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Abstract

In this memoir, we prove the local-in-time well-posedness of thick spray equations
in Sobolev spaces, for initial data satisfying a Penrose-type stability condition. This
system is a coupling between particles described by a kinetic equation and a sur-
rounding fluid governed by compressible Navier—Stokes equations. In the thick spray
regime, the volume fraction of the dispersed phase is not negligible compared to
that of the fluid. We identify a suitable stability condition bearing on the initial data
that provides estimates without loss, ensuring that the system is well posed. This
condition coincides with a Penrose condition appearing in earlier works on singu-
lar Vlasov equations. We also rely on crucial new estimates for averaging operators.
Our approach allows us to treat many variants of the model, such as collisions in the
kinetic equation, non-barotropic fluid or density-dependent drag force.

Keywords. thick sprays, singular coupling, Vlasov equation, Navier—Stokes
equations, Penrose stability condition
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Chapter 1

Introduction and main results

1.1 System and notation

In this memoir, we are interested in the following coupling between fluid and parti-
cles:

0, f +v-Vyif +div,[fT] =0,
d¢ (o) + divy (ou) = 0, (1.1)
0¢ (aou) + divy (ou @ u) + Vi p(o) — dive(zfu]) = —mp/ dfF dv.

R

This system describes the evolution of a cloud of particles (e.g. droplets or dust
specks) in an underlying compressible fluid (e.g. a gas). Such a suspension is com-
monly referred to as a spray [137]. More generally, the system (1.1) belongs to the
broad family of “multiphase flows” equations [59].

In this work, we study (1.1) in the phase space T? x R¢, with d € N\{0}. The
first equation of (1.1) is a kinetic equation of Vlasov type on the particle distribution
function f(¢,x,v) € R in the phase space (position-velocity), set for > 0 and
(x,v) € T? x R?. The other equations of (1.1) are set forf > 0 and x € T4 and are
barotropic compressible Navier—Stokes equations for the fluid density o(z, x) € R™
and the fluid velocity u (¢, x) € R?. Here, the function «(z, x) € [0, 1] is the volume
fraction of the fluid.

This type of models can be used to capture various natural phenomena and has
widespread applications. Examples include, among others, combustion phenomena
in engines [4, 108], evaporation of droplets [58, 113], aerosols for medical purposes
[27,28], marine and volcanic aerosols and their impact on the atmosphere [114, 134],
as well as aerosols in the atmosphere of gas giants or exoplanets [70, 136].

Here, the system (1.1) describes the so-called thick sprays and has been intro-
duced and derived by O’Rourke in [124]. Such coupling is appropriate for modeling
two-phase mixtures where particles are small but occupy a non-negligible volume
fraction of the whole suspension. The thick (or dense) spray regime is typically found
in regions where droplets are injected in a carrying gas (see [64, 110, 124]). The sys-
tem (1.1) has also been recognized as a set of equations linked to multifluid systems,
which are thoroughly described in [103]. Further details can be found in the overview
provided in Section 1.4.

Let us detail and close the previous equations, explaining the meaning of the
different terms involved. For this physical discussion, we choose d = 3.
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The volume fraction @ = (¢, x) € R* of the fluid is given by

4
alt. )= 1=my [ fxoydo, m, =0
R3 37

where r, > 0 is the radius of one droplet. In the thick spray regime, the quantity o
is not assumed to be close to 1 (this concerns suspensions for which, typically,
« is around the value 0.9), so that the volume fraction for the cloud of particles
is not negligible compared to that of the fluid. This is in sharp contrast with the
thin spray regime, that we shall recall below (see (VNS) in Section 1.4), where
a is somehow directly set to 1 and thus does not explicitly appear in the system.
Here, this quantity induces an extra coupling between both phases. We refer to
[59, 64, 124] for comparisons between the thin and thick regimes.

The pressure p : RT — R* isa given C(R™) N €% (R*\{0}) function such that,
in the barotropic regime, the pressure term is a function p = p(p) depending
only on the fluid density. One usually assumes that p(0) = 0 and p’(p) > 0. For
reasons that will appear later, we shall also assume that p is such that

p + pp’(p) is nondecreasing on R™. (1.2)

A common example is, for instance, p(0) = o? for some y > 1.

The viscous stress tensor t[u] is given by
t[u] = 2uD(u) + Adivy uly

for some constants & > 0 and A € R, where D(u) stands for the deformation
tensor defined as D(u) = (Vyu + (Vxu)T)/2. In this memoir (see the possible
generalization in Section 1.3), we choose the constants @ and A so that

divy(tu]) = Axu + Vi divy u,
but we emphasize that this choice has been made solely for simplicity, and that

no special algebraic property arises in this case.

The force I' = I'(¢, x, v) € R3 acting on the cloud of particles is defined by
mpT(2.x,v) = Drp(u(t.x) — v) —mp Ve[ p(@)](t. X). (1.3)

The first term u(z, x) — v, referred to as the drag force exerted by the fluid on the
particles, is common to all fluid-kinetic couplings. Here, it is linear in the relative
velocity between fluid and particles, and creates friction. Here, the drag coeffi-
cient Drp (with D > 0) is taken proportional to the radius r, and is reminiscent
of the Stokes law. The retroaction of this term in the momentum equation for the
fluid is known as the Brinkman force and can be expressed as

—Drp /R3(u—v)fdv.
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The second term in I', which is a pressure gradient from the fluid, is a specific
feature of thick spray models (see also [64, 124]) where the particles occupy a
significant volume fraction of the two-phase mixture. Here, the constant density
of the droplets has been taken to be equal to one. The presence of this term is
consistent with the fact that the system (1.1) (or some of its variants) is formally
linked to bifluid equations [61], where there is a common pressure gradient to
both phases (see the overview below in Section 1.4). Note that the feedback of
this term in the source term of the fluid momentum equation is

“mp [ FETlp@D v = (1 - a)Vilp(o)l

Remark 1.1. After a suitable rescaling in the equations, it is actually possible to
rewrite the force I" from (1.3) as

I =L -v) - Valpl.
€

together with
a=1-¢° f dv,
R3

where € > 0 is proportional to the radius 7, of a typical particle. Formally proceeding
to the limit € — 0, which corresponds to a small droplet size regime, we observe that
o — 1 and that the drag term u — v is dominant compared to the pressure gradient.
This formally connects the thick spray equations to the thin spray equations (see the
detailed overview made in Section 1.4). However, this formal link has not been made
rigorous so far.

In what follows, we consider a normalization of all physical constants. Introduc-
ing the kinetic moments (of order 0 and 1) of the distribution function f as

pr(t, x) :=/ f(t, x,v)dv (local density),
R4

Jr(t.x) :=/ f(t, x,v)vdv (local current),
R4

sothat a(f, x) = 1 — pr(t, x), we are thus led to the following system:

0 f +v-Vif+ divv[f(u —v)— fvxp(Q)] =0,
3:((1 = pp)o) + dive[(1 — pr)ou] = 0,
3 ((1 — pp)ou) + dive[(1 — prou @ u] + (1 — pr)Vip(o)
= Axu + Vydivy u + jr — pru.

(TS)

The unknowns of the problem are

f:f(t,x,v)ER+, Q:Q(l,x)eR+, u:u(l,x)eRd,
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and they are coupled through the drag term u — v, the pressure gradient Vy p(o) and
the volume fraction of the fluid « = 1 — pr. We finally prescribe initial conditions

fin= fn(x,v) e RT, o" =o"(x) e RT, u™=u"(x) e RY.

We normalize the torus T¢ = R¢/(27Z)? endowed with the normalized Lebesgue
measure, so that Leb(T¢) = 1.

In this work, we investigate the local well-posedness of the thick spray equations
(TS). The main difficulty comes from the fact that rough energy estimates on the
transport and kinetic part of (TS) seem to result in a loss of several derivatives. As a
matter of fact, suppose that we have a smooth solution ( f, 0, u) with compact support
to the system (TS). Since it is a coupling between a parabolic type equation for u and
two transport equations for f and g, the following observations can be made:

» astandard energy estimate for transport equations shows that a control of k deriva-
tives of o seems to require the control of k& + 1 derivatives of f. This is due to the
coupling with the volume fraction 1 — pr in the mass conservation equation;

* astandard energy estimate for transport(-kinetic) equations shows that a control
of k derivatives of f seems to require the control of k + 1 derivatives of o. This
comes from the pressure gradient in the force field of the Vlasov equation.

As a consequence, we obtain a control of k derivatives of (f, ¢) by k + 1 deriva-
tives of ( f, 0) for any k € N, and so on. Rough estimates of transport type therefore
seem to involve a formal loss of one derivative on the unknown ( f, 0), which makes
the coupling singular. Hence, standard techniques cannot be applied to obtain a
solution to the system (apart from working with functions with analytic regularity).
In [14], Baranger and Desvillettes conjectured anyway that the system is well posed
in Sobolev spaces.

In this work, we partly confirm this conjecture by showing that (TS) is locally well
posed in Sobolev spaces, when the initial data satisty a stability condition of Penrose
type. However, when this stability condition is violated, the system is actually ill
posed in the sense of Hadamard (see [12]), which means, loosely speaking, that it
indeed displays losses of derivatives in this case.

The rest of the introduction is structured as follows. In Section 1.2, we introduce
the Penrose stability condition for thick sprays and state our main result on local
well-posedness for (TS). In Section 1.3, we describe several generalizations of the
thick spray equations (TS), taking into account possible density-dependent drag or
collisions in the kinetic equation, as well as non-barotropic Navier—Stokes equations.
These variants will be treated in Sections 7.1, 7.2 and 7.3. Section 1.4 is a general
overview on fluid-kinetic systems, as well as on singular Vlasov equations. Finally,
Section 1.5 provides a detailed outline of our method of proof.
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1.2 Assumptions and main result

Fora = (a1, ...,aq) € N¢, we write |a| = Zle ; and 9% = 9%} -+~ 95%. In this
work, we will denote by H* (or H* (T d )) the standard L? Sobolev spaces for functions
depending on x € T¢. When it is necessary, we will denote by Hl;,v the same spaces
for functions depending on (x,v) € T¢ x R?. To ease readability, we shall sometimes
abbreviate L2(0, T;L2(T %)) and L?(0, T; H* (T 9)) as L% L? and L% H¥, respectively.
We will also use weighted wa Sobolev spaces. They are defined as follows:

Definition 1.2. Fork € N, r > 0and f: T¢ x R? — R, we define the weighted
(in velocity) Sobolev norms as

1
2
€1l 55 :=( > /Td /Rd(u)”m;’gagf(x,v)|2dxdv) ,

| +1BI<k

where (v) = (1 + [v[?)2.

We now introduce the following Penrose function, which will be used to state the
relevant corresponding Penrose stability condition.

Definition 1.3. For any distribution function f(x, v) and density p(x), we define the
Penrose function

pl(p(x))lo(x) too e—(y—‘,—i‘[)s lk

P k) := "t
f,,O(x’yvra ) l—pf(.x) o 1+|k|2

(Fuy V) (x,ks)ds (1.4)

for (x,y.7.k) € T4 x (0, +00) x R € R4\{0}.

Definition 1.4. We say that the couple (f(x, v), p(x)) satisfies the c-Penrose stability
condition (for the thick spray equations (TS)) if there exists ¢ > 0 such that

P) Vx e T, inf [T —Prp(x, y, 1, k)| > c.
(y,7,k)€(0,4+00) xRxR¥\{0}

When needed, we shall denote this condition by (P)..

As we shall explain later on, such a condition stems from the study of Vlasov
equations in plasma physics. In the context of the Vlasov—Benney equation, a similar
condition was the key to obtain local well-posedness in Sobolev spaces (and for its
derivation in the quasineutral limit), see [90]. We refer to Section 1.5 for more details.

Remark 1.5 (Sufficient conditions ensuring (P)). Let us describe a few classes of
profiles (f(x, v), p(x)) which satisfy the Penrose stability condition (P). Several cri-
teria on the shape of f(x, -) for every x € T¢ indeed provide sufficient conditions for
(P) to hold (see for instance [121]). We shall assume that f(x, -) is at least integrable
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and that the nonnegative prefactor in front of the integral in P, is bounded from
above on T¢.

» First, any sufficiently small smooth profile f satisfies (P).

*  When d = 1, the one-bump profiles in velocity, that is to say profiles such that,
for all x € T, the function v — f(x, v) is increasing then decreasing, satisfy the
Penrose condition.

e In any dimension d > 1, any profile such that, for all x € T4, f(x, ) is a radial
nonincreasing function in velocity is Penrose stable. In particular, it includes the
case of (local smooth) Maxwellians in velocity. If d > 3, any profile such that,
forall x € T, f(x, -) is a radial and strictly positive function in velocity satisfies
the condition.

* More generally, the following criterion on the marginals of f has been devised
in [121] and ensures the Penrose stability: for all x € T4,

¥ (wo, k) € R x R4\{0},

P'(p(x))p(x)
A+ kP —pon ™Y [8 T3

where p.v. stands for the principal value on R and

k
Vr € R, f@(r)'_/k (rm—kw)dw.

13

dy <1,
wo

* Finally, any sufficiently small smooth perturbation of a Penrose stable profile will
still satisfy (P). In particular, a slightly perturbed one-bump profile f(x, -) remains
Penrose stable.

Our main result reads as follows.

Theorem 1.6. There exist mg > 0 and ro > 0, depending only on the dimension, such
that the following holds for all m > mg and r > ry. Let

fin c Jm Qin = Hm-‘rl uin c H™
r o ’

such that (f, o™) satisfies the c-Penrose stability condition (P). for some ¢ > 0 and
0< fin, prn < O <1, 0<p<om 0<Q§(1—pfm)gi“§§

for some constants ©, i, ., 0. Then there exist T > 0 and a solution ( f, 0, u) to (TS)
with initial condition (™, o™, u™) such that

fee(o, T #™ "), o0el?0,T:H™), ueC0,T];H™) NL>*0,T;H"),

and with (f(t), o(t)) satisfying the 5-Penrose stability condition (P)c/, for all t €
[0, T']. In addition, this solution is unique in this regularity class.
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In short, our result yields the local well-posedness for the thick spray equations,
in the class of Penrose stable initial data. On the other hand, as already mentioned
earlier, outside of this class, the system is ill posed in the sense of Hadamard. We refer
to [12], in the spirit of [11,87] for singular Vlasov equations (see also the discussion
in Section 1.4).

Remark 1.7. The uniqueness part in the previous statement must be understood as
follows: if (f1,01,u1) and (f2, 02, u2) are two solutions to (TS) on [0, 7] with the
previous regularity and with the same initial condition ( /™", o', u'") (satisfying (P)),
then (f1,01,u1) = (f2,02,u2) if t = (f1(¢), 01(?)) satisfies the Penrose stability
condition (P) on [0, T'].

Remark 1.8. Let us point out the shift of one derivative in the regularity between f
and o, which is reminiscent of the formal loss of derivative that was evoked earlier.

Remark 1.9. In [39], the authors consider the linearization of (TS) around a radially
nonincreasing and homogeneous profile (for the kinetic part). This can be seen as a
particular case of the Penrose stability condition (P). They obtain a stability estimate
in L? around the solution generated by such particular data. However, it is not suffi-
cient to provide a well-posedness result for the full nonlinear equations. As a matter
of fact, since the equations are quasilinear, one would need to prove the analog of
such stability estimates for all functions in a neighborhood of the aforementioned
solution.

Remark 1.10. (1) It appears to be more natural (see, in particular, the proof of
uniqueness in Section 6.3) to consider the optimal Penrose function

p'(p(x)p(x) [F°

e~ UFDS i fe  (F, Vo) (x, ks) ds,
L—pr(x) Jo

Prplx,y.1,k) =

instead of P; ,,, as well as the related stability condition

(Opt-P) Vx e T?, inf 11— Prp(x.y.T.k)| > c.
(7,7.k)€(0,+00) xRxR4\ {0}

We refer to (Opt-P) as the optimal Penrose stability condition. The condition (Opt-P)
is weaker than (P). Indeed, using a homogeneity argument combined with a continuity
argument, it is possible to prove that if (P) holds for some ¢ > 0 for (f, p), then (Opt-P)
holds as well.! However, our strategy in this work will be based on a regularization
of the force field in the Vlasov equation, and requires the stability condition (P). It is
likely that, using the techniques of [41], one could assume (Opt-P) instead of (P) on

'We refer to the uniqueness part of the proof in Section 6.3 for more details.
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(f, o) to prove the well-posedness of thick spray equations. However, this would
require substantial work

(2) The factor T k\2 in the Penrose function Py, could appear as arbitrary. It is
actually related to the explicit regularization procedure of the force field that will be
made clearer later on. By a homogeneity argument, it is however possible to prove
that the condition (P) is equivalent to

Vx € T¢, inf 1= AP, (x.y. T.k)| > c. (1.5)
(y,t,k,A)eStx(0,1]

where
Fi={0n k) € (0.400) x RX R0} | y? + 22 + &% =1},

This implies, in particular, that the factor ™ k|2 could for instance be replaced by
W for any o > 0 in (1.4). We refer to Remark 2.12 in Section 2.2 for the use

of such reformulation of (P) in the regularization procedure.

Remark 1.11. In the Euler case for the fluid, that is, for the same system on ( f, 0, u)
but without the term —A u — V, divy u in the equation for u, the question of well-
posedness remains open.

1.3 Generalization to several variants

We are also interested in more complex versions of the system (TS) that take into
account more physical effects. In this section, several such variants are presented. The
main strategy of proof adopted in this work for (TS) will be robust enough to handle
such models: we will show how to obtain their local well-posedness in Sections 7.1,
7.2 and 7.3.

1.3.1 Non-barotropic Navier-Stokes equations

If one wants to get rid of the barotropic-type assumption on the fluid, one has to
consider its internal energy e = e(¢, x) € R™ as an additional unknown. This leads to
the following system of equations:

df +v-Vif +divy[f(u —v) — fVxp(o,e)] =

d; (o) + divy (aou) = 0,

¢ (ou) + divy(aou @ u) + aVyp(o,e) — Axu — Vydivyu = jr — pru,
0¢ (oe) + divy(coeu) + p(o, e)(9;a + divy(au)) = » lu —v|? fdv,
a=1-pr.

(1.6)
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Here, p : RT x Rt — Risagiven C(RT x RT) N C®(RT\{0} x RT\{0}) function
such that the pressure term is a function p = p(p, e) depending on the fluid density
and the internal energy. For instance, a relation of the type p(o, e) = boe (for some
b > 0) is a perfect gas pressure law.

The apparent loss of derivative is still present in such model and occurs between
f and e. In Section 7.1, we shall also justify how to build local-in-time solutions for
(1.6) thanks to an adapted Penrose stability condition.

1.3.2 Kinetic equation with collisions

In the thick spray regime, it is physically relevant to take into account collisions
between droplets. A collision operator is therefore sometimes added in the kinetic
equation, which turns into a Vlasov—Boltzmann type:

I f +v-Vaf +divy[ fu—v) = fVxp(0)] = QL /).

The quadratic operator Q(f, f) = @, (f, f) stands for some Boltzmann collision
operator for (in)elastic hard-spheres. Here A € (0, 1] is given and is called the restitu-
tion coefficient, which is involved in the microscopic laws defining collisions between
particles. We refer to Section 7.2 for some details about the precise definition of the
collision operator @ and some of the main basic features of inelastic collisions. Let
us mention that the case A = 1 corresponds to standard perfectly elastic collisions
and that the inelastic case A € (0, 1) leads to a loss of kinetic energy along collisions
(while mass and momentum are always conserved).

We will also explain how to include a collision operator in the kinetic equation
for f and still obtain an analog of Theorem 1.6.

1.3.3 Density-dependent drag force

In many applications, the force I' = I'(¢, x, v) € R¢ acting on the particle should
actually present a density-dependent drag force, for instance of the form

[, x,v) = o(t, x)(u(t, x) = v) = Vx[p(2)](z, x).

Compared to that of the system (TS), this force displays an additional nonlinearity.’
The Brinkman force in the Navier—Stokes equations also becomes

—[Rd o(u —v)fdv =o(jr — pru).

2 A more physical model should deal with a nonlinear drag of the form C[o, [u — v|](u — v),
which is for the moment out of the scope of a rigorous mathematical analysis. However, our
approach can for instance allow the treatment of a drag of the form o[(u — v) + y(u — v)]
where y € C°(R¥:R¥) is such that y(0) = 0 and y’(0) = 0.



Introduction and main results 10

Because of the modified term o(¢, x)v - V,, f in the kinetic equation, this induces a
potential growth in velocity which could become out of control. In Section 7.3, we
will deal with the case of such a density-dependent drag term, up to the additional
assumption that the initial data 7™ has a compact support in velocity.

1.3.4 Density-dependent viscosities

It is also possible to consider more general viscosity coefficients in the Navier—Stokes
equations of (TS), that is, replacing the differential operator —Ayu — V, div, u in the
equation for u by

—divy (2u[0]D(u) + Alo] divy u 1),

for smooth nonnegative coefficients i, A : R™ — R* such that 1£(0) = A(0) = 0.
For the sake of simplicity, we restrict ourselves in this work to the case © = 1 and
A = 0. We claim however that our analysis applies mutatis mutandis to this more
general situation. As a matter of fact, we will consider local-in-time strong solutions
for which g is non-vanishing.

1.4 Overview on fluid-kinetic systems and related models

Let us provide an overview on couplings between fluid and kinetic equations, both
from the modeling and the theoretical points of view. In particular, we want to high-
light the differences between the main regimes for the description of sprays (namely,
thick versus thin). We also review some existing works on singular Vlasov equations
coming from plasma physics, our strategy for thick sprays being inspired by the study
of such systems (see Section 1.5).

1.4.1 Fluid-kinetic description

We can trace back the introduction of fluid-kinetic couplings for the description of
sprays involving a large number of particles to [124, 137]. We also refer to [59] for
a general overview on the description of multiphase flows, as well as to [129]. Note
that, compared to an Eulerian-Eulerian description for both gas and droplets (where
both phases are described at the macroscopic level, with (¢, x) variables), a fluid-
kinetic point of view seems to be well-suited for polydispersed flows (i.e., when the
size of the droplets can vary). Indeed, no average is taken to compute the drag force,
for instance. Of course, many other physical effects, such as coalescence, breakup,
vaporization or chemical reactions, can be included in the models (see e.g. [13, 108]).
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1.4.2 Thick spray case

Models for thick sprays have been explicitly introduced and derived at the formal
level in [64] and in [124, Chapter 2]. In particular, the pressure gradient acting on
the dispersed phase is already present in [64], while [124, Chapter 2] also consid-
ers the additional contribution of collisions. The use of such complex models was
subsequently pursued by O’Rourke’s team at the Los Alamos National Laboratory to
develop the Kiva code [4, 125, 126]. From the numerical and modeling point of view,
let us also refer to the works [20, 26].

As explained above, the coupling between both phases makes the rigorous study
of thick spray equations reputedly challenging. The mathematical study of such type
of models is still in its infancy and only a few formal results are available.

In [61], the authors consider a formal hydrodynamic limit starting from a thick
spray system of the type (1.6) (without fluid dissipation and with an additional energy
variable for f) with an inelastic collision operator. The limit of Knudsen number
tending to 0 allows one to derive (at least formally) a two-fluid coupled system. The
latter turns out to be a standard model of multiphase flow theory where the volume
fraction is now an unknown (see the book [103]). It formally connects thick spray
models to multifluid systems, where the presence of a common pressure term is stan-
dard. This somehow a posteriori explains the additional pressure gradient in the force
field acting in the kinetic equation. A standard feature of this bifluid limiting system
seems to be a lack of hyperbolicity [92,107,123], so that its behavior is a priori highly
unstable. Note that preliminary computations performed in [128] tend to indicate that
adding some viscous term along some directions makes this type of system better
behaved.

A new understanding of thick sprays has been obtained in [39], where the lin-
ear stability for (TS) and (1.6) is investigated. More precisely, the L? linear stability
around a family of particular space-homogeneous profiles (for the kinetic phase)
is obtained thanks to a suitable Lyapunov functional. The profiles in velocity are
required to satisfy a property of monotonicity, this condition being a special example
of the Penrose stability condition (P) that we shall impose on the initial condition
(recall Remark 1.5 above).

Very recently, [69] has proposed a new averaged version of thick spray models,
where the pressure gradient —V, p(@) in the kinetic equation and the volume frac-
tion « are regularized by including an extra convolution operator. Local existence in
Sobolev spaces for this new version of the original thick spray model is obtained in
the Euler case for the fluid, using tools from symmetrizable hyperbolic systems (see
[14,115]).



Introduction and main results 12

1.4.3 Barotropic compressible Navier—Stokes equations

When f = 0 (and thus & = 1), the system (TS) reduces to the standard compressible
Navier—Stokes equations for (g, u), in the barotropic-type regime. These equations
have given rise to an abundant literature for more than half a century. Global weak
solutions of finite energy have been built for the first time in [109] for constant vis-
cosity coefficients, a result extended in [68] for more general pressure power laws.
Another notion of weak solutions was also considered in Hoff [100]. For more recent
results allowing one to include degenerate viscosities and more general pressure laws,
see e.g. [35-38, 118, 133].

In the framework of strong solutions (local in time or global with assumption on
the data), we can for instance refer to [122, 131] for classical ones, to [132] for mild
solutions, to [116, 117] for solutions with high Sobolev regularity near equilibria, and
to [101] for the fine description of the time asymptotics of the system. Let us also
mention the more recent works [43, 50-52, 54,56, 57] for the study of the system in
critical spaces.

1.4.4 Thin spray case: The Vlasov—Navier—Stokes system

Unlike the thick spray regime corresponding to (TS), there exists a rich literature
on the so-called thin spray models. This corresponds to a regime where the particle
volume fraction is small compared to that of the surrounding fluid; the quantity « is
directly set to 1 and does not appear in the system (see Remark 1.1). The main term
of the coupling which is retained is the drag force (that is, I'(¢, x, v) = u(¢, x) — v),
and its feedback in the fluid equation.

An important fluid-kinetic model in this class is the so-called Vlasov—Navier—
Stokes system, which describes a monodisperse phase of small particles flowing in
an ambient, incompressible, homogeneous, viscous fluid. It takes the form

0, f +v-Vyf +divy[f(u—v)] =0,
(VNS) dru+ (u-Vy)u—Axu +Vep = jr — pru,

divyu =0.

This system has been for instance shown to provide a good description of medical
aerosols in the upper part of the lung (see e.g. [28,30]).

From the mathematical point of view, many directions of research have been
explored about (VNS) (and its variants) over the past twenty years. The Cauchy the-
ory, addressing the existence of global weak solutions for (VNS) on a large class of
domains in dimension 2 or 3, is by now well developed (see e.g. [5,25,77]), and
also allows for more complex physics in the model (see [29,31]). It mainly consists
in obtaining a Leray weak solution for ¥ and a renormalized weak solution (in the
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sense of DiPerna and Lions [63]) for f, using a remarkable energy-dissipation iden-
tity that is satisfied by solutions to the system. In dimension 2, the uniqueness of such
solutions has been shown in [85].

More recently, several asymptotic behaviors of (VNS) have attracted considerable
attention. The question of the large-time dynamics for (VNS) has seen significant
advances over the past few years. Roughly speaking, it is expected that the cloud of
particles aligns its velocity with that of the fluid, that is,

ut) ——> v, f(t) —— p* ® Sy=yp=
t—>—+o00 t—>+00

for some asymptotic velocity v> € R? and profile p>(z, x).

The first complete answer justifying such singular asymptotics has been obtained
in [86] for Fujita—Kato-type solutions, in the 3D torus case. In the whole space R3,
this question is studied in [55, 80], while the case of a 3D bounded domain (with
absorption boundary conditions for f') is investigated in [67]. We also refer to [65]
for the half-space case, where the additional effect of a gravity force on the particles
(combined with absorption at the boundary) leads to decay of the solution to 0.

Another asymptotic regime is the so-called hydrodynamic limit starting from
(VNS), related to high-friction regimes. Considering some suitable scalings mak-
ing a small parameter & appear in (VNS), one wants to obtain a hydrodynamic and
effective system when ¢ tends to 0. Here again, this issue is linked to a monokinetic
behavior of the form f;(1) — p(t) ® Sy—u() and ug(t) — u(t), with (p(z), u(r))
satisfying transport-Navier—Stokes or inhomogeneous Navier—Stokes equations. We
refer to [84] for the more complete and recent results on this question, and to [66,96],
where the gravity effect is taken into account, leading to macroscopic sedimentation
couplings in the limit.

Let us finally mention the challenging open problem of the derivation of (VNS),
starting from microscopic first principles. We refer to [42, 60,93-95,97] for a partial
answer based on homogenization and the justification of the Brinkman force in the
fluid equation, but without the complete dynamics of the particles. In the case of
the Vlasov—Stokes system, let us mention the recent results obtained in [98,99]. An
alternative (but still formal) program has been proposed in [22, 23], starting from a
system of coupled Boltzmann equations.

1.4.5 Several variants of (VNS)

The Vlasov—Navier—Stokes system can also be considered with inhomogeneous or
compressible Navier—Stokes equations [45, 46, 49] and additional terms in kinetic
equations [47,48].

Note that the case of compressible Euler equations for the fluid, coupled to a
kinetic equation, has also been investigated. We refer to [14] (for the thin spray case)
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and [115] (for the so-called moderately thick spray case when collisions between
particles are not neglected), where local-in-time strong solutions are built, thanks to
ideas coming from hyperbolic systems.

1.4.6 Singular Vlasov equations

As we shall explain later on (see Section 1.5 on our strategy of proof), we shall take
our inspiration from a different problem coming from plasma physics, which is the
so-called quasineutral limit problem. More specifically, let us look at the dynamics
of ions described by the following Vlasov—Poisson system:

O fe+v-Vife+E.-Vyfe =0,
(VPS) Es = _VxUsa
(Id — AU, = / fe(t, x,v)dv —1,
R4

when ¢ < 1, corresponding to a small Debye length regime for the plasma. The issue
at stake is the validity (or invalidity) of the formal limit ¢ — 0, leading to

atf‘{‘v'vxf_vxpf'vvfzov

(VB) pr(t,x) = / f(t,x,v)dv.

R4
This system was named as the Vlasov—(Dirac)-Benney system by Bardos in [15]. As
directly seen on (VB), the force field in this Vlasov equation is one derivative less
regular than the distribution function f itself, thus displaying an apparent loss of
derivative.

The question of the justification of the quasineutral limit (from (VP,) to (VB))
and of the well-posedness of the limiting system (VB) has given rise to a wealth of
literature for more than twenty years. Preliminary results have investigated the limit,
up to some defect measures [34,74], and have been followed by a full justification in
the analytic regime [75] (see also [82,83]). We also refer to [33,78, 112] for the case
of singular monokinetic data leading to fluid equations. However, the quasineutral
limit does not hold in general because instabilities for Vlasov—Poisson can take over
(see [81]).

In general, there also exist unstable homogeneous equilibria of (VB) around which
the linearized equations have unbounded unstable spectrum (typically two-bump pro-
file in velocity, leading to the so-called two-stream instability). Therefore (VB) may
be ill posed in the sense of Hadamard [11, 18, 87] in Sobolev spaces, even with arbi-
trary losses of derivatives and arbitrary small time.

A local theory for (VB) thus requires additional assumptions on the initial data.
A Cauchy—Kovalevskaya-type theorem can be applied [24, 105, 121] to show that
there is local existence of analytic solutions for analytic initial data. In dimension
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d =1, Sobolev initial data with a one-bump profile in velocity (for all x) leads to
local-in-time solutions, as shown in [16] (see also [17] for more properties).

In any dimension, the quasineutral limit and the well-posedness in Sobolev spaces
of (VB) have been obtained in [90] under a Penrose stability condition on the initial
data f™. In this work, the same type of condition as (P) is assumed, replacing the
function P, by P defined as

+o0 ) ik
PYP(x,y. 1. k) = / e~ rHiDs (Fo Vo) (x, ks) ds.

0 1+ |k

Up to some prefactor coming from coupling for sprays, our assumption (P) in The-
orem 1.6 is closely related to that of [90], and this work is the main inspiration of
our analysis. We also refer to the recent work [44], where the existence of local-in-
time solutions for mildly singular Vlasov equations is shown (without assuming any
stability condition).

Note that the rescaling (¢, x, v) — (¢/¢e, x /e, v) in (VP,) leads to the same equa-
tion with ¢ = 1, hence connecting the quasineutral limit to an issue of large-time
dynamics. The Penrose stability condition (P) appearing on a homogeneous profile
f(v) is actually a necessary condition for its long-time stability in the Vlasov—Poisson
equation (VP,) with ¢ = 1. This last issue is also linked to the Landau damping effect,
which has been proved to hold in a small (Gevrey) neighborhood of such stable pro-
file. In the torus, we refer to the breakthrough work [121], as well as to [19, 76].

1.5 Strategy of the proof

We conclude this introduction by presenting a detailed outline of the proof. This will
allow at the same time to explain the structure of the memoir. In order to ease read-
ability and highlight the main features of the analysis, we deliberately state our results
without specifying the precise assumptions.

As explained above, and for the sake of clarity, we shall focus on (TS). This
system indeed retains the main features and difficulties of this work. Our result and
proof will be generalized to the more complete systems presented in Section 1.3 (see
Sections 7.1, 7.2 and 7.3).

In the preliminary Chapter 2, we start by deriving several a priori energy esti-
mates on the system (TS). We show in Proposition 2.3 that for all € [0, T'],

lo@ i < " lim ®(T.... latlluooo, s+ 1y 1 oo pogemtty)s (17

where @ is a continuous function which is increasing with respect to each of its
arguments and ...’ involves lower order terms. On the other hand, we have, for all
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t €[0,T],

lor @Ollam +11jr @ lam < 1LF @ ¢

< 1" (T [l o.7smem)- el 20, m+1))-
(1.8)
The estimates (1.7) and (1.8) thus yield a loss of two derivatives for the fluid density g.
This formally prevents the use of standard techniques to obtain a (local-in-time) solu-
tion. The main goal of the analysis is to show that these losses are only apparent when
the initial condition ( /™", o™) satisfies the Penrose stability condition (P).
To this end, we first consider the following regularization of the system (see also
Remark 2.12), which includes a parameter ¢ € (0, 1) that is bound to go to O:

0 fe +v - Vi fo +divy[fe Ee — fev] =0,

0:((1 — pr)os) + dive (1 — pg)ostts) = 0,

(1 — pr)(eld:ius + (us - Vi)ue] + Vi p(oo)) (1.9)
= Axug + Vi divyug + jr, — pr.its,

_ fin __ in __,,in
fS\t=0—f s Qejp=0 =0, Ugt=0=1U",

where
pr.(t,x) :/ fe(t, x,v)dv, Jr.(t,x) :/ fe(t, x,v)vdv,
R4 R4
Ee = —p'(0e)Vx[Jc0e] + ue, Jo=(1d—e2A) "

In the following, for the sake of readability, we systematically dismiss the subscripts &
but keep in mind that all unknowns depend on €. When ¢ > 0, the regularized system
can be seen as a non-singular coupling between compressible Navier—Stokes and the
Vlasov equation; as a result, classical energy methods allow us to build local-in-time
solutions, away from vacuum (this is shown in Appendix B). However, the point is to
obtain uniform in & estimates on some interval of time which has to be independent
of . With this goal in mind, we set up a bootstrap argument that starts at the end of
Section 2.2.
We introduce

Nm:r(f? Q’ u, T)
= ||f||Loo(o,T;,;e;ﬂ*1) + llell 2o, 7:mmy + U llLeo 0, 7:1m)AL2(0,7:1m+1)

for T > 0, and we want to obtain a uniform (in ¢) estimate for this quantity. This
will pave the way for a compactness argument allowing us to pass to the limit in the
previous regularized system when ¢ — 0. Observe the shift of one derivative between
the norm on f and that on o. By (1.8), a control on [|o||; 2o, 7;1my and [|u| oo o, 7;1m)
implies a control on || f || oo (g, 7;5em~1)- Hence, the main challenge is to derive an
estimate for [[ol|;2(o,7:um)-
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Our main observation is that, using the definition of « in the equation of conser-
vation of mass, the fluid density satisfies a transport equation of the type
0
1 —py

dio+u-Vyo+ divy [jf — pfu] = lower order terms; (1.10)
therefore ¢ depends on f only through its moments in velocity ps and jr. The goal
of Chapters 3 and 4 is thus to relate these two moments to the fluid density o itself.

To do so, we initiate in Section 2.3 the study of the Vlasov equation satisfied
by f with a Lagrangian point of view. We study the characteristic curves for the
kinetic dynamics with friction

d_ .. . .
d—XS”(x, v) = V¥ (x,v), X" (x,v) =x,
s

d_ .. . . . .
d—VS’t(x, v) = =V (x,v) + E(s, X (x,v), V¥ (x,v)), V' (x,v) =v,
s

stemming from the Vlasov equation in (1.9). The term —v in the force field is respon-
sible for the friction dynamics. To simplify its study, we want to straighten the total
kinetic operator

0 +v-Vy +divy((E —v)-)

into
0 +v-Vy—v-V, (1.11)

for short times. The operator in (1.11) corresponds to the free dynamics with friction.

More precisely, we prove in Lemma 2.26 that for 7" small enough (independent
of &), x € T¢ and 5,1 € [0, T], there exists a diffeomorphism ¥ ,(x,-) : R — R4
satisfying, for all v € R?,

XS (x, Y (x,0) = x + (1 —e" ). (1.12)

In addition, we provide several useful Sobolev estimates on . We call this diffeo-
morphism the straightening change of variable in velocity.

The heart of the proof appears in the remaining chapters. In Chapter 3, we study
some smoothing averaging operators that will be crucial for the subsequent analysis
of Chapter 4. In short, the study of these operators will enable us to split all the
quantities exhibiting a loss of derivative into a leading term and a good remainder
which will be controlled.

Let us introduce the following kernel operator, already considered in [90]:

KEe[HI(, x) = / | / [VxH](s,x = (t = 5)v) - G(t, 5, x,v) dv ds.
0o JR4

Despite the apparent loss of derivative, it is proved in [90] that this operator is bounded
in L2TL)2€ as soon as the kernel G is sufficiently smooth and decaying in velocity, a
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result related to the classical averaging lemmas [71]. We refer to the introduction of
Chapter 3 for more references and explanations about this aspect. We shall provide
here extensions of this result to the natural averaging operator for the dynamics with
friction (associated with (1.11)), namely

KE[H](@t, ) = [ / [VxH](s,x + (1= ™)) - G(t,5,x,v) dv ds.
0o JR4

We shall see in Proposition 3.4 that K{%¢ is also bounded in LZL2 under similar
smoothness and decay assumptions for the kernel G. It was also observed in [91]
that when the kernel cancels out on the diagonal s = 7, the operator ng’e becomes
bounded from LZTL)ZC to L%H)lc, i.e., we gain one extra derivative in x; the same holds
as well for KfGriC, see Proposition 3.5.

A key result we prove (see Proposition 3.7) is the fact that the difference between
the two latter operators also allows us to gain a derivative in x, namely KfGree — Kf(r;iC is
bounded from LZL2 to LZH.. Propositions 3.4, 3.5 and 3.7 will be used at multiple
times in this work.

Chapter 4 is dedicated to the proper analysis of the kinetic moments ps and jr.
The main result provided in Proposition 4.1 is the fact that for all |[/| < m we can
write

8 pyr (1) ,
= p’(@(t,X))/ / Vi[TedLol(s, x — (t — $)v) - Vy, f(t, x,v) dv ds + R,
0 JR4
3L jr(t.x) t
) / / VY, [1.9%0](s. % — (¢ — $)v) - Vo £ (£ x. v) du ds + R,
0 JR4

(1.13)
where R stands for a well-controlled remainder in L2 H?. Combining with the conti-
nuity results for the averaging operator K¢ this proves that the loss of deriva-

'@V f’
tive for pr and j in (1.8) was only apparent.

To obtain these identities, the first step is to derive a good equation satisfied by
L £ to this end, it is natural to apply the operator 3. to the Vlasov equation. We
readily obtain

3,01 f +v-Vyedl f + div, (3L f(E — v)) + div,([8L, E]f) = 0,

and we observe that the commutator involves
e the main order term
div, (3L(E) ) (1.14)
that will account for the leading term in the identities (1.13),

¢ Jow order terms that can be controlled,
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* but also terms of the form

M E-9Vyf. |Jl=m—1,
() PE-3/Vyf. |J|=m-2.

The terms of type (I) clearly cannot be considered as remainders, since they involve
m derivatives of f, which we do not uniformly control. The terms of type (II) are
not remainders either, since we expect to plug in the identities (1.13) in the equation
for o, and this involves an extra derivative in x, thus also resulting in terms with
m derivatives of f. To overcome this difficulty, we argue as in [90] and consider an
augmented unknown ¥ = (8)’6,” S)11=m—1,m Which satisfies a system of the form

3 F +v Vo —v-VoF +divy(EF) + MF + £ = R,

where M is a bounded linear map, &£ stands for the terms like (1.14), and R is a well-
controlled remainder. Note though that in [90], only the terms of type (I) are relevant
and the augmented unknown only involves derivatives of order m.

Controlling the averages in velocity of the whole family (BJIC,U I |=m—1,m allows
us to recover derivatives of ps and jr in H". We finally rely on the Duhamel formula
combined with an integration in velocity along the characteristics, on the straighten-
ing change of variable in velocity ¥ ; satisfying (1.12), and on the crucial gain of
derivatives provided by the kernel operators Kfvr‘;e r and KfV“j rto deduce (1.13).

We refer to this approach as a semi-Lagrangian one, in the sense that we first
apply derivatives on the kinetic equation and then integrate along the characteristics
to obtain equations bearing on moments.

Chapter 5 is then devoted to obtaining an estimate for ||oll;2(p,7;um). Taking
derivatives in the transport equation (1.10) for ¢ and using (1.13), one can write an
equation for dZp for all || = m under the form

0 .
1= py v (Ko @v, s 0e050) = KjiGpyv, s Uedi0)u]

3,0Lo +u-Vidlo+

= lower order terms.

Based on this equation, and using some commutation properties relating the operators

div, and Kf}r;?(ng Iz it is then possible to prove (see Proposition 5.1) that for all

|I| = m the function 31 satisfies

(Id—l @ ngeoJe)[ata§Q+u-vxa§Q]=52, (1.15)
—pr

G(t.x,v) = p'(o(t.x))Vy f(1. X, V).
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where R is a well-controlled remainder. The equality (1.15) has to be seen as a struc-
tural factorization of the equation for 3£ o, between the operators

4
—Pr

ld— 5 K&eoJ,
and
8; + u- Vx.

This relation is fully based on the coupling with the kinetic part.

The main goal is then to derive some good LzTL)ZC estimates on 8)ICQ. Again follow-
ing [90], the idea is to relate I_LWK?;“ o J, to a pseudodifferential operator and use
pseudodifferential calculus to derive a suitable estimate. This is where the Penrose
stability condition steps in and plays a crucial role: it will allow us to obtain estimates
without loss.

Compared to the analysis of [90], the extra derivative due to the transport opera-
tor in (1.15) forces us to consider time-dependent symbols; this requires an extension
on the whole line R of all functions, ensuring in the process that the Penrose sta-
bility condition still holds globally, see Section 5.3. For any y > 0, one has (see
Lemma 5.14)

eTVIKE=[e? H(t, x) := Op” (ar,)(H)(t,x) on(0,T)x T?,
with

“+o00 )
ago(t,x,y,t,k) = p’(g(z,x))/ e UFIDS i fe (F,Vy (2, x, ks) ds,
0

and thus (1.15) turns into the pseudodifferential equation

(Id_l Qp Opy(aﬁg)OJS)[ata)ICQJru.vxa){Q] - R (1.16)
— o7

Here, Op? refers to a pseudodifferential quantization on R x T4 and with parameter
y > 0 (see Appendix C for more details). By observing that

ar, = Pr,,
1= py fe fe

where

Pr).a@) (X, v, T, k)

— p,(Q(l‘,x))Q(l‘,x) oo e—(y-i—ir)s ik
1—pr(t,x)  Jo 1+ |k|?

(FuVy ), x, ks)ds,

we discover that the Penrose stability condition

vVt e R, inf |1— fPf(t),Q(t)(x, v, 7,k)| >0
(x,y,7.k)
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thus asserts the ellipticity of the symbol involved in the equation (1.16). Roughly
speaking, the Penrose stability condition shows that the equation (1.15) can be seen
as a factorization between an elliptic part and a hyperbolic part.

If we have an L2.L.2 bound on

H = a,a,{g +u- an,lcg,

a standard hyperbolic energy estimate associated to the transport part d; + u - Vy
directly leads to a suitable estimate on BJICQ (see Corollary 5.22).

Obtaining an LZTLfC control on H as the solution to the previous pseudodiffer-
ential equation (1.16) is thus enough to conclude. To do so, as in [90], we rely on a
semiclassical (with small parameter ¢) pseudodifferential calculus (with large param-
eter y) whose aim is to invert the equation for H up to some small remainder.’ The
key is that one can consider the symbol (1 — Ps,)"". This yields an L%L? estimate
for H in terms of the remainder R (see Corollary 5.20).

Chapter 6 is dedicated to the conclusion of the proof, gathering all the previous
steps and estimates of the bootstrap analysis. We obtain the desired uniform estimate
for the quantity Ny, »(fe, Oc, Ug, T'), which is valid for some time 7" > 0 independent
of e. The existence part of Theorem 1.6 is then easily deduced by a compactness
argument on [0, T']. The uniqueness part requires an additional argument, in the same
spirit as the strategy previously devised.

We provide in Chapter 7 several generalizations of our analysis to the more com-
plex models introduced in Section 1.3. In Section 7.1, we show how one can easily
adapt the strategy developed in this work to treat the case of a non-barotropic fluid
with an additional equation for the fluid’s internal energy.

In Section 7.2, we describe how one can include an inelastic collision operator of
Boltzmann type in the kinetic equation (see (7.3)). Note that our method follows an
idea used in [115], which allows us to overcome the loss of weight in velocity from
the collision operator thanks to the friction term in the original Vlasov equation.

In Section 7.3, we consider the case of a density-dependent drag force, for which
one can also prove a local well-posedness result, with the limitation that the initial
data ™" has a compact support in velocity.

We refer to the precise statements of Sections 7.1, 7.2 and 7.3 for more details
about the corresponding existence results.

Remark 1.12. Let us mention a possible simplified variant of our strategy (that will
not be developed in this work), which would only allow one to treat the barotropic

3This part of the analysis (involving a large parameter) is reminiscent of the use of the
Lopatinskii determinant or Evans functions to obtain good estimates in hyperbolic boundary
value problems or singular stable boundary layer problems (see e.g. [119, 120, 130]).
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case. The idea is to introduce the unknown
m = (1 —of)o
so that, using the relation

Q
Vio = \Y
x@ 1— oy xpf+1_pf

me7

the Vlasov equation and the equation for the mass conservation of the fluid can be
rewritten as

d;m + divy (mu) = 0,

p'(0)e r'(0)
11— prf Vo f = 1 —
of of

0 f +v-Vyf +divy[(u —v) f]— Vym -V, f,
where u is the solution of the associated equation for the momentum balance in the
Navier—Stokes system. Since u is expected to be more regular than f and m, the
only loss of derivative displayed by the estimates satisfied by ( f, mt, u) is now that
stemming from the force field Vy ps in the former equation for f. We can then focus
on the distinguished quantity por and rely on an analysis very akin to that of [90] to
prove local well-posedness under the Penrose condition (P).

The strategy which we develop in this work turns out to be more robust and
appears in particular effective in handling more complex cases, in particular that of
non-barotropic fluids (see Section 1.3.1 and Section 7.1), which is relevant in physical
applications.

Finally, we describe the content of the appendices at the end of this work.

In Appendix A, we state several useful functional inequalities for commutators,
products and composition on T¢ and T¥ x R¢. In Appendix B, we justify the main
steps providing the existence of a local-in-time solution ( f;, 0¢, U¢) to the regularized
system (1.9) when ¢ > 0 is fixed. In Appendix C, we recall and give the main notions
on pseudodifferential calculus (with parameter) that we shall need in this work.

In the rest of the work, we use the standard notation A < B to mean A < ¢cB
for some ¢ > 0 that is independent of A, B and ¢, but that may change from line to
line. Furthermore, A will stand for a nonnegative continuous function which is inde-
pendent of e, nondecreasing with respect to each of its arguments, that may depend
implicitly on the initial data and that may change from line to line. Finally, we denote
by [P, Q] = PQ — QP the commutator between two operators P and Q.



Chapter 2

Preliminaries

In this chapter, we initiate the bootstrap strategy that will be used to prove The-
orem 1.6. Throughout this work, we will constantly rely on the following lemma
(which is a straightforward consequence of the Cauchy—Schwarz inequality).

Lemma 2.1. For any nonnegative measurable function f(x,v) and k € N, we have

d
VleN, Vr > — +k, H/ lv[¥£(-, v) dv
2 R4

< 1l e
H¢

In particular, we have
d
VEEN, Vr> = lprlue < Ifl e

d
VEEN, Vr> o+ 1 (e < Ifl e

2.1 Energy estimates

Our aim is to obtain some a priori estimates for smooth solutions to the system (TS).
We first study the fluid density o, which is shown to satisfy a hyperbolic-type equa-
tion.

Lemma 2.2. Let T > 0, ¢ > 0 and (f, 0,u) satisfying (TS) on [0, T] with 1 — pr > ¢
on [0, T]. Defining the operator L%/ as
LS =9 4+ u -V + B,

where
1
—pPr

B*/ = 1 dive[F +ulld, F(t,x):= (jr — pru)(t, x),

the fluid density o satisfies
L4 o =0 onl0,T].
Proof. The transport equation for g in (TS) can be rewritten as

(1—pr) (B0 +u-Vio) +0(3:(1 = pr) +u-Vi(1 = pr)) + (1 — pr)odivy u = 0.
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Integrating the Vlasov equation in the v variable, we obtain the equation of conserva-
tion
drpr +divy jr =0

therefore d;(1 — pr) = divy jr and we get

O=8,Q+u-VxQ+1

'pr [divy jy — - Veps] + odivyu

o . ..
dive[jr — pru] +
T—p T,

0
1 —py

=dio+u-Vyo+ pr divy u 4 o divy u

— d0+u-Vio+ diveljs — prul + 1_@ divy u.
We recognize the expression of the Brinkman force F := j; — pru and therefore o
satisfies the equation

d;0+u-Vyo+ 1 divy[F + ul]o =0,

which is the claimed result. [

We are now able to derive a Sobolev estimate bearing on the fluid density g, in
which we control £ derivatives of ¢ by £ + 1 derivatives of f and u.

Proposition 2.3. For all {,r > 14+ d/2, ¢ >0, T > 0, and all smooth functions
(f.0,u) such that 1 — py > c and

£4fo=0 onl0,T],
we have the estimate
Ve [0.7). lle®llye = Q" e T exp[TeT DT Qy(T.u. )],
where

Cr(u, f) = [ldivx oo (o, 7yxrey + 21B™ oo 0,1y
Qe(T u, ) = [ull oo, 7m0

‘|

1 ( 2 2
1 e ety + 100 ey )-
1= o7 |l Lo 0.7:10) Loo(0,T; 7,7 ) Lee(0,T;H )

Remark 2.4. Note that for the same exponents £ and r, one has

Cr(u, f)

< lullooo,7:m6) + H

2 2
(112 e, + 1o ey )-

1 = pf [l Loo(0,7:1.00)



Energy estimates 25

Remark 2.5. Let us mention that, for any smooth solution ( f, o, u) to (TS), the func-
tion (1 — pr)o satisfies

L40[(1 — pr)e] = 0.

As a consequence, the result of Proposition 2.3 holds for (1 — pr)e instead of g, by
considering @, (T, u,0) and C7(u, 0).

Proof of Proposition 2.3. The proof is standard but for the sake of completeness and
for highlighting the dependence on f and u, let us write it. First, suppose we have a
smooth function / satistying

£f () =8,
where S is a given smooth source term. Performing an L2-energy estimate, we get
d
ChI7 = =200 Vb )iz = 2B hh)yz + 2(S. By
_ / (divy u — 2B )| dx + 2(S. h)y2.
Td

By the Cauchy-Schwarz inequality, this yields, for all ¢ € (0, T),

%||h(t)||iz < Cr(u, HIKOIE + 21Ol 7012,

where

Cr(u, f) = [[divx ull oo, ryxr ) + 21 B* llLoo(0.7)xT )

By Gronwall’s inequality, we deduce that

t
1A (@)l 2 < [h(0)|| 2T @12 4 / eCTNU=D2) §(7) || > dr.
0

Now, let us assume that ¢ is such that £*7 (¢) = 0. Let 8 € N such that |8| < ¢.
Since

LS (0f0) = [, u- Vi + B Jo,
the first part of the proof with & = afg and § = —[3§,u Y, 4+ B“’f]Q leads to
1080(0)|l12 < (188 0(0) | 2eCT @ 1/2

t
b [ a8 9, 4 ot o
0

We can estimate the commutator

[0 Vs + B Jo = [#f.0](Vao) + [#. B"/] (@)
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thanks to Proposition A.1. This gives

> 08w Vi + B o]
0<|B|<t

= 2 Rl ole+ D2 (15 8]0,

0=|B|=<t 0=<|B|=<t
S [Vxule [Vxellge-1 + llullge [ Vel

+ IV B |l lollye-1 + 1B e llolloo
< lulluellelue + 118" Iuellelue

by Sobolev embedding, since £ > 1 + d /2. By summing on 8, we eventually get, for
allr € 10,71,

t
lo@)lye < eCﬂ"’f”/Z(ngmnHe 4 /O

@ le + 1B e ]llo(@) e df)-
Again by Gronwall’s inequality, we get, for all € [0, T'],

llo(®) e

< eCT(u,f)T/ZHQin TeCT(u,f)T/Z(

I exp| el oo, ra1ey + 18" oo mner) |

Finally, we write, for all t € (0, T),

vl Loo 0,710y + ||Bu’f||Loo(o,T,Hf)
1
1 —pr

< Nlloco e + H ldivalir = pru + ullymeio pary

Lo ((0,T);HY)
and use

ldiveljr — o) [ge < 1S gt + 1 et Talles + uallgen.
viaf + 1 > d/2 and Lemma 2.1 with » > 1 + d /2. This concludes the proof. ]

Let us now start the study of the kinetic equation satisfied by f.

Definition 2.6. For any vector field u(z, x) and function o(¢, x), we define the kinetic
transport operator T %€ as

T"€:=0;+v-Vy—v-Vy, + E"8(t,x) -V, — dId,

where
E™2(t, x) = u(t,x) — p'(0)Vxo(t, x).
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By developing the divergence (in v) term in the kinetic equation, the Vlasov equa-
tion for f in (TS) can be rewritten as

THwef =0.
We now state several standard useful estimates to handle the force field E%-€.

Lemma 2.7. Let T > 0. If o > ¢ > 0 on [0, T] for some given constant c, then the
following hold:

* Forallk = 0andt €[0,T], we have

1" (e)llnx = Allle®)lILoe)llo() Il - 2.1

e Forallk >34+d/2andt € [0, T], we have

IE“e) e < lu@lae + A(le@ le—2) le@ st 22)

Proof. To prove (2.1), we rely on the paralinearization theorem of Bony applied to p’
(see Proposition A.3 and Remark A.4), thanks to the assumption on the pressure p
and the lower bound on p.

To prove (2.2), we only have to estimate the term p’(0)Vyo. We rely on the
following tame estimate for products (see Proposition A.2):

17" (@) Vxe®)llux < I1P" (@)L [ Vxo@ llux + 17" (@) [l Vxo(®) Lo
S 1P (e@)liLello@llye+r + 117" (@) ik | Vao (@) Lo

Therefore by Sobolev embedding we have, for s; > d/2 and s, > 1 +d /2,
IE*2@) e < lu@ e + 11" @) st le@llg+1 + 12" (0() I o) 2.

With s; = 55 = k — 2, this yields

IE*2 @)l < lu@llae + 12" @) lue—2lle@ llue+1 + 1P (@) |k l0(0) |2

In view of (2.1), there exists a continuous nondecreasing function Cy,_, : Rt - R*
such that

IE* 2Ol < llu@llux + Crpr (lo(@llLeo) (@) k2110 (@) | x-+1
+ Cr,p (lo@) [[L=o) o () I 0 (@) l|p—2

and finally, by using Sobolev embedding (with k —2 > d/2), we get

IE*@) e S 1u@)llix + Cr,pr (0@ lle—2) 0 i1

for another function ék, p of the same type. This concludes the proof. |
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Notation 2.8. Let k € [[1,d]]. For B € N9, let ¥ € N9 and B¥ € (N U {—1})? be
defined as

BX = (Br... . Bro1. Bk + 1 Brsis - Ba),

ﬂ_k = (:31’“"/3/(—1’13/( - 17:3k+11""ﬂd)'

We have the following straightforward lemma of commutation for the kinetic
equation.
Lemma 2.9. For any «, € N and for any smooth function f(t,x,v), we have
d ~ —
[9208. 7e]f = Y (0% 08" £ — 0908 1) + [0%08, E™2(1.x) - V, ] £
ﬂi;élo
The Sobolev estimate for the kinetic equation goes as follows, showing that we

can control m derivatives of f by m + 1 derivatives of o and m derivatives of u.

Proposition 2.10. Forallr > 0, m >3 + d /2, ¢ > 0, there exists C > 0 such that,
Sforall T > 0 and all smooth functions (f, 0, u) satisfying

T (f)=0 onl0,T]
and o0 > c on [0, T], we have, forallt € [0, T],

1LF O3 < 1£O)Fpm exp[C (1 + [ullLooo,7:m) T
+ VTA (llello o r:mm—2)) lollzeo rmm+1y)]-

Proof. By Lemma 2.9, we have
d ~ —_—
T35 f) = — Y (0% 07 f — 0500 f) — [0500. EM(t.x) - Vi f
éi=7510
for all ., B € N?. We take the scalar product of this equality with (1 4 |v|?)” 8%35 f,

sum for all || + |8| < m and then integrate on T¢ x R?. For the left-hand side, we
observe that

3 / (1 + [v]2) T2 (39208 £)o9P f
| +1B|<m ¥ TOXRY

1d
= 5 3 IO = 1 SOl

o x [ avnprats

la|+1Bl<m
x [V Vy —v-V, + E"@(t,x) - V,](3205 f)
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_1d
T 2dr

B 2
5 2y i [ 19590 /]
* /deRd(l )" diva (vT

£ O3 = d1LF @) 5

la|+|Bl<m
. 8298 f?
> d(l+|v|2>’dwv(<E"f9—v>%)+d||f<z>||§f,m
laf+18]<m Y TR
1d |oal 1|2

2 _ 2y\r u,0 _
IO = > [ Py e

2di o +B|<m 2

and that the last term satisfies

aaB r|2
> Va4 oy (e — oy S L
T4 xR4 2

ol +1BI<m
< (L4 [|E2(@) o)l £ O 15

We now look at the two terms on the right-hand side. For the first one, we have

d —_
= X[ Py S O] 0308 )00 S S 1S
o] +18l<m ¥ T K iz
while for the second one, we write

2 /T IR A RO R A V)

loe|+|Bl=m
<A+ PP [a505, X0 x) - Vol f |2 I/ e
S NE @)l 1| () 3gm-

by the Cauchy—Schwarz inequality and the product law (A.3) in Sobolev spaces (since
m > 1+ d) of Lemma A.6. All in all, we obtain

d
Ellf(t)llﬁm < A+ E*@)liee + 1B () ) | f () 5
< L+ IEC@) i) [ £ ()11

if m > d /2. Invoking the estimate (2.2) of Lemma 2.7, and by integrating in time the
inequality (2.3), we obtain

L) g
< [ £ O3

t
+ C/O (1 + lu@lln + A(lelloo o, 7:mm—2)) 10() lm+1 ) ILf (5) 1 3¢y ds

2.3)
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forall¢ € [0, T') and for some constant C > 0. Using the Cauchy—Schwarz inequality
and Gronwall’s inequality, this implies, for all t € [0, T'),

1O < 17O exp[C (1 + oo, ra0m) T
+ ﬁA(”QHLOO(O,T;Hm—Z))||Q||L2(0,T;HM+1))],

and this concludes the proof. |

The estimates given by Proposition 2.3 and Proposition 2.10 show a possible loss
of derivative between f and p. This constitutes the main obstacle of the analysis.

2.2 Regularization of the system and setup of the bootstrap

To (temporarily) bypass this problem, we introduce the following regularized version
of the equations. Since the pressure gradient in the force field of the Vlasov equation
seems to cause estimates with a loss of derivative, we smooth out this precise term.
For all ¢ > 0, we consider

0t fe+v-Vy fe+divy[ fe(ue — U)]_p,(Qs)vx[(I_ngx)_lQe]‘vvfs =0,

O¢ . .
dive[jf, — proue] = —
— Pfe gl Jete l_pfs

[Ax + Ve divy]u,

atQ5+ua'vas+ 1 divy ug,

1
(Se) §0sug + (Ug-Vi)ug + _pr(Qe) -
Qs 0s(1 — pr,)

= ————(jf. — Pr.Ue).
0e(1—py,) Pe et

__ gin __ in __ .,in
f8|t=0—f v Qejp=0 = @, Ugir=0 = U,

where
pr.(t,x) = / Je(t, x,v)dv, jrn(t,x) = / Sfe(t, x,v)vdv.
R4 R4
Let us highlight that we have used the rewriting of the transport equation for o, based

on Lemma 2.2.

Definition 2.11. For all ¢ > 0, we define the regularized kinetic transport operator

G UgsQ¢e
Jreg,s as

JUe0e .= 9, 4+ v-Vy —v-V, + EX0 (¢, x) -V, — dId,

reg,e reg,e

where

Eng8e(1,x) = ug(t, x) = p'(0e) Valle0el(t, x),  Jei= (I —&*Ay) 7"

reg,e
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Remark 2.12. The regularization through the operator J, could appear as quite arbi-
trary. In view of the equivalent Penrose condition (1.5) appearing in Remark 1.10, it
is actually possible to consider a more general Fourier multiplier

& = m(eD),

associated to a smooth function m : R¢ — (0, 1] such that
C
Vk e R, m(k) < ——.
() = 1+ |k|?

For all ¢ > 0, the Vlasov equation satisfied by f in (S.) can be recast as

T Ug,Qe —
Treg.s =0.

Relying on the elliptic regularity provided by J., we now have the following estimates

for the regularized force field Ege®.

Lemma 2.13. Lete >0andT > 0.Ifo > c > 00n [0, T], then, forallk >3+ d/2
andt €10, T],

1
1E e Ollwe < Tu@lle + —A (Qle®llwx—2) lo() - (24)

Thanks to the regularization, we can overcome the loss of derivative exhibited by
the estimate of Proposition 2.10, up to some factor which is diverging when ¢ — 0.

Proposition 2.14. Forallr > 0, m > 3 + d /2, ¢ > 0, there exists C > 0 such that,
foralle > 0, T > 0 and all smooth functions (f, 0, u) satisfying

T%e(f)y=0 on[0,T]

reg,&

and 0 > c on [0, T, the following holds for all t € [0, T]:

1/ )3 = 1 O30 exp[C (1 + lloego,rimm) T

JT
+ = A(lelhoeo, ) el rm ) |

Proof. The proof is the same as for Proposition 2.10, using (2.4) instead of (2.2) to
conclude. ]

We shall also need the following condition about pointwise bounds for the densi-
ties.

Definition 2.15. Let T > 0. For any nonnegative functions f(¢, x, v) and o(z, x) on
[0, T'], we define the property

O+1 u

7_5 ta
S 5 =e)

NSNS

B (T) Ve e[0.T], pr(1) < < (1—pr(0)olt) < 28.

where ©, i, 8, 0 are given in the statement of Theorem 1.6.
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We will be able to propagate the condition (Bg’e(T)) thanks to the following
lemmas, giving some rough pointwise control for the local particle density and the

fluid density.

Lemma 2.16. Assume that pyin < ©. For any £,r > 1 + d /2, any smooth solution
f(t,x,v) to the Vlasov equation in (S;) satisfies, for all T > 0,
”pf”LOO(O,T;LOC(’]Td)) =0+ CT”f”LOO((),T;J(f)v
1= prlleeo,rireecrdayy = © + CT N f llLoo 0,758

where © has been introduced in the statement of Theorem 1.6 and C = Cy > 0 only
depends on £. Furthermore, if © + CT”f”LOO(o,T;Jf,?) < 1, then, for all t € [0, T]
and x € T,

1 1
<
1—pf(t,x) ~ 1_®_CT||f||Loo(0,T;3{r@)
1 1

> .
L=pr(t,x) ~ © + CT| fllLooo.7:5

Proof. Integrating the Vlasov equation with respect to the velocity, one gets the con-
servation law d;py + divy jz = 0. We thus have

pr(t) = pgin +/0 divy (jr)(s) ds.

Therefore, by using Sobolev embedding, we get, for all ¢ € [0, T,

t
Lo () lieocrdy < lpynlliseqray + /0 v (i) () oo gray ds
<O + CT|jsllLooqo,7:mE(TY)>

for some C = C; > 0, provided that £ > 1 + d /2. We obtain the conclusion by using
Lemma 2.1. The last estimates stated in the lemma then follow directly. ]

Lemma 2.17. Assume that0 < 0 < (1 —psn)o™ < 0. Let T > 0. For £ > 1 +d /2,
any smooth solution (f(t, x,v), 0(t, x),u(t, x)) to (S;) satisfies, for all t € [0, T],

QCXP(_T||“||L°°(0,T;H€)) < (1 —pr@)o() < gexp(T”u”LC’O(O,T;Hf))v
where 6, 0 have been introduced in the statement of Theorem 1.6.

Proof. The proof is a straightforward application of the method of characteristics
applied to (1 — pr)o, as the solution to the continuity equation

3:((1 = pr)e) + divx((1 — pr)ou) = 0.

We obtain the conclusion in view of the assumption on (1 — pfin)gi“. |
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The following proposition then shows that, thanks to the regularization, we can
actually build for all £ > 0 a local solution to the regularized system (S;).

Proposition 2.18. There exist ro > 0 and mo > 0 such that the following holds. For
all € > 0, the system (S;) is locally well posed in Sobolev spaces, that is, if r > ry,
m > mg and

(fin,gin’ uin) e (%:n x H™ x H™

satisfies
0< fin prin <O <1, 0<pu<o", 0<Q§(1—pfm)gi“§§

Sfor some fixed constants ©, u, 6, 0, then there exist T = T(e) > 0 and a unique
solution (fe, 0e, Ug) to the regularized system (S;) on (0, T (¢)] such that

and starting at (f™, o™, u™). Furthermore, the condition (Bg’e(T)) is satisfied by
(fer0¢e) with T = T (e).

Proof. The proof is mainly based on the a priori estimates we have just derived,
through a classical approximation procedure. Because of the regularization on the
gradient of g, in the Vlasov equation, the procedure is fairly standard. For the reader’s
convenience, we write the proof in Appendix B. [

Hereafter and until the end of this work, we consider exponents r > 0 and m > 0
which can be taken large enough. Their values will be specified later, at the end of
the proof.

We now introduce the following quantity, in view of the expected result of Theo-
rem 1.6.

Notation 2.19. For any functions f(z, x,v), o(¢, x) and u(z, x), we set
N (f.0:0.T) = || fllpooo,7:90m—1) T llellL2(0,78m)
+ [lull oo 0, 7:mmy L2 0,730+ 1
where T > 0.

The proof of Theorem 1.6 will rely on a bootstrap argument. Let ¢ > 0. From
Proposition 2.18, consider the maximal time of existence 7,* for the system (S;). By
definition, Proposition 2.18 ensures that

VT < T[, Nmr (fe, 0esue, T) < +00 and (B’(;’G(T)) holds.
So we can consider the time

Te = Te(R) i= sup {T € [0, T*), Nynr(fe, 06, e, T) < R and (BL5” (7)) holds},
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where R > 0 will be chosen large enough and independent of e. By continuity, we
observe that T, > 0 if R is taken large enough and independent of ¢. In particular, for
allt € [0, T;] we have

1 2
< .
I—pr(t) ~ 1-0

Our main goal is to prove that R can be chosen large enough so that there exists
T(R) > 0 independent of ¢ such that

(2.5)

1-0
0< <1—pr(),

Ve e (0,1), T(R) < To(R).

Such a lower bound independent of ¢ will pave the way for a compactness argument
when ¢ — 0, leading to the existence of a solution for (TS) on [0, T(R)]. In what
follows, we will work on the interval of time [0, T].

We have the following trichotomy:

» Either 7, = 400 and Ty = T, — in this case there is nothing to do, because we
have the control Ny r(fe, Os, Ue. T) < R for all times T > 0;

* or T} < +ooand Ty = T, — we shall soon see that this case is impossible, as it
leads to a contradiction;

» otherwise, T, < T and Ny, r (fe. 0s. Ue, Tg) = R.

Let us show how to exclude the second case. We need the following lemma.
Lemma 2.20. Lete>0.Ifm>3+d/2andr > 1+ d /2, we have, forall T €0, Ty),
loellLeoo. 700y S NQellioeo,7smm—2) < A(T, R, [l0™ [gm—2)-

Proof. From Proposition 2.3, we know that for all 7 € [0, T;) and ¢ € [0, T],
loe (@) llm—2 < [l0™ [m—2eCm—2T4e: /T exp[ TeCrn—2TteJIT @, o (T, u, f)],

provided that m —2,r > 1 + d /2, where

Cm—Z(Ta Ug, fs) =< R + 2R2

’

L°°(0,T;L°°)

— Pfe
(Qm—Z(Ta Ug, fa) <R+ 2R2

s

Lo°(0,T;HM—2)

— Pre

because Ny r(fe, 0c, e, T) < Rforall T € [0, T¢). By Sobolev embedding and the
bound (2.5), this means that for r > 1 +d/2andm > 1 + d/2 + 2 we have, for all
T €10, T,),

||Q8||L°°(0,T;L°°) < ||Qs||L0°(0,T;Hm—2)

in 1
= A\ T, R, 0" lgm—2,

L=pp

L°°(O,T;Hm—2))
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To conclude, we only have to understand the last term in the previous function A: by
Lemma A.S5, there exists a continuous nonnegative nondecreasing function C,, such
that

< 14 Cu(llof. Lo, 1:09) 07 oo o,7:mm—2) S A(R),
Lo0(0,T;HMm—2)

=
1 —py,

thanks to Lemma 2.1 and the fact that Ny, »(fz, 0e, Ue, T) < R. This concludes the
proof. ]

Remark 2.21. A careful inspection of the proof of Proposition 2.3 reveals that for all
k<m-2withk >3+d/2,r>14+d/2and T €0, T,),

losllLoe o, 71y < AUl ) + TA(T. R).

As a corollary, we can now exclude the second case written above: if Ta* < 400
and T, = T}, then according to Proposition 2.14 and Lemma 2.20,

sup || fe(0) %
te[0,T.F)

. T.
< /™15 CXP[C ((1 +R)T: + VTe

&

A(T, R, ||Qi"||Hm_2))] < 4o00.

The previous inequality means that the solution could be continued beyond 7", which
is impossible by the maximality of 7,*. This case is thus impossible.

From now on, we assume that 7, < T and Ny, ,(fe, 0. Ue, Tz) = R. In view of
our bootstrap strategy, we need to estimate Ny, r(fe, 0, Ue, T) forall T < T.

At the end of this section, we show that the term || f¢ |} oo (g 7 gey—1y and the term
[uellLoo(0,7:1m)L2 (0, 7;mm+1) can be handled by energy estimates. The main part of
the upcoming analysis will be to provide a uniform control in ¢ for [[o|l;.2(¢o, 7 5m)-

In the following lemma, we give an estimate, independent of &, for the term
Il fellLoo 0. 1:30—1y 0 Nom,r (fo, Qe tts, T), forall T < T.

Lemma 2.22. Form > 1+ d/2+ 2 and r > 1 4+ d /2, the solution (fs, 0¢,U¢) to
(Se) satisfies, forall T € [0, Ty),

: 1
| follooqo.rsgern—ty < I/ ™ g1 + THA(T. R).

Proof. Following the same steps leading to (2.3) in the proof of Proposition 2.10, we
have, for all ¢ € [0, T¢),

d
Ellfs(t)llif;n_l S (U4 IEwg2 O =) 1 Lo 51
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since m — 1 > d/2; therefore,

2
”fs”LOO(O,T;J(’rm_l) r

< s+ 1ol T.,gml)(T + [ 1B Ol ds).
r £ E) r 0

Using now the estimate (2.2) from Lemma 2.7, we get

T
[ 1B s as
S \/T”us“Lz(O,T;Hm*l) +VTA (“QE”LOO(O,T;H’"*Z)) leell 2o, 7:1m)-
We thus infer that for all 7' € [0, T,),
1 fel oo 0,701
A
+ Cll el oo o 7251
x (T + VT el 20,1 +VTA (loelloego.ram—) 06 l2c0.ra0m)-

where C > 0 is independent of €. Since Ny, (fe, 0, Ue, T) < Rforall T € [0, Ty),
this gives

2
” f;‘z‘ ||L°°(0,T;J€;”_l)

< 1/ yps + CR(T + VTR + VT A(l0c oo o.7:10m-2) R)-

In order to obtain a uniform bound in & for the term A (|||l o0 (o, 7:m—2)), We apply
Lemma 2.20, leading to the conclusion of the lemma. ]

We conclude this section by estimating the term ||u¢ | oo (o, 7:4m)n12(0, 7;m+1) iN
N (fe, 0¢,ue, T). To this end, we will crucially rely on the smoothing provided by the
differential operator A + V, div, from the Navier—Stokes equation for u,. Indeed,
we have the following classical lemma.

Lemma 2.23. The differential operator —A, — Vy divy, is elliptic.
Proof. The operator —A, — V, divy is associated to the matrix Fourier multiplier
Lk)=kPly+k®k (keZ?).
One can then prove (see e.g. [57]) that
2738 kP < |det LK),

which yields the desired ellipticity. |
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We are now able to prove the following proposition.

Proposition 2.24. Form >2+d /2 andr > 0, for all ¢ > 0, the solution ( fg, 0¢, Us)
to (S;) satisfies, forall T € [0, Tg),

”ua”LOO(O,T;H'") + ”us”Lz(O,T;Hm“‘l)
< (14 TN R) ([ + TYV2A(T R) + A(T. R) sl 0, 70m):

Proof. First, we rewrite the equation for u, as

dus — 0 ((1 = pg,)0e)(Ax + Vi divi)u, = F,
with

F = —(ug - Vy)u, — Vym(os) + 0((1 - pfs)Qs)(jfs - Pfsua),
where o (s) == % (s) = f; @ dz. We then apply Bf in the equation for |B| <
m — 1, which gives
3 (Fue) — o ((1 = pr)oe) (Ax + Vi divi) (9 ue)
= 3£F + [35,0((1 - Pfg)Qs)]((Ax + Vi divy)u,),

and then multiply the equation with —(A, + Vy divx)(ag u) so that, by integrating
on T and with an integration by parts,

1d

2dt Jpa

4 [ o1 prea) (A + Vadive) @uo) ax
T

(IVxBuc|? + |divy 0P uel?) dx

= —/ (Ax + Vi divy)(@Pu,) - 08 F dx
Td

- / [af, 0((1 - pfg)Qs)]((Ax + Vi diVx)ua) “(Ax + Vi diVx)(ague) dx.
Td

Thanks to the Cauchy—Schwarz and Young inequalities, and after integration in time,
we get, forallnp > Oand? € (0,7),

1

E/W|vxa£u€(z)|2dx

+ /0 /Td (0((1 = pr)oe) = n) [(Ax + Vi dive) 9 ue|? dx ds

1 . )
< —/ (|Vx8§u‘“ 2y |divy 3By 2) dx
2 Td
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+i/t/ 198 F|2 dx ds
o [ (= ppea (s + Vi avouof* ax o

Let us deal with the last term: by the commutator inequality from Proposition A.1,
we have

/T 1[88.0((1 = p7.)0) J((As + Vi diviyus) | dx
= M([[Veo (1 = p7)00) oo (A + Vi diva)utelFn-
+ o (1= 1 )0e) [ 1A + Vi divue 2o
M (0" ((1 = 1.)06) Vo (1 = pr)00) [f e el
o (1 = pr)oe) s 1(Ax + Vi diveue 2 )

for some constant M > 0 independent of time. Combining the Sobolev embedding
(with m > 2 4+ d/2) and Remark A.4, we get

/ | 108001 = prea) (s + Vv ds

t
< MZ_nA(”(l — Pf.)0¢ “Loo(o,T;Hm—l))/O ||ME(T)||IZ_I,,, dr
for another constant M > 0. Note that by Remark 2.5, we have

(1= pr)ee]| oo (o 7sggm—1) = AT R, uellLooo,rs0m) < AT, R).

All in all, we get, forall n > Oand ¢ € (0, 7),

—||V Bl us(t)HL2 / / (1—pfF)Q8)—T))|(A + Vi dlvx)aﬂus| dx ds

AT, R
.y ATR)

< lu™ I +

t
[0 142 (0) [ .

_”F”]%Z(O,T;Hm—l)
n
Thanks to the condition (B‘(f)’g (T)), we can choose n = 1/ 46 so that
1
V(t,x) €[0,T] x T, 7 <o ((1=pg)oe)(t.x) —n.

Summing for all || = m and invoking the elliptic regularity for the operator —A, —
V, div, given by Lemma 2.23, we get, for all t € (0, T),

e < late @)1 + 22, gy

< ”um”Hm + ||F||L2(0 T H"m— l) + A(T R)/ ”M&‘(‘E)HH’" dT
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By Gronwall’s lemma, we deduce that for all t € (0, T),
||”s(t)||12qm E A(T7 R)(”um”Iz—Im + ” F ”iz(O,T;H”’_]))’
which then implies, by using again the previous inequality, that for all ¢ € (0, T),

||u€||i°°(0,T;Hm) + ||u8||1%2(0,T;Hm+])
< U+ AT R (1™ + 1F 1220 rm1))-

To conclude, let us now estimate the norm of the source term F'. We have

T
IF gy = [ (10t e mes + 19500

1 2
+ | dr
” (1= ps.)os Hm—l)

T
S/O (e @) Fm-1 e (@ I + 7 (e () Ipm) de

(Jfe = Proue) ()

2
(]fe - pfaué‘)

1
e ”— |
(1 - pfg)Qé‘ LOO(O,T;H’”_I)

In the rest of the proof, we shall make a constant use of the condition (Bg’e (T)). By
Proposition A.3, we have

(@) llm < AdlleeliLee) lloe [wm

from which we infer, thanks to Sobolev embedding (taking m > 2 + %), that

4
120zt < T e llfoo o rapemy + Al ooy 1061 o, 710y

+T ! (J ) i
T Ufe T PfU
(I —pr.)ee 4 s Lo°(0,T;Hm—1)
< TR* + A(0e oo 0,72 1261720 710,
1 2
+ T || ——————(f — Prlts) ;
(1= pg)os /=~ e Loo(0,T;H7 1)

since N r(fe, 0es Ue, T) < R for all T € [0, T). The first term is then addressed
thanks to Lemma 2.20 and it remains to estimate the last term. For this one, we have

(-]fa - pfau8)

[
(I— PfS)Qa

S ‘

< AT.R)

Lo°(0,T;HMm—1)
1

(=pr)ee Gr. = pfette) lLooo,7:mm—1)

Lo°(0,T;H™m—1)

(1 = p£)0e Lo 0. 7:m—1)
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thanks to Lemma 2.1 and Ny, » (fe, 05, Ue, T) < Rforall T € [0, T;). By Remark A 4,
we then have by Sobolev embedding

Ur = pru)

1
H (1= ps.)oe Lo (0.7:Hm 1)
< AT, R [[(1 = pg)eellLoe 0,750 (1 = p£,) Qs llLoo (0, 750m-1)
< A(T, R, [|(1 — pg)0ell oo 0, 7:1m—1y)
< A(T, R, |luellLoeo,7;1m))
< AT, R),

where we have also used Remark 2.5. This concludes the proof. ]

Remark 2.25. By looking at the previous proof, we have, for T' € [0, T¢),

”u&‘”ioo(o’T;Hk) + ||u||iZ(O,T;Hk+1)
< [4"2 + TA(T. B) + AT R)leel2 o ane
< Il + TA(T. R) + TA(T. R)e2moro, 71

forall k > 2 4 d/2 such that k < m — 2; therefore, by Remark 2.21, we obtain

[uellLooo,7smky + luelli2o, smk+1y
S (L+ T2 R) (W™l + 0™l ) + TV2A(T, R).

So far, Lemma 2.22 and Proposition 2.24 show that it remains to control the
second term in N (f, 0¢, Ue, T), that s, ||0¢ll 2, 7;um) to carry out a bootstrap argu-
ment. This will constitute the heart of our analysis and will be the purpose of the
remaining chapters.

2.3 Trajectories and straightening change of variable

In this last preliminary section, we study the trajectories associated to a Vlasov equa-
tion with friction and force field F(z, x). We show that for small times their geometry
can be simplified thanks to a straightening change of variable in velocity. Loosely
speaking, this allows us to boil down the dynamics to that associated with free trans-
port with friction. This procedure will be useful in Chapter 4.

Let T > 0. Given F(s, x) € R? a given vector field defined on [0, 7] x T¢ and
satisfying

F € L?(0, T; Wh(T4)),

we can consider, thanks to the Cauchy-Lipschitz theorem, the solution

S > (Xs;t(x,v),Vs;’(x, v)) eT? xR?
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of the following system of ODE:s:

d_ .. .
— X5 (x,v) = V¥ (x,v),
ds

d_ .. . .
d—VS”(x, v) = =V (x,v) + F(s, X*'(x, v)),
s

X5 (x,v) = x,

Vi(x,v) = v.

Later on, we will apply this to F = E5’¢%, which has been defined at the begin-
ning of Section 2.2 (see the end of the current section). Integrating the previous
system of ODEs, we have

S
XSt (x,v) =x+ (1 —e v+ / (1 —e"*)F(r, X" (x,v)) dr, (2.6)
t
S
VS (x,v) = v + [ e F(7, X7 (x,v)) dr.
t

Considering the full kinetic transport operator
TF=0;4+v-Vy—v-V, +F(,x) V, —dId,

the method of characteristics shows that a smooth function f(z, x, v) satisfying

{%fzu
f|t=0 = fin

can be represented as
ft,x,v) = ed’fin(XO;’(x, v), V¥ (x, v)).
Note also that for all ¢, s € [0, T'], the map
(x,v) > (X5 (x,v), V¥ (x, )
is a diffeomorphism from T4 x RY to itself, whose Jacobian value is edGs=1)
The main goal of this section is to prove that for short times, and modulo a

straightening change of variable in velocity, it is possible to come down to the free
dynamics with friction associated to the transport operator

f]"fric :at+v.vx—v~vv—dld-
This corresponds to the previous system of ODEs with F = 0, and for which the
solution (XS, VA is

XSt

_ t—s st __ t—s
fe =X+ =", Vg . =e v

fric

Namely, we have the following lemma.
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Lemma 2.26. Let T > 0 and k > 1. Let F € L2(0, T; W&°(T %)) be a vector field
such that

IFll2¢0,7;wk.co(rayy = A(T,R)

for some R > 0. There exists T (R) > 0 such that, for all x € T¢ and all times s,t €
[0, min(T (R), T)], there exists a diffeomorphism Vs ;(x,-) : R4 — R satisfying, for
allv e RY,

X, Yse (x,0)) = x + (1=,

which furthermore satisfies the estimates

1
& = detDy(x.v) < C. @.7)
sup || ag,v (Ws,t (X, 'l)) - v)”Loo(’][‘dXRd) = ¢(T)A(T’ R)’ |/3| = k’ (28)
s,t€[0,T]
sup ]|| 08 085V (%, 0) | oo (pa sy < @(MATR), Bl <k -1, (29
s,t€el0,T

for some C > 0 and some nondecreasing continuous function ¢ : R™ — R vanishing
at 0.

Proof. We follow the approach of [89]. We observe that if we set

X5 (x,v) =

[X5 (x,0) —=x = (1 — &' *)v].

1 —e'=s

it suffices to prove that for s, small enough, the mapping ¢*** : v > v + X*% (x, v)
is a small Lipschitz perturbation of the identity: denoting its inverse by ¥ ((x, -), it
will satisfy

v = ¢s,t (X, U) + is’t (X’ ws,t (X, U)), (210)

and the first conclusion of the lemma will follow. We introduce the remainder
Y5 (x,v) = X5 (x,v) —x — (1 —e" ),

which, in view of (2.6), satisfies, for all s, ¢ € [0, T],

t
YS;Z(X, V) = / (er—s _ 1)F(t, Xr;t(x, v)) dr
s (2.11)

= /l(er_s —DF(r,x + (1 =€ v + Y™ (x, v)) dr.

We now have

X5 (x,v) =

1 d .
] / (e =DF(t.x + (I =" ")v + Y™ (x,v)) dr. (2.12)
e - s
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Thus, estimates on Y and its derivatives obtained thanks to (2.11) shall provide esti-
mates on X and its derivatives via (2.12).
Let us assume that s < ¢ (the case s > ¢ can be treated similarly). First, we have

IV Y [lige,

t
=< / (€ = DIIViF(z.x + (1 = ") + Y™ (x,0)) ige, (1 + [ V2 Y™ 155, do
S

t
< / (€ — D[ VeF@) e (14 [ Vx Y 20, ) do
S

LJ%?U)‘

< (€7 = DT 2 ViFlyao,ao) (1 + sup Vo Y™
=

By the assumption on the vector field F, we get

VY™

lLeo, < (e = )TV2A(T, R)(l + sup |V, Y™ IL%)-
’ <t ’

In the remainder of the proof, ¢ : RT™ — R* will stand for a generic continuous
function, vanishing at O, that may change from line to line. This yields

(eT —1)TYV2A(T,R) < o(TA(T.R)

V, Y
IV —(eT —1)TV2A(T,R) ~
(2.13)

|Lge, < sup [V Y™
- T<t

lLge, < 1
for 7' small enough. In a similar way, we have

t
VoY flige </ (€ = DIIVxF(D)[luge, (1 — ™" + [V Y™ |lig0,) do
s

X, —

< @7 = )TN R) (14 swp 9 iz, )
T<t '

therefore,
” Vv YS St

lLge, < @(T)A(T.R) (2.14)

x,v

for 7' small enough. We then deduce the following estimates:

= 1 P .
IR, < g [ € = DIVaF@ g, (1 -+ 19,7
S

T'Y2A(T, R)(1 + o(T)A(T,R))

IA

L, Lge,) dt

A

thanks to (2.13), as well as

~.. 1 ro _ .
||VvXS’t||L§?v = m/ (e — 1)||VxF(T)||L§?U(1 —et T+ ||Vth’t||L§<fv)dT
N

< T'Y2A(T,R)(1 + ¢(T)A(T,R))
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thanks to (2.14). This proves that for 7' small enough, we have

IVaX* ge, + IVoX* |lLg2, < @(T)A(T,R). (2.15)

For T small enough, we therefore obtain the existence of the desired diffeomorphism
¥s.r (x, ). We also have
b~ -1
0 < |det(Vyy,(v))| = |det(Id + V. X (x, ¥, (v))| -

We thus infer the uniform bound (2.7) from the estimate (2.15) and the continuity of
M > |det(M)], reducing T (R) if necessary.

Let us finally prove the estimates (2.8) and (2.9). For (2.8), we proceed by induc-
tion on the length of «. In view of (2.10), we obtain the result for |o| = 0. For the
case |a| = 1, we differentiate the identity (2.10) and get, with V = V, or V = V,,,

V(o =y () = VR (x5, (0) = VR (0, )V 0 = 37 (0):
therefore, thanks to (2.15) (reducing again T (R) if necessary), we have

IV igs,
= [[VXS g,

|V (35 @) = v) | o6, < < ¢(T)A(T.R).

This yields the result for || = 1. If 1 < || < k and if the result holds for all |&| < ||,
we apply 9%, in (2.10) and apply Faa di Bruno’s formula:

0%, (W (0) =) = Y Cupd X (20, 0) [ 02 ,2(x,0),)™,
v 1<|B|<le|
1<j=<2d

z(x,v) == (x,¥5,(v)),

where the sum is taken on (u, v) such that 1 < |u| < |¢| and vy € N\{0} with

V1<j<2d, Z Vg, = [ and Z vlgj,B:oz.
1<|B|<l|e| 1<|B|<]|
1<j=<2d

We proceed as in the case |a| = 1. We isolate the terms with multi-indices w such
that || = 1 (giving associated vg, = 1forall 1 < j <2d): the terms 9% , Vs, (given
by vy; = 1) in the product are treated as above, while derivatives of order strictly less
than |«| are bounded thanks to the induction hypothesis. This procedure is allowed,
provided that uniform bounds (in time) of the same type for ||X** ||W§_go k < la))
hold true.

Such bounds are obtained by performing the same induction at the level of Y**
first (using the same principle as before with (2.11)) and then for Xs:t (arguing as
before with (2.12)).
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Concerning the estimate (2.9), we have by (2.10)
05y, (v) = =3, K7 (2. ¥, (0) = VXS (00, 5 ()Y (v),

and by (2.12)

t—s

~ . e -
aSXS,t(x’ U) — _m)(s,t(x7 U)
1 ! —S -7 Tt
—mler F(T,x+(1—€ )U+Y’(X,U))df
Since

X, v —

and TeT /(eT — 1) is bounded in a neighborhood of 0, we obtain an estimate on
the term ||, X% (x, V)|lLge, and then on ||05y5, (v)]|Lee, as before. Using the same
induction procedure as for (2.8), we finally obtain (2.9). ]

Remark 2.27. From the Wﬁjﬁo-bounds we have obtained on Y* along the proof,
and because
Y5 (x,v) = X (x,v) —x — (1 —e" ),

we can infer that
Sll’:lp ]”a XSt(x U) X = (1 _el_s)v)”Loo(']ftngg) E(P(T)A(T, R)$ |ﬂ| fk
s,t€[0,T B
(2.16)
Likewise, by considering
W (x,v) = V9 (x,v) — e v,
one can obtain the estimate

sup |08, (Vsu(x.v) — <@(M)AT,R), |B]<k. (2.17)

“)”LO@(T;’ng)
s,t€[0,T]

Let us conclude this section by showing that in Lemma 2.26 one can consider

(T,F) = (T, Et:0%)

reg,&

for a given ¢ > 0, where (7%, Er'égfs) have been defined in the set-up of the bootstrap
argument of Section 2.2. Let us prove that the assumptions of Lemma 2.26 indeed
hold with k = |m — 2 — d/2]. By the estimate (2.2) from Lemma 2.7, we have, for
allt € (0,T;)and ¢ <m —1—-d/2,

| Btz )] yeoo < || Evesi (@) ypms

S lue@llgm—1 + A (llee@)llm—2) [l (@) [l
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Appealing to Lemma 2.20, and using Ny r(fe, Oe, Ue, Te) < R for all T < T, we
deduce that

” Er%éjgs ||L2(O,T;Wks00(’]1‘d)) = A(T, R)

fork = |m—-2—-4d/2].



Chapter 3

Averaging operators related to the dynamics with
friction

For any smooth vector field G(¢, s, x, v) € R4, we consider the following integral
operator Kféee acting on functions H (z, x):

KE[H](1,x) = /0 L HIGx = 0 = 590)- G5, x,0) do s,

This operator, featuring an apparent loss of derivative in space, was systematically
studied in [90]. It was proved in [90, Proposition 5.1 and Remark 5.1] that this loss is
only apparent, provided that the kernel is sufficiently smooth and decaying in velocity.
The statement goes as follows.

Proposition 3.1. Let T > 0. If p > 1 + d and 0 > d /2, then, for all functions H €
L?(0. T:L*(T4)),

HKféee[H]HLz(O’T;Lz(W)) < sup |G 9) g2 1H |l 20,7;12(T4)) -
0<s,t<T

As already noted in [90], this smoothing estimate is reminiscent of (but different
from) the so-called kinetic averaging lemmas. Namely, Proposition 3.1 provides the
gain of one full derivative.

Averaging lemmas are well known to provide powerful regularity and compact-
ness results in the study of kinetic equations. Loosely speaking, moments in velocity
of the solutions appear to gain some regularity compared to the solutions themselves,
which are just transported along the flow of the equation. We refer to [1,71,72] for the
introduction of the averaging lemmas, and to [6-8, 62,73, 104, 106, 127] for several
extensions of such results.

A thorough comparison between standard kinetic averaging lemmas and the esti-
mate from Proposition 3.1 can be found in [79]. We finally refer to [88] for the use of
Proposition 3.1 for a slightly different purpose, as well as to [44] for an extension of
this proposition.

In this section, we prove crucial smoothing estimates adapted to kinetic equa-
tions with friction, in the spirit of Proposition 3.1. First, we define the corresponding
integral operator.
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Notation 3.2. For any smooth vector field G(z, s, x, v), we define the following inte-
gral operator acting on functions H (¢, x) by

t
fric — _ s .
KG [H](, x) ._/0 /Rd[VxH](s,x+ (1—=e")v)-G(t,s,x,v)dvds,

where (7, x) e Rt x T4,

Assuming that the kernel G is sufficiently smooth and decaying in velocity, we
will prove several continuity and regularization estimates for Kfc'fe and KfGric (see
Propositions 3.4, 3.5 and 3.7 below).

In what follows, ¥, will refer to the Fourier transform on T4 x R? defined as

Fenhlh, £) = / ek Ly dedy, (K, E) € Z4 x RY.

Td xR4

Our first result is the following.

Proposition 3.3. There exists C > 0 such that the following holds. Suppose that
Giq)(t, 5, x,v) is a kernel of the form

Gigl(t,s,x,v) = (t —5)79(t,5,x,0),
with g € N. For every T > 0 satisfying
”gnTJhm

= sup ( S sup sup {(1+|m|)SZ(1+|s|>51|<$x,v§><z’s,m,s>|}2)

o<t<T 7 0551 £eRd

1
2

< 400

Jorsy > 14+ 2q and s, > d/2 + 24, we have

f firi

H Vg K(r;e[z] [H] ”LZ(O,T;LZ(Td)) + H Vg KCr?l[cq] [H] ||L2(0,T;L2(Td))

< ClG 1,515 1 H I 2(0,7:02 (T )
Proof. We only give the proof in the case of Kgi[cq] (the proof is similar for KfG‘e[‘;]).
Writing, for all > 0,

H(t.x) = Y He(t)e*™ inL2(TY),
kezd

we have

t
K& [H](,x) 2/0 > Hk(S)e"k'x(ik)'/Rd T FETTVG g (1,5, x, v) du ds
kezd

=/t > Hi(s)e ¥ (ik) - (F, G (t.s. x. k(e'™ — 1)) ds.

0 kezd
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We now expand Gig) in Fourier series along the x variable so that
.
Kg[cq] [H](, x)

= ) Y ko / t Hi(5)(ik) - (FrwGig) (2,5, €, k('™ — 1)) ds
0

kezd lezd

=Y Uy /Ot H(5)(ik) - (FrwGig) (.5, 0 — k. k(e — 1)) ds,

tezd kezd

and then

VIKGS gyag[H](, x)

=Y N0 ) /t(z — ) Hi(5)(ik) - (Fxw§)(t.5.€ — k. k(e — 1)) ds.
0

Lezd kezd

By the Parseval equality and the Cauchy—Schwarz inequality (in frequency and time),
we get

” V)z K?tiis)g [F] (t) H i2(Td)

t 2
= Z || Z / (t — ) Hi(s)(ik) - (FrnG) (1.5, € —k, k("™ —1))ds
Lezd kezd 0
t
<> |£|2q( > / (z—s)2‘1|f1k(s)|2|k-(}‘x,vﬁ)(z,s,e—k,k(ef—s—1))|c1s)
tezd kezd *°
t
X ( Z / |k (Fenw&)(t.5, € — k. k(e ™ — 1))|ds).
kezd ”°
Integrating in time yields
ric 2
H VJ‘gKt(t—s)ﬁ[F] ||L2(O,T;L2(><Td))
< 3 P
tezd
T ot L,
x/ / Z (t — )| He(9)|” |k - (Few8)(t, 5.0 — k. k('™ — 1)) ds dt
0 0

kezd

t
X sup  sup Z / |k (Frn9)(t, 5,0 —k, k(e — l))|ds
ezd te(0,T) /' 7y /0

= (I) x (II).
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A first step is to note that

t
> [ Faf)s = ke~ s
kezd
S
o U+ Kl — D)

< > sup (1 +[E)%Fenb(t.s.L — k.6 ds

kez.d s€(0,t)

geR4
=Y s (1 + DS b~k [ s
- X,V Lt ’ ’
ity o T+ Kl = )"
€

and that the change of variable T = |k|(¢ — s) in the last integral yields

/’ k| i < /+°°d_f < 4oo
o T+[klt—s)* " ~—Jo (A+1) ’

provided that @ > 1. With this observation, we can treat the term (II) and obtain, by
the Cauchy—Schwarz inequality in k,

(I) < sup sup > sup (1+[ED"[Feo& (5. —k. &) < [F]7.51.5,
£e24 te(0,T) | g 5€(0,1)
£cR9

for s; > 1 and s, > d/2. For the term (I), we use the Fubini—-Tonelli theorem and get
@
T pt R
<> |e|2q/ / > = ) H(9) P[] | Fren G (1. 5. £ — k. (e' ™ — 1))| ds dt
o Jo

Lezd kezd

T T

:/ Z |Hk(s)|2/ Z(z—s)2‘1|E|2‘1|k||$x,v;9(z,s,e—k,k(e’—s—1))|dzds
0 keza 5 tezd

S ”HHI%Z(O,T;LZ(T‘]))

T
X sup sup / Z (t — )P k||(FrvE) (.5, € — k, k(e —1))| dr.
kezd 0=s<T Js , 4

Note that the last expression can be taken into account for k € 74 only (indeed, the
term corresponding to k = 0 vanishes in (I)). We then have

T
sup sup [0 =] Y (P (T8, L k(S — )]
S

kezd 0<s<T

Lezd
g
< su u
kepd 0<s<T Js (1 + [k[(e™* = 1))*1

X Y P+ [k — D) (Frew§) (5. £ — k. k(e = 1))| dr
Lezd
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g [ U
< su u
kezd 0<s<T 1+ |k|(€t S = 1))“‘

x sup sup Y [P sup(l + [E]*)[(Fr G (5. L — k. £)|
H

0<s<T s<t<T tezd

B G i
< su u
kezd 0<s<T (1 + |k|(z — )™

x sup sup Y |€+k[* sup(l + EI"D(Few9)(E 5. L8]
0<s<T s<t<T€ 7d

Therefore,
T
sup  sup / (t —5)*|k| Z 16129 (Fx v G)(t,5,€ —k, k('™ —1))| dt
kezd 0<s<T Js tezd

3 T =)k
< sup sup
kezd 0=s<T Js (14 [k|(z —s))

X sup  sup Z|e|2‘1sgp(1+|s|“1)|<m£)(zses>|

0<s<T s<t<T

Lezd
N /T (Z_S)2q|k|1+2t1 dt
sup sup
kepd 0<s<T Js (L + [k[(t —s))*1

x sup sup Y sup(l + [E[*)[(Fr§)(1.5.L.6)]
0<s<Ts<t<Te 7.d £

= Sl + Sz.

Let us treat these two terms separately.

First term. We have, by the Cauchy—Schwarz inequality,

T 2
(t —s)™k|
S1 < sup sup
keza 0=s<T Js (L +[k|(z —s))

x sup  sup ( 3 sup {(1 + €202 1 +|&|“1>|(?x,vﬁ)(z,s,e,s>|}2)2

0<s<T s<t<T tezd

if ap > d /2. For the integral term, we write, for oy > 3,

T (t—s)¥|k| » 1 /IkI(T—s) 724 q
sup  sup = sup sup —dr
kepd 0<s<T Js (1 + |k|(z —s))™ weza KI?? 0<s<T Jo 1+ 7)™

1 /+OO T2q
=< —dr,
kezd [k (I+0)*
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which is a finite constant independent of k and T (since oy > 1 + 2¢); therefore,

D=

Si < sup (Z sup sup {(1+|z|24+“2><1+|§|“1>|<3~‘x,v5><z,s,e,5)|}2) .

0=t<T \ , =7 0=s=l geRd

Second term. We have, for a, > d/2,

T (l‘ _S)2q|k|1+2q

S, < sup sup
kezd 0<s<T Js (1 + k[t —s))™

X sup sup (Z

0<s<T s<t<T tezd

1

sup {(1 + |m|*2)(1 + |g|°‘1)|(f"x’vﬁ)(t,s,€,§)|}2)2.

The integral term now reads, for o7 > 3,

T (l _ s)2q|k|1+2q

sup sup
kezd 0=s=T Js (1 + k[t —5))*

|\k|(T—s) _L,Zq +o00 .L,Zq
= sup sup / —drf/ ——dr;
kezd 0<s<T Jo 1+ )« 0 1+ )~

therefore,
1
2
S2 < sup ( S s sup {(1+ )1+ I, L D)
0<t<T tezd 0<s<t gcRd
We have thus proved that

(S ||H||i2(0,T;L2(Td))(||§| T,s1,s T ”g”T,Sl,Sz-ﬂCI)

fors; > 1+ 2q and s, > d/2 + 2¢q. All in all, we get
” V;IKfGri[Cq] [H]HLz(O,T;Lz(’]Td)) = C||§||T,s1,sz||H||L2(0,T;L2(1rd)),
which ends the proof. u

We then deduce the following two propositions. The first one is a direct conse-
quence of Proposition 3.3 with ¢ = 0, and states the continuity of nge and Kf(r;ic on
L212

T-x*

Proposition 3.4. There exists C > 0 such that, for every T > 0, if p > 1 4+ d and
o > d /2 then, for all H € L2(0, T;L3(T%)),
free fric
HKG [H]”L2(0,T;L2(Td)) + ”KG [H]”L2(0,T;L2(Td))
=C sup (|G ) zzlHl200,712(TY)-

0<s,t<T
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Proof. By Proposition 3.3 with ¢ = 0, we have
f fri
H Kéce[H] HL2(0,T;L2(Td)) + H Kélc[H] ”L2(0,T;L2(1rd))
< ClG7,s1,5: 1 H I 20,7502 (T )

for any s; > 1 and s, > d /2. Now, appealing to [90, Remark 5.1], one can prove that
forall p > 14 d and 0 > d/2, there exist s, > d /2 and s; > 1 such that

1GlT.s1.5 S sup  [[G(2,9)ll 2
[oa

0<s,t<T
hence the result. [

When the kernel G vanishes along the diagonal in time {t = s}, Proposition 3.3
with ¢ = 1 leads to the following additional regularizing effect of the operators Kg (as
already observed in [91]). Loosely speaking, the operators Kféee and Kfcr;iC are bounded
from LZL2 to L2 H. in this case.

Proposition 3.5. There exists C > 0 such that, if the kernel G satisfies

G(t,t,x,v) =0
then the following holds. Let T > 0. If p > 7+ d and o > d/2, then, for H €
L2(0, T;L%(TY)),

fi fri
”Kéee[H] ||L2(0,T;H1(Td)) + ”KGHC[H] HLZ(O,T;H1 (T4))
<CA+T) sup [0sG(t, )| gz 1 H I 20,7:12(T4))-

0<s,t<T
Proof. Since G(t,t,x,v) = 0, Taylor’s formula shows that

G(t,s,x,v) = (t —S)G(t,s,x,v),

1
G(t,s,x,v) = —/ asG(t,t + t(s —t),x,v)dr.
0
By Proposition 3.3 with ¢ = 1, we get, for s; > 3 and s, > d/2 + 2,
fre fri
“ ViKG [H] HL2(0,T;L2(Td)) + H ViKg[H] “L2(0,T;L2(Td))
< ClG7,s1,5: 1 H [l 2(0,7:02(T )
To conclude, we observe that
- = 2
{4+ 1mD2 A+ [ED* [(Frw G2, 5,m, )|}
1 2
< (D24 D [ 1T @GN0t + 2 = 0. )] de)

1 0
5/0 {1+ [m))2 (1 + [ED* | Fren(@sG) (1, 1 + (s —1),m, £)|} de;
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therefore,

” Vxnge[H] ”L2(0,T;L2(Td)) + ” vfoGric[H] ”LZ(O,T;Lz(’JI‘d))
= C|9;G|

T,S1,S2||H||L2(0,T;L2(Td))-

Now, appealing to [90, Remark 5.1], one can prove that forall p >2{ +s+ 1+ d
and o > d/2 (with £,s € R™T), there exist s, > £ + d/2 and s; > s + 1 such that

1GIT.s1.5, & sup G 5)]| g2
o

0<s,t<T
Since G(z,t, x,v) = 0, we also have

IGI

T,s1,82 5 T sup ”aSG(I’S)”J(;'
0<s,t<T

By Proposition 3.4, and taking £ = s = 2, we end up with the desired conclusion. m

Remark 3.6. A variant of Proposition 3.5 holds in the following form: there exists
C > Osuchthat,for p >7+d ando > d/2, if

G(t,t,x,v) =0,
then we have, for all H € L2(0, T; H~ (T %)),

fi fri
”Kéee[H]||L2(0,T;L2(Td)) + ”Kélc[H]”Lz(O,T;LZ(Td))
<CA+T) sup [[0sG W )l gz H 200,151 (1))

0<s,t<T

We do not detail the proof, which follows the same lines as that of Proposition 3.5.

We finally investigate the smoothing properties of the difference operator Kfcrfe -
KfGric. A somewhat surprising result is the fact that this operator gains one additional
derivative. This is the content of the following proposition.

Proposition 3.7. There exists C > 0 such that, for every T > 0, if p > 8 + d and
o > 14d/2then, forall H € L2(0, T;L>(T%)),

|KES[H] — KE[H] “Lz(o,T;H1 (TdY)
<Co(T) sup (G, 9)lgr | HI200,7:12(m4))

0<s,t<T

where ¢ : RT — R is a continuous nondecreasing function.
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Proof. Following the computations performed in the proof of Proposition 3.5, we
have

KEC[F](t, x) — KE[F] (¢, x)

=Y e"“{ > /0 Fr(s)(ik) - [(FewG)(t, 5, £ — k., k(t — 5))

LezZd kezd

— (FenG) (5,0 —k k(e —1))] ds}.

Therefore, if we set
Ot,s,L,k) = (FxvG)(t,5,£ =k, k(t —5)) — (FxvG)(t,5,£ —k, k('™ — 1)),
we get
|V (KE(H] = KETH) O |2
WD /t|ﬁk<s)||k||®(t,s,ﬁ,k)|ds)z.
tezd kezd *°
We also have, by setting §,”, = (F,G)(t,5.£ —k. "),
0,5, £, k)| = [, (k(e'™ = 1)) = G, (k(t — )|
= |G k(1 = 5) + k(t —$)°p(t —5)) = G, (k(t —9))]

< QSEPI]WEgé’_Sk (&5" (k(t = 5))) |kl (2 = $)*p(t = 5),

where p(2) =} ;50 (zi_lz)' and ég’s (z) =z 4+ 0z(t — s)p(t — s). By continuity, there
exists 8* € [0, 1] (which may depend on all the other variables) such that

O, 5.£.k)] < Ve, (52 Kt — ) |IkI(¢ — )20 (¢ - 5).
This yields

|V (KEIH] = KE[H]) ()] 2pa)

t 2
<3 W( > | |Hk(s)||k|2<z—s)%o(z—s>|vg5;fk(sgf<k(r—s)>)}ds)

Lezd kezd

< ZW( > |ﬁk(s>|2|k|2<r—s)3¢(z—s)2|vg£gfk(sgf(k(r—s)))|ds)

Lezd kezd

x( 3 [0 |k|2(r—s)|Vsﬁ£fk(sé’f<k(r—s)))|ds),

kezd
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thanks to the Cauchy—-Schwarz inequality. As in the proof of Proposition 3.5, we
obtain by integrating in time that

|V (K& [H] — KEE[H]) Hiz((O,T)xT"’)

T [t .
(ZW | [ 3 ipkra = -

tezd kezd
x |Veg, ", (€52 (k(t — 5)))| ds dt)

X sup sup Y /0 k12t — 5)|VeG, " (£ (k(t — 5)))| ds

tezd 1€(0.T) | cra

= (A) x (B).

IA

First, we note that forall § € [0, 1],k € Z¢ and 0 <5 <1,

65" (k(t —5))| = |k(t —5) + Ok (t — 5)*¢(t —5)]
= [k[(t = $)[1 4 0 —5)¢(r —5)]
> k| = ).

For (B), we thus have
(B)< sup sup Y / (1+ 152 e = D) [Vegi, (553 k(e — 5)))|
tezd 1(0.T) ' ya /0
lk|*(t = s)
(1 + €3 (k(z = 5))Pr

KP@—s)
+IklE—s)P

= sup sup 3 sup {(1+ 6D VA0 [

tezd 1€(0.T) | cra 5:€

Since

/t kPP ) d /lkt ‘ d <[+OO ! dr < +o0
s = —dr — —  _dr
o (1+[k|(z—s))k o (I+Dh T Jo (1+0)hk

if B1 > 2, we get

(B) < sup sup Y sup{(1+ [ENPIIVeE, (B}
€ezd 1€(0.T) | cra 5

By choosing 8, > d/2 and by the Cauchy—Schwarz inequality, this yields

®)< sup (Z sup{(1+|k|>52<1+|5|)*‘"|vgﬁ,i’%s>|}2)2.

te(0,T) kezd s5,€
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Let us estimate the other term, (A). By the Fubini—-Tonelli theorem, we have

T t R
=Y P /0 [0 S A PIkPE = )30l — 5)°

Lezd kezd
x | Ve, (§7 (k(t —s)))| ds dt

T R T
- /0 S UBOP [ Y 1EPKPC -9t -2

kezd Lezd
x |Veg,”, (657 (k(t —s)))| dt ds

= ” H ”I%Z(O,T;Lz('lfd))

T
X sup  sup / Z |€|2|k|2(z—s)3(p(t—s)2|V§;€é’_Sk($;’f(k(t—s)))|dt.

kezd 0<s<T Js tezd

As in the proof of Proposition 3.3, we have

T
sup  sup / k12t = )%t —5)> Y 1| Ve85 (657 (k(t — 5))) | dr
keZd 0<s<T Js tezd

Tk = 5)p(t —5)°
< sup sup/ dr
kezaoss<tJs (14 k[t —s))*

x sup sup Y [ sup(l + [£]*")|Veg, (6]

0<s<T s<t<T tezd
T lk* (@ = 5)%( —5)?
+ sup sup / dr
kezaoss<TJs (14 k[t —s))*

x sup sup Y sup(l + [E[*)| V5,4 ()]

0<s<T s<t<T tezd

=: T 4+ Ts.

We treat these two terms separately.

First term. In Ty, the integral term can be bounded via

b /T k2t — 5)*p(t — 5)?
su su
kezd ossspr s (L4 k|@ —s)™

1 ) +o00 .[3
< sup —= sup @(T —s) / ——dt
kezd k|2 0<s<T ] 1+7)n

) 1 +o0 T3
< @(T)* sup —/ ——drt
weza kI* Jo  (1+1)%

< o(T),
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provided that &y > 4. This implies that for any a, > d/2,
1

Ty S @(T)* sup  sup (Z sup{(l+|m|2+“2)(1+|s|°“)|vg€£f@|}2)2'

0=<s<T s<t<T mezd

Second term. In T, the integral term can be bounded in a similar way via

T |14 3 2 +00 3
k|*(t — r—
sup sup / K7 — )79t — 5) dt < sup (T —s)2/ LA
ke7d 0<s<T Js (1 + [k[(t —s))™ 0<s<T 0 1+ )

) +oo ‘L’3
< o(T —d
_fﬂ()/o 1+ o) T
S o(T)%,

provided that a; > 4. This implies that for any ap > d/2,
1

T> < o(T) swp sup (Z sup{<1+|m|“2>(1+|5|“1>|vgﬁms>|}2)2.

0<s<T s<t<T mezd
Allin all, we get, foroy > 4and oy > 2+ d/2,

(A) 5 q)(T)ZHHHI%Z(O,T;LZ(']I‘d))

x sup  sup ( ) sup{<1+|m|“2>(1+|s|“1)|vg£:,;%s>|}2)

0<s<T s<t<T mezd

(S

5 QD(T)Z ” H ||]%2(0,T;L2(Td))
1

< sup ( T sup sup{(1+|m|“2)<1+|s|“1>|vgﬁ,;S<s>|}2)2.

0<t<T Za 055t &
We have thus proved that for s; > 4and s, > 2 4+ d/2,
” Vx (nge[H] - KIGHC[H]) HLz(O,T;Lz(’]I‘d)) Se(Mve G||T,s1,s2 | H ||L2(O,T;L2(Td))’

where we have used the seminorm ||-||7,s, s, from Proposition 3.3. We can now con-
clude as in the proof of Proposition 3.5. We observe that forall p > 20 + s+ 1+ d
ando > 1+ d/2 (with £,s € R"), there exist s; > s + 1 and so > £ + d /2 such that

V@ Glirsise S sup G 5)]o-

0<s,t<T

By taking £ = 2 and s = 3, and by finally using Proposition 3.3, we reach the desired
conclusion. |



Chapter 4

Analysis of the kinetic moments

Following the bootstrap procedure initiated in Section 2.2, we aim at controlling the
term [|0¢ || 2 (o, 7;m) uniformly in & and for 7' < T,. In view of the transport equation
bearing on g, (see Lemma 2.2), we will relate the kinetic moments pr, and jy, to the
fluid density o, itself.

In this section, to ease readability, we drop out the subscript ¢ when we refer to
the solution. Recall that A will always stand for a nonnegative continuous function
which is independent of &, nondecreasing with respect to each of its arguments, that
may depend implicitly on the initial data and that may change from line to line.

Forall T € [0, T¢) small enough, the goal of this chapter is to prove the following
result.

Proposition 4.1. Let T € (0, min(Ts(R), T (R))). For all |I| < m, we have, for any
te(0,T),

Ipr(t,x)
= P/(Q(l,x))/o /Rde[JgB)ICQ](s,x—(t—s)v) -V f(t, x,v)dvds+ R [pr](t, x),

L jr(t,x)
= p'(o(t, x))//vV [Je BIQ (s, x—=(t—s)v) -V, f(¢, x, v)dvds+RI[Jf](t x),

where the remainders R’ [pr] and RI[j r] satisfy
IR o1 20.mmy < AT R R Uirll 20, 7my < AT R).

We recall the definition of the time T (R) from our bootstrap procedure presented
in Section 2.2, as well as the definition of the time T (R) from Lemma 2.26 in Sec-
tion 2.3. Note that the latter is independent of ¢. In the rest of this section, we will
always implicitly consider times 7" > 0 such that

T < min(Ts(R), T (R)).

From Proposition 4.1, thanks to the analysis of Chapter 3, we can immediately
infer the following corollary.

Corollary 4.2. Form >2+d,o > 1+d /2 and |I| < m, we have

[o%pr ”L2(0 ra2) = AT R),

lo%r ||L2(0 ra2) = AT R).
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Proof. By Proposition 4.1, we can write
drpr = P'(QKG[J:0ve] + R [pr],

with G(¢,x,v) = V, f(¢,x,v) and ||R1[pf] ||L2(0 by = A(T, R). Since the kernel G
satisfies, for p > 1 + d,

sup G llser < 1 f looqo.rien—1) < AT, R),

0<t<T

we can use the estimate from Proposition 3.1 to get

19207 200702y S 17/ @ 200,759 AT, B [3%0] 20, 712,
+ ||R1[pf]||L2(O,T;L2)
< C(llelloso,sm—2) AT, R) + A(T, R)
< A(T. R),

by Sobolev embedding, Proposition A.3 and Lemma 2.20. The same argument applies

I

for 9% ||L2(0,T;L2)‘ "
Our strategy to prove Proposition 4.1 goes as follows:

» first, we take derivatives in the Vlasov equation to obtain a system of coupled

kinetic equations satisfied by the augmented unknown (8)16 a7 fg)‘ 1T |=metm’
* next, we study the average in velocity of ¥ by relying on the Duhamel formula
and the Lagrangian point of view of Section 2.3. We isolate the leading terms and
prove estimates for the remainders, using crucially the techniques developed in

Section 2.3 and Chapter 3.

4.1 The integro-differential system for derivatives of moments

4.1.1 Applying derivatives

We start with the following algebraic lemma, where we apply 3297 to the Vlasov
equation. Let us recall the notation &k and @* for shifted indices (see Notation 2.8).

Lemmad.3. Forany I = (i1,...,ig),J = (j1.....jqa) € N% such that |I| + |J| €
{m — 1, m} and for any smooth function f(t,x,v), we have

[020]. T f = 0Lo] EXE, - Vo f + MM + R + Ry

x%v > Jreg,e reg,&

where

. IqJ
¥ o= (axav f) 1,JeN4, ’
[I|+]|J|e{m—1,m}
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d
MIIF = Y 1,0 (07077 1 ~00] 1)
p=1
+1|1|>2 Z (a)a"‘E:é:gQS. vai—aagf
O<a<l/
la|e{1,2}

+1|I| 128 Erega agvvﬁ

'ﬂ - 1|”>28 Ereg8 Vvagf + 1|I|>1 Z ( )8aErlégge vai_“agf,
1717 O<a<I/ o
la|=m—1
where i
[E2s% ”1_2(0 190 = MT. R), 4.1)

LJ . . o
and R" is a remainder satisfying

I ) = A(T.R). (42)
Proof. Using Lemma 2.9, we have
I1qJ
Lo (748 1) )
_ Jreg’,e(aiaif) F 3 100 (0707 £ — 00l £) + [oo]. X2, -V, £
=1

Since the force E:é;fs (¢, x) does not depend on v, we expand the commutator as

[0L0]. E(t,x) - Vy]f

X v

= 11¢081Er1::gga 8;)’va+1|1|>1 Z (a)aaErLéng a)’c—aa;)’va.

O<a<I

Note thatif J £ O0then |/| <m —1,andif |[/| = 1,2 then J # 0. The terms that cannot
be considered as remainders in the last sum are those for which |I| — |a| + |[J| + 1 €
{m — 1, m}, that is, those with || € {1, 2}. We thus have

[0La], EXe, - ]f=1|5|¢08 IEL Ny f + 1112120l EL2 9]V, f
=0

x v Hreg,e reg,& reg,&
o U0 I—aqJ
+ 1752 Z (a)axEregs Uax avf

O<a<I

loe]e{1,2}

+ RN 4RI
where

ﬂ{"] = 1‘1|>281Er1éggs 81{va + 1|I\>1 E aotEruegQg an)Ic_aal{f’
710 0<a<t V¢
|le|=m—1
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1
IJ . , —
Ry = 11> § : (a)agErLégé,?a'vva)Ic aaif-
O<a<l
3<|a|<m—2

Let us estimate the remainder R/ in #!: setting y(v) = (1 + |v]?)"/2, we have

[Ro" ey = D0 IxSERE - Vo8] f]] 2,

O<a<l
3<|a|<m—2

d
Y (1 E vl g,
k=1

O<a<I
3<|a|<m—2

+ |02 ELE, 0 VL] f |1

reg,e

[0 g, 90 Vu0E 0 £ 2 )

First case: mT“ < |la| <m — 2. We have, for all k,

|2 Esg, -0l e+ 08 B Vu0i0l

X ~reg,e reg,e

= (Jos ez ) [ @RI wakal e ao

reg,e

2+ |88 Ene

reg,e

VB [ 202|900 1 v,

provided thato > |I —a|+d/2.Since |[J|+ 1+ |I|—|a|+d/2<m+1—|a| +

d/2 < m+;+d, and since m > 4 + d, we can find such a ¢ so that

e, - Vool £+ |10 B Vot 0
S “ Efs ”Hmﬂ I/ 1l gern—1-

Likewise, we have, for all k,
_ 2 2
| X0 Ete, - 85, Voo™ 3y f 2, = [ Elefe it /R X203 £ o dv.

provided thato > 1+ |l —a|+d/2.Since |J|+ 1+ 1+ |I|—|a| +d/2 <m +
2—|a|+d/2 < W,and since m > 6 + d, there exists such a o so that

| XSE - 9 Vody ™05 £ 2 < NE wm—1[Lf Il ggpn1-

The same procedure can be applied for the terms H X0% Efele - 0y, Vydl7%07 f ||L2_ .
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Second case: 3 < |u| < m+1 We have

|, V=l £y, + X Bt ool £

reg,&e reg,e

< (lasEg oo )X 900L70) £ 2,

v [0 LS,

reg,e

reg,e

S EC o I et

provided that 0 > 1 + |a| + d/2. Since 1 + || + d/2 < w andm > 5+d,
we can find such a o so that

203 Eg - Vud i8] f |15, = | EXE,

reg,& reg,&

[P
Likewise, we have, for all k,

PO N Ak T N oo N P A P

reg,e reg,e

~ || Ereg,

I ey

provided that 0 > |I — a| + d/2. Since |a| + d /2 < ”‘Jrzﬂ and m > 4 + d, there
exists such a o so that

| x0% EX2, - Vvaxaglc_aaif”L%,v o o

reg,&

\Hm 1||f||,;em L.

reg,e

The same procedure can be applied for the terms H X0% Efele - 0y, Vydl7%07 f ||L2
All in all, we have proved that for all ¢ € [0, T'],

[R67 ]2 5 1B gt 1 Ol g
< 1 oo o, 701y | ES2o () | yym—r
< R|E(0)]|ym-1.

By the estimate (2.2) from Lemma 2.7 and by Lemma 2.20, we finally have

| Ry 1, < AT, R).

With the same exact arguments, we easily obtain
1,J
[ R 20,060y = AT R),
and this concludes the proof. ]

Remark 4.4. We will actually obtain an improved L2 (0, T'; #,!) estimate for the term
R I (or, more precisely, for related terms) at the end of the current section.
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We can see M/ ¥ appearing in Lemma 4.3 as a linear combination of % %L =
9K 9L f. More precisely, we can write, for all (1, J),

M F = Z M0y, k,0) FEL,

K,L
d
M, = Y Vpro(Lig pyeiin.ir — Lk0=1,0))
r=1 J
+ 1|I|=1,2 Z I(K’L):(ijﬁ)a){:(Erife,g‘:)e)p
p=1

d
I
+2 X (a)l(K,L)=(1—a,fﬂ)33(Eriéife)P-

Let us observe that the coefficients of the operator M involve only 0, 1 or 2 derivatives
of the force field Eepe(f, x), but nothing coming from f.
We finally introduce the following additional notation which will allow us to
reformulate Lemma 4.3 in a compact way.
Notation 4.5. We consider the following quantities:
(1) R and R; are the vectors defined by
1,J _ 1,J .
Ro = (R ) I,JeN4 . Ri=(Ry7) 1,JeN4 ’

1]+|J |€fm=1,m} [I]+|7 |€tm=1,m}

(2) M is the linear map defined by

M = (M.1).k.L)) (I.7).(K.L) ;
1T LI K| FILIe0m—1.m)

(3) &£ is the vector defined by
I9J pu,
£ = (axav Er”;gf’s . va) 1.JeN?,
[I+]J |e{m—1,m}
4.1.2 The semi-Lagrangian approach

If f satisfies the Vlasov equation (in a strong sense), we have %97 (‘Tre"g’f; f)=0

for any I, J. We can apply Lemma 4.3 to obtain the following coupled system of
equations satisfied by the family & = (3£3; £); ;-
TelF + MF + &£ =—-Ro— Ry (4.3)

reg,&

For any function g(¢, x, v), we set

g(t.x,v) = g1, X" (x,v), V:¥(x,v)),
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where
s> 75 (x,v) = (Xs§t(x, v), V¥ (x, U))

is the solution to

d_ .. . ;
X (x,0) =V (x0). X (x0) = x e T,
s “4.4)

d_ .. ) . )
d—V”(x, v) = =V (x,v) + Er’éé‘-’g(s,Xs”(x, v)), VE(x,v) =v e RY.
< ;

After the composition by (¢, x,v) — (£, X"(x,v), V:%(x,v)), we thus obtain, by the
method of characteristics,
3F+MF+E=dF — Ro— Ry. (4.5)
To deal with the coupling matrix M, we introduce the following resolvent.

Definition 4.6. For all (x,v) and 5,7 > 0, we define the resolvent operator > (x, v)
as the solution s — N> (x, v) of

N + [M 0 Z%° — dId] M =0,
(4.6)

NH = 1d.
The resolvent is well defined thanks to the Cauchy-Lipschitz theorem. We also

have
NS (x,v) = eCTON (x, v),

where

8SNS;Z 4 M on;ONS;t — 0,
“.7

N = Id.
For the upcoming analysis, we need the following bounds on the resolvent.

Lemma 4.7. Forall0 <k <m —3—d/2, we have

sup N e+ sup [NT oo+ sup 9N oo < AT R).

0<s,t<T 0<s,t<T 0<s,t<T
Proof. We have
)
N* =1d — f [M o ZFOINT dr.
t
By the definition of coefficients of the matrix M, we also have

”M“LZ(O,T;L‘X’) < sup ”agEHLZ(O,T;LOO) < A(T,R),

loe|<2

thanks to estimate (2.2) from Lemma 2.7, and by Sobolev embedding (with m — 1 >
2 + d/2). Gronwall’s lemma leads to the conclusion. [
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We first obtain the following decomposition for the kinetic moments of the vec-
tor ¥ .

Lemma 4.8. We have

/ F(t,x,v)dv
R4
= In(t.x) + I% (t.x) + 1%, (t.x)

t
_/ ed(t—s)/ NS (2% (x, v)) £(s, Z5 (x, v)) dv ds,
0 R4

/ v F (¢ x,v)dv
RA
=I5t x)+ I}RO(I,X) + I}Rl(t,x)

t
‘/ et / v ® N (2% (x, v)) £(5, 2% (x, v)) dv ds,
0 R4

where

I = e [ NSO@ () T (2 3 ) o,

I%j(z,x) = —/

t
ed(’_s)[ NS (2% (x, v))R; (s, Z* (x,v))dvds, j =0,1,
0 R4

It x) = et /Rd v ® NUO(Z% (x, v)) Fjy=0(Z% (x, v)) dv,

t
T (t.x) = —/0 ed(’—“[Rdv ® NES(Z% (x, v))R; (5, 2% (x,v)) dvds, j =0, 1.

Proof. We only explain the case of the moment of order 0, the other being similar.
Starting from the equation (4.5) and using the resolvent operators 9t and N defined in
(4.6) and (4.7), we have

~ ~ t ~ ~ ~
Ft) = NCF—0 — / NES[L(s) + Ro(s) + Ri(s)] ds
0
t
= eUNOF, g — / eAUINIS[L(s) + Ro(s) + Ri(s)] ds.
0

After a composition by the map (¢, x, v) — (¢, X% (x,v), V% (x, v)), we obtain

‘rf;'(t) — edt [Nt;O ° ZO;t]%z:o o ZO;t
t
- / e/UINSS 0 29 ] (Ro(5.Z°") + R1(5.2°)) ds
0
t
—/ eI NIS 0 2% £ (5, Z5 ) ds.
0

We reach the desired conclusion by integrating in velocity. |
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4.2 First remainders

Let us show straightaway that some of the previous terms can be considered as
remainders.
Lemma 4.9. We have
||I31||L2(0,T;H1)“ + ||Iiln||L2(0,T;H1) < A(T, R)||fin||3gﬁ1+1v
1 2%, 20,700y + 1 L2, 20,01y < AT, R).
||I,7zl 20,7502y + ||I$1 l12¢0,7:12) < A(T, R). (4.8)

Proof. We shall first estimate the term . We have

200,20 < 4T sup N[ es, [ |Fo(Z% (x. v))]| du
0<t<T

< A(T, R)Z/ 0207 £z (x, v))| dv,

thanks to Lemma 4.7 with k = 0. Using the generalized Minkowski inequality and
the Cauchy—Schwarz inequality, we get

0
|| Iin ||L2(0,T;L2)

Ia]fln(ZO t( v))||L2 dv

L2(0,T)

1/2
([]I‘d Rd (1 + |U |8181{fin(zo;t(x,v))|2dxdv)

L2(0,T)

since 2r > d. We then perform the change of variable (x, v) — Z%(x, v), which
yields

/Td Rd(l + |v|2)r‘a)1c81{fin(zogt(x,v))|2dx dv

< A(T, R) (14 [V3(x, v)[?) 8287 £ (x, v)|? dx d.
TdxR4

Since t
Vi (x,v) = e"v +/ FTERL (1, X (x,v)) dr,
0

reg,&

we have by Sobolev embedding

2

<P+ TIERE

reg,& reg, 6‘||L2(()’T;Hm_1)’

t
V(e 0)? < ol + ‘/0 | Eves (D llLee dz
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By the estimate (2.2) from Lemma 2.7, we get

IVE0(x,v)|> < [v|*A(T, R),

and then
/ (1+ IVE(x, v)12) (8297 £1(x, v)|* dx dv
T4 xR4
2\ |9l 9J fin 2
sA(T,R)/ (1+ v?)"|0%0; f™(x,v)| dxdv
T4 xR4
S AT RS e
This implies

I8l 0.7:2) < AT RS ™ ez

Likewise, using 2r > d + 1, we have

1Tl 0.72) < AT RS ™ ez

We also have

[Z0] g,y (0 0) = € / > NGy @ e 0D [Fir=o] ) @ (x. v)) v,

(K,L)
and

[Il(r)l](l n(t:x)

=e /R Z V. Z% (x,v)V, N(, ”, (KL)(ZO;’(x,v))[’fﬂtzo](K’L)(ZO;’(x,v))dv
(K,L)

—I—edt/ Z IOJ) (K, L)(ZO (x, V) VX Z% (x, ) Vi [ Fls= 0](K’L)(ZO;’(x,v)) dv.
(K,L)

The same procedure as before, using Lemma 4.7 with k = 1 and the pointwise bounds
(2.16) and (2.17) from Remark 2.27, gives

Vs Ll 702y + 1V Tillz .2y S AT RIS ggmer

We now estimate the terms I %0 and T }RO. We rely on the same arguments as
before, with an additional Cauchy—Schwarz inequality in time leading to

/[ | RS (5,25 (-, v) | > ds dv

]
”IRO ||L2(0 T;12) =

L2(0,T)

L2(0,T)
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< AT, R)T [|Roll 20,7:50)
S A(Tv R)’

thanks to (4.2) in Lemma 4.3. We obtain the same result for I }Ro‘ Using again (4.2)
for the first order derivative, we also have

||I=Ro||L2(O,T;H1) + ”I;QOHLz(O,T;H]) < A(T’ R)-

For the estimate in L2(0, T'; L?) of the last term I ,» we end up with the conclusion
thanks to the inequality (4.1) in Lemma 4.3, combined with the same arguments as
before. ]

Note that the previous lemma does not give any control on ||V, I %1 lL2¢0,7:12) +
IV I ;21 lL20,7;.2)- The treatment of these terms requires additional arguments that
we will develop in the next sections. For now, we merely state the result and postpone
the proof to the end of Section 4.4.

Lemma 4.10. We have

I?RI ||L2(0,T;H1) + ||I=1¢zl I|L2(0,T;H1) = A(T7 R)-

4.3 Leading terms and conclusion

In this section, we focus on the following two terms:

t
01, x) = — / 4= / NES(Z% (x, v))£L(s, Z% (x, v)) dv ds
0 R4

and

t
LU, x) = _/ ed(f—”/ v @ NES (2% (x, v)) £ (s, Z5 (x, v)) dv ds.
0 R4

The goal is to prove that £° and £! can be decomposed as a sum of a leading term
and a remainder in LZTHI. This will imply the result stated in Proposition 4.1. Since
the treatment of ! is similar, we focus on £°.

First, we have the following decomposition, which introduces several remainder
terms that we shall estimate later on. Recall the definition of the straightening diffeo-
morphism v ;(x, v) from Lemma 2.26.

Lemma 4.11. For |I| < m, we have

t
(2% 1.0)(, X) = —/0 /]Rd BiErﬁé‘fs(S,x —(t—s)v)-Vy f(t,x,v)dvds

+ RPN, x) + RPPAE x) + RPGAE x).
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with
t
iff . I pu, I ru, _
R (. x) = / /Rd [0 Exeile(s,x = (t = 5)v) — 0y Efgl. (s, x + (1 —e'*)v)]
0

-Vy f(t,x,v)dvds,

t
DUha(I X) = Z/ / BKEr”é:gQS(s,x + (1 =€) -HE (5,1, x,v)dv ds,
= Jo

t
D“ha(t x) = K E™C (s,x + (1 —e'5v)) - 951 (1,5, x,v) dv ds,
o Jra reg,&
K

where HE! and $%-1 are vector fields defined by

HS (2,5, x,0) = N (Z% (x, Yy 0 (X, 0)) (1,00, (k005 (X, V) Vi £, X, Yrg 1 (X, 0))

- Vy f(t. x,v), 4.9)

and

t
SBK’I (t, 5, X, U) — / ed(t—l’)Nt;S (ZO;t(x’ ws,t (X, ,U)))(I,O)’(K’O)

N

X (Ve f(, 25 (x, Y5, (x, ) — Vi f(T. Z5" (x, Yrg 1 (x, 1))
x ¥ (x,v) dr,

(4.10)
with iy
J ’ (x7 w) = |det(waS,l(xv w))|
Proof. Let T € (0, min(T;(R), T(R))). We have, for |I| < m,
(€% (1,0 (2. x)
t
- _ Z / ed(t—s)/ NI;S(ZO;Z(X, v))(I,O),(K,L)a)IC{aLErléggg(svXS;I(X, v))
(K.L)"° R4

-V f(5,Z5 (x,v)) dv ds

--¥ / 109 [N ) 1.0k B 5.5 (. 0)
R4
Vo f(5,Z5" (x,v)) dv ds, 4.11)
since Er'éfg does not depend on the v variable. By Lemma 2.9, we know that
Treae(Vo ) = Vy f = Vi f.
Invoking the Duhamel formula, we get

Vo f(t, x,v) = ed(t_s)VUf(s,ZS;t(x, v))

+ / t eV, f(2, 25 (x, ) — Vi f (2, Z% (x, v))) dt

N
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and therefore
U=y, (5, Z5 (x,v))

=V, f(t,x,v) + / t e (Vy £ (2, 25 (x,v)) — Vi f (2, Z% (x, v))) dr.

N

Inserting this expression in (4.11) yields
[€%(r0) (2, %) = £ (2, %) + £LF(2, %),
where
t
Lit,x)==)_ / /R N (Z0 (x,0)) (1,0, (k.00 0% EX%2,(5. X5 (x,v))
=< J0

-V f(t, x,v)dvds,

t t
Li(tx)==)_ /0 /R ) / eUTON (2% (x,v)) (1,00, (k.00 0K EX2, (5, X5 (x,v))
K S
(Va f(1. 27" (x,v)) = Vy f(1. 2% (x, v))) dT dv ds.

Let us transform these two expressions in order to make the terms fR} (z,x), TR% (t,x)
and R3 (1, x) appear.

First term. We first focus on L}, which will produce the leading term in the result.
Using the change of variable v = ¥ (x, w) coming from Lemma 2.26, we have
(sincet < T(R))

t
e == [ [ N@ v oo
K 0 R4
X BfE"’Q (s,x + (1 —e" ™)) - Vy f(t, x, Y1 (x, 0)) I (x, v) dv ds,

reg,&

where J (x, w) = |det(Dy, ¥ ¢ (x, w))|. We obtain

t
Lp(t.x) = _Z/o /l‘&d 8fEr'§’g‘;’5(s,x + (1 =e")) - Vy f(t, x, ¥4 (x,v))
K
X NOHZO (2, Y0 (6, 0))) 1,00, k.0) 3" (%, v) dv ds

t
— Z/ / BfEr’ézé?g(s,x + (1 =€) g&1 (t,s,x,v)dvds,
K /0 R4

with

HSL (2,5, x,0) = N (Z% (x, Yy 0 (X, 0)) (1,00, (k0035 (X, V) Vi £, X, Yrg 1 (X, 0))
- Nl;t (Zo;t (X, wt,t (X, U)))(I,O),(K,O)Jt’t (X, U)vv f(tv X, U).
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Now observe that, since N = Id and ¥, , = Id, we have

Vo £, %, e (3, V)INEZY (3, Yre (X, 0))) (2,00, k.0)9"" (x, v)
= 11=Kva(t,x, U),

therefore,

t
L1(t,x) = —/ /Rd 8;Er'%‘:’8(s,x + (1 —e" ) -V, f(t,x,v)dvds
0

t
— Z/ / BfEr“e;gf’s(s,x + (1 —e)) -BE (5,1, x,v) dv ds
K Y0 JRY

t
= —/ / BfCEr"e’gQS(s,x —(t—s5)v)-V, f(t,x,v)dvds
0 JRY ’
+ RPN, x) + RPP2(2, x).

Second term. To deal with the term £?, we apply again the change of variable v =
Y5, (x, w) from Lemma 2.26 and get (since T < T'(R))

t
L3t x) = _Z/o /Rd BfEr“e’gf’s(s,x + (1 =) - 95511, 5,x,v) dv ds,
K

where

sk (t,s,x,v)
t d . .
:Z/ eUTON (2% (x, Y (3. 0))) (1. 0) (k.00

s
X (VX f(T9 Zr;t (x7 ws,t (X, 'U))) _vv f(T’ Zr;t ()C, ws,l (X, U)))) Js’t ()C, 'U) dT’
which means that L%(z, x) = Rll)’uzha(t, x). Combining the previous decompositions
finally yields the conclusion. ]

We now have the following lemma, which is the continuation of Lemma 4.11,
in which we express [80](1,0) as a sum of a leading term and a remainder that is
controlled in L%H'. The proof, which is rather lengthy and technical, is based on the
smoothing estimates of Chapter 3; we postpone it to Section 4.4.

Lemma 4.12. We have, for all |I| = m,
(€% (1,0 (2. x)
t
= pf(Q(t,x))/ /d Vx[Jga)ICQ](S,X—(l‘—s)v)-va(t,x,v)dv ds+R; (2, x),
0o JR

with
IRr 20,711y < A(T, R).
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We can finally proceed with the proof of Proposition 4.1.

Proof of Proposition 4.1. We only treat the case of 9% pr, that of alj ' being similar.
First invoking Lemma 4.8, we have

pr = Il + TR w0 + TR, )00 + €00

Thanks to Lemmas 4.9, 4.10 and 4.12, we infer that

Wy (1, %) = p/(0(t, %) /0 A Valledlel(sx (0 = 5)) - Vo £t 3, v) dv s

+ [ 200y (0. %) + [T .0 (1. %) + [T R, 2.0 (2. X) + Ri (2, %),

where the previous remainders are estimated as

Il | < AT RIS g1
”IeORO”Lz(O,T;H]) + ||I=OR1 ||L2(0,T;H1) < AT, R),
IRz ll20,7,m1) < AT, R).

This concludes the proof. |

4.4 Estimates of last remainders

In this section, we mainly aim at giving a proof for Lemma 4.12 and Lemma 4.10, that
we have previously stated. We shall rely on the crucial smoothing estimates derived
in Chapter 3 to treat the different remainders. Broadly speaking, there are three types
of terms requiring a gain of regularity:

Type I. Terms that will be treated thanks to the continuity estimate of Proposition 3.1,
as in [90], and of Proposition 3.4. Such terms will be useful to treat VI =0R1 and
VxIelﬂl in the proof of Lemma 4.10.

Type II. Terms involving a kernel vanishing on the diagonal in time. They will be
treated by the regularization estimate of Proposition 3.5. Such terms will appear in
the proof of Lemma 4.12, as well as for the remainders RPIf, RPu and RP4a,

Type IIL. Terms involving the difference between the integral operators K™ and
K¢ (see Chapter 3). They will be handled thanks to the regularization estimate of
Proposition 3.7. They will also appear in the treatment of the different remainders.
Let us mention that the previous gains require to control a fixed number of deriva-
tives of the kernels that are involved (see again Chapter 3).
Recall also the expression

ERL.(t,x) = u(t,x) — p'(0)Vx[Jc0](t, x),
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as well as Notation 2.8 for shifted indices. In order to check that the assumptions
of the smoothing estimates of Chapter 3 are satisfied, it is convenient to have the
following result.

Lemma 4.13. For any K € N? such that |K| > 0, we have

K E™e = —p'(0)Vi[0KT 0] + 8Ku

reg,&

|K|—1

| K= p s .

-2 > Bi Vi(3y PJe0) Vi (357 (0)) - e

£=0 i=1,..., d

BeBr (i0)

|K|—1 _'

P 2D O (L C O
o=KLy g

ﬁEBK(l 5)

where
Br(i,0) ={BeN?||B|=C0<B <K}, i=1,....d, £=0,....|K| L
Proof. The proof follows directly from the Leibniz formula, which provides

0% Els = —p'(@Vidy 0 + 05 u

reg,&
IK|-1 .
L T () nere)-avef i)
p— 1, s
ﬂlEBK(l 9]
and yields the desired result. |

In the next lemma, we show how to obtain the leading term of Lemma 4.12 (up
to some good remainder) from the integral term of Lemma 4.11.

Lemma 4.14. We have
t
- / / BIEr';ng(s,x —({t—s)v)-Vy, f(t,x,v)dvds

= p'(o(t, x))/ / [T xQ 1(s, x—(—s)v) - Vy f(2, x, v)dvds—i—fRI(t X),

where the remainder R satisfies

|2 li200,7m1) = AT R).

Proof. Let us introduce the following vector fields:

Gi(s.1,x,v) = [p'(e(s,x — (1 =5)v)) = p'(e(t. X))V f(t, x, V),
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and
GEi(s.1,%,0) = (Vu (9 /(@) (s, x — (t = $)) - 1)V f (2, x, V),
GiP(s.1.x.0) = (Va (05 P1o0) (5. x — (1 = 5)v) - Vi (1. x,v))es

for

BeBy(i, ) ={BeN?||f|l=00<p <K} i=1,...d, £=0,... |K —1.

Thanks to Lemma 4.13, we can write
t
—/ / 8;Er’ég98(s,x —( —s)v)-Vy f(t,x,v)dvds
= p/(o(t, x))/ / V. [J:0L 20l(s,x — (t —s)v) -V, f(t,x,v)dvds

+ S1(t,x) + S2(2, x) + S3(f, x) + S4(t, x),
where

S1(1,x) == Kg[01Js0],

S,(t, x) == —/0 /]Rd chu(s,x —(t—s)v) -V, f(t,x,v)dvds,

[ L=
1 Fi_
0= 3 (g K [l
(=0 i=1
ﬂele(tlf)
[I]-1

Satx)y= > Y ( )Kfref,ﬁ[afp’(g)]-

=t 1,...d
{="5—]+1 ée]B o

The treatment of the term S, will follow from a straightforward estimate. The terms
S5 and S4 are terms of Type I and we will use the continuity estimates provided by
Proposition 3.1. The term S;, which already contains I derivatives of g, is a term of
Type 1I (since G1(¢,¢, x,v) = 0) and we will rely on the regularization estimate of
Proposition 3.5.

Estimate of Sy. Since G1(¢,t, x,v) = 0, we apply Proposition 3.5 to get

IS1lli2o sy S (A +T) sup [05Gi(s, 1)l goe 0%l 20,7512)
0<s,t<T

SA+T) sup 10,G1(s. 0l et lollzco zsmmy

0<s,t<T

for{ > 7+ d and 0 > d /2. A direct computation gives

0sG1(s.1,x,v) = p"(0)[0s0 + v - Vx0|(s, x — (t —s)v)V, f(£. x, V).
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We thus have, forall 0 < s, < T,

n+v
scr Y Y (10X " (©@dse(s)) F + 197(p" (@) Vxe(s) 7o)
[p]+|v|<L y=0

<[ P, A P ar
Td xR4 ’

< Cr(Ilp"(@)3s0() 5 + IIP"(Q)VxQ(S)IIﬁk)||f(t)||§€;n+—11

< Crllp" (@) 7k (1950(9) 74 + IIVxQ(S)Ilﬁk)IIf(I)||§€gn+—11
for k > % + £ > %l 4+ 14+dandm—1>{¢ > 1+ d. Using the equation satisfied
by o, we get
12" (e llux = Alllo(s) ) llo(s) [l

and

10s0($) [lx + [[Vxo($) [l

< Tl | Vol + H [diva (7 — pya + ) e + lolhoesr.

=
L= pr flu

thanks to the algebra property of HX. Taking k + 1 < m — 3 and using the bootstrap
assumption combined with (the proof of) Lemma 2.20, we obtain

Sup ”aSGl(S? Z)”Jfoe_ < A(T’ R)

0<s,t<T

Estimate of S,. Using the generalized Minkowski inequality followed by the Cauchy—
Schwarz inequality, we have, for r > d/2,

[S2lL.2¢0,7:12)

t ANAEYE _ _ 5
/0 (/1rdXRd(1+|”| ) |9%u(s, x — (& — 5)v)|

1/2
X |V, f(t, x,v)]*dx dv) ds

! YAV 2
L[ st

1/2
X |Vy f(t,y + (t —s)v,v)]>dy dv) ds

<

L2(0,7)

IA

L2(0,T)

IA

1/2 t
swp ([ s Py o) | [t so

tel0,T]

L2(0,T)

A

1 oo 0, 7;6m=1) e llL20,7300m)
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by Sobolev embedding in the last line, since m — 1 > 1 + d /2. This yields
||SZ||L2(0 T;L2) ~ < A(T, R).
Likewise, since m — 1 > 2 4+ d /2, we have

IVxSallizo,72) < 1S oo 0,756y 1120, 750

+ ”f”LOO((),T;]f,{"—l)||u||L2(0,T;Hm+1)
< A(T, R),

which gives the conclusion.

Estimate of S3 and S4. Forall 0 < |f] < Ll”T_IJ andi =1,...,d, we use Proposi-
tion 3.1 (after taking one derivative in space) to get

HKfree 81’ 8Q]

B I'-B
voTm osssl,ltper Gai(t:9) | g1 195 el 20,7y

for{ > 1+ d and 0 > d/2; therefore

” Kfree 81’ Q]

<
T~ 4 utP 1G5 (2.9)] we+r llellizeo,rimm) -

We have, forall0 < s, < T,

|G2t.) | Gee1
u+v

SN A NCIARIO] S
lul+Iv|<€+1 y=0
X ()7, f (2, x, v)}2 dx dv
T4 xR4

5 CT||p/(Q)||im(0’T;Hk)||f(t)||§€gn—1 s

provided thatm — 1 > ¢ + 2 and k > %+|y|+1+ |B|. Since £ > 1 —I—dand%—i—
lyl+ 1+ 8] < % + €42+ -1 acondition such as 3d + 9 < m ensures that

” Gf,,- (z,s) Hggﬁﬂ S CT||P/(Q)||L°°(0,T;Hm—2)||f||Loo(o,T;gegn—l) < A(T, R),

thanks to (2.1) from Lemma 2.7, Sobolev embedding and Lemma 2.20. We thus
obtain

HKfree aI’ aQ] A(T, R).

L2(0,T; Hl)

proceed in the same way for S4: for all LMT_IJ +1<|Bl <|I|—1 and all
=1,...,d, we take one derivative in space and apply Proposition 3.1 to write, for
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{>14+dando >d/2,

< sup |G, I, ) | geet1 17" @120, 7:00m)

Kfree /
H ”B p(g)] L2(0,T:HY) ~ g<gr<T

The kernel Giji’ﬂ is estimated as before: using the Leibniz rule, we have, for all
0<s,t<T,

T, 2
e )Y =y o ) RPN [ ]

provided thatm — 1 > 2 4 £ and k >%+ ly| + 14 |I'| —|B]. Since £ > 1 + d and

d = d+20+m+1
—+ Wl +1+ "= Bl < ————,
2 2

a condition such as 3d + 9 < m ensures that

I,
H G4,iﬂ(t,s) He;gfjl S CT”Q“LOO(O,T;H’”—Z)”f”LOO(O,T;J[(’T"—I)-

Therefore, by Sobolev embedding, the bound (2.1) in Lemma 2.7 and Lemma 2.20,
we obtain

< A(T, R). [

Kfree ﬂ /
H Gl B[ x7'(©)] L2(0,T:H!) ~

The remaining task is to show that the remainder terms fRlef fRD“h“‘ and IRD“hd
introduced in Lemma 4.11 are well controlled in L2 0, T; H! ). For the first one, we
have the following lemma.

Lemma 4.15. We have

|RY A(T, R).

lff||L2(0THI)

Proof. Inview of Lemma 4.13, let us write, for 0 < |u| < L@J and L#J +1<
vl < K[ -1,
(Vx[afi 10|V [04 p'(0)]-ei + Vi [3% P’ (0)]-€iV [3fi_”JsQ]>(s, X—(t—5)V)

-V f(t, x,v)

—(Vx (0K ~110] V[0 p' (@))€ + V[0 p' (0)] € [0K JEQ]) (s.x+ (I—e" ™))
-V f(t,x,v)

=(Ve[0 e (5. = (1 = 5)v) = V[ U] .3 4+ (1 =)

X Gg,pu,i(s,1,x,0)

+ Vx[afi_”JSQ](s, x4+ (1—e7*)) - Goyils,t,x,0)
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+ Ve[02p(@)](s. x = (t = $)v) - Gy, i (5.1, X, v)
+ (Ve3P (@15, = (2 = $)v) = Va[02p' ()]s, x + (1 = ¢~ )))
X GlKl’v,i (s, t,x,v),
where

Gg,pu,i(s,t,x,0) == Vi [0¥p'(0)](s,x — (t —5)v) - €; Vy f (2, x,V),
Gou,i(s,t,x,v)

= (Vx[0¥ p'(0)] - e — Vi[3% p'(0)](s, x + (1 — €' ™)v) - &) Vy f (2, X, v),
Gllf)’v,i (s, t,x,v)
= (Vx [8§i_”JsQ](s,x —(t—5)v)— Vx[afi_”Jgg](s, x+ (1—e)))
* va(tv-xz v)elv
GlKl,v,i(svt’x’v) = Vx[afi_vJsQ](S,X + (1 =€) - Vi f(t. x,v)e;.
By Lemma 4.13, we can thus rewrite
R = S5 + 86 + S7 + Sg + S + S10 + S11,

where
Ss(t,x) = —/ / [0Lu(s,x + (1 —e")v) — dLu(s, x — (t —5)v)]
0 JR4

-V f(t, x,v)dv ds,

and

Se = Kge[011,0] — Kg<[0LTs0]. with

Go(t,s,x,v) = p'(e(s. x — (t —5)v)) Vo f (£, X, V),

S7 = K [911c0]. with

Gr(t.5.x,v) = [(p'(0)(s.x — (t =5)v) = p' (@) (s, x + (1 = "))V, f (2. x, V)],
L5

som > X (L), T ] [T el

(=0 i=1,....d

o'E £ (Dt

Si0:= Z Z d (B{i)ngfo.ﬁ.i [35#(9)],

=1 1.,
=l I+1 éeB G0
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1 |
Su= >, ) (gi)( fécflﬂ.[351)’(9)]—1(2“?]B,[afp’(e)])-
Z=L%J+l i=1,....,d o o
BeB;(i,0)

Let us explain how to estimate each of these terms. The term S5 will be estimated by
a direct proof. All the other terms actually require the smoothing estimates coming
either from Proposition 3.5 or Proposition 3.7:

» for S¢, Sg and Sy, the difference of the operators Kfree and Kfrie appears; these
terms are therefore of Type III, and we will apply Proposition 3.7;

e since the kernels G7, Gg and G vanish on the diagonal {s = ¢}, the terms S, Sg
and S;o are of Type II, and we will appeal to Proposition 3.5.

Let us now turn to the estimates.

Estimate of Ss. The argument is the same as for S, above. We obtain
IS5l 20,720 S A(T, R).

Estimate of S¢,Ss and S11. By Proposition 3.7, we have, for all £ > 8 + d and
o>144d/2,

IS6llL20,7;m1 (rayy S sup [[Ge(r, )| g 1920l 20, 7:12(ray) < AT R),

0<s,t<T
thanks to the bound (2.1) in Lemma 2.7, Lemma 2.20 and provided that we can take
m—-2>%48+4d.
Likewise, for Sg, we use Proposition 3.7 to get

ISsll20,r:uy & sup  [Gsp,i(s. Dl e llell2o,mmm-1)
0<s,t<T

o<IBl<| L5
i=1,...,d

forall £ > 8 + d and 0 > 1 + d/2. As in the treatment of S3 above, we deduce that

||SS||L2(0,T;H1) < CT”p/(Q)HLOO(O,T;Hm—z)”f”LOO(O,T;J({;'—I)||Q||L2(O,T;Hm—l)
< A(T,R),
since m > 3d + 21. We argue in the same way for S1; (see the treatment of S4 above)

and obtain
IS11llL2¢0,73m1) < A(T, R).

Estimate of S7,S¢ and S19. We proceed exactly as in the estimate of S; above, since
G7(t,t,x,v) = 0. Here, we have
95G7(s.1.x,v) = [p"(0)[ds0 + v - Vxol(s, x — (1 — 5)v)

— P"(@)0s0 + ' v - Viol(s, x + (1 — " *)v) |V, £ (2, x, V).
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Using the triangle inequality with Proposition 3.5, we end up with
IS71lL200,7;1u1) = A(T, R).

For So, using Gg g i (¢,2,x,v) = 0for 0 < |B] < LWT_IJ we also have, by Proposi-
tion 3.5,

fric I'-p
)KG%‘-" [0 7 3ee] 12(0,T;H1)

S(1+T) sup

0<s,t<T

105 Go,p.i (s, D)l goe lll2 0, 7:mm—1)

forall{ > 7 + d and 0 > d /2. We then proceed, as in the estimate of S1, to deal with
the time derivative, combined with what we have done for the estimate of S3 (since
m > 3d + 19, for instance) and get

||S9||L2(0,T;H1) < A(T, R)”f”LOO(o,T;Jfl’T"—l)||Q||L2(O,T;Hm—1) < A(T, R).

Finally, we apply the same exact arguments as before for S;¢ (see the estimate of S4
above, for instance) to get

[S10llL2(0,7:m1) < AT, R)llell 20, 70m—1) < A(T, R). n

The second term SQID”Iha from Lemma 4.11 is estimated thanks to the following
lemma.
Lemma 4.16. We have
|7

||L2(0,T;H1) E A(T, R)

Proof. Let us introduce the following vector fields:
Gﬁ’,g,ﬂ (s,t,x,v) := (Vx(afzp’(g))(s,x + (11— et_sv)) . e,-)HK’I (s, t,x,v),
Gle’,f,,s (s,t,x,v) = (Vx(afi_ﬁJEQ)(s,x + (1 —e"Sv))-HE (5,1, x, v))e,-
for
BeBg(i,f)={BeN?||B|=0<p <K\, i=1,...,d =0, |K -1,
where we recall the expression of the kernel H defined in (4.9) by

HK’I(t,s,x, v)
= N (Z% (x, sz (x, U)))(I,O),(K,O)Js,t(x’ V)V, f(t, X, s (x,0)) =V, £, x, v).

By Lemma 4.13, we now decompose JQIDUIha as

R = S12 + S13 + S14 + Sis.
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where
t
Sia(t,x) = —Z/ / Bfu(s,x + (1 =€) -HE (1,5, x,v)dv ds,
= Jo Jrd
and

Si3 = ZKfang 8KJ3Q with

G13(t,s,x v) = p'(0)(s,x + (1 — e’_s)v)HK’I(t,s,x, v),

[ =L

se=X X X (p)Ken, Pl

= i=1,..d
BeBk (i,0)

|K|—1
=y Y% ( )KfGK [0 p'(@)].

K |K| 1
=L foe 5)

Let us estimate each of these terms. Note that HX/ (z,t,x,v) = 0, so the kernels
appearing in S13, S14 and S;5 vanish in the diagonal in time: these terms are therefore
of Type II and we will rely on the regularization property from Proposition 3.5 to
handle them.

Estimate of S12. We proceed as in the estimate for S, above and first get, for k >
144
2 b

K,I
1 sz 0,701y < D HE (oo 0,756 1ll20,7500m+1)-
K

Now observe that for s, ¢ we have

koo [N 20 s D)V £ (1 W) g+ 1F O

[HE (.0 =

<177 e ( wize) (1 W ltoe)
x ”Nt’snwl;go Z || a;,v(vvf)(l’ ) WS,I)” Jg}l:) + ||f(l)||J€}{C+1
lvI<k
SATR) 3 B Tol ) Vs | + 1S Ol

lyl<k

thanks to the estimate (2.9) of Lemma 2.26, Remark 2.27 and Lemma 4.7, and since
m > 4 + d. To handle the last sum, we write

/ |07, Vo £ (. x, s (. 0) [ (1 + [0]?)" dx do
T4 xR4 ’
S/ d|a%,vvvf(t7x’ WS,t(x7v))|2

Td xR
X (1 + IU - ‘/’s,t(X, v)|2 + |1//S,t(x7v)|2)r dx dv’
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and apply the change of variable v = w = V¥, ;(x, v) from Lemma 2.26, combined
with the bounds (2.8) and (2.7) to get (choosing k such thatk + 1 <m — 1)

[HE (5,0) | 4o < A(T. R).
Taking a supremum in time we obtain

[S12lli2¢0,7;m1) < A(T, R),
which yields the result.

Estimate of S13,S14 and S15. Since HK! (z,t,x,v) =0, we first observe the cancel-
lation G13(¢,¢, x,v) = 0. By Proposition 3.5, we therefore have, for £ > 7 + d and
o>d/2,

||Sl3||L2(0,T;H1)
A+ sup [os[p(els x4 (1= NH (s.0)]

K 0<s,t<
x || 8JIC(Q||L2(O,T;L2)

SCry . sup [ p"(@dse(s, x + (1= ))HS (5,0)] 4

K 0<s,t<T
x H BJIC('QHLZ(O,T;LZ)
+Cr Y sup [[p"(@)Vxolsx + (1= HS (5,0 e

K 0<s,t<T
x ” aJIc<QHL2(0,T;L2)

+Cr Y sup [ p/ols,x + (1= ™)) HS (5,0)] e
K 0<s,t<T

X ” a)Ic<QHL2(0,T;L2)'

The first two terms can be handled by arguments similar to those used for S; and S5,
a fixed number of derivatives being involved. For the last one, we proceed as for the
other terms, combined with the arguments used for S;,, and write, for all ¢, s,

17" (as, x + (1 — e =*)v)aHS (s, 1)|
< Crllp" (@)oo o, 7:mm—2) 1 3sHS T (5, 1)
< AT RY(17% Iy oo Vo £
+ 105 oo Vo £ Vsl g + Vo f O] ge1)
= AT, R),
since m > 3d /2 + 11. This yields
IS131lL2¢0,75m1) < A(T, R).



Analysis of the kinetic moments 84

Next, for S14, we use the fact that G14 ; ﬂ(t,t,x v) =0for0 < |B] < LlKl IJ and
i =1,...,d so that by Proposition 3.5, we have

<ot [0 e

L2(0,T;HY)

S(A+T) sup HB G14,,3(S t)”]géé ol 2o, 7:mm)

0<t,s<

for{ > 7+ d and 0 > d /2. Next, we have, for all 7, s,

185G 155 5050 3¢ < [3s[V (35 P/ (@)) (5. x + (1 = e =)0) JHS (5.0) |
+ [ V2 (95 0/ (@) (5, x + (1 = =) 0)3HS (5, 1)) gpe

The first term can be handled by arguments similar to those used for Sg and S;,. The
second can be addressed by the same procedure where one relies on the arguments
for handling S;3. Likewise, we obtain

IS14ll2¢0,7:1m1) < AT, R). =
We finally estimate the third term leDuzha from Lemma 4.11.
Lemma 4.17. We have

” :RDuha ” A(T R)

L2(0,T;H!) —

Proof. We proceed as before by introducing the vector fields
18 : ﬁ(t §,X,0) = (Vx(afgp’(g))(s,x + (1 —e"*v))- ei)SBK’I(s,t,x, V),
19113(1 §,X,0) = (Vx(afi_ﬂJsg)(s,x + (1 =€) - 581 (5,1, x, v))ei,
where
BeBg(i,)={BeN?||B|=0<p <K}, i=1,...,d, £=0,... K —1.
Let us also recall the expression of the kernel $ defined in (4.10) by
skl (t,s,x,v)
= /t eLUTONES (2% (x50 (X, 0)))(1,0),(K.0)

X (fo(f» Z7(x, Vs (X, v))) - va(l', 7 (x, Vs, (x, U)))) 3 (x, v) dz.

Thanks to Lemma 4.13, we can write

RDUhd = Si16 + S17 + S1s + S19,
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where
t
Si6(t, x) = — Z/ / Ku(s, x + (1 —e'Sv)) - 651 (1,5, x,v) dv ds,
x J0 JRA

and

S17 == K¢, [95T.0]. with
Gi7(t,5,x,v) == p'(o(s. x + (1 — e Hu)oX1 (1,5, x, v),
| &=L
0=y 3 () ol
ﬂeBK(t 6)
|K|—1
so= Y % (5 )Keys, 80 @)

K go K1 4y =1,
=S S

Let us estimate these terms, as we have done previously. Let us observe the cancella-
tion HK-1 (t,t,x,v) = 0; therefore, the terms S;7, S1g and S;9 are of Type II and we
can rely on Proposition 3.5.

Estimate of S16. We mainly proceed as for S;5, the kernel being changed from H
to $. Hence, we only have to give an estimate for |55 (s, 1)|| e (for k and r large
enough). As in the estimate of Sy,, we use Wl;jio bounds on ¥ ;, Z*" and N** from
Lemma 2.26, Remark 2.27 and Lemma 4.7 to write

|95 (s, 1) G

v ( ves)
whS wh:S°

[fo(f, Z% (- Ys0)) = Vo f (.27 (-, Yrsy)) | de

<A(TR)Z/

lvi<k

2

gk

[0% (Vs )T, Z5 (-, Y50))

ded
2

- a%,v (Vo )z, VAR (s Ws,z))] dr| dx dv.

By the generalized Minkowski inequality, and performing the change of variable
v > w = Yy, (x, v) from Lemma 2.26 followed by (x, w) = Z% (x, w), the last
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expression is bounded by

Z (/S (/deRd (U>2r{3§,v(vxf)(t, Z5 (- Ys.t))

lyl<k

) 1/2 2
— 0%, (Vo /)@ Z5 (e[ dx dv) df)

saan X ([([, | o @ner

lyl<k

> 1/2 2
— 07, (Vo /) (. x.0)| dxdv) df) _

Here, we have used the bounds on the Jacobian from (2.7), as well as the bound on
|[v — Vs (x, v)| via (2.8). It follows that

957 5.0 es < AT RN = sup {1V f(©)gs + IV O}

0<t<T

and therefore
IS16ll2¢0,7;m1) < AT, R).

Estimate of S17,S18 and S19. We mainly proceed as for Sy3, S14 and S;s, using
Proposition 3.5. As before, the kernel has just been changed from H to $. Hence, we
only have to provide an estimate for |[d;H%1 (s, 1)]| e (for k and r large enough).
We have

856K’1 (s,t,x,v)
= 05 J S N (Z% (o0, Y5, (%, 0))) (1,0), (K0

x / e [V f (2, 27 (x, Y5, (x, ) = Vi f (2, 27 (x, Y5 e (x, v))) ] de
+ JS”;S {NS(Z% (x, W0 (X, 0))) (1,0).(K.0) }

x / "t [V f (2, 25 (x, Y50 (X, 0))) = Vi f (2, 25 (x, Ys e (x, v))) ] do
+J s”ls\l“s (Z% (. Y5, (X, 0)))(1,0).(K,0)

% /St ed<’—f>as[vxf(r,z’2’(x, Vst (X, 0)) = Vo (7, Z5 (x, Ysp (x, v)))] dr

— edU=ISINTS (204 (x, s 1 (X, 1)) (2.0).(K.0)
X [V (5, Z5 (x, s (x, 1)) — Vi (5, Z5 (x, W0 (x, v)))].

o0

Using the same Wl,ijv bounds on J*, N* and W];ﬁo bounds on v ; as before, as
well as on their time derivatives, we obtain

195557 (s, )l gox < A(T, R).
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This finally yields
[S17[l 2¢0,7:11) + [S18lli2(0,7;m1) + [IS19llL2(0, 71y = A(T, R),
which ends the proof. |

We end this section by giving a proof of Lemma 4.10. Let us mention that it
only requires the continuity estimate coming from Proposition 3.4 and not those of
Propositions 3.5 and 3.7.

Proof of Lemma 4.10. In view of the estimate (4.8) of Lemma 4.9, we only have to
prove that
IViTk, 20,72 + Ve IR, 20,52 < AT, R).

We only write the proof for VI 221 . Let us recall that

t
T (t.x) = _/ 4= /}Rd NS (2% (x, v)) R (s, Z5 (x, v)) dv ds,
0

where
K,L
Ri = (‘(Rl )|K|+|L|€{m—1,m}’
with
‘(R _1|K|>28 Eregs VUava_‘_1|K|>1 Z ( )8QE$;’Q8 vai—aava_
L#0 O<a<K o
lae|=m—1

We have, for all (1, J),
[If)R ](1 »{6X)

- f “ S)/ > NG k. @ @Rk 1) (5, 25 (x,v)) dv ds;

(K,L)

therefore,

VX[Igh](I,J)([’x)

t
= _[0 ed<t—S>fR > VLZ%(x,v)Vy NG ko) @ (x,v)

(K,L)
x [R1]k.0)(s,Z° (x,v)) dv ds

t
- /0 4= / D NG k@ (6, 0))VRZ% (x, v)

(K,L)
x Vy[R1lk,L) (s, Z* (x,v)) dv ds.
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For the first term, there is no derivative on ;. We can proceed exactly as for R
in Lemma 4.9, relying on the estimate (4.8).

The second term is more involved, since V,[R1](k,1) contains several types of
terms:

¢ Some are of the form
1|K\>2Vx[vv35f]8§Erléfe‘
L#0

They involve at most m derivatives of o and at most 2 4+ (m — 3) = m — 1 deriva-
tives of f. We can bound this term in L2(0, T'; #?), following the argument used
for Ry in the proof of Lemma 4.3. Its contribution to V, I <0R1 is handled as in the
proof of Lemma 4.9 (for the term V, T =OR0)'

¢ Some are of the form
Vi [Vodi™ 0K flo2ELe

reg,e’

with | K| > 1 and |¢| = m — 1. They involve at most i derivatives of ¢ and at most
three derivatives of f. We can also bound this term in L2(0,T; J(ro), following
the argument used for Ry in the proof of Lemma 4.3. As before, we can follow
the proof of Lemma 4.9 to control its contribution to VI %1.

*  Some are of the form
12 Vi [0 Bl [V 0y .
L#0
and of the form
V[0 ERE, |V, 00K 1
with |K| > 1 and |e¢| = m — 1. These terms involve at most m + 1 derivatives
of o and cannot be directly treated as the previous ones. We need to rely on the

smoothing estimates from Chapter 3 (by making some terms of Type I appear).

We then focus on the last two types of terms, and we have to deal with

t
K,.L . - ; ;
WL (1 x) = - /0 (4= /R N ey @ )

x VxZ% (x, v)1k|»2 Vi [0X EX2 1V, 05 £ (5,25 (x, v)) dv ds,
L#0

reg,e
and

W1, x) = —/

t
d(t—s)/ 18 0;t
e N (Z™" (x,v))
A e UKL

x Vi Z% (x, v)1|x|>1

L :
x Y (a)vx[aggr’gge]vvag—“af £(s,Z5 (x,v)) dv ds

O<a<K
la|=m—1

for |[K| + |L| < m. Let us turn to the estimates of these terms in L?(0, 7; L?).



Estimates of last remainders 89

Estimate of WIK’L when mT—z <|L| <m—2. Since |K|+ |L| < m, this implies that
|K| <14 m/2. As in the proof of Lemma 4.9, we have, by the Cauchy—Schwarz
inequality,

| w;or < A(T.R)| V<K E%e, - v,k

reg,e v vf“L2(0,T;]€,(.))’

and, by setting y(v) = (1 + |v|?)"/2, we have

[1Vx05 Ele - Vo0 S 1z, < [ Va0x Bl e [ V003 /.2,

S NENge 1SN gon—1
with k& > % + 1 + |K]|. Since d 4+ 6 < m, we can choose k such that

Wi < AT R L

reg,e

LZ(O,T;HW'—I)”f||L°°(O,T;J€;"_l) = A(Tv R)’

and conclude as in the proof of Lemma 4.3. We obtain in that case

K,L
H Wl HLZ(O,T;LZ) = A(T’ R)'
Estimate of WlK’L whenl <|L| < mT—z — 1. Inthat case, we only have |K| <m — 1.
We shall rely on the smoothing estimate of Proposition 3.4 (to treat terms of Type I)

and to recover the loss of the extra derivative on g. To do so, we first write

(WL, x)| < AT, R) | VaZ% | oo sup N
x,v <T

x 1ig|>2
L#0

/ / BKEr“e’gQE]V aL f(s. 7% (x,v))dv ds|,

and we perform the change of variable v — ¥ ;(x, w) from Lemma 2.26 in the last
integral (since ¢t < T (R)) to get

(WS 0| < AT, R)1|K|>2

/ / c[0KEXL |(s.x + (1 — e *)w)

X V0% f(5. 2% (x, Y50 (x. w))) dw ds |,

thanks to the bounds (2.7) of Lemma 2.26, Remark 2.27 and Lemma 4.7.

Relying on the decomposition of Lemma 4.13, we can make the operator K¢
appear, hence dealing with terms of Type I, and apply Proposition 3.4 (combined
with the bounds on Z%* and v ;) to estimate the last integral in L?(0, T'; L?). The
proof follows the same lines as that of Lemma 4.14. Note that Proposition 3.4 only
requires an estimate of V,,0% f in L®(0, T'; #5) with s > 1 + d. Since m > 2d + 2,
we obtain in that case

| Wt < A(T, R).
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Estimate of WZK’L. To treat this term, we observe that it involves at most two deriva-
tives of f and the gradient of m — 1 derivatives of the force field Er'éigf’g. Hence, we
can proceed exactly as we did previously for WIK’L. We likewise obtain

[w, < A(T.R).

L2(0,T;L?)

This concludes the proof of Lemma 4.10. ]



Chapter 5

Analysis of the fluid density

Our goal in this chapter is to obtain a uniform control on ¢l 2(g,7;um)- In the pre-
vious section, we have related the kinetic moments ps and jr to the fluid density o,
up to some well-controlled remainders. In this section, we build on those relations to
further analyze o.

We start by taking derivatives in the transport equation satisfied by o. By using
the key Proposition 4.1 (which was precisely the main outcome of Chapter 4), we
obtain a factorization of the equation for the derivatives between

» apurely hyperbolic part, which is the transport operator d; + u - Vy;
* an integro-differential operator part.

This is where the crucial Penrose condition (P), assumed to be satisfied by the initial
data, steps in and allows us to justify that this last operator is actually elliptic in
space-time and therefore can provide LZL2 estimates without loss. This relies on a
semiclassical pseudodifferential analysis, in the spirit of [90].

In this chapter, we will use the notation M;,, which stands for a positive constant
depending only on the initial data.

5.1 Equation for the derivatives of the fluid density

For T € [0, min(T,(R), T (R))), the aim of this section is to prove the following
proposition.

Proposition 5.1. Setting h = %o for || < m, one has

Q free _
(Id— 1 _prG on)[Bth—i-u-Vxh] — R, 1e(0T), (5.1)

with G(t,x,v) = p'(o(t,x))V, f(t, x,v) and
IR 200,7:2cry) < AT, R, NAO) g1 (pay)-
We start with a commutation result for the derivatives in the equation for .

Lemma 5.2. For all |a| < m, 0% satisfies the equation

0:(3%0) +u - Vx(3%0) + divy [ jae r — pa ru] = R,

1 —pr
with
Rl 20,7212y < AT, R).
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Proof. Recall that by Lemma 2.2, the transport equation for o reads

dio+u-Vyio+ T— lex[jf prul =S, S=- divy u

— Pf
We get, for all @ € N9,
9, (0% )+u Vx(350) + [0%, u - Vi]o

(r —pru) = 95,

odivy
+ 2, —}
1- P

divy 0%(jy — pyu) + [

and therefore 9% satisfies the equation

9;(0%0) + u - Vx(0%0) +7 diVx[ja%f — ppe fu] = R*,

where R® is a remainder defined by

div .
R* = 0%S — [0%. u - Vi]o [3“ @ ](]f PFU) —|— dlvx([afc‘,u]pf)
=1 0%S + € + €, + €.
Let us estimate each of these terms in L%(0, T'; L?), for all |a| < m.

Estimate of 05S. We rely on the tame estimate from Proposition A.2 to write

o . 0 .
19,2 Idiva 1 gm + Idivz w0 = &1 + @a.
- pf Loo 1- Pf um
Since m — 2 > d /2, we have, by Lemma 2.20 and (2.5),
1
1©1lli20,1) < lollLoo o, 7ymm—2y Ul 200, 7;mm+1y < A(T, R).
1= pf |l Lo (0,7:100)

For &,, we combine the tame estimate from Proposition A.2 with Lemma A.5, which
provides

||@2||L2(0,T) S ||Q||L°°(0,T;Hm—2) ||u||L2(O,T;Hm)
1

1 —pr

vl oo o, 7;1m)
Lo9(0,T;Lo°)

+ llell2co,7;nm) H

+ llellieo o, 7smm—2) (107 Lso 0. 7:150)) | o7 20, 730m) 12 [0 (0,731
S A(T’ R) + A(T’ R)||10f||L2(0,T;Hm)’

since m — 2 > d /2 and again thanks to Lemma 2.20 and (2.5). We obtain
10%S l20,7:12) < AT, R),

by using Corollary 4.2.
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Estimate of €1. We have —€; = [0%, u-](Vx0). Therefore, the commutator estimate
from Proposition A.1 yields

€1z < IVxullLoo[[Vxollgm—1 + lullum [Vrelloe < [lullamlllam,
since m > 1 + d /2. We then obtain, by Corollary 4.2,
I€1ll20,7502) < NullLeeo,rsmmyllelzo,rypmy < A(T. R).

Estimate of €,. We have
[ © .
€ = | -2 Jaivliy = o
1 —pr

Applying the commutator estimate from Proposition A.1, we get

o
- Py
=C,1 + Cap.

0
1—pr

Idivx (jr — pru) e

1€l < ‘
Hm

Vxl

Iljr — prullam + H

Loe

For €, 1, we infer from Sobolev embedding (since m —2 > 1 + d/2) that

0 0
v < ||VQ||OO+H— oorl
” xl_pf Lo 1= pf il R (l—pf)2 LOO” xf”L
1 2
< lal ’"‘”H— T T
1= pf |00 . (I =pf) Lo t H * f”L
< A(T, R),

thanks to Lemma 2.20 and Corollary 4.2. Therefore, the tame estimate coming from
Proposition A.2 entails

||€2,1 ||L2(0,T) < A(T, R)(||jf||L2(0,T;H'n) + ||f||Loo(o,T;,;e;n—1)||“||L2(0,T;Hm)
+ ||u||L°°(0,T;H’”)”pf”LZ(O,T;H’"))v
since m — 1 > d /2. Invoking Lemma 2.1 and Corollary 4.2, we get
€211l 2¢0,7y = AT, R).
For €, », we observe that sincem — 1 > 1+ d/2,
Idivs(jr = prwdllLee < g llam—1 + llog lm—1 2t lgm—1

therefore we obtain
||'€2,2||L2(0,T) = A(Tv R)v

by using what we have done for &, above.
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Estimate of €3. We have

€ = —2—([0% divy u)(ps) + [0% w0 (Vepy)) = —2— (€31 + C3.).
I —pr 1—pr

Applying Proposition A.1, we get, form + 1 > 2 + d /2,
13,1

12 < [V dive ulleee | o lm—1 + lIdiva wllwm o llLoe S llaellgm1 | of lgm—1

and
€52l < | VxullLee [ Vxpr llgm—1 + [ullum [ Vi pr Lo
< lullam [l og lam + [[ellmm | o [ gm—1-
Taking the L2-norm in time and using Lemma 2.1, we have, for €3 ;,

[€5.1]

L2(0,T;L2) < ||”||L2(0,T;Hm+1)||Pf||L°<>(0,T;Hm—1) - A(T7 R)’
while for €3 » we have

1C3.2l12¢0,7:12) < ullLeeo,7.6m) o7 L2 (0,7:0m)

+ llull 20, 7:1m+ 1yl o7 lLeo (o, 3mm—1y
5 A(T’ R)a

thanks to Corollary 4.2. ]

Let us now transform the equation for the derivatives of ¢ obtained in Lemma 5.2.
To ease readability, let us temporarily set

t
Kﬁre’g [F](t,x) = f /Rdv[VxF](s, x—(t—s)v)-G(t,s,x,v)dvds. (5.2)
0
Lemma 5.3. For h = 950 with |o| < m, one has

dh +u-Vih + IL divy [KTE Jeh) — KE(ehu] = R,
y ,

with
G(t, x,v) = p'(o(t,x))Vy f(t, X, ),

and where the remainder R satisfies
Rl 200,7;12¢Tay) = A(T, R).

Proof. By Lemma 5.2, we have

0

8,h+u-Vxh+1 divy[jae  — poe su] = R*,

with
Rl 20,7212y < AT, R).
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Thanks to Proposition 4.1, we can write

poay = KE(Je0%0) + R*[pr].  jse s = K (J:0%0) + R*[jf].

with G(¢, x,v) := p'(o(t, x))V, f (¢, x, v) and where

“Ra[pf]”Lz(O,T,Hl) = AT, R), HRa Jf]”LZ(o TH!) — = A(T. R).

‘We obtain

Och +u - Vxh 4+ —— — & div, [KI% (Ioh) — K (0 hyu]
of

= R“ —lex[R [ir] —R*[prlu].

Thanks to the aforementioned estimates in L2T H}C we obtain the desired estimate on
the remainder. [

Remark 5.4. In what follows, we shall rely on the following estimate: for all £ > 0
and 0 > O such that £ <m —d/2 — 2, we have

sup ||G(t)||}€e < A(T,R), (5.3)
0<t<T

where we recall that

G(t,x,v) = p'(o(t.x))Vy (1. X, V).

Indeed, we have

17" (@) Vo S ()5
v

S Y LI eOE [ @ |V fe o avdy

|M+\VI<€V =0

SN VA [ WA

ifm—1>{and k > % + £. Invoking Lemma 2.20 by choosing also k < m — 2, we
obtain the estimate (5.3).

Our goal is now to understand the term
div [KTG Jeh) — K Teh)u].

We will show that up to good remainders, it is related to the transport part d,h +
u - Vi h appearing in the equation of Lemma 5.3. This is the object of the following
Lemmas 5.5 and 5.6, which are crucial commutation results.
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Lemma 5.5. For all |o| < m and h = 0%0, we have
divy (KEe[Tehlu) = KE[J:(u - Vih)] + R,
with
IRl 20, 7;2(Tay) = AT, R).
Proof. First, let us prove that for any smooth function §(z, x) we have
divy (KG°[blu) = Kg*l(u - Vah)] + R, (5.4)
with
[Rl200,712cray) < AT, R, Bl 200,7:12(T4Y))- (5.5)
We have

dive (uKE*[B]) = u - VKE[D] + (dive w)KE[D]
= K& Vb)) + (@ive wKg[b] + [u - Vo, KE*[0]

Using the notation d; = dy,, we have
d
e Vi, KE=][B]( ) = 3 [R i, 000 (KE[B]) 0, )
i=1

d
- ; fRd K& [(ui0:9)](t. x),

and then

[u- Ve KE]I0)(2. x)

d t
= ;/]Rd ui(t,x)/o /Rd Ve (0;9)(s, x — (t —s)v) - G(t, x,v)dvds

d t
ALK x , X — _ _ai X,
+§/Rdu(tx)/0 /Rde)(sx (t —s)v) - 9;G(t, x,v)dv ds

d t
B ai AT T Vui(s,x — (t — -G(t,x,v)dvd
;/l;d/o /ﬂ;d s, x — (. —)v)Viu; (s, x — (t —s)v) - G(¢, x,v) dvds

d t
_ ;/Rd /0 /Rd ui(s,x — (t —s)v)Vy(0;H) (s, x — (t —s)v) - G(t, x,v) dv ds,



Equation for the derivatives of the fluid density 97

SO
[u - Vi, KEE][B] (2. x)

?Sev )G[b](t X)— ?ge.vx)g[f)](LX)

+ Z/Rd Vi (@:9) (s, x — (t —s)v) - ((ui (¢, x) — Wi (s.1,x,v))G(t, x, v)) dv ds,
i=1

where we have set #(s,, x,v) = u(s,x — (t — s)v). We thus get

divy (uKE<TH]) = Kf“[(u Vb)) + (dive WKEH] + KIS o [6] — KIo a[b]
+ ZK?J,e—u 6 10: b,

which gives a decomposition as (5.4). In what follows, we shall constantly use the
estimate (5.3) of Remark 5.4, that is, forall0 < p <m —d/2—2and o > 0,

sup [[G(D)l gz = A(T, R).

0<t<T
Let us estimate the different terms of the previous decomposition in order to prove
(5.5). For the first one, we rely on the smoothing estimate of Proposition 3.1 to
directly get, for{ > 1 4+ d ando > d/2,
|| (divy “)Kﬁee[f)] ”L2(0 T:12)
< A(T.R) sup [|G(1)ll gelbll20,7;02) = AT, R)IIBllL2(0,7:12)

0<t<T

since m > 3 + 3d /2. For the second and third ones, Proposition 3.1 yields

fi fi
HK(rue?Vx)G [b] HL2(0,T;L2) + HK(rge‘Vx)fi[b] HLZ(O,T;LZ)
5( sup [[(u- V)G (t,9)|gr.+ sup ”(G‘Vx)ﬁ(tas)”](’(f)”[)”LZ(O,T;LZ)
0<s,t<T

0<s,t<T
if o > d/2 and p > 1 + d. With the same arguments as in Remark 5.4 to estimate
the terms inside the parentheses, we get (since m > 4 + 3d /2)
f f
“K(r;-eVX)G[b] “L2(0,T;L2) + ”K(réévx)ﬁ[b] ||L2(0,T;L2) < AT, R)||b||L2(0,T;L2)'

For the last term, we observe that the kernel (u; (¢) — u; (¢,s,x,v))G(¢, x, v) vanishes
at s = t; therefore, Remark 3.6 implies

H K?;?—Ti,-)G [9: b] “ L2(0,T;L2)

S A(T) sup T”8s(ui —ui)G(t,9)l gz 161l L20,7502)
0<s,t<

= A(T) sup [[9524i (2, )|k SUPTIIG(I)IIJeg||f)||L2(o,T;L2)
0<t<

0<s,t<T
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forp>7+d/2,k > p+d/2and o > d/2. Using the equation for u, we obtain
(sincem > 9+ d)

”ng-e—ﬁi)G [al [)] ||L2(0,T;L2) =< A(T’ R)”[)”LZ(O,T;Lz)'

All in all, this yields the claimed estimate (5.5).
Now, applying (5.4) and (5.5) with § = J h, we get

divy (uKEPeh]) = KEe[(u - ViIoh)] + R,
with
IR 20,7502cray) < AT, R, Jehll 20,752(Tay) < AT, R, Al 200,502 (T4))-
Finally, observe that
KEC[(u - Vidoh)] = K& (u - Vih)] + KE[[u - Vi, Je]h].
Relying once again on Proposition 3.1, we thus have
| K[ - Ve, Jel] |20 ri2way = AT Rl Ve Jelh| 20 pa2crayy-

Invoking (a variant of the proof of) [21, Theorem C.14] about the commutator between
a differential operator of order 1 and a regularizing operator, we get

|- Vi Jelh | o opay < Nullwrooay Il ),
where this estimate is independent of €. We obtain

K[t - Vi, Je]] A(T. R),

||L2(0,T;L2(Td)) =
which concludes the proof. =

Lemma 5.6. For all |a| <m, h = %0 and G(s,t,x,v) = p'(o(t,x))V, f(t, x,v),
we have
divy KIS [Joh] = —KEe[J:05h] + R,

with
[ RlL20,7:12¢7ay) < AT, R, [|7(0)|[g1 (T a))-

Proof. Recall the definition (5.2) of Klireg. We first write
div, K [Jeh]

= p'(o(t, x)) /Ot /]Rd Vi divy[vIch](s, x — (t —s)v) - V, f(¢, x,v)dvds + R,
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with
R(t,x) = /d VilJeh] (s, x — (t — s)v) - [(v- V) (P’ (0(t, x))Vy f (2, x,v))] dv ds
R

_ free
= Koy v, el

Thanks to Proposition 3.1, we thus have, for £ > 1 + d ando > d/2,

Rl 20,7502(Tay) S ||J8h||L2(O,T;L2(Td))O sup T||(U Vi p (@) Vo f(t.5) ] g2

=s5,I=<

< A(T,R).
Now observe the identity
BS[JSh(s,x — (- s)v)] = (05Jch) (s, x — (t — s)v) + divye (VI h) (s, x — (t — 5)V).

Since

/ ViJeh(t,x) -V, f(t,x,v)dv =0,
R4

we have
t
/ / as[Vngh(s,x —(t— s)v)] - Vy f(t, x,v) dvds
0o JR4

= —/ VJeh(0,x —tv) - Vy, f(t, x,v) dv.
R4

Using the generalized Minkowski inequality and the Sobolev embedding, the last
term is estimated in L?(0, 7, L?) by

[VxJeh(0) ||L2(Td)

/ sup Vo £ x. )] dv
d

R4 xeTd

< A(T, R)|1h(0) [ g1 (T ay-
L2(0,T)

We deduce that we can write

divy K[ [Jeh] = —K§°[0,J6h] + R,

with
||<(R||L2(0,T;L2(1rd)) < A(T,R, ||h(0)||H1(1rd))- u

Combining the results of Lemmas 5.3, 5.5 and 5.6 leads to the proof of Proposi-
tion 5.1.
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5.2 Propagation of the Penrose condition for short times

We now show how to propagate the Penrose stability condition (P) for short times.
This will allow us to study the operator

1d — %ng;e ol

in the following sections; the goal will be to prove its ellipticity.
First, we shall need several estimates on the time derivatives of the solutions. We
have the following basic lemma.

Lemma 5.7. Lets > 0ando > 0. Forall T € (0, T,), the following holds.
(1) Ifs>dands + 1 > d/2, we have

10z f oo 0,7 5¢3)
S\f

1S oo o651y (1t loe o, 731y + AllellLos o, 7zm5+1)))-

|L°°(0,T;Jf;_t‘1)

) Ifs>d/2and o > 1+ d/2, we have

19eps o759 < 18007 ooy S 1F oo 7uget -

3) Ifs>d/2and o > 1 + d /2, we have

[0:0llLoc0,7:L00) < ||”||L°°(0,T;HS)||Q||L°°(0,T;H1+S)

||Q||L°°(0,T;HS)

Lo°(0,T;L°)

1-— IOf
X (“f”LOO(O,T;J((l,""") + ||u||LOO(O’T;H]+s)

1 Do sge+) e oo o, rsm+5))-
Proof. (1) Using the Vlasov equation satisfied by f, we get
10 f llges < I/ g + vV fllges + v - Vo fllseg + 1 Erle - Vo fllses

SIS gy + NESE - Vo flaes:

Next, combining the estimates (A.2) of Lemma A.6 and (2.2) of Lemma 2.7, we have,
fors > d suchthats > 3 +d/2,

|2 Vo f s < TESE oI Tgestt S 1 gt (I @lles + Al s +1))-

hence providing the first estimate.
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(2) To estimate d,pr, we use the fact that 9,07 = —divy j so that we have, by
Sobolev embedding,

10207 I o, 7:100) S 18207 lILoe o, 75m5) S M lLeeco,rsmi+s) S 11 Moo o, 7, 501459

thanks to Lemma 2.1. This gives the second estimate.
(3) To estimate 9,0, we use the equation

0:0=—u-Vyeo— divx(jr — pru 4+ u)o,

1—pr

from which we infer that

100llLo0 (0, T;1.50)
< llullLoeo,7:15) | VxellLee 0,7;15)

1
1 —py

llellLee o, sms) ljr — pru + u||L°°(0,T;H1+S)-

Lo°(0,T;Lo°)

We conclude by using Lemma 2.1. |

Starting from initial data satisfying the Penrose condition (P), we now show that
it is propagated for short times.

Lemma 5.8. There exists Ty (R) > 0 independent of & such that the following holds:
if the initial data (f™™, o™) satisfies the c-Penrose stability condition (P). for some
¢ > 0 then the function (f(t), o(t)) satisfies the 5-Penrose stability condition (P)./»
forall t € [0, min(To(R), T%)].

Proof. Let T < T? and recall the definition (1.4) of the Penrose function P. We start
by writing, for all ¢ € [0, T'],

L= Pr@),00)(x. v, 7. k)
PP [F° iy ik
=1- yrios N gy b v ks)d
l_pf(t,X) 0 ¢ 1+|k|2 ( v vf)( X S) Ky

=1—Pringn(x,y,7,k) + Ao(t, x, ¥, T, k) + Bo(t, x, . 7, k),

where
Ao(t,x,y,1,k)
__P@" ()" ()
1 — prin(x)

x ( / +we—<y+if)sL ((F Ve ) x ks) = (FVy [ (x, ks)] ds)
o 1+|k|2 v v ’ k) v v k]
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and

P'(@"(x)e"(x) P’(Q(LX))Q(RX))

Bo(t, x,y,1,k) == (
0 1 — pgin(x) 1 —pr(t,x)

oo (y+it)s ik
- — - (FV t,x,ks)ds.

Estimate of Ag. Using Taylor’s formula, we have

pl(gin)gin
1 - pf‘in Loo

! ( AN AHin T +o00 k
pede [0 ‘(%vvatf)(e,x, —s)
1— pfin Loe JO 0 |k|

! ( AINY) Hin T k
P'eMe” | (FoV00. /) (Q,x, —s)
[y k|

400 T
Aot x.7.7.k)] < / k| / (7200, £)(0, %, ks)| d6 ds
0 0

IA

ds df

A

sup (1 + %)
0 seR+

Therefore we get, for o > d /2,

|Ao(z, x,y. 7. k)|
1 ( Hin) Hin T .
5 pl(f—)g / sup Z (?Uangatf)(e,x,Ts)‘de
Pre Lo Jo- sert 512, k|
p'(@™e™ T L\
P / ( Z / (1+|v|2)<f|8£Vv8tf(9,x,v)| dv) do
1 _pfi“ Lo JO B=2 R4
p'(e™e™
ST T8/ llisogo rsge3+s
- Pfin oo ! Loo(0,T;H#5™"")

102

de.

for all s > d/2, thanks to the Sobolev embedding. Lemma 5.7 (with 3 + s > d and

3+s5+1>d/2)yields

||8lf||Loo(0,T;Jgg+S) =< A(T7 R)?

thanks to Lemma 2.20, choosing s + 6 < m. Therefore, there exists a universal con-

stant C > 0 such that

p/(Qin)Qin TA(T R)
1 - 'Ofin ’

Loe

Ao(t, X, 7.7, k)] < cH
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Estimate of Bg. Likewise, we have, forall s > d/2suchthat3 +s <m — 1,

P'o(t, x))p(t,x)  p'(e™(x))e"(x)

1Bo(z,x,y,7,k)| £ ”f”Loo(()’T;ggg"‘S)

1 —or(t,x) 1 — prin(x)
T I
<r [0y,
0 1 —pr (0, x)
/
< RT at{p(g)g} _
I —pr J oo, 15000
Now observe that
! 1 , 0
3 { i (Q)Q} = (0d:0 p"(0) + P'(0)3:0) + p (Q)Qt—pfz-
L=pr)  l—pr (I=pr)

Therefore, by Sobolev embedding, we get for all s > d /2,

5 { p'(0)o }
1—pr

<

Lo°(0,T;Lo°)

1 ||3tQ||L°°(0,T;L°°)

= Pf llLee(0,T;Lo®)

X (||Q||L<>°(0,T;Hs)||PN(Q)||L<>°(0,T;HS) + ”p,(Q)”LOO(O,T;HS))
2

+ ‘

Using Lemma 5.7 with Lemma 2.20, we obtain as before

||P/(Q)||L°°(0,T;H~Y) llollLeo(o,T:19) ||3z:0f llL.oo (0, 7:1.5)-
Lo°(0,T;L°°)

1—pr

[Bo(t,x,y,7.k)| < CTA(T, R).
All in all, we have, for all ¢ € [0, T'],

p/(Qin)Qin

Aot x. 7. 7.K)| + [Bo(t.x. y. 7. k)] < c(”
1 — pfin

+ 1)TA(T, R).
LOQ

Consequently, there exists o > 0 independent of ¢ (and depending on ¢) such that,
for To = To(R) satisfying

(

the 5-Penrose stability condition (P)./, holds true for the function (£ (), o(t)) when-
ever 1 € [0, (To(R), T9)], provided that (£, o'") satisfies the c-Penrose stability
condition (P),. [ ]

p/(Qin)Qin
1 - pfin

+ I)To/\(fo, R) < no.
LOO
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5.3 Extension of the solution

In this section, our goal is to construct a suitable extension in time of the solution
(fe, 0e, ug) on the whole line R. This technical step is required in view of the sub-
sequent pseudodifferential analysis (in time-space) of Sections 5.4 and 5.5 — the
symbols being dependent on our solutions. A main issue is to obtain an extension
still satisfying the Penrose stability condition (for all times): we refer to the later
Proposition 5.17.

Define T," (depending on R) as

T} := min(T.(R), T(R), To(R)).

In particular, the Penrose stability condition holds on [0, 7,*] thanks to Lemma 5.8.

Consider two nonnegative nonincreasing cutoffs y, y € €°(R) such that

Vt e R (1) Lo 1=0 d x(@) L 1=0,
s = an =
X 0, r>1 4 1/2, t>1.

s i 9

We set, for § > 0 to be fixed later, ys(¢) := x(t/9).

Given a solution ( f, o, #) to the system (S;), we consider its extension ( f~ ,0, 1)
as follows. Given (Ny, Nr, Np) € N3 to be determined later on (by the number of
derivatives we will use), we define:

Extension in time for u. We set

u(?), tel0, T,

LR -T2
@) = X = T;)kZ Furr) =, +>T1y,
=0

UL tk
x(=1) 3 3 u0) gy, t=0.
k=0
In particular, the extension is 0 after t = 7, 4 1 and before t = —1.

Extension in time for f. We set
AGQR 1[0, 7],

Jvf _m*x\k
Fly = {10 = TOSTD + 00 = T0) 3 AT 1217

tk

. Ny
xs(=t) "+ )((s(—t)k;1 * £(0) 5. t<0.

In particular, the extension is O after t = 7, + ¢ and before t = —§.



Bounds on the symbols 105
Extension in time for 0. We set

o(n), t [0, 771,

* * * Ne k w =T *
5(t)= K(Z_Te )Q(Ts)+X8(t_Ts)kZ atQ(Ta) k? ’ ZZTS’
=1

. NQ k
2(=Do™ + Xa(—t)kZ K 0(0)%. t<0.
=1

In particular, the extension is constant in time equal to o(7}")/2 aftert = T, + 1 and
equal to o™ /2 before t = —1.

The bounds from above and below (Bl(;’g (T)) on g and py are still valid for ¢ and
P provided that we choose the parameter § small enough.

Remark 5.9. Note that if Tg* < 1, then the Penrose function P F.50) has a compact
support in time contained in [0, 2].

Hereafter, we drop out the tilde notation and we shall always consider this exten-
sion of our solutions. Let us conclude this chapter by explaining how we will deal
with such an extension:

* Replacing the former solution (defined on [0, 7']) by its extension ( f,0,u) on R,
we observe that ( f, 0, u) satisfies (S;) with the addition of a new source term S™"
on the right-hand side which has a support contained in R\[0, 7,7].

*  The results of Chapter 4 and Section 5.1 remain true on [0, 7.").

We also refer to Proposition 5.17 below, where we will prove that if § is chosen
appropriately, the extension (f, o, u) satisfies a Penrose stability condition for all
times (the proof requiring some technical estimates from the upcoming Section 5.4).

5.4 Bounds on the symbols

The aim of this section is twofold:

* to obtain some bounds in terms of the initial data for some symbol seminorms of
the Penrose function introduced in (1.4) (depending on the extension ( f, 0));

* to propagate the Penrose stability condition (P) on the whole line in time for the
extension ( f, o, u).

These two ingredients are required to obtain crucial elliptic estimates in Section 5.5.

Before stating the next lemma, consider the symbol seminorms (C.1), (C.2) and
(C.3) introduced in Appendix C: for any M > 0 and for any symbol a(¢, x, n) with
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n= (y,t,k) € (0,4+00) x R x R¥\{0}, we set

wla] = sup (1 +1)d%allLes  + sup [I(1+1)3:0%allLes,
aeN4 aeN4d
a;€{0,1} a;€{0,1}

sup {005 Veral oo+ [nI05Verdial o}

aeN9 ’ o

«; €{0,1}

+ s ([0S0 Vesal e+ [0, Vesiial,

aeN
a;€{0,1}

0
)
I

Elalm = sup [0% 3#a lioo -
1<|a|<14+M 1.x.n
B=0,1,2,3,4

Lemma 5.10. For (t,x,y,7.k) € R x T4 x (0, +00) x R x R4\{0}, set

+o0 .
ar(t,x,y, v, k) = / e~V ke (FyV, )¢, x, ks) ds. (5.6)
0

The symbol ay is (positively) homogeneous of degree zero in (y, T, k) in the sense that
YV, x), Vn=(y,t,k), VA >0, ar(t,x,An) =ar(t,x,n).

Furthermore, for any A > 0 andr > d /2 + 4, we have

3d
olag] < sup (1403, f ooty 3+ 5 <4 (5.7)
i=0,1
- ; d
i=0,1,2,3,4
Qlar] < 9, 7439 4 5.9
[af] ~ is=li)p1” zf”Loo(R;Jng), + 7 < £ 5.9

Proof. The homogeneity is obtained by performing the change of variable s = SI/ (for
A > 0) in the integrals in s defining as (¢, x, n). In what follows, we will rely on the
estimate

|888“8'3va ft,x,8)|
1 (5.10)

1+Ié|q (/ (1 + o2y PV, 05051 — A £t x,v) [ dv) ,

which is valid for all 0 > d/2, ¢ > 0 and any (§,, ) € N x N¥ x N4,
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Consequently, for any o € N9 with o; = 0, 1, we apply (5.10) with § = 0, 1,
g = 2and B = 0, and obtain, for y(v) = (1 + |[v|?)2,

}afaiaf(t,x,n)‘

k|

_ g
1+ s2k2 &

1
5 +o00
<([,a +|v|2)“|vva§az(1—Av)fa,x,v)!zdv) /
R4 0
+o0 1
8 qa
< 100, [

< ” a(tgf("‘) HJC:;‘HDZH'%-H(

1+s2ds

for all k > 0, thanks to the Sobolev embedding. We then deduce that
wlar] < H(l + t)f||LOO(R;J€;+d+%+K) + ”(1 + t)a’f”Loo(R;,;gf”%“)’

hence the claimed inequality (5.7). The inequality (5.8) can be obtained in the same
way.

Let us now turn to the proof of (5.9). First, observe that by the homogeneity of ar
in n = (y. 7, k), it is enough to estimate the quantities [|0§V, x Bfaf ||L‘;<;L?,°(S+) and
||8§‘8,Vr,k8fa||L?3€Lgo(S+) with§ = 0,1, « € N? with o; = 0, 1, and where

St = {7 =(7,7.k) € (0, +00) x R x RA\{0} | 7% + T2 + [k|* = 1}.
We thus need to estimate the following symbols:

+o0 - -
If"s(t,x,n = e~ T HiDsy, | (azaff’vvvvf)(t,x,ks) ds, neR? |n|=1,

+o00 . - -
I;"S(t,x,ﬁ)=/0 e~ D5k (920208 7,V f ) (1. x. ks) ds. |B € {0. 1},

+o00 - _
ij;fl(z,x,'ﬁ)=/0 e~ TS0y (3298 7, V, £)(t, x, ks) ds,

neR?, |n|=1,q €{1,2},
+o00 . - -
szz(t,x, m) = /(; e THiDs g ), (858$8‘f?vvvf)(t,x,ks) ds,
g2 € {2, 3},

forje ST,
We focus on the terms J f‘ ;IS] and J;, fz by following [90, Lemma 5.5], the treat-

ment of the symbols 7" % and 1 by -8 being similar and involving fewer derivatives.
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If |I:| > 1/2, invoking (5.10) with ¢ = ¢; 4+ 3 and B = 0 yields as before

1

gl = ([ s ppevd - 20" ferof o)

+o00 q1
N
x[ = ds
0 1_|_sq1+3|k|¢11+3

5 +o00
< |09 f(¢
LTI /O

sql
—ds
1 +sa1t3 7

since |E | is~bounded from below We thus obtain a uniform estimate in this case. Oth-
erwise, if |k| < 1/2, then 2 + 72 > 3/4 and we can therefore rely on the exponential
to integrate by parts in s in the integral defining J;" 1.1 (t, x, 7). If g1 = 1, we first get

8
Jffl (t,x,7) =

+o00 . _
o ﬁ/ e~ 05y (3938 7, V, £) (1, x, ks) ds
0
1
y+itT

+o0 R -
/ e~ THDs 5 . (Dgd%0° 7,V f) (1, X, ks)k ds,
and integrating by parts once again yields the estimate (since y? + 72 > 3/4)
P +oo -
|J37 (. x, )| < 02037,V £(2, x,0)] +/ |k|[Dgd2 3% F, V, £ (¢, x. ks)| ds
0
+oo
+ / s|k|?|D2a%9% 7, V, £ (. x, ks)| ds.
0

Using (5.10) withg = 2 and || = 0,1, or ¢ = 3 and |B| = 2, now provides, for all
k>0,

|in’18(z,x,?]')| S “aff(t)||e%4+la\+%+x

+o0 |/€| +oo |E|2S
x 1+ ——ds + —ds
o 1+ |k|?s? o 14 |k|3s3

< o ro] 1+/+oo : ds+/+oo > ds
4+Ia\+ +K o 1+S2 0 1+S3 ’

o+2

whence the uniform estimate for this symbol. If ¢; = 2, we rely on the same strategy
with additional integration by parts and (5.10) with ¢ = 2 and || =0,1,0org = 3
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and [B| = 2,0rq = 4 and |B| = 3 to get
8
|Jf"2 (t,x,?;)}
P +oo _ -
< I . x, )] +/ |k ||Dgd2 3% 7, V, £ (2, x, ks)| ds
0
+o00 ~ -
+/ s|k|*|DZo%0} 7,V £ (1. x. ks)| ds
0
+o0 ~3 .
+/ s?|k|*|DFo%0} 7,V £ (2. x. ks)| ds
0

< “ a(ts f@) ”J€S+|a\+%+
o+3

400 ]: 400 ]:2 400 ]:3 2
x(1+/ |—~|ds+/ #ds—l—/ Lds)
o 1+ |k|?s2 o 1+ |k|3s3 0o 1+ |k|*s*

< ||8‘ff(t)||ﬂ

stial+4 T
o+3

+o0o 1 +o0 s +o00 S2
x (1 d d ds ).
(+/0 1152 s+/0 1452 s-l-/(; 112 s)

Gathering the two cases, we deduce the estimate

H Jﬁ:fl HL?&L?]O(S‘Q‘) 5|| a§f||LOO(R.J€6+|M+%+K

Fo+3 )

for all ¥ > 0. Likewise, we can apply these arguments to JZ ’;2, by invoking again
(5.10) withg = g» +3and f = 1if [k| < 1/2, or withat mostg = 5 and p = 4 if
|k| > 1/2. All in all, we obtain

8
1720, ligs ges+) < | i ”Loo(R;anIT”%“)'
We have finally proved the estimate (5.9). -

In view of Lemma 5.10, it will be useful to have the following estimates on f.

Lemma 5.11. Fork > d and o > 0, we have
sup (14034 f || oo migeiy < AN+ M), o +4<r k+3<m, (511
i=0,1 i

S 197/ | oo migery = AL+ Min), o +4<r k+6<m. (512
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Proof. Thanks to our choice of extension for ( f, 0,u), and picking Ny = 4, N, =3
and N, = 3, it is sufficient to study the estimates on [0, 7] with T € [0, T,*]. Here,
we shall constantly apply Remarks 2.21 and 2.25. Taking all the exponents k large
enough in the following, we can always assume that the Sobolev spaces that we con-
sider are algebras.

We proceed inductively, relying on the equations satisfied by f, o and u. For
i = 0, we directly apply Lemma 2.22 with k < m — 1 to get

- 1
I/ ooo,rsaeky = 1" L ggm—1 + THA(T. R) < Min + 1.
Fori = 1, we apply Lemma 5.7 to get, fork > d andk + 1 > d/2,

”atf”LOO((),T;Je[;)

S oo, 7oty + 1 oo, zsges 1y (Iloso 7oty + Al o, ome+1y):

Therefore, using Remarks 2.21 and 2.25 and the previous estimate on f, we deduce
that

||atf||L00(o,T;Je§) = A(l + Min)
if k <m — 3. Fori = 2, we take one derivative in time in the Vlasov equation and
get
||8$f||Loo(0’T;gg§) < ”atf”LOO(O,T;J{’(]fill)
+ IEg!

reg,&

|L°°(O’T;Hk)||atf||L°°(0,T;,}f§+1)
+ ||atEr%,gLf£”LOO(O,T;H]\')”f”LOO(O’T;Jgg-‘r])
= A+ Min) + A1+ Min)||atEQ’ue”L°°(0,T;J€k)

reg,

if we take k < m — 4. Since
0 EZY. = du —0:0p"(0)J:Vxo — p'(0)J:Vx 010,

it is enough to estimate ||0,u||yx and ||0;0|yx+1. Thanks to the equation for u and o,
we easily get the fact that this involves pr, jr, 0 and u in L*°(0, T'; H¥*2). Using
Lemma 2.22 and Remarks 2.21 and 2.25 with k¥ < m — 4 we obtain

”8?f||Loo(0’T;Jg§) 5 A(l + Min)'

Now, for i = 3, we observe that |93 f l[Loo(0,7:11) 1S estimated by, at most, the quan-
tities
|07 and 07 E&x.|

reg,&

f ”LOO(O,T;J(’(I;_tll) Lo (0,T:35)°
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thus requiring to estimate at most ” 9%u ||Hk and H 9?0 ||Hk+1 . Using again the equation
for u and o, this now involves u in L®(0, T; H**#) and py, jr, 0 in L®(0, T; H¥+3).
Using Lemma 2.22 and Remarks 2.21 and 2.25 with k < m — 5 we obtain

13 £ oo, ogesy < AL+ Min).
The same can be done for i = 4, implying, for k <m — 6,
192 £ oo, ogesy < AL+ Min).
This allows us to conclude the proof. ]

We are now in a position to prove the following result concerning the Penrose
symbol Pr,, whose expression we recall here:

Prolt, x,y,7,1)

P/(o(t. )t x) (7% —(y+it)s ik
= _ . 3.7 V t, , d )
I—Pf(l,x) 0 e 1+ k2 (FuVy f)(t, x,ms)ds

The symbol seminorms (C.1), (C.2) and (C.3) of Py, are first estimated as follows.

Lemma 5.12. Forany k > d/2 and M > 0, we have

o[Prel < A( SUPIHal;QHLOO(R;HdJrk)’ _S%Pl||8ipf||L°<>(]R;Hd+k))w[af], (5.13)
i=0,

i=0,
E[Pf,g]M

<A( sup 9elliounemy  sup  18ps lseqranstey ) Elaylu,
i=0,1,2,3,4 i=0,1,2,3,4

(5.14)

Q[Pr,] < A( .s%pl||8’;Q||Loo(R;Hd+k), 'Sl:)pluaipf||Loo(R;Hd+k)>Q[af]. (5.15)
1=0, =0,

Proof. Since the symbol P, depends only on (y, 7, k) through ay, we only prove

the estimate (5.13), the treatment of (5.14) and (5.15) being similar.
First, we write the symbol Py, as

Prolt.x,y,1,k) = m(o(t,x), pr(t, x)) ag(t,x,y,t.k),

1
1+ |k|?
where ay has been defined in (5.6) and

__ p'lo(t, x))olt, x)
m(Q(Z,X),,Of(Z,X)) L l—pf(t,X) .
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We have

o[Pf,]
S sup H (1 + t)az(m(g, Pf)af) ||L°°(]RXT‘1;L;]’°)

aeN9

«o;€{0,1}

+ sup ||(1 + t)ag(m(«g’ pf)ataf)”Loo(RXTd;LOO)
aeN9 n
a;€{0,1}

+ sup [[(1+0)0%(@rmle. pr)dse + dam(e. pr)tpr)ar) | somurasisey:

aeNd
«;€{0,1}

Using the Leibniz rule, we get, for all o € N9 such that o; € {0, 1},

(14 1)|0%(m(o. pr)ay)|
< Y o po)]|05 P ay| < wlas] Y |08 (o, py)),

B=a B=a

and one can observe that for all k > ‘%,

> [ e, pr))| < e o) la+x < Alllells. llog oo lelsa-e s laa-+x.

B=<a

where we have applied Proposition A.3 and the fact that H*+¢ is an algebra. Doing
the same with the term involving d,ay, we obtain

sup H (1 + t)az(m(g, Pf)af)”LOO(Rde;L;;O)
aeN9
«o; €{0,1}
£ osup 1+ 000 p)3rr) | o mas o
aeN9 "
«o;€{0,1}

= A(”Q”L”(R;LO")’ ||/0f||L°°(R;L°°))||Q||Loo(R;Hd+k)||Pf||Loo(R;Hd+k)w[af]-
Likewise, similar computations — which we omit — show that for all k > %,

s, |85 (191G 0. pr)3r0 + 82G (0. pr)dsprar) | soqgra o)
«; €{0,1}
= A(||Q||Lf><>(lR;L<><>)a o oo (R;100))
X A(”Q”LOO(]R;H‘H‘/")v ”atQ”LOO(]R;Hd‘H‘)v ”pf”LC’Q(]R;Hd“‘k)’ ||atPf||L°°(R;Hd+k))
x wlar].

This concludes the proof of the estimate (5.13) of the lemma, thanks to Sobolev
embedding. |



Bounds on the symbols 113

We finally obtain the following result, yielding some control on the seminorms of
the Penrose function in terms of the initial data only.

Corollary 5.13. The following hold:

o[Prel £ A1+ M), (5.16)
E[Prolm S A+ M), 2M <m—11-4d/2, (5.17)
Q[Prol < A(1 + Myy,). (5.18)

Proof. We combine the estimates (5.7), (5.8) and (5.9) of Lemma 5.10 with (5.13),
(5.14) and (5.15) of Lemma 5.12. We first get, for 3 + 3d/2 <{ <m — 3,

wlPre = A( sup 1970l qmd+o). sup 13 s I o qratia+0) )
1=0,

1=0,

X sup (1 + 03 f Il oo .58
1=0,

= A( .Sla:)pl ||811;Q“L00(R;Hd+£), vsli)pl ||aif||Loo(R;J€g+e))[\(l + Mi,)
1=0,

1=0,

for 0 > d/2. Hence, by using the equation for o with Remark 2.21 and Lemma 2.22,
and by taking £ <m — 3 — d, we can rely on (5.11) from Lemma 5.11 to obtain
(5.16). Next, we have, ford + M+ d/2 <{ <m —6,

g [?f,Q]M

<A( sup  J0olisqganniey S0 s gt )
i=0,1,2,3,4 i=0,1,2,3,4

X sup ||altf||Loo(R;J€£)
i=0,1,2,3,4

§A( sup (|00l coquppi+rey,  SUD ||a§f||Loo(R,,€1+MH))A(1+Mm)
i=0,1,2,3,4 i=0,1,2,3,4 e

for 0 > d /2. Using (5.12) from Lemma 5.11, the equation for ¢, Remark 2.21 and
Lemma 2.22 with £ + 1 + M < m — 6, we deduce (5.17). Finally, we also have, for
74+3d/2<l<m-3—d,

QPrel = A( .S%P1||3§Q||LOO(R;Hd+€), ,Sltpl||3l}f||Loo(R;Jgg+e))/\(1 + M)
1=0, 1=0,

for 0 > d/2 and as before, we obtain (5.18). [
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5.5 Elliptic estimates through pseudodifferential analysis

Let T € (0, 7). In view of the equation (5.1) on & = 9% obtained in Proposition 5.1,
we initiate the study of the equation

(Id—1 € ngeon)[ﬁ]zﬂz, 0<t<T, (5.19)
—pr

where R isa given source term defined on (0, 7). Given a solution H to this equation,
we want to derive an L2(0, T'; L?) estimate of H in terms of R. This will be possible
thanks to the Penrose stability condition satisfied by ( f(¢), o(¢)) (see the forthcoming
Proposition 5.17).

Note that the operator involved in the equation (5.19) depends on ¢ and f, which
are defined for all times.

Following [90], we would like to link the operator Id — I—Qp/- Kg?e o Jg which
appears in (5.19) to a pseudodifferential operator of order O in time-space. We will
use the following notation for the Fourier transform in time-space, and we also refer

to Appendix C:

V(r.k) e Rx Z¢, Fi.g(t.k) = / eI o1 x) dr dx.
RxT4
For symbols of the form a(t, x,y, 7,k) on [0, T] x T4 x Rt x R x R4\{0} and in
the Schwartz class, we rely on the quantification

opY (a)(h)(t, x) = RN g1 x,y, 1, k) F; ch(z, k) dr dk.

1
The measure on Z< is the discrete measure. Note that the symbols we shall handle
are defined on R x T in the physical space, thanks to the extension procedure from
Section 5.3. Note also that we shall handle symbols defined in the whole space R¢
for the k variable, even if we only use them for k € 74 in the formula.

For y > 0 (which will be chosen large enough in the end, but always independent

of €), we set B
H(t,x):=e"" H(t,x), R(t.x):=e"R(t x).

We can rewrite (5.19) as

H(t,x) —

1 @ e VKIRYI H](1,x) = R(t.x), 0<t<T.  (520)
- Pr

First, let us extend the solution H by zero for times ¢ < 0 and let us choose any
smooth and compactly supported extension in time of H after time 7. We still call
this solution H. The following lemma now provides the link between the integro-
differential equation (5.20) and a pseudodifferential equation.
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Lemma 5.14. We have
e VIKE[e” H](t, x) = p'(o(t, x))OpY (as)(H)(t,x) onR x T,
where ay is defined in (5.6). In particular, the equation (5.20) on H reads

p'(0)o
1—

H— Opy(af)(J H)=S onRxTY, (5.21)

where S is a source term defined on R x T4 such that S|(=00,0) = 0 and Sjjo,11 = R.

Proof. We write

1

H(I,X) = (27-[)—61-}-1

/ kN ¢ H(t, k) dr dk;
Rxz4

therefore,
e VIKEE(eV H)(t, x)

_p "(o(t, x))/ / / oV (1=9) i (TsHh-(x—(t=5)v)) ;.
(2m)d+1 R4 JRxZ4
Vo f(t, x,v)F; xH(t, k)dvdsdr dk,

because H is 0 on negative times. We apply the Fubini theorem (which holds since
y > 0) and get

e VIKE (e H)(2, X)

_ p’(Q(l,X)) ei(rt+k‘x)
(27T)d+1 RxZ4

t
x ( [ e~ HDE=)j k. / eIy £t x, v) dv ds)ﬁ,,xH(z,k) dr dk.
—00 R4

Therefore, setting s’ = ¢ — s,

e VK (e H)(2, x)
+
_ p'(o(t. x)) ol (Tt +kex) (/ ooe—(y+ir)sik / e 7RV, (1, x,v) dv ds)
RxZd 0 R4

(zﬂ)d—f—l

x FrxH(t, k)drdk

’ { . +o0 .
_ Plett,x)) di‘l)) ! (F1Fhex) ( / e~ OIS (FyVy £)(t, X, ks) ds)
(2m) RxZd 0

x FrxH(t, k)drdk

= p'(e(t.x.))Op(ay)(H)(, x).
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This provides the desired equality. That the source term S in the final pseudodifferen-
tial equation (5.21) satisfies Sj(_c0,0) = O follows from the equation and the fact that
H is zero for negative times. u

Having in mind a semiclassical approach (see also Apppendix C), we introduce
the following quantization.

Notation 5.15. For any symbol b(, x, 7, 7.k) on R x T? x Rt x R x R?\{0}, we
set, for ¢ € (0, 1),

be(t,x,y,t.k) .= b(t, x,¢ey,et, €k),
Op”*(b) := Op” (b°).

Lemma 5.16. We have
P’ (©)0p” (ar)(JH) = Op”*(ay,)(H), (5.22)

where

af,Q(t’x7 T]) = p’(Q(t,x))af(t,x, 7])

1+ |k|?

Proof. We have the exact composition formula
P'(0)0p (ay)(JeH) = Op” (@, 1,0)(H),

1
a ly ) = ! ta l» ) PR E
e, fo(t.x. ) = p'e(t. ))ay (t.x, 1) ek
since we are composing on the right by a Fourier multiplier. Since ay,, is homoge-
neous of degree 0 in the variable n (see Lemma 5.10), we have

de, f,0(t, x,m) = p'(o(t, x))ar(t, x, en) = ay,(1, x, £7),

1 + |ek|?
and the conclusion follows. [

In the following proposition, we show that we can choose an extension of ( f, 0, u)
as in Section 5.3 and such that it satisfies a Penrose condition for all times. By the
definition of 7", we know that

vt €0, T;], inf |1— in(,),Q(,)(x, Y, T, k)| = co/2,
(x,y,7.k)

where we recall the expression of the Penrose symbol:

Pr),o) (X, v, T, k)

(ol t oo : 'k
_ ple(t, x)o(t, x) s " gy (1 x, ks) ds.
1—prt.x) Jo 1+ |k|?
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We want this condition to be true for the extension of ( f, 0). We have the following
result, which requires the technical assumption (1.2) on the pressure.

Proposition 5.17. There exists §* = §(co, Mi) > 0 small enough such that, consid-
ering the extension of f and o with respect to T} and §*, we have

vVt e R, inf |1— i]’f(,),g(,)(x, v, T, k)| = co/4.

(x,y,7.k)

Proof. We only treat the case ¢ € (T, +00), as the case of negative times is identical.
Let us set

x5@) = s =T)), x @)=yt —T)),
where we employ the notation of Section 5.3. By the definition of the extension for f,
we have

Pra).ow
_ x5(0)p(elt, x))olt, x)
B 1 —pr(t, x)
oo —(y+it)s ik lrog *
X /o e TW (P Vy IT], x, ks)ds
x5 (0)p'(e(t, x))o(t, x)
1 —pr(t,x)
k .
k; ¢ ]: ) /0 —<V+”>S#]Tk|2 (FoVud* FNT, X, Ks) ds.
(5.23)
We next proceed to the following decompositions: we have
1 _ 1
L=pr () 1= 0y (T2) = 02 (1) oty 9% (T2 S
_ 1 1 o*()
T TR0 T T O (T 1- 07 ()
where
0° (1) e BOTLL O pr (T
1= x5 (Dps (1)
and by writing
(t - *)k

o(t) = 2" (Da(T) + R* (1), R*(1) = ys(t = T; )Z © (1) — =

k=1

we also have

p'e®)e(®) = p'(x*)a(T))) x* (T + S*(1).



Analysis of the fluid density 118
where

S* () = [p' (X" o(T) + R*(1)) = p'(x* (®)o(T)) | x* ()o(T))
+ 0/ (X" (©e(T)) + R* (1)) R* (¢).

Note that
S*t)y= 0 (t—-T)).
t—>TZ
Now, the equality (5.23) turns into

x5O (1 (0e(TH) x* (De(TF)
L= x5@)pr(T5)

+o00 )
/ e~ TS fe (F,Vy TS, x, ks) ds
0

1 =Pr@)00) =
1
X
1+ |k|?
+ E€*0),

with a remainder €*(¢) := — x5 (¢)(I + I + III + IV), where

P ©e(TH) * e(TF)  0*(r)
1—X§(1)Pf(T*) 1—0*@)

+o00 ;
—(y+it)s *
X F,V T, x,ks)ds,
/0 ¢ 1 |k|2(v o )TS x ks) ds

I = f*(’) . ooe—(yﬂf)s = (FoVo )T x.ks)ds,
L= x5@)pr(TF) Jo 1+Ik|
S*(1) Q*@) [T
I = e~ OIS = (F,V, UTS, x, ks)ds,
1= x5 Opr (T 1=0*(0) Jo 1+|k|2 ’
/
v = Pel.x)e(. x)
1—Pf(l x)
G T*)k/ ~rtins__tK k
1T)S . r‘-’vvv T*, , d .
Z e Ve (FoVodX )T, x, ks)ds

We claim that a homogeneity argument shows that

x5O (1 (©o(TF, %) 1 ()T, x)
L= x5@pr(T, x)

L (7 —+iv
OHOS (7,9, f)(T7 x, ks)d
T ] T RN k) ds

inf
(x,y,7.k)

1—
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s * *
> inf |1 - 2T De(Ty, x)
(x.y.7.k) 1 —pr(TY, x)
1 +o0 (y4i7)
— —OHDS o (FV, ST, X, ks)d
T Tk T k) ds
> ¢o/2.

Indeed, we know from Lemma 5.10 that for all x € T¢, the function
+o0 .
(v.7. k) — / e~ VYOS e (T, UTYS, X, ks)ds
0

is homogeneous of degree 0, and since by the assumption (1.2) and by construction
we have
0 < 1 OP' (2 0e(Te ) " 0e(Tdx) _ p/ (o(Ty . x)) o(T; . x)
B 1= x5 ps (T3, x) T 1—pr(T2,x)

we can rely on Remark 1.10 (see (1.5)) to obtain the previous claim. By writing

. €o
inf |1 —Pre)00)(X,y.0.k)| > —— sup |&*(t,x,y,1.k)]|
(x,y,7.k) 2 (k)

thanks to the triangular inequality, it remains to prove that a suitable choice of § can
lead to
Vt € [T, +00), sup |€*(t,x,y,1,.k)| < ‘.
(x,y,7.k) 4

First note that the remainder €* has a factor y3(¢) multiplying all the terms in its
expression, and is therefore compactly supported in time, with support in the inter-
val (T}, T} + §). Relying on the bounds for f* and ¢ depending only on Mi, (see
Remark 2.21 and Lemma 2.22), we can proceed as in the proof of the estimates (5.16),
(5.17) and (5.18) and show that

1€ ()] = AMin) x5 (O] = T | < A(Min)8.

This procedure is allowed since the extension and the remainder €* only involve a
finite number of derivatives in time of ¢ and f at ¢ = T,*. Choosing § small enough
is now sufficient to conclude. ]

We are now in a position to provide the key L?(R, Li) estimate for a solution to
the equation (5.21). We will actually consider a slightly different pseudodifferential
equation, which is

_Plloe
1 —pr

H Op”(ag)(JeH) =8 onRxTH9, (5.24)
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where § = S on [0, T'] and is zero outside [0, T]. The main part of our analysis
will provide an estimate in L?(R; L2) for the solution J¢ of the equation (5.24), and
we will show subsequently that it will provide an L?(0, T, L2) estimate on H, the
solution to the original equation (5.20). This will be based on a causality principle for
the pseudodifferential equation (5.20) (see Lemma 5.19 below).

Proposition 5.18. Assume that ¥ is a solution of the equation (5.24) on R x T¥.
There exists A(My,) > 0 such that, for any y > A(My,), we have

[H N 2@®xray < AMi) IS l2@®xTa)-
In particular, we have
[ #IL20,7yxT ey = A Min) IS |20, 7)xT4)-

Proof. Thanks to (5.22) and Lemma 5.14, the equation (5.24) can be rewritten as

(Id— ¢ Opy’g(af,g))(e%)=8,
1 —pr

where ay,, has been defined in (5.22). Now observe that, recalling the definition (1.4)
of the Penrose symbol Pr,, we have

ar, = Pr,:
1= py f.0 fe

therefore, H satisfies
Op”*(1 = Pro)(H) = §. (5.25)

Relying on Proposition 5.17 on the Penrose condition satisfied by the (extension) of
(f(),0(t)) on R, we can consider
. 1
Cro = =P,

Note that the symbol ¢z, — 1 vanishes outside a compact set in time and hence, in
view of the estimates (5.16), (5.17) and (5.18) of Corollary 5.13 on the symbol Py,
and Faa di Bruno’s formula, we get

wles, = 1]+ Q[cf, — 1] < Al + Myy). (5.26)
Applying Op”**(cy,) to the equation (5.25) yields
J =8 +0p”(crp— 1)(S)
T [0P7 ((¢f0 = D(1 = Pp)) — Op" (e — DOP(1 = P1)] (%)
=S +0p"(cro— D(S)
= [0p"*((¢0 = DPr) — OP"*(c0 = NOP"*(P10) ().
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Using the L? continuity property from Theorem C.2 and the commutation estimates
from Proposition C.3 (recall that P, has compact support in time), we get, for all
y>0andM > 1+ 2d,

[ #llL2®xTa)

C -
< (14 Colero —M)IS i 2@xTa) + ;Q[C},Q — NE[P%, |y 1# 2w xTay

for some constant C > 0 depending only on the dimension. By homogeneity of the
previous seminorms with respect to the semiclassical quantification in ¢ (in particular,
the fact that Q[cj,g — 1] < Q[cyo — 1] for & < 1), we infer that

[ llL2®xTa)
C -
< (14 Coleso = 1)IS i 2@xTa) + ;Q[Cf,a — HE[Pro |yl # I 2®xTe)-

Thanks to (5.26) and the estimate (5.17) of Corollary 5.13, we get

C
[H | 2@@xTay < CA(L+ Min)|[S |l 2wxTa) + ;A(l + Min) | H | 2wxT4)-

Taking y large enough with respect to M, allows us to apply an absorption argument:
we get the existence of some A (Mj,) > 0 such that, for any y > A(Mj,), we have

[#l 2mxTay S AMin)lIS 1 2@®xT )

which was the desired conclusion. The last inequality stated in the proposition follows
from the fact that § is zero outside [0, T']. ]

Let us briefly explain how to obtain a solution J# of the equation (5.24) with
source term §. The main idea is to use the estimate derived in Proposition 5.18.
Indeed, setting

1
Ay = 0p"(1 = Pr,). By :=0p” ’
’ 1 =Pz,

one can repeat the proof of Proposition 5.18 to show that
1
B,A, =1d + ;Cy,

where C, is a bounded operator on L2(R x T¢) whose norm is uniformly bounded
independently of y. Hence, for y large enough, we obtain that B, A4, is invertible on
L?(R x T¢), and so 4, has a left inverse. By the same argument for 4, By, we obtain
that A, is invertible on L*(R x T4) for y large enough. This leads to the existence
of a solution to the equation (5.24).
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Let us now show how to relate the solutions of the equations (5.21) and (5.24) on
[0, T']. This comes from the following causality principle.

Lemma 5.19. Let T > 0. Consider the solution H to the equation (5.21) and a solu-
tion K to the equation (5.24) on R x T4. Then

[0,7] =
Proof. First introduce, for y > 0,
H(t,x)=e""H(t,x), St x):=e"S(t x),
and
F(t,x)=e"H(t,x), St x):=e"8(t x).
In view of the equations (5.21) and (5.24), we have by linearity

p "(0)o

e V(H — H) — _— = 0pY (ap)(Jee TV (H — H)) = e7(S—8) onRx T,
f

Note that the source term of this equation is zero on (—oo, T'] by the definition of S
and §, which satisfy

Sl(=00,11 = 8l(=00.71-
By Proposition 5.18, there exists A(Mj,) such that, for all y > A(M,,),

T ~ ~ ~ ~
| e VA0 = Ty = e = ) g
+o00 ~ _
<A [ IS0 = 50y

for some Yo > 0 and Cy > 0. We thus infer that
g 7 |12 2 oo 2y(T—0) || § S 12
/(; ”H(t)_‘%([)||L2(Td) dr < A(Min) /T e’ HS(t)_S(Z)HLz(Td) dr.

By letting y — o0, we deduce that lo,71 = e 10,77, hence the result. ]

As a consequence, we can finally obtain an estimate for the equation (5.19) on
(0,T) x T4.

Corollary 5.20. Consider H the solution to (5.19) on (0, T) x T2. We have

< A(T, My,) |

”H ||L2(0 T;L2(T4)) — °(R||L2(0,T;L2(Td))'
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Proof. First recall that defining
H(@t,x)=e""H(t,x) and R(,x):=e"" R, x)

and extending H by zero for ¢ < 0, it is solution of (5.21) on R x T¢ with a source
term S satisfying S|(_o0,0) = 0 and S)jo,77 = R. By Lemma 5.19 and Proposition 5.18,
we thus get, for all y > A(M,,),

T r ~
/(; e ! ”H(t)“iz(ﬂrd)dt < A(Min)Z/O e_zyt“R(t)H;(T")dt'

Therefore, taking y = A(Mjy,) provides

”ﬁ”LZ(O,T;LZ(’]I‘d)) < AMDITA (M) ”ﬁHLZ(O,T;LZ(’]I‘d))’

which concludes the proof. |

5.6 Final hyperbolic estimates

To conclude this chapter, it remains to perform an energy estimate on the hyperbolic
part (3; + u - Vy)(h).
Let us observe that by Remark 2.25, we have

ldivx oo, 700 < (14 TV2A(T, R) Min + T2 A(T. R),
by Sobolev embedding (since m > 1 + d/2); therefore, for all t € (0, T"),
||diVx M”Loc(()’z;]_oo) <1+4+2M,,. (527)

We can therefore state the following lemma.

Lemma 5.21. Let T € (0, min(Ts(R), T(R), To(R))). Assume that h is a solution of
the equation
@ +u-Vy)(h)=H, te€l0,T]

The following estimate holds:
: 1 1~
IRl 20,72 rayy < eATMOTT2 (RO ]2 + T2 HIl 20072020 ay))-

Proof. The proof is standard. Due to the hyperbolic nature of the equation, an energy
estimate provides pointwise-in-time L? bounds (in the same spirit as the proof of
Proposition 2.3). For all ¢ € [0, T'], we have

t
IWMMEJM”WW“ﬂWMm+/HW”“%“WWWHMMML
0
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By (5.27), we get by the Cauchy—Schwarz inequality in time that for all # € [0, T'],
T
g 1 ~
1A @)l2 < e“+Mm)T(||h(0)||Lz + T2 / I1H @7 dz),
0

hence the conclusion, taking the L? norm in time on (0, T') in the above inequality. m

Gathering the results presented in Lemma 5.2, Proposition 5.1, Corollary 5.20
and Lemma 5.21, we directly infer the following statement.

Corollary 5.22. Forall |a| <m and all T € (0, min(Ts(R), T (R), To(R))), we have
the estimate 1
”8zQ”L2(0,T;L2(Td)) <T2AM;,, T, R).



Chapter 6
End of the proof

6.1 Conclusion of the bootstrap

Let us conclude the bootstrap argument. We choose
T € (0, min(7:(R), T(R), To(R))).

We can consider the following explicit quantity, which appears in all the estimates
from Chapter 5:

Miy = 1/ e + 0™ g1+ [0 [
We now apply Corollary 5.22 to get
loll2,r:mm) < T'Y2A(M;y, T, R).
We also invoke the energy estimate of Lemma 2.22 on f that yields
1/ oo o.rogem—1y < Min + THA(T. R),
and the energy estimate of Proposition 2.24 on u giving
oo o, im0, rspm+1y < Min + TY2A (Mo T, R) + A(T. R)l@ll12(0,30m)-
and therefore, using the previous estimate on @, we have
[l Loo (0,7:16m)AL2 0, 731 +1) < Min + T'2A(Miy, T, R).
Combining all these estimates together, we finally obtain the key estimate
Nonr (fr0,u, T) < C(Miy + TV*A(T, R) + TV2A(Mis, T, R))

for some universal constant C > 0. Note that the previous right-hand side is indepen-
dent of e. Next, we choose R large enough so that

1
CMin < ER
Now, with R being fixed, we rely on the continuity at O of the function
s> sY*A(s, R) + sV2A(Myy, s, R)
to find some time 7% > 0 independent of & with

T* € (0, min(T(R), To(R)))
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and such that, for every T € [0, Tﬁ],
1
C(TV*A(Min, T, R) + T'?A(M;y, T, R)) < SR

We deduce that for all 7 € [0, min(T¥#, T,(R))], we have N, (f.0.u,T) < R. In
addition, thanks to Lemmas 2.16 and 2.17, we easily get the fact that the condition
(Bg’e(T)) is satisfied, up to reducing T#sothat ® + T#R < 1 and

T e (o, ! min(1 — ®,ln(2), 1n(@))).
R 2 7!

Since we were assuming that N, »(f, 0,u, T;(R)) = R, this shows that we must have
T, > T
In conclusion, we have found R > 0 and 7" > 0 such that, for all ¢ > 0,

Nmr(f.0.u,T) < R.

6.2 Existence of a solution

Let us first focus on the existence part of Theorem 1.6. We will rely on a standard
compactness argument, that we briefly detail. In view of Section 6.1, there exist
T >0,R>0and

(fe, 06 ue) € C([0, T]; H™) x €([0, T]; H™) x €([0, T]; H™) N L2(0, T; H™+1)
a solution to (S,) with initial data ( ™, o™, u'") such that

sup eNm,r(fa Og, Ug, T) <R.
£€(0,1]

Hence, we deduce that (f:), is bounded in L°°(0, T; #™~ 1), (0¢), is bounded in
L2(0, T; H™) and (u), is bounded in L>°(0, T; H") and in L?(0, T; H"*1). From
Lemma 2.20, we also know that (g¢), is bounded in L*(0, T; H"~2). We deduce
that (fe, 0e, Ue) has a weak- limit ( f, 0, u) (up to some extraction) in the previous
spaces.

Furthermore, using the equations for f, 0. and u., we know that

(¢ f2)e<1 is bounded in L>°(0, T; #"7),
(3th)851 is bounded in L*°(0, T'; H’”_3),
(atus)sgl 1s bounded in LOO(O, T: Hm_3).
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Invoking the Aubin—Lions—Simon lemma (see e.g. [32, Theorem 11.5.16]), we there-
fore deduce that, up to some extraction, we have

fo—o [ inCO.TLH),
e —> 0 inC((0,TIH"™),
E—>

Up —> U in €([0, T]; H™1).
£—>

These strong convergences allow us to pass to the limit in (S,) and to obtain that
(f, 0, u) is a solution to the thick spray equations (TS) on [0, T], and that (f, o)
satisfies a Penrose stability condition (P) on the same interval of time.

It remains to prove that f € C([0, T]; #™~!) and u € C([0, T]; H™), as we
only have f € L®(0, T; #™ 1) and u € L>°(0, T; H™) for the moment. Since f €
L0, T; H™ 1) N €y ([0, T]; H™2) and u € L°°(0, T; H™) N Cy ([0, T]; H™ 1),
we know (see e.g. [32, Lemma I1.5.9]) that

f€Cu(0,T]; H" ") and u € Cyu([0, T];H™).

It is now sulfficient to prove that ¢ — || f(¢)]| gem—1 and £ = [[u(t)||ym are continuous
functions on [0, T'] to conclude. Coming back to the energy estimates of Section 2.2,
we have

d 5 )
a ||f(l)||ﬂ;n—1 < 400, T lu(®)|ljm < +o0.

Ast ”f(t)”%m 1 and 7 — ||lu(t)||%n are integrable (because f € L(0,7; #"~')
and u € L*°(0, T H™)), we obtain that ¢ — || (¢)||? Jem—1 and ¢ — |[u()||Zm belong
to W1-1(0, T'), hence the continuity in time of these quantmes This finally yields the
desired continuity for f and u and concludes the proof.

6.3 Uniqueness of the solution

Let us turn to the uniqueness part of Theorem 1.6. Let ( f1, 01, u1) and (f2, 02, U2)
be two solutions of (TS) belonging to

L0, T; #™ ') x L2(0, T; H™) x L°°(0, T; H™) N L?(0, T; H™ 1)

for some T > 0, with the same initial condition (f™, o™, u™) and such that ¢
(f1(2), 01(2)) satisfies the Penrose stability condition (P) on [0, T]. Let us set

f=hA—-/fr, ai=1-ps, @=ar—ar, ©0:=01—02 U=u—us,
and
R = irilzlixz(llﬁllLoom,T;,;grm—l) + lloilli2o,7smmy + ltillioo o, 751mynL2 0,7 00m+1)) -

Note that R depends on T .
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Step 1. Let us show that o; = @3, at least on a small interval of time. The key is to
obtain L?(0, 7'; L?) estimates for o for some 7 = T(R) < T. To this end, we write
the equation satisfied by o as
a1(9:0 + u1 - Vx0) + 01(0:a + uy - Vi)
= —(0:0200 + 0,20 + [ou1 + Q2u] - Vxatz + [y + a2u] - V02
+ apy divy Uy + @20 divy 4y + 0202 divy u),
and since d;a; = divy jr,, we get

01

lex(]f _Pful) = Sl,Z(fv Q,M), (61)

8tQ“‘”l'VxQ‘i‘l

f1

where

S12(f.0.u) == —

(010207 + D220 + [our + 02u] - Vietz
Pfi + [—ppus + aou] - Vxoz2 — prp1 divy uy (6.2)

+ a20divy Uy + @202 divy u — 02pf divy ).

The right-hand side Sy »(f, 0, u) can be seen as a source term whose L?(0, 7'; L?)
norm will be estimated by that of o, without any loss of derivative in ( f, o, u). Note
that we have rewritten the equation as above in order to perform the right pseu-
dodifferential factorization. This is of course reminiscent of what we have done in
Chapter 5. Next, the equations for the differences f and u read

A f + vV f +divy[(uz —v) f = Vip(02) f]
+ (u— Vip(o1) + Vxp(02)) - Vo f1 =0,

1 1
0ru + (uz - Vy)u + (u - Vy)uy + —Vyp(o1) — —Vip(02)
01 Q2 (6.3)

1

@101

1 1

o101 Q@202

= Jf — Pri1 — pfU,

(Ax + Vi diVx)u - ( )(Ax + Vi divx)uz

and, in particular,

A f+v-Vif + din[(”Z -v)f - pr(Qz)f]
= p/(Ql)VxQ Vo f1 + (p/(Ql) - p/(QZ))VxQZ Vo fi —u-Vy f1.

Again, the last two terms on the right-hand side should be seen as some source terms,
without any loss of derivative in ( f, 0, #). One can show that

I(p'(e1) — P'(02))Vxo2 - Vi fi ||L2(0,T;L2) + [[u - Vi fill20,7:12)
< AT, R)llelli20,7;.2)-
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The proof of the estimate for the second term will be similar to that for the term S[o]
we will treat below.
Arguing as in Section 2.3 and Chapters 3 and 4, but for a force field

&, x) = ua(t, x) = Vi p(02(2, x))

instead of Er%gfs, one can also prove that for 7 (R) small enough, we have, for all
1 €[0,T(R)],

pf(t’x) ;

= p'(Q1(l,x))/0 /RdeQ(s,x —(t =s)v) -V, fi(t, x,v)ds dv + R[pr](t, x),
Jr(t.x) )

= p/(Ql(Z,x))/(; /RdexQ(s,x —(t —s)v) - Vy fi(t, x,v)dsdv + R[jr](z, x),

where

| RUor 20701y + | RUA 20,71y = AT RNz 0,7:2)-

Here, we have also used the fact that fj,—o = 0. Injecting these expressions in equa-
tion (6.1) on g, we get, as in Chapter 5,

00 +u1- Va0 + 5 flpf div,[KTE, (@) — K& (@u1] = S[al.
1
with
G1(t,x,v) := p'(01(t,x))Vy f1(t. x, V)
and 0
1 .
Sle] = ——— y divy (R[jr] = Rlprlur) + S12(f 0, u)
1

(the operator Kflrfgl being defined in (5.2)), and then

(19- 2k [0 + w1 Vic] = kel 1 € ©.7)
1 —prp
It is straightforward to prove that the source S[g] satisfies

ISTelll20,7:12) = AT, R)lell2(,7:12)-

The main issue comes from obtaining the same estimate for the term S;2(u, f)
defined in (6.2). We observe that it is made of a sum of three types of terms, of
the following form:

* some terms where g appears as a factor, so that we directly obtain the estimate;



End of the proof 130

* some terms where pr appears as a factor: we can rely on the previous decomposi-
tion of pr as py = Kf(r;elc [o] + R[pr] and an L?(0, T'; L?) estimate is then provided
by the smoothing estimate of Proposition 3.4;

* some terms where u or div, u appears as a factor: to estimate them, we perform
the same kind of energy estimate as in Appendix B, following the steps leading
to the equality (B.3), which gives, after integration in time (since uj;—¢ = 0),

t
()] + f Idivy u(s)]2% ds
0
t
< / lu(s)|2 ds
0
t
4 /0 (o @12 + 112 + lerea(s) — aea()]1%) ds

t
< [ 1u()]1%2 ds + AT, R)elli20.r22)-
0

Here, we have also used the smoothing estimate from Proposition 3.4 combined
with the previous decomposition of pr and jr. We obtain the desired control on u
after an application of Grénwall’s lemma.

As in Section 5.5, we then study the equation

Q1 free) 7 D
Id — K H =R 0<t<T,
( 1 —pp o [ ]

where R is a given source term and we want to derive an L?(0, T'; L?) estimate
on the solution H. After applying the same extension procedure for the coefficients
(depending on ( f1,01,u1)) in the equation as in Section 5.3, and by setting H(t,x):=
e?"H(t,x) and ﬁ(l, x) = e’ R(t, x) for y > 0 (with the same continuation by zero
outside [0, T'] as in Section 5.5), we are led to the study of the pseudodifferential

equation
Opy(l - ‘(Pfl,gl)(H) = =(R7
where
! +o0 .
Pri0).010) (X, V. T, k) = Plaex) e~ US| (F,V, f)(2, X, Ks) ds.

l_pfl(x) 0

Observe that there is no factor (1 + |k|?)~! in the definition of this symbol, because
there is no regularization operator in the equation. Note also that the estimates (5.13),
(5.14) and (5.15) hold true for £, ,,, in view of the regularity of ( f1,01). Likewise,
as in Corollary 5.20, we have

< A(T.R)|

||FI||L2(0,T;L2(Td)) — ﬁ||L2(0,T;L2(Td))’
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provided that one can apply Op” (—) to the previous pseudodifferential equa-
/1.0

tion and take y large enough in order to 1nvert it up to a small remainder. To do so,
we prove that if the condition (P)

(P) Vi eR, Vx e T?, inf 1—P k) >c
(y,r,k)e(O,+oo)><]R><Rd\{O}| 0200750l

holds for some ¢ > 0, then the condition

P) VieR, Vx e T?, inf 11— X, 7T, k)| > ¢
) (y,r,k)e(0,+oo)xRde\{O}| ZGRIOIC AR

holds as well. Here, we implicitly consider the extension in time of f1 and g1, as was
done in Section 5.3. To this end, we rely on a homogeneity argument, as in [90]: we
define the function

(:]Sflan(x’?”f’E’a) = ?fl,gl(xvay,a?,ﬁg), X € Td, (]7,:5,]:) € S+, o >0,
where
* = {778 € (0,400) x Rx RO} | 72+ 72 + K2 = 1},

Since f; is regular enough, one can prove that P '#1,01 €an be extended as a continuous
functionon T9 x St x [0, +00) and we obtain

Vit €R, Vx € T?, _inf 11— Pr w00, 7. 5.k, 0)| > ¢
7,7.k,0)eS*x[0,+00)

In view of the homogeneity of degree 0 of the symbol ay,, with respect to the variable
(v, T, n) (see Lemma 5.16), we also have

fPJSf1 0 (X, 7.7, E, o)
_ 1 Pleix)er)
1+02k2 1=pnx) Jo

oo
e~ THDSi | (F, Vo f1) (1, x, ks) ds,

hence

P01 (X T F K, 0) = Priy.o00 (X T, . ),

from which we infer that (P’) holds on S™. Again, the homogeneity of degree 0 of
Pri(0).010) (X, v, T, k) with respect to the variable (y, 7, k) implies that (P") holds.
Next, we come up with the transport equation for o

d0+ur-Veo=H,
where g;—¢ = 0 and the source term H has been shown to satisfy

1A 20,7220y < AT RISoll20.r12cray < AT R)llell20.7:12(r4y)-
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Performing an L? energy estimate gives, for all 7 € [0, T'] (since g;=o = 0),

t
~ 1
le@ll2 = AT, R)fo [H (D)l 2dt = T2 AT, R)[lell2 0,2 (ray)-

by the Cauchy—Schwarz inequality. We end up with

lell 2o, 7:2¢rey) < TA(T, R)llolli20,r:12¢T4))-

We deduce the fact that there exists a small enough 7" = T'(R) > 0 which depends
only on R such that
Vi €[0.T(R)]. o(t) =0.

Step 2. Let us now prove that f; = f> and u; = u5 on [0, T (R)]. This is in fact a
direct consequence of o = o1 — 02 = 0 on [0, T(R)]. Indeed, the previous step has
shown that, for all # € [0, T (R)],

t t
)P < / )72 ds + AGR) el < / lu(s)|2 ds,
0 0

and therefore we directly have u = 0 on [0, T'(R)]. The equations for f in (6.3) now
turn into

{8,f+v-fo—v-va+(uz—VxP(Qz))'va=dﬁ
f|t=0 =0.

The method of characteristics thus shows that f = 0 on [0, T (R)].

In conclusion, we have obtained (f, o, u) = (0,0, 0) on [0, T(R)]. We finally
observe that we can repeat this procedure starting from ¢ = 7'(R) instead of ¢t = 0.
As a matter of fact, f1(T(R),) still satisfies the Penrose stability condition. Since the
time T'(R) only depends on R, we obtain 0 = 0 on [0,27T(R)] and then ( f,u) = (0,0)
on [0,27 (R)]. After a finite number of steps, this yields ( f, 0, u) = (0,0,0) on [0, T'].
This concludes the proof of the uniqueness part of the statement.



Chapter 7

Generalization to several models of thick sprays

In this chapter, we show how the strategy developed in this work can be applied to
treat several variants of the system (TS), which were presented in Section 1.3.

7.1 Generalization to the non-barotropic case

In this section, we show how to handle the case of the full Navier—Stokes system for
non-barotropic fluids, where we consider the additional internal energy e € R for
the fluid and where the pressure depends on g and e. As explained in the introduction,
the system which is at stake is the following:

I f +v-Vuf +divy[f(u —v) = fVxp(o,e)] =0,

¢ (o) + divy (cou) = 0,

0 (ou) + divy (xou ® u) + aVyep(o,e) — Axu — Vydivyu = jr — pru,
d;(age) + divy(apeu) + p(o, e)(0;a + divy(au)) = / lu —v|?f dv,
a=1-pr. R

Here, we will assume' that the pressure law is given as
p(o.e) = m(ce)

for some given function 7 : RT — R such that 7 € C(RT) N C®(R*\{0}). For
instance, the relation p(o, e) = bge (with b > 0) is a perfect gas pressure law. Simi-
larly to the technical hypothesis (1.2), we shall assume that

y = 7'(y)(y + 7(y)) is nondecreasing on R.

Setting
U = ge,

the system in ( f, 0, u, ¥) can be rewritten as

A f +v-Vif +divy[f(u—v—Vym(9))] =0,

¢ (a0) + divy (ou) = 0,

(TS,) < 9:(cou) + divy(eou @ u) + aVyim(9) — Axu — Vydiveu = jr — pru,
d; (@) + divy (@ u) + m(3)(0ra + divy(au)) = / lv—u|?f dv,
a=1-pr. R

Tt is likely that more general pressures p(o, ) could be treated by our method.



Generalization to several models of thick sprays 134

As we shall see below, it is significant to define the following Penrose symbol of
a function ( f'(x, v), ¥(x)) as

Py (x.y.7.1)
' @D ) + 7@ D] [T _ins ik

= 1= pr () | e m'(ﬁvvvf)(x’sﬂ)ds-
7.1

We can now introduce the following Penrose condition, adapted to (TS, ): there exists
¢ > 0 such that

(pererey) Vx e T4, inf |1 — P;n;rgy (x,y. 7, 77)| > c.
(¥,7,m)€(0,+00) xRxR¥\{0} >

Our main result for the system (TS, ) reads as follows.

Theorem 7.1. There exist mg > 0 and ro > 0, depending only on the dimension, such
that the following holds for all m > mq and r > ry. Let

fin c %:n’ Qin c Hm—l’ uin c Hm’ ﬁin c Hm+1,

such that (£, 9'") satisfies the c-Penrose stability condition (P*"*'®Y). (with ¢ > 0)
and

0<f™ pm<YT<l 0<p=<"d",

O<v=<(l- pfm)Qi“, 1- pfm)z?i“ <v

for some fixed constants Y, ., v, . Then there exist T > 0 and a solution (f,0,u,?)
to (TS,) with initial condition ( f™™, o™, u™, %) such that

feCo. T HY), o0, TEH™,

u € C([0,T; H™) nL2(0, T;H™tY), ¥ e L*(0, T; H™),

and with (f(t), ¥ (t)) satisfying the 5-Penrose stability condition (P"“'*)./, for all
t € [0, T). In addition, this solution is unique in this class.

Let us explain the main strategy for the proof of Theorem 7.1. First, we observe
that the equation for ¢ can be rewritten as

v v
;0 +u- Vi 4+ 1_’_—”() divy(jr — pru)
f

72
AT s "

1
—_ / lv—ul?f dv.
1—pr 1 —pr Jre

Apart from the last term, this equation has exactly the same structure as that for ¢ in
Lemma 2.2. Hence, the following estimate holds:

19O lam < o™ lam (T...... NullLoo o, rsmm+1y Lf I oo 7g0m+1))
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and it features the same loss of derivative as for ¢ in (TS). Note also that the equation
for ¢ can be directly solved once f and u are given. As in Section 2.2, we consider the
regularization —z’ ()], V¥ of the term —V, 7 (1) in the kinetic equation of (TS,)
and introduce the quantity
Non,r (fer0e e, Ve, T) := ”fE”LOO(O,T;J(’,’”—‘) + ||Qs||L°°(O,T;H’"—1)
+ lluellLoe o, 7:mm)nL20,7:m+1y + 1 PellL2(0,7:1m)-
Following the bootstrap procedure we have set for the case of (TS), we mainly want
to control the quantity || J |l 2o, 7:1m)-
Using (7.2) (and dropping the dependence on ¢) it is possible to obtain the fol-
lowing equation for 7 = d%¥ with || < m (see Proposition 5.1):
v v
(Id A
1 —py
with G (¢, x,v) = 7' (8 (¢, x))V, f(¢, x,v) and

[ Rl 20,7127y < AT, R, [|1(0) [lyg1 ().

Following the arguments of Chapter 5, we are thus led to the study of the pseudodif-
ferential equation

7' () (@ + 7(D))
1—pr

Kl o Je)[a,h +u-Vih] =R, 1€(0,7),

H - Op” (as)(J.H) = R on (0,T) x T?,

where ay is defined in (5.6), that is,
op”*(1 - P;f’;rgy)(H) = R.

In particular, this explains the introduction of the Penrose symbol (7.1) above, which
allows us to invert the previous equation for H, up to a small remainder.

Some additional arguments also need to be given to treat the last term in (7.2).
Since

/ |v—u|2fdv=/ o2 f dv + [u|*ps —2u - jy,
R4 R4

we have to include the treatment of the second order moment in velocity m» f(¢, x) :=
[ra [v|2 £(¢, x,v) dv in the analysis of Chapter 4. In addition to Proposition 4.1, we
have the following result.

Proposition 7.2. For all |I| < m, we have, foranyt € (0,T),
aLma f(1.x)
¢
= peto) [ [ 1PV~ (=50 Vv dvds
0

+ R [my f1(t, %),
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where the remainder R [m, f] satisfies
”Rl[mzf]”Lz(O,T;H}C) = AT B).

In particular, we have
a;/ lv—ul?f dv
R4

The fairly straightforward adaptation of the analysis of Chapter 4 is left to the
reader.

< A(T, R).
L2(0,T;L?)

7.2 Generalization to the inelastic Boltzmann case

In this section, we consider the case where one takes into account inelastic collisions
between particles. This corresponds to the following Vlasov—Boltzmann equation in
the coupling (the other equations for (o, u) being unchanged):

A f +v-Vuf +divy[ f(u—v)— fVxp(0)] = Qr(f. f).
(TS-Coll) d; (o) + divy (aou) = 0,

0 (ou) +divy (ou @ u)+aVyip—Au—Vydivyu = jr — pru,
where @, (f, /) stands for a quadratic collision operator of Boltzmann type, in an
inelastic hard-spheres regime. Here, the fixed parameter A € (0, 1) corresponds to

the so-called restitution coefficient: if 'v and v, denote the velocities of two particles
before collision, their respective velocities v and v, after collision are given by

1+ A
. Lo
v=" 5 (u-n)n,
1+ A
Vi = Uy + + (u-n)n,

where 'u :="v — v, is the relative pre-collision velocity and n € S?~! is a unit vector
that points from the particle center with velocity v to the particle center with veloc-
ity v, at the impact. Note that A = 1 corresponds to the standard elastic case.

In this representation, given two distribution functions f = f(v) and g = g(v),
we can consider the following expression for the Boltzmann collision operator, as a
difference of a gain and a loss term,

Qr(f.8) =Qf (f.9) — Q5 ([ 9).

where, setting u = v — v, and # = u/|u|, we define

1
@I(f, 2)(v) = 1z /Rdxgd_l lu-n|b@@-n)f(v)g(vs)dv, dn, .

Q5 (f.9)w) = f(v) /R Ju - b n)g (o) du, dn.

dxSd—
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Here, the function b € L!([—1, 1]) is a given angular collision kernel. For the sake of
simplicity, we consider b = 1. Note that, in the (truly) inelastic case A € (0, 1), we
have 12
1—
0P + Joa? = [0 + [0 = ——

(u-n)?,

thus inducing a loss of kinetic energy at each collision, while mass and momentum
are conserved. We refer to [135] (see also the introduction of [3]) for more details on
this model, which comes from the theory of granular media and describes a cloud of
macroscopic particles whose size is larger than that usually described by the standard
Boltzmann equation with elastic collisions (for so-called molecular gases). To include
dissipative effects, inelastic collisions are thus considered. Note that the presence of
such a collision operator (with a large parameter ¢! in front of it) formally leads
to a biphasic fluid model when starting from (TS-Coll) (see [61]). We also refer to
[13,58,124] for its applications in the study of sprays.

Our main result (which also includes the elastic case A = 1) reads as follows.

Theorem 7.3. Let A € (0, 1]. There exists mg > 0, depending only on the dimension,
such that the following holds for all m > my. Let

e|v|2fin c %6n’ Qin c Hm+1’ uin c Hm’
such that (™, o™) satisfies the c-Penrose stability condition (P). (with ¢ > 0) and
0< fin prn < O <1, 0<p<o" 0<Q§(1—pfm)gi“§§

for some fixed constants ©, u, 0, 0. Then there exist T > 0 and a solution ( f, 0, u)
to (TS-Coll) with initial condition (f™, o™, u'™) such that

P’ e ([0, T); HIY), 0 €20, T; H™),
u € ([0, TI; H™) NL*(0, T; H™ 1),

with (f(t), 0(¢)) satisfying the 5-Penrose stability condition (P)c, for all t € [0, T].
In addition, this solution is unique in this class.

As seen below, the friction term in the kinetic equation comes in handy in order to
treat some of the new terms due to the collision operator. This was remarked already
in [115].

Let us present the main changes that must be considered in our strategy of proof
and that are due to the collision operator. It mainly concerns:

» the energy estimates for f from Chapter 2;
 the integro-differential system for the derivatives of f from Section 4.1.

The rest of Chapter 2 and of Chapter 4 then remains unchanged, as do Chapters 5
and 6.
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7.2.1 New energy estimates for the kinetic part

Let us focus on the energy estimates for the new kinetic equation

I f +v-Vif +divy[f(u —v) = fVap(o) f] = Qr(S. /). (1.4)

Following [115], we first define g(¢, x, v) = e'”'zf(t, x,v) with f solving (7.4).
Setting
E"? =u—Vip(o).

it implies that g satisfies the following modified Vlasov—Boltzmann equation:
18 +v- Veg +divy[(E"? —v)g] = 2v - (E"? —v)g =Th[g.¢].  (7.5)

where, for all functions % (v), h,(v), the operator ' [g, g] = F/{F (g.g] T [g. glis
defined via

1-12

l 7, /.
L[y, ha](v) = —f P (G v*)'”)2|u -n|hy(v)hy('vy) dvy dn,
A2 Jrdxga—1

L [h, ha](v) = hz(v)/ e_|v*|2|u -n|hy(vy) dvy dn.
R4 xSd—1

Note that the additional term 2v - (E**¢ — v)g comes from the friction term in (7.4).
Using

U=y —"v=v—v—-—0+N)u-n)n=v,—v+ 1+ A)A(u-n)n,

we note that for all A € (0, 1) there exists a constant ¢(A) > 0 (and ¢(1) = 0) such
that
1
51, ha] = = / eI P=eW@=v0m?) 0y 3| By (W)ha(vs) dvy dan.
R4 xSd—1

The exponential inside the integral is roughly behaving as e loxPc@v—vs? e
have the following bilinear estimates on the previous collision operators, where some
loss of weights in velocity classically shows up.

Lemma 7.4. There exists s = s(d) > 0 large enough such that, for all ¢ > 0, we
have, for any smooth nonnegative function g = g(x, v),

Z /Td Ad(v)Zaaﬁaf[Fx(g,g)]azafgdxdv < ”g||=27fé||g||=7€g+l-
le|+]Bl=<s '

Proof. We refer to [115, Lemma 2.3] combined with [3, Proof of Theorem A.1]. =

The key estimate allowing us to recover the previous loss of weight then comes
from the following lemma bearing on the extra term 2v - (E*€¢ — v)g.



Generalization to the inelastic Boltzmann case 139

Lemma 7.5. Let s > 0 and o > 0. For any smooth nonnegative function g = g(x,v)
and § € (0, 1), we have

Z / / 2"8“8'3 20 - (E"° — v)g]a"‘aﬁg dx dv

lee] +|Bl<s

1
=0 gl + (14 511 el
Proof. We refer to [115, Lemma 2.7]. [

Let us show how one can now obtain an a priori energy estimate for a solution g
to (7.5), that reads

T"e(g)—2v-(E"? —v)g =T(g.8),

where
TUe =, +v-Vy —v-Vy + E“2(1,%) - V, — dId.

The result is the following.

Lemma 7.6. Forallr >0, m >3+ d/2, ¢ >0 and T > 0, and for all smooth
Junctions ( f, 0, u) satisfying

0:g +v-Vyg—v-Vyg+ E*¥%(t,x)-Vy —2v-(E*? —v)g —dg
=Tx(g.8) on[0.T]

and o > ¢ on [0, T], the following holds for all t € [0, T]:

Em.o[8(1)] = 12(0) 3y exp| C (1 + lutllioso.7:0m) + |€mo[8]Ioeo,) T

+ VT A (el ram-2)lelzo.rmmen )
(7.6)

for some universal constant C > 0, where

1 t
Emolg®)] = g Zem + Z/ g (@ 5m  de.
o 0 o+1

Proof. By Lemma 2.9, we first have

d _,
Treafe) = — 3 (0708 g — 9%0f g) — [0408. E"(t.x) - V, ]
/éi=7510

+ 0205 20+ (E"2 —v)g] + 9305 [Ta (S, ).
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The analog of inequality (2.3) from the proof of Proposition 2.10 is, thanks to Lem-
mas 7.4 and 7.5, for all § € (0, 1),

d 2 2
L) By + (1= D)gO) e,
1
< (14 12Ol + LIE OB IOl + 18O gl
1
< (141820l + HIE O ) Il
2 P T S
b lg Ol + 5 s,

Therefore, after absorbing the last term with § = 1/2, we get

d
—Enalg®] 5 (14 IE“CO) [ + Emolg)])Emals ]

Concluding as in the proof of Proposition 2.10, we finally obtain the result. u

The bootstrap argument from Section 2.2 is then carried out with the quantity

Nm,r(g’ Q7 u7 T)

= [1€m—1.0&lllLoo(o, 1) + lCllL20,7;0m) + UllLoo 0,750y nL2 (0,750 +1).

instead of N, ,(f, 0,u, T), by considering the same regularization J, V, ¢ in the equa-
tion (7.5). Taking into account (7.6) and the quantity N, ,(g, 0, u, T'), the content of
Chapter 2 can be modified accordingly. Concerning the local-in-time existence for the
regularized system from Appendix B, we just modify the kinetic part of the scheme
of approximation:

0:8" T + v Vog" ! 4 divy [(E" (¢, x) —v)g" T = 2v - (Ereds — v)g"t!
=TI lg".¢" - Ty lg". ¢" "',
fn+1|t:0 — fin’

where ¢ > 0 is given. We refer to [115] for more details.

7.2.2 Equation for the augmented variable ¥

Let us highlight the main changes that occur at the end of Section 4.1, more pre-
cisely in Notation 4.5. Firstly, recall that the goal is to consider a new unknown

¥F = (0% 02 f)\K|+|L|e{m—1,m}' Here, one has to consider a new coupling matrix

M = (Mz,7).(k.L)):
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which takes into account the collision operator @ and is defined by
. Q
M, &) = Ma,n,&L + MGy k.0

with |I| + |J|, |K]| + |L| € {m — 1, m}, where

* Mu,n,k,L) €R stands for the former terms of the coupling matrix already

appearing in Notation 4.5;

Q, . . ..
M (1.7).(K,L) 1S @ New operator term coming from the collision operator, defined

by the relation

3187 Qi(f, f)

> (;)(;)@A(aiafﬁai‘“ai‘ﬂf)

0<a<I
0<B=<J

Q KqL
- > M5,k [0x 0 /1.
|K|+|L|e{m—1,m}
that is,

Q ) I\(J .
Minwn® = 2. (a)(ﬁ)lfzfzg(ﬂk(axa‘fﬂ')-

o<a<I
0<B=<J
lee|+]B1<1

Hence, M%* is a matrix with operator coefficients, acting on

K qK
¥ = (ax dy f)|K|+|L|e{m—1,m}'

Using the same notation as in Section 4.1, we obtain the following equation for ¥ =
(K05 1) k1 21ctm-1,m (502 €3
TolF +MF + £ =—-Ro— Ry

reg,&

After the composition by (¢, x,v) > (¢, X"%(x, v), V59(x,v)), where Z = (X, V) is
the solution to (4.4), the following equation holds:

$F +MF +£=dF —Ro— R,
with g(z, x,v) = g(¢, X*%(x,v), V59(x, v)). We can still consider the resolvent asso-
ciated to the previous operator M — d1d, that is, the solution s > N (x, v) of
IgN* + [M o Z*0 — d1d] N = 0,
NH = 1d,
whose existence and uniqueness is still provided by the Cauchy-Lipschitz theorem.
Hence, this shows that the contribution of the collision operator @ can be handled

by the modified operator Ml. The strategy of proof followed in the rest of Chapter 4
applies mutatis mutandis.
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7.3 Generalization to the density-dependent drag case

In this section, we show how one can deal with the case of density-dependent drag in
the force acting on the particles, that is, with the notation of the introduction, when
the force in the kinetic equation is

[(t. x,v) = o(t. x)(u(t, x) —v) = Vi [p(2)](, x).

This additional factor also appears in the feedback of particles on the fluid, that is,
in the source term in the Navier—Stokes equations. We are thus led to consider the
following system:

0 f +v-Vif =Vip-Vyf +divy[fo(u —v) — fVip(o)] =0,

9¢ (o) + divy(cou) =0,

0 (cou) + divy (ou @ u) + aVep — Ayu — Vydivyu = o(jr — pru),
a=1-pr.

(1.7)

Our main result on local well-posedness is the following.

Theorem 7.7. Consider the same assumptions of Theorem 1.6. Assume also that f™
is compactly supported in velocity. Then the conclusion of Theorem 1.6 holds for the
density-dependent drag case of system (7.7).

To fix notation, let us assume that
supp /™ C T x B(0, M™), M™ > 0. (7.8)

In what follows, we shall only present the main modifications that have to be added
to the strategy used in this work.

7.3.1 Modification of the energy estimates and of the bootstrap argument

Our first goal is to adapt the energy estimates of Chapter 2 and the bootstrap procedure
to the density-dependent drag case. The main change comes from the estimate for f
from Proposition 2.10.
Indeed, let us set
Tond =0, +v-Vy—ou-Vy + E“2(t,x) -V, — dold,

where E:;rfg = ou — V;p(p). Observe that because of the term pv - V,, (coming
from friction), a growth in velocity can occur in the analysis, that is, if f is controlled
in J¢", then this term would a priori require a control in J", ;. This explains the
additional assumption of compact support in velocity in the next proposition. We
mention though that the use of exponential-weighted norms in velocity could relax
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this assumption (see the work [9] on the Vlasov—Maxwell equations, and also [47] in
the context of fluid-kinetic equations).

Proposition 7.8. Forallr >0,m >34+ d/2, ¢ >0, T > 0 and all smooth functions
(f.0,u) with f having a compact support in velocity:

Vi €[0,T], supp f(t) C T? x B(0, M(1))
for some M € L*°(0, T), satisfying
Tarae (f) =0 on[0,7]

and ¢ > ¢ on [0, T), the following holds. For all t € [0, T), we have
1O < 1) exp[C (1 + 1M ll0.19)
x (7 + VT lulloso,rm el rsmm)
+ VT A (el rm-2)lelzo.ramn ) |
Proof. Let us suppose that there exists M € L.°°(0, T') such that

Vi €[0,T], supp f(z) C T¢ x B(0, M(t)).

G u,0

Since Tdrag (f) = 0, we have, by Lemma 2.9,

d ~
T (0590 1) = = 32 890 1 +[03900. o0 V0]
i=1

Bi#0
—[0208, EL2(t.x) - Vy | f + d[0%05, old] f

X v ~drag X~ v

for all o, B € N?. We take the scalar product of this equality with (1 + |v]?)" 8%65 f,
sum for all || + |8| < m and then integrate on T¢ x R?. For the left-hand side, we
have, as in Proposition 2.10,

3 / (1 + [v]?) T340 (92958 £) o298 1
Td xR4

la|+|Bl<m | 5 ’2
1d , . o20b f
= LSO — Vu(l rL(ERe — gu) A
SOl = S [ Py (B - o) 2
@l +1B|<m
the last term satisfying
5 80208 1|
2 u,o | x-v
/de]Rd Vol +[ul)" (Ed“’g_gv) 2

lal+1B1<m
= (le@ e + I Egig)llLoe ) LS ) [5gpn-
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We now look at the four terms on the right-hand side. For the first, third and fourth
ones, we proceed as in the proof of Proposition 2.10 (with a variant of (A.3)) and get

> [, aswpy
T4 xR4
dr’ag
=1

loe|+[Bl<m
} <_
1
Bi#0

< (L4 1 Ega @ lam + llo@) lam) Il £ @) |5

d . ~.
0% 3B f 4 [0%08  EXC(t,x) - Vy + dgld]f>agga/3f

The treatment of the third term requires the use of the compact support in velocity
of f.Invoking the inequality (A.4), we have

> (1+ [v?) [0%98. o(r, x)v - v, |0%08 f
lot|+1B|<m /TdXRd
<+ M(Z))IIQ(I)HHm||f(f)||§g;n-

All in all, we obtain

%l|f(t)||§€;" S A+ MO+ le®lwm + IE“C@)lwm) | fOWZp (79
if m > d /2. As in the proof of Proposition 2.10, and by Sobolev embedding, we have

IE*“¢@)llnm < llo@) 1@ llwm + A (lo@)llwn-2) llo(@)lpm-+1.

By integrating in time the inequality (7.9), we get
1L£ )15

< 1O +C | (14 M(s))

X (1 +llo) lam ()l + A(llellLoo o, 7:mm-2)) 0(5) [pm—+1 ) 1 ()15 ds

forall# € [0, T') and for some constant C > 0 independent of ¢. Using the Cauchy—
Schwarz inequality and Gronwall’s inequality, this implies, for all ¢ € [0, T'),

1L£ )5
= 1/ O exp[ C(1+ 1M llioe0,) (T + VT llullioeo,7:0m lelzgo.rsem)

+ VT A(lellseo.rsm-2) lellizo ey ) |

and this concludes the proof. |
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The proof of the other estimates from Chapter 2 is mainly unchanged and details
are left to the reader. We need to adapt the bootstrap procedure, by taking into account
the need of a compact support in velocity. We thus define the following modified
condition.

Definition 7.9. Let T > 0. For any nonnegative functions f(¢, x, v) and o(¢, x) on
[0, T'], we define the following property:

0 _
— 5 =00, 5 =(1=pr0)a) =27,

supp /(1) C T4 xB(0, 1 + M™),

<2
B&4(T) Viel.T), {77

where ©, u, 6, 0 are given in the statement of Theorem 1.6 and M™ has been intro-
duced in (7.8).

If 7 > 0 is the maximal time of existence for the system (S.) (with density-
dependent drag term), we introduce the following time for all ¢ > 0:

T = To(R) = sup {T € [0, T,)), Ny (f, 06 us, T) < R and (B, (7)) holds},

where R > 0 has to be chosen large enough and independent of ¢. Here, the quantity
Nmr (fe, 0e, U, T) is exactly the same as in Notation 2.19.

7.3.2 Modification in the straightening change of variable

As a matter of fact, the main difference in the analysis appears in the part related to
characteristics, namely Section 2.3. Our purpose here is to explain how to modify
the arguments of Section 2.3 about the straightening change of variable in velocity,
that is, Lemma 2.26. It turns out that, in the density-dependent drag case, obtaining
a suitable diffeomorphism 3" is not as straightforward as in Lemma 2.26. Indeed,
again because of the term —ov - V, f, there could be a growth in velocity in the
dynamics that prevents our proof of Lemma 2.26, which is based on a perturbative
approach, from directly holding. This is where the assumption of compact support in
velocity appears to be crucial; we do not know whether it is possible to replace it here
by an exponential moment assumption.

With the notation of Section 2.3, we will actually directly straighten the total
kinetic operator

Taragp = 0 +v-Vy —o(t, x)v -V, +F(t,x) -V, —dId
into the free-transport operator

giee — 9, +v-V,.
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For (x,v) € T? x B(0,1 4+ M™) and € [0, T], we consider the solution

st st
s (Xdrag’ Vdrag) (X, U)

to the following system of differential equations:

iXs;z — V! xtt

ds drag — " drag’ drag(x’ U) =X,

d Vs;t _ —Q(S, Xs;t )Vs;t

st 15t _
a drag — drag/ " drag + F(S’X )’ Vdrag(x’ U) = .

drag

Lemma 7.10. Let T > 0 and k > 1. Let F € L2(0, T; W&°(T %)) be a vector field
such that

[IFlli2(0,7;wk.c0(rayy < A(T,R)

for some R > 0. Then there exists T(R) > 0 such that, for all x € T? and all s,t €
[0, min(T'(R), T)], there exists a diffeomorphism

Vsr(x,) 1 B(0,14+M") — B(0,1+ M™)
satisfying, for all v € B(0, 1 + M™),
XSi:lg(x’ 1/fs,t‘(xy U)) =X — (Z — S)U,

and which furthermore satisfies the estimates

1
< det(Dy,(x,v)) < C,

c
and
sup [ 0%, (Y5, (¥, 0) = V) | oqpargay < P(TIATR),  |a| <k,
s,t€[0,T]
sup 92,0595 (%, V) | o (papay < (TATR), (Bl <k—1,
s,t€[0,T]

for some C > 0 and some nondecreasing continuous function ¢ : R™ — R™ vanishing
at 0.

Proof. Let us sketch the proof. Dropping the (x, v) dependence on the trajectories,
we have

t t T
Vit = exp( [ (e xit)ar )= [ewp( [ e x3k) ar JF(e xX38,) or
N S S
from which we deduce that

XS,[

t t
e = X — (/ exp(// o(r, X;r;ég) dr) ds’)v
S A

t t T
+ / / exp( / Q(f/,xgr;;)df/)F(f,xg;;g)dzds/
K s’/ s/
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1 ! 4 .
:x—(t—s)[v—i— (—/ exp(/ Q(r,Xgr’fl)dr) ds’—l)v
t—s s s/ g
1 Lt ! 1 ~Tst ’ Tt /
- exp oft ,Xdrag) dt’ |F(r, deg) drds’|.
r—=sJs Jy s’

Taking one derivative in velocity, we observe that because of the term

1o f .
( / exp (/ ofz. Xsr’gg) d‘C) ds’ — l)v,
t—sJs s/

we obtain a term where the derivative is not falling on the v factor. Hence, the latter
is a priori unbounded, inducing a potential linear growth in velocity of the derivative.
But since we restrict ourselves to v € B(0, 1 + M), we can however deduce a rough

bound on VUXS;:;g by Gronwall’s inequality, which takes the form

|VoXise| S exp(TA(T, R)(Jv] + 1)) TA(T, R)
< exp(TA(T, R)(2 + M™))TA(T, R).

We can now check that for 7" small enough, for all 0 < s,¢# < T, the map

1 t t .
v U+ (Z_/ exp(/ o(7. Xgiae) d‘() ds’ — 1)1)
— 5 s

s
1 t pt T ’ X-,_-’;t de’ | E%@ Xr;t dr ds’
t—sJs Jy CXp o Q(T ’ drag) T drag(r’ drag) Tdas

is a @! diffeomorphism from B(0, 1 + M") onto its image, since it is a small Lipschitz
perturbation of the identity map. Details are left to the reader. |

As aresult, for small times, we can directly come down to the free-transport case.

7.3.3 Modifications in remainder terms and conclusion of the bootstrap

To conclude, let us point out the last main modifications that have to be made to
conclude the bootstrap argument.

In Chapter 4, one shall be careful when handling the different remainder terms
fRIDiff, CRIDulha, fR]I)“zha, Ry in L2(0, T;H'), because they now involve some terms with at
most m + 1 derivatives on ou stemming from the force field £ S‘r;i. It was somehow
harmless in the linear-drag case because the corresponding terms involved only u,
which has an additional regularity provided by the Navier—Stokes equation, namely
a control in L*®(0, T; H™) N L2(0, T; H™*1) (see the terms S5, Ss, S12, S16). Since
we only have a control of ¢ in L2(0, T'; H™), this requires an additional argument.

The main idea is to rely on the same type of decomposition as in Lemma 4.13
combined with the use of the smoothing estimates from Chapter 3. The expression

8)15 (ou) (K € N9) will involve terms or sum of terms
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e of the form
Qafu or 8K “Buv, (8 o) - e,

withi =1,...,d and |B| =0,..., L#J They are treated using L°° bounds
on o (with Sobolev embeddings) and L? bounds on u;

* of the form _
V, (02 0) - ¢;05 P u,

withi =1,...,d and |B| = |_|K| IJ +1,...,]K]| — 1. These terms are addressed
thanks to Proposition 3.4. We refer to Chapter 4 for the same kind of procedure
for the estimates on remainders via the smoothing estimates of Chapter 3.

Let us briefly conclude by showing how the bootstrap procedure ends when one
considers the condition (B %,[m(T)). Namely, we have to show how to control the
compact support in velocity for f for short times. We rely on the Lagrangian struc-
ture of the equation, which implies a finite propagation in time of the support of f in
velocity, namely

Vi >0, supp f(r) C T? x Vfirgg(supp £imy.

Since .
;0 ;0
Vérag = exp(—/o ofz. Xsrag) dr)v

t t
+ A exXp (_/ Q( Xgra(g)) dz ) drag( XSrgg) dr,
T

the same kind of estimates on the trajectories as those performed in the proof of
Lemma 7.10 give, for all (x,v) € T4 x B, (0, M™),
[VEo

tag| < [Vl + TA(T, R) < M™ + TA(T, R).

As a consequence, choosing 7" small enough (with respect to R) is sufficient to control
the size of the support of f(¢) for short times.
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Some classical (para-)differential inequalities on T? and
T4 x R¢

We recall and state several classic inequalities of (para-)differential type. First, we
have the following tame estimate for commutators (see [111, Lemma 3.4]).

Proposition A.1. Let s > 1. There exists Cs > 0 such that, for any functions g, E €
HS N L, we have

Viel <s, [0 Elg|2 < Cs(IVxEllise llgllgs—1 + [ EJus gllioe).-

The following result is about tame estimates in Sobolev spaces (see e.g. [10,
Corollary 2.86]).

Proposition A.2. Lets > 0. There exists Cg > 0 such that, for all wy,w, € HS N L,
we have
lwiwalluy < Cs(lwilleee [wallus + llwi s [[wallies).
We also recall the following result of Bony about Sobolev continuity of the com-
position by a smooth function (see e.g. [ 10, Corollary 2.87] or [53, Proposition 1.4.8]
for a more precise version).

Proposition A.3. Let I be an open interval of R containing 0. Let s > 0 and let o
be the smallest integer such that o > s. There exists Cy > 0 such that, for any F €
WOFTLoo (1 R) with F(0) = 0 and for any w € H® taking values in J € I, we have

IFw)llis < Cs (1 + [lwllLee)” | F llweeo oy lwlls -

Remark A.4. Note thatif 0 ¢ / and w € H® takes values in J € I, we can extend F
outside / by a smooth extension such that F'(0) = 0, and the previous proposition
remains valid. Indeed, by Faa di Bruno’s formula, we observe that || F(w)||gs only
involves F through its derivatives evaluated at w.

Lemma A.5. Forallk e Nand g : T? — Rt such that0 < ¢ < g < C < 1, we

have
1
Hl—g

for some nondecreasing continuous function Cy : Rt — R,

< 1+ Cr(llgllLe) g g«
Hk

Proof. We rely on Proposition A.3 by writing

1
H | = IF©) = FO)lhws + 1.
_g k

and this directly concludes the proof. |

H
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Let us finally state several product and commutator laws using weighted Sobolev
norms.

Lemma A.6. Let s > 0. Consider a smooth nonnegative function y = y(v) such that
[0Y x| <y xforally e N9 such that |y| < s.
e Forany functions [ = f(x,v), g = g(x,v) and any k > s/2, we have

Ixfele, < W lyroollxgllng., + lglyreelxf lns.,- (A1)
e For any functions a = a(x), F = F(x,v) and any s > d, we have
IxaFllus , < llallgollxFlus , + lallus | F s, - (A2)

*  Forany vector field E = E(x) and any function f = f(x,v), the following holds
forall so > 1 +d and all o, B € N? satisfying |o| + || = s > 1:

| 2[8595. E(x) - Volflliz, S WENgollxf lus, + 1Elug 1S s, (A3)

e For any functions a = a(x), f = f(x,v) such that f has a compact support
in velocity, the following holds for all so > 1 + d and all o, B € N9 satisfying
lo| + Bl =5 =1:

| x[8595 . a(x)v - Vol fliz, < 0+ Mp)lallysollxf lug, + laliug xS s,
(A4)
where
supp / C T¢ x B(0, My), My € (0,400).

Proof. We refer to [90, Lemma 3.1] for the proof of (A.1), (A.2) and (A.3). Let us
briefly sketch the proof of (A.4). By expanding the commutator, we have to estimate
terms of the form
Iy = H)(B%aaff(vi)avi 3§_y3§_uf“L§'v
for some 1 <i < d and with (y, u) # (0,0), y <o, u < B and [u| <2.Ify # 0
and 1 # 0, then 1,,,, = 0 or 3y (v;) = 1 and we can conclude as for (A.3). If y = 0
and u > 0, then 8% (v;) = 0 or 1 and we conclude by Sobolev embedding in x, since
Ly < llalliee |2 f lns , - Lastly, if y > 0 and i = 0, we rely on the compact support
in velocity for f to get
Ly < My | x%adu 857795 2 .

Vi ¥x

and we end the proof as for (A.3). [ ]



Appendix B

Local well-posedness for (S.): Proof of Proposition 2.18

Recall that we want to find a solution ( fe, 0¢, U ), with & > 0, defined on some interval
[0, T) to the system
0 fe+v-Vyfe— p/(Qe)vx [(I - 82Ax)_1Qs] Vo fe +divy[ fe(ue —v)] =0,
0¢ (0e0¢) + divy(ae0sus) = 0,
1
Orute + (Ug - Vy)ug + Q_VxP(Qe) -
£
_ 1
0s(1 — Pfg)

_ in __ in __ .,in
f8|t=0_f » Qejp=0 = Q@ 5 Ugit=0=U ",

———(Ayx + Vi divy)u
Qs(l_Pfg)( x x x) e

(]fe - pfsus)’

where
pfg(t,x)zf Sfe(t, x,v)dv, jfg(t,x)zf fe(t, x,v)vdv
R4 R4

and o, (2, x) = 1 — pr.(t, x). To do so, we rely on a standard iterative scheme. We
will derive two types of estimates on the inductive solutions to that scheme:

» first, a uniform bound in high regularity which allows us to obtain, through a weak
compactness argument, a weak converging (sub)sequence in spaces with high
regularity. This will be possible if we consider a small enough time of existence.

* second, contraction estimates in low regularity which aim at proving that this
sequence of solutions is a Cauchy sequence in spaces with lower regularity, thus
strongly converging.

This will be enough in order the pass to the limit in the iterative scheme, obtaining
a solution with the aforementioned high order regularity. Note that the first type of
estimates is actually required to prove the second one. Uniqueness will classically
follow from the same computations leading to the contraction estimates.

We fix ¢ > 0 and now drop the dependence on ¢ (though we recall that the time
of existence obtained below will still depend on €): we set

fO — fin QO — Qin UO — uin
and, for all n € N, given a triplet ( /", u", 0") and a time 7,, > 0 with

(f". 0" u") € €0, T: J") x €(0, T,,: H™) x C(0, T,; H™) N L2(0, T, H" 1),
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we consider the system

atfn+l +v- fon-i-l + divv[fn+l(En(Z,x) — U)] =0,

9, "t 4 div, (m" T u") = 0,

1
du"tl — —n(Ax + V, divx)u”Jrl
m

~ 1 )

(Sn+1) = —(" - Vu" — Vym(o") + E(]f" - pf”un)7
1
1— prn
E" .= un _ p/(Qn)vx[(I _ 82Ax)_lQn],

n+1 _ in n+1 __ ,in __in n+1 __ ,,in
f |[:0_f ) m |f=0_a Q ) u |l=0_u )

n+1 __
0 =

Iun-i—l

with ,
) =2 )(Cx), 7(0) = 0,

and where
psn(t,x) :=/ S, x,v)dv,  jea(t,x) ::/ f™(t, x,v)vdv.
R4 R4

We also set
Ro = 100(|l /™[l ger + 1™ [ + [[u™ [z ).

Step 1: Construction of (f”+1, o"*1, y"*1) and uniform estimates. In what fol-
lows, we construct the next iteration of the scheme, which is a solution to (§ ntly,
thus proving that our inductive scheme is well defined. At the same time, we derive
uniform high-regularity estimates for the sequence of solutions.

Let n € N. By induction, we assume that there exists 7 > 0 (depending on ¢)
such that, forallk =0, ..., n,

k k k
If ||L°°(0,T;J€}") + [l [|Loo o, 7;1m) + [|u ||L°°(0,T;Hm)mL2(0,T;Hm+1) < Ry,
the functions f; and gy are nonnegative, and, for ¢ € [0, T],

O+1 0 _
pr() = ——. % <o, 5 =mi(n) <28, (B.1)

where ©, u, 6, 0 are the constants given in Proposition 2.18. In particular, we have

> 0.

I— Iofk (t) >
Note also that via Sobolev embedding, Lemma A.5 and Lemma 2.1, we have
0" lILee 0, 731m)

<

[|m” ||L°°(O,T;Hm)
Lo°(0,T;H™)

1— ,Ofn—l
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< (1 + Adllpgn—tllLeso,;1m) ) lpgn—1 llLoe (0,7 10" | Loo 0,151
< (14 AU Moo, 0D 1™ HlLeo o, 78 00 oo 0, 750m)
< A(Ro).

In what follows, we rely on the a priori estimates of Chapter 2.

First, we can obtain a unique nonnegative solution /"1 € €(0,T; #™) to the Vlasov
equation by the method of characteristics. In view of the regularization introduced
by J., Proposition 2.14 yields, for all ¢ € [0, T],

LA™ @) e
< 1/ e

t
oo (14 I o)+ A1 o) o)

< IRT(()) exp[C ((1 + Ro)t + gA(Ro))].

We then define T7;) = T[1j(Ro) > 0, with T[;3(Ro) < T (depending on ¢) such that

Ro exp|:C ((1 + Ro)Tpiy + —"T[I]A(RO))] < %.

100 €

Second, since u" € C(0, T; H™*1) is given, we can construct a nonnegative solution
m” 1 to the second equation in (5" 1), relying on standard arguments for continuity
equations. We obtain a unique solution m”*! € C1(0, T; H™) such that, for all t €
[0,T1],

[ 1 (1) ||
. A t
E€”dlvxunllLoo((O't)XTd)t/z(||mm||Hm +/ ||Mn(f)||Hm+1 ||l’tln+l(‘f)||Hm dT),
0

Rot/2

thanks to Proposition 2.3. Assuming that e < 2, we infer, by Gronwall’s lemma,

that
t
Ol < 20 exp(2 [ 1 @)l i)
0
< 2™ s exp (237 4" 20 0m1) )
therefore, for such times ¢, we have

R
n+1 0 2.tRg
m t m < 2— .
[ ®)lam < 1006

We then define 7[5 = T[»j(Ro) > 0 such that eRoT21/2 < 2 and

2&62«/ Ti21Ro &_
100 3
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Third, we define u"*! as the unique solution of the parabolic equation
d;w — F(Ax + Vi dlvx)w =—" - Vou" — Vyem(o") + W(]fn — prau’),

starting from u™™, which satisfies
" | Loo 0,050m) + ||”n+1||L2(0,z;Hm+1)
< (1+ViAG, Ro))(lluinlle + VIA(IQ" Lo 0.0mm) 10" Lo (0.1:0m)
+ \/;””n”]%oo(o,t;Hm)

+ Vi

L.
W(‘]fn —pfnun)

Lw(o,t;Hm—l))

Here, we have applied the same argument as for the proof of Proposition 2.24, making
0™ oo (0.¢:1my appear to get a factor /7. The second term inside the parentheses is
controlled by A(Rg), while for the third term we can rely on the same of kind of
arguments (with Remark A.4) to get

1
—(jyn — prau”)
H m” Lo°(0,6;Hm—T)

<\l= (L oo o,5mm=1y + o7 oo 0,05mm =1y 1" oo 0,501
m Lw(O,t;Hm_l)
< A(Ro).
We finally obtain
Ry
||un+1||L°°(0,t;Hm) + ||un+1||L2(0,t;Hm+l) < (1 + \/;A(l, RO))W + ‘/;A(RO)

We then define 7731 = T[31(Ro) > 0 with T[3(Ro) < T such that

R R
(1 + VT T, Ro) ) 156 + VTEIA(RD) < <.

Last, we can rely on Lemmas 2.16 and 2.17 to find a time T[4) = T[41(Ro) > 0 such
that the condition (B.1) is satisfied for (f”*!, m”*! 4"*1) on the time interval
[0, min(7{4y, T')).

All in all, we define

T(Ro) = min(7}1j(Ro). T21(Ro). T31(Ro). Tia1(Ro)) < T,

which may depend on ¢ but which is independent of n. An induction procedure based
on the three previous estimates shows that one can obtain a time Tl > 0 and a
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sequence (f", m",u"),eN satisfying, foralln € N,
fm e e, Tk g3m,
m” € C(0, T[e];Hm),
u" € (0, Tl H™) N L?(0, T; H™ 1),

with (B.1) and the uniform estimate

||fn||L°°(0,T[€1;J€;") + ||mn||L°°(0,T[€1;Hm) + ”un”LOO(O,T[S];Hm)ﬂLZ(O,T[E];Hm"'l) < Ry.
(B.2)

Step 2: Contraction estimates in L7 ¥ x L‘;°L2 X L‘;°L2 N LZTHI. If n € N\{0},
we set

gn — fn+1 _ fn mr = Inn-i—l —m" w = un+1 —yt
which satisfy the system of equations
38" +v-Veg" +divy[g"(E"(t,x) —v)] + (E" —E" ') -V, [ =0,
;M + dive (M"u") = —divy (m" w1,

1
8,w” — W(Ax + Vx divx)w" = @n,

n+1 — 1 mn+1

1 — IOfn
E" :=u" — p'(")Vi[I — 2 Ax) " 0"].
gn|t=0 =0, Smn\t:o =0, w"\t=0 =0,

0

where

1 1 . _ _ _
@n = (mn“"l — F) (Ax + Vx lex)un — (wn 1. Vx)un - (un L. Vx)wn !

(jfn—l — an—l Mn_l).

_ |
= Va[m(@" ™) = w(@] + —(ipn —pot") = —

Let us derive some L2 estimates on (g", ", w"). They will be satisfied on [0, 7]
for some 7€l < Tl

First, we perform wa—weighted estimates in the first equation for g”, and as before
(see (2.3)), we get

d
g O
S (L IE Ol 18" O + 1E"(0) = E" Ol 0) g 18" 1) -
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For ¢t € (0, T), we can infer that
llg" ()]l 50
t t
< /0 (1+ 1E ()11 ) 18" (5) e s + /0 IE"(s) = E" )2l /7 (5) L e dis
= */;((\/;"‘ ||En||L2(0,t;Hm))||gn||L<>o(o,;;3e§)) + R0||E" - En_l ||L2(0,t;L2))

Ji _
SVI((VE+ R0 )18 o ey + RoIE" = E" iz )

Choosing Tlel < 7l small enough, independent of n, we can absorb the first term
inside the parentheses on the left-hand side, so that, for all 7 € (0, T'l¢]),

18" )l 0 S VIROIE" = E™ 20,02,
Then observe that by Sobolev embedding and Proposition A.3, we have
IE" — E" i20,12)
< flu" - u"! ||L2(0,t;L2) + ” P (@")VxlJe0"] — P/(Qn_l)vx[JeQn_l]“Lz(o,t;Lz)
< Ju" —u"! lL20,602) + 12" (@) lLso(0,r:1.0) || Ville(@" — "] ||L2(0,,;L2)
+ ”p,(gn) - p,(Qn_l)”Lz(O,t;Lz) H vx [JEQn_l] ||Loo(0,t;Loo)
_ 1 -
Sl — w2 12y + A(RO)EHQ" — 0" Mli20.0:12)

1 _
+ A(t, RO)EHP/(Q") - p'(" 1)||L2(0,t;L2)

1
-1 —1
< u” —u” ||L2(O,t;L2) + A(t, RO)g”mn —m” ||L2(0,t;L2)~

This yields, for all ¢ € (0, %),
— 1 _
18" oo 0,65960) < V1 Rollw™ Mz (0,1:02) + At Ro) =~ M Hli2(0,1:12) )-
©.:9) -

Second, an L? energy estimate on the second equation for 9" also leads to
" (1) | Loo (0,152
t
< elldivxunlieo(o.r:n00)t / [dive m"w" ™ (7) | dr
0

P t
efo! (/ ” w"™ - Ve (7) ||L2 dr + / Hmn divy w" ™ (7) ”Lz df)
o 0

VieRo! (” Vet [|oo (o500 [|w" ™! li20.6:2)

IA

IA

. -1
10" o 0,100 Ve 07~ 20,02

< VEA(t, Ro)||w" ! 120,11

forall € (0, T'e1).
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Third, performing an L°L? N L%H! estimate by multiplying by wy, in the parabolic
equation satisfied by w” yields
1d
5 llw

1 .
> n“iz + /]rd W(|wan|2 + |d1Vx wn|2)

5
_E: n n
k=1"T

d
1 . 1
_Z{/Td vxw;’.vx(—mm)w;f_Ad div, wnai(m)w?}’

i=1

with

] = (; _ )(Ax + V, divx)u",

Inn-i—l m”

&% = —(w" - Vou",
@) =" Vouw" !,

G} = —Vi[n (") — m(")].

L. . _
G5 : W(Jf" — pau”) — F(Jf”_l — ppn—ru” Y.

For all n > 0, we obtain, by Young’s inequality,
2

1d, .0 1 1
20" ”L2+/Td<W_”‘VX(W)
L
5
EZ 62~w”+1/ lw™ |2
P nJre

Let us focus on the source terms &}’ We have, by Sobolev embedding,

)(|wa"|2 + |divy w”lz)

2
[t ur < [0+ Veae i

1
mn+1mn

1 1
mn-i—l mn L2

2

2
<R R PR

LOO

< ARo) I [IE> + w”[IE>

‘We next have

f G- w” 5/ |@§|2+/ [w"? < [V oo 0" 711 +f w"|?
Td Td Td Td

< Rolw" I + w” g2,



Local well-posedness for (S:): Proof of Proposition 2.18 158

again by Sobolev embedding, while for all §; > 0, we have, by integration by parts
and Sobolev embedding,

[, 5w S 1T s + s
1
+_un—12 wn—12+5/ anZ
o ez + 80 [ 190
< A (R0 gz + "l + 81 [ [V

We also have, for all 6, > 0,

1
/ S w' < o | |ln@ ) =@ +5 / dive w” |
Td 2 JTd Td

S A (Ro)le"™ =l 482 [ ldiviu”

For @%, we write

| R :
1 (an - ]f”fl)

mh mn—l mh

1 1 .
@g:( — )(] n—pfnu")—}—

1 n—1 1 n—1 n
+ E(pfn—l —pr)u" " 4 TP " —u").

Therefore, by Sobolev embedding and Lemma 2.1,

1 2 1 2
6"-11)"5 P — nunzoo - 4= fen — Jene 2
JI B N =t [ P I T
1 2
0 Cd I TR
m” ||| oo S L
1 2
2 n—1 nj2 n|2
n|lyoo||U —u w
+ ]t I+ [t

< ARo) ([l = "2, 4 /7 = S 20 + =2

2
+ w" L2

We finally obtain

d 1 .
—[w" @), + /d(ﬁ —nR§ — &1 —82)(|wa”|2 + [divy w”[?)
T

dr
< Mg o R ([ Oz + 8" O g + 0" O]2)
+ AR ()72 + Agllw" ()17

(B.3)
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for some constant A, > 0. A good choice of 7, §; and §, with respect to inf #
combined with Gronwall’s lemma, shows that

" @)%
t
et [ (I @12 + 18 Ol + 10" @1, + [ @) ér
0 r

Reducing Tl if necessary so that Tkl <1 /Ay, we can integrate in time the previous
differential inequality (B.3) to obtain, for all ¢ € (0, T[e]),

10" (P sogor2) + 10" O 220,001,
S A(RO)I(”Emn_I ||12f>°(0,t;L2) + ||gn_1||im(0,t;J€9) + w" ||i“(0,t;L2))
+ AR o .1:12)-
Combining the three previous points, we reach the following inequality:
8" (Dl oo 0,6:300) T IR () llLoo(o,r:2) + W (D) ILoo0,0:.2)nL2 0,011
S VI(RovI0"™ ey + A Ro) I 20,02
+ VAL, R0)||wn_1||L2(o,t;Hl) + A(Ro)t |M" || Lo (0,:1.2)

+ AR (1T ooqor2) + 18" oogoisredy + 10" lioqarz))-

which is valid for all ¢ € (0, Tel). Reducing again Tlel if necessary, this means that
for all n € N\{0},

”gn”LOO((),T"[s];JgQ) + ”gnn ”]_00(0,?[8];142) + ”wn ”]_00(0,?[8];LZ)mLZ(o,f[S];Hl)
1
—1 —1
=< E(”gn ||LOO(O,T[8];]€’9) + ”EIR” ”Loc(o,f"[s];LZ) (B.4)
—1
+ [lw” ”LOO(O,T[*?];L2)r\L2(0,T[81;H1))'

Note that 7'¥] has been chosen independent of n € N\{0}.

Step 3: Obtaining a unique solution to (S;). Thanks to the uniform bound (B.2)
and the contraction estimate (B.4), we can deduce that the sequence ( f;,, iy, uy) is
weakly-+ compact in the space

L0, T g0m) 5 L°(0, T H™) x L= (0, T, H™) N L2(0, T¥); B+,
and is a Cauchy sequence in the space

L0, T #°) x L0, T1: L?) x L=(0, T¥1; L2) N L2(0, T, H').
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This shows that the whole sequence converges weakly-« in the first space. The limit
(f,m,u) belongs in particular to this space with high regularity. Using weak—strong
convergence principles then allows us to prove that the limit is a solution to the system
(S¢) on (0, T[s]) in the sense of distributions. We do not detail this part of the proof.
Using the equation and the time derivative of the solution, one can show that the
solution actually belongs to
P = €O, TE gem) x (0, TF H™) x €(0, TFL H™) n L2 (0, T H™ .

The uniqueness of the Cauchy problem for (S;) in the former space is obtained by
mimicking the contraction estimates of Step 2. In fact, if (f1,m1,u1) and (f2, m2,u5)
are two solutions in X’%’[S] starting at the same initial condition, then performing the
same computations proves that there exists 7'¥! (depending on || f1 2, 2,112
with T!¢! < Tlé] and such that, for all 7 € [0, T[E]], we have

(A — fz)(t)||§€9 + [[(my — m)OI7> + (1 — u2) @I

=< %(Il(fl = O30 + (1 — 1) (OIF2 + 11 —u2) OIIF2).

Xr"T}[S] )

from which we directly infer that ( fi, my,u1) = (f>, m2,u5) on [0, T[]]. Repeating
this procedure starting from 7€l < T/, we obtain (fi, my,u1) = (f2, ma, uz) on
[0, 2T [€1]. After a finite number of steps, we eventually obtain uniqueness on [0, 7],



Appendix C

Pseudodifferential calculus with a large parameter on
R x T¢

In this appendix, we collect several results on pseudodifferential calculus that we shall
need in this work. We refer to [2, 119] for a more general and complete approach.
Here, our framework is adapted to the physical space R x T4,

For any symbol of the form a(z, x, y, 7, k) defined on R x T x (0, +00) x R x
R?\{0}, we consider the quantization

opY (a)(h)(t, x) = RN (1 x,y, 1, k) F; o h(z, k) dr dk.

5 .
(zﬂ)d+1 RxZd

Here, we use the discrete measure on 79, Above, the variable y > 0 should be seen
as a parameter. The Fourier transform of a function /(z, x) defined on R x T¥ is
denoted by
Frxh(t. k) = / eI ¢ x) dt dx,
RxZ4

while the Fourier transform of a symbol a(, x, y, 7, k) defined on R x T4 x (0, 4+00) x
R x R4\ {0} is written as

Frxa(0,4,y,1,k) = / e HOHE (1 x,y T, k) dr dx.

RxZzd4

For the sake of readability, we introduce the notation

n = (y,7.k) € (0, +00) x R x R4\ {0},
1
nl = (y? + 2 + k%),
and we write 7%, to denote L°(R x T4 x (0, +00) x R x R4\{0}).
We state L2 continuity results of Calderén—Vaillancourt type: namely, we shall

ask for L® bounds in all the variables for the symbols of the operators (see [40, 102]).
We first introduce the following family of seminorms for our symbols.

Notation C.1. For any M > 0 and for any symbol a(¢, x, n) with n = (y, 7, k), we
set

ola] = sup (1 +0%alizs, + sup (0 +0%d%als . (€D

aeNd9 aeN4
o;€{0,1} «;€{0,1}
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Qlal == sup | [nldFVeraloo + [In35Verdial o
d t,.x.,n r,x.,n

aeN
a;€{0,1}

+ sup {|||n|3‘,’§31Vr,ka||Lmn+||Inla‘,’éarVr,kaza||%.n}, (C2)

aeN
o; €{0,1}

Elalm :=  sup H 853?“”%,"' (C.3)

1<|e|<1+M
8=0,1,2,3,4

The following result states the L2 continuity of a pseudodifferential operator with
symbol having a finite seminorm w[-]. We refer to [102, Theorem 1] for a proof for
symbols with compact support in x, whose adaptation to the physical space R x T¢
is fairly straightforward.

Theorem C.2. There exists Cq > 0 such that if a is a symbol satisfying wla] < +00,
then, for every y > 0, we have

Vh e LZ(]R X Td)y ||0Py(a)(h)||L2(Rde) = de[a]||h||L2(Rde),

Next, we have the following symbolic calculus result, with the use of the param-
eter y > 0. Note that taking y large can be useful in view of an absorption argument.
Here, we need to assume that one symbol has a compact support in time, because the
time variable r € R is unbounded.

Proposition C.3. There exist C; > 0 and a continuous nonnegative and nondecreas-
ing function A such that, for all symbols a, b satisfying

Qla], E[blm < +00, M > 1+2d,

Vb has compact support in time,
and for all y > 0 and h € L2(R x T4), we have
|0p” (@)Op” (b) (7)) — Op” (ab)(h) | > g sy a)y
< %A(ISHPPI Vxb)Qla]E[blml|AllL2®xT)-
Proof. A standard formula about the composition of pseudodifferential operators first

shows that
Op” (a)Op” (b) = Op’(¢),

"More precisely, one can introduce a weight (1 + £)~2 in [102, proof of Theorem 1,
eq. (2.5)] to get some integrability in time. This turns out to be sufficient to consider the semi-
norm w[-] in our statement.
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with

1 : ’ 7 : 7 7
£XV T k) = i(t/—t)@—t") ji(k'—k)-(x—x")
«tx ek (2n>d+1/Rde/RXzf ‘

xa(t,x,y.t, k")b(' x" y,t.k)dt'dx'dr’dk’
1

= e"(f/”k/'x)a(t,x, vnt+1t . k+k)
(zﬂ)d—i—l /szd

X Frxb(t' k' y. v, k) de'dk’.

Therefore, for n = (y, 7. k) € (0, +00) x R x R?\{0}, we have
c(t,x,n)—a(t,x,n)b(t, x,n)

1 St %) e
= Gy & b K )
X
1
X {/ Veka(t,x,y,t +st'.k +sk’) - (<', k') ds} dr’dk’
0
1
=: —m(t, x, 1),
14
where
1 : / 7
m(t, x, 7) = (271)—‘”1/ TN E (@ K @) x, . 7 K dTdk,
RXZ
with

1
I(a)(t, x,n, ' k") = / yVeka(t,x, v, +st',k +sk') - (', k") ds.
0

Since Op” (a)Op” (b) — Op? (ab) = %Op” (m), and in view of the continuity property
stated in Theorem C.2, it remains to estimate the seminorm w|[m]. For all @ € N4 such
that ; € {0, 1}, we now have

(1 +t)m(t,x,n) = (1 _iar/)(eif’t)eik/.x
7.d

1
(2m)d+1 /Rx
X Fyxb(Z' K ) d(a)(t, x,n, 7' k') dr’ dk’,

and

(1+1)3;m(t, x,n) = it'(1—id) (™)™ > F, b(' k', )

1
(2”)d+1 »/]RXZ‘]
x J(a)(t,x,n, v’ k") de" dk’

1

+ -
(zn)d-i—l

=0 b

x 0 (F(a) (. x, 0.7’ k") dr" k.
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Tedious but standard computations then show that for M > d we have

w[m] < Q[a] sup ”(1 4 |t/|2)|k’|1+|“‘%,x[(1 + 1)b] “LI(RT,xZg/;L;;O)

aeNd
«;€{0,1}

< Q[a]( sup H 3711)‘ [(1 + t)agb] ||L1(Rde;L%°)
1<|le|<1+M

b s 70+ 08z )
ls\ﬂalzsllz—i-M

As a consequence, we obtain, for M > 1 + 24,

w[m] < Q[a]( sup || Fra[(1 + t)aia’fb] ||L<><>(Rde;L%°)
S

+ sup ||$t,X[(1 +[)azafb]”L°°(]Rde'L°°))
1<la|<1+M ’"
£=0,1,2,3,4

< Qlal  sup (1 + t)aza'fBbHLl(Rde'Loo)’
1<|a|<1+M o
B=0,1,2,3,4

and therefore
w[m] < A(|supp, Vxb|)Q2[a]E[b]m.

From Theorem C.2, we have, for all h € L2(R x T?%),

1Op” (M)A || 2Ty = Caw[m]|hl| 2@ a)
< CaA(|supp; Vxb)Qla]E[b]mlIn 2w xTa)-

We obtain the conclusion since Op” (a)OpY (b) — Op? (ab) = %Op” (m). [
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In this paper, we prove the local-in-time well-posedness of thick spray equations in Sobolev
spaces, for initial data satisfying a Penrose-type stability condition. This system is a coupling
between particles described by a kinetic equation and a surrounding fluid governed by
compressible Navier—Stokes equations. In the thick spray regime, the volume fraction of the
dispersed phase is not negligible compared to that of the fluid. We identify a suitable
stability condition bearing on the initial data that provides estimates without loss, ensuring
that the system is well posed. This condition coincides with a Penrose condition appearing in
earlier works on singular Vlasov equations. We also rely on crucial new estimates for
averaging operators. Our approach allows us to treat many variants of the model, such as
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