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Abstract

In the Lubin-Tate setting, we study pairings for analytic (¢r, 'z )-modules and prove
an abstract reciprocity law which then implies a relation between the analogue of
Perrin-Riou’s big exponential map as developed by Berger and Fourquaux and a p-
adic regulator map whose construction relies on the theory of Kisin—Ren modules
generalizing the concept of Wach modules to the Lubin—Tate situation.
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Chapter 1

Introduction

Classically explicit reciprocity laws or formulae usually mean an explicit computation
of Hilbert symbols or (local) cup products using, e.g., differential forms, (Coleman)
power series, etc., and a bunch of manifestations of this idea exists in the literature
due to Artin—Hasse, Iwasawa, Wiles, Kolyvagin, Vostokov, Briickner, Coleman, Sen,
de Shalit, Fesenko, Bloch—Kato, Benois, ... In the same spirit, Perrin-Riou’s reci-
procity law gives an explicit calculation of the Iwasawa cohomology pairing in terms
of big exponential and regulator maps for crystalline representations of Gg,,; more
precisely, the latter maps are adjoint to each other when also involving the crystalline
duality pairing after base change to the distribution algebra corresponding to the
cyclotomic situation. We refer the interested reader to the survey [92] concerning
the historical development of explicit reciprocity laws.

The motivation for this article is the question of what happens if one replaces
the cyclotomic Z ,-extension by a Lubin—Tate extension L, over some finite exten-
sion L over Q, with Galois group I'r = Gal(Lo/L) and Lubin-Tate character
xur © G — o which all arise from a Lubin-Tate formal group attached to a prime
71, € or, the additive group of the ring of integers oy, of L; by ¢ we denote the cardi-
nality of the residue field oy /oy, 7ry,. This situation is considerably more complicated
for various reasons. First of all, for L # Q,, the group I';, requires more than one
topological generator and in order to achieve again a sort of one-dimensional theory
one has to work in the “L-analytic case”. Secondly, the quotient % related to the two
meanings of p in the cyclotomic case as uniformizer and cardinality of the residue
field is no longer a unit and appears directly in formulae. We try to extend the above
sketched cyclotomic picture to the Lubin—Tate case at least for L-analytic crystalline
representations of the absolute Galois group G, of L. As pointed out in [80] already,
the character 7 := ycyc - )(ETI plays a crucial role, again related to %.

To this aim we study (¢r, I'z)-modules over different Robba rings with coeffi-
cients in suitable complete intermediate fields L € K € C,,. The starting point is the
theory of Schneider and Teitelbaum. The p-adic functional analysis of the additive
group of p-adic integers Z,, is based on the fact that the continuous p-adic characters
of Z, are parametrized by the points of the p-adic open unit disk. The generalization
of this basic feature to the additive group oy, was constructed in [74]: a rigid analytic
group variety X = X1 over L whose points parametrize the locally analytic characters
of or . The Fourier isomorphism of [74] identifies the ring of holomorphic functions
01 (X) with the locally analytic distribution algebra D(or, L) of or. A connection
to the Lubin-Tate setting is also established in loc. cit. Under the assumption that the
period €2 of the dual of the fixed Lubin-Tate group belongs to K an isomorphism
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k : Bx =~ Xk of rigid analytic varieties over K, called the Lubin—Tate isomorphism,
is constructed. Here B denotes the rigid analytic open unit disk and the index K indi-
cates base change to K. In other words, Xy, is a form of the open unit disk, which is
non-trivial if L # Q.

The multiplicative group o; acts by multiplication on oz, and hence acts naturally
on X and O (X). In [8], the ring O (¥X) with its o} -action was enlarged by a geo-
metric construction to the Robba ring Rz (X) with oy -action. Some details of this
will be recalled in Section 4.1.1. This made it possible to introduce the notion of a
(¢r, I'r)-module over Ry (¥). The main result of [8] relates the category of these
new (¢r, I'r)-modules to the Lubin-Tate (¢z, I'z)-modules considered in [44, 73]
and therefore to Galois representations. In this paper, we pursue the further system-
atic development of the theory of (¢r, I'r )-modules over R, (X) in two directions.

First of all, the construction of the variety X7 and its corresponding rings is not
specific to the additive group or. In Sections 4.1.2 and 4.3.4, this will be worked
out first for the multiplicative group o and then for the Galois group I'y (which, by
the Lubin-Tate character ypr, is isomorphic to o). The corresponding Robba rings
will be denoted by Ry (X*) and R (L), respectively. We will study the question
to which extent the I', = o -action on R (%), resp., on any (¢r, 'z )-module over
R (X), can be extended to an action of the full ring Ry, (I'r,). A first indication of how
this works is given by the Mellin transformation in Lemma 4.1.6. The open and closed
inclusion of locally analytic manifolds o] < oy, induces an isomorphism between
the multiplicative distribution algebra D(o}, L) and the kernel of the v-operator on
the additive distribution algebra D(or,, L). This fairly simple observation has a vast
conceptual generalization to the following new structural result in Theorem 4.3.23.

Theorem 1 (Theorem 4.3.23). For any complete intermediate field L € K € C, and
any L-analytic (pr, 'r)-module M over Rg (%), we have the following:

e The I'p-action on M extends functorially and continuously to an Rk (I'r)-module
structure on MVYL=0,

e Any basis of M over Rk (X) can be transformed by a very simple explicit recipe
into a basis of MYL=0 over Rk (I'L) of the same cardinality.

The proof will be given in Sections 4.3.5-4.3.8. For B instead of X an analogous
statement holds if K contains €2; technically, this is the case we prove first (see Theo-
rem 4.3.21) which then, after involving the Lubin—Tate isomorphism, descends to the
above theorem.

Secondly, we will systematically develop the self-duality properties of the Robba
rings under consideration in Section 4.2.3. This is based on the Serre duality for
the coherent cohomology of rigid analytic spaces as developed in [11,20, 90]. This
is recalled and complemented in Sections 4.2.1 and 4.2.2. In order to apply this to
Robba rings these will be related to the cohomology with compact support of the



Introduction 3

underlying character varieties. This results in residue pairings
Qg X Rk (=) > K

for the differentials Q}RK(—)' The main new results are Corollary 4.2.7 and Proposi-
tion 4.2.12. The latter proposition then has to be evaluated for our two cases of main
interest X and X> in Section 4.2.3. This leads to two duality pairings,

(Ve RLE)XRL(X) > L and (,)gx: RL(X)x Rp(X*) —> L.

The relation between these two pairings will be investigated in Section 4.5.3 and
will be the base of our main results in Section 4.5. The right-hand pairing induces
topological isomorphisms,

Homg coni(Rx(I'L), K) = R (I'L)
and
Homg con(Rx(I'L)/D(T'L. K), K) = D(I'L, K).

For an L-analytic (¢r, 't )-module M over R := Rk (Y))) with YY) equal to either X
or B, we finally use these isomorphisms to define on the one hand the two Iwasawa
pairings

(oW s MYL=0 5 MYL=0 s R (Iy)

and .
RIVACE: MY x MYL=! - D(T, K),

where M := Homg (M, Q}R). They are linked by the commutative diagram

ERIVACE MVE=RL X MVL=!l —— D(I'z. K)
‘/’L—ll %m—ll {
{ )t MVL=0 X MYL=0 5 Rp(TL).
T

Now assume that M arises as Dng(W) under Berger’s equivalence of categories,
if YY) = B, and as D:ig(W)gg under the equivalence from [8], if §Y) = X (see Tlvleo—
rem 4.5.28), from an L-analytic, crystalline representation W of G, whence M =~
DrTig(W*()(LT)) and M =~ D (W*(xvrr))%, respectively. Then, on the other hand, we

rig
obtain the pairing
[’ ]Dcriva(W) . RwL:O XL Dcris,L(W*(XLT)) X szl:() QL Dcris,L(W) - tQK(I—‘L)

by base extension of the usual crystalline duality pairing, if YY) =B assuming Q2 € K,
see (4.94). The work of Kisin—Ren and Berger—Schneider—Xie, respectively, provides
comparison isomorphisms

comp,, : M[%] > .‘R[é] ®L Deris,. (W)
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and

compj; : M[G] ~ ER[ ‘D] ®L Deris,. (W* (x11))-

Here tg := tyr :=log; r(Z) € R denotes the Lubin—Tate period which stems from the
Lubin-Tate logarithm while 7x = logg as deﬁned before Remark 4.2. 9 The Lubin—
Tate character yr induces isomorphism I'f, = o 7 as well as Lie(I',) = L, and we
let V € Lie(I'L) be the preimage of 1. Then the abstract reciprocity law we prove is
the following statement.

Theorem 2 (Theorem 4.5.32). For all x € MYL=0 and y € MYL=0 for which the
crystalline pairing is defined via the comparison isomorphism, it holds that

qq;l{vx’ y}gl,lw = ['x’ y]Dcris,L(W)
if V) = X, while the analogous statement for YY) = B holds upon assuming Q € K.

As explained in more detail at the beginning of Section 4.5, the proof of this
abstract reciprocity law is mainly based on the insight, how the residue maps of X
and X and hence their associated pairings { , )x and {, }xx are related to each other
by Theorem 4.5.12 in Section 4.5.3.

As an application for YY) = B we show in Chapter 5 the adjointness of big expo-
nential and regulator maps. Recall that already Fourquaux [32], who initiated the
investigation of Perrin-Riou’s approach for Lubin-Tate extensions in his thesis in
2005, had achieved a generalization of Colmez’s construction of the Perrin-Riou log-
arithm. Moreover, Berger and Fourquaux [7] have constructed for V' an L-analytic
representation of Gz, and an integer 2 > 1 such that

© Fil™"Deio.1(V) = Deyis,r. (V) and
° Dcris,L(V)(pL:”L_h =0,

a big exponential map a la Perrin-Riou

=0 -4
Qi : (OkB)"° ®L Deris. (V) — DL, (V)" =L,

which up to comparison isomorphism is for 2z = 1 given by f = (1 — ¢p)x — Vx
and which interpolates Bloch-Kato exponential maps expy, y xn)

On the other hand, based on an extension of the work of Kisin and Ren [44] in
the first section, we construct for a lattice 7 C V, such that V(z~!) is L-analytic
and crystalline and such that V' does not have any quotient isomorphic to L(7), a
regulator map a la Loeffler and Zerbes [52]

2% HL (Loo/L.T) = Dir(T(x™)) "™ = (0xB))"*~° &1 Deris 1 (V&™)

as applying the operator
1- Lo
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up to comparison isomorphism. Then we derive from the abstract version above with
W = V(t™') the following reciprocity formula.
Theorem 3 (Theorem 5.2.1). Assume that V*(1) is L-analytic. We suppose further
that Fil™ ! Degis. 1 (V*(1)) = Deris, 2 (V*(1)) and additionally
——1 —
Dcris,L (V*(l))wL_nL = Dcris,L (V*(l))(pL_l =0.
Then the following diagram commutes:

pl(rr) TR D(v(h)r=t e

TQV*(I).I ‘f?/l

(Ok B))* @ L Deis, 1(V* (1)) x (Ox B))"“ @ Degis V(1)) = D(IL.C,).

D(FL’ (CP)

While the crystalline pairing satisfies an interpolation property (Proposition 5.2.22)
for trivial reasons, the statement that the second Iwasawa pairing interpolates Tate’s
cup product pairing is more subtle (Corollary 5.2.20). Eventually, the interpolation
property of Berger and Fourquaux for €2y, combined with the adjointness of the lat-
ter with cf?, implies an interpolation formula for the regulator map, which interpolates
dual Bloch—Kato exponential maps, see Theorem 5.2.26.

As alluded to at the beginning of this introduction, we expect that the new regu-
lator map SE?, will play the same role as the one of Loeffler and Zerbes; i.e., it should
be related to e-isomorphisms and p-adic L-functions. With regard to the first topic,
this regulator map should be compared to the one defined in [92, §6.6], which is used
in [55] to generalize Nakamura’s explicit reciprocity law from the cyclotomic to the
Lubin-Tate setting. Moreover, we hope that our regulator map can be used to also
generalize [51] to the Lubin—Tate situation.

With respect to the second topic we explain at the end of Section 5.1.1 how in
the context of an CM-elliptic curve with supersingular reduction at p the attached p-
adic L-function is the image of the Euler system of elliptic units under this regulator
map. While this is merely a reinterpretation of the work [74, §5], Manji is working
out in his PhD thesis [56] another manifestation of this principle in the context of
an ordinary automorphic representation defined over the unitary group GU(2, 1), see
also [92, Ex. 7.2] for slightly more details.

In the remaining part of this introduction, we briefly outline the content of the
various sections.

After fixing some general notation in Chapter 2, we dedicate Chapter 3 to the
generalization of Wach modules to the Lubin-Tate situation. First of all, we recall in
Section 3.1 the work [44] of Kisin and Ren, who already accomplished most of this
task. Then we check a missing compatibility of their constructions in Lemma 3.1.5,
i.e., the commutativity of diagram (3.2), and add Corollary 3.1.15 to the picture to
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identify how to recover D,z (V') from the Kisin—-Ren module attached to an L-
analytic presentation V. Moreover, we compare in Proposition 3.1.10 their approach
to the construction in [5, Prop. II.1.1], in particular, applying the concept of positive
representations. After calculating the determinant of the crystalline comparison iso-
morphism in Section 3.2, we generalize in Section 3.3 for non-negative Hodge—Tate
weights Appendix A of [4] to the Lubin—Tate situation culminating in the statement
in Lemma 3.3.6 that under certain conditions the part of the (¢r, 'z )-module fixed
under the y-operator is contained in the associated Kisin—Ren module.

The main section of our article is Chapter 4 concerning the theory of (¢r, I'r)-
modules over different types of Robba rings as explained above. In particular, follow-
ing the ideas of [42] in the cyclotomic setting, we deduce from the residue pairing in
Section 4.5.1 for an L-analytic (¢r,, ' )-module M and its dual M the corresponding
Iwasawa pairing in Section 4.5.4. In Section 4.5.5, we recall as Theorem 4.5.28 the
equivalences of categories between L-analytic Galois representation and L-analytic,
étale (¢, I'1)-modules over the Robba rings Rz, (B) and R (X), respectively. The
study of the compatibility of the Iwasawa pairings under the Kisin—Ren comparison
isomorphisms (4.91) and also using in the proof of Lemma 4.5.26 the consequence
(4.86) from Theorem 4.5.12 leads to our main result, the abstract reciprocity law in
Theorem 4.5.32.

In Chapter 5, we apply first the results from Chapter 3 concerning the Wach mod-
ules a la Kisin—Ren to construct under certain technical assumptions the regulator
map in Section 5.1. As a reality check and for further motivation, we study how pre-
vious work [74, §5] by the first named author and Teitelbaum fits into this picture.
In Section 5.2, we recall Berger’s and Fourquaux’s construction of their big expo-
nential map. From this and the definition of our regulator map the adjointness in
Theorem 5.2.1 of the big exponential map and the regulator map is an immediate
consequence of the abstract reciprocity law in Theorem 4.5.32. After fixing some
notation of homological algebra in Section 5.2.1 and recalling the self-duality of
Koszul complexes in Section 5.2.2, we study in Section 5.2.3 continuous and analytic
cohomology in order to consider various generalized Herr complexes of (¢r, I'z)-
modules. The version using Koszul complexes being the most explicit one is then
used to prove Proposition 5.2.18 and Corollary 5.2.20, i.e., the statement that Iwa-
sawa pairing interpolates the local cup product. Based on this compatibility of the
dualities, we shall derive in Section 5.2.4 the interpolation property for the regulator
map from that for the big exponential map, see Theorem 5.2.26.

In Appendix A, we first show how to construct a quasi-isomorphism between the
two Herr complexes built of continuous cocycle and an appropriate Koszul complex,
respectively. In order to compare the cup product pairings between (¢r, I'r )-modules
over different coefficient rings, we have to generalize some technical lemmata from
[19,42] to our setting, especially concerning the cokernel of the operator ¥ — 1. In
particular, the derived finite dimensionality of some cohomology group 42 is needed
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for the interchange of taking continuous duals with forming cohomology /' in the
sense of Remark 5.2.6.

Finally, Appendix B recalls the quasi-isomorphism (B.5) between the complex
defining Iwasawa cohomology in the sense of Nekovar and the complex given by the
operator Y — 1 by [45] and calculates its descent, which is needed for the interpolation
property of the Iwasawa pairing.






Chapter 2

Notation

Let Q, € L C C, be a field of finite degree d over Q,, oy, the ring of integers of L,
77, € or, a fixed prime element, k; = op /7m0 the residue field, ¢ := |k |, e the
absolute ramification index of L and Gz, := Gal(L/L). We always use the absolute
value | | on C,, which is normalized by |7z, | = ¢~1. We warn the reader, though, that
we will repeatedly use the references [8, 33,49, 68,69, 74, 76] in which the absolute
value is normalized differently from this paper by |p| = p~!. Our absolute value is
the d'th power of the one in these references. The transcription of certain formulae to
our convention will usually be done silently.

Let further Rep; (G1) denote the category of finite-dimensional L-vector spaces
equipped with a continuous linear G -action.

We fix a Lubin-Tate formal o7 -module LT = LT, over oy, corresponding to the
prime element 7r7,. We always identify LT with the open unit disk around zero, which
gives us a global coordinate Z on LT. The oy -action then is given by formal power
series [@](Z) € o1 [Z]. For simplicity the formal group law will be denoted by +r.

The power series %\(X ¥)=(Z.0) is a unit in oz [Z] and we let gi1(Z)
denote its inverse. Then gy1(Z)d Z is, up’ to scalars, the unique invariant differential
form on LT (cf. [37, §5.8]). We also let

logr(Z) =27 +--- 2.1

denote the unique formal power series in L[Z] whose formal derivative is grr. This
log; 1 is the logarithm of LT (cf. [47, §8.6]). In particular, grrdZ = d log;. The
invariant derivation 9j,, corresponding to the form d log; ; is determined by

f'dZ = df = 0iw(f)d logir = diny(f)gLrd Z
and hence is given by
O (f) = gi7 /- 2.2)

For any a € o7, we have
log;7 ([a](Z)) = a-log;y andhence agir(Z) = gur([al(2)) - [a])'(Z) (2.3)

(cf. [47, 8.6 Lemma 2]).

Let T,; be the Tate module of LT. Then T is a free o;-module of rank one,
say with generator n = (7)), and the action of G on T, is given by a continuous
character yir : Gr — of. Let T, denote the Tate module of the p-divisible group
Cartier dual to LT with period € (depending on the choice of a generator of T ),
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which again is a free or-module of rank one. The Galois action on 7, =~ T (1)
is given by the continuous character 7 := y¢yc - )(ETI, where .y is the cyclotomic
character.

Forn > 0 we let L,/ L denote the extension (in C,) generated by the 77 -torsion
points of LT, and we put Lo, := |, Ln. The extension Lo,/L is Galois. We let
I's := Gal(Lso/L) and Hy, := Gal(L/Lo). The Lubin-Tate character i induces
an isomorphism I';, => 0.

Henceforth, we use the same notation as in [80]. In particular, the ring endomor-
phisms induced by sending Z to [n7](Z) are called ¢ where applicable, e.g., for
the ring Az, defined to be the 77 -adic completion of o7 [Z][Z 7] or B := A [n] "]
which denotes the field of fractions of Aj . Recall that we also have introduced the
unique additive endomorphism 7, of By, (and then Ay ) which satisfies

—1
gL oYL =my -traces; /o, (B, )-

Moreover, projection formula

V(oL (f1) f2) = five(fz) forany f; € By

and the formula
WL (o] QDL = % . ld

hold. An étale (¢r, I'r)-module M comes with a Frobenius operator ¢y semilinear
with respect to ¢y, and an induced operator denoted by V.

Let ET := limoc ./ Poc, with~the transition maps being given by the Frobenius
¢(a) = a”?. We may also identify ET with lim oc,/ mroc, with the transition maps
being given by the g-Frobenius ¢, (a) = a?. Recall that E™ is a complete valuation
ring with residue field E and its field of fractions E = EIECB being algebraically
closed of characteristic p. Let mj denote the maximal ideal in E*.

The g-Frobenius ¢, first extends by functoriality to the rings of the Witt vectors
W(E) € W(E) and then oy -linearly to

WEY)L := WE) ®,, o € W(E)L := W(E) ®q,, oL.

where L is the maximal unramified subextension of L. The Galois group G;, obvi-
ously acts on E and W(E) 1 by automorphisms commuting with ¢,. This G -action
is continuous for the weak topology on W(E) L (cf. [73, Lem. 1.5.3]).

Sometimes we omit the index ¢, L, or M from the Frobenius operator, but we
always write ¢, when dealing with the p-Frobenius.

The evaluation of the global coordinate Z of LT at mz-power torsion points
induces a map (not a homomorphism of abelian groups) ¢ : T, — E*t. Namely, if
t = (Zn)nz1 € Ty With [12](Zn41) = 2, and [71](z1) = 0, then z}!, | = z, mod 7,
and hence ((¢) := (z, mod 7p), € Et. As before, we fix an oy -generator n of Ty
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and put w := t(n). Then there exists a (unique) lift wrr € W(E+)L of w satisfying
the following (cf. [80, Lem. 4.1]):

(i)  if n’ =anwitha € o} denotes another generator of Ty, then w{ = [a](wrr)
is the corresponding lift;

(i)  ¢g(wrr) = [r](wrr);

(iii) o(wrr) = [yrr(0)](wrr) forany o € Gr.






Chapter 3

Wach modules a la Kisin—-Ren

3.1 Wach modules

In this section, we recall the theory of Wach modules a la Kisin—Ren [44] (with the
simplifying assumption that — in their notation — K = L, m = 1, etc.).
By sending Z to wrt € W(EJr) L we obtain a G -equivariant, Frobenius compat-
ible embedding of rings
or[Z] - WEh)L,

the image of which we call AZF; itis a subring of Ay, (the image of Ay in W(I~E) r)- The
latter ring is a complete discrete valuation ring with prime element 77 and residue
field of the image E;, of kr ((Z)) — E sending Z to @ := wrr mod w7, We form
the maximal integral unramified extension (= strict henselization) A7" of Ay inside
W(E) L. Its p-adic completion A still is contained in W(E) L. Note that A is a com-
plete discrete valuation ring with prime element 777, and residue field of the separable
algebraic closure E;” of E/ in E. By the functoriality properties of strict henseliza-
tions, the g-Frobenius ¢, preserves A. According to [44, Lem. 1.4], the G -action on
W(E)L respects A and induces an isomorphism

Hy = ker(yir) — Aut™"(A/Az).

Weset AT := AN W(ET),.
Set Q := % € AZ, which satisfies by definition ¢r, (wrr) = Q - wrr.
Following [44] we write @ = O1,(B) for the ring of rigid analytic functions on
the open unit disk B over L, or equivalently the ring of power series in Z over L
converging in B. Via sending wyt to Z we view AZ as a subring of (. We denote by
Mod(g"rl"an the category consisting of finitely generated free (9-modules M together

with the following data:
(i)  anisomorphism 1 ® @ : ((pZ:M)[é] ~ M[é],l
(i) asemilinear I'z-action on M, commuting with ¢ and such that the induced
action on D(M) := M/wprM is trivial.
We note that since M /wrM = M[é]/wLT,M[é], the map ¢ induces an L-linear
endomorphism of D(M), which we denote by ¢pu). As a consequence of (i), in
fact, it is an automorphism.

'By ¢ M we understand the module O ®@ .4, M.



Wach modules a la Kisin—Ren 14

The I'z-action on M is differentiable (cf. [8, Lem. 3.4.13]),> and the correspond-
ing derived action of Lie(I'y) is L-bilinear (cf. [8, Rem. 3.4.15]).
Similarly, we denote by Mod‘pL TL:an the category consisting of finitely generated

free A -modules N together w1th the following data:
(i)  anisomorphism 1 ® @y : ((pLN)[E] >~ N[Q]’4
(i) asemilinear I'z-action on N, commuting with ¢ and such that the induced
action on N/wrrN is trivial.
The map ¢y induces an L-linear automorphism of D(N) := N [%] /o N [%] which
we denote by ¢p(n).
Obviously, we have the base extension functor
. T, oL,z ,an
(9®AZr —.ModiﬁL_ L4 — Mod g .

It satisfies
D(O ®AZL N) = D(N). 3.1

I'z.,0 Tz ,an

We write Mod‘gL’ for the full subcategory of Mod‘gf’ consisting of all M
such that R ®@ M is pure of slope 0. Here R denotes the Robba ring, which will be
recalled in detail in Section 4.3.1.

By Modf"pq we denote the category of finite-dimensional L-vector spaces D
equipped with an L-linear automorphism ¢, : D = Danda decreasing, separated,

and exhaustive filtration, indexed by Z, by L-subspaces. In Modf’(pq we have the full

subcategory Mod}f"p"’Wa of weakly admissible objects (cf. [44, (2.3.2)]). For D in
Modf’w" " et

V(D) := (Buis,. ®1 D)?*=' NFil’(Bir ®1 D),

where, as usual, Bs,1 := Beris ®1,, L. In order to formulate the crystalline compar-
ison theorem in this context, we also consider the category Mod}j"p L of finitely
generated free LO ®q, L-modules D equipped with a (¢, ® id)- llnear automor-
phism ¢ : ® = O as well as a decreasing, separated, and exhaustive ﬁltratlon on
D =D QL L, indexed by Z, by L ®q, L-submodules. For © in ModL0®@ L

ZNote that the statements in loc. cit. are all over the character variety; but by the introduction
to §3.4 they are also valid over the open unit ball — with even easier proofs.

3In [44], being L-analytic is an extra condition in the definition of Mod%" Tran hich by
this remark is automatically satisfied, whence the corresponding categories with and without
the superscript “an” in [44] coincide!

“By @7 N we understand the module Az_ ® AF oL N, and formally ¢x is a map from N

to N[é]
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we define, as usual,
V(D) := (Buis ®L, D)*~' NFil’(Bir ®1 DL).

Let Rep,,  r(GL) denote the category of finitely generated free oz -modules with
a continuous linear Gy -action and Repzrzs,’j,“(G 1) the full subcategory of those T
which are free over oy, and such that the representation V := L ®,, T is crystalline
and analytic, i.e., satisfying that, if Dgr(V) := (V ®q, Bar)CL, the filtration on
Dyr(V ) is trivial for each maximal ideal m of L ®q,, L which does not correspond
to the identity id : L — L. Correspondingly, we let Rep§™ (G ), resp., Repy " (GL),
denote the category of continuous G -representations in finite-dimensional L-vector
spaces which are crystalline, resp., crystalline and analytic. The base extension func-

tor L ®,, — induces an equivalence of categories

Repj;7'(GL) ®z, Qp — Rep™"(GL).

Here applying ®z,Q) to a Zp-linear category means applying this functor to the
Hom-modules. For V' in Rep; " (GL) we set Deris, (V) := (Beris,L. ®L V)L =
(Beris ®L, V)L and Deyig(V) := (Beris ®q, V)©L . The usual crystalline comparison
theorem says that D and V' are equivalences of categories between RepCLriS(GL) and
F.

L0®@p L

Lemma 3.1.1 ([78, Lem. 5.3] and subsequent discussion, or [44, Cor. 3.3.1]). There
is a fully faithful ®-functor

the subcategory of weakly admissible objects in Mod

~ . F,oq F.p
: Mod; — ModL0®@pL

D D:=Ly®q, D,

whose essential image consists of all analytic objects, i.e., those for which the fil-
tration on the non-identity components is trivial. A quasi-inverse functor from the
essential image is given by sending D to the base extension L ®Ly®q, L D for the
multiplication map Lo ®q, L — L.

Lemma 3.1.1 implies that
Deiis,. (V)™ = Deis(V)  for any V in RepCLriS’an(GL).

We denote by I (A) the category of étale (¢4, I'z)-modules over Ay, (cf. [80,
Def. 3.7]) and by EIR}‘(AL) the full subcategory consisting of those objects, which are
finitely generated free as Az-module. For M in EIJ&;} (AL),resp., forTinRep,, ((GL),

we put V(M) := (A ®4x, M)?1®M=1 resp., Di1(T) := (A ®,, T)tun),
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Having defined all of the relevant categories (and most of the functors) we now
contemplate the following diagram of functors:

Vv
—
MZ(AL) = "Rep,, r(GL)
AL®, +— Dy
L
-
,F . ~ is,
Mod? Lo Rep,”7'(GL)
08,1~ ModﬁLfPL"’“ ®2, Q, L8, (32)

o

VL
oL, I'L,0 —— F.pq,wa ——— cris,an
Mod, Mod, = "Rep;(Gr)

Dcris.L
<

Tr,an ————— F,
Mod&: T Mod, *#7.
—

<

o i[l ¢

12

ES

The arrows without decoration are the obvious natural ones. The following pairs of

functors are quasi-inverse ®-equivalences of ®-categories:

*  (Drr,V) by [44, Thm. 1.6];

*  (Deris, L, V1) by combining the crystalline comparison theorem (cf. [31, Rem. 3.6.7])
and Lemma 3.1.1;

e (D, M) by [44, Prop. 2.2.6] (or [8, Thm. 3.4.16]) and [44, Cor. 2.4.4], to which
we also refer for the definition of the functor M.

In particular, all functors in the above diagram are ®-functors. The second arrow in
the left column, resp., the left arrow in the second horizontal row, is an equivalence
of categories by [44, Cor. 2.4.2], resp., by [44, Cor. 3.3.8]. The lower square and the
upper quadrangle are commutative for trivial reasons.

Remark 3.1.2. We list a few additional properties of these functors.

(i) For any M in EHE;}(AL) the inclusion V(M) € A ®4, M extends to an
isomorphism

AQ, V(M) S A®s, M, (3.3)

which is compatible with the ¢,- and I'z -actions on both sides.
(i)  The functors Dit, V,and V(AL ® At —) respect exact sequences (of abelian
L
groups).
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(iii) (Cf.[8, Prop. 3.4.14].) For any object .M in ModgL’FL’an the projection map
:M[%] — D(M) restricts to an isomorphism M[%]FL = D(M) such
that the diagram

M[22)TL =5 D(M)

T

(ﬂeMJ/ l‘pD((M)

MG —== D(M)

I
1S commutative; moreover, we have
M[22] = O[92] @, M[22]™ = O[22] @1 D(M).

Now we recall that A is the p-adic completion of a divided power envelope of
W(E™) (cf. [62, §1.4.1]) and let Agris, 1 1= Acris ®o,., 01 The inclusion W(ET) C A
induces an embedding A} W(E), Acris, L

We observe that # 1 = log;(wrr) belongs to ch
know that ¢, (Bmax) € Beris © Bmax. Whence we obtain

. Indeed, by [22, §II1.2] we

ggq(Bmax ®L0 L) - Bcris,L - Bmax ®L0 L

where the definition of By, can be found in loc. cit. By [24, Prop. 9.10, Lem. 9.17,
§9.7], fir and wrr are invertible in Bupa,r € Bmax ®L, L (this reference assumes
that the power series [ ](Z) is a polynomial. But, by some additional convergence
considerations, the results can be seen to hold in general (cf. [73, §2.1] for more
details)). Hence, by the above inclusions and using that ¢, (fr) = 7mptir, we see that
frr 1S a unit in By, . In particular, we have an inclusion Ay L[ﬂL liT -
Moreover, since @4 (wpr) = Qorr is invertible in ¢4 (Bmax ®1, L), the elements wrr
and Q are units in B, 7 as well. In particular, we have an inclusion

A+[L] - Bcris,L- (34)

LT

Bcris,L'

Next we shall recall in Lemma 3.1.4 below that the above inclusion AZ C Acris,L
extends to a (continuous) ring homomorphism

0 — Acrls L[ ] - Bcrls L- (35)

Fora € Et ~ proj lim,, oc,, (cf. [73, Lem. 1.4.5]) we denote by @ as usual its
Zero-component.

Lemma 3.1.3. The following diagram of or.,-modules is commutative:

0 J WEH 22— oc, 0

|

0 — ker(©) —— W(E), N oc, — 0,

(3.6)
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where
J = ker(®),
O: Z[an]p” — Za,(lo)p”, and similarly

n>0 n>0

. n 0)_.n
Or : Z[an]nL — E aOnr,

n>0 n>0

while u denotes the canonical map as defined in [30, Lem. 1.2.3], which sends Teich-
miiller lifts [ with respect to W (E™) to the Teichmiiller lift o] with respect to W(E™) .

Proof. First of all, we recall from [73, Lem. 1.6.1] that ® and ®, are continuous and
show that also u is continuous, each time with respect to the weak topology. Let V),
and V;, denote the Verschiebung on W(l~§l+) and W(EJr) L, respectively.

A fundamental system of open neighborhoods in these rings consists of

m—1

Uam :={(bo.b1....) € W(ET) | bo.....bm1 €a} =Y Vi(la]) + p"W(E")
i=0

and similarly U(fm = {(bo,b1,...) € W(E+)L|b0, ...,bm—1 € a} for open ideals a
of ET and m > 0; see §1.5 in loc. cit. By oL, -linearity, we see that u(p™ W(ET))
p™W(ET),. Using the relation

u(Vpyx) = %Vn (u(Ff_lx))
from [30, Lem. 1.2.3]° one easily concludes that
u(Vy (1B]) = (£)'va, (")),

whence u(Uq,;m) C UaL’m and the continuity of u follows.
Since the commutativity is clear on Teichmiiller lifts and on p by oy, -linearity,
which generate a dense ideal, the result follows by continuity. |

The following lemma generalizes parts from [62, Prop. 1.5.2].
Lemma 3.1.4. Sending [ = }_,.qanZ" to f(wrr) induces a continuous map
00— Acris,L[%]y

where the source carries the Fréchet topology while the target is a topological of -
module, of which the topology is uniquely determined by requiring that Acs,1. is
open; i.e., the system p™ Acis,. with m > 0 forms a basis of open neighborhoods
of 0.

>Note the typos in loc. cit., where u(V,x) = 7;"7 Var (F/~Yu(x)) is stated. Moreover, one
has the relation u(F/ x) = Fu(x).
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Proof. First of all, the relation J? C pA.s from [62, §1.4.1, bottom of p. 96] (note
that J? C W), (R) regarding the notation in loc. cit. for the last object) implies easily
by flat base change

Jf - pAcris,L (37)

with J, :=J ®oy,, OL- By [73, Lem. 2.1.12] we know that wir belongs to ker(®p).
Now we claim that there exists a natural number 7’ such that /. lies in Wy := Jp, +
pW(E1)L, whence for r := pr’ we have w{r € W, with Wy, :== W™ for allm > 0.
To this aim, note that diagram (3.6) induces the following commutative diagram with
exact lines:

= ®
0 Wi W(E+)®0L00L = (oc, ®0L00L)/p(0<cp ®0L00L) —0
l gl l
0 = ker(0) + pW(E*H), — WEH, ——25 s o¢, /poc, ———— 0,

where the map u is induced by sending a ® b to ab and a reference for the middle
vertical isomorphism is [73, Prop. 1.1.26]. By the snake lemma the cokernel of the
left vertical map is isomorphic to

ker(p) < ker ((oc, ®o,,, 0L)/P(0c, ®oy, 0L) — k)
= ker(oc,/poc, ®k oL/ porL — oc,/mc, Qk oL/mLoL)
= mc, ®k oL/ poL + oc,/poc, Qk wLoL/ poL
and thus consists of nilpotent elements, whence the claim follows. Here mc,, denotes
the maximal ideal of oc,, .

Now let f = ano an, Z" satisfy that |a,|p" tends to zero for all p < 1. Writing
n =qpr +r, with0 <r, <r, we have

n T r
anWyr = anwL’%(wLT)qn € dan %qn - anpq" Acris,L,

where the last inclusion follows from (3.7). But |a, p?"| < |a, |pp1_% tends to O for
n — oo. Thus, the series ano anoly con:l/erges in Acris,L[E].
Moreover, since one has supla, p~!*7| < p| f|, for the usual norms | |, if
1 .
1 > p > p~r, we obtain for any m that

1Al <p™ 'y S {f €O flow) € p™ Auis L},

whence the latter set, which is the preimage of p™ A, 1, is open. This implies con-
tinuity. ]

Lemma 3.1.5. The big square in the middle of diagram (3.2) is a commutative square
of ®-functors (up to a natural isomorphism of ®-functors).
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Proof. We have to establish a natural isomorphism

L ®o, V(AL ®,4 N) = VL (D(O ®,+ N)) forany N in Modi{frba“. (3.8)
In fact, we shall prove the dual statement, i.e., using (3.1), that
(L ®o, V(AL ®,+ N))" = VL(D(N))", (3.9)
where * indicates the L-dual. From the canonical isomorphisms

Homy, , (M, A) 2 Homy o, (A ®a, M,A)
=~ Homy ¢, (A ®o, V(M),A)
=~ Hom,, (V(M),A%=")
=~ Hom,, (V(M),o0L),

where we used (3.3) for the second isomorphism and write M for Ay ® A} N, we con-
clude that the left-hand side of (3.9) is canonically isomorphic to Homy, o, (AL ® A}

N.A) ®,, L.Let At := AN W(E")L. On the one hand, by [44, Lem. 3.2.1], base
extension induces an isomorphism

Hom,+ (N A1) iHomAupq(AL ®Az N,A).

Af LT

On the other hand, in [44, Prop. 3.2.3], Kisin and Ren construct a natural isomorphism

Hom + (N A+[ ’ ]) ®0L L _> HomLManll((N/a)LTN)[ ] CI‘IS,L)'() (310)

A/ LT

Therefore, the left-hand side of (3.9) becomes naturally isomorphic to
Homy ¢, il (D(N), Beis,z) = VL(D(N)*), (3.11)

where the last isomorphism is straightforward. Thus, the proof of (3.9) is reduced to

the canonical identity
VL(D(N)*) = VL(D(N))". (3.12)

This can be proved in the same way as in [31, Rem. 3.4.5 (iii), Rem. 3.6.7]: Since V[,
is a rigid ®-functor, it preserves inner Hom-objects, in particular duals.

In order to see that (3.8) is compatible with tensor products, note that base change,
taking L-duals or applying comparison isomorphisms, is ®-compatible. Thus the
claim is reduced to the tensor compatibility of the isomorphism (3.10), the construc-
tion of which we therefore recall from [44]. It is induced by a natural map

Hom +(N AT[L]) ®,, L — HomL((N/a)LTN)[ ] Besis,)

LT

®®,, L is missing in the reference!
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which comes about as follows. Let f € Hom, + (N, At [wLLT]). By composing f with

the inclusion (3.4) we obtain fi : N — B, LL. By base extension to () via (3.5) and

then localization in Q the map f; givesrise toamap f2: (0 ® .+ N )[é] — Bsis, L.
L

We precompose this one with the isomorphism 1 ® ¢p to obtain

f:08,+, Ng] = R+ N[ g] = Beris.L.

Now we observe the inclusions
© ®Af N)[é] c© ®Aj,¢L
=0 ®0,, ((0®,+ N)[F2]).

oL M[FE]2©0 &4y, Mo (7]

L

They only differ by elements which are invertible in B, 1. Therefore giving the map
/3 is equivalent to giving amap f3 : 0 ®g,¢, (O ®A+ N)[wu]) — Byyis, 1. Finally,
we use Remark 3.1.2 (iii) which gives the map

£ (VourN)[3] < (0@, M[$2])™ = © @5 N[42].

tr tr

2 Tnz

By precomposing f; with 1 ® € we at last arrive at amap f5 : (N/wprN) [%] — Besis, L
From this description the compatibility with tensor products is easily checked. |

Suppose that N is in Mod“’L’FL’an andput 7 := V(AL ® A N)in RepCrlb ‘"’(G ).

Then, by Remark 3.1.2 (iii) and Lemma 3.1.5, we have a natural isomorphism of ®-
functors

comp : O[$U] @ ar N = O[22 ] ®L Deis.. (L @0, T) (3.13)

which is compatible with the diagonal ¢’s on both sides.
In the proof of [44, Cor. 3.3.8], it is shown that, for any 7" in Repzm “*(GL), there

exists an A+—submodule M € Dyp(T) which
(N1) liesin Mod‘”L TLoan with @gy and the T'z -action on M being induced by the
(pq.T)- structure of Dyr(T) and
(N2) satisfies Ay, ®A+ M = Dpr(T).
Note that property (N2) implies that 9t is p-saturated in Dyp(T), i.e., sm[ 1N

Di1(T) = I, since AZ is obviously p-saturated in Ay .
We once and for all pick such an N(T') := . This defines a functor

N : Rep)§(GL) — Mod‘”L’FL’a“

which is quasi-inverse to the undecorated horizontal arrow in the above big diagram
(3.2). Note that N is in a unique way a ®-functor by [65, §1.4.4.2.1].
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Remark 3.1.6. For T in Repcm dn(GL) and N := N(T) in Mod“’L Tr.an we have the
following:
(1) IfV:=L ®,, T isapositive (the Hodge-Tate weights are non-positive,
i.e., gr/ Dgr(V) # 0 implies that j > 0) analytic crystalline representation,
then N is stable under gy .
(i1)  If the Hodge—Tate weights of L ®,, T are all > 0, then we have

N C A} -on(N),
where the latter means the A+—span generated by ¢y (N).

Proof. The corresponding assertions for M:=0®, +N are contained in [8, Cor. 3.4.9].
Letny,...,ngz bean A -basis of N.

For (1) we have to show that oy (n;) € N forany 1 < j < d. Writing pn (n;) =
Zl 1 fijni we know from the definition of the category Mod“’L’FL A% that f;; € A [ ]
and from the above observation that f;; € @. This reduces us to showing the 1nclus1on
oL[[Z]][ 1N O C or[Z]. Suppose therefore that Q"h = f forsome r > 1, h € O,
and f e or[Z]. The finitely many zeros of Q € or[Z], which are the non-zero
71, -torsion points of the Lubin-Tate formal group, all lie in the open unit disk. By
Weierstrass preparation it follows that Q must divide f already in oy [Z]. Hence,
he 0y, [[Z ]]

For (ii) we have to show that n; = Zle fijon(n;), forany 1 < j < d, with
fij € AZL. For the same reasons as in the proof of (1) we have

d d
np=Y fhonm) =Y flonn)
i=1 i=1

with f/; € A+[ ] and £/ € @. Then ZZ_I( — [iDen (n;) = 0. But, again by

the definition of the category Mod‘”L’FL ' the (p n (n;) are linearly independent over
A+[Q] and hence over (9[ ] It follows that 1/ = ;’ € A+. ]

CIIS an

First, we further investigate any 7" in Rep op . f (Gr) whose Hodge—Tate weights
are all < 0, i.e., which is positive. For this purpose we need the ring AT = A N
W(E™)L. One has the following general fact.

Lemma 3.1.7. Let F be any non-archimedean valued field which contains o,/ wpoy,
and let o denote its ring of integers; we have the following:

(i) Leta € W(F)L be any element; if the W(oF ) -submodule of W(F), gen-
erated by {(,0,’1'7 (a)}iso is finitely generated, then v € W(oF)L.

(i) Let X be a finitely generated free or,-module, and let M be a finitely gen-
erated W(or)r-submodule of W(F)r ®,, X; if M is ¢, ® id-invariant,
then M C W(or)L ®o, X.
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Proof. (1) This is a simple explicit calculation as given, for example, in the proof of
[23, Lem. IIL.5]. (ii) This is a straightforward consequence of (i). [ ]

Proposition 3.1.8. For positive T in Repzrls afn(GL) we have
N(T) € DH(T) == (AT ®,, T)krtan),

and N(T) is p-saturated in D;7(T).

Proof. By Remark 3.1.6 (i) the A} -submodule N(T') of W(E) ®,, T is ¢, ® id-
invariant (and finitely generated). Hence, we may apply Lemma 3.1.7 (ii) to M :=
W(E™) - N(T) and obtain that

N(T) € (WE')L ®, T) N (A ®,, T)"0D = D (T).

Since N(T) is even p-saturated in Dy1(7T), the same holds with respect to the smaller
D(T). "

Corollary 3.1.9. For positive T in Repcm ‘m(G ) the A} -module D{(T) is free of
the same rank as N(T).

Proof. By the argument in the proof of [23, Lem. II1.3] the A+-m0dule DI(T) is
always free of a rank less than or equal to the rank of N(T'). The equahty of the ranks
in the positive case then is a consequence of Proposition 3.1.8. ]

Next we relate N(T) to the construction in [5, Prop. II.1.1].
Proposition 3.1.10. Suppose that T in Repcm dn(GL) is positive. For N := N(T) we
then have the following:
(1) N is the unique A+-submodule of Dpr(T) which satisfies (N1) and (N2).
(i) N is also the unique A+—submodule of D w(T) which satisfies the follow-
ing:
(a) N is free of rank equal to the rank of D;7.(T);
(b) N is I'p-invariant;
(¢) the induced T'r-action on N/wyrN is trivial;
(d) of;D;(T) C N for somer > 0.
Proof. Let P = P(Az) denote the set of height one prime ideals of A]J:. It contains
the prime ideal po := (wrr).
Step 1. We show the existence of a unique AZ-submodule N’ of DI}(T) which

satisfies (a)—(d), and we show that this N’ is ¢,-invariant.

Existence. We begin by observing that the Az-submodule N := N(T) of D;(T)
has the properties (a), (b), and (c), but possibly not (d). In particular, the quotient
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D(T)/N is an Azr—torsion module. Hence, the localizations N, = DZFT(T),D coin-
cide for all but finitely many p € P. By [16, VI.4.3 Thm. 3] there exists a unique
intermediate A+—module N C N’ C D;.(T) which is finitely generated and reflex-
ive and such that Ny = Ny, and N = D{(T), for any p € P\ {po}. Since AZ’
is a two-dimensional regular local ring, the finitely generated reflexive module N’ is
actually free and then, of course, must have the same rank as N and D w(T). We also
have N’ = (), Ny = Ny N[ pzp, D}(T),. Since py is preserved by Cpt(r) and

I, it follows that N’ is ¢ DT and I'; -invariant. Next the identities
LT
L ®o, N/wirN = Np,/orrNyy = Ny, Jorr Ny, = L ®,, N'/orrN' 2 N' /e N’

show that the induced I'z-action on N'/wyr N’ is trivial. By using [16, VI.4.4 Thm. 5]
we obtain, for some my,...,mgz >0, a homomorphism of AZ—modules DITT(T)/N’ —
69?:1 AZ / pg'i Ai whose kernel is finite. Any finite AZ—module is annihilated by a
power of the maximal ideal in AZ. We see that D;(T')/ N’ is annihilated by a power
of pg, which proves (d).

Uniqueness. Observing that

y(orr) = [ir(y)](wrr)  forany y € I'z

(cf. [73, Lem. 2.1.15]), this is exactly the same computation as in the uniqueness part
of the proof of [5, Prop. II.1.1].

Step 2. We show that N’ is p-saturated in D "w(T). By construction we have (N”) (x, )
= DLT(T)(,,L) This implies that the p-torsion in the quotient D{.(T')/ N’ is finite.
On the other hand, both modules, N’ and D]jLT(T), are free of the same rank. Hence,
the finitely generated Az-module D}(T)/N' has projective dimension < 1 and
therefore has no non-zero finite submodule (cf. [59, Prop. 5.5.3 (iv)]).

Step 3. We show that N’ = N. Since both, N and N’, are p-saturated in D;7.(T), it
suffices to show that the free B+—modules NV):=N [ Jand N'(V) := [;] over
the principal ideal domain B} := A+[ ] coincide. As they are both I'7 -invariant, so
is the annihilator ideal

I := ann (N’(V)/N(V))

Hence, by a standard argument as in [5 Lem. 1.3.2], the ideal [ is generated by an
element f of the form w[y ]_[n>1 o7 ~1(Q)* with certain o, > 0,0 <n < s, for
some (minimal) s > 0. Since N(V)(w) = N'(V)(wy) by the construction of N, it
follows that g = 0. Assuming that M := N'(V)/N(V) # 0, we conclude that s > 1
(with oy > 1), i.e., that, with p, := ((pz_l(Q)), we have M, # 0 while M, _,, =0.
We claim that (o7 M)y, ., # 0. First, note that we have an exact sequence

s+1

0— (B*)d B! - M -0,
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with f dividing det(A) € BZ \ (BZ)XS, which induces an exact sequence
+yd PL(A) +\d *
0— B;) —— B;) - ¢;M — 0.

Since ¢z (f) = ]’[fﬁ; @~ 1(Q)¥n 1 divides det(gz, (4)), we conclude that det(¢z, (A))
belongs to ps+1 which implies the claim.
Now consider the following diagram with exact rows:

0 —— (gozN(V))[é] —= N(V)[é] — 00— 0

[ [

0 — (9rN'WM)[g] — NN[g] — € — 0.

The upper isomorphism comes from the definition of the category Modl‘:_ﬁ’F LA qp
which N lies. The map -

(eiN'M)[5] = N'W[g]
is injective since ¢ N’ — N’ is the restriction of the isomorphism
¢1 Dur(T) = Dux(T).
By the snake lemma and as Q ¢ ps+1 we obtain an injection

0# (<PZM)m+1 — My, =0,
which is a contradiction. Thus, M = 0 as had to be shown. [

Remark 3.1.11. The following are two examples:

(i)  Wehave N(oL(xi1)) = a)LTAZr ®o, 0Ln® tand N(or) = AZ (recall that
n denotes our fixed generator of 7).

(i) Letor (x) = orto with y : G — o] unramified. Then there exists an a €
W(kr); withoa = y~!(0)a forall o € G by Remark 3.2.4;” in particular,

N(or(x)) = Dit(oL(x)) = Afno forng =a ®to.
where I'z, fixes ng and @ (o, (y))(n0) = cng with ¢ := "’LT(“) €o;.

Proof. Each case belongs to a positive representation 7: in all cases the right-hand side
of the equality satisfies the properties characterizing N(7") in Proposition 3.1.10 (ii)
(cf. [73, Lem. 2.1.15]). ]

7Since 77 has trivial G -action, the period a there can be normalized such that it becomes
aunitin W(kz)r.
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cris,an

Lemma 3.1.12. Forany T € RepoL p (Gr) we have the following:
e N(T) is the unique AZ’—submodule of Dur(T) which satisfies (N1) and (N2);
© N(TGr) = ofxN(T) ®op oLn®™".

Proof. First, we choose r > 0 such that T'(x;{) is positive. Sending N to
o[t N(T) ®o, oLn®" C Dix(T) Qo OL n®"

viewed in Dir(T) ®,, 0rn®™" = Dir(T(xi)) sets up a bijection between the AZ-
submodules of Dyp(T) and Dyr(T (xf)). respectively. One checks that N satisfies
(N1) and (N2) if and only if its image does. Hence, (i) and (ii) (for such r) are a
consequence of Proposition 3.1.10(i). That (ii) holds in general follows from the
obvious transitivity property of the above bijections. ]

Proposition 3.1.13. Let T be in Repzris’;?(GL) of op-rank d and such that V =
L ®,, T is positive with Hodge—Tate weights —r = —rg < --- < —ry < 0. Taking
(3.13) as an identification, we then have

(42)'0 @+ N(T) S O @ Do (L ®0, T) SO @y N(T)  (3.14)

LT

with elementary divisors

r T,
[(9 ®A2— N(T) 10 &L Dcris,L(L ®0L T)] = [(%) : ceeed (%) d]'
Proof. We abbreviate D := D;s,1. (V). By the definition of the functor M in [44] we
have

O®,DCMD)C ()"0, D. (3.15)

LT

On the other hand, the commutativity of the big diagram before Remark 3.1.2 says
that M(D) = O ®AZ N(T). This implies the inclusions (3.14).

Concerning the second part of the assertion, we first of all note that although
O is only a Bézout domain, it does satisfy the elementary divisor theorem (cf. [75,
proof of Prop. 4.4]). We may equivalently determine the elementary divisors of the
O-module M(D)/(O ®p D). The countable set S of zeros of the function % €O
coincides with the set of non-zero torsion points of our Lubin-Tate formal group,
each occurring with multiplicity one. The first part of the assertion implies that the
O-module M(D)/(O ®1, D) is supported on S. Let M, (D), resp., O, denote the
stalk in z € S of the coherent sheaf on the open unit disk B defined by M (D), resp., O.
The argument in the proof of [8, Prop. 1.1.10] then shows that we have

M(D)/(O &L D) = [ | Mz(D)/(0: &L D).

zeS
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The ring @; is a discrete valuation ring with maximal ideal m, generated by ;LLTT We
consider on its field of fractions Fr((,) the m-adic filtration and then on Fr(0,) ®r,
D the tensor product filtration. By [43, Lem. 1.2.1 (2)] (or [8, Lem. 3.4.4]) we have

M (D) = Fil°(Fr(0,;) ®, D) foranyz €S,

and this isomorphism preserves @, @ D. At this pointwelet0 <s; <--- <S§, <r
denote the jumps of the filtration Fil® D, i.e., the r; but without repetition. We write

D=D{®---®D,, suchthat Fil" D =D; & --- & D,,.

For the following computation let, for notational simplicity, R denote any L-
algebra which is a discrete valuation ring with maximal ideal m. We compute

.
Fil’ (Fr(R) @, D) = Y wm ™/ @, FiV D =» m™/ @ Fil/ D
jeZ j=0

—Zm Si @ Fil*f D = ZZm ‘i @1 Dj

i=1j=i
m J
-3 (L)oo = St e,
j=1 i=1 Jj=1

Hence, we obtain

Fil’ (Fr(R) ®. D)/(R®L D) = @m i /R ®p D;j = @R/msf ®L D;j.
j=1

By combining all of the above, we finally arrive at

M(D)/(0 ®1 D) = [ [ Mz(D)/(0: @1 D)

zeS

=~ []Fil® (Fr(0.) ®L D)/(O: &L D)

zeS
m
= [1(@o-/m? o1 1))
zeS j=1

@s

(TT(©:/(£2)7 0: ®1 D))

1 zeS

(1_[(92/ ;LLTT ) O )®LDj

1 zeS

<.
Il

P

<.
Il

0/(11) 9 @ D;. n

LT

<
Il
—-

@
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For a first application of this result we recall the comparison isomorphism

N(V)
gl (3.16)

for any T in Repzris’?’(GL), V:=L®,, T,and N(V) := N(T)[%]. The left hor-
izontal inclusion comes from the fact that % is a multiple of Q in @. In particular,

we have the commutative diagram

N(V) =25 0[22] @, Derio.. (V)
Ny l‘pN(V) l‘pL Q@eris
comp

NOW) = N(V)[é] —— O0[22] Q1 Deris, (V),

T

where we let N @ (V) be the AZ-submodule of N( V)[é] generated by the image of
N(V') under ¢n () and where ¢ denotes the g-Frobenius on D5 7 (V). We note
that since Q is invertible in Az, N @ (V) can also be viewed as the AZ—submodule
of Dir(V) = A ®Azr N (V') generated by the image of N(V') under ¢p,,(v). From
this one easily deduces (use the projection formula for the yr-operator) that the map
Y¥p.r(v) on Dyr(V) restricts to an operator

YNy NOW) — NV).

Corollary 3.1.14. Assume that the Hodge—Tate weights of V are all in [0, r]. Then
we have
comp(N(V)) cCO®L Dcris,L(V)’
comp(N@(V)) € O &1 Deis,.(V), (3.17)
comp(N(‘p)(V)WN(‘”:O) C OV @ Desis (V).

Proof. Apply Proposition 3.1.13 to T(yxf). and then divide the resulting (left)
inclusion in (3.14) by ¢/ and tensor with oy (x{). This gives the first inclusion by
Lemma 3.1.12 upon noting that

t[fTDcris,L(L ®0L T) XL L77®_r = Dcris,L (L ®0L T(XE]{))

The second inclusion easily derives from the first by using that the map comp is
compatible with the ¢’s.

For the third inclusion we consider any element x = ) ; fion)(x;) € N @),
with f; € AZ and x; € N(V), such that Yy (x) =), ¥ (fi)x; =0. We choose an
L-basiser,. .., ep of Deis, (V) and write comp(x;) =) _; fi; ®e; with fi; € 0. Then

0 = comp(Yn(ry(¥)) = Y Yr(fi)eomp(x;) = Y Y YL(fi) fij ® ¢
i i J
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and it follows that

vi( X fren(fin)) = S vnifiy =0.

ie., that Y, fior(fi;) € O¥L=0. On the other hand, we compute

comp(x) = Z Jionwy(xi) = Z Jilpr ® %ris)(comp(xz'))
= Z Z fz((ﬂL(fl]) ® §ocris(ej))
i
:Z(Zﬁ(ﬂL(ﬁ]))®(pcrls(ej) "
j i

Corollary 3.1.15. In the situation of Proposition 3.1.13, we have
r
Dcris,L(V) = ((9 ®A‘L|' N(T)) ‘L

Proof. We set M := O ® ,+ N(T) and identify the modules D(M) and Desis, (V)
L

by using Lemma 3.1.5 and (3.14). The proof of [44, Prop. 2.2.6] combined with

Remark 3.1.2 (iii) implies the commutativity of the following diagram:

D(M) > O[22] @, D(M) — s M)

T

k ]\inCIA ]inc]_

M(D(M)) —=—— M,

in which the right vertical map is the canonical inclusion while the left vertical map
stems from the definition of the functor M as in (3.15) (which also implies the com-
mutativity of the left triangle). Taking I'z -invariants and using the fact that the upper
line induces the isomorphism D (M) = M [%]FL in Remark 3.1.2 (iii), the result
follows. ]

Corollary 3.1.16. In the situation of Proposition 3.1.13, we have Q"N (V) S N@(V).

Proof. In the present situation, ) : N(V)) — N(V) is a semilinear endomorphism
of N(V) by Remark 3.1.6 (i). Then

Yo@ s NV) = L @ ¢Nw) 1 0 @+ N(V) = O ®,+ N(V)
L
is an endomorphism as well. The corresponding linearized maps are
oy | AT Rpt g NV S NOWw)c NY)

f®x= fong)(x)
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and

lin

Yoo (NV) = ido ® ¢n(yy 1 O ®pt o NV)
L

SPL

=0 ®,+ (A} Byt N(V)) > O @+ N(V).

1%

Since O is flat over Azr [HL], it follows that
L
O ®,+ N(V)/im (¢g"®A+ ) =0 ® (N(V)/N@)).
L
But O is even faithfully flat over AZ [%]. Hence, the natural map
N(V)/NOW) - 0 ®,+ N(V)/im (gog“®A+ )
L

is injective. This reduces us to proving that
. li
0"(0 B, NOV)) S im (¢85, nav))-

, we do have

. . @1,V ,an
As for any object in the category Mod """

o"(o R+ N(V)) S im (40?9“@“ N )
L

for some sufficiently big integer /. On the other hand, (3.14) says that
(M)’comp(O ®,+ N(V)) C O QL Deis,.(V) C comp((9 ® \+ N(V)),
L L

LT

Since @5 1s bijective, we can sharpen the right-hand inclusion to
O ®L Deris,. (V) C Comp(im@}ipn@q N(V)))‘

It follows that
r : in
(;LLTT) (o ®A2L N(V)) Cim ((pi9®AzN(V)).

Since the greatest common divisor of Q" and (;#LTT)’ is QMin(:7) e finally obtain
that

0"(0 ®,+ N(V)) < im (‘/’gn®A+ N =
L

Corollary 3.1.17. In the situation of Proposition 3.1.13, we have, with regard to an
A} -basis of N := N(T) and with s := Zle ¥, that

det (pn : N(T) — N(T)) = det (pn) : N(V) = N(V)) = Q°

up to an element in 0} - (o1, — 1)((A])X).
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Proof. Note first that N is gy -stable by Remark 3.1.6 (i). Moreover, the determinant
of g acting on N(V') equals the determinant of ¢, ® ¢y acting on 0 ® ,+ N(T)

since we can take for both an AZ -basis of N(T'). Since tpL(cf)LLTT) = % CZLLTT byL Propo-

sition 3.1.13, the latter determinant equals (%)_S multiplied by the determinant
of ¢r ® Frob acting on O ®j, Deis,z (V). The latter is equal to the determinant
of Frob on D5,z (V), which is 7; up to a unit in o since the filtered Frobenius
module Dgs,7, (V) is weakly admissible. This shows the claim up to an element in
oF - (pr — 1)(0%). But O* = wZ x (A])* by [48, (4.8)]. Hence, (g1 — 1)(O*) =
(oL — D((AD)). .

3.2 The determinant of the crystalline comparison isomorphism

Let T be any object in Repzris’j,"(GL) of or-rank d and such that V = L ®,, T has
Hodge-Tate weights —r = —rg < --+ < —rj; wesets := sz=1 ri, N := N(T) and
M = @ ® N. Consider the integral lattice

D :=D(T) € Deis.. (V)

which is defined as the image of N/wi rN € D(N) under the natural isomorphisms
D(N) = D(M) = D, (V) arising from Lemma 3.1.5 and (3.1). Then with N(—)
also D(—) is a ®-functor. The aim of this subsection is to prove the following result.

Proposition 3.2.1. With regard to bases of T and D, the determinant of the crys-
talline comparison isomorphism

Beris,L ®LV = Beis,. ®L Deris,. (V)
belongs to t{'; W(IEL)}f.
We write /\ V for the highest exterior power of V over L.
Remark 3.2.2. If V is L-analytic (Hodge-Tate, crystalline), then so is /A V.

Since D,z is a tensor functor, we are mainly reduced to consider characters
p: G — L*, for which we denote by V/, its representation space.

Remark 3.2.3. Let V, be Hodge—Tate. We then have the following:

(i)  The character p coincides on an open subgroup of the inertia group I of

G with
[T oo
o XoL,1T?

ogeX;

for some integers n,, where X7 denotes the set of embeddings of L into L
and yqr 7 is the Lubin-Tate character for oL and o (7z.).

(i1) If, in addition, V), is L-analytic, then p coincides on an open subgroup of
the inertia group /;, with y{'; for some integer n.
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Proof. This follows from [81, III.A4 Prop. 4 as well as III.A5 Thm. 2 and its corol-
lary]. ]

Remark 3.2.4. Let p be a crystalline (hence, Hodge—Tate) and L-analytic character.
We then have the following:

(i)  If p factorizes through Gal(L’/ L) for some discretely valued Galois exten-
sion L’ of L, then the determinant of the crystalline comparison isomor-
phism for V,, belongs to (W(kyp) L[%])>< (with respect to arbitrary bases of
V and D, (V).

(i) If p has Hodge-Tate weight —s, then the determinant of the crystalline
comparison isomorphism for V), lies in 7.(W (k)L [%])X.

(iii) pis of the form yJ'; x*" with an integer n and an unramified character y*".*

Proof. We shall write K for the maximal absolutely unramified subextension of K,
any algebraic extension of Q. Taking G -invariants of the comparison isomorphism
shows that the latter is already defined over

G/ , , — -
B L, = (L ®L0 Bcris)GL =L ®L0 (Bcris)GL =L ®L0 L/O - W(kL)L[%],

cris, L —

whence (i). Using Remark 3.2.3 (ii) and applying (i) to pyf gives (ii). By the same
argument it suffices to prove (iii) in the case of Hodge—Tate weight 0. Then its period
lies in the completion of the maximal unramified extension of L by (i), whence the
claim that p is unramified follows, as the inertia subgroup of G;, must act trivially. m

By Proposition 3.1.8 we have
N(T) € DfH(T) SA* ®,, T
if T is positive. Using (N2) and the isomorphism
A ®a, Dir(T) = AR, T,
we obtain a canonical injection
AT Byt N(T) = A" ®,, T. (3.18)

Proposition 3.2.5. If T is positive, then the determinant of (3.18) with respect to the
bases of N(T') and T is contained in a)iT(AZ)X -W(kp)f.

8 Also the converse statement is true: Indeed, any unramified character is locally algebraic
(by definition, see [81]), whence HT. By [81, A3 Prop. 3, A5 Thm. 2] the Hodge—Tate weights
are all zero, whence p is L-analytic. It is crystalline as it is admissible; i.e., there is a period in
C ;;, which in this case needs to lie in the fixed field under inertia, which is contained in Bs.
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Proof. Let M € M;(A™) be the matrix of a basis of N(T') with respect to a basis of
Tand P € My (AZ) the matrix of ¢y with respect to the same basis of N(7"). Then
we have @7 (M) = MP. By Corollary 3.1.17 we have det(P) = Q%¢r(f)f 'u for
some f € (Azr)X and u € of. But Q0 = ¢y (wrr)wi7 . We deduce that

pr(det(M)) = pr(@irf) iz f)" u det(M),

i.e., that
(wipfa) ' det(M) € A?L=! = of
witha € W(IEL)E such that ¢y (a)/a = u. It follows that
det(M) € wiror (AF)< - W(kp)}.
But we also have det(M) € A*. Hence, we finally obtain’
det(M) € wfrop (Af) - W(kp)f NA* = of1(A]) - W(k)}. n

Remark 3.2.6. For T = oy () with unramified y as in Remark 3.1.11 the map (3.18)
maps the basis ng to a ® to.

Lemma 3.2.7. If T is positive, then we have the following:
(1) o0 ®0L °(D(T) =0 QL Dcris,L(V) - Comp(O ®A2‘ N(T)),
(i)  the determinant of the inclusion in (i) with respect to the bases of D(T)
and N(T) belongs to (M)S(AZ)X;

wrLT
(iii) for T =or (x) with unramified y as in Remark 3.1.11, comp(ng) = ¢r.(a) ®
to =ca @ty € Dyis,. (V) with ¢ = ‘pLT(“) € oz; in particular, the element

a ® to is a basis of D(T).

Proof. By construction the comparison isomorphism (3.13) is of the form
comp = ido[g 1 ®L comp,
LT
with

r, = =
compy, : (O Ryt N[2z])F =2 N/a)LTN[%] = D(N) = Deis..(V)

tr

the right-hand arrow being the natural isomorphism from Lemma 3.1.5. For positive
T we know in addition from the proof of Corollary 3.1.15 that

((9 ®AZL N)FL = ((9 ®AZ‘ N[m])m'

T

We deduce that
comp(O ® 5t N) 2 O ®, comp,((© ®,5F N)FL) = 0 QL Desis,. (V).

°The argument also shows that o;AT ®,, T € AT ®4, N(T) € AT ®,, T. But the
left inclusion does even hold with r instead of s (cf. [83] following [5] in the cyclotomic case).
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By Proposition 3.1.13 we know that the determinant in (ii) is of the form ( CZLLTT)S f(wrr)
with f(wrr) € O*. On the other hand, if we base change the inclusion in (i) to
L = O/w10, then we obtain the base change from oy to L of the isomorphism
D = N/wrN. By our choice of bases the determinant of the latter lies in o} . Since
evaluation in zero maps (;LLTT)S f(orr) to £(0), it follows that f(0) belongs to o} and
hence (cf. [48, (4.8)]) that f(wrr) belongs to (A:)X.

Now we prove (iii): By the above description of comp,, we have to show that the
image 719 € D(N(T)) of ng is mapped to ca ® #¢ under the natural isomorphism from
Lemma 3.1.5. Since under the crystalline comparison isomorphisms these elements
are sent to a® (@~ ®79) € Beris,. ®1 VL(D(N)) and ca ®to € Beris, 1 ®o, T, respec-
tively, it suffices to show that the map (3.8) sendsa™! @ np € L ®, L VAL ® A} N)
(which corresponds to #p under the canonical isomorphism 7" = V(AL ® A} N)) to

(ca)™! ® fig € VL(D(N)). Dualizing, this is equivalent to the claim that the map
(3.9) sends the dual basis §,-1g,, € (L ®,, V(M))* of a ' ®ngto $(ca)-1@0y €
Vi (D(N))*. Note that the isomorphism

(L ®o, V(M))" = L ®,, Homy, 4, (AL R+ N.A)
N.AT[Z5])

~
= L ®,, Hom,+ oo

(
1 %Pq
sends 8a—1®n0 to ady,. Thus, it suffices to show that the map (3.10) sends aé,, to
cads, in Homy o, Fil(N/wpr N )[%], B.sis,1) since the latter corresponds under (3.11)
to ca ® 8z, € VL (D(N)*) which in turn corresponds to §(.4)~1g7, under (3.12).

If f = ady,,, which is the map which sends n¢ to a, then — in the notation of the
proof of Lemma 3.1.5 — f; and f> share this property, while f3 (and hence f4) sends
¢ 'ng to a because gy (¢ 'ng) = ¢ Yo (a)a " ng = no. Then f5 sends ¢~ 'iig to a
because £ (¢ 1iig) = ¢ "1ny. Altogether this means that ady,, is mapped to ¢, (a)8,, =
cady, as claimed. n

Proof of Proposition 3.2.1. The functor D 1.(—) on crystalline Galois representa-
tions is a ®-functor and commutes with exterior powers, and the crystalline com-
parison isomorphism is compatible with tensor products and exterior powers. The
analogous facts hold for the functor N(—) and hence for the functor O (—) (by base
change). The case of the functor N(—) reduces, by using the properties (N1) and (N2)
in Lemma 3.1.12 (i), to the case of the functor Dyr(—). Here the properties can easily
be seen by the comparison isomorphism (3.3).

Upon replacing T by its highest exterior power we may and do assume that the
or-module T has rank 1. In addition, by twisting T if necessary with a power of yrr
we may and do assume that 7 is positive with s = 0, i.e., unramified Remark 3.2.4.
In this case it is clear that — using the notation of Lemma 3.2.7 (iii) — the crystalline
comparison isomorphism sends #y to a ® #9. Since the latter is also a basis of D(T')
by the same lemma, the proposition follows. |
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3.3 Non-negative Hodge-Tate weights

CrlS an

Now assume that for 7" in Rep, (GL) the Hodge—Tate weights are all > 0 and

set N := N(T). By [80, Rem. 3.2 (1) (i1)] the map Y1 preserves A+. It follows that
YDy (T) Maps AZ - 9N (N) — and hence N by Remark 3.1.6 (i) (2) —into N. The
following lemmata generalize those of [4, Appx. A].

Lemma 3.3.1. For m > 1, there exists Q,, € o[ Z] such that

WL( 1 ) b4 1+a)LTQm(CULT)

o[y o'y

Proof. According to the paragraph after Remark 2.1 combined with Remark 3.2 (ii)
in [80], we have that

honr) 1= wm(wim) wL([’Z] )eA;.
LT

LT

Obviously, there exists O, € o1, [Z] such that
h(wrr) — h(0) = wrr Om(wrr).
Thus, the claim follows from

h(0) = ¢r. (h(wLT))‘wLTzo

™
=¢Lo WL([ ,,], )
Orr J |wir=0

:nil Z ([”L]m(a +LTC!:nLT))| _

aelly (a +vr orr)
_ _1 Z ([ﬂL (wLT))
a€lLT @ +rr @i lwrr=0
= 7[1”’1_1
[z ](wir) - - - ;
because (a+uwm )Iwm=0 = ng, fora = 0 and = 0 otherwise. n

Lemma 3.3.2. We have
Vi) (e Dir(T) + wfy 1N(T)) C 71, Dir(T) + w7 N(T)
and, fork > 1,

Vo (1L Din(T) + o ¥ TV N(T)) € 7 Din(T) + ik N(T).
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Proof. By Remark 3.1.6 (ii), we can write any x € N(T') in the formx = a;pn (x;)
with a; € AZr and x; € N(T). Therefore, ¥p, (1) (a)ET( +1) => VYo (kH)al)x,-
by the projection formula. Since {7, preserves AJr and is or - hnear we conclude by
Lemma 3.3.1 that Y7 (o *+Dg.) belongs to Az + iy A , whenever k > 1, from
which the second claim follows as Y p, .7y (wz Drr(T)) € 7 DLT(T) by oy -linearity
of Yp,.(r). For k = 0 finally, ¥ (w7 a;) belongs to w;' A}, from which the first
claim follows. ]

Lemma 3.3.3. If k > 1 and x € Dy1(T) satisfies Yp.(r)y(x) —x € mp Dyr(T) +
O kK N(T), then x belongs to wy Di1(T) + a)LkN(T)

Proof. Since Dyr(T)/mnp Dir(T) is a finitely generated (free) kr ((wprr))-module,
there exists an integer m > 0 such that x € 7y Dyr(T) + o " N(T); let [ denote
the smallest among them. Assume that / > k. Then Lemma 3.3.2 shows that

I—
Vpia(r)(x) € 12 Dur(T) + o "V N(T).

Hence, the element ¥p, (1) (x) — x would belong to 7tz Di1r(T') + iy ~N(T) but not

to (g, Dir(T) + oy p =Dy (T)), a contradiction to our assumption. It follows that
| < k, and we are done. ]

Lemma 3.3.4. It holds that Dyp(T)VPur™=1 C o ! N(T), i.e.,
Dir(T)¥Pur=1 = (wl}lN(T))]//DLT(T)=1'

Proof By induction on k > 1 we will show that Dyp(T)¥YPur=1 C b5 KD (T) +
ot N(T), i.e., writing x = nLyk + nyg € Dip(T)¥Pur=1 | the sequence ny will
wrz,-adically converge in w7! N(T') with limit x.

In order to show the claim, assume x € Dyp(7T)¥2ur(=1_ Ag in the previous
proof, there exists some minimal integer m > 0 such that x € g Dy (T) + w " N(T).
Then m = 1 and we are done since otherwise Lemma 3.3.3 implies that m can be
decreased by 1. This proves the claim for k = 1.

By our induction hypothesis we can write x € Dyp(T)¥Pur™=1 a5 x = nLy +n
with y € Dpr(T) and n € w* N(T). The equation ¥p,(r)(x) = x implies that
Ypu(ry(n) —n = n; (WDLT(T) () — »). In the proof of Lemma 3.3.2 we have seen
that ¥p,.(r)(n) —n € ot N(T). Note that n'L‘DLT(T) N N(T) = JTLa)L IN(T)
because Az /wiA} has no mp-torsion. Therefore, WDLT(T) (y) — y € o N(T),
whence y, by Lemma 3.3.3, belongs to 7z, Dy1(T) + wiz! N(T) so that we can write
X —JrL(ery +n)+n —nk+1 /+(71kn + n) as desired. [

SetV :=T ®,, L

Lemma 3.3.5. If Deis,,(V)?9=! £ 0, then V has the trivial representation L as
quotient; i.e., the co-invariants Vg, are non-trivial.
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Proof. Let W = V* be the L-dual of V. Then, by [80, (51)] we have
(Vo,)* = HO(L,W) = Deis, . (W)*=1 N (B @1 W)L = Deis, . (W)?=1 £ 0

because
(B ®L W)OL = (Bar @1 W)L 2 Deis 1. (W)
since the Hodge—-Tate weights of W are < 0. |

Lemma 3.3.6. If V does not have any quotient isomorphic to the trivial representa-
tion L, then Dyp(T)¥YPix=1 € N(T), i.e.,

DLT(T)wDLT(T)zl = N(T)WDLT(T)=1 .

Proof. Because of Lemma 3.3.4, it suffices to show that (w7 N (T))¥rurnH=1 C
N(T).Letey,...,eq be abasisof N := N(T) over AZ. Then, by Remark 3.1.6 (ii)

there exist B;; = 4o Bij iy € Af suchthate; = Z;i:l Bij¢n (ej). Now assume
that wi'n = Zflzl aie; =, iBijon (e;) belongs to (w7 N)Your =1 witho; =

D1 i gwiy € a)]jTlAzr. By the projection formula this implies, for 1 < j < d,
d d
oj = WL(ZOH,BU) = w7 Zai,—lﬂij,o mod A}
i=1 i=1
because vy, (wl}l) = wj; mod AZ by Lemma 3.3.1, whence
d
gL(@m)eL(e) = Y ai1Bijo mod wrAf .

i=1

It follows from the definition of f;; that

on () = pr(om)eL(e)en(e)
j

= Z @i, —1Bij.09n (e))

Jsi
E Q1€
i

=n mod wrTN,

i.e., that D (V) = N/wLTN[%] (by (3.1) and Lemma 3.1.5) contains an eigen-
vector for ¢, with eigenvalue 1 if w;;'n does not belong to N. Now the result follows
from Lemma 3.3.5. m






Chapter 4

(¢, I't)-modules over the Robba ring

4.1 Robba rings of character varieties

Throughout our coefficient field K is a complete intermediate extension L € K € C,,.
For any reduced affinoid variety YY) over Q, of L we let | |5y denote the supremum
norm on the affinoid algebra Ok (%)) of K-valued holomorphic functions on %). It is
submultiplicative and defines the intrinsic Banach topology of this algebra.

4.1.1 The additive character variety and its Robba ring

Let By denote the rigid Q,-analytic open disk of radius one around the point 1 € Q.
The rigid analytic group variety

Xo := By dz, HomZp (oL, Zp)

over @, (which non-canonically is a d -dimensional open unit polydisk) parametrizes
the locally Q,-analytic characters of the additive group oy : the point z ® B is sent to
the character y.gg(a) := zP@ 1t is shown in [74, §2] that the rigid analytic group
variety X over L, which parametrizes the locally L-analytic characters of oy, is the
common zero set in X7, of the functions

d d
dozi@Bie Y (Bit) —ti - (1)) -log(z))
ji=1 j=1

for1 <i <d;herety,..., tgisaZpy-basis of or and B, ..., B4 is the correspond-
ing dual basis. It is one dimensional, smooth, and connected. As a closed analytic
subvariety of the Stein space X, the rigid variety X is Stein as well.

For any a € oy, the map b + ab on oy, is locally L-analytic. This induces an
action of the multiplicative monoid oy, \ {0} first on the Z,-module Homgz, (oL, Z,)
and then on the varieties Xy and X. The latter actions further induce actions on the
rings of K-valued holomorphic functions Og (X¢) = Ok (X), which we will denote
by (a. f) = ax(f).

Furthermore, we have induced translation actions of o7, \ {0} on the vector spaces
C&"ﬁ (oL, K), resp., C*" (oL, K), of K-valued locally Qp-analytic, resp., L-analytic,
functions on oy, and then by duality on the spaces Dq, (oL, K) — D(or, K) of
locally Qp-analytic and locally L-analytic distributions on oy,, respectively; they will
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be denoted by (a, L) — ax(A). By [74, Thm. 2.3] we have the Fourier isomorphism

D(or, K) = Ok(%)
A= Fy(x) = A(x).

One easily checks that this isomorphism is of \ {0}-equivariant. In the following,
we will denote the endomorphism (77 ) in all situations also by ¢r. The Fourier
isomorphism maps the Dirac distribution §,, for any a € oy, to the evaluation function

eva(y) = x(a).

The y-operator and the Mellin transform

Lemma 4.1.1. The endomorphism @;, makes Ok (X) into a free module over itself of
rank equal to the cardinality of or, /wp0r,; a basis is given by the functions ev, for a
running over a fixed system of representatives for the cosets in oy, /w10y,

Proof. This is most easily seen by using the Fourier isomorphism which reduces the
claim to the corresponding statement about the distribution algebra D(oy,, K). But
here the ring homomorphism ¢y, visibly induces an isomorphism between D(or,, K)
and the subalgebra D(wpor, K) of D(or, K). Let R C or denote a set of represen-
tatives for the cosets in oy, /77,0r . Then the Dirac distributions {8, },cg form a basis
of D(or, K) as a D(rwpor, K)-module. ]

Lemma 4.1.2. The o -action on D(or, K) = Ok (X) extends naturally to a (jointly)
continuous D (o}, K)-module structure.

Proof. In a first step we consider the case K = L, so that K is spherically com-
plete. By [75, Cor. 3.4] it suffices to show that C*'(G, K) as an o -representation
is locally analytic. This means we have to establish that, for any f € C*(G, K),
the orbit map a — a*(f) on of is locally analytic. But this map is the image of the
locally analytic function (a, g) + f(ag) under the isomorphism C*'(0 x G, K) =
C*(07.C*™(G,K)) in [77, Lem. A.1].

Now let K be general. All tensor products in the following are understood to
be formed with the projective tensor product topology. By the universal property of
the latter the jointly continuous bilinear map D(o}, L) x Or(¥) — Or(¥) extends
uniquely to a continuous linear map D(o;, L) ®rL Or (%) — Or(%). This further
extends to the right-hand map in the sequence of continuous K-linear maps

(K ®L D(o}. L)) ®k (K &1 OL(¥X)) - K ®L (D(0], L) ®1 OL(%))
— K ®1 O1(%).

The left-hand map is the obvious canonical one. We refer to [61, §10.6] for the basics
on scalar extensions of locally convex vector spaces. The same reasoning as in the
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proof of [8, Prop. 2.5 (ii)] shows that K ®; O (¥) = Og(¥). It remains to check
that K ®7, D(o;, L) = D(o;, K) holds true as well. For any open subgroup U C oy
we have D(o},—) = @aeoz/U 8aD(U, —). Hence, it suffices to check that K ®p.
D(U, L) = D(U, K) for one appropriate U. But o] contains such a subgroup U
which is isomorphic to the additive group oy, so that D(U,—) = D(or,—) = O_(X).
In this case we had established our claim already. |

The operator ¢, has a distinguished K-linear continuous left inverse 1//LD which
is defined to be the dual of the map

C*(or,K) = C*™(0r,K)

S = (@n(f)a) = {(J;(ﬂ[la) ifa € mrop,

otherwise,

and then, via the Fourier transform, induces an operator 1//25 on Ok (%). One checks
that for Dirac distributions we have

8.1, ifaemror,
wi’(é’a)={ 2 (4.1)

0 otherwise.

Together with Lemma 4.1.1 this implies the following lemma.

Lemma 4.1.3. Let Ryg C 01, be a set of representatives for the non-zero cosets in
OL/JZLOL. Then
ker(¥;) = €P eva oL (0 (¥)).

acRy

We also recall the resulting projection formula
Vi (e (F1)F2) = Fiy (F>) forany Fi, F> € Ok (¥).

Sometimes it will be useful to view wzﬁ as a normalized trace operator. Since
Ok (%) is a free module over ¢r (Og (X)) of rank ¢, we have the corresponding trace
map

traceo . () /o, (Ox @) * 9k (%) = oL(Ok (%)).

Remark 4.14. Y = 27! o traceo, (x)/p, (0 (%))-

Proof. Since the functions ev, generate a dense subspace in Og (¥) (cf.[75, Lem. 3.1],
the proof of which remains valid for general K by [61, Cor. 4.2.6 and Thm. 11.3.5]),
it suffices, by the continuity of all operators involved, to check the asserted equal-
ity on the functions ev,. As before we choose a set of representatives R C oy, for
the cosets oy /w01, so that the functions ev., for ¢ € R, form a basis of Og(X)
over ¢r (O (X)). Case I: Let a € of. Then Wf(eva) = 0 by (4.1). On the other
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hand, ev, - eve = evgye € ever - (Og (%)) for some ¢ # ¢’ € R. Hence, the matrix
of multiplication by ev, with regard to our choice of basis has only zero entries
on the diagonal. This means that trace . (x)/¢; (O (%))(€Va) = 0. Case 2: Let a €
nwror. Then 1//2E (evy) = Vyrlg: On the other hand, the matrix of multiplication by
evg now is the diagonal matrix with constant entry ev, = ¢ (ev, —1,). We see that

01 (raceo, )/, Ok @) (€Va)) = 701" (@pL(ev,—1,)) = eV -1, L

In order to establish a formula for the composition ¢, o wze, we let X[my] :=
ker(X N X). Then X[7](C)) is the character group of the finite group oy, /710y
The points in X[z ](C,) are defined over some finite extension K; /K. For any { €
X[r1](Cp) we have the continuous translation operator

Ok, (X) = Ok, (%)
F = (F)(0) = F(0).

Proposition 4.1.5. The following holds true:
(i) Forany F € Ok, (¥X) we have

lor - mroL]-groyi(F)= )  (F.
teX[n1(Cp)

(i) LDk (X)) ={F € Ox(X) : ¢ F = F forany { € X[n.](Cp)}.

Proof. (i) Again it suffices to consider any F' = ev,. We compute

(D seva) 0 =D evax?) = 1@ Y ¢(@)
¢ ¢ ¢

_ Jlor twror] - x(a) ifa € mpor,
0 otherwise

. {[OL cmpop]-eva(y) ifa € mpog,

0 otherwise.
On the other hand,
ev -1 ifa € mpop, ev, ifa e mnpop,
oL(VE (eva) = gr| | T | = | .
0 otherwise 0 otherwise.

(ii) If ¢ F = F for any ¢ € X[n.](Cp), then (pL(t//f(F)) = F by (i). On the other
hand,

(¢oL(F))(0) = oL (F)(x¢) = F(nf(07f () = F(nf (1) = oL (F)(x). =
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We have observed in the above proof that the functions ev,, for a € oy, generate
a dense subspace of Ok (¥). Considering the topological decomposition

Ok (%) = ¢1.(0k (%)) & O (X)L =0,
F = (¥ (F)) + (F — oL (Vi (F))),

we see, using (4.1), that the ev, for a € mpop, resp the ev, for u € oy, generate
a dense subspace of ¢r (Og (X)), resp., of OK(%)‘#L =0, In view of Lemma 4.1.2,
the obvious formula u.(ev,) = evy, together with the fact that the Dirac distribu-
tions &y, for u € oy, generate a dense subspace of D(oy, K) then implies that the
decomposition (4.2) is D(oj , K)-invariant.

4.2)

Lemma 4.1.6 (Mellin transform). The natural inclusion D(oj, K) < D(or, K)
combined with the Fourier isomorphism induces the map

M : D(o}. K) = D(op, K)VE=0 = O (X)VE=°
A /\(51) = )L(evl)

which is a topological isomorphism of D(oj , K)-modules.

Proof. The disjoint decomposition into open sets 07, = w07, U o induces the linear
topological decomposition D(or, K) = ¢r(D (oL, K)) @ D(of, K). The assertion
follows by comparing this with the decomposition (4.2).! ]

The Robba ring

We recall a few facts from [8] about the analytic structure of the character vari-
ety X. As a general convention, all radii r which will occur throughout the paper
are assumed to lie in (0, 1) N p@. Let By (r), resp., B(r), denote the Qp-affinoid disk
of radius 7 around 1, resp., around 0, and let B7 (r) be the open disk of radius r
around 1. We put

Xo(r) := By(r) ®z, Homgz,(0op.Zp) and X(r):=XNXo(r),L.

These are affinoid subgroups of Xo and X, respectively, which are respected by the
action of the monoid oy \ {0}. Since X(r) < Xo(r),r is a closed immersion of
affinoid varieties, the restriction map between the affinoid algebras Og (X¢(r)) —
Ok (X(r)) is a strict surjection of Banach algebras. The families {X¢(r)},, resp.,
{X(r)},, form an increasing admissible covering of X, resp., X, which exhibits the
latter as a quasi-Stein space. Hence, Ok (X (7)), resp., O (X(r)), is the completion
of Ok (Xy), resp., Ok (X), in the supremum norm | |x,(r), resp., | |x¢)-

!'The map D(o},K)— D(G, K) sending A to A(81) is the inclusion map since 8, (61) =8y.
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The structure of the affinoid variety X(r) is rather simple for any radius ro <
d
p~ 7—1.Then (cf. [8, Lem. 1.16]) the map

B(ro);. — %(ro)

4.3)
y = xy(a) := exp(ay)

is an isomorphism of L-affinoid groups. Taking, somewhat unconventionally, exp —1
as coordinate function on B(rg), we may view Ok (B(rp)) as the Banach algebra of all
power series =Y ;. ¢ci(exp—1)’ such that ¢; € K and lim; . |¢; | = 0; the norm
is | f |B(ro) 1= max; lci |rb. Since exp —1 corresponds under the above isomorphism to
the function evy —1 on X(rg), we deduce that

Ok (%(ro)) = {f = Zci(evl —1)' :¢; € K and 11_1)120 |ci|ré = 0}

i>0

is a Banach algebra with the supremum norm | f |z () = max; |¢;|rh.

Next we need to explain the admissible open subdomains X; of X, where the
I C (0, 1) are certain intervals (cf. [8, §2.1]). First of all, we have the admissible
open subdomains

-%(r,l) =X \ %(}’)

To introduce the relevant affinoid subdomains, we also need the open disk B (r)
of radius r around 1. This allows us to first define the admissible open subdomains
Xy (r) == B (r)®z, Homgz,(oL,Zp));r and X~ (r) := X N X (r) of Xo and X,
respectively. For r < s we then have the admissible open subdomains

Xolr,s] : =Xo(s)\ Xy (r) S Xo and X[ :=X(s)\ X (r) =X NXo[r,s] S X.

We recall that the X[, 5] are actually affinoid varieties. There are the obvious inclu-
sions X[, 5 € X(s) and X[ 5 € X1y provided r’ < r. Moreover, X,/ 1) is the
increasing admissible union of the X, 5} for r’ <r <s < 1. Hence,

OkEer) = lim  Ok(Xp),

r’'<r<s<l1

which exhibits the Fréchet algebra structure of the left side.
We point out that these subdomains X; all are invariant under o . Their behavior
with respect to 77 is more complicated. We recall from [8, Lem. 2.11] that, for any

d
radius p_Tfl <r < 1, we have
(nZ)_l(%(r,l)) - '%(rl/p,l)-

It is technically necessary in the following to sometimes only work with a smaller
set of radii. We put

So = [p~¢7P T p AT N pQ C [pTAT pTI),



Robba rings of character varieties 45

1
Sp = SO‘T" forn > 1, and See := |J,,~; Sn. Note that the sets S, are pairwise dis-
joint. The point is (cf. [8, Prop. 1.20]) that for s € Ss we know that X(s) becomes
isomorphic to a closed disk over Cp,. Let s, for n > 0 denote the left boundary point
of the set S,,. Then we have the following result (cf. [8, Prop. 2.1]).

Proposition 4.1.7. For any n > 0 the rigid variety X s, 1) is quasi-Stein with respect
to the admissible covering {X(, 51}, where s, <r <s <1,r € S,, ands €\ J,,,~, Sm-
In particular, the affinoid algebra Ok (X[, 4)) is the completion of Ok (%(s,,,l)_) with
respect to the supremum norm | |x, .

Obviously, with X each X4, 1) is one dimensional and smooth. But, in order to be
able to apply later on Serre duality to the spaces X, 1), we need to show that they are
actually Stein spaces. This means that we have to check that the admissible covering
in Proposition 4.1.7 has the property that X[,~ ¢ is relatively compact in X, 5 over
L (cf. [14, §9.6.2]) for any r < r’ < s’ < s. We simply write U € X for an affinoid
subdomain U being relatively compact over L in an L-affinoid variety X.

Lemma 4.1.8. Let U C X C X’ be affinoid subdomains of the affinoid variety X';
we then have the following:
(i) U EX,thenU € X’;
(i) suppose that U = Uy U ---U Uy, is an affinoid covering, if U; € X for any
1<i<m,thenU E X.

Proof. Let A — B be the homomorphism of affinoid algebras which induces the
inclusion U = Sp(B) € X = Sp(A). It is not difficult to see that the property U € X
is equivalent to the homomorphism A — B being inner with regard to L in the sense
of [9, Def. 2.5.1]. Therefore, (i), resp., (ii), is a special case of Corollary 2.5.5, resp.,
Lemma 2.5.10, in [9]. [ ]

Proposition 4.1.9. X, 1), for any n > 0, is a Stein space.

Proof. By Proposition 4.1.7, we already know that the X 4, 1) are quasi-Stein. Hence,
it remains to show that X[, ¢] € X[, 5 forany r <r’ <" <. Looking first at X, let
B1[r, s] C B denote the affinoid annulus of inner radius r and outer radius s. Fixing
coordinate functions zy, ..., zg on Xo, we have the admissible open covering

d
Xolr, s] = U %g)[r,s] with %g)[r,s] = {x € Xo(s) : |z,-(x)| > r}.

i=1
The affinoid varieties of this covering have the direct product structure

X [r 5] = Bi(s) x - B (s) x By [r, 5] x Bi(s) x -+ By (s)

with the annulus being the i th factor. It immediately follows that Z{(()i) [r,s']€ Sﬁ(()i) [r,5]
(cf. [14, Lem. 9.6.2.1]). Since relative compactness is preserved by passing to closed
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subvarieties, we deduce that
xn .%g)[r’,s’] exn %g)[r,s] forany 1 <i <d.

Applying now Lemma 4.1.8, we conclude first that X N %g)[r’ , 8" € Xo[r, 5] and
then that X,/ ¢ € X[, 4]. ]

We finally recall that the Robba ring of X over K is defined as the locally convex
inductive limit h_r)nm Ok (X \ %)), where %) runs over all affinoid subdomains of X.
Since any such %) is contained in some X(r), we have

Ri(X) = lir_gl Ok (X(s,,1))s

n>0

and we view Rk (%) as the locally convex inductive limit of the Fréchet algebras
Ok (X(s,,1))- By [8, Prop. 1.20], the system X(s,,,1)/c,, is isomorphic to a decreasing
system of one-dimensional annuli. This implies the following:

*  Rk(X) is the increasing union of the rings Ok (X(s,,1)) and contains Ok (X);
* each Ok (¥, 1)) and Rk (%) are integral domains.

The action of the monoid o, \ {0} on Ok (X) extends naturally to a continuous action
on Rk (X) (cf. [8, Lem. 2.12]). In fact, this action extends further uniquely to a sep-
arately continuous action of D(oy, K)-action on Rk (X). This is a special case of
the later Proposition 4.3.10 which implies that we will have such an action on any
L-analytic (¢r, I'z)-module over Rk (X). Via the isomorphism yrr : ', = O}j we
later on will view this as a D(I'., K)-action.

In order to extend the 1 -operator to the Robba ring, we need the following fact.

Lemma 4.1.10. The morphism rtj : X — X is finite, faithfully flat, and étale.
Proof. The character variety X’ of the subgroup w07 C or is isomorphic to X via
x5 x
x = X' (mpa) = y(a).

We have the commutative diagram

x

N x—xlmror
L

X

= %/'
x=x

The oblique arrow is finite and faithfully flat by the proof of [29, Prop. 6.4.5]. For its
étaleness it remains to check that all its fibers are unramified. This can be done after
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base change to C,. Then, since this arrow is a homomorphism of rigid groups, all
fibers are isomorphic. But the fiber in the trivial character of w70y is isomorphic to
Sp(Cplor/mror]) = Sp(C}). It follows that 7} has these properties as well. ]

Since the subsequent reasoning will be needed again in the next section in an anal-
ogous situation, we proceed in an axiomatic way. Suppose that the following hold:

*  p: %) — 3is a finite and faithfully flat morphism of quasi-Stein spaces over K.
In particular, the induced map p* : Ox(3) — Ok (%)) is injective. Moreover, the
finiteness of p implies that the preimage under p of any affinoid subdomain in
3 is an affinoid subdomain in %) (cf. [14, Prop. 9.4.4.1 (1)]) and hence that p* is
continuous.

* Ok (Y)) is finitely generated free as a p* (O (3))-module. Fix a corresponding
basis f1,..., fn € Ok ().

Proposition 4.1.11. For any admissible open subset 1 C 3 we have
Ok (0" (W) = Ok (V) B0k (3) Ok ()
is free with basis f1, ..., fn over Og(1).

Proof. Since p is finite, p«Osy) is a coherent @ 3-module by [14, Prop. 9.4.4.1 (ii)].
Gruson’s theorem (cf. [8, Prop. 1.13]) then tells us that p,Osy is, in fact, a free O3-
module with basis f1,..., f5. ]

We observe that the definition of the Robba ring Rg (¥) above was completely
formal and works precisely the same way for any quasi-Stein space. Hence, we have
available the Robba rings Rk (%)) and Rk (3). Since the morphism p : ) — 3 is
finite, the preimage under p of any affinoid subdomain in J3 is an affinoid subdo-
main in %)) (cf. [14, Prop. 9.4.4.1(i)]). We note again that the preimage under p
of any affinoid subdomain in 3 is an affinoid subdomain in %). The injective map
p* 1 Ok (3) C Ok (YY) therefore extends to a natural homomorphism of rings

p*: Rx(3) — Rx (). (4.4)
Remark 4.1.12. The homomorphism (4.4) is injective.

Proof. We fix an admissible covering 3 = | J i1 U; by an increasing sequence of
affinoid subdomains U; € 3. As p is a finite map, ) = [ = p~1(U;) again is an
admissible covering by affinoid subdomains. It follows that

R (V) = lim Ok (V\ p~' W),
J

and therefore it suffices to show the injectivity of the maps p* : Og (3 \ U;) —
Ok (Y \ p~1(U;)). But this is clear since the map p: Y \ p~'(U;) - 3\ Uj is
faithfully flat. |
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Corollary 4.1.13. Rk () = Ok () ®ok(3) Rk (3) is free over p*(Rg(3)) with
the basis f1,..., fn. In fact, the map

Ri(3)" = Rk ()

h
Z1seevzn) = ) p" @) fi
i=1

is a homeomorphism.

Proof. By passing to locally convex limits this follows from Proposition 4.1.11 which
says that the map

OxW)" = Ok (p~' (W)
h

(@1zn) > Yo%) fi
i=1

is a continuous bijection between Fréchet spaces and hence a homeomorphism by the
open mapping theorem. |

By the Lemmata 4.1.1 and 4.1.10 the above applies to the morphism 7; : X — X
and we obtain the following result.

Proposition 4.1.14. Let R C oy, be a set of representatives for the cosets inor, /mpoy.
Then the Robba ring Rk (X) is a free module over ¢or (Rg (X)) with basis {eVg }aeR.

In particular, we have the trace map
tracer  (2)/pr. (Rx (®) * RK(X) > o1 (R (X))

and therefore may introduce the operator
L
Iﬂg = 5¢L1 o traceRK(x)/(pL(ﬁK(x)) : fRK(.%) - RK(f)

Because of Remark 4.1.4, it extends the operator wze on Ok (X), which justifies
denoting it by the same symbol. By construction it is a left inverse of ¢, and sat-
isfies the projection formula. Furthermore, as a consequence of Corollary 4.1.13, v f
is continuous.

4.1.2 The multiplicative character variety and its Robba ring

In this section, we consider the multiplicative group o; as a locally L-analytic group.
We introduce the open subgroups U, := 1 + mfor for n > 1. Correspondingly, we
have the inclusion of distribution algebras D(U,+1, K) € D(Uy,, K) C D(oz, K).
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There is an integer no > 1 such that, for any n > ny, the logarithm series induces an
isomorphism of locally L-analytic groups log : U, — n]0r. We then introduce the
isomorphisms £, := ;" log : U, — or together with the algebra isomorphisms

by : DUy, K) = D01, K) = O (%)

which they induce.

As for of, in the previous section, we have rigid analytic varieties (over L) of
locally L-analytic characters X* for o and X,; for U, as well (cf. [74, Thm. 2.3,
Lem. 2.4, Cor. 3.7] and [29, Props. 6.4.5 and 6.4.6]):

e U X N X, is, for n > ng, an isomorphism of group varieties.
* The restriction map p, : X — X,; is a finite faithfully flat covering (cf. [29, proof

of Prop. 6.4.5]).

* X and X, are one-dimensional Stein spaces. (As group varieties, they are sepa-
rated and equidimensional.)

* Forn > ny the variety X, is smooth and O (X;;) is an integral domain.

¢ The Fourier transforms
D(0}.K) = Ox (%) and D(U,.K) > Og (X))

sending a distribution p to the function F,(x) := wu(y) are isomorphisms of
Fréchet algebras.

As a consequence of the properties of the morphism p := p, : ¥ — X7, the

homomorphism p* : O (X;;) — Ok (X™) is injective and extends to an injective
homomorphism p* : Rg (X)) - Rk (X™) (cf. Remark 4.1.12).

Lemma 4.1.15. We have the following equalities:
) Ok(XX) = Zlof] ®z[u,) Ok (X;).
(i) Rk (X") = Ok(X*) ®ox @) Re(X,) = Zlof] @z, Rk (X},).

Proof. (i)Letuy,...,uy€o; be aset of representatives for the cosets of Uy, in o} . We
then have the decomposition into open subsets oz =u U, U---UuyU,. It follows
that

D(Oz, K) = 3u1D(Un, K) D---D SuhD(Una K) = Z[OZ] ®Z[U,,] D(Un, K)

is, in particular, a free D(Uy, K)-module of rank & = [0} : Uy]. Using the Fourier iso-
morphism, we obtain that Og (X*) is a free Ok (X,)-module over the basis evy, , . . .,
eVyy,-

(i1) Because of (i), the assumptions before Proposition 4.1.11 are satisfied and the
present assertion is a special case of Corollary 4.1.13. |
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Lemma 4.1.16. The morphism p is étale.

Proof. This is the same argument as in the proof of Lemma 4.1.10. ]
Corollary 4.1.17. X* is smooth.

Proof. This follows from the lemma since X, is smooth for n > ny. n

Remark 4.1.18. If n > m, then all the above assertions hold analogously for the finite
morphism pp, , : X,;, — X,;. In particular, all X, are smooth.

Suppose that n > ng. Then, due to the isomorphism £}, : X = X, everything
which was defined for and recalled about X in Section 4.1.1 holds correspondingly
for X,{. In particular, we have the admissible open subdomains X (r), X and

n,(r,1)°
36: (r.s]" For n > m > ny we have the commutative diagram

Lm

X—X%,,

(ﬂZ)”""l me,n 4.5)
X

[N

S

IR

d,
Lemma 4.1.19. Let n > ng and m > 0; for any p_Tfl <r < 1 the map ,o;,nere :

Ok (X, ne) = Ok (X)) extends to an isometric homomorphism of Banach algebras

Proof. By the above commutative diagram (4.5) our assertion amounts to the state-
ment that the map (77¢)* : ¥ — X restricts to a surjection X(r »”) — X(r). In
[74, Lem. 3.3], this is shown to be the case for the map (p™)*. But p™ and 7;"¢
differ by a unit u € oy, and u™ preserves X(r). [

1
Ok (X sme ™). |2z, n) = (Ok (X5 (7)), | |3EX

%’Vl
n@rr™)

4.1.3 Twisting

Consider any locally L-analytic group G and fix a locally L-analytic character y :
G — L*. Then multiplication by y is a K-linear topological isomorphism

C*(G,K) 5 Cc™(G, K).
We denote the dual isomorphism by
™2 : D(G.K) = D(G.K),

ie., wa (n) = u(x—), and call it the twist by y. For Dirac distributions we obtain
Tw? (8¢) = x(2)8s-
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Suppose now that G is one of the groups o7, or U, C o] of the previous sub-
sections, and let X denote its character variety. Then y is an L-valued point z, €
Xg(L). Using the product structure of the variety X, we similarly have the twist
operator

TwXe : Og(Xg) = Ok (Xg). f > f(z-).

As any rigid automorphism multiplication by a rational point respects the system
of affinoid subdomains and hence the system of their complements. Hence, TW?G
extends straightforwardly to an automorphism TwXC : Ry (Xg) = Rx(Xg). The
following properties are straightforward to check:

(1)  Under the Fourier isomorphism, Tw)l() and wa

.. x x x
(i) Twz o TwzS = Twz %,.

"9 correspond to each other.

(iii) Ifa: Gy = G, isan isomorphism betw;en two of ouag groups, then, for
any z € Xg,(L), the twist operators Twaf(lz) and Tw, °2
each other under the isomorphism

@ R (XG,) = Ri(X6,).

correspond to

4.1.4 The LT-isomorphism, part 1

We write B for the open unit ball over L. The Lubin—-Tate formal o7 -module gives
B an oy -action via (a, z) > [a](z). If Ok (B) is the ring of power series in Z with
coefficients in K which converge on B(Cp), then the above oy -action on B induces
an action of the monoid oy \ {0} on Og (B) by (a, F) — F o [a]. Similarly, as before,
we let @7, denote the action of 7. Next we consider the continuous operator

tr: Og(B) —> Ok (B)
@~ Y fO+ira).

yeker([mL])

Coleman has shown (cf. [21, Lem. 3] or [80, §2]) that tr(Z*) € im(¢pz,) for any i > 0.
Hence, since ¢y, is a homeomorphism onto its image, we have im(tr) € im(¢z) and
hence, since ¢ is injective, we may introduce the K-linear operator

YL : Og(B) - Ox(B) such that nL_ltr =L oVyr.

One easily checks that V7, is equivariant for the oy -action and satisfies the projection

formula ¥z (fior (f2)) = ¥L(f1) f2 as well as Y1, o o1, = %'
Furthermore, we fix a generator 1’ of 7, as oy -module and denote by Q = Q,

the corresponding period. In the following we assume that 2 belongs to K. From
[74, Thm. 3.6] we recall the LT-isomorphism

K O () S Ok (B)

F — [z — F(Kz)], (56
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where k;(a) = 1 + Fy([a](z)) with 1 + F,/(Z) := exp(2 log;+(Z)). It is an iso-
morphism of topological rings which is equivariant with respect to the action by the
monoid or \ {0} (as a consequence of [74, Prop. 3.1]). Moreover, Lemma 4.1.2
implies that the oj -action on Ok (B) extends to a jointly continuous D(oy, K)-
module structure (by descent even for general K) and that the LT-isomorphism is
an isomorphism of D (o}, K)-modules.

By the construction of the LT-isomorphism we have

K*(eve) = exp (a2log (Z)) € oc,[Z] foranya € or.
Hence, Lemma 4.1.3 implies that

k*(ker(Yi*)) = D exp (aQlog;1(2))erL (Ok (B)).

acRgp

where Ry C o denotes a set of representatives for the non-zero cosets in oy, /7 or .
Using that log; (Z1 +11 Z2) = log; 1(Z1) + log; r(Z>), we compute

tr (exp (a2 logLT(Z))) = Z exp (aQ log; (¥ 411 Z2))
yeker([rL])

= ( Z exp (a2 logLT(y))) exp (a2 log (Z))
yeker([z])

= ( Z Ky(“)) exp (anOgLT(Z))'

yeker([z])

But the «, for y € ker([7r7]) are precisely the characters of the finite abelian group
or/mroL. Hence, Zyeker([m]) ky(a) = 0fora € Ry. It follows that K*(ker(wf)) =
ker(yr). We conclude that under the LT-isomorphism 17 corresponds to %Wf
using the fact that we also have a decomposition

O (B) = Z exp (aQ logLT(Z))(pL ((DK(B)). 4.7

acoy [my,

In the following we denote by
Mz : D(TL, K) S Og(B)VL=°
the composite
D(I'.K) = D(o}, K) = Ox (B)VE = = Ok (B)"+=°,

where the first isomorphism is induced by the character yrr : I'r =N o, the sec-
ond one is the Mellin transform Mt from Lemma 4.1.6, and the third one is the
LT-isomorphism. By inserting the definitions we obtain the explicit formula

SHELT(/\)(Z) = A(KZ (¢] XLT)'
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The following commutative diagram relates the pairing in [74, Lem. 4.6],

{,}:0kB)xC*"o0r,K) > K
(F, f) = pn(f),

where u € D(or, K) is such that u(k,) = F(z), to the construction of the above map
E[RLTI

A, A
DT, K) x €™, K)&L22 D) g

fmul J/(XLT)*

OkB)VL=" x  C™(o},K)

gl lextension by 0

0kB)  x C™(oy,K)— K.

Remark 4.1.20 (Q € K). Forany F € Og(B)Y2=% and any f € C* (oL, K) such
that f|of = 0 we have {F, f} = 0.

Proof. We have seen above that under the LT-isomorphism 7, corresponds, up to a
non-zero constant, to wzs and hence further under the Fourier isomorphism to wf .

It therefore suffices to show that for any u € D(or, K )'pl{D =% we have u(f) = 0.
For this we define f := f(np—) € C* (oL, K) and note that (71 )1(f) = f. By the
definition of ¥ f we therefore obtain, under our assumption on p, that

w(f) = pu(f) =P w(f) = u(f — mn(f)) = nO) =0. n

Lemma 4.1.21 (Q € K). Forany F € Ox(B)Y2=1 and n > 0 we have

n+1
L

SRETI((l—%LsDL)F)(XfT)=Q_”(1— - )(3ﬁwF)|z=o-

Proof. Note that (1 — ”TLgoL)F belongs to Og (B)Y2=°. Letinc, € C*(oz, K) denote
the extension by zero of the inclusion oz C or,and letid : o — K be the identity
function. Using the above commutative diagram, the assertion reduces to the equality

n+1
{(1=ZLgL)F.inc}} = sz—"(l - L )(BﬁvF)|Z=0-

By Remark 4.1.20 we may replace on the left-hand side the function inc} by the
function id”. Next we observe that x id" (x) = id" ! (x). Hence, by [74, Lem. 4.6 (8)],



(¢r, 't )-modules over the Robba ring 54

ie, {F,xf(x)} = {Q 10 F, f}, and induction, the left-hand side is equal to

{(1 = 7L ) F.id"}
= {Q7"3,((1 — o) F),id’)

mnv

n+1
= {Q7"(1 = "—1) (@}, F),id°}  since dinypr = TLeLiny by (2.3)
n+1
=Q7"(1— ”Lq ¢1)(%,F)jz=o since id’ is the trivial character of o,
n+1
= Q7" (1= =) (8, F)iz=o since [1£](0) = 0. .

In the course of the previous proof we have seen that, for F in Qg (B)¥2=° and
n=>0,
Mir (F)(xir) = Q7" (9 F)iz=0- (4.8)

nv

Lemma 4.1.22 (2 € K). Forany F € Ox(B)Y2=% and n > 1 we have
Mzt (logir - F)(xl) = nQ M (F) (i .
Proof. First, using (2.3), observe that
YiogirF) = yrry grllogy) - F) = mp gr(logi ) yr(F) = 0.

Secondly, note that di, log;r = 1, i.e., d' log;r = 0 for i > 2; also log;(0) = 0.
Using (4.8) twice, we have

Wiy (logiy F)(xir) = Q7" (3, (logr F)), 5,

= Q_n( Z (7) (8an logLT)(aij;lvF)>|Zz0

i+j=n
= Q" (3 F)iz=0
=nQ "M F) (Y. L]

For the rest of this section we assume not only that K contains €2 but also that the
action of G, on C,, leaves K invariant.
The LT-isomorphism is a topological ring isomorphism

K ®L OL(X) = Og(X) = Ok (B) = K ® OL(B)

(cf. [8, Prop. 2.1.5 (ii)] for the outer identities).
On both sides we have the obvious coefficientwise Gy -action induced by the
Galois-action on the tensor-factor K. We use the following notation:

* 0 € G acting coefficientwise on Ok (B) is denoted by: F + ° F'; the correspond-
ing fixed ring is Og (B)°L = O1(B).
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e The coefficientwise action on Qg (X) transfers to the twisted action on Qg (B)
by [74, before Cor. 3.8] given as F +—°* F :=° F o [t(0~1)]; the corresponding
fixed ring is Ox (B)°L* = @1 (¥) = D(or, L).

Remark 4.1.23. Note that the o7 \ {0}-action and hence the D (o], L)-module struc-
ture commute with both G -actions. Moreover, 17, commutes with the G -actions as
well.

Recall that using the notation from [74, Lem. 4.6 (1), (2)] the function
1+ Fap (Z) = exp (a2 10gLT(Z))

corresponds to the Dirac distribution 8, of a € oy, under the Fourier isomorphism.
Lemma 4.1.24. Leto bein G, t' € T, and a € oy, Then

1) 0(Qy) = Q) = Qpt(o) and

(i) 7 Fay = Fay o [t(0)] = Fazo)-

Proof. (i) The Galois equivariance of the pairing ( , ) : T}, ®,, C, — C, from [74,
before Prop. 3.1] with (¢, x) = Q,x implies that

o(Qy) = Q(7(),") = Q‘E(O’)Z/’

while the o -invariance of that pairing implies that the latter expression equals Q247 (o).
(i1) This is immediate from (i) and the definition of F, taking equation (2.3) into
account. ]

Proposition 4.1.25. We equip the distribution rings D(or, K) and D(oj , K) with the
Gy-action which is induced from the coefficientwise action on Og(B) and Ok (B)¥1=°
via the LT-isomorphism and Mellin transform, respectively. Then the following holds
true:

(1)  Theisomorphism®: D(or, K) = Ok (X) = Og (B) composed of LT together
with Fourier restricts to an isomorphism

D(or. K)%* = Og (%)%t =~ Og(B)°L = OL(B)

of D(of, L)-modules.

(i)  The Mellin transform restricts to an isomorphism of D(o} , L)-modules
D(of, K)o* = Og (®)9V+=0 = OL.(B)V+ .

Proof. (i) and (ii) follow from passing to the fixed vectors with respect to the coeffi-
cientwise Gy -action and Remark 4.1.23. [
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In order to express the D(o;, L)-module D (o), K )GL-* in the above proposition
more explicitly, we describe the previous two actions on Ok (B) now on D(or, K):

e The coefficientwise Gy -action on D(or, K) = K =9 D(or, L), which corre-
sponds to the twisted action on Ok (B), will be written as A — 7 A.

e The Gr-action given by A > 7(0)«(° A) corresponds to the coefficientwise action
on Ok (B).

Note that for A € D(of ., K) we have 7(0)«(A) = 87(o)A, where the right-hand side
refers to the product of A and the Dirac distribution (4 in the ring D (o5, K). Then
we conclude that

D@0} K)* = {1 € D(0}.K) | X = § (1A forallo € G}

4.2 Consequences of Serre duality

Recall that in any quasi-separated rigid analytic variety the complement of any affi-
noid subdomain is admissible open (cf. [70, §3 Prop. 3 (i1)]). This applies in particular
to quasi-Stein spaces since they are separated by definition. For a rigid analytic vari-
ety %) we will denote by Aff(%)Y)) the set of all affinoid subdomains of ).

We have seen that X, X*, and X,; for n > 1 all are one-(equi)dimensional smooth
Stein spaces.

4.2.1 Cohomology with compact support

We slightly rephrase the definition of cohomology with compact support given in
[90, §1] in the case of a Stein space %) over L. For any abelian sheaf ¥ on %)) and any
U e Aff(%Y)) we put

HY (Y, &) :=ker (F (V) - F(Y\ W).

This is a left exact functor in ¥, and we denote by Hy (YY), F) its right derived func-
tors. Since quasi-Stein spaces have no coherent cohomology, the relative cohomology
sequence (cf. [90, Lem. 1.3]) gives rise, for a coherent sheaf ¥, to the exact sequence

0~ Hj(Y.F) = F(Y) » F Y\ W) » Hy(Y.F) - 0. (49)
We then define the cohomology with compact support as
* T\ e . * lrod
UEAF(Y)

Again, if ¥ is a coherent sheaf, we obtain the exact sequence

0— HYY.F)—>F(Y)— lim FY\W - H (Y, F) - 0.
UeAF(Y)
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Suppose in the following that j : %) — %)) is an open immersion of Stein spaces
(over L) which, for simplicity, we view as an inclusion.

Lemma 4.2.1. For any U € Aff(%Y)o) the covering YY) = (V) \ U) U Yo is admissible.
Proof. This follows from [90, Lem. 1.1]. [

Lemma 4.2.2. For any U € Aff(%)o) and any sheaf ¥ on %)) the natural map

res

H3 (). F) 5> Hyi (Do, F)
is bijective.

Proof. Recall that for an injective sheaf on %) its restriction to %)) is injective as well.
Hence, by using an injective resolution, it suffices to proof the assertion for * = 0.
Injectivity: Let f € HJ (), ¥) such that f|¥)o = 0. Since f | \ U = 0 as well,
it follows from Lemma 4.2.1 that f = 0. Surjectivity: Let g € Hg(‘po, F) so that
gl%Wo \ U = 0. Using Lemma 4.2.1 again, we may define a preimage f of g by

fIY\U:=0and f|Yo := g. ]
By passing to inductive limits we obtain the composed map

j! : H:(mo’?)

-1
_ . * - S . * Ireg . * Frog
= lim  Hy(Wo,¥) —> lim Hy(Y.F)— lim Hy(Y F)
UeAff(Yo) UeAff(Yo) UeAF(Y)
=HI(. F).

For later purposes we have to analyze the following situation. Let
Uycl,c--cl, - Y= Ju,
n
be a Stein covering. We assume that each admissible open subset ), := ) \ U,, also
is a Stein space. Since --- C %), C --- € Y); < %), we then have the projective system
o> HE(Yn F) = - > HIX (V1. ) = HI (Y. F).
By Lemma 4.2.2 we may rewrite it as the projective system

UEAff(Yr) UEAFf(Y1) UEAS(Y)
(4.10)
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Lemma 4.2.3. In the above situation we assume in addition that ¥ is a coherent
sheaf and that the restriction maps ¥ (Y)) — F () \ W) for any U € Aff(Y))) are
injective. We then have

. 1 . . o~
lim Hy (Y. &) = (lim  lim  F@\ W)/F (V). .11

n n UEAF(Yy)
Proof. This is immediate from (4.10) and the relative cohomology sequence. |

For coherent sheaves F all the above cohomology vector spaces carry natu-
ral locally convex topologies, which we briefly recall. The global sections ¥ ()))
and £ (YY) \ U), for U € Aff(Y)), are Fréchet spaces. Using the relative cohomol-
ogy sequence (4.9), we equip Hy} (%)), ) with the quotient topology from () \ U)
(which might be non-Hausdorff) and then H! (), ¥) with the locally convex induc-
tive limit topology (with regard to varying ).

Remark 4.2.4. Let
MO —2 5 M1

L]

NO LN
be a commutative diagram of Fréchet spaces such that the induced map coker(o) —
coker(f) is bijective; then the latter map is a topological isomorphism for the quotient
topologies.

Proof. A more general statement can be found in [2, Chap. VII, Lem. 1.32]. [ ]

Using this remark, we see that the bijection H& &, F) i;) H&(‘Do, F) from
Lemma 4.2.2 is a topological isomorphism. It follows that, in degree one at least,
the above map j; is as well as the transition maps in the projective system (4.10)
are continuous. Hence, both sides of (4.11) carry natural locally convex topologies by
performing the operations 1(21 and 11_1‘1)1 in the category of locally convex vector spaces.

Lemma 4.2.5. The isomorphism (4.11) is topological.

Proof. First of all, one checks that forming the projective limit on the right-hand side
commutes with passing to the quotient space by ¥ (%)) (compare (ii) in the proof of
[63, Thm. 4.3] for a more general statement). Secondly, as a special case of [15, I1.28
Cor. 2], forming inductive limits commutes with passing to quotient spaces. This
reduces us to Hll1 Y\U,F) = F Y\ U)/F () being a topological isomorphism,
but which holds by definition. ]

In the following, we compute (4.11) further in two concrete cases.
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The open unit disk

Let B = Bjg,1) denote the open unit disk over L. We recall our convention that all
radii are assumed to lie in (0, 1) N p@. For any radii r < s we introduce the affinoid
disk B[o,;] as well as the open disk B[ ;) of radius r around 0 and the affinoid annulus
B := {r < |x| < s}. We put B, 1) := B\ Bpg ], which are Stein spaces. By the
identity theorem for Laurent series the assumptions of Lemma 4.2.3 are satisfied for
the structure sheaf @ = Op of B. We first fix a radius r and compute the cohomology
H]} (B(,1), 0). By Lemma 4.2.2 and the relative cohomology sequence we have

H!Bn.0)= lm  HyB.0)=( lm OB\ W)/0®).
UEAL(B(,, 1)) UEA(B(,1))

Of course, it suffices to take the inductive limit over a cofinal sequence of larger
and larger affinoid annuli in B, ;). For this we choose two sequences of radii r <
e Ly < < T, S < < Sy < -+ < 1 with (), and (8y,)m converging to r
and 1, respectively. Each space B \ B[ =B, U Byo,,,) has two connected
components. We see that

H!B.1). 0) = ( lim O(B,,1) ® lim OByo,r,)))/O(B).

m—00 m—0o0

T sSm]

As explained in Lemma 4.2.5 this is a topological equality. We observe that

Re = R (B) = lim O(Bgs,.1))

m—00

is the usual Robba ring (over L), whereas OT(B[OJ]) = li_r)nm_)Oo O (Byo,r,,)) is the
ring of overconvergent analytic functions on B[ ,]. Hence,

H!(B(1),0) = (R & OT(Bjo,1)))/O(B).

Passing now to the projective limit with regard to r — 1 of the continuous restriction
maps O(B) — OT(B[OJ]) — O(Byo,/]), we observe that l(il_nr_)1 OT(B[OJ]) =0O(B)
holds true topologically. We finally deduce that
lim H! By, 0) = lim ( lim OB\ W)/O®B)
r—1 r—1 UeAff(B( 1)) 4.12)
= (RL ® O(B))/OB) = Ry,

as locally convex vector spaces.

The character variety X

Since X,c, = B/c, by [74], the injectivity of the restriction maps @ (¥X) — O (X \ U)
for any U € Aff(X) follows from the corresponding fact for B, which we saw already.
According to Proposition 4.1.9, the admissible open subdomains X, 1) of X are Stein
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spaces. In order to compute their cohomology with compact support in the structure
sheaf @ = %, we fix an n > 0. We choose a sequence of radii 741 > rpq2 > -+ > Sy
in S, converging to s, . Furthermore, we observe that the increasing sequence ($;)m>n
in Seo converges to 1. By Proposition 4.1.7 we then have the Stein covering

'%(Sn’l) = U '%[rmasm]‘

m>n

Hence, by Lemma 4.2.2, the relative cohomology sequence, and the explanation in
Lemma 4.2.5, we have the topological equality

H (X5, 0) = (lim O& N\ &y, 5,,1)) /O ().

m—00

The obvious set theoretic decomposition
X\ x[rm,sm] =%\ (%(Sm) \ '%_(rm)) = ('% \ '%(Sm)) U X" (rm) = x(sm,l) U X" (rm)

is in fact the decomposition of the space X \ Xy, s,,] into its connected components.
This can be checked after base change to C,, where, by [8, Prop. 1.20 and proof of
Prop. 2.1], the setting becomes isomorphic to the setting for the open unit disk which
we discussed in the previous section. Entirely in the same way as in the previous
subsection, it follows now that

H! (X(5,.1).0) = (RL(X) ® OT(X(50)))/ O (%),

T T j—
where OT(X(s,)) := h_n)lm_)oo X~ (rm), and then

lim H!(Z, 1, 0) = lim (lim O@\ Xp, 5,)/O(F)

n—00 n—00 m—>oo (4.13)

= (RL(X) ® O(X))/0(X) = RL(X)

as locally convex vector spaces.

4.2.2 Serre duality for Stein spaces

In the following, the continuous dual of a locally convex vector space is always
equipped with the strong topology.

The Serre duality for smooth Stein spaces is established in [11,20]. Let YY) be a
one-(equi)dimensional smooth Stein space over L.
Theorem 4.2.6. For any coherent sheaf ¥ on *Y) we have the following:

()  HLY, F) is a complete reflexive Hausdorff space.

(ii) Homy(F, Q) = H(Y, Homy (F, Qy)), being the global sections of

R
another coherent sheaf, is a reflexive Fréchet space strictly of countable

type (cf. [61, Def. 4.2.3]).
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(iii) There is a canonical trace map
try : H! (. Qy) — L
such that the Yoneda pairing
H. (). F) x Homy (¥, Qy) — H. (). Qy)

composed with the trace map induces isomorphisms of topological vector
spaces

Homi™ (H (%, 7), L) = Homy(F, Qy),
Hom™ (Homey (¥, Q4), L) = H} (Y. F)

which are natural in ¥ .

Proof. See [11, Thm. 7.1]> and [20, Thm. 4.21] (as well as [90, Prop. 3.6]). [

In the special case of the structure sheaf ¥ = Oy, the above assertion gives
us Homy (O, Q) = Q4 () for trivial reasons. On the other hand, the relative
cohomology sequence implies that

H (. Oy) = RL(Y)/ Oy (V). (4.14)

Hence, we have the following consequence of Serre duality.

Corollary 4.2.7. Serre duality gives rise to an isomorphism of topological vector
spaces

Hom{™ (2 ()/Oy (V). L) = Q3 ().

Lemma 4.2.8. Leta : %) — %) be a finite étale morphism of one-dimensional smooth
Stein spaces over L. We then have, for any coherent sheaf ¥ on %), the commutative
diagram of Serre duality pairings

HY(D.0*F)  x  Homy(@*¥, Q) — HIY, Q) —— L

=| l L

H! Y, axa*F) x Homy (axa*F, Q{D,) —— HLY, Q‘II)’) —— L

0 | || H

trsyy/
H}Y.F)  x  Homy(¥.Qk) ——— HN(Y.QY) —— L.

2This reference depends on the results in article [10], which unfortunately contains the fol-
lowing gaps. Firstly, in the proof of Lemma 4.2.2, Beyer quotes a result of Bosch concerning the
connectedness of formal fibers without verifying the required assumptions. This is repaired by
[54, Thm. 22, Cor. 23]. Secondly, Beyer claims implicitly and without proof that special affinoid
wide-open spaces are affinoid wide-open spaces in the sense of [10, Def. 4.1.1, Rem. 4.1.2].
This crucial ingredient has now been shown explicitly in [54, §2.5].
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Proof. The vertical arrows in the lower part of the diagram are induced by the adjunc-
tion homomorphism ¥ — a.o* ¥ . It is commutative by the naturality of Serre duality
in the coherent sheaf.

For the upper part we consider more generally a coherent sheaf § on %)) and check
the commutativity of the diagram

H! (Y. 9) x Homy (4. Q4) —— H1(Y. Q

zT lf'—m*(f) =

Hg(@’,a*g) X Homm/(a*g,a*ﬂ}y) —)Hcl(‘p’,oz*Q;b)

| |

treyy,
HIY . 0x§)  x  Homy(ew8.Q4) — HX(Y. QL) —> L.

‘1))

Here the second and third lower vertical arrows are induced by the relative trace map
try @ Oy Q‘ll) — Q}y/ (see below). The commutativity of the Yoneda pairings (before
applying the horizontal trace maps) is a trivial consequence of functoriality properties.
That the first and third upper vertical arrows are isomorphisms follows from the fact
that for a finite morphism the functor o is exact on quasi-coherent sheaves. This
reduces us to showing that the diagram

H{ (Y. Q)

S,

HI (Y. axQ2))

HE (Y Q)

(4.15)

is commutative.

For the convenience of the reader we briefly explain the definition of the relative
trace map try. But first we need to recall that any coherent axOs)-module M can
naturally be viewed (cf. [35, Prop. 1.9.2.5]) as a coherent (9;1) -module M such that
M = M (for any open affinoid subdomain B C %)’ one has M(oz 1(B)) = M(D)).
Since « is étale, we have (cf. [57, Thm. 25.1]) that

=

Since « is finite flat, the natural map

Homyy, (0 O, Or) @0, 2y —> Homyy, (0 Os. Q)
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is an isomorphism. Finally, since « is finite étale, the usual trace pairing is non-
degenerate and induces an isomorphism’

Homgy (0« Oy, Oy) = o Osy.
The relative trace map is now defined to be the composite map

@ Qy = aa (@O ®0,, L)~ = ax(Homy) (0O, O) Qo L)~

fefQ)
—

= (X*Homsx)/(a*(gﬁy, Qslp/)N = Homm/(a*(gﬁp, Qsly/) Qslp/

The commutativity of (4.15) is shown in detail in [54] and should also be a conse-
quence of [1, Prop. 6.5.1 (2)] upon showing that their general construction boils down
to the above description of the relative trace map. |

We make the last lemma more explicit for the structure sheaf. Let p : §Y) — 3 be
a finite, faithfully flat, and étale morphism of one-dimensional smooth Stein spaces
over L such that O (%)) is finitely generated free as an @3(3)-module. Fix a basis
Si...., Jn € O(Y)). Going through the proof of Lemma 4.2.8, one checks that on
global sections the relative trace map is given by

trp 1 Quy (V) = On(Y) ®o,3) 23(3) — 23(3)
h h
(4.16)
w = Zfz R w; Ztrace@m(m)/(gs@)(ﬁ)wi.
i=1 i=1

Hence, we have the commutative diagram of duality pairings

Hom§*™ (R ()/ O (), L) —— Q4 (V)
lHom(p*,L) llrp “4.17)
Hom§*™(R1(3)/03(3), L) —— Q4(3).

It remains to explicitly compute the relative trace map in the cases of interest to us.
But first we observe that, by the explanation at the end of Section 2.3 in [8], the sheaf
of differentials 52{10 on a smooth one-dimensional Stein group variety %) is a free Osy-

module. Furthermore, if %)) is one of our character varieties, say of the group G, then
by the construction before Definition 1.27 in [8] we have the embedding

L = Lie(G) — Oy ()
2 [ dy(@)]

and the function logy defined as the image of 1 € L = Lie(G).

3CT. [82, §49.3].
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Remark 4.2.9. The function logg corresponds under the LT-isomorphism « to the
function €2 log; by the commutative diagram after [74, Lem. 3.4]. In particular,
d logy corresponds to Qd log;; and 9%, to éamv, where df = 0% d logy defines
the invariant derivation on Ok (¥) similarly as for d;,, in (2.2).

Proposition 4.2.10. We have explicit formulae for the relative trace map in the fol-
lowing cases:

(i) Form}: X — X wehave QY (X) = Ox(X)d logg and
trys (fd logg) = Ly (f)d logy
(i) Forn>ngandl} :% = X, we have Q;EX (X)) = Ogx(X;))d logg>x and

trex (fd logg) = 77 (€3)«(f)d logg .

(iii) Forn>m>1and pmn: X5, — X we have Qzp. (X)) = O (X7,)d logg:
and

h
trpm.n (fd log.%,);,) = qn_mfld log.%;f lff = Z CVy; p;kn,n (ﬁ)?

i=1

where uy = 1,u,, ..., uy € Uy, are representatives for the cosets of U, in
Uy (with h .= g™~ ™).

(iv) Forn > 1and p, : ¥ — X,  we have Q;EX (XX) = Oxx(X*)d logg= and

h
trp, (fd logex) = (¢ — g" " fid loggx  if f = evy, pi(fi).

i=1

where u; = 1,us,...,uy € U, are representatives for the cosets of U, in
oF (withh := (g — 1)¢"").
(v)  For the multiplication jL, : X* = xx by a fixed point y € X*(L) we have

truy (fd loggx) = pyx(f)d loggx = )~ (f)d loggx .

Proof. All subsequent computations start, of course, from the formula (4.16) for the
relative trace map.

(1) The assumptions are satisfied by Lemmata 4.1.1 and 4.1.10. As explained at
the end of Section 2.3 in [8], the sheaf of differentials Q ée on X is a free Ox-module
of rank one with basis the global differential d logg. By [8, Lem. 1.28 (ii)] we have
¢r(logg) = mz logg. The formula for tr, + now follows from Remark 4.1.4.

(i1) The assumptions are trivially satisfied. The map d ¢, : L = Lie(U,) — L =
Lie(oL) is multiplication by ;. It follows that the isomorphism (£,)* : Ogx (¥;;) —
Ox(X) sends logyg> to ;" logg. This implies the assertions.
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(iii) The assumptions are satisfied by Remark 4.1.18. The inclusion U, — U,
of an open subgroup induces the identity map on the Lie algebras. It follows that
Pmn(102%3) = logg:x . Since pp,n is étale, we first may apply this with some 7 > ng
and, using (ii), deduce that Q;E,Xn (X5,) = Oz (X;,)d loggx for any m > 1. The for-
mula for tr,,, , follows by the same argument as in the proof of Remark 4.1.4.

(iv) The argument is the same as the one for (iii).

(v) The assumptions are trivially satisfied. Using that dy(1) = % x(exp(1))|r=0,
we check that

logag~ (x1x2) = loggx(x1) + logxx(x2)

holds true. We deduce p} (d logg~) = d loggx and hence the formula for tr,,. =

We briefly remark on the case where our Stein space is the open unit disk B around
zero. Then Ry, (B) is the usual Robba ring of all Laurent series f(Z) = Y ;cz ¢i Z"
with coefficients ¢; € L which converge in some annulus near 1. Analogously to
(4.14), we have

H}(B.Q}) = RL(B)dZ/Op(B)dZ

and the trace map sends Y ;. ¢; Z'dZ to its residue which is the coefficient c_; (cf.
[11,§3.1]).

4.2.3 Duality for boundary sections
First, we recall another functoriality property of Serre duality.

Proposition 4.2.11. Let j : §Y)o — %)) be an open immersion of one-(equi)dimensional
smooth Stein spaces over L, and let ¥ be a coherent sheaf on %)). Then the diagram

HM).F) x  Homy(F.QY) —— HA(Y. Q) — 2 L

J T lres j! T
trsz) 0

HY(Wo.F) x Homy,(F.QL ) —— HI(Yo. Q4 ) —— L
is commutative.

Proof. The commutativity of the Yoneda pairing (before applying trace maps) is imme-
diate from the functoriality of the cohomology with compact support in the coefficient
sheaf. The assertion that trsy o ji = try), holds true is shown in [90, Thm. 3.7]. ]

In order to combine the above functoriality property with Lemma 4.2.3 in the case
of the structure sheaf ¥ = Oy, we first recall the setting of that lemma.

(1) Y = U, U, is a Stein covering of the Stein space YY) such that the %), =
%) \ U, are Stein spaces as well. In particular, Ry, (Y)) = h_r)nn Oy (Yn) with
the locally convex inductive limit topology.
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(2) The restriction maps Oy (YY) — Oy (Y) \ U) are injective for any U € Aff(%Y)).

(3) The inductive system of Fréchet spaces

QY1) = = QL (V) = QY (Vus1) = -+

is regular (cf. [61, Def. 11.1.3 (i1)]). By [61, Thm. 11.2.4 (ii)] the locally con-
vex inductive limit

Qg p) =My (Vo) = lim QY \ W)
n UeATf(Y)

is a locally convex Hausdorff space.

Proposition 4.2.12. [n the above setting we have a natural topological isomorphism

HomcLom(leﬂL(SD)v L) ~ (Lln h_[)n Dy(y \ u))/@‘y(m)
n ‘U,EAff(yn)

(where the left-hand side is equipped with the strong topology of bounded conver-
gence).

Proof. The asserted isomorphism is the composite of the isomorphisms

Hom{™ (2%, o). L) = Hom{™ (lim QY (V). L) = LiLnHomCL(’m(sz}y(‘pn), L)
n n
= lim H; (Yn. Oy)
n
= (lim lim  Dy(¥\ W)/Oy(Y).
n UeA(Y;)

The isomorphism in the first line comes from [61, Thm. 11.1.13]. The equality in the
second, resp., third, line is a consequence of Theorem 4.2.6 and Proposition 4.2.11,
resp., Lemmata 4.2.3 and 4.2.5. [

‘We now evaluate this latter result in the same concrete cases as in Section 4.2.1.

The open unit disk

First of all, the sheaf of differentials QII; on the open unit disk B is a free @g-module
of rank one. Hence, by choosing, for example, the global differential dZ for a coor-
dinate function Z, as a basis, we obtain a topological isomorphism Rz, (B) = Q}RL ®)
as Ry (B)-modules. The regularity assumption in (3) above therefore is reduced
to the corresponding property for Rz (B), which is established in the proof of [8,
Prop. 2.6 (1)]. Hence, Proposition 4.2.12 is available. By combining its assertion with
(4.12) we obtain a natural topological isomorphism

Hom§™ (RL(B), L) = Homy™ (R, ). L) = RL(B). (4.18)
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This shows that Ry, (B) is topologically self-dual. By going through the definitions
and using the explicit description of the trace map in this case as the usual residue
map (end of Section 4.2.2) one checks that this self-duality comes from the pairing

RL(B) X ZRL(B) — L
(f1(2). f2(Z)) + residue of f1(Z) f>(Z)dZ.

This latter form of the result was known (cf. [64, 67]) before Serre duality in rigid
analysis was established. In this paper, it is more natural to use the self-duality given
by the pairing

(,)B:RL(B)x RL(B) —> L
(f1, f2) > residue of f1 fod log; .

We will denote by resg : Q}RL @ — L the linear form which corresponds to 1 €
R (B) under the second isomorphism in (4.18).

The character variety X

We recall that the sheaf of differentials 2 ;E on X is a free Ox-module of rank one with
basis the global differential d logy. Hence, again we have a topological isomorphism
R (X) = Q,IRL @) 8 R 1 (X)-modules. The regularity assumption in (3) above there-
fore holds by [8, Prop. 2.6 (i)]. Hence, Proposition 4.2.12 is available. By combining
its assertion with (4.13) we obtain a natural topological isomorphism

Hom§™ (R (%), L) = HomP™ (R, z) L) = RL(X). (4.19)

This shows that Rz (¥) is topologically self-dual. Let resx : Q}RL ) — L be the
linear form which corresponds to 1 € Ry, (X) under the above isomorphism. Then, as
a consequence of the naturality of the Yoneda pairing, this self-duality comes from
the pairing®
() RL(X) X RL(X) - L
(f1, f2) > resx(f1 f2d logg).

Next we consider X, for some n > ng, where no > 1 is the integer from Sec-

tion 4.1.2. We then have the isomorphism of Stein group varieties £ : X N Xy

Hence, all we have established for X holds true correspondingly for X;. In particular,
we have a natural topological isomorphism

(4.20)

Hom{™ (R (%), L) = Homy™ (R, x> L) = RL(X;).

“Warning: If L = Q,,, then ¥ = By = B with the latter isomorphism given by z > z — 1;
but the self-dualities (4.18) and (4.19) do not correspond to each other since in this case d logy
corresponds to d log(1 + Z) = H_%dZ.
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Letresgx : QIRL @~ L be the linear form which corresponds to 1 € Ry (X)) under
this isomorphism. We obtain that Ry (X)) is topologically self-dual with regard to the
pairing
(ag t RL(E)) x RL(Xy) — L
(/1. f2) > resgx (1 f2d loggx).
It follows from [90, Thm. 3.7] that the diagram

1
@ RL(Z) resx

)« | = L

Ry (X7

is commutative. But in the proof of Proposition 4.2.10 (ii) we have already seen that
(£y)«(logg) = 7} logx>. Therefore, the diagram of pairings

R®  x R@®-L
(z;;)*Tg nZ(ZZ)*l; 4.21)
(a) x
RLED)  x RLE) L

is commutative. Alternatively, we could have used the following observation.

Remark 4.2.13. Let p : YY) — 3 be one of the morphisms in Proposition 4.2.10. Then
Proposition 4.1.11 applies, and it follows that, for any admissible open subset U C 3

which is Stein, the relative trace map tr,,| ,—1yy) is given by the same formula as for tr,.

In the case of the morphisms 7; and pj,,, forn > m > ny, this immediately leads
to the following equalities of pairings.

Lemma 4.2.14. We have the following:
@) Apr (1), foda = L fi, V] (f2))x for any fi, fo € RL(F).
(i) Letn>m>ngandletu; =1, us,...,up € Uy, be representatives for the

cosets of Uy in Uy, (with h := q"™); for any f’ € R (X)) and any f €
RL(X),, of the form f = Zl}'l=1 eVu; P n(fi) (cf. Remark 4.1.18) we have

(omn (D) [l = a" " (S, fi)s-

The multiplicative character variety X

We fix an n >n¢ for the moment as well as representatives u1 =1, up, ..., uy € O}j for
the cosets of Uy in o} (with h:= (g —1)¢"~"). Recalling from Lemma 4.1.15 (ii) that

RL(X¥) = Z[of] ®z(u,) i (RLE))).
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we may write any f € Rp(X*)as f = Z?zl evy; pn(fi) with uniquely determined
fi € RL(X)). We now define resgx : Q}RL(BEX) — L by

resgx (fd logg=) := (¢ — 1)g" ™" resgx (f1d logg:) (4.22)
and then the pairing

(et RLE®) X RL(X™) —> L
(f1, f2) > resz= (/1 f2).
These definitions are obviously independent of the choice of the representatives u;.

Moreover, due to Lemma 4.2.14 (ii), they are independent of the choice of n as well
and we have

(4.23)

(on (). flex = @@= Da" 7 (f' fi)ax (4.24)

forany £ € Rp (&) andany f =Y evy, pi(fi) € Ru(®)*, where u; € 0]
runs through representatives for the cosets of U, in o . The topological self-duality
of R (X)) easily implies that this pairing makes Rz, (X*) topological self-dual.

Lemma 4.2.15. The twist morphism [1, : X* — X*, for any y € X*(L), satisfies

(5. 15 (D) x = (f1. f2)xx  forany fi, fo € RL(EX).

Proof. The assertion immediately reduces to checking the equality resgx o,u; =
resgx. Obviously, there are twist morphisms on X, as well. One easily checks that

* x % *
Hex © Pn = Pn © Hyju,

and that
wy(evu) = x(u)ev, foranyu € oy.

Using Lemma 4.1.15 (i), we write an f € Rp(X*) as f = Zf-’zl evy; p,(fi) and
compute

h h
() =Y whievi) i (s () =D evu; op (X iy, ())-
i=1 i=1

This shows that 1} (f)1 = 'u;l U, (f1). This further reduces the claim to showing that
resgx OM;IU,, = resgx. But this follows from [90, Thm. 3.7] or, alternatively, from a
version of Proposition 4.2.10 (v) for R (X;). ]

Of course, everything in this entire Section 4.2 remains valid over any complete
extension field K of L contained in C,. Moreover, our constructions above are com-
patible under (complete) base change: Let YY)k denote the base change of §Y) over L
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to K (and similarly for affinoids). Then we obtain a commutative diagram

=RL (@) X Q}RL Q)]

> L
l l [ (4.25)
> K.

<(RK(§-DK) X Q}’RK(‘DK)

Indeed, it is shown in [54] that Serre duality is compatible with base change in the
sense that there is the following commutative diagram for any 7, in which the hori-
zontal lines are the Serre dualities over L and K, respectively:

Hcl(iUn,@m) X Q%D(;-Dn) > E
HY k. Op)  x QY (Vak) . K.

Hence, taking limits as in the proof of Proposition 4.2.12, the claim follows upon
observing that also the relative cohomology sequence (4.9) is compatible with base
change. By inserting 1 € R (YY) € Rk (Yk) into the pairings of (4.25), we see that
in any example discussed above the residue maps resy) are compatible under base
change as well as the pairings ( , )s. Since Rx(Yx) = K ®r. R () (and hence
Ql ~K® L. Q}RLCD)) by [8, Cor. 2.8] with respect to the (completed) induc-

"Rk (k) T
tive tensor product, we see that

ressy, = K @)L,L ressy (4.26)
and that we have the commutative diagram
K&, HomP" (RL(Y),L) — HomP" (K &7 , RL(Y).K) = Hom™ (Rx (V). K)
glid K ®L  dualitys) ;ldualitym X

K ®r, RL(Y) Rk (V).

IR

4.3 (¢L,I'z)-modules

As before, we let L € K C C,, be a complete intermediate field, and we denote by
ok its ring of integers.

4.3.1 The usual Robba ring

In Sections 4.2.2 and 4.2.3, we already had introduced the usual Robba ring R =
Rk = Rk (B) of the Stein space B,k in connection with Serre duality. We briefly
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review its construction in more detail. The ring of K-valued global holomorphic func-
tions” Ok (B) on B is the Fréchet algebra of all power series in the variable Z with
coefficients in K which converge on the open unit disk B(C,). The Fréchet topology
on Ok (B) is given by the family of norms

ez

i>0

= max|c,-|ri forO<r <1.
14

In the commutative integral domain O (B), we have the multiplicative subset ZN =
{Z/ : j € N}, so that we may form the corresponding localization Ok (B) zn. Each
norm | |, extends to this localization Ok (B) zn by setting

el

i>—00

:= max|c; |r’.
1

The Robba ring R 2 Ok (B) is constructed as follows. For any s > 0, resp., any
O<r<s,in p@ let Bpg 4], resp., By, 51, denote the affinoid disk around 0 of radius s,
resp., the affinoid annulus of inner radius r and outer radius s, over K. For I = [0, 5]
or [r, s] we denote by

RT .= RE(B) := Ox(B))

the affinoid K-algebra of By. The Fréchet algebra RV = hm .ﬂ[r s1is the
algebra of (infinite) Laurent series in the variable Z w1th coefﬁments in K which
converge on the half-open annulus By, 1) := |, -, B[s]. The Banach algebra R0
is the completion of @ (B) with respect to the norm | |;. The Banach algebra R
| 1s)- It
follows that the Fréchet algebra RI"1) is the completion of Og (B) ,n in the locally
convex topology defined by the family of norms (| |,s)r<s<1. Finally, the Robba ring
is R = Uper g RV,

Remark 4.3.1. Ok (B)zn is dense in Rg(B).

___d__ T
Let p~ @=De < r < < 1. Then we have a surjective map

Birs) = Bprasa)

4.27)
z > [mL](2)
according to [33, proof of Lem. 2.6].° It induces a ring homomorphism
oy N R Rlrs] (4.28)

5In the notation from [25, §1.2], this is the ring Rt.

The proof there is only written for the special Lubin-Tate group, i.e., such that [r7] =
X9 + m; X, but generalizes easily by using the fact that [77] = X9 4+ 7y X f(X) with f(X) €
or [X]™.
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which is isometric with respect to the supremum norms, i.e.,

q ¢4
o )y = ey forany f & R,

In particular, by taking first inverse and then direct limits we obtain a continuous
ring homomorphism ¢, : R — R. We shall often omit the interval in ¢z ] and just
write ¢y..

Similarly, we obtain a continuous ['z -action on RR: According to loc. cit., we have
a bijective map

Birs1 = Birg)
z = [rur((z)
for any y € I'r, whence we obtain an isometric isomorphism

y : RS RIS

with respect to the supremum norms, i.e., |V(f)|r,s] = |.f|[r,s) forany f € R
Finally, we extend the operator ¥, to R: For y € ker([rrz]) we have the isomor-
phism

Bis1 = Bl

ZW>Z 17y

of affinoid varieties because |z +1ry|=|z+ y|=|z|. The latter equality comes from

__d 1 .
|z|>r>p~@De =q~a-T =|y| for y #0. Setting tr( /) :=> ) crer(ir, [ +11 ),
we obtain a norm decreasing linear map tr : R$1 — RI"5] We claim that the image
of tr is contained in the (closed) image of the isometry (pgq’sq], whence there is a
norm decreasing map

Yeor @ RUST — R

such that @7, o ¥co = tr. Indeed, by continuity it suffices to show that tr(Z’) belongs
to the image for any i € Z. Fori > 0, Coleman has shown that tr(Z%) = ¢z (Yco(Z7))
with Yco(ZY) € 0L [Z] < RI59] see [80, §2]. Fori < 0, we calculate

o (Zea(Im) (27 Z)) = euZH( Y. DT ZNZ +ir )

yeker([m,])

=) Y lZ i) (Z A y))
yeker([r,])

=) Y a@Z )
yeker([rr])

= > (Z+uy) =uwz),

yeker([])
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whence the claim follows. We put wg’s] = %w(;ol : RIS R which induces
the continuous operator ¥z, : R — R by taking first inverse limits and then direct
limits. By definition of tr the operators wg’sl and hence 7, satisfy the projection
formula. We shall often omit the interval in I[f’s] and just write Y .

As in Section 4.1.4, we fix a generator 1’ of the dual Tate module 7, and denote
by €2 the corresponding period. For the rest of this subsection we assume in addition
that K contains 2. Following Colmez in the notation, we introduce the power series
n(a, Z) := exp(aQ log;1(Z)) € ox[Z] for a € or. As noted in Section 4.1.4, the
power series 1(a, Z) is nothing else than the image under the LT-isomorphism «* of
the holomorphic function ev, € Ok (X). Generalizing the equality (4.7), we have the
following decompositions of Banach spaces:

Rl = P R, 2) (4.29)
acoyr [n}
and hence
R= P ¢} R 2) (4.30)
acoy [}

of LF-spaces using the formula

r=(Z)"Y " gpvi (n(—a. Z)r)n(a. Z). 431

This can easily be reduced by induction on 7 to the case n = 1. Using the definition of
tr and the orthogonality relations for the characters k), for y € ker([r.]), the formula
follows and, moreover, defines a continuous inverse to the continuous map

=

Zlor] ®zgr, o) R 2 R
a® fapr(f).

Inductively, we obtain canonical isomorphisms

Zlor] ®Z[n1’joL] R[rq",sq”] = Rlrsl

(4.32)

a® fapp(f).

Moreover, immediately from the definitions, we have
or(na. 2)) = n(rra. Z), (4.33)
O’(?](a, Z)) = n(XLT(o)a, Z) foro € 'y, (4.34)
L p(2 7) f IS ,

WL(n(avZ)) — )7L r](nL ) ora € myoy, (4.35)

0 otherwise.

Remark 4.3.2. We have 7, = ¢, o traceg/y, ()-
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Proof. Both maps tr and traceg,,, (®) are easily seen to be ¢z, (R)-linear and to be
multiplication by ¢ on ¢ (R). Hence, by (4.30), it suffices to compare their values
on the elements n(a, Z). By (4.35) we have

qer(n(x;'a,Z)) ifa € npop,
0 otherwise.

tr(n(a, 2)) = {

On the other hand, a similar computation as in the proof of Remark 4.1.4 shows that
trace g /o, (®) has exactly the same values. But ¢;, = %(pzl ofr. n

For uniformity of notation we put W}f = ”TLWL = é(pzl o traCer /g, (R)-

4.3.2 The LT-isomorphism, part 2

We assume throughout this subsection that €2 is contained in K. Since the map « :
B> Xisan isomorphism of rigid varieties, it preserves the systems of affinoid
subdomains on both sides. Hence, the LT-isomorphism (4.6) extends to a topological
isomorphism

K Rg(X) > Rk (B).

In order to have a uniform notation, we usually write from now on
Rk (¥) := O (k(Br))
for any closed interval I C (0, 1) so that we have the isomorphism of Banach algebras
K* T REX) S RL(B).

We warn the reader that only for specific closed intervals I there is another closed
interval I’ given by a complicated but explicit rule such that « (B;) = %;-. The precise
statement can be worked out from [8, Prop. 1.20].

In the following, we list a few compatibilities under this extended LT-isomorphism.

First of all, under this isomorphism, the I'y, = oz-action and the maps ¢y, on both
sides correspond to each other (cf. [8, §2.2]). Then it follows from Remarks 4.1.4
and 4.3.2 that the operators wg (defined at the end of Section 4.1.1) and wl]f (defined
in the previous section) also correspond under «*.

Secondly, as a consequence of [90, Thm. 3.7], we have the commutative diagram
Q}RK(%)

res

o | = K. (4.36)
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This combined with Remark 4.2.9 implies the explicit formula

resg(fd logg) = Qresg (k*(f)gird Z). 4.37)

4.3.3 ¢r-modules

Let %)) be either X or B and R := Rk (%))). Henceforth, we will use the operator
Yr = %w;y on R. We also put

_Jp Y =2%,
=13, ifry=8.

Definition 4.3.3. A ¢;-module M over R is a finitely generated free R-module M
equipped with a semilinear endomorphism ¢y such that the R-linear map

go}f,}‘:ﬁ@eﬂ,%Mi)M
f@mi> fou(m)
is bijective.

Technically important is the following fact, which for X is part of the proof of

[8, Prop. 2.24]. The proof for B is entirely analogous. It allows us to extend the above

maps and decompositions from the previous sections to ¢y -modules. For r > 0 we
introduce the intervals

10.99) = {(” Vo

[r,1) if%YY) =B.

Proposition 4.3.4. Let M be a g1 -module M over R. There exists a radius

_dp.
prt Y =X,
@ he i) =B

and a finitely generated free Ok (*V1(r,,5))-module My equipped with a semilinear
continuous homomorphism

ro =

oM, - Mo — OK(@I(rO,m)l/q‘n) ®0K(‘Dl(r0,m)) My
such that the induced Ok (%)) (ro.0) /4 )-linear map

lin .

(pMO . OK(SDI(rO,sp)l/CISX)) ®(9]( (ml(ro.‘l)))"pL MO — OK(SBI(,«O,S'D)I/Q‘IJ) ®0K (ml(r‘o.m)) MO
is an isomorphism and such that
R ®0K(‘Dl(r0m)) Mo =M

with 1. ® ¢um, and gy corresponding to each other.
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The continuity condition for the @y, of course, refers to the product topology on

Mo = (Ox (V1¢ro.0)° -

In the following, we fix a ¢ -module M over R and a pair (rg, My) as in Propo-
sition 4.3.4. For any ro < r’ < 1 and any closed interval I = [r,s] C I(+’,%))) we then
have the finitely generated free modules

MY . Ok V1¢ %)) ® Ok Vr0rg.m) M, over R[r,l)’
MI = (9[{(;@1) ®(9K(ml(r’.‘1))) Ml(r/’m) over (91{(;@[)

They satisfy
MICY —limM! and M = lim M), (4.38)

We equip M ! with the Banach norm | |,,; given by the maximum norm with
respect to any fixed basis (the induced topology does not depend on the choice of
basis) which is submultiplicative with respect to scalar multiplication and the norm
| [r on O (V).

Furthermore, base change with Ok () ;1/ay) ) over Ok (%)), o) /ay ) induces iso-
morphisms of Banach spaces

I _ 1) lin .
in = 1/ay) & :
@in = Ok (Dp1/0m) @Ok, 1 /ay) PMo

= I 1 /‘1‘1)
Ok (Y j1/ay) ok M" = M
and hence injective, continuous maps

1/
goI:MI—)MI v

by restriction.
Assuming that /9% C I(r', %)), we define the additive, K -linear, continuous map
vyl Ml - m! ™ as the composite
Loy @ v 19
v M —— O (Y1) ®(9K(S~D141,Y))"/’L M - M , (4.39)
where the last map sends f ® m to ¥/ ( f)m. By construction, it satisfies the projec-
tion formulae

vl @ (fym) = fylm) and ! (g9"™ (m")) =yl (e)m’,  (4.40)

for any f € Ox(W;4v), g € Ox(V1), and m € M1, m' € MT™ as well as the
formula q
1o 0% _ 49
vog = 1dM,qs1).
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Using Proposition 4.1.14 in case YY) = X, resp., the decomposition (4.29) in case
%) = B (under the assumption that 2 is contained in K), combined with (iterates of)
ol gives rise to decompositions

i {EBae(oL/,,p vagp (M) ifY =X, wan
@ae(oL/nZ) n(a, Z)pt(M?') ifY)Y=BandQ € K
of Banach spaces and
a = | Dactormpy VaeL (M) iFY = X, (4.42)
@ae(oL/yrZ) n(a, Z)ey (M) ifY) =Band 2 € K '

of LF-spaces, again given by the formula

m = {(71“) Za (prM(eV—a m)evg if Y) = X%,
(Z£)" 0 o ¥aa (n(~a. Zym)n(a. Z) if) =Band 2 € K.

4.3.4 The Robba ring of a group
Recall that L,, = L(ker([7r}])). We set

T, = Gal(Loo/Ln) = ker (T, 25 0F — (or./7})%).

Also recall from Sectlon 4.1.2 the notation U, := 1 —|— mjor for n > 1 and the iso-
morphisms log : U, = wjor and £, = ;" log: Uy = or forn > ng, where ng > 1
is minimal among 7 such thatlog : 1 + 7jop — mjor andexp : o — 1+ 7wjoL
are mutually inverse isomorphisms.

Obviously, yrr restricts to isomorphisms I', = U, for any n > 1. Consider the
composed maps

a2

é:zlogoXLT:FL—>L and énzzﬁnoXLT:FnﬁoL forn > nyg.

The latter isomorphisms induce isomorphisms of Fréchet algebras D (I, K) =
D(op, K).

Because of the isomorphisms I';, = of and ', = Uy, the formalism of char-
acter varieties and corresponding Robba rings applies to the groups 'y and [, as
well, giving us the corresponding character varieties X, and Xr,,, and the results of
Section 4.1.2 transfer to this setting. To make a clear distinction, we put Rg(I'r) :=
Rk (Xr,) and R (I'y) := Rk (Xr, ) and call them the Robba rings of the groups I'y,
and I',,. Clearly, the Lubin-Tate character ypr induces topological ring isomorphisms

Rr(TL) = Re(®*) and  Rg(Ty) = Ry (X)) forn > 1. (4.43)
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If " denotes any of these groups, then we will very often view, via the Fourier isomor-
phism, K[I'] € D(T", K) as subrings of Rx (I"). In particular, we consider elements
y € I as elements of the Robba ring writing them in any of the forms y =6, = ev,,.

Let n > m > 1. The inclusions ¢, : I, < I'r and t, 4, : 'y < 'y, induce, by
the transfer of the results in Section 4.1.2, ring monomorphisms (4 : Rg([,) —
R (') and ty s : Rx (I) = Rk (Iin). More precisely, we have (by Lemma 4.1.15
and Remark 4.1.18) topological ring isomorphisms

ZITL] @z, Rk (Tn) = R (TL). (4.44)
Z[Tm] ®zr,] Rk (Tn) = R (Tm). (4.45)
Here the left-hand sides are viewed as free R (I')-modules endowed with the prod-

uct topology.
We also note that, for n > m > ng, the commutative diagram

Y4
I, —>or

ln mJ J/HZ_M
L

I'm —— oL

induces the commutative diagrams

én* =
D(Fn,K) E— D(OL,K) W) OK(x)(pz—m
ln,m*[

(ﬂz_m)*l l

D(Tp, K) ~2%% D(op. K) ——= 4 Og(X)

Fourier

and

R (Tp) —=— R (X)%L "

L,,,m*l I (4.46)

Ric(Ty) —— 25 Rg(%).

>

For the rest of this subsection we assume that 2 is contained in K. Let n > ny.
We then have the isomorphisms of rigid varieties

G e
K Z;o;

For any closed interval / C (0, 1) we therefore have the affinoid subdomain f: o
k(Byr) in X1, and we may introduce the Banach algebra !Ré(Fn) =0k ({; ok (By)).
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By its very construction the diagram

RLT (L) e LT () - R B

=~

ln.m*\[ J:(pz_m J:(pz m

RE(Tp) —— 25— RE(E) —S— RE(B).

for n > m > ny, is commutative. Together with (4.32) it implies the canonical iso-
morphism
ZITw] ®zir,) Rk (Tn) = R (Tm). (4.47)

We will denote the composite of Fourier and LT-isomorphism by
¢: D(or, K) S Ok (¥) S Ok(B).
Recall that Ok (B) is a space of certain power series in the variable Z. We put
X :=¢Y(Z)e D(or.K) and Y, :={;1(X)e D(T,.K)forn > ny.

In this way, we can express elements in these distribution algebras as power series in
these variables. This will later on be an important technical tool for our proofs.
As an immediate consequence of Remark 4.3.1, we find the following.

Remark 4.3.5. The subsequent inclusions are dense:
(i) D(or,K)zn € Ri(¥) and
(ii) D(Fn,K)Yr%N C Rk (I'y) forn > ny.

4.3.5 Locally Qp-analytic versus locally L-analytic distribution algebras

We fix a Zp-basis hy = 1,...,hg of oL and set b; := h; — 1 and, for any multi-
index k = (kq,...,kg) € NZ, bk := ]_[l 1 l’ € Zplor]. We write Dq,, (G, K) for
the algebra of K-valued locally Q,-analytic distributions on a Q,-Lie group G. Any
A € Dq, (oL, K) has a unique convergent expans10n A= ZkeNg ab* with . € K
such that, for any 0 < r < 1, the set {ozkr d} is bounded, where ¢ :=2if p = 2
and ¢ := 1 otherwise. The completion w1th respect to the norm

A, := sup |og|r®™

keNg

for 0 < r < 1is denoted by

Dq, (oL, K) = { Z ab¥|one € K and |oye|r®™ — 0 as [k| — oo}.

d
keNg
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By [68, Prop. 2.1], the group or satisfies the hypothesis (HYP) of [76] with p-
valuation w satisfying w(h;) = <. Thus, by [76, Thm. 4.5], restricting to the subfamily
g¢ <r <1,re pQ the norms || |l@,,r are multiplicative. If not otherwise speci-
fied, we denote by V' @ W the projective tensor product of locally convex K-vector
spaces V, W.

Lemma 4.3.6. Let
O—-V—->W-—->X—->0

be a strict exact sequence of locally convex topological K-vector spaces with W
metrizable and X Hausdorff, and then

(i)  the sequence of the associated Hausdorff completed spaces

O—-V—->W-—->X-—->0

is again strict exact,

(i1) for a complete valued field extension F of K the associated sequence of
completed base extension

0> FQkV >F kW —>FQkX—>0

is again strict exact,

(i) if W is a K-Banach space, V a closed subspace with induced norm and
X = W/V endowed with the quotient norm, then in (ii) the quotient norm
coincides with the tensor product normon F ®g X.

Proof. By [15,1.17 §2] with W also V', X, and all their completions are metrizable.
Hence, the first statement follows from [17, IX.26 Prop. 5]. For the second statement
we first obtain the exact sequence

0> FRQgV >FQgrW —>FQgX —>0

of metrizable locally convex spaces (cf. [61, Thm. 10.3.13]). The first non-trivial
map is strict by [61, Thm. 10.3.8]. Regarding the strictness of the second map, one
easily checks that F @ x W/ F ®x V endowed with the quotient topology satisfies the
universal property of the projective tensor product F' ® ¢ X . Now apply (i). The third
item is contained in [36, §3, n° 2, Thm. 1], see also [91, Thm. 4.28]. [

The kernel of the surjection of Fréchet spaces Dq,, (oL, K) — D(oL, K) is gener-
ated as a closed ideal by a :=ker(L ®q, Lieg, (o) B2, Lier(or)). For K = L

this is [68, Lem. 5.1]. As seen in the proof of Lemma 4.1.2, we have

K ®1 Dq,(or.L) = Dg, (o, K) and K ® D(or,L) = D(or,K).
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Hence, the assertion for general K follows from Lemma 4.3.6 (ii). We write D, (oL, K)
for the completion of D(or . K) with respect to the quotient norm || || of || @,.-- By
the proof of [76, Prop. 3.7] we have the exact sequence of K-Banach algebras

0—a, — DQp,r(OL, K) — D;(oL.K) — 0, (4.48)

where a, denotes the closed ideal generated by a. Moreover, the K-Banach algebras
D.(or, K ) reahze a Fréchet-Stein structure on D (o, K). For convenience we set
Tmi=¢q ~P7 for m > 0. We, of course, have

D(or,K) = 1<lr_nDrm (oL, K).

m

Moreover, according to [69, Cor. 5.13], one has
D, (oL, K) = Z[oy] ®z[p™mo; ] Dro(pmoL, K).

We have corresponding results and will be using analogous notation for groups
m
isomorphic to o . This applies, in particular, to I',, for any n > ng. Note that ['} =
1ﬁn +me-

4.3.6 (¢, I')-modules

We recall the definition of as well as a few known facts about (¢, I’z )-modules (cf.
[8]). Let %)) be either X or B and R := Rk (%))). Any (¢r, ['r)-module M over R
is, by definition, in particular an &2-module with a semilinear action of the group I'z.
Our aim in this section is to show that these two structures on M give rise to a module
structure on M under the “group” Robba ring Rx (I'r).

Definition 4.3.7. A (¢, I'r)-module M over R is a ¢r-module M (see Defini-
tion 4.3.3) equipped with a semilinear continuous action of I'z which commutes with
the endomorphism @p7. We shall write M (R) for the category of (¢r, I'r)-modules
over R.

The continuity condition for the 'z -action on M, of course, refers to the product
topology on M =~ R<.

According to [8, Prop. 2.25], the 'y -action on a (¢, 'z )-module M is differen-
tiable so that the derived action of the Lie algebra Lie(o}) on M is available.

Definition 4.3.8. The (¢, ' )-module M over R is called L-analytic if the derived
action Lie(I'L) x M — M is L-bilinear, i.e., if the induced action Lie(I'z ) — End(M)
of the Lie algebra Lie(I'z) of I'z, is L-linear (and not just Q,-linear). We shall write
M (R) for the category of L-analytic (¢, I'r)-modules over R.
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In [8], a (¢r, I'z)-module M over R is only required to be projective instead of
free as in our definition. Since throughout this paper we are exclusively interested in
L-analytic modules, that makes no difference as by [8, Thm. 3.17] any L-analytic
(¢r, ')-module M is actually a free R-module.

We have the following variant of Proposition 4.3.4 (cf. [8, Prop. 2.24]).

Proposition 4.3.9. Let M be a (¢r, I'r)-module over R. Then there exists a model
(My, ro) as in Proposition 4.3.4 equipped with a semilinear continuous action of I'g,
such that

R Qglro.n Mg =M

respects the U -actions (acting diagonally on the left-hand side).

From now on in this subsection we fix a (¢, I')-module M over R and a pair
(ro, My) as in Proposition 4.3.9. We then have available the objects introduced after
Proposition 4.3.4. But now the finitely generated free modules M’ ") and M1
are each in addition equipped with a semilinear continuous I'z-action, compatible
with the identities (4.38). Moreover, the 'z -actions commute with the ! -operators
(4.39), and the decompositions (4.42) and (4.41) are I'g -equivariant.

Assume henceforth in this subsection that M is an L-analytic (¢, I'z)-module
over R.

Proposition 4.3.10. The ' -action on M extends uniquely to a separately continu-
ous action of the locally L-analytic distribution algebra D(I'y,, K) of T'r, with coeffi-
cientsin K. If M = N is a homomorphism of L-analytic (¢r,, I'r)-modules, then f
is D(I'L, K)-equivariant with regard to this action.

Proof. First of all, we observe that the Dirac distributions generate a dense L-sub-
space in D(I'z, L) by [75, Lem. 3.1]. Since I'y, = oj, we have seen in the proof of
Lemma 4.1.2 that D(I'z, K) = K ®; D(I'z, L). Hence, the Dirac distributions also
generate a dense K-linear subspace of D(I'L, K). Therefore, the extended action is
unique provided it exists.

Our assertion is easily reduced to the analogous statement concerning the Banach
spaces M for a closed interval I = [r, s]. From [8, Props. 2.16 and 2.17] we know
that the 'z -action on M’ is locally Qp-analytic. But since we assume M to be L-
analytic, it is actually locally L-analytic (cf. the addendum to [8, Prop. 2.25] and the
argument at the end of the proof of [8, Prop. 2.17]).

For our purpose we show more generally the existence, for any K-Banach space W,
of a continuous K-linear map

[:€"(TL, W) — £p(D(TL.K), W)

satisfying I (f)(8y) = f(g). Note that this map, if it exists, is unique by our initial
observation. Recall (cf. [72, §12]) that the locally convex vector space €*"(I'r,, W)
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is the locally convex inductive limit of finite products of Banach spaces of the form
B ®x W with a Banach space B, and that its strong dual D(I'z, K) is the corre-
sponding projective limit of the finite sums of dual Banach spaces B’. We therefore
may construct the map / as the inductive limit of finite products of maps of the form

BRx W — £,(B, W)
x®y e [E-Lx)y].

Since B as a Banach space is barreled, this map is easily seen to be continuous (cf.
the argument in the proof of [71, Lem. 9.9]).

Now suppose that W carries a locally L-analytic I'z -action (e.g., W = M'). For
y € Wlet p,(g) := gy denote the orbit map in €*"(I'z, W). We then define

DT, K)xW —> W
(1, y) = 1(py) ().

Due to our initial observation, the proof of [75, Prop. 3.2], that the above is a sepa-
rately continuous module structure, remains valid even though K is not assumed to
be spherically complete.

By [8, Rem. 2.20], the homomorphism f is continuous and hence the D(I'z, K)-
equivariance of f follows from the I'z -invariance by the argument in the first para-
graph of this proof. |

Recall that M1, for each I = [r, s] with r > rg, bears a natural 'z -action. Now,
for each n > 1, we will define a different action of I';, on M [r ’S], which is motivated
by Lemma 4.3.11 below and which is crucial for analyzing the structure of M ¥M =0
in the next subsection. To this end, consider for each y € I’ the operator H, (y) on
M1 defined by

eV (ur(y)—1) VM ity = X,

H, =
(y)(m) {Tl(ﬂljn(XLT(y) —1), Z))/m if ) =Band Q € K.

Note that, since I'; acts on Ok (YY) via yrr and the o; -action, we may form the skew
group ring Ok (Y))[[',], which due to the semilinear action of I’y on M maps into
the K-Banach algebra &nd g (M) of continuous K-linear endomorphisms of M7,
endowed with the operator norm || ||,,7 . Hence, we obtain the ring homomorphism

H, : K[Th] = Og())[Tn] — Endxg(MT)
) s {eVnL”(m(y)—l) v ?f‘@ =X,
n(z;"(xur(y) —1).Z)y ifY)y=Band Q € K.

The next lemma holds true in both cases. We spell it out only in the B-case since
we technically need it only there.
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Lemma 4.3.11. Suppose that 2 is contained in K, and letn > m > 1.

®

(i)

(iii)

We have for all o € Ty,
a(n(1, 2)e7 (») = n(1, Z)¢} (Ha(0)(»)),

i.e., the isomorphisms

M = (1, Z)¢} (M),

MU S (1, )} (M)

y = (L Z)e (v)
are I'y-equivariant with respect to the natural action on the right-hand side
and the action via Hy, on the left-hand side.

The map

n—m n—m
1/q si/a ]

ZITm] ®z[T,],Hy MUt plr
y®y > n(%, Z)ohy ™ (vy)

is a homeomorphism of Banach spaces, where the left-hand side is viewed
as the direct sum of Banach spaces @, cr,, /1, ¥ ® M 51, Moreover, the
map is U'y-equivariant with respect to the H,,-action on the right-hand
side.

IfH, : K[T,] = &ndx (M?") extends to a continuous ring homomorphism
RL(T,) — End(M7), then Hy, : K[Ty] = Endg(M™"" ) similarly
extends to a continuous homomorphism

I 1 /ql’l— n—m

RE " (Tp) — Endgm! ",

If the first extension is unique, so is the second one.

: : .— Xr(o)—1
Proof. (i) Setting b := LTT, we calculate

a(n(1, Z)g;(m)) = o(n(1, 2))¢} (om)
=n(l + n;b, Z)g; (om)
=n(1, Z)n(zx"b, Z)g] (om)
=n(1, 2)¢L (n(b, Z)om),

where we used the multiplicativity of 7 in the first variable in the third and (4.33) in
the last equality.

(i1) By a straightforward computation one first checks that the map is well defined.
The bijectivity follows from (4.41) using the isomorphism 1 + 7;%0r /1 + 7] oL =

oL/n;™™"

oL,y > M0=L and that M) = yp 1),
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n—m
(iii) Base change induces the R}(W (I'yn)-action on

Jl/a"

RE () ®RL (1), M! = Z[Tp] ®zr,] RE(Ty) ®RL (T), H M
=~ Z[T] ®z(r,1,1, ®M’
, (4.49)

where we used (4.47) and (ii). The continuity is easily checked by considering “matrix
entries” which are built by composites of the original continuous map by other contin-
uous transformations. Here we use that the identifications (4.47) and (4.49) are home-
omorphisms when we endow the left-hand side with the maximum norm. Finally, the
claim regarding uniqueness follows from (4.49) as the action of I, is already deter-
mined by the original Hp,. ]

For the rest of this subsection we assume that 2 is contained in K and we will
work exclusively in the B-case, i.e., R = Rgx(B) and R! = CR}((B). The conse-
quences for the X-case will be given in Section 4.3.8.

There is a natural ring homomorphism R/ — &ndg(M?') by assigning to f €
R the operator which multiplies by f, and which we denote by the same symbol f.
Part (iii) of the following remark means that this ring homomorphism has operator
norm 1.

Remark 4.3.12. We have the following:
(i) SUpyep, IM(x,Z) — 1|1 <land|n(x,Z)[; = 1forall x € or,’
1) |n(px,Z)—1|f <max{|n(x,Z)— 1|f, qiem(x, Z)— 1|1}, where the right-
hand side is equal to |n(x, Z) — 1|7 if [n(x, Z) — 1|7> ¢~ 7T, and
(i) [flr = [fllagr forall f € RT.
Proof. It is known (cf. [74]) that n(x, Z) = n(1, [x](Z)) belongs to 1 + Zoc, [Z],
whence we have, for any x € o, that |n(x, Z) — 1|7 < 1 from the definition of | |7,

and (i) follows from the fact that the map oy, — R, x — |(x, Z) — 1|7 is continuous
with compact source. Affirmation (ii) is a consequence of the expansion

n(px,Z) =1=(n(x,Z2) = 1+1)" —1

p—1
= (. 2) - 1)+ (i) (n(x.2)—1)*

k=1
and |(£)| =g ¢fork =1,..., p— 1. (iii) follows from the submultiplicativity of
| |7 plus the fact that 1 € R, which implies the statement on M == (R1)™. ]

n(x,Z) =1l = n(1,Z) = 1|7 < 1forall x € o} because any x € o} induces an iso-
morphism [x](—) of By.
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Remark 4.3.12 allows us to fix a natural number my = mq(rg) such that for all
m > mg we have that

|n(x,Z)—1|I<rm for all x €0, and |n(x,Z)—1|I§r0 for all x € p™or,

. (4.50)
rO/q <Tm,

for any of the intervals I = [ro, ro], [ro.7, 1/ 1 and [rl/ 1 (} / 7]. In the following, let /
always denote one of those intervals.

Lemma 4.3.13. Let ¢ > 0 be arbitrary. Then there exists n; > 0 such that, for any
n > ny, the operator norm || ||p;1 on M satisfies

ly — Uipyr <e forally e [y. 4.5

Proof. We first prove the statement for the module M = R. For the convenience of
the reader we adopt the proof of [41, Lem. 5.2]. First note that for any fixed f € R
by the continuity of the action of I'z there exists an open normal subgroup H of I'g,
such that

v =D f|, <elfli (4.52)

holds for all y € H. So we may assume that the latter inequality holds for Z and Z~!
simultaneously. Using the twisted Leibniz rule

(y=DfH=-DE@f +r@y-D()

and induction, we get (4.52) for all powers ZZ. Since the latter form an orthogonal
basis, the claim follows using that |y(g)|; = |g|; forany y € H,g € RI. If M =
P, Re; andm = Y. fie;, we may assume that

(v = Dei|yyr < eleilpr (4.53)

holds for 1 <i < d, and apply the same Leibniz rule to f;e; instead of g f, whence
the result follows, noting that |e; |,z = 1 by the definition of the maximum norm
and that |y (e;)|pr = |eilpyr = 1 forany y € H and 1 <i < d as a consequence of
(4.53). [

We fix ny = n1(rg) > no such that the Lemma holds for & = ry. Then, for any
n > ni, m > my, the above H, extends to continuous ring homomorphisms

Hy : D, (Tn, K) — e:ndK(M’)

Zakﬁn*(b)kHZaan (€L )"

keNd k>0 i=1
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and

A 1

(oL, K)—)DQ,, rm (Tny K) — SndK(M )

Z Olkbk I—)ZO[kHHn(é;,l* (bl))k

keN¢ k=0 i=1

1.
n,% * psTm

Indeed, we have

Ha (652 (b)) = n(—zgl(h"n) - z) ~1+ n(—gl(z"ﬂ) — 1,2)(5,71(%”) —1)

T L

and since

(E ) (0 )
Y53 M1

) e
L 1 L I

<r
by (4.51), (4.50) and Remark 4.3.12 (i), the above defining sum converges with re-
spect to the operator norm. Moreover, we have

m

[, ), < suplak|rlkl = [AlQy,em (4.54)

forall A € Dg,, v, (oL, K); i.e., the operator norm of M, is less than or equal to 1.
Since M is assumed to be L-analytic, H, factorizes over the desired ring homo-
morphism

Hy : (D(Tn,K) € )Dx,, (T, K) — Endg(M")
and ]ﬁln over
H, : (D(or,K) € )Dx,, (01, K) — Endg(M")

by (4.48). As Dy, (oL, K) carries the quotient norm of Dq,,r,, (0L, K), we obtain
from (4.54)

[Ha ) | pyr = _ inf (Al = (A, (4.55)
A,pr(A)=A

forall A € Dy, (oL, K); i.e., the operator norm of H, is again less than or equal to 1.
By a similar, but simpler, reasoning one shows the following lemma.
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Lemma 4.3.14. The isomorphism ¢ : D(or, K) = Ox(B), 6, — n(a, Z) (composed
of LT and Fourier) induces, for all m > my, a commutative diagram of continuous
maps

DQp,rm (OL» K)

pI'
D, (oL, K)— 3 RI

with operator norms less than or equal to 1. Moreover, the operator norm of the scalar
action via ¢

scal : (D(or. K) € ) Dy, (0. K) = R — €ndx (M) (4.56)

is also bounded by 1, see Remark 4.3.12 (iii).

Remark 4.3.15. The maps FI,, and ]ITI[,,, as well as H, and H,,, are uniquely deter-
mined by their restriction to K[[';] and KJoy], respectively, because these group
algebras are dense in the sources Dq, v, (I'n, K), Dy, (I'n, K) and Dq,, v, (oL, K),
Dy, (or, K), respectively.

Applying our convention before Remark 4.3.12, we usually abbreviate scal(u)
by £(u) for & € D(or, K) below when we refer to this scalar action on M. For the
proof of Theorem 4.3.20 below it will be crucial to compare the two actions scal and
H,, of D(or, K)on M.

Finally, for n > n, we obtain similar maps for the original (multiplicative) action
of 'y CI'on M I.

D@, .t (Tn, K) — Endg (M)

d
3 el Y [T 4L 00k

keN¢ k=0 i=1

with operator norm bounded by 1.
A special case of the following lemma was pointed out to us by Rustam Steingart.

Lemma 4.3.16. Let m € N be arbitrary. Setting u,(a) := %fora eor \ {0}
and u, (0) = 1, there exist ny = ny(m) such that u,(a) € 1 + wj*or forall a € or,
and n > no.

n
p—1"

Proof. This is easily checked using v, (n!) < [

In order to distinguish Dirac distributions for elements y in the multiplicative
group I, from those for elements a in the additive group or,, we often shall write §;
in contrast to §.
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Lemma 4.3.17. Let 0 < ¢ < 1 be arbitrary and A =) " ¢k (84, — 1) € D(or.K) a
finite sum with ay € or. Then there exists n3 = niz(e, A, ro) such that for alln > ns
it holds that

|€(A) — Ha(A) |, <&

Proof. Put £ := supy, |cx| and choose ¢’ < ¢ such that ¢’ < ¢. Then choose m > my
such that
165 = Ulpr <& and [|6) =1l gs <&

for all y € I',, (see Lemma 4.3.13). Now according to Lemma 4.3.16, we choose
ns := np(my) > my. Observing that fora € of,

H,(8.) = g(Sun(a)a) ° 5271 @’
we estimate, for n > ns,

|€(A) = Hu (A) |31

= ch{Q(Sak) —-1- (g((gun(ak)ak) ° 52}](‘11() B )}HMI
k

= ch{g(sdk) —1- (g(‘sun(ak)dk) © (ngl(ak) B 1) + ¥ 0un@a) = 1)} HM’
k

=3 e = 1 = (€ @) © (5r gy = 1) + 85 a0 €)=},
k

=20 af 1= 85 ) €)= 1) = (€Gutara) © 6y, = MY,

x
ESI;P(|Ck|max{||(1_5;n(ak))(g(5ak) Mgz |

S3(81,4,1((1/()@() f_l(a/\) ”MI}

<é&'sup|cx| = €€ < e,
k

where we used for the last line the estimate

1= 80 €)= D) agr = 11 = 85,0 €)= ),
= ”(1 o S:t(n(ak))“w |Q(5ak) B 1|1
<d|nax.2)—1|, <¢

(by Remark 4.3.12 (i), (iii) and due to the choice of m and n3) for the first term as
well as the estimate

|| g(57/‘11 (ak)ak ) ° (SX

ot~ Vs = InCnt@oa. Z)[ 185, ) = e

= 8510y = taar <#

1
4 (ak)

for the second term (again by Remark 4.3.12 (i), (iii) and due to the choice of m; and
n3 > my). n
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Lemma 4.3.18. Let 0 < ¢ < 1 be arbitrary and u € D(or, K) any element. Then
there exists A =) i ck(8a, — 1) € D(or, K) a finite sum with ax € oy, such that
I — A||rm0 < &. Moreover, for n3 = ns(e, A, ro) from the previous lemma and all
n > ns, we have

|€G) — Ha () |5 < &

In particular, if¥(iu) is invertible as an operator in End g (M1) or equivalently invert-
ible as an element of R1,* then firstly there exists ng = n4(, ro) such that

19() = Ha()llpgr < 18771 and  [Ha(w) ™ =€)~ agr < 18007 s
for any n > n4 and secondly the operator H,, (i) is invertible, too.

Proof. The existence of such A is clear because such elements form a dense sub-
set of D(or, K) in the Fréchet topology (as noted at the beginning of the proof of
Proposition 4.3.10). Consider the estimation for n > n3

|1€() — Hau (1) | 501
< max (|22 — 8]

|€(A) = Hy (A) || 1 |

Han (i = )] 1) <&

where we use the estimate
1€ — D) 4yr = |8 = D)|; < llt = Al < &

by (4.56) for the first, Lemma 4.3.17 for the second, and (4.55) for the last term.

Now suppose that ¢(xt) as an operator on M’ is invertible. We choose suitable
e < |€()~ I,/ » A accordingly and put ns = n3(e, A, ro). Then, for n > n4, we
have

11 =)™ Ha 0| s = €07 (€0 — Ha () | 507 < 1,
whence » ;. o(1 — ¢(1) "' H, (1))* converges in End g (M) and
Ha(w ™" 1= (D (1= €0 Ha () )2 )™

k>0

is the inverse of H, (1) = (1 — (1 — &)~ H, (n))).
Furthermore,

[0~ =260~ s = | (32 (1 = 2007 1, ) ey

k>1

M1

< sup |1 =200~ Hu G0 [ 26071 < [~ m

SM7 is a free RY -module on which ¢(1) acts via the diagonal matrix with all diagonal
entries equal to £(t).
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Note that the above lemma applies to the variable X and from now on we set
ng = n4(X, ro). In view of Lemma 4.3.11 (iii), the following lemma is crucial for
the main result Theorem 4.3.20 of this section.

Lemma 4.3.19. Forn > ng,

Hy
()  themap ©, : D(Ty,, K) = &ndg (M) extends uniquely to a continuous
ring homomorphism

RET,) — endg(M?).

IfM Iy Nisa homomorphism of L-analytic (g1, T'1.)-modules, then 1 :
M - NTis JR}((F,,)-equivariant with regard to this action.

() MTisafree R %(Fn)—module of rank tk g M . Any basis as R! -module also
is a basis as R}((Fn)—module.

(iii)) The natural maps

1
ﬁ}[éo,ro](rn) Q ) Mlrorg' ] =, M[rO,rO]’
R0 m)

are isomorphisms.

Proof. (i) Inductively, for n > n4, we obtain from Lemma 4.3.18 — by expressing
(HL (1) %)% — @) as X7y (§) (L (0)F — £(0)®)! @) =)< — that

| H (0)* — 2w)* |, <

k
{|s(u)| p for k > 0, 45

(w7 < g7 < gk, fork <0

for all k € Z. Evaluating for x = X, it follows that if Y, ., ax Z* € R witha; € K,
then ) 4 oz axHy (X)k converges in End g (M') because

lax L, (X)F ]y < max { ] (H, (X)* = 2G0)%) | 4/
al|ZIf fork =0,
lag||Z71 7% fork <0

a2 |41}

<

goes to zero for k going to d-co. In other words, we have extended the continuous
ring homomorphism ®,, to a continuous ring homomorphism

R = endxg (M), Z — H,(X).
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As by definition * o fn,* extends to a continuous ring isomorphism R% (T',) =
R {< (B) = R!, we have constructed a continuous ring homomorphism

RE(T,) — Endg(M7)

as claimed.

The uniqueness is a consequence of the fact that R II<(F,,) is the completion of the
localization D(T',, K) y,¥ by a certain norm, for which the extended map is continu-
ous.

Concerning functoriality, observe that the maps f and f! are automatically con-
tinuous by [8, Rem. 2.20] (with respect to the canonical topologies). Without loss
of generality, we may assume that the estimates of Lemma 4.3.18 hold for M and N
simultaneously. By the invariance under the distribution algebra and R-linearity of f,
the map £/ is compatible with respect to the operators H,, (X)* of M and N’. By
continuity this extends to arbitrary elements of R II{(F,,).

(ii) follows in the same way as in [42]: Recall that (e;) denotes an R’ -basis of
M and consider the maps

o (PREB) =ML (fo) = ) frer.

k=1 k=1
o P RET) = ML (e Y filew)
k=1 k=1

and

m m
T: P REB) = P R (T,
k=1 k=1

which in each component is given by (k* o Zn,*)—l. Then we have from (4.57) that
|®" 0 Y 0 @ (m) —m|, < |m|z,

ie.,
[® oY od ! —id|; <1,

whence with ® and Y also @’ is an isomorphism because ® o Y o ®~! is invertible
by the usual argument using the geometric series.

(iii) The base change property follows from the fact that @' is compatible with
changing the interval. |
Theorem 4.3.20. Suppose that 2 is contained in K.

(1)  Let J be any of the intervals

[ro,ro]l/qn or [ro,ré/q]l/qn forn > 0.
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Then the Ty ,-action on M7 via H,, can be uniquely extended to a contin-
uous CRIJ((F,, ,)-module structure. Moreover, M’ is a finitely generated free
RIJ((FM)-module; any RV pasis of My is also an R}é(l}ﬂ-basis of M.
IfM I Nisa homomorphism of L-analytic (g1, Tr)-modules, then f7
M7 — N7 is J‘Qljf (I'n,)-equivariant with regard to this action.

(1) The T'1-action on M via H; extends uniquely to a separately continu-
ous Rg(I'1)-module structure. Moreover, M is a finitely generated free
R (T'y)-module; any R0V -basis of My is also an Rx (T'y)-basis of M.
If M — N is a homomorphism of L-analytic (¢r, I'r)-modules, then f is
Rk (I'1)-equivariant with regard to this action.

Proof. (i) From Lemma 4.3.19 we obtain, for any n > ng, the H,-action of Rx (I',)
on M7 for the original three intervals /. Using Lemma 4.3.11 (iii), we deduce the
H,,-action of {R;{l/qn " (I'n,)-action on M
actions follow from the same lemmata.

4 .
. The asserted properties of these

(ii) By the uniqueness part in (i) we may glue the R,{(Fn 4)-actions on the M J
to a continuous R%o’l)(f‘m)—action on M0:) By Remark 4.3.5 (ii) it is uniquely
determined by the I',;,, -action. Therefore, we may vary ro now and obtain in the induc-
tive limit a separately continuous H,,-action of Rg(I'y,) on M. Using (4.45) and
Lemma 4.3.11 (ii), we deduce the separately continuous H1-action of Rg (I';) on M.
Again by Remark 4.3.5 this action is uniquely determined by the I'j-action. The
remaining assertions follow from the corresponding ones in (i). |

4.3.7 The structure of M ¥Mm=0

We still assume that Q2 is contained in K and let M be an L-analytic (¢r,")-module
over R = Rk (B). We want to show that M¥Z2=0 carries a natural Rg (I'z)-action
extending the action of D(I'z, K).

From (4.42) and using formula (4.35) and (4.34) we have

MU= = P @ DeuM) = Z[IL] ®ziry) (n(1. Z)pu (M) (4.58)

ac(or /7)™

Theorem 4.3.21. The 'y, action on M extends to a unique separately continuous
R (T'r)-action on MYL=C (with respect to the LF-topology on Rx(T'r) and the
subspace topology on MVL=%): moreover, the latter is a free Rx(I'r)-module of
rank tke M. If ey, ..., er is a basis of M over R, an Rx(I'L)-basis of MVYL=0 g
given by n(1, Z)om (er), ..., n(1, 2o (er). If M I Nisa homomorphism of L-

w7 =0
analytic (¢r, I'r)-modules, then M ST N s Rk (I'y)-equivariant with regard

to this action.
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Proof. By Lemma 4.3.11 (i) we can transfer the Rg (I"1)-action on M from Theo-
rem 4.3.20 (ii) to the space (1, Z)@p (M). Note that the resulting action is separately
continuous for the subspace topology of 1(1, Z)@ar (M) because the map ¢y : M —
M is a homeomorphism onto its image. The latter is a consequence of the existence
of the continuous operator ¥z, and the relation Y7, o g7, = EidM. Finally, because of
(4.44) and (4.58), the Rk (I'1)-action extends to the asserted Rg (I'z)-action. Simi-
larly as before, since ['7, spans a dense subspace of D(I'z, K), the uniqueness of the
action follows from Remark 4.3.5. ]

4.3.8 Descent

For the proof of Theorem 4.3.21 we had to work over a field K containing the period
Q2 since only then we were able to write elements in R (I'z) or rather Rg (') as
certain Laurent series in one variable Y; by means of the Lubin—Tate isomorphism
Ri(X) = Rk (B), which in general does not exist over L. In this section, we are
going to explore to which extent the structure theorem over K descends to L. We
shall consider two situations; i.e., we now start with an L-analytic (¢z, I")-module
M over R (X) or R (B), respectively. Thus, in what follows let %)) be either X or B
and R = R (). Then we consider the functor

M (RL(Y)) — M (Rk (V)
M+ Mg = Rg(V) @z, oy M = K @, M,

where the last isomorphism and the well-definedness of the functor are established in
[8, Lem. 2.23]. Moreover, there is a natural action of G, on both Rg (%)) =~ K @)L, L
R (])) and Mg via the first tensor factor (and the identity on the second). We have

Rx (" = R () (4.59)
by [8, Prop. 2.7 (iii)], whence also
(Mg)®t = M

because M is finitely generated free over Ry (§))) (by definition or [8, Thm. 3.17])
and hence Mg has a G -invariant basis over Rx (%))).

Since the ¢p -operator on Rk (%)) is induced from that on R, (Y))), it commutes
with the action of G . Similarly, one checks that this action commutes with the oper-
ator Y7, of Rk (5))). Indeed, by Proposition 4.1.14 there exists a G -invariant basis of
Rx (V) over o1, (Rg (]))), whence the trace commutes with the G -action. From this
and the construction of the operator /7, one derives easily that also 13y commutes
with the G -action. As a consequence, we obtain natural isomorphisms

MYM=0 = (Mg)Or)"™ ™ = (M) =0)°F. (4.60)
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Since the Lubin-Tate isomorphism Rg (¥X) = Rk (B) respects the (¢, 't )-module
structure, Theorem 4.3.21 applies for both choices of ); i.e., we obtain a separately
continuous action

Rk (TL) x (Mg)V=" — (Mg)V=". 4.61)

Moreover, if M =@;_, RL(Y)e;, then the families (7(1, Z)gar(e;)) and (evipp (e;))
form bases of (Mg)¥=% as Rk (I'z)-modules in case B and %, respectively. There-
fore, we consider next a natural Gp-action on Rk (I'z) and show that (4.61) is G-
equivariant. For the first aim we use the canonical isomorphisms (4.44) and (4.46)

Rk(TL) < Z[TL] ®zir,) Rk (Tn) —> Z[T1] ®zqr,] Rk (%)

n*

to extend the G -action from R (X) to Rg (I'L); clearly, we obtain from (4.59) and
the fact that the isomorphism

Ri(Tn) 25 Ry (%)

is defined over L that
R (TL)° =~ Ry (TL). (4.62)

For the second aim we prove the following lemma.
Lemma 4.3.22. The action (4.61) is G -equivariant.

Proof. We fix 0 € G, and define a second separately continuous action
R (TL) x (Mg)V =" — (Mg)V=°

by sending (A, x) to 0~ (o(1)(0(x))) (using that o and v; commute and that o
is a homeomorphism). By the uniqueness statement of Theorem 4.3.21, it suffices to
show that the new and original actions coincide on I' x (Mg)¥=°. We shall show that
these actions coincide even as actions I'y, X Mg — Mg: Fory e ', f € Rk (),
and m € M we calculate

o o) (o(f ®@m))) =07 (y(o(f) ® m))
o (y(o(f)) ® y(m)
o o (y(f))) ® y(m)
y(f) ® y(m)

=y(f ®m).

Here we used firstly that o acts trivially on y (or rather evy) as they are already
defined over L (via the Fourier transformation) and secondly that the G- and I'r -
actions commute. Since this equality holds for all o € G, the claim follows. |
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Taking G -invariants of (4.61) therefore induces — upon using (4.60) and (4.62) —
the following separately continuous action:

RL(TL) x MV=" — MV=0,

which extends the I'; -action.

Theorem 4.3.23. We have the following:

(@)

(i)

The T'p-action on M (in IR (R (X)) or M*™ (R (B))) extends to a sep-
arately continuous Ry (I'z)-action on MYL=C (with respect to the LF -
topology on Ry (I'L) and the subspace topology on MVL=0). If M ENgY
is a homomorphism of L-analytic (¢, I'y)-modules, then M W—) N is
R (T'p)-equivariant with regard to this action.

If ) = %, then MVL=0 is a free Ry (T'L)-module of rank tkg M. More
precisely, if ey, ..., ey is a basis of M over Ry (X), then an Ry (I'r)-basis
of MYL=0 is given by evigpp(e1), ..., evipnm(er).

Proof. Tt is easy to check that also the Rz (I'z)-equivariance of f¥2=0 follows by
descent. Therefore, only (ii) remains to be shown. But this is an immediate conse-
quence of the fact noted above, that the family (evy¢as(e;)) forms a Gp-invariant
basis of (Mg)¥=° as Rk (I'z)-module, by just taking G -invariants again. ]

Remark 4.3.24. As for possible generalizations, we note the following:

®

(ii)

For each complete intermediate field L € K’ € C, we obtain an analo-
gous structure theorem for (Mg )¥ =% over Rg+(I'L) by replacing L by K’
everywhere in the above reasoning.

Since for YY) = B the basis (7(1, Z)gp(e;)) of (Mg)¥=° as Rg(I'1)-
module is visibly not Gy -invariant, the analogue of Theorem 4.3.23 (ii)
cannot hold true in this case.

4.3.9 The Mellin transform and twists

Extending the Mellin transform from Lemma 4.1.6, we introduce the map

M Reg(TL) S Re(E)VE=C, > A(evy),

which is an isomorphism by Theorem 4.3.23. If 2 € K, then its composite with the
LT-isomorphism is the isomorphism

Mir s Re(Tr) = RxB)VE=, A A(n(1,2)).

Recall the twist operators Tw, from Section 4.1.3.
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Lemma 4.3.25. The diagram

R (TL) —2s R (%)L =0
TWXLTJ( glaﬁv (4.63)

Ric(Tr) — R (%) V=0
is commutative; in particular, the right-hand vertical map is an isomorphism.

Proof. The commutativity can be checked after base change. Assuming 2 € K, the
diagram corresponds by Remark 4.2.9 to the diagram

R (1) =5 R (B)V2="
TWXLTJ/ glglzam (4.64)
R (T) 5 R (B)V1=".

Now, the corresponding result for Rx (I'r) replaced by D(I'r, K) is implicitly
given in Sections 4.1.3 and 4.1.4. Section 1.2.4 of [25] establishes, for y € I'z, the
relation diyy © ¥ = yrr(¥)y © Oiny as operators on Rx (B). It follows by K-linearity
and continuity that the relation of operators diyy © A = Twy,;(A) o 9ipy holds for all
A € D(I'z, K). By continuity of the action of Rx(I'z) = Z[I'L] ®z(r,] Rx(I'n)
on Rk (B)¥2=° it suffices to check the compatibility for the element Y, !, where
Y, € D(T',, K), for n > 0, has been defined at the end of Section 4.3.4. Using that
Tw,,; is multiplicative and that diny(1(1, Z)) = Qn(1, Z), the claim follows from the
relation

Ty (Y, 01, Z) = Twy (V) ™ & 0y (Ya Y, ' 0(1, Z))
= TW i (Yn) ™ TWor (Vi) gy 0ine (¥, ' 1(1. 2)
= Lo (Y, 'n(1, 2)). u

Lemma 4.3.26. Assume Q2 € K and let ny be as in Lemma 4.3.13. Then, forn > ny,
the map WMyt induces isomorphisms

Ri(Tn) = of (RxkB))n(1, Z)( S R (B)VL=0)
of Rk (I'y)-modules and
D(Tn. K) = ¢} (Ox (B))n(1. Z)( € Ok (B)V-7°)

of D(T'y, K)-modules.
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Proof. By taking limits the first isomorphism follows from Lemma 4.3.19 (ii) in com-
bination with Lemma 4.3.11 (i), both applied to M{ = R (B;). The isomorphism of
the latter restricts visibly to the isomorphism Ok (B7) = ¢7 (O (B;))n(1, Z), while
Ok (By) is a free OK(E,’: o k(By))-module with basis 1 by an obvious analogue of
the former reference. Hence, we obtain the second isomorphism by the same reason-
ing. ]

4.4 Explicit elements

There are two sources for explicit elements in the distribution algebras D(oj, L)
and D(U,, L), where in this section we fix an n > ny; i.e., log : U, = mwjog is an
isomorphism. First of all, we have, for any group element u € o7, resp., u € Uy,
the Dirac distribution 8, in D(o}, L), resp., in D(Uy,, L). As in Section 4.1.1, the
corresponding holomorphic function Fs, = evy, is the function of evaluation in u.

Lemma 4.4.1. We have the following:

(i)  Letu € of be any element not of finite order; then the zeros of the function
evy —1 on X* are exactly the characters y of finite order such that y(u) = 1.

(ii) Forany 1 # u € U, the zeros of the function ev,, —1 on X,; all have multi-
plicity one.

Proof. (i) Obviously, the zeros of ev,, —1 are the characters y such that y(u) = 1.
On the other hand, consider any locally L-analytic character y : o — C ;j. Its kernel
H := ker(y) is a closed locally L-analytic subgroup of o;. Hence, its Lie algebra
Lie(H) is an L-subspace of Lie(o;) = L. We see that either Lie(H) = L, in which
case H is open in o} and hence y is a character of finite order, or Lie(H) = 0, in
which case H is zero dimensional and hence is a finite subgroup of oy. If y(u) = 1,
then, by our assumption on u, the second case cannot happen.

(i1) (We will recall the concept of multiplicity further below.) Because of the iso-
morphism X =~ X, it suffices to prove the corresponding assertion in the additive
case. Let 0 # a € or, and let y € X(C,) be a character of finite order such that
x(a) = 1. By [74] we have an isomorphism between X,c, and the open unit disk
B,c,.Letz € B(C,) denote the image of y under this isomorphism. By [74, Prop. 3.1
and Eq. (¢9¢)], the function ev, —1 corresponds under this isomorphism to the holo-
morphic function on B(C) given by the formal power series

Fa,(/)(Z) = exp (89 IOgLT(Z)) -1,

where @ # 0 is a certain period. By assumption we have Fa,(/) (z) = 0. On the other
hand, the formal derivative of this power series is

d
= Fo(2) = 82511(2) (Fyy (2) + 1).
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Since grr(Z) is a unit in o7 [Z], we see that z is not a zero of this derivative. It
follows that z has multiplicity one as a zero of Fat(’) (2). [

The other source comes from the Lie algebra Lie(U,) = Lie(o;) = L. We have
the element

V:=1¢€Lie(o;) = L.
On the other hand, there is the L-linear embedding (cf. [75, §2])

Lie(U,) — D(Uy, L)
e [f %f(eXPUn(’?))n:o]’

which composed with the Fourier isomorphism becomes the map

Lie(Up) — Op (%))
e [x > dy@).

On the one hand, we therefore may and will view V always as a distribution on U,
or o} . On the other hand, using the formula before [8, Lem. 1.28], one checks that
the function Fy (corresponding to V via the Fourier isomorphism) on X; is explicitly
given by

Fy(x) = n;" log (x(exp(n7))). (4.65)

Lemma 4.4.2. The zeros of the function Fy on X, are precisely the characters of
finite order each with multiplicity one.

Proof. Once again because of the isomorphism X5 >~ X, it suffices to prove the cor-
responding assertion in the additive case. This is done in [8, Lem. 1.28]. |

To recall from [8, §1.1] the concept of multiplicity used above and to explain a
divisibility criterion in these rings of holomorphic functions, we let %)) be any one-
dimensional smooth rigid analytic quasi-Stein space over L such that O (%)) is an
integral domain. Under these assumptions, the local ring in a point y of the struc-
ture sheaf Oy is a discrete valuation ring. Let m,, denote its maximal ideal. The
divisor div(f) of any non-zero function f € O (%)) is defined to be the function
div(f) : %Y) — Zso given by div(f)(y) = n if and only if the germ of f in y lies in
my\ m;H. By Lemma 1.1 in loc. cit. for any affinoid subdomain 3 C %) the set

{x e 3| div(f)(x) > 0} is finite. (4.66)

Lemma 4.4.3. For any two non-zero functions f1, f>€0r(%Y)), we have f>€ f101(°)
if and only if div( f2) > div( f1).
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Proof. We consider the principal ideal 11O (%))). As a consequence of [8, Props. 1.6
and 1.4], we have

[OL(Y) ={f € OL(Y) \ {0} : div(f) = div(f1)} U {0}. L

We now apply these results to exhibit a few more explicit elements in the distri-
bution algebra D(U,, L), which will be used later on.

Lemma 4.4.4. Forany | # u € U, the fraction &,L—l is a well-defined element in the
integral domain D(U,, L).

Proof. By the Fourier isomorphism we may equivalently establish that the fraction
Fv_ exists in 9, (X)). But for this we only need to combine the Lemmata 4.4.1

evy —1

to 4.4.3. n

The next elements will only lie in the Robba ring of U,. Since X = X, we
deduce from Proposition 4.1.7 and the subsequent discussion that there is an admis-
sible covering X7 = ;5 Bn,; by an increasing sequence By,1 S -+- € Ly,; S+
of affinoid subdomains B, ; with the following properties:

* The system (X;; \ ®By,;),c, is isomorphic to an increasing system of one-dimen-
sional annuli. This implies that

- Rp(X)) is the increasing union of the rings Oz (X, \ ®B,,;) and contains
OL(Xy):
- each Op (X, \ B, ;) and Ry (X,;) are integral domains.
* Each X \ B, ; is a one-dimensional smooth quasi-Stein space.

In particular, the O (X,; \ B,,;) are naturally Fréchet algebras, and we may view
R (X}) as their locally convex inductive limit. We also conclude that Lemma 4.4.3
applies to each X,; \ B, ;.

We now fix a basis b = (b1, ...,bg) of U, as a Z,-module such that b; # 1 for
any 1 <i <d.

Proposition 4.4.5. The fraction
d—
_ KT
d
[Tizi(evy, —1)
is well defined in the Robba ring Ry (X)).

L) Lp—
Ep 1=

Proof. The zeros of the fraction ev:V_l € Or(X,) are precisely those finite-order
characters which are non-trivial on b;. Hence, if we fix | < j < d, then the product

[Tiz) evf—v_l still has a zero in any finite-order character which is non-trivial on b;
i

for at least one i # j. On the other hand, the zeros of evp, —1 are those finite-order
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characters which are trivial on b; (and they have multiplicity one). Since only the

trivial character is trivial on all by, ..., by, we see that all zeros of evp, —1 with the
Fd 1
It

exception of the trivial character occur also as zeros of the product m
i1#J i

follows that the asserted fraction Ej exists in Or (X, \ B,,;) provided j is large

enough so that the trivial character is a point in ‘B, ;. Since (Hf_l(evb —1)Ep =

Fy d=1 and Ry, (X7) is an integral domain, we see the independence of ;. [

In fact, the proof of Proposition 4.4.5 shows that Ej is a meromorphic function
on X, with a single pole at the trivial character, which moreover is a simple pole. We
abbreviate £(b) := ]_[f= | log(b;).

Proposition 4.4.6. For any other basis b’ = (b}, ..., b)) of U, as a Zy,-module with
b; # 1 we have
LD )VEy —LD)Ep € OL(X)).

Proof. We only have to check that the asserted difference does not any longer have a
pole at the trivial character. Both E;,l and E;l are uniformizers in the local ring 9
of X,; in the trivial character. Hence, we have in 9, an equality of the form

—
oy

— =x+E;1-G
Zp

with some x € L and G € ;. Our assertion amounts to the claim that x = [[; :2§§Z,)

To compute x, we use (4.3) which leads to the open embedding

~ ox
B(ro) /L = X(ro) = X > X

which maps y to the character y, (u) := exp(7;" log(u)y) (and, in particular, O to the
trivial character). Using (4.65), we see that Fy pulls back to the function y +— 7;"y
on B(rp). On the other hand, evy, —1 pulls back to y +— exp(z;" log(b;)y) — 1.
Hence, &, pulls back to the meromorphic function

@D -1

I (exp (JTL_n log(b,-)y) - 1)'

V=

Its germ at zero lies in

1
- (14 y0o),
" ( Hi IOg(b,-))y
where @g denotes the local ring of B(rg),r, in zero. It follows that the germ of the

YT log(b;
pull back of EZZ, lies in ([T, 12§Eb’))(1 + y0y). n

By Lemma 4.4.2 the function Fy &} is holomorphic on X, and has no zero in the
trivial character.
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Lemma 4.4.7. The value of Fy By, at the trivial character is £(b)™L.

Proof. We use the same strategy as in the previous proof. The function ®; pulls back

to the function

7T, (exp (" Tog(®)y) — 1)

on B(ro),r, and we have to compute its value at 0. But visibly the above right-hand

side is a power series in y with constant term ————.
[T7=1 log(®;)

y

These last two facts suggest renormalizing our functions by setting

0]

p = Z(b)Eb and @b = Fvgb.

Choosing a field K containing €2, we also let 2, denote the image of & under the
composite map

Lnx *
RL(EY) ~> RL(E) € R (%) > Rk (B). (4.67)
Remark 4.4.8. Suppose that K contains 2. We have

. E(b)(% logLT(Z))d_l
b= [1; (exp (IOg(bj)% logi1(2)) — 1)’

[1]

and it follows from the proof of Proposition 4.4.5 that Z E; belongs to Ok (B) with

constant term (%)_1, whence
L

n
— y

b=qz

[1]

mod Ok (B).

Proof. One checks that the map (4.67) sends a distribution p to the map

gu(z) = M( exp (Q loi(l,j_) logLT(Z)))-

In particular, a Dirac distribution &, is sent to exp(£2 1"5(,,”) log;r(2)). Recall that the
L
action of V as distribution is given as sending a locally L-analytic function f to

—(%f(exp(—t)))hzo, whence V is sent to

V(exp (Q loi(z_) logLT(z))) = —(% exp (Q% logLT(Z)))l

Q
= —1 .
7T1'f ogr(2) u

t=0
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Remark 4.4.9. Recall that ©, lies in O (X,) and therefore can be viewed, via the
Fourier transform, as a distribution in D(Uy,, L) € D(o;, L). If K contains £ and
for sufficiently large n, the Mellin transform J)t in Lemma 4.1.6 then satisfies

K™ 0 M(Op) = ¢f (6p)n(1, Z)

v log;+(Z)
& =~ mod logi(Z)Ok (B).
Proof. Consider the element
F(X) = — > = 1+ X0(X)
exp(X) —1

with Q(X) € Q,[X] and let r > 0 be such that Q(X) converges on |[X| < r. We
shall proof the claim within the Banach algebra R1 xB) for I = [0, r] (which con-
tains Ok (B)), using that the actions on both rlngs are compatible. We assume for
the operator norm that ||§,, — 1||; < min(p~»=T,r) for all i (otherwise, we enlarge

n according to Lemma 4.3.13). From [8, Cor. 2.3.2, proof of Lem. 2.3.1] it follows

that V = 1og((lf )) as operators in the Banach algebra A of continuous linear endomor-

phisms of R1 % (B) and

exp (log(b;)V) = exp (log(8p,)) =

in A. Moreover, 1
|| 10g(8bi)HI < min(p~?-1,r) (4.68)

for all i, whence | V| < min(p_ﬁ ,r)|log(b;)|. Then, as operators in A, we have
log(bi)™" + VO (log(b;)V) = log(h;) "' F (log(b;)V)
\Y
exp (log(b))V) — 1
Vv
S8y — 1

Hence,

L(b)Ve
[T(exp (log(h;)V) —1)

for some power series g € RL % (B). It follows that

Op = = 1+ £(b)Vg(log(h;)V)

K* o M(Op) = (14 £(b)Qog(Z) f(Z))n(1, Z) (4.69)
for some f(Z) € RL % (B). Indeed, concerning the derived action, we have

V(U(l, Z)) = (E exp (Q eXP(f)IOgLT(Z)))|,=0 = Qlog1(Z)n(1, Z)
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using from [8, end of §2.3] the fact that
V acts as log;1(Z)0iny on Ok (B), 4.70)

and
V(Q logLT(Z)) = Qlog;1(Z).
Furthermore, we obtain inductively that

i—1

Vin(l,z) = (H (Rlogp(2) + k))n(l, Z)

k=0

for all i >0. The convergence of f(Z) can be deduced using the operator norm (4.68).
On the other hand, according to [7, Lem. 2.4.2], we have

£(b) log (Z)
91 (Z)

for some g(Z) € Og(B). Since the element @xn(1, Z) lies in (Ox(B))YL=0, we
conclude from

0=y (nzle(logLT(Z)) 7, ' logir(2)
t o (Z) ol 1(Z)

that g(Z) belongs to (Og (B))¥2=%, whence it is of the form

g2)= Y ou(g(2)n(a.Z)

acg(or /7)™

Opn(1,2) = g(2)

g(Z)) = vL(g(2))

for some g, € Ok (B) by the analogue of (4.58) for Ok (B). From Lemma 4.3.26, we
derive that, for some a(Z) € Og(B), we have

Opn(l, Z) = Lb)¢f (a(Z))n(1. Z).

Since the decomposition in (4.58) is direct, we conclude that

log;+(Z)
91 (2)

whence log; +(Z) divides ¢} (a(Z)Z). Since ¢7 sends the zeros of log;+(Z), i.e., the

points in LT () = LT[JT’L‘ ], surjectively onto itself, we conclude by Lemma 4.4.3

that log; +(Z) divides also a(Z)Z in Ok (B) and that there exists c(Z) € Ok (B) such
that

8(Z2) = ¢L(g1(2))n(1,Z) and ¢L(81(2)) = ¢[ (a(2)).

KK o M(Op) = K(b)cp,’f(%c@))n(l, 7). “.71)

Comparing (4.71) with the first description (4.69) gives the claim as ¢(0) = £(b)™!
because evaluation at 0 is compatible with the embedding Ok (B) C {Rf((B) and

logL%(Z) (0) = 1by (2.1). -
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4.5 Pairings

In this section, we discuss various kinds of pairings. The starting point is Serre duality
on X which induces a (residue) pairing

(. )x: RL(E) x RL(X) —> L,
as we have seen in (4.20). Similarly, Serre duality on X* induces a pairing
( )rg t RL(TL) x Re(T'L) - L (4.72)

for the Robba ring of I'y, which by definition is the Robba ring of its character
variety Xr, = X* (induced by the isomorphism yir : ', — 07) as constructed in
(4.23). This pairing, as defined in Section 4.5.2, is actually already characterized by
its restriction to Ry (I',) for any n > n¢ and thus is by construction and the functorial-
ity properties of Section 4.2 closely related to the pairing { , )z using the “logarithm”
R (Ty) L% R0 (%), see (4.21).

In contrast, the commutative diagram

-d x
Ry (B%) L8, g1

RL(XX)
J/reSxX
(—)(ev1 d logg) L
Tresx
1 =0 V-1° 1
(QRL(%)) QRL(QE)

from Theorem 4.5.12 in Section 4.5.3 relates the pairing ( , )1, to the pairing ( , )%
in a highly non-trivial, non-obvious way. The resulting description of (, )r, in (4.84)
(resp., (4.86)) forms one main ingredient in the proof of the abstract reciprocity law
in Theorem 4.5.32 in Section 4.5.5 below.

Based on the (generalized) residue pairings (4.73) in Section 4.5.1,

{,}:MXM—>L,

with M := Homg (M, Q}R), the pairing (4.72) induces for any (analytic) (¢r, I'r)-
module M over Ry, (X) an Iwasawa pairing (4.88)

(Y s MYETE 5 MVE=1 S D(Ty, L)

in Section 4.5.4, which behaves well with twisting (cf. Lemma 4.5.22).
By construction and the comparison isomorphism (4.91) for Kisin—Ren modules
— the second main ingredient — the pairing { , }1 is closely related to a pairing

[ ’ ] tRL (&:)WL=O L Dcris,L(V*(l)) X RL(x)¢L=O L Dcris,L(V(T_l)) - RL(FL)
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induced from the natural pairing for D, 1. The precise relationship is the content of
an abstract form of a reciprocity formula, see Theorem 4.5.32. As a consequence, we
shall later derive a concrete reciprocity formula, i.e., the adjointness of Berger’s and
Fourquaux’s big exponential map with our regulator map, see Theorem 5.2.1.

4.5.1 The residuum pairing for modules

Throughout our coefficient field K is a complete intermediate extension L € K € C,,.
Let %)) be either X or B and R = Rk (%)). Consider the residuum map resx defined
after (4.19) and the residuum map

resg : Q}R — K, ZaiZidZ = a_y.

4

Recall that we are using the operator 7, := %1//;3 on R.

Moreover, we define L« : Rx(I't) — Rk (I'L) to be the map which is induced
by sending y € I'p to its inverse y~!; i.e., the involution of the group induces an
isomorphism on the multiplicative character variety, which in turn gives rise to t. The
corresponding involution on Rk (I',), also denoted by L4, satisfies the commutative
diagram

fngs
Rk (Tny) —— Rk (%)

l*l% %lt
iy

R (Tny) ——— R (%),

=

where the involution L on Rg (¥X) sends evy to ev_y.
Setting M := Homg (M, Q}ﬂ) =~ Homg (M, R)(yrr), for any finitely generated
projective R-module M, we obtain more generally the pairing

(V=1 MxM— K, (g f)+ resy(g(f)), 4.73)

which satisfies the following properties.

Lemma 4.5.1. For M in M(R) we have the following:

1) {,} identifies M and M with the ( strong) topological duals of M and M,
respectively,

(i) {pr(2). 9L(f)} = ZAg. fiforallg e M and f € M,
(iii) {o(g),0(f)} ={g, f}forall g € M, feM,ando €T,

(V) {YL(e). £} ={g.oL(f)} and{gL(2). [} ={&.¥L(f)} forall g € M and
feM.
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Proof. (i) follows from the discussion in Section 4.2.3. (ii) is a purely formal con-
sequence of (iv). (iii) follows as in (4.36) with o, instead of k. For (iv) we refer to
Lemma 4.2.14. For §Y) = B see also [80, Prop. 3.17, Cor. 3.18, Prop. 3.19]. [

Convention. For coherence of our notation we set logy := log; ; although in general
this is not the standard logarithm!

Proposition 4.5.2. The pairing ( , )y : R x R — K, (f, g) > resy(fgd logy),
induces topological isomorphisms

HomK,cont(fﬂ’ K) =~ R and HomK,cts (R/OKCD), K) = (9K (@)
Proof. See Section 4.2.3. |

Remark 4.5.3. If we assume Q € K, then these pairings can be compared via the
LT-isomorphism «. By (4.37) we have

Q™ (f). k" (D) = (f.8)x
for f,g € Rk (%).

Assume henceforth that M is an analytic (¢r., 'z )-module over R and recall from
Proposition 4.3.10 that the I'z-action on M extends continuously to a D(I'z, K)-
module structure.

Corollary 4.5.4. The isomorphism M =~ Homg cont(M, K) (induced by { , }) is
DTy, K)-linear.

Proof. This follows from Lemma 4.5.1 (iii) since ['; generates a dense subspace of
D(T'L, K). ]

Since ’%1/@ o ¢r = idpys, we have a canonical decomposition M = ¢ (M) &
MVL=% By Lemma 4.5.1 we see that M ¥2=? is the exact orthogonal complement
of ¢1,(M); i.e., we obtain a canonical isomorphism

MVL=% ~ Homg con (M Y2=°, K). (4.74)

Lemma 4.5.5. The isomorphism (4.74) is Rk (I'L)-equivariant; i.e., we have for all
meMYL=% me MYL=C and A € Rx(T'L) that

{Am, m} = {m, . (A)m}.

Proof. This is clear for D(I'r, K) by Corollary 4.5.4. Without loss of generality,
we may and do assume that 2 belongs to K. It then follows for the localization
DT, K)Y’;\]r, where we use the notation and considerations from Section 4.3.6,
especially Lemma 4.3.19 and its proof. Since D(I'f, K)Y’FII is dense in Rg(I'r),
Remark 4.3.5, the assertion now is a consequence of the continuity property in Theo-
rem 4.3.21. ]
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4.5.2 The duality pairing (, )r, for the group Robba ring

Using the isomorphisms (4.43) induced by the Lubin-Tate character yrr, we now
carry over structures concerning the (multiplicative) character varieties X*, X, to
those of the groups I'z, I';. In particular, we use analogous notation resr, , resr,,,
logr, , logp, for corresponding objects. In this sense we introduce and recall from
(4.23) the pairing

( y >FL . RK(FL) X :‘RK(FL) —- K (4.75)

and similarly (, )1, from (4.21). This pairing is of the form
mult o
(. : Re(TL) x Rg(T'L) — Rx(I'L) — K,
where
1 resyy
0 = (1’_>FL . :RK(FL) d QRK(FL) — K
f = fdlogr, + resr, (fdlogr,)

has also the following description — writing pr,, ,,, and similarly pr;, ,, for the projec-
tion maps induced by (4.44), (4.45) —

0:Rx(TL) =Z[L] QZ[T] R(Tny) > K
f e 214 e g i o)

with n¢ as defined at the beginning of Section 4.3.4. Indeed, using (4.22), (4.21) we
obtain

4.76)

(L. f)r, =resr, (fdlogr,)
= qq;lqnoresfno (prL’n0 (f)d logrno )
= qq;l(%)noresﬁ€ (Kno* O PIp ng (f)d logx)

because (£;)*(1) = 1.
The following properties follow immediately from the definition.

Lemma 4.5.6. We have for all f,A, u € Rg(I'L) that
@ A fudr, = (fA 10)r,
(i) (A, pu)r, = (A,
Remark 4.5.7. For n > ny we have the projection formula
Prry (tnx(X)y) = xprz ,(¥)

and (4.24) translates into

(tn e (¥), ¥)p, = (g = Dg"Hx,prz (M), 4.77)
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for x € R(I'y), y € R(I'L) and the canonical inclusion R (I7,) v R(Ir). Analo-
gous formulae hold for I',, with n > m > ng instead of I’y Lemma 4.2.14 (ii).

Remark 4.5.8 (Frobenius reciprocity). The projection map prr, , @ Rk (') —
Rk ([,) induces an isomorphism

Homg (r;) (N, Rk (1)) = Homgy r,) (N, Rx (Tn))
for any R (I'z)-module N; the inverse sends f to the homomorphism given by
X Y ger, ju 8lnx © f(871X).

The following proposition translates the results at the end of Section 4.2.3 into
the present setting.

Proposition 4.5.9. The pairing ( , )r, : Rx(I'L) x Rg(I'L) — K induces topolog-
ical isomorphisms

Homg con (Rx(T1), K) = Rx(TL).
HomK,cont (RK(FL)/D(FLv K)» K) g D(FL’ K)

Proposition 4.5.10. Assume Q2 € K and M in M(R). Then the map

HomRK(FL) (Ml/fL:O, ﬁK(FL))L i) HomK,cont(MWL=Ov K) a—% MVIL:O

FispoF (4.78)

is an isomorphism of Rk (I'r)-modules, where the superscript “i” on the left-hand
side indicates that Rk (I'L) acts through the involution \.

Proof. According to Theorem 4.3.21, the Rx (I'z)-module M ¥2=0 is finitely gener-
ated free. Hence, it suffices to show that the map

Homg, (r,) (Rk (TL), Rk (T'r)) = Homg con (Rk (T'L), K)
Fr—poF

is bijective. But this map is nothing else than the duality isomorphism in Proposi-
tion 4.5.9. |

The following twist invariance is just Lemma 4.2.15.

Proposition 4.5.11. Let U be Iy, or Ty, for n > ng. Then, for all A, u € R(U) we
have

(Twr (1), Twy (M) = (1 Ao
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4.5.3 A residuum identity and an alternative description of ( , )r,

Leto_; € I'., be the element with y;r(0_;) = —1. Consider the continuous K-linear
map

c:Rg(lL) > K
A resx(ED?(a_l)fmgl(l)),

where M@ : Rg(TL) = Q}R(x)wzo - Q,lﬂ(ae) sends A to
Alevy d logy) = (Twy (M) (evy))d logg. 4.79)
whence we also have
resz (M(o_1)IME' (1)) = resz (M(o— 1) (Twy,, (A))d logy ). (4.80)

Recall the definition of o from (4.75).
Theorem 4.5.12. We have
s =50
i.e., the following identity for the residue map holds:
(%)"Oresx (Z,,O* O PIL, ng (M)d logx) = resx(ev_l Alevy d logae))

forall A € Rg(I'L), i.e., the following diagram commutes:

-d logx x
Re(®) —XQL
lresxx
(=)(evy d logx) K

Tresx

1 Y=0_ V-1 ~1
Qre@)’™ — Lre@):

Remark 4.5.13. Compare with [3, Props. 2.2.1, 3.2.1] where residue identities also
play a crucial role in the proof of his reciprocity formula.

The proof of this theorem requires some preparation.

Lemma 4.5.14. Forall A € Rx(I'L) and j € Z we have

S(Tw,; (1) = 5(A).
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Proof. For the proof we may and do assume that 2 belongs to K. Since then
resz (3%, (f)d logz ) = Qresg (& dinv (k™ (f))d log 1) = resg(dk™(f)) =0

for any f by Remark 4.2.9, (4.37), and [33, Prop. 2.12], the case j = 1 follows
directly from (4.80) using with g := Tw,,,(A) that

OE (M(o—1)M(g)) = 8%, (M(0-1))M(g) + M(0_1)d%, (M(g))

(423) (TwXLT(a_l))EIJé(g) + EJR(O'—I)E)R(TWXLT(g))

= —M(o-1)M(g) + M(o-1)IM(Twy,; (g))-
From this the general case is immediate. ]

Lemma 4.5.15. Let A € D(I'r, Cp) with ev (A) = 0 for infinitely many j; then
LT
A=0.

Proof. On the character variety the characters )({T correspond to points which con-
verge to the trivial character. It follows that A corresponds to the trivial function since
otherwise its divisor of zeros would have only finitely many zeros in any disk with
fixed radius strictly smaller than 1 by (4.66), which would contradict the assump-
tions. ]

Now fix a Zp-basis b = (b1, ..., bg) of Uy, with all b; # 1 and set £*(b) :=
L5(b) := q7"04(b) € o] with T" := I'y. According to Section 4.4, we may define
the operator

Ep 1= ¢ 1ix(Ep) = L (B) 1 (E)
in R (). Let aug : D(I", K) = K denote the augmentation map, induced by the
trivial map I' — {1}.

Lemma 4.5.16. The element é.; induces — up to the constant ¢~"° — the augmenta-
tion map

o~

(8p, -1, = ¢ "0aug : D(Iyy, K) > K. 4.81)

Moreover, we have
= q =
S(Ep) =1=_"0(E. (4.82)

Proof. We may and do assume €2 € K by compatibility of res with respect to (com-
plete) base change (4.26). Since

~ o~ ~ no
K*((fno*(Eb)) =q Mgy = (;ZLOQ% mod Ok (B)
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by Remark 4.4.8, one has for every A € D(T, K)

= 4.77) 1 =
= GDgoT(Eb AT,

q‘”oreSg((ﬂq )no *( ,,O*(ubk))dlogg)
q_”oresB(Q(%)"OK*(Zno*(Eb/\))gLTdZ)

= g "0resg (%" (Lngx (V) g1rd Z)
= ¢ "Caug(d),

(4.76)

@37

where we use for the last equation that gyr(Z) has constant term 1 and the fact that

the augmentation map corresponds via Fourier theory and the LT-isomorphism to the

“evaluation at Z = 0” map. Taking A = 1 we see that Q(é;) = (éz, r, = qq;l.
For the other equation of the second claim one has by definition of ¢

(4 37)

¢(Ep) QL* (b)resg (k* (M (o—1) I (Twyr (x17(Ep))))d log 1)

= Q*(b)resg (Mrr(o—)Mer (Twy, (x11(Ep)))d log 1)
dlo
= E* (b)resB (EHELT(O_l) logLT(Z)BinvmeT (XET(E b)) i)

logir(2)
* w = dlo
O (mLT(O_I)EmLT(VXLT(ﬁb))ﬁ)
LT

= {*(b)resg (EmLT(a_l)%zT(;)Z)) (1, Z) l(c)igloiLZT) )
LT

= f¢* (b)JTL resB(r)(—l, Z)Wn(l, Z)d logLT)

=" (b)nL resg

1
=¢* (b)ﬂL resB(T](l ) no(Zﬁ(b)) 1OgLT)

1
1 (10.2) s d 0w )
(L) "resp (L girdZ)

L

_ B _»
o(b) L
= 17

where we use (4.64) in the third equation, the fact that V acts on R as log; 1(Z) diny (cf.
(4.70)) in the fourth equation, Remark 4.4.9 for the fifth equation, Lemma 4.5.1 (iv)
with ¥z (1) = % for the penultimate equation, and finally for the last equation that
grr(Z) has constant term 1. [

Proof of Theorem 4.5.12. Since the equality can also be checked after base change
by (4.26), we may and do assume that 2 belongs to K. Due to Proposition 4.5.9,



Pairings 113

there exists g € D(I'r, K) such that ¢(1) = (g, A)r, forall A € Rg(I'1) because ¢
sends D(I'z, K) to zero. We claim that

Tjo (g9)=g¢ (4.83)
LT
for all j € Z: By Proposition 4.5.11 and Lemma 4.5.14 we have

(Tw,y (9). fr, = (& Tw,—i (),
= S(waa’ (f))
=s(f)
= (g, fir,

forall f € Rx(['L).
Now it follows from (4.83) combined with Lemma 4.5.15 that g is constant (and
equal to ev 2 (g)).ie., (=) = g(l,—)r, = go(—). Finally, it follows from (4.82)
7"

that g = = ]

Corollary 4.5.17. The pairing qu1< . )T, makes the following diagram commutative:

res 3g

CRK(.%)WL =0 (Q{R(.%))WL =0 mult Ql

!R(.%)
Ta_lsnaot* }mnl H (4.84)
%( >)FL
Rx(Tr) x  Rk(L)
i.e., we have
Al A, = M (0m11(). M (D)) g
= resz (0-1 I (1 ()M’ (1)) 455
= resg (Em(a_lt*(u))im(waLT ()L))d logx)
= resx (E]R(L*(/L))EUE(TWXLT (G_I)L))d logg )
Proof. By Theorem 4.5.12 and the definition of ¢ and of (, )r, we have
24 M, = —= (1),
= {M(o—1), M (uh)} 1 (4.86)
1
= {m(O'_lL*(,bL)), me (A’)}Ql )
where we use Lemma 4.5.5 for the last equation. ]

Lemma 4.5.18. We have forall A, u € Rk (I'r) that (A, i)r; = —(1«(A), s (1)),
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Proof. Using (4.85) for the first and third equation, property (3) in Section 4.1.3
applied to  and the fact that Tw,, ;. (0—1) = —o—; for the second equation, and Propo-
sition 4.5.11 for the last one, we see that

(A, = resg (M (Twy,; (0-14)) M (14 (1)) d logy )
= —resx(im(a_lt*(waL_Tl (1+(2)))) M (s () d logg )
= _qu1(TWxL—T‘ (). Tw, (L*(P‘)))FL
= — AL, L*(M))FL- u

4.5.4 The Iwasawa pairing for (¢, I'7)-modules over the Robba ring

As before, let %)) be either X or B and R = Rg(Y))) and M in M*(R), where K
is any complete intermediate extension L € K € C,. Using Proposition 4.5.9, we
define the pairing

{ s }?W = { s }?\/[,Iw . MVIL:O X M‘/fL=0 — :RK(FL),
which is Rg (I'L )-L«-sesquilinear in the sense that
Mo, my%, = (i, m)S, = {m, w(m)y, (4.87)

forall A € Rg(TL) and i1 € MYL=% m € M V=", This requires the commutativity
of the diagram

Rg(TL) x MVL=0x MVL=0____, K

|

P
+ (’)FL

Rx(T'L) x Rx(lL) ——— K,

in which the upper line sends (f, x, y) to {f(x), y}a, where the latter pairing is
(4.73). Indeed, the property

(im0, = i, u(m)y,

follows from the corresponding property for {, }3s by Lemma 4.5.5, while with regard
to the second one
Adm, m}IOW = {Am, m}?vv

we have for all f € Rg(I'r)
(fs i, m))p, = 4f - Aimy = (Afo A, m ), = (£ Al mip, ),

by Lemma 4.5.6. Note that the pairing { , }{)W induces the isomorphism in (4.78).
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We set
€= (’%(pL —1)MYL="  and €= (g — HYMV:=7L
and we shall need the following lemma.

Lemma 4.5.19. Forf € D(I'y, K) we have { f - (pr, — 1)x, (”L oL — 1)y} =0 for
all x € MVE=7E andy € MYL=1,

Proof. The result follows by straightforward calculation using Lemma 4.5.1 (cf. [42,
Lem. 4.2.7]). ]

This lemma combined with the second statement of Proposition 4.5.9 implies that
the restriction of { , }2 to € x €, which by abuse of notation we denote by the same
symbol, is characterized by the commutativity of the diagram

€x€ x Rg(TL)/D(IL.K)——K

Ly H |

D(FL, K) X fRK(FL)/D(FL, K) —> K

in which the upper line sends (x, y, f) to { f(x), y}ar. In particular, it takes values in
D(I'., K).

Finally, we obtain a D(I'r,, K)-t«-sesquilinear pairing { , }w := {, }amw Which
by definition fits into the following commutative diagram:

MYETEL o =t DM pe g

el ]
> (%1
¢ x e —", DIy, K).

Altogether we obtain the following theorem.

Theorem 4.5.20. There is a D(I'L, K)-\«-sesquilinear pairing
(Y s MYETFE 5 MYL=1 S D(Ty, K). (4.88)
It is characterized by the following equality:
(f i mpw)y, = {f - (oL — D, (FLoL — 1)m} (4.89)

forall f € Rg(TL), meM, meM.

Remark 4.5.21. For any n > ng, we obtain in the same way as in (4.88) a D(I[',,, K)-
L«-sesquilinear pairing

{. Jwr, - MVETRE x MYL=! & D(T,. K).
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It follows immediately from the definitions, the projection formulae (4.77), and the
Frobenius reciprocity (Remark 4.5.8) that

{ hwr, = (g — 1)(]n_1 Pr » o{, hw-

If y : T — o7 is any continuous character with representation module Wy =or 1y,
then, for any (¢r, I'r)-module M over R, we have the twisted (¢r, I'r)-module
M(y), where M(y) := M ®,, Wy as R-module, @pr()(m @ w) := oy (m) @ w,
and y(m @ w) := y(m) ® y(w) = x(y) - y(m) ® w for y € I'y. It follows that

UM (m @ w) = Yy (m) @ w.

For the character it we take Wy, =T =ornand W 1 =T = orn" as repre-
sentation module, where T* denotes the o7 -dual with dual basis n* of 7.
Consider the R-linear (but of course not R (I'z)-linear) map

twy : M — M(x), m—>m®Q .

Lemma 4.5.22. There is a commutative diagram

j }w
MG« M(dpve=t 2% by, )
Ttw){]}j Ttw)(]{"r TTWX]{T
MR o« = U by cy).

Proof. We have for all f € Rg(I'L),
(fftw o OR).tw oy ()} ),
={f (e =D @ n®77), (FLgr — )m ® n®’}
{(Tw, =i (f)- (oL = 1yit) @ n®~7 (HLQDL —)m @ n®/}
{(TW = (f) - (g = D). (oL — 1)m}
v () A i),
= (£ Tw i (07 miw))p, -

where we used Proposition 4.5.11 for the last equation. The second equation is clear

for §-distributions and hence extends by the uniqueness result of Theorem 4.3.21, cf.
the proof of Theorem 4.3.20. ]

4.5.5 The abstract reciprocity formula

We keep the notation from the preceding subsection and set #5y) := logsy.
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Compatibility of the Iwasawa pairing under comparison isomorphisms

Let M, N be (not necessarily étale) L-analytic (¢, I'r )-modules over . We extend
the action of I'z, ¢z, and ¥, to the ﬁ[%]-module M [%] (and in the same way to

N[%]) as follows:’

ym
m.._ym _ xh»)
Vi =k T Tk
v Viy )
) (DL(]:")
or(m 7
oL(F) = = —,
v (pL(tsy) tsx)
k
”LWL(m)
V() = ———
Ri) tgy

Lemma 4.5.23. We have the following:

M (Mg )" =" = (MO0 = (g lm € MVE=0, k 2 0}

(i)  The (separately continuous) Rk (FL)—actlon on MYL=0 extends to a (sep-
arately continuous with respect to direct limit topology) action of Rx (I'r)
on (M)

n{w(m) . . _ .
Proof. For (i) note that 0 = WL( ) if and only if ¥7 (m) = 0. For (ii)
)

take for any f € Rg (L) the dlrect limit of the following commutative diagram:

MYL=0 0 pgur=0"0_ Moy =0 ™
fJ ™, (f)l ™, —i (f)l
tsy) t tsy

MYL=0 "0 =0 oy =0 ™
This defines a (separately continuous) action. ]
Now we assume that there is an isomorphism

c:R[L]eaM = R[L]e@a N

of (¢r, 'z )-modules over JR[%]

k k
%Since I‘D = (pL( ) one checks that ¥, (t;Dm) *k Y1, (m) by the projection formula.
L Ty

In particular, the definition is independent of the chosen denominator.



(¢1., 'z )-modules over the Robba ring 118

Consider the composite map

¢: R[] ®x M = Homg 1 ](ﬁ[Ly] R M, R[] ®z QR)
= Homx[%] (R[] ®2 N. R[5 ] ®2 Qg)
~ [é] Rz N,

where the second isomorphism is (¢~1)*.
Lemma 4.5.24. ¢¥2=% and ¢¥L=0 are Rk (T'L)-equivariant.

Proof. Consider, forn € Z, the (¢, 't )-modules (!) M, := ti”M over R and note
that the inclusion (M,)¥2=% € (M [%])‘”L=0 is Rk (I'r )-equivariant by construction
of the action. Now, since M, N are finitely generated over (R, there exists ng > 0
such that ¢ restricts to a homomorphism co : M — Ny, of (¢r. 'r)-modules over R,
whence ¢J-=° 1 MYL=0  NYL=0 (N[ ])‘#L =0 is Rx (' )-equivariant by the
functoriality of Theorem 4.3.23 and similarly for the induced maps ¢, : My, = Npgtn
for all n > 0. The equivariance for ¢¥Z=0 follows by taking direct limits.
Similarly, for some ng > 0, the inverse b of ¢ induces homomorphisms b,

N_ny—n = M_, of (¢r. 'z )-modules over R all n € Z. We obtain homomorphisms
of (¢r, 'r)-modules over R

&+ (M), = Homg (M. 13" Q23)
=~ Homg(M_,, Q}R)
~ Homg (N—ny—n, iz)

= (N)no-f—na

where the third isomorphism is (b,)*. As above (&,)Y2=0 is Rx(I'z)-equivariant
and the claim follows by taking direct limits. ]

Lemma 4.5.25. The following diagram commutes on the vertical intersections:

{ ’ }(/{/I,Iw

MYL=0 X MVL=0 2 Re(TL)

l !

(R[] @ 01)* ™" x (R[L] ©5 M)

|- |2

(Rl ®a N)" ™ x (R[] @2 N)" ™

T I (% 1w

NVYL=0 X NYL=0 2,5 Re(TL);
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ie,ifmeM,meM,ii € N,ne N with () = it and c(m) = n, then
{’/h?m}gl,lw = {ﬁ’ n}ON,IW'
Proof. By definition of the Iwasawa pairings, we have for all f € Rg(I'r)

(/. {ﬁvn}?\’,lw)r‘L ={f-nn}n
={f-¢ém),c(m)}y
= {&(f -m),c(m)}y
= resm(E(f rh)(c(m)))
= resy (((f -m) o c_l)(c(m)))
= resy ((f - i) (m))
={f-m.myu
= (£ {’h’m}&,lw)m

whence the claim. Here, we use the Rg (' )-equivariance of ¢ in the third equal-
ity. |

Now let D be any ¢y -module over L of finite dimension, say d (with trivial I'z -
action), and consider the (¢7, I'r)-module N := R ®1 D over R (with dlagonal
actions). Since N 2= K¢ as I'z-module, it is L- -analytic. Moreover, we have N =~
Q}R ® D* with D* = Homy (D, L) being the dual ¢z -module. We set

5. 1 ifY) =%,
Q ifYY) =B (and Q € K).

Lemma 4.5.26. If%)) = B, we assume Q2 € K. There is a commutative diagram

L

(QRr®DMHL=0 x (R®y D)W—O ST UV (T
me! ®idTg 01 Wlow@ﬁd[z H
Rx(Tr)®L D* x  Rg(T)®r D ——— Rx(TL),

where the bottom line is the R g (I'r)-linear extension of the canonical pairing between
D*and D; ie., itmaps A Q L, u®d) to Aul(d).

Proof. Let c?j and d; be a basis of D* and D, respectively,and x =} ; A; - J,- and
y = >; i - di. Then, by definition of { , }}, we have forall A € Rg (')

(A2 8id)(x), (01 Mo e ® (1)),
— {(Mmﬂl ®id)(x), (01 Mo 14 ® id)()’)}
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J

= {20 - evi d logy @), Y (i) - ev-1 @4

= > {AXj ) - (evi d logy) ® dj.ev_; ®d;}
iJ

= Zresm (c?, (di) ev_1(ALj ;) - (evy d logy))
i,J

= Z 0?]- (di)ressy (ev_1(AA;p;) - (evi d logm)).

i,j

Here, for the third equation we used property (iii) in Lemma 4.5.1. On the other
hand, we can pair the image D ; ; A;14;d;(d;) of (x, y) under the bottom pairing with
A using the description (4.86)

Fer(h Do hmidy () = 3 d o) (o). M (M)
L]

i,j

= > dj(diresg(ev_1(Adj ;) - (ev1 d logg)).

iL,Jj

whence comparing with the above gives the result for YY) = X, using Proposition 4.5.9.
If %Y) = B, we obtain the factor 2 due to Remark 4.5.3. n

Definition 4.5.27. We write:

(@)

(ii)

Rep7'(Gp) for the full subcategory of the category Rep; (G1) consisting
of L-analytic representations V, i.e., C, ®¢,1 V is the trivial semilinear
Cp-representation (CSimLV for all embeddings o : L — C,, different from
the fixed inclusion ¢ : L — Cp;

MEE(R) for the category of étale, analytic (¢r, I'z)-modules over R
(remember that an L-analytic (¢r,, I'r,)-module M over R is called étale if
it is semistable and of slope 0).

The following theorem is crucial.

Theorem 4.5.28. There are equivalences of categories

and

Repy"(GL) <> M*™(RL(B))

Vi Djig(V)

Repi™(Gr) < M™ (R (X))
Vs DL (g
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Proof. The first equivalence is Theorem D in [6]. By [8, Thm. 3.27] one has an equiv-
alence of categories

Man’ét(ﬁL(B)) eMan’ét(eRL(-%)) (4.90)
M — Mx. u

We recall the definition of the subring Bz of R, (B) by defining first A= w(C ;) L
and

Al = {x = Zﬂf[xn] €A: |77 [ xal} 7% 0 for some 1 > 0}.

n>0

Thenweset AT := AT N4, Bt := AT[%] as well as AZ = (A")HAL and Bz =
(BHHL.

It follows from the proof of [6, Thm. 10.1] that for V' € Rep?'(G.) we have
D:ig(V) = R (B) ®Bz DT(V), where DT (V) belongs to Emé‘(BZ). From the the-
ory of Wach modules we actually know that Dy1(V) is even of finite height if V' is
crystalline in addition:

pf(v)=8] ®, N(T) = B} Ryt N(V)
for any Galois stable oy -lattice T C V. From the diagram in (3.2), we thus obtain the
following diagram, in which the horizontal maps are equivalences of categories:
B,® 1+—

B/ -
MOdﬁi’FL’an ~ gﬁet,cns(BL)
L

(9®B+—l NE) =~ | Drr(-)
L
rp0 Lo, i
eL,lr, = cris,an
Mod ~ "Rep, " (GL)
MODcris.L
RL(B)®(9—l c

an,ét DT (V) an
M(RL(B))"™ —— Repd(Gp).

Here IN°4c(B; ) denotes the essential image of Repzris’an(GL) under Dip(—) in
M (Br) with B, := Ar[-].

Now let T be an oy -lattice in an L-linear continuous representation of Gy, such
that V*(1) (and hence V(z~!)) is L-analytic and crystalline. Then it follows from
[44] and the discussion above that

M :=Df (V™) = RL(B) ®0xm) M(Deris. (V™))
= RL(B) ®,+ N(T(z™h)
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as well as
M = D;Eg(V*(l)) = RL(B) ®0x ) M(Deris,. (V*(1)))
= RL(B) ®,+ N(T"(1))
and the comparison isomorphism in (3.16) induces isomorphisms
compyy : M[ L] 2 9t B)[ -] @1 Deior (V™)
and
compz : M[2] = R B)[ 2] ®L Derio,r (V*(1)).

By [8, §3.4 and §3.5] an analogue of Kisin—Ren modules exists for §Y) = X; i.e., if we

take M = Djig(V(‘L’_l))x and M = D;rig(V* (1))%, we obtain analogous comparison

isomorphisms

compyy : M[7] = RL(E)[ 7] OL Deais. (V&™) (4.91)
and

compyz : M[ 7] = Re(@)[ 5] ®r Ders, (V* (D)),

which this time stem from [8, Prop. 3.42] by base change R (X) ®@, (x) — using
the inclusion O (X)[Z~!] € RL (%)[%] Moreover, these comparison isomorphisms
for B and X are compatible with regard to the equivalence of categories (4.90) by
[8, Thm. 3.48]. Note that for ¢ = comp,, and D = Ds..(V(r™!)) we have

comp,; = (come}R ®pr idp*) o ¢ (4.92)
using the identifications Q}R ~ R(xvr) and
Dcris,L(V*(l)) ~ D* ® Dcris,L(L(XLT))-

We set b .= compg1 (Zild log; 1) = % ®n € Do := Deis, . (L(xrr)) and

~ vV o ifY =%,
Vi=49y .
o 1Y) =B (and Q € K).

Remark 4.5.29. As operators on R, we have the equalities

V = l‘syam and 6 = tmgm

mv

where we define 98 := 0;,, and

5 OF, ifY =X,
C % if) =B (and Q € K).
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Indeed, for YY) = B (4.70) grants these equalities of operators on the subring O (B).
Concerning the ring Rg (B), we note that V is acting as a continuous derivation as
can be shown in the same way as in [44, Lem. 2.1.2], while for the operator tgdiny
this is clear anyway. Thus, the same equalities hold for (R, Remark 4.3.1. Indeed, on
the localization Ok (B) 2w it extends uniquely by the derivation property and then it
extends uniquely by continuity to Rx (B). Regarding %) = X, note that all operators
are defined over K. Since the equality can be checked over C,, the claim follows
from Remark 4.2.9 and the previous case %Y) = B.

Lemma 4.5.30. Assuming Q2 € K if %Y) = B, the following diagram commutes:

comp, | ®7.idp*

Ql[ S1® D* = >.R[$]®D*®Do
1 dl
QL ®L D*)¥r=0 RYL=%® D* ® Dy
m‘?l@idD*Tz gﬁ@idD*@DOT%

id‘ﬂK(rL)®LD* ®b

Rk (') ®L D* » Rxk(I'L) ® D* ® Do.

Proof. We first give the proof for §Y) = B. Observe, since on D* we have the identity
throughout, that the commutativity of the above diagram follows from the commuta-
tivity of

Ql -
Re(Ty) — &5 (@Ly=o . » QR[]

>~

R(qr)¥r=°

A

3R®t‘l) o | comPg 1
MRb W =0
Rg(TL) — R ®LDeris, (L(xL1))
v 1y ®id +
IM®b, W =0 " Y= 0
c(RK(FL) — R ®LDcris,L(L(XLT)) — (m[m]®LDcm (L(XLT)))

(4.93)

where the map amv ® 1y : R ®L Deris, . (L(xrr)) = R(xrr) sends f ® - t‘ ®nto
1nvf ® n and the compos1te with the natural identification R(yrr) = Ql which
sends 7 to d log; 1, is the map TR —> Ql upon identifying R ®r Deris, . (L (xrr))
with R by sending f ® ;- ®nto f. Remark 4.5.29 implies the commutativity of
the left lower corner. For the upper left corner the commutativity follows from (4.64),



(¢1., 'z )-modules over the Robba ring 124

the easily checked identity 39 n(1,Z) =n(1,Z), and (4.79)

M (1) = (Twyr (1) - 0(1, 2))d logyy

= (Twy; (1) '5;}?#7(1, Z))d log;y
=T (/\ -n(1, Z))d log .

mv

Finally, since (1, Z) ® b € RYL=° @[, Deyis.1. (L (xrr)) is sent up to n(1, Z)d log; 1
and down to tyn(1, Z) ® b, the compatibility with compg, L is easily checked. The
same proof works for YY) = X by using (4.63) instead of (4.64) and replacing n(1, Z)
and % by evy and d, respectively. ]

Now we introduce a pairing — if ¥¥) = B assuming 2 € K as usual —

[ b vy
RwL:O L Dcris,L(V*(l)) X tfR]/fL:O QL Dcris,L(V(T_l)) d €.RK(FL)

which we will abbreviate as [, | :=[. ]p_, , (v(z—1)), by requiring that the following
diagram becomes commutative:
RVLVQD*®D, x RKRNL=Og, p-l, R (')
Sm@idD*@DOTE o_1 Moy ®idT§ H (4.94)

Rg(TL)®L D*®@ Dy x Rx(I'L) @ D —— Rk (T'L),

where the bottom line sends (A ® [ ® b, u ® d) to AuBl(d).

Combining the Lemmata 4.5.26 and 4.5.30, we obtain the following lemma for
N=2R ®L Dcris,L(V(T_l))'

Lemma 4.531. [ 1p, , w1y = L5{V(compg ®L idp+)" (=), —}} -
Setting
M= Comp_l (RWL=0 L Dcris,L(V(f_l)))’
M, = Comp_l (JRWL:O L Dcris,L(V*(l)))
we obtain the subsequent result.

Theorem 4.5.32. Assume 2 € K if ¥) = B. Forall x € M’ N (MVY2=%) and y €
M’ 0 (MYL=9) it holds that

LV = byl
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i.e., the following diagram commutes on the vertical intersections:

~ _o TV,
MYL=0 X MYyL=0 L T8 Rk(TL)

! !

(R[L1ea )™ x  (R[L]ea M)
comp ;7 | comleg

(m[%] ®LDcris,L (V;k (1)))1//1‘:0 X (m[é] ®LDcris,L (V(T_l)))WL=O

] I [

RYL=0 ®LDcris,L(V*(1)) X RYL=0 QL Dcris,L(V(f_l)) _]> t(RK(FL)

Proof. Combine Lemmata 4.5.25 and 4.5.31 using (4.92). ]

Interpretation of the abstract reciprocity formula in terms of the D ;s 1 -pairing
Assuming as usual that Q2 € K if YY) = B, the canonical pairing
Deris,. (V*(1)) X Deris, (V(r™")) = Deris, (L(xLr))
extends to a pairing
RVE= @1 Deris, (VF (1) x RV @1 Dasis, (V(r™1)
— RYL= @ Devis,r (L (yir))

denoted by [, ]eis, by requiring that the following diagram is commutative (in which
the lower one is induced by multiplication within Rg (') and the natural duality
paring on Dcris,L)

[ s ]cris
ﬁWL =0 ®LDcris,L (V* (1))X'RWL =0 ®LDcris,L (V(t_l)) - ‘RWL =0 ®LDcris,L (L (XLT))
Tfm®id To_lﬁmm* ®id TSR@id

Ri(TL) ®LDcris,L(V* (1) x Rg(T'L) ® Deris, L (V@) = Rk(TL) ®LDcris,L(L (xir))-

Note that
comp([x, y] - evi ® (13 ® 1)) = [, Vi

Hence, using the diagram in (4.93), Theorem 4.5.32 is also equivalent to

comp o M’ o S~2qq;1{x, 1w = [comp(x), comp(y)]

cris’
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i.e., the “commutativity” (whenever it makes sense) of the following diagram:

Dl (v* (1))‘“‘*[7] x DI (V)" ‘[m] ----- U Rk (T
1—¢Ll 1—’%<le

rlg(V (1))‘”L O[ ‘.YJ] x DrTg(V(T_l))WL O[tm] _"fl""}']“i> ﬂK(FL)

DL ) O[] x DL [T g [

complg complg
RIL=O[L]® Do V(D) x L= L] & Do (V2 )

\\\\ [’ ]cris
S~

1R

comp

~4 ~
E}}WL =0 [é] ®LDcris,L (L (XLT))

for §Y) = B, while for YY) = X one has to decorate the D:i s with index X.

Question. Is it possible to extend the definition of [, ] and {, } to (M [ ! ])‘”L =0 x

(M ! ])‘/’L =0 by perhaps enlarging the target Rx (I'z) by an approprlate localiza-
tion, Wthh reflects the inversion of #sy somehow?



Chapter 5

Application

For the convenience of the reader we recall some definitions. Firstly, for VeRep; (GL)
we put

Dcris,L(V) = (Bcris XKL, V)GL and DdR,L(V) = (BdR ®Q,, V)GL-
The second definition will be used also in the more general form
Dar,.’(V) := Dar,.’(VjG,,) = (Bar ®q, %%

for L’ any finite extension of L. Moreover, we write DgR, (V)= Fil°(Dar.1/ (V).
Recall that T;; = op n denotes the Tate module of the Lubin-Tate formal group LT.
We set V; := L ®,, T» € Rep;(Gr). We write T = XETIchc, trr = logyr(wrr) €
Be:is, L, and analogously 7q, := log@m (a)@m) for the Lubin—Tate formal group @m.
Thend, := t{T@; ® (N®™" ® Neye), Where ¢y is a generator of the cyclotomic Tate
module Z,(1), is an L-basis of DgR L V& (1)).

The generalized Iwasawa cohorﬁology of T € Rep,, (GL) is defined by

Hpy(Loo/ L, T) := lim H* (L', T),
L/

where L’ runs through the finite Galois extensions of L contained in L, and the
transition maps in the projective system are the cohomological corestriction maps.
For V :=T ®,, L € Rep; (Gr) we define

HItJ(LOO/L’ V) = HITV(LOO/L’ T) ®0L L7
which is independent of the choice of 7. As usual, we denote by
cor: Hy,(Loo/L,T) — H*(L',T)

the projection map and analogously for rational coefficients.

5.1 The regulator map

Let T bein Repgris, 7(Gr) such that T(z~ 1) belongs to Repf}ris”;fl(GL) with all Hodge—
Tate weights in [0, r], and such that V := L ®,, T does not have any quotient
isomorphic to L(7). Then the assumptions of Lemma 3.3.6 are satisfied and we may
define the regulator maps

Ly :H\(Loo/L.T) = D(I'L.Cp) ®L Deris. V(™).
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&% Hp(Loo/L.T) = OL(B)"=" ®L Deris. (V(r ™).
ch Hliv(Loo/Lv T) - D(FL1 (Cp) XL Dcris,L(V)
as (part of) the composite

HI{N(LOO/L, T)~ DLT(T(.[—I))WL=1

=1 (I_HTL(/’L)

= N(T(zY)VPaaahy or (N (V1)) ™°

— (9¢L=0 QL DcriS,L(V(t_l)) < (D(Cp (B)WLZO XL DcriSsL(V(r_l))
M~ @id -
——— D(I'1.Cp) ® Deris, (V(T 1)) — DI, Cp) ®L Deis,. (V)

using [80, Thm. 5.13], Lemma 3.3.6, the inclusion (3.17), and where the last map
sends u ® d € D(I',, Cp) ®.. Dcris,L(V(r_l)) tou®d®@d € DI, Cp) ®L
Deris,t (V(t™1)) ®L Deris, (L(7)) = D(TL, Cp) ®L Desis,. (V). Note that we have
D := Dasis, L(L(7)) = D 1 (L(7)) = Ldy with dy = firig) ® (07" @ 1jeye), where
L(xur) = Lnand L(chc) = Leye.

Alternatively, in order to stress that the regulator is essentially the map 1 — ¢,
one can rewrite this as

H(Loo/L.T) = Dix(V(z™")"* ™" = N(T( ™))V Purra™

5.1

1

o N ) ™ b g (v () e D

— Oszo L Dcris,L(V(T_l)) ®L D C (9(Cp (B)WL=0 L Dcris,L(V)
M1 ®id
EEEE— D(FLa (Cp) ®L Dcris,L(V)’
where the < in the second line sends n to n ® d; and the ¢7, now acts diagonally. By
construction, this regulator map £y takes values in D(I'r, K YoL* ®p D yis,1.(V),
where the twisted action of Gy, on the distribution algebra is induced by the Mellin
transform as in (ii) of Proposition 4.1.25.

We write V. € Lie(I') for the element in the Lie algebra of 'y, corresponding
to 1 under the identification Lie(I'y) = L.

Proposition 5.1.1. The regulator maps for V and V (yrr) — assuming that both rep-
resentations satisfy the conditions above — are related by

Lviun(x ®n) = Viie (gTw -1 (£v(x)) ® ti1'n);
i.e., the following ' -equivariant diagram commutes:

;CV(XLT)

H}, (Loo/L.V(x1r)) D(T1, Cp) &1 Desis, . (V(xir))

VLieTw,, —1
=~ x —1
l Q ®tir

£ QL (xi1)
H (Loo/L, V) ®0, L(xir) ———0 D(T'1,Cp) &L Deris,. (V) ®1 L()r1)-
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Proof. The proof is analogous to [51, Prop. 3.1.4]. Note that the period €2 enters due
to (4.64). [

This twisting property can be used to drop the condition concerning the Hodge—
Tate weights in the definition of the regulator map; i.e., upon replacing D(I'z,, C,) in
the target by its total ring of quotients, one can extend the regulator map as usual to
all T in RepCrlb #(Gr) such that T'(z™~ 1) belongs to Repcm an(G ).

In order to better understand the effect of twisting, we have the following lemma.

Lemma 5.1.2. For u € D(I'r, K) we have

1
§(VLieTWX*1)(M) =M™ (rer I ()
and foralln > 1
(ViieTw -1 () (i) = np(xe .

Proof. The first claim follows by combining (5.5) with (4.64), while the second claim
is just Lemma 4.1.22 applied to the first. |

One significance of regulator maps is that it should interpolate (dual) Bloch—Kato
exponential maps. We shall prove such interpolation formulae in Section 5.2.4 by
means of a reciprocity formula.

5.1.1 The basic example

Setting U :=lim oj with transition maps given by the norm, we have the maps
<—n n

CW,: Uz T® " — DdRL(V®"(1)) = Ld,

_ 1—
u®an®’ }—>a( 1)'81’nvloggu,n(2)|2=0dr

for all > 1. Furthermore, g, denotes the Coleman power series (cf. [21, Thm. A,
Cor. 17]) attached to u = (4,), and n = (1), satisfying gu »(7x) = u, foralln > 1.
We are looking for a map

£:U @z T} — D(Tr,Cp) ®r Deris,r.(L(7))

such that
Qr1-— JTL

r' 1_

Lu@an)(x{p) ® (7' @n® "t =CW,(u®@an®") (52
q

for allr > 1,u € U,a € oy, Recall that D51, (L(t)) = Ld; and note the equalities
dR L(V® "(1)) =Ld, = Ld; ® (l e 7’® r+1)
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Theorem 5.1.3 (A special case of Kato’s explicit reciprocity law [80, Cor. 8.7]). For
r > 1 the diagram

U ®y TT;@_r

—K®idJ/

Hyy(Loo/ L. T (1))

COI‘J/
*

HY(L, T (1)) ————— D% , (V& (1) = Ld,

CW,

commutes.

For the definition of the Kummer map « see [80, §6], while for the dual Bloch—
Kato exponential map exp* we refer the reader to [12].
We set £ = £ ® d; with £ given as the composition

(1—ZLg)

\% _ _
£:UQTF — opJorr]"-~" ———— Oc, (B)V-=°

log 7

— 9O¢, (B)V-=° LU D(Tz,Cp),
where the map V has been defined in [80, §6] as the homomorphism
V:U®zT*— orforr]V™!
3inv(gu,n)( ).

u®an* = a———=(wrr
u,n

Note that due to the multiplication by log; 1, the maps &£, £ are not 'z -equivariant.
Using Lemmata 4.1.21 and 4.1.22, we obtain

L(u ® an®)(xiz) = aM ™" (logpy (1 — %) diny 10g gu,n) (x71)
= aQ M (1 = ZE0) (Diny 10g gun) (XT7 ")
=arQ7"(1- %nz_l)(airnzlainv log gu.n)|z=0
=arQ7"(1- %)(8{n;13inv log gu,n)|z=0:

i.e., £ satisfies (5.2), indeed. By construction and Proposition 4.1.25 the image of &£
actually lies in the G -invariants:

£:U &z TF — D(I'L, K)F ®1 Desis,r (L(7)).

(5.3)

We claim that the composition

Uz Ty —__

lm,;« T (5.4)
H (Leo/L,oL(7))
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coincides with
£:U ®z T;: - D(FL7 (Cp) L Dcris,L(L(T))'

Indeed, from the commutativity of the diagram in Figure 5.1 (cf. with [51, Appx. C]
for L = Q,) the above claim immediately follows by tensoring the diagram for r = 1
with o (x;) and then composing with the multiplication by # . In this diagram, we
use the following abbreviations:

Or 1= Li(exty) ® d?_l forany r > 1,
e .= [LTTr X 77®r S DcriS,L(L(XiT))’
[i = tLTainv -1,

and we recall that 0;,y = %LT.

B(r—1)
UeTEr <Ol » Hl\(Loo/L.0L(tx]y)) ——
ven®r (o or[wrr] ® ’7®r)WL=1 =
(o1 [wrr] ® n®7) V=" (1-Lor)®ia  N(op(xfp)"" ™"
(1—”71‘¢L)®id @(wrr) oL [[a)LTM%]WLzo ® n®” 1-"Lgy or
N2 / \ v
orfon][$]" ™ @ n®" woi ¢*(N(L(n) "
0,7 ® iy OVL=0 g e, comp
To-I,_1 ®id
(91”1‘=0 X er (91#1‘=0 L Dcris,L (L(X[’:T))
ngt_1®id
M @id D(I'r, K)°t @ Desis,. (L(xi1)) ¢
1 TIL(X{T)
D(TL, K)°L ® e, D(Tr, K)%" &L Deris, (L(X{r))
idery | id®ify |
D(I'L. K)°r @ o D(I'z. K)°r @ L(x{y)

Figure 5.1. Comparison of £ and £, (z y,)-
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Note that we have

Sy (M) — M)
£(y)

M (lo ) = lim = VL), 69)

see [44, Lem. 2.1.4] for the fact that
VLiie = f110iny

as operators on (9. By abuse of notation we thus also write
[; := VL —i

for the corresponding element in D(I'z, K); compare [75, §2.3] for the action of
Lie(I'z) on and its embedding into D(I'r, K). Moreover, we set

r—1
[L(Xlr;r) = 1_[ [i-
i=0

Note that 3y, is invertible on @Y~ =0 by [33, Prop. 3.12]. Finally, the map
=0 _
comp : ¢* (N (oL ()(f;)))w — OV ® 1 Desis,r (L(x]7))

is given by Corollary 3.1.14. Note that the commutativity of the upper part of the
diagram in Figure 5.1 is an immediate consequence of [80, Thm. 6.2].

Inspired by Proposition 5.1.1, we define £,() — since L(t) does not satisfy the
conditions from the beginning of this chapter while L(zxrr) does — as a twist of
L1 (xyr) Y requiring the commutativity of the diagram in Figure 5.2, which is pos-
sible due to the commutativity of the diagram in Figure 5.1.

Hliv(Loo/L,oL(r))

Lr(r)

IR

H[{V(Loo/lu oL (TXLT)) ®0L OL(XErl) D(FL’ (Cp) AL Dcris,L(L(T))

ViieTw
Lie "W, —1

;CL(TXLT)®0L(XE|‘1) -

—1
®t 7

D(T1,Cp) ®L Deris,. (L(tx11)) ®L L(xi7)

Figure 5.2. Comparison of £ (ry and £ 1. (¢ y;1)-



The regulator map 133

Then
£:U®z T; — D(FL, Cp) L Dcris,L(L(T))

also coincides with

U®zTr ————> H, w(Loo/L.or(7))

(ﬁVLieTWX—l ®id)°<fL(r)

D(FLv (Cp) L Dcris,L (L(f)) (56)

by Proposition 5.1.1.

We refer the interested reader to [74, §5] for an example of a CM-elliptic curve E
with supersingular reduction at p in which they attach to a norm-compatible sequence
of elliptic units e(a) (in the notation of [27, §1I 4.9]) a distribution p(a) € D(T'r, K)
in [74, Prop. 5.2] satisfying a certain interpolation property with respect to the values
of the attached (partial) Hecke- L-function. Without going into any detail concerning
their setting and instead referring the reader to the notation in loc. cit., we just want
to point out that up to twisting this distribution is the image of k(e(a)) ® n~!
the regulator map £, (7):

Lre(k(e(a) ® 17_1) = QTwy,, (u(a)) ® d;.

Here, L = K, = Fy, (in their notation) is the unique unramified extension of Q, of
degree 2, 71, = p, q = p?, and the Lubin-Tate formal group is Ey,, while K = Lo
Indeed, we have a commutative diagram

under

Col

U D(I'., K)
K(—)®T)_1l lmwm(gd] 5.7
Er(x
HI{V(LOO/L’OL(T)) = D(FLy K) XL Dcris,L(L(f))’

where the Coleman map Col is given as the composite in the upper line of the follow-
ing commutative diagram:

1- “’L
U logg— OWL 7TL (QWL =0

ey

U®T*L>(9WL 1

-1
——9¥=0 27, (11, K)

aianv IOJ/ leie (58)
L

——¢ PL
— W gur=0 P81, gui=0 BT ) k),

in which the second line is just £. Then the commutativity of (5.7) follows by com-
paring (5.8) with (5.6). Finally, Col(e(a)) = p(a)(= IN~ 1(ga(Z)) in their notation)
holds by construction in loc. cit. upon noting that on ovL= 7L the operator 1 —
%(pL o Y1, which is used implicitly to define g,(Z)(= (1 — p(pL oyr)log Qa(Z)),

equals 1 — ‘2—5
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5.2 Relation to Berger’s and Fourquaux’s big exponential map

Let V denote an L-analytic representation of G and take an i}lllteger h > 1 such
that Fil ™" Dis, L (V) = Deyis,. (V') and such that D5, 1, (V)% =7." = 0 holds. Under
these conditions in [7], a big exponential map a la Perrin-Riou

QV,h : (CQIIIL=O L Dcris,L(V))A=0 g DT (V)WL=%

rig

is constructed as follows: According to [7, Lem. 3.5.1], there is an exact sequence

h
L —a
0— @tﬁTDCTiS,L(V)¢L=nLk - ((9 ®0L DcriS,L(V))WL_”L
k=0

h
1—¢ — A
—L) (91/”‘ 0 XL Dcris,L(V) - @ Dcris,L(V)/(l - anDL)Dcris,L(V) — 0,

k=0

where, for ' € O ®1 Deis,.(V), we denote by A(f) the image of the map

h h
Pk, ®idp, , 1) (f)0) = E Deris.. (V)/(1 = 7f¢1) Deris, (V).
k=0 k=0
Hence, if already f € (OV2=% ®] Dy s, (V))2=°, then there exists an element y €
(0 R, Dc,is,L(V))WLzﬁ such that f = (1 — ¢r)y. Setting V; := V — i for any
integer i, one observes that Vj,_; o --- o Vy annihilates @Z;}) t{‘T D s, L(V)PL=7L k,
whence Qy (f) := Vp—1 0+ 0 Vy(y) is well defined and belongs under the com-
parison isomorphism in (3.16) to D;rig(V)v’L:% by Proposition 3.1.13.
Note that

= A= =
(%70 @1 D £ (V)* ™" = 0¥=0 @1, Do (V)

if Degis, . (V)9L =72" = 0 forall 0 < k < h. If this does not hold for V itself, it does
hold for V(y;f) for r sufficiently large (with respect to the same h).

In the special case L = Q), the above map becomes the exponential map due
to Perrin-Riou and satisfies the following adjointness property with Loeffler’s and
Zerbes’ regulator map, see [51, Prop. A.2.2], where the upper pairing and notation
are introduced:

D(F7 Q[J) ®AL HIW(Qp7 V*(l)) X D(Fv Qp) ®A@p HIW(va V) — D(r’ Qp)

TQV*(I),I y-n&xl H

D(Fv Qp) ®Qp Dcris,Qp(V*(l)) X D(Fv Qp) ®Qp Dcris,Qp (V) — D(Fv Qp)

In fact, this is a variant of Perrin-Riou’s reciprocity law comparing 2y, with
Qy*(1),1-h-
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For L # Q, the issue of L-analyticity requires that V" *(1) is L-analytic for the
construction of 2y x(1),1—p, which then implies that V' is not L-analytic. Instead, our
regulator map is available and the purpose of this subsection is to prove an analogue
of the above adjointness for arbitrary L.

Theorem 5.2.1 (Reciprocity formula/Adjointness of big exponential and regulator
map). Assume that V*(1) is L-analytic with Fil™' Degs. 1 (V*(1)) = Deis. (V*(1))
and DmS,L(V*(l))‘pL:ﬂL_1 = Dyis, . (V*(1))?L=1 = 0. Then the following diagram
consisting of D(I'L, K)-\«-sesquilinear pairings (in the sense of (4.87)) commutes:

_a -1
DI (v ()= x D(VEH)rrT L

Iw
D(FL, Cp)
TQV*(U,] e‘ﬁ(‘)/J/

OV1=0 ®p Ders V(1) x  OVE=0 @1 Do 1 (V(z™) 15 DL, Cp).

Note that the terms on the right-hand side of the pairings are all defined over L!

Proof. This follows from the abstract reciprocity law in Theorem 4.5.32 (where we set

M = ng(V(r_l)) as before). Indeed, assuming that z € O¥2=0 @ D51 (V*(1))

and y € D(V(z~1))¥2=1, we have that (1 — Lor)yeM'n (MYL=0) (see (5.1)) and

comp™ (1 —¢z)x) € M forx € (O ® Ders, (V* (1)) 77

such that z = (1 — ¢z)x. Moreover, comp™!((1 — ¢z )x) € MYL=° by Proposi-
tion 3.1.13 as V' *(1) is positive by assumption. Recall that comp™! (Vx) is an element

in D:Eg(V*(l))WLzﬁ again by Proposition 3.1.13. We thus obtain
_ _ - _ 0
22 comp™! (V). v}y, = 4 {Veomp™ (1 = ¢p)x). (1 = TEor) v}y,

[(1 = ¢r)x, comp((1 — Z=gr)y)]-

By definition of the big exponential and regulator map the latter is equivalent to

Qvwa@.}, = [2. 27 )] u

We also could consider the following variant of the big exponential map (under
the assumptions of the theorem):

—_49
@y : D(TL.Cp) ®L Deris.r.(V*(1)) — DI (V)VE=72

rig
by extending scalars from L to C, and composing the original one with Q" times'

D(FL, Cp) L Dcris,L (V*(l)) M ((QK(B))WL=0 L Dcris,L(V*(l))'

IThis means to replace V by % in order to achieve twist invariance of the big exponential
map, see the remark below.
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Corollary 5.2.2 (Reciprocity formula/Adjointness of big exponential and regulator
map). Under the assumptions of the theorem, the following diagram of D(I'r, K)-
Lx-Sesquilinear pairings commutes:

q—1
Djig(v*(l))“:% X D(VEhH)rrT L, i

Iw
D(FLv (Cp)
Tﬂv*(l)’l (T_IS?LVJ/

* i 10
D(FL7Cp)®LDcris,L(V (1)) X D(FL,Cp)®LDcris,L(V(T 1))_>D(rLan),

where [—, —]° = [N ® id(—), 0_1 M ® id(—)], i.e.,
hod u®d® n(l,2)® (7 @n) =t 11, Z2) ®[d, dlas,  (5.9)

> lcris

where Deis, 1. (V* (1)) x DcriS,L(V(r_l)) L D yis, .. (L(x1r)) is the canonical pair-
ing.

Remark 5.2.3. By [7, Cor. 3.5.4], we have

Q) © 1% = Qi gy Golx ® 1 0™

and [, o Qy ; = Qy 41, whence we obtain the equality
®j — . . —J ®j
SZV,h (X) ® n — SZV(X[{T)JH‘j (TWXI?FI (X) ® ZLT n )

and Ih o ﬂV,h = SzV,h-i—l-

5.2.1 Some homological algebra

Let X L5 ¥ be a morphism of cochain complexes. Its mapping cone cone(f) is

. di
defined as X[1] D Y with differential d] - := (f)E 1[;[] d(z
Y

and we define the mapping fiber of f as Fib( /) := cone( f)[—1]. Here the translation
X [n] of a complex X is given by X [n]’ := X*" and d§[n] = (—1)”d)i(+". Alterna-
tively, we may consider f as a double cochain complex concentrated horizontally in
degree 0 and 1 and form the total complex (as in [82, Tag 0127Z]). Then the associated
total complex coincides with Fib(— f').

For a complex (X°®, dx) of topological L-vector spaces we define its L-dual
((X™)*, dy+) to be the complex with

) (using column notation)

(X*)i = HomL,cont(X_i s L)

and
dy=(f) := (=)D f oy,


https://stacks.math.columbia.edu/tag/012Z
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More generally, for two complexes (X°, dx) and (Y*, dy) of topological L-
vector spaces we define the complex Homj, . (X*®,Y*) by

Hom} ., (X*.Y*®) = ]_[ Homy, con(X?, Y1)
i€Z

with differentials df = d o f 4 (—1)%(/)~1 £ o d. Note that the canonical isomor-
phism
Hom®(X*,Y*)[n] = Hom® (X°.Y*[n])

does not involve any sign; i.e., it is given by the identity map in all degrees.
We also recall that the tensor product of two complexes X ® and Y * is given by

(Xo Q1 Y-)i — @Xn Ry Yi—n
n

and
dx®y)=dx ® y + (=1)%*EWx g dy.

The adjunction morphism on the level of complexes
adj : Homj . (X*®L Y*, Z*) - Hom} ., (Y*,Homj . (X*, Z*))

sends u to (y > (x > (—1)%ex®) g0y (x @ y))). It is well defined and continuous
with respect to the projective tensor product topology and the strong topology for the
Homs. Furthermore, by definition we have the following commutative diagram:

X*@, Y —X > L[-2]
id@adj(u)l H (5.10)
X* @, Homj . (X*, L[-2]) —> L[-2],

where ev, sends (x, f) to (—1)deex)dee(f) £(x),
Lemma 5.2.4. Let (€°,d*®) be a complex in the category of locally convex topologi-
cal L-vector spaces.

()  If € consists of Fréchet spaces and h'(€*) is finite dimensional over L,
then d*~V is strict and has closed image.

(i) Ifd? is strict, then k™ (€*) = hi (€)*.

Proof. (i) Apply the argument from [13, §IX, Lem. 3.4] and use the open mapping
theorem [71, Prop. 8.8]. (ii) If

15825 ¢
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forms part of the complex with B in degree i, one immediately obtains a map
ker(a*)/im(B*) — (ker(B)/im(a))",

where ker(f) carries the subspace topology and ker(f)/im(c) the quotient topology.
Now use the Hahn—Banach theorem [71, Cor. 9.4] for the strict maps B/ ker(f) —
C (induced from ) and ker(8) < B in order to show that this map is an isomor-
phism. |

Definition 5.2.5. A locally convex topological vector space is called an LF-space if
it is the direct limit of a countable family of Fréchet spaces, the limit being formed in
the category of locally convex vector spaces.

Remark 5.2.6. If one replaces Fréchet spaces by LF-spaces, the situation of Lemma
5.2.4 is more subtle:

1 v 2 W is a continuous linear map of Hausdorff L F'-spaces with finite-
dimensional cokernel, then « is strict and has closed image by the same
argument used in (i) of the previous lemma. However, since a closed sub-
space of an LF-space need not be an LF-space, we cannot achieve the same
conclusion for complexes by this argument as ker(d?) may fail to be an LF-
space, whence one cannot apply the open mapping theorem, in general. But
consider the following special situation. Assume that the complex €° con-
sists of LF-spaces and A’ (€*) is finite dimensional. If moreover €' *! = 0,
ie., €' =ker(d'), then d'~! is strict and h!7 (€*) = h'~1(€)*.

(i) If d* is not strict, the above proof still shows that we obtain a surjection
h=H(E*) — K (€)*.

However, for a special class of LF-spaces and under certain conditions we can
say more about how forming duals and cohomology interacts.

Lemma 5.2.7. Let (€°,d°) = li_n>1r (€2, d}) be a complex in the category of locally
convex topological L-vector spaces arising as regular inductive limit of complexes of
Fréchet spaces; i.e., in each degree i the transition maps in the countable sequence
(€1), are injective and for each bounded subset B C ‘€' there exists an r > 1 such

that B is contained in €' and is bounded as a subset of the Fréchet space €. Then,

(i)  we have topological isomorphisms (€°®)* = LiLnr e©nr,

(1)  if, in addition, 1(i_111i>0hi ((€)*)=0foralli, we have a long exact sequence
RN hi ((\6.)*) — Lln hi ((\6;)*) N hi—l (l(lnl(xero)*) — hi+1 ((\6')*) — e

r=>0 r>0



Relation to Berger’s and Fourquaux’s big exponential map 139

(iii) if, in addition to (ii), the differentials d? are strict, e.g., if all h* (€?) have
finite dimension over L, and l<i_r_n1>0(‘€r’)* = 0, we have isomorphisms
r>

R((€)*) = limh™ (€)*.
r>0
Proof. (1) is [61, Thm. 11.1.13] while (ii) and (iii) follow from (i) and [53, Chap. 3,
Prop. 1] applied to the inverse system ((€;?)*), combined with Lemma 5.2.4. ]

5.2.2 Koszul complexes

In this paragraph, we restrict to the situation U = Zg and fix topological generators
Y1,...,Yq of U and we set A := A(U). Furthermore, let M be any complete linearly
topologized or-module with a continuous U -action. Then by [49, Thm. I1.2.2.6] this
actions extends to continuous A-action and one has

HomA,com(A7 M) = Homp (A, M)

i—1 .
Consider the (homological) complexes Ko(y;) := [A LN A] concentrated in
degrees 1 and 0 and define

d
Ke:= K] = Ko(y) := Q Ko (1)
A
i=1
K*(M) := K{;(M) :=Hom} (K., M) = Hom} (Ke, A) ®A M = K*(A) ®x M,
Ke(M):= Ke @7, M (homological complex),
Ko(M)® := (Ko @ M)® (the associated cohomological complex).

If we want to indicate the dependence on y = (y1,...,Yq), we also write K*(y, M)
instead of K*(M) and similarly for other notation; moreover, we shall use the nota-
tiony~!=(yrh....y;)andy?" = (yf’n N yé’n). Note that in each degree these
complexes consist of a direct sum of finitely many copies of M and will be equipped
with the corresponding direct product topology.

The complex Ko will be identified with the exterior algebra complex A% A4 of
the free A-module with basis ey, ..., ey, for which the differentials d, : /\% Al —
A?\_lAd with respect to the standard basis e;,.._;, = e;; A== Aej,, 1 <ip <--- <
iq < d, are given by the formula

q
dg(ai...i,)) = ) D i = Da, o~
k=1
Then the well-known self-duality (compare [28, Prop. 17.15] although the claim
there is not precisely the same) of the Koszul complex, i.e., the isomorphism of com-
plexes
Ke(N)® = K*(N)[d], (5.11)
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can be explicitly described in degree —¢q as follows (by identifying /\‘j\ A? = Aey A
e ANeg = N):

q o d—q
A A? Z5 Hom, ( A Ad,A>
A A

eiy,...i, — sign(/, J)ej*1
o
Jsewsid—g
A e]’.‘d_q, 1 <ji<:<ji—g <d,forma (dual) basis ofHomA(/\i_qu, A), the
indices J = (jx )« are complementary to = (i), in the following sense {i1,...,iz} U
{Jt.--s ja—gy = {1,...,d}, and sign(I, J) denotes the sign of the permutation
li1,...,ig, j1.--., ja—q]- Indeed, the verification that the induced diagram involving
the differentials from cohomological degree —q to —q + 1

whereej,. .., e; denotes the dual basis of eq, . .., 4, the elements e = ej*] A

AL A? — s Hom, (A%7 A%, A)

qu/ J(_l)d(_l)dqld;q+1
S d—g+1
/\?\ G HOmA(/\Aq Ad,/\)
commutes’ relies on the observation that
sign(/, J)sign(/, Je) L = (=1)ak T

where [ i = (i1,..., i/;;, ...,1g) denotes the sequence which results from / by omit-
ting ix, while Jx = (j1...., ji—1.ik, Ji.- .., 1d—q) denotes the sequence which arises
from J by inserting iy at position / with regard to the strict increasing ordering: The
permutations [i1, ... ,ig, j1...., ja—gland [{1, ...k, ..., 0q, J1, ooy Ji=1:0ks J1o - -
Jd—q] differ visibly by ¢ — k 4 [ — 1 transpositions.

Now we assume that M is any complete locally convex L-vector space with
continuous U -action such that its strong dual is again complete with continuous U -
action. Then we obtain isomorphisms of complexes

K*(y, M)* = Homz’Corlt (Hom:,\ (K.(y), A) A M, L)

= Hom}, (Hom}, (Ke(y™"). A), Hom com(M. L))

=~ Hom (Hom:\ (K.()/_l), A), A) ®a Homy con (M, L)
= Ko(]/_ly A). XA HomL,cont(M, L)

= K*'(y~, Md] @ M*

= K*(y~', M™)[d],

(5.12)

2The signs (—1)¢ and (—1)¢ =971 result from the shift by d and the sign rule for complex
homomorphisms, respectively.
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where in the second line we use the adjunction morphism; the isomorphism in the
fourth line being the biduality morphism (according to [58, (1.2.8)])
Ke(A)* = Hom$ (Hom} (K., A), A)

x> (=1)ix**
with the usual biduality of modules

Ko(A)" = Homp (Homa(K—i, A), A)
x> (X f e f(x))

involves a sign, while the isomorphism in the third last line stems from (5.11) together
with Lemma 4.5.1 (i). Note that the isomorphism in the second last line does not
involve any further signs by [58, (1.2.15)].

We finish this subsection by introducing restriction and corestriction maps con-
cerning the change of group for Koszul complexes To this end let U; C U be the
open subgroup generated by yf ..., y7 7 - Then Homj (—, M) applied to the tensor
product of the diagrams

n

AU 2 A

szn—l k

AU =L A
gives a map
corU Ky, (v? ")(M) = K3 (y) (M)

which we call corestriction map and which is compatible under (5.20) below with
the corestriction map on cocycles (for appropriate choices of representatives in the
definition of the latter). Using the diagram

p n

AU D A@)

]

AU) —> AU)
instead, one obtains the restriction map
resU t Ky (y) (M) — Kg, (v? (M),

again compatible under (5.20) with the restriction map on cocycles.
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5.2.3 Continuous and analytic cohomology

For any profinite group G and topological abelian group M with continuous G-action
we write €° := €°*(G, M) for the continuous (inhomogeneous) cochain complex of
G with coefficients in M and H *(G, M) := h*(€°(G, M)) for continuous group
cohomology. Note that €°(G, M) =

Assume that G is moreover an L- analytlc group and M = hm hm M 5] with
Banach spaces M "1, an LF space with a pro-L-analytic action of G 1 e., a locally
analytic action on each Mrs ], which means that for all m € M "] there exists an
open L-analytic subgroup I';, C T’ in the notation of Section 4.3.4 such that the orbit
map of m restricted to I', is a power series of the form g(m) = ) ;. 2(g)kmy
for a sequence my of elements in M [rs] with nzk my converging to zero. Following
[25, §5], we write

e =€ (G, M)
for the locally L-analytic cochain complex of G with coefficients in M and
H; (G, M) = h*(€3(G. M))

for locally L-analytic group cohomology. More precisely, if Maps, ; _,.(G, M [">5])
denotes the space of locally L-analytic maps from G to M5, then

Can(G. M) = lim lim Maps,c 14 (G" Mty
N r

is the space of locally L-analytic functions (locally with values in 1<iLnr M for
some s and such that the composite with the projection onto M [rs] s locally L-
analytic for all r). Note that again €2 (G, M) = M and that there are canonical
homomorphisms

e (G, M) —€*(G,M),

H:(G,M)— H*(G,M).

Let f be any continuous endomorphism of M which commutes with the G-
action. We define

HO(f,M):=M7=' and H'(f,M):= My,

as the kernel and cokernel of the map M ﬂ) M, respectively.

The endomorphism f induces an operator on €° or €, and we denote by 7 :=
Trg(M)and T2 :=7 ‘~“‘“ (M) the mapping fiber of €*(G, f) and €, (G, f), respec-
tively.

Again there are canonical homomorphisms

T (M) <> Tr6 (M),

(5.13)
h* (756 (M) = h*(Tp.6(M)).
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For ? either empty or an, one of the corresponding double complex spectral
sequences is N _
1By = H'(f.H] (G, M)) = h"t/(77).

It degenerates into the short exact sequences
0— H{7N(G. M)s=y — I (T (M)) > Hi(G.M)"=' - 0.

In loc. cit. as well as in [7], analytic cohomology is also defined for the semi-
groups I'y, x @ and ', x W with ® = {¢} |n > 0} and ¥ = {(%wL)” |n>0}if M
denotes an L-analytic (¢r, 't )-module over the Robba ring R.

Remark 5.2.8. Any L-analytic (¢, 'r)-module M over the Robba ring R is a pro-
L-analytic I';-module by the discussion at the end of the proof of [8, Prop. 2.25],
whence it is also an L-analytic 'y x ®- and I';, X W-module as ® and W possess the
discrete structure as L-analytic manifolds.

Proposition 5.2.9. We have canonical isomorphisms

RT3 o (M) = HL (T x @, M) = H. (T x ¥, M) = hi(Tg;/,LIL (M))

and an exact sequence
=4 i (7-an
0 — Hy(Tr, MVE=7) — W(TH, (M)
(5.14)

r 2 =4 2(q
(MVIL=%) L= Han(rL’MWL ©) — h (J%MIPL,FL(M))'

Proof. The isomorphism in the middle is [7, Cor. 2.2.3]. For the two outer isomor-
phisms we refer the reader to [87, Thm. 3.7.6]. The exact sequence is the extension
[87, Thm. 5.1.5] of [7, Thm. 2.2.4]. [ ]

*Naively, one would expect that the second corresponding double complex spectral
sequence looks like

11EY = HE(G, HY (f,M)) = W' T/ (T7).

But this would require to first of all give sense to the required structure of H/ (f, M) as topolog-
ical/analytic G-module! In low degrees this can be achieved and we obtain an exact sequence

0= HY(G.M/=") 5 ' (T%) = My—)C > H2(G. M=),

See [87-89]. If M/ =1 is again an LF-space with pro-L-analytic G-operation, one might be
able to interpret the second spectral sequence in low degrees.
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Note that, for an inclusion U C U’, the restriction and corestriction homomor-
res

phisms €*(U’', M) — €°*(U, M) and €*(U, M) = €*(U’, M) induce maps on
Tru/ (M) = Try (M) and Ty (M) = Trur (M), respectively.

We write Extég (A, B) for isomorphism classes of extensions of B by A in any
abelian category €. Furthermore, we denote by My (R) (fmeg (R), sm{, (R)) the cat-
egory of all (étale, overconvergent) (¢r,, U)-modules over R, respectively, and by
Repz (GLOUo ) the category of overconvergent representations of GLOUo consisting of
those representations V' of G LYy such that dim g+ DT (V) = dimz V with DT(V) :=
(BY @, V)AL, ’

Theorem 5.2.10. Let V be in Rep; (GL) and U C T'r any open subgroup.

(i)  For D(V) the corresponding (¢r,, I'r)-module over By, we have canonical
isomorphisms

h* =hyy  HX(LY. V) = h*(T,, v (D(V))) (5.15)

which are functorial in V and compatible with restriction and corestriction.

@11) IfV isin addition overconvergent, there are isomorphisms

W (Top (D], (V))) = vOik, (5.16)
W (Top0 (DL,(V))) = HE LY, V), (5.17)

which are functorial in V' and compatible with restriction and corestriction
and where by definition H,r1 (LY, V) < HY (LY, V) classifies the overcon-
vergent extensions of L by V. In particular, these L-vector spaces have
finite dimension.

(ii1) IfV is in addition L-analytic, then we have

Haln(Lgo’ V) i) hl (%T,U (Dr—ﬁg(v)))’
where by definition* H} (LY, V) C HT1 (LY, V)< HY(LY, V) classifies
the L-analytic extensions of L by V.

Proof. (1) is [46, Thm. 5.1.11] or [45, Thm. 5.1.11]. Statement (iii) is [7, Prop. 2.2.1]
combined with Proposition 5.2.9, while (ii) follows from [33] (the reference literally
only covers the case U = I'z, but the same arguments allow us to extend the result
to general U) as follows: Firstly, by Lemma 5.2.11 below one has an isomorphism

W' (To,.0(DL,(V)) 2 Extly o (Re. DL, (V). Then use the HN-filtration 2 la

“Note that the absolute Galois group of Lgo is not L-analytic, so this group has not been
defined earlier.
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Kedlaya to see that any extension of étale (¢, U)-modules is étale again, whence

1 T _ 1 T
Extyy, (=) (RL: D (V) = ExtM%(RL)({RL, D, (V)

and the latter group equals

Ext! (Re. DL, (V)) = Ext!

— 1 U
sy (R Dr 0,1 V) = HH LS V)

by [33, Props. 1.5 and 1.6]. For the claim in degree O one has to show that the inclusion
DY(V) c D:ig(V) induces an isomorphism on ¢y -invariants, which follows from
[39, Hyp. 1.4.1, Prop. 1.2.6].° n

Lemma 5.2.11. Let M be in My (R). Then we have a canonical isomorphism
h' (T, ,u(M)) = Extyy (2, (R, M).

Proof. Starting with a class z = [(c1, —co)] in /' (T, v(M)) with ¢c; € C'(M) and
co € CO(M) = M (i.e., we work with inhomogeneous continuous cocycles) satisfying
the cocycle property

c1(ot) =oci(r) + ¢c1(o) forallo,t € U,

(5.18)
(o1 — De1(r) = (t — )¢ forall T € U,

we define an extension of (¢r, U)-modules
0O—-M-—>E.— R, —>0

with E, := M x R as Rp-module, g(m,r) := (gm + gr - c1(g),gr) forg e U
and gg.((m,r)) := (@ar (m) + @1 (r)co, ¢ (r)); note that this defines a (continuous)
group action by the first identity in (5.18), while the U - and ¢y -action commute by the
second identity in (5.18). If we change the representatives (c1, —cg) by the cobound-
ary induced by my € M, then sending (0, 1) to (—my, 1) induces an isomorphism of
extensions from the first to the second one, whence our map is well defined.
Conversely, if E is any such extension, choose a lift e € E of 1 € R and define

ci(t):=(@—-1DeeM, co:=(pg— e,

which evidently satisfy the cocycle conditions (5.18). Choosing another lift ¢ leads
to a cocycle which differs from the previous one by the coboundary induced by
¢ —e € M, whence the inverse map is well defined.

One easily verifies that these maps are mutually inverse to each other. |

3Since the strong hypothesis holds by [39, Hyp. 1.4.1, Prop. 1.2.6], we also obtain an iso-
morphism on the ¢z -coinvariants H ! (@7, —). Then the second spectral sequence above or
a similar argument via the Koszul complexes as in Corollary A.8 implies that the canonical
base change map induces an isomorphism h*(7,, v (DT(V))) = h*(TwL,U(DZg(V))). Cf.
[50, proof of Prop. 2.7].
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Question 5.2.12. Can one show that hz(TwL,U(DrTig(V))) is finite dimensional (and
related to H2(LY, V)) and that the groups 4’ ('J;,L,U(DrTig(V))) vanish for i > 3?

Remark 5.2.13. By [33, Thm. 0.2, Rem. 5.21], it follows that the inclusions
Hyp(Leg, V) € Hi (Lo, V) € H' (Lo, V)
are in general strict. More precisely, the codimension of the left most term equals
(LY, : Q] — 1) dimy, V2&.
Let us recall Tate’s local duality in this context.

Proposition 5.2.14 (Local Tate duality). Let V be an object in Rep; (Gr), and K
any finite extension of L. Then the cup product and the local invariant map induce
perfect pairings of finite-dimensional L-vector spaces

H'(K,V)x H*(K,Homg, (V.Q,(1))) - H*(K.Q,(1)) = Qp.
H'(K,V)x H*7(K,Hom,, (V,L(1))) - H*(K,L(1)) = L,

where —(1) denotes the Galois twist by the cyclotomic character. In other words,
there are canonical isomorphisms

HY (K, V)= H>* (K, V*(1)".

Proof. This is well known. For lack of a reference (with proof) we sketch the second
claim (the first being proved similarly). Choose a Galois stable oy -lattice T C V' and
denote by 1 A the kernel of multiplication by 77 on any o -module A. Observe that
we have short exact sequences

0— H'(K,T)/n} - H'(K,T/7}T) = zn H*'(K,T) - 0
for i >0 and similarly for 7" replaced by 7*(1) =Hom,, (T, 0r.(1)). By [80, Prop. 5.7]
(remember the normalization given there!) the cup product induces isomorphism
H'(K,T/n}T) =~ Hom,, (H*>7(K,T*(1)/7}T*(1)),0L/7})
such that we obtain altogether canonical maps
H'(K,T)/n} — Hom,, (H* (K, T*(1))/n},oL/7})
=~ Hom,, (Hz_i(K, T*(1)),0L)/n}.
Using that the cohomology groups are finitely generated or-modules and isomor-

phic to the inverse limits of the corresponding cohomology groups with coefficients
modulo 77, we see that the inverse limit of the above maps induces a surjective map

H'(K,T) — Hom,, (H*(K,T*(1)),0)

with finite kernel, whence the claim after tensoring with L over oy, using the isomor-
phism H (K, T) ®,, L =~ H'(K,V) and analogously for T*(1). n



Relation to Berger’s and Fourquaux’s big exponential map 147

Now let W be an L-analytic representation of G, and set
U . U
Hp (Lo, WH(1)) i= Hy (Lo, W),

which, by local Tate duality and Theorem 5.2.10, is a quotient of H'(LY, W*(1)).
By definition, the local Tate pairing induces a non-degenerate pairing

(mweri: HH (L W)y x HYL (LY W*(1) > H*(L,L()) = L. (5.19)

In order to compute this pairing more explicitly in certain situations, we shall use
Koszul complexes. For this we have to assume first that U is torsion-free. Follow-
ing [26, §4.2], we obtain for any complete linearly topologized oy -module M with
continuous U -action a quasi-isomorphism®

Kf(M) S e (U. M) (5.20)

which arises as follows: Let Xo := Xo(U) and Yo = Y,(U) denote the completed
standard complex [49, §V.1.2.1], i.e., X, = Z,[U]®**D, and the standard complex
computing group cohomology, i.e., Y, = Z,[U]®"*+1D . Then, by [49, Lem. V.1.1.5.1],
we obtain a diagram of complexes

Yo(U) =25 Yo (U x U) = Yo (U) ®z, Yo (U)

| |

Xo(U) =25 Xo(U x U) = Xo(U) @3z, Xo(U) (5.21)

| |

KU —2 KU =~ KU &, KV,
which commutes up to homotopy (of filtered A-modules). Here the maps A are
induced by the diagonal maps U — U x U, e.g.,

Zy[U] = Zy[U x U] = Z,[U] &z, Z,[U].
The first column induces a morphism

HOl’nA(K.U, M) — Homp cont (X.(U), M) d HomZp[U],com (Y.(U), M),

which is (5.20). The upper line induces as usual the cup product on continuous group
cohomology

H' (U, M) x H*(U,N) =% H™(U, M ® N)

8This quasi-isomorphism is unique up to homotopy, i.e., unique in the derived category of
oy -linear topological U-modules. We have not yet defined any topology on the cocycles nor
do we know whether the references say anything about it! M is allowed to be any complete
linearly topologized o7 -module with continuous U -action by [49, Prop. V.1.2.6].
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via
HomZp[U],cont (YO(U)’ M) X HomZp[U],cont (YO(U)v N)
X
— Homgz, (182, [U],cont (Yo(U) ®z, Ye(U),M @ N)

A*
— HomZp[U] cont (Y.(U) M ® N)

The lower line induces analogously the Koszul product
K7, (M) x KU(N) — K™ (M ® N).

By diagram (5.21) both products are compatible with each other.
Let f be any continuous endomorphism of M which commutes with the U-
action; it induces an operator on K *(M) and we denote by

Kry(M) —cone(K (M) — K*(M))[-1]
the mapping fiber of K*®(f). Then the quasi-isomorphism (5.20) induces a quasi-
isomorphism
Ko u(M) = Tpu(M).
Remark 5.2.15. By a standard procedure cup products can be extended to hyper-
cohomology (defined via total complexes), we follow [58, (3.4.5.2)], but for the

special case of a cone, see also [60, Prop. 3.1]. In particular, we obtain compatible
cup products Ug and Uy for Ky (M) and T,y (M), respectively.

Now we allow some arbitrary open subgroup U C 'y, and let L’ = LY. Note that
we obtain a decomposition U =~ A x U’ with a subgroup U’ =~ Zg of U and A the
torsion subgroup of U. By Lemma A.1 we obtain a canonical isomorphism

Koo (M2) = Tyu(M). (5.22)

Now let M be a finitely generated projective R-module M with continuous U -
action. Then M* = M is again a finitely generated projective JR-module M with
continuous U-action by Lemma 4.5.1(i). Hence, M as well as M A gsatisfies the
assumptions of (5.12) and we have isomorphisms7

Ko u(M™)* = cone(K*(M2)* £ L K (M 2y
— cone(K*((M%)*)[d] < L ke ((@A)*)[d]) (5.23)
= Ko+, u((M*)a)ld + 1] = Ky,u(Ma)[d + 1]
= Kyu(M*)[d +1].

The last isomorphism is induced by the canonical isomorphism MA~M A-

"For X L Y we have cone( f)* = cone(f™*)[—1], the isomorphism being realized by
multiplying with (—1)¢ on (X *)? and cone( f[n]) = cone((—=1)" f)[n].



Relation to Berger’s and Fourquaux’s big exponential map 149

Now note that

Dy (W)Y = Dy (W (i) (524
for any L-analytic representation W by the fact that the functor D:rig respects inner

homs (cf. [79, Rem. 5.6] for the analogous case Dyr). Hence, the tautological pairing
evy from (5.10) together with the above isomorphism (5.23) induces the following
pairing:

Uk.y 1 (Koo (D, (W)™)) x B (Kyur (DS, (W* (rur)) *)ld — 1) — L.

Remark 5.2.16. ForU =U’and M = D

rig(W), on the level of cochains, this pairing
is given as follows:

MoK\ (M) xK' M)y M — L, ((x,9),(x,))) = {y,x} — y(x),

where we again use that K91 (M) = K'(M)* and where { , } denotes the pairing
(4.73). More generally, we have a diagram as in Figure 5.3.

0 :
0 M x KY(M)® K2(M)— L
a9 dl‘gfl 0
(1—Kw> (1—1// —d,‘§_2>
1 K\(MyeM x MK \(M)—— L
dg 0 o gd—1
(™ _d]%) (1—y —ag™)
2 K M)® K'(M) x M—— 5L
0
Degree Kou(M) KW,U(]V[)[d —1]

Figure 5.3. Duality for generalized Herr complexes.

Recalling that W =V *(1) is L-analytic, set M = D;rig(W) and M = Djig(V(t_l))
= D:rig(W* (xLr)). We obtain a Fontaine-style, explicit map
_ =1 ~ _
pry : DI (V)T = b (Kyu (MA)[d —1]). m> [(7.0)]. (525

where m = i Y sea 6m denotes the image of m under the map M — Mp = M2,
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Remark 5.2.17. Let U; € U be an open subgroup with torsion subgroups Al and A,
respectlvely Assume that the torsion-free parts U{ and U’ are generated by yl e
vy 7 and y1,...,yg, respectively. Then, for M any complete locally convex L-vector

space with continuous U-action, the restriction and corestriction maps of Koszul
complexes from Section 5.2.2 extend by functoriality to the mapping fiber
cor? = corol oK, 1/ (Nasay) - Kyt (M) = Ky g (M2)
Uu "= U’ OB, U \UVA/AL) - Bo,U] e, U’ )
U ._ U’ . A A
resg, 1= (p’Ulf(t) oresy Ko (M™) — KW,U{ (M=),

Here Na/a, : M2t — M2 denotes the norm/trace map sending m to ZaeA/Al sm,
while 1 : M® — M21 is the inclusion. Taking duals as in (5.23), we also obtain

corg‘ = (resg ) [1—d]: K,/,,UI/(MAI) — Ky u/ (M%),
resg1 : (corU‘) [1-d]: KW,U/(MA) — Ky vy (M2
(co)restriction maps for the y-Herr complexes.
Since inflation is compatible with restriction and corestriction, one checks that

the above maps are compatible under the isomorphism (5.15) with the usual maps in
Galois cohomology. Moreover, they define such maps on H’rl and H /1T via (5.17) and

A
' (Kyu (DL, (W* () “[d — 1)) = HY (L W (1).
By the discussion at the end of Section 5.2.2 the restriction map
U

l‘CbU
Ko ur(M®) — K, g (MA1)

U1
and corestriction map K, v/ (MA) N K, u/(M*%) in degree 0 are given as inclu-

NU’ U/ONA/AI
——9

sion M2 < M2t and norm M A1 M A, respectively, where

d p'—1

Nyor =[] D vF e AU).

i=1 k=0
Hence, by duality the restriction map

U

- re: U -
Kyu(M®)[d =1 — Kyy,(M*)[d — 1]?

cor, 1 ~
and corestriction map Ky, y, (M21)[d — 1]? BN Ky.u(M?)[d — 1]? are given by
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(A: Al)l(NU/ Ui) ~ A A (A:IAI)NA/AI
the norm M» ———————— M*! and projection map MM

respectively. Here 1 denotes the involution of A(U) sending u to u~!. Note that the
latter two descriptions also hold for the first components of

MA

E}

U
~ sy ~
Kyu(M®)[d —1]' — Kyp,(M2)[d —1]',
Uy

Kyo, (M2)[d = 11" =5 Ky (*)[d ~ 17",
respectively. Hence, we obtain
Corgl o pry, = pry and resg1 o pry = pry, ONA/A1 o L(NU/,U{)-

Berger and Fourquaux by contrast define a different Fontaine—style map® in [7,
Thm. 2.5.8] for an L-analytic representation Z and N = Dng(Z )

h! D! (2)":=7 - H(U. D! ()" 7C)

rig
— 1Ty 0 (N)) = b (Kyy v (N2)) (5.26)
y e [esW] = [(eo (). =me)] = [(E (). —c)].

in which the cocycle h! LY Z(y) is given in terms of the pair (c3(y), —m,) in the

LY, Z ng

notation of loc. cit.: m is S the unique element in D (Z )WL=0 such that
(oL = Der()(y) = (y — Dme (527

for all y € U and this pair defines the extension class in the sense of Lemma 5.2.11.
Here, the first map is implicity given by [7, Prop. 2.5.1], the second one is the com-
posite from maps arising in [7, Cor. 2.2.3, Thm. 2.2.4] with the natural map from
analytic to continuous cohomology

HL(U. D} (2)""=7T) - (U x ¥, D} (2))
Hy(U x @, D} (Z)) - H' (U x @, D (2))

8We do not know whether this map coincides with the following composite we had used in
older versions and which uses the shuffle maps from Proposition 5.2.9:

R
hz ng(Z)"’L > HL(U. ng(Z)"’L L)
— i (T%"i/, o) =R (T30 (M)

— W Ty, v (N)) = HI(LY,, 2).

Here the second map is stemming from the spectral sequence (5.14), the third from Proposi-
tion 5.2.9, the fourth is the natural map (5.13), and the last one is (5.17).
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combined with the interpretation of extension classes (see [7,§1.4] and Lemma 5.2.11),
and the last one is (5.22) (the concrete image (¢3(y), —ii.) will be of interest for us
only in the situation where A is trivial, when /7, = m,).

According to [7, Prop. 2.5.6, Rem. 2.5.7], this map also satisfies

cor¥, ohigo/ =l 5 (5.28)

VE Y)Y = D} (V*(1)) by (5.24), concerning the Iwasawa pairing,

. T
Since D rig

rig
we have the following.

Proposition 5.2.18. For a Gy -representation V such that V*(1) is L-analytic the
Sfollowing diagram consisting of D(I'L, K)-\«-sesquilinear pairings (in the sense of
(4.87)) is commutative:

UK.I//

(Ko (DL(V* () () ) < 1 (K (DL(V i) ) —1]) =5 LeC,
ThlL,V*(])(X{T)OIWXI{T TprU Y }VXL_Tj
=1
Djig(V*(l))WL=% x D;rig(V(f—l))'/’Lzl mD(rL’@p)

taking U’ x A =U =T7.

Proof. By Lemma 4.5.22, it suffices to show the case j = 0, i.e., the trivial character
Xuiv- Furthermore, it suffices to show the following statement for any subgroup of the
form I, without any p-torsion:

q—n eVLn,vaan O{X, Y}Iw,l“,, = hin’V*(l)(x) UK,W prrn (y) (529)

=4 _ _
LTy e DY (V)=
Indeed, by Remark 5.2.17, for every such n, we have the commutative diagram

forx € DT

UK,y

h (Ko, (DL, (VD)) x  hY(Kyr,(DL,0))d —1]) —5 L

J/COI' TTCS

hl(KW,U/(DZg(V*(l))A)) X hl(Kl/f,U/(D:g(V)A)[d _ 1]) UK,y L.

Hence, we obtain using (5.28)

i vy () Uk pry (v) = (coro by yaqy (X)) U,y pry (»)
= hy, yy(X) Ui,y (res o pry (1))
= hy, y=ay®) Uy (prr, (Na o U(Np.1,))).
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where we use Remark 5.2.17 for the last equality. On the other hand, one easily checks
that’

€Ly, xuwr, © PIU,T, ©Na o U(Nu/1,) = eVL,yy, : D(U,Cp) — Cp,

whence
CVL, Xtiv qu;l{x’ y}IW,U = qq;l eVLn,vaﬂ"n °© prU,Fn (NA o L(NU’,[‘n){X, y}IW,U)
-1
= qT eVLn’Xtrivll"n oprU,Fn ({x’ NA ° L(NU/=FVl)y}Iw,U)
_1 —
= qT[U . Fn] ! eVLthlrivlrn O{x’ NA ° L(NU/’F”)y}IW,Fn
= q_” eVL"’XtriV\Tn O{x’ Nao L(NUlﬁrn)y}Iw,Fn ’
where we have used Remark 4.5.21 for the last equation.
In order to prove (5.29), choose n = ng (see Section 4.3.4). As recalled in (5.26),
the map

=4 "
Moyt Dag(VI W) 77— 1Y Ky, (D] (V1))

is given by the cocycle hi vr(1) (x) in terms of the pair (¢p (x), —m.). Note that we
no-»
have
me = EplpL — Dx.

Indeed, by [7, Thm. 2.5.8] we have ¢ (x)(bjl-‘) = (bj]-c -1 E,x forall J,k =0, which
together with (5.27) and the uniqueness of m,. (cf. loc. cit.) implies the claim. On the
other hand, we have the map (5.25)

iYL=l _
prr,, ¢ Dl (V@)= = b (Kyr,, (DL, (V™)) — 1))
y > class of (y,0).
Thus, the pairing Uk sends by construction (see diagram (5.3)) the above classes to

hy, yey®) Uky prp, (9) = 0(G(x)) + { — Ep(er — Dx.y}

= {8p(pr — Dx, (Zegr — 1)y}

= (é;, {x7 y}IW,Fn )Fn

= g "aug({x, yhw,r,)-

Here the second equality holds due to Lemma 4.5.1 because the left-hand side belongs

to DrTig(V*(l))‘/’Lzo, the third one is (4.89), and the last one comes from (4.81). m

9This is obvious if you decompose D(U, Cp) = Deecv, 1, P(Tn,Cp)g with respect to
the inverses of the representatives used in the definition of Na o L(Ny/,r,,).
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Proposition 5.2.19. For W an L-analytic representation we have a canonical com-
mutative diagram

Uk,y @ h'(Ko, U/(Dng(W)A)) X hl(Kw,U/(D:;g(W*(XLT)) )[d — 1))

- o= H

( )Tate.Lt HI(L, W) > HL(L W*(1))=H?*(L', L(1)) =
[ ol H
{(\ Mrae,1 - HY (L' W) x  HYL W*(1))—H?(L',L(1)) =L

Moreover, the isomorphism a is compatible with the middle map of the diagram (A.5).

Proof. The lower square of pairings comes from Tate duality as in Proposition 5.2.14
and (5.19). Its commutativity holds by definition. In the upper square of pairings the
left upper vertical isomorphism b arises from (5.17) combined with (5.22), while
the middle vertical isomorphism a is uniquely determined as adjoint of the latter
because both pairings are non-degenerate: the middle one by definition of H /lT while
the upper one due to Corollary A.4 (ii) with W = V*(1). Therefore, one immediately
checks that a~! o pr is induced by the cohomology of the middle map (going down)
in diagram (A.5) (being the same as the middle map (going from right to left) of
diagram (A.6) upon identifying h! (K3, U,(D(V(‘C_l))A)[d —1]) and HY (L', V) by
the isomorphism described there). |

Combining the last two propositions, we get the following result.

Corollary 5.2.20. For a G -representation V such that V*(1) is L-analytic the fol-
lowing diagram is commutative:

HALVA D)) * HY (L V) 5 B2 (L L) = L e ¢,
Thi V*(l)ctWX{T TprL otha__, Tevxl}j
wL—— I ¥vL=1 qq;l{ > Hw
l'lg(V (1)) x rlg(V(T_ )) B E— D(FL, (Cp)

Remark 5.2.21. For applications it might be useful to renormalize Uk by the factor
#, i.e., setting U/K,w = —=7Uk,y- Then we would get rid of the factor & 7 L in front
of the Iwasawa pairing in the above results. Moreover and more importantly, the new
normalization would be compatible with the cyclotomic situation taking L = Qp,
7w, = p = q; i.e., the upper pairing in Proposition 5.2.18 would coincide — at least

up to a sign — with the cup product pairing of Galois cohomology

HYQp V(i + 1) x HYQp. V(=) — H*(Qp. Qp(1) 2 Qp.

using Tate’s trace map

inv: H*(Q,,Q,(1) = Q,
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given by class field theory, if one chooses Z = y — 1 for a topological generator y of
I, satisfying log ycyc(y) = 1. This follows from [3, Prop. 1.3. 4 Thm 2.2.6], [38,

Thm. 5.2, Rem. 5.3], and [42, Rem. 2.3.11/12]: they claim that — p 2= Liny corresponds
to the trace map from the second cohomology group of the ¢p-Herr complex induced

dweyc
by sending f ® 1 to log)( reswm( f1 +wiyb .

With respect to evaluatmg at a character, we have the following analogue of
Corollary 5.2.20.

Proposition 5.2.22. For a Gy -representation V such that V*(1) is L-analytic the
following diagram is commutative:

]Crl§

<Cp<X>Ll)cris,L(V*(l)()(]{T)) XCp®LDcm (V(T 1)()(LT))_>C ®Dcm (L(XLT))

TevXL_T_/ ®t]}jn®j TevX{T ®t'LTn®_f . TCVXEF/
[,]
D(FL’ (Cp) L Dcris,L(V*(l)) X D(FL, (Cp) L Dcris,L(V(T_l)) - D(FL’ (Cp),
where in the right upper corner we identify Cp, &1, Desis,1. (L (y1r)) = Cp, by choosing
ii7+ ® n as a basis.

Proof. Using Lemma 5.2.23 below, the statement is reduced to j = 0. Evaluation of
(5.9) implies the claim in this case. [ ]

Lemma 5.2.23. There is a commutative diagram

. _ . [ , ]0
D(FL ’(Cp)®LDcris,L(V*(1)(XiiT)) X D(FL ’Cp)®LDcris,L (V(f 1)(XLTJ)) - D(FL ’(Cp)

Tw _A®t*-/- ®J Tw ®t'/ ®—Jj Tw _;
T iy O n i ir? Por:
0

_ [,]
D(FL ,Cp)®LDcris,L (V*(l)) x D(FL ’Cp)®LDcris,L (V(T 1)) — D(FL a(cp)-

Proof. The claim follows immediately from (5.9), the compatibility of the usual Ds-
pairing with twists, and the fact that TWX J(As(p)) = TWX 7 M)k (TWX— () holds. =
LT LT LT

5.2.4 The interpolation formula for the regulator map
In this subsection, we are going to prove the interpolation property for £y . First,

recall that we introduced in Section 3.1 the notation Dgr 2/ (V) := (Ber ®q, V)or .
Since Bgr contains the algebraic closure L of L, we have the isomorphism

Bir ®qg, V = (B ®q, L) ®L V = l_[ Bar ®o,1. V
GEG@p/GL
which sends b ® v to (b ® v)s. The tensor product in the factor Byr ®¢.1, V' is formed

with respect to L acting on Bgr through o. With respect to the G -action, the right-
hand side decomposes according to the double cosets in G, \ G,/ GL. It follows, in
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partlcular that D& (V):=(Bir ®L V)CL is a direct summand of Dgr (V') and we de-
note by pr'¢ the correspondlng projection. Similarly, tanz, ;q(V) := (Bar/ B ROL V)oL
is a direct summand of tanz (V) := (Bar @1 V)L . More generally, also the filtration
DSR, 1. (V) decomposes into direct summands.

According to [80, Appx. A], the dual Bloch—Kato exponential map is uniquely
determined by the commutativity of the following diagram, in which all pairings are
perfect:

HY(L'.W) x H'YL.W*(1) SUR » L

lexpz,.w TeXPL/,W*(l) [

D((i)R,L/(W) X tanp (W*(l)) I DdR,L’(Qp(l)) —=5 L

l "] | |

Darpr(W) % Darr(W*(D) — Daxr(Qp(1) —= L.

Note that we have the compatibility of the following pairings:

Densr (V* (1) % Der (V@) —— % Do 1 (LGun) S L
- - | lg _
Did(v*(1)) x  Di&(VEh) L Jix D (L(xir)) = L
injective prid | surjective
Dwr(V*(1) x  Dg(V(E™)— Dwr(L(ir) —— L ®q, L
= id®tQ, 11! ®N® (eye) ™! e
Dr(V*())  x Dar(V) [ Jox Dar(Qp(1) =L

(cf. [80, (57) in the appendix]). Therefore, in the Lubin-Tate setting we can also
consider the dual of the identity component expy: y+(1y,ia Of €Xpr/ w=(1):

( >Tate L

HY (L, W) x HY(L,W*Q1) : s L

ladpz/.W.id TCXPL’,W*(I).id Ji

D%, (W) x tang g (W*(1)) — D& (L) —> L' (5.30)

I b H |

Dig (W) x D, (W*(1)) — D /(L (xir)) = L.
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Upon noting that under the identifications
Dar,1(Qp(1)) = L' and DQ‘L’L,(QP(l)) =~ L'

the elements 7q, ® 7cyc and 77 ® 7 are sent to 1, one easily checks that if W*(1) is
L-analytic, whence the inclusion tanz jq(W*(1)) C tany/(W*(1)) is an equality and
eXPr/,w*(1),id = €XPr/ w=*(1)> then it holds that

* b
T.L.fl (@) eXpL,jW = eXpL/,WJd,

where
Te-1: Dgg /(W) — Dﬁi?L/(W(T_I))

is the isomorphism which sends » ® v to b% ® VN ® (Neye)®!; note that % €
(BdJ{Q)X, whence the filtration is preserved.

Now let W be an L-analytic, crystalline L-linear representation of Gy . Recall
that = (1), denotes a fixed generator of 7T, and that the map

. pt T i
tWX{T . Drig(W) - Drig(W(Xl{T))

has been defined before Lemma 4.5.22. For D, the twisting map

—®e; j
Dcris,L(W) - Dcris,L(W(XLT))

sends d to d ® e; with the element e; given as e; = ZL_Tj R n® ¢ Deyis, L (L()({T)).
If we assume, in addition, that
(i) W has Hodge-Tate weights < 0, whence W*(1) has Hodge-Tate weights
> 1 and DgR,L(W*(l)) =0, and
. * o =71
(11) Dcris,L(W (XLT)) 7L =0,
then by our assumption expy, y«(1y : Dar,.(W*(1)) — HY(L,W*(1)) is injective
with image H! (L, W*(1)) = H; (L, W*(1)) (see [12, Cor. 3.8.4]). We denote its
inverse by

logz w+qy : Hf (L, W*(1)) = Dar,.(W*(1))

and define

—_ T,—1
logr w+) : H} (L, W*(1)) = Dar,.(W*(1)) — Deris,.. (W*(x11)).
where (by abuse of notation) we also write

T.—1 : D, (W*(1)) > Dt 1 (W*(xrr)) = Deris.. (W* (xr1))



Application 158

for the isomorphism, which sends » ® v to b% RV ®N® (1eye)® 1. We obtain the
following commutative diagram, which defines the dual map logz,W being inverse to
expz’W (up to factorization over H'(L, W)/H ; (L, W)):

( 5 )Tate,L

HY(L.W)/HNL.W) < HNL,W*(D) I
1"g}i.wT IOgL.W*(l)l
Dar,. (W) x Dar, (W*(1)) — Dar,(Qp(1)) —— L.

Similarly as above, we obtain a commutative diagram more convenient for the Lubin—
Tate setting:

( 5 )Talc,L

HY(L,W)/H;(L,W) x H} (L, W*(1)) L
IOgi,W,idT @L,W*(l)l
Dtiﬁz,L(W) x Dif]}lz,L(W*(XLT)) — Dfﬁz,L (L) = L.

We write Eviy, 1 Or L Deris,p (W) — Lp @1 Deis, . (W) for the composite map
D, (W) © @y " from the introduction of [7], which actually sends f(Z) ® d to
f(nn) ® ;" (d). By abuse of notation we also use Evy,o for the analogous map

(9K XL Dcris,L(W) —- K XL Dcris,L(W)'
For x € D(I'L, K) ®1 Deis,z. (W) we denote by x()({T) the image under the map
D(T. K) ®L Daiis,. (W) = K &L Daris. s (W), A ®d = A(x{p) ® d.

Lemma 5.2.24. Assume that Q2 is contained in K. Then there are commutative dia-

grams
Mid 11— ®
D(FL,K) XL Dcris,L(W) — (91( &L Dcris,L(W) M (9K XL Dcris,L(W)
eval IEVW.O lEVW.o
1-id®
K ®L Dcris,L(W) —K QL Dcris,L(W) <—¢7L K ®L Dcris,L(W)
and
MEid 1—¢1. ®
D(Ir. K)®Desis L (W) = Ok & Dess, . (W) ¢~ Og @ Dezis,L (W)
R A l lu%)" ®e) l(é’z)—f ®e)
MEid 1—p; ¢

D (rL s K) ®LDcris,L (W(XiT)) I (9K ®LDcris,L (W(X{,T)) — (9K ®LDcris,L (W(XI{T)) .

In the latter we follow the (for j > 0) abusive notation 3~/ from [7, Rem. 3.5.5].
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Proof. For the upper diagram note that 7o = 0 and (8¢ - (1, Z))|z=0 = 1, from
which the claim follows for Dirac distributions, whence in general. For the right
square we observe that ¢7,(g(Z))|z=0 = g(0). Regarding the lower diagram, we use
Lemma 4.3.25 and the relation 0i,, © ¢7, = @ © 0. [ ]

With this notation, Berger’s and Fourquaux’s interpolation property reads as fol-
lows.

Theorem 5.2.25 (Berger—Fourquaux [7, Thm. 3.5.3]). Let W be L-analytic and h >
1 such that Fil™" D i 1 (W) = Deris. . (W). Forany f € (O¥=° @ Deyis. (W))2=0
andy € (0 ®p, Dms’L(W))w:% with f = (1 — @)y, we have: If h + j > 1, then

h (tw; (Qwa(1)))

Ln,W(X]{T)
=DM+ — 1)
XPL, Wil (q_nEVW(x{T),n 0,y ® ej)) ifn>1;
XL ety (1= 47 0L By o Gvy ® €)) - if = 0.

Ifh+ j <0, then'
_ expL,,,W(x{T) (th,W(x{T) (th{T(Q w.a(f ))))

_ T"BY i) Ot ¥ ® 1) | ifn > 1;
(=h=D' 1 - q_l(pil)EVW(X{T)’O(ai;;{y ®ej) ifn=0.

By abuse of notation, we shall denote the base change K& — of the (dual) Bloch—
Kato exponential map by the same expression. Using Lemma 5.2.24, we deduce
the following interpolation property for the modified big exponential map with x €
D(T'L, K) ®L Deis,. (W): If j > 0, then

P weetey (o (R ()

' ' . (5.31)
= DR expy ) (L=a7 oD =90 (x(ud) @ €7)):

if j < 0, then
1 ‘
h ety Wy (B ()

—Q—J-1 i} L . y
= (_1—_]-)!10gL’W(X.I{T) ((1 —q (pL )(1 — QOL) (X(XLT) ® ej)),

10Note that the definition of the dual exponential map in [7] coincides with (5.30) only up
to reversing the order of the cohomology groups in degree one, which induces a sign due to the
skew symmetry of the cup product.
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assuming in both cases that the operator 1 — ¢, is invertible on Deyis, 1, (W/( X{T)) and
for j < 0 also that the operator 1 — g~ !¢ ! is invertible on Deyis,z. (W (x{1)) (in order
to grant the existence of log, Wl )).

’ LT

Recall that the generalized Iwasawa cohomology of 7" € Rep,, (GL) is defined
by
H\ (Loo/L,T) := 1(1111 H*(L',T),
L/
where L’ runs through the finite Galois extensions of L contained in Lo, and the
transition maps in the projective system are the cohomological corestriction maps.
ForV :=T ®,, L € Rep; (Gr) we define

H{(Loo/L. V) := Hy(Loo/ L. T) ®, L,
which is independent of the choice of 7. As usual, we denote by

cor: H\(Leo/L,T) - H*(L',T)

w

the projection map and analogously for rational coefficients. In the same way as
in (5.25), we have a map

pry - D(V(t_l))wz1 — hl(KW,U/(D(V(t_l))A)[d —1)) = H'(L.V)
m — [(m,0)],

where m = ﬁ Y sea 6m denotes the image of m under the map M —> ]\7IA ~ MA.
Note that under the assumptions of Lemma 3.3.6 for V(z™!), there is a commutative
diagram

H{,(Loo/L.T) === Dix(T(e™)"™" —— D} (vz=H)"™

l prul lpru (5.32)

HY (L' V) =— HY(L',V) ———» H/IT(L’, V).

where the right vertical map is induced by (5.25). Indeed, for the commutativity of the
left rectangle and the right rectangle we refer the reader to (B.5) and (A.6), respec-
tively. Let Y denote the image of y under the map

LT

. Q—J . T .
HY (Loo/L.T) 25 HY (Loo/L. T(xi)) <> HY (L. T(xi))
N Hl(L, V()(ET’)).

The following result generalizes [51, Thm. A.2.3] and [52, Thm. B.5] from the cyclo-
tomic case.
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Theorem 5.2.26. Assume that V*(1) is L-analytic and fulfills
Fil ™' Degis, . (V* (1)) Deris, . (V*(1)),
Dess £ (V1) = D (V¥ (1) = 0
Then, forall y € H\ (Loo/L,T), it holds that for j > 0
Q/Ly (") (xir)
=—j (=gl H (1~ ’%w )eXPL Vo

=0 —x; erHTH (1 -

))®€j

XLT

and for j < —1
Q' Ly () (i)
(— 1)j+1
( 1= ),((1—”L or')” (1——§0L)10gL Ve /)ld(y /) ® e (5.33)
1)/ +1 i it __
(( 1)_ )'( —; T erhH (1 - -—or)(log, VoW /)®e])

; —-1-j -1 ”ZH
if the operators 1 —m; = “¢;°, 1 —

@1 or equivalently 1 — z; o; !, 1 — %(PL
are invertible on Deis, 1 (V(t™")) and Deris,. (V (™" tiy)), respectively.

Proof. From the reciprocity formula in Corollaries 5.2.2 and 5.2.20 and Proposi-
tion 5.2.22 we obtain for x € D(I', Cp) ®L Deris, . (V*(1)), y € D(V(z™1))V2=!
and j > O using (5.32)

[X(XLT)®€] ( I)JLV(y)(XLT)®e J]cns
:Q[ 0—1LV(y)] (x _l)

_Qq {Slv*(l) 1(x), J’}IW(XL

= Q(hL Otw. (Rv+@),1(x)).y Vi )Tate

= Q((_l)]] !Q_j_leXpL V*(l)(){j )((1 _q_lgozl)(l _¢L) (x(XLT )®€])) yx_j)Tate

- J J =1
( 1) Q- [(1 q (pL )(1 (pL) (X(XLT)®eJ) CXpL V(XLj)ld(yXLT )]cris
=[x () ®ej, (=1 Q7 A= oL )T (1= eL)EB; 30 e

Here we used (5.31) in the fourth equation for the interpolation property of &y (1) 1.
The fifth equation is the defining equation for the dual exponential map resulting from
(5.30) upon taking the skew-symmetry of the cup product into account. Furthermore,
for the last equality we use that 777 ¢! is adjoint to ¢, under the lower pairing. The
claim follows since the evaluation map is surjective and [ , ]cs is non-degenerated.
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Now assume that j < 0:

[x(id) ® ¢ (— 1)va(y)(xLT) ® )]

:Q[ 0—1LV(y)] (i

= Qq {Slv*(l) 1(x), y}IW(XLT)

= Q(hL oW (Ry+1).1(x)), y XL—T/)Tate

= Q(( — ]), IOgZ,W(x{T) (1—¢ 'orH(d — )" (X(XLT) ®e)).y Vi j)Tate

= 225 [0 -1 = o) (x (i) ® ¢;).og, Ve id e ens

—J ] u
xur 7 eris®

= [xOud) ® ¢ Ty (= o) T (U= rpn)og, i, (v

Now consider V = L(typr) and W = V(yxrr). Then the latter satisfies the con-
dition of Theorem 5.2.26 and using Proposition 5.1.1 and Lemma 5.1.2 one easily
derives the following interpolation property concerning the former for y = «(u),
ueUforallr > 1:

Ly (0Oin) = =g (L= a2 or D™ (1= T2 eL)&RDB] iy aa)) ® er
=L (—n;) N (1- —)CXPL Vo Vi) ®er-

On the other hand, we have Ly (y) ® d; = £y (») and hence by the claim concern-
ing (5.4)

Ly ®@di®@n ' @ur=Lv() (i) @ n ' @ir = £ @) (X[,
whence
Lu @ ) (xi) ® e1—r = Gr(1 =777 (1 = 7E)exp] yiry aVai)-

This is (5.2); i.e., together with (5.3) we have just obtained a new proof of Kato’s
reciprocity law (Theorem 5.1.3) and we may consider Theorem 5.2.26 as a vast gen-
eralization of it. In [66], the general version of Kato’s reciprocity will be derived
from a refined version of Theorem 5.2.26 describing also the interpolation at Artin
characters.



Appendix A
Cup products and local Tate duality

The aim of this subsection is to discuss cup products and to prove Proposition 5.2.19.
We fix some open subgroup U C Tz and let L' = LY. Note that we obtain a decom-
position U = A x U’ with a subgroup U’ =~ Zg of U and A the torsion subgroup of U.

Lemma A.1. Let My be a complete linearly topologized oy,-module with continuous
U -action and with a continuous U -equivariant endomorphism f. Then there is a
canonical quasi-isomorphism

p 1]~ r® 114
Tru (Mo)| 7,1 = Kpyr(Mo[ 7-17)-
If My is an L-vector space, the inversion of my, can be omitted on both sides.

Proof. Let €3 (U, My) € €°*(U, My) denote the subcomplex of normalized cochains.
Since A is finite, [87, Thm. 3.7.6] gives a canonical quasi-isomorphism:

€U, M) = €3(A x U', My) = €3(A, €2(U’, My)).

Here we understand the above objects in the sense of hypercohomology as total
complexes of the obvious double complexes involved. After inverting 77, we may
compute the right-hand side further as

| I
\€;(A,‘€;(U” MO)[%]) = EJ(U/,MO)[%]A_

Here the middle quasi-isomorphism comes from the fact that a finite group has no
cohomology in characteristic zero. The right-hand equality is due to the fact that A
acts on the cochains through its action on My. Altogether we obtain a natural quasi-
isomorphism
. 1 ~ e A 1
€, (U, Mo)[ﬂ] ~ € (U’ M, )[H]

By using [87, Prop. 3.3.3] we may replace the normalized cochains again by general
cochains obtaining the left-hand quasi-isomorphism in

. 1 ~ e A 1 ~ . A 1 _ . 1 1A
€U, Mo)[ 5] =€ (U . M) 5] = Ko (M) [ 7] = Ko (Mo[ 7-]7)-
The middle quasi-isomorphism is (5.20). The claim follows by taking mapping fibers
of the attached map f — 1 of complexes. |

Proposition A.2. Let M be a ¢, -module over R =R, Definition4.3.3, and ¢ € K*.
Then M/( — ¢)(M) is finite dimensional over K.
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Proof. (The proof follows closely the proof of [42, Prop. 3.3.2] in the cyclotomic
situation.) We set ¥, := ¢~ 1y and show that M /(. — 1)(M) is finite dimensional
over K. i

Choose a model M oD of M with 1 > rg > pﬁ and put r = r(;’z. Recall
that for all 1 > s > r we have maps M [s.1) E) M) (where strictly speaking
we mean V. followed by the corresponding restriction). We first show that it suffices
to prove that coker(M >V B MDY has finite dimension over K. Indeed, given
any m € M we have m € MV for some 1 > s > r. Then there exists k > 0 such
that r > 54" > ro, whence Wf (m) belongs to M1 and represents the same class in
M/ (e —1)(M) as m.

Choose a basis €/, ..., e, of M) and take e; := p(e)) € MU%D: by the ¢-
module property the latter elements also form a basis of M"*>D Note that by base
change these two bases also give rise to bases in M 5D for 1 > s > r4. Thus, we find
a matrix F’ with entries in RU"*>V such thate; = ¥, Fj.e; and we put F = ¢(F’)
with entries in RV, ie., @(ej) = ) _ Fj;e;. Similarly, let G be a matrix with values
in RV ¢ R guch that e} =) ;Gije; andhencee; = ¢(}_; G;je;).

We identify M1 with (R>D)" by sending (1;); to > ; Aie; and endow it for
each r <s < 1 with the norm given by max; |4;|s. Note that then the “semilinear”” map
Ve (followed by the corresponding restriction) on (R>1)" is given by the matrix G
as follows from the projection formula (4.40):

Wc(zljej) => Y (/\M(ZGijei)) = Ve(A)Gije;.
J J i i,j

Moreover, the restriction of ¢ : M1 — plr a0 to Y_; Ok (B)e; becomes the semi-
linear map (Og (B))* — (R>D)" given by the matrix F.

Consider, for I any subset of the reals R, the K-linear map Py : RIHD 5 RInD
Y>a;Z' Y .cyn; @i Z'. We then introduce K -linear operators Py and Qy, k > 0,
on M1 by

Pr((M)i) :== (Pr(A),. Ok = Poo—k) — L9 0 Plk,o0)

i.e.,
0k ((M)i) = (Poo—tyV)i); = = F - (0 Pk,00) (1))

because P o) factorizes through Ok (B). Note then that the K-linear operator Wy :=
id — Pl_g g + (We — 1) QO of MV satisfies

Wi = Ve © Peoo,—k) + L4 0 Pli,o0).
i.e.,

Wi (1)) = G - (Ve (Pcoo,—k) (1)), + F - (MTL<P(P(k,oo)(li))),-,
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whence its operator norm satisfies
1@kl < max {[|Glslle © Pimoo,—ills: =N Flls @ © Pikoo) s -

It is easy to check that, for 1 > s > qq;—ll, we have [|¢ o Py oo)lls < |Z|§q_1)k =

5@k (ysing the norm relation after (4.28)) and ||/ o P—oo—1)lls = Cssk(l_‘fl)
for some constant Cs > 0. For example, for the latter we have for A=), a; Z ie Rl

| vel@zh)| = suplail|ye(z)],
i<—k 5ok )
= sup |ai|Cssé
i<—k
< Cy sup |a||Z|is"@ "D
i<—k
< CylAlgs @' =1,

where we use that by continuity of ¥/, there exists C such that

We(Zh)], < GIZ'| 4 = Cysi.

1
s4q

1

Thus, we may and do choose k sufficiently big such that || W ||, < 5. Givenmg €

M we define inductively m; 41 := Wi (m;). This sequence obviously converges
to zero with respect to the r-Gauss norm. We shall show below that also for all s €

1 . . .
(ra,1) the series (m;); tends to zero with respect to the Gauss norm | |; i.e., by
cofinality the sum m := } ;. m; converges in M [1) for the Fréchet topology and
satisfies

m—mo = m— Py xj(m) + (Y — 1) Ok (m);
i.e., Pl_ kj(m) represents the same class as mg in MY /(. — 1)(M). Since the

image of P[_ k] has finite dimension, the proposition follows, once we have shown
the following.

Claim. For all s € (ré, 1) we have
1 ’
|We(m)|, < max {Llml, CollG s (52) ™ mly | L[ F Il (22) ], }.

Indeed, we fix such s and may choose k' > k such that ||U/|s < % Then V), =
Wyr — e 0 Plopr,—k) — %(p o P k], whence the claim as for A € R-D

1
7\—k
Ve o Pir—in(M)|, < Co(57) |2l
k/
0 0 Paesn)|, < (55)" Al
by similar estimations as above. |

Remark A.3. This result answers the expectation from [7, Rem. 2.3.7] positively.
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Corollary A4. Let V*(1) be L-analytic and M .= D;Eg(V*(l)).

(i)  The cohomology group h*(K :p,U’((M YA)[d — 1)) is finite dimensional
over L.

(i)  We have isomorphisms
1 . -1 * o1l . A\ ~ 171 *
h' (K3, (D rlg(V(r )) )d —1])" =h' (K /(M%) = Hy (L', V*(1)),
. _ * G/

W (K3, (D] (V™) ) d = 1) = (K (M) = (V1) .
Proof. (i) Since hz(Kw U,((M)A)[d —1]) is a quotient of (M/(y¥ — 1)(M))® by
(5.3), this follows from the proposition. (i1) We are in the situation of Remark 5.2.6 (i)
with regard to € = K U/(Dng(V(r_l))A)[ — 1] and i = 2, 3 in the notation of the
remark. Indeed, regardlng i = 3 we have h*® = €* = 0 by construction; regarding
i =2 we have €3 = 0 by construction and 42 is finite by (i). Hence, the first iso-

morphism follows in both cases from (5.23) using the reflexivity of M. The second
isomorphisms arise by Lemma A.l together with (5.17) and (5.16), respectively. m

We quickly discuss the analogues of some results in [19, §1.6]. First, we remind
the reader of some definitions: A := W(C )L,

Af = {x = Znﬁ[xn] eA: |77 [|xnl} 2%, 0 for some r > 0},
n=>0
AT:=ATN A and AT = (AT)HL |

Remark A.5. There is also the following more concrete description for Al 7, in terms
of Laurent series in wpr:

Az = {F(a)LT) € A | F(Z) convergeson p < |Z| < 1 for some p € (0, 1)} CA;L.

Indeed, this follows from the analogue of [18, Lem. I1.2.2] upon noting that the latter
holds with and without the integrality condition: “rv,(a,) +n > 0 for all n € Z”

'In the literature, one also finds the subring A<1 =U,so W 1((C ) of ZT, where
((C )L ={x¢€ Wr((C )| x| < l}con31sts of those x € A such that |77 1xnlf, 170
and |JTL||x,,| <1 for all n. Denotlng by A * the ring defined in [83, Def. 3.4], we have the

equality W 1((C )L = A;’ s correspondrng to A: 1y in the notation of [18, §II.1] for
qr

q = p. For these relations use the followrng normalizations compatible with [83]: |7 | = 7,

veh, (w) = F’ Vo, (m) =1, |x|p = q_ ﬂ, lwlp =¢q —at = |nL|ﬂ*l , where w = wit mod

L—l rg_
V5 and oty = lrL]eT = |,

= k=0 rrllf[xk] € A. For x € AT we have

7y, as in Section 3.1. Furthermore |x|r = |7L]
where V(x, r) =

Vix,r)= q VSt(x r), Where VSt(x r) uses the notation in [83]. Note also that a)LT is con-

tained in W (Loo )z, by [83, Lem. 3.10] (in analogy with [18, Cor. II.1.5]).
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(for r € R \ R) in the notation of that article.” In particular, we obtain canonical
embeddings Az C Bz — R of rings.

Now consider the subring

A= AZ[[Zzlilﬂ = {x = Zakzk AL | U, (ag) > _qle} CAL.
k

For x € Ay, and each inter n > 0, we define w, (x) to be the smallest integer k > 0
such that x € Z7% 4 + 7TZ+1AL. It satisfies wy, (x + y) < max{wy,(x), w,(y)} and
Wy (xy) < wy(x) + wy(y) (since A is a ring) and wy(p(x)) < qw,(x) (use that
wz_f) € A%, whence p(Z%)A = Z79% 4). Set for n > 2, m > 0 the integers r(n) :—
(g — l)q"_l, [(m,n) =m(q — 1)(6]”_1 —1) =m(r(n) — (¢ — 1)) and define AZ’" =
{x=>4 arZk e Ap|vg, (ar) + % — oo for k — —o0}. Then, by Remark A.5

and Footnote 2, we obtain that A] = Uns2 Al

Lemma A.6. Letx =), aka €eApandl > 0,n > 2. Then

(i)  we have

W (x) <1 & vy, (ax) = min {m + 1,—k+l} fork < —I.

i) xe AZ’" if and only if wy,(x) — [(m, n) goes to —oo when m runs to Q.

Item (ii) of the lemma is an analogue of [19, Prop. III 2.1 (i1)] for AZ’" instead of

AZ’LI = {x = Zakzk € AT | v, (ar) + réc) > 0forall k < 0}

Proof. (i) follows from the fact that x € Z~' A if and only if U, (ag) > —% for
k < —lI. (i) Let M, N = M(q — 1) > 0 be arbitrary huge integers and assume first
that x € A}”. Then

W (x) —I(m,n) < —N (A.1)

is equivalent to

Uy, (ax) > min {m + 1, M} fork < —Il(m,n) + N (A.2)

This description does not require any completeness property! A similar result holds for
ALI ;. When requiring for the Laurent series in wrr in addition that F(Z) takes values on

p < |Z| < 1 of norm at most 1. More precisely, for r < 1 (or equivalently s(r) := £— ql > qT_l)
Wr(Cp)L and W sl(CZ)L correspond to { F(wrr) € A% | F(Z) converges on |w|" <|Z| < 1}
and {F(wrr) € AL | F(Z) converges on |w|" = ¢~ 50 < |Z]| < | with values |F(z)| < 1},
respectively. The latter condition on the values can also be rephrased as s(r)vy, (am) +m >0
for all m € Z corresponding to V(x, s(r)) > 0 on the Witt vector side if F(Z) =) _,, amZ™ €

Af.
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by (i). To verify this relation for m sufficiently huge, we choose a k¢ € Z such that

U, (ax) + % > N > Oforall k < k. Now choose mg with —[(mg,n) < ko and fix

m > myg. For %l‘) > m we obtain vy, (ax) > m + 1 because k < k¢ holds. For k with

k B k+1(m,n) -

(n) q—1

we obtain vy, (ax) > _W#' Thus, the above relation holds true.
Vice versa choose mg such that (A.1) holds for all m > mg, and fix

k>-r(nym & . 0 (A.3)

k < ko :=—r(n)max{Mq"~ ', mg}.

Let m; be the unique integer satisfying r(n)M —k > r(n)m; > r(n)M — k —r(n).

In particular, we have m; + 1 + % > M and k > —r(n)my, which implies

k+I(m;,n)—N k
—% +rm 2 M
by (A.3). Moreover, it holds that m; >mg and k <—I(my1,n)+ N (using k <r(n)M —
r(nymy=—I(my,n)+q"'N—(qg—1)m, and m; > (¢" ' —1)M by our assumption
on k). Hence, we can apply (A.2) to conclude vy, (ax) + %n) > M as desired. ]

The analogue of [19, Lem. 1.6.2] holds by the discussion following [80, Rem. 2.1].
This can be used to show the analogue of [19, Cor. 1.6.3], i.e., w, (¥ (x)) <1+ w”T(x).
Now fix a basis (e1,...,eg) of D(T) over Ay and denote by ® = (a;;) the matrix
defined by ¢; = Z?zl aijp(e;). The proof of [19, Lem. 1.6.4] then carries over to
show that for x = ¥ (y) — y with x, y € D(T) we have

wn(y) S max {wn(x)7 qu](wn(cb) + 1)}7 (A4)

where w, (®) = max;; wy,(a;;) and w, (a) = max; wy(a;) fora = Zle a;p(e;) with
a; €Ar.

Lemma A.7. Let T € Rep,, (GL) such that T is free over o, and V =T ®,, L is
overconvergent. Then the canonical map DY(T) — D(T) induces an isomorphism

DX(T)/(y — )(DN(T)) = D(T)(¥ — )(D(T)).

Proof. We follow closely the proof of [50, Lem. 2.6], but note that he claims the
statement for DL (T).

Choose a basis e1,...,eqg of the A}:—module DT(T), which is free because AZ
is a henselian discrete valuation ring with respect to the uniformizer wy, (cf. [40,
Def. 2.1.4]). Since V is overconvergent, it is also a basis of D(7"). Due to étale-
ness and since (AZ) NAY = (Az)x, also ¢(e1), ..., @(eq) is a basis of all these
modules. Given x = ¥ (y) — y with x € DT(T) and y € D(T), there is an m > 0
such that all x;, a;; lie in Az’m for some m. Since g > 2, it follows from the crite-

t.m+1
AL

rion in Lemma A.6 (ii) combined with (A.4) that all y; belong to , whence

y € DT(T). This shows injectivity.
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In order to show surjectivity, we apply Nakayama’s lemma with regard to the ring
or, upon recalling that D(T)/(y — 1) is of finite type over it. Indeed, by left exact-
ness of DT we obtain D(T') /7w DT(T) € DT(T/711) = D(T/mir). Since these are
vector spaces over E;, of the same dimension, they are equal, whence

(DYT) /(¥ — 1)) /(L) = (DN(T) /(7)) /(¥ — 1) = (D(T) /(7)) /(¥ — 1)
= (D(T)/(¥ — 1))/ (7L). n

Corollary A.8. Under the assumption of Lemma 3.3.6 for V(t™1), the inclusion of
complexes

. — A . _ A
Ko (D'(VE™)7) € Ky p (D))
is a quasi-isomorphism.
Proof. Forming Koszul complexes with regard to U’, we obtain a diagram of (double)
complexes with exact columns as illustrated in Figure A.1 in which the bottom line
is an isomorphism of complexes because under the assumptions ¥ — 1 induces an

automorphism of D(V(r~1))/DT(V(zr™1)) and as the action of A commutes with 1.
Hence, going over to total complexes gives an exact sequence

0— K§ o (DY(VE™)®) = K§p (D(VE™)?)
- K (D@ h)/DTvE™))®) — o,

in which K3, (D(V(z™1))/DT(V(z7")))%) is acyclic, whence the statement fol-
lows.

K (DT (V(z 1)) K*(DT(V(z™1)%)

K*(D(V(™)*) K*(D(Vh)%)

K ((D(v@h)/DI (e ™))®) 25 k(D (V)P (V™))

0 0

Figure A.1. Comparison of Herr complexes of D and D, -
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Remark A.9. Instead of using Lemma 3.3.6 (for crystalline, analytic representations)
one can probably show by the same techniques as in [19, Prop. I11.3.2 (ii)] that for any
overconvergent representation V' we have

DT (V)¥=! = p(v)¥=1.
Recall from [58, (5.2.1)] the quasi-isomorphism
L[-2] = 12,€*(Gpr, L(1))
which allows us to define a trace map
tre : €%(Gr, L(1)) - L[-2]
in the derived category of L-vector spaces as
€*(Gr/, L(1)) = 122€°(Gr, L(1)) < L[-2].

Then local Tate duality is induced by the following pairing on cocycles:

€* (G, V* (1)) x € (Gu. V) —2 (G, L(1) “5 L[-2).

The interest in the following diagram, the commutativity of which is shown before
Lemma B.5, stems from the discrepancy that the reciprocity law has been formulated
and proved in the setting of Kl'/,’U/(Dng(V(t_l))A)[d — 1] while the regulator map
originally lives in the setting of K;,U/(D(V(r_l))A)[d — 1]

€* (G V* (1)) € (G V) — e (L, L(1) S L[-2]
+_ *_1 A UK v
Ko p(M®) x Kj oy (D(V(™))")d—1] > L[-2]
] ] (A5)
K2 o (MH2) x K3, 1 (DT (V™)) d—1] ———=4 s 1[-2]

(pU’(( rlg)A)XK:ﬁU’( rlg(V(T_l)) )[ _1] L L[_2]1
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which in turn induces the commutativity of the lower rectangle in the following dia-
gram (the upper quadrangles commute obviously):

D (V)" DV’

~

pru DI (v Y)'™! pro

~ N

WKy (DL(VE) M) =11) wo|  BY(K (D(VEH)®)id—1])

W (K3 (DT (V) )d-1])

IR
N
Il

~ v

HL(L, V) « pr HY(L',V).

(A.6)
Here the vertical maps pry; are defined as in (5.25), a and pr are taken from Propo-
sition 5.2.19, and the isomorphism ¢ stems from (B.6). The map « is bijective under
the assumption of Lemma 3.3.6, which extends to the map b by Corollary A.8.






Appendix B

Iwasawa cohomology and descent

In this appendix, we recall a crucial observation from [45,46], which is based on [58]
and generalizes [80, Thm. 5.13]. As before, let U be an open subgroup of I'z,. We set
T :=A(U) ®,, T withactions by A(U) := oy [U] via left multiplication on the left
factor and by g € G/ given as A ® t —> Ag~! ® g(t), where g denotes the image
of g in U. We write RT'y,(Loo/L’, T) for the continuous cochain complex C*(U, T)
and recall that its cohomology identifies with H}},(Loo/L’, T') by [80, Lem. 5.8]. For
any continuous endomorphism f of M, we set Ty (M) := [M RNy Vi ], a complex
concentrated in degree 0 and 1.

Themap p: T — op ®aw)T = T,t+1Q¢,anditsduali : TV (1) - TY(1)
induce on cohomology the corestriction and restriction map, respectively, and they
are linked by the following commutative diagram:

€ (GL.T) x € (G TV(1) 25 e* (L', Loy (1)~ Loy [-2]
». T H B.1)

UGL/

€ (G, T) x ‘€°(GL/, Tv(l)) — ‘(?'(L’, L/oL(l)) e, L/op[-2].
By [34, Prop. 1.6.5 (3)] (see also [58, (8.4.8.1)]) we have a canonical isomorphism
or, ®]£‘\(U) RT(L',T) = RT(L,or ®a@w) T) = RT'(L',T), (B.2)

where we denote by RT'(L’, —) the complex €°*(Gr/, —) regarded as an object of
the derived category. Dually, by a version of Hochschild—Serre, there is a canonical
isomorphism

RHompy (or, RI‘(L’, Tv(l))) ~ RF(L’, TV(I)). (B.3)
It follows that the isomorphism
RTiw(Loo/L', T) = RHom,, (RT(L',TY(1)),L/or)[-2]
induced by the upper line of (B.1) induces an isomorphism

oL ®]}\(U) RFIW(LOO/L/v T)

(B.4)
=~ RHom,, (RHomy (or, RT(L', TY(1))),L/or)[-2],

which is compatible with the lower cup product pairing in (B.1) via the canonical
identifications (B.2) and (B.3).
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Lemma B.1. There is a canonical isomorphism
RF(L’, Tv(l)) ~ ‘J“;p(D(TV(l)))
in the derived category.

Proof. See [45, Thm. 5.1.11]. [ ]

For the rest of this section we assume that U C T’y is an open torsion-free sub-
group.

Lemma B.2. Let T be inRep,, (GL) of finite length. Set A:=A(U) and let y1, . .., y4
be topological generators of U. Then we have an up to signs canonical isomorphism
of complexes

Hom} (K.(y). T, (D(T"(1))))"[-2]
=~ tot(Ty (D(T(™))[-1] ®a Ka(y H(A)®),
where =V denotes forming the Pontrjagin dual.
Proof. Upon noting that
To(D(TY (1)) [-2] = Ty (D(T™))[-1]
(canonically up to a sign!), this is easily reduced to the following statement:
Hom} (Ke(y). M)" = MY ®a Ko(y~)(A)",

which can be proved in the same formal way as (5.12), together with a consideration
of signs. |

Remark B.3. For every M € 91t(A1), we have a canonical isomorphism
Hom$, (KY, Ty (M) 2 Kp,u (M)
up to the sign (—1)" in degree n and a non-canonical isomorphism
tot(Ty (M)[-1] ®a K (A)®) = Kyu(M)[d — 1]

(involving the self-duality of the Koszul complex). Here, the right-hand sides are
formed with respect to the same sequence of topological generators as the left-hand
sides.

Proof. By our conventions in Section 5.2.1 K, (M) is the total complex of the
double complex

Hom® (Ko(A)®*, M) —25 Hom® (K+(A)*. M).
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A comparison with the total Hom-complex (with the same sign rules as in Sec-
tion 5.2.1) shows the first claim. For the second statement we have

tot(Ty (M)[~1] ®4 Ko(A)®)

IIZ

tot(Ty (M) ®a Ko(A)*)[-1]
ot(T,,, (M ®4 Ko(A)*))[—1]
t(Ty (M @4 K*(A)[d]))[-1]
= tot(Ty (K*(M)[d]))[-1]
= cone (K (M)[d] v, K{(M)[d])[-2]
~ Kyu(M)[d —1].

=

IIZ

The first isomorphism involves a sign on 7 1(M ). The third isomorphism stems from
(5.11), while the last isomorphism again 1nvolves signs. ]

Theorem B.4. There are canonical isomorphisms

RTw(Loo/L,T) = Ty (D(T(x™")))[-1]. (B.5)
Kyu(D(T(Y))d — 1] = RT(L, T) (B.6)

in the derived category Dpe(Ao, (I'L)) of perfect complexes and in the derived cat-
egory DV (o) of bounded below cochain complexes of o -modules, respectively.

Proof. The first isomorphism is [45, Thm. 5.2.54], while the second one follows from
this and (B.2) as
Rl (Loo/L,T) ®]}\0L(U) or = Ty (D(T(x™H))[-1] &% Ke(A)*
= tot(Ty (D(T(™1)))[-1] ®a Ku(A)®)
= Kyu(D(T(z™))[d — 1]

by Remark B.3. -

By Lemma B.2 and Remark B.3 we see that, for T’ be in Rep,, (GL) of finite
length,

Kou (D(TV (1)) = RHomp (oL, T (D(T¥(1))))[2]
is dual to

Kyu(D(T(x™)) = o1 %) T (D(T™H))[-1],

such that the upper rectangle in the diagram (A.5) commutes by (B.4), taking inverse
limits and inverting 7r..

Lemma B.S. Let T be in Rep,, (GL). Then the left rectangle in (5.32) is commuta-
tive.
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Sketch of proof. By an obvious analogue of Remark 5.2.17, it suffices to show the
statement for U =T, = Zg . In this situation, we have a homological spectral sequence

Hicon(U, Hy (Loo/ L, T)) = Hegw /(L. T)

which is induced by (B.2), see [58, (8.4.8.1)] for the statement and missing notation.
We may and do assume that 7 is of finite length. Then, on the one hand, the map
H} (Loo/L.T)=> HY(L',T)is dualto H (L', T (1)) = H'(Loo.T" (1)), which
sits in the five-term exact sequence of lower degrees associated with the Hochschild—
Serre spectral sequence. As explained just before this lemma, the above homological
spectral sequence arises by dualizing from the latter. Hence, cor shows up in the
five-term exact sequence of lower degrees associated with this homological spectral
sequence. On the other hand, via the isomorphisms (B.2) and (B.6), the latter spectral

sequence is isomorphic to
Hicon(U. k™ (Ty (D(T ™)) [=1]) = b/ (Kyu (D(T(x™H))d — 1])

and one checks by inspection that cor corresponds to pry;. |
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