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The purpose of this memoir is to investigate the well-posedness of several linear and
nonlinear equations with a parabolic forward-backward structure, and to highlight the
similarities and differences between them. The epitomal linear example will be the stationary
Kolmogorov equation y∂xu− ∂yyu = f in a rectangle. We first prove that this equation
admits a finite number of singular solutions, of which we provide an explicit construction.
Hence, the solutions to the Kolmogorov equation associated with a smooth source term are
regular if and only if f satisfies a finite number of orthogonality conditions.

We then extend this theory to a Vlasov–Poisson–Fokker–Planck system, and to two
quasilinear equations: the Burgers-type equation u∂xu− ∂yyu = f in the vicinity of the linear
shear flow, and the Prandtl system in the vicinity of a recirculating solution, close to the line
where the horizontal velocity changes sign. We therefore revisit part of a recent work by Iyer
and Masmoudi. For the two latter quasilinear equations, we introduce a geometric change
of variables which simplifies the analysis. In these new variables, the linear differential
operator is very close to the Kolmogorov operator y∂x − ∂yy. Stepping on the linear theory,
we prove existence and uniqueness of regular solutions for data within a manifold of finite
codimension, corresponding to some nonlinear orthogonality conditions.
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Abstract

The purpose of this memoir is to investigate the well-posedness of several linear and
nonlinear equations with a parabolic forward-backward structure, and to highlight
the similarities and differences between them. The epitomal linear example will be
the stationary Kolmogorov equation y@xu� @yyu D f in a rectangle. We first prove
that this equation admits a finite number of singular solutions, of which we provide
an explicit construction. Hence, the solutions to the Kolmogorov equation associated
with a smooth source term are regular if and only if f satisfies a finite number of
orthogonality conditions.

We then extend this theory to a Vlasov–Poisson–Fokker–Planck system, and to
two quasilinear equations: the Burgers-type equation u@xu� @yyuD f in the vicinity
of the linear shear flow, and the Prandtl system in the vicinity of a recirculating solu-
tion, close to the line where the horizontal velocity changes sign. We therefore revisit
part of a recent work by Iyer and Masmoudi. For the two latter quasilinear equations,
we introduce a geometric change of variables which simplifies the analysis. In these
new variables, the linear differential operator is very close to the Kolmogorov oper-
ator y@x � @yy . Stepping on the linear theory, we prove existence and uniqueness of
regular solutions for data within a manifold of finite codimension, corresponding to
some nonlinear orthogonality conditions.
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Chapter 1

Introduction

This memoir is devoted to the well-posedness of linear and nonlinear equations hav-
ing a parabolic forward-backward structure. In the linear case, our main example
will be the Kolmogorov equation y@xu� @yyu D f in the rectangular domain � WD
.x0; x1/ � .�1; 1/, where x0 < x1 and f is an external source term. We will also
consider nonlinear perturbations of this linear setting. The easiest nonlinear per-
turbation we consider is a Vlasov–Poisson–Fokker–Planck-type system of the form
y@xuCEŒu�@yu� @yyuD f , where EŒu�D @�1x

R
u dy. In this case the nonlinear-

ity does not perturb the geometry of the problem, which remains forward parabolic
in the region y > 0, and backward parabolic in the region y < 0.

We will also investigate the existence and uniqueness of sign-changing solutions
to the Burgers-type equation

u@xu � @yyu D f (1.1)

and to the Prandtl system

u@xuC v@yu � @yyu D �@xp;

@xuC @yv D 0:
(1.2)

A natural solution to (1.1) with a null source term f D 0 is the linear shear flow
u.x; y/ WD y, which changes sign across the horizontal line ¹y D 0º. In a similar
way, semi-explicit solutions .uP; vP/ of the Prandtl system (1.2) such that uP changes
sign have been exhibited, see the discussion in Section 1.3 below. We are interested
in strong solutions to (1.1) (resp. (1.2)) which are close in an appropriate norm to
this linear shear flow u (resp. to the reference solution .uP; vP/). Our purpose is to
construct such solutions by perturbing the lateral boundary data or the source term.

Forward-backward nature. Since solutions to (1.1) and (1.2) will change sign across
a curve ¹u D 0º lying within �, a key feature of this work these problems must be
seen as quasilinear forward-backward parabolic equations in the horizontal direction.
Thus, to ensure the existence of a solution, one must be particularly careful as to
how one enforces the lateral perturbations. More precisely, the problem is forward
parabolic in the domain above the curve ¹u D 0º, in which u > 0, and therefore we
shall prescribe a boundary condition on †0 WD ¹x D x0º \ ¹u > 0º; and backward
parabolic in the domain below the curve ¹u D 0º, and we shall prescribe a boundary
condition on †1 WD ¹x D x1º \ ¹u < 0º.

We will construct solutions to these problems thanks to an abstract implicit func-
tion theorem taking into account the geometry of the problem. More precisely, we will
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†0

†1

u > 0

u D 0
u < 0

x D x0 y D 0 x D x1

Figure 1.1. Fluid domain � and inflow boundaries †0 [†1.

first straighten the free boundary ¹uD 0º by introducing as a new vertical variable zD
u.x; y/. A suitable change of unknown function will then transform (1.1) and (1.2)
into quasilinear equations with an easier-to-handle nonlinearity (see Remark 4.2).

Orthogonality conditions. Because of the nonlinearity, we need to work in a high
enough regularity space in order to have a suitable control of the derivatives. However,
one key difficulty of our work lies in the fact that, even when the source term f is
smooth, say in C10 .�/, solutions to (1.1) and (1.2) have singularities in general.
Actually, this feature is already present at the linear level, i.e., for the equation y@xu�
@xxu D f . We prove that if f is smooth, the associated weak solution to the linear
system inherits the regularity of f if and only if f satisfies orthogonality conditions
(i.e., the scalar products of f with some identified profiles must vanish). We also
describe the singularities that appear when these orthogonality conditions are not
satisfied. At the nonlinear level, these orthogonality conditions become a finiteness
assumption on the codimension of the data manifold.

All of the features described above (orthogonality conditions for linear forward-
backward equations, description of the potential singularities, handling of orthog-
onality conditions for quasilinear systems) appear to be new. We believe that the
strategy we use could be extended to other nonlinear settings in which orthogonality
conditions appear (elliptic equations in domains with corners, problems in which the
linearized operator is Fredholm with negative index, . . .).

1.1 Statement of the main results

1.1.1 Linear theory

Due to the forward-backward nature of the problem, we must choose the lateral per-
turbations and the source term in a particular product space. We therefore introduce
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the vector space

XB WD
®
.f; ı0; ı1/ 2 H

1
xH

2
y �H

5.0; 1/ �H 5.�1; 0/If j†0[†1 D 0

and ıi .0/ D ıi ..�1/i / D ı00i .0/ D ı
00
i ..�1/

i / D 0
¯
; (1.3)

where †0 D ¹x0º � .0; 1/ and †1 D ¹x1º � .�1; 0/ are the lateral boundaries on
which we prescribe boundary conditions. We endow XB with its canonical norm

k.f; ı0; ı1/kXB WD kf kH1xH2y C kı0kH5 C kı1kH5 : (1.4)

We establish existence and uniqueness of solutions to our problems in the following
anisotropic Sobolev space:

Q1
WD H 5=3..x0; x1/IL

2.�1; 1// \H 1..x0; x1/IH
2.�1; 1//: (1.5)

In particular, for solutions with such regularity, equation (1.1) or its linear version
y@xu� @yyu D f hold in a strong sense, almost everywhere and the various bound-
ary conditions hold in the usual sense of traces. We first state a result concerning
the well-posedness in Q1 of the stationary Kolmogorov equation (see (1.6) below),
up to two orthogonality conditions (see comments below). Although equation (1.6)
has been thoroughly investigated, as we recall in Section 1.2, we could not find this
statement in the existing literature.

Theorem 1 (Orthogonality conditions for linear forward-backward parabolic equa-
tions). There exists a vector subspace X?B;sg � XB of codimension 2 such that, for
each .f; ı0; ı1/ 2 XB , there exists a solution u 2 Q1 to the problem8̂̂<̂

:̂
y@xu � @yyu D f;

uj†i D ıi ;

ujyD˙1 D 0;

(1.6)

if and only if .f; ı0; ı1/ 2 X?B;sg. Such a solution is unique and satisfies

kukQ1 . k.f; ı0; ı1/kXB : (1.7)

We emphasize that this result implies that there exist triplets .f; ı0; ı1/ that can be
chosen arbitrarily smooth and compactly supported, and for which there are no Q1

solutions to (1.6). Furthermore, the vector space X?B;sg can be fully characterized:

classically, X?B;sg D ker `0 \ ker `1, where `0 and `1 are two linear forms on XB

which we shall write explicitly. If the data do not belong to X?B;sg, the solution has
singularities, which we can describe completely.
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1:0

0:8

0:6

0:4

0:2

�6 �4 �2 2 4 6

Figure 1.2. Plot of t 7!ƒ0.t/ for t 2 .�7; 7/, highlighting the main properties:ƒ0 is a smooth,
monotone decreasing function on R, such that ƒ0.�1/ D 1 and ƒ0.C1/ D 0.

Theorem 2 (Decomposition of solutions as a sum of singular profiles and a smooth
remainder). Let .f; ı0; ı1/ 2 XB . There exists a unique solution u 2 H 2=3

x L2y \

L2xH
2
y to equation (1.6). Furthermore, this solution admits the following decomposi-

tion: there exist c0; c1 2 R, and ureg 2 Q
1, such that

u D c0 Nu
0
sing C c1 Nu

1
sing C ureg:

Each profile Nuising is supported in the vicinity of .xi ; 0/ and is smooth on x� n ¹.xi ; 0/º.
Furthermore, for jx � xi j � 1 and jyj � 1,

Nuising.x; y/ D
�
jyj2 C jx � xi j

2
3

� 1
4ƒ0

�
.�1/i

y

jx � xi j
1
3

�
;

where ƒ0 2 C1.R/ is such that ƒ0.�1/ D 1 and ƒ0.C1/ D 0 (see Figure 1.2).

The existence of a weak solution was already known, see in particular [22,52,53].
The novelty of the above theorem lies in the identification of the singular profiles
Nuising, and in the decomposition of any weak solution. The function ƒ0 is in fact the
solution to an ODE, and can be characterized in terms of special functions (namely
confluent hypergeometric functions of the second kind, or Tricomi’s functions).

The assumptions on the data .f; ı0; ı1/ are not optimal and can be weakened:
in particular, we merely need H 1

xL
2
y regularity on the source term f , together with

compatibility conditions in the corners. We will state optimal versions of Theorem 1
and Theorem 2 in Chapter 2, relying on the function space HK defined in (2.13) (see
respectively Proposition 2.17 and Corollary 2.30). In fact, in the sequel, we will need
these sharper versions to prove our nonlinear results. In this introduction, we stick
with the above versions in order to avoid defining too many functional spaces.
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1.1.2 A nonlinear toy model from kinetic theory

As a corollary to Theorem 1, we obtain a similar statement for a (nonlinear) Vlasov–
Poisson–Fokker–Planck system in an interval. In order not to burden the introduction,
we refer to Chapter 3 for the presentation of the system and to Theorem 5 for the full
statement. The proof of Theorem 5 is rather straightforward since the geometry of the
considered problem remains the same as for (1.6), and the nonlinearity is very weak.
We nevertheless use this example to set up our nonlinear scheme in Section 3.3 and a
general abstract nonlinear existence result in Section 3.5.

1.1.3 The viscous Burgers system

We then turn towards the nonlinear problem (1.1). One of the main results of this
memoir is the following nonlinear generalization of Theorem 1 for small enough
perturbations. More precisely, the norm of the perturbation must be smaller than some
constant � depending only on the size of the domain.

Theorem 3 (Existence and uniqueness of strong solutions to (1.1) under orthogonal-
ity conditions). There exists a Lipschitz submanifold MB of XB of codimension 2,
containing 0 and included in a ball of radius � � 1 in XB , such that, for every
.f; ı0; ı1/ 2MB , there exists a strong solution u 2 Q1 to8̂̂<̂

:̂
u@xu � @yyu D f;

uj†i D y C ıi .y/;

ujyD˙1 D ˙1:

(1.8)

More precisely, MB is modeled on X?B;sg and tangent to it at 0. Such solutions are
unique in a small neighborhood of u.x; y/ D y in Q1 and satisfy the estimate

ku � ukQ1 . k.f; ı0; ı1/kXB :

In the statement above, the condition that the data .f; ı0; ı1/ belong to the mani-
fold MB is the nonlinear equivalent of the orthogonality conditions from Theorem 1.
We emphasize that this is by no means a technical restriction which could be lifted,
but actually a necessary condition to solve the equation with smooth solutions, as we
state in Proposition 1.1 below. A key difficulty lies in the fact that these orthogonality
conditions depend on the solution itself.

Proposition 1.1 (Necessity of the orthogonality conditions). There exists � > 0 such
that the following result holds. Let .f; ı0; ı1/ 2 XB with k.f; ı0; ı1/kXB � �. Let
u 2 Q1 be a solution to (1.8) such that ku � ukQ1 � �. Then .f; ı0; ı1/ 2MB .

Remark 1.2. By commodity, ours results are stated using the full triplet .f; ı0; ı1/,
and so is the remainder of this memoir. Nevertheless, it is possible to obtain similar
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results either by fixing ı0 D ı1 D 0 and constructing a submanifold of source terms
f yielding regular solutions, or by fixing f D 0 and constructing a submanifold
of boundary data .ı0; ı1/. This stems from the independence of the orthogonality
conditions, which can be obtained either by Proposition 2.15 or by Proposition 2.34.

1.1.4 The Prandtl system

We also prove analogous results for the Prandtl system, revisiting the work of Iyer and
Masmoudi in [34,35] (we will comment more thoroughly on the differences between
our results in the next sections). Let us now present our mathematical setting; we will
provide the physical motivation and background for this system in Section 1.3. We
consider a reference flow .uP; vP/ 2 C

k.Œx0; x1� � .0;C1// for some sufficiently
large k (say k D 4), satisfying the Prandtl system

uP@xuP C vP@yvP � @yyvP D �@xp; @xuP C @yvP D 0

in the whole domain .x0; x1/ � .0;C1/, where p is the trace of the pressure of
some outer Euler flow on the boundary ¹y D 0º. We assume that there exists a curve
x� WD ¹yD 
P.x/º, with 
P smooth and such that infŒx0;x1� 
P>0, such that uP changes
sign on the curve x�: uP.x; 
P.x// D 0, and uP.x; y/ < 0 (resp. uP.x; y/ > 0) for
y < 
P.x/ (resp. y > 
P.x/). Our purpose is to construct a solution to the Prandtl
system close to .uP; vP/ and in the vicinity of the curve x� , by perturbing either the
inflow/outflow on the lateral boundaries or the source term.

To that end, we consider zb < 0< zt such that there exist smooth functions 
b; 
t ,
with 0 < 
b.x/ < 
P.x/ < 
t .x/ for all x 2 Œx0; x1�, and such that uP.x; 
j .x//D zj
for j 2 ¹b; tº. We set �j D ¹y D 
j .x/º for j 2 ¹b; tº. We consider the Prandtl
system (1.2) in a domain �P , which is defined by

�P WD
®
.x; y/ 2 .x0; x1/ �RCI 
b.x/ < y < 
t .x/

¯
;

where 
b , 
t are smooth functions, which will actually be free boundaries, corre-
sponding to the level sets zb and zt of the function u. We expect these functions
(which are unknowns of the problem) to be smooth functions located in the vicinity
of 
b; 
t . We endow system (1.2) with the following boundary conditions, which we
will discuss and comment in Section 1.2. See Figure 5.1 for a sketch of the geometry
of the domain.

(1) Boundary conditions on the top and bottom free boundaries: On the bottom
boundary �b D ¹y D 
b.x/º, we enforce

uj�b D uPj�b
D zb;

@yuj�b D @yuPj�b
C ıb;

vj�b D vPj�b
C vb;

(1.9)

where ıb , vb are small, smooth perturbations.
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Similarly, on the top boundary �t D ¹y D 
t .x/º, we enforce

uj�t D zt ;

@yuj�t D @yuPj�t C ıt ;
(1.10)

where ıt is, again, a small smooth perturbation.

Remark 1.3. Note that on the top and bottom boundary, we prescribe the
trace of u and of its normal derivative. Of course, it would be impossible
to prescribe simultaneously these two boundary conditions if the boundaries
�b;�t were fixed. This is only made possible by the fact that these two bound-
aries are free.

(2) Lateral boundary conditions: As in the case of (1.6) and (1.8), we enforce
lateral boundary conditions on u, namely

u
j†P
i
D uP C ıi ; i 2 ¹0; 1º; (1.11)

where†P0 D ¹x0º � .
P.x0/; 
t .x0// and†P1 D ¹x1º � .
b.x1/; 
P.x1// (see
also Figure 5.1). In particular, uP > 0 on†P0 and uP < 0 on†P1 . For simplic-
ity, we assume that ı0.
P.x0//D ı1.
P.x1//D ı0.
t .x0//D ı1.
b.x1//D 0,
and we recall that ı0; ı1 are assumed to be small in some sufficiently strong
Sobolev norm. Therefore, provided that @yuPjx� >0, the signs of uP.xi ; �/C ıi
and of uP.xi ; �/ are identical on †Pi .

We will in fact state two different results: one in “low regularity”, under merely
one orthogonality condition, and another one in higher regularity, under three orthog-
onality conditions. For the sake of readability, we have stated them under the same
regularity and compatibility assumptions on the data, although the assumptions are
not optimal in the low regularity case, and the compatibility conditions could be
generalized in both cases. We will state a more general result in Chapter 5 (see Propo-
sition 5.2). Therefore, we take our data in the function space

XP WD
®
.ı0; ı1; ıt ; ıb; vb/ j ıi 2 H

6.†Pi / \H
4
0 .†

P
i / for i 2 ¹0; 1º;

ıt ; ıb 2 H
2
0 .x0; x1/; vb 2 H

1.x0; x1/
¯
;

which we endow with its natural norm.

Theorem 4. There exist numbers � > 0, z0 > 0, depending only on the underlying
flow .uP; vP/, such that if jzbj; zt � z0, the following results hold.

(1) There exists a manifold M0 of codimension 1 in XP and included in a ball
of radius � in XP , such that for all .ı0; ı1; ıt ; ıb; vb/ 2M0, equation (1.2)
endowed with the boundary conditions (1.9), (1.10), (1.11) has a unique con-
tinuous solution u such that u2L2xH

3
y .�P /, .x�x0/.x�x1/u2H

1
xH

3
y .�P/,
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@yu2L
1.�P /, u@x@yu2L2.�P /, and

ku � uPkL2xH3y
C k@y.u � uP/kL1 C k.x � x0/.x � x1/.u � uP/kH1xH3y

. k.ı0; ı1; ıt ; ıb; vb/kXP :

(2) There exists a manifold M1 of codimension 3 in XP and included in a ball
of radius � in XP , such that for all .ı0; ı1; ıt ; ıb; vb/ 2M1, equation (1.2)
endowed with the boundary conditions (1.9), (1.10), (1.11) has a unique solu-
tion u such that u 2 H 5=3

x H 1
y \H

1
xH

3
y .�

P /, and

ku � uPkH5=3x H1y
C ku � uPkH1xH3y

. k.ı0; ı1; ıt ; ıb; vb/kXP :

1.2 Comments and previous results

We start with a few comments on our main results and recall related known results.
Problem (1.6), involving the operator y@x � @yy , can be seen as a particular

case of the class of “degenerate second-order elliptic-parabolic linear equations”,
also referred to as “second-order equations with nonnegative characteristic form” (as
opposed to positive definite ones), “forward-backward” or “mixed type” problems.
They date back at least to Gevrey [24].

Problem (1.6) itself, as well as these wide classes of equations, has received a
lot of attention and has been investigated under different aspects: with variable coef-
ficients or other geometries [22, 47, 53], higher-order operators [42, Chapter 3, 2.6],
abstract operators [9, 54], explicit representation formulas [23, 27] or with a focus on
numerical analysis [3].

On weak solutions for the linear problem. It is well known since the work of
Fichera [22] that weak solutions to (1.6) with L2xH

1
y regularity exist. For general

boundary-value problems for elliptic-parabolic second-order equations, one owes to
Fichera the systematic separation of the boundary of the domain into three parts: a
“noncharacteristic” part, where one sets either Dirichlet or Neumann boundary condi-
tions (here y D ˙1), an “inflow” part, where one sets a Dirichlet boundary condition
(here †0 [ †1) and an “outflow” part, where one cannot set a boundary condition
(here, the two sets ¹x0º � .�1; 0/ and ¹x1º � .0; 1/).

Baouendi and Grisvard [8] proved the uniqueness of weak solutions to (1.6) with
L2xH

1
y regularity, by means of a trace theorem and a Green identity (see Appendix A).

On strong solutions for the linear problem. There is an extensive literature on the
regularity of solutions to degenerate elliptic-parabolic linear equations, and whether
weak solutions are strong. We refer the reader in particular to the book [48] by Oleı̆nik
and Radkevič. Generally speaking, depending on the exact setting considered, it is
quite often possible to prove that the solutions to such equations are regular far from
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the boundaries of the domain and/or from the regions where the characteristic form
is not positive definite. A nice example is Kohn and Nirenberg’s work [38], which
proves a very general regularity result. A key assumption of their work is that the
“outflow” part of the boundary does not meet the “noncharacteristic” and “inflow”
parts (i.e., they are in disjoint connected components of @�). Hence, it does not apply
to (1.6), and hints towards a difficulty near the points .x0; 0/ and .x1; 0/.

In a series of papers [51–53], Pagani proved the existence of strong solutions to
(1.6) (and related equations). More precisely, Pagani proved the existence of solu-
tions such that y@xu and @yyu belong to L2.�/. Moreover, he determined the exact
regularity of the various traces of such solutions (trace of u at x D xi , at y D ˙1 or
y D 0, and trace of @yu at y D 0). These maximal regularity results play a key role
in our analysis and motivate the functional spaces we introduce in Section 1.5.

On orthogonality conditions for higher regularity. As noted by Pyatkov in [55],
for such forward-backward problems: “as a rule, there is no existence theorems for
smooth solutions without some additional orthogonality-type conditions on the prob-
lem data”. Even for the linear problem (1.6), there have been very few works concern-
ing higher regularity (than the one given by Pagani’s framework) in the whole domain.
Most of the works focused on higher regularity (such as [55]) involve weighted
estimates which entail regularity within the domain but not near the critical points
.xi ; 0/. An attempt for global regularity is Goldstein and Mazumdar’s work [25, The-
orem 4.2]; however the proof seems incomplete (see Proposition 2.10 below and its
proof for more details).

A misleading aspect is that it is quite easy, assuming the existence of a smooth
solution, to prove a priori estimates at any order. Such phenomena are usual in the
theory of elliptic problems in domains with corners or mixed Dirichlet–Neumann
boundary conditions (see for instance [28]). Let us give an illustration of such a phe-
nomenon in a close context. For a source term f 2 C1c .�/, consider the elliptic
problem 8̂̂̂̂

<̂
ˆ̂̂:
��u D f in �;

u.xi ; y/ D 0 for .�1/iy > 0;

@xu.xi ; y/ D 0 for .�1/iy < 0;

u.x;˙1/ D 0 for x 2 .x0; x1/:

(1.12)

It is classical that such a system has a unique weak solution u 2 H 1.�/. Moreover,
assuming that u is smooth enough, v WD @xu satisfies8̂̂̂̂

<̂
ˆ̂̂:
��v D @xf in �;

@xv.xi ; y/ D 0 for .�1/iy > 0;

v.xi ; y/ D 0 for .�1/iy < 0;

v.x;˙1/ D 0 for x 2 .x0; x1/:

(1.13)
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For such systems, one has kvkH1 . k@xf kL2 . Hence k@xxuk . k@xf kL2 , and,
using the equation, kukH2 . kf kH1 . So one has an a priori estimate. However, it
is known that there exist source terms for which the unique weak solution u 2 H 1

does not enjoy H 2 regularity (see [28, Chapter 4] and Section 2.4). The key point is
that, when reconstructing u from the solution v to (1.13), say by setting u.x; y/ WDR x
x0
v.x0; y/ dx0 for y > 0 and u.x; y/ WD

R x
x1
v.x0; y/ dx0 for y < 0, there might be a

discontinuity of u or @yu across the line y D 0. Such discontinuities prevent u from
solving (1.12). Preventing these discontinuities requires that the source term satisfies
appropriate orthogonality conditions.

Let us also emphasize that if one wishes to construct solutions of (1.1) with even
stronger regularity, say u 2 H k

xH
1
y with k � 1, then generically, one needs to ensure

that 2k orthogonality conditions are satisfied by the source terms (see Lemma 2.18).
This situation occurs (at a nonlinear level) in [34].

On orthogonality conditions for nonlinear problems. Of course, such orthogonal-
ity conditions make it very difficult to obtain results at a nonlinear level. Generally,
one tries to avoid such difficulties when considering nonlinear problems. For instance,
for elliptic problems in polygonal domains, the classical textbook [28, Section 8.1]
focuses on a nonlinear case where there is no orthogonality condition at the linear
level.

Nevertheless, some results are known in the semilinear case. For example, for
semilinear Fredholm operators with negative index, a theoretical toolbox is known
(see, e.g., [60, Chapter 11, Section 4.2]) and has been implemented for some reaction-
diffusion semilinear systems (see, e.g., [61, Chapter 7, Section 2.2], based on [20]).

Outside of the semilinear setting, we are not aware of nonlinear results obtained
despite the presence of orthogonality conditions at the linear level prior to our present
work (we discuss the recent preprint [34] by Sameer Iyer and Nader Masmoudi in
Section 1.3).

Problem (1.1) is only quasilinear, and this makes the analysis harder. In an earlier
version of this memoir, we introduced a nonlinear scheme in which the orthogonal-
ity conditions changed at every step. Tracking the evolution of these orthogonality
conditions was then a major difficulty.

Following a very helpful remark by several colleagues1, we have changed our
strategy. We first perform a change of unknown which allows us to keep the same
linear operator throughout the scheme, and to treat the nonlinearity perturbatively.
This greatly simplifies the proof. In turn, this change of variables allows us to revisit
the work of Iyer and Masmoudi [34, 35] on the analysis of the Prandtl system in the
vicinity of a recirculating flow, since the equation for the vorticity after the change
of variables has a very simple structure, see Section 1.4. Let us also recall that at

1Felix Otto, Yann Brenier, and an anonymous referee, whom we warmly thank.
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the nonlinear level, the orthogonality conditions are translated in Theorem 3 (resp.
Theorem 4) as the fact that the data must lie within the manifold M (resp. M1), which
can be pictured as a perturbation of the linear subspace X?B;sg of data satisfying the
orthogonality conditions for the linear problem.

The proof of both of our main theorems (on Burgers and Prandtl) relies on the
same abstract result (see Theorem 6 in Section 3.5) concerning quasilinear equations
in a perturbative regime.

On entropy solutions. An entirely different approach to solve (1.1) is to look directly
for weak solutions to the nonlinear problem, for example using an entropy formula-
tion. The regularity for such solutions is u 2 L1x;y \ L

2
xH

1
y and they are typically

obtained as limits of solutions u" to regularized versions of (1.1), e.g., u"@xu" �
@yyu

" � "@xxu
" D 0. Such solutions satisfy the equation and the lateral boundary

conditions only in the weak sense of appropriate inequalities linked with “entropy
pairs”. Given ı0; ı1 2 L1.�1; 1/, the existence of an entropy solution to8̂̂<̂

:̂
u@xu � @yyu D 0;

ujxDxi D ıi ;

ujyD˙1 D 0

(1.14)

was first proved in [11]. More recently, Kuznetsov proved in [39] the uniqueness
of the entropy solution to (1.14), determined in which sense the lateral boundary
conditions were satisfied and proved a stability estimate of the form

ku � QukL1.�/ . kı0 � Qı0kL1.�1;1/ C kı1 � Qı1kL1.�1;1/:

In particular, this stability estimate guarantees that one can construct sign-changing
solutions in the vicinity of the linear shear flow.

However, an important drawback of the entropy formulation is that the boundary
conditions are only satisfied in a very weak sense. Although functions in L1x;y \
L2xH

1
y do not have classical traces at x D xi , one can give a weak sense to the

traces using the equation (see [40] for more details). Unfortunately, it is expected
that these weak traces do not coincide with the supplied boundary data on sets of
positive measure.

In contrast, since the solutions we construct in this work have (at least) H 1
xL

2
y

regularity, they have usual traces uj†i 2 L
2.†i / and the equalities uj†i D ıi hold in

L2.†i /, so almost everywhere.

On the choice of the linear shear flow for equation (1.1). We choose to study the
well-posedness of (1.1) in the vicinity of the linear shear flow to lighten the compu-
tations. Nonetheless, we expect that our results and proofs can be extended to study
the well-posedness of (1.1) in the vicinity of any sufficiently regular reference flow u
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changing sign across a single curve ¹uD 0º, satisfying uy � c0 > 0 in� (so that (1.6)
is the correct toy model) and with either kuxk1 small enough, or with a restriction
on the size of the domain (to ensure a priori estimates). In fact, this is precisely what
we do when we study the Prandtl system around a recirculating flow: the linearized
equation for the vorticity then becomes a forward-backward equation with variable
coefficients, see (5.12) and Proposition 5.5.

Moreover, taking a step further in the modeling of recirculation problems in fluid
mechanics (see Section 1.3), we also expect that our approach could be extended to
an unbounded domain of the form .x0; x1/ � .0;C1/, with a reference flow such
that ujyD0 D 0, u < 0 below some critical curve and then u > 0 above, with u having
some appropriate asymptotic behavior as y ! C1. In such a setting, the Poincaré
inequalities in the vertical direction that we use here should probably be replaced
with well-suited Hardy inequalities. As mentioned above, one of the issues is then to
obtain a priori estimates on the linearized system. We comment further on this point
at the end of Section 5.6.

On the conditions ı0.0/ D ı1.0/ D 0 for fixed end-points. It is an important fea-
ture of our work that we are able to enforce precisely the exact endpoints of the curve
¹uD 0º at x D x0 and x D x1. Theorem 3 and Theorem 4 are stated for perturbations
which satisfy ıi .0/ D 0 (see (1.3)), so that the full boundary data u.xi ; y/C ıi .y/
changes sign exactly at y D 0, where u D y in Theorem 3 and u D uP in Theo-
rem 4. This choice simplifies the definition of the submanifolds M, M0 and M1

of boundary data for which we are able to solve the problem. Nevertheless, given
y0; y1 sufficiently close to 0 and ı0; ı1 such that y C ıi .y/ changes sign at y D yi ,
we expect that similar existence results hold, provided that the perturbations are
chosen in an appropriate modification of Mj , with suitable modifications to the func-
tional spaces and where, in (1.8), the definitions of †i are generalized by setting
†i WD ¹.xi ; y/I .�1/

i .u.xi ; y/C ıi .y// > 0º.

On the boundary conditions (1.9) and (1.10) for the Prandtl system in the recir-
culation zone. The boundary conditions we choose for the Prandtl system are mostly
meant to simplify the present analysis as much as possible. As stated earlier, they are
slightly unconventional since we prescribe both the trace and the normal derivative
of u, but we let the boundary remain free. Other choices of boundary conditions are
of course possible, and may lead to additional technical difficulties. These boundary
conditions are designed in order to have a nice formulation after we have performed
a change of variables in order to straighten the curve ¹u D 0º.

Note also that we only consider here the Prandtl system in the vicinity of the curve
¹u D 0º, and not in the whole infinite strip .x0; x1/ � .0;C1/. The coupling with
the outside regions y < 
b.x/ and y > 
t .x/ leads to additional difficulties, which
have been treated by Iyer and Masmoudi in [35], albeit with a different method, since
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conditions (1.9) and (1.10) are not considered in [35]. We propose in Section 5.6 a
possible strategy to solve the Prandtl equation in an infinite strip.

On the compatibility conditions ıi ..�1/
i / D 0 and ı00

i
.0/ D ı00

i
..�1/i / D 0 in

Theorem 3. These conditions are classical compatibility conditions for solutions to
elliptic-parabolic equations. For example, the condition ı0.1/ D 0 in Theorem 3 is
intended to match the condition ujyD1D 0, and is necessary to haveL2xH

2
y regularity.

The condition ı000.0/ D 0 comes from the equation. Indeed, if u is a sufficiently regu-
lar solution of (1.6) with f .x0; 0/ D 0, the equality @yyu D y@xu at .x0; 0/ enforces
@yyu.x0; 0/ D 0, so ı000.0/ D 0. The condition ı000.1/ D 0 stems similarly from the
equation and the fact that @xujyD1 D 0. It corresponds to a classical parabolic reg-
ularity compatibility condition in order to have L2xH

4
y regularity. We have imposed

similar conditions for the Prandtl system by requiring ıi 2 H 4
0 .†

P
i /. Note that in the

Prandtl case, we actually require extra cancellation assumptions. It is possible that the
latter are technical, and could be removed.

On the number of orthogonality conditions for the Prandtl system. Note that the
number of orthogonality conditions in Theorem 3 and in Theorem 4 is different. The
reason for this is twofold.

Firstly, as previously noted by Iyer and Masmoudi in [35], the “good unknown”
for the equation is the vorticity @yu, which satisfies an equation which is very similar
to (1.6) in a suitable set of variables (see (1.17) and (1.19) below). Therefore, in a
sense, (1.2) is smoother than (1.1): indeed, without assuming any orthogonality con-
dition, one can expect the vorticity @yu to belong to the function space H 2=3

x L2y \

L2xH
2
y (see Theorem 2), and therefore the solution of the Prandtl system belongs to

H
2=3
x H 1

y \L
2
xH

3
y , in which we have gained one vertical derivative. On the contrary,

without any orthogonality condition, one cannot expect the solution u of (1.1) to have
better regularity than H 2=3

x L2y \ L
2
xH

2
y , which is insufficient for a fixed-point argu-

ment for (1.1). This gain of vertical regularity allows us to have a theory for weaker
solutions of the Prandtl system, and therefore to get rid of two of the orthogonality
conditions.

Secondly, reconstructing the velocity from the vorticity in the Prandtl system
gives rise to one additional orthogonality condition, as we will explain in Chapter 5.
Hence the number of orthogonality conditions in Theorem 4 is odd, while it is even
in Theorem 3.

1.3 Motivation from recirculation problems in fluid mechanics

Our original motivation stems from fluid mechanics. Indeed, the stationary Prandtl
equation (1.2) describes the behavior of a fluid with small viscosity in the vicinity
of a wall. The pressure p.x/ is the trace of the pressure of an outer Euler flow. This
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equation is usually set in a 2d domain of the form I � .0;C1/, where I � R is
an interval, and y D 0 is the solid wall. The equation is endowed with the boundary
conditions u D v D 0 on y D 0, and limy!1 u.x; y/ D uE .x/, where uE .x/ is the
trace of the outer Euler flow on the wall, and satisfies uE@xuE D �@xp.

As long as u remains positive, (1.2) can be seen as a nonlocal, nonlinear diffusion
type equation, the variable x being the evolution variable. Using this point of view,
Oleinik (see, e.g., [49, Theorem 2.1.1]) proved the local well-posedness of a solution
to (1.2) when the equation (1.2) is supplemented with a boundary data ujxD0 D u0,
such that u0.y/ > 0 for y > 0 and u00.0/ > 0. Let us mention that such positive solu-
tions exist globally when @xp � 0, but are only local when @xp > 0. More precisely,
when @xp D 1, for instance, for a large class of boundary data u0, there exists x� > 0
such that

lim
x!x�

uy.x; 0/ D 0:

Furthermore, the solution may develop a singularity at x D x�, known as Goldstein
singularity. The point x� is called the separation point: intuitively, if the solution to
Prandtl exists beyond x�, then it must have a negative sign close to the boundary
(and therefore change sign). We refer to the seminal works of Goldstein [26] and
Stewartson [59] for formal computations on this problem. A first mathematical state-
ment describing separation was given by Weinan E in [21] in a joint work with Luis
Cafarelli, but the complete proof was never published. The first author and Nader
Masmoudi then gave a complete description of the formation of the Goldstein sin-
gularity [17]. The work [58] indicates that this singularity holds for a large class of
initial data.

Because of this singularity, it is actually unclear that the Prandtl system is a rel-
evant physical model in the vicinity of the separation point x�, because the normal
velocity v becomes unbounded at x D x�. Consequently, more refined models, such
as the triple deck system (see [41] for a presentation of this model, and [18, 36] for
a recent mathematical analysis of its time-dependent version), were designed specif-
ically to replace the Prandtl system with a more intricate boundary layer model in
the vicinity of the separation point. However, beyond the separation point, i.e., for
x > x�, it is expected that the Prandtl system becomes valid again, but with a chang-
ing sign solution.

The well-posedness of the Prandtl system (1.2) when the solution u is allowed
to change sign has only recently been investigated. Such solutions are called “recir-
culating solutions”, and the zone where u < 0 is called a recirculation bubble, the
usual convention being that uE .x/ > 0, so that the flow is going forward far from
the boundary. In the recent preprint [35] by Sameer Iyer and Nader Masmoudi, the
authors prove a priori estimates in high regularity norms for smooth solutions to the
Prandtl equation (1.2) in a domain of the form I � .0;C1/, with restrictions on
the length of the interval I , in the vicinity of explicit self-similar recirculating flows,
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called Falkner–Skan profiles. The latter are given by

u.x; y/ D xmf 0.�/; (1.15)

v.x; y/ D �y�1�f .�/ �
m � 1

mC 1
y�1�2f 0.�/; (1.16)

where � WD .mC1
2
/
1
2yx

m�1
2 is the self-similarity variable, m is a real parameter and

f is the solution to the Falkner–Skan equation

f 000 C ff 00 C ˇ.1 � .f 0/2/ D 0;

where ˇD 2m
mC1

, subject to the boundary conditions f .0/D f 0.0/D 0, f 0.C1/D 1.
Such flows correspond to an outer Euler velocity field uE .x/ D xm. For some par-
ticular values of m (or, equivalently, ˇ), these formulas provide physical solutions to
(1.2) which exhibit recirculation (see [12]). Obtaining high regularity a priori esti-
mates for recirculating solutions to the Prandtl system (1.2) on the whole infinite
strip is a difficult task. This important step was achieved by Sameer Iyer and Nader
Masmoudi in [35].

In the present memoir, we have chosen to focus on a different type of difficulty,
and to consider first the toy-model (1.1), which differs from (1.2) through the lack of
the nonlinear transport term v@yu and its associated difficulties (nonlocality, loss of
derivative) and the exclusion of the zones close to the wall and far from the wall. For
the model (1.1), a priori estimates are easy to derive, see [56, Chapter 4]. The diffi-
culty lies elsewhere, as explained previously. Indeed, in order to construct a sequence
of approximate solutions satisfying the a priori estimates, we need to ensure that the
orthogonality conditions are satisfied all along the sequence. For the Prandtl system
(1.2), this difficulty has recently been tackled by Sameer Iyer and Nader Masmoudi
in [34], building upon their a priori estimates of [35] and the ideas developed in the
first version of our present work. We revisit in Chapter 5 part of their work. Per-
forming the different steps of the analysis (straightening the boundary, linearizing,
differentiating with respect to the horizontal or vertical variable), we found a way to
substantially simplify the analysis of the system in the vicinity of the recirculating
line, and the results that we obtain are slightly different from the ones of [34, 35].
First, we prove a result in a rather low regularity setting, in which ux is not even an
L2 function in the whole domain�P . This result holds under merely one orthogonal-
ity condition, whose role is rather different from the ones of Theorem 3, for instance.
Indeed, the role of this additional orthonogality condition is not to ensure a certain
regularity, but rather to allow for a reconstruction of the velocity from the vorticity.
Moreover, we use solely one change of variables, which we present in the next section
and which is identical to the one for the Burgers equation. Once the adequate change
of variables is identified, we retrieve the fact that the vorticity (in these new variables)
is a good unknown. In fact, in the appropriate set of variables, the equation for the
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vorticity becomes remarkably simple (it is a closed, quasilinear equation). We how-
ever prescribe lateral boundary conditions on the velocity (rather than the vorticity).
Eventually, we do not require any condition on the horizontal size of the domain (i.e.,
on the length x1 � x0). Our understanding is that such conditions may arise when the
Prandtl system in the whole infinite strip is considered. They are linked to the well-
posedness of a linearized system in the whole strip. We refer to Section 5.6 for more
comments regarding this point.

1.4 Scheme of proof of nonlinear theorems and plan of the memoir

The uniqueness of solutions is fairly easy to prove. For the linear problem (1.6),
uniqueness already holds at the level of weak solutions (see Proposition 2.2 and
Appendix A). For the nonlinear problems, uniqueness is straightforward since we are
considering strong solutions. Therefore, the main subject of this memoir is the proof
of the existence of solutions for the nonlinear problems (1.8) and (1.2) endowed with
the boundary conditions (1.9), (1.10), (1.11).

A first natural idea would be to prove existence thanks to a nonlinear scheme
relying on the linear problem (1.6). For example, concerning equation (1.1), one could
wish to construct a sequence of approximate solutions .un/n2N by setting u0 WD 0 (or
any other initial guess) and solving8̂̂<̂

:̂
y@xunC1 � @yyunC1 D f � .un � y/@xun;

.unC1/j†i D ıi ;

.unC1/jyD˙1 D 0:

However, this strategy fails. The key point is that the right-hand side contains a full
tangential derivative of un, whereas the operator y@x � @yy only yields a gain of 2=3
of a derivative in this direction (more precisely, see Proposition 1.7, Remark 1.8 and
Proposition 2.5). Hence, this nonlinear scheme would exhibit a “loss of derivative”,
preventing us from proving a uniform bound on the sequence .un/n2N .

Another drawback of this scheme is that it would not translate well to a setting
where one does not assume ıi .0/D 0. Indeed, in such a case, the inflow boundaries of
the problem with the perturbed data yC ıi .y/would not match the inflow boundaries
of the linear problem (1.6).

Hence, we will rather construct solutions to equation (1.1) through another itera-
tive scheme. As suggested to us by an anonymous referee and by other colleagues, we
first straighten the curve ¹uD 0º by setting as a new vertical variable zD u.x;y/. Our
new unknown, both for the Burgers equation (1.1) and for the Prandtl system (1.2), is
the inverse function of u, i.e., the function Y such that u.x; Y.x; z// D z. In this new
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set of variables, the equation for Y becomes, in the case of the Burgers equation (1.1),

z@xY � .@zY /
�2@2zY D �@zYf .x; Y /; (1.17)

and in the case of the Prandtl system (1.2)

z@xY �

Z z

zb

@xY � .@zY /
�2@2zY D �@zY @xp C vPj�b

C vb; (1.18)

in which the nonlocal integral term on the left-hand side stems from the transport
term v@yu in the original equation. Differentiating (1.18) with respect to z, we find
that in the case of the Prandtl system, the vorticity W D @zY satisfies

z@xW C @xp@zW C @
2
z

� 1
W

�
D 0: (1.19)

We immediately see the linearized operator associated with (1.17) around Y.x;z/D z
is equation (1.6). In a similar fashion, the linearized operator of equation (1.19)
around the flow YP associated with uP is a forward-backward operator with variable
coefficients, of the form z@x C ˇ@z � @

2
z.˛�/, where ˛ D .@zYP/

�2 and ˇ D @xp.
Such forward-backward operators bear strong similarities with the canonical one
z@x � @zz , and therefore we will rely on our linear analysis to study (1.19) (see
Lemma 5.3 and Proposition 5.5).

We then construct solutions of (1.17) and (1.18) thanks to an iterative scheme2,
which we now explicit in the Burgers case, the Prandtl one being similar. We define
a sequence . zYn/n2N such that

z@x zYnC1 � @zz zYnC1 D
@z zYn.2 � @z zYn/

.1 � @z zYn/2
@zz zYn C .1 � @z zYn/f .x; z � zYn/C g

nC1;

where the additional term gnC1 ensures that the orthogonality conditions are satisfied
at every step. We then prove that . zYn/n2N is a Cauchy sequence in the space Q1.
Passing to the limit, we obtain a solution Y D z � limn!1

zYn to (1.17) with an
additional source term g. The manifold M is then defined by requiring that the limit
term g is zero.

Remark 1.4. In a first version of this memoir [16], we had chosen a strategy which
seemed only slightly different, but which led to substantial technical difficulties.
However, we believe that this strategy is rather natural, and could be of use in other
problems. Therefore we describe it here.

2In fact, we will state and use an abstract theorem, whose proof follows a similar scheme.
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Let .un/n2N be a sequence solving the following iterative scheme:8̂̂<̂
:̂
un@xunC1 � @yyunC1 D f

nC1;

.unC1/j†i D y C ı
nC1
i ;

.unC1/jyD˙1 D ˙1:

(1.20)

This scheme is similar to the one used to construct solutions to quasilinear symmetric
hyperbolic systems, see for instance [7, Section 4.3]. In our case, it is possible to
prove a uniform bound for un in the space H 5=3

x L2y \ L
2
xH

5
y and the convergence of

the sequence in an interpolation space L2xH
7=2
y \H

7=6
x L2y .

In (1.20), the triplet .f nC1; ınC10 ; ınC11 / is an appropriate perturbation of the data
.f; ı0; ı1/ tailored to satisfy the orthogonality conditions associated with the linear
operator un@x � @yy . In order to define these orthogonality conditions, it is necessary
to straighten the curve ¹un.x; y/D 0º: hence this straightening step is still necessary,
but performed after the “linearization” of the equation, rather than before.

The issue lies in the fact that the orthogonality conditions change at every step,
which is a key difficulty. In particular, in order to allow the sequence un to converge,
one must prove that these perturbations also converge. This amounts to proving that
the linear forms associated with the operator un@x � @yy depend continuously (and
even in a Lipschitz manner) on un, for the same topology as the one within which
one proves the convergence of the sequence un. This continuity estimate requires
identifying quite precisely what the linear forms are.

We believe that this methodology is rather robust and could be applied to other
nonlinear problems in which orthogonality conditions are present at the linearized
level, in particular in contexts where there is no nonlinear change of variables such as
the one presented above allowing to treat the nonlinearity as a perturbation. For exam-
ple, the PDE u.1C @yu/@xu � @yyu D f could be an example where our previous
methodology applies, but not the one exposed in the present memoir.

Remark 1.5. Let us highlight some differences between the strategy of the present
memoir and the one by Iyer and Masmoudi in [35]. As explained above, there are sev-
eral mathematical operations which are required to complete the proof of Theorem 4:

• changing variables in order to straighten the free boundary;

• linearizing the equation around some background profile;

• differentiating the equation with respect to the vertical variable in order to obtain
an equation for the vorticity;

• differentiating the equation with respect to the tangential variable in order to
derive higher order estimates (under compatibility conditions).

These operations more or less commute at main order, and lead to the study of
the equation z@xu � @zzu D f . However, their (lower order) commutators may be
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a source of substantial technical difficulties. Our understanding is that the authors
of [35] perform the operations in the following order (see Section 3 of their paper):
(1) linearize; (2) differentiate with respect to the horizontal variable; (3) straighten
the free boundary; (4) differentiate with respect to the vertical variable.

We believe that the computations are much simpler, and the structure is better
understood, when the straightening change of variables is performed first. This also
allows us to have a more accurate comparison between the Burgers-type equation and
the Prandtl one.

The plan of this work is as follows. As a preliminary, we will introduce in Sec-
tion 1.5 the functional spaces we will use. First, we study the linear problem (1.6)
in Chapter 2, leading to Theorem 1, and prove that the two orthogonality conditions
we expose are indeed nonvoid. We also construct the singular profiles Nuising and prove
Theorem 2. In order to introduce our nonlinear scheme, we extend these linear results
to the Vlasov–Poisson–Fokker–Planck system as an example in Chapter 3, where we
also set up our general nonlinear methodology. We then turn towards the proof of
Theorem 3 in Chapter 4, and the one of Theorem 4 in Chapter 5. In order to prove
the existence of weak solutions of the Prandtl system (i.e., the first point of Theo-
rem 4), we will need an interpolation result: this rather technical step is performed in
Chapter 6. Eventually, in Appendix A, we prove the uniqueness of weak solutions to
various linear problems, by adapting an argument due to Baouendi and Grisvard [8].
In Appendix B, we prove various technical results of functional analysis that we use
throughout the memoir. Appendix C contain the postponed proof of a lemma of Chap-
ter 5.

As this memoir is quite long, a list of notations is provided starting page 133.

1.5 Functional spaces and interpolation results

1.5.1 Notations

Throughout this work, an assumption of the form “A� 1” will mean that there exists
a constant c > 0, depending only on� such that, if A � c, the result holds. Similarly,
a conclusion of the form “A . B” will mean that there exists a constant C > 0,
depending only on � and on the underlying flow (namely u.x; y/ D y or uP), such
that the estimate A � CB holds. For ease of reading, we will not keep track of the
value of these constants, mostly linked with embeddings of functional spaces. Note
in particular that the sizes of these constants will depend on the length x1 � x0 (see,
e.g., Proposition 2.5).

We will often use the notations �˙ WD � \ ¹˙z > 0º.
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1.5.2 Trace spaces for the lateral boundaries

For the traces of the solutions to (1.6) or (1.8) at x D x0 and x D x1, we will need the
following spaces, due to [52,53]. We define L2z.�1;1/ as the completion ofL2.�1;1/
with respect to the following norm:

k kL2z WD

�Z 1

�1

jzj 2.z/ dz
� 1
2

; (1.21)

and H1
z.�1; 1/ as the completion of H 1

0 .�1; 1/ with respect to the following norm:

k kH1
z
WD k kL2z C k@z kL2z : (1.22)

1.5.3 Pagani’s weighted Sobolev spaces

Let O be an open subset of R2, and let� WD .x0; x1/ � .�1; 1/. In the works [52,53]
(albeit with swapped variables with respect to our setting), Pagani introduced the
space Z.O/ of scalar functions � on O such that �, @z�, @zz� and z@x� belong to
L2.O/ (in the sense of distributions). In this work, we will refer to this space with the
notation Z0.O/. It is a Banach space for the following norm:

k�kZ0 WD kz@x�kL2 C k@zz�kL2 C k@z�kL2 C k�kL2 : (1.23)

We will also need the space Z1.O/, which we define as the space of scalar functions
� on O such that � and @x� belong to Z0.O/, associated with the following norm:

k�kZ1 WD k�kZ0 C k@x�kZ0 : (1.24)

The omitted proofs of the results of this section are postponed to Appendix B. We start
with a straightforward extension result, which allows transferring results on Z0.R2/
to Z0.�/.

Lemma 1.6. There exists a continuous extension operator from Z0.�/ to Z0.R2/.

The next embedding is the most important result concerning the spacesZ0. Since
solutions to .z@x � @zz/uD f for f 2L2.�/ belong toZ0.�/ (see Proposition 2.5),
the following embedding entails that such solutions belong to H 2=3.�/.

Proposition 1.7. Z0.R2/ is continuously embedded in H 2=3
x L2z .

Remark 1.8. Proposition 1.7 can be seen as a hypoellipticity result for the operator
L D @zz � z@x in the full space R2, which is of the form X21 CX0, where X1 D @z ,
X0 D �z@x and ŒX0; X1� D @x , so the Lie brackets generate the full space and L
satisfies Hörmander’s sufficient condition of [29] for hypoellipticity. In fact, in the
full space R2, the H 2=3

x L2z \ L
2
xH

2
z regularity of solutions to Lu D f for f 2 L2
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can be derived from the general theory of quadratic operators, which makes a link
between the anisotropic gain of regularity and the number of brackets one has to take
in order to generate a direction. For instance, this regularity follows from [1, Theorem
2.10] and more precisely Example 2.11 therein applied with

R D 0; Q D

�
0 0

0 1

�
; B D

�
0 1

0 0

�
:

Lemma 1.9. Z0.R2/ is continuously embedded in C 0z .H
1=2
x /.

Proof. On the one hand, by definition, Z0.R2/ ,! H 2
z .L

2
x/. On the other hand, by

Proposition 1.7, Z0.R2/ ,! L2z.H
2=3
x /. Therefore, by the “fractional trace theorem”

[45, equation (4.7), Chapter 1], Z0.R2/ ,! C 0z .H
1=2
x /.

Lemma 1.10. Z0.�/ is continuously embedded in C 0.Œx0; x1�IH1
z.�1; 1//.

Proof. This is contained in the trace result [53, Theorem 2.1].

Lemma 1.11. For � 2 Z0.�/, @z�jzD˙1 2 H 1=4.x0; x1/.

Proof. Let �C 2 C1.Œ�1; 1�/ such that � � 1 in a neighborhood of ¹z D C1º and
�.z/D 0 for z < 1=2. For � 2Z0.�/, �C.z/�.x; z/ 2H 1

xL
2
z \L

2
xH

2
z . By the “frac-

tional trace theorem” [45, equation (4.7), Chapter 1] .@z.�C�//jzDC12H 1=4.x0;x1/.
The result follows since �C � 1 near ¹z D C1º. The same argument applies for the
trace at z D �1.

Remark 1.12. Although it is almost the case, there does not holdZ0.R2/,!C 0.R2/.

• Pagani [52, Theorem 2.1] proves that the operator � 7! �.�; 0/ is onto from
Z0.R2/ to H

1
2 .R/. But H

1
2 .R/ contains unbounded functions of x.

• Pagani [52, Theorem 2.3] proves that the operator � 7! �.0; �/ is onto from
Z0.R2/ to the space H1

z.R/. But this space contains unbounded functions, for
example  .z/ WD .� ln jzj=2/s�.z/ for s < 1

2
and � 2 C1c .R/ with � � 1 in a

neighborhood of z D 0.

1.5.4 Baouendi and Grisvard’s weak space

In [8], Baouendi and Grisvard introduce the space

B WD
®
� 2 L2..x0; x1/;H

1
0 .�1; 1//I z@x� 2 L

2
x.H

�1
z /

¯
: (1.25)

Baouendi and Grisvard proved the uniqueness of solutions to (1.6) in B. They also
proved that functions in B have traces on ¹x D xiº in L2z.�1; 1/. These results are
recalled in Appendix A, and will be used abundantly throughout the memoir.

The following embedding is proved in Appendix B and used in Section 5.5.
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Lemma 1.13. B is continuously embedded in H 1=3
x L2z .

Lemma 1.14. B is continuously embedded in C 0z .Œ�1; 1�IH
1=6
x /.

Proof. By definition, B ,! H 1
z .L

2
x/. By Lemma 1.13, B ,! L2z.H

1=3
x /. Hence, the

result follows from the “fractional trace theorem” [45, equation (4.7), Chapter 1].

1.5.5 Anisotropic Sobolev spaces

We will construct solutions to (1.6), (1.8) and (1.2) in various anisotropic Sobolev
spaces such as Q1 of (1.5). Within these spaces, one has heuristically the correspon-
dence @x � @3z , which corresponds to the appropriate scaling due to the degeneracy
of z@x at z D 0.

Indeed, if u is a solution to z@xu� @zzuD 0 say on the whole plane R2, then the
rescaled functions u�.x; z/ WD u.�3x; �z/ are also solutions. This is also consistent
with the shape of the singular profiles Nuising from Theorem 2, and leads to the rule of
thumb “one derivative in x equals three derivatives in z” (which is different from the
usual parabolic scaling, because of the cancellation on the line z D 0).

In particular, we will use abundantly the following embeddings from the interpo-
lated Pagani spaces to anisotropic Sobolev ones.

Lemma 1.15. Let � 2 Œ0; 1� and define Z� .�/ WD ŒZ0.�/; Z1.�/�� . Then one has
the embeddingZ� ,!H

2=3C�
x L2z \H

�
x L

2
z . In particular,Z1 ,!Q1 defined in (1.5).

Proof. By Proposition 1.7, Z0.�/ ,! H
2=3
x L2z and Z1.�/ ,! H

5=3
x L2z . Hence

Z� .�/ ,! ŒH 2=3
x L2z;H

5=3
x L2z�� D H

2=3C�
x L2z

using, e.g., [45, equation (13.4), Chapter 1].
Moreover, by definition,Z0.�/ ,! L2xH

2
z andZ1.�/ ,!H 1

xH
2
z , soZ� .�/ ,!

H �
xH

2
z .

Remark 1.16. The definition (1.5) of Q1 does not contain the “full vertical” reg-
ularity L2xH

5
z , since we do not need it to close our nonlinear estimates. However,

assuming sufficient regularity on the source terms, one can build solutions to (1.6)
and (1.8) in Q1 \ L2xH

5
x , and this was in fact what we did in the earlier version [16]

of this work.



Chapter 2

The case of the linear shear flow

This chapter concerns the well-posedness of the linear system (1.6) which we restate
here for convenience and by using z as a vertical variable rather than y to prepare for
the next sections. We thus consider, in � D .x0; x1/ � .�1; 1/, the system8̂̂<̂

:̂
z@xu � @zzu D f;

uj†i D ıi ;

ujzD˙1 D 0;

(2.1)

where †0 D ¹x0º � .0; 1/ and †1 D ¹x1º � .�1; 0/.
First, in Section 2.1, we recall the theory of weak solutions, due to Fichera for

the existence, and to Baouendi and Grisvard for the uniqueness. Then, in Section 2.2,
we recall the theory of strong solutions with maximal regularity, due to Pagani. Our
contributions regarding this problem are contained in the following sections. In Sec-
tion 2.3, we derive orthogonality conditions which are necessary to obtain higher
tangential regularity and prove the existence result of Theorem 1. In Section 2.4, we
construct explicit singular solutions and prove the decomposition result of Theorem 2.
Eventually, in Section 2.5, we state a result concerning the well-posedness of (2.1)
with fractional tangential regularity, which will be used in Chapter 5 and proved in
Chapter 6.

2.1 Existence and uniqueness of weak solutions

Definition 2.1 (Weak solution). Let f 2L2..x0; x1/IH�1.�1;1//, ı0; ı12L2z.�1;1/.
We say that u 2 L2..x0; x1/IH 1

0 .�1; 1// is a weak solution to (2.1) when, for all
v 2 H 1.�/ vanishing on @� n .†0 [†1/, the following weak formulation holds:

�

Z
�

zu@xv C

Z
�

@zu@zv D

Z
�

f v C

Z
†0

zı0v �

Z
†1

zı1v:

Weak solutions in the above sense are known to exist since the work Fichera [22,
Theorem XX] (which concerns generalized versions of (2.1), albeit with vanish-
ing boundary data). Uniqueness dates back to [8, Proposition 2] by Baouendi and
Grisvard.

Proposition 2.2. Let f 2 L2..x0; x1/IH�1.�1; 1// and ı0; ı1 2 L2z.�1; 1/. There
exists a unique weak solution u 2 L2..x0; x1/IH 1

0 .�1; 1// to (2.1). Moreover,

kukL2xH1z . kf kL2x.H�1z / C kı0kL2z C kı1kL2z : (2.2)
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Proof. The proof of uniqueness is postponed to Appendix A, where we adapt Baouendi
and Grisvard’s arguments to prove the uniqueness of weak solutions to all the linear
problems we encounter in this memoir in Lemma A.1. It relies on the proof of a trace
theorem and a Green identity for the space B defined in (1.25).

Let us prove the existence. We introduce two Hilbert spaces U and V satisfying
V ,! U ,! L2..x0; x1/IH

1
0 .0; 1// as follows. Let

V WD
®
v 2 H 1.�/ j v D 0 on � n .†0 [†1/

¯
:

Let U be the completion of H 1.�/ \ L2..x0; x1/IH
1
0 .�1; 1// with respect to the

scalar product

hu; viU WD

Z
�

@zu@zv C

Z
†0

zuv �

Z
†1

zuv: (2.3)

For u; v 2 U � V, let

a.u; v/ WD �

Z
�

zu@xv C

Z
�

@zu@zv; (2.4)

b.v/ WD

Z
�

f v C

Z
†0

zı0v �

Z
†1

zı1v: (2.5)

In particular, for every v 2 V, integration by parts leads to a.v; v/ D kvk2U and

jb.v/j �
�
kf kL2x.H�1z / C kı0kL2z C kı1kL2z

�
kvkU: (2.6)

Hence, b 2L.V/ can be extended as a linear form over U and existence follows from
the Lax–Milgram-type existence principle Lemma B.2 in Appendix B, which also
yields the energy estimate (2.2) thanks to (2.6) and Poincaré’s inequality.

Remark 2.3. Functions in U a priori do not have traces on †i , so one could wonder
how definition (2.5) makes sense when v 2 U. The integrals

R
†i
zıiv make sense

precisely because U is defined as a completion with respect to (2.3). In fact, weak
solutions do have traces in a strong sense, as proved in Lemma A.2, thanks to the
extra regularity in x provided by the equation.

Remark 2.4. Instead of using the weak Lax–Milgram existence principle Lemma B.2,
an alternate proof would be to regularize equation (2.1) by vanishing viscosity, and to
obtain uniform L2xH

1
z estimates on the approximation. This approach will be used in

Lemma 5.4 proved in the Appendix, in which we proveH 1
xL

2
z regularity of the weak

solutions far from the lateral boundaries.

2.2 Strong solutions with maximal regularity
We now turn to strong solutions, i.e., solutions for which (2.1) holds almost every-
where. The main result on this topic is due to Pagani.
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Proposition 2.5. Let f 2L2.�/ and ı0; ı12H1
z.�1; 1/ such that ı0.1/Dı1.�1/D0.

The unique weak solution u to (2.1) belongs to Z0.�/ and satisfies

kukZ0 . kf kL2 C kı0kH1
z
C kı1kH1

z
: (2.7)

The boundary conditions uj†i D ıi hold as traces in H1
z.†i / (see Lemma 1.10).

Proof. This is a particular case of [53, Theorem 5.2]. Pagani’s proof proceeds by
localization. Far from the critical points .x0; 0/ and .x1; 0/, the regularity is rather
straightforward. Near these critical points, the regularity stems from the regularity
obtained for a similar problem set in a half-space .0;C1/ � R or R � .0;C1/.
Pagani studies such half-space problems in [52], where he derives explicit represen-
tation formulas for the solutions, using the Mellin transform and the Wiener–Hopf
method. We do not reproduce these arguments here for brevity.

Note that the implicit constant, say CP , in (2.7) may depend on �. By scaling
arguments, one can prove that CP �C.1Cjx1 � x0j�1/ for some universal C >0.

2.3 Orthogonality conditions for higher tangential regularity

We now investigate whether solutions to (2.1) enjoy higher regularity in the horizontal
direction. As mentioned in Section 1.2, it is quite easy to obtain a priori estimates in
the space Z1.�/ (see Proposition 2.6). However, we prove in Proposition 2.10 that
the weak solution enjoys such a regularity if only if the data satisfies appropriate
orthogonality conditions. Eventually, we give statements highlighting the fact that
these conditions are non-empty.

Proposition 2.6. Let f 2 H 1..x0; x1/IH
�1.�1; 1// and ı0; ı1 2 H1

z.�1; 1/ such
that ı0.1/ D ı1.�1/ D 0 and such that �0; �1 2 L2z.�1; 1/, where

�i .z/ WD
f .xi ; z/C @

2
zıi .z/

z
: (2.8)

If the unique weak solution u to (2.1) belongs to H 1..x0; x1/IH
1
0 .�1; 1//, then one

has the following weak solution estimate for @xu:

k@xukL2xH1z . k@xf kL2x.H�1z / C k�0kL2z.†0/ C k�1kL2z.†1/: (2.9)

If, moreover, f 2H 1..x0; x1/IL
2.�1;1//,�0;�12H1

z.�1;1/,�0.1/D�1.�1/D0,
then u2Z1.�/ and one has the following strong solution estimate for @xu:

k@xukZ0 . k@xf kL2 C k�0kH1
z
C k�1kH1

z
: (2.10)
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Proof. The key point is the following argument: if @xu enjoys L2xH
1
z regularity, then

@xu is the unique weak solution to8̂̂<̂
:̂
z@xw � @zzw D @xf;

wj†i D �i ;

wjzD˙1 D 0:

(2.11)

Then estimate (2.9) follows from (2.2) and estimate (2.10) follows from (2.7).
Hence, let us prove that, if @xu 2 L2xH

1
z , then @xu is a weak solution to (2.11).

Let

V WD
®
v 2 C1.x�/Iv D 0 on @� n .†0 [†1/;

@xv D 0 on ¹x0º � .�1; 0/ and ¹x1º � .0; 1/
¯
:

Let v 2 V. Then @xv is an admissible test function for Definition 2.1. Hence, since u
is the weak solution to (2.1), one has

�

Z
�

zu@x.@xv/C

Z
�

@zu@z.@xv/ D

Z
�

f .@xv/C

Z
†0

zı0.@xv/ �

Z
†1

zı1.@xv/:

TheH 1
xH

1
z regularity of u legitimates integrations by parts in x on the left-hand side.

Thus�
�

Z 1

�1

zu@xv

�x1
x0

C

Z
�

z.@xu/@xv C

� Z 1

�1

@zu@zv

�x1
x0

�

Z
�

@z.@xu/@zv

D

� Z 1

�1

f v

�x1
x0

�

Z
�

fxv C

Z
†0

zı0.@xv/ �

Z
†1

zı1.@xv/;

which, after taking the boundary conditions into account, integrating by parts in z in
the boundary terms

R 1
�1
@zu@zv and recalling (2.8) yields

�

Z
�

z.@xu/@xv C

Z
�

@z.@xu/@zv D

Z
�

fxv C

Z
†0

z�0v �

Z
†1

z�1v:

Since V is dense in the set of test functions for Definition 2.1, this proves that @xu is
the weak solution to (2.11).

We start by defining “dual profiles” which are necessary to state our orthogonality
conditions.

Lemma 2.7 (Dual profiles). We define ˆ0, ˆ1 2 Z0.�˙/ as the unique solutions to8̂̂̂̂
<̂̂
ˆ̂̂̂:
�z@xˆj � @zzˆj D 0 in �˙;�
ˆj
�
jzD0
D 1jD1;�

@zˆj
�
jzD0
D �1jD0;

ˆj j@�n.†0[†1/ D 0:

(2.12)
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Proof. Uniqueness is straightforward. Given j 2 ¹0; 1º and two solutions to (2.12),
let � denote their difference. Then � 2 Z0.�˙/ and both � and @z� are continuous
across the line ¹z D 0º. Hence, � 2 Z0.�/ and � is the solution to a problem of the
form (2.1) (with reversed tangential direction). So � D 0 since weak solutions to such
problems are unique in Z0.

We prove the existence of ˆ0. We define ˆ0.x; z/ WD �z1z>0�.z/C ‰0.x; z/,
where we choose � 2C1c .R/ such that �� 1 in a neighborhood of zD 0 and supp� �
.�1=2; 1=2/, and where ‰02L2..x0; x1/IH 1

0 .�1; 1// is the unique weak solution to8̂̂̂̂
<̂
ˆ̂̂:
�z@x‰

0 � @zz‰
0 D �21z>0�0.z/ � z1z>0�00.z/ in �;

‰0.x0; z/ D 0 for z 2 .�1; 0/;

‰0.x1; z/ D z�.z/ for z 2 .0; 1/;

‰0
jzD˙1

D 0:

By Proposition 2.5, ‰0 2 Z0.�/. Hence @zzˆ0 2 L2.�˙/ and z@xˆ0 2 L2.�˙/.
The construction of the profile ˆ1 is similar and is left to the reader. For exam-

ple, one can decompose the profile ˆ1 as ˆ1.x; z/ D 1z>0�.z/C ‰1.x; z/, where,
similarly, ‰1 2 Z0.�/.

Remark 2.8. The jump conditions in (2.12) prevent the dual profiles from enjoying
vertical regularity across the line ¹z D 0º. More subtly, even inside each half-domain,
neither the ˆj nor their lifted version the ‰j enjoy tangential regularity. Indeed, for-
mally, @xˆj and @x‰j satisfy systems of the form (2.1) (with reversed tangential
direction) with zero source term and zero boundary data. Hence, if they were suffi-
ciently regular, they would be zero by the uniqueness results of Appendix A, and so
would ˆj and ‰j by integration, contradicting (2.12). We will see in Corollary 2.32
that these dual profiles indeed do contain an explicit singular part localized near the
endpoints .xi ; 0/.

We now turn to the main result of this section, which gives a necessary and
sufficient condition for the solutions to enjoy the mentioned tangential regularity.
Strangely, we could not find a proof of Proposition 2.10 in the literature, although
some works mention orthogonality conditions (see [22, equation (4.2)] or [55]). Hence
we provide here a full proof. This strategy will be extended in Section 5.2 to equa-
tions with smooth variable coefficients (see Proposition 5.5). We prove further that
these orthogonality conditions are not empty.

We will work with the following space of data triplets:

HK WD
®
.f; ı0; ı1/ 2 H

1
xL

2
z �H1

z.†0/ �H1
z.†1/I .�0; �1/ 2 H1

z.†0/ �H1
z.†1/

and ı0.1/ D ı1.�1/ D �0.1/ D �1.�1/ D 0
¯
; (2.13)
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where �i is defined in (2.8), with the associated norm

k.f; ı0; ı1/kHK WD kf kH1xL2z C
X
i2¹0;1º

kıikH1
z
C k�ikH1

z
: (2.14)

Lemma 2.9. If .f; ı0; ı1/ 2 HK , then ıi 2 H 2.†i / and kıikH2 . k.f; ı0; ı1/kHK .

Proof. For i 2 ¹0; 1º, recalling (2.8), one has

kı00i kL2.†i / � kı
00
i C f .xi ; �/kL2.†i / C kf .xi ; �/kL2.†i / . k�ikL2z C kf kH1xL2z :

Moreover, proceeding for example as in the proof of Lemma B.7, one checks that
kıikL2 . kıikL2z C kı

00
i kL2 .

Proposition 2.10. Let .f; ı0; ı1/ 2HK . The unique weak solution u to (2.1) belongs
to H 1

xH
1
z if and only if, for j D 0 and j D 1,Z
�

@xf ˆj C

Z
†0

z�0ˆj �

Z
†1

z�1ˆj D @
j
zı1.0/ � @

j
zı0.0/; (2.15)

where ˆ0 and ˆ1 are defined in Lemma 2.7.
Furthermore, in this case, u actually belongs toZ1.�/ and the following estimate

holds:
kukZ1 . k.f; ı0; ı1/kHK : (2.16)

Proof. Step 1. We exhibit possible discontinuities. Let us consider the unique solution
u 2 Z0.�/ to (2.1). Following the strategy sketched by Goldstein and Mazumdar
[25, Theorem 4.2] (see Remark 2.11 for further comments), we introduce the unique
strong solution w 2 Z0.�/ to (2.11), so that w is a good candidate for @xu. The idea
is then to introduce the function u1 defined by

u1.x; z/ WD

´
ı0.z/C

R x
x0
w.x0; z/ dx0 in �C;

ı1.z/ �
R x1
x
w.x0; z/ dx0 in ��

(2.17)

so that @xu1 D w almost everywhere. Furthermore, it can be easily proved that, in
D 0.�˙/,

z@xu1 � @zzu1 D f:

However, this does not entail that u1 is a solution to this equation in the whole domain.
Indeed, u1 and @zu1 may have discontinuities across the line ¹z D 0º. One checks
that u1 and @zu1 are continuous across z D 0 if and only ifZ x1

x0

w.x; 0/ dx D ı1.0/� ı0.0/;
Z x1

x0

wz.x; 0/ dx D @zı1.0/� @zı0.0/: (2.18)

The two integrals are well defined since wz and wzz belong to L2.�/.



Orthogonality conditions for higher tangential regularity 29

Step 2. We compute the horizontal mean value of w and wz using the dual profiles.
Let � 2 Z0.�˙/ such that �j@�n.†0\†1/ D 0. Since w 2 Z0.�/, it satisfies (2.11)
almost everywhere, so that we can multiply the equation by � and integrate over�C.
Hence, Z

�C

fx� D

Z
�C

.z@xw � @zzw/�;

where, on the one hand,Z
�C

z.@xw/� D

Z
†1

z�1� �

Z
�C

zw@x�

and on the other hand,

�

Z
�C

.@zzw/� D

Z x1

x0

.@zw� � w@z�/.x; 0
C/ dx �

Z
�C

w@zz�:

Thus, performing the same computation on �� and summing both contributions
yieldsZ x1

x0

.@zwŒ��jzD0 � wŒ@z��jzD0/.x; 0/ dx

D

Z
�

fx� C

Z
†0

z�0� �

Z
†1

z�1� C
X
˙

Z
�˙

w.z@x� C @zz�/:

Hence, for j 2 ¹0; 1º,Z x1

x0

@jzw.x; 0/ dx D
Z
�

fxˆj C

Z
†0

z�0ˆj �

Z
†1

z�1ˆj ;

where the dual profiles ˆ0 and ˆ1 are defined in Lemma 2.7.

Step 3. Conclusion. Assume that the orthogonality conditions (2.15) are satisfied for
j D0 and j D1. Then (2.18) holds, and as a consequence, Œu1�jzD0D Œ@zu1�jzD0D0.
Thus u1 2 L2..x0; x1/IH 1

0 .�1; 1// is a weak solution to (2.1). We infer from the
uniqueness of weak solutions that u D u1, and therefore @xu D w 2 Z0. Hence u 2
H 1..x0; x1/IH

1
0 .�1; 1//. Estimate (2.16) follows from (2.7) and (2.10).

Conversely, if u is a solution to (2.1) with H 1..x0; x1/IH
1
0 .�1; 1// regularity,

then @xu is a weak solution to (2.11) (see the proof of Proposition 2.6) and u is given
in terms of @xu by (2.17) almost everywhere. Thus Œu1�jzD0D Œ@zu1�jzD0D 0. HenceR x1
x0
ux.x; 0/ dx D ı1.0/� ı0.0/ and

R x1
x0
uxz.x; 0/ dx D @zı1.0/� @zı0.0/, and thus

the orthogonality conditions (2.15) are satisfied.

Remark 2.11. Oddly, in [25, Theorem 4.2], Goldstein and Mazumdar do not mention
the orthogonality conditions (2.15). They merely state that, “since @zzu1Dz@xu1�f



The case of the linear shear flow 30

in D 0.�˙/, since zu1; f 2C 0.Œx0; x1�IL2.�1;1//, consequently z@xu1�@zzu1Df
in L2.�/”. However, these orthogonality conditions are non-empty, as we show
below (see Proposition 2.15).

Definition 2.12. In the sequel, we denote by `j the linear forms associated with the
orthogonality conditions (2.15) for the linear shear flow problem, i.e., for .f; ı0; ı1/ 2
HK , we set

`j .f; ı0; ı1/ WD @
j
zı0.0/ � @

j
zı1.0/C

Z
�

@xf ˆj C

Z
†0

z�0ˆj �

Z
†1

z�1ˆj :

Lemma 2.13. The linear forms `j for j 2 ¹0; 1º are continuous over HK .

Proof. First, by Lemma 2.9, for .f; ı0; ı1/ 2HK , ıi 2H 2.†i / so that ıi .0/ and ı0i .0/
depend continuously on .f; ı0; ı1/ 2HK . Second, by Lemma 2.7, ˆj 2 Z0.�˙/ so,
in particular ˆj 2 L2.�/. Hence f 7!

R
�
@xf ˆj is continuous on H 1

xL
2
z . Eventu-

ally, by Lemma 1.10, ˆj .xi ; �/ 2 H1
z.†i / ,! L2z.†i /, so

.f; ı0; ı1/ 7!

Z
†i

z�i .z/ˆj .xi ; z/ dz

is continuous on HK .

Remark 2.14. Although this continuity result will be sufficient for most of our pur-
pose, the linear forms `j are in fact continuous for weaker topologies than the one of
HK . In particular, one does not need f 2 H 1

xL
2
z (see Remark 2.33).

We now prove that the orthogonality conditions (2.15) are non-empty and inde-
pendent.

Proposition 2.15 (Independence of the orthogonality conditions). The linear forms
`0 and `1 are linearly independent over C1c .�/ � ¹0º � ¹0º � HK .

Proof. Proceeding by contradiction, let .c0; c1/2R2 such that, for every f 2C1c .�/,
there holds c0`0.f; 0; 0/C c1`1.f; 0; 0/ D 0. Define ˆc WD c0ˆ0 C c1ˆ1. Then, for
every f 2 C1c .�/, it satisfies

R
�
@xf ˆ

c D 0. Hence @xˆc D 0 in D 0.�C/. Since
ˆc.x1; z/D 0 for z 2 .0; 1/ andˆc 2Z0.�C/, this implies thatˆc D 0 in�C (since
Z0 functions have traces in the usual sense, see Lemma 1.10). The same holds in��.
Hence Œˆc�jzD0 D Œ@zˆc�jzD0 D 0, which implies c0 D c1 D 0.

Remark 2.16. Proposition 2.15 of course implies that `0 and `1 are linearly inde-
pendent on HK . Although Proposition 2.15 gives a prominent role to the source
term f , we will actually also prove that `0 and `1 are linearly independent on ¹0º �
C1c .†0/ � C

1
c .†1/ � H . This property relies on the structure of the dual profiles
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ˆj near the points .xi ; 0/, and will be proved at the end of this section (see Proposi-
tion 2.34).

Eventually, gathering all of the above results, definitions and notations, we have
proved the following well-posedness result for the linear problem.

Proposition 2.17. Let HK be the vector space defined in (2.13). There exists a vector
subspace H?K;sg D .ker `0/ \ .ker `1/ of codimension 2 in HK such that, for each
.f; ı0; ı1/ 2HK , there exists a solution u 2 Z1.�/ to (2.1) if and only if .f; ı0; ı1/ 2
H?K;sg. Such a solution is unique and satisfies estimate (2.16).

Theorem 1 of the introduction is a rough restatement of the above Proposition 2.17
allowing us to avoid introducing more notations and functional spaces at this early
stage.

Proof of Theorem 1. One easily checks from (1.3) and (2.13) that XB ,!HK . More-
over, setting X?B;sg WDXB \ .ker`0/\ .ker`1/, one obtains that X?B;sg is of codimen-
sion 2 in XB from Proposition 2.15 or Proposition 2.34. Hence, given .f; ı0; ı1/ 2
X?B;sg, Proposition 2.17 gives a solution u 2Z1. By Lemma 1.15,Z1 ,!Q1 (defined
in (1.5)), so u 2 Q1. Reciprocally, given a solution u 2 Q1 corresponding to some
data triple .f;ı0; ı1/2XB , one has u2H 1

xH
2
z (see (1.5)), so Proposition 2.10 applies

and one has .f; ı0; ı1/ 2 X?B;sg.

Similarly, going further, it can be easily checked that the control of k derivatives
in x requires the cancellation of 2k independent conditions. Although controlling a
single x-derivative will be sufficient in the sequel to obtain our nonlinear result, we
establish here this short higher-regularity statement as an illustration. More precisely,
we have the following result.

Lemma 2.18. Let k � 1. Let f 2 C1.x�/, ıi 2 C1.†i /. Define recursively �ni for
0 � n � k and z 2 †i by

�0i .z/ WD ıi .z/; (2.19)

�ni .z/ WD
1

z

�
@n�1x f .xi ; z/C @zz�

n�1
i .z/

�
: (2.20)

Assume that the following compatibility conditions are satisfied:

8n 2 ¹0; : : : ; kº; �n0.1/ D �
n
1.�1/ D 0:

Assume furthermore that for all n 2 ¹0; : : : ; kº, �ni 2 H1
z.†i /.

Let u be the unique solution to (1.6). Then u 2H k
xH

2
z if and only if the following

orthogonality conditions are satisfied:

`j .@nxf;�
n
0; �

n
1/ D 0 8n 2 ¹0; : : : ; k � 1º; j 2 ¹0; 1º:

Furthermore, these 2k orthogonality conditions are linearly independent.
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Proof. First, notice that @nxu satisfies formally8̂̂<̂
:̂
.z@x � @zz/@

n
xu D @

n
xf in �;

@nxujzD˙1 D 0;

@nxuj†i D �
n
i :

The first part of the statement follows easily from Proposition 2.10 and Proposi-
tion 2.6 and from an induction argument.

Let us now check the independence of the orthogonality conditions. We extend the
methodology used in the proof of Proposition 2.15. Assume that there exist cjn 2 R,
0 � n � k � 1, j D 0; 1 such that for all .f; ı0; ı1/ satisfying the assumptions of the
lemma, X

jD0;1

k�1X
nD0

cjn`
j .@nxf;�

n
0; �

n
1/ D 0:

In particular, for any f 2 C1c .�/,X
jD0;1

k�1X
nD0

cjn`
j .@nxf; 0; 0/ D 0;

i.e.,
k�1X
nD0

Z
�

@nxf

� X
jD0;1

cjnˆ
j

�
D 0:

This means that X
jD0;1

k�1X
nD0

.�1/ncjn@
n
xˆ

j D 0

in the sense of distributions. Since Œ@nxˆj �jzD0 D Œ@
n
x@zˆ

j �jzD0 D 0 for n � 1, we
infer that �

c00ˆ
0 C c10ˆ

1
�
jzD0
D
�
@z.c

0
0ˆ

0 C c10ˆ
1/
�
jzD0
D 0:

Once again, using the jump conditions on ˆj , we deduce that cj0 D 0, and thus

@x

� X
jD0;1

k�1X
nD1

.�1/ncjn@
n�1
x ˆj

�
D 0:

It follows that X
jD0;1

k�1X
nD1

.�1/ncjn@
n�1
x ˆj D p.z/
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for some function p. Note that by parabolic regularity, the profiles ˆj (and therefore
the function p) are smooth away from the line ¹z D 0º. Taking the trace of the above
identity on ¹x0º � .�1; 0/[ ¹x1º � .0; 1/, we find that p D 0. Arguing by induction,
we infer eventually that cjn D 0 for all 0 � n � k � 1, j D 0; 1.

Corollary 2.19 (Biorthogonal basis). There exist „k D .f k; ık0 ; ı
k
1 / 2 HK for k 2

¹0; 1º such that, for every j; k 2 ¹0; 1º,

`j .„k/ D `j .f k; ık0 ; ı
k
1 / D 1jDk

and such that, within HK ,

.R„0 CR„1/? D ker `0 \ ker `1 (2.21)

is a vector subspace of codimension 2.

Proof. Since `0 and `1 are continuous linear forms on HK , by the Riesz represen-
tation theorem, they can be written as scalar products with two given triplets, say
„0; „1 2 HK which are linearly independent thanks to Proposition 2.15. Then one
looks for „k D .f k; ık0 ; ı

k
1 / as ak„0 C bk„1, where ak; bk 2 R2 are such that

akh„j I„0i C bkh„j I„1i D 1jDk . These systems can be solved since „0 and „1

are free. This proves the equality (2.21). The independence of the linear forms guar-
antees that (2.21) is of codimension 2 in HK .

2.4 Singular radial solutions in the half-plane and profile
decomposition

In this section, we give a full description of the singularities that appear when the
orthogonality conditions are not satisfied. We start by constructing singular solutions
to the homogeneous equation set in the half-plane, using separation of variables in
polar-like coordinates. We then localize these solutions near the critical points .xi ; 0/
to obtain the decomposition result of Theorem 2.

Our approach is similar to the one developed by Grisvard in [28, Section 4.4]
for elliptic problems in polygonal domains (see in particular the singular profiles
of equation (4.4.3.7) and the decomposition result of Theorem 4.4.3.7 therein). The
main difference is that we cannot use usual polar coordinates and that the construc-
tion of the elementary singular profiles is much more technical than, for instance,
the classical solution of the form r

1
2 sin.�=2/ which is involved in the resolution of

Dirichlet–Neumann junctions as in the elliptic problem (1.12) mentioned in the intro-
duction.
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2.4.1 Construction of singular solutions in the half-plane

In this paragraph, we look for elementary singular radial solutions to the following
problem without source-term in the half-plane:´

z@xu � @zzu D 0 x � 0; z 2 R;

u.0; z/ D 0 z > 0:
(2.22)

Remark 2.20. In [23], Fleming considered the related problem of finding a “fairly
explicit formula” for solutions to z@xu � @zzu D 0 in a strip .0; 1/ � R, with pre-
scribed boundary data at x D 0, z > 0 and x D 1, z < 0. His proof involves Whittaker
functions, which are related to the confluent hypergeometric functions we use below.

In [27], Gor’kov computes a representation formula for solutions to (2.22) with
a non-zero source term and boundary data, and proves uniqueness of such solutions,
under a growth assumption of the form ju.0; z/j . jzj� for 0 � � < 1

2
on the line

¹x D 0º, for which he claims that uniqueness holds. The threshold � D 1
2

is precisely
the scaling (at which uniqueness indeed breaks) of the first fundamental singular solu-
tion v0 which we construct below.

Our setting is a little different from the works mentioned above, as we look for
(non-zero) solutions to the homogeneous equation. Similar computations were also
performed in [30, 31], albeit with different boundary conditions, and therefore with
a different exponent for r , and a different asymptotic behavior for the profile ƒ in
Proposition 2.21. However, we were not able to find the specific expression of the
profiles from Proposition 2.21 in previous works.

Near the point .0;0/which is expected to be singular, balancing the terms z@x and
@zz leads to the natural scaling z � x

1
3 . Thus, we introduce the following polar-like

coordinates .r; t/ 2 Œ0;C1/ �R:

r WD .z2 C x
2
3 /
1
2 and t WD zx�

1
3 : (2.23)

The reverse change of coordinates is given by

x D
r3

.1C t2/
3
2

and z D
rt

.1C t2/
1
2

: (2.24)

Since it will be convenient to switch from cartesian coordinates .x;z/ to the polar-like
coordinates .r; t/, we compute the Jacobian

J.r; t/ D

 
@r
@x

@r
@z

@t
@x

@t
@z

!
D

0@ 1

3x
1
3 r

z
r

�
t
3x

1

x
1
3

1A D
0B@ .1Ct2/

1
2

3r2
t

.1Ct2/
1
2

�
t.1Ct2/

3
2

3r3
.1Ct2/

1
2

r

1CA ; (2.25)
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where we have used the equalities (2.24). In particular,

detJ.r; t/ D
.1C t2/2

3r3
; (2.26)

which we will use to compute integrals using the .r; t/ variables.
By (2.25), for any C 1 function ',

@x' D
.1C t2/

1
2

3r2
@r' �

t .1C t2/
3
2

3r3
@t'; (2.27)

@z' D
t

.1C t2/
1
2

@r' C
.1C t2/

1
2

r
@t': (2.28)

In particular, if u.r; t/ D r�ƒ.t/,

z@xu D
r��2

3

�
�tƒ.t/ � t2.1C t2/@tƒ.t/

�
(2.29)

and

@zzu D

�
t

.1C t2/
1
2

@r C
.1C t2/

1
2

r
@t

��
r��1

�
�tƒ.t/

.1C t2/
1
2

C .1C t2/
1
2 @tƒ.t/

��
D r��2

�
.� � 1/

�
�t2

1C t2
ƒ.t/C t@tƒ.t/

�
C .1C t2/

1
2 @t

�
�t

.1C t2/
1
2

ƒ.t/C .1C t2/
1
2 @tƒ.t/

��
: (2.30)

We are now ready to construct solutions to (2.22) using these coordinates.

Proposition 2.21. For every k 2 Z, equation (2.22) has a solution of the form

vk WD r
1
2C3kƒk.t/

with the variables .r; t/ of (2.23) andƒk 2 C1.RIR/ is a smooth bounded function
satisfyingƒk.�1/D 1 andƒk.C1/D 0. The profileƒ0 is presented in Figure 1.2.

Proof. By separation of variables, we look for a solution to (2.22) under the form
u WD r�ƒ.t/, where � 2 R and ƒ W R ! R is a smooth function. The boundary
condition u.0; z/ D 0 for z > 0 translates to ƒ.C1/ D 0. From (2.29) and (2.30)
above, one checks that such a u satisfies z@xu � @zzu D 0 if and only if

@2tƒ.t/C

�
t2

3
C

2�t

1C t2

�
@tƒ.t/C �

�
�
1

3

t

1C t2
C
1C .� � 1/t2

.1C t2/2

�
ƒ.t/ D 0:

(2.31)
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To absorb the .1C t2/ factors, we letH.t/ WD .1C t2/
�
2ƒ.t/. Then,ƒ satisfies (2.31)

if and only if H is a solution to

@2tH.t/C
t2

3
@tH.t/ �

�t

3
H.t/ D 0: (2.32)

Moreover, for t ¤ 0, using the change of variable � WD�t3=9, and looking forH.t/DW
W.�t3=9/, we obtain thatH solves (2.32) on R n ¹0º if and only ifW is a solution to

�@2�W.�/C

�
2

3
� �

�
@�W.�/ �

�
�
�

3

�
W.�/ D 0; (2.33)

which corresponds to Kummer’s equation, with a D ��
3

and b D 2
3

. It is known (see
[50, Section 13.2]) that (2.33) has a unique solution behaving like ��a as � !1.
This (complex valued) solution is usually denoted by U.a; b; �/ and called conflu-
ent hypergeometric function of the second kind, or Tricomi’s function. In general, U
has a branch point at � D 0. More precisely, the asymptotic ��a holds in the region
jarg�j < 3�

2
and the principal branch of U.a; b; �/ corresponds to the principal value

of ��a. Moreover, when b is not an integer, which is our case, one has (see [50, equa-
tion (13.2.42)]),

U.a; b; �/ D
�.1 � b/

�.a � b C 1/
M.a; b; �/C

�.b � 1/

�.a/
�1�bM.a � b C 1; 2 � b; �/;

(2.34)
whereM is the confluent hypergeometric function of the first kind or Kummer’s func-
tion,

M.a; b; �/ WD
X
n2N

.a/n

.b/n

�n

nŠ
;

where .a/n and .b/n denote the rising factorial. In particular, M is an entire function
of �. From (2.34), we see that the singularity in Tricomi’s function U stems from the
fractional power �1�b D �

1
3 . When � D �� (for � > 0), �

1
3 D e

i�
3 �

1
3 .

We therefore set

W.�/ WD <

²
e
i�
3 U

�
�
�

3
;
2

3
; �

�³
: (2.35)

By linearity, W is still a solution to (2.33). Moreover, by [50, equation (13.7.3)], as
� !1,

W.�/ D <

²
e
i�
3 ��a

�
1CO

�
1

j�j

��³
: (2.36)

In particular, when � D 1
2
C 3k for k 2 Z (and only in this situation), as �!C1,

W.��/ D O.��a�1/;
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because <¹ei�=3e�ia���aºD<¹.�1/kei�=3ei�=6��aºD.�1/k��a<¹iºD0. Defin-
ingH.t/WDW.�t3=9/ forW as in (2.35) and recalling thatƒ.t/D.1C t2/��=2H.t/
implies that ƒ.C1/ D 0. Indeed, as t !C1,

ƒ.t/ D .1C t2/�
�
2O.t3.

�
3�1// D O.t�3/: (2.37)

Moreover, from (2.36), we obtain thatƒ is bounded as t!�1. Indeed, as t!�1,

ƒ.t/ D .1C t2/�
�
2<

²
e
i�
3

�
�
t3

9

��a�
1CO

�
1

jt j3

��³
D
1

2
9�

1
6�k.1C t2/�

�
2 jt j�3a.1CO.jt j�3// D

1

2
9�

1
6�k CO.jt j�2/: (2.38)

Eventually, let us check that H is an entire function of t , which will entail that ƒ is
smooth. First, note that M.��=3; 2=3;�t3=9/ and M.�.� � 1/=3; 4=3;�t3=9/ are
real valued and entire functions of t . Additionally,

<

²
ei�=3

�
�
t3

9

�1=3³
D 9�1=3 �

´
jt j
2

if t < 0;

t<.e2i�=3/ if t > 0

D �
1

2

t

91=3
:

Using (2.35) and (2.34), we obtain

H.t/ D
1

2

�.1 � b/

�.a � b C 1/
M

�
a; b;�

t3

9

�
�
1

2

t

91=3
�.b � 1/

�.a/
M

�
a � b C 1; 2 � b;�

t3

9

�
; (2.39)

so thatH is entire becauseM is. This entails thatH solves (2.32) even across t D 0.
Moreover, (2.37) and (2.38) imply that ƒ is bounded on R. Eventually, using (2.38),
we can define ƒk as 2 � 9

1
6Ckƒ, which ensures that ƒk.�1/ D 1. For this normal-

ization, one deduces from (2.39) that

ƒk.0/ D 9
1
6Ck

�.1=3/

�.1=6 � k/
; (2.40)

which will be used below.

If u is a solution to (2.22), then, formally, @xu too (the operator z@x � @zz com-
mutes with @x , and the boundary condition at x D 0 and z > 0 is satisfied thanks to
the equation). This property entails that the solutions vk D r

1
2C3kƒk.t/ are related

by a recurrence relation on the profiles ƒk .
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Lemma 2.22 (Recurrence relations). Let k 2 Z and ck WD 1
4
� 9k2. One has

@xvk D ckvk�1: (2.41)

Moreover, for every t 2 R,

ckƒk�1.t/ D
.1C t2/

1
2

3

��
1

2
C 3k

�
ƒk.t/ � t .1C t

2/ƒ0k.t/

�
; (2.42)

or, equivalently,

ƒ0k.t/ D
1

t.1C t2/

��
1

2
C 3k

�
ƒk.t/ �

3ckƒk�1.t/

.1C t2/
1
2

�
: (2.43)

Proof. By (2.27), one has @xvk D r
1
2C3.k�1/Hk.t/, where Hk.t/ is the right-hand

side of (2.42). Thus @xvk is a solution to (2.22) of the form studied in Proposi-
tion 2.21. Since the proof of Proposition 2.21 proceeds by equivalence, vk�1 is the
only solution of the form r

1
2C3.k�1/. This entails thatHk.t/ is proportional toƒk�1.t/

and the constant can be identified by comparing the values at 0 using (2.40), yield-
ing (2.42), (2.41) and (2.43) (which are all equivalent) with ck D 1

4
� 9k2.

Actually, these identities are linked with recurrence relations on Tricomi’s func-
tion U . Let us give another proof of (2.43) using this approach. By the proof of
Proposition 2.21,

ƒk.t/ D 2 � 9
1
6Ck.1C t2/�

1
4�

3
2k � <

²
e
i�
3 U

�
�
1

6
� k;

2

3
;�
t3

9

�³
:

First, using the relation @�U.a � 1; b; �/ D .1 � a/U.a; b C 1; �/ (see [50, equa-
tion (13.3.22)]),

ƒ0k.t/ D �

�
1

2
C 3k

�
t

1C t2
ƒk.t/C 2 � 9

1
6Ck.1C t2/�

1
4�

3
2k

�
3

t

�
k C

1

6

�
<

²
e
i�
3

�
�
t3

9

�
U

�
�
1

6
� k C 1;

5

3
;�
t3

9

�³
:

Eventually, (2.43) follows from .b � a/U.a; b; �/ C U.a � 1; b; �/ � �U.a; b C

1; �/ D 0 (see [50, equation (13.3.10)]).

Remark 2.23. We will see below that v0 is linked with two solutions to (2.1) which
haveZ0 regularity, but do not belong toH 1

xH
1
z . Similarly, for each k � 0, vk is linked

with solutions u such that @kxu 2 Z
0.�/ but u … H kC1

x H 1
z . Conversely, for k D �1,

one could expect to be able to construct a very weak solution u based on v�1 which
would entail that uniqueness fails for solutions with less than L2xH

1
z regularity.

Lemma 2.22 entails the following decay estimates, which will be useful in the
sequel.
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Lemma 2.24. For every k 2 Z, there exists Ck > 0 such that, for every t 2 R,

jƒk.t/j C jt
3ƒ0k.t/j C jt

4ƒ00k.t/j C jt
5ƒ000k .t/j � Ck :

Proof. For all k 2Z, the bound jƒk.t/j �Ck is already contained in Proposition 2.21
which claims that ƒk is bounded. Since ƒk�1 and ƒk are uniformly bounded over
R, we deduce from (2.43) that t3ƒ0

k
.t/ is also bounded on R. Eventually, differenti-

ating (2.43) with respect to t leads to a uniform bound for jt4ƒ00
k
.t/j and jt5ƒ000

k
.t/j

over R.

Moreover, the recurrence relations of Lemma 2.22 also imply that the solutions
vk to (2.22) are smooth, up to the boundary ¹x D 0º, except at the origin .0; 0/.

Lemma 2.25. For every k 2Z, vk 2C1.P�/, whereP� WD .Œ0;C1/�R/ n ¹.0;0/º.

Proof. The smoothness inside the half-plane ¹x > 0º follows directly from Proposi-
tion 2.21 since ƒk 2 C1.R/ and the function r 7! r

1
2C3k as well as the change of

coordinates of (2.23) are smooth inside this domain.
By Proposition 2.21, since ƒk is continuous on R and has limits at t D ˙1, we

obtain that vk D r
1
2C3kƒk.t/ is continuous up to the boundary ¹x D 0º, except at the

origin: vk 2 C 0.P�/.
We now turn to the continuity of derivatives. Using (2.28), we obtain

@zvk D r
� 12C3k

��
1

2
C 3k

�
t

.1C t2/
1
2

ƒk.t/C .1C t
2/
1
2ƒ0k.t/

�
:

Since ƒk has limits at t D ˙1 and since, by Lemma 2.24, t3ƒ0
k
.t/ D O.1/, we

obtain that @zvk has limits at t D ˙1. Hence @zvk 2 C 0.P�/.
Eventually, the C1.P�/ regularity follows from an induction argument. Indeed,

by (2.41), @xvk D ckvk�1, so @xvk 2 C 0.P�/ because vk�1 2 C 0.P�/. And, simi-
larly, in the vertical direction, using (2.22), @zzvk D z@xvk D zckvk�1 so @zzvk 2
C 0.P�/. Iterating the argument concludes the proof.

2.4.2 Localization and decomposition

We now introduce singular profiles Nuising, for i D 0; 1, localized in the vicinity of
.xi ; 0/ and based on the singular profiles of the previous paragraph. Let �i 2 C1.x�/
be a cut-off function such that �i � 1 in a neighborhood of .xi ; 0/, and supp � �
B..xi ; 0/; xR/ for some xR < min.1; x1 � x0/=2. These localized profiles are the ones
involved in the main decomposition result of Theorem 2.

Definition 2.26. For i 2 ¹0; 1º, let

Nuising.x; z/ WD r
1
2

i ƒ0.ti /�i .x; z/;
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where ƒ0 is constructed in Proposition 2.21 and

ri WD .z
2
C jx � xi j

2
3 /
1
2 and ti WD .�1/

izjx � xi j
� 13 :

Lemma 2.27. For i 2 ¹0; 1º, there exists fi 2 C1.x�/, with fi � 0 in neighborhoods
of .xi ;0/ and ¹zD˙1º, such that Nuising is the unique solution withZ0.�/ regularity to8̂̂<̂

:̂
z@x Nu

i
sing � @zz Nu

i
sing D fi ;

Nuisingj†0[†1 D 0;

NuisingjzD˙1 D 0:

(2.44)

Moreover, Nuising 2 C
1.x� n ¹.xi ; 0/º/ but Nuising … H

1
xH

1
z .

Proof. By symmetry, we only prove the statement for f0 and Nu0sing. In order to allevi-
ate the notation, we drop the index 0 in r0, t0 and �0. We introduce positive numbers
0 < r� < rC such that � � 1 for r � r� and � � 0 for r � rC. In particular, all
derivatives of � are smooth, bounded, and supported in 1r�<r<rC .

Straightforward computations lead to (2.44), provided that one defines

f0 WD r
1
2ƒ0.t/.z@x�� @zz�/� 2@z.r

1
2ƒ0.t//@z�D v0.z@x�� @zz�/� 2@zv0@z�:

(2.45)
Since the derivatives of � are supported away from the point .x0; 0/, the C1.x�/
regularity of f0 follows directly from the smoothness of v0 away from the origin
proved in Lemma 2.25. Since Nu0sing.x; z/ D v0.x; z/�.x; z/, the C1.x� n ¹.xi ; 0/º/
regularity of Nu0sing follows from Lemma 2.25.

Therefore, to prove the lemma, there remains to prove that Nu0sing, @zz Nu0sing and
z@x Nu

0
sing are in L2.�/ but @x@z Nu0sing … L

2.�/. We will use the change of coor-
dinates from cartesian to polar-like ones (see (2.23)), whose Jacobian is given by
equation (2.26), so that, for ' W �! R,

k'k2
L2.�/

D

Z 1
0

Z
R

3r3

.1C t2/2
'.r; t/2 dt dr:

In particular, we have the following integrability criterion. Assume that ' is of the
form r�H.t/ , where H.t/ D Ot!˙1.jt j/ and supp  � 1r<rC . If � > �2 or
supp � 1r�<r , then ' 2 L2.�/.

Step 1. Preliminary estimates. Let  such that supp  � 1r<rC . By the previous
integrability criterion, since ƒ0.t/ D O.1/, r

1
2ƒ0.t/ 2 L

2.�/. Using (2.28), we
obtain

@z.r
1
2ƒ0.t// D r

� 12

�
t

2.1C t2/
1
2

ƒ0.t/C .1C t
2/
1
2ƒ00.t/

�
:
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By Lemma 2.24, jt jƒ00.t/ D O.jt j
�2/. Thus, @z.r

1
2ƒ0.t// 2 L

2.�/. Using (2.28)
again,

@zz.r
1
2ƒ0.t// D �

1

2
r�

3
2

t

.1C t2/
1
2

�
t

2.1C t2/
1
2

ƒ0.t/C .1C t
2/
1
2ƒ00.t/

�
C r�

3
2 .1C t2/

1
2 @t

�
t

2.1C t2/
1
2

ƒ0.t/C .1C t
2/
1
2ƒ00.t/

�
:

Using (2.27), we obtain

@x.r
1
2ƒ0.t// D r

� 52

�
.1C t2/

1
2

6
ƒ0.t/ �

t .1C t2/
3
2

3
ƒ00.t/

�
:

By Lemma 2.24,ƒ00.t/DO.jt j
�3/. Hence, jt jƒ0.t/DO.jt j/ and jt j4ƒ00.t/DO.jt j/

so, assuming that supp � 1r�<r<rC , one concludes that @x.r
1
2ƒ0.t// 2 L

2.�/.
Eventually, using (2.28), we obtain

@xz.r
1
2ƒ0.t// D r

� 72

�
�
t

4
ƒ0.t/�

1

6
ƒ00.t/.1Ct

2/.1C3t2/�
t

3
.1C t2/2ƒ000.t/

�
:

(2.46)

Step 2. Z0 estimates on Nu0sing. By Step 1, Nu0sing and @zz Nu0sing belong to L2.�/. Since
z@x Nu

0
sing D f0 C @zz Nu

0
sing and f0 2 L2.�/, we infer that z@x Nu0sing 2 L

2.�/. Hence
Nu0sing 2 Z

0.�/.

Step 3. Lack of H 1
xH

1
z estimate for Nu0sing. Recalling (2.46),

@x@z Nu
0
sing D r

� 72h.t/�C @x.r
1
2ƒ0.t//@z�C @z.r

1
2ƒ0.t/@x�/; (2.47)

where, by (2.46), the function h is given by

h.t/ D �
t

4
ƒ0.t/ �

1

6
ƒ00.t/.1C t

2/.1C 3t2/ �
t

3
.1C t2/2ƒ000.t/:

Using (2.43) together with the relationƒk.�1/D 9�
1
6�k=2, we find that as t!�1

ƒ0.t/ D aC
b

t2
C
c

t3
CO.t�4/; ƒ00.t/ D �

2b

t3
�
3c

t4
CO.t�5/;

ƒ000.t/ D
6b

t4
C
12c

t5
CO.t�6/;

where the coefficients a; b; c are defined by a D ƒ0.�1/, �2b D a=2, �3c D
3c0ƒ�1.�1/. We infer that as t ! �1,

h.t/ D
3c

2
�
12c

3
CO.t�1/ �

5

2
c0ƒ�1.�1/ ¤ 0:

Hence h ¤ 0.
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The last two terms on the right-hand side of (2.47) belong to L2.�/ according
to the previous computations. Since h ¤ 0, the L2 norm of the first term is bounded
from below by

c

Z r�

0

r�7r3 dr D C1

and thus @x@z Nu0sing … L
2.�/.

Actually, we have the following regularity on the profiles Nuising, which is slightly
better than Z0.

Lemma 2.28. For all � < 1
2

, Nuising 2 H
2C�
3

x L2z \ L
2
xH

2C�
z ,! H

2C�
3

x L2z \H
�
3
x H

2
z

and this is optimal. More precisely, Nuising … H
5
6
x L

2
z \H

1
6
x H

2
z .

Proof. The proof follows from an easy scaling argument. We start with the z deriva-
tive and focus on Nu0sing. Dropping the index 0 in r0 and t0 as in the previous proof, we
have, using (2.23) and Definition 2.26, and setting �.x; z/ WD �0.x0 C x; z/,

Nu0sing.x0 C x; z/ D x
1
6'

�
z

x
1
3

�
�.x; z/;

where '.t/ D .1C t2/
1
4ƒ0.t/. Therefore,

@2z Nu
0
sing.x0 C x; z/ D x

� 12'00
�
z

x
1
3

�
�C 2x�

1
6'0

�
z

x
1
3

�
�z C x

1
6'

�
z

x
1
3

�
�zz :

We focus on the regularity of the first term, which is the most singular. We have, for
any � > 0,



x� 12'00� z

x
1
3

�
�.x; z/





2
L2xH

�
z

�

Z
1

x

1

jz � z0j1C2�

�
'00
�
z

x
1
3

�
� '00

�
z0

x
1
3

��2
dx dz dz0:

Changing variables in the above integral, we get



x� 12'00� z

x
1
3

�
�.x; z/





2
L2xH

�
z

. k'00k2H� .R/
Z x1�x0

0

jxj�
2
3�

2�
3 dx:

The integral on the right-hand side is finite if and only if � < 1
2

. Moreover,

k'00k2H� .R/ � k'
00
k
2
H1.R/:

From the definition of ' and the decay bounds of Lemma 2.24, we infer that '00 2
H 1.R/. This shows that Nuising 2 L

2
xH

2C�
z for � < 1

2
.
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The bound in H
2C�
3

x L2z is obtained similarly and left to the reader.

Conversely, if one had Nuising 2 H
5
6
x L

2
z \H

1
6
x H

2
z , by the fractional trace theorem

[42, equation (4.7), Chapter 1], one would have Nuising 2 C
0
z .H

2=3
x /. In particular,

Nuising.�; 0/ 2 H
2=3.x0; x1/. But, in a neighborhood of x D 0, Nuising.x0 C x; 0/ D

ƒ0.0/x
1
6 withƒ0.0/¤ 0. One checks that x 7! x

1
6 2H s.0; 1/ if and only if s < 2=3,

which completes the proof.

Eventually, we introduce the following 2 � 2 nonsingular matrix which translates
the fact that Nu0sing and Nu1sing are indeed independent elementary solutions related with

the non-satisfaction of the orthogonality constraints associated with `0 and `1. We
will use this reference matrix multiple times in the sequel for perturbations of this
shear flow situation.

Lemma 2.29. Let f0, f1 as in Lemma 2.27 and ˆ0, ˆ1 as in Lemma 2.7. The matrix

xM WD

�Z
�

@xfj ˆi
�
0�i;j�1

2M2.R/

is invertible.

Proof. Let c 2 R2 such that xMc D 0. Then, for j D 0; 1,Z
�

@x.c0f0 C c1f1/ˆj D 0:

Thus, the source term for the function c0 Nu0sing C c1 Nu
1
sing satisfies the orthogonality

conditions (2.15) (note that in this case, the boundary data are null). It then follows
from Proposition 2.10 that c0 Nu0sing C c1 Nu

1
sing 2 H

1
xH

1
z . Localizing in the vicinity of

.xi ; 0/, we infer that ci Nuising 2H
1
xH

1
z , which, since Nuising …H

1
xH

1
z (by Lemma 2.27),

implies that ci D 0. Therefore, c D 0 and xM is invertible.

Corollary 2.30 (Decomposition into singular profiles). Let .f; ı0; ı1/ 2HK and u 2
Z0.�/ be the unique solution to (2.1). Then there exists two real constants c0; c1 and
a function ureg 2 Z

1.�/, as defined in (1.24), such that

u D c0 Nu
0
sing C c1 Nu

1
sing C ureg:

Proof. We recall the definition of the matrix xM from Lemma 2.29. Since xM is invert-
ible, we may define c D .c0; c1/ such that

xMc D

 
`0.f; ı0; ı1/

`1.f; ı0; ı1/

!
: (2.48)
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Let f0 and f1 as in Lemma 2.27. By construction, the triplet .f � c0f0 � c1f1; ı0; ı1/
satisfies the orthogonality conditions from Proposition 2.10. It follows that the solu-
tion ureg to 8̂̂<̂

:̂
z@xureg � @zzureg D f � c0f0 � c1f1 in �;

uregj†i D ıi ;

uregjzD˙1 D 0

satisfies ureg2H
1
x .H

1
z /. Thus, estimate (2.10) of Proposition 2.6 ensures that @xureg2

Z0.�/, i.e., ureg 2 Z
1. Now, u and ureg C c0 Nu

0
sing C c1 Nu

1
sing both belong to Z0.�/

and satisfy the system (2.1). By the uniqueness result of Proposition 2.2, the result
follows.

Theorem 2 follows easily from Corollary 2.30. Indeed, one easily checks from (1.3)
and (2.13) that XB ,! HK . Moreover, by Proposition 1.7, Z0 ,! H

2=3
x L2z \L

2
xH

2
z

and, by Lemma 1.15, Z1 ,! Q1 (defined in (1.5)). The rest of the conclusions on
Nuising are derived in Lemma 2.27.

Remark 2.31. The constants c0; c1 from Corollary 2.30 depend (linearly) on u, but
do not depend on the choice of the truncation functions �i . Indeed, if �00;�

0
1 is another

truncation, associated with constants c00; c
0
1, then applying Corollary 2.30 twice yields

c0 Nu
0
sing C c1 Nu

1
sing � c

0
0. Nu

0
sing/
0
� c01. Nu

1
sing/
0
2 Z1:

Therefore, in a small neighborhood Vi D��1i .¹1º/\ .�
0
i /
�1.¹1º/ of .xi ; 0/, we obtain

.ci � c
0
i /r

1
2

i ƒ0.ti / 2 H
1
xH

1
z .Vi /;

and therefore ci D c0i .

As already claimed in Remark 2.8, we can also prove a related decomposition
result for the dual profilesˆj defined in Lemma 2.7. Here, the decomposition always
involves a singular part.

Corollary 2.32. Let .c0; c1/ 2 R2 n ¹0º. There exists .d0; d1/ 2 R2 n ¹0º and ˆreg 2

Z1, as defined in (1.24), such that

c0ˆ0 C c1ˆ1 D .�c0z C c1/1z>0�.z/C d0 Nu0sing.x;�z/C d1 Nu
1
sing.x;�z/Cˆreg;

(2.49)
where � is a smooth cut-off function, equal to 1 near z D 0 and compactly supported
in .�1; 1/.

Proof. Using the same decomposition as in Lemma 2.7, set

‰c WD c0ˆ0 C c1ˆ1 � .�c0z C c1/1z>0�.z/:
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Then f‰c.x; z/ WD ‰c.x;�z/ is the solution to8̂̂̂̂
<̂
ˆ̂̂:
z@xf‰c � @zzf‰c D gc in �;

‰c.x0; z/ D 0 for z 2 .0; 1/;

‰c.x1; z/ D .�c0z � c1/�.�z/ for z 2 .�1; 0/;

‰c
jzD˙1

D 0;

where gc D .c1�00.�z/ � 2c0�0.�z/C c0z�00.�z//1z<0. Thus, (2.49) follows from
Corollary 2.30, applied with f D gc 2 C1.x�/, ı0 D �0 D 0 and ı1.z/ D .�c0z �
c1/�.�z/ and �1 D 0.

It remains to prove that .d0; d1/ ¤ .0; 0/. By Proposition 2.10, f‰c 2 H 1
xH

1
z if

and only if `j .gc ; 0; ı1/ D 0 for j D 0; 1. By Definition 2.12, since @xgc D 0 and
�0 D �1 D 0,

`j .gc ; 0; ı1/ D 0” @jzı0.0/ � @
j
zı1.0/ D 0:

Since ı0 D 0 and ı1.0/ D �c1 and ı01.0/ D �c0, .d0; d1/ D .0; 0/ if and only iff‰c 2 H 1
xH

1
z , if and only if .c0; c1/ D 0.

Remark 2.33. Using Corollary 2.32 and the regularity result Lemma 2.28 on Nuising,

we see that f 7! `j .f;0;0/D
R
�
@xf ˆj is not only continuous onH 1

xL
2
z but also on

H �
x L

2
z for every � > 1

6
. We will encounter a related threshold of tangential regularity

in Proposition 2.36.

Using the decomposition of the dual profiles, we can show that the orthogonal-
ity conditions are also independent when considering only variations of the inflow
boundary data.

Proposition 2.34. The linear forms `0 and `1 are independent on ¹0º � C1c .†0/ �
C1c .†1/.

Proof. By contradiction, let .c0; c1/ 2 R2 n ¹0º such that, for every ı0 2 C1c .†0/
and ı1 2 C1c .†1/,

c0`0.0; ı0; ı1/C c1`1.0; ı0; ı1/ D 0:

Let .d0; d1/ 2 R2 n ¹0º, � and ˆreg 2 Z
1 be given by Corollary 2.32. By symmetry,

assume that d0 ¤ 0. By Definition 2.12, for every ı0 2 C1c .†0/, letting �0.z/ WD
ı000.z/=z,

0 D c0`0.0; ı0; 0/C c1`1.0; ı0; 0/

D

Z
†0

z�0
�
.�c0z C c1/�.z/C d0 Nu

0
sing.x0;�z/Cˆreg.x0; z/

�
D

Z
†0

ı000
�
.�c0z C c1/�.z/C d0 Nu

0
sing.x0;�z/Cˆreg.x0; z/

�
:
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For Nz > 0 small enough, on .0; Nz/, � D 1 and Nu0sing.x0;�z/D z
1
2ƒ0.�1/D z

1
2 (see

Definition 2.26 and Proposition 2.21). Since Z1 ,! H 1
xH

2
z , ˆregj†0 2 H

2.†0/.
If supp ı0 � .0; Nz/, integrating by parts yields

0 D d0

Z 1

0

�
�
1

4
z�

3
2 C '.z/

�
ı0.z/;

where '.z/ WD @zzˆreg.x0; z/ 2 L
2.†0/. Since z 7! z�

3
2 does not belong to L2.0; Nz/

but ' does, one easily deduces that there exists ı0 2 C1c ..0; Nz// such that the right-
hand side is non-zero, reaching a contradiction.

Let us conclude this section with an easy consequence of the decomposition result
from Corollary 2.30, which will be used in Section 5.2.

Corollary 2.35 (Single orthogonality condition for localized solutions). There exists
a couple .a0; a1/ 2 R2 n ¹.0; 0/º such that the following result holds.

Let .f; ı0; ı1/ 2 HK and let u 2 Z0.�/ be the unique solution to (2.1). Assume
that there exists 0 < r < min.x1 � x0; 1/ such that supp u � B..x1; 0/; r/c . Then
u 2 Z1.�/ if and only if �

a0`0 C a1`1
�
.f; ı0; ı1/ D 0:

Proof. Let us choose the cut-off function �1 from Definition 2.26 such that suppu \
supp�1D;. According to Corollary 2.30, there exists .c0; c1/2R2 and ureg 2Z

1.�/

such that u D c0 Nu0sing C c1 Nu
1
sing C ureg. Multiplying this identity by �1, we infer that

c1 Nu
1
sing�1 D �ureg�1 2 Z

1.�/. Lemma 2.27 then entails that c1 D 0.
Therefore u 2 Z1.�/ if and only if c0 D 0. We then recall (2.48), and we denote

by .a0; a1/ the two coefficients in the first line of xM�1. The result follows.

2.5 Interpolation and fractional regularity

For further purposes, we will also need some fractional regularity results. Their proof
relies on interpolation arguments, and therefore on the explicit expressions of the
singular profiles. Due to a subtle technical difficulty, the proof of these results are
postponed to Chapter 6.

Proposition 2.36. Let � 2 .0; 1/ n ¹1=6; 1=2º. Let f 2 H �
x L

2
z , ı0 2 H 2.†0/, ı1 2

H 2.†1/ such that ı0.1/ D ı1.�1/ D 0.

• If � > 1=6, assume that `0.f; ı0; ı1/ D `1.f; ı0; ı1/ D 0.

• If �>1=2, assume also that�i 2H1
z.†i / and�1.�1/D�0.1/D0 (recall (2.8)).
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The unique strong solution u 2 Z0.�/ to (2.1) is in Z� .�/ WD ŒZ0.�/; Z1.�/�� ,
with

kukZ� . kf kH�x L2z C kı0kH2 C kı1kH2 C 1�>1=2
�
k�0kH1

z
C k�1kH1

z

�
: (2.50)

Remark 2.37. The case � D 1=6 is not covered in the above result. This critical level
of regularity corresponds to the maximal continuity of the orthogonality conditions.
Such critical levels are excluded from the abstract interpolation results on which we
rely (see Lemma 6.2). In this case, one would expect a similar result to hold, but
with a supplementary norm on the data, in the spirit of [5, 6]. The case � D 1=2

is also excluded, but it would be possible to include it provided one introduces an
appropriate additional norm.

Remark 2.38. The regularity assumptions on the ıi ’s are not optimal and could be
weakened.

We also obtain the following analogue of Corollary 2.35 in fractional regularity.

Corollary 2.39 (Single orthogonality condition for localized solutions in fractional
regularity). Let .a0; a1/ 2 R2 n ¹.0; 0/º be the couple from Corollary 2.35. Let � 2
.1=6; 1/ n ¹1=2º. Let f 2 H �

x L
2
z , ı0 2 H 2.†0/ such that ı0.1/ D 0. For � > 1=2,

assume also that�0 2H1
z.†0/ and�0.1/D 0. Let u 2Z0.�/ be the unique solution

to (2.1) associated with .f; ı0; 0/.
Assume that there exists 0<r<min.x1�x0; 1/ such that suppu� B..x1; 0/; r/c .

Then u 2 Z� .�/ if and only if�
a0`0 C a1`1

�
.f; ı0; 0/ D 0;

and in this case

kukZ� . kf kH�x L2z C kı0kH2.†0/ C 1�>1=2k�0kH1
z.†0/

:

Proof. The proof follows the same structure as the Z1 case.
Using Proposition 2.36, we first prove an analogue of the decomposition result

Corollary 2.30 for source terms f 2 H �
x L

2
z with � 2 .1=6; 1/, where the conclusion

is that ureg 2 Z
� .

The conclusion then stems from the fact that Nu0sing … Z
� . Indeed, by Lemma 1.15,

for � � 1=6, Z� ,! H
5
6
x L

2
z \H

1
6
x H

2
z . But, from Lemma 2.28, Nu0sing … H

5
6
x L

2
z \

H
1
6
x H

2
z .





Chapter 3

A first nonlinear example in kinetic theory

In this chapter, we explain how the linear theory of Chapter 2 can be used in a simple
nonlinear context. Before moving on to nonlinear examples from fluid mechanics in
Chapters 4 and 5 (which involve additional difficulties), we encourage the reader to
start by reading this section, where we set up the basics of our method to construct
perturbative solutions to semilinear or quasilinear problems despite orthogonality
conditions. In particular, we formulate a black-box abstract result in Section 3.5
which we will use in the sequel.

3.1 Description of the model and main result

As an example, we will show how one can build regular solutions to a stationary
nonlinear system of Vlasov–Poisson–Fokker–Planck-type, set on a bounded interval.
For the sake of readability, we will focus on the following system:8̂̂<̂

:̂
z@xuCEŒu�@zu � @zzu D f;

uj†i D ıi ;

ujzD˙1 D 0;

(3.1)

where EŒu� is an electric force deriving from a potential V Œu� satisfying a Poisson
equation:

E D @xV; where

´
@xxV.x/ D

R 1
�1
u.x; z/ dz for x 2 .x0; x1/;

@xVjxDx0 D 0:
(3.2)

In this toy model, the termEŒu�@zu corresponds to a semilinear contribution, which is
easily estimated since explicit integration of (3.2) and the Cauchy–Schwarz inequality
yield

kEŒu�kL1.x0;x1/ . kEŒu�kH1.x0;x1/ . kukL2.�/: (3.3)

Remark 3.1. Our toy kinetic model (3.1)–(3.2) departs from classical kinetic models
such as the one studied in [32] in the following ways:

• As mentioned before, the variable z is more commonly denoted by v and repre-
sents the velocity of the particles. We keep the notation z by consistency with the
remainder of the memoir.
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• Usually, even if the position variable x lives in a bounded domain, the velocity
variable z lives in R so that particles can take arbitrary speeds. Since our moti-
vation is to understand what happens near the critical line ¹z D 0º we focus here
on the region z 2 Œ�1; 1�. We expect that our techniques can be applied to the
unbounded case to obtain similar results, provided that one works in the appro-
priate functional spaces to encode decay as jzj ! 1.

• One could also enforce a non-zero Neumann boundary condition for the potential
V at the left endpoint x D x0, namely @xVjxDx0 D g0 2 R as in [32]. This is a
straightforward adaptation of the results presented below.

The goal of the next paragraphs is to prove the following counterparts of Proposi-
tions 2.5 and 2.17 concerning the linear model (2.1) for our nonlinear toy model. We
will work with the following spaces of data triplets:

HFP WD
®
.f; ı0; ı1/ 2 HK I ı

0
i .z/=z 2 H1

z.†i / and ı0i ..�1/
i / D 0 for i 2 ¹0; 1º

¯
(3.4)

with the norm

k.f; ı0; ı1/kHFP WD k.f; ı0; ı1/kHK C kı
0
0.z/=zkH1

z
C kı01.z/=zkH1

z
; (3.5)

where we recall that the space H1
z is defined in (1.22) and the space HK in (2.13).

We also define

H?FP;sg WD
®
.f; ı0; ı1/ 2 HFP I `0.f; ı0; ı1/ D `1.f; ı0; ı1/ D 0

¯
:

Theorem 5. There exists a constant � > 0, and a Lipschitz submanifold MFP of
HFP of codimension 2, containing 0 and included in the ball of radius � in HFP ,
modeled on H?FP;sg and tangent to it at 0 (see Remark 3.12), such that the following
statements hold:

(1) For all .f; ı0; ı1/ 2 L2.�/ �H1
z.†0/ �H1

z.†1/ with ı0.1/ D ı1.�1/ D 0
such that

kf kL2 C kı0kH1
z
C kı1kH1

z
� �; (3.6)

system (3.1)–(3.2) has a solution u 2 Z0.�/ satisfying

kukZ0 . kf kL2 C kı0kH1
z
C kı1kH1

z
(3.7)

and which is unique in a neighborhood of 0 in Z0.�/.

(2) For all .f; ı0; ı1/ 2 HFP such that

k.f; ı0; ı1/kHFP � �;

the locally unique solution u 2Z0.�/ to (3.1)–(3.2) enjoysZ1.�/ regularity
if and only if .f; ı0; ı1/ 2MFP , which corresponds to two nonlinear orthog-
onality conditions.
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For such data, one has

kukZ1 . k.f; ı0; ı1/kHFP : (3.8)

Remark 3.2. The nonlinearity of the Vlasov–Poisson–Fokker–Planck system (3.1) is
sufficiently mild to allow for a theory of weak solutions, leading to the first statement
of Theorem 5. The Prandtl system in the vicinity of the recirculation zone enjoys the
same feature, accounting for the first part of Theorem 4. However, the nonlinearity
in the Burgers system (1.1) is stronger, and prevents us from proving the analogue of
the first statement of the above theorem.

3.2 Well-posedness theory with low regularity

We prove in this section Item (1) of Theorem 5, which corresponds to the well-
posedness theory at regularity Z0, and is therefore a nonlinear counterpart of Propo-
sition 2.5.

Lemma 3.3 (Existence of Z0 solutions of (3.1)–(3.2)). There exists � > 0 such that,
for any .f; ı0; ı1/ 2 L2.�/ �H1

z.†0/ �H1
z.†1/ with ı0.1/ D ı1.�1/ D 0 satisfy-

ing (3.6), there exists a solution u 2 Z0.�/ to (3.1)–(3.2) with (3.7).

Proof. Let .f; ı0; ı1/ 2 L2.�/ �H1
z.†0/ �H1

z.†1/ with ı0.1/ D ı1.�1/ D 0 sat-
isfying (3.6) for some � > 0 small enough to be chosen later.

• Definition of the sequence. We construct a sequence by setting u0 WD 0 and, for
all n 2 N, we define unC1 2 Z0.�/ by induction as the solution to8̂̂<̂

:̂
z@xunC1 � @zzunC1 D f �En@zun;

.unC1/j†i D ıi ;

.unC1/jzD˙1 D 0;

where En WD EŒun�. At each step, by (3.3), En 2 L1.x0; x1/. Hence, since un 2
Z0.�/, f � En@zun 2 L2.�/, so the existence of unC1 2 Z0.�/ follows from
Proposition 2.5.

• Uniform bound in Z0. Let us prove by induction that kunkZ0 � 2CP � for all
n 2 N, where CP is the constant in Pagani’s estimate (2.7), provided that � is
small enough. The statement is true for n D 0. For n � 0, by (3.3), kEnkL1 .
kunkL2 . �. As a consequence, it follows from Proposition 2.5 that

kunC1kZ0�CP .kf kL2Ckı0kH1
z
Ckı1kH1

z
CkEnk1k@zunkL2/ � CP �CC�

2;

for some C depending only on �. Therefore, if C� < CP , the bound propagates
by induction.
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• Convergence. Now, let wn WD unC1 � un. Then, for n � 1, wn is a solution to8̂̂<̂
:̂
z@xwn � @zzwn D �.En �En�1/@zun�1 �En@z.un � un�1/;

.wn/j†i D 0;

.wn/jzD˙1 D 0:

By (3.3), kEn �En�1kL1 . kun � un�1kL2 and kEnkL1 . kunkL2 . Hence, by
Proposition 2.5,

kwnkZ0 . k.En �En�1/@zun�1kL2 C kEn@z.un � un�1/kL2 . �kwn�1kZ0

and thus .un/n2N is a Cauchy sequence inZ0.�/ provided that � is small enough.
Passing to the limit as n!1, we obtain a strong solution u 2 Z0 with kukZ0 �
2CP � to (3.1)–(3.2).
Eventually, the uniform bound propagated on the sequence also passes to the limit
and implies (3.7).

Lemma 3.4 (Uniqueness of Z0 solutions of (3.1)–(3.2)). There exists � > 0 such
that, for any .f; ı0; ı1/ 2 L2.�/ �H1

z.†0/ �H1
z.†1/, (3.1)–(3.2) has at most one

solution u 2 Z0.�/ such that kukZ0 � �.

Proof. Let .f; ı0; ı1/ 2 L2.�/�H1
z.†0/�H1

z.†1/ and u;u0 2Z0.�/ be two solu-
tions to (3.1)–(3.2). Then w WD u � u0 2 Z0.�/ is a solution to8̂̂<̂

:̂
z@xw � @zzw D .EŒu

0� �EŒu�/@zu
0 �EŒu�@zw;

wj†i D 0;

wjzD˙1 D 0:

(3.9)

Multiplying (3.9) by w, integrating by parts and using the boundary conditions and
@zEŒu� D 0, we obtainZ

�

.@zw/
2
�

Z
�

j.EŒu0� �EŒu�/@zu
0wj:

By (3.3), kEŒu0��EŒu�kL1 . kwkL2 . Hence, sincewjzD˙1D 0, Poincaré’s inequal-
ity entails that

kwk2
L2

. k@zwk2L2 . kEŒu0� �EŒu�kL1k@zu0kL2kwkL2 . k@zu0kL2kwk2L2 :

Hence, there exists C1 > 0 (depending only on �) such that

kwk2
L2
� C1k@zu

0
kL2kwk

2
L2
: (3.10)

If C1k@zu0kL2 < 1, (3.10) implies w D 0, so uniqueness holds in the ball of radius
1=C1 of Z0.�/.
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3.3 Nonlinear orthogonality conditions for higher regularity

We now prove Item (2) of Theorem 5, which corresponds to the well-posedness the-
ory at regularity Z1, under orthogonality conditions, and is therefore a nonlinear
counterpart of Proposition 2.17.

Lemma 3.5. There exist .f k; ık0 ; ı
k
1 / 2 HFP for k 2 ¹0; 1º such that

8j; k 2 ¹0; 1º; `j .f k; ık0 ; ı
k
1 / D 1jDk :

Proof. As Corollary 2.19, this follows from Proposition 2.15.

Proposition 3.6. There exist � > 0 and maps UFP W B� ! Z1.�/ and .�0FP ; �
1
FP / W

B�!R2, where B� is the ball of radius � in HFP such that, for any .f; ı0; ı1/ 2 B� ,
u WD UFP .f; ı0; ı1/ 2 Z

1.�/ and �j WD �jFP .f; ı0; ı1/ obey the equation8̂̂<̂
:̂
z@xuCEŒu�@zu � @zzu D f C �

0f 0 C �1f 1;

uj†i D ıi C �
0ı0i C �

1ı1i ;

ujzD˙1 D 0;

(3.11)

where the triplets .f k; ık0 ; ı
k
1 / for k 2 ¹0; 1º are defined in Lemma 3.5. Furthermore,

u and � satisfy the estimate

kukZ1 C j�
0
j C j�1j . k.f; ı0; ı1/kHFP (3.12)

and the orthogonality conditions

�j D �`j .f �EŒu�@zu; ı0; ı1/ for j 2 ¹0; 1º: (3.13)

Proof. Let .f; ı0; ı1/ 2 HFP with k.f; ı0; ı1/kHFP � � small enough to be chosen
later on. We modify our iterative scheme to construct Z1 solutions using Proposi-
tion 2.17 and accommodate for the two orthogonality conditions at each step.

• Definition of the sequence. More precisely, we take u0 WD 0 and, for n 2N, given
un2Z

1.�/ such that unj†i 2H
1
z.†i /, we define unC12Z1.�/ as the solution to8̂̂<̂

:̂
z@xunC1 � @zzunC1 D f �En@zun C �

0
nC1f

0 C �1nC1f
1;

.unC1/j†i D ıi C �
0
nC1ı

0
i C �

1
nC1ı

1
i ;

.unC1/jzD˙1 D 0;

(3.14)

where En WD EŒun�, the triplets .f k; ık0 ; ı
k
1 / for k 2 ¹0; 1º are defined in Lem-

ma 3.5 and
�
j
nC1 WD �`

j .f �En@zun; ı0; ı1/: (3.15)
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This choice ensures that the two orthogonality conditions

`j
�
f �En@zun C �

0
nC1f

0
C �1nC1f

1; ı0 C �
0
nC1ı

0
0 C �

1
nC1ı

1
0 ;

ı1 C �
0
nC1ı

0
1 C �

1
nC1ı

1
1

�
D 0

are satisfied.
We now verify that the data of (3.14) satisfy the assumptions of Proposition 2.17.
This mostly follows from the inclusion HFP � HK . It only remains to check
that .�En@zun; 0; 0/ 2 HK , i.e., that �En@zun 2 H 1

xL
2
z , .�En@zun=z/j†i 2

H1
z.†i / and .�En@zun=z/.xi ; .�1/i / D 0. The condition @zun.xi ; .�1/i / D 0

is guaranteed by the constraint ı0i ..�1/
i / D 0 contained in definition (3.4) which

also entails .ıki /
0..�1/i /D 0. We now estimate the norms of En@zun. First, from

the lateral boundary conditions, we derive that

k@zunC1.xi ; z/=zkH1
z.†i /

� kı0i .z/=zkH1
z.†i /

C

X
k2¹0;1º

j�knC1j � k.ı
k
i /
0.z/=zkH1

z.†i /

. k.f; ı0; ı1/kHFP C j�
0
nC1j C j�

1
nC1j: (3.16)

Since En does not depend on z, we obtain, using (3.3),

kEn.xi /@zun.xi ; z/=zkH1
z.†i /

� kEnkL1k@zun.xi ; z/=zkH1
z.†i /

; (3.17)

and therefore .�En@zun=z/j†i 2 H1
z.†i /. Moreover, using again (3.3),

kEn@zunkH1xL2z . kEnkH1xk@zunkL1x L2z C kEnkL1x k@zunkH1xL2z
. kunkL2kunkZ1 : (3.18)

By Proposition 2.17, we conclude that unC1 2 Z1.�/.

• Uniform bound inZ1.Let us prove by induction that there exists a constant C1>0
such that, if � is small enough, then, for all n 2 N,

Un WD kunkZ1 C
X
i2¹0;1º

k@zun.xi ; z/=zkH1
z.†i /

� 2C1�:

This holds for n D 0. For n 2 N, it follows from (2.16) that

kunC1kZ1 . k.f; ı0; ı1/kHK C j�nC1j C kEn@zunkH1xL2z
C

X
i2¹0;1º

k.En@zun/j†i =zkH1
z.†i /

:

We obtain from (3.15) and Lemma 2.13 that

j�
j
nC1j . k.f; ı0; ı1/kHK C kEn@zunkH1xL2z C

X
i2¹0;1º

k.En@zun/j†i =zkH1
z.†i /

:
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Using (3.16), (3.17), (3.18), we infer that there exists C1 > 0 (depending only
on �) such that

UnC1 � C1.k.f; ı0; ı1/kHFP C U
2
n /:

Thus, if � � 1=.4C 21 /, then the bound Un � 2C1� propagates by induction.

• Convergence. As in the low regularity case, we let wn WD unC1 � un. Then, for
n � 1, wn is now a solution to:8̂̂̂̂

<̂
ˆ̂̂:
z@xwn � @zzwn D� .En �En�1/@zun�1 �En@z.un � un�1/

C .�0nC1 � �
0
n/f

0
C .�1nC1 � �

1
n/f

1;

.wn/j†i D .�
0
nC1 � �

0
n/ı

0
i C .�

1
nC1 � �

1
n/ı

1
i ;

.wn/jzD˙1 D 0:

Using the same type of proof as above, we derive from (3.15) and Definition 2.12
that

j�
j
nC1 � �

j
n j . �kwn�1kZ1 :

Therefore, estimate (2.16) of Proposition 2.17 entails that

kwnkZ1 . �kwn�1kZ1 :

Thus .un/n2N and .�jn /n2N are Cauchy sequences. Passing to the limit, we deduce
that there exist u 2 Z1.�/ and .�0; �1/ 2 R2 satisfying (3.11), (3.12) and (3.13).

Definition 3.7. For � > 0 small enough, we define MFP as

MFP WD
®
.f; ı0; ı1/ 2 HFP I k.f; ı0; ı1/kHFP � � and FP .f; ı0; ı1/ D .0; 0/

¯
:

(3.19)
By definition, for any .f; ı0; ı1/ 2MFP , there exists a solution u 2 Z1.�/ to (3.1)
(since (3.11) is satisfied with �0 D �1 D 0), which satisfies (3.8) thanks to (3.12).

Proposition 3.8. There exists � > 0 such that, for any .f; ı0; ı1/ 2 HFP and u 2
Z1.�/ solution to (3.1)–(3.2) satisfying k.f; ı0; ı1/kHFP � � and kukZ1 � �, one
has .f; ı0; ı1/ 2MFP .

Proof. Let .f; ı0; ı1/ 2 HFP and u 2 Z1.�/ be a solution to (3.1)–(3.2). Assume
that kukZ1 � � and k.f; ı0; ı1/kHFP � � for some � > 0 small enough to be chosen
later.

Since u 2 Z1.�/, one has �EŒu�@zu 2 H 1
xL

2
z . Thus, viewing (3.1) as a linear

equation with source term f �EŒu�@zu, Proposition 2.17 implies that

`j .f �EŒu�@zu; ı0; ı1/ D 0:
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Now, let . Qu;�0; �1/2Z1.�/�R2 be the solution to (3.11) constructed from .f;ı0; ı1/

in Proposition 3.6. By (3.13),

�j D �`j .f �EŒ Qu�@z Qu; ı0; ı1/:

Combining both equalities leads to

j�0j C j�1j . .kukZ1 C k QukZ1/ku � QukZ1 :

Therefore, writing the system satisfied by w WD u � Qu and applying estimate (2.16)
of Proposition 2.10 leads to

kwkZ1 . �kwkZ1 :

If � > 0 is small enough, this implies that w D 0, so �0 D �1 D 0, and .f; ı0; ı1/ 2
MFP .

Remark 3.9 (An alternative approach). Another potential proof of Item 2 of Theo-
rem 5 could be the following. Consider the map

�
j
FP W .f; ı0; ı1/ 2 HFP 7! �`j .f; ı0; ı1/C `j .EŒu�@zu; 0; 0/ 2 R2;

where u 2 Z0 is the unique solution to system (3.1)–(3.2), provided by Lemma 3.3.
Since u 2 Z0, EŒu�@zu 2 H

1=3
x L2z , and therefore �jFP is well defined thanks to

Remark 2.33. We then set MFP WD ¹.f; ı0; ı1/ 2 HFP I �
j
FP .f; ı0; ı1/ D 0º. Then

for all .f; ı0; ı1/ 2 HFP , u is a solution to an equation of the type z@x � @zzu D g,
where the right-hand side g belongs toH 1=3

x L2z and satisfies orthogonality conditions.
It follows from the interpolation result Proposition 2.36 and Lemma 1.15 that u 2
Z1=3 ,! H 1

xL
2
z \H

1=3
x H 2

z , and therefore EŒu�@zu 2 H
2=3
x L2z . Bootstrapping twice

the same argument, we eventually infer that u 2 Z1.
However, this argument is based on the existence ofZ0 solutions of the nonlinear

problem without any orthogonality condition. For the Burgers equation, the nonlin-
earity is too strong for such a theory of weak solutions to be available. Therefore, in
order to unify the presentation, we have chosen to present a different proof, based on
a modification of the iterative scheme.

3.4 Regularity and tangent space of the manifold

We now give another description of the set MFP defined in (3.19), which we use to
prove that it is indeed a Lipschitz submanifold of HFP of codimension 2, modeled on
H?FP;sg, and we describe its tangent space at the origin. Throughout this paragraph,
we denote by „ D .f; ı0; ı1/ an element of HFP .
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We recall that there exist„0;„12HFP such that `j .„k/D1jDk (see Lemma 3.5),
and such that H?FP;sg WD ker `0 \ ker `1 \HFP D .R„0 CR„1/?. For every „ 2
HFP , one has the decomposition

„ D „? C h„I„0iHFP„
0
C h„I„1iHFP„

1; (3.20)

where „? 2 H?FP;sg and the linear maps „ 7! „? and „ 7! h„kI„iHFP are con-
tinuous.

Lemma 3.10. For � > 0 small enough, the set MFP defined in (3.19) is equal to

zMFP WD
®
z„2HFP Ik z„kHFP � � and h z„I„j iD �jFP . z„

?/ for j 2 ¹0;1º
¯
: (3.21)

Proof. We proceed by double inclusion.
Let z„ 2 zMFP . Consider the solution .u; �0; �1/ 2 Z1.�/ � R2 constructed for

the data z„? in Proposition 3.6. Then u 2 Z1.�/ is a solution to (3.1)–(3.2) with
data z„? C �0FP . z„

?/„0 C �1FP .
z„?/„1. Since z„ 2 zMFP , we infer from (3.20) that

u 2 Z1.�/ is actually a solution with data z„. Thus, Proposition 3.8 implies that
z„ 2MFP .

Let „ 2MFP . We introduce

z„ WD „? C �0FP .„
?/„0 C �1FP .„

?/„1;

which can be thought of as a good projection of „ on zMFP since z„? D „? and
z„ 2 zMFP . Let u; Qu 2 Z1.�/ denote the solutions constructed in Proposition 3.6
from„ and„?. For k 2 ¹0; 1º, we also introduce the coefficients �k WD �kFP .„

?/�

h„I„kiHFP , which characterize how far„ is from zMFP . Then w WD Qu� u belongs
to Z1.�/ with

kwkZ1 . �

and is a solution to8̂̂<̂
:̂
z@xw � @zzw D EŒu�@zu �EŒ Qu�@z QuC �

0f 0 C �1f 1;

wj†i D �
0ı0i C �

1ı1i ;

wjzD˙1 D 0:

(3.22)

By Proposition 2.17, since w 2 Z1.�/, the following orthogonality conditions are
satisfied for j D 0; 1:

0 D `j .EŒu�@zu �EŒ Qu�@z QuC �
0f 0 C �1f 1; �0ı00 C �

1ı10 ; �
0ı01 C �

1ı11/

D `j .EŒu�@zu �EŒ Qu�@z Qu; 0; 0/C �
j : (3.23)

Moreover, since
kEŒu�@zu �EŒ Qu�@z QukH1xL2z . �kwkZ1 ;
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we infer from (3.23) that
j�j j . �kwkZ1 :

Applying estimate (1.7) to (3.22), we obtain

kwkZ1 . �kwkZ1 C j�
0
j C j�1j . �kwkZ1 :

For � > 0 small enough, this entails that w D 0 and �0 D �1 D 0, so that „ 2
zMFP .

Lemma 3.11. The maps UFP and �FP of Proposition 3.6 are Lipschitz-continuous.

Proof. Taking two triplets„;„0 2HFP , one can consider the constructed sequences
un; u

0
n 2 Z

1.�/ and �n; �0n 2 R2 from (3.14). Then, for n � 1, wn WD un � u0n is the
solution to8̂̂̂̂

<̂
ˆ̂̂:
z@xwn � @zzwn D .f � f

0/ �EŒwn�1�@zun�1 �EŒu
0
n�1�@zwn�1

C .�0n � �
00
n /f

0
C .�1n � �

01
n /f

1;

.wn/j†i D .ıi � ı
0
i /C .�

0
n � �

00
n /ı

0
i C .�

1
n � �

01
n /ı

1
i ;

.wn/jzD˙1 D 0;

where, from (3.15) and Definition 2.12,

j�n � �
0
nj . k„ �„

0
kHFP C �kwn�1kZ1 :

Thus, we obtain from Proposition 2.17 that

kwnkZ1 . k„ �„0kHFP C �kwn�1kZ1 :

For � small enough, we obtain at the limit that

ku � u0kZ1 C j� � �
0
j . k„ �„0kHFP ;

which concludes the proof.

Remark 3.12. Since we only proved Lipschitz regularity for the map �FP , (3.19)
(and equivalently (3.21)) a priori only defines a Lipschitz manifold. Hence, it is diffi-
cult to define tangent spaces to MFP . Nevertheless, one can say that H?FP;sg is tangent
to MFP at 0 in the following weak senses:

• For „ 2MFP , d.„;H?FP;sg/ . k„k2
HFP

.

• For every „? 2 H?FP;sg, for " 2 R small enough, d."„?;MFP / . "2.

Both facts are straightforward consequences of the equivalent definitions (3.19) and
(3.21) and of the estimate

j�j .„/C `j .„/j . k„k2HFP
which follows from (3.13) and (3.12).
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Remark 3.13. It is likely that similar techniques can be used to prove that MFP has
in fact more regularity (say C 1 for example) and characterize its tangent spaces in
a neighborhood of the origin by computing the orthogonality conditions associated
with the linearized problems around small enough solutions u 2 Z1.�/, but this is
not our focus here.

3.5 A general formalization

The construction used in Section 3.3 can be seen as a particular case (see Remark 3.16)
of a more general approach to construct solutions to semilinear or quasilinear equa-
tions in the presence of orthogonality conditions, in a perturbative regime. We give
here a statement in an abstract framework which we will use in the following sections
for the Burgers and Prandtl systems.

Our abstract result is related with general results for semilinear problems associ-
ated with Fredholm operators with negative index, such as the ones of [60, Chapter 11,
Section 4.2.3]. However, the approach in this reference consists in modifying param-
eters in the nonlinearity to ensure the orthogonality conditions, while we focus on
constructing a submanifold of data for which the nonlinear problem has a regular
solution.

We intend to construct solutions to problems of the form Lu D N.„; u/, where
u 2 Z (the space of solutions), „ 2 X (the space of data for the nonlinear problem),
N W X � Z! H is the nonlinearity, with values in H (the space of source terms
‚ 2 H for the linear problem Lu D ‚).

To avoid investigating the C 1 dependency of the solutions to our nonlinear sys-
tems on the data, we use a version of the implicit function theorem for functions
which are not C 1 but only “strongly Fréchet-differentiable at a point”. We refer the
reader to [57, Chapter 25].

Definition 3.14. Let E; F be Banach spaces, f W E ! F and x� 2 E. We say that
f is strongly Fréchet-differentiable at x� when there exists a continuous linear map
L W E ! F such that for all x1, x2 with x1; x2 ! x�

kf .x1/ � f .x2/ � L.x1 � x2/kF D o.kx1 � x2kE /:

The following implicit function theorem is proved in [57, Paragraph 25.13].

Lemma 3.15. Let E1; E2; F be Banach spaces and f W E1 � E2 ! F such that
f .0; 0/D 0. Assume f is strongly Fréchet-differentiable at .0; 0/ and that @2f .0; 0/ W
E2 ! F is a linear isomorphism. Then there exists a Lipschitz-continuous map
g W E1 ! E2 defined in a neighborhood of 0 2 E1 such that, for every .x; y/ in
a neighborhood of .0; 0/ 2 E1 �E2, f .x; y/ D 0 if and only if y D g.x/. Moreover,
g is strongly Fréchet-differentiable at 0 and Dg.0/ D �.@2f .0; 0//�1@1f .0; 0/.
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Our general result is the following theorem.

Theorem 6. Let H ;X;Z be Banach spaces and d 2 N. Let ` W H ! Rd and L W
Z! H be continuous linear maps. Let N be a (nonlinear) map from X � Z to H

such that N.0; 0/ D 0. Assume that

(i) for all ‚ 2 H , the equation Lu D ‚ has a unique solution u 2 Z if and
only if ‚ 2 ker `, which moreover satisfies kukZ . k‚kH ;

(ii) N is strongly Fréchet-differentiable at .0; 0/ and @uN.0; 0/ D 0, i.e., there
exists a continuous linear map @„N.0;0/ WX!H such that, as„;„0 2X

and u; u0 2 Z go to 0,

kN.„; u/ �N.„0; u0/ � .@„N.0; 0//.„ �„
0/kH

D o
�
k„ �„0kX C ku � u

0
kZ

�
I (3.24)

(iii) `N WD ` ı @„N.0; 0/ is onto from X to Rd .

Then there exists a local Lipschitz submanifold M of X, modeled on ker `N (of codi-
mension d ) and tangent to it at 0, such that, for any„2X small enough, the equation
Lu D N.„; u/ has a solution u 2 Z if and only if „ 2M. Such a solution satisfies
kukZ . k„kX and is unique.

Proof. Using Item (iii), we fix „1; : : : ; „d 2 X such that `jN .„
k/ D 1jDk , and we

set‚k WD @„N.0; 0/„k . We could then mimic the iterative scheme of Section 3.3 by
defining sequences un 2 Z and �n 2 Rd such that

LunC1 D N

�
„C

X
k

�knC1„
k; un

�
:

Instead, we provide a shorter proof directly relying on the bundled result Lemma 3.15.
Let„ 7!„? be the linear continuous projection from X to ker `N parallel to the

space span .„1; : : : ; „d /, i.e., „? D „ �
Pd
jD1 `

j
N .„/„

j . Let f W ker `N � .Z �
Rd /! H defined by

f .„?; .u; a// WD Lu �N.„? C a1„
1
C � � � C ad„

d ; u/:

By Item (ii) and continuity of L on Z, f is strongly Fréchet-differentiable at .0; 0/.
Moreover, @2f .0; 0/ W .u; a/ 7! Lu � a1‚

1 � � � � � ad‚
d is a linear isomorphism

from Z�Rd to H by Item (i) and continuity of ` on H . Indeed, given h 2H , setting
ah WD �`.h/ and uh 2 Z the solution to Luh D hC ah1‚

1 C � � � C ah
d
‚d , one has

@2f .0; 0/.u
h; ah/ D h and kuhkZ . khkH , jahj . khkH .

Hence, the implicit function theorem stated in Lemma 3.15 yields the existence
of Lipschitz-continuous functions .U; �/ W ker `N ! Z � Rd such that, for every
„? 2 ker `N , u 2 Z and a 2 Rd small enough,

Lu D N.„? C a1„
1
C � � � C ad„

d ; u/
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if and only if aD�.„?/ and uDU.„?/. From there, we infer that for all„2X and
u 2Z small enough,LuDN.„;u/ if and only if `N .„/D �.„?/ and uD U.„?/.
Thus the conclusions of the theorem hold provided that we set

M WD
®
„ 2 XI k„kX � � and `N .„/ D �.„?/

¯
: (3.25)

Indeed, (3.25) corresponds to the graph characterization of a local Lipschitz sub-
manifold of X containing 0 and modeled on ker `N ; therefore of codimension d by
Item (iii). Eventually, � is strongly Fréchet-differentiable at 0 and, since Dg.0/ D
�.@2f .0; 0//

�1@1f .0; 0/ with the notation of Lemma 3.15, we obtain that D�.0/ D
�` ı @„N.0; 0/ D �`N so D�.0/ D 0 on ker `N , which justifies the claim that M is
tangent to ker `N at 0.

Remark 3.16. Item 2 of Theorem 5 can be recovered as a particular case of Theo-
rem 6 with the following setting:

• X D H D HFP defined in (3.4);

• the solution space

Z WD
®
u 2 Z1.�/IujzD˙1 D 0; .@zu.xi ; z//=z 2H

1
z.†i /; @zu.xi ; .�1/

i / D 0
¯
;

with
kukZ WD kukZ1 C

X
i2¹0;1º

k.@zu.xi ; z//=zkH1
z
I

• L W Z! X defined by Lu WD .z@xu � @zzu; uj†0 ; uj†1/, for which one easily
checks that the assumption Item (i) of Theorem 6 is satisfied thanks to Proposi-
tion 2.17;

• N W X �Z! H defined by N.„; u/ WD .f; ı0; ı1/ � .EŒu�@zu; 0; 0/. In partic-
ular, one has @„N.0; 0/D Id. To check that N takes values in H DHFP �HK ,
we must check that EŒu�.xi /@zu.xi ; .�1/i / D 0, which follows from the fact
that, for u 2 Z, @zu.xi ; .�1/i / D 0. We now check that N satisfies Item (ii) of
Theorem 6.
First, for u; u0 2 Z1.�/, by (3.3),

kEŒu�@zu �EŒu
0�@zu

0
kH1xL

2
z

� kEŒu � u0�@zukH1xL2z C kEŒu
0�@z.u � u

0/kH1xL2z

. ku � u0kL2k@zukH1xL2z C ku
0
kL2k@z.u � u

0/kH1xL2z

. .kukZ1 C ku
0
kZ1/ku � u

0
kZ1 :

Second, one similarly checks that

k.EŒu�@zu �EŒu
0�@zu

0/.xi ; z/=zkH1
z.†i /

. .kukZ C ku
0
kZ/ku � u

0
kZ:
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Hence, we conclude that

k.EŒu�@zu �EŒu
0�@zu

0; 0; 0/kHFP D k.EŒu�@zu �EŒu
0�@zu

0; 0; 0/kHK

. .kukZ C ku
0
kZ/ku � u

0
kZ

so that estimate (3.24) is satisfied.

• d D 2, ` WD .`0; `1/jHFP defined in Definition 2.12, which is continuous on HFP

thanks to Lemma 2.13 and the embedding HFP ,! HK , satisfying `N .X/ D
`.X/ D R2 by Lemma 3.5 and @„N.0; 0/ D Id.



Chapter 4

A viscous Burgers equation

In this chapter, we consider the following nonlinear parabolic forward-backward sys-
tem, which can be envisioned as a kind of stationary Burgers equation with transverse
viscosity: 8̂̂<̂

:̂
u@xu � @yyu D f;

uj†i D uj†i C ıi ;

ujyD˙1 D ujyD˙1:

(4.1)

As detailed in the introduction, the perturbation .f; ı0; ı1/ is small and we look for
solutions u which are close to the shear flow u.x; y/ WD y, which corresponds to
.f; ı0; ı1/ D .0; 0; 0/. Thanks to the nonlinear change of variables described in the
Introduction and detailed in Section 4.1, the local well-posedness of (4.1) can be
proved using the formalism of Section 3.5 (see Sections 4.2 and 4.3).

4.1 A nonlinear change of variables

As is classical for problems with free boundaries, we perform a change of variables
which straightens the critical curve ¹u D 0º. Heuristically, we swap the roles of the
vertical coordinate y and the unknown u, the latter becoming the vertical coordinate,
and the former the unknown of the new PDE. Keeping in mind that we are looking
for perturbative solutions with u close enough to u (in particular kuy � 1kL1 � 1),
we change the vertical coordinate y into z, defined as

z.x; y/ WD u.x; y/:

The new unknown Y.x; z/ is defined by the implicit relation

u.x; Y.x; z// D z: (4.2)

In particular, thanks to the boundary conditions ujyD˙1 D ujyD˙1 D˙1, one checks
that the domain .x; y/ 2 � D Œx0; x1� � Œ�1; 1� is indeed mapped to .x; z/ 2 �, and
one still has YjzD˙1 D ˙1. Similarly, if ıi .0/ D 0 and ıi ..�1/i / D 0, the inflow
boundary regions †i are also left invariant by this change of variable.

Remark 4.1. More rigorously, given u defined on � and close enough to u (for
example in H 1

xH
2
z topology), for each x 2 Œx0; x1�, the map y 7! u.x; y/ is a C 1

monotone increasing bijection from Œ�1; 1� to itself, and the implicit definition (4.2)
is equivalent to setting

Y.x; z/ WD .u.x; �//�1.z/: (4.3)
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From (4.2), we successively derive the relations

@yu.x; Y.x; z// D
1

@zY.x; z/
;

@xu.x; Y.x; z// D �@xY.x; z/@yu.x; Y.x; z// D �
@xY.x; z/

@zY.x; z/
;

@yyu.x; Y.x; z// D �
@zzY.x; z/

.@zY.x; z//3
:

(4.4)

These identities lead to the following PDE for Y :

z@xY � .@zY /
�2@zzY D �@zYf .x; Y /: (4.5)

Moreover, by (4.3), denoting by .� C ıi .�//�1 the functional inverse of the function
z 7! z C ıi .z/ and letting

‡Œıi �.z/ WD z � .� C ıi .�//
�1.z/; (4.6)

we have Y.x; z/ D z � ‡Œıi �.z/ for .x; z/ 2 †i , where we used ıi .0/ D 0 and
ıi ..�1/

i / D 0.
Therefore, we obtain the system8̂̂<̂

:̂
z@xY � .@zY /

�2@zzY D �@zYf .x; Y /;

Yj†i D z � ‡Œıi �.z/;

YjzD˙1 D ˙1:

(4.7)

Eventually, to make the perturbative nature of this system explicit, we write Y.x;z/D
z � zY .x; z/, which leads to the system8̂̂<̂

:̂
z@x zY � @zz zY D NB.f; zY /;

zYj†i D ‡Œıi �;

zYjzD˙1 D 0;

(4.8)

where the nonlinearity is given by

NB.f; zY / WD
@z zY .2 � @z zY /

.1 � @z zY /2
@zz zY C .1 � @z zY /f .x; z � zY /: (4.9)

We prove the well-posedness of (4.8) in Section 4.2 and use it to prove Theorem 3 in
Section 4.3.

Remark 4.2. The initial PDE u@xu � @yyu D f is quasilinear. After the change of
variables described in this paragraph, we obtain system (4.7), which is still a quasilin-
ear one (since the viscosity in front of @zz zY depends on zY ). However, we know from
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Chapter 2 that, for the linear problem z@xu � @zzu D f , there is no loss of deriva-
tive in the vertical direction. This key point allows us to apprehend (4.7) under the
form (4.8), treating this nonlinearity perturbatively as the first term ofNB in (4.9). The
fact that there is no loss of vertical derivative explains why we will be able to prove
in the following paragraph that the nonlinearity NB satisfies the mild estimates of
Theorem 6. This would not have been possible in the initial form u@xu� @yyu D f ,
since the linear theory involves a loss of 1

3
derivative in the horizontal direction.

4.2 Well-posedness in the new variables

We now prove the following well-posedness result with Z1.�/ regularity under two
orthogonality conditions for system (4.8). Let

HB WD
®
.f; ı0; ı1/ 2 HK I ı

00
i .z/=z 2 H1

z.†i /; ı
00
i ..�1/

i / D 0
¯
; (4.10)

XB WD
®
.f; ı0; ı1/ 2 HB If 2 H

1
xH

2
z ; fj†i D 0;

ıi 2 H
5.†i /; ıi .0/ D ı

00
i .0/ D 0

¯
; (4.11)

where we recall that the spaces HK and H1
z are defined in (2.13) and (1.22) respec-

tively, with the norms

k.f; ı0; ı1/kHB WD k.f; ı0; ı1/kHK C kı
00
0.z/=zkH1

z
C kı001.z/=zkH1

z
; (4.12)

k.f; ı0; ı1/kXB WD k.f; ı0; ı1/kHB C kf kH1xH2z C kı0kH5 C kı1kH5 : (4.13)

The restriction that fj†i D 0 lightens the exposition but could be partially relaxed.
The space XB of (4.11) is the same as the one defined in (1.3) in the introduction.

Our result on system (4.8) is the following proposition.

Proposition 4.3. There exist � > 0 and a local Lipschitz submanifold MB of XB

included in the ball of radius �, modeled on XB \ ker.`0; `1/ (of codimension 2) and
tangent to it at 0 such that, for every .f; ı0; ı1/ 2 XB such that k.f; ı0; ı1/kXB � �,
(4.8) has a solution zY 2 Z1.�/ if and only if .f; ı0; ı1/ 2MB . Such solutions are
unique and satisfy k zY kZ1 . k.f; ı0; ı1/kXB .

Proof. Our strategy is to apply the same nonlinear argument as for our kinetic theory
toy model (see Chapter 3). Before moving on to the formal proof using the abstract
Theorem 6, let us give a heuristic overview of the corresponding concrete nonlinear
scheme.

Heuristic overview of the nonlinear scheme. We follow the scheme described in
Section 3.3. Let .f; ı0; ı1/ 2XB with k.f; ı0; ı1/kXB � � small enough to be chosen
later on. We construct a sequence zYn of Z1.�/ functions using Proposition 2.17,
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accommodating for the two orthogonality conditions at each step. We take zY0 WD 0
and, for n 2 N, given zYn 2 Z1.�/, we define zYnC1 2 Z1.�/ as the solution to8̂̂<̂

:̂
z@x zYnC1 � @zz zYnC1 D NB.f; zYn/C �

0
nC1f

0 C �1nC1f
1;

. zYnC1/j†i D ‡Œıi �C �
0
nC1ı

0
i C �

1
nC1ı

1
i ;

. zYnC1/jzD˙1 D 0;

where the triplets .f k; ık0 ; ı
k
1 /2XB for k 2 ¹0;1º are such that `j .f k; ık0 ; ı

k
1 /D 1jDk

and are constructed as in Corollary 2.19 and

�
j
nC1 WD �`

j .NB.f; zYn/; ‡Œı0�; ‡Œı1�/:

This choice ensures that the two orthogonality conditions

`j
�
NB.f; zYn/C �

0
nC1f

0
C �1nC1f

1;

‡Œı0�C �
0
nC1ı

0
0 C �

1
nC1ı

1
0 ;

‡Œı1�C �
0
nC1ı

0
1 C �

1
nC1ı

1
1

�
D 0

are satisfied. One checks that Proposition 2.17 can be applied, yielding zYnC12Z1.�/.
One can then prove that . zYn/n2N is uniformly bounded by C� and is a Cauchy
sequence in Z1.�/.

Proof using our abstract toolbox. More precisely, this result follows from Theo-
rem 6, applied with the following setting: HB defined in (4.10) XB defined in (4.11),

• the solution space

ZB WD
®
u 2 Z1.�/IujzD˙1D0; @zzu.xi ; z/=z2H

1
z.†i /; @zzu.xi ; .�1/

i /D0
¯
;

with
kukZB WD kukZ1 C

X
i2¹0;1º

k@zzu.xi ; z/=zkH1
z.†i /
I

• d D 2, ` WD .`0; `1/jHB defined in Definition 2.12, continuous on HB by Lem-
ma 2.13 and HB ,! HK , satisfying `.XB/ D R2 by Proposition 2.15, since
C1c .�/ � ¹0º � ¹0º � XB ;

• L WZB !HB defined by Lu WD .z@xu� @zzu;uj†0 ; uj†1/, for which one easily
checks that the assumption Item (i) of Theorem 6 is satisfied thanks to Proposi-
tion 2.17;

• N WXB �ZB !HB defined byN.„; zY / WD .NB.f; zY /;‡Œı0�;‡Œı1�/. To prove
that N takes values in HB � HK , we must check that

(a) NB.f; zY / 2 H
1
xL

2
z: this follows from Lemmas 4.6 and 4.9 below;

(b) ‡Œıi � 2 H1
z.†i / and @zz‡Œıi �=z 2 H1

z.†i /: this follows essentially
from the chain rule, and is proved in Lemma 4.15 below;
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(c) .NB.f; zY /=z/j†i 2 H1
z.†i /: this follows from Corollary 4.13 below;

(d) NB.f; zY /.xi ; .�1/
i / D 0: this property follows from the fact that, for

„ 2 XB , fj†i D 0 and, for zY 2 ZB , @zz zY .xi ; .�1/i / D 0;

(e) ‡Œıi �..�1/
i /D @zz‡Œıi �..�1/

i /D 0: this follows from the properties
ıi ..�1/

i / D ı00i ..�1/
i /, see also the proof of Lemma 4.15 below.

Eventually, we claim thatN is strongly Fréchet-differentiable at .0;0/ in the sense
of Definition 3.14 with @uN.0; 0/D 0 and @„N.0; 0/D Id, which corresponds to
the following estimate, as „;„0 2 XB and zY ; zY 0 2 ZB go to 0,

k.NB.f; zY /;‡Œı0�; ‡Œı1�/ � .NB.f
0; zY 0/; ‡Œı00�; ‡Œı

0
1�/ � .„ �„

0/kHB

D o
�
k„ �„0kXB C k

zY � zY 0kZB
�
: (4.14)

This follows from Corollary 4.10 for the part involving NB , and from Corol-
lary 4.13 and Corollary 4.16 for the estimate of the boundary terms.

Note also that Item (iii) from Theorem 6 follows from a variant of Corollary 2.19
for the space HB , stepping on Proposition 2.15 and recalling that `N D `.

The next sections are dedicated to the proof of Item (a) and Item (c) and of esti-
mate (4.14) above. We will repeatedly use the following classical result.

Lemma 4.4. The pointwise product is (bilinearly) continuous from H 1
xH

1
z �H

1
xL

2
z

to H 1
xL

2
z .

4.2.1 Forcing term

We first derive estimates for the main forcing term .1 � @z zY /f .x; z � zY .x; z//

from (4.9). We start with an easy one-dimensional lemma.

Lemma 4.5. For �;  2 .H 2 \ H 1
0 /.�1; 1/ small enough (so that the changes of

variables z 7! z � �.z/ and z 7! z �  .z/ are well defined on Œ�1; 1�) and f 2
H 1.�1; 1/, one has

kf .z � �.z//kL2 . kf kL2 ; (4.15)

kf .z � �.z// � f .z �  .z//kL2 . k@zf kL2k� �  kL1 : (4.16)

Proof. First, (4.15) is straightforward since the Jacobian of the change of variables
z 7! z � �.z/ is bounded from below and from above for � small enough in .H 2 \

H 1
0 /.�1; 1/.

Second, for z 2 Œ�1; 1�, we write

f .z � �.z//� f .z � .z//D . .z/� �.z//

Z 1

0

@zf .z � s�.z/� .1� s/ .z// ds:
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Hence, by Cauchy–Schwarz,

kf .z � �.z// � f .z �  .z//k2
L2

. k� �  k2L1
Z 1

0

k@zf .z � .s�.z/C .1 � s/ .z///k
2
L2

ds

so that (4.16) follows from (4.15) applied to @zf and s� C .1 � s/ .

The next lemma states that the main forcing term belongs to H 1
xL

2
z .

Lemma 4.6. For �; 2 H 1
x .H

2
z \H

1
0 / small enough and f 2 H 1

xH
2
z , one has

k.1 � @z�/f .x; z � �/kH1xL2z . kf kH1xH2z ;

kf .x; z � �.x; z// � f .x; z �  .x; z//kH1xL2z . kf kH1xH2z k� �  kH1xH2z :

Proof. First, we observe that @z�; @z 2 L1, and @zf 2 L1. Since

@x.f .x; z � �// D @xf .x; z � �/ � @x�@zf .x; z � �/

we infer that f .x; z � �/ 2 H 1
xL

2
z . From there, we easily deduce the first estimate.

We then turn towards the second estimate. By the chain rule and the triangular
inequality, one has

kf .x; z � �/ � f .x; z �  /kH1xL2z . kf .x; z � �/ � f .x; z �  /kL2xL2z
C k@xf .x; z � �/ � @xf .x; z �  /kL2xL2z

C k.@zf .x; z��/�@zf .x; z� //�xkL2xL2z

C k@zf .x; z �  /.�x �  x/kL2xL2z :

By (4.16), the first two terms are bounded by k@zf kL2k� �  kL1 , k@xzf kL2k� �
 kL1 .

For the third term, using (4.16),

k.@zf .x; z � �/ � @zf .x; z �  //�xkL2xL2z

� k@zf .x; z � �/ � @zf .x; z �  /kL1x L2zk�xkL2xL1z

. k@zzf kL1x L2zk� �  kL1k�xkL2xL1z :

For the fourth term, using (4.15),

k@zf .x; z �  /.�x �  x/kL2xL2z � k@zf .x; z �  /kL1x L2zk�x �  xkL2xL1z

. k@zf kL1x L2zk�x �  xkL2xL1z :

Gathering these inequalities concludes the proof using usual Sobolev embeddings.
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We then prove the strong Fréchet-differentiability at .0; 0/ of the main forcing
term.

Lemma 4.7. For �1; �2 2 H 1
x .H

2
z \H

1
0 / small enough and f1; f2 2 H 1

xH
2
z ,

k.1 � @z�1/f1.x; z � �1/ � .1 � @z�2/f2.x; z � �2/ � .f1 � f2/kH1xL2z

. .kf1k C kf2k C k�1k C k�2k/ � .k�1 � �2k C kf1 � f2k/;

where k � k on the right-hand side denotes the H 1
xH

2
z norm.

Proof. First, we write

f1.x; z � �1/ � f2.x; z � �2/ � .f1 � f2/

D .f1 � f2/.x; z � �1/ � .f1 � f2/.x; z � 0/C f2.x; z � �1/ � f2.x; z � �2/:

Applying Lemma 4.6 to both lines, we have

kf1.x; z � �1/ � f2.x; z � �2/ � .f1 � f2/kH1xL2z

. kf1 � f2kH1xH2z k�1 � 0kH1xH2z C kf2kH1xH2z k�1 � �2kH1xH2z ;

which allows to conclude the proof thanks to Lemma 4.4.

4.2.2 Nonlinear viscous term

We derive estimates for the main nonlinear viscous term @z zY .2�@z zY /

.1�@z zY /2
@zz zY from (4.9).

Lemma 4.8. Let g W R! R be a C 3 function in a neighborhood of 0 with g.0/D 0.
Then the map G W H 1

xH
2
z ! H 1

xH
1
z given by G.�/ WD g.�z/ is well defined and

Lipschitz-continuous in a neighborhood of 0, and satisfies G.0/ D 0.

Proof. First, for �; 2 H 1
xH

2
z small enough,

kg.�z/ � g. z/kL1 � kg
0
kL1k�z �  zkL1 . k�z �  zkH1xH1z :

Second, for � 2 H 1
xH

2
z small enough,

@xz.g.�z// D g
0.�z/�xzz C g

00.�z/�xz�zz :

Hence, for �;  2 H 1
xH

2
z small enough, using that g 2 C 3 and decomposing the

difference, one obtains

k@xz.g.�z/ � g. z//kL2 . k� �  kH1xH2z ;

which concludes the proof.

The next lemma proves that the nonlinear viscous term belongs to H 1
xL

2
z .
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Lemma 4.9. For �; 2 H 1
xH

2
z small enough, one has



@z�.2 � @z�/.1 � @z�/2
@zz� �

@z .2 � @z /

.1 � @z /2
@zz 






H1xL

2
z

. .k�kH1xH2z C k kH1xH2z /k� �  kH1xH2z :

Proof. Since @zz is Lipschitz-continuous from H 1
xH

2
z to H 1

xL
2
z , by Lemma 4.4, the

result follows from the Lipschitz-continuity of � 7! @z�.2 � @z�/.1 � @z�/
�2 from

H 1
xH

2
z to H 1

xH
1
z , which is a consequence of Lemma 4.8 with the relation g.s/ WD

s.2 � s/.1 � s/�2.

Gathering Lemma 4.7 (for the part involving f ) and Lemma 4.9 (for the quadratic
part involving zY only), we obtain the Fréchet-differentiability of NB at .0; 0/.

Corollary 4.10. For „ D .f; ı0; ı1/, „0 D .f 0; ı00; ı
0
1/ 2 XB and zY ; zY 0 2 ZB small

enough,

kNB.f; zY / �NB.f
0; zY 0/ � .f � f 0/kH1xL2z D o.k„ �„

0
kXB C k

zY � zY 0kZB /:

4.2.3 Boundary contribution of the nonlinearity

We now derive estimates concerning the H1
z.†i / contribution of NB.f; zY /.

Lemma 4.11. For  2 H1
z.0; 1/, one has z 2 L1.0; 1/ with kz kL1 . k kH1

z
.

Proof. Let  2H1
z.0; 1/. First,  2H 1.1=2; 1/ and one has j .1/j. k kH1

z
. Thus,

for z0 2 .0; 1/,

j .z0/j � j .1/j C

Z 1

z0

j zj � j .1/j C j ln z0j
1
2 kz1=2 zkL2.0;1/ . j ln z0j

1
2 k kH1

z
;

which proves that j ln zj�
1
2 2 L1, so that, in particular, z 2 L1.

Lemma 4.12. Let g WR!R be a C 2 function in a neighborhood of 0 with g.0/D 0.
Let E WD ¹ 2 L2.0; 1/I zz=z 2 H1

zº with the associated canonical norm. There
exists � > 0 small enough such that, for �; 2 E with k�kE � � and k kE � �,



g.�z/�zzz

�
g. z/ zz

z






H1
z

. .k�kE C k kE/k� �  kE :

Proof. First, E ,!H 2 ,!W 1;1 and, thanks to Lemma 4.11, E ,!W 2;1. We write

g.�z/�zz

z
�
g. z/ zz

z
D .g.�z/ � g. z//

�zz

z
C g. z/

�zz �  zz

z
:
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For the first term, we have



.g.�z/ � g. z//�zzz





H1
z

. k�z �  zkL1k�zz=zkH1
z
C k�zz=zkL2zk@z.g.�z/ � g. z//kL

1 ;

where

k@z.g.�z/ � g. z//kL1 � k.g
0.�z/ � g

0. z//�zzkL1 C kg
0.�z/.�zz �  zz/kL1

. k�z �  zkL1k�zzkL1 C k�zz �  zzkL1 :

For the second term,



g. z/�zz �  zzz






H1
z

. kg. z/kL1k.�zz �  zz/=zkH1
z
C k.�zz �  zz/=zkL2zkg

0. z/ zzkL1 :

Hence, the claimed estimate follows from the embedding E ,! W 2;1.

We infer that the boundary contribution of the nonlinearity is Fréchet-differentiable
at .0; 0/.

Corollary 4.13. For „ D .f; ı0; ı1/, „0 D .f 0; ı00; ı
0
1/ 2 XB and zY ; zY 0 2 ZB small

enough, z�1NB.f; zY /j†i 2 H1
z.†i / and z�1NB.f 0; zY 0/j†i 2 H1

z.†i / and



NB.f; zY / �NB.f 0; zY 0/z






H1
z.†i /

D o.k zY � zY 0kZB /:

Proof. Since „ 2 XB , f j†i D 0. Thus

NB.f; zY /j†i D g.@z
zY j†i /@zz

zY j†i with g.a/ D
a.2 � a/

.1 � a/2
:

The result follows from Lemma 4.12, noting that, for zY 2 ZB , zY j†i 2 E of Lem-
ma 4.12.

4.2.4 Contribution of the inversion of the boundary data

We now move on to estimates concerning the Fréchet-differentiability of the map ‡
of (4.6).

Lemma 4.14. For � 2 H 2.0; 1/ such that �.0/ D 0,

k�.z/=zkH1 . k�kH2 :
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Proof. Writing a second-order Taylor expansion, one has

�.z/ D z�0.0/C

Z z

0

.z � s/�00.s/ ds:

Thus
d

dz

�
�.z/

z

�
D

1

z2

Z z

0

s�00.s/ ds;

from which the conclusion follows by the Hardy inequality of Lemma B.8.

Lemma 4.15. Consider the spaces

E1 WD
®
ı2H1

z.0; 1/I ı
00.z/=z2H1

z.0; 1/; ı.0/Dı.1/Dı
00.0/Dı00.1/D0

¯
; (4.17)

E2 WD
®
ı 2 H 5.0; 1/I ı.0/ D ı.1/ D ı00.0/ D ı00.1/ D 0

¯
: (4.18)

Then the map ‡Œı�.z/ WD z � .� C ı.�//�1.z/ as in (4.6) is well defined for ı small
enough and strongly Fréchet-differentiable at 0 from E2 to E1. More precisely, for
ı; � 2 E2 small enough,

k‡Œı� � ‡Œ�� � .ı � �/kE1 . .kıkE2 C k�kE2/kı � �kE2 : (4.19)

Proof. Step 1. We first check that ‡ is well defined. Since E2 ,! W 1;1, Qı WD ‡Œı� is
well defined for ı 2 E2 small enough, and the boundary conditions ı.0/ D ı.1/ D 0
of E2 entail that Qı.0/ D Qı.1/ D 0.

Moreover, one has
Qı.z/ D ı.z � Qı.z//: (4.20)

From this relation, we derive that

Qı0.z/ D
ı0

1C ı0
.z � Qı.z// and Qı00.z/ D

ı00

.1C ı0/3
.z � Qı.z// (4.21)

which ensures that Qı00.0/ D Qı00.1/ D 0 since ı00.0/ D ı00.1/ D 0.

Step 2. We prove the strong Fréchet-differentiability at 0. To control the E1 norm,
it suffices to control the L2 norm and the H1

z norm of the quotient @zz.�/=z. For
ı; � 2 E2 by (4.20),

. Qı � Q�/.z/ D .ı � �/.z � Qı/C .�.z � Qı/ � �.z � Q�//: (4.22)

Hence
kQı � Q�kL1 � kı � �kL1 C k@z�kL1kQı � Q�kL1 :

In particular, for � small enough in E2,

kQı � Q�kL1 � 2kı � �kL1 :
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Thus, applying estimate (4.16) to (4.22), we obtain

k. Qı � Q�/ � .ı � �/kL2 � k.ı � �/.� �
Qı/ � .ı � �/.�/kL2 C k�.� �

Qı/ � �.� � Q�/kL2

. k@z.ı � �/kL2kQıkL1 C k@z�kL2kQı � Q�kL1

. k@z.ı � �/kL2kıkL1 C k@z�kL2kı � �kL1

. .kıkH1 C k�kH1/kı � �kH1 : (4.23)

We now move to the estimate of theH1
z norm of the quotient @zz.�/=z. By Lemma 4.14

(which even yields an H 1 estimate, not only H1
z), since all our functions have null

second derivative at 0, it suffices to obtain an H 4 estimate. Differentiating (4.21)
twice, we obtain

@4z
Qı.z/ D

@4zı

.1C @zı/5
.z � Qı.z//C lower order terms.

Decomposing the difference in a similar manner as in (4.23) and applying (4.16), one
can prove

k. Qı � Q�/ � .ı � �/kH4 D .kıkH5 C k�kH5/kı � �kH5 :

Together with Lemma 4.14, this concludes the proof of (4.19).

Corollary 4.16. For „ D .f; ı0; ı1/, „0 D .f 0; ı00; ı
0
1/ 2 XB small enough,

k.0;‡Œı0�;‡Œı1�/� .0;‡Œı
0
0�;‡Œı

0
1�/� .0; ı0 � ı

0
0; ı1 � ı

0
1/kHB D o.k„�„

0
kXB /:

Proof. Recalling that, for „ D .f; ı0; ı1/ 2 XB , f j†i D 0, this is a direct conse-
quence of Lemma 4.15 and the definitions (4.10) and (4.11) of HB and XB .

4.3 Reverse change of variables

Proofs of Theorem 3 and Proposition 1.1. It only remains to prove that the change of
variables of Section 4.1 is justified in both directions.

First, given .f; ı0; ı1/ 2MB , let zY 2 Z1 be the solution to (4.8) given by Propo-
sition 4.3 and let Y.x; z/ WD z � zY .x; z/ the associated solution to (4.5). By Proposi-
tion 4.3, kY kZ1.1Ck.f; ı0; ı1/kXB . By Lemma 1.15, kY kQ1.1Ck.f; ı0; ı1/kXB .
Since Y is a solution to (4.5), we have

@zzY D .@zY /
2.z@xY / � .@zY /f .x; Y.x; z//:

We check that the right-hand side is L2xH
1
z , from which we deduce that @3zY 2 L

2.
Repeating this argument, we find that the right-hand side of the above equation is in
fact L2xH

2
z and that

k@4zY kL2 . kY kZ1 C kf kL2xH2y :
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Thus, Y 2 Q1 \ L2xH
4
z and

kY.x; z/ � zkQ1 C kY.x; z/ � zkL2xH4z . k.f; ı0; ı1/kXB :

By Corollary B.6, (4.2) defines a u 2 Q1 \ L2xH
4
y such that

ku.x; y/ � ykQ1 C ku.x; y/ � ykL2xH4y . k.f; ı0; ı1/kXB :

In particular, since @yu and @zY are continuous functions on�with k@yu�1kL1�1
and k@zY � 1kL1 � 1, the computations of Section 4.1 hold. Thus, we have con-
structed a u 2 Q1 solution to (4.1). This proves the existence claim of Theorem 3.

Reciprocally, to prove the claim of Theorem 3 concerning the uniqueness of the
solution to (4.1) and the one of Proposition 1.1 concerning the necessity of the non-
linear orthogonality conditions .f; ı0; ı1/ 2MB , we must perform the reasoning in
the other direction. Let .f; ı0; ı1/ 2 XB small enough, and let u 2 Q1 be a solution
to (1.8) such that kukQ1 � 1. Writing the PDE as

@2yu D u@xu � f;

we obtain that u 2 Q1 \ L2xH
4
y . By Corollary B.6, (4.2) defines a function Y 2

Q1 \ L2xH
4
z such that

kY.x;z/� zkQ1CkY.x;z/� zkL2xH4z .ku.x;y/� ykQ1Cku.x;y/� ykL2xH4z � 1:

In particular, since @yu and @zY are continuous functions on�with k@yu�1kL1�1
and k@zY � 1kL1 � 1, the computations of Section 4.1 hold. Thus, Y is a solution
to (4.5). Since Y 2 Q1 \ L2xH

4
z , we have Y 2 H 1

xH
2
z . From the equation (4.5), we

recover that z@x.@xY / 2 L2. Thus Y 2 Z1.�/. Hence, the conclusions of Proposi-
tion 4.3 apply: Y is unique and .f; ı0; ı1/ 2MB .



Chapter 5

The Prandtl system in the recirculation zone

Let us now continue our analysis of nonlinear parabolic forward-backward systems
by considering the Prandtl equation in the vicinity of a recirculating flow .uP; vP/,
revisiting the results of Iyer and Masmoudi from [34, 35]. Throughout this chapter,
the index t stands for ‘top’ and the index b for ‘bottom’. We refer to Section 1.1.4 of
the introduction for the assumptions on .uP; vP/.

We consider the system´
uux C vuy � uyy D �@xp C f in �P ;

ux C vy D 0 in �P ;
(5.1)

where the pressure gradient @xp is the one associated with .uP; vP/, and where we
recall that the domain �P is defined by

�P WD
®
.x; y/ 2 .x0; x1/ �RCI 
b.x/ < y < 
t .x/

¯
: (5.2)

This system is endowed with the boundary conditions (1.9), (1.10), (1.11), which we
now recall for the reader’s convenience:8̂̂<̂
:̂
ujyD
bDzb; @yujyD
bD@yuPjyD
bCıb; vjyD
bDvPjyD
bCvb (bottom BC),

ujyD
t D zt ; @yujyD
t D @yuPjyD
t C ıt (top BC),

uj†P
i
D uPj†P

i
C ıi (lateral BC).

(5.3)
We recall that the lines ¹y D 
j .x/º for j 2 ¹t; bº, which are level sets of the func-
tion u, are free boundaries which are expected to lie in the vicinity of the level sets
¹y D 
j .x/º of the function uP. We refer to the introduction for further comments on
these boundary conditions. See Figure 5.1 for a sketch of the geometry of the domain.

The source term f in (5.1) is a small regular perturbation of the pressure term.
From the physical point of view, it is relevant to consider perturbations which depend
only on x, since the right-hand side in the Prandtl system is the trace of the pressure
gradient of some outer Euler flow on the boundary. However, the analysis is essen-
tially unchanged if we allow f to depend on the vertical variable y, and therefore in
the following f will be a smooth function depending on both x and y, for the sake of
generality.

Our analysis in this section follows the one from Chapter 4. We first perform in
Section 5.1 a nonlinear change of variables in order to straighten the free boundary
¹.x;y/Iu.x;y/D 0º. The whole analysis then takes place in these new variables. One
remarkable point lies in the fact that the linear problem associated with the Prandtl
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out of scope 
t .x/ < y <1 region

out of scope 0 < y < 
b.x/ region

�t

� t

�P

�

�b
�b

forward parabolic

backward parabolic

�


t .x0/

†P0


.x0/


.x1/

†P1


b.x1/

x0 x1

Figure 5.1. Fluid domain �P defined in (5.2) with free top and bottom boundaries �t and �b ,
and fixed inflow boundaries †P

0
and †P

1
.
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system is similar to, but slightly different from the one for the Burgers equation. In
fact, the linear problem associated with the vorticity studied in Section 5.2 has the
same structure as (1.6). Retrieving the velocity from the vorticity in Section 5.3 gives
rise to an additional orthogonality condition. Moreover, since the vorticity plays the
same role as the function u from Chapter 4, it turns out that the Prandtl system is
actually more regular than the Burgers equation (1.1): indeed, there is a gain of one
vertical derivative (corresponding to a vertical integration of the velocity) between
Burgers and Prandtl. This will allow us to construct solutions with a minimal require-
ment of regularity, and just one orthogonality condition. We construct solutions to
the nonlinear problem in the new variables in Section 5.4, and conclude the proof of
Theorem 4 in Section 5.5.

We recall that we focus here on the behavior of the system in the vicinity of the
curve ¹u D 0º. When studying the system in the whole infinite strip .x0; x1/ � RC,
special care must be taken to “glue together” the different zones. As explained in [35],
information flows from bottom to top. The analysis of the system in the vicinity of the
lower boundary and for large values of y requires specific tools, which go beyond the
scope of the present memoir. We refer the interested reader to [34,35] for the study of
the Prandtl system in the whole domain, and for a description of the difficulties asso-
ciated with the interplay between the different zones. We also present in Section 5.6
a potential strategy to construct a solution to the Prandtl system in the whole infinite
strip, stepping on the analysis of the present memoir. In particular, we explain why the
analysis of the system in an infinite vertical domain may call for an assumption on the
horizontal size of the domain x1 � x0: in [35], the well-posedness of the system holds
when jx1 � x0j is either small, or outside a countable set (corresponding to the zeros
of an analytic function). No such assumption is required when the Prandtl system is
studied in the recirculation zone only, see Theorem 4 or Proposition 5.2 below. Let us
also recall that our purpose here is merely to present, in a unified framework, differ-
ent forward-backward problems. Therefore we will put an emphasis on the specific
features associated with the Prandtl system in the recirculation zone �P , and on the
similarities and differences with the Burgers-type system (1.1) studied in Chapter 4.

5.1 Nonlinear change of variables

At this stage, we assume that a smooth solution to (5.1) exists in order to write the
equation in a form that is more amenable to mathematical analysis. We will come
back on the justification of the computations below in Section 5.5.

As in Section 4.1, we change variables by setting .x; z/ D .x; u.x; y//, where u
is the unknown tangential velocity. This maps the unknown domain �P D ¹
b.x/ <
y < 
t .x/º depending on the solution u (since the lines 
b and 
t are defined by
u.x; 
j .x// D zj for j 2 ¹b; tº) to the fixed rectangular domain .x0; x1/ � .zb; zt /.
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We denote by .x; Y.x; z// the diffeomorphism such that u.x; Y.x; z// D z. As
a consequence, we have the same relations (4.4) between the derivatives of u and Y
as for the Burgers case. The top and bottom boundary conditions become Y.x; zj / D

j .x/ for j 2 ¹b; tº.

Furthermore, integrating the divergence-free condition and using (1.9),

v.x; Y.x; z// D vj�b �

Z Y.x;z/


b.x/

@xu.x; y
0/ dy0

D vPj�b
C vb C

Z z

zb

@xY.x; z
0/

@zY.x; z0/
@zY.x; z

0/ dz0

D vPj�b
C vb C

Z z

zb

@xY.x; z
0/ dz0:

Replacing this expression and (4.4) into (5.1) and evaluating the equation at y D
Y.x; z/, we find that

�
1

@zY

�
z@xY �

Z z

zb

@xY � vPjyD
b � vb

�
C

1

.@zY /3
@2zY D �@xpC f .x; Y.x; z//:

Let us now denote by YP the function such that uP.x;YP.x; z// D z. Following the
same computations as above, this function satisfies

�
1

@zYP

�
z@xYP �

Z z

zb

@xYP � vPj�b

�
C

1

.@zYP/3
@2zYP D �@xp:

Let zY WD YP � Y . Then

1

.@zYP/2
@2zYP �

1

.@zY /2
@2zY D @z

�
1

@zY
�

1

@zYP

�
D @z

�
@z zY

.@zYP/2

�
C @z

�
.@z zY /

2

.@zYP/2@zY

�
:

We obtain eventually the following very simple equation:

z@x zY �

Z z

zb

@x zY .x; z
0/ dz0 � @xp@z zY � @z

�
@z zY

.@zYP/2

�
D g.x; z/; (5.4)

where

g.x; z/ WD f .x; Y.x; z//@z.YP � zY / � vb.x/C @z

�
.@z zY /

2

.@zYP/2@zY

�
: (5.5)

The top and bottom boundary conditions (1.10) and (1.9) become, for j 2 ¹t; bº,

@z zY .x; zj / D @zYP.x; zj / � @zY.x; zj /

D
1

@yuP.x; 
j .x//
�

1

@yuP.x; 
j .x//C ıj .x/
DW ‡

j
P Œıj �.x/: (5.6)
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The unknown function 
j can be retrieved from zY by


j .x/ D Y.x; zj / D YP.x; zj / � zY .x; zj / D 
j .x/ � zY .x; zj /:

We still denote by †0 and †1 the lateral boundaries, i.e., †0 D ¹x0º � .0; zt /, †1 D
¹x1º � .zb;0/. In order to simplify the definition of the functional spaces for the lateral
boundary data, we assume ı0.
P.x0//D ı1.
P.x1//D ı0.
t .x0//D ı1.
b.x1//D 0.
The lateral boundary conditions (1.11) are then given by the implicit equation

z D uP.xi ; Y.xi ; z//C ıi .Y.xi ; z// on †i ;

which becomes, after noticing that uP.xi ; �/ C ıi is strictly increasing on †Pi and
therefore bijective from †Pi to †i ,

zY .xi ; z/ D YP.z/ � .uP.xi ; �/C ıi /
�1.z/ DW ‡ iPŒıi � on †i : (5.7)

For further purposes, we note that the function ‡jP Œıj � (resp. ‡ iPŒıi �) has the same
regularity and size as ıj (resp. ıi ).

Remark 5.1. When uP.x; y/ D y (linear shear flow), (5.4) simply becomes, at main
order

z@x zY C zV � @
2
z
zY D g;

where
zV D �

Z z

zb

@x zY :

Differentiating this equation with respect to z, and setting W WD @z zY (W is the vor-
ticity in our new variables) we find

z@xW � @
2
zW D @zg:

Therefore, when we consider the Prandtl equation in the vicinity of the linear shear
flow, the equation for the vorticity in the new variables is (1.6). We retrieve here
the following fact, which was already identified by Iyer and Masmoudi in [35]: the
Prandtl system in vorticity form is very close to (1.6). This will also be central in our
analysis below.

Let us now state our main result on system (5.4). Since we will state two results
within different regularity frameworks, we will work with two different functional
spaces for the data. Note that since the boundaries 
b , 
t are free, we allow the func-
tion f to be defined on a domain that is possibly larger, in the vertical direction, than
the reference domain ¹.x; y/ 2 .x0; x1/ � .0;C1/; 
b.x/ < y < 
t .x/º. Hence, in
order to simplify the statements, we assume that f is defined in the whole infinite
strip .x0; x1/ � .0;C1/.
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In the low regularity setting, we choose an index � 2 .0; 1=6/. Our function space
will be

X�
WD
®
.f; ı0; ı1; ıt ; ıb; vb/ j f 2 H

�
xH

2
z ;

f 2L4xH
3
z \H

1
2C�
x H 1

z \L
1
x W

2;1
z ; .x�x0/.x�x1/@x@zf 2L

2;

ıi 2 H
4.†Pi /; ıt ; ıb 2 H

2.x0; x1/; vb 2 H
� .x0; x1/;

ı0.
P.x0// D ı1.
P.x1// D ı0.
t .x0// D ı1.
b.x1// D 0;

‡ tPŒıt �.x0/ D @z‡
0
P Œı0�.zt /; ‡

b
P Œıb�.x1/ D @z‡

1
P Œı1�.zb/

¯
;

(5.8)

which we endow with its canonical norm.
In the high regularity setting, our function space will be

X1
WD
®
.f; ı0; ı1; ıt ; ıb; vb/ j f 2 H

1
xH

3
z with f j†P

i
D 0;

ıi 2 H
6.†Pi /; ıt ; ıb 2 H

2.x0; x1/; vb 2 H
1.x0; x1/;

ı0.
t .x0// D ı1.
b.x1// D @
k
zıi .
P.xi // D 0 8k 2 ¹0; : : : ; 3º;

‡ tPŒıt �.x0/ D @z‡
0
P Œı0�.zt /; ‡

b
P Œıb�.x1/ D @z‡

1
P Œı1�.zb/;

�0.zt / D @x‡
t
PŒıt �.x0/;�1.zb/ D @x‡

b
P Œıb�.x1/

¯
;

(5.9)

where

�i .z/ WD
1

z
@2z

�
@z‡

i
PŒıi �

@zYP.xi ; z/.@zYP.xi ; �/ � @z‡
i
PŒıi �/

C @xp.xi /‡
i
PŒıi �

�
:

Once again, we endow X1 with its canonical norm. The assumptions on f , ı0 and
ı1 could be relaxed slightly: in particular, it is not compulsory to assume that ı0 and
ı1 vanish up to order three near z D 0, or that f vanishes on the lateral boundary.
However, this simplifies the formulation of some compatibility conditions.

Our result is the following proposition.

Proposition 5.2. Let .uP; vP/ be a smooth solution to (5.1) on .x0; x1/ � .0;C1/
such that @yuP > 0 on ¹
b.x/ � y � 
t .x/; x 2 Œx0; x1�º. Let � 2 .0; 1=6/. There
exist � > 0 and z0 > 0 such that if jzbj; zt � z0, the following result holds.

• There exists a manifold M� � X� , of codimension 1 within the ball of radius �

in X� , such that (5.4), (5.7), (5.6) have a solution in H
2
3C�
x H 1

z \H
�
xH

3
z if and

only if .f; ı0; ı1; ıb; ıt ; vb/ 2M� .
This solution, if it exists, is unique.

• There exists a manifold M1 �X1, of codimension 3 within the ball of radius � in
X1, such that (5.4), (5.7), (5.6) has a solution in H 5=3

x H 1
z \H

1
xH

3
z if and only

if .f; ı0; ı1; ıb; ıt ; vb/ 2M1.
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The proof of Proposition 5.2 is similar to the one of Theorem 3. We construct a
solution to (5.4) thanks to an iterative scheme (or equivalently, thanks to the abstract
Theorem 6), relying on several important observations.

• First, the left-hand side of (5.4) depends linearly on zY , and the right-hand side
depends smoothly on zY . This nice feature stems directly from our change of
variables. Note also that our choice of boundary conditions (1.9), (1.10), which
are slightly unusual when we formulate them on the unknown function u, are in
fact designed so that they become classical boundary conditions in the variable
zY . Indeed, the top and bottom boundaries in the z variable are now fixed (and
flat), and the boundary condition for zY on these boundaries is merely a Neumann
condition (so a Dirichlet condition for the vorticity @z zY ).

• Second, as mentioned above, the vorticity @z zY satisfies an equation with a very
nice structure. More precisely, setting

˛.x; z/ WD
1

.@zYP.x; z//2
> 0;

ˇ.x/ WD �@xp;

and differentiating (5.4) with respect to z, we find that W WD @z zY is a solution to8̂̂<̂
:̂
z@xW C ˇ@zW � @

2
z.˛W / D @zg in .x0; x1/ � .zb; zt /;

W j†i D @z‡
i
PŒıi � for i 2 ¹0; 1º;

W jzDzj D ‡
j
P Œıj � for j 2 ¹t; bº:

(5.10)

The coefficients ˛ and ˇ are smooth and depend only on the underlying flow
.uP; vP/. Furthermore, inf ˛ > 0 in .x0; x1/ � .zb; zt / by assumption. Hence the
structure of system (5.10) is very similar to the one of (1.6), albeit with variable
coefficients. The smallness condition on zb and zt ensures that we have nice a
priori estimates for (5.10) (see Lemma 5.3 below).

• Eventually, we observe that, from (5.5),

@zg D @yf .x; Y /.@zYP �W /
2
C f .x; Y /.@2zYP � @zW /

C @2z

�
W 2

.@zYP/2.@zYP �W /

�
:

In order to design a convergent iterative scheme for (5.10), it is necessary to work
in a function space controlling the L1 norm of W (for example to ensure that
the denominator does not vanish, or that the application W 7! @2z.W

2/ 2 L2

is Lipschitz continuous). Having W 2 Z0 is not sufficient as we barely miss
the embedding in L1 (see Remark 1.12). However, the function space W 2

H
2
3C�
x L2z \H

�
xH

2
z , with � strictly positive and small, will be suitable for our
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purposes. This is in sharp contrast with the nonlinear scheme for the Burgers sys-
tem, for which we also needed that @z zY D W 2 L1 but for which the function
zY (rather than @z zY D W ) was a solution to (1.6). Therefore, having W 2 L1

required zY 2 H
2
3C�
x L2z \H

�
xH

2
z for some � > 1=3. Such a regularity requires

two orthogonality conditions (see Proposition 2.36). This gain of one derivative in
the vertical variable (corresponding to a gain of 1=3 of derivative in the horizontal
variable) allows us to get rid of two of the orthogonality conditions, leading to the
first statement of Proposition 5.2.

5.2 The linearized vorticity equation

This section is devoted to the analysis of system (5.10), for a given source term
@zg 2 L

2.�/. Adapting and stepping on the analysis of Chapter 2, we prove the exis-
tence and uniqueness of solutions in Z0.�/. We also exhibit necessary and sufficient
conditions for higher regularity.

For the sake of simplicity, within this section, � denotes the rectangle .x0; x1/ �
.zb; zt /, which is a slight abuse of notation since .zb; zt / ¤ .�1; 1/. We still denote
by †0 D ¹x0º � .0; zt / and †1 D ¹x1º � .zb; 0/ the lateral boundaries.

Lemma 5.3 (Well-posedness of the linear vorticity equation). Let ˛ 2 C 2.x�/ and
ˇ 2 L1.x0; x1/. Assume that there exists � > 0 such that

8.x; z/ 2 �;
1

�
� ˛.x; z/ � �: (5.11)

There exists z0 > 0, depending only on ˛, such that if jzbj; zt � z0, the following
result holds.

Let h 2 L2.�/, wt ;wb 2H 3=4.x0; x1/, and wi 2H1
z.†i /. Assume that the com-

patibility conditions wt .x0/ D w0.zt /, wb.x1/ D w1.zb/ are satisfied.
Consider the system8̂̂<̂

:̂
z@xW C ˇ@zW � @

2
z.˛W / D h in �;

W j†i D wi for i 2 ¹0; 1º;

W jzDzj D wj for j 2 ¹t; bº:

(5.12)

Then (5.12) has a unique solution W 2 Z0.�/, which moreover satisfies

kW kZ0 � C
�
khkL2 C kwtkH3=4 C kwbkH3=4 C kw0kH1

z.†0/
C kw1kH1

z.†1/

�
;

where the constant C depends only on �, kˇk1 and k@z˛k1.
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Proof. According to [53, Theorem 2.1] it is sufficient to prove the result when wt D
wb D w0 D w1 D 0, since one could lift these boundary conditions for the given
regularity.

In this case, we note that since @zˇ D 0, we have the L2xH
1
z energy estimateZ

�

˛.@zW /
2
� khkL2kW kL2 C k@z˛kL1kW kL2k@zW kL2 :

If jzbj; zt � z0, then kW kL2.�/ � z0k@zW kL2.�/. Thus, if z0 � 1=.2�k@z˛k1/,
we obtain kW kL2xH1z . khkL2 . From there, following the same arguments as in
Proposition 2.2, we infer that there exists a solution W 2 B to (5.12) satisfying
kW kB . khkL2 . The uniqueness of this solution is proved in Appendix A. Even-
tually, we see W 2 B as the solution to

z@xW � @z.˛@zW / D h � ˇ@zW C @z.@z˛W /;

where the right-hand side belongs toL2.�/ since ˇ 2L1 and ˛ 2 C 2.x�/. Since ˛ 2
C 2.x�/, applying Pagani’s result [53, Theorem 5.1] to the operator z@x � @z.˛@z �/
which is in conservative form, we obtain thatW 2Z0 and kW kZ0 . khkL2 CkW kB .

We now rely on the analysis of Chapter 2 in order to identify two necessary and
sufficient orthogonality conditions for higher regularity. Let us first remark that the
only potential singular points are .x0; 0/ and .x1; 0/. Indeed, we recall that z@xW 2
L2.�/, and therefore W 2 H 1

xL
2
z.¹jzj � z0º/ for all z0 > 0. Regularity away from

the lateral boundaries is ensured by the following lemma.

Lemma 5.4. Let ˛ 2 C 3.x�/ satisfying (5.11) and ˇ 2 C 1.Œx0; x1�/. There exists
z0 > 0, depending only on ˛, such that if jzbj; zt � z0, the following result holds.

Let h 2 L2.�/ such that .x � x0/.x � x1/@xh 2 L2. Let wt ; wb 2 H 2.x0; x1/

andwi 2H 2.†i / such that the compatibility conditionswt .x0/Dw0.zt /,wb.x1/D
w1.zb/ are satisfied.

Let W 2 Z0 be the unique solution to (5.12). Then .x � x0/.x � x1/@xW 2 Z0.

The proof is postponed to Appendix C, in order not to burden this section. We
are now ready to state our orthogonality conditions for system (5.12). To that end, for
˛ 2 C 4.x�/, ˇ 2 C 1.Œx0; x1�/, � 2 .0; 1�, we introduce the space

H�
˛;ˇ W D

°
.h; w0; w1; wt ; wb/2H

�
x L

2
z�H

2.†0/�H
2.†1/�H

2.x0; x1/
2;

.x�x0/.x�x1/@xh2L
2; wt .x0/Dw0.zt /; wb.x1/Dw1.zb/;

and �i 2 H1
z.†i / if � > 1=2;

and �0.zt / D @xwt .x0/;�1.zb/ D @xwb.x1/ if � > 1=2;

where �i WD
1

z
.h.xi ; �/C @

2
z.˛.xi ; �/wi / � ˇ.xi /@zwi /

±
:

(5.13)
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We now state a proposition extending the results of Chapter 2 to equations with
smooth variable coefficients.

Proposition 5.5. Let ˛ 2 C 4.x�/ satisfying (5.11) and ˇ 2 C 1.Œx0; x1�/. There exist
two linear forms b̀0, b̀1, continuous on H�

˛;ˇ
for all � 2 .1=6; 1�, such that the follow-

ing result holds.

• Let � 2 .0; 1=6/, and let .h;w0; w1; wt ; wb/ 2 H�
˛;ˇ

. Let W 2 Z0 be the unique
solution to (5.12).

Then W 2 Z� D ŒZ0; Z1�� ,! H
2
3C�
x L2z \H

�
xH

2
z ,! L1.�/, and

kW kZ� . khkH�x L2z C k.x � x0/.x � x1/@xhkL2

C

X
j2¹b;tº

kwj kH2.x0;x1/ C
X
i2¹0;1º

kwikH2.†i /:

• Let � 2 .1=6; 1� n ¹1=2º, and let .h;w0; w1; wt ; wb/ 2H�
˛;ˇ

. Let W 2 Z0 be the
unique solution to (5.12). Then W 2 Z� if and only ifb̀0.h; w0; w1; wt ; wb/ D b̀1.h; wt ; wb; w0; w1/ D 0;
and in that case

kW kZ� . khkH�x L2z C k.x � x0/.x � x1/@xhkL2

C

X
j2¹b;tº

kwj kH2.x0;x1/ C
X
i2¹0;1º

kwikH2.†i / C k�ikH1
z.†i /

:

Proof. We start with the first statement, and we take � 2 .0; 1=6/ fixed.

Step 1. Lifting the top and bottom boundary conditions. In order to use the theory
from Chapter 2, which is stated with homogeneous Dirichlet boundary conditions at
the top and bottom, we first lift the latter. We change W into W � �.z � zt /wt �
�.z � zb/wb , where � 2 C1c .R/ is such that � � 1 in a neighborhood of zero, and
supp � � .�r; r/ for some r < min.jzbj; zt /=2. This changes the source term h into

h �
X

j2¹t;bº

.z@xwj�.z � zj /C ˇwj�
0.z � zj / � wj @

2
z.˛�.z � zj ///;

which belongs to H �
x L

2
z , and also changes the boundary condition w0 (resp. w1)

into w0 �w0.zt /�.z � zt / (resp. w1 �w1.zb/�.z � zb/), which belongs to H 2.†0/

(resp. H 2.†1/). With a slight abuse of notation, we still denote by W the unknown
function, and by .h;w0;w1; 0; 0/ the data. Note that this operation does not affect the
compatibility conditions in the corners.

Step 2. Localization in the vicinity of the singular points. We then localize hori-
zontally the solution in the vicinity of x0 and x1. We only treat the localization
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in the vicinity of x0 since the other boundary is identical. Let �0 2 C1c .R/ be
such that �0 � 1 in a neighborhood of x0, and supp �0 � B.x0; r/ for some small
0 < r < .x1 � x0/=2. Then W0 WD W�0.x/ is a solution to

z@xW0 C ˇ@zW0 � @
2
z.˛W0/ D h�0 C zW @x�0: (5.14)

Since W 2 Z0, W 2 H 2=3
x L2z , so the right-hand side belongs to H �

x L
2
z . We then

localize the coefficient ˛. Let ˛0.z/ WD ˛.x0; z/. Then

z@xW0 � @
2
z.˛0.z/W0/ D h�0 C zW @x�0 � ˇ@zW�0

� @2z..˛0 � ˛/W0/: (5.15)

On the support of �0, there exists a constant C such that j˛0 � ˛j � C jx � x0j
and .˛ � ˛0/=.x � x0/ is a C 3 function of .x; z/. According to Lemma 5.4, .˛0 �
˛/@2zW0 2 H

1
xL

2
z . Hence, the right-hand side of (5.15) belongs to H �

x L
2
z . Note fur-

thermore that W0 vanishes on ¹z D ztº and ¹z D zbº thanks to the first step.

Step 3. Vertical change of variables to work with constant coefficients. In order to use
the theory from Chapter 2, we now change the vertical coordinate so that the equation
in the new variables is formulated thanks to the Kolmogorov operator. More precisely,
we set W0.x; z/ D !0.x; �/, where � is a function of z such that �.0/ D 0. We have

@2z.˛0W0/ D ˛0.�
0/2@2�!0 C .˛0�

00
C 2@z˛0�

0/@�!0 C .@
2
z˛0/!0:

We first choose the function � so that �.0/ D 0 and

z

˛0.z/.�0.z//2
D �; i.e. �0.z/ D

r
z

˛0.z/�.z/
:

Explicit resolution for z > 0 yields (with a similar formula for z < 0):

�.z/ D

�
3

2

Z z

0

s
t

˛0.t/
dt
�2=3

: (5.16)

It can be easily checked that the function � thus defined has the same regularity
as ˛0 on .zb; zt / and that C�1 � �0 � C for some positive constant C . Moreover,
.˛0.0//

1
3 �.z/ � z as z ! 0.

The function !0 then solves

�@x!0 � @
2
�!0 D s0.x; �/; where s0 2 H �

x L
2
z : (5.17)

Furthermore, !0 is supported in the vicinity of .x0; 0/. We denote by �0 the lateral
boundary condition on†0 in the new vertical variable i.e.�0.�.z//D�0.x0; z/w0.z/.
Note that �0 and w0 enjoy the same regularity, so that �0 2 H 2.†0/.
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Step 4. Small fractional regularity. We now consider (5.17), whose right-hand side
belongs to H �

x L
2
z . The equation is endowed with homogeneous data on ¹z D ztº [

¹z D zbº [ †1, and with H 2 data on †0 satisfying a compatibility condition at

.x0; zt /. Using Proposition 2.36 and Lemma 1.15, we infer !0 2 Z� ,!H
2
3C�
x L2

�
\

H �
xH

2
�

, and thusW0 enjoys the same regularity. Performing a similar change of vari-
ables near .x1; 0/, we deduce that W 2 Z� . This completes the proof of the first
statement from Proposition 5.5.

Step 5. Identification of the orthogonality conditions. Let us now assume that � 2
.1=6; 1=3�

P
and h 2 H �

x L
2
z . The right-hand side of (5.17) now belongs to H �

x L
2
z .

Furthermore, in a neighborhood of � D 0,

s0.x0; �/ D
1

˛0.z/.�0.z//2

�
h.x0; z/ � ˇ.x0/w

0
0.z/

C .˛0�
00
C 2˛00�

0/.z/@��0.�/C ˛
00
0.z/�0.�/

�
;

where the primes always denote derivatives with respect to z. Using this equality
together with the identity @��0.�/ D w00.z/=�

0.z/, we find, after some tedious but
straightforward computations, and for � in a neighborhood of zero,

@2��0.�/C s0.x0; �/ D
�.z/

z
�0.z/:

Hence .@2
�
�0 C s0.x0; �//=� 2 H1

�
.†0/. Note also that the compatibility conditions

in the corners are satisfied. We then apply Corollary 2.39 to (5.17) whose right-hand
side is in H �

x L
2
�
. We infer that if

.a0`0 C a1`1/.s0; �0; 0/ D 0;

then !0 2 Z� ,! H
2
3C�
x L2

�
\H �

xH
2
�

by Lemma 1.15. Similarly, !1 2 Z� , so W 2
Z� .

For � � 1=3 and � ¤ 1=2, we use a bootstrap argument. Going back to (5.14), we
now know that the right-hand side is in Hmin.�;2=3/

x L2z , so that we can apply Corol-
lary 2.39 to (5.17) whose right-hand side belongs to Hmin.�;2=3/

x L2
�
. This implies that

W 2 Zmin.�;2=3/. We then repeat this procedure one last time if � � 2=3.
Setting b̀0.h; w0; w1; wt ; wb/ D .a0`0 C a1`1/.s0; �0; 0/; (5.18)

and defining in a similar fashion the linear form b̀1 associated with the regularity in
the vicinity of .x1; 0/, we obtain the desired result.

Eventually, it follows from the definition of b̀0 in (5.18) and from Remark 2.33
that the linear forms b̀j are continuous on H�

˛;ˇ
for all � > 1=6.
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Lemma 5.6. The two linear forms b̀0; b̀1 W H1
˛;ˇ
! R defined in Proposition 5.5 are

independent. Furthermore, there exist g0; g1 2 C1c .�/ such thatb̀j .gi ; 0; 0; 0; 0/ D ıi;j 8i; j 2 ¹0; 1º:

Proof. We begin with the following remark. Following the notations of the proof of
Proposition 5.5 above, we set ˛i .z/ WD ˛.xi ; z/. With the same change of variables
as in Step 3 of the proof (see (5.16)), we define

U 0.x; z/ D Nu0sing.x; �0/:

Then

z@xU
0
C ˇ@zU

0
� @2z.˛0U

0/ D ˛0.�
0
0/
2f 0 C �0 Nu

0
sing.x; �0/C 
0@�0 Nu

0
sing.x; �0/

for some smooth functions �0, 
0 depending on ˇ and ˛. The right-hand side there-
fore belongs to H 1=3

x L2z \ H
1
xL

2
z..x � x0/

2.x � x1/
2/. Furthermore, U 0 vanishes

on †0 [†1 [ ¹z D zbº [ ¹z D ztº.
Of course, we may perform the same procedure around .x1; 0/, and we define a

functionU 1.x; z/, localized in a neighborhood of .x1; 0/ and with the same regularity
as Nu1sing, such that

z@xU
1
C ˇ@zU

1
� @2z.˛1U

1/ 2 H 1=3
x L2z :

Note that U 0 and U 1 vanish on †0 [†1 [ ¹z D zbº [ ¹z D ztº. Now, for i D 0; 1,
let

hi WD z@xU
i
C ˇ@zU

i
� @2z.˛U

i /:

By construction, hi and Ui are localized in the vicinity of .xi ; 0/, and hi 2 H 1=3
x L2z ,

.x � x0/.x � x1/@xhi 2L
2. Furthermore, hi j†0[†1 D 0. As a consequence, recalling

the definition of b̀0 and b̀1 (see (5.18) together with Corollary 2.39), we infer thatb̀0.h1; 0; 0; 0; 0/ D b̀1.h0; 0; 0; 0; 0/ D 0:
Now, assume that c0 b̀0C c1 b̀1D 0 for some .c0; c1/ 2R2. We deduce from the above
equalities thatb̀0.c0h0 C c1h1; 0; 0; 0; 0/ D c0 b̀0.h0; 0; 0; 0; 0/ D .c0 b̀0 C c1 b̀1/.h0; 0; 0; 0; 0/ D 0;
and similarly b̀1.c0h0 C c1h1; 0; 0; 0; 0/ D 0. Using Proposition 5.5, we infer that
c0U

0C c1U
1 2 Z1=3 ,!H 1

xL
2
z \H

1=3
x H 2

z . Since U i has the regularity of Nuising and
is localized in the vicinity of .xi ; 0/, it follows from Lemma 2.28 that c0 D c1 D 0.

Note that the above argument also ensures that b̀i .hi ; 0; 0; 0; 0/¤ 0. Hence, up to
a multiplication by a constant, we may always assume that b̀j .hi ; 0; 0; 0; 0/ D ıi;j .
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Let us now take, for " > 0 small, hi" 2 C
1
c .�/ such that khi" � h

ik
H
1=3
x L2z

� " and

k.x � x0/.x � x1/@x.h
i � hi"/kL2 � ". Then, since the linear forms b̀j are continu-

ous on H
1=3

˛;ˇ
, we obtain j b̀j .hi"; 0; 0; 0; 0/ � ıi;j j . ". As a consequence, there exists

a0" ; a
1
" ; b

0
" ; b

1
" such that

b̀0.a0"h0" C a1"h1" ; 0; 0; 0; 0/ D b̀1.b0"h0" C b1"h1" ; 0; 0; 0; 0/ D 1;b̀0.b0"h0" C b1"h1" ; 0; 0; 0; 0/ D b̀1.a0"h0" C a1"h1" ; 0; 0; 0; 0/ D 0;
and ja0" � 1j; jb

1
" � 1j. ", ja1" j; jb0" j. ". The result follows, taking g0D a0"h

0
" C a

1
"h
1
"

and g1 D b0"h
0
" C b

1
"h
1
" .

5.3 Reconstructing the velocity from the vorticity

Let .g; Qı0; Qı1/ 2L2xH
1
z �H

3.†0/�H
3.†1/ andwt ;wb 2H 2.x0; x1/. Assume that

@zeı1.zb/ D wb.x1/ and @zeı0.zt / D wt .x0/. According to Lemma 5.3, there exists a
unique solution W 2 Z0 to (5.12) with h D @zg and wi D @z Qıi . The purpose of this
section is to construct a solution to the system8̂̂<̂

:̂
z@x zY �

R z
zb
@x zY C ˇ@z zY � @z.˛@z zY / D g in �;

zY j†i D
Qıi for i 2 ¹0; 1º;

@z zY jzDzj D wj for j 2 ¹t; bº:

(5.19)

We therefore set, for .x; z/ 2 �,

zY .x; z/ WD e
b.x/C Z z

zb

W.x; z0/ dz0; (5.20)

where the function e
b solves the differential equation

zb@xe
b C .ˇ � @z˛.�; zb//wb � ˛.x; zb/@zW.x; zb/ D g.x; zb/;e
b.x1/ D eı1.zb/: (5.21)

Since W 2 Z0, the trace @zW.�; zb/ belongs to H 1=4.x0; x1/ by Lemma 1.11. Thuse
b 2 H 1.x0; x1/, and from (5.20) we infer that zY 2 H 2=3
x H 1

z \ L
2
xH

3
z � C

0.x�/.
Furthermore, zY 2 H 1

xH
1
z .zb; zb=2/.

By construction, we have, in the sense of distributions on �,

@z

�
z@x zY �

Z z

zb

@x zY .x; z
0/ dz0 C ˇ@z zY � @z.˛@z zY / � g

�
D 0;
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and therefore there exists a function G depending only on x such that

z@x zY �

Z z

zb

@x zY .x; z
0/ dz0 C ˇ@z zY � ˛@2z zY D g.x; z/CG.x/:

The choice of the function e
b (see (5.21)) then ensures that G � 0. By definition of
zY , we have @z zY jzDzj D W jzDzj D wj for j 2 ¹t; bº.

Let us now investigate the lateral boundary conditions. On †i , we have

@z zY .xi ; z/ D W.xi ; z/ D @z Qıi .z/:

Hence, in order to ensure that zY j†i D Qıi , it suffices to check that zY .xi ; zi /D Qıi .zi / for
some .xi ; zi / 2 †i . From there, we treat separately (and differently) the two bound-
aries †0 and †1.

• On†1, we note that zY .x1; zb/D Qı1.zb/ by definition of e
b . Therefore zY j†1 D Qı1.

• On †0, the situation is different, since zY .x0; 0/ ¤ Qı0.0/ a priori. Indeed,

zY .x0; 0/ D e
b.x0/C Z 0

zb

W.x0; z
0/ dz0

D
1

zb

�
�

Z x1

x0

g.�; zb/C .@z˛.�; zb/ � ˇ/wb C ˛.�; zb/@zW.�; zb/

�
C

Z 0

zb

W.x0; z
0/ dz0 C Qı1.zb/:

The right-hand side of the above equality is a linear form in .g; Qı0; Qı1; wt ; wb/,
which leads to the following definition.

Definition 5.7 (Additional linear form for the solvability of Prandtl). Let .g; Qı0; Qı1/ 2
L2xH

1
z � H

3.†0/ � H
3.†1/, wt ; wb 2 H 2.x0; x1/ such that wt .x0/ D @z Qı0.zt /,

wb.x1/ D @z Qı1.zb/. Let W 2 Z0 be the unique solution to (5.12) with h D @zg and
wi D @z Qıi .

The linear form `2 is defined by

`2.g; eı0; eı1; wt ; wb/
WD

Z 0

zb

W.x0; z
0/ dz0 C Qı1.zb/ � Qı0.0/

�
1

zb

Z x1

x0

.g.x; zb/C .@z˛.x; zb/ � ˇ.x//wb.x/C ˛.x; zb/@zW.x; zb// dx:

The above computations lead to the following result.

Lemma 5.8. Let .g; Qı0; Qı1/ 2 L2xH
1
z � H

3.†0/ � H
3.†1/, wt ; wb 2 H 2.x0; x1/

such that wt .x0/ D @z Qı0.zt /, wb.x1/ D @z Qı1.zb/.
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Then system (5.19) has a solution zY 2 H 2=3
x H 1

z \ L
2
xH

3
z if and only if

`2
�
g; eı0; eı1; wt ; wb� D 0:

This solution is given by (5.20), and satisfies the estimate

k zY k
H
2=3
x H1z

C kzY kL2xH3z C k@x
zY kL2xH1z .¹z<zb=2º/

. kgkL2xH1z C k
QıikH3.†i / C kwj kH2.x0;x1/;

where we implicitly sum over i 2 ¹0; 1º and j 2 ¹t; bº on the right-hand side.

Proof. First, assume that (5.19) has a solution zY 2 H 2=3
x H 1

z \ L
2
xH

3
z . Then, W D

@z zY is an L2xH
1
z solution to (5.12) with h D @zg and wi D @z Qıi . By uniqueness

arguments such as in Lemma A.1, it is equal to the unique Z0 solution to (5.12)
constructed in Lemma 5.3. Furthermore, for z ¤ 0,

z2@z

�R z
zb
@x zY

z

�
D g C @z.˛@z zY / � ˇ@z zY 2 L

2
xH

1
z :

It follows that @z
� R z
zb
@x zY

z

�
2L2xH

1
z .¹z < zb=2º/, and thus @x zY 2L2xH

1
z .¹z < zb=2º/.

In particular, @x zY jzDzb 2 L
2.x0; x1/.

Taking the trace of (5.19) at z D zb , we infer that

zb@x zY jzDzb C .ˇ � @z˛.x; zb//wb � ˛@zW.x; zb/ D g.x; zb/

and
zY .x1; zb/ D eı1.zb/:

Therefore zY jzDzb D e
b , where e
b is defined by (5.21). Since zY .x0; 0/ D eı0.0/, we
then deduce that

zY .x0; zb/C

Z 0

zb

W.x0; z/ dz D eı0.0/;
which is precisely the condition `2.g; eı0; eı1; wt ; wb/ D 0.

Conversely, the above computations ensure that if `2.g; eı0; eı1; wt ; wb/ D 0, the
function defined by (5.20) is a solution to (5.19).

Assume that `2.g; eı0; eı1; wt ; wb/ D 0, and let zY 2 H 2=3
x H 1

z \ L
2
xH

3
z be the

unique solution to (5.19). For further purposes, we define the function e
t by

e
t .x/ WD zY .x; zt /:
Since zY 2 C 0.x�/, we have e
t .x0/ D eı0.zt /:
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Remark 5.9. As we already mentioned, the nonlocal term v@yu in the Prandtl equa-
tion (which becomes �

R z
zb
@xY in our new variables) creates a flow of informa-

tion upwards, therefore inducing an asymmetry between z and �z. Because of the
forward-backward nature of the equation, this results in an asymmetry between the
lateral boundaries †0 and †1. We deal with this issue by introducing an additional
orthogonality condition.

Note that this feature is also present, in a slightly different fashion, in the work of
Iyer and Masmoudi [34, 35]. In their work, the left extremity of the curve ¹u D 0º is
left as a free parameter, and boundary data on the vorticity are enforced.

In order to simplify the future discussion, it will be useful to modify slightly the
definition of the linear forms `i for i 2 ¹0; 1º, so that they are defined on the same
space as the linear form `2.

Definition 5.10. We denote by `i for i 2 ¹0; 1º the linear forms defined by

`i .g; eı0; eı1; wt ; wb/ WD b̀i .@zg; @zeı0; @zeı1; wt ; wb/:
Remark 5.11. In spite of their similar appearance, the purpose of the orthogonal-
ity conditions `0.g; eı0; eı1; wt ; wb/ D `1.g; eı0; eı1; wt ; wb/ D 0 on the one hand, and
`2.g; eı0; eı1; wt ; wb/ D 0 on the other hand is quite different. The former are neces-
sary and sufficient conditions for the existence of smooth solutions to the vorticity
equation (5.12), while the latter is a necessary and sufficient condition for the solv-
ability of system (5.19) at a lower level of regularity, corresponding to Z0 solutions
of the vorticity equation (5.12). In other words, the condition `2 D 0 is a necessary
and sufficient condition to reconstruct zY from the vorticity.

Lemma 5.12. The linear forms `0, `1, `2 are independent on C1.x�/ � C1c .†0/ �
C1c .†1/ � C

1
c .x0; x1/

2. There exist „0; „1; „2 such that, for i; j 2 ¹0; 1; 2º,

`i .„j / D ıi;j ; „j 2 C1.x�/ � C1c .†0/ � C
1
c .†1/ � C

1
c .x0; x1/

2:

One may choose „j D .f j ; 0; 0; 0; 0/, with f j 2 C1.x�/ such that f j j†0[†1 D 0.

Proof. Assume that there exists .c0; c1; c2/ 2 R3 such that

c0`
0
C c1`

1
C c2`

2
D 0:

LetW 2 C1c .x�/ such that suppW � Œx0; x0C ı�� Œ�ı;�ı=2� for some small ı > 0
such that ı < .x1 � x0/=2 and ı < jzbj=2. We further assume that

R 0
zb
W.x0; z/ dzD 1

and
R 0
zb
z@xW.x0; z/ dz D 0. We set wt D wb D 0, eı0 D eı1 D 0, and

f 2.x; z/ WD

Z z

zb

.z0@xW.x; z
0/C ˇ.x/@zW.x; z

0/ � @2z.˛.x; z
0/W.x; z0/// dz0:
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Then by definition, W is a solution to (5.12) with h D @zf
2, and with homoge-

neous boundary data. Note also that f 2.x0; 0/D
R 0
zb
z@xW.x0; z/ dz D 0. Therefore

f 2j†0[†1 D 0. The compatibility conditions from Proposition 5.5 are satisfied. Since
W is smooth, according to Proposition 5.5,b̀0.@zf 2; 0; 0; 0; 0/ D b̀1.@zf 2; 0; 0; 0; 0/ D 0:
Hence

c2`
2.f 2; 0; 0; 0; 0/ D 0:

Now, by definition of `2 and f 2, since W and f 2 are identically zero for z � �ı,

`2.f 2; 0; 0; 0; 0/ D

Z 0

zb

W D 1:

We infer that c2 D 0. The result then follows from Lemma 5.6, taking f i D
R z
0
gi for

i D 0; 1.

Gathering the results of Proposition 5.5 and Lemma 5.8, we obtain the following
statement.

Corollary 5.13. Let ˛ 2 C 4.x�/ satisfying (5.11) and ˇ 2 C 1.x0; x1/.

• Let � 2 .0; 1=6/, and let g 2 H �
xH

1
z such that .@zg; @zeı0; @zeı1; wt ; wb/ 2 H�

˛;ˇ

defined in (5.13).

Then (5.19) has a solution zY 2 H
2
3C�
x H 1

z \ H
�
xH

3
z if and only if `2.g; eı0;eı1; wt ; wb/ D 0, and this solution, if it exists, is unique and satisfies the estimate

k zY k
H
2
3
C�

x H1z\H
�
xH

3
z

C k.x � x0/.x � x1/@x@
3
z
zY kL2

C k@x@z zY kL2..x0;x1/�.zb ;zb=2//

. kgkH�xH1z C k.x � x0/.x � x1/@x@zgkL2 C kwj kH2x C k
eıikH3.†i /:

• Let g2H 1
xH

1
z and assume that .@zg;@zeı0; @zeı1;wt ;wb/2H1

˛;ˇ
defined in (5.13).

Assume that `2.g;eı0;eı1;wt ;wb/D 0, and let zY 2H
2
3
x H

1
z \L

2
xH

3
z be the unique

solution to (5.19).
Then zY 2H 5=3

x H 1
z \H

1
xH

3
z if and only if `j .g;eı0;eı1;wt ;wb/D 0 for j 2 ¹0;1º,

and in this case zY satisfies the estimate

k zY k
H
5=3
x H1z

C kzY kH1xH3z . kgkH1xH1z C k.@zg; @z
eı0; @zeı1; wt ; wb/kH1

˛;ˇ
:

Remark 5.14. The regularity assumptions on g in the first (resp. second) statement of
the above corollary can be relaxed into @zg 2 H �

x L
2
z , .x � x0/.x � x1/@x@zg 2 L2

and gjzDzb 2 L
2.x0; x1/ (resp. @zg 2 H 1

xL
2
z and gjzDzb 2 H

2=3.x0; x1/), but we
have kept the above assumptions for the sake of simplicity.
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5.4 Local nonlinear well-posedness in the new variables

We are now ready to prove Proposition 5.2. The spirit of the proof is very similar to
the one of Chapter 4. In order to avoid repetition, we do not write the iterative scheme,
and we rather apply Theorem 6 directly. We will work with two different settings:

(1) Low regularity setting: for � 2 .0; 1=6/ fixed, we take

Z� D
®
Y 2 H

2
3C�
x H 1

z \H
�
xH

3
z ; .x � x0/.x � x1/@x@

3
zY 2 L

2.�/;

@x@zY 2 L
2..x0; x1/ � .zb; zb=2//;

Y j†i 2 H
3.†i /; @zY jzDzj 2 H

2.x0; x1/
¯
;

H�
D
®
.f; Qı0; Qı1; wt ; wb/2H

�
xH

1
z �H

3.†0/�H
3.†1/ � .H

2.x0; x1//
2;

.x � x0/.x � x1/@x@zf 2 L
2;

wt .x0/ D @zeı0.zt /; wt .x0/ D @zeı0.zt /¯;
and our space of data is the space X� defined in (5.8). Furthermore, in the
low regularity setting, d D 1 and the linear form ` coincides with the linear
form `2 defined in Definition 5.7.

(2) High regularity setting: we take

Z1 D
®
Y 2 H

5
3
x H

1
z \H

1
xH

3
z ; Y j†i 2 H

5.†i /; @zY jzDzj 2 H
2.x0; x1/

¯
;

H1
D
®
.f;eı0;eı1; wt ; wb/2H 1

xH
1
z �H

5.†0/�H
5.†1/�.H

2.x0; x1//
2;

@kz
eıi .0/ D 0 8k 2 ¹0; : : : ; 3º; z�1@zf .xi ; z/ 2 H1

z.†i /;

wt .x0/ D @zeı0.zt /; wt .x0/ D @zeı0.zt /;
�0.zt / D @xwt .x0/;�1.zb/ D @xwbŒıb�.x1/

¯
;

where

�i .z/ D
1

z
@z
�
f .xi ; z/C @z.˛.xi ; z/@z Qıi / � ˇ.xi /@z Qıi

�
:

Note that

.f;eı0;eı1; wt ; wb/ 2 H1
) .@zf; @zeı0; @zeı1; wt ; wb/ 2 H1

˛;ˇ ;

where the space H�
˛;ˇ

for � 2 .0; 1� is defined in (5.13). Our space of data is
the space X1 defined in (5.9). In the high regularity setting, we take d D 3
and ` D .`0; `1; `2/ defined in Definitions 5.10 and 5.7.

Remark 5.15. As in the previous sections, in X1, we could also consider source
terms f which do not vanish on †Pi , up to additional technical complications.



The Prandtl system in the recirculation zone 94

In both settings, the linear operator LP is defined as

LP zY WD�
z@x zY �

Z z

zb

@x zY C ˇ@z zY � @z.˛@z zY /; zY j†0 ;
zY j†1 ; @z

zY jzDzt ; @z
zY jzDzb

�
;

and the nonlinearity N is defined as

N.„; zY / WD .NP .„; zY /;‡
0
P Œı0�; ‡

1
P Œı1�; ‡

t
PŒıt �; ‡

b
P Œıb�/;

NP .„; zY / WD f .x;YP � zY /@z.YP � zY / � vb C @z

�
.@z zY /

2

.@zYP/2.@zYP � @z zY /

�
;

where the operators ‡ iP, ‡jP for i 2 ¹0; 1º, j 2 ¹t; bº are defined in (5.7) and (5.6)
respectively.

Let us now check that the assumptions of Theorem 6 are satisfied in the two
settings. The continuity ofLP from Z� to H� for � 2 .0;1=6/[ ¹1º is a consequence
of the definition of the spaces Z� . Item (i) follows from Corollary 5.13. Furthermore,

N.„; 0/ D
�
f .x;YP/@zYP � vb; ‡

0
P Œı0�; ‡

1
P Œı1�; ‡

t
PŒıt �; ‡

b
P Œıb�

�
:

Hence it is easily checked that N.�; 0/ is differentiable at „ D 0, and its (partial)
differential is given by

@„N.0; 0/.„/

D
�
f .x;YP/@zYP � vb; @zYP.x0; z/ı0.YP.x0; z//;

@zYP.x1; z/ı1.YP.x1; z//; .@zYP.x; zt //
2ıt .x/; .@zYP.x; zb//

2ıb.x/
�
:

As a consequence, NP .„; zY / �NP .„0; zY 0/ � @„NP .0; 0/.„ �„0/ is

@zYP
��
f .�;YP � zY / � f .�;YP/

�
�
�
f 0.�;YP � zY

0/ � f 0.�;YP/
��

� @z zY .f .�;YP � zY / � f
0.�;YP � zY

0// � @z. zY � zY
0/f 0.�;YP � zY

0/

C @z

�
.@z zY /

2

.@zYP/2.@zYP � @z zY /

�
� @z

�
.@z zY

0/2

.@zYP/2.@zYP � @z zY 0/

�
: (5.22)

We therefore turn towards the verification of Items (ii) and (iii) from Theorem 6.

Verification of Item (ii) in the low regularity setting. For � 2 .0; 1=6/, let„;„0 2
X� and zY ; zY 02Z� small enough. We need to estimate (5.22) inH �

xH
1
z \H

1
xH

1
z ..x�

x0/
2.x � x1/

2/.
In order not to burden the proof, we only estimate some of the norms above, and

leave the other estimates to the reader. We focus for instance on

@zYP@z
��
f .�;YP � zY / � f .�;YP/

�
�
�
f 0.�;YP � zY

0/ � f 0.�;YP/
��



H�x L
2
z
:
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Using Lemma B.3 in the Appendix, we bound this term by

k.@zYP/
2
k
L1z .H

1
2
C�

x /

�
k@y.f � f

0/.x;YP � zY / � @y.f � f
0/.x;YP/kH�x L2z

C k@yf
0.x;YP � zY / � @yf

0.x;YP � zY
0/kH�x L2z

�
C k@zYP@z zY k

L1z .H
1
2
C�

x /
k@y.f � f

0/.x;YP � zY /kH�x L2z

C k@zYP@z zY k
L1z .H

1
2
C�

x /
k@yf

0.x;YP � zY / � @yf
0.x;YP � zY

0/kH�x L2z

C k@zYP.@z zY � @z zY
0/k
L1z .H

1
2
C�

x /
k@yf

0.x;YP � zY
0/kH�x L2z :

Using the fractional trace theorem [42, equation (4.7), Chapter 1], Z� ,!C 1z .H
1
2C�
x /.

Furthermore, since L1z .H
1
2C�
x / is an algebra,

k@zYP@z zY k
L1z .H

1
2
C�

x /
. k zY kZ� ;

k@zYP.@z zY � @z zY
0/k
L1z .H

1
2
C�

x /
. k zY � zY 0kZ� :

There remains to estimate the norms involving f and f 0. Using Lemma B.4 in the
Appendix, we infer that

k@y.f � f
0/.x;YP � zY / � @y.f � f

0/.x;YP/kH�x L2z

D





 zY Z 1

0

@2y.f � f
0/.x;YP � � zY / d�






H�x L

2
z

. k zY k
H
2=3
x H1z

�
k@2y.f �f

0/kH�x L2z C k@
3
y.f �f

0/kL4xL2y

�
.k zY kZ� k„�„0kX� :

In a similar fashion,

k@yf
0.x;YP � zY

0/kH�x L2z . k„0kX� ;

k@yf
0.x;YP � zY / � @yf

0.x;YP � zY
0/kH�x L2z . k zY � zY 0kZ� k„0kX� :

The other terms are evaluated in a similar way. For instance, using again Lemma B.3

and the embedding Z� ,! C 1z .H
1
2C�
x /,



@3z. zY � zY 0/ @z zY

.@zYP/2@z.YP � zY /






H�x L

2
z

. k@3z. zY � zY
0/kH�x L2z





 @z zY

.@zYP/2@z.YP � zY /






L1z H

1
2
C�

x

. k zY � zY 0kH�xH3z k@z zY k
L1z H

1
2
C�

x

. k zY � zY 0kZ� k zY kZ� ;
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and, using once again Lemma B.4,

@2z zY .f .x;YP � zY / � f .x;YP � zY
0//



H�x L

2
z

. k@2z zY kH�xH1z


f .x;YP � zY / � f .x;YP � zY

0/



H
1
2
C�

x L2z

. k zY kH�xH3z k zY � zY
0
k
H
1
2
C�

x H1z

�
k@yf k

H
1
2
C�

x L2z

C k@2yf kL1
�
:

The estimate on the H 1
xH

1
z ..x � x0/

2.x � x1/
2/ norm follows from similar argu-

ments and is left to the reader.
We then turn towards the estimation of the boundary terms.

• For i 2 ¹0; 1º and ıi ; �i 2 H 4.†Pi /, we obtain that

‡ iPŒıi ��‡ iPŒ�i ��@zYP.xi ; z/.ıi��i /.YP.xi ; z//



H3.†i /

Do.kıi��ikH4.†P
i
//:

The proof is similar to the one of Lemma 4.15 for the Burgers case, although
slightly less technical because we only need a standard Sobolev estimate here,
and slightly more technical because the reference flow is now uP instead of the
linear shear flow.

• For j 2 ¹t; bº and ıj ; �j 2 H 2.x0; x1/, we obtain that

‡jP Œıj ��‡jP Œ�j ��.@zYP.x; zj //
2.ıj � �j /




H2x
Do.kıj��j kH2x /:

The proof is immediate because the maps ‡jP defined in (5.6) are in fact of the
form‡

j
P Œıj �.x/D hj .x;ıj .x//, where hj W .x0;x1/�R!R is a smooth function

with hj .�; 0/ D 0.

Eventually, we conclude that

kN.„; zY /�N.„0; zY 0/�@„N.0; 0/.„�„
0/kH� Do.k„�„0kX�CkzY � zY 0kZ� /:

Verification of Item (ii) in the high regularity setting. The estimates in this case
are similar to the low regularity setting and left to the reader. They are actually slightly
easier sinceH 1.x0; x1/ is an algebra, and close to the ones performed for the Burgers
system.

The only new estimate bears on the boundary term. More precisely, taking two
data tuples „ D .f; ı0; ı1; ıt ; ıb; vb/ and „0 D .f 0; �0; �1; �t ; �b; v

0
b
/, we need to

bound in H1
z.†i / the quantity

z�1
�
@z.NP .„; zY / �NP .„

0; zY 0/ � @„NP .0; 0/.„ �„
0//j†i

�
:

We recall that f j†P
i
D f 0j†P

i
D 0, so that the terms stemming from f and f 0 in NP

vanish on the boundary. We therefore consider



z�1@2z� .@z‡
i
PŒıi �/

2

.@zYP/2.@zYP � @z‡
i
PŒıi �/

�
.@z‡

i
PŒ�i �/

2

.@zYP/2.@zYP � @z‡
i
PŒ�i �/

�




H1
z

: (5.23)
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Since @kzıi .0/ D 0 for k 2 ¹0; : : : ; 3º, we have @kz‡
i
PŒıi �.z D 0/ D 0. According to

Lemma 4.14,

(5.23) .




 .@z‡

i
PŒıi �/

2

.@zYP/2.@zYP � @z‡
i
PŒıi �/

�
.@z‡

i
PŒ�i �/

2

.@zYP/2.@zYP � @z‡
i
PŒ�i �/






H4.†i /

. .kıikH6.†i / C k�ikH6.†i //k�i � ıikH6.†i /:

We obtain eventually

kN.„; zY /�N.„0; zY 0/� @„N.0;0/.„�„
0/kH1 D o.k„�„0kX1 CkzY � zY 0kZ1/:

Verification of Item (iii) in the low regularity setting. We just need to check that
the application `2 ı @„N.0; 0/ is not identically zero. This is actually trivial: take
„D .0; 0; 0; 0; 0; vb/. Then the solution to the vorticity equation is zero, and recalling
Definition 5.7,

`2 ı @„N.0; 0/ D �
1

zb

Z x1

x0

vb.x/ dx:

Therefore it suffices to choose vb such that the above integral is non-zero.

Verification of Item (iii) in the high regularity setting. Using Lemma 5.12, we take
‚j D .f j ; 0; 0; 0; 0/ such that `i .‚j / D ıi;j for 0 � i; j � 2, with f i 2 C1.x�/
such that f j†0[†1 D 0. We then set „j WD .gj ; 0; 0; 0; 0; 0/, where

gj .x; y/ WD @yuP.x; y/f
j .x;uP.x; y//:

Then, by design, @„N.0; 0/.„j / D ‚j , so that `j ı @„N.0; 0/.„j / D ıi;j . Further-
more, „j 2 X1. The result follows.

Conclusion. We have checked the assumptions of Theorem 6 both in the low regu-
larity case � 2 .0; 1=6/ and in the high regularity case � D 1. Proposition 5.2 is now
a straightforward consequence of our abstract framework.

5.5 Well-posedness of the Prandtl system

We conclude this section with the proof of Theorem 4, which follows from Proposi-
tion 5.2.

High regularity case. The proof of Theorem 4 in the high regularity case corre-
sponding to .f; ı0; ı1; ıt ; ıb; vb/ 2M1 is very similar to the proof for Burgers carried
out in Section 4.3. We leave it to the reader. As in the Burgers case, one uses the
equations satisfied by u and zY to check that they actually also enjoy L2xH

5
y regu-

larity and one can prove a lemma similar to Corollary B.6 to prove that the formula
u.x; Y.x; z// D z allows to transfer such a regularity back and forth.
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Low regularity case. We focus on the case when .f; ı0; ı1; ıt ; ıb; vb/ 2 M� with
� 2 .0;1=6/, and we consider the unique solution zY 2Z� of (5.4). Let�P D¹.x;y/2
.x0; x1/ � R; 
b.x/ < y < 
t .x/º, where 
j .x/ D Y.x; zj /. For almost every x 2
.x0; x1/, z 7! YP.x; z/C zY .x; z/ is anH 3 diffeomorphism. We note that there exists
a constant � > 0 such that ��1 � @zY � � in �. Let us define the reverse change of
variables u such that u.x; .YP C zY /.x; z// D z. Classical results ensure that for a.e.
x, u.x; �/ 2 H 3

y . Furthermore, differentiating the formula (4.4), we obtain

@3yu.x; Y.x; z// D �
@3zY.x; z/

.@zY.x; z//4
C 3

.@2zY.x; z//
2

.@zY.x; z//5
;

which ensures that @3yu 2 L
2.�P /. Since

@yu.x; y/ D
1

@zY.x; u.x; y//
;

we also infer that @yu 2 L1 and ��1 � @yu � � for some � > 0.
Additionally, since .x � x0/.x � x1/Y 2H 1

xH
3
z , we also infer that .x � x0/.x �

x1/@
k
yu.x; Y.x; z// 2 H

1
xL

2
y.�P / for 0 � k � 3. From there, we deduce that .x �

x0/.x � x1/@x@
k
yu 2 L

2.�P / for 0 � k � 3. Furthermore, since z@x@zY 2 L2, we
also deduce that u@x@yu 2 L2. Tracing back the computations at the beginning of
Section 5.1, and noticing that u 2H 1

xH
3
y .!/ for all ! b�P as well as in the vicinity

of �b , we infer that u is a weak solution to the Prandtl system (5.1). This proves the
existence of a solution to (5.1) and (5.3). In order to prove the continuity of u, we
observe that for all .x; y/; .x0; y0/ 2 �P , setting z D u.x; y/,

ju.x; y/ � u.x0; y0/j � ju.x; y/ � u.x0; y/j C k@yuk1jy � y
0
j

� jz � u.x0; Y.x; z//j C k@yuk1jy � y
0
j

� ju.x0; Y.x0; z// � u.x0; Y.x; z//j C k@yuk1jy � y
0
j

� k@yuk1.jY.x
0; z/ � Y.x; z/j C jy � y0j/:

Since Y 2 H
2
3
x H

1
z ,! C ˛ for some ˛ > 0, we infer that u is Hölder continuous.

Let us now prove the uniqueness of this solution within the regularity class

u 2 L2xH
3
y .�P /; @yu 2 L

1; .x � x0/.x � x1/u 2H
1
xH

3
y .�P /; u@x@yu 2 L

2.�P /;

and assuming that u is close to uP in the associated norm. Note that this implies
in particular that @yu is bounded pointwise from above and below. The associated
function Y is such that Y 2 L2xH

3
z , @zY 2 L1, .x � x0/.x � x1/Y 2 H 1

xH
3
y , and

z@x@zY 2 L
2. In particular, @zY 2 Z0. This regularity is sufficient to justify the

computations of Section 5.1, and thus zY D Y �YP is a solution to (5.4) in the sense of
distributions. It follows that @z zY is a solution to (5.10), and @zY is bounded pointwise
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from above and below by positive constants. From there, we deduce that @zY 2 Z� .
Applying the first statement of Proposition 5.2, we deduce that .f; ı0; ı1; ıb; ıt ; vb/ 2
M� .

Now, let u1; u2 be two solutions of (5.1) within the above regularity class, corre-
sponding to solutions zY1; zY2 of (5.4). Let

gi WD f .x; Yi /@zYi � vb C @z

�
.@z zYi /

2

.@zYP/2@zYi

�
:

Then W WD @z. zY1 � zY2/ 2 Z0 is a solution to (5.12) with homogeneous boundary
data and with a source term h D @zg1 � @zg2. Therefore, multiplying the equation
by W and integrating by parts, we obtainZ

˛j@zW j
2
� C.kg1 � g2k

2
L2
C kW k2

L2
/;

where the constant C depends only on the underlying flow uP. As in the proof of
Lemma 5.3, for jzbj; zt � z0, we infer that

kW kL2xH1z . kg1 � g2kL2 :

From there, using equation (5.12), we obtain

kW kB . kg1 � g2kL2 :

Using the formula for gi above, we deduce that

kg1 � g2kL2 . k@yf k1kY1 � Y2kL2k@zY1k1 C kf k1k@z.Y1 � Y2/kL2
C k@z zY1k1k@

2
z.Y1 � Y2/kL2

C k@z.Y1 � Y2/kL1z .L3x/k@
2
z
zY2kL2z.L6x/:

Setting
� WD k@z zY1k1 C k@z zY2kZ0 C kf kL1x W

1;1
y

;

and using the embeddings Z0 ,! L2zH
1=3
x ,! L2z.L

6
x/, B ,! C 0z .Œzb; zt �IH

1=6
x / ,!

L1z .L
3
x/ (see Lemma 1.14), we infer

kg1 � g2kL2 . �kW kB :

Hence we obtain kW kB . �kW kB , and provided � is small enough, W D 0.

Remark 5.16. Note that in the case � 2 .0; 1=6/, we are not able to transfer com-
pletely the fractional horizontal regularity from Y to u. Indeed, one can easily check
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from the formulas in (4.4) that @kyu.x; Y.x; z// 2 H
3�k
3 C�

x L2z \H
�
xH

3�k
z for k 2

¹1; : : : ; 3º. Then, one may try to get some regularity on u by computing

k@yuk
2

H
2
3
C�

x L2y

D k@yuk
2
L2

C

Z x1

x0

Z x1

x0

Z
R

1.x;y/2�P 1.x0;y/2�P
j@yu.x; y/ � @yu.x

0; y/j2

jx � x0j
7
3C2�

dx dx0 dy:

It is quite natural to change variables in the second integral on the right-hand side by
setting y D Y.x; z/, the associated Jacobian being bounded from above and below,
and to split the resulting integral intoZ x1

x0

Z x1

x0

Z zt

zb

j@yu.x; Y.x; z// � @yu.x
0; Y.x0; z//j2

jx � x0j
7
3C2�

dx dx0 dz

C

Z x1

x0

Z x1

x0

Z zt

zb

j@yu.x
0; Y.x0; z// � @yu.x

0; Y.x; z//j2

jx � x0j
7
3C2�

dx dx0 dz:

The first integral above is bounded by k@yu.x;Y.x; z//k2
H
2=3C�
x L2z

. As for the second

integral, if @yu were Lipschitz-continuous with respect to y (or even Hölder contin-
uous with some suitable exponent), we would bound this integral by kY k2

H
2=3C�
x L2z

.

But unfortunately, this Lipschitz regularity does not hold in general. However, thanks
to the regularity result far from the lateral boundaries from Lemma 5.4, we have suf-
ficient regularity on u to ensure uniqueness.

5.6 Potential strategy in a whole infinite strip

In this section, we sketch a potential strategy to solve the Prandtl equation (5.1) in
the whole infinite strip .x0; x1/ � .0;C1/, based on the previous analysis. To that
end, we first propose a scheme to solve a system with a modified source term (and
without any orthogonality condition). Once the solvability of this modified system
is understood, the solvability of the original system follows for data within a finite
codimensional manifold.

We start from a smooth solution .uP; vP/ to (5.1) such that uP.x; 
P.x// D 0 for
some smooth function 
P, and uP.x; y/ < 0 (resp. uP.x; y/ > 0) for y 2 .0; 
P.x//

(resp. for y > 
P.x/). We also have the boundary conditions uPjyD0 D vPjyD0 D 0,
and uP.x; y/! u1.x/ as y !1, where u1u01 D �@xp. As before, we fix two
small numbers zb < 0 < zt , such that there exist smooth lines ¹y D 
j .x/º with
uP.x; 
j .x// D zj . We consider perturbations

‚ WD .ı0; ı1; f / 2 H
k.0;C1/ �H k.0;C1/ �H k..x0; x1/ � .0;C1//
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for some sufficiently large k, and for simplicity, we also assume that ıi vanishes at

P.xi /. We then define an application A W .‚I
b; ıt / 7! .
 0

b
; ı0t / in the following way.

(1) We solve the Prandtl system in the domain ¹.x;y/ 2 .x0; x1/� .0;C1/; y <

b.x/º in the vicinity of the flow .uP; vP/, with source term �@xp C f and
boundary data

ujxDx1 DuPjxDx1 C ı1;

ujyD0 D vjyD0 D0;

ujyD
b.x/ Dzb:

In (the interior of) this domain, uP < 0, and therefore the system is backward
parabolic. Hence we expect that it is solvable (see [49]). A possible way to
solve it could be to introduce the “von Mise-type good unknown” from [35].
Assuming that the above system is solvable, we set vb WD vjyD
b � vPjyD
b ,
and ıb WD @yujyD
b � @yuPjyD
b . Note that there are typically compatibility
conditions which are necessary to ensure the existence of smooth solutions
of this system. We leave this issue aside in the present discussion. The com-
patibility conditions are automatically ensured if f is supported in .x0 C
ıx; x1 � ıx/ for jıxj � 1, and if ı0 (resp. ı1) is compactly supported in
.
P .x0/; 
t .x0// (resp. 
b.x1/; 
P .x1/).

(2) We then consider the Prandtl system in the recirculating zone. More precisely,
using the analysis of the previous sections, we construct a solution to

uux C vuy � @yyu D �@xp C f

� .�0f 0 C �1f 1 C �2f 2/.x; u.x; y//@yu.x; y/;

ux C vy D 0;

together with the boundary conditions (1.9), (1.10), (1.11), in which the bot-
tom data vb; ıb are provided by the first step. Note that the new free boundary
¹yD 
 0

b
.x/ WD Y.x;zb/º, with the notations of the previous sections, is differ-

ent from the boundary ¹y D 
b.x/º a priori. The coefficients .�0; �1; �2/ are
Lipschitz functions of the data .f; ı0; ı1/ and ensure that the associated solu-
tion u belongs toH 5=3

x H 1
y \H

1
xH

3
y . Note that the structure of the right-hand

side is designed so that the equation in the variables .x; z/ is

z@xY �

Z z

zb

@xY �
1

.@zY /2
@2zY D .@xp � f .x; Y //@zY C vPjyD
b

C vb C �
0f 0 C �1f 1 C �2f 2:

Let V.f; ı0; ı1I
b; ıt / denote the quantity vjyD
t .x/, where 
t .x/D Y.x;zt /.
The boundary ¹y D 
t .x/º will be the lower boundary of the upper domain
considered in the next step, but is not a variable of the implicit function
argument.
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(3) Eventually, we solve the Prandtl system in ¹.x;y/ 2 .x0; x1/� .0;C1/; y >

t .x/º in the vicinity of the flow .uP; vP/, with source term �@xp C f and
boundary data

ujxDx0 DuPjxDx0 C ı0;

ujyD
t .x/ Dzt ;

vjyD
t .x/ DV.f; ı0; ı1I 
b; ıt /;

lim
y!1

u.x; y/ Du1.x/:

This system is now forward parabolic. It can be solved with the tools of [49].
Note that inf uP > 0 in the upper domain, so that the system is in fact non-
degenerate after a suitable change of variables. We then define

ı0t D @yujyD
t .x/:

Eventually, we set A.‚I
b; ıt /D .

0
b
; ı0t /. The first question which needs to be solved

is the following:

For every ‚ 2 H k.0;C1/ �H k.0;C1/ �H k..x0; x1/ � .0;C1// such that
k‚k � ı,

find .
b; ıt / such that A.‚I 
b; ıt / D .
b; ıt /.

For ‚ D 0, by definition of the application A, one has A.0I 
b; @yuPjyD
t / D

.
b; @yuPjyD
t /. Hence a possible strategy could be to apply an implicit function
theorem, in the spirit of [15] or Lemma 3.15. This requires to prove the invertibility of
the function d.
b ;ıt /A.0I 
b; @yuPjyD
t /� Id. In turn, this requires to prove the well-
posedness of a linearized type Prandtl system (or of three coupled linearized Prandtl
systems) in the infinite strip .x0; x1/ � .0;C1/. Such a result may typically involve
restrictions on the size of the domain, as the following toy example demonstrates. Let
a 2 L1..x0; x1/ �R/. Consider the forward-backward system8̂̂<̂

:̂
z@xu � @zzu � au D 0 in .x0; x1/ �R;

u.x0; z/ D 0 for z > 0;

u.x1; z/ D 0 for z < 0:

Let us assume that there exists a solution with high enough decay for jzj � 1; our
purpose is to prove that such a solution is identically zero. To that end, we multiply
the above system by u�, where �.x; z/ WD exp.�.x � x0/z=.x1 � x0//, and perform
integrations by parts. We obtain

1

2.x1 � x0/

Z x1

x0

Z
R
z2u2� dx dz C

Z x1

x0

Z
R
.@zu/

2� dx dz

D �

Z x1

x0

Z
R
au2� dx dz C

1

2

Z x1

x0

Z
R

�
x � x0

x1 � x0

�2
u2� dx dz:
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For jzj � 2.kak1 C 1/1=2.x1 � x0/1=2, the two terms on the right-hand side can be
absorbed on the left-hand side. On the other hand, for jzj � 2.kak1 C 1/1=2.x1 �
x0/

1=2 and jx1 � x0j � 1, the weight exp
�
�

x�x0
x1�x0

z
�

is bounded from above and
below. We then use the inequality

k�kL2z . kz�kL2z C k@z�kL2z

for any � 2 H 1.R/ such that z� 2 L2.R/. The proof of the inequality follows from
arguments similar to the ones of Lemma B.7 and is left to the reader. We infer that
for x1 � x0 small enough, the only decaying solution to the above system is � � 0.
For x1 � x0 large, the situation is not so clear. These considerations could be seen as
a toy example of why Iyer and Masmoudi in [35] need to exclude a “resonant set” of
lengths x1 � x0 for which non-trivial solutions of a system similar to the one above
may exist.





Chapter 6

Interpolation estimate for the linear shear flow problem

This chapter is devoted to the proof of Proposition 2.36, which is used in particular
in the construction of weak solutions for the Prandtl system (see Proposition 5.5).
The idea is to interpolate between the Z0 estimate from Proposition 2.5, and the Z1

estimate from Proposition 2.10. However, because of the orthogonality conditions,
justifying that the interpolation space for the source terms is the expected one turns
out to be quite complicated.

We introduce the following spaces for the source terms:

Y0 WD ¹f 2 L
2.�/º; (6.1)

Y1 WD
®
f 2 H 1

xL
2
y Ifj†0[†1 D 0

¯
(6.2)

endowed with their usual norms and

Y
Ǹ

1 WD
®
f 2 Y1I `0.f; 0; 0/ D `1.f; 0; 0/ D 0

¯
; (6.3)

endowed with the norm of Y1, where `0 and `1 are defined in Definition 2.12. Since
`0 and `1 are continuous for the H 1

xL
2
y norm, Y

Ǹ

1 is a closed subspace of Y1.

We wish to interpolate between Y0 and Y
Ǹ

1. Using classical interpolation theory,
one can determine Y� WD ŒY0;Y1�� quite easily (see Lemma 6.5 below). Nevertheless,
there is a difficulty in the determination of the space ŒY0;Y

Ǹ

1�� . This corresponds to
the well-known problem of “subspace interpolation”, for which we give a short survey
in Section 6.1.

The proof of Proposition 2.36 relies on a careful analysis of the dual profiles ˆj ,
and in particular on a decomposition of the latter into an explicit singular part and
a regular part. This decomposition allows us to have quantitative upper and lower
bounds on the functions � 7! I.�; `j /, which play a paramount role in interpolation
theory (see [43] and Section 6.1.2 below).

The organization of this section is as follows. We start by introducing the the-
ory of subspace interpolation, and associated notations in Section 6.1. We then turn
towards the proof of Proposition 2.36 in Section 6.2, illustrating how the general the-
ory can be applied for our problem, thanks to the knowledge of the singular profiles
of Section 2.4.

6.1 A primer on subspace interpolation

Using interpolation theory in a context where constraints are enforced on the data
comes with a specific difficulty, known as “subspace interpolation”. In this section,
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we give a short introduction and set up notations and a lemma that will be used in the
next sections.

6.1.1 An introduction to subspace interpolation

Let us start by a short introduction to the topic of subspace interpolation and the asso-
ciated difficulty. This difficulty is not linked with the difference between complex and
real interpolation methods. Indeed, it occurs even in the case of “quadratic” interpo-
lation between separable Hilbert spaces, for which all methods construct the same
interpolation spaces (see [14, Remark 3.6] and [13, Section 3.3, Item (4)] based on
the initial geometric argument of [46]).

Setting of the problem. Let Y0 and Y1 denote two Banach spaces with a dense
continuous embedding Y1 ,!Y0. Let Y� WD ŒY0;Y1�� , for � 2 .0;1/, say for the com-
plex method to fix ideas. Let ` be a continuous linear form on Y1, which is however
unbounded on Y0, and define its kernel Y`1 WD ¹f 2 Y1I `.f /D 0º, which is a closed
subspace of Y1. The question of “subspace interpolation” consists in determining the
relation between Y� and ŒY0;Y`1�� . This question of course admits a straightforward
generalization to the case of a finite number of orthogonality conditions.

Generally, one checks that the closure of ŒY0;Y`1�� in Y� is either a subspace of
codimension 1, when ` is continuous on Y� , or the whole of Y� , when ` is unbounded
on Y� . In the former case, there is no guarantee that ŒY0;Y`1�� itself is closed in Y� (or,
equivalently, that the associated norms are equivalent on ŒY0;Y`1�� ). The first system-
atic occurrence of this question seems to date back to [45, Problem 18.5, Chapter 1],
which claims that a major difficulty to use interpolation theory is that “l’interpolé de
sous-espaces fermés n’est pas nécessairement un sous-espace fermé dans l’interpolé”
(the interpolation space between closed subspaces is not necessarily a closed sub-
space in the interpolation space), and asks for sufficient conditions for ŒY0;Y`1�� to
be closed in Y� .

Remark 6.1. When ` is continuous for the topology of Y0, there is no difficulty.
Indeed, one checks that, for every � 2 .0; 1/, ŒY0; Y`1�� D ¹f 2 Y� I `.f / D 0º,
endowed with the topology of Y� , for which ` is continuous (see, e.g., the related
result [45, Theorem 13.3, Chapter 1]).

Some examples. The best known and most simple example of such a phenomenon,
introduced in [45, Theorem 11.7, Chapter 1] concerns the construction of the space
H
1=2
00 .0;1/DŒL

2.0;1/;H 1
0 .0;1/�1=2. The spaceH 1=2

00 .0;1/ is not closed inH 1=2.0;1/

and the associated norm involves a non-equivalent “additional term”.
In [62], using real interpolation between L1 and L1, Wallstén constructed exam-

ples illustrating that this pathological behavior is not limited to exceptional values of
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the interpolation parameter, since there exist constraints for which it occurs for every
� 2 .0; 1/.

Short survey of known results. Precising earlier results of Löfström [43,44], Ivanov
and Kalton proved in [33] that, in the general case, there exist two thresholds 0� �0 �
�1 � 1 such that

• when 0 < � < �0, ŒY0;Y`1�� D Y� , with equivalent norms,

• when �0 � � � �1, the norm on ŒY0;Y`1�� is not equivalent to the one on Y� ,

• when �1 < � < 1, ŒY0;Y`1�� is a closed subspace of codimension 1 in Y� .

In the first case, ` is unbounded on Y� (the constraint does not make sense). In the
second and third cases, ` admits a continuous extension to Y� and the closure of
ŒY0;Y

`
1�� in Y� is of codimension 1.

This classification has generalizations to the case of multiple constraints (see [2]),
potentially involving multiple pathological intervals, associated with each constraint.

In the difficult regime �0 � � � �1, more precise results [5, 6] allow the compu-
tation of the “additional norm” stemming from the presence of the constraints.

The recent work [63] considers a kind of dual problem, by computing interpo-
lation spaces between Y0 and Y1 ˚ R!, where ! is a singular function of Y0 n Y1,
whose singularity is expressed in polar coordinates. In this work, �0D �1. This is also
our case below, and our dual profiles also involve singular parts which are expressed
in radial-like coordinates, as constructed in Section 2.4.

6.1.2 A variant of a criterion due to Löfström

To prove Proposition 2.36, we will rely on an abstract interpolation result proved by
Löfström in [43]. Let Y0 and Y1 denote two Hilbert spaces with a dense continuous
embedding Y1 ,! Y0.

For f 2 Y1 and � 2 .0; 1/, let

kf k2� WD kf k
2
Y0
C �2kf k2Y1 : (6.4)

This notation stems from [33], while [43] uses instead max.kf kY0 ; �kf kY1/. Since
kf k�=

p
2�max.kf kY0 ; �kf kY1/�kf k� , both quantities can be used equivalently.

Given a linear form ` on Y1, one defines, for � 2 .0; 1/,

I.�; `/ WD sup
f 2Y1n¹0º

`.f /

kf k�
: (6.5)

As � ! 0, upper bounds on I.�; `/ are linked with the boundedness of ` on inter-
mediate spaces between Y0 and Y1, while lower bounds on I.�; `/ are linked with
the non-degeneracy of ` on these spaces. In particular, one has the following result,
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which is a reformulation of [43, Theorem 2] in the particular case of two constraints
having the same “order”.

Lemma 6.2. Let Y0 and Y1 denote two Hilbert spaces with a dense continuous
embedding Y1 ,! Y0. Let `0, `1 be two linear forms on Y1. Assume that there exists
C˙ > 0 and N� 2 .0; 1/ such that, for every .c0; c1/ 2 S1 and every � 2 .0; 1/,

C��
�N�
� I.�; c0`

0
C c1`

1/ � CC�
�N� : (6.6)

As in Section 6.1.1, let Y`1 WD ¹f 2 Y1I `
0.f / D `1.f / D 0º and, for � 2 .0; 1/,

Y� WD ŒY0;Y1�� , for the complex interpolation method. Then,

• for every � 2 .0; N�/, ŒY0;Y`1�� D Y� , with equivalent norms,

• for every � 2 . N�; 1/, the linear forms `0 and `1 have continuous extensions to Y�
and ŒY0;Y`1�� D ¹f 2 Y� I `

0.f / D `1.f / D 0º, endowed with the norm of Y� .

Remark 6.3. Lemma 6.2 does not say anything on ŒY0; Y`1�� for the critical value
� D N� . In fact, with the notations of [33] mentioned above, one has �0 D �1 D N� , so
the norm of ŒY0;Y`1� N� is not equivalent to the norm of Y N� .

Remark 6.4. In assumption (6.6), it is important to consider arbitrary linear combi-
nations of the two linear forms `0 and `1. It would not be sufficient to assume (6.6)
with .c0; c1/ D .1; 0/ and .c0; c1/ D .0; 1/. Indeed, the lower bound of this condition
ensures that the two linear forms remain sufficiently independent on the interme-
diate spaces. We state here a formulation giving a symmetrical role to `0 and `1,
whereas [43] uses a hierarchical formulation. We prove below that our formulation
indeed implies Löfström’s one.

Proof of Lemma 6.2. This is an application of [43, Theorem 2]. By (6.6) applied with
.c0; c1/ D .1; 0/ and .c0; c1/ D .0; 1/, both `0 and `1 have “order” N� in Löfström’s
vocabulary. Therefore, there only remains to check that they form a “strongly inde-
pendent basis”, i.e., that there exists C > 0 such that, for every � 2 .0; 1/,

I.�; `1/ � CI0.�; `
1/; (6.7)

where

I0.�; `
1/ WD sup

²
`1.f /

kf k�
If 2 Y1 n ¹0º and `0.f / D 0

³
: (6.8)

Let � 2 .0; 1/. Denote by h�; �i� the scalar product associated with the norm k � k�
on Y1. By the Riesz representation theorem, there exists g0� ; g

1
� 2 Y1 such that `j D

hg
j
� ; �i� . In particular, I.�; `j / D kgj� k� . Moreover, by (6.8), I0.�; `1/ is the supre-

mum of `1 on the intersection of ker `0 with the unit ball in Y1 for the norm k � k� .
Thus, a natural candidate to bound I0.�; `1/ from below is the orthogonal projection
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of g1� =kg
1
� k� on ker `0, namely,

f 1� WD
g1�
kg1� k�

�R�
g0�
kg0� k�

; where R� WD
�
g1�
kg1� k�

;
g0�
kg0� k�

�
�

:

In particular, kf 1� k� D .1 �R
2
� /
1
2 and `0.f 1� / D hg

0
� ; f

1
� i D 0. Thus

I0.�; `
1/ �

hf 1� ; g
1
� i�

kf 1� k�
D .1 �R2� /

1
2 kg1� k� D .1 �R

2
� /
1
2 I.�; `1/: (6.9)

Thus, to prove (6.7), it is sufficient to prove that the ratio R2� is bounded away from 1.
By (6.6), for every .c0; c1/ 2 S1,

C��
�N�
� kc0g

0
� C c1g

1
� k� � CC�

�N� : (6.10)

In particular,
C��

�N�
� kgj� k� � CC�

�N� : (6.11)

By homogeneity, from (6.10), for every .c0; c1/ 2 R2,

C 2��
�2 N� .c20 C c

2
1/ � c

2
0kg

0
� k
2
� C c

2
1kg

1
� k
2
� C 2c0c1hg

0
� ; g

1
� i� � C

2
C�
�2 N� .c20 C c

2
1/:

Substituting cj  cj =kg
j
� k� and using (6.11) leads to the fact that, for every .c0; c1/2

R2,
�2.c20 C c

2
1/ � c

2
0 C c

2
1 C 2R�c0c1 � �

�2.c20 C c
2
1/;

where � WD C�=CC. In particular, using .c0; c1/ D .1; 1/ and .1;�1/ yields �2 �
1CR� and �2 � 1 �R� . Hence, (6.9) proves that

I0.�; `
1/ � �2I.�; `1/;

which implies (6.7) with C D ��2. So `0 and `1 form a “strongly independent basis”
and Lemma 6.2 follows from [43, Theorem 2].

6.2 Interpolated theory in the case of the linear shear flow

In this section, we consider the problem (2.1) at the linear shear flow, with van-
ishing boundary data. We proved in Section 2.2 (see Proposition 2.5) that, when
f 2 L2xL

2
z , the solutions to this problem have Z0 regularity, and in Section 2.3 (see

Proposition 2.10) that they haveZ1 regularity when f 2H 1
xL

2
z and the two orthogo-

nality conditions (2.15) are satisfied. Here, we establish an interpolated theory for the
problem (2.1) with source terms f 2 H �

x L
2
z , � 2 .0; 1/, see Proposition 2.36. This

interpolated theory involves the difficulty exposed in Section 6.1. We define Y0, Y1
and Y

Ǹ

1 by (6.1), (6.2) and (6.3) respectively, endowed with their usual norms. For
� 2 .0; 1/, let Y� WD ŒY0; Y1�� . The identification of the space Y� is classical and
provided by the following lemma.
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Lemma 6.5. Let � 2 .0;1/. Let Y� WDŒY0;Y1�� , for the complex interpolation method.

• When � 2 .0; 1=2/, Y� D H
�
x L

2
y .

• When � D 1=2, recalling that �˙ D � \ ¹˙y > 0º

kf k2Y1=2 � kf k
2

H
1=2
x L2y

C

Z
�C

f 2.x; y/

jx � x0j
dx dy C

Z
��

f 2.x; y/

jx � x1j
dx dy:

• When � 2 .1=2; 1/, Y� D ¹f 2 H
�
x L

2
y Ifj†0[†1D0º, with the usual norm.

Proof. This follows from classical interpolation theory for intersections (see [45,
Theorem 13.1 and equation (13.4), Chapter 1]), and from (one-sided versions of)
the equalityH 1=2

00 .x0; x1/D ŒH
1
0 .x0; x1/;L

2.x0; x1/� 1
2

(see also [45, Theorem 11.7,
Chapter 1]).

In order to extend the theory of Chapter 2 to fractional tangential regularity, we
start by identifying the spaces ŒY0; Y

Ǹ

1�� . More precisely, we prove the following
characterization.

Lemma 6.6. Let Y0, Y1 and Y
Ǹ

1 be given by (6.1), (6.2) and (6.3) respectively. Then,

• For every � 2 .0; 1=6/, ŒY0;Y
Ǹ

1�� D Y� with equivalent norms.

• For every � 2 .1=6; 1/, the linear forms `0 and `1 admit continuous extensions to
Y� and

ŒY0;Y
Ǹ

1�� D
®
f 2 Y� I `0.f; 0; 0/ D `1.f; 0; 0/ D 0

¯
;

endowed with the norm of Y� .

Remark 6.7. The threshold at 1=6 is consistent with the observation of Remark 2.33
that the maps `j .�; 0; 0/ are bounded on H �

x L
2
z for every � > 1=6.

For � 2 .0; 1/, we use the notations of the previous paragraph, in particular the
norm k � k� of (6.4) and the function I.�; �/ of (6.5), with Y0 and Y1 defined as above.

To derive the estimates required to apply Lemma 6.2, two strategies would be pos-
sible. Both rely on the explicit knowledge of the singular radial solutions constructed
in Section 2.4, which are involved in the orthogonality conditions. First, one could
impose periodic boundary conditions on f , compute a 2D Fourier-series represen-
tation of (an extension by parity of) the singular profiles and estimate the functions
I working in the Fourier space. Such a frequency-domain approach is carried out
in [5], assuming some appropriate asymptotic decay of the Fourier transform of the
profile defining the orthogonality condition. We choose a second strategy, which stays
in the spatial domain, and involves estimates using cut-off functions whose space-
scale are linked with the parameter � . This strategy is related to the one used in [63]
and inspired by the links between the K functional of real interpolation theory and
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the notions of modulus of continuity and modulus of smoothness of functions (see,
e.g., [37]).

To prove Lemma 6.6, we intend to apply Lemma 6.2. Hence, we need to bound
from below and from above the functions I.�; `j /. By Definition 2.12, `j .f; 0; 0/ DR
�
@xf ˆj . As highlighted in Corollary 2.32, the profiles ˆj can be decomposed

as the sum of a singular radial part, an x-independent part, and a regular part. The
singular radial part is the one that will be dominating the behavior of the orthogonality
conditions. Thus, we start by two lemmas concerning estimates from above and from
below for integrals of the form

R
�
.@xf / Nu

i
sing, before moving to the general case.

Lemma 6.8. Let h 2 H 1
xL

2
z such that h D 0 on †0 [†1. Then, for � 2 .0; 1/,ˇ̌̌̌ Z

�

.@xh.x; z// Nu
i
sing.x;�z/ dx dz

ˇ̌̌̌
. ��1=6.khkL2 C �k@xhkL2/;

where Nuising is defined in Definition 2.26.

Proof. By symmetry, it is sufficient to prove the result with i D 0, which we assume
from now on, and we drop the indexes i D 0 on ri and ti involved in Definition 2.26.
We also let �.x; z/ WD �i .x;�z/ of Definition 2.26 and ƒ.t/ WD ƒ0.�t /, where ƒ0
is defined in Proposition 2.21. With these notations

Nu0sing.x;�z/ D r
1
2ƒ.t/�.x; z/: (6.12)

In particular, since ƒ0.C1/ D 0, Nu0sing.x0;�z/ D 0 for z 2 .�1; 0/. We split the
integral to be estimated depending on whether r � �˛ or r � �˛ , where ˛ > 0 is to
be chosen later. Let � 2 C1.RI Œ0; 1�/ such that �.s/ � 1 for s � 1 and �.s/ � 0 for
s � 2.

Step 1. Estimate in the region: r � �˛ . By Cauchy–Schwarz,ˇ̌̌̌ Z
�

@xh � r
1
2ƒ.t/� � �.r=�˛/

ˇ̌̌̌
� k�k1kƒk1k@xhkL2

�Z
�

r�2.r=�˛/

� 1
2

:

Using the polar-like change of coordinates of (2.23) and (2.26), one hasZ
�

r�2.r=�˛/ D

Z 1
0

Z
R

3r3

.1C t2/2
r�2.r=�˛/ dr dt . .�˛/5:

Hence, in this region,ˇ̌̌̌ Z
�

@xh � r
1
2ƒ.t/� � �.r=�˛/

ˇ̌̌̌
. .�˛/5=2k@xhkL2 :

Step 2. Estimate in the region: r � �˛ . We intend to integrate by parts in x. At x D x1,
Nu0sing.x;�z/ D 0 for z 2 .�1; 1/ because � D 0. At x D x0, when z > 0, h D 0 by



Interpolation estimate for the linear shear flow problem 112

assumption, and, when z < 0, Nu0sing.x;�z/ D 0 as recalled above. Hence, there is no
boundary term andZ

�

@xh � r
1
2ƒ.t/� � .1 � �.r=�˛// D �

Z
�

h@x
�
� � r

1
2ƒ.t/.1 � �.r=�˛//

�
:

First, one easily boundsˇ̌̌̌ Z
�

h@x� � r
1
2ƒ.t/.1 � �.r=�˛//

ˇ̌̌̌
� khkL2kƒk1k@x�kL2 max

�
r
1
2 . khkL2 :

For the second term, when @x hits on the function expressed in .r; t/ coordinates, we
use the derivative formula (2.27):Z

�

h�@x
�
r
1
2ƒ.t/.1 � �.r=�˛//

�
D

Z
�

h�
.1C t2/

1
2

3r2
ƒ.t/@r

�
r
1
2 .1 � �.r=�˛//

�
�

Z
�

h�
t.1C t2/

3
2

3r3
r
1
2 .1 � �.r=�˛//@tƒ.t/:

We bound both terms using the Cauchy–Schwarz inequality and the polar-like change
of coordinates (2.23) with Jacobian determinant (2.26). In particular, on the one hand,Z

�

1C t2

9r4
ƒ2.t/

�
@r.r

1
2 .1 � �.r=�˛///

�2
D

Z 1
0

Z
R

3r3

.1C t2/2
1C t2

9r4
ƒ2
�
@r.r

1
2 .1 � �.r=�˛///

�2 dt dr

.
Z 1
0

�
r�1.1 � �.r=�˛//2 C r.�0.r=�˛//2=.�˛/2

� dr
r

D .�˛/�1
Z 1
1

�
s�1.1 � �.s//2 C s.�0.s//2

� ds
s

. .�˛/�1:

On the other hand,Z
�

t2.1C t2/3

9r6
r.1 � �.r=�˛//2.@tƒ.t//

2

D

Z 1
0

Z
R

3r3

.1C t2/2
t2.1C t2/3

9r6
r.1 � �.r=�˛//2.@tƒ.t//

2 dt dr

.
�Z

R
t2.1C t2/.@tƒ.t//

2 dt
�Z 1

0

1

3r2
.1 � �.r=�˛// dr . .�˛/�1

by the integrability property t3@tƒ.t/ D O.1/ of Lemma 2.24.
Thus, gathering the estimates in this region proves thatˇ̌̌̌ Z

�

@xh � r
1
2ƒ.t/� � .1 � �.r=�˛//

ˇ̌̌̌
. .�˛/�

1
2 khkL2 :

Gathering the estimates in both regions and choosing˛D1=3 concludes the proof.
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Lemma 6.9. There exists a family .hi� /�2.0;1/ of non-zero, smooth, compactly sup-
ported functions on � such that, as � ! 0,ˇ̌̌̌ Z

�

.@xh
i
� .x; z// Nu

i
sing.x;�z/ dx dz

ˇ̌̌̌
& ��1=6.khi�kL2 C �k@xh

i
�kL2/;

and
R
�
@xh

j
� Nu
i
sing D 0 for j ¤ i , where Nuising is defined in Definition 2.26.

Proof. As in the previous lemma, by symmetry, it is sufficient to prove the result with
i D 0, which we assume from now on, and we drop the indexes i D 0 on ri and ti
involved in Definition 2.26. We also let �.x; z/ WD �i .x;�z/ of Definition 2.26 and
ƒ.t/ WD ƒ0.�t /, where ƒ0 is defined in Proposition 2.21. With these notations, one
has (6.12).

Let ˛ > 0. Let H 2 C1c .RI Œ�1; 1�/ and � 2 C1c .RI Œ�1; 1�/ such that supp � �
.1=2; 3=2/. For � 2 .0; 1/, we define

h� WD �.r=�
˛/H.t/:

By the support properties of H and �, one checks that h� is both smooth and com-
pactly supported in �. Moreover, it is non-zero if H ¤ 0 and � ¤ 0.

Let � > 0 be sufficiently small such that the support of h� is included in the region
where � � 1. Note that with this choice, we also have

R
�
@xh� Nu

1
sing D 0. Then, using

the formula (2.27) for @x and the determinant (2.26),Z
�

@xh� Nusing.x;�z/ dx dz

D

Z 1
0

Z
R
r
1
2ƒ.t/

�
.1C t2/

1
2

3r2
.�˛/�1�0.r=�˛/H.t/

�
t .1C t2/

3
2

3r3
�.r=�˛/H 0.t/

�
3r3

.1C t2/2
dt dr

D

Z 1
0

Z
R

r
1
2ƒ.t/

.1C t2/
3
2

�
r.�˛/�1�0.r=�˛/H.t/ � t .1C t2/�.r=�˛/H 0.t/

�
dt dr

D .�˛/3=2
�Z

R

H.t/ƒ.t/

.1C t2/
3
2

dt
Z 1
0

s
3
2 �0.s/ ds �

Z
R

tH 0.t/ƒ.t/

.1C t2/
1
2

dt
Z 1
0

s
1
2 �.s/ ds

�
:

Note that since � 2 C1c ..0;C1//,Z 1
0

s
3
2 �0.s/ ds D �

3

2

Z 1
0

s
1
2 �.s/ ds:

We claim that we may choose � and H such thatZ 1
0

s
1
2 �.s/ ds D

3

2

Z
R

H.t/ƒ.t/

.1C t2/
3
2

dt C
Z

R

tH 0.t/ƒ.t/

.1C t2/
1
2

dt D 1:
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The claim for � is obvious. As for H , we assume that suppH � .0;C1/ and we
write the sum of integrals asZ

R
H.t/

�
3

2

ƒ.t/

.1C t2/
3
2

�
d

dt

�
tƒ.t/

.1C t2/
1
2

��
dt

D �

Z 1
0

H.t/
d

dt

�
tƒ.t/

.1C t2/1=2
t�3=2.1C t2/3=4

�
t3=2.1C t2/�3=4 dt:

Since ƒ.t/ ¤ Ct1=2.1C t2/�1=4 on RC, the claim for H follows.
The above choice of � and H ensures thatZ

�

@xh� � r
1
2ƒ.t/� D �.�˛/3=2:

Using once again the formula (2.27) for @x and the change of coordinates of the
Jacobian (2.26), one obtains that kh�kL2 . .�˛/2 and k@xh�kL2 . 1=�˛ . Similarly,
using (2.28) to compute @3zh� and the same technique, k@3zh�kL2 . 1=�˛ . Thus,
choosing ˛ D 1=3 leads to

kh�kL2 C �k@xh�kL2 C �k@
3
zh�kL2 . .�˛/2;

which concludes the proof.

We are now ready to prove Lemma 6.6.

Proof of Lemma 6.6. This is an application of Lemma 6.2 with N� D 1=6. Therefore,
we need to find constants C˙ > 0 such that, for every � 2 .0; 1/ and .c0; c1/ 2 S1,

C��
�1=6
� I.�; c0`0 C c1`1/ � CC�

�1=6:

Let .c0; c1/ 2 S1 and f 2 Y1. By Definition 2.12,

`j .f; 0; 0/ D

Z
�

@xf ˆj ;

where ˆj is the solution to (2.12).
By Corollary 2.32, there exists .d0; d1/ 2 R2 n ¹0º such that

c0`0.f; 0; 0/C c1`1.f; 0; 0/ D

Z
�

@xf .d0 Nu
0
sing.x;�z/C d1 Nu

1
sing.x;�z//

C

Z
�

@xf

�
ˆreg C .c1 � zc0/�.z/1z>0

�
; (6.13)

where ˆreg 2 Z
1. By linearity, d0, d1 and ˆreg are uniformly bounded for .c0; c1/ 2

S1. The first term corresponds to the one studied in Lemmas 6.8 and 6.9. We want
to integrate by parts in the second term. Since f 2 Y1, fj†0[†1 D 0. At x D x0
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and z2.�1; 0/, ˆj D0 by (2.12). Moreover, Nu0sing.x0;�z/D0 because ƒ0.C1/D
0 and Nu1sing.x0;�z/ D 0 because Nu1sing is compactly supported near .x1; 0/. Hence,
ˆreg.x0; z/ C .c1 � zc0/�.z/1z>0 � 0 on .�1; 0/. The same conclusion holds at
x D x1 and z 2 .0; 1/. Thus, we can integrate by parts with no boundary term and the
second term is estimated asˇ̌̌̌ Z

�

@xf .ˆreg C .c1 � zc0/�.z/1z>0/
ˇ̌̌̌
� kf kL2k@xˆregkL2 : (6.14)

Step 1. Bound from above. For � 2 .0; 1/, using Lemma 6.8 and (6.14),

jc0`0.f; 0; 0/C c1`1.f; 0; 0/j . ��1=6.kf kL2 C �kf kY1/:

Step 2. Bound from below. For � 2 .0; 1/, let us assume that f� WD h� , where h� is
constructed in Lemma 6.9, which ensures that f� is compactly supported in � so
satisfies .f� /j†0[†1 D 0. Substituting in (6.13) and integrating by parts yields

c0`0.f� ; 0; 0/C c1`1.f� ; 0; 0/ D �

Z
�

h�@xˆreg C
X
i2¹0;1º

di

Z
�

.@xh� / Nu
i
sing.x;�z/:

By Corollary 2.32 and linearity, min.jd0j; jd1j/ is uniformly bounded from below.
We choose h� as either h0� or h1� of Lemma 6.9 accordingly. Thus, by Lemma 6.9, as
� ! 0,

jc0`0.f� ; 0; 0/Cc1`1.f� ; 0; 0/j & ��1=6.kh�kL2C�kh�kY1/�Ckh�kL2k@xˆregkL2

& ��1=6.kh�kL2 C �kh�kY1/

D ��1=6.kf�kL2 C �kf�kY1/

for � > 0 sufficiently small. This concludes the proof.

To conclude this section, we turn towards the proof of Proposition 2.36.

Proof of Proposition 2.36. Step 1. Case ı0 D ı1 D 0 and 1�>1=2fj†i D 0. By Propo-
sition 2.5, for every f 2 L2.�/, there exists a unique solution u 2 Z0.�/ to (2.1)
with ı0 D ı1 D 0 and kukZ0 . kf kL2 . By Proposition 2.10 and Proposition 2.6, for
every f 2 H 1

xL
2
z such that fj†0[†1 D 0 (so that �0 D �1 D 0) and `0.f; 0; 0/ D

`1.f; 0; 0/D 0, this solution satisfies u 2 Z1.�/ with kukZ1 . kf kH1xL2z . Hence, by

interpolation, the mapping f 7!u is bounded from ŒY0;Y
Ǹ

1�� toZ� .�/. Moreover, by
Lemma 6.5 and Lemma 6.6, when � 2 .0; 1/ n ¹1=6; 1=2º, ŒY0;Y

Ǹ

1�� D H
�
x L

2
z (with

null boundary conditions on†0 [†1 when � > 1=2, and null linear forms constraints
when � > 1=6). This proves estimate (2.50) in the case of vanishing boundary data.
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Step 2. Arbitrary boundary data. When ı0 and ı1 are arbitrary, we extend them to
.�1; 1/ in such a way that the extension belongs to H 2

0 .�1; 1/. We then lift the
boundary data by setting ul.x; z/ D �.x � x0/ı0 C �.x � x1/ı1, with � 2 C1c .R/,
supported in B.0; .x1 � x0/=2/, and equal to 1 in a neighborhood of zero. This intro-
duces a source term fl D z@xul � @zzul 2 H

1
xL

2
z in the equation, whose trace on

†i is �ı00i , so that the trace of f � fl on †i is z�i . When � < 1=2, we immediately
obtain the desired result thanks to the previous step.

For � > 1=2, we first note that, since u; ul 2 Z1.�/, by Proposition 2.10,

`j .f � fl ; 0; 0/ D 0:

We further decompose f � fl into f � fl D z�0�.x � x0/C z�1�.x � x1/C gl ,
where gl 2 H �

x L
2
z is such that glj†0[†1 D 0. Using Proposition 2.15 we construct

hl 2 C
1
c .�/ such that

khlkH1xL2z . k�0kH1.†0/
C k�1kH1.†1/

and

`j .z�0�.x � x0/C z�1�.x � x1/C hl ; 0; 0/ D `j .gl � hl ; 0; 0/ D 0:

We then apply the result of the first step to the system with source term gl � hl
(which vanishes on †0 [ †1) and homogeneous boundary data, and the result of
Proposition 2.10 to the system with source term z�0�.x � x0/C z�1�.x � x1/C hl
and homogeneous boundary data, using the conditions �0.1/ D �1.�1/ D 0. This
concludes the proof.



Appendix A

Uniqueness of weak solutions for linear problems

The purpose of this appendix is to prove the following uniqueness result, which is
a slight generalization to the case of variable coefficients of the uniqueness result of
[8, Section 5] for (2.1).

Lemma A.1. Let � D .x0; x1/ � .zb; zt /, where x0 < x1 and zb < 0 < zt . Let ˛ 2
C 2.x�/ such that inf ˛ > 0 and ˇ 2 L1.�/. Assume that one of the two following
conditions is satisfied:

• either kˇk1 � 1 and k@z˛k1 � 1,

• or jzbj; zt � z0, for some small constant z0 depending only on ˛.

Let g 2 L2xH
�1
z , ı0 2 L2z.†0/, ı1 2 L2z.†1/. There exists at most one weak solution

U 2 L2xH
1
0 to 8̂̂̂̂

<̂
ˆ̂̂:
z@xU C ˇ@zU � @zz.˛U / D g;

U j†0 D ı0;

U j†1 D ı1;

U jzDzt D U jzDzb D 0:

(A.1)

The proof follows the arguments of Baouendi and Grisvard in [8], which concern
the case of the model equation (2.1). For the reader’s convenience, we recall the main
steps of the proof here, and adapt them to the present (slightly different) context. The
proof involves the spaces B defined in (1.25) and A WD B \H 1.�/.

Note that ifU 2L2..x0;x1/;H 1
0 .zb; zt // is a weak solution to (A.1), thenU 2B.

Indeed, it follows from the weak formulation that for any V 2 H 1
0 .�/,

hz@xU; V iL2.H�1/;L2.H1
0
/D�

Z
�

@z.˛U /@zV �

Z
�

ˇ@zUV Chg; V iL2.H�1/;L2.H1
0
/:

By density, this formula still holds for V 2L2x.H
1
0 /, and therefore z@xU 2L2x.H

�1
z /.

We then recall the following result from [8].

Lemma A.2. The set A is dense in B. Furthermore, there exists a constant C depend-
ing only on �, such that for i 2 ¹0; 1º,

8v 2 A;

Z zt

zb

jzj jv.xi ; y/j
2 dy � Ckvk2B :

As a consequence, the applications

v 2 A 7! vjxDxi 2 L2z.zb; zt /

can be uniquely extended into continuous applications on B.
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As a consequence, Baouendi and Grisvard [8] obtain the following corollary.

Corollary A.3. For all u; v 2 B,

hz@xu; viL2.H�1/;L2.H1
0
/ C hz@xv; uiL2.H�1/;L2.H1

0
/

D

Z zt

zb

.zuv/jxDx1 �

Z zt

zb

.zuv/jxDx0 :

Proof. Thanks to Lemma A.2, it suffices to prove the identity when u; v 2 A. In that
case, the left-hand side is simplyZ

�

z@xuv C zu@xv D

Z
�

@x.zuv/:

The result follows by integration.

Proof of Lemma A.1. Let U 2 L2x.H
1
0 / be a weak solution to (A.1) with g D 0 and

ıi D 0. As mentioned above, U 2 B. According to Corollary A.3, for any V 2 B

such that V D 0 on @� n .†0 [†1/,

�hz@xV;U iL2.H�1/;L2.H1
0
/ C

Z
�

.ˇ@zUV C ˛zU@zV C ˛@zU@zV / D 0:

Now, let h 2 C1c .�/ be arbitrary, and let V 2 L2.H 1
0 / be a weak solution to´

�z@xV � @z.ˇV / � ˛@zzV D h;

Vj@�n.†0[†1/ D 0:

(The existence of weak solutions for this adjoint problem is proved in the same way as
existence for the direct problem in Proposition 2.2 in the case kˇk1�1, k˛zk1�1,
and Lemma 5.3 in the case jzbj; zt small).

Then V 2 B, and choosing U as a test function in the variational formulation for
V , we obtain Z

�

hU D 0:

Thus U D 0. Uniqueness of weak solutions to (A.1) follows.
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Proofs of functional analysis results

B.1 An abstract existence principle

As Fichera in [22], we use the following abstract existence principle (see [19, Theo-
rem 1]), which allows skipping a viscous regularization scheme.

Lemma B.1. Let H1, H2 and H be three Hilbert spaces. Let Fi 2 L.Hi IH/ for
i 2 ¹1; 2º. Then the following statements are equivalent.

• It holds that rangeF1 � rangeF2.

• There exists a constant C > 0 such that

8h 2 H0; kF �1 hkH01
� CkF �2 hkH02

: (B.1)

• There exists G 2 L.H1IH2/ such that F1 D F2G.

Moreover, when these hold, there exists a unique G 2 L.H1IH2/ such that kerG D
kerF1, rangeG � .rangeF �2 /

? and kGk D inf¹C > 0I (B.1) holdsº.

Indeed, this yields the following weak Lax–Migram result, where the linear right-
hand side is assumed to be continuous for the weaker norm.

Lemma B.2. Let U and V be two Hilbert spaces with V continuously embedded in
U. Let a be a continuous bilinear form on U � V and b be a continuous linear form
on U. Assume that there exists a constant c > 0 such that, for every v 2 V,

a.v; v/ � ckvk2U:

Then, there exists u 2 U such that kukU � 1
c
kbkL.U/ and, for every v 2 V, a.u; v/D

b.v/.

Proof. Set H WD L.V/, H1 WD L.U/, F1 WD Id (from L.U/ to L.V/), H2 WD U

and F2 W U! L.V/ defined by F2u WD a.u; �/. Then F �1 D Id (from V to U) and
F �2 v D a.�; v/. Moreover,

kF �2 vkL.U/ � ja.v; v/j=kvkU � ckvkU D ckF
�
1 vkU:

So (B.1) holds withC D 1=c and Lemma B.1 yields the existence ofG 2L.L.U/IU/

such that F1 D F2G and kGk � 1
c

. The conclusions follow by setting u WD Gb.
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B.2 Product and composition rules in Sobolev spaces

Lemma B.3 (Pointwise multiplication). Pointwise multiplication of two functions is
a continuous bilinear map

• from H 3=2.�1; 1/ �H 3=2.�1; 1/ to H 3=2.�1; 1/,

• from H 1=2.x0; x1/ �H
s.x0; x1/ to H 1=2.x0; x1/ for any s > 1=2,

• from H 1=2.x0; x1/ �H
s.x0; x1/ to H s0.x0; x1/ for any s0 < min.s; 1=2/,

• from H s.x0; x1/ �H
s0.x0; x1/ to H s0.x0; x1/ for any s > 1=2, s � s0.

Proof. These are particular cases of [10, Theorem 7.4].

Lemma B.4 (Composition ofH � functions). Let �2.0;1=6/, and let�y D .x0;x1/�

R,�z D .x0; x1/� .zb; zt /. For f 2H �
xH

1
y \L

4
xH

1
y .�y/ and Y 2H

2
3C�
x H 1

z .�z/,
such that � � @zY � ��1 for some positive constant �,

kf .x; Y.x; z//kH�x L2z.�z/ . CkY k.kf kH�x L2y C kf kL4xH1y /

and

kf .x; Y.x; z//kL1..zb ;zt /;H� .x0;x1// . CkY k.kf kH�xH1z C kf kL4xH1y /:

In a similar way, if f 2 H
1
2C�
x L2y \ L

1
x W

1;1
y .�y/,

kf .x; Y.x; z//k
H
1
2
C�

x L2z.�z/
. CkY k

�
kf k

H
1
2
C�

x L2z

C kf k
L1x W

1;1
z

�
:

Proof. Using the classical definition of fractional Sobolev spaces, for all z 2 .zb; zt /,

kf .�; Y.�; z//k2H� .x0;x1/ D kf .�; Y.�; z//k
2
L2.x0;x1/

C

Z x1

x0

Z x1

x0

jf .x; Y.x; z// � f .x0; Y.x0; z//j2

jx � x0j1C2�
dx dx0:

We start with the H �
x L

2
z estimate. Integrating with respect to z, the norm of the first

term is bounded by the square of the L2 norm of f after a change of variable with
bounded Jacobian. We then decompose the second integral intoZ x1

x0

Z x1

x0

jf .x; Y.x; z// � f .x0; Y.x; z//j2

jx � x0j1C2�
dx dx0

C

Z x1

x0

Z x1

x0

jf .x0; Y.x; z// � f .x0; Y.x0; z//j2

jx � x0j1C2�
dx dx0:

Once again, the first integral is bounded by kf k2
H�x L

2
z

after vertical integration. As

for the second one, using the embedding H 1.�1; 1/ ,! C 1=2, we have

jf .x0; Y.x; z// � f .x0; Y.x0; z//j2 . k@yf .x0; �/k2L2y jY.x; z/ � Y.x
0; z/j:
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Since Y 2 H
2
3C�
x H 1

z ,Z x1

x0

Z x1

x0

k@yf .x
0; �/k2

L2y

jY.x; z/ � Y.x0; z/j

jx � x0j1C2�
dxdx0

. kY.�; z/k
H
2
3
C�

x

�Z x1

x0

Z x1

x0

k@yf .x
0; �/k4

L2y
jx � x0j

1
3�3� dx dx0

�1=2
. kY k

H
2
3
C�

x H1z

kf k2
L4xH

1
y
:

The first estimate follows. The other ones go along the same lines and are left to the
reader.

Lemma B.5 (Composition with aQ1 function). Let � 2Q1.�/ such that �.x;˙1/D
˙1. Assume that there exists m > 0 such that @z�.x; z/ 2 Œm�1; m�. Let � 2 Œ0; 1�.
There exists C.m; �/ such that, for any g 2 H �

x L
2
y \ L

2
x.W

�;4
y /,

kg.x; �.x; z//kH�x L2z � C
�
kgkH�x L2z C .1C k�k

�
Q1
/kgk

L2x.W
�;4
y /

�
: (B.2)

Proof. Throughout the proof, we set G.x; z/ WD g.x; �.x; z//. First, note that, since
the Jacobian of the change of variable z 7! �.x; z/ is bounded from below, for any
p; q 2 Œ1;1�,

kGkLpxL
q
z
� m

1
q kgkLpxL

q
z
: (B.3)

In particular, kGkL2 � m
1
2 kgkL2 . Furthermore, for � D 1,

@xG.x; z/ D @xg.x; �.x; z//C @x�.x; z/@yg.x; �.x; z//:

Hence,

k@xGkL2 � k.@xg/ ı �kL2 C k@x�kL1x L4zk.@yg/ ı �kL2xL4z : (B.4)

By the “fractional trace theorem” [45, equation (4.7), Chapter 1],

k@x�kL1x H
1=2
z

. k@x�kH2=3x L2z
C k@x�kL2xH2z . k�kQ1 :

Hence, we obtain from (B.3) and (B.4) that

k@xGkL2 . k@xgkL2 C k�kQ1kgkL2x.W 1;4
y /

:

Now, note that the application g 7! G is linear. By interpolation, we obtain, for any
� 2 .0; 1/,

kGkH�x L2z . kgkH�x L2z C .1C k�k
�
Q1
/kgk

L2x.W
�;4
y /

;

which concludes the proof.
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Corollary B.6. Let � 2 Q1 \ L2xH
4
z such that �.x;˙1/ D ˙1 and k� � zkQ1 C

k� � zkL2xH4z � 1. Let  .x; y/ be such that  .x; �.x; z// D z for all .x; z/ 2 �.
Then  2 Q1 \ L2xH

4
y and

k � ykQ1 C k � ykL2xH4y . k� � zkQ1 C k� � zkL2xH4z :

Proof. In this statement and this proof, we use the variable y as second argument for
 , z as second argument for �. First, observe that @y .x;y/D 1=.@z�.x; .x;y///,
so that k@y � 1kL1 � k@z� � 1kL1 . In particular, the associated changes of ver-
tical variables are defined and bounded so that estimates such as (B.3) hold and will
be used abundantly.

Step 1. Vertical regularity of  . By the “fractional trace theorem” [45, equation (4.7),
Chapter 1], for � 2 Q1 \ L2xH

4
z , � 2 H 1

xH
2
z \ L

2
xH

4
z ,! C 0x .H

3
z /. In particular,

@2z� 2 L
1. Differentiating the definition  .x; �.x; z// D z, we obtain the following

relations and estimates. First, we already said that @y 2 L1. Second, @2y 2 L
2

since
�.@z�/

2@2y ı � D .@y ı �/„ ƒ‚ …
L1

.@zz�/„ƒ‚…
L1

:

Third, @3y 2 L
2 since

�.@z�/
3@3y ı � D 3 @

2
y ı �„ ƒ‚ …
L2

@z�@
2
z�„ ƒ‚ …

L1

C @y ı �„ ƒ‚ …
L1

@3z�„ƒ‚…
L2

:

Fourth, omitting the composition with � in every occurrence of  in order to alleviate
the notation,

� .@z�/
4@4y 

D 6 @3y „ƒ‚…
L2

.@z�/
2@2z�„ ƒ‚ …

L1

C @2y „ƒ‚…
L2xH

1
y

�
3 .@2z�/

2„ƒ‚…
L1

C4 .@z�/„ƒ‚…
L1

.@3z�/„ƒ‚…
L1x L

2
z

�
C @y „ƒ‚…

L1

@4z�„ƒ‚…
L2

:

Remembering that 1=.@z�/ 2 L1, we conclude that

k .x; y/ � ykL2xH4y . k�.x; z/ � zkQ1 C k�.x; z/ � zkL2xH4z :

Step 2. Integer horizontal regularity of  . This step uses that @x� 2 L1x L
2
z which

follows from � 2 H
5=3
x L2z . Note however that, even for � 2 Q1 \ L2xH

4
y , one does

not have @x� 2 L1. We proceed similarly for the integer horizontal regularity. First,

�@x ı � D @y ı �„ ƒ‚ …
L1

@x�„ƒ‚…
L2

:
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Second,

�.@z�/@xy ı � D @
2
y ı �„ ƒ‚ …
L2xH

1
y

@z�„ƒ‚…
L1

@x�„ƒ‚…
L1x L

2
z

C @y ı �„ ƒ‚ …
L1

@xz�„ƒ‚…
L2

:

Third,
�.@z�/

2@xyy ı � D 2@
2
y ı � @z� @xz� C h; (B.5)

where, omitting once again the composition with � in the derivatives of  ,

h D @3y „ƒ‚…
L2xH

1
y

@x�„ƒ‚…
L1x L

2
z

.@z�/
2„ƒ‚…

L1

C @xy „ƒ‚…
L2

@2z�„ƒ‚…
L1

C @2y „ƒ‚…
L2xH

1
y

@x�„ƒ‚…
L1x L

2
z

@2z�„ƒ‚…
L1

C @z „ƒ‚…
L1

@xzz�„ƒ‚…
L2

:

From (B.5) and h 2 L2, we obtain that

k@xyy kL2 . khkL2 C k@xz�kL2xH1z k@yy kL1x L2z
. khkL2 C k�.x; z/ � zkH1xH2z k.k@yy kL2 C k@xyy kL2/:

Hence, using the smallness of k�.x; z/ � zkH1xH2z , we conclude that

k .x; y/ � ykH1xH2y . k�.x; z/ � zkQ1 C k�.x; z/ � zkL2xH4z :

Step 3. Fractional horizontal regularity of  . Eventually, to obtain the H 5=3
x L2y reg-

ularity, we write

@x .x; y/ D �
@x�

@z�
.x;  .x; y//

and we apply Lemma B.5 with � D 2=3. Let us first assume that � is smooth (so that
 is smooth as well by usual results) and then argue by density. Estimate (B.2) yields

k xkH2=3x L2y
. k@x�=@z�kH2=3x L2z

C .1C k k
2=3

Q1
/k@x�=@z�kL2xH2z :

Since we already know that  can be estimated inH 1
xH

2
y , we can use (the Peter–Paul

version) of Young’s inequality to obtain

k xkH2=3x L2y
. k@x�=@z�kH2=3x L2z

C k@x�=@z�kL2xH2z C k@x�=@z�k
3=2

L2xH
2
z

:

Moreover, one easily proves, using standard product rules, that

k@x�=@z�kH2=3x L2z
Ck@x�=@z�kL2xH2z . k�.x; z/�zkQ1Ck�.x; z/�zkL2xH4z �1:

Hence we obtain

k xkH2=3x L2y
. k�.x; z/ � zkQ1 C k�.x; z/ � zkL2xH4z

when � is smooth and k�.x; z/� zkQ1 C k�.x; z/� zkL2xH4z � 1. We conclude by
density.
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B.3 Extension operators

We start with Lemma 1.6, which allows extending functions from Z0.�/ to Z0.R2/.

Proof of Lemma 1.6. Up to translation and rescaling, we assume that .x0;x1/D .0;1/.
We start by constructing a continuous horizontal extension operator denoted Px

fromZ0..0; 1/� .�1; 1// toZ0.R� .�1; 1//. Let � 2 C1.RI Œ0; 1�/ such that �� 1
on .0; 1/ and supp � � .�1; 2/. Let � 2 Z0..0; 1/ � .�1; 1//. For x 2 .�1; 2/ and
z 2 .�1; 1/, let

.Qx�/.x; z/ WD

8̂̂<̂
:̂
�.�x; z/ if x 2 .�1; 0/;

�.x; z/ if x 2 .0; 1/;

�.2 � x; z/ if x 2 .1; 2/;

.Px�/.x; z/ WD �.x/.Qx�/.x; z/:

First, kPxkL2x;z!L2x;z � 3. Moreover, @kz .Px�/D Px@
k
z� for k D 1 and k D 2. Hence

kPxkL2xH2z!L2xH2z � 3. Eventually,

kz@x.Qx�/kL2..�1;2/�.�1;1// � 3kz@x�kL2..0;1/�.�1;1//;

so that
kz@x.Px�/kL2 � 3kz@x�kL2 C 2k�

0
kL1k�kL2 :

ThusPx is a continuous extension map fromZ0..0;1/� .�1;1// toZ0.R� .�1;1//.
We now construct a continuous upwards vertical extension operator denoted by

PC from Z0.R � .�1; 1// to Z0.R � .�1;C1//. We proceed in a classical manner
(see, e.g., [4]), by considering a weighted linear combination of rescaled reflections.
For � 2 Z0.R � .�1; 1//, x 2 R and z 2 .�1;1/, let

.QC�/.x; z/ WD

´
�.x; z/ if z 2 .�1; 1/;

3�.x; 2 � z/ � 2�.x; 3 � 2z/ if z 2 .1; 2/;

.PC�/.x; z/ WD �C.z/.QC�/.x; z/;

where �C 2C1.RI Œ0;1�/ is such that �C� 1 on .�1;1/ and supp�C � .�2;1C 1
4
/.

The chosen coefficients ensure that bothQC� and @z.QC�/ are continuous at z D 1.
Hence PC� 2 L2xH

2
z and

kPC�kL2x.RIH2z .�1;C1//

D kPC�kL2x.RIH2z .�1;1// C kPC�kL2x.RIH2z .1;C1// � CCk�kL2xH2z ;
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for some constant CC depending only on k�CkW 2;1 . Moreover, using that �.z/ D 0
for z > 1C 1

4
,

kz@x.PC�/kL2x.RIL2.1;C1// D kz@x.PC�/kL2x.RIL2.1;1C 14 //

. k@x�kL2x.RIL2. 12 ;1//

. kz@x�kL2x.RIL2. 12 ;1//:

HencePC is a continuous extension map fromZ0.R�.�1;1// toZ0.R�.�1;C1//.
The extension for z<�1 is performed in a similar fashion and left to the reader.

B.4 Embeddings

We collect in this paragraph various embedding results used throughout the memoir.

B.4.1 Embedding of the Pagani space Z0 inH 2=3
x L2

z

We start with an easy one-dimensional inequality.

Lemma B.7. For  2 C1c .R/,

k kL2 . kz kL2 C k@zz kL2 :

Proof. On the one hand, for jzj � 1,Z
jzj�1

 2 � kz k2
L2
:

On the other hand, for every .z0; z/ 2 .�2; 2/,

j@z .z/j � j@z .z0/j C 2k@zz kL2 : (B.6)

Moreover, by classical Sobolev embeddings,

k@z kL2.1;2/ . k kL2.1;2/ C k@zz kL2.1;2/ � kz kL2.R/ C k@zz kL2.R/:

Thus, integrating (B.6) for z0 2 .1; 2/,

k@z kL1.�2;2/ . kz kL2.R/ C k@zz kL2.R/:

Now, writing  .z/ D  .z0/C
R z
z0
 0 and integrating for z0 2 .1; 2/ yields

k kL2.�1;1/.k kL2.1;2/Ckz kL2.R/Ck@zz kL2.R/.kz kL2.R/Ck@zz kL2.R/;

which concludes the proof.

We then turn towards the proof of the key result Z0.R2/ ,! H
2=3
x L2z.R

2/.
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Proof of Proposition 1.7. Let  2 C1c .R/. By Lemma B.7, one has

k kL2 . kz kL2 C k@zz kL2 : (B.7)

Using standard dimensional analysis arguments (e.g., by introducing the rescaled
function  � W z 7!  .�z/ for � > 0 and optimizing the choice of �), one deduces
from (B.7) that

k kL2 . kz k
2
3

L2
k@zz k

1
3

L2
: (B.8)

Let � 2 C1c .R
2/. Let O�.�; z/ denote the Fourier-transform of � in the horizontal

direction. Then using (B.8) and Hölder’s inequality,

k�k2
H
2=3
x L2z

D

Z
R2
.1C j�j2/

2
3 j O�.�; z/j2 d� dz

. k�k2
L2
C

Z
R
j�j

4
3 kz O�.�; z/k

4
3

L2z
k@zz O�.�; z/k

2
3

L2z
d�

. k�k2
L2
C

�Z
R2
j�j2z2j O�.�; z/j2 dz d�

� 2
3
�Z

R2
j@zz O�.�; z/j

2 dz d�
� 1
3

. k�k2
L2
C kz@x�k

4
3

L2
k@zz�k

2
3

L2
:

Hence k�k
H
2=3
x L2z

. k�kZ0 . This concludes the proof, by density of C1c .R
2/ in

Z0.R2/.

B.4.2 Embedding of the Baouendi–Grisvard space B inH 1=3
x L2

z

Once again, we start with a one-dimensional inequality of Hardy type.

Lemma B.8. For � 2 L2.0; 1/,Z 1

0

�
1

z2

Z z

0

s�.s/ ds
�2

dz �
4

5
k�k2

L2
: (B.9)

Proof. For z 2 .0; 1/, by the Cauchy–Schwarz inequality�Z z

0

s�.s/ ds
�2
�

�Z z

0

�2.s/s
1
2 ds

��Z z

0

s2�
1
2 ds

�
D
2

5
z
5
2

�Z z

0

�2.s/s
1
2 ds

�
:

Hence, by Fubini,Z 1

0

�
1

z2

Z z

0

s�.s/ ds
�2

dz �
2

5

Z 1

0

z�4C
5
2

�Z z

0

�2.s/s
1
2 ds

�
dz

D
2

5

Z 1

0

�2.s/s
1
2

�Z 1

s

z�
3
2 dz

�
ds

D
2

5

Z 1

0

�2.s/s
1
2 .2.s�

1
2 �1//dsD

4

5

Z 1

0

�2.s/.1�s
1
2 /ds;

which implies (B.9).
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We then turn towards the proof of the embedding.

Proof of Lemma 1.13. Step 1. Extension to .x0; x1/ � R with compact vertical sup-
port.

Let u 2L2..x0; x1/;H 1
0 .�1; 1// such that z@xu 2L2..x0; x1//;H�1.�1; 1/. We

first extend u to .x0; x1/ � .�3; 3/ by setting, for all x 2 .x0; x1/ and z0 2 .0; 2/,

u.x; 1C z0/ D �u.x; 1 � z0/;

u.x;�1 � z0/ D �u.x;�1C z0/:

It is clear that the above extension belongs toL2..x0; x1/;H 1
0 .�3;3//, and we further

extend u by zero on .x0; x1/ � ¹z 2 R; jzj � 3º. We then take � 2 C1c .R/ such that
supp� � .�3=2; 3=2/, and � � 1 on .�1; 1/, and we prove that u� 2 B..x0; x1/ �

R/. Using a partition of unity, we write � D ��1 C �0 C �1, where supp �˙1 �
.˙1=2;˙3=2/, and supp�0 � .�3=4; 3=4/. It is clear that �0u 2 B..x0; x1/ � R/,
and therefore by symmetry is sufficient to prove the result for �1u.

Let us take � 2 H 1
0 ..x0; x1/ �R/ be arbitrary, and compute

I WD �

Z x1

x0

Z
R
z�1u@x�:

By definition of u on .x0; x1/ � .1; 2/,

I D �

Z x1

x0

Z 1

0

zu.x; z/�1.z/@x�.x; z/ dx dz

C

Z x1

x0

Z 1

0

.1C z0/u.x; 1 � z0/�1.1C z
0/@x�.x; 1C z

0/ dx dz0

D �

Z x1

x0

Z 1

0

zu.x; z/�1.z/@x�.x; z/ dx dz

C

Z x1

x0

Z 1

0

.1C z0/

1 � z0
.1 � z0/u.x; 1 � z0/�1.1C z

0/@x�.x; 1C z
0/ dx dz0:

(B.10)

Since z@xu 2L2..x0; x1/;H�1.�1; 1//, we may write z@xuD f C @zg, with f;g 2
L2..x0; x1/ � .�1; 1//. Then

I D

Z x1

x0

Z 1

0

.f C @zg/.x; z/

�
�1.z/�.x; z/ �

2 � z

z
�1.2 � z/�.x; 2 � z/

�
dx dz:

The assumptions on supp �1 ensure that the quantity within the brackets belongs to
L2..x0; x1/;H

1
0 .0; 1//. We conclude that for all � 2 H 1

0 ..x0; x1/ �R/,ˇ̌̌̌
�

Z x1

x0

Z
R
z�1u@x�

ˇ̌̌̌
. kukB..x0;x1/�.0;1//k�kL2xH1z :
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It follows that z�1@xu 2 L2..x0; x1/;H 1.R//, and

k�ukB..x0;x1/�R/ . kukB..x0;x1/�.0;1//:

Step 2. The vertical anti-derivative of �u belongs to Z0.
We now work with the extension of the previous step, and we set U WD �

R1
z
�u.

Let us prove thatU 2Z0..x0;x1/�RC/. Since @2zU D @z.�u/2L
2..x0;x1/�RC/,

it suffices to prove that z@xU 2L2..x0; x1/�RC/. Hence we take � 2L2..x0; x1/�
RC/ arbitrary, and we compute, after observing that U is supported in ¹z � 3=2º,Z x1

x0

Z 1
0

s@xU.x; s/�.x; s/ dx ds

D �

Z x1

x0

Z 1
0

s

�Z 3=2

s

@x�u.x; z/ dz
�
�.x; s/ ds dx

D �

Z x1

x0

Z 1
0

1

z

�Z z

0

s10<s<3=2�.x; s/ ds
�
z@x�u.x; z/ dx dz:

Therefore

ks@xU kL2..x0;x1/�RC/

. k�ukB sup
�2L2;
k�k

L2
�1





1z
�Z z

0

s10<s<3=2�.x; s/ ds
�





L2x.H
1
0
.0;C1//

:

The claim therefore follows from the following result, which is postponed to the third
and last step.

Lemma B.9. For all z0 > 0, there exists a constant Cz0 such that for all  2 L2.R/,



1z
�Z z

0

s10<s<z0 .s/ ds
�





H1
0
.0;C1/

� Cz0k kL2.R/: (B.11)

From there, we infer thatU 2Z0..x0; x1/�RC/, and kU kZ0 . kukB . Using the
embedding Z0 ,! H

1=3
x H 1

z , we deduce that @zU D �u 2 H
1=3
x L2z..x0; x1/ �RC/.

Since � � 1 on .�1; 1/, we obtain the desired result.
Step 3. Proof of (B.11).

First, note that for all s 2 .0;C1/,ˇ̌̌̌ Z z

0

s10<s<z0 .s/ ds
ˇ̌̌̌
� Cz0 inf.s3=2; 1/k kL2 :

Thus we only need to prove thatZ z0

0

�
1

z2

Z z

0

s .s/ ds
�2

dz � Cz0k k
2
L2
:

This is a rescaling of inequality (B.9) of Lemma B.8.



Appendix C

Unconditional regularity away from lateral boundaries

Proof of Lemma 5.4. We proceed by (horizontal) viscous regularization to obtain uni-
form estimates which pass to the limit.

Let us extend the functions w0; w1 into H 2 functions on the whole interval
.zb; zt /, such that w0.zb/ D wb.x0/ and w1.zt / D wt .x1/. For " > 0, consider the
solution to the elliptic equation8̂̂<̂

:̂
�"@2xW

" � @2z.˛W
"/C z@xW

" C ˇ@zW
" D h;

W "jxDxi D wi ;

W "jzDzj D wj :

(C.1)

Let us recall that jzbj; zt � z0 for some small constant z0 depending only on ˛. Clas-
sical results on elliptic equations ensure that if z0 is small enough, (C.1) has a unique
solution in H 1.�/ for all " > 0, which satisfies the energy estimate
p
"k@xW

"
kL2 C k@zW

"
kL2 . khkL2 C kw0kH2z C kw1kH2z C kwtkH2x C kwbkH2x :

(C.2)
HenceW " is uniformly bounded in L2xH

1
z . It follows thatW "*W in L2xH

1
z , where

W 2 Z0 is the unique solution to (5.12).
Furthermore, since h 2 L2.�/, the compatibility conditions in the corners of the

domain and the fact that � is a rectangle ensure that W " 2 H 2.�/ (see [28, Chap-
ter 4]). Hence @xW " 2 H 1.�/ is a weak solution to

�"@2x@xW
"
� @2z.˛@xW

"/Cz@2xW
"
Cˇ@z@xW

"
D @xhC@

2
z.@x˛W

"/ � @xˇ@zW
":

(C.3)
Without loss of generality, we assume from now on that wt D wb D 0 in order to
simplify the computations. This condition can always be satisfied up to a lift of the
boundary conditions. Let �.x/ WD .x � x0/.x1 � x/. We multiply (C.3) by �2@xW ",
integrate by parts and obtain

"

Z
�

�2.@2xW
"/2 C

Z
�

˛�2.@xzW
"/2

� "

Z
�

@x.�@x�/.@xW
"/2 �

Z
�

�2@2xW
".z@xW

"/

C .k�@xhkL2 C k�@xˇ@zW
"
kL2/k�@xW

"
kL2

C k�@z.@x˛W
"/kL2k�@xzW

"
kL2

C k@z˛k1k�@xW
"
kL2k�@xzW

"
kL2 :
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The first integral on the right-hand side is uniformly bounded thanks to (C.2). Let us
focus momentarily on the second integral on the right-hand side. Using the equation
satisfied by W ", we inferZ

�

�2@2xW
".z@xW

"/ D

Z
�

�2@2xW
"
�
h � ˇ@zW

"
C @2z.˛W

"/C "@2xW
"
�
:

We then perform integration by parts on the right-hand side, which is equal to

"

Z
�

�2.@2xW
"/2 C

Z
�

�2˛.@xzW
"/2

� 2

Z
�@x�@xW

".h � ˇ@zW
"/ �

Z
�2@xW

"@x.h � ˇ@zW
"/

C 2

Z
�@x�@xzW

"@z.˛W
"/C

Z
�2@xzW

".@x.@z˛W
"/C @x˛@zW

"/:

Since @zˇ D 0 and wt D wb D 0, we haveZ
�2@xW

"ˇ@xzW
"
D 0:

We also recall that k�@xW "kL2 � z0k�@x@zW
"kL2 . Therefore, provided that z0 is

small enough, there exists C > 0 such thatZ
�

�2@2xW
".z@xW

"/ � "

Z
�

�2.@2xW
"/2 C

1

2

Z
�

�2˛.@xzW
"/2

� C
�
khk2

L2
C kW "

k
2

L2xH
1
z
C k�@xhkL2

�
:

Gathering all the terms and using the L2xH
1
z estimate on W " of (C.2), for z0 small

enough,

"

Z
�

�2.@2xW
"/2 C

Z
�

˛�2.@x@zW
"/2 . khk2

L2
C k�@xhk

2
L2

C

X
i2¹0;1º

kwik
2

H2z
C

X
j2¹t;bº

kwj k
2

H2x
:

Hence �@xzW " is uniformly bounded in L2. Passing to the limit, we obtain

k�@xW kL2xH1z . khkL2 C k�@xhkL2 C
X
i2¹0;1º

kwikH2z C
X

j2¹t;bº

kwj kH2x :

It follows that �@xW is a weak L2xH
1
z solution to8̂̂<̂

:̂
z@x.�@xW /C ˇ@z.�@xW / � @

2
z.˛�@xW / D g;

�@xW j†i D 0;

�@xW jzDzj D �@xwj ;
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where

g WD �@xh � �@xˇ@zW C �@zz.@x˛W /C .x0 C x1 � 2x/z@xW:

Since ˛ 2 C 3.x�/ and W 2 Z0, g 2 L2. Hence, according to Lemma 5.3, we obtain
�@xW 2 Z

0.





List of notations

Functional spaces

B Baouendi–Grisvard solution space of (1.25), used in Appendix A, p. 21

H1
z Weighted H 1 space for boundary data with norm (1.22), p. 20

HB Hilbert space of data triplets for the solvability of the linearized Burgers sys-
tem, p. 65

HFP Hilbert space with norm (3.5) of data triplets .f; ı0; ı1/ for the kinetic toy
model, p. 50

HK Hilbert space with norm (2.14) of data triplets .f; ı0; ı1/ for the shear flow
problem, p. 27

H1 Space of data for Prandtl at high regularity, p. 93

H� Space of data for Prandtl at low regularity, p. 93

H�
˛;ˇ

Space of data tuples (5.13) for the vorticity equation (5.12)
at regularity � , p. 83

L2z Weighted L2 space for boundary data with norm (1.21), p. 20

Q1 Solution space H 5=3
x L2y \ L

2
xH

2
y , p. 3

XB Hilbert space with norm (1.4) of data triplets .f; ı0; ı1/ for nonlinear Burgers,
p. 3

X� Banach space of data .f; ı0; ı1; ıt ; ıb; vb/ with low regularity for the Prandtl
problem, defined in (5.8), p. 80

X1 Banach space of data .f; ı0; ı1; ıt ; ıb; vb/ with higher regularity for the
Prandtl problem, defined in (5.9), p. 80

Y0 Notation for L2.�/ during discussions on interpolation, p. 105

Y1 Notation for H 1
xL

2
y with fj†0[†1 D 0 during discussions

on interpolation, p. 105

Z0 Pagani solution space such that u, z@xu and @zzu are L2, with norm (1.23),
p. 20

Z1 Solution space such that u; @xu 2 Z0, with norm (1.24), p. 20
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Z� Interpolation space ŒZ0; Z1� for fractional Pagani regularity, p. 47

ZB Solution space for the Burgers system, p. 66

Z1 Solution space for Prandtl at high regularity, p. 93

Z� Solution space for Prandtl at low regularity, p. 93

Other


b; 
t Level sets of the unknown solution u of the Prandtl system, p. 6


b; 
t Level sets of the function uP, p. 6

ıi Boundary data at the inflow boundary †i , p. 3

ıb; ıt Boundary data for the vorticity on the bottom and top boundaries of�P , p. 6

�i Boundary data for @xu, given by �i D .f C ı00i /=z, see (2.8), p. 25

ƒk Angular profile of the k-th explicit singular solution in the half-plane, p. 35

„ Shorthand for a data triplet „ D .f; ı0; ı1/:, p. 56

†0 Left inflow boundary ¹x0º � .0; 1/, see Figure 1.1, p. 1

†1 Right inflow boundary ¹x1º � .�1; 0/, see Figure 1.1, p. 1

†Pi Lateral inflow boundaries for the Prandtl system, p. 7

‡Œıi � Lateral boundary data for the Burgers system after the change
of variables, p. 64

‡ iPŒıi � Boundary data on †i for the Prandtl system in the new variables, p. 79

‡bP Œıb� Boundary data at the bottom for the Prandtl system in the new
variables, p. 78

‡ tPŒıt � Boundary data at the top for the Prandtl system in the new variables, p. 78

ˆj Dual profiles of Lemma 2.7 involved in orthogonality conditions for the shear
flow, p. 26

�i Cut-off function localized near .xi ; 0/, p. 39

� Physical rectangular domain .x0; x1/ � .�1; 1/, see Figure 1.1, p. 1

�˙ Upper and lower halves of the domain �, p. 19

�P Physical domain for the resolution of the Prandtl system, p. 6
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fi Smooth source term associated with the singular solution Nuising, p. 40

`0; `1 Linear orthogonality conditions of Definition 5.10 for the solvability
of Prandtl at high regularity, p. 91

`2 Additional linear form of Definition 5.7 to reconstruct the velocity from the
vorticity, p. 89

`j Linear forms on HK giving the orthogonality conditions for the shear flow,
p. 30

xM Invertible matrix relating the singular solutions Nuising with the dual profiles

ˆj , p. 43

NB Nonlinearity associated with the Burgers-type system, p. 64

NP Nonlinearity associated with the Prandtl system, p. 94

r Radial-like variable given by r D .z2 C x
2
3 /
1
2 , p. 34

ri Radial-like variable near .xi ; 0/ given by ri D .z2 C jx � xi j
2
3 /
1
2 , p. 40

t Angular-like variable given by t D zx�
1
3 , p. 34

ti Angular-like variable near .xi ; 0/, given by ti D .�1/izjx � xi j�
1
3 , p. 40

Nuising Reference singular solution localized near .xi ; 0/, p. 39

uP Reference recirculating flow for the Prandtl system, p. 6

vb Boundary datum for the vertical velocity on the bottom boundary of�P , p. 6

vk k-th explicit singular solution in the half plane, vk D r
1
2C3kƒk.t/, p. 35

YP Inverse function of the reference flow uP, p. 78
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The purpose of this memoir is to investigate the well-posedness of several linear and
nonlinear equations with a parabolic forward-backward structure, and to highlight the
similarities and differences between them. The epitomal linear example will be the stationary
Kolmogorov equation y∂xu− ∂yyu = f in a rectangle. We first prove that this equation
admits a finite number of singular solutions, of which we provide an explicit construction.
Hence, the solutions to the Kolmogorov equation associated with a smooth source term are
regular if and only if f satisfies a finite number of orthogonality conditions.

We then extend this theory to a Vlasov–Poisson–Fokker–Planck system, and to two
quasilinear equations: the Burgers-type equation u∂xu− ∂yyu = f in the vicinity of the linear
shear flow, and the Prandtl system in the vicinity of a recirculating solution, close to the line
where the horizontal velocity changes sign. We therefore revisit part of a recent work by Iyer
and Masmoudi. For the two latter quasilinear equations, we introduce a geometric change
of variables which simplifies the analysis. In these new variables, the linear differential
operator is very close to the Kolmogorov operator y∂x − ∂yy. Stepping on the linear theory,
we prove existence and uniqueness of regular solutions for data within a manifold of finite
codimension, corresponding to some nonlinear orthogonality conditions.

https://ems.press

ISSN 2747-9080
ISBN 978-3-98547-098-3


	Front cover
	Front matter
	Abstract
	Contents

	Main matter
	1 Introduction
	1.1 Statement of the main results
	1.2 Comments and previous results
	1.3 Motivation from recirculation problems in fluid mechanics
	1.4 Scheme of proof of nonlinear theorems and plan of the memoir
	1.5 Functional spaces and interpolation results

	2 The case of the linear shear flow
	2.1 Existence and uniqueness of weak solutions
	2.2 Strong solutions with maximal regularity
	2.3 Orthogonality conditions for higher tangential regularity
	2.4 Singular radial solutions in the half-plane and profile decomposition
	2.5 Interpolation and fractional regularity

	3 A first nonlinear example in kinetic theory
	3.1 Description of the model and main result
	3.2 Well-posedness theory with low regularity
	3.3 Nonlinear orthogonality conditions for higher regularity
	3.4 Regularity and tangent space of the manifold
	3.5 A general formalization

	4 A viscous Burgers equation
	4.1 A nonlinear change of variables
	4.2 Well-posedness in the new variables
	4.3 Reverse change of variables

	5 The Prandtl system in the recirculation zone
	5.1 Nonlinear change of variables
	5.2 The linearized vorticity equation
	5.3 Reconstructing the velocity from the vorticity
	5.4 Local nonlinear well-posedness in the new variables
	5.5 Well-posedness of the Prandtl system
	5.6 Potential strategy in a whole infinite strip

	6 Interpolation estimate for the linear shear flow problem
	6.1 A primer on subspace interpolation
	6.2 Interpolated theory in the case of the linear shear flow

	A Uniqueness of weak solutions for linear problems
	B Proofs of functional analysis results
	B.1 An abstract existence principle
	B.2 Product and composition rules in Sobolev spaces
	B.3 Extension operators
	B.4 Embeddings

	C Unconditional regularity away from lateral boundaries
	List of notations 
	References

	Back cover



