MEMOIRS OF THE EUROPEAN MATHEMATICAL SOCIETY

Anne-Laure Dalibard
Frédéric Marbach
Jean Rax

Linear and Nonlinear Parabolic
Forward-Backward Problems

MEMS Vol. 25 /2026




EM

PRESS



Memoirs of the European Mathematical Society

Edited by

Anton Alekseev (Université de Genéeve)

Héléne Esnault (Freie Universitat Berlin)

Gerard van der Geer (Universiteit van Amsterdam)

Ari Laptev (Imperial College London)

Laure Saint-Raymond (Institut des Hautes Etudes Scientifiques)
Susanna Terracini (Universita degli Studi di Torino)

The Memoirs of the European Mathematical Society publish outstanding research contributions in
individual volumes, in all areas of mathematics and with a particular focus on works that are longer
and more comprehensive than usual research articles.

The collection’s editorial board consists of the editors-in-chief of the Journal of the European
Mathematical Society and the EMS Surveys in Mathematical Sciences, along with editors of book
series of the publishing house of the EMS as well as other distinguished mathematicians.

All submitted works go through a highly selective peer-review process.

Previously published in this series:

A. Kostenko, N. Nicolussi, Laplacians on Infinite Graphs

A. Carey, F. Gesztesy, G. Levitina, R. Nichols, F. Sukochev, D. Zanin, The Limiting Absorption Principle
for Massless Dirac Operators, Properties of Spectral Shift Functions, and an Application to the
Witten Index of Non-Fredholm Operators

J. Kigami, Conductive Homogeneity of Compact Metric Spaces and Construction of p-Energy

A. Buium, L. E. Miller, Purely Arithmetic PDEs Over a p-Adic Field: 6-Characters and 6-Modular Forms

M. Duerinckx, A. Gloria, On Einstein’s Effective Viscosity Formula

R. Willett, G. Yu, The Universal Coefficient Theorem for C*-Algebras with Finite Complexity

B. Janssens, K.-H. Neeb, Positive Energy Representations of Gauge Groups I. Localization

S. Dipierro, G. Giacomin, E. Valdinoci, The Lévy Flight Foraging Hypothesis in Bounded Regions

A. Naor, Extension, Separation and Isomorphic Reverse Isoperimetry

N. Lerner, Integrating the Wigner Distribution on Subsets of the Phase Space, a Survey

B. Adcock, S. Brugiapaglia, N. Dexter, S. Moraga, On Efficient Algorithms for Computing Near-Best
Polynomial Approximations to High-Dimensional, Hilbert-Valued Functions from Limited Samples

J. J. Carmona, K. Fedorovskiy, Carathéodory Sets in the Plane

D. Abramovich, Q. Chen, M. Gross, B. Siebert, Punctured Logarithmic Maps

T. Oh, M. Okamoto, L. Tolomeo, Stochastic Quantization of the ®3-Model

H. Sasahira, M. Stoffregen, Seiberg-Witten Floer Spectra for b, > 0

J. Kaad, D. Kyed, The Quantum Metric Structure of Quantum SU(2)

B. Zavyalov, Almost Coherent Modules and Almost Coherent Sheaves

J-P. Labesse, B. Lemaire, La formule des traces tordue pour un corps global de caractéristique p > 0

S. Ma, Vector-Valued Orthogonal Modular Forms

Y. Almog, B. Helffer, On the Stability of Symmetric Flows in a Two-Dimensional Channel

A. Bors, D. Panario, Q. Wang, Functional Graphs of Generalized Cyclotomic Mappings of Finite Fields

P. Schneider, O. Venjakob, Reciprocity Laws for (¢,,T,)-Modules over Lubin-Tate Extensions



Anne-Laure Dalibard
Frédéric Marbach
Jean Rax

Linear and Nonlinear Parabolic
Forward-Backward Problems

EM

PRESS

|
1]
n



Authors

Anne-Laure Dalibard Jean Rax
Sorbonne Université, Université Paris Cité, Sorbonne Université, Université Paris Cité, CNRS
CNRS, INRIA Laboratoire Jacques-Louis Lions, LILL

Laboratoire Jacques-Louis Lions, LILL, EPC ANGE 75005 Paris, France

75005 Paris, France L
Email: jean.rax@normalesup.org

Email: anne-laure.dalibard@sorbonne-universite.fr

Frédéric Marbach

Département de Mathématiques et Applications
Ecole normale supérieure, Université PSL, CNRS
75005 Paris, France

Email: frederic.marbach@cnrs.fr

Each volume of the Memoirs of the European Mathematical Society is available individually or
as part of an annual subscription. It may be ordered from your bookseller, subscription agency,
or directly from the publisher via subscriptions@ems.press.

ISSN 2747-9080, elSSN 2747-9099
ISBN 978-3-98547-098-3, elSBN 978-3-98547-598-8, DOI 10.4171/MEMS/25

Bibliographic information published by the Deutsche Nationalbibliothek
The Deutsche Nationalbibliothek lists this publication in the Deutsche Nationalbibliografie;
detailed bibliographic data are available on the Internet at http://dnb.dnb.de.

Published by EMS Press, an imprint of the

European Mathematical Society — EMS — Publishing House GmbH
Institut fir Mathematik

Technische Universitat Berlin

StrafSe des 17. Juni 136

10623 Berlin, Germany

Email: info@ems.press
https://ems.press
© 2025 European Mathematical Society

Typesetting: AfricanType, Cairo, Egypt
Printed in Germany
Printed on acid free paper



Abstract

The purpose of this memoir is to investigate the well-posedness of several linear and
nonlinear equations with a parabolic forward-backward structure, and to highlight
the similarities and differences between them. The epitomal linear example will be
the stationary Kolmogorov equation ydyu — d,,u = f in arectangle. We first prove
that this equation admits a finite number of singular solutions, of which we provide
an explicit construction. Hence, the solutions to the Kolmogorov equation associated
with a smooth source term are regular if and only if f satisfies a finite number of
orthogonality conditions.

We then extend this theory to a Vlasov—Poisson—Fokker—Planck system, and to
two quasilinear equations: the Burgers-type equation udxu — dy,u = f in the vicinity
of the linear shear flow, and the Prandtl system in the vicinity of a recirculating solu-
tion, close to the line where the horizontal velocity changes sign. We therefore revisit
part of a recent work by Iyer and Masmoudi. For the two latter quasilinear equations,
we introduce a geometric change of variables which simplifies the analysis. In these
new variables, the linear differential operator is very close to the Kolmogorov oper-
ator yd, — dy,. Stepping on the linear theory, we prove existence and uniqueness of
regular solutions for data within a manifold of finite codimension, corresponding to
some nonlinear orthogonality conditions.

Keywords. mixed-type boundary value problems, forward-backward equations,
nonlinear orthogonality conditions, free boundary problems in fluid mechanics,
recirculation in boundary layers
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Chapter 1

Introduction

This memoir is devoted to the well-posedness of linear and nonlinear equations hav-
ing a parabolic forward-backward structure. In the linear case, our main example
will be the Kolmogorov equation yd,u — dy,u = f in the rectangular domain Q :=
(x0, x1) X (=1, 1), where xo < x7 and f is an external source term. We will also
consider nonlinear perturbations of this linear setting. The easiest nonlinear per-
turbation we consider is a Vlasov—Poisson—Fokker—Planck-type system of the form
yoxu + E[u]dyu — dyyu = f, where E[u] = d;' ['u dy. In this case the nonlinear-
ity does not perturb the geometry of the problem, which remains forward parabolic
in the region y > 0, and backward parabolic in the region y < 0.

We will also investigate the existence and uniqueness of sign-changing solutions
to the Burgers-type equation

Udxu — dyyut = f (L.1)
and to the Prandtl system

uUdxu + voyu — dyyu = —0yxp,

1.2
dxu + dyv = 0. (12)

A natural solution to (1.1) with a null source term f = O is the linear shear flow
u(x, y) := y, which changes sign across the horizontal line {y = 0}. In a similar
way, semi-explicit solutions (up, vp) of the Prandtl system (1.2) such that up changes
sign have been exhibited, see the discussion in Section 1.3 below. We are interested
in strong solutions to (1.1) (resp. (1.2)) which are close in an appropriate norm to
this linear shear flow u (resp. to the reference solution (up, vp)). Our purpose is to
construct such solutions by perturbing the lateral boundary data or the source term.

Forward-backward nature. Since solutions to (1.1) and (1.2) will change sign across
a curve {u = 0} lying within €2, a key feature of this work these problems must be
seen as quasilinear forward-backward parabolic equations in the horizontal direction.
Thus, to ensure the existence of a solution, one must be particularly careful as to
how one enforces the lateral perturbations. More precisely, the problem is forward
parabolic in the domain above the curve {¥ = 0}, in which ¥ > 0, and therefore we
shall prescribe a boundary condition on X¢ := {x = x¢} N {u > 0}; and backward
parabolic in the domain below the curve {# = 0}, and we shall prescribe a boundary
conditionon X7 := {x = x1} N {u < 0}.

We will construct solutions to these problems thanks to an abstract implicit func-
tion theorem taking into account the geometry of the problem. More precisely, we will
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Figure 1.1. Fluid domain €2 and inflow boundaries Yo U X1.

first straighten the free boundary {# = 0} by introducing as a new vertical variable z =
u(x, y). A suitable change of unknown function will then transform (1.1) and (1.2)
into quasilinear equations with an easier-to-handle nonlinearity (see Remark 4.2).

Orthogonality conditions. Because of the nonlinearity, we need to work in a high
enough regularity space in order to have a suitable control of the derivatives. However,
one key difficulty of our work lies in the fact that, even when the source term f is
smooth, say in C§°(£2), solutions to (1.1) and (1.2) have singularities in general.
Actually, this feature is already present at the linear level, i.e., for the equation yd,u —
dxxu = f. We prove that if f is smooth, the associated weak solution to the linear
system inherits the regularity of f if and only if f satisfies orthogonality conditions
(i.e., the scalar products of f with some identified profiles must vanish). We also
describe the singularities that appear when these orthogonality conditions are not
satisfied. At the nonlinear level, these orthogonality conditions become a finiteness
assumption on the codimension of the data manifold.

All of the features described above (orthogonality conditions for linear forward-
backward equations, description of the potential singularities, handling of orthog-
onality conditions for quasilinear systems) appear to be new. We believe that the
strategy we use could be extended to other nonlinear settings in which orthogonality
conditions appear (elliptic equations in domains with corners, problems in which the
linearized operator is Fredholm with negative index, ...).

1.1 Statement of the main results

1.1.1 Linear theory

Due to the forward-backward nature of the problem, we must choose the lateral per-
turbations and the source term in a particular product space. We therefore introduce
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the vector space

Xp :={(f.80.81) € HLH} x H>(0,1) x H>(—1,0): f|gous, =0
and §; (0) = & ((=1)") = §(0) = §/ (=) = 0}, (1.3)

where o = {xo} x (0, 1) and X1 = {x1} x (-1, 0) are the lateral boundaries on
which we prescribe boundary conditions. We endow X p with its canonical norm

(/80,805 := 1 |y 2 + 1ol ars + 181l s (1.4)

We establish existence and uniqueness of solutions to our problems in the following
anisotropic Sobolev space:

0! := H53((xg,x1); L*(—1,1)) N H'((x0.x1); H*(—1,1)). (1.5)

In particular, for solutions with such regularity, equation (1.1) or its linear version
yoxu — dyyu = f hold in a strong sense, almost everywhere and the various bound-
ary conditions hold in the usual sense of traces. We first state a result concerning
the well-posedness in Q! of the stationary Kolmogorov equation (see (1.6) below),
up to two orthogonality conditions (see comments below). Although equation (1.6)
has been thoroughly investigated, as we recall in Section 1.2, we could not find this
statement in the existing literature.

Theorem 1 (Orthogonality conditions for linear forward-backward parabolic equa-
tions). There exists a vector subspace X IJ;‘ s« C X of codimension 2 such that, for
each ( f,80,81) € Xp, there exists a solutionu € Q' to the problem

Yoxu — 0yyu = f,
M|Zl_ = 5,’, (16)

if and only if (f,80,61) € leg"sg. Such a solution is unique and satisfies

lullgr < 1I(f. 80, 81)ll x5 - (1.7)

We emphasize that this result implies that there exist triplets ( f, 8¢, 81) that can be
chosen arbitrarily smooth and compactly supported, and for which there are no Q'
solutions to (1.6). Furthermore, the vector space X é s Can be fully characterized:
classically, X IJ; S ker £9 N ker K_l, where €0 and ¢! are two linear forms on X B

which we shall write explicitly. If the data do not belong to X é’sg, the solution has
singularities, which we can describe completely.
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Figure 1.2. Plot of 1 — Ag(t) fort € (—7,7), highlighting the main properties: Ag is a smooth,
monotone decreasing function on R, such that Ag(—o0) = 1 and Ag(+o0) = 0.

Theorem 2 (Decomposition of solutions as a sum of singular profiles and a smooth
remainder). Let (f, 8o, 81) € Xp. There exists a unique solution u € Hf/ 3L§ n
LiHJ? to equation (1.6). Furthermore, this solution admits the following decomposi-
tion: there exist co,c1 € R, and ues € 0!, such that
— . =0 -1
U= cousing + clusing + Ureg-

Each profile ftiing is supported in the vicinity of (x;,0) and is smooth on Q \ {(x;,0)}.
Furthermore, for |x — x;| < 1 and |y| < 1,

_; 2,1 ; y
Tiy(ey) = (Iy 2 + x —xi|3)4Ao((—1)'—),

x — x|
where Ay € C°°(R) is such that Ao(—o0) = 1 and Ao(+00) = 0 (see Figure 1.2).

The existence of a weak solution was already known, see in particular [22,52,53].
The novelty of the above theorem lies in the identification of the singular profiles
ﬁéing, and in the decomposition of any weak solution. The function Ay is in fact the
solution to an ODE, and can be characterized in terms of special functions (namely
confluent hypergeometric functions of the second kind, or Tricomi’s functions).

The assumptions on the data ( f, 8g, §1) are not optimal and can be weakened:
in particular, we merely need H! Li regularity on the source term f, together with
compatibility conditions in the corners. We will state optimal versions of Theorem 1
and Theorem 2 in Chapter 2, relying on the function space #x defined in (2.13) (see
respectively Proposition 2.17 and Corollary 2.30). In fact, in the sequel, we will need
these sharper versions to prove our nonlinear results. In this introduction, we stick
with the above versions in order to avoid defining too many functional spaces.
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1.1.2 A nonlinear toy model from Kinetic theory

As a corollary to Theorem 1, we obtain a similar statement for a (nonlinear) Vlasov—
Poisson—Fokker—Planck system in an interval. In order not to burden the introduction,
we refer to Chapter 3 for the presentation of the system and to Theorem 5 for the full
statement. The proof of Theorem 5 is rather straightforward since the geometry of the
considered problem remains the same as for (1.6), and the nonlinearity is very weak.
We nevertheless use this example to set up our nonlinear scheme in Section 3.3 and a
general abstract nonlinear existence result in Section 3.5.

1.1.3 The viscous Burgers system

We then turn towards the nonlinear problem (1.1). One of the main results of this
memoir is the following nonlinear generalization of Theorem 1 for small enough
perturbations. More precisely, the norm of the perturbation must be smaller than some
constant 1 depending only on the size of the domain.

Theorem 3 (Existence and uniqueness of strong solutions to (1.1) under orthogonal-
ity conditions). There exists a Lipschitz submanifold Mp of Xp of codimension 2,
containing 0 and included in a ball of radius n < 1 in Xp, such that, for every
(f.80,81) € Mp, there exists a strong solution u € Q1 to

udxu — dyyu = f,
Uy=41 = +1.

More precisely, Mp is modeled on Xé‘ s and tangent to it at 0. Such solutions are
unique in a small neighborhood of u(x, y) = y in Q' and satisfy the estimate

lu —ullgr S I1Cf 80, 61) ]| x5

In the statement above, the condition that the data ( f, 8¢, 8;) belong to the mani-
fold M p is the nonlinear equivalent of the orthogonality conditions from Theorem 1.
We emphasize that this is by no means a technical restriction which could be lifted,
but actually a necessary condition to solve the equation with smooth solutions, as we
state in Proposition 1.1 below. A key difficulty lies in the fact that these orthogonality
conditions depend on the solution itself.

Proposition 1.1 (Necessity of the orthogonality conditions). There exists n > 0 such
that the following result holds. Let (f,80,61) € Xp with ||(f,80,81)|lxz < n. Let
u € Q' be a solution to (1.8) such that ||u — ullgr < n. Then (f,80,81) € Mp.

Remark 1.2. By commodity, ours results are stated using the full triplet ( f, 8o, §1),
and so is the remainder of this memoir. Nevertheless, it is possible to obtain similar
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results either by fixing §o = §; = 0 and constructing a submanifold of source terms
f yielding regular solutions, or by fixing f = 0 and constructing a submanifold
of boundary data (8o, 81). This stems from the independence of the orthogonality
conditions, which can be obtained either by Proposition 2.15 or by Proposition 2.34.

1.1.4 The Prandtl system

We also prove analogous results for the Prandtl system, revisiting the work of Iyer and
Masmoudi in [34,35] (we will comment more thoroughly on the differences between
our results in the next sections). Let us now present our mathematical setting; we will
provide the physical motivation and background for this system in Section 1.3. We
consider a reference flow (up, vp) € C¥([xo, x1] X (0, +00)) for some sufficiently
large k (say k = 4), satisfying the Prandtl system

[Ulpax[l]lp + \Vpapr — 8yy\Yp = —8xp, 8x[!.]1p + apr =0

in the whole domain (xg, x1) X (0, +00), where p is the trace of the pressure of
some outer Euler flow on the boundary {y = 0}. We assume that there exists a curve
I :={y = yp(x)}, with yp smooth and such that inf[x, x,1vp > 0, such that up changes
sign on the curve T': up(x, yp(x)) = 0, and up(x, y) < 0 (resp. up(x, y) > 0) for
¥y < yp(x) (resp. y > yp(x)). Our purpose is to construct a solution to the Prandtl
system close to (up, vp) and in the vicinity of the curve T, by perturbing either the
inflow/outflow on the lateral boundaries or the source term.

To that end, we consider z; < 0 < z; such that there exist smooth functions V3, y7,
with 0 < Yp(x) < yp(x) < ¢ (x) forall x € [xo,x1], and such that up(x,y;(x)) = z;
for j € {b,t}. We set F_, = {y =¥;(x)} for j € {b,t}. We consider the Prandtl
system (1.2) in a domain €2 p, which is defined by

Qp = {(x.y) € (x0.x1) X Ry:yp(x) <y < y:(x)},

where yp, y; are smooth functions, which will actually be free boundaries, corre-
sponding to the level sets z; and z; of the function u. We expect these functions
(which are unknowns of the problem) to be smooth functions located in the vicinity
of ¥, ¥:. We endow system (1.2) with the following boundary conditions, which we
will discuss and comment in Section 1.2. See Figure 5.1 for a sketch of the geometry
of the domain.

(1) Boundary conditions on the top and bottom free boundaries: On the bottom
boundary I'y, = {y = y3(x)}, we enforce

ulr, = uplg,; = 2,
Byu|ph = Byup|ﬁ+8b, (1.9)
vlr, = velg, + vs.

where 8y, vy, are small, smooth perturbations.
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Similarly, on the top boundary I'; = {y = y;(x)}, we enforce

ulr, = z;,
Ire = 2 (1.10)
dyulr, = dyup|r, + 6,

where §; is, again, a small smooth perturbation.

Remark 1.3. Note that on the top and bottom boundary, we prescribe the
trace of u and of its normal derivative. Of course, it would be impossible
to prescribe simultaneously these two boundary conditions if the boundaries
Ty, I'; were fixed. This is only made possible by the fact that these two bound-
aries are free.

(2) Lateral boundary conditions: As in the case of (1.6) and (1.8), we enforce
lateral boundary conditions on u, namely

wgr =up+ 8. i€{0.1} (1.11)

where ¢ = {xo} x (yp(x0). 71 (x0)) and TF = {x1} X (V5 (x1), yp(x1)) (see
also Figure 5.1). In particular, up > 0 on 25 and up < O on Ef. For simplic-
ity, we assume that 8o (yp(x0)) = 81(yp(x1)) = S0 (¥ (x0)) = 61 (Vs (x1)) =0,
and we recall that 8¢, §; are assumed to be small in some sufficiently strong
Sobolev norm. Therefore, provided that d,up|r > 0, the signs of up(x;,-) + §;
and of up(x;, -) are identical on EiP .

We will in fact state two different results: one in “low regularity”, under merely
one orthogonality condition, and another one in higher regularity, under three orthog-
onality conditions. For the sake of readability, we have stated them under the same
regularity and compatibility assumptions on the data, although the assumptions are
not optimal in the low regularity case, and the compatibility conditions could be
generalized in both cases. We will state a more general result in Chapter 5 (see Propo-
sition 5.2). Therefore, we take our data in the function space

Xp = {(80,81,8:.8p.vp) | 8 € HS(EF) N HF(EF) fori € {0, 1},
8¢,0p € Hoz(xo,xl),vb € Hl(xo,xl)},

which we endow with its natural norm.

Theorem 4. There exist numbers n > 0, zog > 0, depending only on the underlying
flow (wp, vp), such that if |zp|, z; < zo, the following results hold.

(1) There exists a manifold My of codimension 1 in Xp and included in a ball
of radius n in Xp, such that for all (89, 61, 08¢,0p, Vp) € My, equation (1.2)
endowed with the boundary conditions (1.9), (1.10), (1.11) has a unique con-
tinuous solution u such thatu€ L3 H} (Q2p), (x—xo)(x —x1)u € H, H} (2p),
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dyueL>®(Qp), udydyu e L*(Q2p), and

[ —wpll 2 g3 4 19y (4 —wp)llLoe + [[(x = x0)(x = x1)(u —wp)ll 1 53

< 1(B0. 81,84, 85, v) [l xp -

(2) There exists a manifold My of codimension 3 in Xp and included in a ball
of radius n in Xp, such that for all (8o, 61, 8¢, 8p, Vp) € My, equation (1.2)
endowed with the boundary conditions (1.9), (1.10), (1.11) has a unique solu-
tion u such thatu € Hy*H! N H}H}(QF), and

“u _MP”H£/3H; + “u _uHP”H)%H;’ 5 ||(8098178t’8bvvb)||XP'

1.2 Comments and previous results

We start with a few comments on our main results and recall related known results.

Problem (1.6), involving the operator ydx — dy,, can be seen as a particular
case of the class of “degenerate second-order elliptic-parabolic linear equations”,
also referred to as “second-order equations with nonnegative characteristic form” (as
opposed to positive definite ones), “forward-backward” or “mixed type” problems.
They date back at least to Gevrey [24].

Problem (1.6) itself, as well as these wide classes of equations, has received a
lot of attention and has been investigated under different aspects: with variable coef-
ficients or other geometries [22,47, 53], higher-order operators [42, Chapter 3, 2.6],
abstract operators [9, 54], explicit representation formulas [23,27] or with a focus on
numerical analysis [3].

On weak solutions for the linear problem. It is well known since the work of
Fichera [22] that weak solutions to (1.6) with Li Hy1 regularity exist. For general
boundary-value problems for elliptic-parabolic second-order equations, one owes to
Fichera the systematic separation of the boundary of the domain into three parts: a
“noncharacteristic” part, where one sets either Dirichlet or Neumann boundary condi-
tions (here y = £1), an “inflow” part, where one sets a Dirichlet boundary condition
(here ¥y U ¥;) and an “outflow” part, where one cannot set a boundary condition
(here, the two sets {x¢} X (—1,0) and {x;} x (0, 1)).

Baouendi and Grisvard [8] proved the uniqueness of weak solutions to (1.6) with
L?CHJ} regularity, by means of a trace theorem and a Green identity (see Appendix A).

On strong solutions for the linear problem. There is an extensive literature on the
regularity of solutions to degenerate elliptic-parabolic linear equations, and whether
weak solutions are strong. We refer the reader in particular to the book [48] by Oleinik
and Radkevic¢. Generally speaking, depending on the exact setting considered, it is
quite often possible to prove that the solutions to such equations are regular far from
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the boundaries of the domain and/or from the regions where the characteristic form
is not positive definite. A nice example is Kohn and Nirenberg’s work [38], which
proves a very general regularity result. A key assumption of their work is that the
“outflow” part of the boundary does not meet the “noncharacteristic” and “inflow”
parts (i.e., they are in disjoint connected components of d2). Hence, it does not apply
to (1.6), and hints towards a difficulty near the points (xg, 0) and (x1, 0).

In a series of papers [51-53], Pagani proved the existence of strong solutions to
(1.6) (and related equations). More precisely, Pagani proved the existence of solu-
tions such that yd,u and dy,u belong to L2(2). Moreover, he determined the exact
regularity of the various traces of such solutions (trace of u at x = x;,at y = £1 or
¥y = 0, and trace of d,u at y = 0). These maximal regularity results play a key role
in our analysis and motivate the functional spaces we introduce in Section 1.5.

On orthogonality conditions for higher regularity. As noted by Pyatkov in [55],
for such forward-backward problems: “as a rule, there is no existence theorems for
smooth solutions without some additional orthogonality-type conditions on the prob-
lem data”. Even for the linear problem (1.6), there have been very few works concern-
ing higher regularity (than the one given by Pagani’s framework) in the whole domain.
Most of the works focused on higher regularity (such as [55]) involve weighted
estimates which entail regularity within the domain but not near the critical points
(x;,0). An attempt for global regularity is Goldstein and Mazumdar’s work [25, The-
orem 4.2]; however the proof seems incomplete (see Proposition 2.10 below and its
proof for more details).

A misleading aspect is that it is quite easy, assuming the existence of a smooth
solution, to prove a priori estimates at any order. Such phenomena are usual in the
theory of elliptic problems in domains with corners or mixed Dirichlet-Neumann
boundary conditions (see for instance [28]). Let us give an illustration of such a phe-
nomenon in a close context. For a source term f € C2°(£2), consider the elliptic
problem

—Au=f in 2,

u(x;,y) =0 for (—=1)'y > 0,
du(x;,y) =0 for(=1)'y <0,
u(x,+1) =0  forx € (xg, x1).

(1.12)

It is classical that such a system has a unique weak solution u € H!(2). Moreover,
assuming that u is smooth enough, v := d,u satisfies

—Av =0y f in Q,

dxv(xi,y) =0 for (—=1)'y >0,
v(x;,y) =0  for (—1)'y <0,
v(x,£1) =0 for x € (xg, x1).

(1.13)
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For such systems, one has |[v||g1 < [|0xf|lz2. Hence |dxxu|l < [|0xf |72, and,
using the equation, ||u||g2 < || fllgz1. So one has an a priori estimate. However, it
is known that there exist source terms for which the unique weak solution u € H'!
does not enjoy H? regularity (see [28, Chapter 4] and Section 2.4). The key point is
that, when reconstructing u from the solution v to (1.13), say by setting u(x, y) :=
f;o v(x’,y)dx' for y > 0and u(x, y) := f;l v(x’, y) dx’ for y < 0, there might be a
discontinuity of u or d,u across the line y = 0. Such discontinuities prevent u from
solving (1.12). Preventing these discontinuities requires that the source term satisfies
appropriate orthogonality conditions.

Let us also emphasize that if one wishes to construct solutions of (1.1) with even
stronger regularity, say u € H ff H yl with k > 1, then generically, one needs to ensure
that 2k orthogonality conditions are satisfied by the source terms (see Lemma 2.18).
This situation occurs (at a nonlinear level) in [34].

On orthogonality conditions for nonlinear problems. Of course, such orthogonal-
ity conditions make it very difficult to obtain results at a nonlinear level. Generally,
one tries to avoid such difficulties when considering nonlinear problems. For instance,
for elliptic problems in polygonal domains, the classical textbook [28, Section 8.1]
focuses on a nonlinear case where there is no orthogonality condition at the linear
level.

Nevertheless, some results are known in the semilinear case. For example, for
semilinear Fredholm operators with negative index, a theoretical toolbox is known
(see, e.g., [60, Chapter 11, Section 4.2]) and has been implemented for some reaction-
diffusion semilinear systems (see, e.g., [61, Chapter 7, Section 2.2], based on [20]).

Outside of the semilinear setting, we are not aware of nonlinear results obtained
despite the presence of orthogonality conditions at the linear level prior to our present
work (we discuss the recent preprint [34] by Sameer Iyer and Nader Masmoudi in
Section 1.3).

Problem (1.1) is only quasilinear, and this makes the analysis harder. In an earlier
version of this memoir, we introduced a nonlinear scheme in which the orthogonal-
ity conditions changed at every step. Tracking the evolution of these orthogonality
conditions was then a major difficulty.

Following a very helpful remark by several colleagues', we have changed our
strategy. We first perform a change of unknown which allows us to keep the same
linear operator throughout the scheme, and to treat the nonlinearity perturbatively.
This greatly simplifies the proof. In turn, this change of variables allows us to revisit
the work of Iyer and Masmoudi [34,35] on the analysis of the Prandtl system in the
vicinity of a recirculating flow, since the equation for the vorticity after the change
of variables has a very simple structure, see Section 1.4. Let us also recall that at

IFelix Otto, Yann Brenier, and an anonymous referee, whom we warmly thank.
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the nonlinear level, the orthogonality conditions are translated in Theorem 3 (resp.
Theorem 4) as the fact that the data must lie within the manifold M (resp. M), which
can be pictured as a perturbation of the linear subspace X is . of data satisfying the
orthogonality conditions for the linear problem.

The proof of both of our main theorems (on Burgers and Prandtl) relies on the
same abstract result (see Theorem 6 in Section 3.5) concerning quasilinear equations
in a perturbative regime.

On entropy solutions. An entirely different approach to solve (1.1) is to look directly
for weak solutions to the nonlinear problem, for example using an entropy formula-
tion. The regularity for such solutions is u € L3, N L)zc Hy1 and they are typically
obtained as limits of solutions u® to regularized versions of (1.1), e.g., u®d,u® —
0yyu® — edxxu® = 0. Such solutions satisfy the equation and the lateral boundary
conditions only in the weak sense of appropriate inequalities linked with “entropy
pairs”. Given &g, §; € L*°(—1, 1), the existence of an entropy solution to

udxu — dyyu =0,
U=x; = i, (1.14)

Uy=+1 =0

was first proved in [11]. More recently, Kuznetsov proved in [39] the uniqueness
of the entropy solution to (1.14), determined in which sense the lateral boundary
conditions were satisfied and proved a stability estimate of the form

lu =l < 160 —dollz1(—1,1) + 161 = S1llL1(=1,1)-

In particular, this stability estimate guarantees that one can construct sign-changing
solutions in the vicinity of the linear shear flow.

However, an important drawback of the entropy formulation is that the boundary
conditions are only satisfied in a very weak sense. Although functions in L3, N
LfCHy1 do not have classical traces at x = x;, one can give a weak sense to the
traces using the equation (see [40] for more details). Unfortunately, it is expected
that these weak traces do not coincide with the supplied boundary data on sets of
positive measure.

In contrast, since the solutions we construct in this work have (at least) H ; Li
regularity, they have usual traces ujy, € L*(Z;) and the equalities u|x, = &; hold in
L2(X;), so almost everywhere.

On the choice of the linear shear flow for equation (1.1). We choose to study the
well-posedness of (1.1) in the vicinity of the linear shear flow to lighten the compu-
tations. Nonetheless, we expect that our results and proofs can be extended to study
the well-posedness of (1.1) in the vicinity of any sufficiently regular reference flow u
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changing sign across a single curve {u = 0}, satisfying uy, > co > 0in £ (so that (1.6)
is the correct toy model) and with either ||uy| o small enough, or with a restriction
on the size of the domain (to ensure a priori estimates). In fact, this is precisely what
we do when we study the Prandtl system around a recirculating flow: the linearized
equation for the vorticity then becomes a forward-backward equation with variable
coefficients, see (5.12) and Proposition 5.5.

Moreover, taking a step further in the modeling of recirculation problems in fluid
mechanics (see Section 1.3), we also expect that our approach could be extended to
an unbounded domain of the form (xg, x1) % (0, +00), with a reference flow such
thatu|,—o = 0, u < 0 below some critical curve and then u > 0 above, with u having
some appropriate asymptotic behavior as y — +o0. In such a setting, the Poincaré
inequalities in the vertical direction that we use here should probably be replaced
with well-suited Hardy inequalities. As mentioned above, one of the issues is then to
obtain a priori estimates on the linearized system. We comment further on this point
at the end of Section 5.6.

On the conditions §¢(0) = §1(0) = 0 for fixed end-points. It is an important fea-
ture of our work that we are able to enforce precisely the exact endpoints of the curve
{u =0} at x = x¢ and x = x;. Theorem 3 and Theorem 4 are stated for perturbations
which satisfy 6; (0) = 0 (see (1.3)), so that the full boundary data uw(x;, y) + 8; (y)
changes sign exactly at y = 0, where u = y in Theorem 3 and uw = up in Theo-
rem 4. This choice simplifies the definition of the submanifolds M, My and M,
of boundary data for which we are able to solve the problem. Nevertheless, given
Yo, y1 sufficiently close to 0 and &, §; such that y + &;(y) changes sign at y = y;,
we expect that similar existence results hold, provided that the perturbations are
chosen in an appropriate modification of .M, with suitable modifications to the func-
tional spaces and where, in (1.8), the definitions of X; are generalized by setting

i o= {(xi. y): (=D (u(xi, y) + 8 () > 0}.

On the boundary conditions (1.9) and (1.10) for the Prandtl system in the recir-
culation zone. The boundary conditions we choose for the Prandtl system are mostly
meant to simplify the present analysis as much as possible. As stated earlier, they are
slightly unconventional since we prescribe both the trace and the normal derivative
of u, but we let the boundary remain free. Other choices of boundary conditions are
of course possible, and may lead to additional technical difficulties. These boundary
conditions are designed in order to have a nice formulation after we have performed
a change of variables in order to straighten the curve {u = 0}.

Note also that we only consider here the Prandtl system in the vicinity of the curve
{u = 0}, and not in the whole infinite strip (xo, x1) X (0, +00). The coupling with
the outside regions y < yp(x) and y > y;(x) leads to additional difficulties, which
have been treated by Iyer and Masmoudi in [35], albeit with a different method, since
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conditions (1.9) and (1.10) are not considered in [35]. We propose in Section 5.6 a
possible strategy to solve the Prandtl equation in an infinite strip.

On the compatibility conditions §; ((—1)’) = 0 and §(0) = §/((~1)') = 0 in
Theorem 3. These conditions are classical compatibility conditions for solutions to
elliptic-parabolic equations. For example, the condition §o(1) = 0 in Theorem 3 is
intended to match the condition u|,—; = 0, and is necessary to have L2H yZ regularity.
The condition §;(0) = 0 comes from the equation. Indeed, if u is a sufficiently regu-
lar solution of (1.6) with f(xg.0) = 0, the equality d,,u = ydxu at (xo, 0) enforces
dyyu(xg, 0) = 0, so §5(0) = 0. The condition §;5(1) = 0 stems similarly from the
equation and the fact that 0,u|,—; = 0. It corresponds to a classical parabolic reg-
ularity compatibility condition in order to have L2 Hy4 regularity. We have imposed
similar conditions for the Prandtl system by requiring §; € Hg (EiP ). Note that in the
Prandtl case, we actually require extra cancellation assumptions. It is possible that the
latter are technical, and could be removed.

On the number of orthogonality conditions for the Prandtl system. Note that the
number of orthogonality conditions in Theorem 3 and in Theorem 4 is different. The
reason for this is twofold.

Firstly, as previously noted by Iyer and Masmoudi in [35], the “good unknown”
for the equation is the vorticity d,,u, which satisfies an equation which is very similar
to (1.6) in a suitable set of variables (see (1.17) and (1.19) below). Therefore, in a
sense, (1.2) is smoother than (1.1): indeed, without assuming any orthogonality con-
dition, one can expect the vorticity d,u to belong to the function space H)% / 3L§ n
LfCH)? (see Theorem 2), and therefore the solution of the Prandtl system belongs to

H? / 3Hy1 N LfCH;, in which we have gained one vertical derivative. On the contrary,
without any orthogonality condition, one cannot expect the solution u of (1.1) to have
better regularity than H2/ 3L§ N L3 H}, which is insufficient for a fixed-point argu-
ment for (1.1). This gain of vertical regularity allows us to have a theory for weaker
solutions of the Prandtl system, and therefore to get rid of two of the orthogonality
conditions.

Secondly, reconstructing the velocity from the vorticity in the Prandtl system
gives rise to one additional orthogonality condition, as we will explain in Chapter 5.
Hence the number of orthogonality conditions in Theorem 4 is odd, while it is even

in Theorem 3.

1.3 Motivation from recirculation problems in fluid mechanics

Our original motivation stems from fluid mechanics. Indeed, the stationary Prandtl
equation (1.2) describes the behavior of a fluid with small viscosity in the vicinity
of a wall. The pressure p(x) is the trace of the pressure of an outer Euler flow. This
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equation is usually set in a 2d domain of the form 7/ x (0, +00), where I C R is
an interval, and y = 0 is the solid wall. The equation is endowed with the boundary
conditionsu = v =0ony = 0, and lim, o u(x, y) = ug(x), where u g (x) is the
trace of the outer Euler flow on the wall, and satisfies ugdxug = —0x p.

As long as u remains positive, (1.2) can be seen as a nonlocal, nonlinear diffusion
type equation, the variable x being the evolution variable. Using this point of view,
Oleinik (see, e.g., [49, Theorem 2.1.1]) proved the local well-posedness of a solution
to (1.2) when the equation (1.2) is supplemented with a boundary data u|y—o = uo,
such that ug(y) > 0 for y > 0 and u(0) > 0. Let us mention that such positive solu-
tions exist globally when 0, p < 0, but are only local when d, p > 0. More precisely,
when d, p = 1, for instance, for a large class of boundary data u, there exists x* > 0
such that

lim uy(x,0) =0.
X—>X

Furthermore, the solution may develop a singularity at x = x*, known as Goldstein
singularity. The point x* is called the separation point: intuitively, if the solution to
Prandtl exists beyond x*, then it must have a negative sign close to the boundary
(and therefore change sign). We refer to the seminal works of Goldstein [26] and
Stewartson [59] for formal computations on this problem. A first mathematical state-
ment describing separation was given by Weinan E in [21] in a joint work with Luis
Cafarelli, but the complete proof was never published. The first author and Nader
Masmoudi then gave a complete description of the formation of the Goldstein sin-
gularity [17]. The work [58] indicates that this singularity holds for a large class of
initial data.

Because of this singularity, it is actually unclear that the Prandtl system is a rel-
evant physical model in the vicinity of the separation point x*, because the normal
velocity v becomes unbounded at x = x*. Consequently, more refined models, such
as the triple deck system (see [41] for a presentation of this model, and [18, 36] for
a recent mathematical analysis of its time-dependent version), were designed specif-
ically to replace the Prandtl system with a more intricate boundary layer model in
the vicinity of the separation point. However, beyond the separation point, i.e., for
x > x*, it is expected that the Prandtl system becomes valid again, but with a chang-
ing sign solution.

The well-posedness of the Prandtl system (1.2) when the solution u is allowed
to change sign has only recently been investigated. Such solutions are called “recir-
culating solutions”, and the zone where u < 0 is called a recirculation bubble, the
usual convention being that u g (x) > 0, so that the flow is going forward far from
the boundary. In the recent preprint [35] by Sameer Iyer and Nader Masmoudi, the
authors prove a priori estimates in high regularity norms for smooth solutions to the
Prandtl equation (1.2) in a domain of the form I x (0, +00), with restrictions on
the length of the interval 7, in the vicinity of explicit self-similar recirculating flows,
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called Falkner—Skan profiles. The latter are given by
u(x,y) = x" (o), (1.15)

_ m—1 _
v(x, ) ==y () = ——y T f(©), (1.16)
m+ 1
where ¢ := (”’TH)% yme_l is the self-similarity variable, m is a real parameter and
f is the solution to the Falkner—Skan equation

"+ B (D) =0,

where 8 = ,3—_':1, subject to the boundary conditions f(0) = f/(0) =0, f’(4+00) = 1.
Such flows correspond to an outer Euler velocity field u g (x) = x™. For some par-
ticular values of m (or, equivalently, ), these formulas provide physical solutions to
(1.2) which exhibit recirculation (see [12]). Obtaining high regularity a priori esti-
mates for recirculating solutions to the Prandtl system (1.2) on the whole infinite
strip is a difficult task. This important step was achieved by Sameer Iyer and Nader
Masmoudi in [35].

In the present memoir, we have chosen to focus on a different type of difficulty,
and to consider first the toy-model (1.1), which differs from (1.2) through the lack of
the nonlinear transport term vd,u and its associated difficulties (nonlocality, loss of
derivative) and the exclusion of the zones close to the wall and far from the wall. For
the model (1.1), a priori estimates are easy to derive, see [56, Chapter 4]. The diffi-
culty lies elsewhere, as explained previously. Indeed, in order to construct a sequence
of approximate solutions satisfying the a priori estimates, we need to ensure that the
orthogonality conditions are satisfied all along the sequence. For the Prandtl system
(1.2), this difficulty has recently been tackled by Sameer Iyer and Nader Masmoudi
in [34], building upon their a priori estimates of [35] and the ideas developed in the
first version of our present work. We revisit in Chapter 5 part of their work. Per-
forming the different steps of the analysis (straightening the boundary, linearizing,
differentiating with respect to the horizontal or vertical variable), we found a way to
substantially simplify the analysis of the system in the vicinity of the recirculating
line, and the results that we obtain are slightly different from the ones of [34, 35].
First, we prove a result in a rather low regularity setting, in which u is not even an
L? function in the whole domain €2 p. This result holds under merely one orthogonal-
ity condition, whose role is rather different from the ones of Theorem 3, for instance.
Indeed, the role of this additional orthonogality condition is not to ensure a certain
regularity, but rather to allow for a reconstruction of the velocity from the vorticity.
Moreover, we use solely one change of variables, which we present in the next section
and which is identical to the one for the Burgers equation. Once the adequate change
of variables is identified, we retrieve the fact that the vorticity (in these new variables)
is a good unknown. In fact, in the appropriate set of variables, the equation for the
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vorticity becomes remarkably simple (it is a closed, quasilinear equation). We how-
ever prescribe lateral boundary conditions on the velocity (rather than the vorticity).
Eventually, we do not require any condition on the horizontal size of the domain (i.e.,
on the length x; — x¢). Our understanding is that such conditions may arise when the
Prandtl system in the whole infinite strip is considered. They are linked to the well-
posedness of a linearized system in the whole strip. We refer to Section 5.6 for more
comments regarding this point.

1.4 Scheme of proof of nonlinear theorems and plan of the memoir

The uniqueness of solutions is fairly easy to prove. For the linear problem (1.6),
uniqueness already holds at the level of weak solutions (see Proposition 2.2 and
Appendix A). For the nonlinear problems, uniqueness is straightforward since we are
considering strong solutions. Therefore, the main subject of this memoir is the proof
of the existence of solutions for the nonlinear problems (1.8) and (1.2) endowed with
the boundary conditions (1.9), (1.10), (1.11).

A first natural idea would be to prove existence thanks to a nonlinear scheme
relying on the linear problem (1.6). For example, concerning equation (1.1), one could
wish to construct a sequence of approximate solutions (#,),eN by setting ug := 0 (or
any other initial guess) and solving

YOxUpt1 — ayyun-i-l = f —(un — y)0xun,
(Un+1)z; = dis

(Un+1))y=+1 = 0.

However, this strategy fails. The key point is that the right-hand side contains a full
tangential derivative of u,, whereas the operator yd, — dy, only yields a gain of 2/3
of a derivative in this direction (more precisely, see Proposition 1.7, Remark 1.8 and
Proposition 2.5). Hence, this nonlinear scheme would exhibit a “loss of derivative”,
preventing us from proving a uniform bound on the sequence (1),eN-.

Another drawback of this scheme is that it would not translate well to a setting
where one does not assume §; (0) = 0. Indeed, in such a case, the inflow boundaries of
the problem with the perturbed data y + &; (y) would not match the inflow boundaries
of the linear problem (1.6).

Hence, we will rather construct solutions to equation (1.1) through another itera-
tive scheme. As suggested to us by an anonymous referee and by other colleagues, we
first straighten the curve {u = 0} by setting as a new vertical variable z = u(x, y). Our
new unknown, both for the Burgers equation (1.1) and for the Prandtl system (1.2), is
the inverse function of u, i.e., the function Y such that u(x, Y (x, z)) = z. In this new
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set of variables, the equation for ¥ becomes, in the case of the Burgers equation (1.1),
20xY —(3;Y)7202Y = -3, Yf(x,Y), (1.17)

and in the case of the Prandtl system (1.2)

z
z0,Y —/ Y — (3:Y)202Y = —8:Y dxp + Velr; + va, (1.18)
zp
in which the nonlocal integral term on the left-hand side stems from the transport
term vd,u in the original equation. Differentiating (1.18) with respect to z, we find
that in the case of the Prandtl system, the vorticity W = d,Y satisfies

zaxw+axpazw+a§(%) = 0. (1.19)
We immediately see the linearized operator associated with (1.17) around Y (x,z) =z
is equation (1.6). In a similar fashion, the linearized operator of equation (1.19)
around the flow Yp associated with up is a forward-backward operator with variable
coefficients, of the form zd, + 0, — 8§(a-), where o = (0,Yp) ™2 and B = 0, p.
Such forward-backward operators bear strong similarities with the canonical one
zdxy — 0z, and therefore we will rely on our linear analysis to study (1.19) (see
Lemma 5.3 and Proposition 5.5).

We then construct solutions of (1.17) and (1.18) thanks to an iterative scheme?,
which we now explicit in the Burgers case, the Prandtl one being similar. We define
a sequence (Yn)neN such that

az?’n(2 - 8z?n)

(1 9 ?)2 azzf;n +(1 —8z?n)f(x,2—f;n)+gn+l’
—9,Y,

Zax?n—l—l - azzi;n-i-l =

where the additional term g ™! ensures that the orthogonality conditions are satisfied

at every step. We then prove that (17 )neN is a Cauchy sequence in the space Q.
Passing to the limit, we obtain a solution ¥ = z — lim, - fn to (1.17) with an
additional source term g. The manifold M is then defined by requiring that the limit
term g is zero.

Remark 1.4. In a first version of this memoir [16], we had chosen a strategy which
seemed only slightly different, but which led to substantial technical difficulties.
However, we believe that this strategy is rather natural, and could be of use in other
problems. Therefore we describe it here.

2In fact, we will state and use an abstract theorem, whose proof follows a similar scheme.
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Let (u,)nenN be a sequence solving the following iterative scheme:

UpOxUpnt1 — 8yyun—i—l = fn_H,
(Uns)z; =y + 8" (1.20)
(Un+1))y=+1 = £1.

This scheme is similar to the one used to construct solutions to quasilinear symmetric
hyperbolic systems, see for instance [7, Section 4.3]. In our case, it is possible to
prove a uniform bound for u, in the space H f / 3L§ N L)zc H; and the convergence of
the sequence in an interpolation space L2 H, gl 6L§.

In (1.20), the triplet (™!, 86’“ .87 *1) is an appropriate perturbation of the data
(f. 80, 81) tailored to satisfy the orthogonality conditions associated with the linear
operator u,dx — 0yy. In order to define these orthogonality conditions, it is necessary
to straighten the curve {u,(x, y) = 0}: hence this straightening step is still necessary,
but performed after the “linearization” of the equation, rather than before.

The issue lies in the fact that the orthogonality conditions change at every step,
which is a key difficulty. In particular, in order to allow the sequence u,, to converge,
one must prove that these perturbations also converge. This amounts to proving that
the linear forms associated with the operator u,dx — dy, depend continuously (and
even in a Lipschitz manner) on u,, for the same topology as the one within which
one proves the convergence of the sequence u,. This continuity estimate requires
identifying quite precisely what the linear forms are.

We believe that this methodology is rather robust and could be applied to other
nonlinear problems in which orthogonality conditions are present at the linearized
level, in particular in contexts where there is no nonlinear change of variables such as
the one presented above allowing to treat the nonlinearity as a perturbation. For exam-
ple, the PDE u(1 + d,u)dxu — d,,u = f could be an example where our previous
methodology applies, but not the one exposed in the present memoir.

Remark 1.5. Let us highlight some differences between the strategy of the present
memoir and the one by Iyer and Masmoudi in [35]. As explained above, there are sev-
eral mathematical operations which are required to complete the proof of Theorem 4:

* changing variables in order to straighten the free boundary;
* linearizing the equation around some background profile;

» differentiating the equation with respect to the vertical variable in order to obtain
an equation for the vorticity;

» differentiating the equation with respect to the tangential variable in order to
derive higher order estimates (under compatibility conditions).

These operations more or less commute at main order, and lead to the study of
the equation zdyu — d,,u = f. However, their (lower order) commutators may be
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a source of substantial technical difficulties. Our understanding is that the authors
of [35] perform the operations in the following order (see Section 3 of their paper):
(1) linearize; (2) differentiate with respect to the horizontal variable; (3) straighten
the free boundary; (4) differentiate with respect to the vertical variable.

We believe that the computations are much simpler, and the structure is better
understood, when the straightening change of variables is performed first. This also
allows us to have a more accurate comparison between the Burgers-type equation and
the Prandtl one.

The plan of this work is as follows. As a preliminary, we will introduce in Sec-
tion 1.5 the functional spaces we will use. First, we study the linear problem (1.6)
in Chapter 2, leading to Theorem 1, and prove that the two orthogonality conditions
we expose are indeed nonvoid. We also construct the singular profiles L_tiing and prove
Theorem 2. In order to introduce our nonlinear scheme, we extend these linear results
to the Vlasov—Poisson—-Fokker—Planck system as an example in Chapter 3, where we
also set up our general nonlinear methodology. We then turn towards the proof of
Theorem 3 in Chapter 4, and the one of Theorem 4 in Chapter 5. In order to prove
the existence of weak solutions of the Prandtl system (i.e., the first point of Theo-
rem 4), we will need an interpolation result: this rather technical step is performed in
Chapter 6. Eventually, in Appendix A, we prove the uniqueness of weak solutions to
various linear problems, by adapting an argument due to Baouendi and Grisvard [8].
In Appendix B, we prove various technical results of functional analysis that we use
throughout the memoir. Appendix C contain the postponed proof of a lemma of Chap-
ter 5.

As this memoir is quite long, a list of notations is provided starting page 133.

1.5 Functional spaces and interpolation results

1.5.1 Notations

Throughout this work, an assumption of the form “A < 17 will mean that there exists
a constant ¢ > 0, depending only on €2 such that, if A < ¢, the result holds. Similarly,
a conclusion of the form “4 < B” will mean that there exists a constant C > 0,
depending only on 2 and on the underlying flow (namely u(x, y) = y or up), such
that the estimate 4 < CB holds. For ease of reading, we will not keep track of the
value of these constants, mostly linked with embeddings of functional spaces. Note
in particular that the sizes of these constants will depend on the length x; — xg (see,
e.g., Proposition 2.5).
We will often use the notations Q24 := Q N {£z > 0}.
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1.5.2 Trace spaces for the lateral boundaries

For the traces of the solutions to (1.6) or (1.8) at x = xo and x = x1, we will need the
following spaces, due to [52,53]. We define Lg(— 1,1) as the completion of L2(—1,1)
with respect to the following norm:

1

1 2
W2 = ( [ v dz) , (1.21)
and H1(—1, 1) as the completion of H, (—1, 1) with respect to the following norm:

19 llar = 1l g2 + 109 2 (122)

1.5.3 Pagani’s weighted Sobolev spaces

Let O be an open subset of R?, and let Q := (xg,x1) X (—1, 1). In the works [52,53]
(albeit with swapped variables with respect to our setting), Pagani introduced the
space Z(0) of scalar functions ¢ on O such that ¢, d,¢, d,,¢ and zd,¢ belong to
L?(0) (in the sense of distributions). In this work, we will refer to this space with the
notation Z°(@). It is a Banach space for the following norm:

¢llzo := 11z0xPllL2 + 0220 ]2 + 110292 + (@]l L2- (1.23)

We will also need the space Z! (), which we define as the space of scalar functions
¢ on O such that ¢ and d,¢ belong to Z°(0), associated with the following norm:

[$llz1 == lI$ll zo + 10l zo0- (1.24)

The omitted proofs of the results of this section are postponed to Appendix B. We start
with a straightforward extension result, which allows transferring results on Z°(R?)
to Z%(Q).

Lemma 1.6. There exists a continuous extension operator from Z°(Q) to Z°(R?).

The next embedding is the most important result concerning the spaces Z°. Since
solutions to (zd, — d,,)u = f for f € L?(2) belong to Z°(Q) (see Proposition 2.5),
the following embedding entails that such solutions belong to H2/3(Q).

Proposition 1.7. Z°(R?) is continuously embedded in H 2 / 3L§.

Remark 1.8. Proposition 1.7 can be seen as a hypoellipticity result for the operator
L = 03,, — z0y in the full space R?, which is of the form X7 + Xo, where X; = 9,
Xo = —zdy and [Xo, X1] = 0y, so the Lie brackets generate the full space and L
satisfies Hormander’s sufficient condition of [29] for hypoellipticity. In fact, in the
full space R2, the H2*L2 N L2 H? regularity of solutions to Lu = f for f € L?
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can be derived from the general theory of quadratic operators, which makes a link
between the anisotropic gain of regularity and the number of brackets one has to take
in order to generate a direction. For instance, this regularity follows from [1, Theorem
2.10] and more precisely Example 2.11 therein applied with

0 0 0 1
k=0, Q=(0 1)’ B=(0 0)'

Lemma 1.9. Z°(R?) is continuously embedded in C2(H . / 2).

Proof. On the one hand, by definition, Z°(R?) < H2(L?). On the other hand, by
Proposition 1.7, Z(R2) < L2(H} /3). Therefore, by the “fractional trace theorem”
[45, equation (4.7), Chapter 1], Z°(R2) < CO(H,/?). n

Lemma 1.10. Z°(Q) is continuously embedded in C°([xo, x1]; H1 (-1, 1)).
Proof. This is contained in the trace result [53, Theorem 2.1]. [
Lemma 1.11. For ¢ € Z%(Q), 3;¢|,—+1 € HY*(x0, x1).

Proof. Let x4+ € C°°([—1, 1]) such that y = 1 in a neighborhood of {z = +1} and
x(z) =0forz <1/2.For¢ € Z%(Q), x+(2)¢(x,z) € H L2 N L2 H?2. By the “frac-
tional trace theorem” [45, equation (4.7), Chapter 1] (3; (x4¢))|z=+1€ H /*(x0,x1).
The result follows since y+ = 1 near {z = +1}. The same argument applies for the
trace at z = —1. |

Remark 1.12. Although it is almost the case, there does not hold Z°(R?)< C?(R?).

e Pagani [52, Theorem 2.1] proves that the operator ¢ — ¢(-, 0) is onto from
Z°(R?) to H 3 (R). But H 3 (R) contains unbounded functions of x.

* Pagani [52, Theorem 2.3] proves that the operator ¢ — ¢(0, -) is onto from
Z°(R?) to the space 3 (R). But this space contains unbounded functions, for
example ¥ (z) := (—1n|z|/2)* x(z) for s < % and y e C(R) with y =1ina
neighborhood of z = 0.

1.5.4 Baouendi and Grisvard’s weak space

In [8], Baouendi and Grisvard introduce the space
B :={¢ € L*((x0,x1), Hy (=1,1));20x¢ € LI (H; ")} (1.25)

Baouendi and Grisvard proved the uniqueness of solutions to (1.6) in 8. They also
proved that functions in B have traces on {x = x;} in £2(—1, 1). These results are
recalled in Appendix A, and will be used abundantly throughout the memoir.

The following embedding is proved in Appendix B and used in Section 5.5.
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Lemma 1.13. B is continuously embedded in H xl; / 3L§.

Lemma 1.14. B is continuously embedded in C2([—1, 1]; H;/6).

Proof. By definition, 8 <> H(L2). By Lemma 1.13, 8 < L2(H.’?). Hence, the
result follows from the “fractional trace theorem” [45, equation (4.7), Chapter 1]. =

1.5.5 Anisotropic Sobolev spaces

We will construct solutions to (1.6), (1.8) and (1.2) in various anisotropic Sobolev
spaces such as Q! of (1.5). Within these spaces, one has heuristically the correspon-
dence 9y ~ 33, which corresponds to the appropriate scaling due to the degeneracy
of zdy atz = 0.

Indeed, if u is a solution to zdxu — d,,u = 0 say on the whole plane R?2, then the
rescaled functions u (x, z) := u(A3x, Az) are also solutions. This is also consistent
with the shape of the singular profiles ﬁiing from Theorem 2, and leads to the rule of
thumb ““one derivative in x equals three derivatives in z”” (which is different from the
usual parabolic scaling, because of the cancellation on the line z = 0).

In particular, we will use abundantly the following embeddings from the interpo-
lated Pagani spaces to anisotropic Sobolev ones.

Lemma 1.15. Let o € [0, 1] and define Z° () := [Z°(Q), Z1(Q)]y. Then one has
the embedding Z° — HZ'*"° L2 0 H? L2. In particular, Z' < Q' defined in (1.5).

Proof. By Proposition 1.7, Z%(Q2) — H§/3L§ and Z1(Q) — Hf/3L§. Hence
Z°(Q) < [HZPL2 HPL2], = HZ3TL2

using, e.g., [45, equation (13.4), Chapter 1].
Moreover, by definition, Z%(Q) < L2H?2 and Z'(Q) — H!H2, 50 Z°(Q) —
HYH?Z. -

Remark 1.16. The definition (1.5) of Q! does not contain the “full vertical” reg-
ularity L2 H?, since we do not need it to close our nonlinear estimates. However,
assuming sufficient regularity on the source terms, one can build solutions to (1.6)
and (1.8)in Q' N L2 H3, and this was in fact what we did in the earlier version [16]
of this work.



Chapter 2

The case of the linear shear flow

This chapter concerns the well-posedness of the linear system (1.6) which we restate
here for convenience and by using z as a vertical variable rather than y to prepare for
the next sections. We thus consider, in 2 = (xg, x1) X (=1, 1), the system

z0xuU — 07U = f,
uz, = 6. @.1)
Uz=41 = 0,

where Yo = {xo} x (0,1) and ¥; = {x1} x (—1,0).

First, in Section 2.1, we recall the theory of weak solutions, due to Fichera for
the existence, and to Baouendi and Grisvard for the uniqueness. Then, in Section 2.2,
we recall the theory of strong solutions with maximal regularity, due to Pagani. Our
contributions regarding this problem are contained in the following sections. In Sec-
tion 2.3, we derive orthogonality conditions which are necessary to obtain higher
tangential regularity and prove the existence result of Theorem 1. In Section 2.4, we
construct explicit singular solutions and prove the decomposition result of Theorem 2.
Eventually, in Section 2.5, we state a result concerning the well-posedness of (2.1)
with fractional tangential regularity, which will be used in Chapter 5 and proved in
Chapter 6.

2.1 Existence and uniqueness of weak solutions

Definition 2.1 (Weak solution). Let f € L2((xo,x1); H1(=1,1)), 80,81 €L3(—1,1).
We say that u € L?((xo, x1); Hy (—1, 1)) is a weak solution to (2.1) when, for all
v € H'(R) vanishing on 9Q \ (X U X), the following weak formulation holds:

—/ Zuaxv+/ d,ud,v =/ fv—l—/ 2801)—/ z81v.
Q Q Q o P

Weak solutions in the above sense are known to exist since the work Fichera [22,
Theorem XX] (which concerns generalized versions of (2.1), albeit with vanish-
ing boundary data). Uniqueness dates back to [8, Proposition 2] by Baouendi and
Grisvard.

Proposition 2.2. Let f € L%((xo,x1); H™1(=1,1)) and 89,81 € L2(=1,1). There
exists a unique weak solution u € L*((xo,x1); H} (—1, 1)) to (2.1). Moreover,

el 2 gy S WS N2 a1y + 18oll g2 + 1811 22 (22)
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Proof. The proof of uniqueness is postponed to Appendix A, where we adapt Baouendi
and Grisvard’s arguments to prove the uniqueness of weak solutions to all the linear
problems we encounter in this memoir in Lemma A.1. It relies on the proof of a trace
theorem and a Green identity for the space 8 defined in (1.25).

Let us prove the existence. We introduce two Hilbert spaces U and V satisfying
V < U < L?((xo,x1); H(0,1)) as follows. Let

Vi={ve H(Q)|v=00nQ\ (Zo U X))}

Let U be the completion of H () N L?((xo, x1); HJ (—1, 1)) with respect to the
scalar product

(u, v)y :=/ azuazv—i—/ Zuv—/ Zuv. (2.3)
Q 2o 2
Foru,v e Ux YV, let
a(u,v) = —/ Zuaxv—i—/ d,ud,v, 2.4)
Q Q
b(v) :=/ fv—l—/ z&ov—/ z81v. (2.5)
Q Zo |

In particular, for every v € 'V, integration by parts leads to a(v, v) = ||U||121 and

@) < (1F 12 am1y + 18l 2 + 18112) v . 2.6)

Hence, b € £(V) can be extended as a linear form over U and existence follows from
the Lax—Milgram-type existence principle Lemma B.2 in Appendix B, which also
yields the energy estimate (2.2) thanks to (2.6) and Poincaré’s inequality. ]

Remark 2.3. Functions in U a priori do not have traces on X;, so one could wonder
how definition (2.5) makes sense when v € U. The integrals fEi z8;v make sense
precisely because U is defined as a completion with respect to (2.3). In fact, weak
solutions do have traces in a strong sense, as proved in Lemma A.2, thanks to the
extra regularity in x provided by the equation.

Remark 2.4. Instead of using the weak Lax—Milgram existence principle Lemma B.2,
an alternate proof would be to regularize equation (2.1) by vanishing viscosity, and to
obtain uniform L2 H} estimates on the approximation. This approach will be used in
Lemma 5.4 proved in the Appendix, in which we prove H ; L? regularity of the weak
solutions far from the lateral boundaries.

2.2 Strong solutions with maximal regularity

We now turn to strong solutions, i.e., solutions for which (2.1) holds almost every-
where. The main result on this topic is due to Pagani.
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Proposition 2.5. Let f € L*(Q) and 89,81 € H1 (=1, 1) such that §o(1) =81 (—1)=0.
The unique weak solution u to (2.1) belongs to Z°(Q2) and satisfies

lullzo < I llz2 + 1Sollger + 181151 2.7)

The boundary conditions us, = 8; hold as traces in U—C;(Zi) (see Lemma 1.10).

Proof. This is a particular case of [53, Theorem 5.2]. Pagani’s proof proceeds by
localization. Far from the critical points (xg, 0) and (x1, 0), the regularity is rather
straightforward. Near these critical points, the regularity stems from the regularity
obtained for a similar problem set in a half-space (0, +00) x R or R x (0, +00).
Pagani studies such half-space problems in [52], where he derives explicit represen-
tation formulas for the solutions, using the Mellin transform and the Wiener—Hopf
method. We do not reproduce these arguments here for brevity.

Note that the implicit constant, say Cp, in (2.7) may depend on 2. By scaling
arguments, one can prove that Cp <C(1+|x; — xo|™!) for some universal C >0. m

2.3 Orthogonality conditions for higher tangential regularity

We now investigate whether solutions to (2.1) enjoy higher regularity in the horizontal
direction. As mentioned in Section 1.2, it is quite easy to obtain a priori estimates in
the space Z!(S2) (see Proposition 2.6). However, we prove in Proposition 2.10 that
the weak solution enjoys such a regularity if only if the data satisfies appropriate
orthogonality conditions. Eventually, we give statements highlighting the fact that
these conditions are non-empty.

Proposition 2.6. Let f € H'((xo, x1); H™'(—1, 1)) and 8,8, € HL(—1,1) such
that 8o(1) = 81(—1) = 0 and such that Ao, Ay € £L2(—1,1), where
_ f(xiz) + 0268i(2)

Ai(z) = - (2.8)

If the unique weak solution u to (2.1) belongs to H'((xq, x1); HO1 (—1, 1)), then one
has the following weak solution estimate for 0 u:

||ax“||L)2(HZI < ”axf”L)%(Hz—l) + ||A0||L§(z;0) + ”AIHL%(EI)' 2.9)

If, moreover, feHl((xo,xl);L2(—1, 1)), Ao, Aq EfH;(—l, 1), Ag(1)=A1(—1)=0,
then u € Z1(2) and one has the following strong solution estimate for dxu:

12l z0 < 195 llz2 + 1 Aollet + 141l (2.10)
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Proof. The key point is the following argument: if dxu enjoys L2 H} regularity, then
du is the unique weak solution to

Z0xw — 0w = 0y f,
wis, = A, (2.11)

LU|Z=:|:1 = 0.

Then estimate (2.9) follows from (2.2) and estimate (2.10) follows from (2.7).
Hence, let us prove that, if du € Li Hzl, then d,u is a weak solution to (2.11).
Let

V:i={veC®Q)v=00n0Q\(ZoUZX),
dxv = 0on {xgp} x (—1,0) and {x1} x (0, 1)}.

Let v € V. Then 0, v is an admissible test function for Definition 2.1. Hence, since u
is the weak solution to (2.1), one has

. /Q e (9ev) + /Q Do (9e0) = /Q Floxv) + /Z i) - fz (o).

The H ; H Zl regularity of u legitimates integrations by parts in x on the left-hand side.
Thus

|:_/_11 Zuava; +/QZ(3xu)8xv + |:/_11 Bzuasz; —/Qaz(axu)azv
B [/_11 f”} _/Qf"” +/EO 250<3xv>—/21 281(dxv),

which, after taking the boundary conditions into account, integrating by parts in z in
the boundary terms f_ll d,u0d,v and recalling (2.8) yields

—/ z(axu)axv—l—/ 07(0xu)0,v =/ fxv—|—/ ZAOU—/ zAqv.
Q Q Q o X

Since V is dense in the set of test functions for Definition 2.1, this proves that d,u is
the weak solution to (2.11). [ ]

We start by defining “dual profiles” which are necessary to state our orthogonality
conditions.

Lemma 2.7 (Dual profiles). We define PO, plez 0(Q) as the unique solutions to
20, @) — 3, B/ =0 inQa,
[©7].2
[aza]u:o = —1;=0,

@/ jaa\(zouzy) = 0.

=1=1,
2.12)
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Proof. Uniqueness is straightforward. Given j € {0, 1} and two solutions to (2.12),
let ¢ denote their difference. Then ¢ € Z%(2+) and both ¢ and d,¢ are continuous
across the line {z = 0}. Hence, ¢ € Z°(2) and ¢ is the solution to a problem of the
form (2.1) (with reversed tangential direction). So ¢ = 0 since weak solutions to such
problems are unique in Z°.

We prove the existence of @0, We define @(x, z) = —z1;50L(z) + ¥O(x, 2),
where we choose { € C2°(R) such that { = 1 in a neighborhood of z = 0 and supp ¢ C
(—1/2,1/2), and where W° € L2((xg,x1); Hy (—1, 1)) is the unique weak solution to

—20, W0 — 9, W0 = —21,.¢0'(2) — z1,50¢"(z) in Q,

U(xg,2) =0 for z € (—1,0),
WO(xy,z2) = z&(2) forz € (0, 1),
\IIIOZ:il =0.

By Proposition 2.5, W0 € Z°($2). Hence 9,,®0 € L2(Q+) and 29, ®° € L2(Q4).
The construction of the profile @1 is similar and is left to the reader. For exam-

ple, one can decompose the profile D1 as @1 (x, z) = 1,;508(2) + Wl(x, 2), where,

similarly, ¥! € Z%(Q). n

Remark 2.8. The jump conditions in (2.12) prevent the dual profiles from enjoying
vertical regularity across the line {z = 0}. More subtly, even inside each half-domain,
neither the ®/ nor their lifted version the W/ enjoy tangential regularity. Indeed, for-
mally, 9, ®J/ and 0, W/ satisfy systems of the form (2.1) (with reversed tangential
direction) with zero source term and zero boundary data. Hence, if they were suffi-
ciently regular, they would be zero by the uniqueness results of Appendix A, and so
would ®/ and W/ by integration, contradicting (2.12). We will see in Corollary 2.32
that these dual profiles indeed do contain an explicit singular part localized near the
endpoints (x;, 0).

We now turn to the main result of this section, which gives a necessary and
sufficient condition for the solutions to enjoy the mentioned tangential regularity.
Strangely, we could not find a proof of Proposition 2.10 in the literature, although
some works mention orthogonality conditions (see [22, equation (4.2)] or [55]). Hence
we provide here a full proof. This strategy will be extended in Section 5.2 to equa-
tions with smooth variable coefficients (see Proposition 5.5). We prove further that
these orthogonality conditions are not empty.

We will work with the following space of data triplets:

Hi = {(f.80.81) € HIL2 x HL(Zo) x HL(Z1): (Ao, A1) € HL(Zo) x HL(Z1)
and §o(1) = 81(—1) = Ag(1) = A(=1) =0}, (2.13)
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where A; is defined in (2.8), with the associated norm

1080 80k = 1 gz + 3 Iillser + 1Aillsr.  (2.14)
i€{0,1}

Lemma 2.9. If (f.80.81) € Hx, then §; € H2(S;) and ||; | g2 < (£, 80, 81) || -

Proof. Fori € {0, 1}, recalling (2.8), one has
187 12z < 187 + f(xi L2y + 1 i Ilezeg;y S NAllg2 + 1/ gz

Moreover, proceeding for example as in the proof of Lemma B.7, one checks that
I18illz2 < 8ill g2 + 118 ll 2 =

Proposition 2.10. Let (f,8¢,681) € Hk. The unique weak solution u to (2.1) belongs
to HYH} ifand only if, for j = 0and j = 1,

/axfEJr/ zAOE—/ A DT = 318,(0) — 3780(0), (2.15)
Q Zo X

where ®° and ®! are defined in Lemma 2.7.
Furthermore, in this case, u actually belongs to Z'(2) and the following estimate
holds:

el zr < (S So0. 81) [l e - (2.16)

Proof. Step 1. We exhibit possible discontinuities. Let us consider the unique solution
u € Z°%Q) to (2.1). Following the strategy sketched by Goldstein and Mazumdar
[25, Theorem 4.2] (see Remark 2.11 for further comments), we introduce the unique
strong solution w € Z%(R) to (2.11), so that w is a good candidate for du. The idea
is then to introduce the function u; defined by

8o(z) + f;o w(x’,z)dx’ inQy,

8 2.17)
§1(2) — [T w(x',z)dx’ inQ_

ui(x,z) ::{

so that dxu; = w almost everywhere. Furthermore, it can be easily proved that, in
D'(21),

Z0xU1 — 0zzU1 = f.

However, this does not entail that #, is a solution to this equation in the whole domain.
Indeed, u; and d,u; may have discontinuities across the line {z = 0}. One checks
that u, and d,u, are continuous across z = 0 if and only if

X1

/xl w(x,0) dx = 8;(0) — 8(0), / w2 (x,0) dx = 8,81 (0) — 3,80(0). (2.18)

0 0

The two integrals are well defined since w, and w,, belong to L2(<2).
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Step 2. We compute the horizontal mean value of w and w, using the dual profiles.
Let ¢ € Z°(Q2+) such that ¢yo\(z,nx,) = 0. Since w € Z°(RQ), it satisfies (2.11)
almost everywhere, so that we can multiply the equation by ¢ and integrate over 2.
Hence,

fx¢ = (Zaxw_azzw)¢,
Q4 Q4

where, on the one hand,

/z(axw)¢= g — [ zwig
Qy 2

Q4

and on the other hand,

— = " — ) dx — )
@0 / (3:w — wd,$)(x.0%) dx /Q widzeg

Thus, performing the same computation on 2_ and summing both contributions
yields

/ @z wlBs—0 — wId:¢]1s—0)(x. 0) dx

= [ s+ /E ZAod — /E A+ ;/ﬂi W(zdep + D22,

Hence, for j € {0, 1},

X1 — — —
/ dw(x,0) dx =/ S ®J +/ zAg D/ —/ zA D7,
X0 Q EO Zl

where the dual profiles @0 and ®! are defined in Lemma 2.7.

Step 3. Conclusion. Assume that the orthogonality conditions (2.15) are satisfied for
J=0and j =1. Then (2.18) holds, and as a consequence, [11];=0 = [0;u1]|z=0 =0.
Thus u; € L2((xo,x1); Hy(—1, 1)) is a weak solution to (2.1). We infer from the
uniqueness of weak solutions that ¥ = u1, and therefore dyu = w € Z 0 Henceu €
H'((x0,x1); HJ (=1, 1)). Estimate (2.16) follows from (2.7) and (2.10).
Conversely, if u is a solution to (2.1) with H'((xo, x1); H} (-1, 1)) regularity,
then d,u is a weak solution to (2.11) (see the proof of Proposition 2.6) and u is given
in terms of dxu by (2.17) almost everywhere. Thus [u1]|;—¢ = [0;u1]|z=0 = 0. Hence
f;ol ux(x,0)dx = 8§;(0) — 8(0) and f;ol Uxz(x,0)dx = 3,8;(0) — 9,80(0), and thus
the orthogonality conditions (2.15) are satisfied. |

Remark 2.11. Oddly, in [25, Theorem 4.2], Goldstein and Mazumdar do not mention
the orthogonality conditions (2.15). They merely state that, “since 0,,u1 =zdxu;— f
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in D'(R4), since zuy, f €C([xo,x1]; L?(—1,1)), consequently z0,u —0,,u; = f
in L2(2)”. However, these orthogonality conditions are non-empty, as we show
below (see Proposition 2.15).

Definition 2.12. In the sequel, we denote by {7 the linear forms associated with the
orthogonality conditions (2.15) for the linear shear flow problem, i.e., for ( £, 8¢,81) €
Hg, we set

F0 8080 = 300 ~31610) + [ s @7+ [ 20087 [ zaa7
Q o ol

Lemma 2.13. The linear forms Efor j €10, 1} are continuous over Hg.

Proof. First, by Lemma 2.9, for (f,80.81) € Kk, §; € H*(;) so that §; (0) and &/ (0)
depend continuously on ( f, 89, 81) € #k. Second, by Lemma 2.7, /e Z%Q4) so,
in particular Pi e L?(2). Hence f Jo Ox fa is continuous on H!L2. Eventu-
ally, by Lemma 1.10, a(x,-, )€ HUZ)) = L2(2)), s0

(f0.80) = [ 2800 (.0 dz

is continuous on k. ]

Remark 2.14. Although this continuity result will be sufficient for most of our pur-
pose, the linear forms £/ are in fact continuous for weaker topologies than the one of
JH . In particular, one does not need f € H} L2 (see Remark 2.33).

We now prove that the orthogonality conditions (2.15) are non-empty and inde-
pendent.

Proposition 2.15 (Independence of the orthogonality conditions). The linear forms
L9 and €' are linearly independent over C2°(R2) x {0} x {0} C Hk.

Proof. Proceeding by contradiction, let (cg, ¢1) €R? such that, for every f € CX(Q),
there holds coﬂ_o(f, 0,0) + clﬁ_l(f, 0,0) = 0. Define ®°¢ := co®° 4 ¢, L. Then, for
every f € C2(Q), it satisfies [, dx f P¢ = 0. Hence 9, P° = 0 in D'(24). Since
®¢(x1,z) =0forz € (0,1) and ®¢ € Z°(Q,), this implies that ¢ = 0in Q (since
79 functions have traces in the usual sense, see Lemma 1. 10). The same holds in 2_.
Hence [®€]|,—¢ = [0;P]|;=¢ = 0, which implies co = ¢; = 0. ]

Remark 2.16. Proposition 2.15 of course implies that €0 and ¢! are linearly inde-
pendent on Hg. Although Proposition 2.15 gives a prominent role to the source
term f, we will actually also prove that £° and £! are linearly independent on {0} x
CX(Xp) x C(Z1) C #. This property relies on the structure of the dual profiles



Orthogonality conditions for higher tangential regularity 31

&/ near the points (x;, 0), and will be proved at the end of this section (see Proposi-
tion 2.34).

Eventually, gathering all of the above results, definitions and notations, we have
proved the following well-posedness result for the linear problem.

Proposition 2.17. Let Hg be the vector space defined in (2.13). There exists a vector
subspace H é’sg = (ker 6_0) N (ker Z_l) of codimension 2 in Hx such that, for each
(f.80.81) € Hx, there exists a solutionu € Z'(RQ) to (2.1) if and only if ( f.80,81) €
H IJ{_,sg' Such a solution is unique and satisfies estimate (2.16).

Theorem 1 of the introduction is a rough restatement of the above Proposition 2.17
allowing us to avoid introducing more notations and functional spaces at this early
stage.

Proof of Theorem 1. One easily checks from (1.3) and (2.13) that Xp — H#g. More-
over, setting X is g = XpN (kerﬁ_o) N (kerﬁ_l), one obtains that X is . is of codimen-
sion 2 in X' from Proposition 2.15 or Proposition 2.34. Hence, given ( f, 8¢, 1) €
Xﬁsg, Proposition 2.17 gives a solutionu € Z!. By Lemma 1.15, Z! < Q1 (defined
in (1.5)), so u € Q. Reciprocally, given a solution u € Q! corresponding to some
data triple ( f,8¢,61) € Xp,onehasu € H; HZ2 (see (1.5)), so Proposition 2.10 applies
and one has ( f, 8, 81) € Xj;jsg. [

Similarly, going further, it can be easily checked that the control of k derivatives
in x requires the cancellation of 2k independent conditions. Although controlling a
single x-derivative will be sufficient in the sequel to obtain our nonlinear result, we
establish here this short higher-regularity statement as an illustration. More precisely,
we have the following result.

Lemma 2.18. Letk > 1. Let f € C®(Q), §; € C®(%;). Define recursively A for
0<n<kandz € X; by

A)(z) := 8 (z), (2.19)
1, -
A (z) = ;(ag Vf(xi 2) + 0::A771(2)). (2.20)
Assume that the following compatibility conditions are satisfied:
Vn e{0,...,k}, Aj(l) = AT (-1 =0.

Assume furthermore that for alln € {0, ..., k}, AT € HL(Z)).
Let u be the unique solution to (1.6). Thenu € H ;‘ H? if and only if the following
orthogonality conditions are satisfied:

@ f AL AN =0 Vne{0,....k—1}, j €{0.1}.

Furthermore, these 2k orthogonality conditions are linearly independent.
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Proof. First, notice that 9% u satisfies formally

(z0x — 0z7)0%u = 9% f inQ,
8zbllz::l:l =0,
8§u|gi = Af
The first part of the statement follows easily from Proposition 2.10 and Proposi-

tion 2.6 and from an induction argument.
Let us now check the independence of the orthogonality conditions. We extend the

methodology used in the proof of Proposition 2.15. Assume that there exist ¢, € R,
0<n<k-—1,j=0,1 such that for all (f, §o,81) satisfying the assumptions of the
lemma,

k—1
DD U@ S AL A = 0.
j=0,1n=0

In particular, for any f € C°(2),

k—1
D i3 £.0.0) =0,

j=0,1n=0
i.e.,
k—1 .
Z/ aggf( > c,ng') = 0.
n=0"< j=0,1
This means that
k—1 o
D D]l =0
j=0,1n=0

in the sense of distributions. Since [BQE]|Z=0 = [a;aZE]|Z=O =0forn > 1, we
infer that

[co@0 + Céa]u:o = [0:(c0 @0 + ¢4 @1)] 0.

|z=0 =
Once again, using the jump conditions on E, we deduce that cé = 0, and thus
k—1 o
Ox ( >y =t cbf) =0.
j=0,1n=1
It follows that

k—1
Yo YT el = p2)

j=0,1n=1
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for some function p. Note that by parabolic regularity, the profiles &/ (and therefore
the function p) are smooth away from the line {z = 0}. Taking the trace of the above
identity on {xo} x (—1,0) U {x1} x (0, 1), we find that p = 0. Arguing by induction,
we infer eventually that c,’,. =0forall0<n<k-—1,j =0,1. |

Corollary 2.19 (Biorthogonal basis). There exist EX = (f*, 8k, 5%) e Hx fork €
{0, 1} such that, for every j, k € {0, 1},

C(EF) = (f*,86.87) = L=
and such that, within #Hg,

RE® +REYL = ker €0 Nker 1 (2.21)
is a vector subspace of codimension 2.

Proof. Since £9 and £1 are continuous linear forms on ¥ k, by the Riesz represen-
tation theorem, they can be written as scalar products with two given triplets, say
B9, 21 € Jx which are linearly independent thanks to Proposition 2.15. Then one
looks for 2 = (fk, 8]5, 8’f) as akﬁ + bkﬁ, where ay, by € R? are such that
ar(B7;: B0 + b (B/; B1) = j=k- These systems can be solved since E0and B!
are free. This proves the equality (2.21). The independence of the linear forms guar-
antees that (2.21) is of codimension 2 in Hk. ]

2.4 Singular radial solutions in the half-plane and profile
decomposition

In this section, we give a full description of the singularities that appear when the
orthogonality conditions are not satisfied. We start by constructing singular solutions
to the homogeneous equation set in the half-plane, using separation of variables in
polar-like coordinates. We then localize these solutions near the critical points (x;, 0)
to obtain the decomposition result of Theorem 2.

Our approach is similar to the one developed by Grisvard in [28, Section 4.4]
for elliptic problems in polygonal domains (see in particular the singular profiles
of equation (4.4.3.7) and the decomposition result of Theorem 4.4.3.7 therein). The
main difference is that we cannot use usual polar coordinates and that the construc-
tion of the elementary singular profiles is much more technical than, for instance,
the classical solution of the form r 2 sin(6/2) which is involved in the resolution of
Dirichlet-Neumann junctions as in the elliptic problem (1.12) mentioned in the intro-
duction.
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2.4.1 Construction of singular solutions in the half-plane

In this paragraph, we look for elementary singular radial solutions to the following
problem without source-term in the half-plane:

{Z&xu —d,;u=0 x>0,z€eR, (2.22)

u(0,z) =0 z > 0.

Remark 2.20. In [23], Fleming considered the related problem of finding a “fairly
explicit formula” for solutions to zd,u — d,u = 0 in a strip (0, 1) x R, with pre-
scribed boundary dataat x = 0,z > 0 and x = 1, z < 0. His proof involves Whittaker
functions, which are related to the confluent hypergeometric functions we use below.

In [27], Gor’kov computes a representation formula for solutions to (2.22) with
a non-zero source term and boundary data, and proves uniqueness of such solutions,
under a growth assumption of the form |u(0, z)| < |z]|¢ for 0 <o < % on the line
{x = 0}, for which he claims that uniqueness holds. The threshold o = % is precisely
the scaling (at which uniqueness indeed breaks) of the first fundamental singular solu-
tion vy which we construct below.

Our setting is a little different from the works mentioned above, as we look for
(non-zero) solutions to the homogeneous equation. Similar computations were also
performed in [30, 31], albeit with different boundary conditions, and therefore with
a different exponent for r, and a different asymptotic behavior for the profile A in
Proposition 2.21. However, we were not able to find the specific expression of the
profiles from Proposition 2.21 in previous works.

Near the point (0,0) which is expected to be singular, balancing the terms zd, and
0z leads to the natural scaling z ~ x 3. Thus, we introduce the following polar-like
coordinates (r, ) € [0, +00) x R:

)2 and ¢ := Zx73. (2.23)
The reverse change of coordinates is given by

r rt
and z= —— (2.24)

X = 3 T-
(14122 (14122

Since it will be convenient to switch from cartesian coordinates (x, z) to the polar-like
coordinates (7, t), we compute the Jacobian

1 z (1+t2)% t
o or 1 r 372 1
3 r T
Jrny= % Sl=(>*" | |= L@ (225)
x 9z 3 I 14122 (14192
x3 T 33 r
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where we have used the equalities (2.24). In particular,

1 t2 2
det J(r,1t) = g (2.26)
3r3
which we will use to compute integrals using the (r, ) variables.
By (2.25), for any C! function ¢,
1 3
(1+12)2 t(1+12)2
dxp = 32 drep — 3,3 09, (2.27)
t 1 +12)2
0,0 = r0r + ( ) 01¢. (2.28)
(1+12)2 r
In particular, if u(r, 1) = r*A(r),
A2
Z20yu = 3 [AtA@) —12(1 +12)3: A(1)] (2.29)
and
t 1 +12)2 AtA(t
peen = | o+ S | (o (FRD s b))
(1+12)2 r (1+12)2

1+ 12

= r*—z[(k— 1)( A A1) +t8,A(t))
4+ z2)ia,(LlA(z) (4 12)5atA(z))]. (2.30)
1+

We are now ready to construct solutions to (2.22) using these coordinates.

Proposition 2.21. For every k € 7, equation (2.22) has a solution of the form
Vg 1= r%+3kAk(t)

with the variables (r,t) of (2.23) and A € C*°(R;R) is a smooth bounded function
satisfying Ay (—o0) = 1 and A (+00) = 0. The profile Ay is presented in Figure 1.2.

Proof. By separation of variables, we look for a solution to (2.22) under the form
u :=r*A(t), where L € R and A : R — R is a smooth function. The boundary
condition u(0, z) = 0 for z > 0 translates to A(+o00) = 0. From (2.29) and (2.30)
above, one checks that such a u satisfies zdyu — d,,u = 0 if and only if

t? 20t 1 ¢ 1+ (A —1)?
2N —+ == )o,A — - A(r) = 0.
b5 (t)+(3+1+t2)8, (z)+A( TR T Ly ) (t) =0
(2.31)
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To absorb the (1 + £2) factors, we let H () := (1 +¢2)> A(). Then, A satisfies (2.31)
if and only if H is a solution to

) 1? At
OTH(0) + 5 0 H(1) = - H(t) =0. (2.32)

Moreover, for ¢ # 0, using the change of variable ¢ := —¢3/9, and looking for H (t) =:
W(—t3/9), we obtain that H solves (2.32) on R \ {0} if and only if W is a solution to

cawo) + (3-c)ower - (-3 wo =0 e

which corresponds to Kummer’s equation, with a = —% and b = % It is known (see
[50, Section 13.2]) that (2.33) has a unique solution behaving like {7 as { — oo.
This (complex valued) solution is usually denoted by U(a, b, {) and called conflu-
ent hypergeometric function of the second kind, or Tricomi’s function. In general, U
has a branch point at { = 0. More precisely, the asymptotic {~¢ holds in the region
larg¢| < = and the principal branch of U(a, b, {) corresponds to the principal value
of {74. Moreover when b is not an integer, which is our case, one has (see [50, equa-
tion (13.2.42))),

r{a-») re- 1—b
U@a,b,{) = ———M(a,b, M@—-b+1,2—-05,0),
@8 = oy M@ b0 + DM+ 0
(2.34)
where M is the confluent hypergeometric function of the first kind or Kummer’s func-
tion, @ ¢
A)n &~
M(a,b,?) =
0= 2 G

where (a), and (b), denote the rising factorial. In particular, M is an entire function
of ¢. From (2.34), we see that the singularity in Tricomi’s function U stems from the
fractional power {170 = Z% When ¢ = —p (for p > 0), f% = e%p%.

We therefore set
i /\ 2
W) .= ?ﬁ{e3U(—§,§,§)}. (2.35)

By linearity, W is still a solution to (2.33). Moreover, by [50, equation (13.7.3)], as

§ — oo,
W) = m{e"é’;—a(l n 0(&))} (2.36)

In particular, when A = % + 3k for k € Z (and only in this situation), as p — 400,

W(=p) = 0(p*7 ).
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because R{e™/3e~ia7 p=a) = R{(—1)kei™/3e17/6 p=a\ = (—1)k p=@R{i } = 0. Defin-
ing H(t):=W(—t3/9) for W as in (2.35) and recalling that A (t) = (1 4 t2)"*/2H(¢)
implies that A(+o0) = 0. Indeed, as t — +o0,

Al = (1 +12)72003GY) = 0(73). (2.37)

Moreover, from (2.36), we obtain that A is bounded as t — —o0¢. Indeed, as t — —o0,

_a+oydales(-2) 1
w=aeeriaf (5 (o)

1 1
- 59—%—’%1 F2)7E 7+ 0 R) = 59—%—k +0(|t]™?). (2.38)

Eventually, let us check that H is an entire function of ¢, which will entail that A is
smooth. First, note that M(—1/3,2/3,—t3/9) and M(—(A — 1)/3,4/3,—t3/9) are
real valued and entire functions of #. Additionally,

1/3 It .
?)?{ei”/3(— i) } —9 3]z ift <0,
? IR(e27/3) ifr >0

1t
20913

Using (2.35) and (2.34), we obtain

H(1) = EL_I))M(Q,[), _i)

2T(a—-b+1) 9

1t T(h-1) t3
—————————M(a-b+1,2—-b,—— 23
295 T(a) (a + 1, . 9), (2.39)

so that H is entire because M is. This entails that H solves (2.32) even across ¢ = 0.
Moreover, (2.37) and (2.38) imply that A is bounded on R. Eventually, using (2.38),
we can define Ay as 2 - 9%+kA, which ensures that Az (—oo) = 1. For this normal-
ization, one deduces from (2.39) that

Ar(0) = F(1/6—k)

(2.40)

which will be used below. [ ]

If u is a solution to (2.22), then, formally, d,u too (the operator zdy — d,, com-
mutes with dy, and the boundary condition at x = 0 and z > 0 is satisfied thanks to
the equation). This property entails that the solutions vy = r%“kAk (¢) are related
by a recurrence relation on the profiles Ag.
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Lemma 2.22 (Recurrence relations). Let k € 7Z and ¢y := % — 9k2. One has
Ox Vg = CiUk_1- (2.41)
Moreover, for every t € R,

(1+12)2

CkAr—1(t) = 3

((% + 3k)Ak(t) —1(1+ zz)A;(Z)), (2.42)

or, equivalently,

- L ((1 YY)
Ak(t)—t(1+t2)((2+3k)Ak(Z) Ay ) (2.43)

Proof. By (2.27), one has dxvg = r2T3*=D [, (1), where Hy(t) is the right-hand
side of (2.42). Thus d,vg is a solution to (2.22) of the form studied in Proposi-
tion 2.21. Since the proof of Proposition 2.21 proceeds by equivalence, vg_q is the
only solution of the form 3+3(k=1)_This entails that H, % (t) is proportional to Ag_1(¢)
and the constant can be identified by comparing the values at 0 using (2.40), yield-
ing (2.42), (2.41) and (2.43) (which are all equivalent) with ¢, = % — 9k2.

Actually, these identities are linked with recurrence relations on Tricomi’s func-
tion U. Let us give another proof of (2.43) using this approach. By the proof of
Proposition 2.21,

iw 1 2 13
Ar(t) =296 (1 42 a3k gl eFu( — - —k, 2, —— | L.
6 379
First, using the relation d;:U(a — 1,b,8) = (1 —a)U(a, b + 1,§) (see [50, equa-
tion (13.3.22)]),

1 t ;
k(1) = _(5 + 3k) T2 M0 4. 9btk(] 4 2) i3k

3 1 in 13 1 5 3
e+ )mleF (D o -2k +1,2, -5
z(+6){e( 9)(6 i3 9)}

Eventually, (2.43) follows from (b — a)U(a,b,¢) + U(a — 1,b,¢) — ¢U(a, b +
1,¢) = 0 (see [50, equation (13.3.10)]). ]

Remark 2.23. We will see below that vg is linked with two solutions to (2.1) which
have Z° regularity, but do not belong to H! H}. Similarly, for each k > 0, vy is linked
with solutions u such that 3%u € Z°(Q) butu ¢ H¥+'H}. Conversely, for k = —1,
one could expect to be able to construct a very weak solution u based on v_; which
would entail that uniqueness fails for solutions with less than Li H ! regularity.

Lemma 2.22 entails the following decay estimates, which will be useful in the
sequel.
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Lemma 2.24. For every k € 7, there exists Cy > 0 such that, for every t € R,
Ak + 1P ALO] + [ AL O] + [P AY ()] < C.

Proof. Forallk € Z, the bound |Ag ()| < Cy is already contained in Proposition 2.21
which claims that A is bounded. Since Ag_; and Ag are uniformly bounded over
R, we deduce from (2.43) that t3A;C () is also bounded on R. Eventually, differenti-
ating (2.43) with respect to ¢ leads to a uniform bound for |[t*A7(r)| and [ A}/ ()]
over R. ]

Moreover, the recurrence relations of Lemma 2.22 also imply that the solutions
Vg to (2.22) are smooth, up to the boundary {x = 0}, except at the origin (0, 0).

Lemma 2.25. Foreveryk € Z, vy € C*®(Px), where Py := ([0, 400) x R) \ {(0,0)}.

Proof. The smoothness inside the half-plane {x > 0} follows directly from Proposi-
tion 2.21 since A € C®(R) and the function r — r2+3k as well as the change of
coordinates of (2.23) are smooth inside this domain.

By Proposition 2.21, since A is continuous on R and has limits at t = £o00, we
obtain that vy = ra+3k A (¢) is continuous up to the boundary {x = 0}, except at the
origin: vi € CO(Py).

We now turn to the continuity of derivatives. Using (2.28), we obtain

dzv = r‘i“"[(l + 3k);1/\k(t) + (14 12)%/\;((;)}.
2 (1+12)2
Since Ay has limits at t = £oo and since, by Lemma 2.24, t3A}€(t) = 0(1), we
obtain that 9, vy has limits at # = +o00. Hence d,v; € C%(Py).

Eventually, the C°°(P.) regularity follows from an induction argument. Indeed,
by (2.41), 0,k = CkVk—_1, 0 dxvg € C°(P,) because vi_; € C°(Py). And, simi-
larly, in the vertical direction, using (2.22), 0,,Vx = Z0xVg = ZCrVk—1 SO 0,7 Vk €
CO(P,). Iterating the argument concludes the proof. ]

2.4.2 Localization and decomposition

We now introduce singular profiles ﬁiing, for i = 0, 1, localized in the vicinity of
(x;,0) and based on the singular profiles of the previous paragraph. Let y; € C®°(Q)
be a cut-off function such that y; = 1 in a neighborhood of (x;, 0), and supp y C
B((x;,0), R) for some R < min(1,x; — xo)/2. These localized profiles are the ones

involved in the main decomposition result of Theorem 2.

Definition 2.26. Fori € {0, 1}, let

. 1
Uging (X, 2) == 17 Ao (1) xi (x, 2),
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where Ay is constructed in Proposition 2.21 and
2 2.1 i _1
="+ |x—x;|3)2 and ¢ = (1) z|x —x;|7 3.

Lemma 2.27. Fori € {0, 1}, there exists f; € C®(Q), with f; = 0 in neighborhoods
of (x;,0) and {z = £1}, such that ﬂiing is the unique solution with Z°(Q) regularity to
Za usmg Zzusmg f
Z'{sing|20UEl = 0’ (244)

—i —
Uginglz=+1 = 0.

Moreover, ii': € C®(Q\ {(x;,0)}) but ii’.

sing

sing ¢ H)g H Z1 .
Proof. By symmetry, we only prove the statement for f_o and ﬂgng. In order to allevi-
ate the notation, we drop the index O in ry, 7o and y¢. We introduce positive numbers
O<r—<rysuchthat y=1forr <r_and y = 0 for r > r4. In particular, all
derivatives of y are smooth, bounded, and supported in 1,_ <, < .

Straightforward computations lead to (2.44), provided that one defines

f_():: r%AO(t)(ZaxX —0z20) — 282("%/\0([))62)( =v0(20x Y — 072 %) —20,v00; x.
(2.45)
Since the derivatives of y are supported away from the point (x¢, 0), the C ()
regularity of f_o follows directly from the smoothness of vy away from the origin
proved in Lemma 2.25. Since umg(x 7) = vo(x, 2) x(x, z), the C®(2 \ {(x;,0)})
regularity of ﬁb follows from Lemma 2.25.
Therefore, to prove the lemma there remains to prove that ugmg, 8zzﬁgng and
Z0yx umg are in L?(2) but 0,0, Smg ¢ L2(2). We will use the change of coor-
dinates from cartesian to polar-like ones (see (2.23)), whose Jacobian is given by

equation (2.26), so that, for ¢ : Q — R,

2 = 3r3 2
= ————(r,t)" dt dr.
R A e O

In particular, we have the following integrability criterion. Assume that ¢ is of the
form r* H(t)y, where H(t) = O;—+o00(|t]) and supp ¥ C 1<, . If u > =2 or
supp¥ C 1,_-,, then ¢ € L2(RQ).

Step 1. Preliminary estimates. Let ¥ such that supp ¢ C 1,<,, . By the previous
integrability criterion, since Ag(¢) = O(1), r%Ao(t)w € L%(Q). Using (2.28), we

obtain
0.5 hot) = [;Ao(f) HU+0|
2(1 4 12)2
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By Lemma 2.24, [t| A} (t) = O(||72). Thus, 8,(r2 Ao(1))¥ € L2(R). Using (2.28)
again,

Nl

i 1 4
0zz(rzA =—zr 1
(r2Ao(1)) 5" (1412} [2(1 + 12)2
Y304 z2)éa,[;l/\o(r) +(1+ tz)iAi)(t)}
2(1+12)2

CAol) + (1 + )5 A} (t)}

Using (2.27), we obtain

(1 +t2)§/\0(t)— 1(1+12)2

Du(rH Ao(1)) = ,—2[ : g

Moo

By Lemma 2.24, Aj (1) = O(|t|~3). Hence, |t|Ao(t) = O(|t]) and |t |* Ay (1) = O(|¢])

so, assuming that supp ¥/ C 1,_<,<,, one concludes that d (r%Ao(t))x// € L%(Q).
Eventually, using (2.28), we obtain

~

vz (rZAo(t)) = 173 ( — %Ao(t)—éAg(t)(l +12)( +3z2)—§(1 + tz)zA’O’(t)).
(2.46)

belong to L2(S2). Since
€ L?(2). Hence

Step 2. Z° estimates on i’ and 0,,1°

sing* By Step 1, usmg sing
Z0yx usmg = fo+ 8zzubmg and fo € L?(Q), we infer that 29, i
0 ZO(Q)

smg

Step 3. Lack of H; HZ1 estimate for ii°

sing

Recalling (2.46),

sing*
axazﬁging = r_%h(t))( + ax(riAO(t))azX + 82("%/\0(1)8)&()’ (2.47)

where, by (2.46), the function 4 is given by
t 1 t
h(t) = —ZAO(t) - EA{)(Z)(I +12)(1 +31%) — 5(1 + 122 Ag(2).

Using (2.43) together with the relation A (—o0) = 95k /2, we find that as t — —o0

b 2 3
o) =a+ + S+06™. Ay =5 - Tj + 01,

6b 12 _
Ap(t) = pr + rel +0(7%),
where the coefficients a, b, ¢ are defined by a = Ag(—00), —2b = a/2, =3¢ =
3coA—1(—00). We infer that as t — —oo0,
3¢ 12c¢ _
h()———T-i-O( l)’V—Col\ 1(=00) # 0.

Hence i # 0.
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The last two terms on the right-hand side of (2.47) belong to L?(£2) according
to the previous computations. Since # # 0, the L? norm of the first term is bounded

from below by
r—
c/ r~7r?dr = 400
0

and thus 0,91, ¢ L*(). n
Actually, we have the following regularity on the profiles i’ sing’ which is slightly

better than Z°.

Lemma 2.28. Forall o < ;, Ugng € Hx 52 L2NL2H?>TO — H L% N Hx%sz

and this is optimal. More precisely, i}, ¢ Hx6 L2n Hx6 HZ.

Proof. The proof follows from an easy scaling argument. We start with the z deriva-

tive and focus on ugmg Dropping the index 0 in r¢ and fy as in the previous proof, we

have, using (2.23) and Definition 2.26, and setting x(x, z) := yo(xo + X, 2),

70, (0 + .2) —xw( )x(x 2.

X3

where ¢(t) = (1 + 12)% Ao (¢). Therefore,

1 z 1L, z 1 z
Z 51ng(x0+x Z)_x 2(/) l X+2x 6()0 _l X2+x6(p T XZZ’
X3 X3 X3

We focus on the regularity of the first term, which is the most singular. We have, for
any o > 0,
z
A (2 s
X3 L2HZ

2
</l; o = —q¢" = dx dz dz’
=) xip=pe\Y\ g 3 |

Changing variables in the above integral, we get

X3 ( )x(x 2)
X3

The integral on the right-hand side is finite if and only if 0 < % Moreover,

2

2

X1—X0
2 _2_20
< ||¢”||HU(R)/ NEE
0

L2HS

10" 120 gy < 10”1301 oy

From the definition of ¢ and the decay bounds of Lemma 2.24, we infer that ¢”

H'(R). This shows that %y, € L2HZ"° foro < 3.
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240
The bound in Hy * L2 is obtained similarly and left to the reader.

. 1 1
Conversely, if one had ug,, € H © L% N HYE H2, by the fractional trace theorem

[42, equation (4.7), Chapter 1], one would have ﬁiing € CZO(H)% / 3). In particular,
ﬁiing(~, 0) € H?/3(xg, x1). But, in a neighborhood of x = 0, L‘timg(xo +x,0) =

AO(O)x% with A¢(0) # 0. One checks that x X6 e H5(0,1)if and only if s <2/3,
which completes the proof. u

Eventually, we introduce the following 2 x 2 nonsingular matrix which translates

the fact that 2 are indeed independent elementary solutions related with

—1
sing and u

sing
the non-satisfaction of the orthogonality constraints associated with £0 and £!. We
will use this reference matrix multiple times in the sequel for perturbations of this

shear flow situation.

Lemma 2.29. Let fo, fi as in Lemma 2.27 and @O, @' as in Lemma 2.7. The matrix

M = (/ axﬁﬁ) € My(R)
Q 0<i,j<1

is invertible.

Proof. Let ¢ € R? such that M ¢ = 0. Then, for j =0, 1,

/an(ffof_o +c1 /1) =0.
Thus, the source term for the function coﬁgng + clzisling satisfies the orthogonality
conditions (2.15) (note that in this case, the boundary data are null). It then follows
from Proposition 2.10 that coifd,,, + c1ity,, € Hy H; . Localizing in the vicinity of
(xi,0), we infer that Ciaéing € H!H}, which, since ﬁiing ¢ H!'H} (by Lemma 2.27),
implies that ¢; = 0. Therefore, c = 0 and M is invertible. |

Corollary 2.30 (Decomposition into singular profiles). Let ( f,8¢,81) € Hg andu €
Z%(Q) be the unique solution to (2.1). Then there exists two real constants cgy, c1 and
a function Ureg € ZY(Q), as defined in (1.24), such that

— =0 =1
U= cousing + Clusing + Ureg-

Proof. We recall the definition of the matrix M from Lemma 2.29. Since M is invert-
ible, we may define ¢ = (cg, ¢1) such that

Mc = (ﬁ(f’ 0. 8‘)) . (2.48)
zl(ﬁ 50a 51)
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Let fo and f; asin Lemma 2.27. By construction, the triplet ( f — co fo — ¢1 f1.80.61)
satisfies the orthogonality conditions from Proposition 2.10. It follows that the solu-
tion Ueg tO

Zax“reg - azzureg =f—-cofo—cifi inQ,
Ureg|z; = 51'7

Ureg|lz=41 = 0

satisfies U, € H ; (H zl). Thus, estimate (2.10) of Proposition 2.6 ensures that e €
Z%(Q), i.e., Upeg € Z1. Now, u and Ureg + Coﬁgng + clﬁ;ing both belong to Z%(Q)
and satisfy the system (2.1). By the uniqueness result of Proposition 2.2, the result

follows. [

Theorem 2 follows easily from Corollary 2.30. Indeed, one easily checks from (1.3)
and (2.13) that X < Hx. Moreover, by Proposition 1.7, Z? < H§/3L§ N L)chzz
and, by Lemma 1.15, Z! < Q! (defined in (1.5)). The rest of the conclusions on

71

Uiy ArC derived in Lemma 2.27.

Remark 2.31. The constants c¢g, ¢; from Corollary 2.30 depend (linearly) on u, but
do not depend on the choice of the truncation functions y;. Indeed, if x, x/ is another
truncation, associated with constants cg, ¢, then applying Corollary 2.30 twice yields

=0 =1 (70 Y sl 1
cousing+clusing_co(using _cl(using) €Z.

Therefore, in a small neighborhood V; = x;7 ' ({1}) N (x/) 7' ({1}) of (x;,0), we obtain
1
(ci —cp)r? Aolti) € HYH; (Vi)

and therefore ¢; = ¢].

As already claimed in Remark 2.8, we can also prove a related decomposition
result for the dual profiles ®/ defined in Lemma 2.7. Here, the decomposition always
involves a singular part.

Corollary 2.32. Let (co, c1) € R? \ {0}. There exists (do,d1) € R* \ {0} and @y, €
Z1 as defined in (1.24), such that

co®0 4 ;@' = (—coz + ¢1)15208(z) + doﬁgng(x, —z) + dlﬁ:ing(x, —z) + Ppeg,

(2.49)
where C is a smooth cut-off function, equal to 1 near z = 0 and compactly supported
in(—1,1).

Proof. Using the same decomposition as in Lemma 2.7, set

\I,C = CO@ + CIE_ (—C()Z + CI)IZ>0§(Z)'
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Then \?(x, z) := W¢(x, —z) is the solution to

ZBX(P\E—BZZ(P\E =gc in Q,
Wé(xp,2z) =0 forz € (0,1),
We(x1,2) = (—coz —c1)l(—z) forz e (—1,0),
qjlcz=:tl =0,

where g, = (18" (—z) — 2¢ol'(—z) + c0z{"(—2))1;<¢. Thus, (2.49) follows from
Corollary 2.30, applied with f = g. € C*®(RQ), 8o = A¢ = 0 and §,(2) = (—coz —
c1)¢(—z)and A; = 0.

It remains to prove that (do. d1) # (0,0). By Proposition 2.10, W€ € H!H} if
and only if £/ (gc,0,8;) = 0 for j = 0, 1. By Definition 2.12, since dxgc = 0 and
Ao = A1 =0,

£7(ge.0.81) = 0 <= 3180(0) — 828, (0) = 0.

Since 8o = 0 and §;(0) = —c; and 87(0) = —co, (do, d1) = (0, 0) if and only if
W€ e HHL, if and only if (co.c1) = 0. .
i.

sing’
we see that f K_J(f, 0,0) = [ 0x fa is not only continuous on A, L2 but also on
HY L2 forevery o > %. We will encounter a related threshold of tangential regularity

Remark 2.33. Using Corollary 2.32 and the regularity result Lemma 2.28 on u

in Proposition 2.36.

Using the decomposition of the dual profiles, we can show that the orthogonal-
ity conditions are also independent when considering only variations of the inflow
boundary data.

Proposition 2.34. The linear forms £° and €' are independent on {0} x C 2(Zo) x
C(%y).

Proof. By contradiction, let (cg, ¢1) € R? \ {0} such that, for every §o € C(Zg)
and 51 € CL?O(E]),

¢0£%(0,80,81) + ¢1£1(0, 89, 8;) = 0.

Let (do,d1) € R?\ {0}, ¢ and @, € Z! be given by Corollary 2.32. By symmetry,
assume that dy 7# 0. By Definition 2.12, for every §p € C°(Xy), letting Ag(z) :=

5(2)/z,
0 = ¢£9(0, 8o, 0) + ¢1£1(0, 89, 0)

- /E 2o[ (=0 + e1)E(2) + doiily (X0, —2) + Dreg (0. 2)]

= /Z 53[(_602 + CI)C(Z) + doﬁgng(xo, _Z) + cbreg(xo’ Z)]
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For z > 0 small enough, on (0,z),{ = 1 and ﬁgng(xg, —z) = Z%Ao(—oo) = Z% (see

Definition 2.26 and Proposition 2.21). Since Z' < H!HZ, @5, € H*(Z9).
If supp 8o C (0, 2), integrating by parts yields

1 3
0= dg [0 [— iy go(z)}so(z),

where ¢(z) := 0,; Preg(x0,2) € L*(Zo). Since z > 273 does not belong to L2(0, )
but ¢ does, one easily deduces that there exists §o € C2°((0, Z)) such that the right-
hand side is non-zero, reaching a contradiction. ]

Let us conclude this section with an easy consequence of the decomposition result
from Corollary 2.30, which will be used in Section 5.2.

Corollary 2.35 (Single orthogonality condition for localized solutions). There exists
a couple (ag,ay) € R?\ {(0,0)} such that the following result holds.

Let (f.80,81) € Hg and let u € Z°(Q) be the unique solution to (2.1). Assume
that there exists 0 < r < min(x; — xo, 1) such that suppu C B((x1,0), r)¢. Then
u € ZY(Q) if and only if

(aol® + a1 LV)(f,80,81) = 0.

Proof. Let us choose the cut-off function y; from Definition 2.26 such that supp u N
supp 1 = 9. According to Corollary 2.30, there exists (co, 1) € R? and u,e € Z1 ()
such that u = coild,, + 11y,, + Ureg. Multiplying this identity by y1, we infer that
Clﬁiing)(l = —Upg X1 € Z'(R2). Lemma 2.27 then entails that ¢; = 0.

Therefore u € Z'(R) if and only if ¢ = 0. We then recall (2.48), and we denote
by (a0, a1) the two coefficients in the first line of M ~'. The result follows. ]

2.5 Interpolation and fractional regularity

For further purposes, we will also need some fractional regularity results. Their proof
relies on interpolation arguments, and therefore on the explicit expressions of the
singular profiles. Due to a subtle technical difficulty, the proof of these results are
postponed to Chapter 6.

Proposition 2.36. Let o € (0,1) \ {1/6,1/2}. Let f € H?L2, §y € H*(Zy), §; €
H?2(X1) such that §4(1) = §;(—1) = 0.

o Ifo > 1/6, assume that £9( f, 8¢, 81) = £1(f.80.,81) = 0.

o Ifo>1/2, assume also that A; € H1(Z;) and A1 (—1) = Ao(1) =0 (recall (2.8)).
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The unique strong solution u € Z°(Q) to (2.1) is in Z°(Q) := [Z%(Q), Z1(Q)]o,
with

lullze < £ o2 + 8ollar2 + 181152 + Lom1/2 (1 Aoll st + A1 l5cr). (2:50)

Remark 2.37. The case 0 = 1/6is not covered in the above result. This critical level
of regularity corresponds to the maximal continuity of the orthogonality conditions.
Such critical levels are excluded from the abstract interpolation results on which we
rely (see Lemma 6.2). In this case, one would expect a similar result to hold, but
with a supplementary norm on the data, in the spirit of [5, 6]. The case 0 = 1/2
is also excluded, but it would be possible to include it provided one introduces an
appropriate additional norm.

Remark 2.38. The regularity assumptions on the §;’s are not optimal and could be
weakened.

We also obtain the following analogue of Corollary 2.35 in fractional regularity.

Corollary 2.39 (Single orthogonality condition for localized solutions in fractional
regularity). Let (ag,a;) € R?\ {(0,0)} be the couple from Corollary 2.35. Let o €
(1/6, 1)\ {1/2}. Let f € HZL2, 8o € H*(2¢) such that §o(1) = 0. For o > 1/2,
assume also that Ag € H1(Zo) and Ag(1) = 0. Let u € Z°(RQ) be the unique solution
to (2.1) associated with ( f, 8¢, 0).

Assume that there exists 0 <r <min(x; —xg, 1) such that suppu C B((x1,0),r).
Thenu € Z°(2) if and only if

(aof_o + alﬁ_l) (f, 50, 0) = 0,
and in this case

lulize <N flgerz + 180llm2(sg) + Lo>1/2[1Doll 51 (z)-
x Lz z(Zo)

Proof. The proof follows the same structure as the Z! case.

Using Proposition 2.36, we first prove an analogue of the decomposition result
Corollary 2.30 for source terms f € HZ L? with o € (1/6, 1), where the conclusion
is that u, € Z°.

The conclusion then stems from the fact that ﬁgng ¢ Z°.Indeed, by Lemma 1.15,

E 1 E
for 0 > 1/6, Z° — HS L2 N HY H?. But, from Lemma 2.28, ul ¢ HSL2N

sing

1
HSH?. (]






Chapter 3

A first nonlinear example in Kinetic theory

In this chapter, we explain how the linear theory of Chapter 2 can be used in a simple
nonlinear context. Before moving on to nonlinear examples from fluid mechanics in
Chapters 4 and 5 (which involve additional difficulties), we encourage the reader to
start by reading this section, where we set up the basics of our method to construct
perturbative solutions to semilinear or quasilinear problems despite orthogonality
conditions. In particular, we formulate a black-box abstract result in Section 3.5
which we will use in the sequel.

3.1 Description of the model and main result

As an example, we will show how one can build regular solutions to a stationary
nonlinear system of Vlasov—Poisson—Fokker—Planck-type, set on a bounded interval.
For the sake of readability, we will focus on the following system:

Z0xU + E[u]azu — 07U = f’
Uy, = 8, 3.1

M|Z=:|:1 == 07

where E[u] is an electric force deriving from a potential V' [u] satisfying a Poisson
equation:

0 V(x) = f_ll u(x,z)dz forx € (xg,x1),

(3.2)
Ox V|x=x0 =0.

E =0,V, where {

In this toy model, the term E[u]d,u corresponds to a semilinear contribution, which is
easily estimated since explicit integration of (3.2) and the Cauchy—Schwarz inequality
yield

|ERlzo o) S NED i1 (rgom) S Nl z2¢)- (3.3)

Remark 3.1. Our toy kinetic model (3.1)—(3.2) departs from classical kinetic models
such as the one studied in [32] in the following ways:

* As mentioned before, the variable z is more commonly denoted by v and repre-
sents the velocity of the particles. We keep the notation z by consistency with the
remainder of the memoir.
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e Usually, even if the position variable x lives in a bounded domain, the velocity
variable z lives in R so that particles can take arbitrary speeds. Since our moti-
vation is to understand what happens near the critical line {z = 0} we focus here
on the region z € [—1, 1]. We expect that our techniques can be applied to the
unbounded case to obtain similar results, provided that one works in the appro-
priate functional spaces to encode decay as |z| — oo.

*  One could also enforce a non-zero Neumann boundary condition for the potential
V' at the left endpoint x = xo, namely dxV|x=x, = go € R as in [32]. This is a
straightforward adaptation of the results presented below.

The goal of the next paragraphs is to prove the following counterparts of Proposi-
tions 2.5 and 2.17 concerning the linear model (2.1) for our nonlinear toy model. We
will work with the following spaces of data triplets:

Hep = {(f.80.81) € Hx:8(z)/z € HL(Z;) and §/((—1)") = O fori € {0,1}}
(3.4)
with the norm

1Cf: 80 8Dt == II(f:80. 8D 3k + 186(2)/ 2Nl ge1 + 181(2) /2l 3. (3.5)

where we recall that the space J—C; is defined in (1.22) and the space Kk in (2.13).
We also define

Hitp o = {(f.80.81) € HrpiL0(f.80.81) = €1(f.80.81) = 0}.

Theorem 5. There exists a constant 1 > 0, and a Lipschitz submanifold Mpp of
HEp of codimension 2, containing 0 and included in the ball of radius n in Hfrp,
modeled on # IJ:'_P,sg and tangent to it at 0 (see Remark 3.12), such that the following
statements hold:

(1) Forall (f,80,81) € L*(Q) x J—C;(EO) X J—(;(El) with 8o(1) = §;(—=1) =0
such that
1112 + I8ollocs + 181151 < n. (3.6)

system (3.1)~(3.2) has a solution u € Z°(Q) satisfying
lullzo < If 2 + l1dollger + 81l 5c1 (3.7

and which is unigue in a neighborhood of 0 in Z°(Q).
(2) Forall (f,60,81) € HFrp such that

I1(f. 80, 8) |l gepp =< 1.

the locally unique solutionu € Z°(Q) to (3.1)~(3.2) enjoys Z' () regularity
if and only if (f, 80, 61) € Mpp, which corresponds to two nonlinear orthog-
onality conditions.
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For such data, one has

lullzr < IS S0, 1)l gep - (3.8)

Remark 3.2. The nonlinearity of the Vlasov—Poisson—Fokker—Planck system (3.1) is
sufficiently mild to allow for a theory of weak solutions, leading to the first statement
of Theorem 5. The Prandtl system in the vicinity of the recirculation zone enjoys the
same feature, accounting for the first part of Theorem 4. However, the nonlinearity
in the Burgers system (1.1) is stronger, and prevents us from proving the analogue of
the first statement of the above theorem.

3.2 Well-posedness theory with low regularity

We prove in this section Item (1) of Theorem 5, which corresponds to the well-
posedness theory at regularity Z°, and is therefore a nonlinear counterpart of Propo-
sition 2.5.

Lemma 3.3 (Existence of Z° solutions of (3.1)—(3.2)). There exists n > 0 such that,
for any (f,80,81) € L*() x HL(Zo) x HL(Z1) with §o(1) = §1(=1) = 0 satisfy-
ing (3.6), there exists a solution u € Z°(Q2) to (3.1)—~(3.2) with (3.7).

Proof. Let (f,80,81) € L2(R) x HL(Zg) x HL(Z1) with §o(1) = §;1(—1) = 0 sat-
isfying (3.6) for some n > 0 small enough to be chosen later.

* Definition of the sequence. We construct a sequence by setting 1o := 0 and, for
alln € N, we define u, 4, € Z°(Q2) by induction as the solution to

ZOxUpy1 — OzzUpy1 = f — Ep0zup,
(Un+1)z; = 0.
(Un+1))z=21 = 0,
where E, := E[u,]. Ateach step, by (3.3), E,, € L*(xg, x1). Hence, since u, €

Z%Q), f — E,0;u, € L?>(R), so the existence of u,+; € Z°(Q2) follows from
Proposition 2.5.

s Uniform bound in Z°. Let us prove by induction that |u,| zo < 2Cpn for all
n € N, where Cp is the constant in Pagani’s estimate (2.7), provided that 7 is
small enough. The statement is true for n = 0. For n > 0, by (3.3), || En|lLoe <
lunllz2 < 1. As a consequence, it follows from Proposition 2.5 that

ltnr1llzo <Cp (Il £ ll2+ 180l 301 + 1181 l5¢1 + 1 Enlloo 8zl 2) < Cpy+Crp?,

for some C depending only on 2. Therefore, if Cn < Cp, the bound propagates
by induction.
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*  Convergence. Now, let w, := uUp+1 — U,. Then, forn > 1, w, is a solution to

Z0xWp — 0z, Wy = —(Ey — Ep—1)0;un—1 — En0;(up — tp—1),
(wn)IEi =0,
(wn)|z=:i:1 = 0.

By (3.3), | En — En1llzo¢ < l[un — n—1ll> and || Eyl|zoo < llunl| 2. Hence, by
Proposition 2.5,

[wallzo S I(En = En-1)zun-1ll12 + | Endz(un —un—1)l2 S nllwn—1llzo

and thus (1, )»en is a Cauchy sequence in Z°(Q2) provided that 7 is small enough.
Passing to the limit as 7 — oo, we obtain a strong solution u € Z° with ||u]| zo <
2Cpnto (3.1)—(3.2).

Eventually, the uniform bound propagated on the sequence also passes to the limit
and implies (3.7). ]

Lemma 3.4 (Uniqueness of Z° solutions of (3.1)~(3.2)). There exists n > 0 such
that, for any (f,80,81) € L*(Q) x H1(Zo) x HL(Z1), (3.1)~(3.2) has at most one
solution u € Z°(Q) such that ||[ul| zo < n.

Proof. Let (f,80,81) € L2(R) x H1(Zo) x HL(Z1) and u,u’ € Z°(2) be two solu-
tions to (3.1)—=(3.2). Then w := u — u’ € Z°(R) is a solution to

z0xw — d;;w = (E[u'] — E[u])o,u’ — E[u]d,w,
Wig; = 0, (39)

Wiz=+1 = 0.

Multiplying (3.9) by w, integrating by parts and using the boundary conditions and
dz E{u] = 0, we obtain

/ 0;w)? < / (El'] - Efu])dzu'w).
Q Q

By (3.3), | E[u'] = Eu]||Le < |w]| 2. Hence, since w|;—+; = 0, Poincaré’s inequal-
ity entails that
lwll7> S 19:w72 < IEW] = EMlllzec 00l 2llwll2 < 18202 w]7 -
Hence, there exists C; > 0 (depending only on €2) such that
lwlZ> < Calldzu'll 2 wlZ». (3.10)

If Cy]|o,u'||z2 < 1, (3.10) implies w = 0, so uniqueness holds in the ball of radius
1/Cy of Z°(R). (]
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3.3 Nonlinear orthogonality conditions for higher regularity

We now prove Item (2) of Theorem 5, which corresponds to the well-posedness the-
ory at regularity Z', under orthogonality conditions, and is therefore a nonlinear
counterpart of Proposition 2.17.

Lemma 3.5. There exist (f*, 8§, 8’1‘) € HFrp fork € {0, 1} such that
Vik e{0,1}, €i(fk sk 85 =1,.
Proof. As Corollary 2.19, this follows from Proposition 2.15. [

Proposition 3.6. There exist n > 0 and maps Upp : By, — Z'(Q2) and (V%P, vll,wp) :
B, — R2, where By, is the ball of radius n in Jpp such that, for any (f.80.81) € By,
u:=Upp(f.80.81) € ZY(Q) and v/ := v;,P(f, 80, 61) obey the equation

z20xu + Eu)o,u —0,,u = f +00 0 0l f1,
Uy, =6 +v08?+v18i1, (3.11)

Uz=+1 = 0,

where the triplets (f*, 5]5, 8’1‘)f0r k € {0, 1} are defined in Lemma 3.5. Furthermore,
u and v satisfy the estimate

el o+ 11+ [0 < (80,80l (3.12)
and the orthogonality conditions
v = i (f — E[u]d;u,80.81) forj €{0,1}. (3.13)

Proof. Let (f,80,681) € Hpp with ||(f. 0, 681)||5,, < 1 small enough to be chosen
later on. We modify our iterative scheme to construct Z! solutions using Proposi-
tion 2.17 and accommodate for the two orthogonality conditions at each step.

* Definition of the sequence. More precisely, we take ug := 0 and, for n € N, given
un € Z'(Q2) such that u, |s; € HL(Z;), we define u, 41 € Z' () as the solution to

Z0xUp+1 — OzzUn+1 = f — Epdzu, + v,?HfO + v,{Hfl,
(Un+1)|x; = 6 + v3+18? + v;+18i1, (3.14)
(Un+1))z=41 =0,

where E,, := E|u,], the triplets (f*, 8]5, 8Ky for k € {0, 1} are defined in Lem-

ma 3.5 and . o
V)= =l (f = Endztun, 80, 81). (3.15)
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This choice ensures that the two orthogonality conditions

C(f = Endzun + vy SO+ vaiy 1180 + vp 4180 + Va1 8o
81+ V2+15? + V;-HS%) =0

are satisfied.

We now verify that the data of (3.14) satisfy the assumptions of Proposition 2.17.
This mostly follows from the inclusion Hrp C Hg. It only remains to check
that (—E,;un, 0,0) € Kk, ie., that —E,d;u, € H!L2, (—E,0,un/2)|x, €
H1(Z;) and (—E,d;u,/2)(xi, (—1)") = 0. The condition 1, (x;, (—1)") = 0
is guaranteed by the constraint §; ((=1)") = 0 contained in definition (3.4) which
also entails (51]-c Y ((=1)") = 0. We now estimate the norms of E,d,u,,. First, from
the lateral boundary conditions, we derive that

1020041 (xi, Z)/Z”i}fé(zi)

<18/l + Y. Wl 165 @)/zl50 s,
ke{0,1}

S 8080 sty + V0t + 0. (3.16)
Since E, does not depend on z, we obtain, using (3.3),
| En(x)d:ttn (31, 2)/2 g1 5y < D Enllzos lzaen (3. 2)/ 2 lyqr gy BAT)
and therefore (—E,0;u,/z)|x,; € HL(Z;). Moreover, using again (3.3),

||En82un||H;L§ < ”En”H} ||8zun||L;<>L§ + ”En”Li‘J”azun”H)%L%

S llunll L2 llunllzr- (3.18)

By Proposition 2.17, we conclude that u,,+; € Z(Q).

Uniform bound in Z*.Let us prove by induction that there exists a constant C1 >0
such that, if n is small enough, then, for all n € N,

Un = [unllzt + D 10zun(xi.2)/z ]l 3015, < 2C1n.
i€{0,1}

This holds for n = 0. For n € N, it follows from (2.16) that
luntillze S NS0, 80 e + [vntal + 1 Endzunll g2

+ Y IEndzun)|s, /2 ll5c1 (s,

i€{0,1}

We obtain from (3.15) and Lemma 2.13 that

i1l S ICA80. 80D ek + I Endztinllgizz + D [(Endztin)ls; /2 l5c1 (5,
i€{0,1}
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Using (3.16), (3.17), (3.18), we infer that there exists C; > 0 (depending only
on £2) such that
Unt1 < Cr(I(f.80. 8D |30 + U).

Thus, if 7 < 1/(4C?}), then the bound U, < 2Cyn propagates by induction.

*  Convergence. As in the low regularity case, we let w, := u,4+1 — u,. Then, for
n > 1, w, is now a solution to:

Z0xWp — 0zWp = — (Ep — En—1)0up—1 — En0;(Up — Un—1)
+ (Vr?+1 - V;(z))fo + (V;1+1 - v;)fl,
(Wa)z; = Wppg = VDS + (Vg — V)8,

(wn)\z=:|:1 =0.

Using the same type of proof as above, we derive from (3.15) and Definition 2.12
that

i = vl < nllwn—1llz1.

Therefore, estimate (2.16) of Proposition 2.17 entails that
[wallz1 < nllwa-1llz1-

Thus (u,),enN and (v;{ )neN are Cauchy sequences. Passing to the limit, we deduce
that there exist u € Z'(2) and (v°, v!') € R? satisfying (3.11), (3.12) and (3.13).
n

Definition 3.7. For n > 0 small enough, we define Mfpp as

Mpp 1= {(f.80.81) € Hrp: |(f.80.8)l5¢,-p < nand rp(f.80.81) = (0,0)}.
(3.19)
By definition, for any (£, 8o,8;) € Mfgp, there exists a solution u € Z1(R2) to (3.1)
(since (3.11) is satisfied with v® = v! = 0), which satisfies (3.8) thanks to (3.12).

Proposition 3.8. There exists n > 0 such that, for any (f, 80,61) € Hrp and u €
ZY(Q) solution to (3.1)~(3.2) satisfying ||(f, 80.81) |gepp < 1 and |[ul|z1 < n, one
has (f, 80,61) € MFp.

Proof. Let (f.80,81) € Hrp and u € Z'(2) be a solution to (3.1)—(3.2). Assume
that |[u||z1 < nand ||(f,80,81)|5p < nfor some n > 0 small enough to be chosen
later.

Since u € Z1(Q), one has —E[u]d,u € H!L2. Thus, viewing (3.1) as a linear
equation with source term f — E[u]d,u, Proposition 2.17 implies that

0 (f — E[u]du, 8o, 81) = 0.
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Now, let (i1, v°,v1) € Z1(2) xR? be the solution to (3.11) constructed from ( £, 8¢, 81)
in Proposition 3.6. By (3.13),

v/ =~ (f — E[a)d:1,80.81).
Combining both equalities leads to
WO+ < (ullze + il z0)lu =l z1

Therefore, writing the system satisfied by w := u — 1 and applying estimate (2.16)
of Proposition 2.10 leads to

lwliz1 < nllwliz1.

If n > 0 is small enough, this implies that w = 0, so vV® = v! = 0, and (£, 8¢.8;) €
MFp. n

Remark 3.9 (An alternative approach). Another potential proof of Item 2 of Theo-
rem 5 could be the following. Consider the map

Vip o (f,80,81) € Hpp > — (f,80,81) + €7 (E[u]d;u,0,0) € R?,

where u € Z° is the unique solution to system (3.1)—(3.2), provided by Lemma 3.3.

Since u € Z°, E[u]d,u € H):/3L§, and therefore vi-P is well defined thanks to
Remark 2.33. We then set Mpp := {(f, 80,61) € HFp: vép(f, 80,61) = 0}. Then
for all (£, 8o, 81) € HFp, u is a solution to an equation of the type zd, — d;,u = g,
where the right-hand side g belongs to H ;/ 3 L2 and satisfies orthogonality conditions.
It follows from the interpolation result Proposition 2.36 and Lemma 1.15 that u €
ZV3 < HL2N H;/SHZZ, and therefore E[u]0,u € Hf/SLg. Bootstrapping twice
the same argument, we eventually infer that u € Z!.

However, this argument is based on the existence of Z° solutions of the nonlinear
problem without any orthogonality condition. For the Burgers equation, the nonlin-
earity is too strong for such a theory of weak solutions to be available. Therefore, in
order to unify the presentation, we have chosen to present a different proof, based on
a modification of the iterative scheme.

3.4 Regularity and tangent space of the manifold

We now give another description of the set M gp defined in (3.19), which we use to
prove that it is indeed a Lipschitz submanifold of #p of codimension 2, modeled on
H IJ;P,Sg, and we describe its tangent space at the origin. Throughout this paragraph,
we denote by E = (f, 8o, 61) an element of Hpp.
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We recall that there exist 2°, B! € #rp such that E(Ek) =1;_; (see Lemma 3.5),
and such that Jp o = kerl0 Nkert!' N Hpp = (RE® + REN)L. Forevery E €
HFp, one has the decomposition

E=Ct+(8:8%,,E8°4+ (E;EYY%,, B, (3.20)

ol L ; = =l = k.5
where E— € %Fp’sg and the linear maps & — Z~ and E — (E"; E) %, are con-
tinuous.

Lemma 3.10. For n > 0 small enough, the set M pp defined in (3.19) is equal to
Mrpp:=1{E € Hrp:||E|sepp <nand (E;87) = v} p(EL) for j €{0,1}}. (3.21)

Proof. We proceed by double inclusion.

Let & € Mpp. Consider the solution (1, v°, v!) € Z1(Q2) x R? constructed for
the data EL in Proposition 3.6. Then u € Z!(2) is a solution to (3.1)—(3.2) with
data EL + 19, (EL)E® + vk, (EL)E!. Since & € Mpp, we infer from (3.20) that
€ Z1(Q) is actually a solution with data . Thus, Proposition 3.8 implies that
e M FP.

Let & € Mpp. We introduce

N <

o

. —~L 0 ~1ly—0 1 ~ly—1
= +VFP(C'4 )C‘A +VFP(C'4 ):4 ,
which can be thought of as a good projection of E on M Fp since 5+ = 8+ and
E € Mpp. Let u,ii € Z'(Q2) denote the solutions constructed in Proposition 3.6
from E and E-. For k € {0, 1}, we also introduce the coefficients u* := v’;P(EJ-) —

(E; Ek)ggFP, which characterize how far & is from ,/QFP. Then w := % — u belongs
to Z1(Q) with
lwllzt < n

and is a solution to

20w — dzzw = E[u]du — E[@]dzi + pO fO + p' f1,

wiy, = u08 + nl's}, (3.22)

Wiz=+1 = 0.
By Proposition 2.17, since w € Z!(R2), the following orthogonality conditions are
satisfied for j = 0, 1:

0= (Euldu— E[@d + p° £0 + p' £1. 1080 + n'85. n087 + pu's})
= 0/ (E[u]d,u — E[ii]d,i,0,0) + u’. (3.23)

Moreover, since
I E[u]dzu — E[u]dzullg1,2 < nllwllz,
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we infer from (3.23) that
/1 < nllwllz

Applying estimate (1.7) to (3.22), we obtain

lwlize < nllwlize + [1° + 1! < nlwliz1.
For n > 0 small enough, this entails that w = 0 and u® = ! =0, so that E €
MFp. "
Lemma 3.11. The maps Urp and vFp of Proposition 3.6 are Lipschitz-continuous.

~

Proof. Taking two triplets £, E' € Jgp, one can consider the constructed sequences
Un,ul, € Z1(Q) and vy, v}, € R? from (3.14). Then, for n > 1, wy, := u, — ul, is the
solution to
20xWy — 07z Wy = (f — f) — E[wp—1]0zun—1 — E[u),_1]0zWp—1
+ (o =v)) O+ =) L
(wa)z; = (6 =) + (v = v)8) + (v — w8},
(wn)\z=:|:1 =0,

where, from (3.15) and Definition 2.12,

[vn = vl SIE = Ellserp + nllwn—1ll 21

Thus, we obtain from Proposition 2.17 that

lwallzt S IE = E'llserp + nllwn-1llz1-

For 1 small enough, we obtain at the limit that

lu—u'llzv + v =V S8 = Bl gepp

which concludes the proof. u
Remark 3.12. Since we only proved Lipschitz regularity for the map vgp, (3.19)
(and equivalently (3.21)) a priori only defines a Lipschitz manifold. Hence, it is diffi-

cult to define tangent spaces to M g p. Nevertheless, one can say that # I%P s is tangent
to Mpp at 0 in the following weak senses:

e For E € MFP,d(E,JfIJ:TP,Sg) < ”E”§€FP'
 Forevery EL € Hpp . for & € R small enough, d(eB+, Mpp) < €2

Both facts are straightforward consequences of the equivalent definitions (3.19) and
(3.21) and of the estimate

[ i —~ 2
W/ (E) + /(B S IEl%,,

which follows from (3.13) and (3.12).
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Remark 3.13. It is likely that similar techniques can be used to prove that M gp has
in fact more regularity (say C! for example) and characterize its tangent spaces in
a neighborhood of the origin by computing the orthogonality conditions associated
with the linearized problems around small enough solutions u € Z!(R), but this is
not our focus here.

3.5 A general formalization

The construction used in Section 3.3 can be seen as a particular case (see Remark 3.16)
of a more general approach to construct solutions to semilinear or quasilinear equa-
tions in the presence of orthogonality conditions, in a perturbative regime. We give
here a statement in an abstract framework which we will use in the following sections
for the Burgers and Prandtl systems.

Our abstract result is related with general results for semilinear problems associ-
ated with Fredholm operators with negative index, such as the ones of [60, Chapter 11,
Section 4.2.3]. However, the approach in this reference consists in modifying param-
eters in the nonlinearity to ensure the orthogonality conditions, while we focus on
constructing a submanifold of data for which the nonlinear problem has a regular
solution.

We intend to construct solutions to problems of the form Lu = N(E, u), where
u € Z (the space of solutions), E € X (the space of data for the nonlinear problem),
N : X x Z — H is the nonlinearity, with values in # (the space of source terms
® € K for the linear problem Lu = ©).

To avoid investigating the C! dependency of the solutions to our nonlinear sys-
tems on the data, we use a version of the implicit function theorem for functions
which are not C! but only “strongly Fréchet-differentiable at a point”. We refer the
reader to [57, Chapter 25].

Definition 3.14. Let E, F be Banach spaces, f : E — F and x* € E. We say that
f is strongly Fréchet-differentiable at x* when there exists a continuous linear map
L : E — F such that for all x, x, with x1, x, — x™*

|/ (x1) = f(x2) = L(x1 — x2)[[F = o(|[x1 — x2[|E).
The following implicit function theorem is proved in [57, Paragraph 25.13].

Lemma 3.15. Let Eq, E,, F be Banach spaces and [ : E1 x E; — F such that
£(0,0) = 0. Assume f is strongly Fréchet-differentiable at (0,0) and that 9, f(0,0) :
E, — F is a linear isomorphism. Then there exists a Lipschitz-continuous map
g . E1 — E, defined in a neighborhood of 0 € E; such that, for every (x,y) in
a neighborhood of (0,0) € E1 X E», f(x,y) =0ifand only if y = g(x). Moreover,
g is strongly Fréchet-differentiable at 0 and Dg(0) = — (32 £(0,0))~13; £(0, 0).
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Our general result is the following theorem.

Theorem 6. Let ¥, X, Z be Banach spaces and d € N. Let £ : # — R% and L :
Z — H be continuous linear maps. Let N be a (nonlinear) map from X x Z to H
such that N(0,0) = 0. Assume that

(1) forall ® € H, the equation Lu = © has a unique solution u € Z if and
only if ® € ker £, which moreover satisfies |u||z < ||O|l s,

(i1) N is strongly Fréchet-differentiable at (0,0) and 3,,N(0,0) = 0, i.e., there
exists a continuous linear map 0z N(0,0) : X — H such that,as E,E' € X
andu,u’' € Z goto0,

IN(E,u) — N(E",u') — (02 N(0,0)(E — E)|| %
=o(I& = E'llxc + llu — 'l z): (3.24)

(iii) £y := Lo dgN(0,0) is onto from X to R<.
Then there exists a local Lipschitz submanifold M of X, modeled on ker £y (of codi-
mension d ) and tangent to it at 0, such that, for any & € X small enough, the equation
Lu = N(E,u) has a solution u € Z if and only if E € M. Such a solution satisfies
lullz S ||l x and is unique.

Proof. Using Item (iii), we fix E',..., 8¢ € X such that £} (EF) = 1, and we
set ©OF := 9z N(0,0)E¥. We could then mimic the iterative scheme of Section 3.3 by
defining sequences u, € Z and v, € R4 such that

Liys = N(E + Zu,’f+15k,un).
k

Instead, we provide a shorter proof directly relying on the bundled result Lemma 3.15.

Let E > B be the linear continuous projection from X to ker £y parallel to the
space span (E',...,E9%),ie., Bt = B — Zjlzl E{;,(E)Ej. Let f :kerfy x (Z x
R?) — H defined by

f(EL (u,a)) = Lu— N(E* +a;E' + - +a4E% u).

By Item (ii) and continuity of L on Z, f is strongly Fréchet-differentiable at (0, 0).

Moreover, 5 £(0,0) : (u,a) — Lu —a;0®' —-.. —az0% is a linear isomorphism
from Z x R9 to ¥ by Item (i) and continuity of £ on # . Indeed, given h € J, setting
a" := —£(h) and u” € Z the solution to Lu" = h + ai‘@l + -+ aZ@d, one has

92£(0,0)(u”,a") = hand |upllz < |hlse. la"] < Ikl e

Hence, the implicit function theorem stated in Lemma 3.15 yields the existence
of Lipschitz-continuous functions (U, 1) : ker {5 — Z x R? such that, for every
Bl ekerdy,ucZanda € R4 small enough,

Lu=NEY + a8+ +a48% u)
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if and only if ¢ = £ (E+) and u = U(E"). From there, we infer that for all E € X and
u € Z small enough, Lu = N(E,u) if and only if {5 (E) = w(EL) andu = U(E?L).
Thus the conclusions of the theorem hold provided that we set

M :={E € X;||E|x <nandly(E) = pn(ED)). (3.25)

Indeed, (3.25) corresponds to the graph characterization of a local Lipschitz sub-
manifold of X containing 0 and modeled on ker £ 5 ; therefore of codimension d by
Item (iii). Eventually, u is strongly Fréchet-differentiable at O and, since Dg(0) =
—(d5 £(0,0))7131 £(0,0) with the notation of Lemma 3.15, we obtain that Dj1(0) =
—£0dg N(0,0) = —£x so Du(0) = 0 on ker £y, which justifies the claim that M is
tangent to ker £y at 0. ]

Remark 3.16. Item 2 of Theorem 5 can be recovered as a particular case of Theo-
rem 6 with the following setting:
e X = JH = Hrpp defined in (3.4);

* the solution space
Z:={u e Z"(Q):uz=41 = 0. (0:u(x;.2))/z € HL(Zp). 0-u(x;. (1)) = 0},

with

lullz == Ml zo + D 1@zu(xi,2)/zll g

i€{0,1}

* L:2Z— X defined by Lu := (z0xu — 0;;u, u|x,, U|x,), for which one easily
checks that the assumption Item (i) of Theorem 6 is satisfied thanks to Proposi-
tion 2.17;

* N :X xZ — H# definedby N(E,u) := (f,80,061) — (E[u]d;u,0,0). In partic-
ular, one has dg N(0,0) = Id. To check that N takes values in X = Hpp C Hg,
we must check that E[u](x;)d,u(x;, (—=1)") = 0, which follows from the fact
that, for u € Z, d,u(x;, (—1)") = 0. We now check that N satisfies Item (ii) of
Theorem 6.

First, for u,u’ € Z1(Q), by (3.3),
IE[u]dzu — E[u']0:u'|| 412
<NE[u—u'lozullgizz + |E[]0:( —u')l g2
< u— u'llellazullH;Lg + [l 21102 (u — u')||H;Lg
< (lullize + izl — ol 21

Second, one similarly checks that

I(ERdzu — Ef10:0)(x1.2) /2 g1 s,y < (lullz + ' l12)lu = 1| 2.
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Hence, we conclude that

[(E[u]d;u — E[u']0,u",0,0)||5,p, = (E[u]d;u — E[u']d;u’,0,0)| 5,

< (lullz + 1 ll2) e —'llz

so that estimate (3.24) is satisfied.

d=210:= (Z_O, E_1)| ¥ -p defined in Definition 2.12, which is continuous on #rp
thanks to Lemma 2.13 and the embedding Hrp — Hk, satisfying €y (X) =
£(X) = R? by Lemma 3.5 and dg N(0,0) = Id.



Chapter 4

A viscous Burgers equation

In this chapter, we consider the following nonlinear parabolic forward-backward sys-
tem, which can be envisioned as a kind of stationary Burgers equation with transverse
viscosity:

udxu — 0yyu = f,

Uy, = Uz, + 4, 4.1)

Uy=+1 = Ujy=+1-
As detailed in the introduction, the perturbation ( f, 8, 1) is small and we look for
solutions u which are close to the shear flow u(x, y) := y, which corresponds to
(f.60,81) = (0,0, 0). Thanks to the nonlinear change of variables described in the

Introduction and detailed in Section 4.1, the local well-posedness of (4.1) can be
proved using the formalism of Section 3.5 (see Sections 4.2 and 4.3).

4.1 A nonlinear change of variables

As is classical for problems with free boundaries, we perform a change of variables
which straightens the critical curve {u = 0}. Heuristically, we swap the roles of the
vertical coordinate y and the unknown u, the latter becoming the vertical coordinate,
and the former the unknown of the new PDE. Keeping in mind that we are looking
for perturbative solutions with u close enough to u (in particular ||u, — 1|p < 1),
we change the vertical coordinate y into z, defined as

z(x,y) == u(x,y).
The new unknown Y (x, z) is defined by the implicit relation
u(x,Y(x,z)) =z. 4.2)

In particular, thanks to the boundary conditions #|,—4+1 = U|y=+; = %1, one checks
that the domain (x, y) € Q = [x¢, x1] X [—1, 1] is indeed mapped to (x, z) € 2, and
one still has Y|;—4+; = *1. Similarly, if 6;(0) = 0 and §; ((=1)") = 0, the inflow
boundary regions X; are also left invariant by this change of variable.

Remark 4.1. More rigorously, given u defined on 2 and close enough to u (for
example in H} H? topology), for each x € [x¢, x1], the map y — u(x, y)is a C!
monotone increasing bijection from [—1, 1] to itself, and the implicit definition (4.2)
is equivalent to setting

Y(x,2) = (u(x,) " L(2). (4.3)
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From (4.2), we successively derive the relations

1
Y =
ayu(X, (x’Z)) BZY(x,z)’
0, Y (x,
deu(x, Y(x,2)) = —dx Y (x, 2)dyu(x, Y(x.2)) = —% (4.4)
aZZY(xv Z)
d Y =_Z =7
)’yu(x7 (X,Z)) (BZY()C,Z))3
These identities lead to the following PDE for Y:
20,Y —(0,Y)720,,Y = -0, Yf(x,Y). (4.5)

Moreover, by (4.3), denoting by (- + 8;(-))~! the functional inverse of the function
z + z + 8;(z) and letting

Y1) =z = (+8()) 7 () (4.6)

we have Y(x,z) = z — Y[§;](z) for (x,z) € ¥;, where we used §;(0) = 0 and
§i (=D =o0.
Therefore, we obtain the system
z0xY — (azY)_zazzY =-0.Yf(x,Y),
YIEi =Z — T[8,~](z), (47)
Y|z=:|:1 ==l

Eventually, to make the perturbative nature of this system explicit, we write Y (x,z) =
z — Y (x, z), which leads to the system

z0,Y —3,.Y = Np(f. Y),
Vs, = Y[8], (4.8)
Y|z=:|:1 =0,

where the nonlinearity is given by

3,Y(2-9,Y)

0.7 3:.Y +(1=9,Y) f(x,z—7Y). (4.9)

Np(f.¥):=
We prove the well-posedness of (4.8) in Section 4.2 and use it to prove Theorem 3 in
Section 4.3.

Remark 4.2. The initial PDE ud,u — 0, ,u = f is quasilinear. After the change of
variables described in this paragraph, we obtain system (4.7), which is still a quasilin-
ear one (since the viscosity in front of 9, Y depends on Y) However, we know from
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Chapter 2 that, for the linear problem zd,u — d,,u = f, there is no loss of deriva-
tive in the vertical direction. This key point allows us to apprehend (4.7) under the
form (4.8), treating this nonlinearity perturbatively as the first term of Np in (4.9). The
fact that there is no loss of vertical derivative explains why we will be able to prove
in the following paragraph that the nonlinearity Np satisfies the mild estimates of
Theorem 6. This would not have been possible in the initial form ud,u — d,,u = f,
since the linear theory involves a loss of % derivative in the horizontal direction.

4.2 Well-posedness in the new variables

We now prove the following well-posedness result with Z1(2) regularity under two
orthogonality conditions for system (4.8). Let

Hg = {(f.80.81) € Hk:;8](2)/z € HL(Zi), 8] ((—1)") = 0}, (4.10)
Xp 1= {(f.80.61) € Hp: f € HLH?. fis, =0,
8 € H>(Z;).6;(0) = §/(0) = 0}, (4.11)

where we recall that the spaces #g and J—C; are defined in (2.13) and (1.22) respec-
tively, with the norms

1Cf-80. 80155 == I1(f.80. 8D lsex + 186(2)/2ll531 + 187(2)/2ll3c1.  (4.12)
ICf.80. 8D xs == II(f. 60, 835 + 1S | g1 g2 + I80llgs + I81llps.  (4.13)

The restriction that f|x, = 0 lightens the exposition but could be partially relaxed.
The space Xp of (4.11) is the same as the one defined in (1.3) in the introduction.
Our result on system (4.8) is the following proposition.

Proposition 4.3. There exist n > 0 and a local Lipschitz submanifold Mp of Xp
included in the ball of radius 1, modeled on X;g N ker(ﬁ_o, E_l) (of codimension 2) and
tangent to it at 0 such that, for every (f,80.81) € Xp such that ||(f,80.81)|xz <1
(4.8) has a solution Y € ZY(Q) if and only if (f,80,81) € Mp. Such solutions are
unique and satisfy || || 71 < [(f. 80, 61) | x5-

Proof. Our strategy is to apply the same nonlinear argument as for our kinetic theory
toy model (see Chapter 3). Before moving on to the formal proof using the abstract
Theorem 6, let us give a heuristic overview of the corresponding concrete nonlinear
scheme.

Heuristic overview of the nonlinear scheme. We follow the scheme described in
Section 3.3. Let (£, 0, 81) € Xp with ||(f,80,61)||x < 1 small enough to be chosen
later on. We construct a sequence Y, of Z(Q) functions using Proposition 2.17,
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accommodating for the two orthogonality conditions at each step. We take Yo:=0
and, for n € N, given Y¥,, € Z1(Q), we define Y,, .1 € Z(R2) as the solution to

Zaxf;n—i-l - 322?,14_1 = Np(f, Yn) + U;(1)+1f0 + V;L}-lfl’
Ynt )iz = Y81 + v 180 +vi 8L,
(Yn+1)z=x1 =0,

where the triplets (fk,Slg,Slf) € Xp fork € {0, 1} are such thatﬁ(fk,(sg,(?]f) =1j—
and are constructed as in Corollary 2.19 and

Vot i= U (Np(f. ¥a). Y[8ol. Y[51])-
This choice ensures that the two orthogonality conditions

O (NB(f ) + 00y [0+ vpy ST
Y[do] + V;(1)+158 + Vr1+185’
Y[61] + V2+15? + Vr1+1511) =0

are satisfied. One checks that Proposition 2.17 can be applied, yielding Yn-ﬁ-l eZ\(Q).
One can then prove that (?,,)neN is uniformly bounded by Cn and is a Cauchy
sequence in Z1(Q).

Proof using our abstract toolbox. More precisely, this result follows from Theo-
rem 6, applied with the following setting: #p defined in (4.10) Xp defined in (4.11),

* the solution space
Zp .= {u € Zl(Q); Ulz==%1 =0, 0z7u(x;, Z)/ZEJ-C;(Ei)v 0zzu(x;, (_1)i) ZO},

with
lullzy = lullz+ 3 10zzuCxin2)/2 N1 s,y
i€{0,1}

e d=210:= (6_0, K_l)‘ s, defined in Definition 2.12, continuous on #g by Lem-
ma 2.13 and Hp — Hg, satisfying £(Xp) = R? by Proposition 2.15, since
C22 () x {0} x {0} C X;

* L:Zp— Hpdefinedby Lu := (z0xu — 9,;u,ux,, U3, ), for which one easily
checks that the assumption Item (i) of Theorem 6 is satisfied thanks to Proposi-
tion 2.17;

e N:XpxZp— Hgdefinedby N(E,Y) := (Ng(£. ). Y[S0]. Y[51]). To prove
that N takes values in #p C Hg, we must check that

(a) Np(f.Y) e H}L2: this follows from Lemmas 4.6 and 4.9 below;

(b)  Y[8] € HU(Z;) and 9., Y[8;]/z € HL(Z;): this follows essentially
from the chain rule, and is proved in Lemma 4.15 below;
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() (Np(f, 17)/2)|z; € H1(Z;): this follows from Corollary 4.13 below;

d N B ( 7. Y)(xi, (=1)!) = 0 this property follows from the fact that, for
E € X, fiz; = 0 and, forY € Zpg, azzY(x,,( D) =0;
e  Y[5]((=1)") = 3, Y[8;]((—1)*) = 0: this follows from the properties
§i ((—1)") = §7((—1)"), see also the proof of Lemma 4.15 below.

Eventually, we claim that N is strongly Fréchet-differentiable at (0, 0) in the sense
of Definition 3.14 with d,, N(0,0) = 0 and dg N(0,0) = Id, which corresponds to
the following estimate, as E, 2’ € Xgpand Y,Y’ € Zpg go to 0,

I(NB (£, Y), Y[8o), Y[81]) — (NB(f', ¥'), Y[80), Y[81]) — (B — E) |l 50
=o(I€ = &'llx, + 1Y = Y'|lz,). (4.14)

This follows from Corollary 4.10 for the part involving Np, and from Corol-
lary 4.13 and Corollary 4.16 for the estimate of the boundary terms. ]

Note also that Item (iii) from Theorem 6 follows from a variant of Corollary 2.19
for the space Jp, stepping on Proposition 2.15 and recalling that £ = £.

The next sections are dedicated to the proof of Item (a) and Item (c) and of esti-
mate (4.14) above. We will repeatedly use the following classical result.

Lemma 4.4. The pointwise product is (bilinearly) continuous from H ; H!x H ; L?
to HIL2.

4.2.1 Forcing term

We first derive estimates for the main forcing term (1 — 9, Y)f(x,z —Y(x,2)
from (4.9). We start with an easy one-dimensional lemma.

Lemma 4.5. For ¢,y € (H> N H})(—1, 1) small enough (so that the changes of
variables z +— z — ¢(z) and z — z — Y (z) are well defined on [—1,1]) and f €
H'(—1,1), one has

1/ Gz =@z < /N2 (4.15)
1f(z =¢2) = fz =¥z S92 2l — ¥llLe. (4.16)

Proof. First, (4.15) is straightforward since the Jacobian of the change of variables
z > z — ¢(2) is bounded from below and from above for ¢ small enough in (H? N
HY)(=1,1).

Second, for z € [—1, 1], we write

1
fe=¢@) - fz-¥(2)=W() - ¢(Z))/O 0z f(z —s¢(2) — (1 =) (2)) ds.
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Hence, by Cauchy—Schwarz,
1/ =) — £ — PP
1
< ¢ —vlZe [0 19: /(2 = (56(2) + (1 — )Y )] ds

so that (4.16) follows from (4.15) applied to 9, f and s¢p + (1 — ). ]
The next lemma states that the main forcing term belongs to H! L.2.
Lemma 4.6. For ¢, € HI(H? N Hy) small enough and f € H}H2, one has
10 = 0:0) f(r.z = Dl 2 1 sz
1 f(e 2 = ¢ ) — £z = D gz S 1 sz l6 = Wl a2

Proof. First, we observe that d,¢, 0,y € L°°, and d, f € L°. Since

Ix(f(x.2 =) = 0xf(x.2 —¢) —0x¢0: f(x.2 — &)

we infer that f(x,z — ¢) € H!L?2. From there, we easily deduce the first estimate.
We then turn towards the second estimate. By the chain rule and the triangular
inequality, one has

[fCez=¢)— flx,z=)llgipz SINf(x.z—=¢)— fle.z=¥)ll 2,2
+ 10x f(x, 2 =) —0x f(x, 2 = V)22
+ 10z f(x,2=¢) =0z f(x. 2=V ))Pxll 212
10z f(x.2 = ¥)(dx — V)l 2 p2-

By (4.16), the first two terms are bounded by [|0; f ||12]|¢ — ¥ llLoo, |0xz f 2]l —

VL.
For the third term, using (4.16),

10z f(x,z—¢)—0;f(x,z— W))(ﬁx”L%L%
<0z f(x,z—¢) =0, f(x,z— ‘/f)”L;('OLg”be”L%Lgo

S 19221 Nl so 2l = Vo sl 2 oo
For the fourth term, using (4.15),
10z f(x.z = V) (s — V)22 = 102 f(x. 2 = V)l poop2ldx — Vxll 2 100
< ||azf||L§OL§||¢x - Wx”L}CLgO-

Gathering these inequalities concludes the proof using usual Sobolev embeddings. m
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We then prove the strong Fréchet-differentiability at (0, 0) of the main forcing
term.

Lemma 4.7. For ¢1,¢> € HY(H2 N HY) small enough and fi, f> € HHZ,

(1= 0z¢1) f1(x,z — ¢1) — (1 = 0z2¢2) fo(x. 2 — 2) — (f1 — f2) g1 p2
S (LAT+ AN+ gl + g2l x (lgr — @21l + ILf1 = f21D.

where || - || on the right-hand side denotes the H! H? norm.

Proof. First, we write

Silx,z = 1) — fa(x, 2 —¢2) — (f1 — f2)
=(fi— ), z—=¢1) = (/1= f2)(x,2=0) + fa(x,z —¢1) — fa(x,Z — $2).

Applying Lemma 4.6 to both lines, we have
I fi(x, 2 =¢1) — fa(x.z —2) = (f1 = )1 p2
<A - f2”H}HZ2”¢1 —OHH}HZZ + ||f2||H}H§”¢1 _¢2”H}HZZ’

which allows to conclude the proof thanks to Lemma 4.4. ]

4.2.2 Nonlinear viscous term
. . . . . :Y02-3:Y) g ¥
We derive estimates for the main nonlinear viscous term Waz .Y from (4.9).
—0z

Lemma4.8. Let g : R — R be a C3 function in a neighborhood of 0 with g(0) = 0.
Then the map G : HYH? — HYH} given by G(¢) := g(¢.) is well defined and
Lipschitz-continuous in a neighborhood of 0, and satisfies G(0) = 0.

Proof. First, for ¢, ¥ € H!H? small enough,
llg(¢z) —g(Wz)llLee < ”g/”L‘>o ¢z — VzllLee < gz — WZHH}HZL
Second, for ¢ € H! H? small enough,

0xz(8(#2)) = &' (P2)Pxzz + & (b2)Pxz P2z

Hence, for ¢, € H ; H?2 small enough, using that g € C3 and decomposing the
difference, one obtains

[10xz(g(¢pz) = gWllL2 S Np = Vg1 g2
which concludes the proof. =

The next lemma proves that the nonlinear viscous term belongs to H!L2.
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Lemma 4.9. For ¢,y € H!H? small enough, one has
‘ 02— 9:¢) 09 (2—9:9)

(1-10:9)2 (1-0:9)? H1L2
SUelgrpz + 1VIg1a2)llé — Vg g2
Proof. Since 0 is Lipschitz-continuous from H!H? to H!L?2, by Lemma 4.4, the
result follows from the Lipschitz-continuity of ¢ +— 9,¢(2 — 3;¢)(1 — ,¢) 2 from
H!H? to H!H}, which is a consequence of Lemma 4.8 with the relation g(s) :=
sQ2—s)(1—5)"2 n

822¢ - aZZw

Gathering Lemma 4.7 (for the part involving f') and Lemma 4.9 (for the quadratic
part involving Y only), we obtain the Fréchet-differentiability of Np at (0, 0).

Corollary 4.10. For E = (f.80.61), ' = (f’,8;,67) € Xp and Y.Y' € Zg small
enough,

IN(£.Y) = Np(f'.Y') = (f = iz = o€ = E'llxs + IV = ¥'llz,).

4.2.3 Boundary contribution of the nonlinearity
We now derive estimates concerning the 3! (X;) contribution of Np( f, 17).
Lemma 4.11. For ¢ € H1(0,1), one has zy € L*(0, 1) with ||z ||p < ||1p||g{%

Proof. Let ¢ € 31(0,1). First, v € H'(1/2,1) and one has |y (1)| < ”1//”:}(;' Thus,
for zg € (0, 1),

1
1 1
[V (zo)| < [¥(D)] +/ W=l < 1Y (D] + [Inz0l2 12 2Yz [l 20,1 S [T 20| [¥ Il 51
Z0

which proves that | In z|_%w € L, so that, in particular, zy € L. ]

Lemma4.12. Let g : R — R be a C? function in a neighborhood of 0 with g(0) = 0.
Let & := {y € L*(0,1); ¥;,/z € H.} with the associated canonical norm. There
exists 1 > 0 small enough such that, for ¢, € & with ||p|le < nand||¥e <,

H g(¢z)P:zz _ gW)Vzz
z

Z

S Uelle +1viele —vle-

x
Proof. First, & — H? < W1 and, thanks to Lemma 4.11, & < W2 We write

g(¢z)¢zz _ g(wz)WZZ — (g(¢z) _ g(wz))(pzz + g(wz)(pzz - WZZ )
z z z z
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For the first term, we have

H (8(6:) — g (W)
31

S |¢z — VzllLeo “‘/J)ZZ/ZHJ{; + ||¢ZZ/Z||L§ 102 (g(¢z) — g(W2)) Lo,

where

[02(g(pz) — g(W2))llLee < ||(g/(¢z) - g/(Wz)M’zz”L‘x’ + ||g/(¢z)(¢zz — VYzz)|lLoo
< ||¢z - 1/fz||L°°||¢’zz”Loo + ||¢zz - 1»”zz”LO"-

For the second term,

1/fzz

Hg(wz 3l
S lle@W)llLee |l (@22 — sz)/Z”g{; + [[(¢zz — sz)/Z”,cg ||g/(Wz)sz||L°°-

Hence, the claimed estimate follows from the embedding & — W2, |

We infer that the boundary contribution of the nonlinearity is Fréchet-differentiable
at (0, 0).

Corollary 4.13. For E = (f,80,61), ' = (f'.6y.6,) € Xp and Y,Y' € Zp small
enough, z7'Np(f.Y)|s;, € H2(Zi) and z7'Np(f'. Y|z, € HL(Z;) and

N(f,¥) = Np(f". ¥’ .
H =o(|Y —Y'[lzp)-
z H1(Z)
Proof. Since B € Xp, f|z;, = 0. Thus
L a2 - a)
Np(f.Y)|s; = g(0:Y|5,)0::Y |s; withg(a) = a2
The result follows from Lemma 4.12, noting that, for Y € Zpg, Y|2[ € & of Lem-
ma 4.12. [

4.2.4 Contribution of the inversion of the boundary data

We now move on to estimates concerning the Fréchet-differentiability of the map Y
of (4.6).

Lemma 4.14. For ¢ € H?(0, 1) such that ¢ (0) = 0,

6)/ 21l < @1l
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Proof. Writing a second-order Taylor expansion, one has

$(2) = 20/(0) + /0 (z — 5)¢"(s) ds.

d(¢(z)\ 1 [* ,
E(z )_2_2/0 s¢(s) ds,

from which the conclusion follows by the Hardy inequality of Lemma B.8. |

Thus

Lemma 4.15. Consider the spaces

&1 1= {8310, 1);8"(2)/2€3L(0,1),8(0) =58(1) =6"(0) =8"(1) =0}, (4.17)
&, := {8 € H>(0,1):8(0) = §(1) = §”(0) = §"(1) = 0}. (4.18)

Then the map Y[8](z) := z — (- + 8§(-))"1(2) as in (4.6) is well defined for § small
enough and strongly Fréchet-differentiable at O from &, to &,. More precisely, for
8,1 € &y small enough,

17181 = Y[nl — (6 —mlle, < (ISlle, + Inlle) 16— nlle,- (4.19)

Proof. Step 1. We first check that Y is well defined. Since &, <> W1 § := T[8] is
well defined for § € &, small enough, and the boundary conditions §(0) = §(1) = 0
of &, entail that §(0) = §(1) = 0.

Moreover, one has

§(z) = 8(z — 8(2)). (4.20)
From this relation, we derive that
5, B ’ B -, B s :
8'(z) = s (z—=46(z)) and §"(2) = —(1 ) (z=46(2)) 4.21)

which ensures that §”(0) = §”(1) = 0 since §”(0) = §”(1) = 0.

Step 2. We prove the strong Fréchet-differentiability at 0. To control the &; norm,
it suffices to control the L2 norm and the H! norm of the quotient d,,(-)/z. For
8,n € &, by (4.20),

(6 —Mz) = 6 —n)z—8) + (n(z —8) — n(z — ). (4.22)

Hence . .
6 = 7llLee < I8 = nllee + [102nllLoe |8 — 7| Loo-

In particular, for n small enough in &,,

18 = fillzee < 2118 — nllzoo-
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Thus, applying estimate (4.16) to (4.22), we obtain

16— — @ —mlez <16 —mC=8) —@E—mOlz + In¢—8) —n-— Ml
<1026 = llz2 18]z + 11921218 — iill oo
<1926 = mliL2118llzee + 182012118 — nllzeo
S I8z + Il g8 = 1l (4.23)

We now move to the estimate of the J! norm of the quotient d,,(-)/z. By Lemma 4.14
(which even yields an H'! estimate, not only ), since all our functions have null
second derivative at 0, it suffices to obtain an H* estimate. Differentiating (4.21)
twice, we obtain

948(2) =

4 ~
(14—2—68)5(2 —8(z)) + lower order terms.

Decomposing the difference in a similar manner as in (4.23) and applying (4.16), one
can prove

16 =) — G =mlzs = Usllzs + Inllas)I8 — nllzs.
Together with Lemma 4.14, this concludes the proof of (4.19). ]
Corollary 4.16. For E = (f,80,61), 8" = (f',8;.67) € Xp small enough,
10, Y [8o], Y1811) — (0. Y551, YI8;1) — (0,80 — 8581 — 8365 = 0(IIE — E'[12c,)-

Proof. Recalling that, for E = (f, 80,61) € X, f|x; = 0, this is a direct conse-
quence of Lemma 4.15 and the definitions (4.10) and (4.11) of #p and Xp. ]

4.3 Reverse change of variables

Proofs of Theorem 3 and Proposition 1.1. It only remains to prove that the change of
variables of Section 4.1 is justified in both directions.

First, given ( f,80.81) € Mp, let Y € Z be the solution to (4.8) given by Propo-
sition 4.3 and let Y (x, z) := z — Y (x, z) the associated solution to (4.5). By Proposi-
tion 4.3, [|Y'[|z1 ST+(f.80.81) I, - By Lemma 1.15, [[Y || g1 ST+[(f. 80, 81) [l x5 -
Since Y is a solution to (4.5), we have

9::Y = (3:Y)*(20:Y) — (3:Y) f(x, Y (x,2)).

We check that the right-hand side is L2 H}, from which we deduce that 3Y € L2.
Repeating this argument, we find that the right-hand side of the above equation is in
fact L2 H? and that

192V 2 S 1Yz + 1/ N2 a2
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Thus,Y € Q" N L{H; and

1Y(x.2) —zllgr + 1Y (x.2) =zl L2 g4 < (S 80, 81) [l -

By Corollary B.6, (4.2) defines au € Q' N L3 H,} such that

llux,y) = yllgr + l[ux,¥) = yll2 ga < 1(f. 80,80 x5-

In particular, since d,u and 9, Y are continuous functions on 2 with ||dyu—1{| 0 K1
and ||0;Y — 1]||Le < 1, the computations of Section 4.1 hold. Thus, we have con-
structed a u € Q! solution to (4.1). This proves the existence claim of Theorem 3.

Reciprocally, to prove the claim of Theorem 3 concerning the uniqueness of the
solution to (4.1) and the one of Proposition 1.1 concerning the necessity of the non-
linear orthogonality conditions ( f, 8¢, 1) € Mp, we must perform the reasoning in
the other direction. Let ( £, 8. 8;) € Xp small enough, and let u € Q! be a solution
to (1.8) such that [Ju[ o1 < 1. Writing the PDE as

Biu = udxu — f,

we obtain that u € Q' N L H. By Corollary B.6, (4.2) defines a function ¥ €
Q' N L2 H} such that

1Y (x,2) = 2l g1 +1¥(x.2) = 212 gy SluCe. ) = Yl g1 + . ) = ll 2 s < 1.

In particular, since d,u and 9, Y are continuous functions on Q with [|d,u —1|| 10 <1
and [|0,Y — 1||p < 1, the computations of Section 4.1 hold. Thus, Y is a solution
to (4.5). Since Y € 0' n LiHZ“, we have Y € H; HZZ. From the equation (4.5), we
recover that z3,(d,Y) € L2. Thus Y € Z!(Q). Hence, the conclusions of Proposi-
tion 4.3 apply: Y is unique and (f, 89, 81) € Mp. ]



Chapter 5

The Prandtl system in the recirculation zone

Let us now continue our analysis of nonlinear parabolic forward-backward systems
by considering the Prandtl equation in the vicinity of a recirculating flow (up, vp),
revisiting the results of Iyer and Masmoudi from [34, 35]. Throughout this chapter,
the index ¢ stands for ‘top’ and the index b for ‘bottom’. We refer to Section 1.1.4 of
the introduction for the assumptions on (up, vp).

We consider the system

{uux—l—vuy—uyy:—axp—l-f in Qp, .1

Ux +v, =0 inQp,

where the pressure gradient dy p is the one associated with (up, vp), and where we
recall that the domain Q2 p is defined by

Qp 1= {(x.y) € (x0.x1) X Ry:1yp(x) < y < yr(x)}. (5.2)

This system is endowed with the boundary conditions (1.9), (1.10), (1.11), which we
now recall for the reader’s convenience:

Uly=y, =2zp, Oyu|y=y, =0yUp|y=3; +0p, V|y=y, =Vply=3; +vp (bottom BC),
Uly=y, = 21, Qytly=y, = dyuply=y; + & (top BC),
ulsp = uplypr +96; (lateral BC).
' ’ (5.3)
We recall that the lines {y = y;(x)} for j € {t, b}, which are level sets of the func-
tion u, are free boundaries which are expected to lie in the vicinity of the level sets
{y =¥, (x)} of the function up. We refer to the introduction for further comments on
these boundary conditions. See Figure 5.1 for a sketch of the geometry of the domain.

The source term f in (5.1) is a small regular perturbation of the pressure term.
From the physical point of view, it is relevant to consider perturbations which depend
only on x, since the right-hand side in the Prandtl system is the trace of the pressure
gradient of some outer Euler flow on the boundary. However, the analysis is essen-
tially unchanged if we allow f to depend on the vertical variable y, and therefore in
the following f will be a smooth function depending on both x and y, for the sake of
generality.

Our analysis in this section follows the one from Chapter 4. We first perform in
Section 5.1 a nonlinear change of variables in order to straighten the free boundary
{(x,y);u(x,y) = 0}. The whole analysis then takes place in these new variables. One
remarkable point lies in the fact that the linear problem associated with the Prandtl
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out of scope y;(x) < y < oo region
%

out of scope 0 < y < yp(x) region

X0 X1

Figure 5.1. Fluid domain Q2 p defined in (5.2) with free top and bottom boundaries I'; and I'p,
and fixed inflow boundaries 25’ and EIP .
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system is similar to, but slightly different from the one for the Burgers equation. In
fact, the linear problem associated with the vorticity studied in Section 5.2 has the
same structure as (1.6). Retrieving the velocity from the vorticity in Section 5.3 gives
rise to an additional orthogonality condition. Moreover, since the vorticity plays the
same role as the function u from Chapter 4, it turns out that the Prandtl system is
actually more regular than the Burgers equation (1.1): indeed, there is a gain of one
vertical derivative (corresponding to a vertical integration of the velocity) between
Burgers and Prandtl. This will allow us to construct solutions with a minimal require-
ment of regularity, and just one orthogonality condition. We construct solutions to
the nonlinear problem in the new variables in Section 5.4, and conclude the proof of
Theorem 4 in Section 5.5.

We recall that we focus here on the behavior of the system in the vicinity of the
curve {u = 0}. When studying the system in the whole infinite strip (xg, x1) X Ry,
special care must be taken to “glue together” the different zones. As explained in [35],
information flows from bottom to top. The analysis of the system in the vicinity of the
lower boundary and for large values of y requires specific tools, which go beyond the
scope of the present memoir. We refer the interested reader to [34,35] for the study of
the Prandtl system in the whole domain, and for a description of the difficulties asso-
ciated with the interplay between the different zones. We also present in Section 5.6
a potential strategy to construct a solution to the Prandtl system in the whole infinite
strip, stepping on the analysis of the present memoir. In particular, we explain why the
analysis of the system in an infinite vertical domain may call for an assumption on the
horizontal size of the domain x; — x¢: in [35], the well-posedness of the system holds
when |x; — x| is either small, or outside a countable set (corresponding to the zeros
of an analytic function). No such assumption is required when the Prandtl system is
studied in the recirculation zone only, see Theorem 4 or Proposition 5.2 below. Let us
also recall that our purpose here is merely to present, in a unified framework, differ-
ent forward-backward problems. Therefore we will put an emphasis on the specific
features associated with the Prandtl system in the recirculation zone Q2 p, and on the
similarities and differences with the Burgers-type system (1.1) studied in Chapter 4.

5.1 Nonlinear change of variables

At this stage, we assume that a smooth solution to (5.1) exists in order to write the
equation in a form that is more amenable to mathematical analysis. We will come
back on the justification of the computations below in Section 5.5.

As in Section 4.1, we change variables by setting (x, z) = (x, u(x, y)), where u
is the unknown tangential velocity. This maps the unknown domain Qp = {yp(x) <
¥y < y¢(x)} depending on the solution u (since the lines y; and y; are defined by
u(x,yj(x)) = z; for j € {b,t}) to the fixed rectangular domain (xo, x1) x (zp, z;).
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We denote by (x, Y(x, z)) the diffeomorphism such that u(x, Y(x,z)) = z. As
a consequence, we have the same relations (4.4) between the derivatives of u and Y
as for the Burgers case. The top and bottom boundary conditions become Y (x, z;) =
yj(x) for j € {b,t}.

Furthermore, integrating the divergence-free condition and using (1.9),

Y(x,z)
v(x,Y(x,z2)) = v, —/ dxu(x,y’)dy’
7b(x)
20,Y(x,z
= \yp|i +vp + ) YE ;8 Y(x,z')dZ’

= Velg, +vp + / 0,Y(x,z")dz.
zp

Replacing this expression and (4.4) into (5.1) and evaluating the equation at y =
Y(x, z), we find that

1 z
5T [zaxY—/Zh 8xY—VP|y=yb—vb] @ Y)38§ =—0xp+ f(x,Y(x,2)).

Let us now denote by Yp the function such that up(x, Yp(x, z)) = z. Following the
same computations as above, this function satisfies

1 z 1
_m[zaxYp —/ axYp — WP|F},:| + maﬁﬁ{p = —axp.
z Zp z
LetY := Yp — Y. Then
1 1 1
——— 3%V, %Y =0, — —
(8ZYP)2 2P (a Y)2 z Z(azy 8ZYP)

3 3,Y (9,Y)?
= az((azwpv) * az(wﬂp)zazy)‘

We obtain eventually the following very simple equation:

z0,Y — /Z 3,Y (x,z))dz’ — 8xp82? — 0, (—(38%;;)2) = g(x,2), (5.4)
Zp z
where
. 9,Y)?
glx,z) = f(x,Y(x,2))0,(Yp—Y) —vp(x) + Bz(m). (5.5)

The top and bottom boundary conditions (1.10) and (1.9) become, for j € {¢, b},

azf(x,zj) =93, Yp(x,z;) — 9, Y(x,2))
1 1 .
N - =: Y{[8;](x). (5.6
dyup(x,yj(x))  dyup(x,y;(x)) + & (x) p[8;1(x).  (5.6)
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The unknown function y; can be retrieved from Y by
yi(x) =Y(x,z;) = Yp(x,z;) — ?(x,zj) =7yi(x)— ?(X,Zj).

We still denote by X¢ and X the lateral boundaries, i.e., o = {xo} % (0,z;), X1 =
{x1} X (zp,0). In order to simplify the definition of the functional spaces for the lateral

boundary data, we assume 8o (yp(x0)) = 61(yp(x1)) = o(¥:(x0)) = 81 (¥5(x1)) = 0.
The lateral boundary conditions (1.11) are then given by the implicit equation

z = up(x;, Y(xi,2)) +6; (Y(x;,2)) on X,

which becomes, after noticing that up(x;, -) 4+ &; is strictly increasing on Ef and
therefore bijective from Eip to X;,

V(xii2) = Yo(2) = (wp(xi) +6)7' @) =t G[&:] onZi.  (5.7)
For further purposes, we note that the function Tlf [8;] (resp. YL[8;]) has the same
regularity and size as §; (resp. §;).

Remark 5.1. When up(x, y) = y (linear shear flow), (5.4) simply becomes, at main
order

20, Y + V- 9%Y =g,

~ z ~
V=—[ 0y Y.
zp

Differentiating this equation with respect to z, and setting W := 3,Y (W is the vor-
ticity in our new variables) we find

where

z0, W — 8§W =0d,g.

Therefore, when we consider the Prandtl equation in the vicinity of the linear shear
flow, the equation for the vorticity in the new variables is (1.6). We retrieve here
the following fact, which was already identified by Iyer and Masmoudi in [35]: the
Prandtl system in vorticity form is very close to (1.6). This will also be central in our
analysis below.

Let us now state our main result on system (5.4). Since we will state two results
within different regularity frameworks, we will work with two different functional
spaces for the data. Note that since the boundaries yp, y; are free, we allow the func-
tion f to be defined on a domain that is possibly larger, in the vertical direction, than
the reference domain {(x, y) € (xg0, x1) X (0, +00), Yp(x) < y < y7(x)}. Hence, in
order to simplify the statements, we assume that f is defined in the whole infinite
strip (xg, x1) X (0, +00).
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In the low regularity setting, we choose an index o € (0, 1/6). Our function space
will be

X% := {(f, 80,61, 61,85, vp) | f € HIHZ,
1 ag
FeL*HINHZ T HINLOW2®, (x—x0)(x—x1)0x0, f € L,
8 € HY(ZF),8;.8, € H*(x0,x1).vp € H (x0, X1), (5.8)
8o(yp(x0)) = 01(yp(x1)) = S0o(¥r(x0)) = 81 (¥p(x1)) =0,
TEI8:1(x0) = 2P [80](z¢). Y [Sp1(x1) = 9- YR [811(z5)}.

which we endow with its canonical norm.
In the high regularity setting, our function space will be

X' = {(f.80.81.8:.8p.v5) | f € Hy H? with f|gr =0,
8 € HS(ZF), 8.8, € H*(x0.x1).vp € H' (x0.x1).
8o (72 (x0)) = 81 (Fo(x1)) = 958; (yp(x;)) = 0 Vk €{0.....3}, (5.9)
T[8:1(x0) = 92 YP[80](z0). YP[85](x1) = 925 [81](z).
Ao(z;) = 0xTE[8,1(x0). A1 (zp) = B TE[8](x1)}.

where

Z

1 2[ 82Tf;[8i]

S ] e T A TR R (x")T‘l’[‘g"]]'

Once again, we endow X! with its canonical norm. The assumptions on f, 8o and
81 could be relaxed slightly: in particular, it is not compulsory to assume that §o and
81 vanish up to order three near z = 0, or that f vanishes on the lateral boundary.
However, this simplifies the formulation of some compatibility conditions.

Our result is the following proposition.

Proposition 5.2. Let (up, vp) be a smooth solution to (5.1) on (xg, x1) % (0, +00)
such that dyup > 0 on {yp(x) <y < y;(x), x € [xo,x1]}. Let o € (0, 1/6). There
exist 1 > 0 and zg > 0 such that if |zp|, z; < zo, the following result holds.

»  There exists a manifold My C X°, of codimension 1 within the ball of radius n

2
in X9, such that (5.4), (5.7), (5.6) have a solution in H; +GHZI N H)‘:HZ3 if and
only if (f,60,61,6p,6¢,vp) € Mg
This solution, if it exists, is unique.
s There exists a manifold My C X', of codimension 3 within the ball of radius n in
X1, such that (5.4), (5.7), (5.6) has a solution in H§/3HZ1 N H)g HZ3 if and only
l.f(.f; 807 51’ 5b’ 8t9 vb) € 'M1°
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The proof of Proposition 5.2 is similar to the one of Theorem 3. We construct a

solution to (5.4) thanks to an iterative scheme (or equivalently, thanks to the abstract
Theorem 6), relying on several important observations.

First, the left-hand side of (5.4) depends linearly on Y, and the right-hand side
depends smoothly on Y. This nice feature stems directly from our change of
variables. Note also that our choice of boundary conditions (1.9), (1.10), which
are slightly unusual when we formulate them on the unknown function u, are in
fact designed so that they become classical boundary conditions in the variable
Y. Indeed, the top and bottom boundaries in the z variable are now fixed (and
flat), and the boundary condition for Y on these boundaries is merely a Neumann
condition (so a Dirichlet condition for the vorticity d, Y ).

Second, as mentioned above, the vorticity 9,Y satisfies an equation with a very
nice structure. More precisely, setting
1
RO
B(x) := —0xp,

a(x,z) =

and differentiating (5.4) with respect to z, we find that W := 0, Y is a solution to

20, W + B3, W — 02(aW) = d,g in (xo, x1) X (2p, Z¢),
Wi, = 0 Y5[8;] fori € {0, 1}, (5.10)
Wloez, = YL/ for j € {¢,b).

The coefficients « and 8 are smooth and depend only on the underlying flow
(up, vp). Furthermore, infae > 0 in (xg, X1) X (2p, z;) by assumption. Hence the
structure of system (5.10) is very similar to the one of (1.6), albeit with variable
coefficients. The smallness condition on z; and z; ensures that we have nice a
priori estimates for (5.10) (see Lemma 5.3 below).

Eventually, we observe that, from (5.5),

9:8 = 8y f(x,Y)(3:Yp — W)* + f(x,Y)(@Yp — 3; W)

2 w2
* az((azYP)z(azYP - W))'

In order to design a convergent iterative scheme for (5.10), it is necessary to work
in a function space controlling the L° norm of W (for example to ensure that
the denominator does not vanish, or that the application W + 92(W?) € L?
is Lipschitz continuous). Having W € Z© is not sufficient as we barely miss
the embedding in L*° (see Remark 1.12). However, the function space W €

2
H2T°L2 N HOH2, with o strictly positive and small, will be suitable for our
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purposes. This is in sharp contrast with the nonlinear scheme for the Burgers sys-
tem, for which we also needed that 82? = W € L but for which the function
Y (rather than 9,Y = W) was a solution to (1.6). Therefore, having W € L
required ¥ € H x% +0L§ N HY H? for some o > 1/3. Such a regularity requires
two orthogonality conditions (see Proposition 2.36). This gain of one derivative in
the vertical variable (corresponding to a gain of 1/3 of derivative in the horizontal
variable) allows us to get rid of two of the orthogonality conditions, leading to the
first statement of Proposition 5.2.

5.2 The linearized vorticity equation

This section is devoted to the analysis of system (5.10), for a given source term
0,g € L?(2). Adapting and stepping on the analysis of Chapter 2, we prove the exis-
tence and uniqueness of solutions in Z°($2). We also exhibit necessary and sufficient
conditions for higher regularity.

For the sake of simplicity, within this section, €2 denotes the rectangle (x¢, x1) X
(zp, z¢), which is a slight abuse of notation since (zp, z¢) # (—1, 1). We still denote
by o = {x0} X (0,z;) and £; = {x1} X (zp, 0) the lateral boundaries.

Lemma 5.3 (Well-posedness of the linear vorticity equation). Let o € C2(Q) and
B € L*®(xg, x1). Assume that there exists A > 0 such that

1
V(x,z) € 2, Xfoz(x,z)fk. (5.11)

There exists zg > 0, depending only on «, such that if |zp|, z; < zo, the following
result holds.

Leth € L*(Q), wy, wp € H3*(x9,x1), and w; € HY(Z;). Assume that the com-
patibility conditions w;(xo) = wo(z;), wp(x1) = wy(zp) are satisfied.

Consider the system

Z0x W + B, W —32(@W) =h in<Q,
Wiz, = w; fori €{0,1}, (5.12)
W=z, = w; fJor j € {t,b}.

Then (5.12) has a unique solution W € Z°(Q), which moreover satisfies
W20 < C(IllLz + lwillga + lwsllgass + woll s g + 01l cs,)):

where the constant C depends only on A, ||B|lco and ||0,¢||co-
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Proof. According to [53, Theorem 2.1] it is sufficient to prove the result when w; =
wp = wo = w; = 0, since one could lift these boundary conditions for the given
regularity.

In this case, we note that since d,8 = 0, we have the LfCH 21 energy estimate

/Qot(azW)2 < Al lW iz + 10zl (W 2110 Wl 2.

If |zp|, z¢ < zo, then [|W|[r2(q) < zoll0:Wll12(q)- Thus, if zo < 1/(2A9z¢lc0),
we obtain |W|| 2H! ||2|lz2. From there, following the same arguments as in
Proposition 2.2, we infer that there exists a solution W € B to (5.12) satisfying
IWllg < |lh]lz2. The uniqueness of this solution is proved in Appendix A. Even-

tually, we see W € B as the solution to
20 W — 0, (0, W) =h—Bo, W + 9,(d,aW),

where the right-hand side belongs to L2(2) since f € L and « € C2(Q). Since « €
C2(Q), applying Pagani’s result [53, Theorem 5.1] to the operator zd, — 9, (")
which is in conservative form, we obtain that W € Z% and | W || z0 < |22 + | W || 8.

[

We now rely on the analysis of Chapter 2 in order to identify two necessary and
sufficient orthogonality conditions for higher regularity. Let us first remark that the
only potential singular points are (xg, 0) and (x1, 0). Indeed, we recall that zd, W €
L?(R), and therefore W € HYL2({|z| > zo}) for all zy > 0. Regularity away from
the lateral boundaries is ensured by the following lemma.

Lemma 5.4. Let « € C3(Q) satisfying (5.11) and B € C([xo, x1]). There exists
zg > 0, depending only on a, such that if |zp|, z; < zo, the following result holds.

Let h € L*(2) such that (x — x¢)(x — x1)dxh € L% Let w;, w, € H?*(xg,x1)
and w; € H*(X;) such that the compatibility conditions w (xg) = wo(z;), wp(x1) =
w1 (zp) are satisfied.

Let W € Z° be the unique solution to (5.12). Then (x — xo)(x — x1)0xW € Z°.

The proof is postponed to Appendix C, in order not to burden this section. We
are now ready to state our orthogonality conditions for system (5.12). To that end, for
a € CHQ), B € C'([xo,x1]), o € (0,1], we introduce the space

0= {0 wo wi e wp) € HY L2x H2(S0)x H(S1) x H (x0. x1)%,
(x—x0) (x—x1)dxh € L?, w; (x0) = wo(2), wp(x1) = w1 (2p),
and A; € KL () ifo > 1/2, (5.13)
and Ao(z;) = dxw;(xo). A1(zp) = dxwp(x1) if o > 1/2,

where A; := %(h(xi, )+ 8§(a(xi, Jw;) — ,B(xi)azwi)}.
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We now state a proposition extending the results of Chapter 2 to equations with
smooth variable coefficients.

Proposition 5.5. Let o € C*(Q) satisfying (5.11) and B € C'([xo, x1]). There exist
two linear forms KAO, ﬁ, continuous on Jfg’ﬂ forall o € (1/6, 1], such that the follow-
ing result holds.
e Leto €(0,1/6), and let (h, wy, wy, w;, wp) € Jfg’ﬂ. Let W € Z° be the unique
solution to (5.12).
Then W € Z° = [Z°,Z'], — Hx%JroLﬁ NHIH2 < L®(Q), and

IWlize < Ihllg 2 + I = X0)(x — x1)dchll 2
+ Z Wil 52 (g ,xp) + Z lwillz2(s;)-

Jj€ib,t} i€{0,1}

o Leto e (1/6,11\{1/2}, and let (h, wo, w1, ws, wp) € ﬂgﬂ. Let W € Z° be the
unique solution to (5.12). Then W € Z° if and only if

Ko(h, Wo, W1, Wy, wb) = el(hv We, Wp, Wo, wl) = 0’

and in that case
IWllze < Ihllgerz + 1(x = x0)(x — x1)dxh| L2

+ Y wilmreern + O Iwillazes;) + 1Aillses,)-
Jj€ib,t} i€{0,1}

Proof. We start with the first statement, and we take o € (0, 1/6) fixed.

Step 1. Lifting the top and bottom boundary conditions. In order to use the theory
from Chapter 2, which is stated with homogeneous Dirichlet boundary conditions at
the top and bottom, we first lift the latter. We change W into W — p(z — z;)w; —
p(z — zp)wp, where p € CX°(R) is such that p = 1 in a neighborhood of zero, and
supp p C (—r, r) for some r < min(|zp|, z;)/2. This changes the source term % into

h— " (20xwip(z — z)) + Bw;p'(z — 2j) — w; 2 (ap(z — 2)))),
Jelt,b}

which belongs to HY L2, and also changes the boundary condition wq (resp. w;)
into wo — wo(z,)n(z — z;) (resp. wy — wy(zp)n(z — zp)), which belongs to H?(Zy)
(resp. H%(X1)). With a slight abuse of notation, we still denote by W the unknown
function, and by (&, wg, w1, 0, 0) the data. Note that this operation does not affect the

compatibility conditions in the corners.

Step 2. Localization in the vicinity of the singular points. We then localize hori-
zontally the solution in the vicinity of xo and x;. We only treat the localization
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in the vicinity of xo since the other boundary is identical. Let yo € CX(R) be
such that yo = 1 in a neighborhood of x¢, and supp yo C B(xo, r) for some small
0 <r < (x1 —x0)/2. Then Wy := W yo(x) is a solution to

20xWo + B Wo — 32(aWy) = hyo + zWdx xo. (5.14)

Since W € Z0, W ¢ H,%BL2 so the right-hand side belongs to HfL?. We then

Al
localize the coefficient «.. Let ag(z) := a(xg, z). Then
28 Wo — 92 (2o(2)Wo) = hyo + zW dxxo — B3-Wxo
— 02((ag — ) Wp). (5.15)
On the support of yg, there exists a constant C such that |y — | < C|x — x¢
and (@ — ap)/(x — xg) is a C3 function of (x, z). According to Lemma 5.4, (ag —

«)d2Wy € H!L?. Hence, the right-hand side of (5.15) belongs to HY L2. Note fur-
thermore that Wy vanishes on {z = z,} and {z = z,} thanks to the first step.

Step 3. Vertical change of variables to work with constant coefficients. In order to use
the theory from Chapter 2, we now change the vertical coordinate so that the equation
in the new variables is formulated thanks to the Kolmogorov operator. More precisely,
we set Wo(x, z) = wo(x, {), where ¢ is a function of z such that £(0) = 0. We have

92 (@oWo) = ao(8")?07wo + (¢ + 20:08")dz o + (92at)wo.

We first choose the function ¢ so that £(0) = 0 and

z ) by z
wO@Er " e CO = eie

Explicit resolution for z > 0 yields (with a similar formula for z < 0):

37 [ 1 2/3

It can be easily checked that the function ¢ thus defined has the same regularity
as ag on (zp,z;) and that C~! < ¢’ < C for some positive constant C. Moreover,
(ao(O))%é‘(z) ~zasz — 0.

The function wq then solves

{0xwo — 8?(1)0 = s50(x,¢), wheresg € H)‘CTL?. (5.17)

Furthermore, wyq is supported in the vicinity of (xg, 0). We denote by ¢ the lateral
boundary condition on X in the new vertical variable i.e. 1o (¢ (2)) = yo(x0,2)wo(2).
Note that 11 and wg enjoy the same regularity, so that g € H?(Zg).
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Step 4. Small fractional regularity. We now consider (5.17), whose right-hand side
belongs to HZ L2. The equation is endowed with homogeneous data on {z = z,} U

{z = z;} U X1, and with H? data on X, satisfying a compatibility condition at
2

(x0, z). Using Proposition 2.36 and Lemma 1.15, we infer wg € Z° < H,? +GL§ n

HYH §2 and thus W} enjoys the same regularity. Performing a similar change of vari-

ables near (x1,0), we deduce that W € Z°. This completes the proof of the first

statement from Proposition 5.5.

Step 5. Identification of the orthogonality conditions. Let us now assume that o €
(1/6,1/3]Y_ and h € H? L. The right-hand side of (5.17) now belongs to HZ L2.
Furthermore, in a neighborhood of { = 0,

so0(x0,8) =

[A(x0. 2) — B(x0)wp(2)
+ (@08 + 2008)(2) 3¢ 10 (§) + e () o (D)].

where the primes always denote derivatives with respect to z. Using this equality
together with the identity d¢j10($) = wy(2)/¢'(z), we find, after some tedious but
straightforward computations, and for ¢ in a neighborhood of zero,

£(2)

z

1
@o(2)(§'(2))?

Oz 1o () + so(x0.8) = Ao(2).

Hence (aguo + so(x0,°))/C € J{é (X0). Note also that the compatibility conditions
in the corners are satisfied. We then apply Corollary 2.39 to (5.17) whose right-hand
side is in H L7. We infer that if

(@00 + a1 £Y)(so, po, 0) = 0,

then wg € Z% — H§+0L§ N H]‘CIHE2 by Lemma 1.15. Similarly, w; € Z%, so W €
z°.

Foro > 1/3 and 0 # 1/2, we use a bootstrap argument. Going back to (5.14), we
now know that the right-hand side is in Hy' in(0.2/ 3)L§, so that we can apply Corol-
lary 2.39 to (5.17) whose right-hand side belongs to Hy""**/? L2 This implies that
W e Zmin(@:2/3) 'We then repeat this procedure one last time if o > 2/3.

Setting

€0 (h, wo, wi, we, wp) = (@ol® + a1€1)(so, o, 0), (5.18)

and defining in a similar fashion the linear form £! associated with the regularity in
the vicinity of (x1, 0), we obtain the desired result.

Eventually, it follows from the definition of KAO in (5.18) and from Remark 2.33
that the linear forms £/ are continuous on HY p forallo > 1 /6. n
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Lemma 5.6. The two linear forms Z;), 57\1 : J(O} g R defined in Proposition 5.5 are
independent. Furthermore, there exist g°, g' € C2°(Q) such that

¢ (g',0,0,0,0) =& ; Vi, je{0,1}.

Proof. We begin with the following remark. Following the notations of the proof of
Proposition 5.5 above, we set «;(z) := a(x;, z). With the same change of variables
as in Step 3 of the proof (see (5.16)), we define

U°(x.2) = u1d,,(x. So).
Then
20, U° + B3, U° — 82(aoU°) = a0(£0)* [0 + Aoty (x, £o) + Y0dzyiing (¥, o)

for some smooth functions ¢, y¢ depending on 8 and «. The right-hand side there-
fore belongs to H;/3L§ N H!L?((x — x0)*(x — x1)?). Furthermore, U® vanishes
onXoU X U{z =2z} U{z = z;}.

Of course, we may perform the same procedure around (x1, 0), and we define a
function U ! (x, z), localized in a neighborhood of (x1,0) and with the same regularity

-1
as U, such that

20, U + B, U — % UY) € HPL2.

Note that U® and U! vanish on £g U £; U {z = z;,} U {z = z;}. Now, fori = 0, 1,
let

B =z, U' + B, U — 32(aU).
By construction, 4; and U; are localized in the vicinity of (x;,0), and ' € H ):/ 3L§,
(x — x0)(x — x1)dxh; € L?. Furthermore, ; |s,ux, = 0. As a consequence, recalling
the definition of (26 and ZI (see (5.18) together with Corollary 2.39), we infer that

(hy1,0,0,0,0) = £1(ho,0,0,0,0) = 0.

Now, assume that co® + ¢, £! = 0 for some (cg, ¢1) € R%. We deduce from the above
equalities that

O(coho + c1h1,0,0,0,0) = cof%(ho,0,0,0,0) = (¢’ + ¢1£1) (o, 0,0,0,0) = 0,

and similarly ﬁ(coho + ¢1h1,0,0,0,0) = 0. Using Proposition 5.5, we infer that

coU® + c1U' € ZV/3 < H!L2 N H}/3 H2. Since U' has the regularity of i, and

is localized in the vicinity of (x;, 0), it follows fI‘OII/l\ Lemma 2.28 that ¢ = ¢; = 0.
Note that the above argument also ensures that (R0, O,/Q, 0) # 0. Hence, up to

a multiplication by a constant, we may always assume that £/ (h*,0,0,0,0) = §; ;.
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Let us now take, for ¢ > 0 small, hfs € C2°(2) such that ||hfS —h ||H1/3L2 < g and

[|(x — x0)(x — x1)dx(h' —hL)| .2 < e. Then, since the linear forms £/ are continu-
ous on 3601/; we obtain [£7 (h,0,0,0,0) — &, ;| < e. As a consequence, there exists
al,al,b? b} such that

e e

°@h? +alh!,0,0,0,0) = £1(B2° + b1A1,0,0,0,0) = 1,

e e e'ter
OB2hO + 5141, 0,0,0,0) = £1(@%h° + a'h!,0,0,0,0) = 0,

and |al —1|,|b} — 1| S e, |a}|,|b?] < e. The result follows, taking g° = a%h? + alh!
and g!' = b0 + blhl. "

5.3 Reconstructing the velocity from the vorticity

Let (g,go,gl) € L2H}! x H3(Z¢) x H3(Z1) and w;, wp € H?(xg, x1). Assume that
823:(21)) = wp(x1) and 825’;(2,) = w;(xg). According to Lemma 5.3, there exists a
unique solution W € Z° to (5.12) with & = 3, and w; = 3,6;. The purpose of this
section is to construct a solution to the system

20:Y — [ 0¥ + B3.Y —0,(ad.Y) =g inQ,
Yls, =& fori €{0,1}, (5.19)
.Y |z=z, = w; for j € {t,b}.

We therefore set, for (x,z) € Q,
z
Y (x,2):= 75 (x) +/ Wi(x,z')dz, (5.20)
zp

where the function y;, solves the differential equation

Zp0x¥p + (B — 0z0(-, zp))wp — a(x, 2p)d W(x, 2p) = g(x,2p),

- o (5.21)
Yb(x1) = 61(2p).

Since W € Z°, the trace 3, W(-, z}) belongs to H'/*(x¢, x;) by Lemma 1.11. Thus
75 € H'(xo, x1), and from (5.20) we infer that ¥ € H)?/3HZ1 NL2ZH} C CcoQ).
Furthermore, ¥ € H! H](z,23/2).

By construction, we have, in the sense of distributions on €2,

3, [zaxfi —/ Y (x,z))dz' + B0,Y — 9, (xd,Y) — gi| =0,
Zp
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and therefore there exists a function G depending only on x such that
~ z ~ ~ ~
20,Y — / 0xY (x,2')dz' + B3, Y —ad?Y = g(x,2) + G(x).
Zp

The choice of the function ¥ (see (5.21)) then ensures that G = 0. By definition of
Y, we have 82Y|z=zj = W|Z=Zj = w; for j € {t,b}.
Let us now investigate the lateral boundary conditions. On X;, we have

3,Y (xi,2) = W(xi,z) = 3,6;(2).

Hence, in order to ensure that Y Iz, = Si, it suffices to check that )7(x,- ,Zi) = Si (z;) for
some (X;,z;j) € ;. From there, we treat separately (and differently) the two bound-
aries Yo and X;.

«  On Xy, wenote that ¥ (xq,25) = 81 (zp) by definition of . Therefore ?|21 = 5.
e On Xy, the situation is different, since f(xo, 0) # So (0) a priori. Indeed,

0
7 (x0.0) = 75 (x0) + [ W(xo.2') dz'
zp

= (= [ et + @tz = By a0 W)

Zp 0

0 ~
—}—/ W(xo.z") dz" + 81(zp).
zp

The right-hand side of the above equality is a linear form in (g, SO, 81, Wy, Wp),
which leads to the following definition.

Definition 5.7 (Additional linear form for the solvability of Prandtl). Let (g, 80,8 1) €
L2H} x H3(S0) x H3(Z1), wy, wy € H2(xo, x1) such that w; (xe) = 8,80(z/),
wp(x1) = 3,81(2p). Let W € ZO be the unique solution to (5.12) with & = 9, g and
w; = 8231'.

The linear form ¢2 is defined by

Ez(gvg(;’gi’swtvwb)
0
= / Wxo, ') d=' + Bu(z3) — Bo(0)
Zp
1o
- / (g, 20) + (Bz(x. 25) — B(x))wp (x) + a(x. 2)3; W(x. 25)) dox.

The above computations lead to the following result.

Lemma 5.8. Let (g.50.81) € L2H} x H?(S0) x H3(1), we. wpy € H?(x0. x1)
such that wy(xg) = 0,60(2;), wp(x1) = 0281(2p).
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Then system (5.19) has a solution Y e H,?/SHZ1 nL2 HZ3 if and only if
Kz(g,(%,gvl, wy, wp) = 0.
This solution is given by (5.20), and satisfies the estimate
||7||H3/3H21 F 1V 22 + 102V 22 51 2 <zp 2
Slglpzpy + ||gi||H3(zi) + lwjll 2 (xg,xy )
where we implicitly sum overi € {0,1} and j € {t, b} on the right-hand side.

Proof First, assume that (5.19) has a solution Y € H2/3H1 N LZH3 Then, W =
9,Y is an L2H} solution to (5.12) with & = d,¢ and w; = 8,5;. By uniqueness
arguments such as in Lemma A.1, it is equal to the unique Z° solution to (5.12)
constructed in Lemma 5.3. Furthermore, for z # 0,

Z 9,y ~ ~
229, (fsz) =g+ 09,(xd,Y)—B3,;Y € L2H}.

Z 0¥ ~
It follows that Bz(fzbzy ) € L2H}({z <zp/2}),and thus 0, Y € L2H!({z <zp/2}).

In particular, Bx?|z=zb € L?(xq, X1).
Taking the trace of (5.19) at z = zj, we infer that

2503 Y |22y, + (B — dz0(x, 2p))wp — ad, W(x, zp) = g(x, 2p)
and N _
Y (x1,25) = 81(zp).

Therefore 17|z=z;, = }p, where ¥, is defined by (5.21). Since 17(x0, 0) = 3;(0), we
then deduce that

0 o~
7 (xo, 20) + / W(x0.2) dz = 30(0).
zp

which is precisely the condition £2(g, g(;, g{ wy, wp) = 0. o
Conversely, the above computations ensure that if £2(g, 89, 81, w;, wp) = 0, the
function defined by (5.20) is a solution to (5.19). ]

Assume that ¢%(g, 8~0, (FSVI, wy, wp) = 0, and let Y € H)%/3HZ1 N LfCHZ3 be the
unique solution to (5.19). For further purposes, we define the function y; by

Pi(x) =Y (x,z0).

Since Y € C°(Q), we have _
Vi(x0) = So(2:).
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Remark 5.9. As we already mentioned, the nonlocal term vayu in the Prandtl equa-
tion (which becomes — fzzb 0xY in our new variables) creates a flow of informa-
tion upwards, therefore inducing an asymmetry between z and —z. Because of the
forward-backward nature of the equation, this results in an asymmetry between the
lateral boundaries ¥ and ;. We deal with this issue by introducing an additional
orthogonality condition.

Note that this feature is also present, in a slightly different fashion, in the work of
Iyer and Masmoudi [34, 35]. In their work, the left extremity of the curve {u = 0} is
left as a free parameter, and boundary data on the vorticity are enforced.

In order to simplify the future discussion, it will be useful to modify slightly the
definition of the linear forms £' for i € {0, 1}, so that they are defined on the same
space as the linear form 2.

Definition 5.10. We denote by ¢’ fori € {0, 1} the linear forms defined by
ei (ga g(;’ S\;’ wt’ wb) = Ei (azg, 828\(;7 828\1/7 wt9 wb)

Remark 5.11. In splte of their similar appearance, the purpose of the orthogonal-
ity condltlons (g, 50, 51, wy, wp) = L(g, 50, 81, wy, wp) = 0 on the one hand, and
(g, 80, 8 1, Wy, wp) = 0 on the other hand is quite different. The former are neces-
sary and sufficient conditions for the existence of smooth solutions to the vorticity
equation (5.12), while the latter is a necessary and sufficient condition for the solv-
ability of system (5.19) at a lower level of regularity, corresponding to Z° solutions
of the vorticity equation (5.12). In other words, the condition £ = 0 is a necessary
and sufficient condition to reconstruct ¥ from the vorticity.

Lemma 5.12. The linear forms €°, €', €% are independent on C*®(Q) x CX(Zg) x
CX(T1) x CX(xg, x1)%. There exist E®, E', B2 such that, fori, j € {0,1,2},

() =8ij, B/ €C®(Q)xCX(Zp)x CX(T1) x CX(x0,x1)%.
One may choose 87 = (f7,0,0,0,0), with f/ € C*®(Q) such that flgous, =0.
Proof. Assume that there exists (co, ¢, ¢2) € R? such that
col® + 1l + 02 =0

Let W € C2°(8) such that supp W C [xo, X0 + 8] x [~8, —8/2] for some small § > 0
such that § < (x; — x¢)/2 and § < |zp|/2. We further assume thatf W(xo,z)dz =1

andf z0xW(xg,z)dz = 0. We set w; = wp = 0, 80—81 =0, and

[ (x,2) = /Z(Z/axW(x’Z/) + BN W(x.2') — 0 (e(x. 2)W(x,2))) dz'.
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Then by definition, W is a solution to (5.12) with 4 = 3, 2, and with homoge-

neous boundary data. Note also that f?(xg,0) = /. Z(L z0x W(xg,z) dz = 0. Therefore

f?|sous, = 0. The compatibility conditions from Proposition 5.5 are satisfied. Since
W is smooth, according to Proposition 5.5,

(3, £2,0,0,0,0) = £1(3, £2,0,0,0,0) = 0.
Hence
c20%(£2,0,0,0,0) = 0.

Now, by definition of £2 and f2, since W and f? are identically zero for z < —§,
0
2(£2,0,0,0,0) = / W =1.
zp

We infer that ¢, = 0. The result then follows from Lemma 5.6, taking f? = fOZ g for
i=0,1. ]

Gathering the results of Proposition 5.5 and Lemma 5.8, we obtain the following
statement.

Corollary 5.13. Leta € C*(Q) satisfying (5.11) and B € C'(x¢, x1).

o Leto €(0,1/6), and let g € HZ H} such that (3., 9580, 3581, Wr, wp) € ‘%g,ﬁ
defined in (5.13).
?Zzen (5.19) has a solution Y € H,C%+UHZ1 N H;C’HZ3 if and only if £%(g, (%,

81, we, wp) = 0, and this solution, if it exists, is unique and satisfies the estimate

17 + [[(x = x0) (x — x1)35337 || .2

l o
HJ + HInHZH3
F 19582 | L2 ((xo,x1)x (22 /2)

< gl g + 102 = x0)(x = x0)020z 22 + 1w g2 + 18 ez, -

. LetgeH)g HZ1 and assume that (0, g, 8;8\,0, aﬁl,w,, wb)eﬂé 8 defined in (5.13).

Assume that KZ(g,(%, g{, wy, Wp) =0, and let Y € Hx% HZ1 N LJZCHZ3 be the unique
solution to (5.19).

Then ¥ € HYH! 0 H!H3 if and only if £/ (g, 80,81, w;, wp) = 0 for j € {01},
and in this case Y satisfies the estimate

1Pz + 17 Dy 2 S 18l g + 10029280, 081w wy)l s

Remark 5.14. The regularity assumptions on g in the first (resp. second) statement of
the above corollary can be relaxed into 9, € HZ L2, (x — x¢)(x — x1)3x0,8 € L?
and g|,;=;, € L?(xo,x1) (resp. d,g € H'L? and g|,=,, € H?/3(xp, x1)), but we
have kept the above assumptions for the sake of simplicity.
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5.4 Local nonlinear well-posedness in the new variables

We are now ready to prove Proposition 5.2. The spirit of the proof is very similar to
the one of Chapter 4. In order to avoid repetition, we do not write the iterative scheme,
and we rather apply Theorem 6 directly. We will work with two different settings:

(1) Low regularity setting: for o € (0, 1/6) fixed, we take
2

Z° ={Y e H3 " H} 0 HIH?2, (x — x0)(x — x1)3,92Y € LX(Q),
avaY e L2((x07 xl) X (Zb,Zb/z)),
Y|Zi € H3(ZZ)7 aZI]|Z=Z_/' € Hz(x()’ xl)}a

H7 ={(/.80.81.wr, wp) € HY H x H*(So)x H? (1) x (H?(x0, x1))%,
(x — x0)(x —x1)dx0. f € L?,
Wy (X0) = 0:80(z1), wy (x0) = d:80(20)},

and our space of data is the space X7 defined in (5.8). Furthermore, in the

low regularity setting, d = 1 and the linear form £ coincides with the linear
form ¢? defined in Definition 5.7.

(2) High regularity setting: we take
Z' ={Y € Hx%Hzl NHIH}. Y|y, € H(Z;),0:Y |z=z;, € H?(x0,x1)},
Jt ={(f.80.81.ws. wp) € HY HY x H (S0) x H (1) x (H?(x0. x1))?,
9K8;(0) = 0 Yk €1{0,....3}.270, f(x;. z) € HL(Z)).
w; (x0) = 0280(21). i (o) = 9:80(z,),
Ao(z) = dxwi(x0), A1(zp) = xwp[8p](x1)}.

where
8i(2) = S0 f(31,2) + Delaxi, 20:8) — B3]
Note that
(f:80. 81w wp) € H' = (3 f. 0280, 0:61. wi.wp) € H,y 4.

where the space 7 P for o € (0, 1] is defined in (5.13). Our space of data is

the space X! defined in (5.9). In the high regularity setting, we take d = 3
and £ = (£°, ', £?) defined in Definitions 5.10 and 5.7.

Remark 5.15. As in the previous sections, in X 1 we could also consider source
terms f which do not vanish on X f , up to additional technical complications.
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In both settings, the linear operator L p is defined as

LPY =

z
(zaxY—/ axY+ﬂ82Y—az(aazY),Y|go,Y|gl,82Y|Z=Z,,82Y|Z=2b),
zZ

b

and the nonlinearity N is defined as

N(E.T) := (Np(E. 7). YP[80]. Yo 811, Y3l8:]. YP (85D,

(9:Y)? )

Np(E,Y) 1= flr. Yp = 1)0:(Yp = ¥) — v + az((azyp)z(az\yp ~.7)

where the operators Y}, Tr{ fori € {0, 1}, j € {¢t, b} are defined in (5.7) and (5.6)
respectively.

Let us now check that the assumptions of Theorem 6 are satisfied in the two
settings. The continuity of L p from Z° to #° foro € (0,1/6) U {1} is a consequence
of the definition of the spaces Z°. Item (i) follows from Corollary 5.13. Furthermore,

N(E,0) = (f(x,Yp)d, Yo — vy, YP[0], Y [61], YHI8:], YL [85)).

Hence it is easily checked that N(-, 0) is differentiable at & = 0, and its (partial)
differential is given by

3z N(0,0)(E)
= (f(x, Yp)d; Yp — vp. 3 Yp(xo, )80 (Yp(xo. 2)),
32 Yp(x1,2)81 (Yp(x1,2)), (0 Ye(x, 2/))?8:(x), (3 Ye(x, 25))*8p (x)).

As a consequence, Np(2,Y) — Np(E',Y’) — g Np(0,0)(E — E') is
0 Ye[(f(. Yo —¥) = f( Yp)) = (F/(. Yo = ¥) = f/(, Yp))]
— 0V (fC Yo =)= f/( Yo = V) = 0(Y = V) f'(. Yo = V)
+ az( (0:Y)* - ) — az( (0:Y")* - ) (5.22)
(azYP)z(azYP - az Y) (azYP)z(azYP - azY,)

We therefore turn towards the verification of Items (ii) and (iii) from Theorem 6.

—~ =

Verification of Item (ii) in the low regularity setting. Foro € (0,1/6),let E, B’ €
X7 and Y, Y’ € Z small enough. We need to estimate (5.22) in HS HX NH} H} ((x—
x0)(x — x1)?).

In order not to burden the proof, we only estimate some of the norms above, and
leave the other estimates to the reader. We focus for instance on

[0 Ye0: [(/C Yo = T) = (%) = (/Yo = ) = £ ¥0)] g 2
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Using Lemma B.3 in the Appendix, we bound this term by

@501 o (I = 00 Y = ) =83 = )0 Vo)lgg 12

11y £ Yo = F) = 0y /(0 Yo = Tl g 12)
0RO TN g 10, = /)06 Yo = Dlgg 12

FIBVDT o B GV = F) =0y 0 Yo = T gg 2

+ 10, Yp(d,Y — az?/)lngo(Hé+o)||ay f'@ Yo =)oz,

1
Using the fractional trace theorem [42, equation (4.7), Chapter 1], Z° — C Zl (H¢ +0).

1
. T4o. .
Furthermore, since L3°(H, U) is an algebra,

1io S 1PNz,
)

19, Ypd, Y|
LOO

z

19:Yp (3, ¥ — 32?’)IILOo | SIY = ¥llzo.

Lo
X

There remains to estimate the norms involving f and f’. Using Lemma B.4 in the
Appendix, we infer that

19y (f = fx. Yo =) = 0y(f = 1) (x. Vo) o 12
= HY/l R(f— fx.Yp—1Y)dr
0

HZL2?
S U712 s (12 CF =g 12 + 183 CF = s 2) S 1T Nzo | B~ E 1o
In a similar fashion,
18y (. Yo = )l o 12 < IE o
10y /(e Yo = T) = 8y /(e Yo = Tl g 2 S 1T = T llze 1B 1o
The other terms are evaluated in a similar way. For instance, using again Lemma B.3

1
and the embedding Z° — C}(H? +0),

9,Y ‘
(3:Yp)20,(Yp — ¥)

HUE

HZL?
9,Y
(9, Yp)20, (Yo — ¥)

~, ~
-Y ||H)?H;||82Y||LooH%+‘7

z X

<N83T — 7)o 12

1
1+
LeH2"’

A
~

SIY =Yz Y llzo.
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and, using once again Lemma B .4,
|27 (f (. Yo = ¥) = f(x. Yo = V)| yo 2
s ||85Y||H§C7Hzl ”f(-xv YP - Y) - f(x1YP - Y’)HH%+0—

< v - _ v/
S g7 =71y

L2
||8yf||Hx%+ULg + ||3§f||Loo).

The estimate on the H!H}((x — x¢)?(x — x1)?) norm follows from similar argu-
ments and is left to the reader.
We then turn towards the estimation of the boundary terms.

e Fori €{0,1}andé;,n; € H4(EiP), we obtain that
I Tf;[&]—'rf;['?i]—asz(xi,Z)(5i—77i)(YP(xi,Z))HHs(ZI.) =0([18i =nill (s ry)-

The proof is similar to the one of Lemma 4.15 for the Burgers case, although
slightly less technical because we only need a standard Sobolev estimate here,
and slightly more technical because the reference flow is now up instead of the
linear shear flow.

e Forj € {t,b}and §;,n; € H*(xo, x1), we obtain that
|00 187104 01— 0= Ye(x, 2D — 1) | 2 =018 =1l 12)-

The proof is immediate because the maps Tlf defined in (5.6) are in fact of the
form Y [8;](x) = hj(x,8;(x)), where h; : (xp,x1) x R — R is a smooth function
with /1 (-,0) = 0.

Eventually, we conclude that

IN(E,Y)—N(E',Y')~dzN(0,0)(E—E')|| g0 =0(|E—E[x0 + ¥ — ¥'||z0).

Verification of Item (ii) in the high regularity setting. The estimates in this case
are similar to the low regularity setting and left to the reader. They are actually slightly
easier since H !(xg, x1) is an algebra, and close to the ones performed for the Burgers
system.

The only new estimate bears on the boundary term. More precisely, taking two

data tuples E = (f, 8¢, 81, 8¢, 8p, vp) and E' = (f”, 0o, N1, N> M, v;), we need to
bound in H!(Z;) the quantity

27 0:(Np(B.Y) = Np(E'.Y') — 02 Np(0.0)(E — )5, |-

We recall that f|s,p = f’|xp = 0, so that the terms stemming from f and f’in Np
1 1
vanish on the boundary. We therefore consider

HZ_I az[ (- Y}[8:1)2 B (9§ [n:])? } ‘
LOYp)2(0:Yp — 9. YR8 (9:Yp)2(D:Yp — 3 Yh[ni])

(5.23)
!
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Since 9%8;(0) = 0 for k € {0,...,3}, we have 3¥Ti[6;](z = 0) = 0. According to
Lemma 4.14,

” (9: V3[8:])° 3 (3: Vp[mi])? ’
(0:Yp)2(0,Yp — 0 Tli [6:])  (3:Yp)2(0,Yp — 0, Tﬁ[m‘])

(5.23) <

H4(Z;)
< Sill sz, + Inillass, )i — ill o s,y
We obtain eventually

IN(E,Y)—N(E",Y) =3z N(0,0)(E — E") |51 =0(|E — E'[lxc1 + |V —¥||z1).

Verification of Item (iii) in the low regularity setting. We just need to check that
the application £2 o dg N(0, 0) is not identically zero. This is actually trivial: take
E =(0,0,0,0,0,vp). Then the solution to the vorticity equation is zero, and recalling
Definition 5.7,

1 [
0?09z N(0,0) = —— vp (x) dx.
Zp

X0

Therefore it suffices to choose vj such that the above integral is non-zero.

Verification of Item (iii) in the high regularity setting. Using Lemma 5.12, we take
@/ = (f7,0,0,0,0) such that £/(®/) = §; ; for 0 < i,j <2, with f! € C®(Q)
such that f|x,us, = 0. We then set E/ :=(g7,0,0,0,0,0), where

g/ (x,y) 1= dyup(x, y) £/ (x,up(x, y)).

Then, by design, dg N(0,0)(E/) = @7, so that £/ 0 dg N(0,0)(E/) = §; ;. Further-
more, /7 € X!. The result follows.

Conclusion. We have checked the assumptions of Theorem 6 both in the low regu-
larity case o € (0, 1/6) and in the high regularity case ¢ = 1. Proposition 5.2 is now
a straightforward consequence of our abstract framework.

5.5 Well-posedness of the Prandtl system

We conclude this section with the proof of Theorem 4, which follows from Proposi-
tion 5.2.

High regularity case. The proof of Theorem 4 in the high regularity case corre-
sponding to ( f, 89,81, 68;,8p,vp) € M is very similar to the proof for Burgers carried
out in Section 4.3. We leave it to the reader. As in the Burgers case, one uses the
equations satisfied by u and Y to check that they actually also enjoy LiH)f regu-
larity and one can prove a lemma similar to Corollary B.6 to prove that the formula
u(x, Y(x,z)) = z allows to transfer such a regularity back and forth.
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Low regularity case. We focus on the case when (f, 8o, 81, &, 8p, Vp) € My with
o €(0,1/6), and we consider the unique solution ¥ € Z% of (5.4). Let 2p = {(x,y) €
(x0,x1) X R, yp(x) <y < y:(x)}, where yj(x) = Y(x, z;). For almost every x €
(x0,x1), z > Yp(x,z) + Y (x,z) is an H? diffeomorphism. We note that there exists
a constant A > 0 such that A™! < 9,Y < A in Q. Let us define the reverse change of
variables u such that u(x, (Yp + f)(x, z)) = z. Classical results ensure that for a.e.
x,u(x,-) € H;. Furthermore, differentiating the formula (4.4), we obtain

BgY(x, z) 3 (8§Y(x, 2))?

e Y02 =~ e o 2 T )

which ensures that 33u € L*(Qp). Since

1

Wux.y) = o )

we also infer that 0, u € L* and Al < dyu < A for some A > 0.

Additionally, since (x — xo)(x —x1)Y € H!H2, we also infer that (x — x¢)(x —
x1)0%u(x, Y (x,2)) € HIL2(Qp) for 0 < k < 3. From there, we deduce that (x —
Xo)(x — xl)axal)fu € L?(Qp) for 0 < k < 3. Furthermore, since z9,d,Y € L%, we
also deduce that ud,d,u € L2 Tracing back the computations at the beginning of
Section 5.1, and noticing thatu € H ; H 5 (w) for all w € Q2 p as well as in the vicinity
of T, we infer that u is a weak solution to the Prandtl system (5.1). This proves the
existence of a solution to (5.1) and (5.3). In order to prove the continuity of u, we
observe that for all (x, y), (x’, y') € Qp, setting z = u(x, y),

lu(x, y) —u(x’, y)| < Ju(x, y) —u(x’, )| + [9yullooly — 'l
<z —u@x". Y(x.2)| + [9yullocly — ¥l
< Ju(x".Y(x",2)) —u(x". Y(x,2)| + 10yullco|y — ¥']
< loyulloo(IY(x', 2) = Y(x,2)| 4+ [y = ¥'D.

2
SinceY € H? H Zl < C*“ for some o > 0, we infer that v is Holder continuous.
Let us now prove the uniqueness of this solution within the regularity class

ue LZH)(Qp). 0yu € L™, (x — xo)(x — x)u € H} H}(Qp). ud dyu € L*(Qp).

and assuming that u is close to uwp in the associated norm. Note that this implies
in particular that d,u is bounded pointwise from above and below. The associated
function Y is such that Y € L)ZCH;, 0:Y € L, (x —x0)(x —x1)Y € H;H3, and
20,0,Y € L2. In particular, 3;Y € Z° This regularity is sufficient to justify the
computations of Section 5.1, and thus Y=Y-— Yp is a solution to (5.4) in the sense of
distributions. It follows that 0, Y is a solution to (5.10), and 0, Y is bounded pointwise
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from above and below by positive constants. From there, we deduce that d,Y € Z°.
Applying the first statement of Proposition 5.2, we deduce that ( £, 8o, 81, p, 8¢, vp) €
M.

Now, let u1, u, be two solutions of (5.1) within the above regularity class, corre-
sponding to solutions Y1, Y5 of (5.4). Let

(3.7:)? )

i = ,Yi)o0Y; — z
8= S 1) ””a((wp)zazn

Then W := 9, ()71 — )72) € Z° is a solution to (5.12) with homogeneous boundary
data and with a source term & = d,g; — d,g>. Therefore, multiplying the equation
by W and integrating by parts, we obtain

f |0 W P < Cllgr — g2l + W),

where the constant C depends only on the underlying flow up. As in the proof of
Lemma 5.3, for |zp|, z; < zo, we infer that

IWll2m < e — g2l
From there, using equation (5.12), we obtain
IWlg < llgr — g2llz2-
Using the formula for g; above, we deduce that
g1 = g2llz2 S 19y / loolV1 = Vall 219 Yiloo + 11/ ool (V1 = Y2)ll .2
+ 1021|0097 (Y1 = Y2) |2
+ 9:(Y1 — Y2)||L;°(L§)||3§Y2||L§(L§;)'

Setting
n:= 10z Y1lloo + 10212l zo + [/ ]l ooy 00

and using the embeddings Z® — LgH)g/3 — L2(LS), B — CX([zp, z4]; H;/G) —
L%(L3) (see Lemma 1.14), we infer

g1 = g2ll2 S nllW s

Hence we obtain | W ||g < n||W || 8, and provided 7 is small enough, W = 0.

Remark 5.16. Note that in the case o € (0, 1/6), we are not able to transfer com-
pletely the fractional horizontal regularity from Y to u. Indeed, one can easily check
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3k
from the formulas in (4.4) that 8§u(x, Y(x,z)) € H,? +UL§ NHIH> ™ fork €

{1,...,3}. Then, one may try to get some regularity on # by computing
19y ull2 0 = [|3yul7.
|9yu(x, y) = dyu(x’, y)?
/ / / 1(x,y)erl(x/,y)efzp Y ; 2 dx dx’ dy.
R |X _ X’| 3+20

It is quite natural to change variables in the second integral on the right-hand side by
setting y = Y(x, z), the associated Jacobian being bounded from above and below,
and to split the resulting integral into

/Xl / f [y, Y (x, 2)) — dyulx’, Y, 2)P?

/|%+20

dx dx’ dz
|x —x
+ /xl /XI /Zt |dyu(x, Y(x', 2)) = dyu(x’, Y(x,2))?

|x _x/|%+2<7

dx dx’ dz.

The first integral above is bounded by ||d,u(x, Y (x, z)) ||H2 /3t 20 As for the second

integral, if d,,u were Lipschitz-continuous with respect to y (or even Holder contin-

uous with some suitable exponent), we would bound this integral by ||Y ||H2 /3+o 2

But unfortunately, this Lipschitz regularity does not hold in general. However thanks
to the regularity result far from the lateral boundaries from Lemma 5.4, we have suf-
ficient regularity on u to ensure uniqueness.

5.6 Potential strategy in a whole infinite strip

In this section, we sketch a potential strategy to solve the Prandtl equation (5.1) in
the whole infinite strip (xg, x1) x (0, +00), based on the previous analysis. To that
end, we first propose a scheme to solve a system with a modified source term (and
without any orthogonality condition). Once the solvability of this modified system
is understood, the solvability of the original system follows for data within a finite
codimensional manifold.

We start from a smooth solution (up, vp) to (5.1) such that up(x, yp(x)) = 0 for
some smooth function yp, and up(x, y) < 0 (resp. up(x, y) > 0) for y € (0, yp(x))
(resp. for y > yp(x)). We also have the boundary conditions up|,—g = vp|y—o = 0,
and uwp(x, y) = Uso(Xx) as y — 00, where uu,, = —dxp. As before, we fix two
small numbers z; < 0 < z;, such that there exist smooth lines {y = ¥;(x)} with
uwp(x,y;(x)) = z;. We consider perturbations

O 1= (80,81, f) € H*(0, +00) x H¥(0, 400) x H¥((x0,x1) x (0, +00))
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for some sufficiently large k, and for simplicity, we also assume that §; vanishes at
yp(x;). We then define an application 4 : (®; y, ;) = (¥}, 8;) in the following way.

)

2

We solve the Prandtl system in the domain {(x, y) € (x¢,x1) X (0,4+00), y <
yp(x)} in the vicinity of the flow (up, vp), with source term —d, p + f and
boundary data
u|x=x1 :UﬂP|x=x1 + 41,
u|y=0 = v|y=0 =0,
Uly=y,(x) =2b-
In (the interior of) this domain, up < 0, and therefore the system is backward
parabolic. Hence we expect that it is solvable (see [49]). A possible way to
solve it could be to introduce the “von Mise-type good unknown” from [35].
Assuming that the above system is solvable, we set vy := v|,=y, — Vp|y=y,,
and 8p := 0yuly=,, — 0,up|y=y,. Note that there are typically compatibility
conditions which are necessary to ensure the existence of smooth solutions
of this system. We leave this issue aside in the present discussion. The com-
patibility conditions are automatically ensured if f is supported in (xo +
8x, X1 — 8x) for |8x] < 1, and if § (resp. 8;) is compactly supported in
(yp(x0),7i(x0)) (resp. Yp(x1). yp(x1)).
We then consider the Prandtl system in the recirculating zone. More precisely,
using the analysis of the previous sections, we construct a solution to

Uy + VUy — Oyyu = —0xp + f
=00+ T 02 ) u e, y)Byu(x, ),
Uy +vy =0,

together with the boundary conditions (1.9), (1.10), (1.11), in which the bot-
tom data vy, & are provided by the first step. Note that the new free boundary
{y =y,(x) :=Y(x,zp)}, with the notations of the previous sections, is differ-
ent from the boundary {y = y;(x)} a priori. The coefficients (v°, v1, v?) are
Lipschitz functions of the data ( f, 8¢, 81) and ensure that the associated solu-
tion u belongs to H-/ 3Hy1 N H} H;. Note that the structure of the right-hand
side is designed so that the equation in the variables (x, z) is

z 1
zaxY—/ 0xY — ———=02Y = (0xp — f(x, Y)Y + vp|y—y;
o (3ZY)2 ( p f( )) z P|y Vb
+Ub+vof0+vlf1+vzf2-

Let V(f,80.81:y».8:) denote the quantity v|,—,, (x), Where y; (x) = Y (x, z;).
The boundary {y = y;(x)} will be the lower boundary of the upper domain
considered in the next step, but is not a variable of the implicit function
argument.
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(3) Eventually, we solve the Prandtl system in {(x, ¥) € (xg,x1) X (0, 4+00), y >
y¢(x)} in the vicinity of the flow (wp, vp), with source term —d, p + f and
boundary data

u|x=x0 ZUP|x=x0 + do,

Uly=y,(x) =Zt.
Vy=y,(x) =V(f.80.61:¥p.0:),

Iim u(x,y) =ueo(x).
y—>00

This system is now forward parabolic. It can be solved with the tools of [49].
Note that infup > 0 in the upper domain, so that the system is in fact non-
degenerate after a suitable change of variables. We then define

8; = Oyuly=y,(x)-

Eventually, we set 4(®; yp,8;) = (¥,,,6;). The first question which needs to be solved
is the following:

For every © € H¥(0, +00) x H¥(0, 400) x H*((x¢, x1) x (0, +00)) such that
o] <4,
ﬁnd (ybv 8t) Such th’at ‘A(®’ Vb, 8[) = (yb7 8t)

For ® = 0, by definition of the application +, one has A(0; Y3, dyup|y=3;) =
(V5. dyup|y=3;). Hence a possible strategy could be to apply an implicit function
theorem, in the spirit of [15] or Lemma 3.15. This requires to prove the invertibility of
the function d(y, s,)#(0; ¥, dyup|y=y;) — Id. In turn, this requires to prove the well-
posedness of a linearized type Prandtl system (or of three coupled linearized Prandtl
systems) in the infinite strip (xg, X1) % (0, +00). Such a result may typically involve
restrictions on the size of the domain, as the following toy example demonstrates. Let
a € L*((xg, x1) x R). Consider the forward-backward system

z0xu — 0,z;u —au =0 in (xg,x1) X R,
u(xp,z) =0 for z > 0,

u(xy,z) =0 for z < 0.

Let us assume that there exists a solution with high enough decay for |z| > 1; our
purpose is to prove that such a solution is identically zero. To that end, we multiply
the above system by up, where p(x, z) := exp(—(x — x0)z/(x1 — Xo)), and perform
integrations by parts. We obtain

1 X1 X1
—/ /Zzuzpdx dz+/ /(azu)zpdx dz
2(x1 — xo)
/ /au,odxdz—l— / /(x_xo)updxdz.
X0 X1 — Xo
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For |z| > 2(||aleo + 1)/?(x1 — x0)'/2, the two terms on the right-hand side can be
absorbed on the left-hand side. On the other hand, for |z| < 2(||a|leo + 1)"/?(x1 —
x0)!/2 and |x; — xo| < 1, the weight exp (— ﬁz) is bounded from above and
below. We then use the inequality

I¢l2 < lzgll,2 + 19:01l,2

for any ¢ € H'(R) such that z¢p € L?(R). The proof of the inequality follows from
arguments similar to the ones of Lemma B.7 and is left to the reader. We infer that
for x; — x¢ small enough, the only decaying solution to the above system is ¢ = 0.
For x; — x¢ large, the situation is not so clear. These considerations could be seen as
a toy example of why Iyer and Masmoudi in [35] need to exclude a “resonant set” of
lengths x; — x¢ for which non-trivial solutions of a system similar to the one above
may exist.






Chapter 6

Interpolation estimate for the linear shear flow problem

This chapter is devoted to the proof of Proposition 2.36, which is used in particular
in the construction of weak solutions for the Prandtl system (see Proposition 5.5).
The idea is to interpolate between the Z° estimate from Proposition 2.5, and the Z!
estimate from Proposition 2.10. However, because of the orthogonality conditions,
justifying that the interpolation space for the source terms is the expected one turns
out to be quite complicated.

We introduce the following spaces for the source terms:

Yo :={f € L2(Q)}, (6.1)
Y1 :={f € HIL}: fizous, =0} (6.2)

endowed with their usual norms and
Yii={f € ¥1:09(£.0.0) = 11(£.0,0) = 0}, 63)

@dowei with the norm of ¥;, where £9 and ¢1 are defined in Definition 2.12. Since
€9 and € are continuous for the H} L3 norm, Y is a closed subspace of Y.

We wish to interpolate between ¥, and yf. Using classical interpolation theory,
one can determine ¥, := [Y, ¥1], quite easily (see Lemma 6.5 below). Nevertheless,
there is a difficulty in the determination of the space [Y, ’J/f]a. This corresponds to
the well-known problem of “subspace interpolation”, for which we give a short survey
in Section 6.1.

The proof of Proposition 2.36 relies on a careful analysis of the dual profiles @/,
and in particular on a decomposition of the latter into an explicit singular part and
a regular part. This decomposition allows us to have quantitative upper and lower
bounds on the functions t — I(z, E), which play a paramount role in interpolation
theory (see [43] and Section 6.1.2 below).

The organization of this section is as follows. We start by introducing the the-
ory of subspace interpolation, and associated notations in Section 6.1. We then turn
towards the proof of Proposition 2.36 in Section 6.2, illustrating how the general the-
ory can be applied for our problem, thanks to the knowledge of the singular profiles
of Section 2.4.

6.1 A primer on subspace interpolation

Using interpolation theory in a context where constraints are enforced on the data
comes with a specific difficulty, known as “subspace interpolation”. In this section,
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we give a short introduction and set up notations and a lemma that will be used in the
next sections.

6.1.1 An introduction to subspace interpolation

Let us start by a short introduction to the topic of subspace interpolation and the asso-
ciated difficulty. This difficulty is not linked with the difference between complex and
real interpolation methods. Indeed, it occurs even in the case of “quadratic” interpo-
lation between separable Hilbert spaces, for which all methods construct the same
interpolation spaces (see [14, Remark 3.6] and [13, Section 3.3, Item (4)] based on
the initial geometric argument of [46]).

Setting of the problem. Let ¥, and ¥; denote two Banach spaces with a dense
continuous embedding ¥; — Y. Let Y, := [Yy, Y1]s, for o € (0, 1), say for the com-
plex method to fix ideas. Let £ be a continuous linear form on ¥;, which is however
unbounded on Yy, and define its kernel yf :={f € Y1;4(f) = 0}, which is a closed
subspace of ¥;. The question of “subspace interpolation” consists in determining the
relation between Y, and [¥Y,, Z/f]g. This question of course admits a straightforward
generalization to the case of a finite number of orthogonality conditions.

Generally, one checks that the closure of [Yy, Z/f]g in Y, is either a subspace of
codimension 1, when £ is continuous on ¥,;, or the whole of ¥,;, when £ is unbounded
on ¥, . In the former case, there is no guarantee that [¥, ?/f]g itself is closed in Y, (or,
equivalently, that the associated norms are equivalent on [Yy, i‘/f]g). The first system-
atic occurrence of this question seems to date back to [45, Problem 18.5, Chapter 1],
which claims that a major difficulty to use interpolation theory is that “I’interpolé de
sous-espaces fermés n’est pas nécessairement un sous-espace fermé dans l’interpolé”
(the interpolation space between closed subspaces is not necessarily a closed sub-
space in the interpolation space), and asks for sufficient conditions for [¥Y, :yf]o to
be closed in Y.

Remark 6.1. When ¢ is continuous for the topology of Yy, there is no difficulty.
Indeed, one checks that, for every o € (0, 1), [Yo, yf]g ={f € Y;4(f) =0},
endowed with the topology of ¥, for which £ is continuous (see, e.g., the related
result [45, Theorem 13.3, Chapter 1]).

Some examples. The best known and most simple example of such a phenomenon,
introduced in [45, Theorem 11.7, Chapter 1] concerns the construction of the space
Hyl?(0.1)=[L2(0. 1), H} (0. 1)] 2. The space Hog (0, 1) is not closed in H/2(0, 1)
and the associated norm involves a non-equivalent “additional term”.

In [62], using real interpolation between L' and L°°, Wallstén constructed exam-
ples illustrating that this pathological behavior is not limited to exceptional values of
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the interpolation parameter, since there exist constraints for which it occurs for every
o €(0,1).

Short survey of known results. Precising earlier results of Lofstrom [43,44], [vanov
and Kalton proved in [33] that, in the general case, there exist two thresholds 0 < gy <
o1 < 1 such that

* when 0 < o < 0y, [Y, yf]g = ¥Y,, with equivalent norms,
* when oy < o < 01, the norm on [¥, iyf]a is not equivalent to the one on ¥,
* whenoj <o < 1, [¥Y, ny]g is a closed subspace of codimension 1 in Y.

In the first case, £ is unbounded on ¥, (the constraint does not make sense). In the
second and third cases, £ admits a continuous extension to ¥, and the closure of
[Yo. ny]g in Y, is of codimension 1.

This classification has generalizations to the case of multiple constraints (see [2]),
potentially involving multiple pathological intervals, associated with each constraint.

In the difficult regime 09 < 0 < o7, more precise results [5,6] allow the compu-
tation of the “additional norm” stemming from the presence of the constraints.

The recent work [63] considers a kind of dual problem, by computing interpo-
lation spaces between Yy and ¥; & Rw, where w is a singular function of ¥y \ ¥y,
whose singularity is expressed in polar coordinates. In this work, o9 = 0. This is also
our case below, and our dual profiles also involve singular parts which are expressed
in radial-like coordinates, as constructed in Section 2.4.

6.1.2 A variant of a criterion due to Lofstrom

To prove Proposition 2.36, we will rely on an abstract interpolation result proved by
Lofstrom in [43]. Let ¥y and ¥; denote two Hilbert spaces with a dense continuous
embedding ¥; — ¥,.

For f € ¥ and 7 € (0, 1), let

A7 = 1115, + IS 1, (6.4)

This notation stems from [33], while [43] uses instead max (|| f || y,. || f ||, ). Since
I flle/v/2< max(|| f |ly,. 7l flv,) < || f ||z, both quantities can be used equivalently.
Given a linear form £ on Y, one defines, for T € (0, 1),

e f)
I(t,0) = .
(6 fe;ljl\){o} I/l

(6.5)

As T — 0, upper bounds on /(z, £) are linked with the boundedness of £ on inter-
mediate spaces between ¥y and ¥;, while lower bounds on /(z, £) are linked with
the non-degeneracy of £ on these spaces. In particular, one has the following result,
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which is a reformulation of [43, Theorem 2] in the particular case of two constraints
having the same “order”.

Lemma 6.2. Let ¥y and Y, denote two Hilbert spaces with a dense continuous
embedding Y, — Y. Let £°, L1 be two linear forms on Y,. Assume that there exists
C+ > 0and & € (0, 1) such that, for every (co,c1) € St and every T € (0, 1),

C_t7% < I(t,col® + 1Y) < Co 170, (6.6)

As in Section 6.1.1, let iyf ={f € Y:L°(f) = L'(f) = O} and, for o € (0, 1),
Yo := [Yo., Y1]o, for the complex interpolation method. Then,

o foreveryo € (0,0), [Yo, ﬁyf](, = Y, with equivalent norms,

s foreveryo € (G,1), the linear forms £° and £ have continuous extensions to Y

and (Y, Y ] ={f € Y5:L°(f) = L' (f) = 0}, endowed with the norm of Y.

Remark 6.3. Lemma 6.2 does not say anything on [Y, yl]g for the critical value
o = 0. In fact, with the notations of [33] mentioned above, one has 0yp = 07 = 7, so
the norm of [¥,, :yﬁ;, is not equivalent to the norm of Y;.

Remark 6.4. In assumption (6.6), it is important to consider arbitrary linear combi-
nations of the two linear forms £° and £'. It would not be sufficient to assume (6.6)
with (cg, c1) = (1,0) and (co, c1) = (0, 1). Indeed, the lower bound of this condition
ensures that the two linear forms remain sufficiently independent on the interme-
diate spaces. We state here a formulation giving a symmetrical role to £° and £!,
whereas [43] uses a hierarchical formulation. We prove below that our formulation
indeed implies Lofstrom’s one.

Proof of Lemma 6.2. This is an application of [43, Theorem 2]. By (6.6) applied with
(co.c1) = (1,0) and (co, c1) = (0, 1), both £° and £! have “order” & in Lofstrom’s
vocabulary. Therefore, there only remains to check that they form a “strongly inde-
pendent basis”, i.e., that there exists C > 0 such that, for every 7 € (0, 1),

I(z,£Y) < CIy(z, V), (6.7)

where
&)
(A IES

Let 7 € (0, 1). Denote by (-, -); the scalar product associated with the norm || - ||,

on ¥,. By the Riesz representation theorem, there exists gt, gr € Y, such that ¢/ =
(gz,~) In particular, I(t, /) = ||gr |lz. Moreover, by (6.8), Io(z, £!) is the supre-
mum of £! on the intersection of ker £° with the unit ball in ¥, for the norm | - ||-.
Thus, a natural candidate to bound /¢(t, £!) from below is the orthogonal projection

Io(t,0Y) = sup{ cf €Y \{0}and £°(f) = 0}. (6.8)
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of g1/llg}|l; on ker £°, namely,

1 0 1 0
8 8 8 &

fl= —R ,  where R :=< , > .

gl T gl ! lgzll= g2/

In particular, || £1]; = (1 — R2)Z and £°(£}) = (g°, f}) = 0. Thus

1 1
Ly = Yogde _ o pabiey S r)bredt). 69

1/ e
Thus, to prove (6.7), it is sufficient to prove that the ratio R? is bounded away from 1.
By (6.6), for every (co,c1) € S,

C_17% <lcog? + c184]l: < Cy17°. (6.10)

In particular, i
Cot0 < gl < C4t 0. 6.11)

By homogeneity, from (6.10), for every (co,c1) € R?,
C2t72%(c§ + ) = Glgl? + cTllgl? + 2cocr (2. 81)e < CIT2%(c + ).

Substituting ¢; < cj/||g{ |- and using (6.11) leads to the fact that, for every (co,c1) €
R2,

pz(cg + cf) < 6(2) + c% + 2Rcoc1 < p_z(cg + c%),
where p := C_/C,. In particular, using (co,c;) = (1,1) and (1, —1) yields p? <
1 4+ R; and p? < 1 — R,. Hence, (6.9) proves that

Io(z. Y > p?I(z, Y,

which implies (6.7) with C = p~2. So £° and £' form a “strongly independent basis”
and Lemma 6.2 follows from [43, Theorem 2]. ]

6.2 Interpolated theory in the case of the linear shear flow

In this section, we consider the problem (2.1) at the linear shear flow, with van-
ishing boundary data. We proved in Section 2.2 (see Proposition 2.5) that, when
f € L2L2, the solutions to this problem have Z° regularity, and in Section 2.3 (see
Proposition 2.10) that they have Z! regularity when f € H )} L? and the two orthogo-
nality conditions (2.15) are satisfied. Here, we establish an interpolated theory for the
problem (2.1) with source terms f € H?L2, o € (0, 1), see Proposition 2.36. This
interpolated theory involves the difficulty exposed in Section 6.1. We define ¥y, ¥,
and yf by (6.1), (6.2) and (6.3) respectively, endowed with their usual norms. For
o€ (0,1), let Y5 := [Yo, Y1]o. The identification of the space Y, is classical and

provided by the following lemma.
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Lemma 6.5. Let o € (0,1). Let Y5 :=[¥Y0, Y1]o, for the complex interpolation method.
* Wheno € (0,1/2), Y, = H)‘C’Li.
o Wheno = 1/2, recalling that Q1 = Q N{xy > 0}

P gy [P0

x dy.
Q4 |x — xo Q_ |x —xi1

2 2
111y, ,, ~ ||f||H;/2L§ +

o Wheno e (1/2,1), Y, ={f € H)‘C’Li; fizous, =0}, With the usual norm.

Proof. This follows from classical interpolation theory for intersections (see [45,
Theorem 13.1 and equation (13.4), Chapter 1]), and from (one-sided versions of)
the equality H()lgz(xo, x1) = [H (x0,x1), L2(x0, x1)]1 (see also [45, Theorem 11.7,
Chapter 1]). ’ =

In order to extend the theory of Chapter 2 to fractional tangential regularity, we
start by identifying the spaces [, ny]g. More precisely, we prove the following
characterization.

Lemma 6.6. Let Yy, Y, and Z’/{ be given by (6.1), (6.2) and (6.3) respectively. Then,
* Foreveryo € (0,1/6), [Yo, yf]a = Y, with equivalent norms.

o Foreveryo € (1/6,1), the linear forms £9 and €' admit continuous extensions to
Y5 and . o o
(Y0, Y{]e = {f € Ys:£0(£,0,0) = £1(£,0,0) = 0},

endowed with the norm of Y.

Remark 6.7. The threshold at 1/6 is consistent with the observation of Remark 2.33
that the maps £/ (-, 0, 0) are bounded on HY L? for every o > 1/6.

For t € (0, 1), we use the notations of the previous paragraph, in particular the
norm || - || of (6.4) and the function I(z, -) of (6.5), with Yy and ¥, defined as above.

To derive the estimates required to apply Lemma 6.2, two strategies would be pos-
sible. Both rely on the explicit knowledge of the singular radial solutions constructed
in Section 2.4, which are involved in the orthogonality conditions. First, one could
impose periodic boundary conditions on f, compute a 2D Fourier-series represen-
tation of (an extension by parity of) the singular profiles and estimate the functions
I working in the Fourier space. Such a frequency-domain approach is carried out
in [5], assuming some appropriate asymptotic decay of the Fourier transform of the
profile defining the orthogonality condition. We choose a second strategy, which stays
in the spatial domain, and involves estimates using cut-off functions whose space-
scale are linked with the parameter 7. This strategy is related to the one used in [63]
and inspired by the links between the K functional of real interpolation theory and
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the notions of modulus of continuity and modulus of smoothness of functions (see,
e.g., [37]).

To prove Lemma 6.6, we intend to apply Lemma 6.2. Hence, we need to bound
from below and from above the functions /(z, (fJ) By Definition 2.12, 7 (£,0,0) =
Jo 0x f DJ. As highlighted in Corollary 2.32, the profiles ®J can be decomposed
as the sum of a singular radial part, an x-independent part, and a regular part. The
singular radial part is the one that will be dominating the behavior of the orthogonality
conditions. Thus, we start by two lemmas concerning estimates from above and from

below for integrals of the form [, (dx f )usmg, before moving to the general case.

Lemma 6.8. Leth € H!L? suchthath = 0 on o U X1. Then, for T € (0, 1),
'/ (Dl (x, 2))itlipg (x, —2) dx dz| S 77 VOl 2 + T[dxhl ),
Q

where it’. _is defined in Definition 2.26.

sing

Proof. By symmetry, it is sufficient to prove the result with i = 0, which we assume
from now on, and we drop the indexes i = 0 on r; and ¢; involved in Definition 2.26.
We also let y(x, z) := x;(x,—z) of Definition 2.26 and A(t) := Ao(—t), where Ag
is defined in Proposition 2.21. With these notations

1%, (x. —2) = rEA() f(x. 2). 6.12)

In particular, since Ag(+00) = 0, ﬁgng(xo, —z) = 0 for z € (-1, 0). We split the
integral to be estimated depending on whether r < 7% or r > t*, where o > 0 is to
be chosen later. Let n € C*°(R; [0, 1]) such that 5(s) = 1 for s < 1 and n(s) = 0 for
s > 2.

Step 1. Estimate in the region: r < t*. By Cauchy—Schwarz,

/axh-rél\(t)x-n(r/f“) < ”X”oo”A”oo”axh”L2(/ r?72(r/f°‘))2
Q Q

Using the polar-like change of coordinates of (2.23) and (2.26), one has
2/, @ = 3r? 20/ « N
/an (r/r):/o /Rmrn (r/t*)drdr < (z%)°.
Hence, in this region,

< (@)%2|0xh]| 2.

/Q deh - rEA) - n(r/7)

Step 2. Estimate in the region: r > t*. We intend to integrate by parts in x. At x = xq,

#,,(x, —2) = 0 for z € (—1,1) because x = 0. At x = xo, when z > 0, 1 = 0 by
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assumption, and, when z < 0, u ,—z) = 0 as recalled above. Hence, there is no

boundary term and

[ dch-rIA@) - (1—n(r/t%) = — / hde(x - 2 A = n(r/7%)).
Q Q

smg(

First, one easily bounds

1
= lIRllz2 1 Alloo 102 xll L2 max r2 < Al 2.

‘ [ Hasx-rEawa = n/e
Q

For the second term, when d, hits on the function expressed in (r, ) coordinates, we
use the derivative formula (2.27):

( + 12)

/ B (r2 A1 — (/7)) = / hy AW, (r3 (1= (/7))

2
[ “13+—§) S = (/e A).
Q

We bound both terms using the Cauchy—Schwarz inequality and the polar-like change
of coordinates (2.23) with Jacobian determinant (2.26). In particular, on the one hand,

2
fg L A2 (0,2 (1 = (/e

3r3 1+ t2 o
/ /1‘& (1+12)2 9r4 A (0, (”(1 —n(r/t )))) dr dr
d
< /0 (r' (1= n(r/7)? + r(n’(r/r“))z/u“)z)—r
= (¢%)! /1 (7 =) + 50 6)) L 5 @)
On the other hand,

2 1 233
I, e A ROV

= [)wjl; (1 j_r3 [2(1 +[2)3r(1 _n(r/_ca))2(atA([))2 dt dr

2)2 9r6
*® 1
<([rasmanora) [T 5o -aemar s e

by the integrability property 39, A(¢) = O(1) of Lemma 2.24.
Thus, gathering the estimates in this region proves that

< ()72 | Al 2.

‘ /Q deh - rE AL - (1= n(r/T)

Gathering the estimates in both regions and choosing o = 1/3 concludes the proof. =
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Lemma 6.9. There exists a family (h');e(o.1) of non-zero, smooth, compactly sup-
ported functions on 2 such that, as t — 0,

‘/Q(axhi(xvz))ﬁimg(x, —z)dxdz| 2 TV L2 + Tllaxh]l2),

and [ 0 hlal = = 0for j # i, where ii'__is defined in Definition 2.26.

smg sing

Proof. As in the previous lemma, by symmetry, it is sufficient to prove the result with
i = 0, which we assume from now on, and we drop the indexes i = 0 on r; and ¢;
involved in Definition 2.26. We also let y(x, z) := y;(x, —z) of Definition 2.26 and
A(t) := Ao(—t), where Ay is defined in Proposition 2.21. With these notations, one
has (6.12).

Leta > 0.Let H € CX(R;[-1,1]) and n € C°(R; [—1, 1]) such that suppn C
(1/2,3/2). For t € (0, 1), we define

he :=n(r/T*)H(@).

By the support properties of H and 7, one checks that /. is both smooth and com-
pactly supported in 2. Moreover, it is non-zero if H # 0 and 1 # 0.

Let t > 0 be sufficiently small such that the support of 4 is included in the region
where y = 1. Note that with this choice, we also have [, dxhuL,, = 0. Then, using
the formula (2.27) for d, and the determinant (2.26),

sing

[ axhrﬁsing(X, _Z) dx dz

27
/ / 2A(r>((1 QLD eyt ey H )

M n(r /<) H’ (z)) o

//”A(t) (r@) ™' (/e H (@) — (1 + )0 (r/c*)H' (1)) dt dr
R (14 12)2

oy [ HOAO 73y H'OAD [ )
(%) (/IR(1+[2)2 /(; s2n'(s) ds — /R(l—l—t2)2 /(; s2n(s)ds ).

Note that since n € C°((0, +00)),

® 3 3 [
/ s2n/(s)ds = ——/ s2n(s) ds.
0 2 Jo

We claim that we may choose 1 and H such that

& 1 H(t)A(t) tH’ (t)A(t)
/(; shnls) ds = / (1-|-[2)2 +/]R (1+[2)2 =l
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The claim for 5 is obvious. As for H, we assume that supp H C (0, +00) and we
write the sum of integrals as

/ H(I)F A1) ; _i( tA(1) 1)} dr
R 214122 di\(1+12)3

o d INE) 5 243/4 \,3/2 2\—3/4
=— H@t)— —————=¢ 1+t e+t de.
/ ()dt((1+t2)1/2 1+ 24) 201+ 12)

Since A(r) # CtY2(1 4+ 12)~/* on R, the claim for H follows.
The above choice of n and H ensures that

[ ashe - rag =
Q

Using once again the formula (2.27) for d, and the change of coordinates of the
Jacobian (2.26), one obtains that ||, ||;2 < (t%)? and ||0xh.|| 2 < 1/7%. Similarly,
using (2.28) to compute 334, and the same technique, ||03/.||;2 < 1/7*. Thus,
choosing o« = 1/3 leads to

hell> + Tlldxchel 2 + Tlld3hell 2 < ()2,
which concludes the proof. |
We are now ready to prove Lemma 6.6.

Proof of Lemma 6.6. This is an application of Lemma 6.2 with & = 1/6. Therefore,
we need to find constants C+ > 0 such that, for every t € (0, 1) and (cg, c1) € St,

C_t7Y% < I(1,c0l® + c1£Y) < Cyr7 V0,

Let (co.c1) € S' and f € ¥,. By Definition 2.12,
¢ (f,0,0) :/ By f @,
Q

where @/ is the solution to (2.12).
By Corollary 2.32, there exists (dy, d;) € R? \ {0} such that

col®(£.0.0) +¢1£1(.0,0) = / 0 f (doii Gy (x. ~2) + dyil gy (x. ~2))
Q
+ / 8xf(<1>reg + (c1— ZCo)X(Z)lz>o), (6.13)
Q
where @, € Z 1 By linearity, dg, d, and &, are uniformly bounded for (co,c1) €

S!. The first term corresponds to the one studied in Lemmas 6.8 and 6.9. We want
to integrate by parts in the second term. Since f € ¥y, fiz,uz, = 0. At x = Xxp
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and ze€(—1,0), /=0 by (2.12). Moreover, L_tging()C(), —z) =0 because Agy(+00)=
0 and ﬁsling(xo, —z) = 0 because ﬁ:ing is compactly supported near (x;, 0). Hence,
e (X0, 2) + (c1 — z¢o) x(2)1z50 = 0 on (-1, 0). The same conclusion holds at
x = x; and z € (0, 1). Thus, we can integrate by parts with no boundary term and the

second term is estimated as

‘/anf(q)reg + (c1 —zco) x(2)1z50) | = || fllL2110x Pregll 2 (6.14)

Step 1. Bound from above. For T € (0, 1), using Lemma 6.8 and (6.14),

1c0€9(£,0,0) + 1 £1(£,0,0) < e O(| £l + Tl £ ll,)-

Step 2. Bound from below. For t € (0, 1), let us assume that f; := h, where h; is
constructed in Lemma 6.9, which ensures that f; is compactly supported in € so
satisfies (fz)|z,ux, = 0. Substituting in (6.13) and integrating by parts yields

col®(f2.0.0) + 1€ (f.0,0) = — / hedy @y + Y d; / (xhe) g (x, =2).
Q Q

i€{0,1}

By Corollary 2.32 and linearity, min(|dg|, |d1]) is uniformly bounded from below.
We choose h as either h or il of Lemma 6.9 accordingly. Thus, by Lemma 6.9, as
T — 0,

\

[co€0(f2, 0,00 +1 €T (£, 0.0)] Z v/ (lhell2 +Tllelly,) = C el 2 19x Pregll 2
el + Tllhelly,)
= 0l fell2 + Tl fellwy)

for T > 0 sufficiently small. This concludes the proof. ]

RV

To conclude this section, we turn towards the proof of Proposition 2.36.

Proof of Proposition 2.36. Step 1. Case 89 = 8 = 0 and 15>1/5 f|x; = 0. By Propo-
sition 2.5, for every f € L?(2), there exists a unique solution u € Z%(Q2) to (2.1)
with 69 = §; = 0 and |Ju|| zo < || f|l2- By Proposition 2.10 and Proposition 2.6, for
every f € H}!L? such that fjz,us, = 0 (so that Ag = A; = 0) and 00(£.0,0) =
£1(£,0,0) = 0, this solution satisfies u € Z!() with lullz, < ||f||H}L%. Hence, by
interpolation, the mapping f +> u is bounded from [¥y, yf]a to Z°(£2). Moreover, by
Lemma 6.5 and Lemma 6.6, when o € (0, 1) \ {1/6, 1/2}, [Yo, yf]g = HZL? (with
null boundary conditions on ¥y U ¥; when o > 1/2, and null linear forms constraints
when ¢ > 1/6). This proves estimate (2.50) in the case of vanishing boundary data.
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Step 2. Arbitrary boundary data. When &g and §; are arbitrary, we extend them to
(=1, 1) in such a way that the extension belongs to HZ(—1, 1). We then lift the
boundary data by setting u; (x, z) = x(x — x0)do + y(x — x1)8;, with y € CX(R),
supported in B(0, (x; — x0)/2), and equal to 1 in a neighborhood of zero. This intro-
duces a source term f; = z0yu; — d,;U; € H; L§ in the equation, whose trace on
X; is =87, so that the trace of f — f; on X; is zA;. When o < 1/2, we immediately
obtain the desired result thanks to the previous step.
For ¢ > 1/2, we first note that, since u, u; € ZH(Q), by Proposition 2.10,

U(f - f,0,0)=0.

We further decompose f — f7into f — f; = zAoy(x — x0) + zA1 x(x — x1) + g1,
where g; € HZ L? is such that g1 zous, = 0. Using Proposition 2.15 we construct
h; € C2°(£2) such that

Ihillgirz < MAollscr(zg) + 1A 5012y
and
0 (203 (x — x0) + zA1 g (x — x1) + h;,0,0) = € (g — hy,0,0) = 0.

We then apply the result of the first step to the system with source term g; — /Ay
(which vanishes on ¥y U ¥;) and homogeneous boundary data, and the result of
Proposition 2.10 to the system with source term zAg y(x — xo) + zAy y(x — x1) + Iy
and homogeneous boundary data, using the conditions Ag(1) = A;(—1) = 0. This
concludes the proof. ]



Appendix A

Uniqueness of weak solutions for linear problems

The purpose of this appendix is to prove the following uniqueness result, which is
a slight generalization to the case of variable coefficients of the uniqueness result of
[8, Section 5] for (2.1).

Lemma A.1. Let Q = (x¢,x1) X (2p, 2;), where xo < x1 and zp, <0 < z;. Let o €
C2(Q) such that infa > 0 and B € L®(Q). Assume that one of the two following
conditions is satisfied:
o cither ||Blloc € 1and ||0;0]00 < 1,
o or|zp|,z¢ < zo, for some small constant zy depending only on «.
Let g € L2H; 1, 8o € L2(Z0), 81 € £L2(21). There exists at most one weak solution
UelL2H] to
z0xU + po;U — 9;;(eU) = g,
Uls, = do,
Ulg, =41,
U|Z=Zt = U|z=zl7 =0.

The proof follows the arguments of Baouendi and Grisvard in [8], which concern
the case of the model equation (2.1). For the reader’s convenience, we recall the main
steps of the proof here, and adapt them to the present (slightly different) context. The
proof involves the spaces B defined in (1.25) and A := 8 N H(RQ).

Note thatif U € L?((xo,x1), H} (zp,2;)) is a weak solution to (A.1), then U € B.
Indeed, it follows from the weak formulation that for any V' € H(} (),

(A.1)

(ZaxU, V)LZ(H1),L2(Hé)=—/Qaz(aU)an—/Q,BazUV+(g, V>L2(H71),L2(Hé)'
By density, this formula still holds for V € L2(H, ), and therefore zd, U € L2(H; ).

We then recall the following result from [8].

Lemma A.2. The set A is dense in B. Furthermore, there exists a constant C depend-
ing only on 2, such that fori € {0, 1},

Zy
Vo € A, / 2] [o (e )P dy < C o3
V4

b

As a consequence, the applications
VE A > Vx=y; € Lg(zb,zt)

can be uniquely extended into continuous applications on B.
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As a consequence, Baouendi and Grisvard [8] obtain the following corollary.

Corollary A.3. Forallu,v € B,

(z0xu, U>L2(H*1),L2(H(§) + (z0xv, u>L2(H*1),L2(H(})

Zy Zt
- / (Cuv) xx, — / (U0 x—xe.
zp zp

Proof. Thanks to Lemma A.2, it suffices to prove the identity when u, v € 4. In that
case, the left-hand side is simply

/Zaxuv+zu8xv=/ 0y (zuv).
Q Q

The result follows by integration. |

Proof of Lemma A.1. Let U € L2(H,) be a weak solution to (A.1) with g = 0 and
8; = 0. As mentioned above, U € B. According to Corollary A.3, for any V € B
suchthat V =00n dQ2 \ (X9 U Xy),

—(ZaxV, U)LZ(H_I),LZ(H(;) + /;Z(ﬂazUV + Olean + OlazUan) =0.

Now, let h € C2°(2) be arbitrary, and let V € L2(H|) be a weak solution to
—z0xV —0,(BV) —ad,,V = h,
Visa\(zouzp = 0.

(The existence of weak solutions for this adjoint problem is proved in the same way as
existence for the direct problem in Proposition 2.2 in the case || 8||co <K 1, ||tz [loo < 1,
and Lemma 5.3 in the case |zp|, z; small).

Then V € 8B, and choosing U as a test function in the variational formulation for

V', we obtain
/ hU = 0.
Q

Thus U = 0. Uniqueness of weak solutions to (A.1) follows. ]



Appendix B

Proofs of functional analysis results

B.1 An abstract existence principle

As Fichera in [22], we use the following abstract existence principle (see [19, Theo-
rem 1]), which allows skipping a viscous regularization scheme.

Lemma B.1. Let Hy, H, and H be three Hilbert spaces. Let F; € L(H;; H) for
i € {1,2}. Then the following statements are equivalent.
* It holds that range F; C range F,.

e There exists a constant C > 0 such that
Vh e H, ||F1*h||g{/1 < C||F2*h||g{/2. (B.1)

o There exists G € L(Hy; Hy) such that F1 = F»G.
Moreover, when these hold, there exists a unique G € £(Hy; H,) such that ker G =
ker Fy, range G C (range ;)1 and |G| = inf{C > 0;(B.1) holds}.

Indeed, this yields the following weak Lax—Migram result, where the linear right-
hand side is assumed to be continuous for the weaker norm.

Lemma B.2. Let U and V be two Hilbert spaces with 'V continuously embedded in
W. Let a be a continuous bilinear form on U x 'V and b be a continuous linear form
on U. Assume that there exists a constant ¢ > 0 such that, for every v € V,

a(v,v) = cl|v]}3.

Then, there exists u € W such that ||[uy < 2||b| 2 and, for everyv € V, a(u,v) =

b(v).

Proof. Set H := £(V), H; := L), F; :=1Id (from £(U) to £(V)), H, := U
and F, : U — £(V) defined by Fou := a(u,-). Then F;" =Id (from V to U) and
F)v = a(-,v). Moreover,

I1Fyvllzqn = la. v)l/llvlhv = cllvllv = el F{ vl

So (B.1) holds with C = 1/c and Lemma B.1 yields the existence of G € £(L(U); U)
such that F; = F»,G and ||G|| < L. The conclusions follow by setting u := Gb. m

4
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B.2 Product and composition rules in Sobolev spaces

Lemma B.3 (Pointwise multiplication). Pointwise multiplication of two functions is
a continuous bilinear map

e from H32(—1,1) x H¥?(—1,1) to H¥?*(—1,1),

o from H'?(xg, x1) x H*(xq,x1) to H2(xg, x1) for any s > 1/2,

o from HY?(xg, x1) x H*(xq.x1) to H¥ (xg.x1) for any s’ < min(s, 1/2),
o from H*(xo,x1) x H% (x0,x1) to H% (xo,x1) foranys > 1/2, 5 > 5.

Proof. These are particular cases of [10, Theorem 7.4]. n

Lemma B.4 (Composition of H functions). Let o €(0,1/6), and let Q, = (xo,x1) X
2
R, Q. = (x0,X1) X (24, 2,). For f € HOH! N LAH(Qy) and Y € HF " H}(Q,),

such that A < 3,Y < A~! for some positive constant A,

If G Y 2D e 2.y < Civin U lge 2 + 1/ ligamy)

and

If G Y, 2D oo (zpoz) o o)) S Clv L g gy + 17 122 g1)-
1
In a similar way, if f € Hx2+0L§ N LW, (Q,),

I1f Cx., Y(X,Z))IlHéJroL%(QZ < C||Y||(||f||Hx%+aL% 1Sl pooppo0)-

Proof. Using the classical definition of fractional Sobolev spaces, for all z € (zp, z;),

1Y G o = 1Y G Ry
/ / /G Y (. Z))—f(x Y P

|1+20

We start with the 7 L? estimate. Integrating with respect to z, the norm of the first
term is bounded by the square of the L2 norm of f after a change of variable with
bounded Jacobian. We then decompose the second integral into

/ /xl /(. Y (x,2)) — (X Y(x, Z))|2

|x _ x/|1+20

dx’

/ /xl |/ Y (x,2)) — f(x" Y (', Z))Iz

|x_x |1+20

Once again, the first integral is bounded by || f ”12L1” ;2 after vertical integration. As
X V4

1/2

for the second one, using the embedding H'(—1,1) < C!/2, we have

|f( Y (x.2) = f( Y (2D < 10y £ ~)||25|Y(x,2) Y’ 2)l.
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2
. 2+0
Since Y € HY ' HJ},

Y Y(x', ,
[ / I, 12, DT g

1 1 1 1/2
< 17C.2) §+a( [ s ot - ! 3dedx’)
Hy x0 Jxo Y

< 2
S 30 1 By

The first estimate follows. The other ones go along the same lines and are left to the
reader. u

Lemma B.5 (Composition with a Q! function). Let ¢ € Q' () such that ¢ (x, £1) =
+1. Assume that there exists m > 0 such that 9,¢(x,z) € [m~',m]. Let o € [0, 1].
There exists C(m, o) such that, for any g € H)‘CTLg N Li(WyUA),

lg(x, e, N2 < Clgllpgrz + A+ 1PIGDNIEN 2 pos).  (B2)
x Lz x Lz o x( y )

Proof. Throughout the proof, we set G(x, z) := g(x, ¢(x, z)). First, note that, since
the Jacobian of the change of variable z — ¢ (x, z) is bounded from below, for any

p.q € [1,00], 1
IGllLpre =maliglipepa. (B.3)

In particular, |G ||;2 < m? llg|lz 2. Furthermore, for o = 1,
0xG(x,2) = 9xg(x, ¢(x,2)) + 0x¢p(x,2)0,&(x, p(x, 2)).
Hence,
10:Gll.2 < 10x8) 0 Bllz> + 19xPll 0o all(Byg) 0 Gl 2 s  (BA)
By the “fractional trace theorem” [45, equation (4.7), Chapter 1],
1956l 0 172 < 1058l 27,2 + 105bll2 2 < bl 1.
Hence, we obtain from (B.3) and (B.4) that
19xGll> < 19xgllL2 + dllorligll 2 w4y

Now, note that the application g + G is linear. By interpolation, we obtain, for any
o €(0,1),
1G g1z < Iglagrz + (L + 11501202 o),

which concludes the proof. u
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Corollary B.6. Let ¢ € Q' N L2ZH} such that ¢(x, £1) = 1 and ||¢p — z| g1 +
lp — Z”L)%H;‘ <L 1. Let ¥ (x, y) be such that ¥ (x,¢(x,z)) = z for all (x,z) € Q.
Theny € Q' N LJZCH;‘ and

I =ylor + 1V = yl2ps S P —zllor + 1l —zllL2 54

Proof. In this statement and this proof, we use the variable y as second argument for
¥, z as second argument for ¢. First, observe that 0,y (x, y) = 1/(3:¢(x, ¥ (x,y))),
so that |0y — 1||pec < [|0;¢ — 1|z In particular, the associated changes of ver-
tical variables are defined and bounded so that estimates such as (B.3) hold and will
be used abundantly.

Step 1. Vertical regularity of . By the “fractional trace theorem” [45, equation (4.7),
Chapter 1], for ¢ € Q' N L2H, ¢ € HYH2 N L2H?} < C2(H2). In particular,
92¢ € L. Differentiating the definition ¥ (x, ¢(x, z)) = z, we obtain the following
relations and estimates. First, we already said that d, € L°°. Second, 851// e L?
since

—(0:¢)°93% 0o p = (dy 0 ¢) (3:29) .
—
Lo® Lo
Third, 8J3,1ﬂ € L? since
—(0:¢)*03Y 0 =32y 0 0.¢d2¢ +0,W 0 03¢ .
N e’ N e’ N e’

N———
12 Lo Lo 12

Fourth, omitting the composition with ¢ in every occurrence of ¥ in order to alleviate
the notation,

—(3z¢)43;1”
=6 0¥ (0:0)°02¢+ 2y (3(074)> +4 (3:¢) (33¢) ) + 9 Dy a4¢ .

—_—— ——— \,_/ N—— S—— N——
L2 Lo L2H1 Lo Lo LooLZ Loo L2

Remembering that 1/(d,¢) € L°, we conclude that

¥ (x.») =yl gs S llo(x.2) = zllgr + llPp(x, 2) =zl L2 ya-

Step 2. Integer horizontal regularity of . This step uses that dx¢ € LS L2 which
follows from ¢ € H£/3L§. Note however that, even for ¢ € Q' N L2 Hy4, one does
not have d,¢ € L°°. We proceed similarly for the integer horizontal regularity. First,

—0xY o = 8y¢°¢&cﬂ-

Loe L2
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Second,
—(0:)dxy Y 0p =y o 0:¢ 0xdp +0yYog Oz .
L2} LT LYLZ Le 12
Third,
—(0:0)*0xyy ¥ 0 ¢ = 2059 0 2 xz¢p + b, (B.5)

where, omitting once again the composition with ¢ in the derivatives of i,

h = 3;1ﬂ dx¢p (az¢)2+axy1/f 8§¢ + 3§¢ Ixp 8§¢ + 0:¢ 0xzz¢.
—_— —— —— o — ~——— — N — —
L2H} LPLE L% L2 Le L2H! LLE L% Lee L2
From (B.5) and & € L?, we obtain that
[0xyy¥lir2 < Al + ||8xz¢||L§Hzl “ayy‘p”LgoLg
SNz + 1Ce,2) =zl gy g2 1 A10yy ¥l + 10xyy ¥ liL2).

Hence, using the smallness of ||¢(x, z) — Z||H%sz, we conclude that

19 (e y) = Ylgiaz < 160e.2) = zllgr + (x.2) — 2l 2 5.

Step 3. Fractional horizontal regularity of . Eventually, to obtain the H f / 3L§ reg-
ularity, we write

.
g V)

and we apply Lemma B.5 with ¢ = 2/3. Let us first assume that ¢ is smooth (so that
Y is smooth as well by usual results) and then argue by density. Estimate (B.2) yields

1Well g2rags S 00e8/0:0 ] 22 + (L4 VI 10:0/0:612 12

3x1/f(x,y) = -

Since we already know that { can be estimated in H ; H?2, we can use (the Peter—Paul
version) of Young’s inequality to obtain

1l 22 S 1058/ 275 2 + 1920 /0:0 1112 g2 + 1020 /0:8 1135,
Moreover, one easily proves, using standard product rules, that
||3x¢/32¢||H§/3L% F10x¢/0:0l 1252 S 6(x,2) =2l g1+l (x, 2) =zl L2 g2 < 1.
Hence we obtain
||Wx||H§/3L§ S llg(x,2) = zllgr + ¢(x. 2) = zll L2 s

when ¢ is smooth and [|¢ (x, z) — z[|g1 + [|¢(x,2) — 2|2 g2 <K 1. We conclude by
density. |
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B.3 Extension operators

We start with Lemma 1.6, which allows extending functions from Z%(Q2) to Z°(R?).

Proof of Lemma 1.6. Up to translation and rescaling, we assume that (x¢,x1) = (0, 1).

We start by constructing a continuous horizontal extension operator denoted Pj
from Z°((0,1) x (=1,1)) to Z°(R x (=1,1)). Let y € C*®(R; [0, 1]) such that y = 1
on (0,1) and supp y C (—1,2). Let ¢ € Z°((0,1) x (—1,1)). For x € (—1,2) and
z € (=1,1),let

¢(—x,z) if x € (—1,0),
(OxP)(x,z) := 1 ¢(x,2) if x € (0,1),

¢p2—x,z) ifxe(1,2),
(Px¢)(x,z) := x(x)(Qx¢)(x,2).

First, || Px|l 2 __ ;2 . = 3. Moreover, d*(Py¢p) = Pr0%¢ fork = 1 and k = 2. Hence
(| Px ||L§sz_>L§sz < 3. Eventually,

[120x(QxP) L2 ((=1.2)x(=1.1y) = 3120xP ] L2¢(0,1)x(=1,1))>

so that
[20x (Px@)ll 2 < 3z0xll2 + 201 I @]l L2

Thus P, is a continuous extension map from Z°((0,1) x (—=1,1)) to Z°(R x (—1,1)).

We now construct a continuous upwards vertical extension operator denoted by
P4 from Z°(R x (—1,1)) to Z°(R x (=1, +00)). We proceed in a classical manner
(see, e.g., [4]), by considering a weighted linear combination of rescaled reflections.
For¢ € Z°(R x (—1,1)),x € Rand z € (=1, 00), let

¢(x,z) if z e (—1,1),
3p(x,2—2z)—2¢(x,3—2z) ifz e (1,2),

(P1¢)(x,2) := x+(2)(Q+¢)(x.2),

(Q+9)(x.2) := {

where y+ € C*°(R;[0,1]) issuch that y+ = 1on(—1,1) and supp y+ C (—2,1 + %).
The chosen coefficients ensure that both Q¢ and d,(Q ¢) are continuous at z = 1.
Hence Py¢ € L2 H? and

I P+&ll 12 (R: 2 (=1, 400))

= [1P+dll L2 ®:m2-1,1y) T 1P+PllL2 5201 400y = C+ 19112 2
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for some constant C4 depending only on || x+ || y2.c0. Moreover, using that y(z) =0
forz > 1+ %,

120 (P2 @:L21 400 = 1205 (Ped)I L2 miL2114 1))
< ||ax¢”L§(]R;L2(%,1))

= ||Zax¢||L)2€(R;L2(%,1))'

Hence P, is a continuous extension map from Z°(R x (—1, 1)) to Z*(R x (=1, +00)).
The extension for z < —1 is performed in a similar fashion and left to the reader. =

B.4 Embeddings

We collect in this paragraph various embedding results used throughout the memoir.

B.4.1 Embedding of the Pagani space Z° in sz / 3L§

We start with an easy one-dimensional inequality.

Lemma B.7. For ¢y € CX(R),

Wiz < llz¢llL2 + 10229 | L2

Proof. On the one hand, for |z| > 1,

[ v = vz

On the other hand, for every (z¢, z) € (-2, 2),

109 (2)] <[99 (z0)| + 2[1922 | 2. (B.6)
Moreover, by classical Sobolev embeddings,

109 221,20 S W22y + 10229 21 2) < N2¥ 2wy + 1022 | 2wy -
Thus, integrating (B.6) for z¢ € (1, 2),
10z [lLoe(—2.2) S 2V llL2@w) + 11922¥ | L2(R)-

Now, writing ¥ (z) = ¥ (zo) + J, ZZO Y’ and integrating for z¢ € (1,2) yields
V12 SV lza) Hz¥ 2@y H 102 2@y Sz ¥ | 2@y + 1022V [ L2 w).

which concludes the proof. =

We then turn towards the proof of the key result ZO(R2) — HZ2/>L2(R2).
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Proof of Proposition 1.7. Let ¢ € C2°(R). By Lemma B.7, one has
¥l Sz iz + 1022l 2. (B.7)

Using standard dimensional analysis arguments (e.g., by introducing the rescaled
function ¥y, : z — ¥ (Az) for A > 0 and optimizing the choice of 1), one deduces
from (B.7) that

2 1
(RZVERSN EAZ RPY P2 P (B.8)

Let ¢ € C(R?). Let $(£, z) denote the Fourier-transform of ¢ in the horizontal
direction. Then using (B.8) and Holder’s inequality,

2 . , = 1 2y%3 % 2)2ded
6020, = [0+ 163132 dg 0z
S 181 + [ 16130266201 1022906 )1

S0+ ([ eP=ipe ol azae) ([ pedeofaza)

4 2
SNlZ2 + 120:91172 1922011,

Hence ||¢||Hz/3L2 < |l¢ |l zo. This concludes the proof, by density of C2°(R?) in
Z°(R?). [

B.4.2 Embedding of the Baouendi—Grisvard space 8 in Hx1 / 3L§

Once again, we start with a one-dimensional inequality of Hardy type.

Lemma B.8. For ¢ € L%(0,1),
2

1 1 z 4
/0 (2—2/0 s¢(s) dS) dz < §||¢|Iiz. (B.9)

Proof. For z € (0, 1), by the Cauchy—-Schwarz inequality

(/0 5(5) ds)2 < (/0 %(5)s ds)(/oz e ds) =% (/ #(s)st ds)

Hence, by Fubini,

/01 (Ziz /OZS¢(S) ds)zdz < %/ —4+2(/ > (s)s2 ds) dz
[ wost([ie)a

_ 2wt eet-as= [ g2wa—s
=2 /0 P51t - )ds =1 /O 62(5)(1—s)ds,

which implies (B.9). ]
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We then turn towards the proof of the embedding.

Proof of Lemma 1.13. Step 1. Extension to (xg, x1) X R with compact vertical sup-
port.

Letu € L?((xo,x1), H) (—1,1)) such that zd,u € L*((xo,x1)), H ' (—1,1). We
first extend u to (xg, x1) X (—3, 3) by setting, for all x € (xo, x1) and z’ € (0, 2),

u(x,1+z") = —u(x,1-2",
ulx,—1—-z2" = —u(x, -1 +z’).

It is clear that the above extension belongs to L?((xg,x1), Hy (—3,3)), and we further
extend u by zero on (xg,x1) X {z € R, |z| > 3}. We then take y € C°(R) such that
supp y C (=3/2,3/2),and y = 1 on (—1, 1), and we prove that uy € B((xg, xX1) X
R). Using a partition of unity, we write y = y_1 + xo + x1, where supp y+1 C
(£1/2,+£3/2), and supp yo C (—3/4,3/4). It is clear that you € B((xg, x1) X R),
and therefore by symmetry is sufficient to prove the result for yu.

Let us take ¢ € Hg ((xg, x1) x R) be arbitrary, and compute

x1
1 := —/ /Z)(luaxqb.
xg JR

By definition of u# on (x¢, x1) x (1,2),
X1 1
I = —/ / zu(x,z)x1(z)0xp(x,z) dx dz
X0 0
X1 1
—I—/ [ 1+ 2Nu(x, 1 =2 y1(1 + z")3xp(x, 1 + 2') dx dz’
X0 0

X1 1
= —/ / zu(x,z)x1(z)0x¢(x,z) dx dz
X0 0

X1 1 1 ’
+/ / (1+Z/)(1_Z/)u(x’l_Z,)X1(1+Z,)ax¢(x,1+Z’) dx dz’.
X0 0 —Z
(B.10)

Since zdyu € L2((xo,x1), H 1(—1,1)), we may write zdyu = f + d,g, with f,g €
L?((xg,x1) x (=1,1)). Then

2

X1 1 .
1=/x0 /(;(f‘f‘azg)(X,Z)[Xl(Z)(b(X,Z)— . X1(2—2)¢(x,2—z)]dxdz,

The assumptions on supp y; ensure that the quantity within the brackets belongs to
L?((xo,x1), H} (0, 1)). We conclude that for all ¢ € Hy ((xo,x1) x R),

x1
_[ [ ZY1U0x
xg JR

< lulls(oxx© )@l 2 g1
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It follows that zy19u € L?((xo,x1), H'(R)), and

I xull8(xo,x)xR) < 1l B((x0,x1)%(0,1))-

Step 2. The vertical anti-derivative of yu belongs to Z°.

We now work with the extension of the previous step, and we set U := — || Zoo XU.
Let us prove that U € Z%((xo,x1) x R4). Since 02U = 9, (yu) € L*((xo,x1) x R4),
it suffices to prove that z0, U € L?((xg,x1) x R4 ). Hence we take ¢ € L2((xg, x1) X
R ) arbitrary, and we compute, after observing that U is supported in {z < 3/2},

/xxl /O°° $9xU(x,5)¢(x,5) dx ds

= —/):1 /(;oos(/:/z Ox yu(x,z) dz)¢(x,s) ds dx

X1 o | z
= —/ / —(/ slo<s<3/2P(x,5) dS)ZaxX”(xJ) dx dz.
X0 0 Z 0

||Sax U I|L2((xo,x1)XR+)

1 zZ
<lxuls sup H—( | s10<s<3/2¢(x,s>ds)
peL2, 12 0
161, 2 <1

Therefore

L%(H} (0. 400))

The claim therefore follows from the following result, which is postponed to the third
and last step.

Lemma B.9. Forall zg > 0, there exists a constant Cy,, such that for all Y € L*(R),

1 z
H ;(/0 510<s<zow(s) dS) ‘

From there, we infer that U € Z°((x¢,x1) x R4),and |U| 70 < |lu|| g. Using the
embedding Z° — H;BHZ], we deduce that 0,U = yu € H;/3L§((x0,x1) xRy).
Since y = 1 on (—1, 1), we obtain the desired result.

Step 3. Proof of (B.11).
First, note that for all s € (0, +00),

= Cooll¥llz2w)- (B.11)
H(0,+00)

z
‘ / §locs<zg ¥ (5) ds| < Cay inf(s>2. DY [ 2.
1]

Thus we only need to prove that

z0 1 z 2
[7 (5 [svors) o< cqlviz.

This is a rescaling of inequality (B.9) of Lemma B.8. |



Appendix C

Unconditional regularity away from lateral boundaries

Proof of Lemma 5.4. We proceed by (horizontal) viscous regularization to obtain uni-
form estimates which pass to the limit.

Let us extend the functions wg, wy into H? functions on the whole interval
(zp, z¢), such that wo(zp) = wp(xg) and wy(z;) = w;(x1). For ¢ > 0, consider the
solution to the elliptic equation

—£02W?E — 32(aW?) + 20, We + B, W*® =,
We|x=x; = Wi, (C.1)

W8|Z=zj = wj.

Let us recall that |z |, z; < z¢ for some small constant zy depending only on «. Clas-
sical results on elliptic equations ensure that if zq is small enough, (C.1) has a unique
solution in H'(Q2) for all ¢ > 0, which satisfies the energy estimate

VEIW 2 + 10: W2 S Whlize + lwoll 2 + w2 + ez + sl 2.
(C.2)
Hence W ¢ is uniformly bounded in L2 H}. It follows that W¢ —~ W in L2 H}, where
W e Z9 is the unique solution to (5.12).
Furthermore, since 7 € L?(2), the compatibility conditions in the corners of the
domain and the fact that  is a rectangle ensure that W¢ € H?(R2) (see [28, Chap-
ter 4]). Hence 0, W¢ € H'(Q) is a weak solution to

—£020, W& — 02(adx W)+ 202 W+ 0,0, W& = dxh+02(dxaW?) — 0, B, W*.

(C.3)
Without loss of generality, we assume from now on that w; = wp = 0 in order to
simplify the computations. This condition can always be satisfied up to a lift of the
boundary conditions. Let p(x) := (x — xo)(x; — x). We multiply (C.3) by p?d, W¢,
integrate by parts and obtain

e / p*(2W*)? + / ap? (05, WE)?
Q Q
< [ o0 @R - [ pEWe 0w
Q Q

+ (IpdxhllL2 + 109x Bz W] L2)llpdx W*]| 2
+ 1109z (W) 21082z WE ] 2
+ 10z lloll 03X WE | 21| 00z WE | 2.
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The first integral on the right-hand side is uniformly bounded thanks to (C.2). Let us
focus momentarily on the second integral on the right-hand side. Using the equation
satisfied by W¢, we infer

/ P 2WE(z, W*) = [ P2 ZWE[h — B, WE + 92 (aW?) + d2W*].
Q Q
We then perform integration by parts on the right-hand side, which is equal to
o [ @+ [ Paury
Q Q

~2 [ pouptweh— po.w) — [ 20w 0.0 - pow)

+ 2/p8xp8sz€82(och) + / 020, WE(x (d,aW?®) + 0,00, W¥).
Since 0,8 = 0 and w; = wp = 0, we have

/pzastﬁaszg =0.

We also recall that || pdx W¢||;2 < zo|pdx0; WE| 2. Therefore, provided that zq is
small enough, there exists C > 0 such that

1
| rewecowy ze [ 2@we s | pa@.Lwe?
Q Q 2 Jq
= CIRIZs + W12, s + lodehl2).

Gathering all the terms and using the L)zc H Zl estimate on W¢ of (C.2), for z¢ small
enough,

: /SZ PRRW? + /Q o (050 W) < [h]25 + lpdxh2

2 2
+ > lwillge + Y lwil.

i€{0,1} je{t,b}
Hence pd,, W¢ is uniformly bounded in L2. Passing to the limit, we obtain

P Wl 2 s S N2 + pdxhliz2 + D Mwillgz + Y llwjllze.
i€{0,1} jE{t,b}

It follows that pd, W is a weak L2 H} solution to
z0x(p0x W) + B3z (pdx W) — 3§(Olpax W) =g,

paxW|2i =0,
paxW|z=z_,- = paij,
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where
g 1= pdxh — pdx B3 W + p0zz(3xaW) + (xo + x1 — 2x)z0x W.

Since o € C3(Q) and W € Z°, g € L?. Hence, according to Lemma 5.3, we obtain
PO W e Z°. [
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Functional spaces

B
g_(l

z

Hp

Hrp

XU

xl

Yo
Y

ZO

Zl

Baouendi—Grisvard solution space of (1.25), used in Appendix A, p. 2/
Weighted H! space for boundary data with norm (1.22), p. 20

Hilbert space of data triplets for the solvability of the linearized Burgers sys-
tem, p. 65

Hilbert space with norm (3.5) of data triplets ( f, 8o, §1) for the kinetic toy
model, p. 50

Hilbert space with norm (2.14) of data triplets ( f, 8¢, 81) for the shear flow
problem, p. 27

Space of data for Prandtl at high regularity, p. 93
Space of data for Prandtl at low regularity, p. 93

Space of data tuples (5.13) for the vorticity equation (5.12)
at regularity o, p. 83

Weighted L2 space for boundary data with norm (1.21), p. 20

5

Solution space Hx/3L§ NnL2 Hyz, p. 3

Hilbert space with norm (1.4) of data triplets ( f, 8¢, 1) for nonlinear Burgers,
p.3

Banach space of data (f, 8¢, 81, &, 0p, vp) with low regularity for the Prandtl
problem, defined in (5.8), p. 80

Banach space of data ( f, 8¢, 81, 8¢, 8p, vp) With higher regularity for the
Prandtl problem, defined in (5.9), p. 80

Notation for L2(2) during discussions on interpolation, p. /05

Notation for H, L3 with fiz,uz, = 0 during discussions
on interpolation, p. 105

Pagani solution space such that u, zd,u and d,,u are L2, with norm (1.23),
p. 20

Solution space such that u, d,u € Z 0. with norm (1.24), p. 20
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T[]
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Interpolation space [Z°, Z!] for fractional Pagani regularity, p. 47
Solution space for the Burgers system, p. 66
Solution space for Prandtl at high regularity, p. 93

Solution space for Prandtl at low regularity, p. 93

Level sets of the unknown solution u of the Prandtl system, p. 6

Level sets of the function up, p. 6

Boundary data at the inflow boundary %;, p. 3

Boundary data for the vorticity on the bottom and top boundaries of Qp, p. 6
Boundary data for du, given by A; = (f + 8/')/z, see (2.8), p. 25

Angular profile of the k-th explicit singular solution in the half-plane, p. 35
Shorthand for a data triplet & = (f, 8¢, 81)., p. 56

Left inflow boundary {x¢} x (0, 1), see Figure 1.1, p. 1

Right inflow boundary {x;} x (—1, 0), see Figure 1.1, p. 1

Lateral inflow boundaries for the Prandtl system, p. 7

Lateral boundary data for the Burgers system after the change
of variables, p. 64

Boundary data on ¥; for the Prandtl system in the new variables, p. 79

Boundary data at the bottom for the Prandtl system in the new
variables, p. 78

Boundary data at the top for the Prandtl system in the new variables, p. 78

Dual profiles of Lemma 2.7 involved in orthogonality conditions for the shear
flow, p. 26

Cut-off function localized near (x;, 0), p. 39
Physical rectangular domain (xg, x1) X (=1, 1), see Figure 1.1, p. 1
Upper and lower halves of the domain €2, p. 19

Physical domain for the resolution of the Prandtl system, p. 6
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Smooth source term associated with the singular solution L_léing, p. 40
Linear orthogonality conditions of Definition 5.10 for the solvability
of Prandtl at high regularity, p. 91

Additional linear form of Definition 5.7 to reconstruct the velocity from the
vorticity, p. 89

Linear forms on g giving the orthogonality conditions for the shear flow,
p. 30

i

Invertible matrix relating the singular solutions i,

D7, p. 43

with the dual profiles

Nonlinearity associated with the Burgers-type system, p. 64

Nonlinearity associated with the Prandtl system, p. 94

Radial-like variable given by r = (z2 + x%)%, p. 34

Radial-like variable near (x;, 0) given by r; = (z2 + |x — x; |%)%, p. 40
Angular-like variable given by ¢ = zx73 ,p. 34

Angular-like variable near (x;, 0), given by t; = (—1)iz|x — x; |_% , p. 40
Reference singular solution localized near (x;, 0), p. 39

Reference recirculating flow for the Prandtl system, p. 6

Boundary datum for the vertical velocity on the bottom boundary of Qp, p. 6
k-th explicit singular solution in the half plane, v = r2 3% A (1), p. 35

Inverse function of the reference flow up, p. 78
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The purpose of this memoir is to investigate the well-posedness of several linear and
nonlinear equations with a parabolic forward-backward structure, and to highlight the
similarities and differences between them. The epitomal linear example will be the stationary
Kolmogorov equation yd,u — d,,u = f in a rectangle. We first prove that this equation
admits a finite number of singular solutions, of which we provide an explicit construction.
Hence, the solutions to the Kolmogorov equation associated with a smooth source term are
regular if and only if f satisfies a finite number of orthogonality conditions.
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quasilinear equations: the Burgers-type equation udyu — dy,u = f in the vicinity of the linear
shear flow, and the Prandtl system in the vicinity of a recirculating solution, close to the line
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and Masmoudi. For the two latter quasilinear equations, we introduce a geometric change
of variables which simplifies the analysis. In these new variables, the linear differential
operator is very close to the Kolmogorov operator ydy, — d,,. Stepping on the linear theory,
we prove existence and uniqueness of regular solutions for data within a manifold of finite
codimension, corresponding to some nonlinear orthogonality conditions.
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