC coincides with the$ -adic topology for a (equivalently,
any) choice of a pseudo-uniformizer $ 2 AC. Lemma C.1.3 implies that it is equiv-
alent to asking that the subspace topology on Aı coincides with the$ -adic topology.

Lemma C.1.6. Let A be a (possibly noncomplete) Tate ring. If A is Hausdorff, then
A is reduced. In particular, any complete uniform Tate ring is reduced.

Proof. Let a 2 A be a nilpotent element. We choose a pseudo-uniformizer $ 2 Aı.
Then a

$n
is nilpotent for any n � 0. In particular, it is bounded, so a

$n
2 Aı. Thus,

a 2 $nAı for any n � 0. Since A is uniform, we conclude that the topology on Aı

coincides with the $ -adic topology. Since A is Hausdorff,
T
n�0$

nAı D 0. Thus,
a D 0 finishing the proof.

Definition C.1.7. Let .A; AC/ be a (possibly noncomplete) Tate–Huber pair with a
pseudo-uniformizer $ 2 AC. The uniformization of .A; AC/ is the Tate–Huber pair
.Au; A

C
u /, where ACu D A

C, Au D A, and the topology on Au is induced from the
$ -adic topology on ACu .

The uniform completion of .A;AC/ is the Tate–Huber pair . yAu; yACu / obtained as
the completion of .Au; ACu / (see [36, Lemma 1.6]).

Remark C.1.8. We leave it to the reader to check that the uniformization is indeed
a Tate–Huber pair and that it is independent of the choice of a pseudo-uniformizer
$ 2 AC. In fact, uniformization is a left adjoint functor to the inclusion of uniform
Tate–Huber pairs into the category of all Tate–Huber pairs. Likewise, uniform com-
pletion is a left adjoint functor to the inclusion of complete uniform Tate–Huber pairs
into all Tate–Huber pairs.

Now we discuss the relation between the topology of Spa .A;AC/ and its uniform
completion.
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Lemma C.1.9. Let .A; AC/ be a (possibly noncomplete) Tate–Huber pair. Then the
natural morphisms

Spa .Au; ACu /! Spa .A;AC/;

Spa . yA; yAC/! Spa .A;AC/;

Spa . yAu; yACu /! Spa .A;AC/

are homeomorphisms that induce bijections on the sets of rational subdomains.

Proof. First, [36, Proposition 3.9] implies that the natural morphism Spa . yA; yAC/!
Spa .A; AC/ is a homeomorphism that induces a bijection on the sets of rational
subdomains. Applying the same result to .Au;ACu /, we see that it suffices to show the
claim for Spa .Au; ACu /! Spa .A;AC/.

For this, we note that rational subdomains on both sides are indexed by tuples
.f1; : : : ; fn; g/ of non-zero elements in A generating the unit ideal, so we conclude
that it suffices to show that Spa .A;AC/! Spa .Au; ACu / is a bijection. After unrav-
eling the definition, we see that it suffices to show that any continuous (in the usual
topology) valuation vWA! �v [ ¹0º is continuous in the topology induced from the
$ -adic topology on AC. Since v is continuous, [64, Corollary 9.3.3] implies that
v.$/ 2 �v is cofinal and v.$a/ < 1 for any ring of definition $ 2 A0. Likewise,
loc. cit. implies that it suffices to show that v.$a/ < 1 for any a 2 AC. This follows
from [36, Corollary 1.3], which ensures that we can always find a ring of definition
A0 � A

C which contains both a and $ .

Lemma C.1.10. Let .A; AC/ be a complete Tate–Huber pair, and let $ 2 AC be a
pseudo-uniformizer. Then AC is $ -adically henselian.

Proof. First, [36, Corollary 1.3] ensures that AC is a filtered colimit of its subrings
of definition A0 � AC. Therefore, the result follows from [68, Tag 0ALJ] and [68,
Tag 0FWT].

Lemma C.1.11. Let .A; AC/ be a (possibly noncomplete) Tate–Huber pair with a
pseudo-uniformizer $ 2 AC. Suppose that AC is $ -adically henselian, then the
natural functors

�˝A yA WAfét ! yAfét;

�˝A yAuWAfét ! yAu;fét

are equivalences. Further, the natural maps Idem.A/! Idem. yA / and Idem.A/!
Idem. yAu/ are bijections.

https://stacks.math.columbia.edu/tag/0ALJ
https://stacks.math.columbia.edu/tag/0FWT
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Proof. The semi-uniform completions of .A; AC/ and . yA; yAC/ coincide, therefore
Lemma C.1.10 implies that it suffices to prove both claims for yAu.

The claim about finite étale algebras follows immediately from [26, Proposi-
tion 5.4.54] and the observation that $ 2 AC is a regular element. Then the claim
about idempotents follows from [68, Tag 09XI] and the observation that any idempo-
tent e 2 A must lie in AC because it is integral over Z.

C.2 Noetherian approximation

The main goal of this section is to show a version of noetherian approximation for
complete Tate–Huber pairs. The main result of this section was originally shown in
[41, Proposition 2.6.2] in a slightly different language.

To motivate the definition below, we want to mention one important subtlety of
working with complete Tate–Huber pairs: this category does not admit filtered col-
imits. However, this issue can be remedied by considering Tate–Huber pairs together
with the choice of a ring of definition.

Definition C.2.1. A Tate–Huber quadruple .A;AC;A0;$/ is a quadruple of a Tate–
Huber pair .A; AC/, a ring of definition A0, and a pseudo-uniformizer $ 2 A0. A
morphism of Tate–Huber quadruples

f W .A;AC; A0;$/! .B;BC; B0; �/

is a continuous ring homomorphism f WA!B such that f .AC/�BC, f .A0/�B0,
and f .$/ D � .

For the next definition, we fix a filtered system
®
.Ai ; A

C

i ; Ai;0; $/; fi;j
¯
i2I

of
Tate–Huber quadruples.1

Definition C.2.2. The filtered colimit of
®
.Ai ; A

C

i ; Ai;0; $/; fi;j
¯
i;j2I

is the Tate–
Huber quadruple �

colimI Ai ; colimI ACi ; colimI Ai;0;$
�
;

where we topologize Ai by requiring colimI Ai;0 � colimI Ai to be a ring of defini-
tion with a pseudo-uniformizer $ .2

The completed filtered colimit of
®
.Ai ; A

C

i ; Ai;0;$/; fi;j
¯
i2I

is the Tate–Huber
quadruple�

A1; A
C
1; A1;0;$

�
WD
�3colimI Ai ;4colimI ACi ; 4colimI Ai;0;$

�
;

1We slightly abuse notation and denote the pseudo-unifomizer inAi;0 by the same letter$ .
2We note that this implies that the subspace topology on colimI Ai;0 is equal to the$ -adic

topology. We warn the reader that the colimit topology on Ai;0 is usually different from the
$ -adic one.

https://stacks.math.columbia.edu/tag/09XI
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where b� stands for the topological completion in the sense of [18, Chapitre III, Sec-
tion 3 n.4] (see also [18, Chapitre III, Section 6 n.5 and Chapitre III,Section 7 n.2]).

Remark C.2.3. [36, Lemma 1.6] gives a very explicit description of completed fil-
tered colimits. Namely, the ring A1;0 is equal to .colimI Ai;0/^$ , the usual $ -adic
completion of colimI Ai;0, the ringAC1D .colimI ACi /˝colimIAi;0 A1;0, and the ring
A1 D A

C
1

�
1
$

�
D A1;0

�
1
$

�
.

For the next definition, we fix a filtered system of
®
.Ai ; A

C

i /; fi;j
¯
i;j2I

of (not
necessarily uniform) Tate–Huber pairs with a compatible choice of pseudo-uniformiz-
ers $ 2 ACi .

Definition C.2.4. The uniform filtered colimit of
®
.Ai ; A

C

i /; fi;j
¯
i;j2I

is the filtered
colimit of the Tate–Huber quadruples

®
Ai;u;A

C

i;u;A
C

i;u;$
¯
i2I

(see Definition C.1.7).
The completed uniform filtered colimit of

®
.Ai ; A

C

i /; fi;j
¯
i;j2I

is the completed
filtered colimit of the Tate–Huber quadruples

®
Ai;u; A

C

i;u; A
C

i;u;$
¯
i2I

.

Remark C.2.5. Remark C.2.3 implies that the completed uniform filtered colimit is
explicitly given by the pair

�
.4colimI ACi /

�
1
$

�
;4colimI ACi

�
, where b.�/ stands for the

$ -adic completion.

Now we wish to prove a version of noetherian approximation for complete (uni-
form) Tate–Huber pairs. Before we do this, we need to invoke the following basic
fact:

Lemma C.2.6. Let .A; AC/ be a complete Tate–Huber pair, and let I � A be a
closed ideal. Then .A=I; .A=I /C/ is a complete Tate–Huber pair, where .A=I /C is
the integral closure of AC=.I \ AC/ in A=I .

Proof. First, we choose a ring of definition A0 and a pseudo-uniformizer $ 2 A0.
Then A=I is complete in the quotient topology due to [16, Chapitre IX Section 3
Proposition 1] and [16, Chapitre IX Section 3 Proposition 4]. Then [37, Proposi-
tion 2.4 (ii)] ensures that the natural morphism � W A ! A=I is open. Therefore,
�.A0/ � A=I is an open subset such that the subset topology coincides with the
$ -adic topology. Furthermore, (the image of) $ is clearly a topologically nilpotent
unit in A=I . Therefore, we conclude that A=I is a complete Tate ring. Thus, we only
need to show that .A=I /C is open, integrally closed, and lies in .A=I /ı. It is closed
integrally by construction and is open because it contains �.A0/. Finally, we note that
by construction we have .A=I /C � �.Aı/C � .A=I /ı, where �.Aı/C is the integral
closure of �.Aı/ in A=I .

Example C.2.7. Let A be a Tate ring and let e 2 A be an idempotent element. Then
the ideal eA is closed in A since it is equal to the kernel of the continuous multiplica-
tion by .1 � e/ map.
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Finally, we are ready to prove the main results of this section.

Lemma C.2.8 (cf., [41, Proposition 2.6.2]). Let .A; AC/ be a complete Tate–Huber
pair, letA0 2AC be a ring of defintion, and let$ 2A0 be a pseudo-uniformizer. Then
there is a filtered system of Tate–Huber quadruples

®
.Ai ; A

C

i ; Ai;0;$/
¯
i2I

such that

(1) each Ai is a strongly noetherian complete Tate algebra;

(2) the completed filtered colimit .A1;AC1;A1;0;$/ of ¹.Ai ;ACi ;Ai;0;$/ºi2I
is isomorphic to .A;AC; A0;$/.

Proof. The choice of a pseudo-uniformizer $ 2 AC defines a map .Z..t//;ZJtK/!
.A;AC/. Then we put I to be the filtered poset of all finite subsets S � AC. For each
S 2 I , we consider the unique .Z..t//;ZJtK/-linear continuous morphism

˛S W
�
Z..t//hXf if 2S ;ZJtKhXf if 2S

�
!
�
A;AC

�
that sends Xf to f . We put IS D Ker˛S and ICS D IS \ ZJtKhXf if 2S . The ideal IS
is closed because it is the kernel of a continuous morphism. Therefore, Lemma C.2.6
gives us a complete Tate–Huber pair

.AS ; A
C

S / WD
�
Z..t//hXf if 2S=IS ; .Z..t//hXf if 2S=IS /C

�
that admits an injective continuous morphism ˛S W .AS ; A

C

S /! .A; AC/. We finally
define

AS;0 WD
�
Z..t//hXf if 2S=ICS

�
\ A0:

This subring is clearly open and bounded, so it is a ring of definition due to [36,
Proposition 1]. Finally, we put $ 2 AS;0 to be the image of t . Therefore, we note
that ®

.AS ; A
C

S ; AS;0;$/
¯
S2I

with natural (injective) transition maps is a filtered system of Tate–Huber quadruples.
Using the explicit description of completed filtered colimits from Remark C.2.3, we
note that the (uncompleted) filtered colimit of

®
.AS ; A

C

S ; AS;0; $/
¯
S2I

coincides
with the completed filtered colimit, and it is isomorphic to .A;AC; A0;$/. To finish
the proof, we only need to show that each AS is strongly noetherian. This follows
from the fact that Z..t// admits a noetherian ring of definition and AS is topologically
finite type over Z..t//.

Lemma C.2.9. Let .A;AC/ be a complete uniform Tate–Huber pair, and let$ 2 A0
be a pseudo-uniformizer. Then there is a filtered system of complete uniform Tate–
Huber pairs ¹.Ai ; ACi /ºi2I such that

(1) each Ai is strongly noetherian;

(2) the completed uniform filtered colimit .A1;AC1/ of
®
.Ai ;A

C

i /
¯
i2I

is isomor-
phic to .A;AC/.



Strongly sheafy adic spaces 284

Proof. The proof is similar to that of Lemma C.2.8. We define the index set I as in
the proof of Lemma C.2.8. Likewise, for any S 2 I , we define AS , ACS , and AS;0 as
in the proof of Lemma C.2.8 as well. Then we wish to show that the Huber-Tate pair
.AS ; A

C

S / is uniform. Once we know this fact, the rest of the argument is the same.
Now we show that .AS ; ACS / is uniform. We note that ZJtK is excellent due to

[68, Tag 07QW]. Therefore, [45, Main Theorem 2] implies thatAS;0 is also excellent.
Then we recall that ACS was defined as the integral closure of AS;0 inside A. Since
A is reduced due to Lemma C.1.6, [68, Tag 03GH] and [68, Tag 07QV] imply that
ACS is a finite AS;0-module. Therefore, there is an integer n such that ACS �

1
$n
AS;0,

i.e., ACS is bounded. This finishes the proof.

C.3 Étale maps

In this section, we discuss (strongly) étale maps of general complete Tate–Huber
pairs. We also show that strongly étale morphisms satisfy approximation along com-
pleted (uniform) filtered colimits of complete Tate–Huber pairs.

Definition C.3.1. A morphism .A;AC/! .B;BC/ of complete Tate–Huber pairs is
a rational subdomain if there is a finite set of non-zero elements f1; : : : ; fn; g 2 A
which generates the unit ideal in A and .B;BC/ D

�
Ahfi

g
i; Ahfi

g
iC
�

as an .A;AC/-
algebra. We denote by .A; AC/rsd the poset3 of rational subdomains of .A; AC/ (it
coincides with the poset of rational subdomains of Spa .A;AC/).

A morphism .A;AC/! .B;BC/ of complete Tate–Huber pairs is strongly finite
étale if A! B is finite étale and BC is the integral closure of AC in B . We denote by
.A;AC/sét the category of finite étale .A;AC/-pairs and all .A;AC/-linear morphisms
between them.

A morphism .A;AC/! .B;BC/ of complete Tate–Huber pairs is strongly étale
if it can be written as a finite composition of finite étale morphisms and rational
subdomains. We denote by .A; AC/sét the category of étale .A; AC/-pairs and all
.A;AC/-linear morphisms between them.

Remark C.3.2. In what follows, we will freely use the fact that the category of
complete Tate–Huber pairs admits pushouts. Explicitly, the pushout .B; BC/˝A;AC
.C; CC/ is given by �

B b̋AC; .B b̋AC/C�;
where B b̋AC is the completed tensor product, and .B b̋AC/C is the integral closure
of (the image of) BCb̋ACCC in B b̋AC .

3[37, Proposition 1.3] implies that there is at most one unique continuous .A; AC/-linear
morphism between two rational subdomains over .A;AC/.

https://stacks.math.columbia.edu/tag/07QW
https://stacks.math.columbia.edu/tag/03GH
https://stacks.math.columbia.edu/tag/07QV
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Remark C.3.3. By definition, strongly étale maps are closed under composition.
Lemma C.1.1 implies that strongly finite étale maps are closed under pushouts of
complete Tate–Huber pairs (since completion is not needed). Therefore, all strongly
étale maps are also closed under pushouts in the category of complete Tate–Huber
pairs.

Remark C.3.4. Lemma C.1.1 ensures that there is an equivalence .A;AC/sfét ' Afét

for any complete Tate–Huber pair .A;AC/.

Now we wish to show that the category of strongly étale .A; AC/-pairs satisfies
approximation with respect to completed filtered colimits. It will be convenient to
first prove a version of this result for completed uniform filtered colimits. For this, we
need a number of preliminary lemmas.

Definition C.3.5. A morphism f W .A;AC/! .B;BC/ of complete Tate–Huber pairs
is a clopen immersion if A! B is a topological quotient morphism, BC is equal to
the integral closure of AC, and Kerf is generated by an idempotent element ef 2 A.

Remark C.3.6. If f W .A;AC/! .B;BC/ is a clopen immersion, then Lemma C.2.6
implies that

.B;BC/ D
�
A=efA;

�
AC=.efA \ A

C/
�C�

as complete Tate–Huber pairs.

Remark C.3.7. We note that the idempotent ef 2 A in Definition C.3.5 is unique if
exists. In particular, two clopen immersions f W .A;AC/! .B;BC/ and gW .A;AC/!
.B;BC/ coincide if and only if ef D eg .

For the purpose of the next definition, we fix a complete Tate–Huber pair .A;AC/
and an .A; AC/-linear morphism f W .B; BC/! .C; CC/ of complete Tate–Huber
pairs.

Definition C.3.8. The graph of f is the unique continuous .A;AC/-linear morphism

�f W
�
B b̋AC; .B b̋AC/C�! .C; CC/

which sends b ˝ c to f .b/c.
The diagonal of f is the morphism �f W

�
C b̋BC; .C b̋BC/C�! .C; CC/ that

sends c ˝ c0 to cc0.

Lemma C.3.9. Let f W .A;AC/! .B;BC/ and gW .B;BC/! .C;CC/ be morphisms
of complete Tate–Huber pairs such that g and h WD g ı f are strongly étale. Then the
morphisms �g and �g are clopen immersions.

Proof. First, we note that it suffices to prove the claim for�g (for all g). This follows
from the following pushout square (for simplicity, we suppress the C-rings in the
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diagram below):

B b̋AB B

B b̋AC C

�f

id˝g g

�g

and the observation that clopen immersions are preserved by pushouts. Now we
show that �g is a clopen immersion if �f and �h are so. For this, we consider the
following diagram (for simplicity, we suppress theC-rings in the diagram below):

B b̋AB B

C b̋AC C b̋BC C;

�f

g˝g

˛

�h

�g

(C.3.1)

where the left square is a pushout square. Now, if�f is a clopen immersion, then ˛ is
a clopen immersion as well. Now since ˛ and �h are clopen immersions, then �g is
a clopen immersion as well (with e�g D ˛.e�h/). Therefore, we reduce the question
to showing that f and h are clopen immersions. In other words, we can assume that
g is a strongly étale morphism.

Now we use Diagram (C.3.1) and the observation that clopen immersions are
preserved by compositions to conclude that it suffices to prove the result separately
for strongly finite étale morphisms and rational subdomains. If g is a rational subdo-
main, then �g is clearly an isomorphism. Therefore, it suffices to assume that g is a
strongly finite étale map. In this case, Lemma C.1.1 and [72, Lemma B.3.5] imply that
B b̋AB D B ˝A B . Therefore, the result follows from the algebro-geometric claim
that SpecB ! Spec .B ˝A B/ is a clopen immersion for a finite étale A! B .

Theorem C.3.10. Let ¹.Ai ; ACi /ºi2I be a filtered system of complete uniform Tate–
Huber pairs, and let .A1; AC1/ D

�4colimI ACi
�
1
$

�
; 4colimI ACi

�
be its completed

uniform filtered colimit. Then

(1) the natural map jSpa .A1;AC1/j! limI jSpa .Ai ;ACi /j is a homeomorphism
of spectral spaces;

(2) the natural map colimI .Ai ; ACi /rsd ! .A1; A
C
1/rsd is a bijection;

(3) the natural functor 2- colimI .Ai ; ACi /sfét ! .A1; A
C
1/sfét is an equivalence;

(4) the natural functor 2- colimI .Ai ; ACi /sét ! .A1; A
C
1/sét is an equivalence.

Proof. Let us denote by
�
A; A

C�
D
�
colimI ACi

�
1
$

�
; colimI ACi

�
the uncompleted

uniform filtered colimit of .Ai ; ACi /. Then we easily see that the natural morphism

jSpa .A;A
C
/j! limI jSpa .Ai ;ACi /j is a homeomorphism. Now [36, Proposition 3.9]
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implies that the natural map jSpa .A1; AC1/j ! jSpa .A;A
C
/j is a homeomorphism

that induces a bijection on rational subdomains. This already proves (1). To see (2),
we use that the homeomorphism jSpa .A;A

C
/j ' jSpa .A1;AC1/j induces a bijection

on rational subdomains. Since every rational subdomain of j Spa .A; A
C
/j is defined

at a finite level, we conclude that the natural morphism

colimI .Ai ; ACi /rsd ! .A1; A
C
1/rsd

is surjective. The map is also injective due to and [68, Tag 0A30]. This finishes the
proof of (2).

(3) follows from Lemma C.1.11, Remark C.3.4, and a standard (algebraic) ap-
proximation for finite étale algebras.

Now we show (4). First, we set up some notation. For any complete Tate–Huber
.Ai ; A

C

i /-pair .Bi ; BCi / and i 0 > i 2 I t ¹1º, we put

.B 0i ; B
0C

i / WD
�
Bi b̋AiAi 0 ; .Bi b̋AiAi 0/C�:

Observation. For any compatible sequence of complete Tate–Huber .Ai ; ACi /-pairs
.Bi ; B

C

i /, the uniform completion of .B1; BC1/ and the compeleted uniform filtered
colimit of ¹.Bi ; B 0i /ºi2I are isomorphic as .A;AC/-pairs.

In what follows, we will freely use this observation. Finally, we are ready to start
the proof.

Step 0: Essential surjectivity. Using Observation, Lemma C.1.9, and Lemma C.1.11,
we can inductively reduce the question to showing that any rational subdomain (resp.
finite étale pair) over .A1; AC1/ comes from a finite level. This follows directly
from (1) (resp. (2)).

Step 1: Faithfulness. We start with fixing two systems of compatible morphisms
fi ; gi W .Bi ; B

C

i / ! .Ci ; C
C

i / in .Ai ; ACi /sét and then wish to show that, if their
pushouts to .A1; AC1/ coincide, then fi D gi for some i � 0. For this, we set
f1; g1W .B1; B

C
1/! .C1; C

C
1/ to be the morphisms induced by fi and gi respec-

tively.
The graphs �fi , �gi , �f1 , and �g1 are clopen immersions due to Lemma C.3.9.

We notice moreover that fi D gi (resp. f1 D g1) if and only if �fi D �gi (resp.
�f1 D �g1). Furthermore, Remark C.3.7 implies that �fi D�gi (resp. �f1 D �g1)
if and only if e�fi D e�gi (resp. e�f1 D e�g1 ). Thus, we reduce the question to
showing that if two idempotents e; e0 2 Ai become equal in A1, they are already
equal in Aj for some j > i . This follows from Lemma C.1.11 and usual properties
of filtered colimits. This finishes the proof of faithfulness.

Step 2: Fullness. We start with two compatible sequences .Bi ;BCi /, .Ci ;C
C

i / of ele-
ments in .Ai ;ACi /sét and a continuous .A1;AC1/-linear morphism f1W .B1;B

C
1/!

.C1; C
C
1/, we wish to show that it is defined over .Ai ; ACi / for some i 2 I . For this,

https://stacks.math.columbia.edu/tag/0A30
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we can freely replace I with I�i0 for some i0 to assume that I has a minimal element
i0 2 I .

We write the morphism gi0 W .Ai0 ; A
C

i0
/! .Bi0 ; B

C

i0
/ as a composition of n mor-

phisms, each of which is finite étale or a rational subdomain. We argue by induction
on n. If n D 0, then .Ai0 ; A

C

i0
/ D .Bi0 ; B

C

i0
/ and then the result is obvious (the mor-

phism f1 must be the structure morphism .A1; A
C
1/! .C1; C

C
1/, so it descends

to any i 2 I ).
Now we do the induction step. We write gi0 as a composition�

Ai0 ; A
C

i0

� hi0
��!

�
B 0i0 ; B

0C

i0

� g0
i0
��!

�
Bi0 ; Bi0

�
;

where g0i0 is either strongly finite étale or a rational subdomain, and hi0 is a compo-
sition of at most n � 1 finite étale and rational subdomain morphisms. By induction,
we know that there is i 2 I such that the morphism f 01 WD f1 ı g

0
1W .B

0
1; B

0C
1 /!

.C1; C
C
1/ is defined over i 2 I . So we can replace i0 with i to assume that there is a

morphism
f 0i0 W

�
B 0i0 ; B

0C

i0

�
!
�
Ci0 ; C

C

i0

�
such that its pushout to .A1; AC1/ is equal to f 01.

Consider the following diagram: �
Ci ; C

C

i

�
�
Ai ; Ai

� �
B 0i ; B

0C

i

� �
Bi ; B

C

i

�f 0
i

g0
i

fi (C.3.2)

for i � i0 2 I . The proof of faithfulness boils down to constructing a morphism fi
such that Diagram (C.3.2) commutes and the pushout of fi to .A1; AC1/ is equal
to f1. For this, we consider two cases.

Case 1: g0i0 is a rational subdomain. In this case, [37, Proposition 1.3] implies that,
for each i 2 I t1, there is at most one fi which makes Diagram (C.3.2) commute.
Furthermore, it exists if and only ifˇ̌

Spa .f 0i /
ˇ̌
W
ˇ̌
Spa .Ci ; CCi /

ˇ̌
!
ˇ̌
Spa .B 0i ; B

0C

i /
ˇ̌

factors through jSpa .Bi ; BCi /j � jSpa .B 0i ; B
0C

i /j. Loc. cit. implies that jSpa .f 01/j
factors through jSpa .B1; BC1/j � jSpa .B 01; B

0C
1 /j. So, Observation, Lemma C.1.9,

Part (1), [68, Tag 0A2S], and [68, Tag 0A2X] imply that there is an index i 2 I such
that ˇ̌

Spa .f 0i /
ˇ̌
W
ˇ̌
Spa .Ci ; CCi /

ˇ̌
!
ˇ̌
Spa .B 0i ; B

0C

i /
ˇ̌

factors through the inclusion jSpa .Bi ; BCi /j � jSpa .B 0i ; B
0C

i /j. This defines a mor-
phism fi W .Bi ; B

C

i /! .Ci ; C
C

i / which makes Diagram (C.3.2) commute. Further-
more, its pushout to .A1; AC1/ equals f1 due to its uniqueness.

https://stacks.math.columbia.edu/tag/0A2S
https://stacks.math.columbia.edu/tag/0A2X
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Case 2: g0i0 is a finite étale morphism. Then we consider the pushout diagram

.Ci ; C
C

i / .Di ;D
C

i / WD .Bi b̋B0iCi ; .Bi b̋B0iCi /C/
.B 0i ; B

0C

i / .Bi ; B
C

i /;

˛i

f 0
i

g0
i

f 00
i

and notice that morphisms fi that make Diagram (C.3.2) commute are in bijection
with morphisms ˇi W .Di ; DCi /! .Ci ; C

C

i / such that ˇi ı ˛i D id, i.e., they are in
bijection with sections of ˛i . Now we note that ˛i are finite étale as pushouts of finite
étale morphisms. Therefore, we note that the question boils down to showing that
any section of a finite étale morphism ˛1W .C1; C

C
1/! .D1; D

C
1/ comes from a

finite level. This follows from Observation, Lemma C.1.11, and Part (2) (applied to
the filtered system ¹.Ci ; CCi /ºi2I ).

Corollary C.3.11. Let
�
A; AC

�
be a complete Tate–Huber pair with the uniform

completion
�
yAu; yA

C
u

�
. Then the natural functor�

A;AC
�

sét !
�
yAu; yA

C
u

�
sét

is an equivalence.

Proof. This follows directly from Theorem C.3.10 applied to the constant filtered
system ¹.A;AC/º.

Corollary C.3.12. Let
®
.Ai ;A

C

i ;Ai;0;$/
¯
i2I

be a filtered system of complete Tate–
Huber quadruples and set�

A1; A
C
1; A1;0;$

�
WD
�3colimI Ai ;4colimI ACi ; 4colimI Ai;0;$

�
its completed filtered colimit. Then

(1) the natural map jSpa .A1;AC1/j! limI jSpa .Ai ;ACi /j is a homeomorphism
of spectral spaces;

(2) the natural map colimI .Ai ; ACi /rsd ! .A1; A
C
1/rsd is a bijection;

(3) the natural functor 2- colimI .Ai ; ACi /sfét ! .A1; A
C
1/sfét is an equivalence;

(4) the natural functor 2- colimI .Ai ; ACi /sét ! .A1; A
C
1/sét is an equivalence.

Proof. This follows directly from Theorem C.3.10 and Corollary C.3.11 by replacing
Ai , ACi , A1, and AC1 by their uniform completions.
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C.4 Strongly sheafy adic spaces

In this section, we define the notion of a strongly sheafy adic space. We also define
the étale structure sheaves on such spaces.

Definition C.4.1 ([33, Definition 4.1]). A complete Tate ring A is strongly sheafy if
AhT1; : : : ; Td i is sheafy for any integer d � 0.

A Tate-affinoid (pre-)adic space X D Spa .A; AC/ is strongly sheafy if A is
strongly sheafy.

An adic space X is strongly sheafy if there is an open covering of X by strongly
sheafy Tate-affinoids.

Example C.4.2. A strongly noetherian Tate ring A is strongly sheafy (see [37, The-
orem 2.2]). Likewise, a sousperfectoid Tate ring A is strongly sheafy as well (see
[33, Definition 7.1 and Corollary 7.4]).

Remark C.4.3. [33, Proposition 5.5] and (the proof of) [33, Theorem 5.6] imply that,
if .A;AC/ is a sheafy complete Tate–Huber pair and Spa .A;AC/ is a strongly sheafy
adic space, then A is a strongly sheafy Tate ring.

Remark C.4.4. [33, Theorem 5.6 and Definition 5.4] imply that, if .A; AC/ is a
strongly sheafy Tate–Huber ring and .A; AC/ ! .B; BC/ is a strongly étale mor-
phism, then .B;BC/ is strongly sheafy as well.

The above remark allows us to make the following definition:

Definition C.4.5. A morphism of strongly sheafy Tate-affinoids Spa .B; BC/ !
Spa .A; AC/ is strongly finite étale if .A; AC/ ! .B; BC/ is strongly finite étale
(in the sense of Definition C.3.1).

A morphism of strongly sheafy Tate-affinoids Spa .B; BC/ ! Spa .A; AC/ is
(affinoid) strongly étale if .A;AC/! .B;BC/ is strongly étale (in the sense of Def-
inition C.3.1).

Remark C.4.6. We note that finite disjoint unions of rational subdomains
F
i2I Xi!

X D Spa .A; AC/ are strongly étale as they can be decomposed as a compositionF
i2I Xi !

F
i2I X ! X , where the first morphism is a rational subdomain and the

second morphism is strongly finite étale.

Remark C.4.7. More generally, if ¹Xi ! Xºi2I is a finite family of strongly étale
morphisms, then

F
i2I Xi ! X is a strongly étale morphism as well.

Lemma C.4.8. Let Y be a strongly sheafy adic space, let X be a pre-adic space (in
the sense of [41, Definition 8.2.3]), and let f WX ! Y be an étale morphism (in the
sense of [41, Definition 8.2.16]). Then X is a strongly sheafy adic space.
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Proof. The claim is local in the analytic topology on bothX and Y . Therefore, we can
assume that X D BSpa .B;BC/ , Y D BSpa .A;AC/ for a strongly sheafy Tate ring A,
and the morphism .A; AC/! .B; BC/ is strongly étale. Then .B; BC/ is strongly
sheafy due to Remark C.4.4.

Finally, we can define the étale integral and structure (pre-)sheaves on strongly
sheafy spaces:

Definition C.4.9. Let X be a strongly sheafy adic space. The étale structure pre-
sheaf OXét is a pre-sheaf of rings on Xét defined via the assignment�

Y
étale
��! X

�
7! OY .Y /

with evident transition maps. The integral étale structure pre-sheaf OCXét
is a pre-sheaf

of rings on Xét defined via the assignment�
Y

étale
��! X

�
7! OCY .Y /

with evident transition maps.

Before we show that OXét and OCXét
are sheaves, we need to prove the following

basic lemma:

Lemma C.4.10. Let
®
'i W .A;A

C/! .Bi ;B
C

i /
¯
i2I

be a family of morphisms of com-
plete Tate–Huber pairs such that

S
i2I jSpa .'i /j

�
jSpa .Bi ; BCi /j

�
D jSpa .A;AC/j,

and let a 2 A. Then a 2 AC if and only if 'i .a/ 2 BCi .

Proof. If a 2 AC, then clearly 'i .a/ 2 BCi for every i 2 I . Now we assume that
'i .a/ 2 B

C

i for all i 2 I and wish to show that a 2 AC. First, [36, Lemma 3.3 (i)]
(or [37, Proposition 1.6 (iv)]) implies that

AC D
®
f 2 A j v.f / � 1 8v 2 Spa .A;AC/

¯
:

Therefore, we wish to show that v.a/ � 1 for any v 2 Spa .A; AC/. For this, we
choose i 2 I and a wi 2 Spa .Bi ;BCi / such that Spa .'i /.w/D v. Then we know that

v.a/ D w.'i .a// � 1:

This finishes the proof.

Lemma C.4.11. For a strongly sheafy adic space X , the étale pre-sheaves OXét

and OCXét
are sheaves.

Proof. Let
®
Yi ! Y

¯
i2I

be a covering in Xét. We wish to verify the sheaf axiom
for OXét and OCXét

with respect to this covering. Lemma C.4.8 implies that the usual
(analytic) pre-sheaves OCY , OCYi , OY , and OYi are sheaves (in the analytic topology).
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Therefore, we can verify the sheaf condition analytically locally on Y and Yi . There-
fore, we can assume that all spaces involved are strongly sheafy Tate-affinoids and
all morphisms are strongly étale. In this case, sheafiness of OXét follows from the last
sentence of [33, Proposition 5.5] and (the proof of) [33, Theorem 5.6]. Then sheafi-
ness of OCXét

follows from sheafiness of OXét and Lemma C.4.10.



Appendix D

Achinger’s result in the non-noetherian case

Recall that P. Achinger proved a remarkable result [1, Proposition 6.6.1] that says that
an affinoid rigid-analytic varietyX D Spa .A;AC/ that admits an étale map to a closed
unit disk DnK , also admits a finite étale map to DnK provided thatK is the fraction field
of a complete DVR R with residue field of characteristic p. This result is an analytic
analogue of a more classical result of Kedlaya ([39] and [1, Proposition 5.2.1]), that
an affine k-scheme X D SpecA that admits an étale map to an affine space An

k
also

admits a finite étale map to An
k

provided that k has characteristic p.
We generalize P. Achinger’s result to the non-noetherian setting. The proof essen-

tially follows the ideas of [1], we only need to be slightly more careful at some
places due to non-noetherian issues. We also show a version of this result for for-
mal schemes.

Lemma D.1. Let k be a field of characteristic p, and let A be a finite type k-algebra
such that dim A � d for some integer d . Suppose that x1; : : : ; xd 2 A are some
elements of A, and m is any integerm � 0. Then there exist elements y1; : : : ; yd 2 A
such that the map f W kŒT1; : : : ; Td �! A, defined as f .Ti / D xi C y

pm

i is finite.

Proof. We extend the set x1; : : : ; xd to some set of generators x1; : : : ; xd ; : : : ; xn
of A as a k-algebra. This defines a presentation A D kŒT1; : : : ; Td ; : : : ; Tn�=I for
some ideal I � kŒT1; : : : ; Tr ; : : : ; Tn�. We prove the claim by induction on n � d .

The case of n � d D 0 is trivial as then the map f W kŒT1; : : : ; Td �! A, defined
by f .Ti / D xi , is surjective. Therefore, it is finite.

Now we do the induction argument, so we suppose that n � d � 1. We consider
the elements

x0i D xi � x
pim
0

n ; i D 1; : : : ; n � 1

for some integer m0 � m. Now the assumption n � d C 1 and Krull’s principal ideal
theorem imply that we can choose some non-zero element g 2 I , thus we have an
expression

g.x01 C x
pm
0

n ; x02 C x
p2m
0

n ; : : : ; x0n�1 C x
p.n�1/m

0

n ; xn/ D 0:

Now [55, Section 1] implies that there is some large m0 such that this expression is
a polynomial in xn with coefficients in kŒx01; : : : ; x

0
n�1� and a non-zero leading term.

We may and do assume that this leading term is 1. So xn is integral over a subring
ofR generated by x01; : : : ; x

0
n�1, we denote this ring byR0. Since xi D x0i C x

pim
0

n , we
conclude that R is integral over R0. Moreover, R is finite over R0 because it is finite
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type over k. Now we note that [54, Theorem 9.3] implies that dimR0 � dimR � d ,
and R0 is generated by x01; : : : ; x

0
n�1 as a k-algebra. So we can use the induction

hypothesis to find some elements

y01; : : : ; y
0
d 2 R

0

such that the morphism f 0W kŒT1; : : : ; Td �! R0, defined as f 0.Ti / D x0i C .y
0
i /
pm ,

is finite. Therefore, the composite morphism

f W kŒT1; : : : ; Td �! R

is also finite. We now observe that

f .Ti / D x
0
i C .y

0
i /
pm
D xi C x

pim
0

n C .y0i /
pm
D xi C .x

pim
0�m

n C y0i /
pm :

Therefore, the set .yi WD x
pim
0�m

n C y0i /iD1;:::;d does the job.

Lemma D.2. Let O be a complete valuation ring of rank-1 with maximal ideal m

and residue field k. Suppose that f WA! B is a morphism of topologically finitely
generated OK-algebras. Then f is finite if and only if f ˝O kWA˝O k ! B ˝O k

is finite.

Proof. The “only if” part is clear, so we only need to deal with the “if” part. We recall
that [53, Lemma (28.P) p. 212] says that A! B is finite if and only if A=� ! B=�

is finite for some pseudo-uniformizer � 2 O. So we only need to show that finiteness
of A˝O k ! B ˝O k implies that there is a pseudo-uniformizer � 2 O such that
A=� ! B=� is finite. Then we note that the maximal ideal m is a filtered colimit
of its finitely generated subideals ¹Ij ºj2J . Moreover, the valuation property of the
ring O implies that this colimit is actually direct and that Ij D .�j / is principal for
any j 2 J . We also observe that each �j is a pseudo-uniformizer since O is of rank-1.
Thus we see that

A˝O k ! B ˝O k D colimj2J .A=�j ! B=�j /

and A=�j ! B=�j is a finite type morphism by the assumption that both A and B
are topologically finitely generated. Then [68, Tag 07RG] implies that there is j 2 J
such that A=�j ! B=�j is finite. Therefore, A! B is finite as well.

Before going to the proof of Theorem D.4, we need to show a result on the dimen-
sion theory of rigid-analytic spaces that seem to be missing in the literature. It seems
that there is no generally accepted definition of a dimension of adic spaces. We define
the dimension as dimX D supx2X dim OX;x , this is consistent with the definition of
dimension in [25, Definition II.10.1.1]. We denote by X cl � X the set of all classical
points of X .

https://stacks.math.columbia.edu/tag/07RG
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Lemma D.3. Let f WX D Spa .B; BC/! Y D Spa .A; AC/ be an étale morphism
of rigid-analytic varieties over a complete rank-1 field K, then dimB � dimA. If Y
is equidimensional, i.e., dim OY;y D dim Y for any classical point y 2 Y cl, then we
have an equality dimB D dimA. In particular, if f WSpa .A;AC/!DdK is étale, then
dimA D d .

Proof. We note that [25, Proposition II.10.1.9 and Corollary II.10.1.10] imply that

dimX D dimB D sup
x2Xcl

.dim OX;x/; and dimY D dimA D sup
y2Y cl

.dim OY;y/:

Since f is topologically finite type, it sends classical points to classical points. There-
fore, [38, Lemma 1.6.4, Corollary 1.7.4, and Proposition 1.7.9] imply that the map
OY;f .x/ ! OX;x is finite étale for any x 2 X cl. Thus, we see that

dimB D sup
x2Xcl

�
dim OX;x

�
D sup
x2Xcl

�
dim OY;f .x/

�
� dimY:

It is also clear that this inequality becomes an equality if Y is equidimensional.
Finally, we claim that DdK D Spa.KhT1; : : : ;Td i;OKhT1; : : : ;Td i/D Spa.A;AC/

is equidimensional. Pick any classical point x 2 .DdK/
cl and a corresponding maximal

ideal mx 2KhT1; : : : ;Td i. Then we know thatAmx and ODd
K
;x are noetherian by [25,

Proposition 0.9.3.9, Theorem II.8.3.6], moreover, the isomorphism 1ODd
K
;x '

bAmx

holds by [25, Proposition II.8.3.1]. Therefore, we get

dim ODd
K
;x D dim 1ODd

K
;x D dim bAmx D dimAmx D d;

where the last equality comes from [25, Proposition 0.9.3.9].

For the rest of the section we fix a complete rank-1 valuation ring O with fraction
field K and characteristic p residue field k. We refer to [38, Section 1.9] for the
construction of the adic generic fiber of a topologically finitely generated formal O-
scheme. The only thing we mention here is that it sends an affine formal scheme
Spf A to the affinoid adic space Spa .A˝O K;A

C/, where AC is the integral closure
of the image Im.A! A˝O K/.

Theorem D.4. In the notation as above, let gW Spf A! yAd
O

be a morphism of flat,
topologically finitely generated formal O-schemes such that the adic generic fiber
gK W Spa .A ˝O K; A

C/ ! DdK is étale. Under these assumptions, there is a finite
morphism f WSpf A! yAd

O
that is étale on adic generic fibers.

Proof. First of all, we note that Lemma D.3 implies that dimA ˝O K D d . Now
[25, Theorem 9.2.10] says that there exists a finite injective morphism

'WO
˝
T1; : : : ; Td

˛
! A
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with an OK-flat cokernel. This implies that KhT1; : : : ; Td i ! A˝O K is finite and
injective. Flatness of Coker' implies that the map

kŒT1; : : : ; Td �! A˝O k

is also finite and injective, so dim A ˝O k D d . Now we finish the proof in two
slightly different ways depending on charK.

Case 1: charK D p. We consider the morphism g#WOhT1; : : : ; Td i ! A induced
by g. We define xi WD g#.Ti / for i D 1; : : : ; d . Since dimA˝O k D d , we can apply
Lemma D.1 to the residue classes x1; : : : ; xd andmD 1 to get elements y1; : : : ; yd 2
A˝O k such that the map

f #W kŒT1; : : : ; Td �! A˝O k; defined as f #.Ti / D xi C yi
p for i D 1; : : : ; d;

is finite. We lift yi in an arbitrary way to elements yi 2 A, and define

f #
WOhT1; : : : ; Td i ! A

as f #.Ti / D xi C y
p
i for any i D 1; : : : ; d . This map is finite by Lemma D.2.

Now we note that X WD Spa .A˝O K;A
C/ is smooth over K, so [15, Proposi-

tion 2.6] says that étaleness of fK WX ! DdK is equivalent to the bijectivity of the
map

f �K�
1

Dd
K
=K
! �1X=K :

This easily follows from étaleness of gK and the fact that d.xi C y
p
i / D d.xi / in

characteristic p.

Case 2: charK D 0. We denote Spf A by X and we denote its adic generic fiber
Spa .A˝O K;A

C/ by X . Then we use [15, Proposition 2.6] once again to see that
the map

g�K�
1

Dd
K
=K
! �1X=K

is an isomorphism. Since .b�1
X=O

/K ' �1
X=K

and the same for yAd
O

and DdK , we
conclude that the fundamental short exact sequence ([25, Proposition I.3.6.3, Propo-
sition I.5.2.5 and Theorem I.5.2.6])

g�b�1
yAd

O
=O
! b�1X=O ! b�1

X=yAd
O

! 0

implies that
�b�1

X=yAd
O

�
K
D 0. Furthermore, we know that

b�1
X=yAd

O

Š
�b�1A=OhT1;:::;Td i��

for a finite A-module b�1
A=OhT1;:::;Td i

(see [25, Corollary I.5.1.11]). We denote this
module by b�1g for the rest of the proof, and recall that the condition

�b�1X=yAd
O

�
K
D 0
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is equivalent to b�1g ˝O K D 0. Using finiteness of b�1g and adhesiveness of A, we
conclude that there is an integer k such that

pkb�1g D 0
as p is a pseudo-uniformizer in O. Now, similarly to the case of charK D p, we
consider the morphism

g#
WOhT1; : : : ; Td i ! A

and define xi WD g#.Ti / for i D 1; : : : ; d . Again, using that dimA˝O k D d , we can
apply Lemma D.1 to the residue classes x1; : : : ; xd and m D k C 1 to get elements
y1; : : : ; yd 2 A˝O k such that the map

f #W kŒT1; : : : ; Td �! A˝O k; defined as f #.Ti / D xi C yi
pkC1 for i D 1; : : : ; d;

is finite. We lift yi to some elements yi 2 A and define

f #
WOhT1; : : : ; Td i ! A

by f #.Ti / D xi C y
pkC1

i . The map f # is finite by Lemma D.2.
We are only left to show that the induced map

f WX ! yAdO

is étale on adic generic fibers. Next we claim that pk.b�1
f
/ D 0. Indeed, we use [25,

Proposition I.5.1.10] to trivialize b�1
OhT1;:::;Td i=O

'
Ld
iD1dTiOhT1; : : : ; Td i, so we

have the fundamental exact sequence

dM
iD1

AdTi
dTi 7!d.xiCy

pkC1

i
/

��������������! b�1A=O ! b�1f ! 0

as d.yp
kC1

i / is divisible by pkC1. Therefore, we see that modulo pkC1, this sequence
is equal to

dM
iD1

A=pkC1dTi
dTi!d.xi /
�������! b�1A=O=pkC1 ! b�1f =pkC1 ! 0:

Thus, we see that b�1
f
=pkC1 ' b�1g=pkC1. In particular,�

pkb�1f �=p�pkb�1f � D �pkb�1g�=p�pkb�1g� D 0
by the choice of k. Therefore, pkb�1

f
D 0 by [53, Lemma 28.P p. 212]. By passing to

the adic generic fiber, we get the map fK WX ! DdK such that

d.fK/Wf
�
K�

1

Dd
K
=K
! �1X=K
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is surjective. However, we recall that X and DdK are both smooth rigid-analytic vari-
eties of (pure) dimension d . Thus df �

K
is a surjective map of vector bundles of the

same dimension d , so it must be an isomorphism. Finally, [15, Proposition 2.6]
implies that fK is étale.

Corollary D.5. Let K be a complete rank-1 valuation field with valuation ring OK ,
and residue field k of characteristic p. Suppose that gWX D Spa .A;AC/! DdK is an
étale morphism of affinoid rigid-analytic K-varieties. Then there exists a finite étale
morphism f WX ! DdK .

Proof. We note that [37, Lemma 4.4] implies thatACDAı, so the map g corresponds
to the map

g#
W .KhT1; : : : ; Td i;OKhT1; : : : ; Td i/! .A;Aı/

of Tate–Huber pairs. Theorem D.4 implies that it suffices to show that the image of
OKhT1; : : : ; Td i lies inside some ring of definition A0 � A.

Since A is topologically finitely generated, we can extend g# to a surjection

'WKhT1; : : : ; Td ; X1; : : : ; Xni� A:

Then
A0 WD '.OKhT1; : : : ; Td ; X1; : : : ; Xni/

is bounded and it is open as a consequence of the Banach open mapping theorem ([37,
Lemma 2.4 (i)]). Thus, it is a ring of definition containing g]

�
OKhT1; : : : ; Td i

�
.
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