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Abstract

In the Lubin–Tate setting, we study pairings for analytic .'L; �L/-modules and prove
an abstract reciprocity law which then implies a relation between the analogue of
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Chapter 1

Introduction

Classically explicit reciprocity laws or formulae usually mean an explicit computation
of Hilbert symbols or (local) cup products using, e.g., differential forms, (Coleman)
power series, etc., and a bunch of manifestations of this idea exists in the literature
due to Artin–Hasse, Iwasawa, Wiles, Kolyvagin, Vostokov, Brückner, Coleman, Sen,
de Shalit, Fesenko, Bloch–Kato, Benois, . . . In the same spirit, Perrin-Riou’s reci-
procity law gives an explicit calculation of the Iwasawa cohomology pairing in terms
of big exponential and regulator maps for crystalline representations of GQp ; more
precisely, the latter maps are adjoint to each other when also involving the crystalline
duality pairing after base change to the distribution algebra corresponding to the
cyclotomic situation. We refer the interested reader to the survey [92] concerning
the historical development of explicit reciprocity laws.

The motivation for this article is the question of what happens if one replaces
the cyclotomic Zp-extension by a Lubin–Tate extension L1 over some finite exten-
sion L over Qp with Galois group �L D Gal.L1=L/ and Lubin–Tate character
�LT W GL ! o�L which all arise from a Lubin–Tate formal group attached to a prime
�L 2 oL, the additive group of the ring of integers oL of L; by q we denote the cardi-
nality of the residue field oL=oL�L. This situation is considerably more complicated
for various reasons. First of all, for L ¤ Qp , the group �L requires more than one
topological generator and in order to achieve again a sort of one-dimensional theory
one has to work in the “L-analytic case”. Secondly, the quotient q

�L
related to the two

meanings of p in the cyclotomic case as uniformizer and cardinality of the residue
field is no longer a unit and appears directly in formulae. We try to extend the above
sketched cyclotomic picture to the Lubin–Tate case at least for L-analytic crystalline
representations of the absolute Galois group GL of L. As pointed out in [80] already,
the character � WD �cyc � �

�1
LT plays a crucial role, again related to q

�L
.

To this aim we study .'L; �L/-modules over different Robba rings with coeffi-
cients in suitable complete intermediate fields L � K � Cp . The starting point is the
theory of Schneider and Teitelbaum. The p-adic functional analysis of the additive
group of p-adic integers Zp is based on the fact that the continuous p-adic characters
of Zp are parametrized by the points of the p-adic open unit disk. The generalization
of this basic feature to the additive group oL was constructed in [74]: a rigid analytic
group variety XDXL overLwhose points parametrize the locally analytic characters
of oL. The Fourier isomorphism of [74] identifies the ring of holomorphic functions
OL.X/ with the locally analytic distribution algebra D.oL; L/ of oL. A connection
to the Lubin–Tate setting is also established in loc. cit. Under the assumption that the
period � of the dual of the fixed Lubin–Tate group belongs to K an isomorphism
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� W BK Š XK of rigid analytic varieties over K, called the Lubin–Tate isomorphism,
is constructed. Here B denotes the rigid analytic open unit disk and the index K indi-
cates base change to K. In other words, XL is a form of the open unit disk, which is
non-trivial if L ¤ Qp .

The multiplicative group o�L acts by multiplication on oL and hence acts naturally
on X and OL.X/. In [8], the ring OL.X/ with its o�L-action was enlarged by a geo-
metric construction to the Robba ring RL.X/ with o�L-action. Some details of this
will be recalled in Section 4.1.1. This made it possible to introduce the notion of a
.'L; �L/-module over RL.X/. The main result of [8] relates the category of these
new .'L; �L/-modules to the Lubin–Tate .'L; �L/-modules considered in [44, 73]
and therefore to Galois representations. In this paper, we pursue the further system-
atic development of the theory of .'L; �L/-modules over RL.X/ in two directions.

First of all, the construction of the variety XL and its corresponding rings is not
specific to the additive group oL. In Sections 4.1.2 and 4.3.4, this will be worked
out first for the multiplicative group o�L and then for the Galois group �L (which, by
the Lubin–Tate character �LT, is isomorphic to o�L). The corresponding Robba rings
will be denoted by RL.X

�/ and RL.�L/, respectively. We will study the question
to which extent the �L Š o�L-action on RL.X/, resp., on any .'L; �L/-module over
RL.X/, can be extended to an action of the full ring RL.�L/. A first indication of how
this works is given by the Mellin transformation in Lemma 4.1.6. The open and closed
inclusion of locally analytic manifolds o�L ,! oL induces an isomorphism between
the multiplicative distribution algebra D.o�L; L/ and the kernel of the  -operator on
the additive distribution algebra D.oL; L/. This fairly simple observation has a vast
conceptual generalization to the following new structural result in Theorem 4.3.23.

Theorem 1 (Theorem 4.3.23). For any complete intermediate field L�K �Cp and
any L-analytic .'L; �L/-module M over RK.X/, we have the following:

• The �L-action onM extends functorially and continuously to an RK.�L/-module
structure on M LD0.

• Any basis of M over RK.X/ can be transformed by a very simple explicit recipe
into a basis of M LD0 over RK.�L/ of the same cardinality.

The proof will be given in Sections 4.3.5–4.3.8. For B instead of X an analogous
statement holds ifK contains�; technically, this is the case we prove first (see Theo-
rem 4.3.21) which then, after involving the Lubin–Tate isomorphism, descends to the
above theorem.

Secondly, we will systematically develop the self-duality properties of the Robba
rings under consideration in Section 4.2.3. This is based on the Serre duality for
the coherent cohomology of rigid analytic spaces as developed in [11, 20, 90]. This
is recalled and complemented in Sections 4.2.1 and 4.2.2. In order to apply this to
Robba rings these will be related to the cohomology with compact support of the
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underlying character varieties. This results in residue pairings

�1RK.�/ �RK.�/! K

for the differentials �1
RK.�/

. The main new results are Corollary 4.2.7 and Proposi-
tion 4.2.12. The latter proposition then has to be evaluated for our two cases of main
interest X and X� in Section 4.2.3. This leads to two duality pairings,

h ; iX W RL.X/ �RL.X/! L and h ; iX� W RL.X
�/ �RL.X

�/! L:

The relation between these two pairings will be investigated in Section 4.5.3 and
will be the base of our main results in Section 4.5. The right-hand pairing induces
topological isomorphisms,

HomK;cont.RK.�L/;K/ Š RK.�L/

and
HomK;cont.RK.�L/=D.�L; K/;K/ Š D.�L; K/:

For an L-analytic .'L; �L/-module M over R WD RK.Y/ with Y equal to either X

or B, we finally use these isomorphisms to define on the one hand the two Iwasawa
pairings

¹ ; º0M;Iw W
{M LD0 �M LD0 ! RK.�L/

and
¹ ; ºM;Iw W {M

 LD
q
�L �M LD1 ! D.�L; K/;

where {M WD HomR.M;�
1
R
/. They are linked by the commutative diagram

¹ ; ºM;Iw W {M
 LD

q
�L M LD1 D.�L; K/

¹ ; º0M;Iw W
{M LD0 M LD0 RK.�L/:

'L�1

�

�L
q 'L�1

�

Now assume that M arises as D�
rig.W / under Berger’s equivalence of categories,

if Y D B, and as D�
rig.W /X under the equivalence from [8], if Y D X (see Theo-

rem 4.5.28), from an L-analytic, crystalline representation W of GL, whence {M Š
D
�
rig.W

�.�LT// and {M ŠD�
rig.W

�.�LT//X, respectively. Then, on the other hand, we
obtain the pairing

Œ ; �Dcris;L.W / W R
 LD0 ˝L Dcris;L

�
W �.�LT/

�
�R LD0 ˝L Dcris;L.W /! RK.�L/

by base extension of the usual crystalline duality pairing, if YDB assuming �2K,
see (4.94). The work of Kisin–Ren and Berger–Schneider–Xie, respectively, provides
comparison isomorphisms

compM WM
h
1
tY

i
Š R

h
1
tY

i
˝L Dcris;L.W /
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and
comp {M W {M

h
1
tY

i
Š R

h 1
tY

i
˝L Dcris;L

�
W �.�LT/

�
:

Here tB WD tLT WD logLT.Z/ 2R denotes the Lubin–Tate period which stems from the
Lubin–Tate logarithm while tX D logX as defined before Remark 4.2.9. The Lubin–
Tate character �LT induces isomorphism �L

Š
�! o�L as well as Lie.�L/

Š
�! L, and we

let r 2 Lie.�L/ be the preimage of 1. Then the abstract reciprocity law we prove is
the following statement.

Theorem 2 (Theorem 4.5.32). For all x 2 {M LD0 and y 2 M LD0, for which the
crystalline pairing is defined via the comparison isomorphism, it holds that

q�1
q
¹rx; yº0M;Iw D Œx; y�Dcris;L.W /

if Y D X, while the analogous statement for Y D B holds upon assuming � 2 K.

As explained in more detail at the beginning of Section 4.5, the proof of this
abstract reciprocity law is mainly based on the insight, how the residue maps of X

and X� and hence their associated pairings h ; iX and h ; iX� are related to each other
by Theorem 4.5.12 in Section 4.5.3.

As an application for Y D B we show in Chapter 5 the adjointness of big expo-
nential and regulator maps. Recall that already Fourquaux [32], who initiated the
investigation of Perrin-Riou’s approach for Lubin–Tate extensions in his thesis in
2005, had achieved a generalization of Colmez’s construction of the Perrin-Riou log-
arithm. Moreover, Berger and Fourquaux [7] have constructed for V an L-analytic
representation of GL and an integer h � 1 such that

• Fil�hDcris;L.V / D Dcris;L.V / and

• Dcris;L.V /
'LD�

�h
L D 0,

a big exponential map à la Perrin-Riou

�V;h W
�
OK.B/

� LD0
˝L Dcris;L.V /! D

�
rig.V /

 LD
q
�L ;

which up to comparison isomorphism is for h D 1 given by f D .1 � 'L/x 7! rx
and which interpolates Bloch–Kato exponential maps expL;V.�rLT/

.
On the other hand, based on an extension of the work of Kisin and Ren [44] in

the first section, we construct for a lattice T � V , such that V.��1/ is L-analytic
and crystalline and such that V does not have any quotient isomorphic to L.�/, a
regulator map à la Loeffler and Zerbes [52]

L0
V W H

1
Iw.L1=L; T / Š DLT

�
T .��1/

� LD1
!
�
OK.B/

� LD0
˝L Dcris;L

�
V.��1/

�
as applying the operator

1 � �L
q
'L
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up to comparison isomorphism. Then we derive from the abstract version above with
W D V.��1/ the following reciprocity formula.

Theorem 3 (Theorem 5.2.1). Assume that V �.1/ is L-analytic. We suppose further
that Fil�1Dcris;L.V

�.1// D Dcris;L.V
�.1// and additionally

Dcris;L
�
V �.1/

�'LD��1L D Dcris;L
�
V �.1/

�'LD1
D 0:

Then the following diagram commutes:

D
�
rig

�
V �.1/

� LD q
�L � D

�
V.��1/

� LD1
L0
V
��

¹ ; ºIw // D.�L;Cp/

�
OK.B/

� LD0
˝LDcris;L

�
V �.1/

��V�.1/;1

OO

�

�
OK.B/

� LD0
˝LDcris;L

�
V.��1/

� Œ ; �
// D.�L;Cp/:

While the crystallinepairingsatisfies an interpolation property (Proposition 5.2.22)
for trivial reasons, the statement that the second Iwasawa pairing interpolates Tate’s
cup product pairing is more subtle (Corollary 5.2.20). Eventually, the interpolation
property of Berger and Fourquaux for �V;h combined with the adjointness of the lat-
ter with L0

V implies an interpolation formula for the regulator map, which interpolates
dual Bloch–Kato exponential maps, see Theorem 5.2.26.

As alluded to at the beginning of this introduction, we expect that the new regu-
lator map L0

V will play the same role as the one of Loeffler and Zerbes; i.e., it should
be related to "-isomorphisms and p-adic L-functions. With regard to the first topic,
this regulator map should be compared to the one defined in [92, §6.6], which is used
in [55] to generalize Nakamura’s explicit reciprocity law from the cyclotomic to the
Lubin–Tate setting. Moreover, we hope that our regulator map can be used to also
generalize [51] to the Lubin–Tate situation.

With respect to the second topic we explain at the end of Section 5.1.1 how in
the context of an CM-elliptic curve with supersingular reduction at p the attached p-
adic L-function is the image of the Euler system of elliptic units under this regulator
map. While this is merely a reinterpretation of the work [74, §5], Manji is working
out in his PhD thesis [56] another manifestation of this principle in the context of
an ordinary automorphic representation defined over the unitary group GU.2; 1/, see
also [92, Ex. 7.2] for slightly more details.

In the remaining part of this introduction, we briefly outline the content of the
various sections.

After fixing some general notation in Chapter 2, we dedicate Chapter 3 to the
generalization of Wach modules to the Lubin–Tate situation. First of all, we recall in
Section 3.1 the work [44] of Kisin and Ren, who already accomplished most of this
task. Then we check a missing compatibility of their constructions in Lemma 3.1.5,
i.e., the commutativity of diagram (3.2), and add Corollary 3.1.15 to the picture to
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identify how to recover Dcris;L.V / from the Kisin–Ren module attached to an L-
analytic presentation V . Moreover, we compare in Proposition 3.1.10 their approach
to the construction in [5, Prop. II.1.1], in particular, applying the concept of positive
representations. After calculating the determinant of the crystalline comparison iso-
morphism in Section 3.2, we generalize in Section 3.3 for non-negative Hodge–Tate
weights Appendix A of [4] to the Lubin–Tate situation culminating in the statement
in Lemma 3.3.6 that under certain conditions the part of the .'L; �L/-module fixed
under the  -operator is contained in the associated Kisin–Ren module.

The main section of our article is Chapter 4 concerning the theory of .'L; �L/-
modules over different types of Robba rings as explained above. In particular, follow-
ing the ideas of [42] in the cyclotomic setting, we deduce from the residue pairing in
Section 4.5.1 for anL-analytic .'L;�L/-moduleM and its dual {M the corresponding
Iwasawa pairing in Section 4.5.4. In Section 4.5.5, we recall as Theorem 4.5.28 the
equivalences of categories between L-analytic Galois representation and L-analytic,
étale .'L; �L/-modules over the Robba rings RL.B/ and RL.X/, respectively. The
study of the compatibility of the Iwasawa pairings under the Kisin–Ren comparison
isomorphisms (4.91) and also using in the proof of Lemma 4.5.26 the consequence
(4.86) from Theorem 4.5.12 leads to our main result, the abstract reciprocity law in
Theorem 4.5.32.

In Chapter 5, we apply first the results from Chapter 3 concerning the Wach mod-
ules à la Kisin–Ren to construct under certain technical assumptions the regulator
map in Section 5.1. As a reality check and for further motivation, we study how pre-
vious work [74, §5] by the first named author and Teitelbaum fits into this picture.
In Section 5.2, we recall Berger’s and Fourquaux’s construction of their big expo-
nential map. From this and the definition of our regulator map the adjointness in
Theorem 5.2.1 of the big exponential map and the regulator map is an immediate
consequence of the abstract reciprocity law in Theorem 4.5.32. After fixing some
notation of homological algebra in Section 5.2.1 and recalling the self-duality of
Koszul complexes in Section 5.2.2, we study in Section 5.2.3 continuous and analytic
cohomology in order to consider various generalized Herr complexes of .'L; �L/-
modules. The version using Koszul complexes being the most explicit one is then
used to prove Proposition 5.2.18 and Corollary 5.2.20, i.e., the statement that Iwa-
sawa pairing interpolates the local cup product. Based on this compatibility of the
dualities, we shall derive in Section 5.2.4 the interpolation property for the regulator
map from that for the big exponential map, see Theorem 5.2.26.

In Appendix A, we first show how to construct a quasi-isomorphism between the
two Herr complexes built of continuous cocycle and an appropriate Koszul complex,
respectively. In order to compare the cup product pairings between .'L; �L/-modules
over different coefficient rings, we have to generalize some technical lemmata from
[19, 42] to our setting, especially concerning the cokernel of the operator  � 1. In
particular, the derived finite dimensionality of some cohomology group h2 is needed
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for the interchange of taking continuous duals with forming cohomology h1 in the
sense of Remark 5.2.6.

Finally, Appendix B recalls the quasi-isomorphism (B.5) between the complex
defining Iwasawa cohomology in the sense of Nekovar and the complex given by the
operator � 1 by [45] and calculates its descent, which is needed for the interpolation
property of the Iwasawa pairing.





Chapter 2

Notation

Let Qp �L�Cp be a field of finite degree d over Qp , oL the ring of integers of L,
�L 2 oL a fixed prime element, kL D oL=�LoL the residue field, q WD jkLj, e the
absolute ramification index of L and GL WD Gal.xL=L/. We always use the absolute
value j j on Cp which is normalized by j�Lj D q�1. We warn the reader, though, that
we will repeatedly use the references [8, 33, 49, 68, 69, 74, 76] in which the absolute
value is normalized differently from this paper by jpj D p�1. Our absolute value is
the d th power of the one in these references. The transcription of certain formulae to
our convention will usually be done silently.

Let further RepL.GL/ denote the category of finite-dimensional L-vector spaces
equipped with a continuous linear GL-action.

We fix a Lubin–Tate formal oL-module LT D LT�L over oL corresponding to the
prime element �L. We always identify LT with the open unit disk around zero, which
gives us a global coordinate Z on LT. The oL-action then is given by formal power
series Œa�.Z/ 2 oLJZK. For simplicity the formal group law will be denoted byCLT.

The power series @.XCLTY /
@Y j.X;Y /D.Z;0/

is a unit in oLJZK and we let gLT.Z/

denote its inverse. Then gLT.Z/dZ is, up to scalars, the unique invariant differential
form on LT (cf. [37, §5.8]). We also let

logLT.Z/ D Z C � � � (2.1)

denote the unique formal power series in LJZK whose formal derivative is gLT. This
logLT is the logarithm of LT (cf. [47, §8.6]). In particular, gLTdZ D d logLT. The
invariant derivation @inv corresponding to the form d logLT is determined by

f 0dZ D df D @inv.f /d logLT D @inv.f /gLTdZ

and hence is given by
@inv.f / D g

�1
LT f

0: (2.2)

For any a 2 oL we have

logLT

�
Œa�.Z/

�
D a � logLT and hence agLT.Z/ D gLT

�
Œa�.Z/

�
� Œa�0.Z/ (2.3)

(cf. [47, 8.6 Lemma 2]).
Let T� be the Tate module of LT. Then T� is a free oL-module of rank one,

say with generator � D .�n/, and the action of GL on T� is given by a continuous
character �LT W GL ! o�L. Let T 0� denote the Tate module of the p-divisible group
Cartier dual to LT with period � (depending on the choice of a generator of T 0� ),
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which again is a free oL-module of rank one. The Galois action on T 0� Š T �� .1/

is given by the continuous character � WD �cyc � �
�1
LT , where �cyc is the cyclotomic

character.
For n � 0 we let Ln=L denote the extension (in Cp) generated by the �nL-torsion

points of LT, and we put L1 WD
S
n Ln. The extension L1=L is Galois. We let

�L WD Gal.L1=L/ and HL WD Gal.xL=L1/. The Lubin–Tate character �LT induces
an isomorphism �L

Š
�! o�L.

Henceforth, we use the same notation as in [80]. In particular, the ring endomor-
phisms induced by sending Z to Œ�L�.Z/ are called 'L where applicable, e.g., for
the ring AL defined to be the �L-adic completion of oLJZKŒZ�1� or BL WD ALŒ�

�1
L �

which denotes the field of fractions of AL. Recall that we also have introduced the
unique additive endomorphism  L of BL (and then AL) which satisfies

'L ı  L D �
�1
L � traceBL='L.BL/:

Moreover, projection formula

 L
�
'L.f1/f2

�
D f1 L.f2/ for any fi 2 BL

and the formula
 L ı 'L D

q
�L
� id

hold. An étale .'L; �L/-module M comes with a Frobenius operator 'M semilinear
with respect to 'L and an induced operator denoted by  M .

Let zEC WD lim
 �

oCp=poCp with the transition maps being given by the Frobenius
'.a/ D ap . We may also identify zEC with lim

 �
oCp=�LoCp with the transition maps

being given by the q-Frobenius 'q.a/ D aq . Recall that zEC is a complete valuation
ring with residue field Fp and its field of fractions zE D lim

 �
Cp being algebraically

closed of characteristic p. Let mzE denote the maximal ideal in zEC.
The q-Frobenius 'q first extends by functoriality to the rings of the Witt vectors

W.zEC/ � W.zE/ and then oL-linearly to

W.zEC/L WD W.zEC/˝oL0 oL � W.
zE/L WD W.zE/˝oL0 oL;

where L0 is the maximal unramified subextension of L. The Galois group GL obvi-
ously acts on zE and W.zE/L by automorphisms commuting with 'q . This GL-action
is continuous for the weak topology on W.zE/L (cf. [73, Lem. 1.5.3]).

Sometimes we omit the index q; L, or M from the Frobenius operator, but we
always write 'p when dealing with the p-Frobenius.

The evaluation of the global coordinate Z of LT at �L-power torsion points
induces a map (not a homomorphism of abelian groups) � W T� ! zEC. Namely, if
t D .zn/n�1 2 T� with Œ�L�.znC1/ D zn and Œ�L�.z1/ D 0, then zqnC1 � zn mod �L
and hence �.t/ WD .zn mod �L/n 2 zEC. As before, we fix an oL-generator � of T�
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and put ! WD �.�/. Then there exists a (unique) lift !LT 2 W.zEC/L of ! satisfying
the following (cf. [80, Lem. 4.1]):

(i) if �0D a�with a 2 o�L denotes another generator of T� , then!0LTD Œa�.!LT/

is the corresponding lift;

(ii) 'q.!LT/ D Œ�L�.!LT/;

(iii) �.!LT/ D Œ�LT.�/�.!LT/ for any � 2 GL.





Chapter 3

Wach modules à la Kisin–Ren

3.1 Wach modules

In this section, we recall the theory of Wach modules à la Kisin–Ren [44] (with the
simplifying assumption that – in their notation – K D L, m D 1, etc.).

By sending Z to !LT 2 W.zEC/L we obtain a GL-equivariant, Frobenius compat-
ible embedding of rings

oLJZK! W.zEC/L;

the image of which we call ACL ; it is a subring of AL (the image of AL inW.zE/L). The
latter ring is a complete discrete valuation ring with prime element �L and residue
field of the image EL of kL..Z// ,! zE sending Z to ! WD !LT mod �L. We form
the maximal integral unramified extension (D strict henselization) AnrL of AL inside
W.zE/L. Its p-adic completion A still is contained in W.zE/L. Note that A is a com-
plete discrete valuation ring with prime element �L and residue field of the separable
algebraic closure Esep

L of EL in zE. By the functoriality properties of strict henseliza-
tions, the q-Frobenius 'q preserves A. According to [44, Lem. 1.4], theGL-action on
W.zE/L respects A and induces an isomorphism

HL D ker.�LT/
Š
�! Autcont.A=AL/:

We set AC WD A \W.zEC/L.
Set Q WD Œ�L�.!LT/

!LT
2 ACL , which satisfies by definition 'L.!LT/ D Q � !LT.

Following [44] we write O D OL.B/ for the ring of rigid analytic functions on
the open unit disk B over L, or equivalently the ring of power series in Z over L
converging in B. Via sending !LT to Z we view ACL as a subring of O. We denote by
Mod'L;�L;an

O
the category consisting of finitely generated free O-modules M together

with the following data:

(i) an isomorphism 1˝ 'M W .'
�
LM/Œ 1

Q
� ŠMŒ 1

Q
�,1

(ii) a semilinear�L-action on M, commuting with 'M and such that the induced
action on D.M/ WDM=!LTM is trivial.

We note that since M=!LTM DMŒ 1
Q
�=!LTMŒ 1

Q
�, the map 'M induces an L-linear

endomorphism of D.M/, which we denote by 'D.M/. As a consequence of (i), in
fact, it is an automorphism.

1By '�
L

M we understand the module O ˝O;'L M.
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The �L-action on M is differentiable (cf. [8, Lem. 3.4.13]),2 and the correspond-
ing derived action of Lie.�L/ is L-bilinear (cf. [8, Rem. 3.4.15]).3

Similarly, we denote by Mod'L;�L;an
A+
L

the category consisting of finitely generated

free ACL -modules N together with the following data:

(i) an isomorphism 1˝ 'N W .'
�
LN/Œ

1
Q
� Š NŒ 1

Q
�,4

(ii) a semilinear �L-action onN , commuting with 'N and such that the induced
action on N=!LTN is trivial.

The map 'N induces an L-linear automorphism of D.N/ WD NŒ 1
p
�=!LTNŒ

1
p
� which

we denote by 'D.N/.
Obviously, we have the base extension functor

O ˝AC
L

� W Mod'L;�L;an
A+
L

! Mod'L;�L;an
O

:

It satisfies
D.O ˝AC

L

N/ D D.N/: (3.1)

We write Mod'L;�L;0
O

for the full subcategory of Mod'L;�L;an
O

consisting of all M

such that R˝O M is pure of slope 0. Here R denotes the Robba ring, which will be
recalled in detail in Section 4.3.1.

By ModF;'qL we denote the category of finite-dimensional L-vector spaces D
equipped with an L-linear automorphism 'q W D

Š
�! D and a decreasing, separated,

and exhaustive filtration, indexed by Z, by L-subspaces. In ModF;'qL we have the full
subcategory ModF;'q ;wa

L of weakly admissible objects (cf. [44, (2.3.2)]). For D in
ModF;'q ;wa

L let

VL.D/ WD .Bcris;L ˝L D/
'qD1 \ Fil0.BdR ˝L D/;

where, as usual, Bcris;L WD Bcris ˝L0 L. In order to formulate the crystalline compar-
ison theorem in this context, we also consider the category ModF;'L0˝QpL

of finitely
generated free L0 ˝Qp L-modules D equipped with a .'p ˝ id/-linear automor-
phism ' W D

Š
�! D as well as a decreasing, separated, and exhaustive filtration on

DL WD D˝L0 L, indexed by Z, by L˝Qp L-submodules. For D in ModF;'L0˝QpL

2Note that the statements in loc. cit. are all over the character variety; but by the introduction
to §3.4 they are also valid over the open unit ball – with even easier proofs.

3In [44], being L-analytic is an extra condition in the definition of Mod'L;�L;an
O

, which by
this remark is automatically satisfied, whence the corresponding categories with and without
the superscript “an” in [44] coincide!

4By '�
L
N we understand the module AC

L
˝ACL ;'L

N , and formally 'N is a map from N

to NŒ 1
Q
�.
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we define, as usual,

V.D/ WD .Bcris ˝L0 D/'D1 \ Fil0.BdR ˝L DL/:

Let RepoL;f .GL/ denote the category of finitely generated free oL-modules with
a continuous linear GL-action and Repcris;an

oL;f
.GL/ the full subcategory of those T

which are free over oL and such that the representation V WD L˝oL T is crystalline
and analytic, i.e., satisfying that, if DdR.V / WD .V ˝Qp BdR/

GL , the filtration on
DdR.V /m is trivial for each maximal ideal m of L˝Qp L which does not correspond
to the identity id W L! L. Correspondingly, we let Repcris

L .GL/, resp., Repcris;an
L .GL/,

denote the category of continuous GL-representations in finite-dimensional L-vector
spaces which are crystalline, resp., crystalline and analytic. The base extension func-
tor L˝oL � induces an equivalence of categories

Repcris;an
oL;f

.GL/˝Zp Qp
'
�! Repcris;an

L .GL/:

Here applying ˝ZpQp to a Zp-linear category means applying this functor to the
Hom-modules. For V in Repcris;an

L .GL/ we set Dcris;L.V / WD .Bcris;L ˝L V /
GL D

.Bcris˝L0 V /
GL andDcris.V / WD .Bcris˝Qp V /

GL . The usual crystalline comparison
theorem says thatDcris and V are equivalences of categories between Repcris

L .GL/ and
the subcategory of weakly admissible objects in ModF;'L0˝QpL

.

Lemma 3.1.1 ([78, Lem. 5.3] and subsequent discussion, or [44, Cor. 3.3.1]). There
is a fully faithful˝-functor

�
W ModF;'qL ! ModF;'L0˝QpL

D 7! zD WD L0 ˝Qp D;

whose essential image consists of all analytic objects, i.e., those for which the fil-
tration on the non-identity components is trivial. A quasi-inverse functor from the
essential image is given by sending D to the base extension L˝L0˝QpL

D for the
multiplication map L0 ˝Qp L! L.

Lemma 3.1.1 implies that

Dcris;L.V /
�
Š Dcris.V / for any V in Repcris;an

L .GL/:

We denote by Met.AL/ the category of étale .'q; �L/-modules over AL (cf. [80,
Def. 3.7]) and by Met

f
.AL/ the full subcategory consisting of those objects, which are

finitely generated free as AL-module. ForM in Met
f
.AL/, resp., forT in RepoL;f .GL/,

we put V.M/ WD .A˝AL M/'q˝'MD1, resp., DLT.T / WD .A˝oL T /ker.�LT/.
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Having defined all of the relevant categories (and most of the functors) we now
contemplate the following diagram of functors:

Met
f
.AL/

V //
RepoL;f .GL/

DLT

'oo

Mod'L;�L;an
A+
L

O˝
AC
L

�

''

��

' //

AL˝AC
L

� 66

Repcris;an
oL;f

.GL/

L˝oL�

��

�

OO

Mod'L;�L;an
A+
L

˝Zp Qp

'

��

Mod'L;�L;0
O

�

��

D

'
//
ModF;'q ;wa

L

�

��

M
oo

VL

'
//
Repcris;an

L .GL/
Dcris;L

oo

Mod'L;�L;an
O

D

'
//
ModF;'qL :

M
oo

(3.2)

The arrows without decoration are the obvious natural ones. The following pairs of
functors are quasi-inverse˝-equivalences of˝-categories:

• .DLT;V / by [44, Thm. 1.6];

• .Dcris;L;VL/by combining the crystalline comparison theorem (cf. [31, Rem.3.6.7])
and Lemma 3.1.1;

• .D;M/ by [44, Prop. 2.2.6] (or [8, Thm. 3.4.16]) and [44, Cor. 2.4.4], to which
we also refer for the definition of the functor M.

In particular, all functors in the above diagram are ˝-functors. The second arrow in
the left column, resp., the left arrow in the second horizontal row, is an equivalence
of categories by [44, Cor. 2.4.2], resp., by [44, Cor. 3.3.8]. The lower square and the
upper quadrangle are commutative for trivial reasons.

Remark 3.1.2. We list a few additional properties of these functors.

(i) For any M in Met
f
.AL/ the inclusion V.M/ � A ˝AL M extends to an

isomorphism

A˝oL V.M/
Š
�! A˝AL M; (3.3)

which is compatible with the 'q- and �L-actions on both sides.

(ii) The functorsDLT, V , and V.AL˝AC
L

�/ respect exact sequences (of abelian
groups).
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(iii) (Cf. [8, Prop. 3.4.14].) For any object M in Mod'L;�L;an
O

the projection map
MŒ!LT

tLT
�! D.M/ restricts to an isomorphism MŒ!LT

tLT
��L

Š
�! D.M/ such

that the diagram

MŒ!LT
tLT
��L

'M

��

Š // D.M/

'D.M/

��

MŒ!LT
tLT
��L

Š // D.M/

is commutative; moreover, we have

M
�
!LT
tLT

�
D O

�
!LT
tLT

�
˝L M

�
!LT
tLT

��L
Š O

�
!LT
tLT

�
˝L D.M/:

Now we recall that Acris is the p-adic completion of a divided power envelope of
W.zEC/ (cf. [62, §1.4.1]) and letAcris;L WDAcris˝oL0

oL. The inclusionW.zEC/�Acris

induces an embedding ACL � W.zE
C/L � Acris;L.

We observe that tLT D logLT.!LT/ belongs to B�cris;L. Indeed, by [22, §III.2] we
know that 'p.Bmax/ � Bcris � Bmax, whence we obtain

'q.Bmax ˝L0 L/ � Bcris;L � Bmax ˝L0 L;

where the definition of Bmax can be found in loc. cit. By [24, Prop. 9.10, Lem. 9.17,
§9.7], tLT and !LT are invertible in Bmax;L � Bmax ˝L0 L (this reference assumes
that the power series Œ�L�.Z/ is a polynomial. But, by some additional convergence
considerations, the results can be seen to hold in general (cf. [73, §2.1] for more
details)). Hence, by the above inclusions and using that 'q.tLT/ D �LtLT, we see that
tLT is a unit in Bcris;L. In particular, we have an inclusion Acris;LŒ

1
�L
; 1
tLT
� � Bcris;L.

Moreover, since 'q.!LT/ D Q!LT is invertible in 'q.Bmax ˝L0 L/, the elements !LT

and Q are units in Bcris;L as well. In particular, we have an inclusion

AC
�
1
!LT

�
� Bcris;L: (3.4)

Next we shall recall in Lemma 3.1.4 below that the above inclusion ACL � Acris;L

extends to a (continuous) ring homomorphism

O ! Acris;L
�
1
�L

�
� Bcris;L: (3.5)

For ˛ 2 zEC Š proj limn oCp (cf. [73, Lem. 1.4.5]) we denote by ˛.0/ as usual its
zero-component.

Lemma 3.1.3. The following diagram of oL0-modules is commutative:

0 // J

��

// W.zEC/

u

��

‚ // oCp
// 0

0 // ker.‚L/ // W.zEC/L
‚L // oCp

// 0;

(3.6)
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where

J WD ker.‚/;

‚ W
X
n�0

Œ˛n�p
n
7!

X
n�0

˛.0/n pn; and similarly

‚L W
X
n�0

Œ˛n��
n
L 7!

X
n�0

˛.0/n �nL;

while u denotes the canonical map as defined in [30, Lem. 1.2.3], which sends Teich-
müller lifts Œ˛�with respect toW.zEC/ to the Teichmüller lift Œ˛�with respect toW.zEC/L.

Proof. First of all, we recall from [73, Lem. 1.6.1] that‚ and‚L are continuous and
show that also u is continuous, each time with respect to the weak topology. Let Vp
and V�L denote the Verschiebung on W.zEC/ and W.zEC/L, respectively.

A fundamental system of open neighborhoods in these rings consists of

Ua;m WD
®
.b0; b1; : : :/ 2 W.zEC/ j b0; : : : ; bm�1 2 a

¯
D

m�1X
iD0

V ip
�
Œa�
�
C pmW.zEC/

and similarly ULa;m WD ¹.b0; b1; : : :/ 2 W.zEC/Ljb0; : : : ; bm�1 2 aº for open ideals a

of zEC and m � 0; see §1.5 in loc. cit. By oL0-linearity, we see that u.pmW.zEC// �
pmW.zEC/L. Using the relation

u.Vpx/ D
p
�L
V�L

�
u.F f �1x/

�
from [30, Lem. 1.2.3]5 one easily concludes that

u
�
V ip
�
Œb�
��
D
�
p
�L

�i
V i�L

�
Œbp

i.f�1/

�
�
;

whence u.Ua;m/ � U
L
a;m and the continuity of u follows.

Since the commutativity is clear on Teichmüller lifts and on p by oL0-linearity,
which generate a dense ideal, the result follows by continuity.

The following lemma generalizes parts from [62, Prop. 1.5.2].

Lemma 3.1.4. Sending f D
P
n�0 anZ

n to f .!LT/ induces a continuous map

O ! Acris;L
�
1
�L

�
;

where the source carries the Fréchet topology while the target is a topological oL0-
module, of which the topology is uniquely determined by requiring that Acris;L is
open; i.e., the system pmAcris;L with m � 0 forms a basis of open neighborhoods
of 0.

5Note the typos in loc. cit., where u.Vpx/D p
�L
V�L.F

f�1u.x// is stated. Moreover, one
has the relation u.F f x/ D Fu.x/.
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Proof. First of all, the relation J p � pAcris from [62, §1.4.1, bottom of p. 96] (note
that J p � Wp.R/ regarding the notation in loc. cit. for the last object) implies easily
by flat base change

J
p
L � pAcris;L (3.7)

with JL WD J ˝oL0 oL. By [73, Lem. 2.1.12] we know that !LT belongs to ker.‚L/.
Now we claim that there exists a natural number r 0 such that !r

0

LT lies in W1 WD JL C
pW.zEC/L, whence for r WD pr0 we have !rLT 2 Wp with Wm WD W m

1 for all m � 0.
To this aim, note that diagram (3.6) induces the following commutative diagram with
exact lines:

0 // W1

��

// W.zEC/˝oL0oL

Š

��

‚ // .oCp˝oL0
oL/=p.oCp˝oL0

oL/

�

��

// 0

0 // ker.‚L/CpW.zEC/L // W.zEC/L
‚L // oCp=poCp

// 0;

where the map � is induced by sending a ˝ b to ab and a reference for the middle
vertical isomorphism is [73, Prop. 1.1.26]. By the snake lemma the cokernel of the
left vertical map is isomorphic to

ker.�/ � ker
�
.oCp ˝oL0

oL/=p.oCp ˝oL0
oL/! Nk

�
D ker.oCp=poCp ˝k oL=poL ! oCp=mCp ˝k oL=�LoL/

D mCp ˝k oL=poL C oCp=poCp ˝k �LoL=poL

and thus consists of nilpotent elements, whence the claim follows. Here mCp denotes
the maximal ideal of oCp .

Now let f D
P
n�0 anZ

n satisfy that janj�n tends to zero for all � < 1. Writing
n D qnr C rn with 0 � rn < r , we have

an!
n
LT D an!

rn
LT.!

r
LT/

qn 2 anWpqn � anp
qnAcris;L;

where the last inclusion follows from (3.7). But janpqn j � janjpp1�
n
r tends to 0 for

n!1. Thus, the series
P
n�0 an!

n
LT converges in Acris;LŒ

1
�L
�.

Moreover, since one has supjanp�1C
n
r j � pkf k� for the usual norms k k� if

1 > � > p�
1
r , we obtain for any m that®
f j kf k� < p

�m�1
¯
�
®
f 2 O j f .!LT/ 2 p

mAcris;L
¯
;

whence the latter set, which is the preimage of pmAcris;L, is open. This implies con-
tinuity.

Lemma 3.1.5. The big square in the middle of diagram (3.2) is a commutative square
of˝-functors (up to a natural isomorphism of˝-functors).
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Proof. We have to establish a natural isomorphism

L˝oL V.AL ˝AC
L

N/ Š VL
�
D.O ˝AC

L

N/
�

for any N in Mod'L;�L;an
A+
L

: (3.8)

In fact, we shall prove the dual statement, i.e., using (3.1), that�
L˝oL V.AL ˝AC

L

N/
��
Š VL

�
D.N/

��
; (3.9)

where � indicates the L-dual. From the canonical isomorphisms

HomAL;'q .M;A/ Š HomA;'q .A˝AL M;A/
Š HomA;'q

�
A˝oL V.M/;A

�
Š HomoL

�
V.M/;A'qD1

�
Š HomoL

�
V.M/; oL

�
;

where we used (3.3) for the second isomorphism and writeM for AL˝AC
L

N , we con-
clude that the left-hand side of (3.9) is canonically isomorphic to HomAL;'q .AL˝AC

L

N;A/˝oL L. Let AC WD A \W.zEC/L. On the one hand, by [44, Lem. 3.2.1], base
extension induces an isomorphism

HomAC
L
;'q

�
N;AC

�
1
!LT

�� Š
�! HomAL;'q .AL ˝AC

L

N;A/:

On the other hand, in [44, Prop. 3.2.3], Kisin and Ren construct a natural isomorphism

HomAC
L
;'q

�
N;AC

�
1
!LT

��
˝oL L

Š
�! HomL;'q ;Fil

�
.N=!LTN/Œ

1
p
�; Bcris;L

�
:6 (3.10)

Therefore, the left-hand side of (3.9) becomes naturally isomorphic to

HomL;'q ;Fil
�
D.N/;Bcris;L

�
Š VL

�
D.N/�

�
; (3.11)

where the last isomorphism is straightforward. Thus, the proof of (3.9) is reduced to
the canonical identity

VL
�
D.N/�

�
Š VL

�
D.N/

��
: (3.12)

This can be proved in the same way as in [31, Rem. 3.4.5 (iii), Rem. 3.6.7]: Since VL
is a rigid˝-functor, it preserves inner Hom-objects, in particular duals.

In order to see that (3.8) is compatible with tensor products, note that base change,
taking L-duals or applying comparison isomorphisms, is ˝-compatible. Thus the
claim is reduced to the tensor compatibility of the isomorphism (3.10), the construc-
tion of which we therefore recall from [44]. It is induced by a natural map

HomAC
L

�
N;AC

�
1
!LT

��
˝oL L! HomL

�
.N=!LTN/

�
1
p

�
; Bcris;L

�
6˝oLL is missing in the reference!
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which comes about as follows. Let f 2 HomAC
L

.N;ACŒ 1
!LT
�/. By composing f with

the inclusion (3.4) we obtain f1 W N ! Bcris;L. By base extension to O via (3.5) and
then localization inQ the map f1 gives rise to a map f2 W .O ˝AC

L

N/Œ 1
Q
�! Bcris;L.

We precompose this one with the isomorphism 1˝ 'N to obtain

f3 W .O ˝AC
L
;'L

N/
�
1
Q

� Š
�! .O ˝AC

L

N/
�
1
Q

�
! Bcris;L:

Now we observe the inclusions

.O ˝AC
L
;'L

N/
�
1
Q

�
� .O ˝AC

L
;'L

N/
�
!LT
tLT

�
� .O ˝AC

L
;'L

N/
�
'L
�
!LT
tLT

��
D O ˝O;'L

�
.O ˝AC

L

N/
�
!LT
tLT

��
:

They only differ by elements which are invertible in Bcris;L. Therefore giving the map
f3 is equivalent to giving a map f4 W O ˝O;'L ..O ˝AC

L

N/Œ!LT
tLT
�/! Bcris;L. Finally,

we use Remark 3.1.2 (iii) which gives the map

� W .N=!LTN/
�
1
p

� Š
 �

pr

�
.O ˝AC

L

N/
�
!LT
tLT

���L �
�! .O ˝AC

L

N/
�
!LT
tLT

�
:

By precomposing f4 with 1˝� we at last arrive at a map f5 W .N=!LTN/Œ
1
p
�!Bcris;L.

From this description the compatibility with tensor products is easily checked.

Suppose thatN is in Mod'L;�L;an
A+
L

and put T WD V.AL˝AC
L

N/ in Repcris;an
oL;f

.GL/.

Then, by Remark 3.1.2 (iii) and Lemma 3.1.5, we have a natural isomorphism of ˝-
functors

comp W O
�
!LT
tLT

�
˝AC

L

N
Š
�! O

�
!LT
t LT

�
˝L Dcris;L.L˝oL T / (3.13)

which is compatible with the diagonal '’s on both sides.
In the proof of [44, Cor. 3.3.8], it is shown that, for any T in Repcris;an

oL;f
.GL/, there

exists an ACL -submodule M � DLT.T / which

(N1) lies in Mod'L;�L;an
A+
L

with 'M and the �L-action on M being induced by the

.'q; �L/-structure of DLT.T / and

(N2) satisfies AL ˝AC
L

M D DLT.T /.

Note that property (N2) implies that M is p-saturated in DLT.T /, i.e., MŒ 1
p
� \

DLT.T / DM, since ACL is obviously p-saturated in AL.
We once and for all pick such an N.T / WDM. This defines a functor

N W Repcris;an
oL;f

.GL/! Mod'L;�L;an
A+
L

which is quasi-inverse to the undecorated horizontal arrow in the above big diagram
(3.2). Note that N is in a unique way a˝-functor by [65, §I.4.4.2.1].
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Remark 3.1.6. For T in Repcris;an
oL;f

.GL/ and N WD N.T / in Mod'L;�L;an
A+
L

we have the
following:

(i) If V WD L˝oL T is a positive (the Hodge–Tate weights are non-positive,
i.e., grjDdR.V /¤ 0 implies that j � 0) analytic crystalline representation,
then N is stable under 'N .

(ii) If the Hodge–Tate weights of L˝oL T are all � 0, then we have

N � ACL � 'N .N /;

where the latter means the ACL -span generated by 'N .N /.

Proof. The corresponding assertions forMWDO˝AC
L

N are contained in [8,Cor. 3.4.9].
Let n1; : : : ; nd be an ACL -basis of N .

For (i) we have to show that 'N .nj / 2 N for any 1 � j � d . Writing 'N .nj / DPd
iD1fijni we know from the definition of the category Mod'L;�L;an

A+
L

thatfij2ACL Œ
1
Q
�

and from the above observation that fij 2O. This reduces us to showing the inclusion
oLJZKŒ 1

Q
� \ O � oLJZK. Suppose therefore that Qrh D f for some r � 1, h 2 O,

and f 2 oLJZK. The finitely many zeros of Q 2 oLJZK, which are the non-zero
�L-torsion points of the Lubin–Tate formal group, all lie in the open unit disk. By
Weierstrass preparation it follows that Q must divide f already in oLJZK. Hence,
h 2 oLJZK.

For (ii) we have to show that nj D
Pd
iD1 fij'N .ni /, for any 1 � j � d , with

fij 2 ACL . For the same reasons as in the proof of (1) we have

nj D

dX
iD1

f 0ij'N .ni / D

dX
iD1

f 00ij 'N .ni /

with f 0ij 2 ACL Œ
1
Q
� and f 00ij 2 O. Then

Pd
iD1.f

0
ij � f

00
ij /'N .ni / D 0. But, again by

the definition of the category Mod'L;�L;an
A+
L

, the 'N .ni / are linearly independent over

ACL Œ
1
Q
� and hence over OŒ 1

Q
�. It follows that f 0ij D f

00
ij 2 ACL .

First, we further investigate any T in Repcris;an
oL;f

.GL/ whose Hodge–Tate weights
are all � 0, i.e., which is positive. For this purpose we need the ring AC D A \
W.zEC/L. One has the following general fact.

Lemma 3.1.7. Let F be any non-archimedean valued field which contains oL=�LoL,
and let oF denote its ring of integers; we have the following:

(i) Let ˛ 2 W.F /L be any element; if theW.oF /L-submodule ofW.F /L gen-
erated by ¹'iq.˛/ºi�0 is finitely generated, then ˛ 2 W.oF /L.

(ii) Let X be a finitely generated free oL-module, and let M be a finitely gen-
erated W.oF /L-submodule of W.F /L ˝oL X ; if M is 'q ˝ id-invariant,
then M � W.oF /L ˝oL X .
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Proof. (i) This is a simple explicit calculation as given, for example, in the proof of
[23, Lem. III.5]. (ii) This is a straightforward consequence of (i).

Proposition 3.1.8. For positive T in Repcris;an
oL;f

.GL/ we have

N.T / � DCLT.T / WD .A
C
˝oL T /

ker.�LT/;

and N.T / is p-saturated in DCLT.T /.

Proof. By Remark 3.1.6 (i) the ACL -submodule N.T / of W.zE/L ˝oL T is 'q ˝ id-
invariant (and finitely generated). Hence, we may apply Lemma 3.1.7 (ii) to M WD
W.zEC/L �N.T / and obtain that

N.T / �
�
W.zEC/L ˝oL T

�
\ .A˝oL T /

ker.�LT/ D DCLT.T /:

SinceN.T / is even p-saturated inDLT.T /, the same holds with respect to the smaller
DCLT.T /.

Corollary 3.1.9. For positive T in Repcris;an
oL;f

.GL/ the ACL -module DCLT.T / is free of
the same rank as N.T /.

Proof. By the argument in the proof of [23, Lem. III.3] the ACL -module DCLT.T / is
always free of a rank less than or equal to the rank ofN.T /. The equality of the ranks
in the positive case then is a consequence of Proposition 3.1.8.

Next we relate N.T / to the construction in [5, Prop. II.1.1].

Proposition 3.1.10. Suppose that T in Repcris;an
oL;f

.GL/ is positive. ForN WD N.T / we
then have the following:

(i) N is the unique ACL -submodule of DLT.T / which satisfies (N1) and (N2).

(ii) N is also the unique ACL -submodule of DCLT.T / which satisfies the follow-
ing:

(a) N is free of rank equal to the rank of DCLT.T /;

(b) N is �L-invariant;

(c) the induced �L-action on N=!LTN is trivial;

(d) !rLTD
C
LT.T / � N for some r � 0.

Proof. Let P D P.ACL / denote the set of height one prime ideals of ACL . It contains
the prime ideal p0 WD .!LT/.
Step 1. We show the existence of a unique ACL -submodule N 0 of DCLT.T / which
satisfies (a)–(d), and we show that this N 0 is 'q-invariant.

Existence. We begin by observing that the ACL -submodule N WD N.T / of DCLT.T /

has the properties (a), (b), and (c), but possibly not (d). In particular, the quotient
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DCLT.T /=N is an ACL -torsion module. Hence, the localizations Np D D
C
LT.T /p coin-

cide for all but finitely many p 2 P . By [16, VII.4.3 Thm. 3] there exists a unique
intermediate ACL -module N � N 0 � DCLT.T / which is finitely generated and reflex-
ive and such that N 0p0 D Np0 and N 0p D D

C
LT.T /p for any p 2 P n ¹p0º. Since ACL

is a two-dimensional regular local ring, the finitely generated reflexive module N 0 is
actually free and then, of course, must have the same rank asN andDCLT.T /. We also
have N 0 D

T
pN
0
p D Np0 \

T
p¤p0

DCLT.T /p. Since p0 is preserved by '
D
C
LT.T /

and
�L, it follows that N 0 is '

D
C
LT.T /

- and �L-invariant. Next the identities

L˝oL N=!LTN DNp0=!LTNp0 DN
0
p0
=!LTN

0
p0
DL˝oL N

0=!LTN
0
�N 0=!LTN

0

show that the induced �L-action onN 0=!LTN
0 is trivial. By using [16, VII.4.4 Thm. 5]

we obtain, for somem1; : : : ;md�0, a homomorphism of ACL-modulesDCLT.T /=N
0!Ld

iD1 ACL =p
mi
0 ACL whose kernel is finite. Any finite ACL -module is annihilated by a

power of the maximal ideal in ACL . We see thatDCLT.T /=N
0 is annihilated by a power

of p0, which proves (d).

Uniqueness. Observing that


.!LT/ D
�
�LT.
/

�
.!LT/ for any 
 2 �L

(cf. [73, Lem. 2.1.15]), this is exactly the same computation as in the uniqueness part
of the proof of [5, Prop. II.1.1].

Step 2. We show thatN 0 is p-saturated inDCLT.T /. By construction we have .N 0/.�L/
D DCLT.T /.�L/. This implies that the p-torsion in the quotient DCLT.T /=N

0 is finite.
On the other hand, both modules, N 0 and DCLT.T /, are free of the same rank. Hence,
the finitely generated ACL -module DCLT.T /=N

0 has projective dimension � 1 and
therefore has no non-zero finite submodule (cf. [59, Prop. 5.5.3 (iv)]).

Step 3. We show that N 0 D N . Since both, N and N 0, are p-saturated in DCLT.T /, it
suffices to show that the free BCL -modules N.V / WD NŒ 1

p
� and N 0.V / WD N 0Œ 1

p
� over

the principal ideal domain BCL WD ACL Œ
1
p
� coincide. As they are both �L-invariant, so

is the annihilator ideal
I WD annBC

L

�
N 0.V /=N.V /

�
:

Hence, by a standard argument as in [5, Lem. 1.3.2], the ideal I is generated by an
element f of the form !

˛0
LT
Qs
n�1 '

n�1
L .Q/˛n with certain ˛n � 0, 0 � n � s, for

some (minimal) s � 0. Since N.V /.!LT/ D N
0.V /.!LT/ by the construction of N 0, it

follows that ˛0 D 0. Assuming thatM WD N 0.V /=N.V /¤ 0, we conclude that s � 1
(with ˛s � 1), i.e., that, with pn WD .'

n�1
L .Q//, we haveMps ¤ 0 whileMpsC1 D 0.

We claim that .'�LM/psC1 ¤ 0. First, note that we have an exact sequence

0! .BCL /
d A
�! .BCL /

d
!M ! 0;
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with f dividing det.A/ 2 BCL n .B
C

L /
�
ps

, which induces an exact sequence

0! .BCL /
d 'L.A/
����! .BCL /

d
! '�LM ! 0:

Since 'L.f /D
QsC1
n�2'

n�1
L .Q/˛n�1 divides det.'L.A//, we conclude that det.'L.A//

belongs to psC1 which implies the claim.
Now consider the following diagram with exact rows:

0
�
'�LN.V /

��
1
Q

�
N.V /

�
1
Q

�
0 0

0
�
'�LN

0.V /
��
1
Q

�
N 0.V /

�
1
Q

�
C 0:

Š

The upper isomorphism comes from the definition of the category Mod'L;�L;an
A+
L

in
which N lies. The map �

'�LN
0.V /

��
1
Q

�
! N 0.V /

�
1
Q

�
is injective since '�LN

0 ! N 0 is the restriction of the isomorphism

'�LDLT.T /
Š
�! DLT.T /:

By the snake lemma and as Q … psC1 we obtain an injection

0 ¤ .'�LM/psC1 ,!MpsC1 D 0;

which is a contradiction. Thus, M D 0 as had to be shown.

Remark 3.1.11. The following are two examples:

(i) We haveN.oL.��1LT //D !LTACL ˝oL oL�
˝�1 andN.oL/DACL (recall that

� denotes our fixed generator of T� ).

(ii) Let oL.�/ D oLt0 with � W GL ! o�L unramified. Then there exists an a 2
W. NkL/

�
L with �aD��1.�/a for all � 2GL by Remark 3.2.4;7 in particular,

N
�
oL.�/

�
D DCLT

�
oL.�/

�
D ACLn0 for n0 D a˝ t0;

where �L fixes n0 and 'N.oL.�//.n0/ D cn0 with c WD 'L.a/
a
2 o�L.

Proof. Each case belongs to a positive representationT : in all cases the right-hand side
of the equality satisfies the properties characterizing N.T / in Proposition 3.1.10 (ii)
(cf. [73, Lem. 2.1.15]).

7Since �L has trivial GL-action, the period a there can be normalized such that it becomes
a unit in W. NkL/L.
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Lemma 3.1.12. For any T 2 Repcris;an
oL;f

.GL/ we have the following:

• N.T / is the unique ACL -submodule of DLT.T / which satisfies (N1) and (N2);

• N.T .��rLT // Š !
r
LTN.T /˝oL oL�

˝�r .

Proof. First, we choose r � 0 such that T .��rLT / is positive. Sending N to

!rLTN.T /˝oL oL�
˝�r
� DLT.T /˝oL oL�

˝�r

viewed inDLT.T /˝oL oL�
˝�r ŠDLT.T .�

�r
LT // sets up a bijection between the ACL -

submodules of DLT.T / and DLT.T .�
�r
LT //, respectively. One checks that N satisfies

(N1) and (N2) if and only if its image does. Hence, (i) and (ii) (for such r) are a
consequence of Proposition 3.1.10 (i). That (ii) holds in general follows from the
obvious transitivity property of the above bijections.

Proposition 3.1.13. Let T be in Repcris;an
oL;f

.GL/ of oL-rank d and such that V D
L˝oL T is positive with Hodge–Tate weights �r D �rd � � � � � �r1 � 0. Taking
(3.13) as an identification, we then have�

tLT
!LT

�r
O ˝AC

L

N.T / � O ˝L Dcris;L.L˝oL T / � O ˝AC
L

N.T / (3.14)

with elementary divisors�
O ˝AC

L

N.T / W O ˝L Dcris;L.L˝oL T /
�
D
��
tLT
!LT

�r1
W � � � W

�
tLT
!LT

�rd �:
Proof. We abbreviateD WDDcris;L.V /. By the definition of the functor M in [44] we
have

O ˝L D �M.D/ �
�
tLT
!LT

��r
O ˝L D: (3.15)

On the other hand, the commutativity of the big diagram before Remark 3.1.2 says
that M.D/ Š O ˝AC

L

N.T /. This implies the inclusions (3.14).
Concerning the second part of the assertion, we first of all note that although

O is only a Bézout domain, it does satisfy the elementary divisor theorem (cf. [75,
proof of Prop. 4.4]). We may equivalently determine the elementary divisors of the
O-module M.D/=.O ˝L D/. The countable set S of zeros of the function tLT

!LT
2 O

coincides with the set of non-zero torsion points of our Lubin–Tate formal group,
each occurring with multiplicity one. The first part of the assertion implies that the
O-module M.D/=.O ˝L D/ is supported on S. Let Mz.D/, resp., Oz , denote the
stalk in z 2S of the coherent sheaf on the open unit disk B defined by M.D/, resp., O.
The argument in the proof of [8, Prop. 1.1.10] then shows that we have

M.D/=.O ˝L D/ D
Y
z2S

Mz.D/=.Oz ˝L D/:
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The ring Oz is a discrete valuation ring with maximal ideal mz generated by tLT
!LT

. We
consider on its field of fractions Fr.Oz/ the mz-adic filtration and then on Fr.Oz/˝L
D the tensor product filtration. By [43, Lem. 1.2.1 (2)] (or [8, Lem. 3.4.4]) we have

Mz.D/ Š Fil0.Fr.Oz/˝L D/ for any z 2 S;

and this isomorphism preserves Oz ˝LD. At this point we let 0 � s1 < � � � < sm < r
denote the jumps of the filtration Fil�D, i.e., the rj but without repetition. We write

D D D1 ˚ � � � ˚Dm such that Filsi D D Di ˚ � � � ˚Dm:

For the following computation let, for notational simplicity, R denote any L-
algebra which is a discrete valuation ring with maximal ideal m. We compute

Fil0
�
Fr.R/˝L D

�
D

X
j2Z

m�j ˝L Filj D D
rX

jD0

m�j ˝L Filj D

D

mX
iD1

m�si ˝L Filsi D D
mX
iD1

mX
jDi

m�si ˝L Dj

D

mX
jD1

� jX
iD1

m�si
�
˝L Dj D

mX
jD1

m�sj ˝L Dj :

Hence, we obtain

Fil0
�
Fr.R/˝L D

�
=.R˝L D/ D

mM
jD1

m�sj =R˝L Dj Š

mM
jD1

R=msj ˝L Dj :

By combining all of the above, we finally arrive at

M.D/=.O ˝L D/ D
Y
z2S

Mz.D/=.Oz ˝L D/

Š

Y
z2S

Fil0
�
Fr.Oz/˝L D

�
=.Oz ˝L D/

Š

Y
z2S

� mM
jD1

Oz=m
sj
z ˝L Dj

�
D

mM
jD1

�Y
z2S

�
Oz=

�
tLT
!LT

�sjOz ˝L Dj
��

D

mM
jD1

�Y
z2S

Oz=
�
tLT
!LT

�sjOz

�
˝L Dj

D

mM
jD1

O=
�
tLT
!LT

�sjO ˝L Dj :
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For a first application of this result we recall the comparison isomorphism

N.V /

�
��

N.V /
�
1
Q

� �
// O
�
!LT
tLT

�
˝AC

L

N.V /
comp

Š
// O
�
!LT
tLT

�
˝L Dcris;L.V /

(3.16)

for any T in Repcris;an
oL;f

.GL/, V WD L˝oL T , and N.V / WD N.T /Œ 1
�L
�. The left hor-

izontal inclusion comes from the fact that tLT
!LT

is a multiple of Q in O. In particular,
we have the commutative diagram

N.V /
'N.V /

ww
'N.V /
��

comp
// O
�
!LT
tLT

�
˝L Dcris;L.V /

'L˝'cris
��

N .'/.V /
�
// N.V /

�
1
Q

� comp
// O
�
!LT
tLT

�
˝L Dcris;L.V /;

where we let N .'/.V / be the ACL -submodule of N.V /Œ 1
Q
� generated by the image of

N.V / under 'N.V / and where 'cris denotes the q-Frobenius on Dcris;L.V /. We note
that since Q is invertible in AL, N .'/.V / can also be viewed as the ACL -submodule
of DLT.V / D AL ˝AC

L

N.V / generated by the image of N.V / under 'DLT.V /. From
this one easily deduces (use the projection formula for the  -operator) that the map
 DLT.V / on DLT.V / restricts to an operator

 N.V / W N
.'/.V /! N.V /:

Corollary 3.1.14. Assume that the Hodge–Tate weights of V are all in Œ0; r�. Then
we have

comp
�
N.V /

�
� O ˝L Dcris;L.V /;

comp
�
N .'/.V /

�
� O ˝L Dcris;L.V /;

comp
�
N .'/.V / N.V /D0

�
� O LD0 ˝L Dcris;L.V /:

(3.17)

Proof. Apply Proposition 3.1.13 to T .��rLT /, and then divide the resulting (left)
inclusion in (3.14) by t rLT and tensor with oL.�rLT/. This gives the first inclusion by
Lemma 3.1.12 upon noting that

t rLTDcris;L.L˝oL T /˝L L�
˝�r
D Dcris;L

�
L˝oL T .�

�r
LT /
�
:

The second inclusion easily derives from the first by using that the map comp is
compatible with the '’s.

For the third inclusion we consider any element x D
P
i fi'N.V /.xi / 2N

.'/.V /,
with fi 2ACL and xi 2N.V /, such that  N.V /.x/D

P
i  L.fi /xi D 0. We choose an

L-basis e1; : : : ; em ofDcris;L.V / and write comp.xi /D
P
j fij˝ej with fij 2O. Then

0 D comp
�
 N.V /.x/

�
D

X
i

 L.fi /comp.xi / D
X
i

X
j

 L.fi /fij ˝ ej
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and it follows that

 L

�X
i

fi'L.fij /
�
D

X
i

 L.fi /fij D 0;

i.e., that
P
i fi'L.fij / 2 O LD0. On the other hand, we compute

comp.x/ D
X
i

fi'N.V /.xi / D
X
i

fi .'L ˝ 'cris/
�
comp.xi /

�
D

X
i

X
j

fi
�
'L.fij /˝ 'cris.ej /

�
D

X
j

�X
i

fi'L.fij /
�
˝ 'cris.ej /:

Corollary 3.1.15. In the situation of Proposition 3.1.13, we have

Dcris;L.V / Š
�
O ˝AC

L

N.T /
��L :

Proof. We set M WD O ˝AC
L

N.T / and identify the modules D.M/ and Dcris;L.V /

by using Lemma 3.1.5 and (3.14). The proof of [44, Prop. 2.2.6] combined with
Remark 3.1.2 (iii) implies the commutativity of the following diagram:

D.M/ O
�
!LT
tLT

�
˝L D.M/ M

�
!LT
tLT

�
M
�
D.M/

�
M;

incl.

incl.

�

Š

incl.

Š

incl.

in which the right vertical map is the canonical inclusion while the left vertical map
stems from the definition of the functor M as in (3.15) (which also implies the com-
mutativity of the left triangle). Taking �L-invariants and using the fact that the upper
line induces the isomorphism D.M/ Š MŒ!LT

tLT
��L in Remark 3.1.2 (iii), the result

follows.

Corollary 3.1.16. In the situation of Proposition 3.1.13, we haveQrN.V /�N .'/.V /.

Proof. In the present situation, 'N.V / WN.V /!N.V / is a semilinear endomorphism
of N.V / by Remark 3.1.6 (i). Then

'O˝
AC
L

N.V / D 'L ˝ 'N.V / W O ˝AC
L

N.V /! O ˝AC
L

N.V /

is an endomorphism as well. The corresponding linearized maps are

' lin
N.V / W A

C

L ˝AC
L
;'L

N.V /
Š
�! N .'/.V / � N.V /

f ˝ x 7! f 'N.V /.x/
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and

' lin
O˝

AC
L

N.V / D idO ˝ '
lin
N.V / W O ˝AC

L
;'L

N.V /

D O ˝AC
L

�
ACL ˝AC

L
;'L

N.V /
�
! O ˝AC

L

N.V /:

Since O is flat over ACL Œ
1
�L
�, it follows that

O ˝AC
L

N.V /= im
�
' lin

O˝
AC
L

N.V /

�
D O ˝AC

L

�
N.V /=N .'/.V /

�
:

But O is even faithfully flat over ACL Œ
1
�L
�. Hence, the natural map

N.V /=N .'/.V /! O ˝AC
L

N.V /= im
�
' lin

O˝
AC
L

N.V /

�
is injective. This reduces us to proving that

Qr
�
O ˝AC

L

N.V /
�
� im

�
' lin

O˝
AC
L

N.V /

�
:

As for any object in the category Mod'L;
L;an
O

, we do have

Qh
�
O ˝AC

L

N.V /
�
� im

�
' lin

O˝
AC
L

N.V /

�
for some sufficiently big integer h. On the other hand, (3.14) says that�

tLT
!LT

�rcomp
�
O ˝AC

L

N.V /
�
� O ˝L Dcris;L.V / � comp

�
O ˝AC

L

N.V /
�
:

Since 'cris is bijective, we can sharpen the right-hand inclusion to

O ˝L Dcris;L.V / � comp
�

im.' lin
O˝

AC
L

N.V //
�
:

It follows that �
tLT
!LT

�r�
O ˝AC

L

N.V /
�
� im

�
' lin

O˝
AC
L

N.V /

�
:

Since the greatest common divisor of Qh and . tLT
!LT
/r is Qmin.h;r/, we finally obtain

that
Qr
�
O ˝AC

L

N.V /
�
� im

�
' lin

O˝
AC
L

N.V /

�
:

Corollary 3.1.17. In the situation of Proposition 3.1.13, we have, with regard to an
ACL -basis of N WD N.T / and with s WD

Pd
iD1 ri , that

det
�
'N W N.T /! N.T /

�
D det

�
'N.V / W N.V /! N.V /

�
D Qs

up to an element in o�L � .'L � 1/..A
C

L /
�/.
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Proof. Note first that N is 'N -stable by Remark 3.1.6 (i). Moreover, the determinant
of 'N acting on N.V / equals the determinant of 'L ˝ 'N acting on O ˝AC

L

N.T /

since we can take for both an ACL -basis of N.T /. Since 'L. tLT
!LT
/ D �L

Q
tLT
!LT

, by Propo-
sition 3.1.13, the latter determinant equals .�L

Q
/�s multiplied by the determinant

of 'L ˝ Frob acting on O ˝L Dcris;L.V /. The latter is equal to the determinant
of Frob on Dcris;L.V /, which is �sL up to a unit in oL since the filtered Frobenius
module Dcris;L.V / is weakly admissible. This shows the claim up to an element in
o�L � .'L � 1/.O

�/. But O� D �Z
L � .A

C

L /
� by [48, (4.8)]. Hence, .'L � 1/.O�/ D

.'L � 1/..ACL /
�/.

3.2 The determinant of the crystalline comparison isomorphism

Let T be any object in Repcris;an
oL;f

.GL/ of oL-rank d and such that V D L˝oL T has
Hodge–Tate weights �r D �rd � � � � � �r1; we set s WD

Pd
iD1 ri , N WD N.T / and

M D O ˝ N . Consider the integral lattice

D WD D.T / � Dcris;L.V /

which is defined as the image of N=!LTN � D.N/ under the natural isomorphisms
D.N/ Š D.M/ Š Dcris;L.V / arising from Lemma 3.1.5 and (3.1). Then with N.�/
also D.�/ is a˝-functor. The aim of this subsection is to prove the following result.

Proposition 3.2.1. With regard to bases of T and D , the determinant of the crys-
talline comparison isomorphism

Bcris;L ˝L V Š Bcris;L ˝L Dcris;L.V /

belongs to t sLTW.
NkL/
�
L.

We write
V
V for the highest exterior power of V over L.

Remark 3.2.2. If V is L-analytic (Hodge–Tate, crystalline), then so is
V
V .

Since Dcris;L is a tensor functor, we are mainly reduced to consider characters
� W GL ! L�, for which we denote by V� its representation space.

Remark 3.2.3. Let V� be Hodge–Tate. We then have the following:

(i) The character � coincides on an open subgroup of the inertia group IL of
GL with Y

�2†L

��1 ı �
n�
�L;LT;

for some integers n� , where †L denotes the set of embeddings of L into xL
and ��L;LT is the Lubin–Tate character for �L and �.�L/.

(ii) If, in addition, V� is L-analytic, then � coincides on an open subgroup of
the inertia group IL with �nLT for some integer n.
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Proof. This follows from [81, III.A4 Prop. 4 as well as III.A5 Thm. 2 and its corol-
lary].

Remark 3.2.4. Let � be a crystalline (hence, Hodge–Tate) and L-analytic character.
We then have the following:

(i) If � factorizes through Gal.L0=L/ for some discretely valued Galois exten-
sion L0 of L, then the determinant of the crystalline comparison isomor-
phism for V� belongs to .W. NkL/LŒ 1p �/

� (with respect to arbitrary bases of
V and Dcris;L.V /).

(ii) If � has Hodge–Tate weight �s, then the determinant of the crystalline
comparison isomorphism for V� lies in t sLT.W.

NkL/LŒ
1
p
�/�.

(iii) � is of the form �nLT�
un with an integer n and an unramified character �un.8

Proof. We shall write K0 for the maximal absolutely unramified subextension of K,
any algebraic extension of Qp . TakingGL0-invariants of the comparison isomorphism
shows that the latter is already defined over

B
GL0

cris;L D .L˝L0 Bcris/
GL0 D L˝L0 .Bcris/

GL0 D L˝L0
cL00 � W. NkL/L� 1p �;

whence (i). Using Remark 3.2.3 (ii) and applying (i) to ���nLT gives (ii). By the same
argument it suffices to prove (iii) in the case of Hodge–Tate weight 0. Then its period
lies in the completion of the maximal unramified extension of L by (i), whence the
claim that � is unramified follows, as the inertia subgroup ofGL must act trivially.

By Proposition 3.1.8 we have

N.T / � DCLT.T / � AC ˝oL T

if T is positive. Using (N2) and the isomorphism

A˝AL DLT.T / Š A˝oL T;

we obtain a canonical injection

AC ˝AC
L

N.T / ,! AC ˝oL T: (3.18)

Proposition 3.2.5. If T is positive, then the determinant of (3.18) with respect to the
bases of N.T / and T is contained in !sLT.A

C

L /
� �W. NkL/

�
L.

8Also the converse statement is true: Indeed, any unramified character is locally algebraic
(by definition, see [81]), whence HT. By [81, A3 Prop. 3, A5 Thm. 2] the Hodge–Tate weights
are all zero, whence � is L-analytic. It is crystalline as it is admissible; i.e., there is a period in
C�p , which in this case needs to lie in the fixed field under inertia, which is contained in Bcris.
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Proof. Let M 2Md .AC/ be the matrix of a basis of N.T / with respect to a basis of
T and P 2 Md .ACL / the matrix of 'L with respect to the same basis of N.T /. Then
we have 'L.M/ DMP . By Corollary 3.1.17 we have det.P / D Qs'L.f /f

�1u for
some f 2 .ACL /

� and u 2 o�L. But Q D 'L.!LT/!
�1
LT . We deduce that

'L
�

det.M/
�
D 'L.!

s
LTf /.!

s
LTf /

�1u det.M/;

i.e., that
.!sLTfa/

�1 det.M/ 2 A'LD1 D oL
with a 2 W. NkL/�L such that 'L.a/=a D u. It follows that

det.M/ 2 !sLToL.A
C

L /
�
�W. NkL/

�
L:

But we also have det.M/ 2 A�. Hence, we finally obtain9

det.M/ 2 !sLToL.A
C

L /
�
�W. NkL/

�
L \ A� D !sLT.A

C

L /
�
�W. NkL/

�
L:

Remark 3.2.6. For T D oL.�/with unramified � as in Remark 3.1.11 the map (3.18)
maps the basis n0 to a˝ t0.

Lemma 3.2.7. If T is positive, then we have the following:

(i) O ˝oL D.T / D O ˝L Dcris;L.V / � comp.O ˝AC
L

N.T //;

(ii) the determinant of the inclusion in (i) with respect to the bases of D.T /

and N.T / belongs to . tLT
!LT
/s.ACL /

�;

(iii) for T DoL.�/with unramified � as in Remark 3.1.11, comp.n0/D 'L.a/˝
t0 D ca˝ t0 2 Dcris;L.V / with c D 'L.a/

a
2 o�L; in particular, the element

a˝ t0 is a basis of D.T /.

Proof. By construction the comparison isomorphism (3.13) is of the form

comp D idOŒ
!LT
tLT

� ˝L comp0

with

comp0 W
�
O ˝AC

L

NŒ!LT
tLT
�
��L Š
�!
pr
N=!LTN

�
1
p

�
D D.N/

Š
�! Dcris;L.V /

the right-hand arrow being the natural isomorphism from Lemma 3.1.5. For positive
T we know in addition from the proof of Corollary 3.1.15 that�

O ˝AC
L

N
��L
D
�
O ˝AC

L

N
�
!LT
tLT

���L :
We deduce that

comp
�
O ˝AC

L

N
�
� O ˝L comp0

��
O ˝AC

L

N
��L�

D O ˝L Dcris;L.V /:

9The argument also shows that !sLTAC ˝oL T � AC ˝AL N.T / � AC ˝oL T . But the
left inclusion does even hold with r instead of s (cf. [83] following [5] in the cyclotomic case).
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By Proposition 3.1.13 we know that the determinant in (ii) is of the form . tLT
!LT
/sf .!LT/

with f .!LT/ 2 O�. On the other hand, if we base change the inclusion in (i) to
L D O=!LTO, then we obtain the base change from oL to L of the isomorphism
D Š N=!LTN . By our choice of bases the determinant of the latter lies in o�L. Since
evaluation in zero maps . tLT

!LT
/sf .!LT/ to f .0/, it follows that f .0/ belongs to o�L and

hence (cf. [48, (4.8)]) that f .!LT/ belongs to .ACL /
�.

Now we prove (iii): By the above description of comp0 we have to show that the
image Nn0 2D.N.T // of n0 is mapped to ca˝ t0 under the natural isomorphism from
Lemma 3.1.5. Since under the crystalline comparison isomorphisms these elements
are sent to a˝.a�1˝ Nn0/2Bcris;L˝LVL.D.N// and ca˝t02Bcris;L˝oLT , respec-
tively, it suffices to show that the map (3.8) sends a�1 ˝ n0 2 L˝oL V.AL ˝AC

L

N/

(which corresponds to t0 under the canonical isomorphism T Š V.AL ˝AC
L

N/) to

.ca/�1 ˝ Nn0 2 VL.D.N//. Dualizing, this is equivalent to the claim that the map
(3.9) sends the dual basis ıa�1˝n0 2 .L˝oL V.M//� of a�1 ˝ n0 to ı.ca/�1˝Nn0 2
VL.D.N//

�. Note that the isomorphism�
L˝oL V.M/

��
Š L˝oL HomAL;'q .AL ˝AC

L

N;A/

Š L˝oL HomAC
L
;'q

�
N;AC

�
1
!LT

��
sends ıa�1˝n0 to aın0 . Thus, it suffices to show that the map (3.10) sends aın0 to
caı Nn0 in HomL;'q ;Fil..N=!LTN/Œ

1
p
�;Bcris;L/ since the latter corresponds under (3.11)

to ca˝ ı Nn0 2 VL.D.N/
�/ which in turn corresponds to ı.ca/�1˝Nn0 under (3.12).

If f D aın0 , which is the map which sends n0 to a, then – in the notation of the
proof of Lemma 3.1.5 – f1 and f2 share this property, while f3 (and hence f4) sends
c�1n0 to a because 'N .c�1n0/ D c�1'L.a/a�1n0 D n0. Then f5 sends c�1 Nn0 to a
because �.c�1 Nn0/D c�1n0. Altogether this means that aın0 is mapped to 'L.a/ın0 D
caı Nn0 as claimed.

Proof of Proposition 3.2.1. The functor Dcris;L.�/ on crystalline Galois representa-
tions is a ˝-functor and commutes with exterior powers, and the crystalline com-
parison isomorphism is compatible with tensor products and exterior powers. The
analogous facts hold for the functor N.�/ and hence for the functor D.�/ (by base
change). The case of the functorN.�/ reduces, by using the properties (N1) and (N2)
in Lemma 3.1.12 (i), to the case of the functorDLT.�/. Here the properties can easily
be seen by the comparison isomorphism (3.3).

Upon replacing T by its highest exterior power we may and do assume that the
oL-module T has rank 1. In addition, by twisting T if necessary with a power of �LT

we may and do assume that T is positive with s D 0, i.e., unramified Remark 3.2.4.
In this case it is clear that – using the notation of Lemma 3.2.7 (iii) – the crystalline
comparison isomorphism sends t0 to a ˝ t0. Since the latter is also a basis of D.T /

by the same lemma, the proposition follows.
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3.3 Non-negative Hodge–Tate weights

Now assume that for T in Repcris;an
oL;f

.GL/ the Hodge–Tate weights are all � 0 and
set N WD N.T /. By [80, Rem. 3.2 (i)–(ii)] the map  L preserves ACL . It follows that
 DLT.T / maps ACL � 'N .N / – and hence N by Remark 3.1.6 (i) (2) – into N . The
following lemmata generalize those of [4, Appx. A].

Lemma 3.3.1. For m � 1, there exists Qm 2 oLJZK such that

 L

�
1

!mLT

�
D
�m�1L C !LTQm.!LT/

!mLT
:

Proof. According to the paragraph after Remark 2.1 combined with Remark 3.2 (ii)
in [80], we have that

h.!LT/ WD !
m
LT L

�
1

!mLT

�
D  L

�
Œ�L�

m

!mLT

�
2 ACL :

Obviously, there exists Qm 2 oLJZK such that

h.!LT/ � h.0/ D !LTQm.!LT/:

Thus, the claim follows from

h.0/ D 'L
�
h.!LT/

�
j!LTD0

D 'L ı  L

�
Œ�L�

m

!mLT

�
j!LTD0

D ��1L

X
a2LT1

�
Œ�L�

m.aCLT !LT/

.aCLT !LT/m

�
j!LTD0

D ��1L

X
a2LT1

�
Œ�L�.!LT/

aCLT !LT

�m
j!LTD0

D �m�1L

because
�
Œ�L�.!LT/
aCLT!LT

�
j!LTD0

D �L for a D 0 andD 0 otherwise.

Lemma 3.3.2. We have

 DLT.T /

�
�LDLT.T /C !

�1
LT N.T /

�
� �LDLT.T /C !

�1
LT N.T /

and, for k � 1,

 DLT.T /

�
�LDLT.T /C !

�.kC1/
LT N.T /

�
� �LDLT.T /C !

�k
LT N.T /:
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Proof. By Remark 3.1.6 (ii), we can write any x 2N.T / in the form xD
P
ai'N .xi /

with ai 2ACL and xi 2N.T /. Therefore, DLT.T /.!
�.kC1/
LT x/D

P
 L.!

�.kC1/
LT ai /xi

by the projection formula. Since  L preserves ACL and is oL-linear, we conclude by
Lemma 3.3.1 that L.!

�.kC1/
LT ai / belongs to �LALC!�kLT ACL , whenever k � 1, from

which the second claim follows as  DLT.T /.�LDLT.T //� �LDLT.T / by oL-linearity
of  DLT.T /. For k D 0 finally,  L.!�1LT ai / belongs to !�1LT ACL , from which the first
claim follows.

Lemma 3.3.3. If k � 1 and x 2 DLT.T / satisfies  DLT.T /.x/ � x 2 �LDLT.T / C

!�kLT N.T /, then x belongs to �LDLT.T /C !
�k
LT N.T /.

Proof. Since DLT.T /=�LDLT.T / is a finitely generated (free) kL..!LT//-module,
there exists an integer m � 0 such that x 2 �LDLT.T / C !

�m
LT N.T /; let l denote

the smallest among them. Assume that l > k. Then Lemma 3.3.2 shows that

 DLT.T /.x/ 2 �LDLT.T /C !
�.l�1/
LT N.T /:

Hence, the element  DLT.T /.x/ � x would belong to �LDLT.T /C !
�l
LTN.T / but not

to .�LDLT.T / C !
�.l�1/
LT N.T //, a contradiction to our assumption. It follows that

l � k, and we are done.

Lemma 3.3.4. It holds that DLT.T /
 DLT.T /D1 � !�1LT N.T /, i.e.,

DLT.T /
 DLT.T /D1 D

�
!�1LT N.T /

� DLT.T /D1:

Proof. By induction on k � 1 we will show that DLT.T /
 DLT.T /D1 � �kLDLT.T /C

!�1LT N.T /, i.e., writing x D �kLyk C nk 2 DLT.T /
 DLT.T /D1, the sequence nk will

�L-adically converge in !�1LT N.T / with limit x.
In order to show the claim, assume x 2 DLT.T /

 DLT.T /D1. As in the previous
proof, there exists some minimal integerm� 0 such that x2�LDLT.T /C!

�m
LT N.T /.

Then m D 1 and we are done since otherwise Lemma 3.3.3 implies that m can be
decreased by 1. This proves the claim for k D 1.

By our induction hypothesis we can write x 2DLT.T /
 DLT.T /D1 as x D �kLy C n

with y 2 DLT.T / and n 2 !�1LT N.T /. The equation  DLT.T /.x/ D x implies that
 DLT.T /.n/ � n D �

k
L. DLT.T /.y/ � y/. In the proof of Lemma 3.3.2 we have seen

that  DLT.T /.n/� n 2 !
�1
LT N.T /. Note that �kLDLT.T /\ !

�1
LT N.T / D �

k
L!
�1
LT N.T /

because AL=!�1LT ACL has no �L-torsion. Therefore,  DLT.T /.y/ � y 2 !
�1
LT N.T /,

whence y, by Lemma 3.3.3, belongs to �LDLT.T /C !
�1
LT N.T / so that we can write

x D �kL.�Ly
0 C n0/C n D �kC1L y0 C .�kLn

0 C n/ as desired.

Set V WD T ˝oL L.

Lemma 3.3.5. If Dcris;L.V /
'qD1 ¤ 0, then V has the trivial representation L as

quotient; i.e., the co-invariants VGL are non-trivial.
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Proof. Let W D V � be the L-dual of V . Then, by [80, (51)] we have

.VGL/
�
Š H 0.L;W / Š Dcris;L.W /

'qD1 \ .BCdR ˝L W /
GL D Dcris;L.W /

'qD1 ¤ 0

because
.BCdR ˝L W /

GL D .BdR ˝L W /
GL k Dcris;L.W /

since the Hodge–Tate weights of W are � 0.

Lemma 3.3.6. If V does not have any quotient isomorphic to the trivial representa-
tion L, then DLT.T /

 DLT.T /D1 � N.T /, i.e.,

DLT.T /
 DLT.T /D1 D N.T / DLT.T /D1:

Proof. Because of Lemma 3.3.4, it suffices to show that .!�1LT N.T //
 DLT.T /D1 �

N.T /. Let e1; : : : ; ed be a basis of N WD N.T / over ACL . Then, by Remark 3.1.6 (ii)
there exist ˇij D

P
`�0 ˇij;`!

`
LT 2 ACL such that ei D

Pd
jD1 ˇij'N .ej /. Now assume

that!�1LT nD
Pd
iD1˛iei D

P
i;j ˛iˇij'N .ej / belongs to .!�1LT N/

 DLT.T /D1 with ˛i DP
`��1 ˛i;`!

`
LT 2 !

�1
LT ACL . By the projection formula this implies, for 1 � j � d ,

j̨ D  L

� dX
iD1

˛iˇij

�
� !�1LT

dX
iD1

˛i;�1ˇij;0 mod ACL

because  L.!�1LT / � !
�1
LT mod ACL by Lemma 3.3.1, whence

'L.!LT/'L. j̨ / �

dX
iD1

˛i;�1ˇij;0 mod !LTACL :

It follows from the definition of ˇij that

'N .n/ D
X
j

'L.!LT/'L. j̨ /'N .ej /

�

X
j;i

˛i;�1ˇij;0'N .ej /

�

X
i

˛i;�1ei

� n mod !LTN;

i.e., that Dcris;L.V / Š N=!LTNŒ
1
p
� (by (3.1) and Lemma 3.1.5) contains an eigen-

vector for 'q with eigenvalue 1 if !�1LT n does not belong toN . Now the result follows
from Lemma 3.3.5.





Chapter 4

.'L; �L/-modules over the Robba ring

4.1 Robba rings of character varieties

Throughout our coefficient fieldK is a complete intermediate extensionL�K �Cp .
For any reduced affinoid variety Y over Qp of L we let j jY denote the supremum
norm on the affinoid algebra OK.Y/ of K-valued holomorphic functions on Y. It is
submultiplicative and defines the intrinsic Banach topology of this algebra.

4.1.1 The additive character variety and its Robba ring

Let B1 denote the rigid Qp-analytic open disk of radius one around the point 1 2Qp .
The rigid analytic group variety

X0 WD B1 ˝Zp HomZp .oL;Zp/

over Qp (which non-canonically is a d -dimensional open unit polydisk) parametrizes
the locally Qp-analytic characters of the additive group oL: the point z ˝ ˇ is sent to
the character �z˝ˇ .a/ WD zˇ.a/. It is shown in [74, §2] that the rigid analytic group
variety X over L, which parametrizes the locally L-analytic characters of oL, is the
common zero set in X0=L of the functions

dX
jD1

zj ˝ ǰ 7!

dX
jD1

�
ǰ .ti / � ti � ǰ .1/

�
� log.zj /

for 1 � i � d ; here t1; : : : ; td is a Zp-basis of oL and ˇ1; : : : ; ˇd is the correspond-
ing dual basis. It is one dimensional, smooth, and connected. As a closed analytic
subvariety of the Stein space X0, the rigid variety X is Stein as well.

For any a 2 oL the map b 7! ab on oL is locally L-analytic. This induces an
action of the multiplicative monoid oL n ¹0º first on the Zp-module HomZp .oL;Zp/
and then on the varieties X0 and X. The latter actions further induce actions on the
rings of K-valued holomorphic functions OK.X0/� OK.X/, which we will denote
by .a; f / 7! a�.f /.

Furthermore, we have induced translation actions of oL n ¹0º on the vector spaces
C an

Qp
.oL; K/, resp., C an.oL; K/, of K-valued locally Qp-analytic, resp., L-analytic,

functions on oL and then by duality on the spaces DQp .oL; K/� D.oL; K/ of
locally Qp-analytic and locally L-analytic distributions on oL, respectively; they will
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be denoted by .a; �/ 7! a�.�/. By [74, Thm. 2.3] we have the Fourier isomorphism

D.oL; K/
Š
�! OK.X/

� 7! F�.�/ D �.�/:

One easily checks that this isomorphism is oL n ¹0º-equivariant. In the following,
we will denote the endomorphism .�L/� in all situations also by 'L. The Fourier
isomorphism maps the Dirac distribution ıa, for any a 2 oL, to the evaluation function
eva.�/ WD �.a/.

The  -operator and the Mellin transform

Lemma 4.1.1. The endomorphism 'L makes OK.X/ into a free module over itself of
rank equal to the cardinality of oL=�LoL; a basis is given by the functions eva for a
running over a fixed system of representatives for the cosets in oL=�LoL.

Proof. This is most easily seen by using the Fourier isomorphism which reduces the
claim to the corresponding statement about the distribution algebra D.oL; K/. But
here the ring homomorphism 'L visibly induces an isomorphism between D.oL; K/
and the subalgebra D.�LoL; K/ of D.oL; K/. Let R � oL denote a set of represen-
tatives for the cosets in oL=�LoL. Then the Dirac distributions ¹ıaºa2R form a basis
of D.oL; K/ as a D.�LoL; K/-module.

Lemma 4.1.2. The o�L-action onD.oL;K/Š OK.X/ extends naturally to a (jointly)
continuous D.o�L; K/-module structure.

Proof. In a first step we consider the case K D L, so that K is spherically com-
plete. By [75, Cor. 3.4] it suffices to show that C an.G; K/ as an o�L-representation
is locally analytic. This means we have to establish that, for any f 2 C an.G; K/,
the orbit map a 7! a�.f / on o�L is locally analytic. But this map is the image of the
locally analytic function .a; g/ 7! f .ag/ under the isomorphism C an.o�L �G;K/ D

C an.o�L; C
an.G;K// in [77, Lem. A.1].

Now let K be general. All tensor products in the following are understood to
be formed with the projective tensor product topology. By the universal property of
the latter the jointly continuous bilinear map D.o�L; L/ � OL.X/! OL.X/ extends
uniquely to a continuous linear map D.o�L; L/ y̋L OL.X/ ! OL.X/. This further
extends to the right-hand map in the sequence of continuous K-linear maps�

K y̋L D.o
�
L; L/

�
y̋K

�
K y̋L OL.X/

�
! K y̋L

�
D.o�L; L/ y̋L OL.X/

�
! K y̋L OL.X/:

The left-hand map is the obvious canonical one. We refer to [61, §10.6] for the basics
on scalar extensions of locally convex vector spaces. The same reasoning as in the
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proof of [8, Prop. 2.5 (ii)] shows that K y̋L OL.X/ D OK.X/. It remains to check
thatK y̋LD.o�L;L/DD.o

�
L;K/ holds true as well. For any open subgroup U � o�L

we have D.o�L;�/ D
L
a2o�

L
=U ıaD.U;�/. Hence, it suffices to check that K y̋L

D.U; L/ D D.U; K/ for one appropriate U . But o�L contains such a subgroup U
which is isomorphic to the additive group oL so thatD.U;�/ŠD.oL;�/Š O�.X/.
In this case we had established our claim already.

The operator 'L has a distinguished K-linear continuous left inverse  DL which
is defined to be the dual of the map

C an.oL; K/! C an.oL; K/

f 7! .�L/Š.f /.a/ WD

´
f .��1L a/ if a 2 �LoL;

0 otherwise;

and then, via the Fourier transform, induces an operator  X
L on OK.X/. One checks

that for Dirac distributions we have

 DL .ıa/ D

´
ı��1
L
a if a 2 �LoL;

0 otherwise:
(4.1)

Together with Lemma 4.1.1 this implies the following lemma.

Lemma 4.1.3. Let R0 � oL be a set of representatives for the non-zero cosets in
oL=�LoL. Then

ker. X
L / D

M
a2R0

eva �'L
�
OK.X/

�
:

We also recall the resulting projection formula

 X
L

�
'L.F1/F2

�
D F1 

X
L .F2/ for any F1; F2 2 OK.X/:

Sometimes it will be useful to view  X
L as a normalized trace operator. Since

OK.X/ is a free module over 'L.OK.X// of rank q, we have the corresponding trace
map

traceOK.X/='L.OK.X// W OK.X/! 'L
�
OK.X/

�
:

Remark 4.1.4.  X
L D

1
q
'�1L ı traceOK.X/='L.OK.X//.

Proof. Since the functions eva generate a dense subspace in OK.X/ (cf. [75, Lem. 3.1],
the proof of which remains valid for generalK by [61, Cor. 4.2.6 and Thm. 11.3.5]),
it suffices, by the continuity of all operators involved, to check the asserted equal-
ity on the functions eva. As before we choose a set of representatives R � oL for
the cosets oL=�LoL, so that the functions evc , for c 2 R, form a basis of OK.X/

over 'L.OK.X//. Case 1: Let a 2 o�L. Then  X
L .eva/ D 0 by (4.1). On the other
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hand, eva � evc D evaCc 2 evc0 �'L.OK.X// for some c ¤ c0 2 R. Hence, the matrix
of multiplication by eva with regard to our choice of basis has only zero entries
on the diagonal. This means that traceOK.X/='L.OK.X//.eva/ D 0. Case 2: Let a 2
�LoL. Then  X

L .eva/ D ev��1
L
a. On the other hand, the matrix of multiplication by

eva now is the diagonal matrix with constant entry eva D 'L.ev��1
L
a/. We see that

1
q
'�1L .traceOK.X/='L.OK.X//.eva// D 1

q
'�1L .q'L.ev��1

L
a// D ev��1

L
a.

In order to establish a formula for the composition 'L ı  X
L , we let XŒ�L� WD

ker.X
��
L
��! X/. Then XŒ�L�.Cp/ is the character group of the finite group oL=�LoL.

The points in XŒ�L�.Cp/ are defined over some finite extension K1=K. For any � 2
XŒ�L�.Cp/ we have the continuous translation operator

OK1.X/! OK1.X/

F 7! .�F /.�/ WD F.��/:

Proposition 4.1.5. The following holds true:

(i) For any F 2 OK1.X/ we have

ŒoL W �LoL� � 'L ı  
X
L .F / D

X
�2XŒ�L�.Cp/

�F:

(ii) 'L.OK.X// D ¹F 2 OK.X/ W �F D F for any � 2 XŒ�L�.Cp/º.

Proof. (i) Again it suffices to consider any F D eva. We compute�X
�

� eva
�
.�/ D

X
�

eva.��/ D �.a/
X
�

�.a/

D

´
ŒoL W �LoL� � �.a/ if a 2 �LoL;

0 otherwise

D

´
ŒoL W �LoL� � eva.�/ if a 2 �LoL;

0 otherwise:

On the other hand,

'L
�
 X
L .eva/

�
D 'L

 ´
ev��1

L
a if a 2 �LoL;

0 otherwise

!
D

´
eva if a 2 �LoL;

0 otherwise:

(ii) If �F D F for any � 2 XŒ�L�.Cp/, then 'L. X
L .F //D F by (i). On the other

hand,�
�'L.F /

�
.�/ D 'L.F /.��/ D F

�
��L.�/�

�
L.�/

�
D F

�
��L.�/

�
D 'L.F /.�/:
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We have observed in the above proof that the functions eva, for a 2 oL, generate
a dense subspace of OK.X/. Considering the topological decomposition

OK.X/ D 'L
�
OK.X/

�
˚OK.X/

 X
L
D0;

F D 'L
�
 X
L .F /

�
C
�
F � 'L

�
 X
L .F /

��
;

(4.2)

we see, using (4.1), that the eva for a 2 �LoL, resp., the evu for u 2 o�L, generate
a dense subspace of 'L.OK.X//, resp., of OK.X/

 X
L
D0. In view of Lemma 4.1.2,

the obvious formula u�.eva/ D evua together with the fact that the Dirac distribu-
tions ıu, for u 2 o�L, generate a dense subspace of D.o�L; K/ then implies that the
decomposition (4.2) is D.o�L; K/-invariant.

Lemma 4.1.6 (Mellin transform). The natural inclusion D.o�L; K/ ,! D.oL; K/

combined with the Fourier isomorphism induces the map

M W D.o�L; K/
Š
�! D.oL; K/

 D
L
D0
Š OK.X/

 X
L
D0

� 7! �.ı1/ yD �.ev1/

which is a topological isomorphism of D.o�L; K/-modules.

Proof. The disjoint decomposition into open sets oL D �LoL [ o�L induces the linear
topological decomposition D.oL; K/ D 'L.D.oL; K// ˚D.o

�
L; K/. The assertion

follows by comparing this with the decomposition (4.2).1

The Robba ring

We recall a few facts from [8] about the analytic structure of the character vari-
ety X. As a general convention, all radii r which will occur throughout the paper
are assumed to lie in .0; 1/\ pQ. Let B1.r/, resp., B.r/, denote the Qp-affinoid disk
of radius r around 1, resp., around 0, and let B�1 .r/ be the open disk of radius r
around 1. We put

X0.r/ WD B1.r/˝Zp HomZp .oL;Zp/ and X.r/ WD X \ X0.r/=L:

These are affinoid subgroups of X0 and X, respectively, which are respected by the
action of the monoid oL n ¹0º. Since X.r/ ,! X0.r/=L is a closed immersion of
affinoid varieties, the restriction map between the affinoid algebras OK.X0.r//�
OK.X.r// is a strict surjection of Banach algebras. The families ¹X0.r/ºr , resp.,
¹X.r/ºr , form an increasing admissible covering of X0, resp., X, which exhibits the
latter as a quasi-Stein space. Hence, OK.X0.r//, resp., OK.X.r//, is the completion
of OK.X0/, resp., OK.X/, in the supremum norm j jX0.r/, resp., j jX.r/.

1The mapD.o�
L
;K/!D.G;K/ sending � to �.ı1/ is the inclusion map since ıu.ı1/Dıu.
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The structure of the affinoid variety X.r0/ is rather simple for any radius r0 <
p�

d
p�1 . Then (cf. [8, Lem. 1.16]) the map

B.r0/=L
Š
�! X.r0/

y 7! �y.a/ WD exp.ay/
(4.3)

is an isomorphism of L-affinoid groups. Taking, somewhat unconventionally, exp�1
as coordinate function on B.r0/, we may view OK.B.r0// as the Banach algebra of all
power series f D

P
i�0 ci .exp�1/i such that ci 2K and limi!1 jci jr

i
0D 0; the norm

is jf jB.r0/ WDmaxi jci jr i0. Since exp�1 corresponds under the above isomorphism to
the function ev1�1 on X.r0/, we deduce that

OK

�
X.r0/

�
D

°
f D

X
i�0

ci .ev1�1/i W ci 2 K and lim
i!1
jci jr

i
0 D 0

±
is a Banach algebra with the supremum norm jf jX.r0/ D maxi jci jr i0.

Next we need to explain the admissible open subdomains XI of X, where the
I � .0; 1/ are certain intervals (cf. [8, §2.1]). First of all, we have the admissible
open subdomains

X.r;1/ WD X n X.r/:

To introduce the relevant affinoid subdomains, we also need the open disk B�1 .r/
of radius r around 1. This allows us to first define the admissible open subdomains
X�0 .r/ WD .B

�
1 .r/˝Zp HomZp .oL;Zp//=L and X�.r/ WD X \ X�0 .r/ of X0 and X,

respectively. For r � s we then have the admissible open subdomains

X0Œr; s� WD X0.s/ nX�0 .r/� X0 and XŒr;s� WD X.s/ nX�.r/D X\X0Œr; s�� X:

We recall that the XŒr;s� are actually affinoid varieties. There are the obvious inclu-
sions XŒr;s� � X.s/ and XŒr;s� � X.r 0;1/ provided r 0 < r . Moreover, X.r 0;1/ is the
increasing admissible union of the XŒr;s� for r 0 < r � s < 1. Hence,

OK.X.r 0;1// D lim
 �

r 0<r�s<1

OK.XŒr;s�/;

which exhibits the Fréchet algebra structure of the left side.
We point out that these subdomains XI all are invariant under o�L. Their behavior

with respect to ��L is more complicated. We recall from [8, Lem. 2.11] that, for any

radius p�
dp
p�1 � r < 1, we have

.��L/
�1.X.r;1// � X.r1=p ;1/:

It is technically necessary in the following to sometimes only work with a smaller
set of radii. We put

S0 WD Œp
�de �

d
p�1 ; p�

d
p�1 / \ pQ

� Œp�
dp
p�1 ; p�

d
p�1 /;
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Sn WD S
1
pn

0 for n � 1, and S1 WD
S
n�1 Sn. Note that the sets Sn are pairwise dis-

joint. The point is (cf. [8, Prop. 1.20]) that for s 2 S1 we know that X.s/ becomes
isomorphic to a closed disk over Cp . Let sn for n � 0 denote the left boundary point
of the set Sn. Then we have the following result (cf. [8, Prop. 2.1]).

Proposition 4.1.7. For any n � 0 the rigid variety X.sn;1/ is quasi-Stein with respect
to the admissible covering ¹XŒr;s�º, where sn < r � s < 1, r 2 Sn, and s 2

S
m�n Sm.

In particular, the affinoid algebra OK.XŒr;s�/ is the completion of OK.X.sn;1// with
respect to the supremum norm j jXŒr;s� .

Obviously, with X each X.sn;1/ is one dimensional and smooth. But, in order to be
able to apply later on Serre duality to the spaces X.sn;1/, we need to show that they are
actually Stein spaces. This means that we have to check that the admissible covering
in Proposition 4.1.7 has the property that XŒr 0;s0� is relatively compact in XŒr;s� over
L (cf. [14, §9.6.2]) for any r < r 0 � s0 < s. We simply write U b X for an affinoid
subdomain U being relatively compact over L in an L-affinoid variety X .

Lemma 4.1.8. Let U � X � X 0 be affinoid subdomains of the affinoid variety X 0;
we then have the following:

(i) if U b X , then U b X 0;
(ii) suppose that U D U1 [ � � � [Um is an affinoid covering; if Ui b X for any

1 � i � m, then U b X .

Proof. Let A ! B be the homomorphism of affinoid algebras which induces the
inclusion U D Sp.B/� X D Sp.A/. It is not difficult to see that the property U b X
is equivalent to the homomorphism A! B being inner with regard to L in the sense
of [9, Def. 2.5.1]. Therefore, (i), resp., (ii), is a special case of Corollary 2.5.5, resp.,
Lemma 2.5.10, in [9].

Proposition 4.1.9. X.sn;1/, for any n � 0, is a Stein space.

Proof. By Proposition 4.1.7, we already know that the X.sn;1/ are quasi-Stein. Hence,
it remains to show that XŒr 0;s0� bXŒr;s� for any r < r 0 � s0 < s. Looking first at X0, let
B1Œr; s� �B1 denote the affinoid annulus of inner radius r and outer radius s. Fixing
coordinate functions z1; : : : ; zd on X0, we have the admissible open covering

X0Œr; s� D

d[
iD1

X
.i/
0 Œr; s� with X

.i/
0 Œr; s� WD

®
x 2 X0.s/ W

ˇ̌
zi .x/

ˇ̌
� r

¯
:

The affinoid varieties of this covering have the direct product structure

X
.i/
0 Œr; s� D B1.s/ � � � �B1.s/ �B1Œr; s� �B1.s/ � � � �B1.s/

with the annulus being the i th factor. It immediately follows that X
.i/
0 Œr

0; s0�bX
.i/
0 Œr; s�

(cf. [14, Lem. 9.6.2.1]). Since relative compactness is preserved by passing to closed
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subvarieties, we deduce that

X \ X
.i/
0 Œr

0; s0� b X \ X
.i/
0 Œr; s� for any 1 � i � d:

Applying now Lemma 4.1.8, we conclude first that X \ X
.i/
0 Œr

0; s0� b X0Œr; s� and
then that XŒr 0;s0� b XŒr;s�.

We finally recall that the Robba ring of X over K is defined as the locally convex
inductive limit lim

�!Y
OK.X nY/, where Y runs over all affinoid subdomains of X.

Since any such Y is contained in some X.r/, we have

RK.X/ D lim
�!
n�0

OK.X.sn;1//;

and we view RK.X/ as the locally convex inductive limit of the Fréchet algebras
OK.X.sn;1//. By [8, Prop. 1.20], the system X.sn;1/=Cp is isomorphic to a decreasing
system of one-dimensional annuli. This implies the following:

• RK.X/ is the increasing union of the rings OK.X.sn;1// and contains OK.X/;

• each OK.X.sn;1// and RK.X/ are integral domains.

The action of the monoid oL n ¹0º on OK.X/ extends naturally to a continuous action
on RK.X/ (cf. [8, Lem. 2.12]). In fact, this action extends further uniquely to a sep-
arately continuous action of D.o�L; K/-action on RK.X/. This is a special case of
the later Proposition 4.3.10 which implies that we will have such an action on any
L-analytic .'L; �L/-module over RK.X/. Via the isomorphism �LT W �L

Š
�! o�L we

later on will view this as a D.�L; K/-action.
In order to extend the  -operator to the Robba ring, we need the following fact.

Lemma 4.1.10. The morphism ��L W X! X is finite, faithfully flat, and étale.

Proof. The character variety X0 of the subgroup �LoL � oL is isomorphic to X via

X
Š
�! X0

� 7! �0.�La/ WD �.a/:

We have the commutative diagram

X

��
L

��

� 7!�j�LoL

  

X
� 7!�0

Š // X0:

The oblique arrow is finite and faithfully flat by the proof of [29, Prop. 6.4.5]. For its
étaleness it remains to check that all its fibers are unramified. This can be done after
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base change to Cp . Then, since this arrow is a homomorphism of rigid groups, all
fibers are isomorphic. But the fiber in the trivial character of �LoL is isomorphic to
Sp.CpŒoL=�LoL�/ Š Sp.Cq

p /. It follows that ��L has these properties as well.

Since the subsequent reasoning will be needed again in the next section in an anal-
ogous situation, we proceed in an axiomatic way. Suppose that the following hold:

• � W Y! Z is a finite and faithfully flat morphism of quasi-Stein spaces over K.
In particular, the induced map �� W OK.Z/! OK.Y/ is injective. Moreover, the
finiteness of � implies that the preimage under � of any affinoid subdomain in
Z is an affinoid subdomain in Y (cf. [14, Prop. 9.4.4.1 (i)]) and hence that �� is
continuous.

• OK.Y/ is finitely generated free as a ��.OK.Z//-module. Fix a corresponding
basis f1; : : : ; fh 2 OK.Y/.

Proposition 4.1.11. For any admissible open subset U � Z we have

OK
�
��1.U/

�
D OK.Y/˝OK.Z/ OK.U/

is free with basis f1; : : : ; fh over OK.U/.

Proof. Since � is finite, ��OY is a coherent OZ-module by [14, Prop. 9.4.4.1 (ii)].
Gruson’s theorem (cf. [8, Prop. 1.13]) then tells us that ��OY is, in fact, a free OZ-
module with basis f1; : : : ; fh.

We observe that the definition of the Robba ring RK.X/ above was completely
formal and works precisely the same way for any quasi-Stein space. Hence, we have
available the Robba rings RK.Y/ and RK.Z/. Since the morphism � W Y! Z is
finite, the preimage under � of any affinoid subdomain in Z is an affinoid subdo-
main in Y (cf. [14, Prop. 9.4.4.1 (i)]). We note again that the preimage under �
of any affinoid subdomain in Z is an affinoid subdomain in Y. The injective map
�� W OK.Z/ � OK.Y/ therefore extends to a natural homomorphism of rings

�� W RK.Z/! RK.Y/: (4.4)

Remark 4.1.12. The homomorphism (4.4) is injective.

Proof. We fix an admissible covering Z D
S
j�1 Uj by an increasing sequence of

affinoid subdomains Uj � Z. As � is a finite map, Y D
S
j�1 �

�1.Uj / again is an
admissible covering by affinoid subdomains. It follows that

RK.Y/ D lim
�!
j

OK

�
Y n ��1.Uj /

�
;

and therefore it suffices to show the injectivity of the maps �� W OK.Z n Uj / !

OK.Y n �
�1.Uj //. But this is clear since the map � W Y n ��1.Uj / ! Z n Uj is

faithfully flat.
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Corollary 4.1.13. RK.Y/ D OK.Y/˝OK.Z/ RK.Z/ is free over ��.RK.Z// with
the basis f1; : : : ; fh. In fact, the map

RK.Z/
h Š
�! RK.Y/

.z1; : : : ; zh/ 7!

hX
iD1

��.zi /fi

is a homeomorphism.

Proof. By passing to locally convex limits this follows from Proposition 4.1.11 which
says that the map

OK.U/
h Š
�! OK

�
��1.U/

�
.z1; : : : ; zh/ 7!

hX
iD1

��.zi /fi

is a continuous bijection between Fréchet spaces and hence a homeomorphism by the
open mapping theorem.

By the Lemmata 4.1.1 and 4.1.10 the above applies to the morphism ��L W X! X

and we obtain the following result.

Proposition 4.1.14. LetR� oL be a set of representatives for the cosets in oL=�LoL.
Then the Robba ring RK.X/ is a free module over 'L.RK.X// with basis ¹evaºa2R.

In particular, we have the trace map

traceRK.X/='L.RK.X// W RK.X/! 'L
�
RK.X/

�
and therefore may introduce the operator

 X
L WD

1

q
'�1L ı traceRK.X/='L.RK.X// W RK.X/! RK.X/:

Because of Remark 4.1.4, it extends the operator  X
L on OK.X/, which justifies

denoting it by the same symbol. By construction it is a left inverse of 'L and sat-
isfies the projection formula. Furthermore, as a consequence of Corollary 4.1.13,  X

L

is continuous.

4.1.2 The multiplicative character variety and its Robba ring

In this section, we consider the multiplicative group o�L as a locally L-analytic group.
We introduce the open subgroups Un WD 1C �nLoL for n � 1. Correspondingly, we
have the inclusion of distribution algebras D.UnC1; K/ � D.Un; K/ � D.o�L; K/.
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There is an integer n0 � 1 such that, for any n � n0, the logarithm series induces an
isomorphism of locally L-analytic groups log W Un

Š
�! �nLoL. We then introduce the

isomorphisms `n WD ��nL log W Un
Š
�! oL together with the algebra isomorphisms

`n� W D.Un; K/
Š
�! D.oL; K/ Š OK.X/

which they induce.
As for oL in the previous section, we have rigid analytic varieties (over L) of

locally L-analytic characters X� for o�L and X�n for Un as well (cf. [74, Thm. 2.3,
Lem. 2.4, Cor. 3.7] and [29, Props. 6.4.5 and 6.4.6]):

• `�n W X
Š
�! X�n is, for n � n0, an isomorphism of group varieties.

• The restriction map �n WX�!X�n is a finite faithfully flat covering (cf. [29, proof
of Prop. 6.4.5]).

• X� and X�n are one-dimensional Stein spaces. (As group varieties, they are sepa-
rated and equidimensional.)

• For n � n0 the variety X�n is smooth and OL.X
�
n / is an integral domain.

• The Fourier transforms

D.o�L; K/
Š
�! OK.X

�/ and D.Un; K/
Š
�! OK.X

�
n /

sending a distribution � to the function F�.�/ WD �.�/ are isomorphisms of
Fréchet algebras.

As a consequence of the properties of the morphism � WD �n W X
� ! X�n , the

homomorphism �� W OK.X
�
n / ! OK.X

�/ is injective and extends to an injective
homomorphism �� W RK.X

�
n /! RK.X

�/ (cf. Remark 4.1.12).

Lemma 4.1.15. We have the following equalities:

(i) OK.X
�/ D ZŒo�L�˝ZŒUn� OK.X

�
n /.

(ii) RK.X
�/ D OK.X

�/˝OK.X
�
n /

RK.X
�
n / D ZŒo�L�˝ZŒUn� RK.X

�
n /.

Proof. (i) Let u1; : : : ;uh2o�L be a set of representatives for the cosets ofUn in o�L. We
then have the decomposition into open subsets o�L D u1Un [ � � � [ uhUn. It follows
that

D.o�L; K/ D ıu1D.Un; K/˚ � � � ˚ ıuhD.Un; K/ D ZŒo�L�˝ZŒUn� D.Un; K/

is, in particular, a freeD.Un;K/-module of rank hD Œo�L WUn�. Using the Fourier iso-
morphism, we obtain that OK.X

�/ is a free OK.X
�
n /-module over the basis evu1 ; : : : ;

evuh .
(ii) Because of (i), the assumptions before Proposition 4.1.11 are satisfied and the

present assertion is a special case of Corollary 4.1.13.
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Lemma 4.1.16. The morphism � is étale.

Proof. This is the same argument as in the proof of Lemma 4.1.10.

Corollary 4.1.17. X� is smooth.

Proof. This follows from the lemma since X�n is smooth for n � n0.

Remark 4.1.18. If n�m, then all the above assertions hold analogously for the finite
morphism �m;n W X

�
m ! X�n . In particular, all X�n are smooth.

Suppose that n � n0. Then, due to the isomorphism `�n W X
Š
�! X�n , everything

which was defined for and recalled about X in Section 4.1.1 holds correspondingly
for X�n . In particular, we have the admissible open subdomains X�n .r/, X�

n;.r;1/
, and

X�
n;Œr;s�

. For n � m � n0 we have the commutative diagram

X

.��
L
/n�m

��

`�m

Š
// X�m

�m;n

��

X
`�n

Š
// X�n :

(4.5)

Lemma 4.1.19. Let n � n0 and m � 0; for any p�
dp
p�1 � r < 1 the map ��n;nCme W

OK.X
�
nCme/! OK.X

�
n / extends to an isometric homomorphism of Banach algebras�

OK

�
X�nCme.r/

�
; j jX�

nCme
.r/

�
!
�
OK

�
X�n .r

1
pm /

�
; j j

X�n .r
1
pm /

�
:

Proof. By the above commutative diagram (4.5) our assertion amounts to the state-
ment that the map .�meL /� W X ! X restricts to a surjection X.r

1
pm /! X.r/. In

[74, Lem. 3.3], this is shown to be the case for the map .pm/�. But pm and �meL
differ by a unit u 2 o�L, and u� preserves X.r/.

4.1.3 Twisting

Consider any locally L-analytic group G and fix a locally L-analytic character � W
G ! L�. Then multiplication by � is a K-linear topological isomorphism

C an.G;K/
��
�!
Š
C an.G;K/:

We denote the dual isomorphism by

TwD� W D.G;K/
Š
�! D.G;K/;

i.e., TwD� .�/ D �.��/, and call it the twist by �. For Dirac distributions we obtain
TwD� .ıg/ D �.g/ıg .
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Suppose now that G is one of the groups oL or Un � o�L of the previous sub-
sections, and let XG denote its character variety. Then � is an L-valued point z� 2
XG.L/. Using the product structure of the variety XG , we similarly have the twist
operator

TwXG
z W OK.XG/

Š
�! OK.XG/; f 7! f .z�/:

As any rigid automorphism multiplication by a rational point respects the system
of affinoid subdomains and hence the system of their complements. Hence, TwXG

z

extends straightforwardly to an automorphism TwXG
z W RK.XG/

Š
�! RK.XG/. The

following properties are straightforward to check:

(i) Under the Fourier isomorphism, TwD� and TwXG
z� correspond to each other.

(ii) TwXG
z1 ı TwXG

z2 D TwXG
z1�z2 .

(iii) If ˛ W G1
Š
�! G2 is an isomorphism between two of our groups, then, for

any z 2 XG2.L/, the twist operators Tw
XG1
˛�.z/

and Tw
XG2
z correspond to

each other under the isomorphism

˛� W RK.XG1/
Š
�! RK.XG2/:

4.1.4 The LT-isomorphism, part 1

We write B for the open unit ball over L. The Lubin–Tate formal oL-module gives
B an oL-action via .a; z/ 7! Œa�.z/. If OK.B/ is the ring of power series in Z with
coefficients in K which converge on B.Cp/, then the above oL-action on B induces
an action of the monoid oL n ¹0º on OK.B/ by .a;F / 7! F ı Œa�. Similarly, as before,
we let 'L denote the action of �L. Next we consider the continuous operator

tr W OK.B/! OK.B/

f .z/ 7!
X

y2ker.Œ�L�/

f .y CLT z/:

Coleman has shown (cf. [21, Lem. 3] or [80, §2]) that tr.Zi / 2 im.'L/ for any i � 0.
Hence, since 'L is a homeomorphism onto its image, we have im.tr/ � im.'L/ and
hence, since 'L is injective, we may introduce the K-linear operator

 L W OK.B/! OK.B/ such that ��1L tr D 'L ı  L:

One easily checks that  L is equivariant for the o�L-action and satisfies the projection
formula  L.f1'L.f2// D  L.f1/f2 as well as  L ı 'L D q

�L
.

Furthermore, we fix a generator �0 of T 0� as oL-module and denote by � D ��0
the corresponding period. In the following we assume that � belongs to K. From
[74, Thm. 3.6] we recall the LT-isomorphism

�� W OK.X/
Š
�! OK.B/

F 7!
�
z 7! F.�z/

�
;

(4.6)
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where �z.a/ D 1C F�0.Œa�.z// with 1C F�0.Z/ WD exp.� logLT.Z//. It is an iso-
morphism of topological rings which is equivariant with respect to the action by the
monoid oL n ¹0º (as a consequence of [74, Prop. 3.1]). Moreover, Lemma 4.1.2
implies that the o�L-action on OK.B/ extends to a jointly continuous D.o�L; K/-
module structure (by descent even for general K) and that the LT-isomorphism is
an isomorphism of D.o�L; K/-modules.

By the construction of the LT-isomorphism we have

��.eva/ D exp
�
a� logLT.Z/

�
2 oCpJZK for any a 2 oL:

Hence, Lemma 4.1.3 implies that

��
�

ker. X
L /
�
D

X
a2R0

exp
�
a� logLT.Z/

�
'L
�
OK.B/

�
;

where R0 � oL denotes a set of representatives for the non-zero cosets in oL=�LoL.
Using that logLT.Z1 CLT Z2/ D logLT.Z1/C logLT.Z2/, we compute

tr
�

exp
�
a� logLT.Z/

��
D

X
y2ker.Œ�L�/

exp
�
a� logLT.y CLT Z/

�
D

� X
y2ker.Œ�L�/

exp
�
a� logLT.y/

��
exp

�
a� logLT.Z/

�
D

� X
y2ker.Œ�L�/

�y.a/
�

exp
�
a� logLT.Z/

�
:

But the �y for y 2 ker.Œ�L�/ are precisely the characters of the finite abelian group
oL=�LoL. Hence,

P
y2ker.Œ�L�/ �y.a/D 0 for a 2 R0. It follows that ��.ker. X

L //D

ker. L/. We conclude that under the LT-isomorphism  L corresponds to q
�L
 X
L

using the fact that we also have a decomposition

OK.B/ D
X

a2oL=�L

exp
�
a� logLT.Z/

�
'L
�
OK.B/

�
: (4.7)

In the following we denote by

MLT W D.�L; K/
Š
�! OK.B/ LD0

the composite

D.�L; K/ Š D.o
�
L; K/ Š OK.X/

 X
L
D0
Š OK.B/ LD0;

where the first isomorphism is induced by the character �LT W �L
Š
�! o�L, the sec-

ond one is the Mellin transform M from Lemma 4.1.6, and the third one is the
LT-isomorphism. By inserting the definitions we obtain the explicit formula

MLT.�/.z/ D �.�z ı �LT/:
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The following commutative diagram relates the pairing in [74, Lem. 4.6],

¹ ; º W OK.B/ � C an.oL; K/! K

.F; f / 7! �.f /;

where � 2D.oL;K/ is such that �.�z/D F.z/, to the construction of the above map
MLT:

D.�L; K/

MLT
��

� C an.�L; K/

.�LT/�

��

.�;f /7!�.f /
// K

OK.B/ LD0

�

��

� C an.o�L; K/

extension by 0
��

OK.B/ � C an.oL; K/
¹ ; º

// K:

Remark 4.1.20 (� 2 K). For any F 2 OK.B/ LD0 and any f 2 C an.oL; K/ such
that f jo�L D 0 we have ¹F; f º D 0.

Proof. We have seen above that under the LT-isomorphism  L corresponds, up to a
non-zero constant, to  X

L and hence further under the Fourier isomorphism to  DL .
It therefore suffices to show that for any � 2 D.oL; K/ 

D
L
D0 we have �.f / D 0.

For this we define Qf WD f .�L�/ 2 C an.oL; K/ and note that .�L/Š. Qf / D f . By the
definition of  DL we therefore obtain, under our assumption on �, that

�.f / D �.f / �  DL .�/.
Qf / D �

�
f � .�L/Š. Qf /

�
D �.0/ D 0:

Lemma 4.1.21 (� 2 K). For any F 2 OK.B/ LD1 and n � 0 we have

M�1
LT

��
1 � �L

q
'L
�
F
�
.�nLT/ D �

�n
�
1 �

�
nC1
L

q

�
.@ninvF /jZD0:

Proof. Note that .1� �L
q
'L/F belongs to OK.B/ LD0. Let incŠ 2C an.oL;K/ denote

the extension by zero of the inclusion o�L � oL, and let id W oL ! K be the identity
function. Using the above commutative diagram, the assertion reduces to the equality

®�
1 � �L

q
'L
�
F; incnŠ

¯
D ��n

�
1 �

�
nC1
L

q

�
.@ninvF /jZD0:

By Remark 4.1.20 we may replace on the left-hand side the function incnŠ by the
function idn. Next we observe that x idn.x/D idnC1.x/. Hence, by [74, Lem. 4.6 (8)],
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i.e., ¹F; xf .x/º D ¹��1@invF; f º, and induction, the left-hand side is equal to®
.1 � �L

q
'L/F; idn

¯
D
®
��n@ninv

�
.1 � �L

q
'L/F

�
; id0

¯
D
®
��n

�
1 �

�
nC1
L

q
'L
�
.@ninvF /; id

0
¯

since @inv'L D �L'L@inv by (2.3)

D ��n
�
1 �

�
nC1
L

q
'L
�
.@ninvF /jZD0 since id0 is the trivial character of oL

D ��n
�
1 �

�
nC1
L

q

�
.@ninvF /jZD0 since Œ�L�.0/ D 0:

In the course of the previous proof we have seen that, for F in OK.B/ LD0 and
n � 0,

M�1
LT .F /.�

n
LT/ D �

�n.@ninvF /jZD0: (4.8)

Lemma 4.1.22 (� 2 K). For any F 2 OK.B/ LD0 and n � 1 we have

M�1
LT .logLT �F /.�

n
LT/ D n�

�1M�1
LT .F /.�

n�1
LT /:

Proof. First, using (2.3), observe that

 L.logLT �F / D  L.�
�1
L 'L.logLT/ � F / D �

�1
L 'L.logLT/ L.F / D 0:

Secondly, note that @inv logLT D 1, i.e., @iinv logLT D 0 for i � 2; also logLT.0/ D 0.
Using (4.8) twice, we have

M�1
LT .logLT F /.�

n
LT/ D �

�n
�
@ninv.logLT F /

�
jZD0

D ��n
� X
iCjDn

�
n
i

�
.@iinv logLT/.@

j
invF /

�
jZD0

D ��nn.@n�1inv F /jZD0

D n��1M�1.F /.�n�1LT /:

For the rest of this section we assume not only thatK contains� but also that the
action of GL on Cp leaves K invariant.

The LT-isomorphism is a topological ring isomorphism

K y̋L OL.X/ D OK.X/ Š OK.B/ D K y̋L OL.B/

(cf. [8, Prop. 2.1.5 (ii)] for the outer identities).
On both sides we have the obvious coefficientwise GL-action induced by the

Galois-action on the tensor-factor K. We use the following notation:

• � 2GL acting coefficientwise on OK.B/ is denoted by: F 7! �F ; the correspond-
ing fixed ring is OK.B/GL D OL.B/.
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• The coefficientwise action on OK.X/ transfers to the twisted action on OK.B/
by [74, before Cor. 3.8] given as F 7!�� F WD �F ı Œ�.��1/�; the corresponding
fixed ring is OK.B/GL;� D OL.X/ D D.oL; L/.

Remark 4.1.23. Note that the oL n ¹0º-action and hence theD.o�L;L/-module struc-
ture commute with bothGL-actions. Moreover,  L commutes with theGL-actions as
well.

Recall that using the notation from [74, Lem. 4.6 (1), (2)] the function

1C Fa�0.Z/ D exp
�
a��0 logLT.Z/

�
corresponds to the Dirac distribution ıa of a 2 oL under the Fourier isomorphism.

Lemma 4.1.24. Let � be in GL, t 0 2 T 0� and a 2 oL. Then

(i) �.�t 0/ D ��.�/t 0 D �t 0�.�/ and

(ii) �Fa�0 D Fa�0 ı Œ�.�/� D Fa�.�/�0 .

Proof. (i) The Galois equivariance of the pairing . ; / W T 0� ˝oL Cp ! Cp from [74,
before Prop. 3.1] with .t 0; x/ D �t 0x implies that

�.�t 0/ D ��.t 0/ D ��.�/t 0 ;

while theoL-invariance of that pairing implies that the latter expression equals�t 0�.�/.
(ii) This is immediate from (i) and the definition of Fa taking equation (2.3) into

account.

Proposition 4.1.25. We equip the distribution ringsD.oL;K/ andD.o�L;K/ with the
GL-action which is induced from the coefficientwise action on OK.B/ and OK.B/ LD0

via the LT-isomorphism and Mellin transform, respectively. Then the following holds
true:

(i) The isomorphism L WD.oL;K/ŠOK.X/ŠOK.B/ composed of LT together
with Fourier restricts to an isomorphism

D.oL; K/
GL;Q� D OK.X/

GL Š OK.B/GL D OL.B/

of D.o�L; L/-modules.

(ii) The Mellin transform restricts to an isomorphism of D.o�L; L/-modules

D.o�L; K/
GL;� D OK.X/

GL; LD0 Š OL.B/ LD0:

Proof. (i) and (ii) follow from passing to the fixed vectors with respect to the coeffi-
cientwise GL-action and Remark 4.1.23.
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In order to express the D.o�L; L/-module D.o�L;K/
GL;� in the above proposition

more explicitly, we describe the previous two actions on OK.B/ now on D.oL; K/:

• The coefficientwise GL-action on D.oL; K/ D K y̋L D.oL; L/, which corre-
sponds to the twisted action on OK.B/, will be written as � 7! ��.

• TheGL-action given by � 7! �.�/�.
��/ corresponds to the coefficientwise action

on OK.B/.
Note that for � 2 D.o�L; K/ we have �.�/�.�/ D ı�.�/�, where the right-hand side
refers to the product of � and the Dirac distribution ı�.�/ in the ring D.o�L; K/. Then
we conclude that

D.o�L; K/
GL;� D

®
� 2 D.o�L; K/ j

�� D ı�.�/�1� for all � 2 GL
¯
:

4.2 Consequences of Serre duality

Recall that in any quasi-separated rigid analytic variety the complement of any affi-
noid subdomain is admissible open (cf. [70, §3 Prop. 3 (ii)]). This applies in particular
to quasi-Stein spaces since they are separated by definition. For a rigid analytic vari-
ety Y we will denote by Aff.Y/ the set of all affinoid subdomains of Y.

We have seen that X, X�, and X�n for n � 1 all are one-(equi)dimensional smooth
Stein spaces.

4.2.1 Cohomology with compact support

We slightly rephrase the definition of cohomology with compact support given in
[90, §1] in the case of a Stein space Y over L. For any abelian sheaf F on Y and any
U 2 Aff.Y/ we put

H 0
U.Y;F/ WD ker

�
F .Y/! F .Y n U/

�
:

This is a left exact functor in F , and we denote by H�U.Y;F / its right derived func-
tors. Since quasi-Stein spaces have no coherent cohomology, the relative cohomology
sequence (cf. [90, Lem. 1.3]) gives rise, for a coherent sheaf F , to the exact sequence

0! H 0
U.Y;F /! F .Y/! F .Y n U/! H 1

U.Y;F /! 0: (4.9)

We then define the cohomology with compact support as

H�c .Y;F / WD lim
�!

U2Aff.Y/

H�U.Y;F /:

Again, if F is a coherent sheaf, we obtain the exact sequence

0! H 0
c .Y;F /! F .Y/! lim

�!
U2Aff.Y/

F .Y n U/! H 1
c .Y;F /! 0:
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Suppose in the following that j W Y0 ! Y is an open immersion of Stein spaces
(over L) which, for simplicity, we view as an inclusion.

Lemma 4.2.1. For any U 2 Aff.Y0/ the covering Y D .Y nU/[Y0 is admissible.

Proof. This follows from [90, Lem. 1.1].

Lemma 4.2.2. For any U 2 Aff.Y0/ and any sheaf F on Y the natural map

H�U.Y;F /
res
�!
Š
H�U.Y0;F /

is bijective.

Proof. Recall that for an injective sheaf on Y its restriction to Y0 is injective as well.
Hence, by using an injective resolution, it suffices to proof the assertion for � D 0.
Injectivity: Let f 2 H 0

U.Y;F / such that f jY0 D 0. Since f jY n U D 0 as well,
it follows from Lemma 4.2.1 that f D 0. Surjectivity: Let g 2 H 0

U.Y0;F / so that
gjY0 n U D 0. Using Lemma 4.2.1 again, we may define a preimage f of g by
f jY n U WD 0 and f jY0 WD g.

By passing to inductive limits we obtain the composed map

jŠ W H
�
c .Y0;F /

D lim
�!

U2Aff.Y0/

H�U.Y0;F /
res�1
���!
Š

lim
�!

U2Aff.Y0/

H�U.Y;F /! lim
�!

U2Aff.Y/

H�U.Y;F /

D H�c .Y;F /:

For later purposes we have to analyze the following situation. Let

U1 � U2 � � � � � Un � � � � � Y D
[
n

Un

be a Stein covering. We assume that each admissible open subset Yn WDY nUn also
is a Stein space. Since � � � �Yn � � � � �Y1 �Y, we then have the projective system

� � � ! H�c .Yn;F /! � � � ! H�c .Y1;F /! H�c .Y;F /:

By Lemma 4.2.2 we may rewrite it as the projective system

� � � ! lim
�!

U2Aff.Yn/

H�U.Y;F /! � � � ! lim
�!

U2Aff.Y1/

H�U.Y;F /! lim
�!

U2Aff.Y/

H�U.Y;F /:

(4.10)



.'L; �L/-modules over the Robba ring 58

Lemma 4.2.3. In the above situation we assume in addition that F is a coherent
sheaf and that the restriction maps F .Y/ ! F .Y n U/ for any U 2 Aff.Y/ are
injective. We then have

lim
 �
n

H 1
c .Yn;F/ D

�
lim
 �
n

lim
�!

U2Aff.Yn/

F.Y nU/
�
=F .Y/: (4.11)

Proof. This is immediate from (4.10) and the relative cohomology sequence.

For coherent sheaves F all the above cohomology vector spaces carry natu-
ral locally convex topologies, which we briefly recall. The global sections F .Y/

and F .Y n U/, for U 2 Aff.Y/, are Fréchet spaces. Using the relative cohomol-
ogy sequence (4.9), we equip H 1

U.Y;F / with the quotient topology from F .Y n U/

(which might be non-Hausdorff) and then H 1
c .Y;F / with the locally convex induc-

tive limit topology (with regard to varying U).

Remark 4.2.4. Let
M 0

��

˛ // M 1

��

N 0 ˇ
// N 1

be a commutative diagram of Fréchet spaces such that the induced map coker.˛/!
coker.ˇ/ is bijective; then the latter map is a topological isomorphism for the quotient
topologies.

Proof. A more general statement can be found in [2, Chap. VII, Lem. 1.32].

Using this remark, we see that the bijection H 1
U.Y;F /

res
�!
Š
H 1

U.Y0;F / from
Lemma 4.2.2 is a topological isomorphism. It follows that, in degree one at least,
the above map jŠ is as well as the transition maps in the projective system (4.10)
are continuous. Hence, both sides of (4.11) carry natural locally convex topologies by
performing the operations lim

 �
and lim
�!

in the category of locally convex vector spaces.

Lemma 4.2.5. The isomorphism (4.11) is topological.

Proof. First of all, one checks that forming the projective limit on the right-hand side
commutes with passing to the quotient space by F .Y/ (compare (ii) in the proof of
[63, Thm. 4.3] for a more general statement). Secondly, as a special case of [15, II.28
Cor. 2], forming inductive limits commutes with passing to quotient spaces. This
reduces us to H 1

U.Y n U;F / D F .Y n U/=F .Y/ being a topological isomorphism,
but which holds by definition.

In the following, we compute (4.11) further in two concrete cases.
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The open unit disk

Let B D BŒ0;1/ denote the open unit disk over L. We recall our convention that all
radii are assumed to lie in .0; 1/ \ pQ. For any radii r � s we introduce the affinoid
disk BŒ0;r� as well as the open disk BŒ0;r/ of radius r around 0 and the affinoid annulus
BŒr;s� WD ¹r � jxj � sº. We put B.r;1/ WD B n BŒ0;r�, which are Stein spaces. By the
identity theorem for Laurent series the assumptions of Lemma 4.2.3 are satisfied for
the structure sheaf O D OB of B. We first fix a radius r and compute the cohomology
H 1
c .B.r;1/;O/. By Lemma 4.2.2 and the relative cohomology sequence we have

H 1
c .B.r;1/;O/ D lim

�!
U2Aff.B.r;1//

H�U.B;O/ D
�

lim
�!

U2Aff.B.r;1//

O.B nU/
�
=O.B/:

Of course, it suffices to take the inductive limit over a cofinal sequence of larger
and larger affinoid annuli in B.r;1/. For this we choose two sequences of radii r <
� � � < rm < � � � < r1, s1 < � � � < sm < � � � < 1 with .rm/m and .sm/m converging to r
and 1, respectively. Each space B n BŒrm;sm� D B.sm;1/ P[ BŒ0;rm/ has two connected
components. We see that

H 1
c .B.r;1/;O/ D

�
lim
�!
m!1

O.B.sm;1//˚ lim
�!
m!1

O.BŒ0;rm//
�
=O.B/:

As explained in Lemma 4.2.5 this is a topological equality. We observe that

RL D RL.B/ D lim
�!
m!1

O.B.sm;1//

is the usual Robba ring (over L), whereas O�.BŒ0;r�/ D lim
�!m!1

O.BŒ0;rm// is the
ring of overconvergent analytic functions on BŒ0;r�. Hence,

H 1
c .B.r;1/;O/ D

�
RL ˚O�.BŒ0;r�/

�
=O.B/:

Passing now to the projective limit with regard to r ! 1 of the continuous restriction
maps O.B/! O�.BŒ0;r�/! O.BŒ0;r�/, we observe that lim

 �r!1
O�.BŒ0;r�/ D O.B/

holds true topologically. We finally deduce that

lim
 �
r!1

H 1
c .B.r;1/;O/ D lim

 �
r!1

�
lim
�!

U2Aff.B.r;1//

O.B nU/
�
=O.B/

D
�
RL ˚O.B/

�
=O.B/ Š RL

(4.12)

as locally convex vector spaces.

The character variety X

Since X=Cp ŠB=Cp by [74], the injectivity of the restriction maps O.X/! O.X n U/

for any U 2 Aff.X/ follows from the corresponding fact for B, which we saw already.
According to Proposition 4.1.9, the admissible open subdomains X.sn;1/ of Xare Stein
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spaces. In order to compute their cohomology with compact support in the structure
sheaf ODOX, we fix an n�0. We choose a sequence of radii rnC1 > rnC2 > � � � > sn
in Sn converging to sn. Furthermore, we observe that the increasing sequence .sm/m>n
in S1 converges to 1. By Proposition 4.1.7 we then have the Stein covering

X.sn;1/ D
[
m>n

XŒrm;sm�:

Hence, by Lemma 4.2.2, the relative cohomology sequence, and the explanation in
Lemma 4.2.5, we have the topological equality

H 1
c .X.sn;1/;O/ D

�
lim
�!
m!1

O.X n XŒrm;sm�/
�
=O.X/:

The obvious set theoretic decomposition

X nXŒrm;sm�DX n
�
X.sm/ nX�.rm/

�
D
�
X nX.sm/

�
P[X�.rm/DX.sm;1/ P[X�.rm/

is in fact the decomposition of the space X nXŒrm;sm� into its connected components.
This can be checked after base change to Cp , where, by [8, Prop. 1.20 and proof of
Prop. 2.1], the setting becomes isomorphic to the setting for the open unit disk which
we discussed in the previous section. Entirely in the same way as in the previous
subsection, it follows now that

H 1
c .X.sn;1/;O/ D

�
RL.X/˚O�

�
X.sn/

��
=O.X/;

where O�.X.sn// WD lim
�!m!1

X�.rm/, and then

lim
 �
n!1

H 1
c .X.sn;1/;O/ D lim

 �
n!1

�
lim
�!
m!1

O.X n XŒrm;sm�/
�
=O.X/

D
�
RL.X/˚O.X/

�
=O.X/ Š RL.X/

(4.13)

as locally convex vector spaces.

4.2.2 Serre duality for Stein spaces

In the following, the continuous dual of a locally convex vector space is always
equipped with the strong topology.

The Serre duality for smooth Stein spaces is established in [11, 20]. Let Y be a
one-(equi)dimensional smooth Stein space over L.

Theorem 4.2.6. For any coherent sheaf F on Y we have the following:

(i) H 1
c .Y;F / is a complete reflexive Hausdorff space.

(ii) HomY.F ; �
1
Y/ D H 0.Y;HomY.F ; �

1
Y//, being the global sections of

another coherent sheaf, is a reflexive Fréchet space strictly of countable
type (cf. [61, Def. 4.2.3]).
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(iii) There is a canonical trace map

trY W H
1
c .Y; �

1
Y/! L

such that the Yoneda pairing

H 1
c .Y;F / � HomY.F ; �

1
Y/! H 1

c .Y; �
1
Y/

composed with the trace map induces isomorphisms of topological vector
spaces

Homcont
L .H 1

c .Y;F /; L/
Š
�! HomY.F ; �

1
Y/;

Homcont
L .HomY.F ; �

1
Y/; L/

Š
�! H 1

c .Y;F /

which are natural in F .

Proof. See [11, Thm. 7.1]2 and [20, Thm. 4.21] (as well as [90, Prop. 3.6]).

In the special case of the structure sheaf F D OY, the above assertion gives
us HomY.OY; �

1
Y/ D �1Y.Y/ for trivial reasons. On the other hand, the relative

cohomology sequence implies that

H 1
c .Y;OY/ D RL.Y/=OY.Y/: (4.14)

Hence, we have the following consequence of Serre duality.

Corollary 4.2.7. Serre duality gives rise to an isomorphism of topological vector
spaces

Homcont
L

�
RL.Y/=OY.Y/; L

� Š
�! �1Y.Y/:

Lemma 4.2.8. Let ˛ WY!Y0 be a finite étale morphism of one-dimensional smooth
Stein spaces over L. We then have, for any coherent sheaf F on Y0, the commutative
diagram of Serre duality pairings

H 1
c .Y; ˛

�F / � HomY.˛
�F ; �1Y/

��

// H 1
c .Y; �

1
Y/

��

trY
// L

H 1
c .Y

0; ˛�˛
�F /

Š

OO

� HomY0.˛�˛
�F ; �1Y0/

��

// H 1
c .Y

0; �1Y0/
trY0

// L

H 1
c .Y

0;F /

OO

� HomY0.F ; �
1
Y0/

// H 1
c .Y

0; �1Y0/
trY0

// L:

2This reference depends on the results in article [10], which unfortunately contains the fol-
lowing gaps. Firstly, in the proof of Lemma 4.2.2, Beyer quotes a result of Bosch concerning the
connectedness of formal fibers without verifying the required assumptions. This is repaired by
[54, Thm. 22, Cor. 23]. Secondly, Beyer claims implicitly and without proof that special affinoid
wide-open spaces are affinoid wide-open spaces in the sense of [10, Def. 4.1.1, Rem. 4.1.2].
This crucial ingredient has now been shown explicitly in [54, §2.5].
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Proof. The vertical arrows in the lower part of the diagram are induced by the adjunc-
tion homomorphism F !˛�˛

�F . It is commutative by the naturality of Serre duality
in the coherent sheaf.

For the upper part we consider more generally a coherent sheaf G on Y and check
the commutativity of the diagram

H 1
c .Y;G / � HomY.G ; �

1
Y/

f 7!˛�.f /
��

// H 1
c .Y; �

1
Y/

trY
// L

H 1
c .Y

0; ˛�G /

Š

OO

� HomY0.˛�G ; ˛��
1
Y/

��

// H 1
c .Y

0; ˛��
1
Y/

��

Š

OO

H 1
c .Y

0; ˛�G / � HomY0.˛�G ; �
1
Y0/

// H 1
c .Y

0; �1Y0/
trY0
// L:

Here the second and third lower vertical arrows are induced by the relative trace map
tr˛ W ˛��1Y ! �1Y0 (see below). The commutativity of the Yoneda pairings (before
applying the horizontal trace maps) is a trivial consequence of functoriality properties.
That the first and third upper vertical arrows are isomorphisms follows from the fact
that for a finite morphism the functor ˛� is exact on quasi-coherent sheaves. This
reduces us to showing that the diagram

H 1
c .Y; �

1
Y/

trY

&&
H 1
c .Y

0; ˛��
1
Y/

Š
55

H1c .Y
0;tr˛/ ))

L

H 1
c .Y

0; �1Y0/

trY0

88 (4.15)

is commutative.
For the convenience of the reader we briefly explain the definition of the relative

trace map tr˛ . But first we need to recall that any coherent ˛�OY-module M can
naturally be viewed (cf. [35, Prop. I.9.2.5]) as a coherent OY-module zM such that
˛� zMDM (for any open affinoid subdomain V�Y0 one has zM.˛�1.V//DM.V/).
Since ˛ is étale, we have (cf. [57, Thm. 25.1]) that

.˛�OY ˝OY0
�1Y0/

� Š
�! �1Y:

Since ˛ is finite flat, the natural map

HomY0.˛�OY;OY0/˝OY0
�1Y0

Š
�! HomY0.˛�OY; �

1
Y0/
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is an isomorphism. Finally, since ˛ is finite étale, the usual trace pairing is non-
degenerate and induces an isomorphism3

HomY0.˛�OY ;OY0/
Š
�! ˛�OY:

The relative trace map is now defined to be the composite map

˛��
1
Y Š ˛�.˛�OY ˝OY0

�1Y0/
�
Š ˛�.HomY0.˛�OY;OY0/˝OY0

�1Y0/
�

Š ˛�HomY0.˛�OY; �
1
Y0/
�
D HomY0.˛�OY; �

1
Y0/

f 7!f .1/
������! �1Y0 :

The commutativity of (4.15) is shown in detail in [54] and should also be a conse-
quence of [1, Prop. 6.5.1 (2)] upon showing that their general construction boils down
to the above description of the relative trace map.

We make the last lemma more explicit for the structure sheaf. Let � W Y! Z be
a finite, faithfully flat, and étale morphism of one-dimensional smooth Stein spaces
over L such that OY.Y/ is finitely generated free as an OZ.Z/-module. Fix a basis
f1; : : : ; fh 2 OY.Y/. Going through the proof of Lemma 4.2.8, one checks that on
global sections the relative trace map is given by

tr� W �1Y.Y/ D OY.Y/˝OZ.Z/ �
1
Z.Z/! �1Z.Z/

! D

hX
iD1

fi ˝ !i 7!

hX
iD1

traceOY.Y/=OZ.Z/.fi /!i :
(4.16)

Hence, we have the commutative diagram of duality pairings

Homcont
L .RL.Y/=OY.Y/; L/

Hom.��;L/

��

Š // �1Y.Y/

tr�
��

Homcont
L .RL.Z/=OZ.Z/; L/

Š // �1Z.Z/:

(4.17)

It remains to explicitly compute the relative trace map in the cases of interest to us.
But first we observe that, by the explanation at the end of Section 2.3 in [8], the sheaf
of differentials�1Y on a smooth one-dimensional Stein group variety Y is a free OY-
module. Furthermore, if Y is one of our character varieties, say of the group G, then
by the construction before Definition 1.27 in [8] we have the embedding

L D Lie.G/! OY.Y/

x 7!
�
� 7! d�.x/

�
and the function logY defined as the image of 1 2 L D Lie.G/.

3Cf. [82, §49.3].
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Remark 4.2.9. The function logX corresponds under the LT-isomorphism � to the
function � logLT by the commutative diagram after [74, Lem. 3.4]. In particular,
d logX corresponds to �d logLT and @X

inv to 1
�
@inv, where df D @X

invd logX defines
the invariant derivation on OK.X/ similarly as for @inv in (2.2).

Proposition 4.2.10. We have explicit formulae for the relative trace map in the fol-
lowing cases:

(i) For ��L W X! X we have �1X.X/ D OX.X/d logX and

tr��
L
.fd logX/ D

q
�L
 X
L .f /d logX :

(ii) For n � n0 and `�n W X
Š
�! X�n we have�1

X�n
.X�n /D OX�n

.X�n /d logX�n
and

tr`�n.fd logX/ D �
n
L.`
�
n/�.f /d logX�n

:

(iii) For n�m�1 and �m;n WX�m!X�n we have�1
X�m
.X�m/DOX�m

.X�m/d logX�m

and

tr�m;n.fd logX�m
/ D qn�mf1d logX�n

if f D
hX
iD1

evui �
�
m;n.fi /;

where u1 D 1; u2; : : : ; uh 2 Um are representatives for the cosets of Un in
Um (with h WD qn�m).

(iv) For n � 1 and �n W X�! X�n we have�1X�.X
�/ D OX�.X

�/d logX� and

tr�n.fd logX�/ D .q � 1/q
n�1f1d logX�n

if f D
hX
iD1

evui �
�
n.fi /;

where u1 D 1; u2; : : : ; uh 2 Un are representatives for the cosets of Un in
o�L (with h WD .q � 1/qn�1).

(v) For the multiplication �� W X�
Š
�! X� by a fixed point � 2 X�.L/ we have

tr��.fd logX�/ D ���.f /d logX� D �
�

��1
.f /d logX� :

Proof. All subsequent computations start, of course, from the formula (4.16) for the
relative trace map.

(i) The assumptions are satisfied by Lemmata 4.1.1 and 4.1.10. As explained at
the end of Section 2.3 in [8], the sheaf of differentials �1X on X is a free OX-module
of rank one with basis the global differential d logX. By [8, Lem. 1.28 (ii)] we have
'L.logX/ D �L logX. The formula for tr��

L
now follows from Remark 4.1.4.

(ii) The assumptions are trivially satisfied. The map d`n W L D Lie.Un/! L D

Lie.oL/ is multiplication by ��nL . It follows that the isomorphism .`�n/
� WOX�n

.X�n /!

OX.X/ sends logX�n
to ��nL logX. This implies the assertions.
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(iii) The assumptions are satisfied by Remark 4.1.18. The inclusion Un ,! Um
of an open subgroup induces the identity map on the Lie algebras. It follows that
��m;n.logX�n

/ D logX�m
. Since �m;n is étale, we first may apply this with some n � n0

and, using (ii), deduce that �1
X�m
.X�m/DOX�m

.X�m/d logX�m
for any m� 1. The for-

mula for tr�m;n follows by the same argument as in the proof of Remark 4.1.4.
(iv) The argument is the same as the one for (iii).
(v) The assumptions are trivially satisfied. Using that d�.1/D d

dt
�.exp.t//jtD0,

we check that
logX�.�1�2/ D logX�.�1/C logX�.�2/

holds true. We deduce ���.d logX�/ D d logX� and hence the formula for tr�� .

We briefly remark on the case where our Stein space is the open unit disk B around
zero. Then RL.B/ is the usual Robba ring of all Laurent series f .Z/ D

P
i2Z ciZ

i

with coefficients ci 2 L which converge in some annulus near 1. Analogously to
(4.14), we have

H 1
c .B; �

1
B/ D RL.B/dZ=OB.B/dZ

and the trace map sends
P
i2Z ciZ

idZ to its residue which is the coefficient c�1 (cf.
[11, §3.1]).

4.2.3 Duality for boundary sections

First, we recall another functoriality property of Serre duality.

Proposition 4.2.11. Let j WY0!Y be an open immersion of one-(equi)dimensional
smooth Stein spaces over L, and let F be a coherent sheaf on Y. Then the diagram

H 1
c .Y;F / � HomY.F ; �

1
Y/

res

��

// H 1
c .Y; �

1
Y/

trY
// L

H 1
c .Y0;F /

jŠ

OO

� HomY0.F ; �
1
Y0
/ // H 1

c .Y0; �
1
Y0
/

jŠ

OO

trY0 // L

is commutative.

Proof. The commutativityof theYoneda pairing(before applying trace maps) is imme-
diate from the functoriality of the cohomology with compact support in the coefficient
sheaf. The assertion that trY ıjŠ D trY0 holds true is shown in [90, Thm. 3.7].

In order to combine the above functoriality property with Lemma 4.2.3 in the case
of the structure sheaf F D OY, we first recall the setting of that lemma.

(1) Y D
S
n Un is a Stein covering of the Stein space Y such that the Yn D

Y n Un are Stein spaces as well. In particular, RL.Y/ D lim
�!n

OY.Yn/ with
the locally convex inductive limit topology.
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(2) The restriction maps OY.Y/!OY.Y nU/ are injective for any U 2Aff.Y/.

(3) The inductive system of Fréchet spaces

�1Y.Y1/! � � � ! �1Y.Yn/! �1Y.YnC1/! � � �

is regular (cf. [61, Def. 11.1.3 (ii)]). By [61, Thm. 11.2.4 (ii)] the locally con-
vex inductive limit

�1RL.Y/ WD lim
�!
n

�1Y.Yn/ D lim
�!

U2Aff.Y/

�1Y.Y n U/

is a locally convex Hausdorff space.

Proposition 4.2.12. In the above setting we have a natural topological isomorphism

Homcont
L .�1RL.Y/; L/ Š

�
lim
 �
n

lim
�!

U2Aff.Yn/

OY.Y nU/
�
=OY.Y/

(where the left-hand side is equipped with the strong topology of bounded conver-
gence).

Proof. The asserted isomorphism is the composite of the isomorphisms

Homcont
L .�1RL.Y/; L/ D Homcont

L .lim
�!
n

�1Y.Yn/; L/
Š
�! lim
 �
n

Homcont
L .�1Y.Yn/; L/

D lim
 �
n

H 1
c .Yn;OY/

D
�

lim
 �
n

lim
�!

U2Aff.Yn/

OY.Y nU/
�
=OY.Y/:

The isomorphism in the first line comes from [61, Thm. 11.1.13]. The equality in the
second, resp., third, line is a consequence of Theorem 4.2.6 and Proposition 4.2.11,
resp., Lemmata 4.2.3 and 4.2.5.

We now evaluate this latter result in the same concrete cases as in Section 4.2.1.

The open unit disk

First of all, the sheaf of differentials �1B on the open unit disk B is a free OB-module
of rank one. Hence, by choosing, for example, the global differential dZ for a coor-
dinate functionZ, as a basis, we obtain a topological isomorphism RL.B/Š�1RL.B/
as RL.B/-modules. The regularity assumption in (3) above therefore is reduced
to the corresponding property for RL.B/, which is established in the proof of [8,
Prop. 2.6 (i)]. Hence, Proposition 4.2.12 is available. By combining its assertion with
(4.12) we obtain a natural topological isomorphism

Homcont
L

�
RL.B/; L

�
Š Homcont

L .�1RL.B/; L/ Š RL.B/: (4.18)
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This shows that RL.B/ is topologically self-dual. By going through the definitions
and using the explicit description of the trace map in this case as the usual residue
map (end of Section 4.2.2) one checks that this self-duality comes from the pairing

RL.B/ �RL.B/! L�
f1.Z/; f2.Z/

�
7! residue of f1.Z/f2.Z/dZ:

This latter form of the result was known (cf. [64, 67]) before Serre duality in rigid
analysis was established. In this paper, it is more natural to use the self-duality given
by the pairing

h ; iB W RL.B/ �RL.B/! L

.f1; f2/ 7! residue of f1f2d logLT :

We will denote by resB W �
1
RL.B/

! L the linear form which corresponds to 1 2
RL.B/ under the second isomorphism in (4.18).

The character variety X

We recall that the sheaf of differentials�1X on X is a free OX-module of rank one with
basis the global differential d logX. Hence, again we have a topological isomorphism
RL.X/Š�

1
RL.X/

as RL.X/-modules. The regularity assumption in (3) above there-
fore holds by [8, Prop. 2.6 (i)]. Hence, Proposition 4.2.12 is available. By combining
its assertion with (4.13) we obtain a natural topological isomorphism

Homcont
L .RL.X/; L/ Š Homcont

L .�1RL.X/; L/ Š RL.X/: (4.19)

This shows that RL.X/ is topologically self-dual. Let resX W �
1
RL.X/

! L be the
linear form which corresponds to 1 2RL.X/ under the above isomorphism. Then, as
a consequence of the naturality of the Yoneda pairing, this self-duality comes from
the pairing4

h ; iX W RL.X/ �RL.X/! L

.f1; f2/ 7! resX.f1f2d logX/:
(4.20)

Next we consider X�n for some n � n0, where n0 � 1 is the integer from Sec-
tion 4.1.2. We then have the isomorphism of Stein group varieties `�n W X

Š
�! X�n .

Hence, all we have established for X holds true correspondingly for X�n . In particular,
we have a natural topological isomorphism

Homcont
L .RL.X

�
n /; L/ Š Homcont

L .�1
RL.X

�
n /
; L/ Š RL.X

�
n /:

4Warning: If L D Qp , then X D B1 Š B with the latter isomorphism given by z 7! z � 1;
but the self-dualities (4.18) and (4.19) do not correspond to each other since in this case d logX

corresponds to d log.1CZ/ D 1
1CZ

dZ.
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Let resX�n
W�1

RL.X
�
n /
!L be the linear form which corresponds to 12RL.X

�
n / under

this isomorphism. We obtain that RL.X
�
n / is topologically self-dual with regard to the

pairing

h ; iX�n W RL.X
�
n / �RL.X

�
n /! L

.f1; f2/ 7! resX�n
.f1f2d logX�n

/:

It follows from [90, Thm. 3.7] that the diagram

�1
RL.X/

.`�n/� Š

��

resX

&&
L

�1
RL.X

�
n /

resX�n

88

is commutative. But in the proof of Proposition 4.2.10 (ii) we have already seen that
.`�n/�.logX/ D �

n
L logX�n

. Therefore, the diagram of pairings

RL.X/ � RL.X/

�n
L
.`�n/� Š

��

h ; iX // L

RL.X
�
n /

.`�n/
� Š

OO

� RL.X
�
n /
h ; iX�n // L

(4.21)

is commutative. Alternatively, we could have used the following observation.

Remark 4.2.13. Let � WY! Z be one of the morphisms in Proposition 4.2.10. Then
Proposition 4.1.11 applies, and it follows that, for any admissible open subset U � Z

which is Stein, the relative trace map tr�j��1.U/ is given by the same formula as for tr�.

In the case of the morphisms ��L and �m;n for n�m� n0, this immediately leads
to the following equalities of pairings.

Lemma 4.2.14. We have the following:

(i) h'L.f1/; f2iX D
q
�L
hf1;  

X
L .f2/iX for any f1; f2 2 RL.X/.

(ii) Let n �m � n0 and let u1 D 1, u2; : : : ; uh 2 Um be representatives for the
cosets of Un in Um (with h WD qn�m); for any f 0 2 RL.X

�
n / and any f 2

RL.X/
�
m of the form f D

Ph
iD1 evui �

�
m;n.fi / (cf. Remark 4.1.18) we have˝

��m;n.f
0/; f

˛
X�m
D qn�mhf 0; f1iX�n :

The multiplicative character variety X�

We fix an n�n0 for the moment as well as representatives u1D1, u2; : : : ; uh2o�L for
the cosets of Un in o�L (with h WD.q�1/qn�1). Recalling from Lemma 4.1.15 (ii) that

RL.X
�/ D ZŒo�L�˝ZŒUn� �

�
n

�
RL.X

�
n /
�
;
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we may write any f 2RL.X
�/ as f D

Ph
iD1 evui �

�
n.fi / with uniquely determined

fi 2 RL.X
�
n /. We now define resX� W �

1
RL.X�/

! L by

resX�.fd logX�/ WD .q � 1/q
n�1 resX�n

.f1d logX�n
/ (4.22)

and then the pairing

h ; iX� W RL.X
�/ �RL.X

�/! L

.f1; f2/ 7! resX�.f1f2/:
(4.23)

These definitions are obviously independent of the choice of the representatives ui .
Moreover, due to Lemma 4.2.14 (ii), they are independent of the choice of n as well
and we have ˝

��n.f
0/; f

˛
X�
D .q � 1/qn�1hf 0; f1iX�n (4.24)

for any f 0 2RL.X
�
n / and any f D

P.q�1/qn�1

iD1 evui �
�
n.fi / 2RL.X/

�, where ui 2o�L
runs through representatives for the cosets of Un in o�L. The topological self-duality
of RL.X

�
n / easily implies that this pairing makes RL.X

�/ topological self-dual.

Lemma 4.2.15. The twist morphism �� W X
� ! X�, for any � 2 X�.L/, satisfies˝

���.f1/; �
�
�.f2/

˛
X�
D hf1; f2iX� for any f1; f2 2 RL.X

�/:

Proof. The assertion immediately reduces to checking the equality resX� ı�
�
� D

resX� . Obviously, there are twist morphisms on X�n as well. One easily checks that

��� ı �
�
n D �

�
n ı �

�
�jUn

and that
���.evu/ D �.u/ evu for any u 2 o�L:

Using Lemma 4.1.15 (ii), we write an f 2 RL.X
�/ as f D

Ph
iD1 evui �

�
n.fi / and

compute

���.f / D

hX
iD1

���.evui /�
�
�

�
��n.f /

�
D

hX
iD1

evui �
�
n

�
�.ui /�

�
�jUn

.fi /
�
:

This shows that ���.f /1 D �
�
�jUn

.f1/. This further reduces the claim to showing that
resX�n

ı��
�jUn
D resX�n

. But this follows from [90, Thm. 3.7] or, alternatively, from a
version of Proposition 4.2.10 (v) for RL.X

�
n /.

Of course, everything in this entire Section 4.2 remains valid over any complete
extension field K of L contained in Cp . Moreover, our constructions above are com-
patible under (complete) base change: Let YK denote the base change of Y over L
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to K (and similarly for affinoids). Then we obtain a commutative diagram

RL.Y/ �1
RL.Y/

L

RK.YK/ �1
RK.YK/

K:

�

�

(4.25)

Indeed, it is shown in [54] that Serre duality is compatible with base change in the
sense that there is the following commutative diagram for any n, in which the hori-
zontal lines are the Serre dualities over L and K, respectively:

H 1
c .Yn;OY/ �1Y.Yn/ L

H 1
c .Yn;K ;OYK / �1YK

.Yn;K/ K:

�

�

Hence, taking limits as in the proof of Proposition 4.2.12, the claim follows upon
observing that also the relative cohomology sequence (4.9) is compatible with base
change. By inserting 1 2 RL.Y/ � RK.YK/ into the pairings of (4.25), we see that
in any example discussed above the residue maps resY are compatible under base
change as well as the pairings h ; iY. Since RK.YK/ Š K y̋L;� RL.Y/ (and hence
�1

RK.YK/
ŠK y̋L;� �

1
RL.Y/

) by [8, Cor. 2.8] with respect to the (completed) induc-
tive tensor product, we see that

resYK D K y̋L;� resY (4.26)

and that we have the commutative diagram

K y̋L;�Homcont
L

�
RL.Y/;L

�
Š idK y̋L;�dualityYL
��

// Homcont
K

�
K y̋L;�RL.Y/;K

� Š // Homcont
K

�
RK.YK/;K

�
Š dualityYK

��

K y̋L;� RL.Y/
Š // RK.YK/:

4.3 .'L; �L/-modules

As before, we let L � K � Cp be a complete intermediate field, and we denote by
oK its ring of integers.

4.3.1 The usual Robba ring

In Sections 4.2.2 and 4.2.3, we already had introduced the usual Robba ring R D

RK D RK.B/ of the Stein space B=K in connection with Serre duality. We briefly
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review its construction in more detail. The ring ofK-valued global holomorphic func-
tions5 OK.B/ on B is the Fréchet algebra of all power series in the variable Z with
coefficients in K which converge on the open unit disk B.Cp/. The Fréchet topology
on OK.B/ is given by the family of normsˇ̌̌X

i�0

ciZ
i
ˇ̌̌
r
WD max

i
jci jr

i for 0 < r < 1:

In the commutative integral domain OK.B/, we have the multiplicative subset ZN D

¹Zj W j 2 Nº, so that we may form the corresponding localization OK.B/ZN . Each
norm j jr extends to this localization OK.B/ZN by settingˇ̌̌ X

i��1

ciZ
i
ˇ̌̌
r
WD max

i
jci jr

i :

The Robba ring R � OK.B/ is constructed as follows. For any s > 0, resp., any
0 < r � s, in pQ let BŒ0;s�, resp., BŒr;s�, denote the affinoid disk around 0 of radius s,
resp., the affinoid annulus of inner radius r and outer radius s, over K. For I D Œ0; s�
or Œr; s� we denote by

RI
WD RI

K.B/ WD OK.BI /

the affinoid K-algebra of BI . The Fréchet algebra RŒr;1/ WD lim
 �r<s<1

RŒr;s� is the
algebra of (infinite) Laurent series in the variable Z with coefficients in K which
converge on the half-open annulus BŒr;1/ WD

S
r<s<1BŒr;s�. The Banach algebra RŒ0;s�

is the completion of OK.B/ with respect to the norm j js . The Banach algebra RŒr;s�

is the completion of OK.B/ZN with respect to the norm j jr;s WD max.j jr ; j js/. It
follows that the Fréchet algebra RŒr;1/ is the completion of OK.B/ZN in the locally
convex topology defined by the family of norms .j jr;s/r<s<1. Finally, the Robba ring
is R D

S
0<r<1 RŒr;1/.

Remark 4.3.1. OK.B/ZN is dense in RK.B/.

Let p�
d

.q�1/e < r � s < 1. Then we have a surjective map

BŒr;s� ! BŒrq ;sq �
z 7! Œ�L�.z/

(4.27)

according to [33, proof of Lem. 2.6].6 It induces a ring homomorphism

'
Œrq ;sq �
L W RŒrq ;sq �

! RŒr;s� (4.28)

5In the notation from [25, §1.2], this is the ring RC.
6The proof there is only written for the special Lubin–Tate group, i.e., such that Œ�L� D

Xq C �LX , but generalizes easily by using the fact that Œ�L�DXq C �LXf .X/with f .X/ 2
oLJXK�.
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which is isometric with respect to the supremum norms, i.e.,ˇ̌
'
Œrq ;sq �
L .f /

ˇ̌
Œr;s�
D jf jŒrq ;sq � for any f 2 RŒrq ;sq �:

In particular, by taking first inverse and then direct limits we obtain a continuous
ring homomorphism 'L WR!R. We shall often omit the interval in 'LŒr;s� and just
write 'L.

Similarly, we obtain a continuous �L-action on R: According to loc. cit., we have
a bijective map

BŒr;s� ! BŒr;s�
z 7! Œ�LT.
/�.z/

for any 
 2 �L, whence we obtain an isometric isomorphism


 W RŒr;s�
! RŒr;s�

with respect to the supremum norms, i.e., j
.f /jŒr;s� D jf jŒr;s� for any f 2 RŒr;s�.
Finally, we extend the operator  L to R: For y 2 ker.Œ�L�/ we have the isomor-

phism

BŒr;s� ! BŒr;s�
z 7! z CLT y

of affinoid varieties because jzCLTyjDjzCyjDjzj. The latter equality comes from
jzj�r >p�

d
.q�1/e Dq�

1
q�1 Djyj for y¤0. Setting tr.f / WD

P
y2ker.Œ�L�/ f .zCLT y/,

we obtain a norm decreasing linear map tr WRŒr;s�!RŒr;s�. We claim that the image
of tr is contained in the (closed) image of the isometry 'Œr

q ;sq �
L , whence there is a

norm decreasing map
 Col W R

Œr;s�
! RŒrq ;sq �;

such that 'L ı  Col D tr. Indeed, by continuity it suffices to show that tr.Zi / belongs
to the image for any i 2Z. For i � 0, Coleman has shown that tr.Zi /D 'L. Col.Z

i //

with  Col.Z
i / 2 oLJZK � RŒrq ;sq �, see [80, §2]. For i < 0, we calculate

'L
�
Zi Col

�
Œ�L�.Z/

�iZi
��
D 'L.Z

i /
� X
y2ker.Œ�L�/

Œ�L�.Z/
�iZi

�
.Z CLT y/

D 'L.Z
i /
� X
y2ker.Œ�L�/

Œ�L�
�
.Z CLT y/

��i
.Z CLT y/

i
�

D 'L.Z
i /
� X
y2ker.Œ�L�/

'L.Z/
�i .Z CLT y/

i
�

D

X
y2ker.Œ�L�/

.Z CLT y/
i
D tr.Zi /;
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whence the claim follows. We put Œr;s�L WD
1
�L
 Col WR

Œr;s�!RŒrq ;sq � which induces
the continuous operator  L W R ! R by taking first inverse limits and then direct
limits. By definition of tr the operators  Œr;s�L and hence  L satisfy the projection
formula. We shall often omit the interval in  Œr;s�L and just write  L.

As in Section 4.1.4, we fix a generator �0 of the dual Tate module T 0� and denote
by � the corresponding period. For the rest of this subsection we assume in addition
that K contains �. Following Colmez in the notation, we introduce the power series
�.a; Z/ WD exp.a� logLT.Z// 2 oKJZK for a 2 oL. As noted in Section 4.1.4, the
power series �.a;Z/ is nothing else than the image under the LT-isomorphism �� of
the holomorphic function eva 2 OK.X/. Generalizing the equality (4.7), we have the
following decompositions of Banach spaces:

RŒr;s�
D

M
a2oL=�

n
L

'nL.R
Œrq ;sq �/�.a;Z/ (4.29)

and hence
R D

M
a2oL=�

n
L

'nL.R/�.a;Z/ (4.30)

of LF-spaces using the formula

r D
�
�L
q

�nX
a

'nL 
n
L

�
�.�a;Z/r

�
�.a;Z/: (4.31)

This can easily be reduced by induction on n to the case nD 1. Using the definition of
tr and the orthogonality relations for the characters �y for y 2 ker.Œ�L�/, the formula
follows and, moreover, defines a continuous inverse to the continuous map

ZŒoL�˝ZŒ�LoL� RŒrq ;sq � Š
�! RŒr;s�

a˝ f 7! a'L.f /:

Inductively, we obtain canonical isomorphisms

ZŒoL�˝ZŒ�n
L
oL� RŒrq

n
;sq
n
� Š
�! RŒr;s�

a˝ f 7! a'nL.f /:
(4.32)

Moreover, immediately from the definitions, we have

'L
�
�.a;Z/

�
D �.�La;Z/; (4.33)

�
�
�.a;Z/

�
D �

�
�LT.�/a;Z

�
for � 2 �L; (4.34)

 L
�
�.a;Z/

�
D

´
q
�L
�
�
a
�L
; Z
�

for a 2 �LoL;

0 otherwise:
(4.35)

Remark 4.3.2. We have  L D 1
�L
'�1L ı traceR='L.R/.
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Proof. Both maps tr and traceR='L.R/ are easily seen to be 'L.R/-linear and to be
multiplication by q on 'L.R/. Hence, by (4.30), it suffices to compare their values
on the elements �.a;Z/. By (4.35) we have

tr
�
�.a;Z/

�
D

´
q'L

�
�.��1L a;Z/

�
if a 2 �LoL;

0 otherwise:

On the other hand, a similar computation as in the proof of Remark 4.1.4 shows that
traceR='L.R/ has exactly the same values. But  L D 1

�L
'�1L ı tr.

For uniformity of notation we put  B
L WD

�L
q
 L D

1
q
'�1L ı traceR='L.R/.

4.3.2 The LT-isomorphism, part 2

We assume throughout this subsection that � is contained in K. Since the map � W
B Š
�! X is an isomorphism of rigid varieties, it preserves the systems of affinoid

subdomains on both sides. Hence, the LT-isomorphism (4.6) extends to a topological
isomorphism

�� W RK.X/
Š
�! RK.B/:

In order to have a uniform notation, we usually write from now on

RI
K.X/ WD OK

�
�.BI /

�
for any closed interval I � .0; 1/ so that we have the isomorphism of Banach algebras

�� W RI
K.X/

Š
�! RI

K.B/:

We warn the reader that only for specific closed intervals I there is another closed
interval I 0 given by a complicated but explicit rule such that �.BI /DXI 0 . The precise
statement can be worked out from [8, Prop. 1.20].

In the following,we list a few compatibilities under this extended LT-isomorphism.
First of all, under this isomorphism, the �L Š o�L-action and the maps 'L on both

sides correspond to each other (cf. [8, §2.2]). Then it follows from Remarks 4.1.4
and 4.3.2 that the operators  X

L (defined at the end of Section 4.1.1) and  B
L (defined

in the previous section) also correspond under ��.
Secondly, as a consequence of [90, Thm. 3.7], we have the commutative diagram

�1
RK.X/

�� Š

��

resX

&&
K:

�1
RK.B/

resB

88 (4.36)
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This combined with Remark 4.2.9 implies the explicit formula

resX.fd logX/ D � resB
�
��.f /gLTdZ

�
: (4.37)

4.3.3 'L-modules

Let Y be either X or B and R WD RK.Y/. Henceforth, we will use the operator
 L WD

q
�L
 

Y
L on R. We also put

qY WD

´
p if Y D X;

q if Y D B:

Definition 4.3.3. A 'L-module M over R is a finitely generated free R-module M
equipped with a semilinear endomorphism 'M such that the R-linear map

' lin
M W R˝R;'L M

Š
�!M

f ˝m 7! f 'M .m/

is bijective.

Technically important is the following fact, which for X is part of the proof of
[8, Prop. 2.24]. The proof for B is entirely analogous. It allows us to extend the above
maps and decompositions from the previous sections to 'L-modules. For r > 0 we
introduce the intervals

I.r;Y/ WD

´
.r; 1/ if Y D X;

Œr; 1/ if Y D B:

Proposition 4.3.4. Let M be a 'L-module M over R. There exists a radius

r0 �

8<:p�
dp
p�1 if Y D X;

p�
dq

.q�1/e if Y D B

and a finitely generated free OK.YI.r0;Y//-module M0 equipped with a semilinear
continuous homomorphism

'M0 WM0 ! OK.YI.r0;Y/
1=qY /˝OK.YI.r0;Y//

M0

such that the induced OK.YI.r0;Y/
1=qY /-linear map

' lin
M0
WOK.YI.r0;Y/

1=qY/˝OK.YI.r0;Y//;'L
M0

Š
�!OK.YI.r0;Y/

1=qY/˝OK.YI.r0;Y//
M0

is an isomorphism and such that

R˝OK.YI.r0;Y//
M0 DM

with 'L ˝ 'M0 and 'M corresponding to each other.
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The continuity condition for the 'M0 , of course, refers to the product topology on
M0 Š .OK.YI.r0;Y///

d .
In the following, we fix a 'L-module M over R and a pair .r0;M0/ as in Propo-

sition 4.3.4. For any r0 � r 0 < 1 and any closed interval I D Œr; s�� I.r 0;Y/ we then
have the finitely generated free modules

M I.r 0;Y/
WD OK.YI.r 0;Y//˝OK.YI.r0;Y//

M0 over RŒr;1/;

M I
WD OK.YI /˝OK.YI.r0;Y//

M I.r 0;Y/ over OK.YI /:

They satisfy
M I.r 0;Y/

D lim
 �
s>r

M I and M D lim
�!
r 0

M I.r 0;Y/: (4.38)

We equip M I with the Banach norm j jMI given by the maximum norm with
respect to any fixed basis (the induced topology does not depend on the choice of
basis) which is submultiplicative with respect to scalar multiplication and the norm
j jI on OK.YI /.

Furthermore, base change with OK.YI
1=qY / over OK.YI.r0;Y/

1=qY / induces iso-
morphisms of Banach spaces

'Ilin D OK.YI
1=qY /˝OK.Y

I.r0;Y/
1=qY

/ '
lin
M0
W

OK.YI
1=qY /˝OK.YI /;'L M

I Š
�!M I

1=qY

and hence injective, continuous maps

'I WM I
!M I

1=qY

by restriction.
Assuming that I qY � I.r 0;Y/, we define the additive,K-linear, continuous map

 I WM I !M I
qY as the composite

 I WM I
.'I

qY
lin /�1

�������! OK.YI /˝OK.YIqY /;'L M
I
qY
!M I

qY
; (4.39)

where the last map sends f ˝m to  I .f /m. By construction, it satisfies the projec-
tion formulae

 I
�
'I

qY
.f /m

�
D f  I .m/ and  I

�
g'I

qY
.m0/

�
D  I .g/m0; (4.40)

for any f 2 OK.YI
qY /, g 2 OK.YI /, and m 2 M I , m0 2 M I

qY as well as the
formula

 I ı 'I
qY
D
qY

�L
� id

MI
qY :
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Using Proposition 4.1.14 in case Y D X, resp., the decomposition (4.29) in case
Y D B (under the assumption that � is contained in K), combined with (iterates of)
'Ilin gives rise to decompositions

M I

1
qn

Y
D

´L
a2.oL=�

n
L
/ eva 'nL.M

I / if Y D X;L
a2.oL=�

n
L
/ �.a;Z/'

n
L.M

I / if Y D B and � 2 K
(4.41)

of Banach spaces and

M D

´L
a2.oL=�

n
L
/ eva 'nL.M/ if Y D X;L

a2.oL=�
n
L
/ �.a;Z/'

n
L.M/ if Y D B and � 2 K

(4.42)

of LF-spaces, again given by the formula

m D

´�
�L
q

�nP
a 'M M .ev�am/ eva if Y D X;�

�L
q

�nP
a 'M M

�
�.�a;Z/m

�
�.a;Z/ if Y D B and � 2 K:

4.3.4 The Robba ring of a group

Recall that Ln D L.ker.Œ�nL�//. We set

�n WD Gal.L1=Ln/ D ker
�
�L

�LT
��! o�L ! .oL=�

n
L/
�
�
:

Also recall from Section 4.1.2 the notation Un WD 1C �nLoL for n � 1 and the iso-
morphisms log W Un

Š
�! �nLoL and `n D ��nL log W Un

Š
�! oL for n� n0, where n0 � 1

is minimal among n such that log W 1C �nLoL! �nLoL and exp W �nLoL! 1C �nLoL
are mutually inverse isomorphisms.

Obviously, �LT restricts to isomorphisms �n Š Un for any n � 1. Consider the
composed maps

Ò WD log ı�LT W �L ! L and Ò
n WD `n ı �LT W �n

Š
�! oL for n � n0:

The latter isomorphisms induce isomorphisms of Fréchet algebras D.�n; K/
Š
�!

D.oL; K/.
Because of the isomorphisms �L Š o�L and �n Š Un, the formalism of char-

acter varieties and corresponding Robba rings applies to the groups �L and �n as
well, giving us the corresponding character varieties X�L and X�n , and the results of
Section 4.1.2 transfer to this setting. To make a clear distinction, we put RK.�L/ WD

RK.X�L/ and RK.�n/ WDRK.X�n/ and call them the Robba rings of the groups �L
and �n. Clearly, the Lubin–Tate character �LT induces topological ring isomorphisms

RK.�L/
Š
�! RK.X

�/ and RK.�n/
Š
�! RK.X

�
n / for n � 1: (4.43)
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If � denotes any of these groups, then we will very often view, via the Fourier isomor-
phism, KŒ�� � D.�;K/ as subrings of RK.�/. In particular, we consider elements

 2 � as elements of the Robba ring writing them in any of the forms 
 yD ı
 yD ev
 .

Let n � m � 1. The inclusions �n W �n ,! �L and �n;m W �n ,! �m induce, by
the transfer of the results in Section 4.1.2, ring monomorphisms �n� W RK.�n/ ,!

RK.�L/ and �n;m� WRK.�n/,!RK.�m/. More precisely, we have (by Lemma 4.1.15
and Remark 4.1.18) topological ring isomorphisms

ZŒ�L�˝ZŒ�n� RK.�n/
Š
�! RK.�L/; (4.44)

ZŒ�m�˝ZŒ�n� RK.�n/
Š
�! RK.�m/: (4.45)

Here the left-hand sides are viewed as free RK.�n/-modules endowed with the prod-
uct topology.

We also note that, for n � m � n0, the commutative diagram

�n

�n;m

��

Ò
n // oL

�n�m
L

��
�m

Ò
m // oL

induces the commutative diagrams

D.�n; K/ D.oL; K/ OK.X/'n�m
L

D.�m; K/ D.oL; K/ OK.X/

Ò
n�

�n;m�

Š

Fourier

.�n�m
L

/�

Ò
m� Š

Fourier

and

RK.�n/ RK.X/
'n�m
L

RK.�m/ RK.X/:

�n;m�

Ò
n�

Š

Ò
m�

Š

(4.46)

For the rest of this subsection we assume that � is contained in K. Let n � n0.
We then have the isomorphisms of rigid varieties

B
'
�!
�

X
'
�!
Ò�
n

X�n :

For any closed interval I � .0; 1/ we therefore have the affinoid subdomain Ò�n ı
�.BI / in X�n and we may introduce the Banach algebra RI

K.�n/ WDOK. Ò
�
n ı �.BI //.
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By its very construction the diagram

RIq
n�m

K .�n/ RIq
n�m

K .X/ RIq
n�m

K .B/

RI
K.�m/ RI

K.X/ RI
K.B/;

�n;m�

Ò
n�

Š

'n�m
L

��

Š

'n�m
L

Ò
m�

Š

��

Š

for n � m � n0, is commutative. Together with (4.32) it implies the canonical iso-
morphism

ZŒ�m�˝ZŒ�n� RIq
n�m

K .�n/
Š
�! RI

K.�m/: (4.47)

We will denote the composite of Fourier and LT-isomorphism by

L W D.oL; K/
Š
�! OK.X/

Š
�! OK.B/:

Recall that OK.B/ is a space of certain power series in the variable Z. We put

X WD L
�1.Z/ 2 D.oL; K/ and Yn WD Ò

�1
n� .X/ 2 D.�n; K/ for n � n0:

In this way, we can express elements in these distribution algebras as power series in
these variables. This will later on be an important technical tool for our proofs.

As an immediate consequence of Remark 4.3.1, we find the following.

Remark 4.3.5. The subsequent inclusions are dense:

(i) D.oL; K/ZN � RK.X/ and

(ii) D.�n; K/YN
n
� RK.�n/ for n � n0.

4.3.5 Locally Qp-analytic versus locally L-analytic distribution algebras

We fix a Zp-basis h1 D 1; : : : ; hd of oL and set bi WD hi � 1 and, for any multi-
index k D .k1; : : : ; kd / 2 Nd

0 , bk WD
Qd
iD1 b

ki
i 2 ZpŒoL�. We write DQp .G;K/ for

the algebra of K-valued locally Qp-analytic distributions on a Qp-Lie group G. Any
� 2 DQp .oL;K/ has a unique convergent expansion � D

P
k2Nd

0
˛kbk with ˛k 2 K

such that, for any 0 < r < 1, the set ¹˛kr
˘jkj
k2Nd

0

º is bounded, where ˘ WD 2 if p D 2
and ˘ WD 1 otherwise. The completion with respect to the norm

k�kQp ;r WD sup
k2Nd

0

j˛kjr
˘jkj

for 0 < r < 1 is denoted by

DQp ;r.oL; K/ D
° X

k2Nd
0

˛kbk
j˛k 2 K and j˛kjr

˘jkj
! 0 as jkj ! 1

±
:
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By [68, Prop. 2.1], the group oL satisfies the hypothesis (HYP) of [76] with p-
valuation! satisfying!.hi /D˘. Thus, by [76, Thm. 4.5], restricting to the subfamily
q�e < r < 1, r 2 pQ, the norms k kQp ;r are multiplicative. If not otherwise speci-
fied, we denote by V ˝K W the projective tensor product of locally convexK-vector
spaces V;W .

Lemma 4.3.6. Let
0! V ! W ! X ! 0

be a strict exact sequence of locally convex topological K-vector spaces with W
metrizable and X Hausdorff, and then

(i) the sequence of the associated Hausdorff completed spaces

0! yV ! yW ! yX ! 0

is again strict exact,

(ii) for a complete valued field extension F of K the associated sequence of
completed base extension

0! F y̋K V ! F y̋K W ! F y̋K X ! 0

is again strict exact,

(iii) if W is a K-Banach space, V a closed subspace with induced norm and
X D W=V endowed with the quotient norm, then in (ii) the quotient norm
coincides with the tensor product norm on F y̋K X .

Proof. By [15, I.17 §2] with W also V , X , and all their completions are metrizable.
Hence, the first statement follows from [17, IX.26 Prop. 5]. For the second statement
we first obtain the exact sequence

0! F ˝K V ! F ˝K W ! F ˝K X ! 0

of metrizable locally convex spaces (cf. [61, Thm. 10.3.13]). The first non-trivial
map is strict by [61, Thm. 10.3.8]. Regarding the strictness of the second map, one
easily checks that F ˝K W=F˝KV endowed with the quotient topology satisfies the
universal property of the projective tensor product F ˝K X . Now apply (i). The third
item is contained in [36, §3, no 2, Thm. 1], see also [91, Thm. 4.28].

The kernel of the surjection of Fréchet spacesDQp .oL;K/�D.oL;K/ is gener-
ated as a closed ideal by a WD ker.L˝Qp LieQp .oL/

a˝x 7!ax
������! LieL.oL//. ForK DL

this is [68, Lem. 5.1]. As seen in the proof of Lemma 4.1.2, we have

K y̋L DQp .oL; L/ D DQp .oL; K/ and K y̋L D.oL; L/ D D.oL; K/:
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Hence, the assertion for generalK follows from Lemma 4.3.6 (ii). We writeDr.oL;K/
for the completion of D.oL;K/ with respect to the quotient norm k kr of k kQp ;r . By
the proof of [76, Prop. 3.7] we have the exact sequence of K-Banach algebras

0! Oar ! DQp ;r.oL; K/! Dr.oL; K/! 0; (4.48)

where Oar denotes the closed ideal generated by a. Moreover, the K-Banach algebras
Dr.oL; K/ realize a Fréchet–Stein structure on D.oL; K/. For convenience we set
rm WD q

� ˘e
pm for m � 0. We, of course, have

D.oL; K/ D lim
 �
m

Drm.oL; K/:

Moreover, according to [69, Cor. 5.13], one has

Drm.oL; K/ D ZŒoL�˝ZŒpmoL� Dr0.p
moL; K/:

We have corresponding results and will be using analogous notation for groups
isomorphic to oL. This applies, in particular, to �n for any n � n0. Note that �p

m

n D

�nCme .

4.3.6 .'; �/-modules

We recall the definition of as well as a few known facts about .'L; �L/-modules (cf.
[8]). Let Y be either X or B and R WD RK.Y/. Any .'L; �L/-module M over R

is, by definition, in particular an R-module with a semilinear action of the group �L.
Our aim in this section is to show that these two structures onM give rise to a module
structure on M under the “group” Robba ring RK.�L/.

Definition 4.3.7. A .'L; �L/-module M over R is a 'L-module M (see Defini-
tion 4.3.3) equipped with a semilinear continuous action of �L which commutes with
the endomorphism 'M . We shall write M.R/ for the category of .'L; �L/-modules
over R.

The continuity condition for the �L-action on M , of course, refers to the product
topology on M Š Rd .

According to [8, Prop. 2.25], the �L-action on a .'L; �L/-module M is differen-
tiable so that the derived action of the Lie algebra Lie.o�L/ on M is available.

Definition 4.3.8. The .'L; �L/-module M over R is called L-analytic if the derived
action Lie.�L/�M!M isL-bilinear, i.e., if the induced action Lie.�L/!End.M/

of the Lie algebra Lie.�L/ of �L is L-linear (and not just Qp-linear). We shall write
Man.R/ for the category of L-analytic .'L; �L/-modules over R.
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In [8], a .'L; �L/-module M over R is only required to be projective instead of
free as in our definition. Since throughout this paper we are exclusively interested in
L-analytic modules, that makes no difference as by [8, Thm. 3.17] any L-analytic
.'L; �L/-module M is actually a free R-module.

We have the following variant of Proposition 4.3.4 (cf. [8, Prop. 2.24]).

Proposition 4.3.9. Let M be a .'L; �L/-module over R. Then there exists a model
.M0; r0/ as in Proposition 4.3.4 equipped with a semilinear continuous action of �L
such that

R˝RŒr0;1/ M0 DM

respects the �L-actions (acting diagonally on the left-hand side).

From now on in this subsection we fix a .'; �/-module M over R and a pair
.r0;M0/ as in Proposition 4.3.9. We then have available the objects introduced after
Proposition 4.3.4. But now the finitely generated free modules M I.r 0;Y/ and M I

are each in addition equipped with a semilinear continuous �L-action, compatible
with the identities (4.38). Moreover, the �L-actions commute with the  I -operators
(4.39), and the decompositions (4.42) and (4.41) are �L-equivariant.

Assume henceforth in this subsection that M is an L-analytic .'L; �L/-module
over R.

Proposition 4.3.10. The �L-action on M extends uniquely to a separately continu-
ous action of the locally L-analytic distribution algebra D.�L;K/ of �L with coeffi-
cients in K. If M f

�! N is a homomorphism of L-analytic .'L; �L/-modules, then f
is D.�L; K/-equivariant with regard to this action.

Proof. First of all, we observe that the Dirac distributions generate a dense L-sub-
space in D.�L; L/ by [75, Lem. 3.1]. Since �L Š o�L, we have seen in the proof of
Lemma 4.1.2 that D.�L; K/ D K y̋L D.�L; L/. Hence, the Dirac distributions also
generate a dense K-linear subspace of D.�L; K/. Therefore, the extended action is
unique provided it exists.

Our assertion is easily reduced to the analogous statement concerning the Banach
spaces M I for a closed interval I D Œr; s�. From [8, Props. 2.16 and 2.17] we know
that the �L-action on M I is locally Qp-analytic. But since we assume M to be L-
analytic, it is actually locally L-analytic (cf. the addendum to [8, Prop. 2.25] and the
argument at the end of the proof of [8, Prop. 2.17]).

For our purpose we show more generally the existence, for anyK-Banach spaceW ,
of a continuous K-linear map

I W C an.�L; W /! Lb

�
D.�L; K/;W

�
satisfying I .f /.ıg/ D f .g/. Note that this map, if it exists, is unique by our initial
observation. Recall (cf. [72, §12]) that the locally convex vector space C an.�L; W /
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is the locally convex inductive limit of finite products of Banach spaces of the form
B y̋K W with a Banach space B , and that its strong dual D.�L; K/ is the corre-
sponding projective limit of the finite sums of dual Banach spaces B 0. We therefore
may construct the map I as the inductive limit of finite products of maps of the form

B y̋K W ! Lb.B
0; W /

x ˝ y 7!
�
` 7! `.x/y

�
:

Since B as a Banach space is barreled, this map is easily seen to be continuous (cf.
the argument in the proof of [71, Lem. 9.9]).

Now suppose thatW carries a locally L-analytic �L-action (e.g.,W DM I ). For
y 2 W let �y.g/ WD gy denote the orbit map in C an.�L; W /. We then define

D.�L; K/ �W ! W

.�; y/ 7! I.�y/.�/:

Due to our initial observation, the proof of [75, Prop. 3.2], that the above is a sepa-
rately continuous module structure, remains valid even though K is not assumed to
be spherically complete.

By [8, Rem. 2.20], the homomorphism f is continuous and hence theD.�L;K/-
equivariance of f follows from the �L-invariance by the argument in the first para-
graph of this proof.

Recall that M I , for each I D Œr; s� with r � r0, bears a natural �L-action. Now,
for each n � 1, we will define a different action of �n on M Œr;s�, which is motivated
by Lemma 4.3.11 below and which is crucial for analyzing the structure of M MD0

in the next subsection. To this end, consider for each 
 2 �n the operator Hn.
/ on
M Œr;s� defined by

Hn.
/.m/ WD

´
ev��n

L
.�LT.
/�1/ 
m if Y D X;

�
�
��nL .�LT.
/ � 1/;Z

�

m if Y D B and � 2 K:

Note that, since �n acts on OK.Y/ via �LT and the o�L-action, we may form the skew
group ring OK.Y/Œ�n�, which due to the semilinear action of �L on M maps into
the K-Banach algebra EndK.M

I / of continuous K-linear endomorphisms of M I ,
endowed with the operator norm k kMI . Hence, we obtain the ring homomorphism

Hn W KŒ�n�! OK.Y/Œ�n�! EndK.M
I /


 7!

´
ev��n

L
.�LT.
/�1/ 
 if Y D X;

�
�
��nL

�
�LT.
/ � 1

�
; Z
�

 if Y D B and � 2 K:

The next lemma holds true in both cases. We spell it out only in the B-case since
we technically need it only there.
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Lemma 4.3.11. Suppose that � is contained in K, and let n � m � 1.

(i) We have for all � 2 �n

�
�
�.1;Z/'nL.y/

�
D �.1;Z/'nL

�
Hn.�/.y/

�
;

i.e., the isomorphisms

M
Š
�! �.1;Z/'nL.M/;

M Œr;s� Š
�! �.1;Z/'nL.M

Œr;s�/

y 7! �.1;Z/'nL.y/

are �n-equivariant with respect to the natural action on the right-hand side
and the action via Hn on the left-hand side.

(ii) The map

ZŒ�m�˝ZŒ�n�;Hn M
Œr;s�
!M Œr1=q

n�m
;s1=q

n�m
�


 ˝ y 7! �
�
�LT.
/�1
�m
L

; Z
�
'n�mM .
y/

is a homeomorphism of Banach spaces, where the left-hand side is viewed
as the direct sum of Banach spaces

L

2�m=�n


 ˝M Œr;s�. Moreover, the
map is �m-equivariant with respect to the Hm-action on the right-hand
side.

(iii) IfHn W KŒ�n�! EndK.M
I / extends to a continuous ring homomorphism

RIK.�n/! EndK.M
I /, thenHm WKŒ�m�! EndK.M

I1=q
n�m

/ similarly
extends to a continuous homomorphism

RI
1=qn�m

K .�m/! EndK.M
I1=q

n�m

/:

If the first extension is unique, so is the second one.

Proof. (i) Setting b WD �LT.�/�1
�n
L

, we calculate

�
�
�.1;Z/'nL.m/

�
D �.�.1;Z//'nL.�m/

D �.1C �nLb;Z/'
n
L.�m/

D �.1;Z/�.�nb;Z/'nL.�m/

D �.1;Z/'nL
�
�.b;Z/�m

�
;

where we used the multiplicativity of � in the first variable in the third and (4.33) in
the last equality.

(ii) By a straightforward computation one first checks that the map is well defined.
The bijectivity follows from (4.41) using the isomorphism 1C �mL oL=1C �

n
LoL

Š
�!

oL=�
n�m
L oL, 
 7! �LT.
/�1

�m
L

and that M Œr;s� D 
M Œr;s�.
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(iii) Base change induces the RI
1=qn�m

K .�m/-action on

RI
1=qn�m

K .�m/˝RI
K
.�n/;Hn

M I
Š ZŒ�m�˝ZŒ�n� R

I
K.�n/˝RI

K
.�n/;Hn

M I

Š ZŒ�m�˝ZŒ�n�;Hn ˝M
I

ŠM I1=q
n�m

; (4.49)

where we used (4.47) and (ii). The continuity is easily checked by considering “matrix
entries” which are built by composites of the original continuous map by other contin-
uous transformations. Here we use that the identifications (4.47) and (4.49) are home-
omorphisms when we endow the left-hand side with the maximum norm. Finally, the
claim regarding uniqueness follows from (4.49) as the action of �m is already deter-
mined by the original Hm.

For the rest of this subsection we assume that � is contained in K and we will
work exclusively in the B-case, i.e., R D RK.B/ and RI D RI

K.B/. The conse-
quences for the X-case will be given in Section 4.3.8.

There is a natural ring homomorphism RI ! EndK.M
I / by assigning to f 2

RI the operator which multiplies by f , and which we denote by the same symbol f .
Part (iii) of the following remark means that this ring homomorphism has operator
norm 1.

Remark 4.3.12. We have the following:

(i) supx2oL j�.x;Z/ � 1jI < 1 and j�.x;Z/jI D 1 for all x 2 oL,7

(ii) j�.px;Z/� 1jI �max¹j�.x;Z/� 1jpI ;
1
qe
j�.x;Z/� 1jI º, where the right-

hand side is equal to j�.x;Z/ � 1jpI if j�.x;Z/ � 1jI� q�
e
p�1 , and

(iii) jf jI D kf kMI for all f 2 RI .

Proof. It is known (cf. [74]) that �.x; Z/ D �.1; Œx�.Z// belongs to 1C ZoCpJZK,
whence we have, for any x 2 oL, that j�.x; Z/ � 1jI < 1 from the definition of j jI ,
and (i) follows from the fact that the map oL! R, x 7! j�.x;Z/� 1jI is continuous
with compact source. Affirmation (ii) is a consequence of the expansion

�.px;Z/ � 1 D
�
�.x;Z/ � 1C 1

�p
� 1

D
�
�.x;Z/ � 1

�p
C

p�1X
kD1

�
p

k

� �
�.x;Z/ � 1

�k
and

ˇ̌�
p
k

�ˇ̌
D q�e for k D 1; : : : ; p � 1. (iii) follows from the submultiplicativity of

j jI plus the fact that 1 2 RI , which implies the statement on M Š .RI /m.

7j�.x; Z/ � 1jI D j�.1; Z/ � 1jI < 1 for all x 2 o�
L

because any x 2 o�
L

induces an iso-
morphism Œx�.�/ of BI .
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Remark 4.3.12 allows us to fix a natural number m0 D m0.r0/ such that for all
m � m0 we have thatˇ̌
�.x;Z/�1

ˇ̌
I
<rm for all x2oL and

ˇ̌
�.x;Z/�1

ˇ̌
I
�r0 for all x2pmoL;

r
1=q
0 <rm;

(4.50)

for any of the intervals I D Œr0; r0�, Œr0; r
1=q
0 � and Œr1=q0 ; r

1=q
0 �. In the following, let I

always denote one of those intervals.

Lemma 4.3.13. Let " > 0 be arbitrary. Then there exists n1 � 0 such that, for any
n � n1, the operator norm k kMI on M I satisfies

k
 � 1kMI � " for all 
 2 �n: (4.51)

Proof. We first prove the statement for the module M D R. For the convenience of
the reader we adopt the proof of [41, Lem. 5.2]. First note that for any fixed f 2 RI

by the continuity of the action of �L there exists an open normal subgroup H of �L
such that ˇ̌

.
 � 1/f
ˇ̌
I
< "jf jI (4.52)

holds for all 
 2H . So we may assume that the latter inequality holds forZ andZ�1

simultaneously. Using the twisted Leibniz rule

.
 � 1/.gf / D .
 � 1/.g/f C 
.g/.
 � 1/.f /

and induction, we get (4.52) for all powers ZZ. Since the latter form an orthogonal
basis, the claim follows using that j
.g/jI D jgjI for any 
 2 H; g 2 RI . If M ŠLd
iD1 Rei and m D

P
fiei , we may assume thatˇ̌

.
 � 1/ei
ˇ̌
MI < "jei jMI (4.53)

holds for 1 � i � d , and apply the same Leibniz rule to fiei instead of gf , whence
the result follows, noting that jei jMI D 1 by the definition of the maximum norm
and that j
.ei /jMI D jei jMI D 1 for any 
 2 H and 1 � i � d as a consequence of
(4.53).

We fix n1 D n1.r0/ � n0 such that the Lemma holds for " D r0. Then, for any
n � n1, m � m0, the above Hn extends to continuous ring homomorphisms

zHn W DQp ;rm.�n; K/! EndK.M
I /X

k2Nd
0

˛k Ò
�1
n;�.b/

k
7!

X
k�0

˛k

dY
iD1

Hn
�
Ò�1
n;�.bi /

�ki
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and

zHn WD zHn ı Ò
�1
n;� W DQp ;rm.oL; K/

Ò�1
n;�

���!DQp ;rm.�n; K/! EndK.M
I /X

k2Nd
0

˛kbk
7!

X
k�0

˛k

dY
iD1

Hn
�
Ò�1
n;�.bi /

�ki :
Indeed, we have

Hn
�
Ò�1
n;�.bi /

�
D �

�
Ò�1
n .hi / � 1

�nL
; Z

�
� 1C �

�
Ò�1
n .hi / � 1

�nL
; Z

��
Ò�1
n .hi / � 1

�
and since



�� Ò�1n .hi / � 1�nL

; Z

�
� 1C �

�
Ò�1
n .hi / � 1

�nL
; Z

��
Ò�1
n .hi / � 1

�




MI

� max
²



�� Ò�1n .hi / � 1�nL

; Z

�
� 1






MI

;





�� Ò�1n .hi / � 1�nL
; Z

��
Ò�1
n .hi / � 1

�




MI

³
� rm

by (4.51), (4.50) and Remark 4.3.12 (i), the above defining sum converges with re-
spect to the operator norm. Moreover, we have

 zHn.�/




MI � sup

k
j˛kjr

jkj
m D k�kQp ;rm (4.54)

for all � 2 DQp ;rm.oL; K/; i.e., the operator norm of zHn is less than or equal to 1.
Since M is assumed to be L-analytic, zHn factorizes over the desired ring homo-

morphism

Hn W
�
D.�n; K/ �

�
Drm.�n; K/! EndK.M

I /

and zHn over

Hn W
�
D.oL; K/ �

�
Drm.oL; K/! EndK.M

I /

by (4.48). As Drm.oL; K/ carries the quotient norm of DQp ;rm.oL; K/, we obtain
from (4.54) 

Hn.�/




MI � inf

z�;pr.z�/D�
k�kQp ;rm D k�krm (4.55)

for all � 2Drm.oL;K/; i.e., the operator norm of Hn is again less than or equal to 1.
By a similar, but simpler, reasoning one shows the following lemma.
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Lemma 4.3.14. The isomorphism L W D.oL;K/ Š OK.B/; ıa 7! �.a;Z/ (composed
of LT and Fourier) induces, for all m � m0, a commutative diagram of continuous
maps

DQp ;rm.oL; K/

pr

�� &&

Drm.oL; K/
L // RI

with operator norms less than or equal to 1. Moreover, the operator norm of the scalar
action via L

scal W
�
D.oL; K/ �

�
Drm.oL; K/

L

�! RI
! EndK.M

I / (4.56)

is also bounded by 1, see Remark 4.3.12 (iii).

Remark 4.3.15. The maps zHn and zHn, as well as Hn and Hn, are uniquely deter-
mined by their restriction to KŒ�n� and KŒoL�, respectively, because these group
algebras are dense in the sources DQp ;rm.�n; K/, Drm.�n; K/ and DQp ;rm.oL; K/,
Drm.oL; K/, respectively.

Applying our convention before Remark 4.3.12, we usually abbreviate scal.�/
by L.�/ for � 2 D.oL; K/ below when we refer to this scalar action on M I . For the
proof of Theorem 4.3.20 below it will be crucial to compare the two actions scal and
Hn of D.oL; K/ on M I .

Finally, for n� n1, we obtain similar maps for the original (multiplicative) action
of �n � � on M I :

DQp ;rm.�n; K/! EndK.M
I /X

k2Nd
0

˛k Ò
�1
n;�.b/

k
7!

X
k�0

˛k

dY
iD1

Ò�1
n;�.bi /

ki

with operator norm bounded by 1.
A special case of the following lemma was pointed out to us by Rustam Steingart.

Lemma 4.3.16. Letm 2N be arbitrary. Setting un.a/ WD
exp.�n

L
a/�1

�n
L
a

for a 2 oL n ¹0º
and un.0/ D 1, there exist n2 D n2.m/ such that un.a/ 2 1C �mL oL for all a 2 oL
and n � n2.

Proof. This is easily checked using vp.nŠ/ � n
p�1

.

In order to distinguish Dirac distributions for elements 
 in the multiplicative
group �n from those for elements a in the additive group oL, we often shall write ı�

in contrast to ıa.
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Lemma 4.3.17. Let 0 < " < 1 be arbitrary and � D
P
k ck.ıak � 1/ 2 D.oL;K/ a

finite sum with ak 2 oL. Then there exists n3 D n3.";�; r0/ such that for all n � n3
it holds that 

L.�/ �Hn.�/




MI < ":

Proof. Put � WD supk jckj and choose "0 � " such that "0� < ". Then choosem1 �m0
such that

kı�
 � 1kMI < "0 and kı�
 � 1kRI < "0

for all 
 2 �m1 (see Lemma 4.3.13). Now according to Lemma 4.3.16, we choose
n3 WD n2.m1/ � m1. Observing that for a 2 oL

Hn.ıa/ D L.ıun.a/a/ ı ı
�

Ò�1
n .a/

;

we estimate, for n � n3,

L.�/ �Hn.�/



MI

D




X
k

ck
®
L.ıak / � 1 �

�
L.ıun.ak/ak / ı ı

�

Ò�1
n .ak/

� 1
�¯




MI

D




X
k

ck
®
L.ıak / � 1 �

�
L.ıun.ak/ak / ı

�
ı�
Ò�1
n .ak/

� 1
�
C L.ıun.ak/ak / � 1

�¯



MI

D




X
k

ck
®
L.ıak / � 1 �

�
L.ıun.ak/ak / ı

�
ı�
Ò�1
n .ak/

�1
�
C ı�un.ak/

�
L.ıak /�1

�� 
̄


MI

D




X
k

ck
®
.1 � ı�un.ak//

�
L.ıak / � 1

�
�
�
L.ıun.ak/ak / ı

�
ı�
Ò�1
n .ak/

� 1
��¯




MI

�sup
k

�
jckjmax

®

.1�ı�un.ak//�L.ıak /�1�

MI ;


L.ıun.ak/ak /ı �ı�Ò�1

n .ak/
�1
�


MI

�̄
�"0 sup

k

jckj D "
0� < ";

where we used for the last line the estimate

.1 � ı�un.ak//�L.ıak / � 1�

MI D
ˇ̌
.1 � ı�un.ak//

�
L.ıak / � 1

�ˇ̌
I

�


.1 � ı�un.ak//

RI

ˇ̌
L.ıak / � 1

ˇ̌
I

� "0
ˇ̌
�.ak; Z/ � 1

ˇ̌
I
� "0

(by Remark 4.3.12 (i), (iii) and due to the choice of m1 and n3) for the first term as
well as the estimate

L.ıun.ak/ak / ı �ı�Ò�1

n .ak/
� 1

�


MI �

ˇ̌
�
�
un.ak/ak; Z

�ˇ̌
I



ı�
Ò�1
n .ak/

� 1



MI

D


ı�
Ò�1
n .ak/

� 1



MI < "

0

for the second term (again by Remark 4.3.12 (i), (iii) and due to the choice of m1 and
n3 � m1).
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Lemma 4.3.18. Let 0 < " < 1 be arbitrary and � 2 D.oL; K/ any element. Then
there exists � D

P
k ck.ıak � 1/ 2 D.oL; K/ a finite sum with ak 2 oL such that

k� ��krm0 < ". Moreover, for n3 D n3."; �; r0/ from the previous lemma and all
n � n3, we have 

L.�/ �Hn.�/




MI < ":

In particular, if L.�/ is invertible as an operator in EndK.M
I / or equivalently invert-

ible as an element of RI ,8 then firstly there exists n4 D n4.�; r0/ such that

kL.�/ �Hn.�/kMI < jL.�/�1j�1I and kHn.�/
�1
� L.�/�1kMI < jL.�/�1jI

for any n � n4 and secondly the operator Hn.�/ is invertible, too.

Proof. The existence of such � is clear because such elements form a dense sub-
set of D.oL; K/ in the Fréchet topology (as noted at the beginning of the proof of
Proposition 4.3.10). Consider the estimation for n � n3

L.�/ �Hn.�/




MI

� max
�

L.� ��/



MI ;


L.�/ �Hn.�/




MI ;



Hn.� ��/



MI

�
< ";

where we use the estimate

L.� ��/


MI D

ˇ̌
L.� ��/

ˇ̌
I
� k� ��krm0 < "

by (4.56) for the first, Lemma 4.3.17 for the second, and (4.55) for the last term.
Now suppose that L.�/ as an operator on M I is invertible. We choose suitable

" � kL.�/�1k�1
MI , � accordingly and put n4 D n3."; �; r0/. Then, for n � n4, we

have 

1 � L.�/�1Hn.�/



MI D



L.�/�1�L.�/ �Hn.�/
�


MI < 1;

whence
P
k�0.1 � L.�/�1Hn.�//

k converges in EndK.M
I / and

Hn.�/
�1
WD

�X
k�0

�
1 � L.�/�1Hn.�/

�k�
L.�/�1

is the inverse of Hn.�/ D �.1 � .1 � L.�/�1Hn.�///.
Furthermore,

Hn.�/

�1
� L.�/�1




MI D




�X
k�1

�
1 � L.�/�1Hn.�/

�k�
L.�/�1





MI

� sup
k�1



1 � L.�/�1Hn.�/


k
MI

ˇ̌
L.�/�1

ˇ̌
I
<
ˇ̌
L.�/�1

ˇ̌
I
:

8M I is a free RI -module on which L.�/ acts via the diagonal matrix with all diagonal
entries equal to L.�/.



.'L; �L/-modules 91

Note that the above lemma applies to the variable X and from now on we set
n4 WD n4.X; r0/. In view of Lemma 4.3.11 (iii), the following lemma is crucial for
the main result Theorem 4.3.20 of this section.

Lemma 4.3.19. For n � n4,

(i) the map ‚n W D.�n;K/
Hn
��! EndK.M

I / extends uniquely to a continuous
ring homomorphism

RI
K.�n/! EndK.M

I /:

IfM f
�! N is a homomorphism of L-analytic .'L; �L/-modules, then f I W

M I ! N I is RI
K.�n/-equivariant with regard to this action.

(ii) M I is a free RI
K.�n/-module of rank rkRM . Any basis as RI -module also

is a basis as RI
K.�n/-module.

(iii) The natural maps

R
Œr0;r0�
K .�n/˝

R
Œr0;r

1
q
0
�

K
.�n/

M Œr0;r
1
q
0
� Š
�!M Œr0;r0�;

R
Œr
1
q
0
;r
1
q
0
�

K .�n/˝

R
Œr0;r

1
q
0
�

K
.�n/

M Œr0;r
1
q
0
� Š
�!M Œr

1
q
0
;r
1
q
0
�

are isomorphisms.

Proof. (i) Inductively, for n � n4, we obtain from Lemma 4.3.18 – by expressing
.Hn.�/

˙/k � .L.�/˙/k as
Pk
lD1

�
k
l

�
.Hn.�/

˙ � L.�/˙/l.L.�/˙/k�l – that



Hn.�/
k
� L.�/k




MI �

´ˇ̌
L.�/

ˇ̌k
I

for k � 0;ˇ̌
L.�/�1

ˇ̌�k
I
�
ˇ̌
L.�/

ˇ̌k
I
�
ˇ̌
L.�/k

ˇ̌
I

for k < 0
(4.57)

for all k 2Z. Evaluating for �DX , it follows that if
P
k2Z akZ

k 2RI with ai 2K,
then

P
k2Z akHn.X/

k converges in EndK.M
I / because

akHn.X/

k



MI � max

®

ak�Hn.X/
k
� L.�/k

�


MI ;



akL.�/k

MI

¯
�

´
jakjjZj

k
I for k � 0;

jakjjZ
�1j�kI for k < 0

goes to zero for k going to ˙1. In other words, we have extended the continuous
ring homomorphism ‚n to a continuous ring homomorphism

RI
! EndK.M

I /; Z 7! Hn.X/:
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As by definition �� ı Òn;� extends to a continuous ring isomorphism RI
K.�n/

Š
�!

RI
K.B/ D RI , we have constructed a continuous ring homomorphism

RI
K.�n/! EndK.M

I /

as claimed.
The uniqueness is a consequence of the fact that RI

K.�n/ is the completion of the
localization D.�n; K/YN

n
by a certain norm, for which the extended map is continu-

ous.
Concerning functoriality, observe that the maps f and f I are automatically con-

tinuous by [8, Rem. 2.20] (with respect to the canonical topologies). Without loss
of generality, we may assume that the estimates of Lemma 4.3.18 hold for M and N
simultaneously. By the invariance under the distribution algebra and R-linearity of f ,
the map f I is compatible with respect to the operators Hn.X/

˙ of M I and N I . By
continuity this extends to arbitrary elements of RI

K.�n/.
(ii) follows in the same way as in [42]: Recall that .ek/ denotes an RI -basis of

M I and consider the maps

ˆ W

mM
kD1

RI
K.B/ ŠM

I ; .fk/ 7!

mX
kD1

fkek;

ˆ0 W

mM
kD1

RI
K.�n/!M I ; .fk/ 7!

mX
kD1

fk.ek/;

and

‡ W

mM
kD1

RI
K.B/

Š
�!

mM
kD1

RI
K.�n/;

which in each component is given by .�� ı Òn;�/�1. Then we have from (4.57) thatˇ̌
ˆ0 ı ‡ ıˆ�1.m/ �m

ˇ̌
I
< jmjI ;

i.e.,
kˆ0 ı ‡ ıˆ�1 � idkI < 1;

whence with ˆ and ‡ also ˆ0 is an isomorphism because ˆ0 ı ‡ ıˆ�1 is invertible
by the usual argument using the geometric series.

(iii) The base change property follows from the fact that ˆ0 is compatible with
changing the interval.

Theorem 4.3.20. Suppose that � is contained in K.

(i) Let J be any of the intervals

Œr0; r0�
1=qn or Œr0; r

1=q
0 �1=q

n

for n � 0:
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Then the �n4-action on M J via Hn4 can be uniquely extended to a contin-
uous RJ

K.�n4/-module structure. Moreover,M J is a finitely generated free
RJ
K.�n4/-module; any RŒr0;1/-basis ofM0 is also an RJ

K.�n4/-basis ofMJ.
IfM f

�! N is a homomorphism of L-analytic .'L; �L/-modules, then f J W
M J ! N J is RJ

K.�n4/-equivariant with regard to this action.

(ii) The �1-action on M via H1 extends uniquely to a separately continu-
ous RK.�1/-module structure. Moreover, M is a finitely generated free
RK.�1/-module; any RŒr0;1/-basis of M0 is also an RK.�1/-basis of M .
If M f

�! N is a homomorphism of L-analytic .'L; �L/-modules, then f is
RK.�1/-equivariant with regard to this action.

Proof. (i) From Lemma 4.3.19 we obtain, for any n � n4, the Hn-action of RK.�n/

on M I for the original three intervals I . Using Lemma 4.3.11 (iii), we deduce the
Hn4-action of RI1=q

n�n4

K .�n4/-action onM I1=q
n�n4

. The asserted properties of these
actions follow from the same lemmata.

(ii) By the uniqueness part in (i) we may glue the RJ
K.�n4/-actions on the M J

to a continuous R
Œr0;1/
K .�n4/-action on M Œr0;1/. By Remark 4.3.5 (ii) it is uniquely

determined by the �n4-action. Therefore, we may vary r0 now and obtain in the induc-
tive limit a separately continuous Hn4-action of RK.�n4/ on M . Using (4.45) and
Lemma 4.3.11 (ii), we deduce the separately continuousH1-action of RK.�1/ onM .
Again by Remark 4.3.5 this action is uniquely determined by the �1-action. The
remaining assertions follow from the corresponding ones in (i).

4.3.7 The structure ofM MD0

We still assume that� is contained inK and letM be an L-analytic .'L; �/-module
over R D RK.B/. We want to show that M LD0 carries a natural RK.�L/-action
extending the action of D.�L; K/.

From (4.42) and using formula (4.35) and (4.34) we have

M LD0 D

M
a2.oL=�L/�

�.a;Z/'M .M/ D ZŒ�L�˝ZŒ�1�

�
�.1;Z/'M .M/

�
: (4.58)

Theorem 4.3.21. The �L action on M extends to a unique separately continuous
RK.�L/-action on M LD0 (with respect to the LF -topology on RK.�L/ and the
subspace topology on M LD0); moreover, the latter is a free RK.�L/-module of
rank rkRM . If e1; : : : ; er is a basis of M over R, an RK.�L/-basis of M LD0 is
given by �.1; Z/'M .e1/; : : : ; �.1; Z/'M .er/. If M f

�! N is a homomorphism of L-

analytic .'L; �L/-modules, then M f  LD0
�����! N is RK.�L/-equivariant with regard

to this action.
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Proof. By Lemma 4.3.11 (i) we can transfer the RK.�1/-action on M from Theo-
rem 4.3.20 (ii) to the space �.1;Z/'M .M/. Note that the resulting action is separately
continuous for the subspace topology of �.1;Z/'M .M/ because the map 'L WM !
M is a homeomorphism onto its image. The latter is a consequence of the existence
of the continuous operator  L and the relation  L ı 'L D q

�L
idM . Finally, because of

(4.44) and (4.58), the RK.�1/-action extends to the asserted RK.�L/-action. Simi-
larly as before, since �L spans a dense subspace of D.�L; K/, the uniqueness of the
action follows from Remark 4.3.5.

4.3.8 Descent

For the proof of Theorem 4.3.21 we had to work over a field K containing the period
� since only then we were able to write elements in RK.�L/ or rather RK.�n/ as
certain Laurent series in one variable Yn by means of the Lubin–Tate isomorphism
RK.X/ Š RK.B/, which in general does not exist over L. In this section, we are
going to explore to which extent the structure theorem over K descends to L. We
shall consider two situations; i.e., we now start with an L-analytic .'L; �/-module
M over RL.X/ or RL.B/, respectively. Thus, in what follows let Y be either X or B
and R D RL.Y/. Then we consider the functor

Man�RL.Y/
�
!Man�RK.Y/

�
M 7!MK WD RK.Y/˝RL.Y/M Š K y̋ �;LM;

where the last isomorphism and the well-definedness of the functor are established in
[8, Lem. 2.23]. Moreover, there is a natural action of GL on both RK.Y/ Š K y̋ �;L
RL.Y/ and MK via the first tensor factor (and the identity on the second). We have

RK.Y/
GL Š RL.Y/ (4.59)

by [8, Prop. 2.7 (iii)], whence also

.MK/
GL DM

because M is finitely generated free over RL.Y/ (by definition or [8, Thm. 3.17])
and hence MK has a GL-invariant basis over RK.Y/.

Since the 'L-operator on RK.Y/ is induced from that on RL.Y/, it commutes
with the action of GL. Similarly, one checks that this action commutes with the oper-
ator  L of RK.Y/. Indeed, by Proposition 4.1.14 there exists a GL-invariant basis of
RK.Y/ over 'L.RK.Y//, whence the trace commutes with theGL-action. From this
and the construction of the operator  M , one derives easily that also  M commutes
with the GL-action. As a consequence, we obtain natural isomorphisms

M MD0 Š
�
.MK/

GL
� MD0

Š
�
.MK/

 MD0
�GL : (4.60)
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Since the Lubin–Tate isomorphism RK.X/ Š RK.B/ respects the .'L; �L/-module
structure, Theorem 4.3.21 applies for both choices of Y; i.e., we obtain a separately
continuous action

RK.�L/ � .MK/
 D0
! .MK/

 D0: (4.61)

Moreover, ifMD
Lr
iD1RL.Y/ei , then the families .�.1;Z/'M.ei// and .ev1'M.ei//

form bases of .MK/
 D0 as RK.�L/-modules in case B and X, respectively. There-

fore, we consider next a natural GL-action on RK.�L/ and show that (4.61) is GL-
equivariant. For the first aim we use the canonical isomorphisms (4.44) and (4.46)

RK.�L/
Š
 � ZŒ�L�˝ZŒ�n� RK.�n/

Š
��!
Ò
n�

ZŒ�L�˝ZŒ�n� RK.X/

to extend the GL-action from RK.X/ to RK.�L/I clearly, we obtain from (4.59) and
the fact that the isomorphism

RK.�n/
`n�
��!
Š

RK.X/

is defined over L that
RK.�L/

GL Š RL.�L/: (4.62)

For the second aim we prove the following lemma.

Lemma 4.3.22. The action (4.61) is GL-equivariant.

Proof. We fix � 2 GL and define a second separately continuous action

RK.�L/ � .MK/
 D0
! .MK/

 D0

by sending .�; x/ to ��1.�.�/.�.x/// (using that � and  L commute and that �
is a homeomorphism). By the uniqueness statement of Theorem 4.3.21, it suffices to
show that the new and original actions coincide on � � .MK/

 D0. We shall show that
these actions coincide even as actions �L �MK ! MK : For 
 2 � , f 2 RK.Y/,
and m 2M we calculate

��1
�
�.
/

�
�.f ˝m/

��
D ��1

�


�
�.f /˝m

��
D ��1

�


�
�.f /

�
˝ 
.m/

�
D ��1

�
�
�

.f /

��
˝ 
.m/

D 
.f /˝ 
.m/

D 
.f ˝m/:

Here we used firstly that � acts trivially on 
 (or rather ev
 ) as they are already
defined over L (via the Fourier transformation) and secondly that the GL- and �L-
actions commute. Since this equality holds for all � 2 GL, the claim follows.



.'L; �L/-modules over the Robba ring 96

TakingGL-invariants of (4.61) therefore induces – upon using (4.60) and (4.62) –
the following separately continuous action:

RL.�L/ �M
 D0
!M D0;

which extends the �L-action.

Theorem 4.3.23. We have the following:

(i) The �L-action on M (in Man.RL.X// or Man.RL.B//) extends to a sep-
arately continuous RL.�L/-action on M LD0 (with respect to the LF -
topology on RL.�L/ and the subspace topology on M LD0). If M f

�! N

is a homomorphism of L-analytic .'L; �L/-modules, thenM f  LD0
�����! N is

RL.�L/-equivariant with regard to this action.

(ii) If Y D X, then M LD0 is a free RL.�L/-module of rank rkRM . More
precisely, if e1; : : : ; er is a basis of M over RL.X/, then an RL.�L/-basis
of M LD0 is given by ev1'M .e1/; : : : ; ev1'M .er/.

Proof. It is easy to check that also the RL.�L/-equivariance of f  LD0 follows by
descent. Therefore, only (ii) remains to be shown. But this is an immediate conse-
quence of the fact noted above, that the family .ev1'M .ei // forms a GL-invariant
basis of .MK/

 D0 as RK.�L/-module, by just taking GL-invariants again.

Remark 4.3.24. As for possible generalizations, we note the following:

(i) For each complete intermediate field L � K 0 � Cp we obtain an analo-
gous structure theorem for .MK0/

 D0 over RK0.�L/ by replacing L byK 0

everywhere in the above reasoning.

(ii) Since for Y D B the basis .�.1; Z/'M .ei // of .MK/
 D0 as RK.�L/-

module is visibly not GL-invariant, the analogue of Theorem 4.3.23 (ii)
cannot hold true in this case.

4.3.9 The Mellin transform and twists

Extending the Mellin transform from Lemma 4.1.6, we introduce the map

M W RK.�L/
Š
�! RK.X/

 LD0; � 7! �.ev1/;

which is an isomorphism by Theorem 4.3.23. If � 2 K, then its composite with the
LT-isomorphism is the isomorphism

MLT W RK.�L/
Š
�! RK.B/ LD0; � 7! �

�
�.1;Z/

�
:

Recall the twist operators Tw� from Section 4.1.3.
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Lemma 4.3.25. The diagram

RK.�L/

Tw�LT

��

M // RK.X/
 LD0

@X
invŠ

��

RK.�L/
M // RK.X/

 LD0

(4.63)

is commutative; in particular, the right-hand vertical map is an isomorphism.

Proof. The commutativity can be checked after base change. Assuming � 2 K, the
diagram corresponds by Remark 4.2.9 to the diagram

RK.�L/

Tw�LT

��

MLT // RK.B/ LD0

1
�@invŠ

��

RK.�L/
MLT // RK.B/ LD0:

(4.64)

Now, the corresponding result for RK.�L/ replaced by D.�L; K/ is implicitly
given in Sections 4.1.3 and 4.1.4. Section 1.2.4 of [25] establishes, for 
 2 �L, the
relation @inv ı 
 D �LT.
/
 ı @inv as operators on RK.B/. It follows by K-linearity
and continuity that the relation of operators @inv ı � D Tw�LT.�/ ı @inv holds for all
� 2 D.�L; K/. By continuity of the action of RK.�L/ D ZŒ�L� ˝ZŒ�n� RK.�n/

on RK.B/ LD0 it suffices to check the compatibility for the element Y �1n , where
Yn 2 D.�n; K/, for n� 0, has been defined at the end of Section 4.3.4. Using that
Tw�LT is multiplicative and that @inv.�.1;Z//D��.1;Z/, the claim follows from the
relation

Tw�LT.Y
�1
n /�.1;Z/ D Tw�LT.Yn/

�1 1
�
@inv

�
YnY

�1
n �.1;Z/

�
D Tw�LT.Yn/

�1Tw�LT.Yn/
1
�
@inv

�
Y �1n �.1;Z/

�
D

1
�
@inv

�
Y �1n �.1;Z/

�
:

Lemma 4.3.26. Assume � 2 K and let n1 be as in Lemma 4.3.13. Then, for n � n1,
the map MLT induces isomorphisms

RK.�n/ Š '
n
L

�
RK.B/

�
�.1;Z/

�
� RK.B/ LD0

�
of RK.�n/-modules and

D.�n; K/ Š '
n
L

�
OK.B/

�
�.1;Z/

�
� OK.B/ LD0

�
of D.�n; K/-modules.
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Proof. By taking limits the first isomorphism follows from Lemma 4.3.19 (ii) in com-
bination with Lemma 4.3.11 (i), both applied toM I DRK.BI /. The isomorphism of
the latter restricts visibly to the isomorphism OK.BI / Š 'nL.OK.BI //�.1;Z/, while
OK.BI / is a free OK. Ò

�
n ı �.BI //-module with basis 1 by an obvious analogue of

the former reference. Hence, we obtain the second isomorphism by the same reason-
ing.

4.4 Explicit elements

There are two sources for explicit elements in the distribution algebras D.o�L; L/
and D.Un; L/, where in this section we fix an n � n1; i.e., log W Un

Š
�! �nLoL is an

isomorphism. First of all, we have, for any group element u 2 o�L, resp., u 2 Un,
the Dirac distribution ıu in D.o�L; L/, resp., in D.Un; L/. As in Section 4.1.1, the
corresponding holomorphic function Fıu D evu is the function of evaluation in u.

Lemma 4.4.1. We have the following:

(i) Let u 2 o�L be any element not of finite order; then the zeros of the function
evu�1 on X� are exactly the characters�of finite order such that �.u/D 1.

(ii) For any 1 ¤ u 2 Un the zeros of the function evu�1 on X�n all have multi-
plicity one.

Proof. (i) Obviously, the zeros of evu �1 are the characters � such that �.u/ D 1.
On the other hand, consider any locally L-analytic character � W o�L! C�p . Its kernel
H WD ker.�/ is a closed locally L-analytic subgroup of o�L. Hence, its Lie algebra
Lie.H/ is an L-subspace of Lie.o�L/ D L. We see that either Lie.H/ D L, in which
case H is open in o�L and hence � is a character of finite order, or Lie.H/ D 0, in
which case H is zero dimensional and hence is a finite subgroup of o�L. If �.u/ D 1,
then, by our assumption on u, the second case cannot happen.

(ii) (We will recall the concept of multiplicity further below.) Because of the iso-
morphism X�n Š X, it suffices to prove the corresponding assertion in the additive
case. Let 0 ¤ a 2 oL and let � 2 X.Cp/ be a character of finite order such that
�.a/ D 1. By [74] we have an isomorphism between X=Cp and the open unit disk
B=Cp . Let z 2B.Cp/ denote the image of � under this isomorphism. By [74, Prop. 3.1
and Eq. (˘˘)], the function eva �1 corresponds under this isomorphism to the holo-
morphic function on B.Cp/ given by the formal power series

Fat 0
0
.Z/ D exp

�
g� logLT.Z/

�
� 1;

where � ¤ 0 is a certain period. By assumption we have Fat 0
0
.z/ D 0. On the other

hand, the formal derivative of this power series is

d

dZ
Fgt 0

0
.Z/ D g�gLT.Z/

�
Fgt 0

0
.Z/C 1

�
:
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Since gLT.Z/ is a unit in oLJZK, we see that z is not a zero of this derivative. It
follows that z has multiplicity one as a zero of Fat 0

0
.Z/.

The other source comes from the Lie algebra Lie.Un/ D Lie.o�L/ D L. We have
the element

r WD 1 2 Lie.o�L/ D L:

On the other hand, there is the L-linear embedding (cf. [75, §2])

Lie.Un/! D.Un; L/

x 7!
�
f 7! d

dt
f
�

expUn.tx/
�
jtD0

�
;

which composed with the Fourier isomorphism becomes the map

Lie.Un/! OL.X
�
n /

x 7!
�
� 7! d�.x/

�
:

On the one hand, we therefore may and will view r always as a distribution on Un
or o�L. On the other hand, using the formula before [8, Lem. 1.28], one checks that
the function Fr (corresponding to r via the Fourier isomorphism) on X�n is explicitly
given by

Fr.�/ D �
�n
L log

�
�
�

exp.�nL/
��
: (4.65)

Lemma 4.4.2. The zeros of the function Fr on X�n are precisely the characters of
finite order each with multiplicity one.

Proof. Once again because of the isomorphism X�n Š X, it suffices to prove the cor-
responding assertion in the additive case. This is done in [8, Lem. 1.28].

To recall from [8, §1.1] the concept of multiplicity used above and to explain a
divisibility criterion in these rings of holomorphic functions, we let Y be any one-
dimensional smooth rigid analytic quasi-Stein space over L such that OL.Y/ is an
integral domain. Under these assumptions, the local ring in a point y of the struc-
ture sheaf OY is a discrete valuation ring. Let my denote its maximal ideal. The
divisor div.f / of any non-zero function f 2 OL.Y/ is defined to be the function
div.f / W Y! Z�0 given by div.f /.y/ D n if and only if the germ of f in y lies in
mn
y nmnC1

y . By Lemma 1.1 in loc. cit. for any affinoid subdomain Z � Y the set®
x 2 Z j div.f /.x/ > 0

¯
is finite: (4.66)

Lemma 4.4.3. For any two non-zero functionsf1;f22OL.Y/, we havef22f1OL.Y/
if and only if div.f2/ � div.f1/.
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Proof. We consider the principal ideal f1OL.Y/. As a consequence of [8, Props. 1.6
and 1.4], we have

f1OL.Y/ D
®
f 2 OL.Y/ n ¹0º W div.f / � div.f1/

¯
[ ¹0º:

We now apply these results to exhibit a few more explicit elements in the distri-
bution algebra D.Un; L/, which will be used later on.

Lemma 4.4.4. For any 1¤ u 2 Un the fraction r

ıu�1
is a well-defined element in the

integral domain D.Un; L/.

Proof. By the Fourier isomorphism we may equivalently establish that the fraction
Fr

evu�1
exists in OL.X

�
u /. But for this we only need to combine the Lemmata 4.4.1

to 4.4.3.

The next elements will only lie in the Robba ring of Un. Since X�n Š X, we
deduce from Proposition 4.1.7 and the subsequent discussion that there is an admis-
sible covering X�n D

S
j�1Vn;j by an increasing sequence Vn;1 � � � � �Vn;j � � � �

of affinoid subdomains Vn;j with the following properties:

• The system .X�n nVn;j /=Cp is isomorphic to an increasing system of one-dimen-
sional annuli. This implies that

– RL.X
�
n / is the increasing union of the rings OL.X

�
n n Vn;j / and contains

OL.X
�
n /;

– each OL.X
�
n nVn;j / and RL.X

�
n / are integral domains.

• Each X�n nVn;j is a one-dimensional smooth quasi-Stein space.

In particular, the OL.X
�
n n Vn;j / are naturally Fréchet algebras, and we may view

RL.X
�
n/ as their locally convex inductive limit. We also conclude that Lemma 4.4.3

applies to each X�n nVn;j .
We now fix a basis b D .b1; : : : ; bd / of Un as a Zp-module such that bi ¤ 1 for

any 1 � i � d .

Proposition 4.4.5. The fraction

„b WD
F d�1
rQd

iD1.evbi �1/

is well defined in the Robba ring RL.X
�
n /.

Proof. The zeros of the fraction Fr
evbi �1

2 OL.X
�
n / are precisely those finite-order

characters which are non-trivial on bi . Hence, if we fix 1 � j � d , then the productQ
i¤j

Fr
evbi �1

still has a zero in any finite-order character which is non-trivial on bi
for at least one i ¤ j . On the other hand, the zeros of evbj �1 are those finite-order
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characters which are trivial on bj (and they have multiplicity one). Since only the
trivial character is trivial on all b1; : : : ; bd , we see that all zeros of evbj �1 with the

exception of the trivial character occur also as zeros of the product F d�1
rQ

i¤j .evbi �1/
. It

follows that the asserted fraction „b exists in OL.X
�
n n Vn;j / provided j is large

enough so that the trivial character is a point in Vn;j . Since .
Qd
iD1.evbi �1//„b D

F d�1
r

and RL.X
�
�/ is an integral domain, we see the independence of j .

In fact, the proof of Proposition 4.4.5 shows that „b is a meromorphic function
on X�n with a single pole at the trivial character, which moreover is a simple pole. We
abbreviate `.b/ WD

Qd
iD1 log.bi /.

Proposition 4.4.6. For any other basis b0 D .b01; : : : ; b
0
d
/ of Un as a Zp-module with

b0i ¤ 1 we have
`.b0/„b0 � `.b/„b 2 OL.X

�
n /:

Proof. We only have to check that the asserted difference does not any longer have a
pole at the trivial character. Both „�1

b0
and „�1

b
are uniformizers in the local ring O1

of X�n in the trivial character. Hence, we have in O1 an equality of the form

„b0

„b
D x C„�1b �G

with some x 2L andG 2O1. Our assertion amounts to the claim that x D
Q
i

log.bi /
log.b0

i
/
.

To compute x, we use (4.3) which leads to the open embedding

B.r0/=L
Š
�! X.r0/

�
�! X

`�n
�! X�n

which maps y to the character �y.u/ WD exp.��nL log.u/y/ (and, in particular, 0 to the
trivial character). Using (4.65), we see that Fr pulls back to the function y 7! ��nL y

on B.r0/. On the other hand, evbi �1 pulls back to y 7! exp.��nL log.bi /y/ � 1.
Hence, „b pulls back to the meromorphic function

y 7!
�
�n.d�1/
L yd�1Q

i

�
exp

�
��nL log.bi /y

�
� 1

� :
Its germ at zero lies in

1

��nL
�Q

i log.bi /
�
y
.1C yO0/;

where O0 denotes the local ring of B.r0/=L in zero. It follows that the germ of the
pull back of „b0

„b
lies in

�Q
i

log.bi /
log.b0

i
/

�
.1C yO0/.

By Lemma 4.4.2 the function Fr„b is holomorphic on X�n and has no zero in the
trivial character.
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Lemma 4.4.7. The value of Fr„b at the trivial character is `.b/�1.

Proof. We use the same strategy as in the previous proof. The function‚b pulls back
to the function

y 7!
��ndL ydQ

i

�
exp

�
��nL log.bi /y

�
� 1

�
on B.r0/=L, and we have to compute its value at 0. But visibly the above right-hand
side is a power series in y with constant term 1Qd

iD1 log.bi /
.

These last two facts suggest renormalizing our functions by setting

x„b WD `.b/„b and ‚b WD Fr x„b:

Choosing a field K containing �, we also let f„b denote the image of x„b under the
composite map

RL.X
�
n /

`n�
��! RL.X/ � RK.X/

��

�! RK.B/: (4.67)

Remark 4.4.8. Suppose that K contains �. We have

f„b D `.b/
�
�
�n
L

logLT.Z/
�d�1Q

j

�
exp

�
log.bj / ��n

L

logLT.Z/
�
� 1

� ;
and it follows from the proof of Proposition 4.4.5 that Zf„b belongs to OK.B/ with
constant term . �

�n
L

/�1, whence

f„b � �nL
�Z

mod OK.B/:

Proof. One checks that the map (4.67) sends a distribution � to the map

g�.z/ D �
�

exp
�
�

log.�/
�nL

logLT.z/
��
:

In particular, a Dirac distribution ıa is sent to exp.� log.a/
�n
L

logLT.z//. Recall that the
action of r as distribution is given as sending a locally L-analytic function f to
�. d

dt
f .exp.�t ///jtD0, whence r is sent to

r

�
exp

�
�

log.�/
�nL

logLT.z/
��
D �

�
d
dt

exp
�
�

log.exp.�t //
�nL

logLT.z/
��
jtD0

D
�

�nL
logLT.z/:
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Remark 4.4.9. Recall that ‚b lies in OL.X
�
n / and therefore can be viewed, via the

Fourier transform, as a distribution in D.Un; L/ � D.o�L; L/. If K contains � and
for sufficiently large n, the Mellin transform M in Lemma 4.1.6 then satisfies

�� ıM.‚b/ D '
n
L.�b/�.1;Z/

with

�b �
logLT.Z/

Z
mod logLT.Z/OK.B/:

Proof. Consider the element

F.X/ D
X

exp.X/ � 1
D 1CXQ.X/

with Q.X/ 2 QpJXK and let r > 0 be such that Q.X/ converges on jX j � r . We
shall proof the claim within the Banach algebra RI

K.B/ for I D Œ0; r� (which con-
tains OK.B/), using that the actions on both rings are compatible. We assume for
the operator norm that kıbi � 1kI < min.p�

1
p�1 ; r/ for all i (otherwise, we enlarge

n according to Lemma 4.3.13). From [8, Cor. 2.3.2, proof of Lem. 2.3.1] it follows
that r D

log.ıbi /
log.bi /

as operators in the Banach algebra A of continuous linear endomor-
phisms of RI

K.B/ and

exp
�

log.bi /r
�
D exp

�
log.ıbi /

�
D ıbi

in A. Moreover, 

 log.ıbi /



I
< min.p�

1
p�1 ; r/ (4.68)

for all i , whence krkI < min.p�
1
p�1 ; r/j log.bi /j. Then, as operators in A, we have

log.bi /�1 CrQ
�

log.bi /r
�
D log.bi /�1F

�
log.bi /r

�
D

r

exp
�

log.bi /r
�
� 1

D
r

ıbi � 1
:

Hence,

‚b D
`.b/rdQ�

exp
�

log.bj /r
�
� 1

� D 1C `.b/rg� log.bj /r
�

for some power series g 2 RI
K.B/. It follows that

�� ıM.‚b/ D
�
1C `.b/� logLT.Z/f .Z/

�
�.1;Z/ (4.69)

for some f .Z/ 2 RI
K.B/. Indeed, concerning the derived action, we have

r
�
�.1;Z/

�
D
�
d
dt

exp
�
� exp.t/ logLT.Z/

��
jtD0
D � logLT.Z/�.1;Z/
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using from [8, end of §2.3] the fact that

r acts as logLT.Z/@inv on OK.B/; (4.70)

and
r
�
� logLT.Z/

�
D � logLT.Z/:

Furthermore, we obtain inductively that

r
i�.1;Z/ D

� i�1Y
kD0

�
� logLT.Z/C k

��
�.1;Z/

for all i�0. The convergence of f .Z/ can be deduced using the operator norm (4.68).
On the other hand, according to [7, Lem. 2.4.2], we have

‚b�.1;Z/ D
`.b/ logLT.Z/

'nL.Z/
g.Z/

for some g.Z/ 2 OK.B/. Since the element ‚b�.1; Z/ lies in .OK.B// LD0, we
conclude from

0 D  L

�
��1L 'L

�
logLT.Z/

�
'nL.Z/

g.Z/

�
D
��1L logLT.Z/

'n�1L .Z/
 L
�
g.Z/

�
that g.Z/ belongs to .OK.B// LD0, whence it is of the form

g.Z/ D
X

a2.oL=�L/�

'L
�
ga.Z/

�
�.a;Z/

for some ga 2 OK.B/ by the analogue of (4.58) for OK.B/. From Lemma 4.3.26, we
derive that, for some a.Z/ 2 OK.B/, we have

‚b�.1;Z/ D `.b/'
n
L

�
a.Z/

�
�.1;Z/:

Since the decomposition in (4.58) is direct, we conclude that

g.Z/ D 'L
�
g1.Z/

�
�.1;Z/ and

logLT.Z/

'nL.Z/
'L
�
g1.Z/

�
D 'nL

�
a.Z/

�
;

whence logLT.Z/ divides 'nL.a.Z/Z/. Since 'nL sends the zeros of logLT.Z/, i.e., the
points inLT.�L/D

S
kLTŒ�kL�, surjectively onto itself, we conclude by Lemma 4.4.3

that logLT.Z/ divides also a.Z/Z in OK.B/ and that there exists c.Z/ 2OK.B/ such
that

�� ıM.‚b/ D `.b/'
n
L

� logLT.Z/

Z
c.Z/

�
�.1;Z/: (4.71)

Comparing (4.71) with the first description (4.69) gives the claim as c.0/ D `.b/�1

because evaluation at 0 is compatible with the embedding OK.B/ � RI
K.B/ and

logLT.Z/

Z
.0/ D 1 by (2.1).
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4.5 Pairings

In this section, we discuss various kinds of pairings. The starting point is Serre duality
on X which induces a (residue) pairing

h ; iX W RL.X/ �RL.X/! L;

as we have seen in (4.20). Similarly, Serre duality on X� induces a pairing

h ; i�L W RL.�L/ �RL.�L/! L (4.72)

for the Robba ring of �L, which by definition is the Robba ring of its character
variety X�L Š X� (induced by the isomorphism �LT W �L ! o�L) as constructed in
(4.23). This pairing, as defined in Section 4.5.2, is actually already characterized by
its restriction to RL.�n/ for any n� n0 and thus is by construction and the functorial-
ity properties of Section 4.2 closely related to the pairing h ; iX using the “logarithm”
RL.�n/

.`n/�
���! RL.X/, see (4.21).

In contrast, the commutative diagram

RL.X
�/

.�/.ev1 d logX/

��

�d logX� // �1
RL.X�/

resX�

��

L

.�1
RL.X/

/ D0
ev�1 � // �1

RL.X/

resX

OO

from Theorem 4.5.12 in Section 4.5.3 relates the pairing h ; i�L to the pairing h ; iX
in a highly non-trivial, non-obvious way. The resulting description of h ; i�L in (4.84)
(resp., (4.86)) forms one main ingredient in the proof of the abstract reciprocity law
in Theorem 4.5.32 in Section 4.5.5 below.

Based on the (generalized) residue pairings (4.73) in Section 4.5.1,

¹ ; º W {M �M ! L;

with {M WD HomR.M;�
1
R
/, the pairing (4.72) induces for any (analytic) .'L; �L/-

module M over RL.X/ an Iwasawa pairing (4.88)

¹ ; ºIw W {M
 LD

q
�L �M LD1 ! D.�L; L/

in Section 4.5.4, which behaves well with twisting (cf. Lemma 4.5.22).
By construction and the comparison isomorphism (4.91) for Kisin–Ren modules

– the second main ingredient – the pairing ¹ ; ºIw is closely related to a pairing

Œ ; � W RL.X/
 LD0˝LDcris;L

�
V �.1/

�
�RL.X/

 LD0˝LDcris;L
�
V.��1/

�
!RL.�L/
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induced from the natural pairing forDcris;L. The precise relationship is the content of
an abstract form of a reciprocity formula, see Theorem 4.5.32. As a consequence, we
shall later derive a concrete reciprocity formula, i.e., the adjointness of Berger’s and
Fourquaux’s big exponential map with our regulator map, see Theorem 5.2.1.

4.5.1 The residuum pairing for modules

Throughout our coefficient fieldK is a complete intermediate extensionL�K �Cp .
Let Y be either X or B and R D RK.Y/. Consider the residuum map resX defined
after (4.19) and the residuum map

resB W �
1
R ! K;

X
i

aiZ
idZ 7! a�1:

Recall that we are using the operator  L WD q
�
 

Y
L on R.

Moreover, we define š� W RK.�L/! RK.�L/ to be the map which is induced
by sending 
 2 �L to its inverse 
�1; i.e., the involution of the group induces an
isomorphism on the multiplicative character variety, which in turn gives rise to š�. The
corresponding involution on RK.�n0/, also denoted by š�, satisfies the commutative
diagram

RK.�n0/

š� Š

��

Ò
n0�

Š
// RK.X/

šŠ

��

RK.�n0/
Ò
n0�

Š
// RK.X/;

where the involution š on RK.X/ sends evx to ev�x .
Setting {M WD HomR.M;�

1
R
/ Š HomR.M;R/.�LT/, for any finitely generated

projective R-module M , we obtain more generally the pairing

¹ ; º WD ¹ ; ºM W {M �M ! K; .g; f / 7! resY

�
g.f /

�
; (4.73)

which satisfies the following properties.

Lemma 4.5.1. For M in M.R/ we have the following:

(i) ¹ ; º identifies M and {M with the (strong) topological duals of {M and M ,
respectively,

(ii) ¹'L.g/; 'L.f /º D
q
�L
¹g; f º for all g 2 {M and f 2M ,

(iii) ¹�.g/; �.f /º D ¹g; f º for all g 2 {M , f 2M , and � 2 �L,

(iv) ¹ L.g/;f º D ¹g;'L.f /º and ¹'L.g/;f º D ¹g; L.f /º for all g 2 {M and
f 2M .
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Proof. (i) follows from the discussion in Section 4.2.3. (ii) is a purely formal con-
sequence of (iv). (iii) follows as in (4.36) with �� instead of ��. For (iv) we refer to
Lemma 4.2.14. For Y D B see also [80, Prop. 3.17, Cor. 3.18, Prop. 3.19].

Convention. For coherence of our notation we set logB WD logLT although in general
this is not the standard logarithm!

Proposition 4.5.2. The pairing h ; iY W R � R ! K, .f; g/ 7! resY.fgd logY/,
induces topological isomorphisms

HomK;cont.R; K/ Š R and HomK;cts.R=OK.Y/;K/ Š OK.Y/:

Proof. See Section 4.2.3.

Remark 4.5.3. If we assume � 2 K, then these pairings can be compared via the
LT-isomorphism �. By (4.37) we have

�
˝
��.f /; ��.g/

˛
B D hf; giX

for f; g 2 RK.X/.

Assume henceforth thatM is an analytic .'L;�L/-module over R and recall from
Proposition 4.3.10 that the �L-action on M extends continuously to a D.�L; K/-
module structure.

Corollary 4.5.4. The isomorphism {M Š HomK;cont.M; K/ (induced by ¹ ; º) is
D.�L; K/-linear.

Proof. This follows from Lemma 4.5.1 (iii) since �L generates a dense subspace of
D.�L; K/.

Since �L
q
 L ı 'L D idM , we have a canonical decomposition M D 'L.M/ ˚

M LD0. By Lemma 4.5.1 we see that M LD0 is the exact orthogonal complement
of 'L. {M/; i.e., we obtain a canonical isomorphism

{M LD0 Š HomK;cont.M
 LD0; K/: (4.74)

Lemma 4.5.5. The isomorphism (4.74) is RK.�L/-equivariant; i.e., we have for all
Lm 2 {M LD0, m 2M LD0, and � 2 RK.�L/ that

¹� Lm;mº D
®
Lm; š�.�/m

¯
:

Proof. This is clear for D.�L; K/ by Corollary 4.5.4. Without loss of generality,
we may and do assume that � belongs to K. It then follows for the localization
D.�L; K/YN

n1

, where we use the notation and considerations from Section 4.3.6,
especially Lemma 4.3.19 and its proof. Since D.�L; K/YN

n1

is dense in RK.�L/,
Remark 4.3.5, the assertion now is a consequence of the continuity property in Theo-
rem 4.3.21.
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4.5.2 The duality pairing h ; i�L
for the group Robba ring

Using the isomorphisms (4.43) induced by the Lubin–Tate character �LT, we now
carry over structures concerning the (multiplicative) character varieties X�, X�n to
those of the groups �L, �n. In particular, we use analogous notation res�L , res�n ,
log�L , log�n for corresponding objects. In this sense we introduce and recall from
(4.23) the pairing

h ; i�L W RK.�L/ �RK.�L/! K (4.75)

and similarly h ; i�n from (4.21). This pairing is of the form

h ; i�L W RK.�L/ �RK.�L/
mult
��! RK.�L/

%
�! K;

where

% D h1;�i�L W RK.�L/! �1RK.�L/

res�L
���! K

f 7! fd log�L 7! res�L.fd log�L/

has also the following description – writing prn;m and similarly prL;m for the projec-
tion maps induced by (4.44), (4.45) –

% W RK.�L/ D ZŒ�L�˝ZŒ�n0 �
R.�n0/! K

f 7! q�1
q

�
q
�L

�n0resX

�
Ò
n0� ı prL;n0.f /d logX

� (4.76)

with n0 as defined at the beginning of Section 4.3.4. Indeed, using (4.22), (4.21) we
obtain

h1; f i�L D res�L.fd log�L/

D
q�1
q
qn0res�n0

�
prL;n0.f /d log�n0

�
D

q�1
q

�
q
�L

�n0resX

�
Ò
n0� ı prL;n0.f /d logX

�
because .`�n/

�.1/ D 1.
The following properties follow immediately from the definition.

Lemma 4.5.6. We have for all f; �; � 2 RK.�L/ that

(i) h�; f�i�L D hf �;�i�L ,

(ii) h�;�i�L D h�; �i�L .

Remark 4.5.7. For n � n0 we have the projection formula

prL;n
�
�n;�.x/y

�
D x prL;n.y/

and (4.24) translates into˝
�n;�.x/; y

˛
�L
D .q � 1/qn�1

˝
x; prL;n.y/

˛
�n

(4.77)
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for x 2 R.�n/, y 2 R.�L/ and the canonical inclusion R.�n/
�n;�
��! R.�L/. Analo-

gous formulae hold for �m with n � m � n0 instead of �L Lemma 4.2.14 (ii).

Remark 4.5.8 (Frobenius reciprocity). The projection map pr�L;�n W RK.�L/ !

RK.�n/ induces an isomorphism

HomRK.�L/

�
N;RK.�L/

�
Š HomRK.�n/

�
N;RK.�n/

�
for any RK.�L/-module N ; the inverse sends f to the homomorphism given by
x 7!

P
g2�L=U

g�n;� ı f .g
�1x/.

The following proposition translates the results at the end of Section 4.2.3 into
the present setting.

Proposition 4.5.9. The pairing h ; i�L W RK.�L/ �RK.�L/! K induces topolog-
ical isomorphisms

HomK;cont
�
RK.�L/;K

�
Š RK.�L/;

HomK;cont
�
RK.�L/=D.�L; K/;K

�
Š D.�L; K/:

Proposition 4.5.10. Assume � 2 K and M in M.R/. Then the map

HomRK.�L/

�
M LD0;RK.�L/

�š Š
�! HomK;cont.M

 LD0; K/
Š
���!
(4.74)

{M LD0

F 7! � ı F (4.78)

is an isomorphism of RK.�L/-modules, where the superscript “š” on the left-hand
side indicates that RK.�L/ acts through the involution š�.

Proof. According to Theorem 4.3.21, the RK.�L/-module M LD0 is finitely gener-
ated free. Hence, it suffices to show that the map

HomRK.�L/

�
RK.�L/;RK.�L/

�
! HomK;cont

�
RK.�L/;K

�
F 7! � ı F

is bijective. But this map is nothing else than the duality isomorphism in Proposi-
tion 4.5.9.

The following twist invariance is just Lemma 4.2.15.

Proposition 4.5.11. Let U be �L or �n for n � n0. Then, for all �; � 2 R.U / we
have ˝

Tw�LT.�/;Tw�LT.�/
˛
U
D h�; �iU :
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4.5.3 A residuum identity and an alternative description of h ; i�L

Let ��1 2 �L be the element with �LT.��1/D �1. Consider the continuousK-linear
map

& W RK.�L/! K

� 7! resX

�
M.��1/M

�1.�/
�
;

where M�1 W RK.�L/
Š
�! �1

R.X/

 D0
� �1

R.X/
sends � to

�.ev1 d logX/ D
�
Tw�LT.�/.ev1/

�
d logX; (4.79)

whence we also have

resX

�
M.��1/M

�1.�/
�
D resX

�
M.��1/M

�
Tw�LT.�/

�
d logX

�
: (4.80)

Recall the definition of % from (4.75).

Theorem 4.5.12. We have
& D q

q�1
%I

i.e., the following identity for the residue map holds:�
q
�L

�n0resX

�
Ò
n0� ı prL;n0.�/d logX

�
D resX

�
ev�1 �.ev1 d logX/

�
for all � 2 RK.�L/; i.e., the following diagram commutes:

RK.X
�/

.�/.ev1 d logX/

��

�d logX�// �1
RK.X�/

resX�

��

K

.�1
RK.X/

/ D0
ev�1 � // �1

RK.X/
:

resX

OO

Remark 4.5.13. Compare with [3, Props. 2.2.1, 3.2.1] where residue identities also
play a crucial role in the proof of his reciprocity formula.

The proof of this theorem requires some preparation.

Lemma 4.5.14. For all � 2 RK.�L/ and j 2 Z we have

&
�
Tw

�
j
LT
.�/
�
D &.�/:
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Proof. For the proof we may and do assume that � belongs to K. Since then

resX

�
@X

inv.f /d logX

�
D �resB

�
1
�
@inv

�
��.f /

�
d logLT

�
D resB

�
d��.f /

�
D 0

for any f by Remark 4.2.9, (4.37), and [33, Prop. 2.12], the case j D 1 follows
directly from (4.80) using with g WD Tw�LT.�/ that

@X
inv

�
M.��1/M.g/

�
D @X

inv

�
M.��1/

�
M.g/CM.��1/@

X
inv

�
M.g/

�
(4.63)
D M

�
Tw�LT.��1/

�
M.g/CM.��1/M

�
Tw�LT.g/

�
D �M.��1/M.g/CM.��1/M

�
Tw�LT.g/

�
:

From this the general case is immediate.

Lemma 4.5.15. Let � 2 D.�L;Cp/ with ev
�
j
LT
.�/ D 0 for infinitely many j ; then

� D 0.

Proof. On the character variety the characters �jLT correspond to points which con-
verge to the trivial character. It follows that � corresponds to the trivial function since
otherwise its divisor of zeros would have only finitely many zeros in any disk with
fixed radius strictly smaller than 1 by (4.66), which would contradict the assump-
tions.

Now fix a Zp-basis b D .b1; : : : ; bd / of Un0 with all bi ¤ 1 and set `�.b/ WD
`��.b/ WD q

�n0`.b/ 2 o�L with � WD �n0 . According to Section 4.4, we may define
the operator c„b WD q�n0��LT.

x„b/ D `
�.b/��LT.„b/

in RK.�/. Let aug W D.�; K/! K denote the augmentation map, induced by the
trivial map � ! ¹1º.

Lemma 4.5.16. The element c„b induces – up to the constant q�n0 – the augmenta-
tion map

hc„b;�i�n0 D q�n0aug W D.�n0 ; K/! K: (4.81)

Moreover, we have

&.c„b/ D 1 D q

q � 1
%.c„b/: (4.82)

Proof. We may and do assume � 2 K by compatibility of res with respect to (com-
plete) base change (4.26). Since

��
�
Ò
n0�.

c„b/� D q�n0 z„b � �
n0
L

qn0�
1
Z

mod OK.B/
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by Remark 4.4.8, one has for every � 2 D.�;K/

hc„b; �i� (4.77)
D

1

.q�1/qn0�1
hc„b; �i�L

(4.76)
D q�n0resX

��
q
�L

�n0��� Òn0�.c„b�/�d logX

�
(4.37)
D q�n0resB

�
�
�
q
�L

�n0��� Òn0�.c„b�/�gLTdZ
�

D q�n0resB
�
1
Z
��
�
Ò
n0�.�/

�
gLTdZ

�
D q�n0aug.�/;

where we use for the last equation that gLT.Z/ has constant term 1 and the fact that
the augmentation map corresponds via Fourier theory and the LT-isomorphism to the
“evaluation at Z D 0” map. Taking � D 1 we see that %.c„b/ D hc„b; 1i�L D q�1

q
.

For the other equation of the second claim one has by definition of &

&.c„b/ (4.37)
D �`�.b/resB

�
��
�
M.��1/M

�
Tw�LT

�
��LT.„b/

���
d logLT

�
D �`�.b/resB

�
MLT.��1/MLT

�
Tw�LT

�
��LT.„b/

��
d logLT

�
D `�.b/resB

�
MLT.��1/ logLT.Z/@invMLT

�
��LT.„b/

� d logLT

logLT.Z/

�
D `�.b/resB

�
MLT.��1/MLT

�
r��LT.„b/

� d logLT

logLT.Z/

�
D `�.b/resB

�
MLT.��1/

�
n0
L logLT.Z/

'
n0
L

�
Z`.b/

� �.1;Z/ d logLT

logLT.Z/

�
D `�.b/�

n0
L resB

�
�.�1;Z/

1

'
n0
L

�
Z`.b/

��.1;Z/d logLT

�
D `�.b/�

n0
L resB

�
�.1 � 1;Z/

1

'
n0
L

�
Z`.b/

�d logLT

�
D `�.b/�

n0
L resB

�
'
n0
L

�
�.0;Z/

1

Z`.b/
d logLT

��
D
`�.b/

`.b/
�
n0
L

�
q
�L

�n0resB
�
1
Z
gLTdZ

�
D 1;

where we use (4.64) in the third equation, the fact thatr acts on R as logLT.Z/@inv (cf.
(4.70)) in the fourth equation, Remark 4.4.9 for the fifth equation, Lemma 4.5.1 (iv)
with  L.1/ D q

�L
for the penultimate equation, and finally for the last equation that

gLT.Z/ has constant term 1.

Proof of Theorem 4.5.12. Since the equality can also be checked after base change
by (4.26), we may and do assume that � belongs to K. Due to Proposition 4.5.9,
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there exists g 2 D.�L; K/ such that &.�/ D hg; �i�L for all � 2 RK.�L/ because &
sends D.�L; K/ to zero. We claim that

Tw
�
j
LT
.g/ D g (4.83)

for all j 2 Z: By Proposition 4.5.11 and Lemma 4.5.14 we have˝
Tw

�
j
LT
.g/; f

˛
�L
D
˝
g;Tw

�
�j
LT
.f /

˛
�L

D &
�
Tw

�
�j
LT
.f /

�
D &.f /

D hg; f i�L

for all f 2 RK.�L/.
Now it follows from (4.83) combined with Lemma 4.5.15 that g is constant (and

equal to ev�0LT
.g/), i.e., &.�/ D gh1;�i�L D g%.�/. Finally, it follows from (4.82)

that g D q
q�1

.

Corollary 4.5.17. The pairing q
q�1
h ; i�L makes the following diagram commutative:

RK.X/
 LD0 � .�1

R.X/
/ LD0

mult // �1
R.X/

resX // K

RK.�L/

��1Mıš�

OO

� RK.�L/

M�1

OO

q
q�1 h ; i�L // KI

(4.84)

i.e., we have

q
q�1
h�; �i�L D

®
M
�
��1š�.�/

�
;M�1.�/

¯
�1

D resX

�
��1M

�
š�.�/

�
M�1.�/

�
D resX

�
M
�
��1š�.�/

�
M
�
Tw�LT.�/

�
d logX

�
D resX

�
M
�
š�.�/

�
M.Tw�LT

�
��1�/

�
d logX

�
:

(4.85)

Proof. By Theorem 4.5.12 and the definition of & and of h ; i�L we have

q
q�1
h�; �i�L D

q

q � 1
h1; ��i�L

D
®
M.��1/;M

�1.��/
¯
�1

D
®
M
�
��1š�.�/

�
;M�1.�/

¯
�1
;

(4.86)

where we use Lemma 4.5.5 for the last equation.

Lemma 4.5.18. We have for all �;� 2RK.�L/ that h�;�i�L D�hš�.�/; š�.�/i�L .
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Proof. Using (4.85) for the first and third equation, property (3) in Section 4.1.3
applied to š and the fact that Tw�LT.��1/D���1 for the second equation, and Propo-
sition 4.5.11 for the last one, we see that

q
q�1
h�; �i�L D resX

�
M
�
Tw�LT.��1�/

�
M
�
š�.�/

�
d logX

�
D �resX

�
M
�
��1š�

�
Tw��1LT

�
š�.�/

���
M
�
š�.�/

�
d logX

�
D �

q
q�1

˝
Tw��1LT

�
š�.�/

�
;Tw��1LT

�
š�.�/

�˛
�L

D �
q
q�1

˝
š�.�/; š�.�/

˛
�L
:

4.5.4 The Iwasawa pairing for .'L; �L/-modules over the Robba ring

As before, let Y be either X or B and R D RK.Y/ and M in Man.R/, where K
is any complete intermediate extension L � K � Cp . Using Proposition 4.5.9, we
define the pairing

¹ ; º0Iw WD ¹ ; º
0
M;Iw W

{M LD0 �M LD0 ! RK.�L/;

which is RK.�L/-š�-sesquilinear in the sense that

�¹ Lm;mº0Iw D ¹� Lm;mº
0
Iw D

®
Lm; š�.�/m

¯0
Iw (4.87)

for all � 2RK.�L/ and Lm 2 {M LD0,m 2M LD0. This requires the commutativity
of the diagram

RK.�L/ � {M LD0 �M LD0

¹ ; º0Iw
��

// K

RK.�L/ � RK.�L/
h ; i�L // K;

in which the upper line sends .f; x; y/ to ¹f .x/; yºM , where the latter pairing is
(4.73). Indeed, the property

¹� Lm;mº0Iw D
®
Lm; š�.�/m

¯0
Iw

follows from the corresponding property for ¹ ; ºM by Lemma 4.5.5, while with regard
to the second one

�¹ Lm;mº0Iw D ¹� Lm;mº
0
Iw

we have for all f 2 RK.�L/˝
f; ¹� Lm;mº0Iw

˛
�L
D ¹f � � Lm;mº D

˝
�f; ¹ Lm;mº0Iw

˛
�L
D
˝
f; �¹ Lm;mº0Iw

˛
�L

by Lemma 4.5.6. Note that the pairing ¹ ; º0Iw induces the isomorphism in (4.78).
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We set

C WD
�
�L
q
'L � 1

�
M LD1 and {C WD .'L � 1/ {M

 LD
q
�L

and we shall need the following lemma.

Lemma 4.5.19. For f 2 D.�L; K/ we have ¹f � .'L � 1/x; .
�L
q
'L � 1/yº D 0 for

all x 2 {M LD
q
�L and y 2M LD1.

Proof. The result follows by straightforward calculation using Lemma 4.5.1 (cf. [42,
Lem. 4.2.7]).

This lemma combined with the second statement of Proposition 4.5.9 implies that
the restriction of ¹ ; º0Iw to {C � C , which by abuse of notation we denote by the same
symbol, is characterized by the commutativity of the diagram

{C � C

¹ ; º0Iw
��

� RK.�L/=D.�L; K/ // K

D.�L; K/ � RK.�L/=D.�L; K/
h ; i�L // K;

in which the upper line sends .x; y; f / to ¹f .x/; yºM . In particular, it takes values in
D.�L; K/.

Finally, we obtain a D.�L; K/-š�-sesquilinear pairing ¹ ; ºIw WD ¹ ; ºM;Iw which
by definition fits into the following commutative diagram:

{M
 LD

q
�L

'L�1
��

� M LD1

�L
q 'L�1

��

¹ ; ºM;Iw
// D.�L; K/

{C � C
¹ ; º0

M;Iw
// D.�L; K/:

Altogether we obtain the following theorem.

Theorem 4.5.20. There is a D.�L; K/-š�-sesquilinear pairing

¹ ; ºIw W {M
 LD

q
�L �M LD1 ! D.�L; K/: (4.88)

It is characterized by the following equality:˝
f; ¹ Lm;mºIw

˛
�L
D
®
f � .'L � 1/ Lm;

�
�L
q
'L � 1

�
m
¯

(4.89)

for all f 2 RK.�L/, Lm 2 {M , m 2M .

Remark 4.5.21. For any n� n0, we obtain in the same way as in (4.88) aD.�n;K/-
š�-sesquilinear pairing

¹ ; ºIw;�n W
{M
 LD

q
�L �M LD1 ! D.�n; K/:



.'L; �L/-modules over the Robba ring 116

It follows immediately from the definitions, the projection formulae (4.77), and the
Frobenius reciprocity (Remark 4.5.8) that

¹ ; ºIw;�n WD .q � 1/q
n�1 prL;n ı¹ ; ºIw:

If� W�L!o�L is any continuous character with representation moduleW�DoL��,
then, for any .'L; �L/-module M over R, we have the twisted .'L; �L/-module
M.�/, where M.�/ WD M ˝oL W� as R-module, 'M.�/.m˝ w/ WD 'M .m/˝ w,
and 
.m˝ w/ WD 
.m/˝ 
.w/ D �.
/ � 
.m/˝ w for 
 2 �L. It follows that

 M.�/.m˝ w/ D  M .m/˝ w:

For the character �LT we take W�LT D T D oL� and W��1LT
D T � D oL�

� as repre-
sentation module, where T � denotes the oL-dual with dual basis �� of �.

Consider the RK-linear (but of course not RK.�L/-linear) map

tw� WM !M.�/; m 7! m˝ ��:

Lemma 4.5.22. There is a commutative diagram

{M.�
�j
LT /

 LD
q
�L � M.�

j
LT/

 LD1
¹ ; ºIw // D.�L;Cp/

{M
 LD

q
�L

tw
�
�j
LT

OO

� M LD1
¹ ; ºIw //

tw
�
j
LT

OO

D.�L;Cp/:

Tw
�
j
LT

OO

Proof. We have for all f 2 RK.�L/,˝
f;
®
tw
�
�j
LT
. Lm/; tw

�
j
LT
.m/

¯
Iw

˛
�L

D
®
f �

�
.'L � 1/ Lm˝ �

˝�j
�
;
�
�L
q
'L � 1

�
m˝ �˝j

¯
D
®�

Tw
�
�j
LT
.f / � .'L � 1/ Lm

�
˝ �˝�j ;

�
�L
q
'L � 1

�
m˝ �˝j

¯
D
®�

Tw
�
�j
LT
.f / � .'L � 1/ Lm

�
;
�
�L
q
'L � 1

�
m
¯

D
˝
Tw

�
�j
LT
.f /; ¹ Lm;mºIw

˛
�L

D
˝
f;Tw

�
j
LT

�
¹ Lm;mºIw

�˛
�L
;

where we used Proposition 4.5.11 for the last equation. The second equation is clear
for ı-distributions and hence extends by the uniqueness result of Theorem 4.3.21, cf.
the proof of Theorem 4.3.20.

4.5.5 The abstract reciprocity formula

We keep the notation from the preceding subsection and set tY WD logY.



Pairings 117

Compatibility of the Iwasawa pairing under comparison isomorphisms

Let M;N be (not necessarily étale) L-analytic .'L; �L/-modules over R. We extend
the action of �L, 'L, and  L to the RŒ 1

tY
�-module MŒ 1

tY
� (and in the same way to

NŒ 1
tY
�) as follows:9



m

tkY
WD


m


tkY
D


m

�kLT.
/

tkY
;

'L
�
m

tk
Y

�
WD

'L.m/

'L.t
k
Y/
D

'L.m/

�k
L

tkY
;

 L
�
m

tk
Y

�
WD

�kL L.m/

tkY
:

Lemma 4.5.23. We have the following:

(i) .MŒ 1
tY
�/ LD0 D .M LD0/Œ 1

tY
� WD ¹ m

tk
Y

jm 2M LD0; k � 0º.

(ii) The (separately continuous) RK.�L/-action on M LD0 extends to a (sep-
arately continuous with respect to direct limit topology) action of RK.�L/

on .MŒ 1
tY
�/ LD0.

Proof. For (i) note that 0 D  L. m
tk
Y

/ D
�k
L
 L.m/

tk
Y

if and only if  L.m/ D 0. For (ii)

take for any f 2 RK.�L/ the direct limit of the following commutative diagram:

M LD0

f
��

tY
// M LD0

Tw
��1LT

.f /

��

tY
// � � �

tY
// M LD0

Tw
��iLT

.f /

��

tY
// � � �

M LD0
tY
// M LD0

tY
// � � �

tY
// M LD0

tY
// � � � :

This defines a (separately continuous) action.

Now we assume that there is an isomorphism

c W R
�
1
tY

�
˝R M

Š
�! R

�
1
tY

�
˝R N

of .'L; �L/-modules over RŒ 1
tY
�.

9Since tk
Y
D 'L

� tkY
�kL

�
, one checks that  L.tkYm/ D

tkY

�kL
 L.m/ by the projection formula.

In particular, the definition is independent of the chosen denominator.
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Consider the composite map

Lc W R
�
1
tY

�
˝R

{M Š HomRŒ 1tY
�

�
R
�
1
tY

�
˝R M;R

�
1
tY

�
˝R �1R

�
Š HomRŒ 1tY

�

�
R
�
1
tY

�
˝R N;R

�
1
tY

�
˝R �1R

�
Š R

�
1
tY

�
˝R
{N;

where the second isomorphism is .c�1/�.

Lemma 4.5.24. c LD0 and Lc LD0 are RK.�L/-equivariant.

Proof. Consider, for n 2 Z, the .'L; �L/-modules (!)Mn WD t
�n
Y M over R and note

that the inclusion .Mn/
 LD0� .MŒ 1

tY
�/ LD0 is RK.�L/-equivariant by construction

of the action. Now, since M;N are finitely generated over R, there exists n0 � 0
such that c restricts to a homomorphism c0 WM !Nn0 of .'L; �L/-modules over R,
whence c LD00 WM LD0 ! N

 LD0
n0 � .N Œ 1

tY
�/ LD0 is RK.�L/-equivariant by the

functoriality of Theorem 4.3.23 and similarly for the induced maps cn WMn!Nn0Cn
for all n � 0. The equivariance for c LD0 follows by taking direct limits.

Similarly, for some n0 � 0, the inverse b of c induces homomorphisms bn W
N�n0�n!M�n of .'L; �L/-modules over R all n 2 Z. We obtain homomorphisms
of .'L; �L/-modules over R

Lcn W . {M/n D HomR.M; t
�n
Y �1R/

Š HomR.M�n; �
1
R/

Š HomR.N�n0�n; �
1
R/

Š . {N/n0Cn;

where the third isomorphism is .bn/�. As above . Lcn/ LD0 is RK.�L/-equivariant
and the claim follows by taking direct limits.

Lemma 4.5.25. The following diagram commutes on the vertical intersections:

{M LD0 M LD0 RK.�L/

�
R
�
1
tY

�
˝R

{M
� LD0 �

R
�
1
tY

�
˝R M

� LD0
�
R
�
1
tY

�
˝R
{N
� LD0 �

R
�
1
tY

�
˝R N

� LD0
{N LD0 N LD0 RK.�L/I

�
¹ ; º0

M;Iw

Lc Š

�

c Š

�

�
¹ ; º0

N;Iw
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i.e., if Lm 2 {M , m 2M , Ln 2 {N , n 2 N with Lc. Lm/ D Ln and c.m/ D n, then

¹ Lm;mº0M;Iw D ¹Ln; nº
0
N;Iw:

Proof. By definition of the Iwasawa pairings, we have for all f 2 RK.�L/˝
f; ¹ Ln; nº0N;Iw

˛
�L
D ¹f � Ln; nºN

D
®
f � Lc. Lm/; c.m/

¯
N

D
®
Lc.f � Lm/; c.m/

¯
N

D resY

�
Lc.f � Lm/

�
c.m/

��
D resY

��
.f � Lm/ ı c�1

��
c.m/

��
D resY

�
.f � Lm/.m/

�
D ¹f � Lm;mºM

D
˝
f; ¹ Lm;mº0M;Iw

˛
�L
;

whence the claim. Here, we use the RK.�L/-equivariance of Lc in the third equal-
ity.

Now let D be any 'L-module over L of finite dimension, say d (with trivial �L-
action), and consider the .'L; �L/-module N WD R ˝L D over R (with diagonal
actions). Since N Š Rd as �L-module, it is L-analytic. Moreover, we have {N Š
�1

R
˝D� with D� D HomL.D;L/ being the dual 'L-module. We set

z� WD

´
1 if Y D X;

� if Y D B .and � 2 K/:

Lemma 4.5.26. If Y D B, we assume � 2 K. There is a commutative diagram

.�1
R
˝D�/ LD0 � .R˝L D/

 LD0
z� q�1q ¹ ; º

0
N;Iw
// RK.�L/

RK.�L/˝L D
�

ŠM�1˝id

OO

� RK.�L/˝L D

Š��1Mıš�˝id

OO

// RK.�L/;

where the bottom line is theRK.�L/-linear extension of the canonical pairing between
D� and D; i.e., it maps .�˝ l; �˝ d/ to ��l.d/.

Proof. Let Ldj and di be a basis of D� and D, respectively, and x D
P
j �j �

Ldj and
y D

P
i �i � di . Then, by definition of ¹ ; º0Iw we have for all � 2 RK.�L/˝

�;
®
.M�1

˝ id/.x/; .��1M ı š� ˝ id/.y/
¯0

Iw

˛
�L

D
®
.�M�1

˝ id/.x/; .��1M ı š� ˝ id/.y/
¯
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D

°X
j

.��j / � .ev1 d logY˝
Ldj /;

X
i

š�.�i / � ev�1˝di
±

D

X
i;j

®
.��j�i / � .ev1 d logY/˝

Ldj ; ev�1˝di
¯

D

X
i;j

resY

�
Ldj .di / ev�1.��j�i / � .ev1 d logY/

�
D

X
i;j

Ldj .di /resY

�
ev�1.��j�i / � .ev1 d logY/

�
:

Here, for the third equation we used property (iii) in Lemma 4.5.1. On the other
hand, we can pair the image

P
i;j �j�i

Ldj .di / of .x; y/ under the bottom pairing with
� using the description (4.86)

q
q�1

D
�;
X
i;j

�j�i Ldj .di /
E
�L
D

X
i;j

Ldj .di /
®
M.��1/;M

�1.��j�i /
¯

D

X
i;j

Ldj .di /resX

�
ev�1.��j�i / � .ev1 d logX/

�
;

whence comparing with the above gives the result for YDX, using Proposition 4.5.9.
If Y D B, we obtain the factor � due to Remark 4.5.3.

Definition 4.5.27. We write:

(i) Repan
L .GL/ for the full subcategory of the category RepL.GL/ consisting

of L-analytic representations V , i.e., Cp ˝�;L V is the trivial semilinear
Cp-representation CdimLV

p for all embeddings � W L! Cp different from
the fixed inclusion � W L! Cp;

(ii) Man;ét.R/ for the category of étale, analytic .'L; �L/-modules over R

(remember that an L-analytic .'L; �L/-module M over R is called étale if
it is semistable and of slope 0).

The following theorem is crucial.

Theorem 4.5.28. There are equivalences of categories

Repan
L .GL/$Man;ét�RL.B/

�
V 7! D

�
rig.V /

and

Repan
L .GL/$Man;ét�RL.X/

�
V 7! D

�
rig.V /X:
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Proof. The first equivalence is Theorem D in [6]. By [8, Thm. 3.27] one has an equiv-
alence of categories

Man;ét�RL.B/
�
$Man;ét�RL.X/

�
(4.90)

M 7!MX:

We recall the definition of the subring B�L of RL.B/ by defining first zAWDW.C[
p/L

and

zA� WD
°
x D

X
n�0

�nLŒxn� 2
zA W j�nLjjxnj

r
[

n!1
����! 0 for some r > 0

±
:

Then we set A� WD zA� \A, B� WD A�Œ 1
�L
� as well as A�L WD .A

�/HL and B�L WD
.B�/HL .

It follows from the proof of [6, Thm. 10.1] that for V 2 Repan
L .GL/ we have

D
�
rig.V / D RL.B/ ˝B�

L

D�.V /, where D�.V / belongs to Mét.B�L/. From the the-
ory of Wach modules we actually know that DLT.V / is even of finite height if V is
crystalline in addition:

D�.V / D B�L ˝AC
L

N.T / D B�L ˝BC
L

N.V /

for any Galois stable oL-lattice T � V . From the diagram in (3.2), we thus obtain the
following diagram, in which the horizontal maps are equivalences of categories:

Mod'L;�L;an

BC
L

O˝
BC
L

�

�� ��

BL˝BC
L

�

'
//Met;cris.BL/

Mod'L;�L;0
O

RL.B/˝O�

��

VLıD

'
//
Repcris;an

L .GL/

�

��

MıDcris;L

oo

DLT.�/'

OO

N.�/
gg

M
�
RL.B/

�an;ét Repan
L .GL/:'

D�.V /
oo

Here Met;cris.BL/ denotes the essential image of Repcris;an
L .GL/ under DLT.�/ in

Met.BL/ with BL WD ALŒ 1�L �.
Now let T be an oL-lattice in an L-linear continuous representation of GL such

that V �.1/ (and hence V.��1/) is L-analytic and crystalline. Then it follows from
[44] and the discussion above that

M WD D
�
rig

�
V.��1/

�
D RL.B/˝OK.B/ M

�
Dcris;L

�
V.��1/

��
D RL.B/˝AC

L

N
�
T .��1/

�
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as well as

{M D D
�
rig

�
V �.1/

�
D RL.B/˝OK.B/ M

�
Dcris;L

�
V �.1/

��
D RL.B/˝AC

L

N
�
T �.1/

�
and the comparison isomorphism in (3.16) induces isomorphisms

compM WM
�
1
tY

�
Š RL.B/

�
1
tY

�
˝L Dcris;L

�
V.��1/

�
and

comp {M W {M
�
1
tY

�
Š RL.B/

�
1
tY

�
˝L Dcris;L

�
V �.1/

�
:

By [8, §3.4 and §3.5] an analogue of Kisin–Ren modules exists for YD X; i.e., if we
takeM WDD�

rig.V .�
�1//X and {M DD�

rig.V
�.1//X, we obtain analogous comparison

isomorphisms

compM WM
�
1
tY

�
Š RL.X/

�
1
tY

�
˝L Dcris;L

�
V.��1/

�
(4.91)

and

comp {M W {M
�
1
tY

�
Š RL.X/

�
1
tY

�
˝L Dcris;L

�
V �.1/

�
;

which this time stem from [8, Prop. 3.42] by base change RL.X/˝OK.X/ � using
the inclusion OL.X/ŒZ

�1��RL.X/Œ
1
tY
�. Moreover, these comparison isomorphisms

for B and X are compatible with regard to the equivalence of categories (4.90) by
[8, Thm. 3.48]. Note that for c D compM and D D Dcris;L.V .�

�1// we have

comp {M D .comp�1
R
˝L idD�/ ı Lc (4.92)

using the identifications �1
R
Š R.�LT/ and

Dcris;L
�
V �.1/

�
Š D� ˝Dcris;L

�
L.�LT/

�
:

We set b WD comp�1
R
.t�1Y d logLT/ D

1
tY
˝ � 2 D0 WD Dcris;L.L.�LT// and

zr WD

´
r if Y D X;
r

�
; if Y D B .and � 2 K/:

Remark 4.5.29. As operators on R, we have the equalities

r D tY@
Y
inv and zr D tYz@

Y
inv;

where we define @B
inv WD @inv and

z@
Y
inv WD

´
@X

inv if Y D X;
@inv
�

if Y D B .and � 2 K/:
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Indeed, for Y D B (4.70) grants these equalities of operators on the subring OK.B/.
Concerning the ring RK.B/, we note that r is acting as a continuous derivation as
can be shown in the same way as in [44, Lem. 2.1.2], while for the operator tB@inv

this is clear anyway. Thus, the same equalities hold for R, Remark 4.3.1. Indeed, on
the localization OK.B/ZN it extends uniquely by the derivation property and then it
extends uniquely by continuity to RK.B/. Regarding Y D X, note that all operators
are defined over K. Since the equality can be checked over Cp , the claim follows
from Remark 4.2.9 and the previous case Y D B.

Lemma 4.5.30. Assuming � 2 K if Y D B, the following diagram commutes:

�1
R
Œ 1
tY
�˝D� RŒ 1

tY
�˝D� ˝D0

.�1
R
˝L D

�/ LD0 R LD0 ˝D� ˝D0

RK.�L/˝L D
� RK.�L/˝L D

� ˝D0:

comp
�1

R
˝LidD�

zr

ŠM�1˝idD�
idRK.�L/˝LD

�˝b

ŠM˝idD�˝D0

Proof. We first give the proof for Y D B. Observe, since on D� we have the identity
throughout, that the commutativity of the above diagram follows from the commuta-
tivity of

RK.�L/ .�1
R
/ LD0 �1R

�
1
tY

� LD0
R.�LT/

 LD0

RK.�L/ R LD0˝LDcris;L
�
L.�LT/

�
RK.�L/ R LD0˝LDcris;L

�
L.�LT/

� �
R
�
1
tY

�
˝LDcris;L

�
L.�LT/

�� LD0;

M�1

comp
�1

R
Š

Š

zr

M˝b

z@
Y
inv˝tY

tY
z@

Y
inv˝id

M˝b

(4.93)
where the map z@Y

inv ˝ tY W R ˝L Dcris;L.L.�LT//! R.�LT/ sends f ˝ 1
tY
˝ � to

z@
Y
invf ˝ � and the composite with the natural identification R.�LT/ Š �1, which

sends � to d logLT, is the map d
�
WR! �1

R
upon identifying R˝L Dcris;L.L.�LT//

with R by sending f ˝ 1
tY
˝ � to f . Remark 4.5.29 implies the commutativity of

the left lower corner. For the upper left corner the commutativity follows from (4.64),
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the easily checked identity z@Y
inv�.1;Z/ D �.1;Z/, and (4.79)

M�1.�/ D
�
Tw�LT.�/ � �.1;Z/

�
d logLT

D
�
Tw�LT.�/ �

z@
Y
inv�.1;Z/

�
d logLT

D z@
Y
inv

�
� � �.1;Z/

�
d logLT :

Finally, since �.1;Z/˝ b 2R LD0˝LDcris;L.L.�LT// is sent up to �.1;Z/d logLT
and down to tY�.1; Z/˝ b, the compatibility with comp�1

R
is easily checked. The

same proof works for Y D X by using (4.63) instead of (4.64) and replacing �.1;Z/
and d

�
by ev1 and d , respectively.

Now we introduce a pairing – if Y D B assuming � 2 K as usual –

Œ ; �Dcris;L.V.��1//
W

R LD0 ˝L Dcris;L
�
V �.1/

�
�R LD0 ˝L Dcris;L

�
V.��1/

�
! RK.�L/

which we will abbreviate as Œ ; � WD Œ ; �Dcris;L.V.��1//
, by requiring that the following

diagram becomes commutative:

R LD0 ˝D� ˝D0 � R LD0 ˝L D
Œ ; �

// RK.�L/

RK.�L/˝L D
� ˝D0

ŠM˝idD�˝D0

OO

� RK.�L/˝L D

Š��1Mıš�˝id

OO

// RK.�L/;

(4.94)

where the bottom line sends .�˝ l ˝ ˇb; �˝ d/ to ��ˇl.d/.
Combining the Lemmata 4.5.26 and 4.5.30, we obtain the following lemma for

N D R˝L Dcris;L.V .�
�1//.

Lemma 4.5.31. Œ ; �Dcris;L.V.��1//
D

q�1
q
¹r.comp�1

R
˝L idD�/�1.�/;�º0N;Iw.

Setting

M 0 WD comp�1
�
R LD0 ˝L Dcris;L

�
V.��1/

��
;

{M 0 WD comp�1
�
R LD0 ˝L Dcris;L

�
V �.1/

��
we obtain the subsequent result.

Theorem 4.5.32. Assume � 2 K if Y D B. For all x 2 {M 0 \ . {M LD0/ and y 2
M 0 \ .M LD0/ it holds that

q�1
q
¹rx; yº0Iw D Œx; y�I
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i.e., the following diagram commutes on the vertical intersections:

{M LD0 M LD0 RK.�L/

�
R
�
1
tY

�
˝R

{M
� LD0 �

R
�
1
tY

�
˝R M

� LD0
�
R
�
1
tY

�
˝LDcris;L

�
V �.1/

�� LD0 �
R
�
1
tY

�
˝LDcris;L

�
V.��1/

�� LD0
R LD0˝LDcris;L

�
V �.1/

�
R LD0 ˝L Dcris;L

�
V.��1/

�
RK.�L/:

�

q�1
q r¹ ; º

0
M;Iw

comp {M Š

�

compM Š

�

�
Œ ; �

Proof. Combine Lemmata 4.5.25 and 4.5.31 using (4.92).

Interpretation of the abstract reciprocity formula in terms of theDcris;L-pairing

Assuming as usual that � 2 K if Y D B, the canonical pairing

Dcris;L
�
V �.1/

�
�Dcris;L

�
V.��1/

�
! Dcris;L

�
L.�LT/

�
extends to a pairing

R LD0 ˝L Dcris;L
�
V �.1/

�
�R LD0 ˝L Dcris;L

�
V.��1/

�
! R LD0 ˝L Dcris;L

�
L.�LT/

�
denoted by Œ ; �cris, by requiring that the following diagram is commutative (in which
the lower one is induced by multiplication within RK.�L/ and the natural duality
paring on Dcris;L)

R LD0˝
L
Dcris;L

�
V �.1/

�
R LD0˝

L
Dcris;L

�
V.��1/

�
R LD0˝

L
Dcris;L

�
L.�LT/

�
RK.�L/˝

L
Dcris;L

�
V �.1/

�
RK.�L/˝

L
Dcris;L

�
V.��1/

�
RK.�L/˝

L
Dcris;L

�
L.�LT/

�
:

�

Œ ; �cris

M˝id

�

��1Mıš�˝id M˝id

Note that
comp

�
Œx; y� � ev1 ˝ .t�1Y ˝ �/

�
D Œx; y�cris:

Hence, using the diagram in (4.93), Theorem 4.5.32 is also equivalent to

comp ıM�1
ı z�q�1

q
¹x; yº0Iw D

�
comp.x/; comp.y/

�
cris;
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i.e., the “commutativity” (whenever it makes sense) of the following diagram:

D
�
rig

�
V �.1/

� LD q
�L

�
1
tY

�
D
�
rig

�
V .��1/

� LD1� 1
tY

�
cRK.�L/

D
�
rig

�
V �.1/

� LD0� 1
tY

�
D
�
rig

�
V.��1/

� LD0� 1
tY

�
RK.�L/

D
�
rig

�
V �.1/

� LD0� 1
tY

�
D
�
rig

�
V .��1/

� LD0� 1
tY

�
R.�LT/

�
1
tY

� LD0
R LD0

�
1
tY

�
˝
L
Dcris;L

�
V �.1/

�
R LD0

�
1
tY

�
˝
L
Dcris;L

�
V.��1/

�
R LD0

�
1
tY

�
˝
L
Dcris;L

�
L.�LT/

�

1�'L

�

1�
�L
q 'L

z� q�1q ¹ ; ºIw

�

z� q�1q ¹ ; º
0
Iw

M�1

comp Š

�

comp Š

z� q�1q ¹ ; º
0
Iw

compŠ�

Œ ; �cris

for Y D B, while for Y D X one has to decorate the D�
rigs with index X.

Question. Is it possible to extend the definition of Œ ; � and ¹ ; º to . {MŒ 1
tY
�/ LD0 �

.MŒ 1
tY
�/ LD0 by perhaps enlarging the target RK.�L/ by an appropriate localiza-

tion, which reflects the inversion of tY somehow?



Chapter 5

Application

For the convenience of the reader we recall some definitions. Firstly, for V2RepL.GL/
we put

Dcris;L.V / WD .Bcris ˝L0 V /
GL and DdR;L.V / WD .BdR ˝Qp V /

GL :

The second definition will be used also in the more general form

DdR;L0.V / WD DdR;L0.VjGL0 / D .BdR ˝Qp V /
GL0

for L0 any finite extension of L. Moreover, we write D0
dR;L0.V / WD Fil0.DdR;L0.V //.

Recall that T� D oL� denotes the Tate module of the Lubin–Tate formal group LT.
We set V� WD L˝oL T� 2 RepL.GL/. We write � D ��1LT �cyc, tLT D logLT.!LT/ 2

Bcris;L, and analogously tQp WD log yGm.! yGm/ for the Lubin–Tate formal group yGm.
Then dr WD t rLTt

�1
Qp
˝ .�˝�r ˝ �cyc/, where �cyc is a generator of the cyclotomic Tate

module Zp.1/, is an L-basis of D0
dR;L.V

˝�r
� .1//.

The generalized Iwasawa cohomology of T 2 RepoL.GL/ is defined by

H�Iw.L1=L; T / WD lim
 �
L0

H�.L0; T /;

where L0 runs through the finite Galois extensions of L contained in L1 and the
transition maps in the projective system are the cohomological corestriction maps.
For V WD T ˝oL L 2 RepL.GL/ we define

H�Iw.L1=L; V / WD H
�
Iw.L1=L; T /˝oL L;

which is independent of the choice of T . As usual, we denote by

cor W H�Iw.L1=L; T /! H�.L0; T /

the projection map and analogously for rational coefficients.

5.1 The regulator map

Let T be in Repcris
oL;f

.GL/ such that T .��1/ belongs to Repcris;an
oL;f

.GL/with all Hodge–
Tate weights in Œ0; r�, and such that V WD L ˝oL T does not have any quotient
isomorphic to L.�/. Then the assumptions of Lemma 3.3.6 are satisfied and we may
define the regulator maps

LV WH 1
Iw.L1=L; T /! D.�L;Cp/˝L Dcris;L

�
V.��1/

�
;
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L0
V WH

1
Iw.L1=L; T /! OL.B/ LD0 ˝L Dcris;L

�
V.��1/

�
;

LV WH
1
Iw.L1=L; T /! D.�L;Cp/˝L Dcris;L.V /

as (part of) the composite

H 1
Iw.L1=L; T / Š DLT

�
T .��1/

� LD1
D N

�
T .��1/

� 
DLT.T.��1//

D1
.1�

�L
q 'L/

�������! '�L
�
N
�
V.��1/

�� LD0
,! O LD0 ˝L Dcris;L

�
V.��1/

�
� OCp .B/

 LD0 ˝L Dcris;L
�
V.��1/

�
M�1˝id
������! D.�L;Cp/˝L Dcris;L

�
V.��1/

�
! D.�L;Cp/˝L Dcris;L.V /

(5.1)

using [80, Thm. 5.13], Lemma 3.3.6, the inclusion (3.17), and where the last map
sends � ˝ d 2 D.�L;Cp/ ˝L Dcris;L.V .�

�1// to � ˝ d ˝ d1 2 D.�L;Cp/ ˝L
Dcris;L.V .�

�1//˝L Dcris;L.L.�// Š D.�L;Cp/˝L Dcris;L.V /: Note that we have
D WDDcris;L.L.�//DD

0
dR;L.L.�//DLd1 with d1D tLTt

�1
Qp
˝ .�˝�1˝ �cyc/, where

L.�LT/ D L� and L.�cyc/ D L�cyc.
Alternatively, in order to stress that the regulator is essentially the map 1 � 'L,

one can rewrite this as

H 1
Iw.L1=L; T / Š DLT

�
V.��1/

� LD1
D N

�
T .��1/

� 
DLT.T.��1//

D1

,! N
�
V.��1/

� 
DLT.V.��1//

D1
˝L D

1�'L
���! '�L

�
N
�
V.��1/

�� LD0
˝L D

,! O LD0 ˝L Dcris;L
�
V.��1/

�
˝L D � OCp .B/

 LD0 ˝L Dcris;L.V /

M�1˝id
������! D.�L;Cp/˝L Dcris;L.V /;

where the ,! in the second line sends n to n˝ d1 and the 'L now acts diagonally. By
construction, this regulator map LV takes values in D.�L; K/GL;� ˝L Dcris;L.V /,
where the twisted action of GL on the distribution algebra is induced by the Mellin
transform as in (ii) of Proposition 4.1.25.

We write rLie 2 Lie.�L/ for the element in the Lie algebra of �L corresponding
to 1 under the identification Lie.�L/ D L.

Proposition 5.1.1. The regulator maps for V and V.�LT/ – assuming that both rep-
resentations satisfy the conditions above – are related by

LV.�LT/.x ˝ �/ D rLie �
�
1
�

Tw��1LT

�
LV .x/

�
˝ t�1LT �

�
I

i.e., the following �L-equivariant diagram commutes:

H 1
Iw

�
L1=L; V .�LT/

�
Š

��

LV.�LT/ // D.�L;Cp/˝L Dcris;L
�
V.�LT/

�
H 1

Iw.L1=L; V /˝oL L.�LT/
LV˝L.�LT/ // D.�L;Cp/˝L Dcris;L.V /˝L L.�LT/:

rLieTw
��1

� ˝t�1LT

OO
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Proof. The proof is analogous to [51, Prop. 3.1.4]. Note that the period � enters due
to (4.64).

This twisting property can be used to drop the condition concerning the Hodge–
Tate weights in the definition of the regulator map; i.e., upon replacing D.�L;Cp/ in
the target by its total ring of quotients, one can extend the regulator map as usual to
all T in Repcris

oL;f
.GL/ such that T .��1/ belongs to Repcris;an

oL;f
.GL/.

In order to better understand the effect of twisting, we have the following lemma.

Lemma 5.1.2. For � 2 D.�L; K/ we have

1

�
.rLieTw��1/.�/ DM�1

�
tLTM.�/

�
and for all n � 1 �

rLieTw��1.�/
�
.�nLT/ D n�.�

n�1
LT /:

Proof. The first claim follows by combining (5.5) with (4.64), while the second claim
is just Lemma 4.1.22 applied to the first.

One significance of regulator maps is that it should interpolate (dual) Bloch–Kato
exponential maps. We shall prove such interpolation formulae in Section 5.2.4 by
means of a reciprocity formula.

5.1.1 The basic example

Setting U WD lim
 �n

o�Ln with transition maps given by the norm, we have the maps

CWr W U ˝Z T
˝�r
� ! D0

dR;L

�
V ˝�r� .1/

�
D Ldr

u˝ a�˝�r 7! a
1 � ��rL
.r � 1/Š

@rinv loggu;�.Z/jZD0dr

for all r � 1. Furthermore, gu;� denotes the Coleman power series (cf. [21, Thm. A,
Cor. 17]) attached to uD .un/n and �D .�n/n satisfying gu;�.�n/D un for all n� 1.

We are looking for a map

L W U ˝Z T
�
� ! D.�L;Cp/˝L Dcris;L

�
L.�/

�
such that

�r

rŠ

1 � ��rL

1 �
�r
L

q

L.u˝ a��/.�rLT/˝ .t
r�1
LT ˝ �˝�rC1/ D CWr.u˝ a�

˝�r/ (5.2)

for all r � 1; u 2 U; a 2 oL. Recall that Dcris;L.L.�// D Ld1 and note the equalities
D0

dR;L.V
˝�r
� .1// D Ldr D Ld1 ˝ .t r�1LT ˝ �˝�rC1/.
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Theorem 5.1.3 (A special case of Kato’s explicit reciprocity law [80, Cor. 8.7]). For
r � 1 the diagram

U ˝Z T
˝�r
�

��˝id
��

CWr

((

H 1
Iw

�
L1=L; T

˝�r
� .1/

�
cor
��

H 1
�
L; T˝�r� .1/

� exp�
// D0

dR;L

�
V ˝�r� .1/

�
D Ldr

commutes.

For the definition of the Kummer map � see [80, §6], while for the dual Bloch–
Kato exponential map exp� we refer the reader to [12].

We set L D L˝ d1 with L given as the composition

L W U ˝ T ��
r
�! oLJ!LTK LD1

.1�
�L
q '/

������! OCp .B/
 LD0

logLT �
���! OCp .B/

 LD0
M�1

���! D.�L;Cp/;

where the map r has been defined in [80, §6] as the homomorphism

r W U ˝Z T
�
! oLJ!LTK D1

u˝ a�� 7! a
@inv.gu;�/

gu;�
.!LT/:

Note that due to the multiplication by logLT, the maps L, L are not �L-equivariant.
Using Lemmata 4.1.21 and 4.1.22, we obtain

L.u˝ a��/.�rLT/ D aM�1
�

logLT

�
1 � �L

q
'
�
@inv loggu;�

�
.�rLT/

D a��1rM�1
�
1 � �L

q
'
�
.@inv loggu;�/.�r�1LT /

D ar��r
�
1 � �L

q
�r�1L

�
.@r�1inv @inv loggu;�/jZD0

D ar��r
�
1 �

�r
L

q

�
.@r�1inv @inv loggu;�/jZD0I

(5.3)

i.e., L satisfies (5.2), indeed. By construction and Proposition 4.1.25 the image of L

actually lies in the GL-invariants:

L W U ˝Z T
�
� ! D.�L; K/

GL ˝L Dcris;L
�
L.�/

�
:

We claim that the composition

U ˝Z T
�
�

H 1
Iw

�
L1=L; oL.�/

�
D.�L;Cp/˝L Dcris;L

�
L.�/

��˝T ��

LL.��LT/˝oL.�
�1
LT /˝tLT

(5.4)
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coincides with

L W U ˝Z T
�
� ! D.�L;Cp/˝L Dcris;L

�
L.�/

�
:

Indeed, from the commutativity of the diagram in Figure 5.1 (cf. with [51, Appx. C]
forLDQp) the above claim immediately follows by tensoring the diagram for r D 1
with oL.��1LT / and then composing with the multiplication by tLT. In this diagram, we
use the following abbreviations:

}r WD LL.��rLT/
˝ d˝�11 for any r � 1;

er WD t
�r
LT ˝ �

˝r
2 Dcris;L

�
L.�rLT/

�
;

li WD tLT@inv � i;

and we recall that @inv D
d
dtLT

.

U ˝ T
˝.r�1/
� H1Iw

�
L1=L; oL.��

r
LT/
�

�
!�rLT oLJ!LTK˝ �˝r

� LD1
�
oLJ!LTK˝ �˝r

� LD1 N
�
oL.�

r
LT/
� LD1

'.!LT/
�roLJ!LTK

�
1
p

� LD0
˝ �˝r

oLJ!LTK
�
1
p

� LD0
˝ �˝r '�

�
N
�
L.�rLT/

�� LD0
O LD0 ˝ er

O LD0 ˝ er O LD0 ˝L Dcris;L
�
L.�rLT/

�
D.�L; K/

GL ˝L Dcris;L
�
L.�rLT/

�
D.�L; K/

GL ˝ er D.�L; K/
GL ˝L Dcris;L

�
L.�rLT/

�
D.�L; K/

GL ˝L �
r D.�L; K/

GL ˝L L.�
r
LT/

r˝�˝r

�˝T
˝.r�1/
�

Š

}r

�
1�

�L
q 'L

�
˝id

�
1�

�L
q 'L

�
˝id 1�

�L
q 'L

trLT˝t
�r
LT

@�rinv ˝t
�r
LT

comp

M�1˝id

DtrLT@
r
inv˝id

l0���lr�1˝id

M�1˝id

id˝trLT id˝trLT

lL.�rLT/

Figure 5.1. Comparison of L and LL.��LT/.
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Note that we have

M�1.l0f / D lim

!1

ı

�
M�1.f /

�
�M�1.f /

`.
/
D rLieM

�1.f /; (5.5)

see [44, Lem. 2.1.4] for the fact that

rLie D tLT@inv

as operators on O. By abuse of notation we thus also write

li WD rLie � i

for the corresponding element in D.�L; K/; compare [75, §2.3] for the action of
Lie.�L/ on and its embedding into D.�L; K/. Moreover, we set

lL.�rLT/
WD

r�1Y
iD0

li :

Note that @inv is invertible on O LD0 by [33, Prop. 3.12]. Finally, the map

comp W '�
�
N
�
oL.�

r
LT/
�� LD0

! O LD0 ˝L Dcris;L
�
L.�rLT/

�
is given by Corollary 3.1.14. Note that the commutativity of the upper part of the
diagram in Figure 5.1 is an immediate consequence of [80, Thm. 6.2].

Inspired by Proposition 5.1.1, we define LL.�/ – since L.�/ does not satisfy the
conditions from the beginning of this chapter while L.��LT/ does – as a twist of
LL.��LT/ by requiring the commutativity of the diagram in Figure 5.2, which is pos-
sible due to the commutativity of the diagram in Figure 5.1.

H 1
Iw

�
L1=L; oL.�/

�
LL.�/

$$

Š

xx

H 1
Iw

�
L1=L; oL.��LT/

�
˝oL oL.�

�1
LT /

LL.��LT/˝oL.�
�1
LT /

&&

D.�L;Cp/˝L Dcris;L
�
L.�/

�
rLieTw

��1

� ˝t�1LT
zz

D.�L;Cp/˝L Dcris;L
�
L.��LT/

�
˝L L.�

�1
LT /

Figure 5.2. Comparison of LL.�/ and LL.��LT/.
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Then
L W U ˝Z T

�
� ! D.�L;Cp/˝L Dcris;L

�
L.�/

�
also coincides with

U ˝Z T
�
�

�˝T ��
����! H 1

Iw

�
L1=L; oL.�/

��
1
�rLieTw

��1
˝id
�
ıLL.�/

�����������������! D.�L;Cp/˝L Dcris;L
�
L.�/

�
(5.6)

by Proposition 5.1.1.
We refer the interested reader to [74, §5] for an example of a CM-elliptic curve E

with supersingular reduction at p in which they attach to a norm-compatible sequence
of elliptic units e.a/ (in the notation of [27, §II 4.9]) a distribution �.a/ 2 D.�L;K/
in [74, Prop. 5.2] satisfying a certain interpolation property with respect to the values
of the attached (partial) Hecke-L-function. Without going into any detail concerning
their setting and instead referring the reader to the notation in loc. cit., we just want
to point out that up to twisting this distribution is the image of �.e.a//˝ ��1 under
the regulator map LL.�/:

LL.�/
�
�
�
e.a/

�
˝ ��1

�
D �Tw�LT

�
�.a/

�
˝ d1:

Here, L D Kp D F} (in their notation) is the unique unramified extension of Qp of
degree 2, �L D p, q D p2, and the Lubin–Tate formal group is yE} , while K DbL1.

Indeed, we have a commutative diagram

U

�.�/˝��1

��

Col // D.�L; K/

�Tw�LT˝d1
��

H 1
Iw

�
L1=L; oL.�/

� LL.�/
// D.�L; K/˝L Dcris;L

�
L.�/

�
;

(5.7)

where the Coleman map Col is given as the composite in the upper line of the follow-
ing commutative diagram:

U

��

logg�
// O
 LD

1
�L

@inv

��

1�
'L

p2
// O LD0

@inv

��

O LD0

l0

��

M�1 // D.�L; K/

rLie

��

U ˝ T �p
r // O LD1

1�
�L
q 'L
// O LD0

logLT � // O LD0 M�1// D.�L; K/;

(5.8)

in which the second line is just L. Then the commutativity of (5.7) follows by com-
paring (5.8) with (5.6). Finally, Col.e.a// D �.a/.DM�1.ga.Z// in their notation/
holds by construction in loc. cit. upon noting that on O

 LD
1
�L the operator 1 �

�
p2
'L ı L, which is used implicitly to define ga.Z/.D .1�

�
p2
'L ı L/ logQa.Z//,

equals 1 � 'L
p2

.
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5.2 Relation to Berger’s and Fourquaux’s big exponential map

Let V denote an L-analytic representation of GL and take an integer h � 1 such
that Fil�hDcris;L.V /DDcris;L.V / and such thatDcris;L.V /

'LD�
�h
L D 0 holds. Under

these conditions in [7], a big exponential map à la Perrin-Riou

�V;h W
�
O LD0 ˝L Dcris;L.V /

��D0
! D

�
rig.V /

 LD
q
�L

is constructed as follows: According to [7, Lem. 3.5.1], there is an exact sequence

0!

hM
kD0

tkLTDcris;L.V /
'LD�

�k
L !

�
O ˝oL Dcris;L.V /

� LD q
�L

1�'L
���! O LD0 ˝L Dcris;L.V /

�
�!

hM
kD0

Dcris;L.V /=.1 � �
k
L'L/Dcris;L.V /! 0;

where, for f 2 O ˝L Dcris;L.V /, we denote by �.f / the image of the map

hM
kD0

.@kinv ˝ idDcris;L.V //.f /.0/!

hM
kD0

Dcris;L.V /=.1 � �
k
L'L/Dcris;L.V /:

Hence, if already f 2 .O LD0 ˝L Dcris;L.V //
�D0, then there exists an element y 2

.O ˝oL Dcris;L.V //
 LD

q
�L such that f D .1 � 'L/y. Setting ri WD r � i for any

integer i , one observes that rh�1 ı � � � ı r0 annihilates
Lh�1
kD0 t

k
LTDcris;L.V /

'LD�
�k
L ,

whence �V;h.f / WD rh�1 ı � � � ı r0.y/ is well defined and belongs under the com-

parison isomorphism in (3.16) to D�
rig.V /

 LD
q
�L by Proposition 3.1.13.

Note that �
O LD0 ˝L Dcris;L.V /

��D0
D O LD0 ˝L Dcris;L.V /

if Dcris;L.V /
'LD�

�k
L D 0 for all 0 � k � h. If this does not hold for V itself, it does

hold for V.��rLT / for r sufficiently large (with respect to the same h).
In the special case L D Qp , the above map becomes the exponential map due

to Perrin-Riou and satisfies the following adjointness property with Loeffler’s and
Zerbes’ regulator map, see [51, Prop. A.2.2], where the upper pairing and notation
are introduced:

D.�;Qp/˝ƒL HIw
�
Qp; V

�.1/
�
� D.�;Qp/˝ƒQp

HIw.Qp; V /


�1LV
��

// D.�;Qp/

D.�;Qp/˝Qp Dcris;Qp

�
V �.1/

��V�.1/;1

OO

� D.�;Qp/˝Qp Dcris;Qp .V /
// D.�;Qp/:

In fact, this is a variant of Perrin-Riou’s reciprocity law comparing �V;h with
�V �.1/;1�h.
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For L ¤ Qp the issue of L-analyticity requires that V �.1/ is L-analytic for the
construction of �V �.1/;1�h, which then implies that V is not L-analytic. Instead, our
regulator map is available and the purpose of this subsection is to prove an analogue
of the above adjointness for arbitrary L.

Theorem 5.2.1 (Reciprocity formula/Adjointness of big exponential and regulator
map). Assume that V �.1/ is L-analytic with Fil�1Dcris;L.V

�.1// D Dcris;L.V
�.1//

and Dcris;L.V
�.1//'LD�

�1
L D Dcris;L.V

�.1//'LD1 D 0. Then the following diagram
consisting of D.�L; K/-š�-sesquilinear pairings (in the sense of (4.87)) commutes:

D
�
rig.V

�.1//
 LD

q
�L � D

�
V.��1/

� LD1
L0
V

��

q�1
q ¹ ; ºIw

// D.�L;Cp/

O LD0 ˝L Dcris;L
�
V �.1/

��V�.1/;1

OO

� O LD0 ˝L Dcris;L
�
V.��1/

� Œ ; �
// D.�L;Cp/:

Note that the terms on the right-hand side of the pairings are all defined over LŠ

Proof. This follows from the abstract reciprocity law inTheorem 4.5.32 (where we set
M WDD

�
rig.V .�

�1// as before). Indeed, assuming that z 2O LD0˝LDcris;L.V
�.1//

and y2D.V.��1// LD1, we have that .1� �L
q
'L/y2M

0 \ .M LD0/ (see (5.1)) and

comp�1
�
.1 � 'L/x

�
2 {M 0 for x 2

�
O ˝L Dcris;L

�
V �.1/

�� LD q
�L

such that z D .1 � 'L/x. Moreover, comp�1..1 � 'L/x/ 2 {M LD0 by Proposi-
tion 3.1.13 as V �.1/ is positive by assumption. Recall that comp�1.rx/ is an element
in D�

rig.V
�.1//

 LD
q
�L again by Proposition 3.1.13. We thus obtain

q�1
q

®
comp�1.rx/; y

¯
Iw D

q�1
q

®
rcomp�1

�
.1 � 'L/x

�
;
�
1 � �L

q
'L
�
y
¯0

Iw

D
�
.1 � 'L/x; comp

��
1 � �L

q
'L
�
y
��
:

By definition of the big exponential and regulator map the latter is equivalent to®
�V �.1/;1.z/; y

¯
Iw D

�
z;L0

V .y/
�
:

We also could consider the following variant of the big exponential map (under
the assumptions of the theorem):

�V;h W D.�L;Cp/˝L Dcris;L
�
V �.1/

�
! D

�
rig.V /

 LD
q
�L

by extending scalars from L to Cp and composing the original one with ��h times1

D.�L;Cp/˝L Dcris;L
�
V �.1/

� M˝id
����!

�
OK.B/

� LD0
˝L Dcris;L

�
V �.1/

�
:

1This means to replace r by r
�

in order to achieve twist invariance of the big exponential
map, see the remark below.
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Corollary 5.2.2 (Reciprocity formula/Adjointness of big exponential and regulator
map). Under the assumptions of the theorem, the following diagram of D.�L; K/-
š�-sesquilinear pairings commutes:

D
�
rig

�
V �.1/

� LD q
�L � D

�
V.��1/

� LD1
��1LV
�

��

q�1
q ¹ ; ºIw

// D.�L;Cp/

D.�L;Cp/˝LDcris;L
�
V �.1/

��V�.1/;1

OO

� D.�L;Cp/˝LDcris;L
�
V.��1/

� Œ ; �0
// D.�L;Cp/;

where Œ�;��0 D ŒM˝ id.�/; ��1M˝ id.�/�, i.e.,

Œ�˝ Ld; �˝ d�0 � �.1;Z/˝ .t�1LT ˝ �/ D ���.�/ � �.1;Z/˝ Œ
Ld; d �cris; (5.9)

whereDcris;L.V
�.1//�Dcris;L.V .�

�1//
Œ ; �cris
���!Dcris;L.L.�LT// is the canonical pair-

ing.

Remark 5.2.3. By [7, Cor. 3.5.4], we have

�V;h.x/˝ �
˝j
D �

V.�
j
LT/;hCj

.@
�j
inv x ˝ t

�j
LT �

˝j /

and lh ı�V;h D �V;hC1, whence we obtain the equality

�V;h.x/˝ �
˝j
D �

V.�
j
LT/;hCj

�
Tw

�
�j
LT
.x/˝ t

�j
LT �

˝j
�

and lh ı�V;h D �V;hC1.

5.2.1 Some homological algebra

Let X f
�! Y be a morphism of cochain complexes. Its mapping cone cone.f / is

defined asXŒ1�
L
Y with differential d icone.f / WD

�
d i
XŒ1�

0

f Œ1�i d i
Y

�
(using column notation)

and we define the mapping fiber of f as Fib.f / WD cone.f /Œ�1�. Here the translation
XŒn� of a complex X is given by XŒn�i WD X iCn and d i

XŒn�
WD .�1/nd iCnX . Alterna-

tively, we may consider f as a double cochain complex concentrated horizontally in
degree 0 and 1 and form the total complex (as in [82, Tag 012Z]). Then the associated
total complex coincides with Fib.�f /.

For a complex .X�; dX / of topological L-vector spaces we define its L-dual
..X�/�; dX�/ to be the complex with

.X�/i WD HomL;cont.X
�i ; L/

and
dX�.f / WD .�1/

deg.f /�1f ı dX :

https://stacks.math.columbia.edu/tag/012Z
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More generally, for two complexes .X�; dX / and .Y �; dY / of topological L-
vector spaces we define the complex Hom�L;cont.X

�; Y �/ by

Homn
L;cont.X

�; Y �/ D
Y
i2Z

HomL;cont.X
i ; Y iCn/

with differentials df D d ı f C .�1/deg.f /�1f ı d . Note that the canonical isomor-
phism

Hom�.X�; Y �/Œn� Š�! Hom�
�
X�; Y �Œn�

�
does not involve any sign; i.e., it is given by the identity map in all degrees.

We also recall that the tensor product of two complexes X� and Y � is given by

.X� ˝L Y
�/i WD

M
n

Xn ˝L Y
i�n

and
d.x ˝ y/ D dx ˝ y C .�1/deg.x/x ˝ dy:

The adjunction morphism on the level of complexes

adj W Hom�L;cont.X
�
˝L Y

�; Z�/! Hom�L;cont

�
Y �;Hom�L;cont.X

�; Z�/
�

sends u to .y 7! .x 7! .�1/deg.x/ deg.y/u.x ˝ y///. It is well defined and continuous
with respect to the projective tensor product topology and the strong topology for the
Homs. Furthermore, by definition we have the following commutative diagram:

X� ˝L Y
�

id˝adj.u/
��

u // LŒ�2�

X� ˝L Hom�L;cont

�
X�; LŒ�2�

� ev2 // LŒ�2�;

(5.10)

where ev2 sends .x; f / to .�1/deg.x/ deg.f /f .x/.

Lemma 5.2.4. Let .C�; d �/ be a complex in the category of locally convex topologi-
cal L-vector spaces.

(i) If C consists of Fréchet spaces and hi .C�/ is finite dimensional over L,
then d i�1 is strict and has closed image.

(ii) If d i is strict, then h�i .C�/ Š hi .C/�.

Proof. (i) Apply the argument from [13, §IX, Lem. 3.4] and use the open mapping
theorem [71, Prop. 8.8]. (ii) If

A
˛
�! B

ˇ
�! C
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forms part of the complex with B in degree i , one immediately obtains a map

ker.˛�/=im.ˇ�/!
�

ker.ˇ/=im.˛/
��
;

where ker.ˇ/ carries the subspace topology and ker.ˇ/=im.˛/ the quotient topology.
Now use the Hahn–Banach theorem [71, Cor. 9.4] for the strict maps B= ker.ˇ/ ,!
C (induced from ˇ) and ker.ˇ/ ,! B in order to show that this map is an isomor-
phism.

Definition 5.2.5. A locally convex topological vector space is called an LF-space if
it is the direct limit of a countable family of Fréchet spaces, the limit being formed in
the category of locally convex vector spaces.

Remark 5.2.6. If one replaces Fréchet spaces by LF-spaces, the situation of Lemma
5.2.4 is more subtle:

(i) If V
˛
�! W is a continuous linear map of Hausdorff LF -spaces with finite-

dimensional cokernel, then ˛ is strict and has closed image by the same
argument used in (i) of the previous lemma. However, since a closed sub-
space of an LF-space need not be an LF-space, we cannot achieve the same
conclusion for complexes by this argument as ker.d i /may fail to be an LF-
space, whence one cannot apply the open mapping theorem, in general. But
consider the following special situation. Assume that the complex C� con-
sists of LF-spaces and hi .C�/ is finite dimensional. If moreover C iC1 D 0,
i.e., C i D ker.d i /, then d i�1 is strict and h1�i .C�/ Š hi�1.C/�.

(ii) If d i is not strict, the above proof still shows that we obtain a surjection
h�i .C�/� hi .C/�.

However, for a special class of LF-spaces and under certain conditions we can
say more about how forming duals and cohomology interacts.

Lemma 5.2.7. Let .C�; d �/ D lim
�!r

.C�r ; d
�
r / be a complex in the category of locally

convex topological L-vector spaces arising as regular inductive limit of complexes of
Fréchet spaces; i.e., in each degree i the transition maps in the countable sequence
.C ir /r are injective and for each bounded subset B � C i there exists an r � 1 such
that B is contained in C ir and is bounded as a subset of the Fréchet space C ir . Then,

(i) we have topological isomorphisms .C�/� Š lim
 �r

.C�r /
�,

(ii) if, in addition, lim
 �

1

r�0
hi ..C�r /

�/D0 for all i , we have a long exact sequence

� � � // hi
�
.C�/�

�
// lim
 �
r�0

hi
�
.C�r /

�
�
// hi�1

�
lim
 �
r�0

1.C�r /
�
�
// hiC1

�
.C�/�

�
// � � � ;
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(iii) if, in addition to (ii), the differentials d �r are strict, e.g., if all hi .C�r / have
finite dimension over L, and lim

 �

1

r�0
.C�r /

� D 0, we have isomorphisms

hi
�
.C�/�

�
Š lim
 �
r�0

h�i .C�r /
�:

Proof. (i) is [61, Thm. 11.1.13] while (ii) and (iii) follow from (i) and [53, Chap. 3,
Prop. 1] applied to the inverse system ..C�r /

�/r combined with Lemma 5.2.4.

5.2.2 Koszul complexes

In this paragraph, we restrict to the situation U Š Zdp and fix topological generators

1; : : : ; 
d of U and we setƒ WDƒ.U /. Furthermore, letM be any complete linearly
topologized oL-module with a continuous U -action. Then by [49, Thm. II.2.2.6] this
actions extends to continuous ƒ-action and one has

Homƒ;cont.ƒ;M/ D Homƒ.ƒ;M/:

Consider the (homological) complexes K�.
i / WD Œƒ

i�1
���! ƒ� concentrated in

degrees 1 and 0 and define

K� WD K
U
� WD K�.
/ WD

dO
ƒ

iD1

K�.
i /;

K�.M/ WD K�U .M/ WDHom�ƒ.K�;M/ŠHom�ƒ.K�; ƒ/˝ƒM DK
�.ƒ/˝ƒM;

K�.M/ WD K� ˝ƒM .homological complex/;

K�.M/� WD .K� ˝ƒM/� .the associated cohomological complex/:

If we want to indicate the dependence on 
 D .
1; : : : ; 
d /, we also write K�.
;M/

instead of K�.M/ and similarly for other notation; moreover, we shall use the nota-
tion 
�1D .
�11 ; : : : ; 
�1

d
/ and 
p

n
D .


pn

1 ; : : : ; 

pn

d
/. Note that in each degree these

complexes consist of a direct sum of finitely many copies of M and will be equipped
with the corresponding direct product topology.

The complex K� will be identified with the exterior algebra complex
V�
ƒƒ

d of
the free ƒ-module with basis e1; : : : ; ed , for which the differentials dq W

Vq
ƒƒ

d !Vq�1
ƒ ƒd with respect to the standard basis ei1;:::;iq D ei1 ^ � � � ^ eiq , 1 � i1 < � � � <

iq � d , are given by the formula

dq.ai1;:::;iq / D

qX
kD1

.�1/kC1.
ik � 1/ai1;:::;bik ;:::;iq :
Then the well-known self-duality (compare [28, Prop. 17.15] although the claim

there is not precisely the same) of the Koszul complex, i.e., the isomorphism of com-
plexes

K�.ƒ/
�
Š K�.ƒ/Œd �; (5.11)



Application 140

can be explicitly described in degree �q as follows (by identifying
Vd
ƒƒ

d D ƒe1 ^

� � � ^ ed D ƒ):

q^
ƒ

ƒd
˛�q
��! Homƒ

� d�q^
ƒ

ƒd ; ƒ
�

ei1;:::;iq 7��! sign.I; J /e�j1;:::;jd�q ;

where e�1 ; : : : ; e
�
d

denotes the dual basis of e1; : : : ; ed , the elements e�j1;:::;jd�q D e
�
j1
^

� � � ^ e�jd�q , 1� j1 < � � �< jd�q � d , form a (dual) basis of Homƒ.
Vd�q
ƒ ƒd ;ƒ/, the

indices JD.jk/k are complementary to ID.in/n in the following sense ¹i1; : : : ; iqº[
¹j1; : : : ; jd�qº D ¹1; : : : ; dº, and sign.I; J / denotes the sign of the permutation
Œi1; : : : ; iq; j1; : : : ; jd�q�. Indeed, the verification that the induced diagram involving
the differentials from cohomological degree �q to �q C 1Vq

ƒƒ
d

dq

��

˛�q
// Homƒ

�Vd�q
ƒ ƒd ; ƒ

�
.�1/d .�1/d�q�1d�

d�qC1
��Vq�1

ƒ ƒd
˛�qC1

// Homƒ

�Vd�qC1
ƒ ƒd ; ƒ

�
commutes2 relies on the observation that

sign.I; J /sign.I Ok; Jk/
�1
D .�1/q�kCl�1;

where I Ok WD .i1; : : : ;bik; : : : ; iq/ denotes the sequence which results from I by omit-
ting ik , while Jk D .j1; : : : ; jl�1; ik; jl ; : : : ; id�q/ denotes the sequence which arises
from J by inserting ik at position l with regard to the strict increasing ordering: The
permutations Œi1; : : : ; iq; j1; : : : ; jd�q� and Œi1; : : : ;bik; : : : ; iq; j1; : : : ; jl�1; ik; jl ; : : : ;
jd�q� differ visibly by q � k C l � 1 transpositions.

Now we assume that M is any complete locally convex L-vector space with
continuous U -action such that its strong dual is again complete with continuous U -
action. Then we obtain isomorphisms of complexes

K�.
;M/� D Hom�L;cont

�
Hom�ƒ

�
K�.
/;ƒ

�
˝ƒM;L

�
Š Hom�ƒ

�
Hom�ƒ

�
K�.


�1/;ƒ
�
;HomL;cont.M;L/

�
Š Hom�ƒ

�
Hom�ƒ

�
K�.


�1/;ƒ
�
; ƒ
�
˝ƒ HomL;cont.M;L/

Š K�.

�1; ƒ/� ˝ƒ HomL;cont.M;L/

Š K�.
�1; ƒ/Œd �˝ƒM
�

Š K�.
�1;M �/Œd �;

(5.12)

2The signs .�1/d and .�1/d�q�1 result from the shift by d and the sign rule for complex
homomorphisms, respectively.
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where in the second line we use the adjunction morphism; the isomorphism in the
fourth line being the biduality morphism (according to [58, (1.2.8)])

K�.ƒ/
� Š
�! Hom�ƒ

�
Hom�ƒ.K�; ƒ/;ƒ

�
x 7! .�1/ix��

with the usual biduality of modules

K�.ƒ/
i Š
�! Homƒ

�
Homƒ.K�i ; ƒ/;ƒ

�
x 7!

�
x�� W f 7! f .x/

�
involves a sign, while the isomorphism in the third last line stems from (5.11) together
with Lemma 4.5.1 (i). Note that the isomorphism in the second last line does not
involve any further signs by [58, (1.2.15)].

We finish this subsection by introducing restriction and corestriction maps con-
cerning the change of group for Koszul complexes. To this end let U1 � U be the
open subgroup generated by 
p

n

1 ; : : : ; 

pn

d
. Then Hom�ƒ.�;M/ applied to the tensor

product of the diagrams

ƒ.U /


pn

i
�1
// ƒ.U /

ƒ.U /

i�1 // ƒ.U /

Ppn�1
kD0


k
i

OO

gives a map
corU1U W K

�
U1
.
p

n

/.M/! K�U .
/.M/

which we call corestriction map and which is compatible under (5.20) below with
the corestriction map on cocycles (for appropriate choices of representatives in the
definition of the latter). Using the diagram

ƒ.U /Ppn�1
kD0


k
i
��



pn

i
�1
// ƒ.U /

ƒ.U /

i�1 // ƒ.U /

instead, one obtains the restriction map

resUU1 W K
�
U .
/.M/! K�U1.


pn/.M/;

again compatible under (5.20) with the restriction map on cocycles.
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5.2.3 Continuous and analytic cohomology
For any profinite groupG and topological abelian groupM with continuousG-action
we write C� WD C�.G;M/ for the continuous (inhomogeneous) cochain complex of
G with coefficients in M and H�.G;M/ WD h�.C�.G;M// for continuous group
cohomology. Note that C0.G;M/ DM .

Assume that G is moreover an L-analytic group and M D lim
�!s

lim
 �r

M Œr;s� with
Banach spaces M Œr;s�, an LF space with a pro-L-analytic action of G, i.e., a locally
analytic action on each M Œr;s�, which means that for all m 2 M Œr;s� there exists an
open L-analytic subgroup �n � � in the notation of Section 4.3.4 such that the orbit
map of m restricted to �n is a power series of the form g.m/ D

P
k�0 `.g/

kmk
for a sequence mk of elements in M Œr;s� with �nkL mk converging to zero. Following
[25, §5], we write

C�an WD C�an.G;M/

for the locally L-analytic cochain complex of G with coefficients in M and

H�an.G;M/ WD h�
�
C�an.G;M/

�
for locally L-analytic group cohomology. More precisely, if MapslocL�an.G;M

Œr;s�/

denotes the space of locally L-analytic maps from G to M Œr;s�, then

C nan.G;M/ D lim
�!
s

lim
 �
r

MapslocL�an.G
n;M Œr;s�/

is the space of locally L-analytic functions (locally with values in lim
 �r

M Œr;s� for

some s and such that the composite with the projection onto M Œr;s� is locally L-
analytic for all r). Note that again C0an.G; M/ D M and that there are canonical
homomorphisms

C�an.G;M/ ,! C�.G;M/;

H �an.G;M/! H �.G;M/:

Let f be any continuous endomorphism of M which commutes with the G-
action. We define

H 0.f;M/ WDM fD1 and H 1.f;M/ WDMfD1

as the kernel and cokernel of the map M
f �1
���!M , respectively.

The endomorphism f induces an operator on C� or C�an and we denote by T WD

Tf;G.M/ and T an WD T an
f;G
.M/ the mapping fiber of C�.G;f / and C�an.G;f /, respec-

tively.
Again there are canonical homomorphisms

T an
f;G.M/ ,! Tf;G.M/;

h�
�
T an
f;G.M/

�
! h�

�
Tf;G.M/

�
:

(5.13)
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For ‹ either empty or an, one of the corresponding double complex spectral
sequences is

IE
i;j
2 D H

i
�
f;H

j
‹
.G;M/

�
H) hiCj .T ‹/: 3

It degenerates into the short exact sequences

0! H i�1
‹ .G;M/fD1 ! hi

�
T ‹
f;G.M/

�
! H i

‹ .G;M/fD1 ! 0:

In loc. cit. as well as in [7], analytic cohomology is also defined for the semi-
groups �L �ˆ and �L �‰ with ˆD ¹'nL j n � 0º and ‰ D ¹.�

q
 L/

n j n � 0º ifM
denotes an L-analytic .'L; �L/-module over the Robba ring R.

Remark 5.2.8. Any L-analytic .'L; �L/-moduleM over the Robba ring R is a pro-
L-analytic �L-module by the discussion at the end of the proof of [8, Prop. 2.25],
whence it is also an L-analytic �L �ˆ- and �L �‰-module as ˆ and ‰ possess the
discrete structure as L-analytic manifolds.

Proposition 5.2.9. We have canonical isomorphisms

hi
�
T an
'L;�L

.M/
�
Š H i

an.�L �ˆ;M/ Š H i
an.�L �‰;M/ Š hi

�
T an
�
q  L;�L

.M/
�

and an exact sequence

0 H 1
an.�L;M

 LD
q
� / hi

�
T an
�
q  L;�L

.M/
�

.M LD
q
�
/�L H 2

an.�L;M
 LD

q
� / h2

�
T an
�
q  L;�L

.M/
�
:

(5.14)

Proof. The isomorphism in the middle is [7, Cor. 2.2.3]. For the two outer isomor-
phisms we refer the reader to [87, Thm. 3.7.6]. The exact sequence is the extension
[87, Thm. 5.1.5] of [7, Thm. 2.2.4].

3Naively, one would expect that the second corresponding double complex spectral
sequence looks like

IIE
i;j

2
D H i‹

�
G;Hj .f;M/

�
H) hiCj .T ‹/:

But this would require to first of all give sense to the required structure ofHj .f;M/ as topolog-
ical/analytic G-module! In low degrees this can be achieved and we obtain an exact sequence

0! H1‹ .G;M
fD1/! h1.T ‹/! .MfD1/

G ı
�! H2‹ .G;M

fD1/:

See [87–89]. If MfD1 is again an LF-space with pro-L-analytic G-operation, one might be
able to interpret the second spectral sequence in low degrees.
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Note that, for an inclusion U � U 0, the restriction and corestriction homomor-
phisms C�.U 0; M/

res
�! C�.U; M/ and C�.U; M/

cor
�! C�.U 0; M/ induce maps on

Tf;U 0.M/
res
�! Tf;U .M/ and Tf;U .M/

cor
�! Tf;U 0.M/, respectively.

We write Ext1C.A; B/ for isomorphism classes of extensions of B by A in any
abelian category C. Furthermore, we denote by MU .R/ (Mét

U .R/, M
�
U .R/) the cat-

egory of all (étale, overconvergent) .'L; U /-modules over R, respectively, and by
Rep�L.GLU1/ the category of overconvergent representations of GLU1 consisting of
those representations V of GLU1 such that dim

B
�
L

D�.V / D dimL V with D�.V / WD

.B� ˝L V /HL .

Theorem 5.2.10. Let V be in RepL.GL/ and U � �L any open subgroup.

(i) For D.V / the corresponding .'L; �L/-module over BL we have canonical
isomorphisms

h� D h�U;V W H
�.LU1; V /

Š
�! h�

�
T'L;U

�
D.V /

��
(5.15)

which are functorial in V and compatible with restriction and corestriction.

(ii) If V is in addition overconvergent, there are isomorphisms

h0
�
T'L;U .D

�
rig.V /

��
Š V

G
LU1 ; (5.16)

h1
�
T'L;U .D

�
rig.V /

��
Š H 1

� .L
U
1; V /; (5.17)

which are functorial in V and compatible with restriction and corestriction
and where by definition H 1

�
.LU1; V / � H

1.LU1; V / classifies the overcon-
vergent extensions of L by V . In particular, these L-vector spaces have
finite dimension.

(iii) If V is in addition L-analytic, then we have

H 1
an.L

U
1; V /

Š
�! h1

�
T an
'L;U

�
D
�
rig.V /

��
;

where by definition4 H 1
an.L

U
1; V / � H

1
�
.LU1; V / � H

1.LU1; V / classifies
the L-analytic extensions of L by V .

Proof. (i) is [46, Thm. 5.1.11] or [45, Thm. 5.1.11]. Statement (iii) is [7, Prop. 2.2.1]
combined with Proposition 5.2.9, while (ii) follows from [33] (the reference literally
only covers the case U D �L, but the same arguments allow us to extend the result
to general U ) as follows: Firstly, by Lemma 5.2.11 below one has an isomorphism
h1.T'L;U .D

�
rig.V /// Š Ext1MU .RL/

.RL; D
�
rig.V //. Then use the HN-filtration à la

4Note that the absolute Galois group of LU1 is not L-analytic, so this group has not been
defined earlier.
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Kedlaya to see that any extension of étale .'L; U /-modules is étale again, whence

Ext1MU .RL/

�
RL;D

�
rig.V /

�
D Ext1

Mét
U
.RL/

�
RL;D

�
rig.V /

�
and the latter group equals

Ext1
M
�
U
.RL/

�
RL;D

�
rig.V /

�
Š Ext1

Rep�
L
.G
LU1

/
.L; V / D H 1

� .L
U
1; V /

by [33, Props. 1.5 and 1.6]. For the claim in degree 0 one has to show that the inclusion
D�.V / � D

�
rig.V / induces an isomorphism on 'L-invariants, which follows from

[39, Hyp. 1.4.1, Prop. 1.2.6].5

Lemma 5.2.11. Let M be in MU .R/. Then we have a canonical isomorphism

h1
�
T'L;U .M/

�
Š Ext1MU .RL/

.RL;M/:

Proof. Starting with a class z D Œ.c1;�c0/� in h1.T'L;U .M// with c1 2 C 1.M/ and
c0 2C

0.M/DM (i.e., we work with inhomogeneous continuous cocycles) satisfying
the cocycle property

c1.��/ D �c1.�/C c1.�/ for all �; � 2 U;

.'L � 1/c1.�/ D .� � 1/c0 for all � 2 U;
(5.18)

we define an extension of .'L; U /-modules

0!M ! Ec ! RL ! 0

with Ec WD M �RL as RL-module, g.m; r/ WD .gmC gr � c1.g/; gr/ for g 2 U
and 'Ec ..m; r// WD .'M .m/C 'L.r/c0; 'L.r//; note that this defines a (continuous)
group action by the first identity in (5.18), while theU - and 'L-action commute by the
second identity in (5.18). If we change the representatives .c1;�c0/ by the cobound-
ary induced by m0 2M , then sending .0; 1/ to .�m0; 1/ induces an isomorphism of
extensions from the first to the second one, whence our map is well defined.

Conversely, if E is any such extension, choose a lift e 2 E of 1 2 RL and define

c1.�/ WD .� � 1/e 2M; c0 WD .'E � 1/e;

which evidently satisfy the cocycle conditions (5.18). Choosing another lift Qe leads
to a cocycle which differs from the previous one by the coboundary induced by
Qe � e 2M , whence the inverse map is well defined.

One easily verifies that these maps are mutually inverse to each other.

5Since the strong hypothesis holds by [39, Hyp. 1.4.1, Prop. 1.2.6], we also obtain an iso-
morphism on the 'L-coinvariants H1.'L;�/. Then the second spectral sequence above or
a similar argument via the Koszul complexes as in Corollary A.8 implies that the canonical
base change map induces an isomorphism h�.T'L;U .D

�.V /// Š h�.T'L;U .D
�
rig.V ///. Cf.

[50, proof of Prop. 2.7].
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Question 5.2.12. Can one show that h2.T'L;U .D
�
rig.V /// is finite dimensional (and

related to H 2.LU1; V /) and that the groups hi .T'L;U .D
�
rig.V /// vanish for i � 3‹

Remark 5.2.13. By [33, Thm. 0.2, Rem. 5.21], it follows that the inclusions

H 1
an.L

U
1; V / � H

1
� .L

U
1; V / � H

1.LU1; V /

are in general strict. More precisely, the codimension of the left most term equals
.ŒLU1 W Qp� � 1/ dimL V

G
LU1 .

Let us recall Tate’s local duality in this context.

Proposition 5.2.14 (Local Tate duality). Let V be an object in RepL.GL/, and K
any finite extension of L. Then the cup product and the local invariant map induce
perfect pairings of finite-dimensional L-vector spaces

H i .K; V / �H 2�i
�
K;HomQp

�
V;Qp.1/

��
! H 2

�
K;Qp.1/

�
D Qp;

H i .K; V / �H 2�i
�
K;HomL

�
V;L.1/

��
! H 2

�
K;L.1/

�
D L;

where �.1/ denotes the Galois twist by the cyclotomic character. In other words,
there are canonical isomorphisms

H i .K; V / Š H 2�i
�
K;V �.1/

��
:

Proof. This is well known. For lack of a reference (with proof) we sketch the second
claim (the first being proved similarly). Choose a Galois stable oL-lattice T � V and
denote by �n

L
A the kernel of multiplication by �nL on any oL-module A. Observe that

we have short exact sequences

0! H i .K; T /=�nL ! H i .K; T=�nLT /! �n
L
H iC1.K; T /! 0

for i�0 and similarly for T replaced by T �.1/DHomoL.T;oL.1//. By [80, Prop. 5.7]
(remember the normalization given there!) the cup product induces isomorphism

H i .K; T=�nLT / Š HomoL

�
H 2�i

�
K;T �.1/=�nLT

�.1/
�
; oL=�

n
L

�
such that we obtain altogether canonical maps

H i .K; T /=�nL ! HomoL

�
H 2�i

�
K;T �.1/

�
=�nL; oL=�

n
L

�
Š HomoL

�
H 2�i

�
K;T �.1/

�
; oL

�
=�nL:

Using that the cohomology groups are finitely generated oL-modules and isomor-
phic to the inverse limits of the corresponding cohomology groups with coefficients
modulo �nL, we see that the inverse limit of the above maps induces a surjective map

H i .K; T /� HomoL

�
H 2�i

�
K;T �.1/

�
; oL

�
with finite kernel, whence the claim after tensoring with L over oL using the isomor-
phism H i .K; T /˝oL L Š H

i .K; V / and analogously for T �.1/.
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Now let W be an L-analytic representation of GL and set

H 1
=�

�
LU1; W

�.1/
�
WD H 1

� .L
U
1; W /

�;

which, by local Tate duality and Theorem 5.2.10, is a quotient of H 1.LU1; W
�.1//.

By definition, the local Tate pairing induces a non-degenerate pairing

h ; iTate;L;� W H
1
� .L

U
1; W / �H

1
=�

�
LU1; W

�.1/
�
! H 2

�
L;L.1/

�
Š L: (5.19)

In order to compute this pairing more explicitly in certain situations, we shall use
Koszul complexes. For this we have to assume first that U is torsion-free. Follow-
ing [26, §4.2], we obtain for any complete linearly topologized oL-module M with
continuous U -action a quasi-isomorphism6

K�U .M/
'
�! C�.U;M/ (5.20)

which arises as follows: Let X� WD X�.U / and Y� D Y�.U / denote the completed
standard complex [49, §V.1.2.1], i.e., Xn D ZpJU K y̋ .nC1/, and the standard complex
computing group cohomology, i.e., YnDZpŒU �˝.nC1/. Then, by [49, Lem. V.1.1.5.1],
we obtain a diagram of complexes

Y�.U /

��

� // Y�.U � U/ Š Y�.U /˝Zp Y�.U /

��

X�.U /

��

� // X�.U � U/ Š X�.U / y̋Zp X�.U /

��

KU�
� // KU�U� Š KU� y̋Zp K

U
� ;

(5.21)

which commutes up to homotopy (of filtered ƒ-modules). Here the maps � are
induced by the diagonal maps U ! U � U , e.g.,

ZpJU K! ZpJU � U K Š ZpJU K y̋Zp ZpJU K:

The first column induces a morphism

Homƒ.K
U
� ;M/! Homƒ;cont

�
X�.U /;M

�
! HomZpŒU �;cont

�
Y�.U /;M

�
;

which is (5.20). The upper line induces as usual the cup product on continuous group
cohomology

H r.U;M/ �H s.U;N /
[U
��! H rCs.U;M ˝N/

6This quasi-isomorphism is unique up to homotopy, i.e., unique in the derived category of
oL-linear topological U -modules. We have not yet defined any topology on the cocycles nor
do we know whether the references say anything about it! M is allowed to be any complete
linearly topologized oL-module with continuous U -action by [49, Prop. V.1.2.6].
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via

HomZpŒU �;cont
�
Y�.U /;M

�
� HomZpŒU �;cont

�
Y�.U /;N

�
�
�! HomZpŒU �˝ZpŒU �;cont

�
Y�.U /˝Zp Y�.U /;M ˝N

�
��

��! HomZpŒU �;cont
�
Y�.U /;M ˝N

�
:

The lower line induces analogously the Koszul product

KrU .M/ �KsU .N /
[K
��! KrCsU .M ˝N/:

By diagram (5.21) both products are compatible with each other.
Let f be any continuous endomorphism of M which commutes with the U -

action; it induces an operator on K�.M/ and we denote by

Kf;U .M/ WD cone
�
K�.M/

f �id
���! K�.M/

�
Œ�1�

the mapping fiber of K�.f /. Then the quasi-isomorphism (5.20) induces a quasi-
isomorphism

K';U .M/
'
�! T';U .M/:

Remark 5.2.15. By a standard procedure cup products can be extended to hyper-
cohomology (defined via total complexes), we follow [58, (3.4.5.2)], but for the
special case of a cone, see also [60, Prop. 3.1]. In particular, we obtain compatible
cup products [K and [U for K';U .M/ and T';U .M/, respectively.

Now we allow some arbitrary open subgroup U � �L and letL0 DLU1. Note that
we obtain a decomposition U Š � � U 0 with a subgroup U 0 Š Zdp of U and � the
torsion subgroup of U . By Lemma A.1 we obtain a canonical isomorphism

K';U 0.M
�/
'
�! T';U .M/: (5.22)

Now let M be a finitely generated projective R-module M with continuous U -
action. Then M � D {M is again a finitely generated projective R-module M with
continuous U -action by Lemma 4.5.1 (i). Hence, M as well as M� satisfies the
assumptions of (5.12) and we have isomorphisms7

K';U .M
�/� Š cone

�
K�.M�/�

'��1
���! K�.M�/�

�
D cone

�
K�
�
.M�/�

�
Œd �

'��1
���! K�

�
.M�/�

�
Œd �
�

D K'�;U
�
.M �/�

�
Œd C 1� D K ;U . {M�/Œd C 1�

D K ;U . {M
�/Œd C 1�:

(5.23)

The last isomorphism is induced by the canonical isomorphism {M� Š {M�.

7For X f
�! Y we have cone.f /� Š cone.f �/Œ�1�, the isomorphism being realized by

multiplying with .�1/i on .X�/i and cone.f Œn�/ D cone..�1/nf /Œn�.
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Now note that
D
�
rig.W /

_
Š D

�
rig

�
W �.�LT/

�
(5.24)

for any L-analytic representation W by the fact that the functor D�
rig respects inner

homs (cf. [79, Rem. 5.6] for the analogous caseDLT). Hence, the tautological pairing
ev2 from (5.10) together with the above isomorphism (5.23) induces the following
pairing:

[K; W h
1
�
K';U 0

�
D
�
rig.W /

�
��
� h1

�
K ;U 0

�
D
�
rig

�
W �.�LT/

���
Œd � 1�

�
! L:

Remark 5.2.16. ForU DU 0 andM DD�
rig.W /, on the level of cochains, this pairing

is given as follows:

{M ˚Kd�1. {M/ �K1.M/˚M ! L;
�
.x; y/; .x0; y0/

�
7! ¹y0; xº � y.x0/;

where we again use that Kd�1. {M/ Š K1.M/� and where ¹ ; º denotes the pairing
(4.73). More generally, we have a diagram as in Figure 5.3.

0

��

:::

��

0 M�
d0
K

1�'

�
��

� Kd�1. {M/˚Kd�2. {M/�
dd�1
K

0

1� �dd�2
K

�
��

// L

1 K1.M/˚M�
d1
K

0

1�' �d0
K

�
��

� {M ˚Kd�1. {M/ //

. 1� �dd�1
K

/

��

L

2 K2.M/˚K1.M/

��

� {M

��

// L

::: 0

Degree K';U .M/ K ;U . {M/Œd � 1�

Figure 5.3. Duality for generalized Herr complexes.

Recalling thatW DV �.1/ isL-analytic, setMDD�
rig.W / and {MDD�

rig.V .�
�1//

D D
�
rig.W

�.�LT//. We obtain a Fontaine-style, explicit map

prU W D
�
rig

�
V.��1/

� D1
! h1

�
K ;U 0. {M

�/Œd � 1�
�
; m 7!

�
. Nm; 0/

�
; (5.25)

where Nm D 1
#�

P
ı2� ım denotes the image of m under the map {M � {M� Š {M

�.
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Remark 5.2.17. Let U1 � U be an open subgroup with torsion subgroups�1 and�,
respectively. Assume that the torsion-free parts U 01 and U 0 are generated by 
p

n

1 ; : : : ;



pn

d
and 
1; : : : ; 
d , respectively. Then, for M any complete locally convex L-vector

space with continuous U -action, the restriction and corestriction maps of Koszul
complexes from Section 5.2.2 extend by functoriality to the mapping fiber

corU1U WD cor
U 0
1

U 0 ıK';U 01
.N�=�1/ W K';U 01

.M�1/! K';U 0.M
�/;

resUU1 WD K';U 01.�/ ı resU
0

U 0
1
W K';U 0.M

�/! K';U 0
1
.M�1/:

Here N�=�1 WM
�1 !M� denotes the norm/trace map sendingm to

P
ı2�=�1

ım,
while � WM� !M�1 is the inclusion. Taking duals as in (5.23), we also obtain

corU1U WD .resUU1/
�Œ1 � d� W K ;U 0

1
.M�1/! K ;U 0.M

�/;

resUU1 WD .corU1U /
�Œ1 � d� W K ;U 0.M

�/! K ;U 0
1
.M�1/

(co)restriction maps for the  -Herr complexes.
Since inflation is compatible with restriction and corestriction, one checks that

the above maps are compatible under the isomorphism (5.15) with the usual maps in
Galois cohomology. Moreover, they define such maps on H 1

�
and H 1

=�
via (5.17) and

h1
�
K ;U 0

�
D
�
rig

�
W �.�LT/

��
Œd � 1�

��
Š H 1

=�

�
L0; W �.1/

�
:

By the discussion at the end of Section 5.2.2 the restriction map

K';U 0.M
�/

resU
U1
���! K';U 0

1
.M�1/

and corestriction mapK';U 0
1
.M�1/

cor
U1
U

���!K';U 0.M
�/ in degree 0 are given as inclu-

sion M� ,!M�1 and norm M�1
N
U 0;U 0

1
ıN�=�1

�����������!M�, respectively, where

NU 0;U 0
1
WD

dY
iD1

pn�1X
kD0


ki 2 ƒ.U
0/:

Hence, by duality the restriction map

K ;U . {M
�/Œd � 1�2

resU
U1
���! K ;U1.

{M�1/Œd � 1�2

and corestriction mapK ;U1. {M
�1/Œd � 1�2

cor
U1
U

���! K ;U . {M
�/Œd � 1�2 are given by



Relation to Berger’s and Fourquaux’s big exponential map 151

the norm {M�
.�W�1/š.NU 0;U 0

1
/

�����������! {M�1 and projection map {M�1

1
.�W�1/

N�=�1
����������! {M�,

respectively. Here š denotes the involution of ƒ.U / sending u to u�1. Note that the
latter two descriptions also hold for the first components of

K ;U . {M
�/Œd � 1�1

resU
U1
���! K ;U1.

{M�1/Œd � 1�1;

K ;U1.
{M�1/Œd � 1�1

cor
U1
U

���! K ;U . {M
�/Œd � 1�1;

respectively. Hence, we obtain

corU1U ı prU1 D prU and resUU1 ı prU D prU1 ıN�=�1 ı š.NU 0;U 01/:

Berger and Fourquaux by contrast define a different Fontaine-style map8 in [7,
Thm. 2.5.8] for an L-analytic representation Z and N D D�

rig.Z/

h1
LU1;Z

W D
�
rig.Z/

 LD
q
�L ! H 1

an

�
U;D

�
rig.Z/

 LD
q
�L

�
! h1

�
T'L;U .N /

� Š
�! h1

�
K'L;U .N

�/
�

y 7!
�
cb.y/

�
7!
��
cb.y/;�mc

��
7!
��ecb.y/;�fmc��;

(5.26)

in which the cocycle h1
LU1;Z

.y/ is given in terms of the pair .cb.y/;�mc/ in the
notation of loc. cit.: mc is the unique element in D�

rig.Z/
 LD0 such that

.'L � 1/cb.y/.
/ D .
 � 1/mc (5.27)

for all 
 2 U and this pair defines the extension class in the sense of Lemma 5.2.11.
Here, the first map is implicity given by [7, Prop. 2.5.1], the second one is the com-
posite from maps arising in [7, Cor. 2.2.3, Thm. 2.2.4] with the natural map from
analytic to continuous cohomology

H 1
an

�
U;D

�
rig.Z/

 LD
q
�L

�
! H 1

an

�
U �‰;D

�
rig.Z/

�
Š H 1

an

�
U �ˆ;D

�
rig.Z/

�
! H 1

�
U �ˆ;D

�
rig.Z/

�
8We do not know whether this map coincides with the following composite we had used in

older versions and which uses the shuffle maps from Proposition 5.2.9:

h1
LU1;Z

W D
�
rig.Z/

 LD
q
�L ! H1an

�
U;D

�
rig.Z/

 LD
q
�L

�
! h1

�
T an
�
q  L;U

.N /
�
Š h1

�
T an
'L;U

.M/
�

! h1
�
T'L;U .N /

�
Š H1� .L

U
1; Z/:

Here the second map is stemming from the spectral sequence (5.14), the third from Proposi-
tion 5.2.9, the fourth is the natural map (5.13), and the last one is (5.17).
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combinedwith the interpretation of extension classes (see [7,§1.4] and Lemma 5.2.11),
and the last one is (5.22) (the concrete image .ecb.y/;�fmc/ will be of interest for us
only in the situation where � is trivial, when fmc D mc).

According to [7, Prop. 2.5.6, Rem. 2.5.7], this map also satisfies

corUU 0 ıh
1

LU
0
1 ;Z
D h1

LU1;Z
: (5.28)

Since D�
rig.V .�

�1//_ Š D
�
rig.V

�.1// by (5.24), concerning the Iwasawa pairing,
we have the following.

Proposition 5.2.18. For a GL-representation V such that V �.1/ is L-analytic the
following diagram consisting of D.�L; K/-š�-sesquilinear pairings (in the sense of
(4.87)) is commutative:

h1
�
K';U 0

�
D
�
rig

�
V �.1/.�

j
LT/
����

� h1
�
K ;U 0

�
D
�
rig

�
V.�

�j
LT /
���

Œd�1�
�[K; 

// L�Cp

D
�
rig

�
V �.1/

� LD q
�L

h1

L;V�.1/.�
j
LT/
ıtw

�
j
LT

OO

� D
�
rig

�
V.��1/

� LD1
prU ıtw

�
�j
LT

OO

q�1
q ¹ ; ºIw;�L// D.�L;Cp/

ev
�
�j
LT

OO

taking U 0 �� D U D �L.

Proof. By Lemma 4.5.22, it suffices to show the case j D 0, i.e., the trivial character
�triv. Furthermore, it suffices to show the following statement for any subgroup of the
form �n without any p-torsion:

q�n evLn;�trivj�n
ı¹x; yºIw;�n D h

1
Ln;V �.1/

.x/ [K; pr�n.y/ (5.29)

for x 2 D�
rig.V

�.1//
 LD

q
�L ; y 2 D

�
rig.V .�

�1// LD1.
Indeed, by Remark 5.2.17, for every such n, we have the commutative diagram

h1
�
K';�n

�
D
�
rig

�
V �.1/

���
cor
��

� h1
�
K ;�n

�
D
�
rig.V /

�
Œd � 1�

� [K; 
// L

h1
�
K';U 0

�
D
�
rig

�
V �.1/

����
� h1

�
K ;U 0

�
D
�
rig.V /

�
�
Œd � 1�

�res

OO

[K; 
// L:

Hence, we obtain using (5.28)

h1L0;V �.1/.x/ [K; prU .y/ D
�
cor ı h1Ln;V �.1/.x/

�
[K; prU .y/

D h1Ln;V �.1/.x/ [K; 
�
res ı prU .y/

�
D h1Ln;V �.1/.x/ [K; 

�
pr�n

�
N� ı š.NU 0;�n/y

��
;
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where we use Remark 5.2.17 for the last equality. On the other hand, one easily checks
that9

evLn;�trivj�n
ı prU;�n ıN� ı š.NU 0;�n/ D evL;�triv W D.U;Cp/! Cp;

whence

evL;�triv ı
q�1
q
¹x; yºIw;U D

q�1
q

evLn;�trivj�n
ı prU;�n

�
N� ı š.NU 0;�n/¹x; yºIw;U

�
D

q�1
q

evLn;�trivj�n
ı prU;�n

�®
x;N� ı š.NU 0;�n/y

¯
Iw;U

�
D

q�1
q
ŒU W �n�

�1 evLn;�trivj�n
ı
®
x;N� ı š.NU 0;�n/y

¯
Iw;�n

D q�n evLn;�trivj�n
ı
®
x;N� ı š.NU 0;�n/y

¯
Iw;�n

;

where we have used Remark 4.5.21 for the last equation.
In order to prove (5.29), choose n D n0 (see Section 4.3.4). As recalled in (5.26),

the map

h1Ln0 ;V
�.1/ W D

�
rig

�
V �.1/

� LD q
�L ! h1

�
K'L;�n0

�
D
�
rig

�
V �.1/

���
is given by the cocycle h1

Ln0 ;V
�.1/

.x/ in terms of the pair .ecb.x/;�mc/. Note that we
have

mc D c„b.'L � 1/x:
Indeed, by [7, Thm. 2.5.8] we have cb.x/.bkj /D .b

k
j � 1/

c„bx for all j; k � 0, which
together with (5.27) and the uniqueness of mc (cf. loc. cit.) implies the claim. On the
other hand, we have the map (5.25)

pr�n0 W D
�
rig

�
V.��1/

� LD1
! h1

�
K ;�n0

�
D
�
rig

�
V.��1/

��
Œd � 1�

�
y 7! class of .y; 0/:

Thus, the pairing[K; sends by construction (see diagram (5.3)) the above classes to

h1Ln;V �.1/.x/ [K; pr�n.y/ D 0
�ecb.x/�C ® � c„b.'L � 1/x; y¯

D
®c„b.'L � 1/x; ��Lq 'L � 1�y¯

D
˝c„b; ¹x; yºIw;�n ˛�n

D q�naug
�
¹x; yºIw;�n

�
:

Here the second equality holds due to Lemma 4.5.1 because the left-hand side belongs
to D�

rig.V
�.1// LD0, the third one is (4.89), and the last one comes from (4.81).

9This is obvious if you decompose D.U;Cp/ D
L
g2U=�n

D.�n;Cp/g with respect to
the inverses of the representatives used in the definition of N� ı š.NU 0;�n/.
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Proposition 5.2.19. For W an L-analytic representation we have a canonical com-
mutative diagram

[K; W h
1
�
K';U 0.D

�
rig.W /

�/
�

h1
�
K ;U 0

�
D
�
rig

�
W �.�LT/

���
Œd � 1�

�
L

h ; iTate;L;� W H 1
�
.L0; W / H 1

=�

�
L0; W �.1/

�
H 2

�
L0; L.1/

�
ŠL

h ; iTate;L0 W H 1.L0; W / H 1
�
L0; W �.1/

�
H 2

�
L0; L.1/

�
ŠL:

Šb

�

Ša

�

�

pr

Moreover, the isomorphism a is compatible with the middle map of the diagram (A.5).

Proof. The lower square of pairings comes from Tate duality as in Proposition 5.2.14
and (5.19). Its commutativity holds by definition. In the upper square of pairings the
left upper vertical isomorphism b arises from (5.17) combined with (5.22), while
the middle vertical isomorphism a is uniquely determined as adjoint of the latter
because both pairings are non-degenerate: the middle one by definition of H 1

=�
while

the upper one due to Corollary A.4 (ii) withW D V �.1/. Therefore, one immediately
checks that a�1 ı pr is induced by the cohomology of the middle map (going down)
in diagram (A.5) (being the same as the middle map (going from right to left) of
diagram (A.6) upon identifying h1.K� ;U 0.D.V.�

�1//�/Œd � 1�/ and H 1.L0; V / by
the isomorphism described there).

Combining the last two propositions, we get the following result.

Corollary 5.2.20. For a GL-representation V such that V �.1/ is L-analytic the fol-
lowing diagram is commutative:

H 1
�

�
L; V �.1/.�

j
LT/
�
� H 1

=�

�
L; V.�

�j
LT /

� h ; iTate;L;�
// H 2

�
L;L.1/

�
Š L � Cp

D
�
rig

�
V �.1/

� LD q
�L

h1
L;V�.1/

ıtw
�
j
LT

OO

� D
�
rig

�
V.��1/

� LD1prL ıtw
�
�j
LT

OO

q�1
q ¹ ; ºIw

// D.�L;Cp/:

ev
�
�j
LT

OO

Remark 5.2.21. For applications it might be useful to renormalize[K; by the factor
q
q�1

, i.e., setting [0K; WD
q
q�1
[K; . Then we would get rid of the factor q�1

q
in front

of the Iwasawa pairing in the above results. Moreover and more importantly, the new
normalization would be compatible with the cyclotomic situation taking L D Qp ,
�L D p D q; i.e., the upper pairing in Proposition 5.2.18 would coincide – at least
up to a sign – with the cup product pairing of Galois cohomology

H 1
�
Qp; V

�.j C 1/
�
� H 1

�
Qp; V .�j /

�
// H 2

�
Qp;Qp.1/

� inv
Š
// Qp;

using Tate’s trace map
inv W H 2

�
Qp;Qp.1/

�
Š Qp
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given by class field theory, if one chooses Z D 
 � 1 for a topological generator 
 of
�Qp satisfying log�cyc.
/ D 1. This follows from [3, Prop. 1.3.4, Thm. 2.2.6], [38,
Thm. 5.2, Rem. 5.3], and [42, Rem. 2.3.11/12]: they claim that �p�1

p
inv corresponds

to the trace map from the second cohomology group of the '-Herr complex induced
by sending f ˝ � to 1

log�cyc.
/
res!cyc.f

d!cyc
1C!cyc

/.

With respect to evaluating at a character, we have the following analogue of
Corollary 5.2.20.

Proposition 5.2.22. For a GL-representation V such that V �.1/ is L-analytic the
following diagram is commutative:

Cp˝
L
Dcris;L

�
V �.1/.�

j
LT/
�

Cp˝
L
Dcris;L

�
V.��1/.�

�j
LT /
�

Cp˝
L
Dcris;L

�
L.�LT/

�
D.�L;Cp/˝L Dcris;L

�
V �.1/

�
D.�L;Cp/˝L Dcris;L

�
V.��1/

�
D.�L;Cp/;

�

Œ ; �cris

ev
�
�j
LT
˝t
�j
LT �˝j

�

ev
�
j
LT
˝t
j
LT�
˝�j

Œ ; �0

ev
�
�j
LT

where in the right upper corner we identify Cp ˝LDcris;L.L.�LT//ŠCp by choosing
t�1LT ˝ � as a basis.

Proof. Using Lemma 5.2.23 below, the statement is reduced to j D 0. Evaluation of
(5.9) implies the claim in this case.

Lemma 5.2.23. There is a commutative diagram

D.�L;Cp/˝
L
Dcris;L

�
V �.1/.�

j
LT/
�
�D.�L;Cp/˝

L
Dcris;L

�
V.��1/.�

�j
LT /
�Œ ; �0
// D.�L;Cp/

D.�L;Cp/˝
L
Dcris;L

�
V �.1/

�Tw
�
�j
LT
˝t
�j
LT �˝j

OO

� D.�L;Cp/˝
L
Dcris;L

�
V.��1/

� Œ ; �0
//

Tw
�
j
LT
˝t
j
LT�
˝�j

OO

D.�L;Cp/:

Tw
�
�j
LT

OO

Proof. The claim follows immediately from (5.9), the compatibility of the usualDcris-
pairing with twists, and the fact that Tw

�
j
LT
.���.�//DTw

�
j
LT
.�/��.Tw

�
�j
LT
.�// holds.

5.2.4 The interpolation formula for the regulator map

In this subsection, we are going to prove the interpolation property for LV . First,
recall that we introduced in Section 3.1 the notationDdR;L0.V / WD .BdR ˝Qp V /

GL0 .
Since BdR contains the algebraic closure xL of L, we have the isomorphism

BdR ˝Qp V D .BdR ˝Qp L/˝L V
Š
�!

Y
�2GQp =GL

BdR ˝�;L V

which sends b˝ v to .b˝ v/� . The tensor product in the factorBdR˝�;L V is formed
with respect to L acting on BdR through � . With respect to the GL-action, the right-
hand side decomposes according to the double cosets inGL nGQp=GL. It follows, in
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particular, thatDid
dR.V /WD.BdR˝LV /

GL is a direct summand of DdR;L.V / and we de-
note by prid the corresponding projection. Similarly, tanL;id.V / WD.BdR=B

C
dR˝LV /

GL

is a direct summand of tanL.V / WD .BdR˝L V /
GL . More generally, also the filtration

Di
dR;L.V / decomposes into direct summands.

According to [80, Appx. A], the dual Bloch–Kato exponential map is uniquely
determined by the commutativity of the following diagram, in which all pairings are
perfect:

H 1.L0; W / H 1
�
L0; W �.1/

�
L

D0
dR;L0.W / tanL0

�
W �.1/

�
DdR;L0

�
Qp.1/

�
L0

DdR;L0.W / DdR;L0
�
W �.1/

�
DdR;L0

�
Qp.1/

�
L0:

exp�
L0;W

�
h ; iTate;L0

�

expL0;W�.1/

Š

�

pr

Š

Note that we have the compatibility of the following pairings:

Dcris;L
�
V �.1/

�
Š

��

� Dcris;L
�
V.��1/

�
Š

��

Œ ; �cris // Dcris;L
�
L.�LT/

�
Š

��

Š // L

D

��

Did
dR

�
V �.1/

�
injective
��

� Did
dR

�
V.��1/

� Œ ; �iddR // Did
dR

�
L.�LT/

� Š // L
D

��

||

DdR
�
V �.1/

�
� DdR

�
V.��1/

�prid surjective

OO

// DdR
�
L.�LT/

� Š // L˝Qp L

prid

""
DdR

�
V �.1/

�D

OO

� DdR.V /

id˝tQp t
�1
LT ˝�˝.�cyc/

�1

OO

Œ ; �dR // DdR
�
Qp.1/

� Š // L
(cf. [80, (57) in the appendix]). Therefore, in the Lubin–Tate setting we can also
consider the dual of the identity component expL0;W �.1/;id of expL0;W �.1/:

H 1.L0; W / H 1
�
L0; W �.1/

�
L

D
id;0
dR;L0

�
W.��1/

�
tanL0;id

�
W �.1/

�
Did

dR;L0
�
L.�LT/

�
L0

Did
dR;L0

�
W.��1/

�
Did

dR;L0
�
W �.1/

�
Did

dR;L0
�
L.�LT/

�
L0:

gexp�
L0;W;id

�
h ; iTate;L0

�

expL0;W�.1/;id

Š

�

pr

Š

(5.30)
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Upon noting that under the identifications

DdR;L0
�
Qp.1/

�
Š L0 and Did

dR;L0
�
Qp.1/

�
Š L0

the elements tQp ˝ �cyc and tLT ˝ � are sent to 1, one easily checks that if W �.1/ is
L-analytic, whence the inclusion tanL0;id.W �.1// � tanL0.W �.1// is an equality and
expL0;W �.1/;id D expL0;W �.1/, then it holds that

T��1 ı exp�L0;W Deexp�L0;W;id;

where
T��1 W D

0
dR;L0.W /! D

id;0
dR;L0

�
W.��1/

�
is the isomorphism which sends b˝ v to b

tQp
tLT
˝ v˝ �˝ .�cyc/

˝�1; note that
tQp
tLT
2

.BCdR/
�, whence the filtration is preserved.

Now let W be an L-analytic, crystalline L-linear representation of GL. Recall
that � D .�n/n denotes a fixed generator of T� and that the map

tw
�
j
LT
W D

�
rig.W /! D

�
rig

�
W.�

j
LT/
�

has been defined before Lemma 4.5.22. For Dcris the twisting map

Dcris;L.W /
�˝ej
����! Dcris;L

�
W.�

j
LT/
�

sends d to d ˝ ej with the element ej given as ej D t
�j
LT ˝ �

˝j 2 Dcris;L.L.�
j
LT//.

If we assume, in addition, that

(i) W has Hodge–Tate weights � 0, whence W �.1/ has Hodge–Tate weights
� 1 and D0

dR;L.W
�.1// D 0, and

(ii) Dcris;L.W
�.�LT//

'LD
q
�L D 0,

then by our assumption expL;W �.1/ W DdR;L.W
�.1// ,! H 1.L;W �.1// is injective

with image H 1
e .L; W

�.1// D H 1
f
.L; W �.1// (see [12, Cor. 3.8.4]). We denote its

inverse by
logL;W �.1/ W H

1
f

�
L;W �.1/

�
! DdR;L

�
W �.1/

�
and define

flogL;W �.1/ W H 1
f

�
L;W �.1/

�
! DdR;L

�
W �.1/

� T
��1

���! Dcris;L
�
W �.�LT/

�
;

where (by abuse of notation) we also write

T��1 W DdR;L
�
W �.1/

�
! Did

dR;L

�
W �.�LT/

�
D Dcris;L

�
W �.�LT/

�



Application 158

for the isomorphism, which sends b˝ v to b
tQp
tLT
˝ v˝ �˝ .�cyc/

˝�1. We obtain the
following commutative diagram, which defines the dual map log�L;W being inverse to
exp�L;W (up to factorization over H 1.L;W /=H 1

f
.L;W /):

H 1.L;W /=H 1
f
.L;W / � H 1

f

�
L;W �.1/

�
logL;W�.1/

��

h ; iTate;L
// L

DdR;L.W / �

log�
L;W

OO

DdR;L
�
W �.1/

�
// DdR;L

�
Qp.1/

� Š // L:

Similarly as above, we obtain a commutative diagram more convenient for the Lubin–
Tate setting:

H 1.L;W /=H 1
f
.L;W / � H 1

f

�
L;W �.1/

�
elogL;W�.1/

��

h ; iTate;L
// L

Did
dR;L.W /

log�
L;W;id

OO

� Did
dR;L

�
W �.�LT/

�
// Did

dR;L

�
L.�LT/

� Š // L:
We write EvW;n W OL ˝L Dcris;L.W /! Ln ˝L Dcris;L.W / for the composite map
@Dcris;L.W / ı '

�n
q from the introduction of [7], which actually sends f .Z/ ˝ d to

f .�n/˝ '
�n
L .d/. By abuse of notation we also use EvW;0 for the analogous map

OK ˝L Dcris;L.W /! K ˝L Dcris;L.W /:

For x 2 D.�L; K/˝L Dcris;L.W / we denote by x.�jLT/ the image under the map

D.�L; K/˝L Dcris;L.W /! K ˝L Dcris;L.W /; �˝ d 7! �.�
j
LT/˝ d:

Lemma 5.2.24. Assume that � is contained in K. Then there are commutative dia-
grams

D.�L;K/˝L Dcris;L.W /

evtriv

��

M˝id
// OK ˝L Dcris;L.W /

EvW;0
��

OK ˝L Dcris;L.W /
1�'L˝'Loo

EvW;0
��

K ˝L Dcris;L.W / K ˝L Dcris;L.W / K ˝L Dcris;L.W /
1�id˝'Loo

and

D.�L; K/˝
L
Dcris;L.W /

Tw
�
�j
LT
˝ej

��

M˝id
// OK˝

L
Dcris;L.W /

. @� /
�j˝ej

��

OK˝
L
Dcris;L.W /

1�'L˝'Loo

. @� /
�j˝ej

��

D.�L;K/˝
L
Dcris;L

�
W.�

j
LT/
� M˝id

// OK˝
L
Dcris;L

�
W.�

j
LT/
�

OK˝
L
Dcris;L

�
W.�

j
LT/
�
:

1�'L˝'L
oo

In the latter we follow the (for j > 0) abusive notation @�j from [7, Rem. 3.5.5].
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Proof. For the upper diagram note that �0 D 0 and .ıg � �.1; Z//jZD0 D 1, from
which the claim follows for Dirac distributions, whence in general. For the right
square we observe that 'L.g.Z//jZD0 D g.0/. Regarding the lower diagram, we use
Lemma 4.3.25 and the relation @inv ı 'L D �L'L ı @.

With this notation, Berger’s and Fourquaux’s interpolation property reads as fol-
lows.

Theorem 5.2.25 (Berger–Fourquaux [7, Thm. 3.5.3]). Let W be L-analytic and h �
1 such that Fil�hDcris;L.W /DDcris;L.W /. For any f 2 .O D0˝LDcris;L.W //

�D0

and y 2 .O ˝L Dcris;L.W //
 D q

�L with f D .1� 'L/y, we have: If hC j � 1, then

h1
Ln;W.�

j
LT/

�
tw
�
j
LT

�
�W;h.f /

��
D .�1/hCj�1.hC j � 1/Š

�

8<:exp
Ln;W.�

j
LT/

�
q�nEv

W.�
j
LT/;n

.@
�j
inv y ˝ ej /

�
if n � 1I

exp
L;W.�

j
LT/

�
.1 � q�1'�1L /Ev

W.�
j
LT/;0

.@
�j
inv y ˝ ej /

�
if n D 0:

If hC j � 0, then10

� exp�
Ln;W.�

j
LT/

�
h1
Ln;W.�

j
LT/

�
tw
�
j
LT

�
�W;h.f /

���
D

1

.�h � j /Š

8<:q�nEv
W.�

j
LT/;n

.@
�j
inv y ˝ ej / if n � 1I

.1 � q�1'�1L /Ev
W.�

j
LT/;0

.@
�j
inv y ˝ ej / if n D 0:

By abuse of notation, we shall denote the base changeK˝L� of the (dual) Bloch–
Kato exponential map by the same expression. Using Lemma 5.2.24, we deduce
the following interpolation property for the modified big exponential map with x 2
D.�L; K/˝L Dcris;L.W /: If j � 0, then

h1
L;W.�

j
LT/

�
tw
�
j
LT

�
�W;1.x/

��
D .�1/j j Š��j�1 exp

L;W.�
j
LT/

�
.1 � q�1'�1L /.1 � 'L/

�1
�
x.�
�j
LT /˝ ej

��
I

(5.31)

if j < 0, then

h1
L;W.�

j
LT/

�
tw
�
j
LT

�
�W;1.f /

��
D
���j�1

.�1 � j /Š
log�

L;W.�
j
LT/

�
.1 � q�1'�1L /.1 � 'L/

�1
�
x.�
�j
LT /˝ ej

��
;

10Note that the definition of the dual exponential map in [7] coincides with (5.30) only up
to reversing the order of the cohomology groups in degree one, which induces a sign due to the
skew symmetry of the cup product.
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assuming in both cases that the operator 1 � 'L is invertible on Dcris;L.W.�
j
LT// and

for j < 0 also that the operator 1� q�1'�1L is invertible onDcris;L.W.�
j
LT// (in order

to grant the existence of log
L;W.�

j
LT/

).
Recall that the generalized Iwasawa cohomology of T 2 RepoL.GL/ is defined

by
H�Iw.L1=L; T / WD lim

 �
L0

H�.L0; T /;

where L0 runs through the finite Galois extensions of L contained in L1 and the
transition maps in the projective system are the cohomological corestriction maps.
For V WD T ˝oL L 2 RepL.GL/ we define

H�Iw.L1=L; V / WD H
�
Iw.L1=L; T /˝oL L;

which is independent of the choice of T . As usual, we denote by

cor W H�Iw.L1=L; T /! H�.L0; T /

the projection map and analogously for rational coefficients. In the same way as
in (5.25), we have a map

prU W D
�
V.��1/

� D1
! h1

�
K ;U 0

�
D
�
V.��1/

���
Œd � 1�

�
Š H 1.L0; V /

m 7!
�
. Nm; 0/

�
;

where Nm D 1
#�

P
ı2� ım denotes the image of m under the map {M � {M� Š {M

�.
Note that under the assumptions of Lemma 3.3.6 for V.��1/, there is a commutative
diagram

H 1
Iw.L1=L; T / DLT

�
T .��1/

� D1
D
�
rig

�
V.��1/

� D1
H 1.L0; V / H 1.L0; V / H 1

=�
.L0; V /;

cor

Š

prU prU (5.32)

where the right vertical map is induced by (5.25). Indeed, for the commutativity of the
left rectangle and the right rectangle we refer the reader to (B.5) and (A.6), respec-
tively. Let y

�
�j
LT

denote the image of y under the map

H 1
Iw.L1=L; T /

�˝�˝�j

�����! H 1
Iw

�
L1=L; T .�

�j
LT /

� cor
�! H 1

�
L; T .�

�j
LT /

�
! H 1

�
L; V.�

�j
LT /

�
:

The following result generalizes [51, Thm. A.2.3] and [52, Thm. B.5] from the cyclo-
tomic case.



Relation to Berger’s and Fourquaux’s big exponential map 161

Theorem 5.2.26. Assume that V �.1/ is L-analytic and fulfills

Fil�1Dcris;L
�
V �.1/

�
D Dcris;L

�
V �.1/

�
;

Dcris;L
�
V �.1/

�'LD��1L D Dcris;L
�
V �.1/

�'LD1
D 0:

Then, for all y 2 H 1
Iw.L1=L; T /, it holds that for j � 0

�jLV .y/.�jLT/

D �j Š
�
.1 � ��1L '�1L /�1

�
1 � �L

q
'L
�eexp�

L;V.�
�j
LT /;id

.y
�
�j
LT
/
�
˝ ej

D �j Š.1 � �
�1�j
L '�1L /�1

�
1 �

�
jC1
L

q
'L
��eexp�

L;V.�
�j
LT /;id

.y
�
�j
LT
/˝ ej

�
and for j � �1

�jLV .y/.�jLT/

D
.�1/jC1

.�1 � j /Š

�
.1 � ��1L '�1L /�1

�
1 � �L

q
'L
�flog

L;V.�
�j
LT /;id

.y
�
�j
LT
/
�
˝ ej

D
.�1/jC1

.�1�j /Š
.1��

�1�j
L '�1L /�1

�
1�

�
jC1
L

q
'L
��flog

L;V.�
�j
LT /;id

.y
�
�j
LT
/˝ej

� (5.33)

if the operators 1� ��1�jL '�1L , 1� �
jC1
L

q
'L or equivalently 1� ��1L '�1L , 1� �L

q
'L

are invertible on Dcris;L.V .�
�1// and Dcris;L.V .�

�1�
j
LT//, respectively.

Proof. From the reciprocity formula in Corollaries 5.2.2 and 5.2.20 and Proposi-
tion 5.2.22 we obtain for x 2 D.�L;Cp/˝L Dcris;L.V

�.1//, y 2 D.V.��1// LD1

and j � 0 using (5.32)�
x.�
�j
LT /˝ ej ; .�1/

jLV .y/.�jLT/˝ e�j
�

cris

D�
�
x; ��1LV .y/

�

�0
.�
�j
LT /

D�q�1
q

®
�V �.1/;1.x/; y

¯
Iw.�

�j
LT /

D�
˝
h1L ı tw

�
j
LT

�
�V �.1/;1.x/

�
; y
�
�j
LT

˛
Tate

D� .̋�1/jj Š��j�1exp
L;V �.1/.�

j
LT/

�
.1�q�1'�1L /.1�'L/

�1
�
x.�
�j
LT /˝ej

��
; y
�
�j
LT

˛
Tate

D�.�1/j��jj Š
�
.1�q�1'�1L /.1�'L/

�1
�
x.�
�j
LT /˝ej

�
;eexp�

L;V.�
�j
LT /;id

.y
�
�j
LT
/
�

cris

D
�
x.�
�j
LT /˝ej ;�.�1/

j��jj Š.1���1L '�1L /�1
�
1� �L

q
'L
�eexp�

L;V.�
�j
LT /;id

.y
�
�j
LT
/
�

cris:

Here we used (5.31) in the fourth equation for the interpolation property of�V �.1/;1.
The fifth equation is the defining equation for the dual exponential map resulting from
(5.30) upon taking the skew-symmetry of the cup product into account. Furthermore,
for the last equality we use that ��1L '�1L is adjoint to 'L under the lower pairing. The
claim follows since the evaluation map is surjective and Œ ; �cris is non-degenerated.
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Now assume that j < 0:�
x.�
�j
LT /˝ ej ; .�1/

jLV .y/.�jLT/˝ e�j
�

cris

D �
�
x; ��1LV .y/

�

�0
.�
�j
LT /

D �q�1
q

®
�V �.1/;1.x/; y

¯
Iw.�

�j
LT /

D �
˝
h1L ı tw

�
j
LT

�
�V �.1/;1.x/

�
; y
�
�j
LT

˛
Tate

D �
˝
���j�1

.�1�j /Š
log�

L;W.�
j
LT/

�
.1 � q�1'�1L /.1 � 'L/

�1
�
x.�
�j
LT /˝ ej

��
; y
�
�j
LT

˛
Tate

D
���j

.�1�j /Š

�
.1 � q�1'�1L /.1 � 'L/

�1
�
x.�
�j
LT /˝ ej

�
;flog

L;V.�
�j
LT /;id

.y
�
�j
LT
/
�

cris

D
�
x.�
�j
LT /˝ ej ;

���j

.�1�j /Š
.1 � ��1L '�1L /�1

�
1 � �L

q
'L
�flog

L;V.�
�j
LT /;id

.y
�
�j
LT
/
�

cris:

Now consider V D L.��LT/ and W D V.�LT/. Then the latter satisfies the con-
dition of Theorem 5.2.26 and using Proposition 5.1.1 and Lemma 5.1.2 one easily
derives the following interpolation property concerning the former for y D �.u/,
u 2 U for all r � 1:

LV .y/.�rLT/ D �
rŠ
�r

�
.1 � ��1L '�1L /�1

�
1 � �L

q
'L
�eexp�L;V.��rLT /;id

.y��rLT
/
�
˝ er

D �
rŠ
�r
.1 � ��rL /�1

�
1 �

�r
L

q

�eexp�L;V.��rLT /;id
.y��rLT

/˝ er :

On the other hand, we have LV .y/˝ d1 D LV .y/ and hence by the claim concern-
ing (5.4)

LV .y/.�rLT/˝ d1 ˝ ��1 ˝ tLT D LV .y/.�
r
LT/˝ �

�1
˝ tLT D L.u˝ ��1/.�rLT/;

whence

L.�u˝ ��1/.�rLT/˝ e1�r D
rŠ
�r
.1 � ��rL /�1

�
1 �

�r
L

q

�
exp�L;V.��rLT /;id

.y��rLT
/:

This is (5.2); i.e., together with (5.3) we have just obtained a new proof of Kato’s
reciprocity law (Theorem 5.1.3) and we may consider Theorem 5.2.26 as a vast gen-
eralization of it. In [66], the general version of Kato’s reciprocity will be derived
from a refined version of Theorem 5.2.26 describing also the interpolation at Artin
characters.
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Cup products and local Tate duality

The aim of this subsection is to discuss cup products and to prove Proposition 5.2.19.
We fix some open subgroup U � �L and let L0 D LU1. Note that we obtain a decom-
position UŠ��U 0 with a subgroup U 0ŠZdp of U and� the torsion subgroup of U .

Lemma A.1. Let M0 be a complete linearly topologized oL-module with continuous
U -action and with a continuous U -equivariant endomorphism f . Then there is a
canonical quasi-isomorphism

Tf;U .M0/
�
1
�L

�
' K�f;U 0

�
M0

�
1
�L

���
:

If M0 is an L-vector space, the inversion of �L can be omitted on both sides.

Proof. Let C�n.U;M0/ � C�.U;M0/ denote the subcomplex of normalized cochains.
Since � is finite, [87, Thm. 3.7.6] gives a canonical quasi-isomorphism:

C�n.U;M0/ D C�n.� � U
0;M0/

'
�! C�n

�
�;C�n.U

0;M0/
�
:

Here we understand the above objects in the sense of hypercohomology as total
complexes of the obvious double complexes involved. After inverting �L, we may
compute the right-hand side further as

C�n
�
�;C�n.U

0;M0/
��

1
�L

�
C�n.U

0;M�
0 /
�
1
�L

�
C�n
�
�;C�n.U

0;M0/
�
1
�L

��
C�n.U

0;M0/
�
1
�L

��
:

'

Here the middle quasi-isomorphism comes from the fact that a finite group has no
cohomology in characteristic zero. The right-hand equality is due to the fact that �
acts on the cochains through its action on M0. Altogether we obtain a natural quasi-
isomorphism

C�n.U;M0/
�
1
�L

�
Š C�n.U

0;M�
0 /
�
1
�L

�
:

By using [87, Prop. 3.3.3] we may replace the normalized cochains again by general
cochains obtaining the left-hand quasi-isomorphism in

C�.U;M0/
�
1
�L

�
Š C�.U 0;M�

0 /
�
1
�L

�
Š K�U 0.M

�
0 /
�
1
�L

�
D K�U 0

�
M0

�
1
�L

���
:

The middle quasi-isomorphism is (5.20). The claim follows by taking mapping fibers
of the attached map f � 1 of complexes.

Proposition A.2. LetM be a 'L-module over RDRK , Definition 4.3.3, and c 2K�.
Then M=. � c/.M/ is finite dimensional over K.
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Proof. (The proof follows closely the proof of [42, Prop. 3.3.2] in the cyclotomic
situation.) We set  c WD c�1 and show that M=. c � 1/.M/ is finite dimensional
over K.

Choose a model M Œr0;1/ of M with 1 > r0 > p
�1

.q�1/e and put r D r
1

q2

0 . Recall
that for all 1 > s � r we have maps M Œs;1/

 c�1
���!M Œs;1/ (where strictly speaking

we mean  c followed by the corresponding restriction). We first show that it suffices
to prove that coker.M Œr;1/

 c�1
���!M Œr;1// has finite dimension over K. Indeed, given

any m 2 M we have m 2 M Œs;1/ for some 1 > s � r . Then there exists k � 0 such
that r � sq

k
� r0, whence  kc .m/ belongs to M Œr;1/ and represents the same class in

M=. c � 1/.M/ as m.
Choose a basis e01; : : : ; e

0
n of M Œr0;1/ and take ei WD '.e0i / 2 M

Œrq ;1/; by the '-
module property the latter elements also form a basis of M Œrq ;1/. Note that by base
change these two bases also give rise to bases inM Œs;1/ for 1 > s � rq . Thus, we find
a matrix F 0 with entries in RŒrq ;1/ such that ej D

P
i F
0
ij e0i and we put F D '.F 0/

with entries in RŒr;1/, i.e., '.ej / D
P
Fij ei . Similarly, let G be a matrix with values

in RŒrq ;1/ � RŒr;1/ such that e0j D
P
i Gij ei and hence ej D '.

P
i Gij ei /.

We identify M Œr;1/ with .RŒr;1//n by sending .�i /i to
P
i �iei and endow it for

each r � s < 1with the norm given by maxi j�i js . Note that then the “semilinear” map
 c (followed by the corresponding restriction) on .RŒr;1//n is given by the matrix G
as follows from the projection formula (4.40):

 c

�X
j

�j ej
�
D

X
j

 c

�
�j'

�X
i

Gij ei
��
D

X
i;j

 c.�j /Gij ei :

Moreover, the restriction of ' WM Œr;1/!M Œr
1
q ;1/ to

P
I OK.B/ei becomes the semi-

linear map .OK.B//n ! .RŒr;1//n given by the matrix F .
Consider, for I any subset of the reals R, theK-linear map PI WRŒr;1/!RŒr;1/,P
aiZ

i 7!
P
i2Z\I aiZ

i . We then introduce K-linear operators PI and Qk , k � 0,
on M Œr;1/ by

PI
�
.�/i

�
WD
�
PI .�i /

�
i
; Qk WD P.�1;�k/ �

c�L
q
' ı P.k;1/;

i.e.,
Qk
�
.�/i

�
D
�
P.�1;�k/.�/i

�
i
�
c�L
q
F �

�
'
�
P.k;1/.�i /

��
i
;

becauseP.k;1/ factorizes through OK.B/. Note then that theK-linear operator‰k WD
id � PŒ�k;k� C . c � 1/Qk of M Œr;1/ satisfies

‰k D  c ı P.�1;�k/ C
c�L
q
' ı P.k;1/;

i.e.,

‰k
�
.�i /i

�
D G �

�
 c
�
P.�1;�k/.�i /

��
i
C F �

�
c�L
q
'
�
P.k;1/.�i /

��
i
;
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whence its operator norm satisfies

k‰kks � max
®
kGksk c ı P.�1;�k/ks;

c�L
q
kF ksk' ı P.k;1/ks

¯
:

It is easy to check that, for 1 > s > q
�1
q�1 , we have k' ı P.k;1/ks � jZj

.q�1/k
s D

s.q�1/k (using the norm relation after (4.28)) and k c ı P.�1;�k/ks � Cssk.1�q
�1/

for some constant Cs>0. For example, for the latter we have for �D
P
i aiZ

i 2RŒr;1/ˇ̌̌ X
i<�k

 c.aiZ
i /
ˇ̌̌
s
� sup
i<�k

jai j
ˇ̌
 c.Z

i /
ˇ̌
s

� sup
i<�k

jai jCss
i
q

� Cs sup
i<�k

jai jjZj
i
ss
i.q�1�1/

� Csj�jss
�k.q�1�1/;

where we use that by continuity of  c there exists Cs such thatˇ̌
 c.Z

i /
ˇ̌
s
� CsjZ

i
j
s
1
q
D Css

i
q :

Thus, we may and do choose k sufficiently big such that k‰kkr � 1
2

. Givenm0 2
M Œr;1/ we define inductively miC1 WD ‰k.mi /. This sequence obviously converges
to zero with respect to the r-Gauss norm. We shall show below that also for all s 2
.r
1
q ; 1/ the series .mi /i tends to zero with respect to the Gauss norm j js; i.e., by

cofinality the sum m WD
P
i�0mi converges in M Œr;1/ for the Fréchet topology and

satisfies
m �m0 D m � PŒ�k;k�.m/C . c � 1/Qk.m/I

i.e., PŒ�k;k�.m/ represents the same class as m0 in M Œr;1/=. c � 1/.M/. Since the
image of PŒ�k;k� has finite dimension, the proposition follows, once we have shown
the following.

Claim. For all s 2 .r
1
q ; 1/ we haveˇ̌

‰k.m/
ˇ̌
s
� max

®
1
2
jmjs; CskGks

�
s
1
q

r

��k
jmjr ;

ˇ̌
c�L
q

ˇ̌
kF ks

�
sq

r

�k0
jmjr

¯
:

Indeed, we fix such s and may choose k0 � k such that k‰k0ks � 1
2

. Then ‰k D
‰k0 �  c ı PŒ�k0;�k/ �

c�L
q
' ı P.k;k0�, whence the claim as for � 2 RŒr;1/

ˇ̌
 c ı PŒ�k0;�k/.�/

ˇ̌
s
� Cs

�
s
1
q

r

��k
j�jrˇ̌

' ı P.k;k0�.�/
ˇ̌
s
�
�
sq

r

�k0
j�jr

by similar estimations as above.

Remark A.3. This result answers the expectation from [7, Rem. 2.3.7] positively.
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Corollary A.4. Let V �.1/ be L-analytic and M WD D�
rig.V

�.1//.

(i) The cohomology group h2.K� ;U 0..M/�/Œd � 1�/ is finite dimensional
over L.

(ii) We have isomorphisms

h1
�
K� ;U 0

�
D
�
rig

�
V.��1/

���
Œd �1�

��
Šh1

�
K�';U 0.M

�/
�
ŠH 1

�

�
L0; V �.1/

�
;

h2
�
K� ;U 0

�
D
�
rig

�
V.��1/

���
Œd �1�

��
Šh0

�
K�';U 0.M

�/
�
D
�
V �.1/

�GL0 :
Proof. (i) Since h2.K� ;U 0..M/�/Œd � 1�/ is a quotient of .M=. � 1/.M//� by
(5.3), this follows from the proposition. (ii) We are in the situation of Remark 5.2.6 (i)
with regard to C D K� ;U 0.D

�
rig.V .�

�1//�/Œd � 1� and i D 2; 3 in the notation of the
remark. Indeed, regarding i D 3 we have h3 D C4 D 0 by construction; regarding
i D 2 we have C3 D 0 by construction and h2 is finite by (i). Hence, the first iso-
morphism follows in both cases from (5.23) using the reflexivity of M . The second
isomorphisms arise by Lemma A.1 together with (5.17) and (5.16), respectively.

We quickly discuss the analogues of some results in [19, §I.6]. First, we remind
the reader of some definitions: zA WD W.C[

p/L,

zA� WD
°
x D

X
n�0

�nLŒxn� 2
zA W j�nLjjxnj

r
[

n!1
����! 0 for some r > 0

±
;

A� WD zA� \A and A�L WD .A
�/HL .1

Remark A.5. There is also the following more concrete description for A�L in terms
of Laurent series in !LT:

A
�
L D

®
F.!LT/ 2 AL j F.Z/ converges on � � jZj < 1 for some � 2 .0; 1/

¯
� AL:

Indeed, this follows from the analogue of [18, Lem. II.2.2] upon noting that the latter
holds with and without the integrality condition: “rvp.an/ C n � 0 for all n 2 Z”

1In the literature, one also finds the subring zA�
�1
WD
S
r>0W

r
�1
.C[p/L of zA�, where

W r
�1
.C[p/LD ¹x 2W

r .C[p/L j jxjr � 1º consists of those x 2 zA such that j�n
L
jjxnj

r
[

n!1
����! 0

and j�n
L
jjxnj

r
[
� 1 for all n. Denoting by zA�;sSt the ring defined in [83, Def. 3.4], we have the

equality W r
�1
.C[p/L D zA

�;
q�1
qr

St corresponding to zA�
.
q�1
qr /
�

in the notation of [18, §II.1] for

q D p. For these relations use the following normalizations compatible with [83]: j�Lj D 1
q

,

vC[
p
.!/D q

q�1
, v�L.�L/D 1, jxj[ D q

�v
C[p , j!j[ D q

�
q
q�1 D j�Lj

q
q�1 , where ! D !LT mod

�L as in Section 3.1. Furthermore, jxjr D j�LjV.x;
q�1
rq / and j!LTjr D j�Lj

rg
q�1 D j!jr

[
,

where V.x; r/ WD infk.vC[
p
.xk/

q�1
rq
C k/ for x D

P
k�0 �

k
L
Œxk � 2 zA. For x 2 zA� we have

V.x; r/ D q�1
rq

VSt.x; r/, where VSt.x; r/ uses the notation in [83]. Note also that !�1LT is con-

tained in W
q�1
q

�1
.bL1[/L by [83, Lem. 3.10] (in analogy with [18, Cor. II.1.5]).
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(for r 2 xR n R) in the notation of that article.2 In particular, we obtain canonical
embeddings A�L � B

�
L ,! RL of rings.

Now consider the subring

A D ACL
q
�L
Zq�1

y
D

°
x D

X
k

akZ
k
2 AL j v�L.ak/ � �

k
q�1

±
� AL:

For x 2 AL and each inter n � 0, we define wn.x/ to be the smallest integer k � 0
such that x 2 Z�kAC �nC1L AL. It satisfies wn.x C y/ � max¹wn.x/; wn.y/º and
wn.xy/ � wn.x/ C wn.y/ (since A is a ring) and wn.'.x// � qwn.x/ (use that
'.Z/
Zq
2 A�, whence '.Z�k/A D Z�qkA). Set for n � 2, m � 0 the integers r.n/ WD

.q � 1/qn�1, l.m;n/Dm.q � 1/.qn�1 � 1/Dm.r.n/� .q � 1// and define A�;nL D
¹x D

P
k akZ

k 2 ALjv�L.ak/C
k
r.n/
!1 for k ! �1º. Then, by Remark A.5

and Footnote 2, we obtain that A�L D
S
n�2 A�;nL .

Lemma A.6. Let x D
P
k akZ

k 2 AL and l � 0, n � 2. Then

(i) we have

wm.x/ � l , v�L.ak/ � min
®
mC 1;�kCl

q�1

¯
for k < �l:

(ii) x 2 A�;nL if and only if wm.x/ � l.m; n/ goes to �1 when m runs to1.

Item (ii) of the lemma is an analogue of [19, Prop. III 2.1 (ii)] for A�;nL instead of

A�;nL;�1 D
°
x D

X
k

akZ
k
2 A�;nL j v�L.ak/C

k
r.n/
� 0 for all k � 0

±
:

Proof. (i) follows from the fact that x 2 Z�lA if and only if v�L.ak/ � �
kCl
q�1

for
k < �l . (ii) Let M;N D M.q � 1/� 0 be arbitrary huge integers and assume first
that x 2 A�;nL . Then

wm.x/ � l.m; n/ � �N (A.1)

is equivalent to

v�L.ak/ � min
®
mC 1;�kCl.m;n/�N

q�1

¯
for k < �l.m; n/CN (A.2)

2This description does not require any completeness property! A similar result holds for
A�
�1;L

when requiring for the Laurent series in !LT in addition that F.Z/ takes values on
� � jZj < 1 of norm at most 1. More precisely, for r < 1 (or equivalently s.r/ WD q�1

rq
> q�1

q
)

W r .C[p/L andW r
�1
.C[p/L correspond to ¹F.!LT/ 2AL j F.Z/ converges on j!jr � jZj< 1º

and ¹F.!LT/ 2 AL j F.Z/ converges on j!jr D q�
1
s.r/ � jZj < 1 with values jF.z/j � 1º,

respectively. The latter condition on the values can also be rephrased as s.r/v�L.am/Cm � 0
for allm 2 Z corresponding to V.x; s.r//� 0 on the Witt vector side if F.Z/D

P
m amZ

m 2

AL.



Cup products and local Tate duality 168

by (i). To verify this relation for m sufficiently huge, we choose a k0 2 Z such that
v�L.ak/C

k
r.n/
�N � 0 for all k � k0. Now choosem0 with �l.m0; n/ < k0 and fix

m�m0. For �k
r.n/

>m we obtain v�L.ak/�mC 1 because k < k0 holds. For k with

k � �r.n/m,
k

r.n/
�
k C l.m; n/

q � 1
� 0 (A.3)

we obtain v�L.ak/ � �
kCl.m;n/�N

q�1
. Thus, the above relation holds true.

Vice versa choose m0 such that (A.1) holds for all m � m0, and fix

k � k0 WD �r.n/max¹Mqn�1; m0º:

Let m1 be the unique integer satisfying r.n/M � k � r.n/m1 � r.n/M � k � r.n/.
In particular, we have m1 C 1C k

r.n/
�M and k � �r.n/m1, which implies

�
kCl.m1;n/�N

q�1
C

k
r.n/
�M

by (A.3). Moreover, it holds thatm1�m0 and k<�l.m1; n/CN (using k�r.n/M �
r.n/m1D�l.m1; n/Cq

n�1N�.q�1/m1 and m1>.qn�1�1/M by our assumption
on k). Hence, we can apply (A.2) to conclude v�L.ak/C

k
r.n/
�M as desired.

The analogue of [19, Lem. I.6.2] holds by the discussion following [80, Rem. 2.1].
This can be used to show the analogue of [19, Cor. I.6.3], i.e.,wn. .x//� 1C

wn.x/
q

.
Now fix a basis .e1; : : : ; ed / of D.T / over AL and denote by ˆ D .aij / the matrix
defined by ej D

Pd
iD1 aij'.ei /. The proof of [19, Lem. I.6.4] then carries over to

show that for x D  .y/ � y with x; y 2 D.T / we have

wn.y/ � max
®
wn.x/;

q
q�1

�
wn.ˆ/C 1

�¯
; (A.4)

wherewn.ˆ/Dmaxij wn.aij / andwn.a/Dmaxi wn.ai / for aD
Pd
iD1 ai'.ei /with

ai 2 AL.

Lemma A.7. Let T 2 RepoL.GL/ such that T is free over oL and V D T ˝oL L is
overconvergent. Then the canonical map D�.T /! D.T / induces an isomorphism
D�.T /=. � 1/.D�.T // Š D.T /. � 1/.D.T //.

Proof. We follow closely the proof of [50, Lem. 2.6], but note that he claims the
statement for D�

�1.T /.
Choose a basis e1; : : : ; ed of the A�L-module D�.T /, which is free because A�L

is a henselian discrete valuation ring with respect to the uniformizer �L (cf. [40,
Def. 2.1.4]). Since V is overconvergent, it is also a basis of D.T /. Due to étale-
ness and since .A�L/ \ A�L D .A�L/

�, also '.e1/; : : : ; '.ed / is a basis of all these
modules. Given x D  .y/ � y with x 2 D�.T / and y 2 D.T /, there is an m > 0

such that all xi ; aij lie in A�;mL for some m. Since q � 2, it follows from the crite-
rion in Lemma A.6 (ii) combined with (A.4) that all yi belong to A�;mC1L , whence
y 2 D�.T /. This shows injectivity.
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In order to show surjectivity, we apply Nakayama’s lemma with regard to the ring
oL upon recalling that D.T /=. � 1/ is of finite type over it. Indeed, by left exact-
ness ofD� we obtainD�.T /=�LD

�.T /�D�.T=�LT/DD.T=�LT/. Since these are
vector spaces over EL of the same dimension, they are equal, whence�

D�.T /=. � 1/
�
=.�L/ D

�
D�.T /=.�L/

�
=. � 1/ D

�
D.T /=.�L/

�
=. � 1/

D
�
D.T /=. � 1/

�
=.�L/:

Corollary A.8. Under the assumption of Lemma 3.3.6 for V.��1/, the inclusion of
complexes

K� ;U 0
�
D�
�
V.��1/

���
� K� ;U 0

�
D
�
V.��1/

���
is a quasi-isomorphism.

Proof. Forming Koszul complexes with regard toU 0, we obtain a diagram of (double)
complexes with exact columns as illustrated in Figure A.1 in which the bottom line
is an isomorphism of complexes because under the assumptions  � 1 induces an
automorphism ofD.V.��1//=D�.V .��1// and as the action of� commutes with  .
Hence, going over to total complexes gives an exact sequence

0! K� ;U 0
�
D�
�
V.��1/

���
! K� ;U 0

�
D
�
V.��1/

���
! K� ;U 0

��
D
�
V.��1/

�
=D�.V .��1/

����
! 0;

in which K� ;U 0..D.V.�
�1//=D�.V .��1///�/ is acyclic, whence the statement fol-

lows.

0

��

0

��

K�
�
D�
�
V.��1/

��
/

��

 �1
// K�

�
D�
�
V.��1/

���
��

K�
�
D
�
V.��1/

���
��

 �1
// K�

�
D
�
V.��1/

���
��

K�
��
D
�
V.��1/

�
=D�

�
V.��1/

����
��

 �1

Š
// K�

��
D
�
V.��1/

�
=D�

�
V.��1/

����
��

0 0

Figure A.1. Comparison of Herr complexes of D and D�.
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Remark A.9. Instead of using Lemma 3.3.6 (for crystalline, analytic representations)
one can probably show by the same techniques as in [19, Prop. III.3.2 (ii)] that for any
overconvergent representation V we have

D�.V / D1 D D.V / D1:

Recall from [58, (5.2.1)] the quasi-isomorphism

LŒ�2�
�
�! ��2C

�
�
GL0 ; L.1/

�
which allows us to define a trace map

trC W C
�
�
GL0 ; L.1/

�
! LŒ�2�

in the derived category of L-vector spaces as

C�
�
GL0 ; L.1/

�
! ��2C

�
�
GL0 ; L.1/

� �
 � LŒ�2�:

Then local Tate duality is induced by the following pairing on cocycles:

C�
�
GL0 ; V

�.1/
�
� C�.GL0 ; V /

[GL0

���! C�
�
GL0 ; L.1/

� trC
��! LŒ�2�:

The interest in the following diagram, the commutativity of which is shown before
Lemma B.5, stems from the discrepancy that the reciprocity law has been formulated
and proved in the setting of K� ;U 0.D

�
rig.V .�

�1//�/Œd � 1� while the regulator map
originally lives in the setting of K� ;U 0.D.V.�

�1//�/Œd � 1�:

C�
�
GL0;V

�.1/
�

C�.GL0 ; V / C�
�
L0; L.1/

�
LŒ�2�

K�';U 0.M
�/ K� ;U 0

�
D
�
V.��1/

���
Œd�1� LŒ�2�

K�';U 0
�
.M �/�

�
K� ;U 0

�
D�
�
V.��1/

���
Œd�1� LŒ�2�

K�';U 0
�
.M

�
rig/

�
�
K� ;U 0

�
D
�
rig

�
V.��1/

���
Œd�1� LŒ�2�;

'

�
[GL0

'e

trC

�
[K; 

'

�
[K; 

�
[K; 

(A.5)
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which in turn induces the commutativity of the lower rectangle in the following dia-
gram (the upper quadrangles commute obviously):

D
�
rig

�
V.��1/

� D1
D
�
V.��1/

� D1

D�
�
V.��1/

� D1

h1
�
K� ;U 0

�
D
�
rig

�
V.��1/

���
Œd�1�

�
h1
�
K� ;U 0

�
D
�
V.��1/

���
Œd�1�

�

h1
�
K� ;U 0

�
D�
�
V.��1/

���
Œd�1�

�

H 1
=�
.L0; V / H 1.L0; V /:

prU prU

prU

a

Š a Šc

b

pr

(A.6)
Here the vertical maps prU are defined as in (5.25), a and pr are taken from Propo-
sition 5.2.19, and the isomorphism c stems from (B.6). The map a is bijective under
the assumption of Lemma 3.3.6, which extends to the map b by Corollary A.8.





Appendix B

Iwasawa cohomology and descent

In this appendix, we recall a crucial observation from [45,46], which is based on [58]
and generalizes [80, Thm. 5.13]. As before, let U be an open subgroup of �L. We set
T WDƒ.U /˝oL T with actions byƒ.U / WD oLJU K via left multiplication on the left
factor and by g 2 GL0 given as �˝ t 7! � Ng�1 ˝ g.t/, where Ng denotes the image
of g in U . We write R�Iw.L1=L

0; T / for the continuous cochain complex C �.U;T /
and recall that its cohomology identifies withH �Iw.L1=L

0; T / by [80, Lem. 5.8]. For
any continuous endomorphism f of M , we set Tf .M/ WD ŒM

f �1
���!M�, a complex

concentrated in degree 0 and 1.
The map p W T ! oL˝ƒ.U/ T Š T , t 7! 1˝ t , and its dual i W T _.1/! T_.1/

induce on cohomology the corestriction and restriction map, respectively, and they
are linked by the following commutative diagram:

C�.GL0 ;T /

p�

��

� C�
�
GL0 ;T_.1/

� [GL0 // C��L0; L=oL.1/� trC // L=oLŒ�2�

C�.GL0 ; T / � C�
�
GL0 ; T

_.1/
�i�

OO

[GL0 // C�
�
L0; L=oL.1/

� trC // L=oLŒ�2�:

(B.1)

By [34, Prop. 1.6.5 (3)] (see also [58, (8.4.8.1)]) we have a canonical isomorphism

oL ˝
L
ƒ.U/ R�.L

0;T / Š R�.L0; oL ˝ƒ.U/ T / Š R�.L0; T /; (B.2)

where we denote by R�.L0;�/ the complex C�.GL0 ;�/ regarded as an object of
the derived category. Dually, by a version of Hochschild–Serre, there is a canonical
isomorphism

RHomƒ.oL; R�
�
L0;T_.1/

��
Š R�

�
L0; T _.1/

�
: (B.3)

It follows that the isomorphism

R�Iw.L1=L
0; T / Š RHomoL

�
R�

�
L0;T_.1/

�
; L=oL

�
Œ�2�

induced by the upper line of (B.1) induces an isomorphism

oL ˝
L
ƒ.U/ R�Iw.L1=L

0; T /

Š RHomoL

�
RHomƒ.oL; R�

�
L0;T_.1/

��
; L=oL

�
Œ�2�;

(B.4)

which is compatible with the lower cup product pairing in (B.1) via the canonical
identifications (B.2) and (B.3).
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Lemma B.1. There is a canonical isomorphism

R�
�
L0;T_.1/

�
Š T'

�
D
�
T _.1/

��
in the derived category.

Proof. See [45, Thm. 5.1.11].

For the rest of this section we assume that U � �L is an open torsion-free sub-
group.

Lemma B.2. Let T be in RepoL.GL/ of finite length. SetƒWDƒ.U / and let 
1; : : : ;
d
be topological generators of U . Then we have an up to signs canonical isomorphism
of complexes

Hom�ƒ
�
K�.
/; T'

�
D
�
T _.1/

���_
Œ�2�

Š tot
�
T 
�
D
�
T .��1/

��
Œ�1�˝ƒ K�.


�1/.ƒ/�
�
;

where �_ denotes forming the Pontrjagin dual.

Proof. Upon noting that

T'
�
D
�
T _.1/

��_
Œ�2� Š T 

�
D
�
T .��1/

��
Œ�1�

(canonically up to a sign!), this is easily reduced to the following statement:

Hom�ƒ
�
K�.
/;M

�_
ŠM_ ˝ƒ K�.


�1/.ƒ/�;

which can be proved in the same formal way as (5.12), together with a consideration
of signs.

Remark B.3. For every M 2M.AL/, we have a canonical isomorphism

Hom�ƒ
�
KU� ; T'.M/

�
Š K';U .M/

up to the sign .�1/n in degree n and a non-canonical isomorphism

tot
�
T .M/Œ�1�˝ƒ K

U
� .ƒ/

�
�
Š K ;U .M/Œd � 1�

(involving the self-duality of the Koszul complex). Here, the right-hand sides are
formed with respect to the same sequence of topological generators as the left-hand
sides.

Proof. By our conventions in Section 5.2.1 K';U .M/ is the total complex of the
double complex

Hom�
�
K�.ƒ/

�;M
� 1�'�
���! Hom�

�
K�.ƒ/

�;M
�
:
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A comparison with the total Hom-complex (with the same sign rules as in Sec-
tion 5.2.1) shows the first claim. For the second statement we have

tot
�
T .M/Œ�1�˝ƒ K�.ƒ/

�
�
Š tot

�
T .M/˝ƒ K�.ƒ/

�
�
Œ�1�

D tot
�
T 
�
M ˝ƒ K�.ƒ/

�
��
Œ�1�

Š tot
�
T 
�
M ˝ƒ K

�.ƒ/Œd �
��
Œ�1�

D tot
�
T 
�
K�.M/Œd �

��
Œ�1�

D cone
�
K�U .M/Œd �

1� 
���! K�U .M/Œd �

�
Œ�2�

Š K ;U .M/Œd � 1�:

The first isomorphism involves a sign on T 1
 .M/. The third isomorphism stems from

(5.11), while the last isomorphism again involves signs.

Theorem B.4. There are canonical isomorphisms

R�Iw.L1=L; T / Š T 
�
D
�
T .��1/

��
Œ�1�; (B.5)

K ;U
�
D
�
T .��1/

��
Œd � 1�

'
�! R�.L0; T / (B.6)

in the derived category Dperf.ƒoL.�L// of perfect complexes and in the derived cat-
egory DC.oL/ of bounded below cochain complexes of oL-modules, respectively.

Proof. The first isomorphism is [45, Thm. 5.2.54], while the second one follows from
this and (B.2) as

R�Iw.L1=L; T /˝
L
ƒoL .U /

oL Š T 
�
D
�
T .��1/

��
Œ�1�˝L

ƒ K�.ƒ/
�

D tot
�
T 
�
D
�
T .��1/

��
Œ�1�˝ƒ K�.ƒ/

�
�

D K ;U
�
D
�
T .��1/

��
Œd � 1�

by Remark B.3.

By Lemma B.2 and Remark B.3 we see that, for T be in RepoL.GL/ of finite
length,

K';U
�
D
�
T _.1/

��
D RHomƒ

�
oL; T'

�
D
�
T _.1/

���
Œ2�

is dual to
K ;U

�
D
�
T .��1/

��
D oL ˝

L
ƒ.U/ T 

�
D
�
T .��1/

��
Œ�1�;

such that the upper rectangle in the diagram (A.5) commutes by (B.4), taking inverse
limits and inverting �L.

Lemma B.5. Let T be in RepoL.GL/. Then the left rectangle in (5.32) is commuta-
tive.
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Sketch of proof. By an obvious analogue of Remark 5.2.17, it suffices to show the
statement forUD�nŠZdp . In this situation, we have a homological spectral sequence

Hi;cont
�
U;H

�j
Iw .L1=L; T /

�
H) H

�i�j
cont .L0; T /

which is induced by (B.2), see [58, (8.4.8.1)] for the statement and missing notation.
We may and do assume that T is of finite length. Then, on the one hand, the map
H 1

Iw.L1=L;T /
cor
�!H 1.L0;T / is dual toH 1.L0;T _.1//

res
�!H 1.L1;T

_.1//, which
sits in the five-term exact sequence of lower degrees associated with the Hochschild–
Serre spectral sequence. As explained just before this lemma, the above homological
spectral sequence arises by dualizing from the latter. Hence, cor shows up in the
five-term exact sequence of lower degrees associated with this homological spectral
sequence. On the other hand, via the isomorphisms (B.2) and (B.6), the latter spectral
sequence is isomorphic to

Hi;cont
�
U; h�j

�
T 
�
D
�
T .��1/

���
Œ�1�

�
H) h�i�j

�
K ;U

�
D
�
T .��1/

��
Œd � 1�

�
and one checks by inspection that cor corresponds to prU .
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