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Abstract

In this memoir, we prove the local-in-time well-posedness of thick spray equations
in Sobolev spaces, for initial data satisfying a Penrose-type stability condition. This
system is a coupling between particles described by a kinetic equation and a sur-
rounding fluid governed by compressible Navier–Stokes equations. In the thick spray
regime, the volume fraction of the dispersed phase is not negligible compared to
that of the fluid. We identify a suitable stability condition bearing on the initial data
that provides estimates without loss, ensuring that the system is well posed. This
condition coincides with a Penrose condition appearing in earlier works on singu-
lar Vlasov equations. We also rely on crucial new estimates for averaging operators.
Our approach allows us to treat many variants of the model, such as collisions in the
kinetic equation, non-barotropic fluid or density-dependent drag force.
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Chapter 1

Introduction and main results

1.1 System and notation

In this memoir, we are interested in the following coupling between fluid and parti-
cles:8̂<̂
:
@tf C v � rxf C divvŒf �� D 0;

@t .˛%/C divx.˛%u/ D 0;

@t .˛%u/C divx.˛%u˝ u/Crxp.%/ � divx.�Œu�/ D �mp

Z
Rd
f � dv:

(1.1)

This system describes the evolution of a cloud of particles (e.g. droplets or dust
specks) in an underlying compressible fluid (e.g. a gas). Such a suspension is com-
monly referred to as a spray [137]. More generally, the system (1.1) belongs to the
broad family of “multiphase flows” equations [59].

In this work, we study (1.1) in the phase space Td � Rd , with d 2 Nn¹0º. The
first equation of (1.1) is a kinetic equation of Vlasov type on the particle distribution
function f .t; x; v/ 2 RC in the phase space (position-velocity), set for t > 0 and
.x; v/ 2 Td �Rd . The other equations of (1.1) are set for t > 0 and x 2 Td and are
barotropic compressible Navier–Stokes equations for the fluid density %.t; x/ 2 RC

and the fluid velocity u.t; x/ 2 Rd . Here, the function ˛.t; x/ 2 Œ0; 1� is the volume
fraction of the fluid.

This type of models can be used to capture various natural phenomena and has
widespread applications. Examples include, among others, combustion phenomena
in engines [4, 108], evaporation of droplets [58, 113], aerosols for medical purposes
[27,28], marine and volcanic aerosols and their impact on the atmosphere [114,134],
as well as aerosols in the atmosphere of gas giants or exoplanets [70, 136].

Here, the system (1.1) describes the so-called thick sprays and has been intro-
duced and derived by O’Rourke in [124]. Such coupling is appropriate for modeling
two-phase mixtures where particles are small but occupy a non-negligible volume
fraction of the whole suspension. The thick (or dense) spray regime is typically found
in regions where droplets are injected in a carrying gas (see [64, 110, 124]). The sys-
tem (1.1) has also been recognized as a set of equations linked to multifluid systems,
which are thoroughly described in [103]. Further details can be found in the overview
provided in Section 1.4.

Let us detail and close the previous equations, explaining the meaning of the
different terms involved. For this physical discussion, we choose d D 3.
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• The volume fraction ˛ D ˛.t; x/ 2 RC of the fluid is given by

˛.t; x/ WD 1 �mp

Z
R3
f .t; x; v/ dv; mp WD

4�

3
r3p ;

where rp > 0 is the radius of one droplet. In the thick spray regime, the quantity ˛
is not assumed to be close to 1 (this concerns suspensions for which, typically,
˛ is around the value 0:9), so that the volume fraction for the cloud of particles
is not negligible compared to that of the fluid. This is in sharp contrast with the
thin spray regime, that we shall recall below (see (VNS) in Section 1.4), where
˛ is somehow directly set to 1 and thus does not explicitly appear in the system.
Here, this quantity induces an extra coupling between both phases. We refer to
[59, 64, 124] for comparisons between the thin and thick regimes.

• The pressure p W RC! RC is a given C.RC/\ C1.RCn¹0º/ function such that,
in the barotropic regime, the pressure term is a function p D p.%/ depending
only on the fluid density. One usually assumes that p.0/ D 0 and p0.�/ > 0. For
reasons that will appear later, we shall also assume that p is such that

� 7! �p0.�/ is nondecreasing on RC: (1.2)

A common example is, for instance, p.%/ D %
 for some 
 > 1.

• The viscous stress tensor �Œu� is given by

�Œu� D 2�D.u/C � divx u Id

for some constants � > 0 and � 2 R, where D.u/ stands for the deformation
tensor defined as D.u/ D .rxuC .rxu/

|/=2. In this memoir (see the possible
generalization in Section 1.3), we choose the constants � and � so that

divx.�Œu�/ D �xuCrx divx u;

but we emphasize that this choice has been made solely for simplicity, and that
no special algebraic property arises in this case.

• The force � D �.t; x; v/ 2 R3 acting on the cloud of particles is defined by

mp�.t; x; v/ D Drp.u.t; x/ � v/ �mprxŒp.%/�.t; x/: (1.3)

The first term u.t; x/ � v, referred to as the drag force exerted by the fluid on the
particles, is common to all fluid-kinetic couplings. Here, it is linear in the relative
velocity between fluid and particles, and creates friction. Here, the drag coeffi-
cient Drp (with D > 0) is taken proportional to the radius rp and is reminiscent
of the Stokes law. The retroaction of this term in the momentum equation for the
fluid is known as the Brinkman force and can be expressed as

�Drp

Z
R3
.u � v/f dv:
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The second term in � , which is a pressure gradient from the fluid, is a specific
feature of thick spray models (see also [64, 124]) where the particles occupy a
significant volume fraction of the two-phase mixture. Here, the constant density
of the droplets has been taken to be equal to one. The presence of this term is
consistent with the fact that the system (1.1) (or some of its variants) is formally
linked to bifluid equations [61], where there is a common pressure gradient to
both phases (see the overview below in Section 1.4). Note that the feedback of
this term in the source term of the fluid momentum equation is

�mp

Z
R3
f .�rxŒp.%/�/ dv D .1 � ˛/rxŒp.%/�:

Remark 1.1. After a suitable rescaling in the equations, it is actually possible to
rewrite the force � from (1.3) as

� D
1

�2
.u � v/ � rxŒp.%/�;

together with
˛ D 1 � �3

Z
R3
f dv;

where � > 0 is proportional to the radius rp of a typical particle. Formally proceeding
to the limit �! 0, which corresponds to a small droplet size regime, we observe that
˛ ! 1 and that the drag term u � v is dominant compared to the pressure gradient.
This formally connects the thick spray equations to the thin spray equations (see the
detailed overview made in Section 1.4). However, this formal link has not been made
rigorous so far.

In what follows, we consider a normalization of all physical constants. Introduc-
ing the kinetic moments (of order 0 and 1) of the distribution function f as

�f .t; x/ WD

Z
Rd
f .t; x; v/ dv (local density);

jf .t; x/ WD

Z
Rd
f .t; x; v/v dv (local current);

so that ˛.t; x/ D 1 � �f .t; x/, we are thus led to the following system:

(TS)

8̂̂̂̂
<̂
ˆ̂̂:
@tf C v � rxf C divv

�
f .u � v/ � f rxp.%/

�
D 0;

@t ..1 � �f /%/C divx
�
.1 � �f /%u

�
D 0;

@t ..1 � �f /%u/C divx
�
.1 � �f /%u˝ u

�
C .1 � �f /rxp.%/

D �xuCrx divx uC jf � �f u:

The unknowns of the problem are

f D f .t; x; v/ 2 RC; % D %.t; x/ 2 RC; u D u.t; x/ 2 Rd ;
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and they are coupled through the drag term u � v, the pressure gradient rxp.%/ and
the volume fraction of the fluid ˛ D 1 � �f . We finally prescribe initial conditions

f in
D f in.x; v/ 2 RC; %in

D %in.x/ 2 RC; uin
D uin.x/ 2 Rd :

We normalize the torus Td D Rd=.2�Z/d endowed with the normalized Lebesgue
measure, so that Leb.Td / D 1.

In this work, we investigate the local well-posedness of the thick spray equations
(TS). The main difficulty comes from the fact that rough energy estimates on the
transport and kinetic part of (TS) seem to result in a loss of several derivatives. As a
matter of fact, suppose that we have a smooth solution .f; %; u/ with compact support
to the system (TS). Since it is a coupling between a parabolic type equation for u and
two transport equations for f and %, the following observations can be made:

• a standard energy estimate for transport equations shows that a control of k deriva-
tives of % seems to require the control of k C 1 derivatives of f . This is due to the
coupling with the volume fraction 1 � �f in the mass conservation equation;

• a standard energy estimate for transport(-kinetic) equations shows that a control
of k derivatives of f seems to require the control of k C 1 derivatives of %. This
comes from the pressure gradient in the force field of the Vlasov equation.

As a consequence, we obtain a control of k derivatives of .f; %/ by k C 1 deriva-
tives of .f; %/ for any k 2 N, and so on. Rough estimates of transport type therefore
seem to involve a formal loss of one derivative on the unknown .f; %/, which makes
the coupling singular. Hence, standard techniques cannot be applied to obtain a
solution to the system (apart from working with functions with analytic regularity).
In [14], Baranger and Desvillettes conjectured anyway that the system is well posed
in Sobolev spaces.

In this work, we partly confirm this conjecture by showing that (TS) is locally well
posed in Sobolev spaces, when the initial data satisfy a stability condition of Penrose
type. However, when this stability condition is violated, the system is actually ill
posed in the sense of Hadamard (see [12]), which means, loosely speaking, that it
indeed displays losses of derivatives in this case.

The rest of the introduction is structured as follows. In Section 1.2, we introduce
the Penrose stability condition for thick sprays and state our main result on local
well-posedness for (TS). In Section 1.3, we describe several generalizations of the
thick spray equations (TS), taking into account possible density-dependent drag or
collisions in the kinetic equation, as well as non-barotropic Navier–Stokes equations.
These variants will be treated in Sections 7.1, 7.2 and 7.3. Section 1.4 is a general
overview on fluid-kinetic systems, as well as on singular Vlasov equations. Finally,
Section 1.5 provides a detailed outline of our method of proof.
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1.2 Assumptions and main result

For ˛ D .˛1; : : : ; ˛d / 2 Nd , we write j˛j D
Pd
iD1 ˛i and @˛x D @

˛1
x1 � � � @

˛d
xd . In this

work, we will denote by Hk (or Hk.Td /) the standard L2 Sobolev spaces for functions
depending on x 2 Td . When it is necessary, we will denote by Hkx;v the same spaces
for functions depending on .x;v/2Td �Rd . To ease readability, we shall sometimes
abbreviate L2.0;T IL2.Td // and L2.0;T IHk.Td // as L2TL2 and L2THk , respectively.
We will also use weighted L2x;v Sobolev spaces. They are defined as follows:

Definition 1.2. For k 2 N, r � 0 and f W Td � Rd ! RC, we define the weighted
(in velocity) Sobolev norms as

kfkHk
r
WD

 X
j˛jCjˇ j�k

Z
Td

Z
Rd
hvi2r j@˛x@

ˇ
v f.x; v/j2 dx dv

! 1
2

;

where hvi D .1C jvj2/
1
2 .

We now introduce the following Penrose function, which will be used to state the
relevant corresponding Penrose stability condition.

Definition 1.3. For any distribution function f.x; v/ and density �.x/, we define the
Penrose function

Pf;�.x; 
; �; k/ WD
p0.�.x//�.x/

1 � �f.x/

Z C1
0

e�.
Ci�/s
ik

1C jkj2
� .Fvrvf/.x; ks/ds (1.4)

for .x; 
; �; k/ 2 Td � .0;C1/ �R 2 Rdn¹0º.

Definition 1.4. We say that the couple .f.x; v/; �.x// satisfies the c-Penrose stability
condition (for the thick spray equations (TS)) if there exists c > 0 such that

(P) 8x 2 Td ; inf
.
;�;k/2.0;C1/�R�Rdn¹0º

j1 � Pf;�.x; 
; �; k/j > c:

When needed, we shall denote this condition by (P)c .

As we shall explain later on, such a condition stems from the study of Vlasov
equations in plasma physics. In the context of the Vlasov–Benney equation, a similar
condition was the key to obtain local well-posedness in Sobolev spaces (and for its
derivation in the quasineutral limit), see [90]. We refer to Section 1.5 for more details.

Remark 1.5 (Sufficient conditions ensuring (P)). Let us describe a few classes of
profiles .f.x; v/; �.x// which satisfy the Penrose stability condition (P). Several cri-
teria on the shape of f.x; �/ for every x 2 Td indeed provide sufficient conditions for
(P) to hold (see for instance [121]). We shall assume that f.x; �/ is at least integrable
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and that the nonnegative prefactor in front of the integral in Pf;� is bounded from
above on Td .

• First, any sufficiently small smooth profile f satisfies (P).

• When d D 1, the one-bump profiles in velocity, that is to say profiles such that,
for all x 2 T , the function v 7! f.x; v/ is increasing then decreasing, satisfy the
Penrose condition.

• In any dimension d � 1, any profile such that, for all x 2 Td , f.x; �/ is a radial
nonincreasing function in velocity is Penrose stable. In particular, it includes the
case of (local smooth) Maxwellians in velocity. If d � 3, any profile such that,
for all x 2 Td , f.x; �/ is a radial and strictly positive function in velocity satisfies
the condition.

• More generally, the following criterion on the marginals of f has been devised
in [121] and ensures the Penrose stability: for all x 2 Td ,

8.!0; k/ 2 R �Rdn¹0º;

p0.�.x//�.x/

.1C jkj2/.1 � �f.x//
p:v:

Z
R
@yf k
jkj
.x; y/

1

y C !0
dy < 1;

where p.v. stands for the principal value on R and

8r 2 R; f k
jkj
.r/ WD

Z
k
jkj

?
f
�
r
k

jkj
C w

�
dw:

• Finally, any sufficiently small smooth perturbation of a Penrose stable profile will
still satisfy (P). In particular, a slightly perturbed one-bump profile f.x; �/ remains
Penrose stable.

Our main result reads as follows.

Theorem 1.6. There existm0 > 0 and r0 > 0, depending only on the dimension, such
that the following holds for all m � m0 and r � r0. Let

f in
2 Hm

r ; %in
2 HmC1; uin

2 Hm

such that .f in; %in/ satisfies the c-Penrose stability condition (P)c for some c > 0 and

0 � f in; �f in < ‚ < 1; 0 < � � %in; 0 < � � .1 � �f in/%in
� x�

for some constants‚;�; �; x� . Then there exist T > 0 and a solution .f; %; u/ to (TS)
with initial condition .f in; %in; uin/ such that

f 2 C.Œ0; T �IHm�1
r /; % 2 L2.0; T IHm/; u 2 C.Œ0; T �IHm/ \ L2.0; T IHmC1/;

and with .f .t/; %.t// satisfying the c
2

-Penrose stability condition (P)c=2 for all t 2
Œ0; T �. In addition, this solution is unique in this regularity class.
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In short, our result yields the local well-posedness for the thick spray equations,
in the class of Penrose stable initial data. On the other hand, as already mentioned
earlier, outside of this class, the system is ill posed in the sense of Hadamard. We refer
to [12], in the spirit of [11, 87] for singular Vlasov equations (see also the discussion
in Section 1.4).

Remark 1.7. The uniqueness part in the previous statement must be understood as
follows: if .f1; %1; u1/ and .f2; %2; u2/ are two solutions to (TS) on Œ0; T � with the
previous regularity and with the same initial condition .f in; %in; uin/ (satisfying (P)),
then .f1; %1; u1/ D .f2; %2; u2/ if t 7! .f1.t/; %1.t// satisfies the Penrose stability
condition (P) on Œ0; T �.

Remark 1.8. Let us point out the shift of one derivative in the regularity between f
and %, which is reminiscent of the formal loss of derivative that was evoked earlier.

Remark 1.9. In [39], the authors consider the linearization of (TS) around a radially
nonincreasing and homogeneous profile (for the kinetic part). This can be seen as a
particular case of the Penrose stability condition (P). They obtain a stability estimate
in L2 around the solution generated by such particular data. However, it is not suffi-
cient to provide a well-posedness result for the full nonlinear equations. As a matter
of fact, since the equations are quasilinear, one would need to prove the analog of
such stability estimates for all functions in a neighborhood of the aforementioned
solution.

Remark 1.10. (1) It appears to be more natural (see, in particular, the proof of
uniqueness in Section 6.3) to consider the optimal Penrose function

Pf;�.x; 
; �; k/ WD
p0.�.x//�.x/

1 � �f .x/

Z C1
0

e�.
Ci�/sik � .Fvrvf/.x; ks/ ds;

instead of Pf;�, as well as the related stability condition

(Opt-P) 8x 2 Td ; inf
.
;�;k/2.0;C1/�R�Rdn¹0º

ˇ̌
1 �Pf;�.x; 
; �; k/

ˇ̌
> c:

We refer to (Opt-P) as the optimal Penrose stability condition. The condition (Opt-P)
is weaker than (P). Indeed, using a homogeneity argument combined with a continuity
argument, it is possible to prove that if (P) holds for some c > 0 for .f; �/, then (Opt-P)
holds as well.1 However, our strategy in this work will be based on a regularization
of the force field in the Vlasov equation, and requires the stability condition (P). It is
likely that, using the techniques of [41], one could assume (Opt-P) instead of (P) on

1We refer to the uniqueness part of the proof in Section 6.3 for more details.
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.f in; %in/ to prove the well-posedness of thick spray equations. However, this would
require substantial work.

(2) The factor 1
1Cjkj2

in the Penrose function Pf;� could appear as arbitrary. It is
actually related to the explicit regularization procedure of the force field that will be
made clearer later on. By a homogeneity argument, it is however possible to prove
that the condition (P) is equivalent to

8x 2 Td ; inf
.
;�;k;�/2SC�.0;1�

ˇ̌
1 � �Pf;�.x; 
; �; k/

ˇ̌
> c; (1.5)

where

SC WD
®
.
; �; k/ 2 .0;C1/ �R �Rdn¹0º j 
2 C �2 C k2 D 1

¯
:

This implies, in particular, that the factor 1
1Cjkj2

could for instance be replaced by
1

.1Cjkj2/˛
for any ˛ > 0 in (1.4). We refer to Remark 2.12 in Section 2.2 for the use

of such reformulation of (P) in the regularization procedure.

Remark 1.11. In the Euler case for the fluid, that is, for the same system on .f; %; u/
but without the term ��xu � rx divx u in the equation for u, the question of well-
posedness remains open.

1.3 Generalization to several variants

We are also interested in more complex versions of the system (TS) that take into
account more physical effects. In this section, several such variants are presented. The
main strategy of proof adopted in this work for (TS) will be robust enough to handle
such models: we will show how to obtain their local well-posedness in Sections 7.1,
7.2 and 7.3.

1.3.1 Non-barotropic Navier–Stokes equations

If one wants to get rid of the barotropic-type assumption on the fluid, one has to
consider its internal energy eD e.t; x/ 2 RC as an additional unknown. This leads to
the following system of equations:8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

@tf C v � rxf C divv
�
f .u � v/ � f rxp.%; e/

�
D 0;

@t .˛%/C divx.˛%u/ D 0;

@t .˛%u/C divx.˛%u˝ u/C ˛rxp.%; e/ ��xu � rx divx u D jf � �f u;

@t .˛%e/C divx.˛%eu/C p.%; e/.@t˛ C divx.˛u// D
Z

Rd
ju � vj2f dv;

˛ D 1 � �f :
(1.6)
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Here, p WRC �RC!R is a given C.RC �RC/\ C1.RCn¹0º �RCn¹0º/ function
such that the pressure term is a function p D p.%; e/ depending on the fluid density
and the internal energy. For instance, a relation of the type p.%; e/ D b%e (for some
b > 0) is a perfect gas pressure law.

The apparent loss of derivative is still present in such model and occurs between
f and e. In Section 7.1, we shall also justify how to build local-in-time solutions for
(1.6) thanks to an adapted Penrose stability condition.

1.3.2 Kinetic equation with collisions

In the thick spray regime, it is physically relevant to take into account collisions
between droplets. A collision operator is therefore sometimes added in the kinetic
equation, which turns into a Vlasov–Boltzmann type:

@tf C v � rxf C divv
�
f .u � v/ � f rxp.%/

�
D Q.f; f /:

The quadratic operator Q.f; f / D Q�.f; f / stands for some Boltzmann collision
operator for (in)elastic hard-spheres. Here � 2 .0; 1� is given and is called the restitu-
tion coefficient, which is involved in the microscopic laws defining collisions between
particles. We refer to Section 7.2 for some details about the precise definition of the
collision operator Q� and some of the main basic features of inelastic collisions. Let
us mention that the case � D 1 corresponds to standard perfectly elastic collisions
and that the inelastic case � 2 .0; 1/ leads to a loss of kinetic energy along collisions
(while mass and momentum are always conserved).

We will also explain how to include a collision operator in the kinetic equation
for f and still obtain an analog of Theorem 1.6.

1.3.3 Density-dependent drag force

In many applications, the force � D �.t; x; v/ 2 Rd acting on the particle should
actually present a density-dependent drag force, for instance of the form

�.t; x; v/ D %.t; x/.u.t; x/ � v/ � rxŒp.%/�.t; x/:

Compared to that of the system (TS), this force displays an additional nonlinearity.2

The Brinkman force in the Navier–Stokes equations also becomes

�

Z
Rd
%.u � v/f dv D %.jf � �f u/:

2A more physical model should deal with a nonlinear drag of the form CŒ%; ju� vj�.u� v/,
which is for the moment out of the scope of a rigorous mathematical analysis. However, our
approach can for instance allow the treatment of a drag of the form %Œ.u � v/ C 
.u � v/�

where 
 2 C1.Rd IRd / is such that 
.0/ D 0 and 
 0.0/ D 0.
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Because of the modified term %.t; x/v � rvf in the kinetic equation, this induces a
potential growth in velocity which could become out of control. In Section 7.3, we
will deal with the case of such a density-dependent drag term, up to the additional
assumption that the initial data f in has a compact support in velocity.

1.3.4 Density-dependent viscosities

It is also possible to consider more general viscosity coefficients in the Navier–Stokes
equations of (TS), that is, replacing the differential operator ��xu�rx divx u in the
equation for u by

� divx
�
2�Œ%�D.u/C �Œ%� divx u Id

�
;

for smooth nonnegative coefficients �; � W RC ! RC such that �.0/ D �.0/ D 0.
For the sake of simplicity, we restrict ourselves in this work to the case � D 1 and
� D 0. We claim however that our analysis applies mutatis mutandis to this more
general situation. As a matter of fact, we will consider local-in-time strong solutions
for which % is non-vanishing.

1.4 Overview on fluid-kinetic systems and related models

Let us provide an overview on couplings between fluid and kinetic equations, both
from the modeling and the theoretical points of view. In particular, we want to high-
light the differences between the main regimes for the description of sprays (namely,
thick versus thin). We also review some existing works on singular Vlasov equations
coming from plasma physics, our strategy for thick sprays being inspired by the study
of such systems (see Section 1.5).

1.4.1 Fluid-kinetic description

We can trace back the introduction of fluid-kinetic couplings for the description of
sprays involving a large number of particles to [124, 137]. We also refer to [59] for
a general overview on the description of multiphase flows, as well as to [129]. Note
that, compared to an Eulerian-Eulerian description for both gas and droplets (where
both phases are described at the macroscopic level, with .t; x/ variables), a fluid-
kinetic point of view seems to be well-suited for polydispersed flows (i.e., when the
size of the droplets can vary). Indeed, no average is taken to compute the drag force,
for instance. Of course, many other physical effects, such as coalescence, breakup,
vaporization or chemical reactions, can be included in the models (see e.g. [13,108]).
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1.4.2 Thick spray case

Models for thick sprays have been explicitly introduced and derived at the formal
level in [64] and in [124, Chapter 2]. In particular, the pressure gradient acting on
the dispersed phase is already present in [64], while [124, Chapter 2] also consid-
ers the additional contribution of collisions. The use of such complex models was
subsequently pursued by O’Rourke’s team at the Los Alamos National Laboratory to
develop the Kiva code [4, 125, 126]. From the numerical and modeling point of view,
let us also refer to the works [20, 26].

As explained above, the coupling between both phases makes the rigorous study
of thick spray equations reputedly challenging. The mathematical study of such type
of models is still in its infancy and only a few formal results are available.

In [61], the authors consider a formal hydrodynamic limit starting from a thick
spray system of the type (1.6) (without fluid dissipation and with an additional energy
variable for f ) with an inelastic collision operator. The limit of Knudsen number
tending to 0 allows one to derive (at least formally) a two-fluid coupled system. The
latter turns out to be a standard model of multiphase flow theory where the volume
fraction is now an unknown (see the book [103]). It formally connects thick spray
models to multifluid systems, where the presence of a common pressure term is stan-
dard. This somehow a posteriori explains the additional pressure gradient in the force
field acting in the kinetic equation. A standard feature of this bifluid limiting system
seems to be a lack of hyperbolicity [92,107,123], so that its behavior is a priori highly
unstable. Note that preliminary computations performed in [128] tend to indicate that
adding some viscous term along some directions makes this type of system better
behaved.

A new understanding of thick sprays has been obtained in [39], where the lin-
ear stability for (TS) and (1.6) is investigated. More precisely, the L2 linear stability
around a family of particular space-homogeneous profiles (for the kinetic phase)
is obtained thanks to a suitable Lyapunov functional. The profiles in velocity are
required to satisfy a property of monotonicity, this condition being a special example
of the Penrose stability condition (P) that we shall impose on the initial condition
(recall Remark 1.5 above).

Very recently, [69] has proposed a new averaged version of thick spray models,
where the pressure gradient �rxp.%/ in the kinetic equation and the volume frac-
tion ˛ are regularized by including an extra convolution operator. Local existence in
Sobolev spaces for this new version of the original thick spray model is obtained in
the Euler case for the fluid, using tools from symmetrizable hyperbolic systems (see
[14, 115]).
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1.4.3 Barotropic compressible Navier–Stokes equations

When f D 0 (and thus ˛ D 1), the system (TS) reduces to the standard compressible
Navier–Stokes equations for .%; u/, in the barotropic-type regime. These equations
have given rise to an abundant literature for more than half a century. Global weak
solutions of finite energy have been built for the first time in [109] for constant vis-
cosity coefficients, a result extended in [68] for more general pressure power laws.
Another notion of weak solutions was also considered in Hoff [100]. For more recent
results allowing one to include degenerate viscosities and more general pressure laws,
see e.g. [35–38, 118, 133].

In the framework of strong solutions (local in time or global with assumption on
the data), we can for instance refer to [122, 131] for classical ones, to [132] for mild
solutions, to [116,117] for solutions with high Sobolev regularity near equilibria, and
to [101] for the fine description of the time asymptotics of the system. Let us also
mention the more recent works [43, 50–52, 54, 56, 57] for the study of the system in
critical spaces.

1.4.4 Thin spray case: The Vlasov–Navier–Stokes system

Unlike the thick spray regime corresponding to (TS), there exists a rich literature
on the so-called thin spray models. This corresponds to a regime where the particle
volume fraction is small compared to that of the surrounding fluid; the quantity ˛ is
directly set to 1 and does not appear in the system (see Remark 1.1). The main term
of the coupling which is retained is the drag force (that is, �.t; x; v/ D u.t; x/ � v),
and its feedback in the fluid equation.

An important fluid-kinetic model in this class is the so-called Vlasov–Navier–
Stokes system, which describes a monodisperse phase of small particles flowing in
an ambient, incompressible, homogeneous, viscous fluid. It takes the form

(VNS)

8̂<̂
:
@tf C v � rxf C divvŒf .u � v/� D 0;

@tuC .u � rx/u ��xuCrxp D jf � �f u;

divx u D 0:

This system has been for instance shown to provide a good description of medical
aerosols in the upper part of the lung (see e.g. [28, 30]).

From the mathematical point of view, many directions of research have been
explored about (VNS) (and its variants) over the past twenty years. The Cauchy the-
ory, addressing the existence of global weak solutions for (VNS) on a large class of
domains in dimension 2 or 3, is by now well developed (see e.g. [5, 25, 77]), and
also allows for more complex physics in the model (see [29, 31]). It mainly consists
in obtaining a Leray weak solution for u and a renormalized weak solution (in the
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sense of DiPerna and Lions [63]) for f , using a remarkable energy-dissipation iden-
tity that is satisfied by solutions to the system. In dimension 2, the uniqueness of such
solutions has been shown in [85].

More recently, several asymptotic behaviors of (VNS) have attracted considerable
attention. The question of the large-time dynamics for (VNS) has seen significant
advances over the past few years. Roughly speaking, it is expected that the cloud of
particles aligns its velocity with that of the fluid, that is,

u.t/ �����!
t!C1

v1; f .t/ �����!
t!C1

�1 ˝ ıvDv1

for some asymptotic velocity v1 2 R3 and profile �1.t; x/.
The first complete answer justifying such singular asymptotics has been obtained

in [86] for Fujita–Kato-type solutions, in the 3D torus case. In the whole space R3,
this question is studied in [55, 80], while the case of a 3D bounded domain (with
absorption boundary conditions for f ) is investigated in [67]. We also refer to [65]
for the half-space case, where the additional effect of a gravity force on the particles
(combined with absorption at the boundary) leads to decay of the solution to 0.

Another asymptotic regime is the so-called hydrodynamic limit starting from
(VNS), related to high-friction regimes. Considering some suitable scalings mak-
ing a small parameter " appear in (VNS), one wants to obtain a hydrodynamic and
effective system when " tends to 0. Here again, this issue is linked to a monokinetic
behavior of the form f".t/ ! �.t/ ˝ ıvDu.t/ and u".t/ ! u.t/, with .�.t/; u.t//
satisfying transport-Navier–Stokes or inhomogeneous Navier–Stokes equations. We
refer to [84] for the more complete and recent results on this question, and to [66,96],
where the gravity effect is taken into account, leading to macroscopic sedimentation
couplings in the limit.

Let us finally mention the challenging open problem of the derivation of (VNS),
starting from microscopic first principles. We refer to [42, 60, 93–95, 97] for a partial
answer based on homogenization and the justification of the Brinkman force in the
fluid equation, but without the complete dynamics of the particles. In the case of
the Vlasov–Stokes system, let us mention the recent results obtained in [98, 99]. An
alternative (but still formal) program has been proposed in [22, 23], starting from a
system of coupled Boltzmann equations.

1.4.5 Several variants of (VNS)

The Vlasov–Navier–Stokes system can also be considered with inhomogeneous or
compressible Navier–Stokes equations [45, 46, 49] and additional terms in kinetic
equations [47, 48].

Note that the case of compressible Euler equations for the fluid, coupled to a
kinetic equation, has also been investigated. We refer to [14] (for the thin spray case)
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and [115] (for the so-called moderately thick spray case when collisions between
particles are not neglected), where local-in-time strong solutions are built, thanks to
ideas coming from hyperbolic systems.

1.4.6 Singular Vlasov equations

As we shall explain later on (see Section 1.5 on our strategy of proof), we shall take
our inspiration from a different problem coming from plasma physics, which is the
so-called quasineutral limit problem. More specifically, let us look at the dynamics
of ions described by the following Vlasov–Poisson system:

(VP")

8̂<̂
:
@tf" C v � rxf" CE" � rvf" D 0;

E" D �rxU";

.Id � "2�x/U" D
Z

Rd
f".t; x; v/ dv � 1;

when "� 1, corresponding to a small Debye length regime for the plasma. The issue
at stake is the validity (or invalidity) of the formal limit "! 0, leading to

(VB)

8<:@tf C v � rxf � rx�f � rvf D 0;�f .t; x/ D

Z
Rd
f .t; x; v/ dv:

This system was named as the Vlasov–(Dirac)–Benney system by Bardos in [15]. As
directly seen on (VB), the force field in this Vlasov equation is one derivative less
regular than the distribution function f itself, thus displaying an apparent loss of
derivative.

The question of the justification of the quasineutral limit (from (VP") to (VB))
and of the well-posedness of the limiting system (VB) has given rise to a wealth of
literature for more than twenty years. Preliminary results have investigated the limit,
up to some defect measures [34, 74], and have been followed by a full justification in
the analytic regime [75] (see also [82, 83]). We also refer to [33, 78, 112] for the case
of singular monokinetic data leading to fluid equations. However, the quasineutral
limit does not hold in general because instabilities for Vlasov–Poisson can take over
(see [81]).

In general, there also exist unstable homogeneous equilibria of (VB) around which
the linearized equations have unbounded unstable spectrum (typically two-bump pro-
file in velocity, leading to the so-called two-stream instability). Therefore (VB) may
be ill posed in the sense of Hadamard [11, 18, 87] in Sobolev spaces, even with arbi-
trary losses of derivatives and arbitrary small time.

A local theory for (VB) thus requires additional assumptions on the initial data.
A Cauchy–Kovalevskaya-type theorem can be applied [24, 105, 121] to show that
there is local existence of analytic solutions for analytic initial data. In dimension
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d D 1, Sobolev initial data with a one-bump profile in velocity (for all x) leads to
local-in-time solutions, as shown in [16] (see also [17] for more properties).

In any dimension, the quasineutral limit and the well-posedness in Sobolev spaces
of (VB) have been obtained in [90] under a Penrose stability condition on the initial
data f in. In this work, the same type of condition as (P) is assumed, replacing the
function Pf;� by PVP

f defined as

PVP
f .x; 
; �; k/ D

Z C1
0

e�.
Ci�/s
ik

1C jkj2
� .Fvrvf/.x; ks/ ds:

Up to some prefactor coming from coupling for sprays, our assumption (P) in The-
orem 1.6 is closely related to that of [90], and this work is the main inspiration of
our analysis. We also refer to the recent work [44], where the existence of local-in-
time solutions for mildly singular Vlasov equations is shown (without assuming any
stability condition).

Note that the rescaling .t; x; v/ 7! .t="; x="; v/ in (VP") leads to the same equa-
tion with " D 1, hence connecting the quasineutral limit to an issue of large-time
dynamics. The Penrose stability condition (P) appearing on a homogeneous profile
f.v/ is actually a necessary condition for its long-time stability in the Vlasov–Poisson
equation (VP") with "D 1. This last issue is also linked to the Landau damping effect,
which has been proved to hold in a small (Gevrey) neighborhood of such stable pro-
file. In the torus, we refer to the breakthrough work [121], as well as to [19, 76].

1.5 Strategy of the proof

We conclude this introduction by presenting a detailed outline of the proof. This will
allow at the same time to explain the structure of the memoir. In order to ease read-
ability and highlight the main features of the analysis, we deliberately state our results
without specifying the precise assumptions.

As explained above, and for the sake of clarity, we shall focus on (TS). This
system indeed retains the main features and difficulties of this work. Our result and
proof will be generalized to the more complete systems presented in Section 1.3 (see
Sections 7.1, 7.2 and 7.3).

In the preliminary Chapter 2, we start by deriving several a priori energy esti-
mates on the system (TS). We show in Proposition 2.3 that for all t 2 Œ0; T �,

k%.t/kHm � k%
in
kHmˆ

�
T; : : : ; kukL1.0;T IHmC1/; kf kL1.0;T IHmC1

r /

�
; (1.7)

where ˆ is a continuous function which is increasing with respect to each of its
arguments and ‘: : :’ involves lower order terms. On the other hand, we have, for all
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t 2 Œ0; T �,

k�f .t/kHm C kjf .t/kHm . kf .t/kHm
r

� kf in
k
2
Hm
r
ˆ
�
T; : : : ; kukL1.0;T IHm/; k%kL2.0;T IHmC1/

�
:

(1.8)
The estimates (1.7) and (1.8) thus yield a loss of two derivatives for the fluid density %.
This formally prevents the use of standard techniques to obtain a (local-in-time) solu-
tion. The main goal of the analysis is to show that these losses are only apparent when
the initial condition .f in; %in/ satisfies the Penrose stability condition (P).

To this end, we first consider the following regularization of the system (see also
Remark 2.12), which includes a parameter " 2 .0; 1/ that is bound to go to 0:8̂̂̂̂

ˆ̂<̂
ˆ̂̂̂̂:

@tf" C v � rxf" C divvŒf"E" � f"v� D 0;

@t ..1 � �f"/%"/C divx..1 � �f"/%"u"/ D 0;

.1 � �f"/
�
%"Œ@tu" C .u" � rx/u"�Crxp.%"/

�
D �xu" Crx divx u" C jf" � �f"u";

f"jtD0 D f
in; %"jtD0 D %

in; u"jtD0 D u
in;

(1.9)

where

�f".t; x/ D

Z
Rd
f".t; x; v/ dv; jf".t; x/ D

Z
Rd
f".t; x; v/v dv;

E" D �p
0.%"/rxŒJ"%"�C u"; J" D .Id � "2�x/�1:

In the following, for the sake of readability, we systematically dismiss the subscripts "
but keep in mind that all unknowns depend on ". When " > 0, the regularized system
can be seen as a non-singular coupling between compressible Navier–Stokes and the
Vlasov equation; as a result, classical energy methods allow us to build local-in-time
solutions, away from vacuum (this is shown in Appendix B). However, the point is to
obtain uniform in " estimates on some interval of time which has to be independent
of ". With this goal in mind, we set up a bootstrap argument that starts at the end of
Section 2.2.

We introduce

Nm;r.f; %; u; T /

WD kf kL1.0;T IHm�1
r / C k%kL2.0;T IHm/ C kukL1.0;T IHm/\L2.0;T IHmC1/

for T > 0, and we want to obtain a uniform (in ") estimate for this quantity. This
will pave the way for a compactness argument allowing us to pass to the limit in the
previous regularized system when "! 0. Observe the shift of one derivative between
the norm on f and that on %. By (1.8), a control on k%kL2.0;T IHm/ and kukL1.0;T IHm/

implies a control on kf kL1.0;T IHm�1
r /. Hence, the main challenge is to derive an

estimate for k%kL2.0;T IHm/.
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Our main observation is that, using the definition of ˛ in the equation of conser-
vation of mass, the fluid density satisfies a transport equation of the type

@t%C u � rx%C
%

1 � �f
divx

�
jf � �f u

�
D lower order termsI (1.10)

therefore % depends on f only through its moments in velocity �f and jf . The goal
of Chapters 3 and 4 is thus to relate these two moments to the fluid density % itself.

To do so, we initiate in Section 2.3 the study of the Vlasov equation satisfied
by f with a Lagrangian point of view. We study the characteristic curves for the
kinetic dynamics with friction8̂̂<̂
:̂

d
ds

XsIt .x; v/ D VsIt .x; v/; Xt It .x; v/ D x;

d
ds

VsIt .x; v/ D �VsIt .x; v/CE.s;XsIt .x; v/;VsIt .x; v//; Vt It .x; v/ D v;

stemming from the Vlasov equation in (1.9). The term �v in the force field is respon-
sible for the friction dynamics. To simplify its study, we want to straighten the total
kinetic operator

@t C v � rx C divv..E � v/ �/

into
@t C v � rx � v � rv (1.11)

for short times. The operator in (1.11) corresponds to the free dynamics with friction.
More precisely, we prove in Lemma 2.26 that for T small enough (independent

of "), x 2 Td and s; t 2 Œ0; T �, there exists a diffeomorphism  s;t .x; �/ W Rd ! Rd

satisfying, for all v 2 Rd ,

XsIt .x;  s;t .x; v// D x C .1 � et�s/v: (1.12)

In addition, we provide several useful Sobolev estimates on  . We call this diffeo-
morphism the straightening change of variable in velocity.

The heart of the proof appears in the remaining chapters. In Chapter 3, we study
some smoothing averaging operators that will be crucial for the subsequent analysis
of Chapter 4. In short, the study of these operators will enable us to split all the
quantities exhibiting a loss of derivative into a leading term and a good remainder
which will be controlled.

Let us introduce the following kernel operator, already considered in [90]:

Kfree
G ŒH �.t; x/ D

Z t

0

Z
Rd
ŒrxH�.s; x � .t � s/v/ �G.t; s; x; v/ dv ds:

Despite the apparent loss of derivative, it is proved in [90] that this operator is bounded
in L2TL2x as soon as the kernel G is sufficiently smooth and decaying in velocity, a
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result related to the classical averaging lemmas [71]. We refer to the introduction of
Chapter 3 for more references and explanations about this aspect. We shall provide
here extensions of this result to the natural averaging operator for the dynamics with
friction (associated with (1.11)), namely

Kfric
G ŒH �.t; x/ D

Z t

0

Z
Rd
ŒrxH�.s; x C .1 � e

t�s/v/ �G.t; s; x; v/ dv ds:

We shall see in Proposition 3.4 that Kfric
G is also bounded in L2TL2x under similar

smoothness and decay assumptions for the kernel G. It was also observed in [91]
that when the kernel cancels out on the diagonal s D t , the operator Kfree

G becomes
bounded from L2TL2x to L2TH1x , i.e., we gain one extra derivative in x; the same holds
as well for Kfric

G , see Proposition 3.5.
A key result we prove (see Proposition 3.7) is the fact that the difference between

the two latter operators also allows us to gain a derivative in x, namely Kfree
G �Kfric

G is
bounded from L2TL2x to L2TH1x . Propositions 3.4, 3.5 and 3.7 will be used at multiple
times in this work.

Chapter 4 is dedicated to the proper analysis of the kinetic moments �f and jf .
The main result provided in Proposition 4.1 is the fact that for all jI j � m we can
write

@Ix�f .t; x/

D p0.%.t; x//

Z t

0

Z
Rd
rxŒJ"@Ix%�.s; x � .t � s/v/ � rvf .t; x; v/ dv ds CR;

@Ixjf .t; x/

D p0.%.t; x//

Z t

0

Z
Rd
vrxŒJ"@Ix%�.s; x � .t � s/v/ � rvf .t; x; v/ dv ds CR;

(1.13)
where R stands for a well-controlled remainder in L2TH1x . Combining with the conti-
nuity results for the averaging operator Kfree

p0.%/rvf
, this proves that the loss of deriva-

tive for �f and jf in (1.8) was only apparent.
To obtain these identities, the first step is to derive a good equation satisfied by

@Ixf ; to this end, it is natural to apply the operator @Ix to the Vlasov equation. We
readily obtain

@t@
I
xf C v � rx@

I
xf C divv.@Ixf .E � v//C divv.Œ@Ix ; E�f / D 0;

and we observe that the commutator involves

• the main order term
divv.@Ix.E/f / (1.14)

that will account for the leading term in the identities (1.13),

• low order terms that can be controlled,
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• but also terms of the form

(I) @xE � @
J
xrvf; jJ j D m � 1;

(II) @2xE � @
J
xrvf; jJ j D m � 2:

The terms of type (I) clearly cannot be considered as remainders, since they involve
m derivatives of f , which we do not uniformly control. The terms of type (II) are
not remainders either, since we expect to plug in the identities (1.13) in the equation
for %, and this involves an extra derivative in x, thus also resulting in terms with
m derivatives of f . To overcome this difficulty, we argue as in [90] and consider an
augmented unknown F D .@Ix;vf /jI jDm�1;m which satisfies a system of the form

@tF C v � rxF � v � rvF C divv.EF /CMF CL D R;

where M is a bounded linear map, L stands for the terms like (1.14), and R is a well-
controlled remainder. Note though that in [90], only the terms of type (I) are relevant
and the augmented unknown only involves derivatives of order m.

Controlling the averages in velocity of the whole family .@Ix;vf /jI jDm�1;m allows
us to recover derivatives of �f and jf in Hm. We finally rely on the Duhamel formula
combined with an integration in velocity along the characteristics, on the straighten-
ing change of variable in velocity  s;t satisfying (1.12), and on the crucial gain of
derivatives provided by the kernel operators Kfree

rvf
and Kfric

rvf
to deduce (1.13).

We refer to this approach as a semi-Lagrangian one, in the sense that we first
apply derivatives on the kinetic equation and then integrate along the characteristics
to obtain equations bearing on moments.

Chapter 5 is then devoted to obtaining an estimate for k%kL2.0;T IHm/. Taking
derivatives in the transport equation (1.10) for % and using (1.13), one can write an
equation for @Ix% for all jI j D m under the form

@t@
I
x%C u � rx@

I
x%C

%

1 � �f
divx

�
Kfree
vp0.%/rvf

.J"@Ix%/ � Kfree
p0.%/rvf

.J"@Ix%/u
�

D lower order terms:

Based on this equation, and using some commutation properties relating the operators
divx and Kfree

vp0.%/rvf
, it is then possible to prove (see Proposition 5.1) that for all

jI j D m the function @Ix% satisfies�
Id �

%

1 � �f
Kfree
G ı J"

��
@t@

I
x%C u � rx@

I
x%
�
D R; (1.15)

G.t; x; v/ D p0.%.t; x//rvf .t; x; v/;
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where R is a well-controlled remainder. The equality (1.15) has to be seen as a struc-
tural factorization of the equation for @Ix%, between the operators

Id �
%

1 � �f
Kfree
G ı J"

and
@t C u � rx :

This relation is fully based on the coupling with the kinetic part.
The main goal is then to derive some good L2TL2x estimates on @Ix%. Again follow-

ing [90], the idea is to relate %
1��f

Kfree
G ı J" to a pseudodifferential operator and use

pseudodifferential calculus to derive a suitable estimate. This is where the Penrose
stability condition steps in and plays a crucial role: it will allow us to obtain estimates
without loss.

Compared to the analysis of [90], the extra derivative due to the transport opera-
tor in (1.15) forces us to consider time-dependent symbols; this requires an extension
on the whole line R of all functions, ensuring in the process that the Penrose sta-
bility condition still holds globally, see Section 5.3. For any 
 > 0, one has (see
Lemma 5.14)

e�
tKfree
G

�
e
 �H

�
.t; x/ WD Op
 .af;%/.H/.t; x/ on .0; T / � Td ;

with

af;%.t; x; 
; �; k/ WD p
0.%.t; x//

Z C1
0

e�.
Ci�/sik � .Fvrvf /.t; x; ks/ ds;

and thus (1.15) turns into the pseudodifferential equation�
Id �

%

1 � �f
Op
 .af;%/ ı J"

��
@t@

I
x%C u � rx@

I
x%
�
D R: (1.16)

Here, Op
 refers to a pseudodifferential quantization on R � Td and with parameter

 > 0 (see Appendix C for more details). By observing that

%

1 � �f
af;% D Pf;%;

where

Pf .t/;%.t/.x; 
; �; k/

WD
p0.%.t; x//%.t; x/

1 � �f .t; x/

Z C1
0

e�.
Ci�/s
ik

1C jkj2
� .Fvrvf /.t; x; ks/ ds;

we discover that the Penrose stability condition

8t 2 R; inf
.x;
;�;k/

j1 � Pf .t/;%.t/.x; 
; �; k/j > 0
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thus asserts the ellipticity of the symbol involved in the equation (1.16). Roughly
speaking, the Penrose stability condition shows that the equation (1.15) can be seen
as a factorization between an elliptic part and a hyperbolic part.

If we have an L2TL2x bound on

H D @t@
I
x%C u � rx@

I
x%;

a standard hyperbolic energy estimate associated to the transport part @t C u � rx
directly leads to a suitable estimate on @Ix% (see Corollary 5.22).

Obtaining an L2TL2x control on H as the solution to the previous pseudodiffer-
ential equation (1.16) is thus enough to conclude. To do so, as in [90], we rely on a
semiclassical (with small parameter ") pseudodifferential calculus (with large param-
eter 
 ) whose aim is to invert the equation for H up to some small remainder.3 The
key is that one can consider the symbol .1 � Pf;%/

�1. This yields an L2TL2x estimate
for H in terms of the remainder R (see Corollary 5.20).

Chapter 6 is dedicated to the conclusion of the proof, gathering all the previous
steps and estimates of the bootstrap analysis. We obtain the desired uniform estimate
for the quantity Nm;r.f"; %"; u"; T /, which is valid for some time T > 0 independent
of ". The existence part of Theorem 1.6 is then easily deduced by a compactness
argument on Œ0; T �. The uniqueness part requires an additional argument, in the same
spirit as the strategy previously devised.

We provide in Chapter 7 several generalizations of our analysis to the more com-
plex models introduced in Section 1.3. In Section 7.1, we show how one can easily
adapt the strategy developed in this work to treat the case of a non-barotropic fluid
with an additional equation for the fluid’s internal energy.

In Section 7.2, we describe how one can include an inelastic collision operator of
Boltzmann type in the kinetic equation (see (7.3)). Note that our method follows an
idea used in [115], which allows us to overcome the loss of weight in velocity from
the collision operator thanks to the friction term in the original Vlasov equation.

In Section 7.3, we consider the case of a density-dependent drag force, for which
one can also prove a local well-posedness result, with the limitation that the initial
data f in has a compact support in velocity.

We refer to the precise statements of Sections 7.1, 7.2 and 7.3 for more details
about the corresponding existence results.

Remark 1.12. Let us mention a possible simplified variant of our strategy (that will
not be developed in this work), which would only allow one to treat the barotropic

3This part of the analysis (involving a large parameter) is reminiscent of the use of the
Lopatinskii determinant or Evans functions to obtain good estimates in hyperbolic boundary
value problems or singular stable boundary layer problems (see e.g. [119, 120, 130]).
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case. The idea is to introduce the unknown

m WD .1 � %f /%

so that, using the relation

rx% D
%

1 � �f
rx�f C

1

1 � �f
rxm;

the Vlasov equation and the equation for the mass conservation of the fluid can be
rewritten as

@tmC divx.mu/ D 0;

@tf C v � rxf C divvŒ.u � v/f � �
p0.%/%

1 � �f
rx�f � rvf D

p0.%/

1 � �f
rxm � rvf;

where u is the solution of the associated equation for the momentum balance in the
Navier–Stokes system. Since u is expected to be more regular than f and m, the
only loss of derivative displayed by the estimates satisfied by .f;m; u/ is now that
stemming from the force field rx�f in the former equation for f . We can then focus
on the distinguished quantity �f and rely on an analysis very akin to that of [90] to
prove local well-posedness under the Penrose condition (P).

The strategy which we develop in this work turns out to be more robust and
appears in particular effective in handling more complex cases, in particular that of
non-barotropic fluids (see Section 1.3.1 and Section 7.1), which is relevant in physical
applications.

Finally, we describe the content of the appendices at the end of this work.
In Appendix A, we state several useful functional inequalities for commutators,

products and composition on Td and Td �Rd . In Appendix B, we justify the main
steps providing the existence of a local-in-time solution .f"; %"; u"/ to the regularized
system (1.9) when " > 0 is fixed. In Appendix C, we recall and give the main notions
on pseudodifferential calculus (with parameter) that we shall need in this work.

In the rest of the work, we use the standard notation A . B to mean A � cB
for some c > 0 that is independent of A, B and ", but that may change from line to
line. Furthermore, ƒ will stand for a nonnegative continuous function which is inde-
pendent of ", nondecreasing with respect to each of its arguments, that may depend
implicitly on the initial data and that may change from line to line. Finally, we denote
by ŒP;Q� D PQ �QP the commutator between two operators P and Q.



Chapter 2

Preliminaries

In this chapter, we initiate the bootstrap strategy that will be used to prove The-
orem 1.6. Throughout this work, we will constantly rely on the following lemma
(which is a straightforward consequence of the Cauchy–Schwarz inequality).

Lemma 2.1. For any nonnegative measurable function f.x; v/ and k 2 N, we have

8` 2 N; 8r >
d

2
C k;





Z
Rd
jvjkf.�; v/ dv






H`

. kfkH`
r
:

In particular, we have

8` 2 N; 8r >
d

2
; k�fkH` . kfkH`

r
;

8` 2 N; 8r >
d

2
C 1; kjfkH` . kfkH`

r
:

2.1 Energy estimates

Our aim is to obtain some a priori estimates for smooth solutions to the system (TS).
We first study the fluid density %, which is shown to satisfy a hyperbolic-type equa-
tion.

Lemma 2.2. Let T > 0, c > 0 and .f; %; u/ satisfying (TS) on Œ0; T � with 1� �f � c
on Œ0; T �. Defining the operator Lu;f as

Lu;f WD @t C u � rx C B
u;f ;

where

Bu;f WD
1

1 � �f
divxŒF C u�Id; F .t; x/ WD .jf � �f u/.t; x/;

the fluid density % satisfies

Lu;f % D 0 on Œ0; T �:

Proof. The transport equation for % in (TS) can be rewritten as

.1 � �f / .@t%Cu � rx%/C%
�
@t .1 � �f /Cu � rx.1 � �f /

�
C .1 � �f /% divx u D 0:
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Integrating the Vlasov equation in the v variable, we obtain the equation of conserva-
tion

@t�f C divx jf D 0I

therefore @t .1 � �f / D divx jf and we get

0 D @t%C u � rx%C
%

1 � �f

�
divx jf � u � rx�f

�
C % divx u

D @t%C u � rx%C
%

1 � �f
divxŒjf � �f u�C

%

1 � �f
�f divx uC % divx u

D @t%C u � rx%C
%

1 � �f
divxŒjf � �f u�C

%

1 � �f
divx u:

We recognize the expression of the Brinkman force F WD jf � �f u and therefore %
satisfies the equation

@t%C u � rx%C
1

1 � �f
divxŒF C u�% D 0;

which is the claimed result.

We are now able to derive a Sobolev estimate bearing on the fluid density %, in
which we control ` derivatives of % by `C 1 derivatives of f and u.

Proposition 2.3. For all `; r > 1 C d=2, c > 0, T > 0, and all smooth functions
.f; %; u/ such that 1 � �f � c and

Lu;f % D 0 on Œ0; T �;

we have the estimate

8t 2 Œ0; T �; k%.t/kH` � k%
in
kH`e

CT .u;f /T exp
�
TeCT .u;f /TQ`.T; u; f /

�
;

where

CT .u; f / D kdivx ukL1..0;T /�Td / C 2kB
u;f
kL1..0;T /�Td /;

Q`.T; u; f / D kukL1.0;T IH`/

C





 1

1 � �f






L1.0;T IH`/

�
kf k2

L1.0;T IH`C1
r /
C kuk2L1.0;T IH`C1/

�
:

Remark 2.4. Note that for the same exponents ` and r , one has

CT .u; f /

. kukL1.0;T IH`/ C





 1

1 � �f






L1.0;T IL1/

�
kf k2

L1.0;T IH`C1
r /
C kuk2L1.0;T IH`C1/

�
:
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Remark 2.5. Let us mention that, for any smooth solution .f; %;u/ to (TS), the func-
tion .1 � �f /% satisfies

Lu;0Œ.1 � �f /%� D 0:

As a consequence, the result of Proposition 2.3 holds for .1 � �f /% instead of %, by
considering Q`.T; u; 0/ and CT .u; 0/.

Proof of Proposition 2.3. The proof is standard but for the sake of completeness and
for highlighting the dependence on f and u, let us write it. First, suppose we have a
smooth function h satisfying

Lu;f .h/ D S;

where S is a given smooth source term. Performing an L2x-energy estimate, we get

d
dt
khk2L2 D �2hu � rxh; hiL2 � 2hB

u;f h; hiL2 C 2hS; hiL2

D

Z
Td

�
divx u � 2Bu;f

�
jhj2 dx C 2hS; hiL2 :

By the Cauchy–Schwarz inequality, this yields, for all t 2 .0; T /,

d
dt
kh.t/k2L2 � CT .u; f /kh.t/k

2
L2 C 2kS.t/kL2kh.t/kL2 ;

where
CT .u; f / WD kdivx ukL1..0;T /�Td / C 2kB

u;f
kL1..0;T /�Td /:

By Grönwall’s inequality, we deduce that

kh.t/kL2 � kh.0/kL2e
CT .u;f /t=2 C

Z t

0

eCT .u;f /.t��/=2kS.�/kL2 d�:

Now, let us assume that % is such that Lu;f .%/ D 0. Let ˇ 2 Nd such that jˇj � `.
Since

Lu;f
�
@ˇx%

�
D �

�
@ˇx ; u � rx C B

u;f
�
%;

the first part of the proof with h D @ˇx% and S D �
�
@
ˇ
x ; u � rx C B

u;f
�
% leads to

k@ˇx%.t/kL2 � k@
ˇ
x%.0/kL2e

CT .u;f /t=2

C

Z t

0

eCT .u;f /.t��/=2


�@ˇx ; u � rx C Bu;f �%.�/

L2 d�:

We can estimate the commutator�
@ˇx ; u � rx C B

u;f
�
% D

�
@ˇx ; u�

�
.rx%/C

�
@ˇx ; B

u;f
�
.%/
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thanks to Proposition A.1. This givesX
0�jˇ j�`



�@ˇx ; u � rx C Bu;f �%

L2

�

X
0�jˇ j�`



�@ˇx ; u��.rx%/

L2 C
X

0�jˇ j�`



�@ˇx ; Bu;f �.%/

L2

. krxukL1krx%kH`�1 C kukH`krx%kL1

C krxB
u;f
kL1k%kH`�1 C kB

u;f
kH`k%kL1

. kukH`k%kH` C kB
u;f
kH`k%kH` ;

by Sobolev embedding, since ` > 1C d=2. By summing on ˇ, we eventually get, for
all t 2 Œ0; T �,

k%.t/kH` � e
CT .u;f /t=2

�
k%in
kH` C

Z t

0

�
ku.�/kH` C kB.�/kH`

�
k%.�/kH` d�

�
:

Again by Grönwall’s inequality, we get, for all t 2 Œ0; T �,

k%.t/kH`

� eCT .u;f /T=2k%in
kH` exp

h
TeCT .u;f /T=2

�
kukL1.0;T;H`/ C kB

u;f
kL1.0;T;H`/

�i
:

Finally, we write, for all � 2 .0; T /,

kukL1.0;T;H`/ C kB
u;f
kL1.0;T;H`/

� kukL1.0;T IH`/ C





 1

1 � �f






L1..0;T /IH`/



divx
�
jf � �f uC u

�


L1.0;T IH`/;

and use

divx
�
jf � �f uC u

�


H` . kf k

H
`C1
r
C kf k

H
`C1
r
kukH`C1 C kukH`C1 ;

via `C 1 > d=2 and Lemma 2.1 with r > 1C d=2. This concludes the proof.

Let us now start the study of the kinetic equation satisfied by f .

Definition 2.6. For any vector field u.t; x/ and function %.t; x/, we define the kinetic
transport operator T u;% as

T u;%
WD @t C v � rx � v � rv CE

u;%.t; x/ � rv � d Id;

where
Eu;%.t; x/ WD u.t; x/ � p0.%/rx%.t; x/:
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By developing the divergence (in v) term in the kinetic equation, the Vlasov equa-
tion for f in (TS) can be rewritten as

T u;%f D 0:

We now state several standard useful estimates to handle the force field Eu;%.

Lemma 2.7. Let T > 0. If % � c > 0 on Œ0; T � for some given constant c, then the
following hold:

• For all k � 0 and t 2 Œ0; T �, we have

kp0.%.t//kHk � ƒ.k%.t/kL1/k%.t/kHk : (2.1)

• For all k > 3C d=2 and t 2 Œ0; T �, we have

kEu;%.t/kHk . ku.t/kHk Cƒ
�
k%.t/kHk�2

�
k%.t/kHkC1 : (2.2)

Proof. To prove (2.1), we rely on the paralinearization theorem of Bony applied to p0

(see Proposition A.3 and Remark A.4), thanks to the assumption on the pressure p
and the lower bound on %.

To prove (2.2), we only have to estimate the term p0.%/rx%. We rely on the
following tame estimate for products (see Proposition A.2):

kp0.%.t//rx%.t/kHk . kp0.%.t//kL1krx%.t/kHk C kp
0.%.t//kHkkrx%.t/kL1

. kp0.%.t//kL1k%.t/kHkC1 C kp
0.%.t//kHkkrx%.t/kL1 :

Therefore by Sobolev embedding we have, for s1 > d=2 and s2 > 1C d=2,

kEu;%.t/kHk . ku.t/kHk C kp
0.%.t//kHs1k%.t/kHkC1 C kp

0.%.t//kHkk%.t/kHs2 :

With s1 D s2 D k � 2, this yields

kEu;%.t/kHk . ku.t/kHk C kp
0.%.t//kHk�2k%.t/kHkC1 C kp

0.%.t//kHkk%.t/kHk�2 :

In view of (2.1), there exists a continuous nondecreasing function Ck;p0 W RC ! RC

such that

kEu;%.t/kHk . ku.t/kHk C Ck;p0.k%.t/kL1/k%.t/kHk�2k%.t/kHkC1

C Ck;p0.k%.t/kL1/k%.t/kHkk%.t/kHk�2 ;

and finally, by using Sobolev embedding (with k � 2 > d=2), we get

kEu;%.t/kHk . ku.t/kHk C
zCk;p0.k%.t/kHk�2/k%.t/kHkC1

for another function zCk;p0 of the same type. This concludes the proof.
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Notation 2.8. Let k 2 ŒŒ1; d ��. For ˇ 2 Nd , let y̌k 2 Nd and x̌k 2 .N [ ¹�1º/d be
defined as

y̌k WD .ˇ1; : : : ; ˇk�1; ˇk C 1; ˇkC1; : : : ; ˇd /;

x̌k WD .ˇ1; : : : ; ˇk�1; ˇk � 1; ˇkC1; : : : ; ˇd /:

We have the following straightforward lemma of commutation for the kinetic
equation.

Lemma 2.9. For any ˛; ˇ 2 Nd and for any smooth function f .t; x; v/, we have

�
@˛x@

ˇ
v ; T

u;%
�
f D

dX
iD1
ˇi¤0

�
@y̨
i

x @
x̌i

v f � @
˛
x@
ˇ
v f
�
C
�
@˛x@

ˇ
v ; E

u;%.t; x/ � rv
�
f:

The Sobolev estimate for the kinetic equation goes as follows, showing that we
can control m derivatives of f by mC 1 derivatives of % and m derivatives of u.

Proposition 2.10. For all r � 0, m > 3C d=2, c > 0, there exists C > 0 such that,
for all T > 0 and all smooth functions .f; %; u/ satisfying

T u;%.f / D 0 on Œ0; T �

and % � c on Œ0; T �, we have, for all t 2 Œ0; T �,

kf .t/k2
Hm
r
� kf .0/k2

Hm
r

exp
�
C
�
.1C kukL1.0;T IHm//T

C
p
Tƒ

�
k%kL1.0;T IHm�2/

�
k%kL2.0;T IHmC1/

��
:

Proof. By Lemma 2.9, we have

T u;%
�
@˛x@

ˇ
v f
�
D �

dX
iD1
ˇi¤0

�
@y̨
i

x @
x̌i

v f � @
˛
x@
ˇ
v f
�
�
�
@˛x@

ˇ
v ; E

u;%.t; x/ � rv
�
f

for all ˛;ˇ 2Nd . We take the scalar product of this equality with .1C jvj2/r@˛x@
ˇ
v f ,

sum for all j˛j C jˇj � m and then integrate on Td �Rd . For the left-hand side, we
observe thatX
j˛jCjˇ j�m

Z
Td�Rd

.1C jvj2/rT u;%
�
@˛x@

ˇ
v f
�
@˛x@

ˇ
v f

D
1

2

d
dt
kf .t/k2

Hm
r
� dkf .t/k2

Hm
r

C

X
j˛jCjˇ j�m

Z
Td�Rd

.1C jvj2/r@˛x@
ˇ
v f

�
�
v � rx � v � rv CE

u;%.t; x/ � rv
��
@˛x@

ˇ
v f
�
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D
1

2

d
dt
kf .t/k2

Hm
r
� dkf .t/k2

Hm
r

C

X
j˛jCjˇ j�m

Z
Td�Rd

.1C jvj2/r divx

 
v

ˇ̌
@˛x@

ˇ
v f
ˇ̌2

2

!

C

X
j˛jCjˇ j�m

Z
Td�Rd

.1C jvj2/r divv

 
.Eu;% � v/
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@˛x@

ˇ
v f
ˇ̌2

2

!
C dkf .t/k2

Hm
r

D
1

2

d
dt
kf .t/k2

Hm
r
�

X
j˛jCjˇ j�m

Z
Td�Rd

rv.1C jvj
2/r � .Eu;% � v/

ˇ̌
@˛x@

ˇ
v f
ˇ̌2

2
;

and that the last term satisfiesX
j˛jCjˇ j�m

Z
Td�Rd

rv.1C jvj
2/r � .Eu;% � v/

ˇ̌
@˛x@

ˇ
v f
ˇ̌2

2

� .1C kEu;%.t/kL1/kf .t/k
2
Hm
r
:

We now look at the two terms on the right-hand side. For the first one, we have

�

X
j˛jCjˇ j�m

Z
Td�Rd

.1C jvj2/r
dX
iD1
ˇi¤0

�
@y̨
i

x @
x̌i

v f � @
˛
x@
ˇ
v f
�
@˛x@

ˇ
v f . kf .t/k2

Hm
r
;

while for the second one, we writeX
j˛jCjˇ j�m

Z
Td�Rd

.1C jvj2/r
�
@˛x@

ˇ
v ; E

u;%.t; x/ � rv
�
f @˛x@

ˇ
v f

.


.1C jvj2/r=2�@˛x@ˇv ; Eu;%.t; x/ � rv�f 

L2x;v

kf .t/kHm
r

. kEu;%.t/kHmkf .t/k
2
Hm
r
;

by the Cauchy–Schwarz inequality and the product law (A.3) in Sobolev spaces (since
m > 1C d ) of Lemma A.6. All in all, we obtain

d
dt
kf .t/k2

Hm
r

. .1C kEu;%.t/kL1 C kE
u;%.t/kHm/kf .t/k

2
Hm
r

. .1C kEu;%.t/kHm/kf .t/k
2
Hm
r

(2.3)

if m > d=2. Invoking the estimate (2.2) of Lemma 2.7, and by integrating in time the
inequality (2.3), we obtain

kf .t/k2
Hm
r

� kf .0/k2
Hm
r

C C

Z t

0

�
1C ku.s/kHm Cƒ

�
k%kL1.0;T IHm�2/

�
k%.s/kHmC1

�
kf .s/k2

Hm
r

ds
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for all t 2 Œ0; T / and for some constant C > 0. Using the Cauchy–Schwarz inequality
and Grönwall’s inequality, this implies, for all t 2 Œ0; T /,

kf .t/k2
Hm
r
� kf .0/k2

Hm
r

exp
�
C
�
.1C kukL1.0;T IHm//T

C
p
Tƒ

�
k%kL1.0;T IHm�2/

�
k%kL2.0;T IHmC1/

��
;

and this concludes the proof.

The estimates given by Proposition 2.3 and Proposition 2.10 show a possible loss
of derivative between f and %. This constitutes the main obstacle of the analysis.

2.2 Regularization of the system and setup of the bootstrap

To (temporarily) bypass this problem, we introduce the following regularized version
of the equations. Since the pressure gradient in the force field of the Vlasov equation
seems to cause estimates with a loss of derivative, we smooth out this precise term.
For all " > 0, we consider

(S")

8̂̂̂̂
ˆ̂̂̂̂̂̂
<̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂:

@tf"Cv �rxf"CdivvŒf".u" � v/��p0.%"/rx
�
.I �"2�x/

�1%"
�
�rvf" D 0;

@t%"Cu" �rx%"C
%"

1 � �f"
divxŒjf" � �f"u"� D �

%"

1 � �f"
divx u";

@tu" C .u" �rx/u" C
1

%"
rxp.%"/ �

1

%".1 � �f"/
Œ�x Crx divx�u"

D
1

%".1 � �f"/
.jf" � �f"u"/;

f"jtD0 D f
in; %"jtD0 D %

in; u"jtD0 D u
in;

where

�f".t; x/ WD

Z
Rd
f".t; x; v/ dv; jf".t; x/ WD

Z
Rd
f".t; x; v/v dv:

Let us highlight that we have used the rewriting of the transport equation for %" based
on Lemma 2.2.

Definition 2.11. For all " > 0, we define the regularized kinetic transport operator
T
u";%"

reg;" as

T u";%"
reg;" WD @t C v � rx � v � rv CE

u";%"
reg;" .t; x/ � rv � d Id;

where

Eu";%"reg;" .t; x/ WD u".t; x/ � p
0.%"/rxŒJ"%"�.t; x/; J" WD .I � "2�x/�1:
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Remark 2.12. The regularization through the operator J" could appear as quite arbi-
trary. In view of the equivalent Penrose condition (1.5) appearing in Remark 1.10, it
is actually possible to consider a more general Fourier multiplier

J" D m."D/;

associated to a smooth function m W Rd ! .0; 1� such that

8k 2 Rd ; m.k/ �
C

1C jkj2
:

For all " > 0, the Vlasov equation satisfied by f in (S") can be recast as

T u";%"
reg;" f D 0:

Relying on the elliptic regularity provided by J", we now have the following estimates
for the regularized force field Eu";%"reg;" .

Lemma 2.13. Let " > 0 and T > 0. If % � c > 0 on Œ0; T �, then, for all k > 3C d=2
and t 2 Œ0; T �,

kEu";%"reg;" .t/kHk . ku.t/kHk C
1

"
ƒ .k%.t/kHk�2/ k%.t/kHk : (2.4)

Thanks to the regularization, we can overcome the loss of derivative exhibited by
the estimate of Proposition 2.10, up to some factor which is diverging when "! 0.

Proposition 2.14. For all r � 0, m > 3C d=2, c > 0, there exists C > 0 such that,
for all " > 0, T > 0 and all smooth functions .f; %; u/ satisfying

T u;%
reg;".f / D 0 on Œ0; T �

and % � c on Œ0; T �, the following holds for all t 2 Œ0; T �:

kf .t/k2
Hm
r
� kf .0/k2

Hm
r

exp
h
C
�
.1C kukL1.0;T IHm//T

C

p
T

"
ƒ
�
k%kL1.0;T IHm�2/

�
k%kL2.0;T IHm/

�i
:

Proof. The proof is the same as for Proposition 2.10, using (2.4) instead of (2.2) to
conclude.

We shall also need the following condition about pointwise bounds for the densi-
ties.

Definition 2.15. Let T > 0. For any nonnegative functions f .t; x; v/ and %.t; x/ on
Œ0; T �, we define the property

(B�;�‚ .T /) 8t 2 Œ0; T �; �f .t/ �
‚C 1

2
;
�

2
� %.t/;

�

2
� .1 � �f .t//%.t/ � 2x�;

where ‚;�; �; x� are given in the statement of Theorem 1.6.
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We will be able to propagate the condition (B�;�‚ .T /) thanks to the following
lemmas, giving some rough pointwise control for the local particle density and the
fluid density.

Lemma 2.16. Assume that �f in < ‚. For any `; r > 1C d=2, any smooth solution
f .t; x; v/ to the Vlasov equation in (S") satisfies, for all T > 0,

k�f kL1.0;T IL1.Td // � ‚C CT kf kL1.0;T IH`
r /
;

k1 � �f kL1.0;T IL1.Td // � ‚C CT kf kL1.0;T IH`
r /
;

where ‚ has been introduced in the statement of Theorem 1.6 and C D C` > 0 only
depends on `. Furthermore, if ‚C CT kf kL1.0;T IH`

r /
< 1, then, for all t 2 Œ0; T �

and x 2 Td ,

1

1 � �f .t; x/
.

1

1 �‚ � CT kf kL1.0;T IH`
r /

;

1

1 � �f .t; x/
&

1

‚C CT kf kL1.0;T IH`
r /

:

Proof. Integrating the Vlasov equation with respect to the velocity, one gets the con-
servation law @t�f C divx jf D 0. We thus have

�f .t/ D �f in C

Z t

0

divx.jf /.s/ ds:

Therefore, by using Sobolev embedding, we get, for all t 2 Œ0; T �,

k�f .t/kL1.Td / � k�f inkL1.Td / C

Z t

0

kdivx.jf /.s/kL1.Td / ds

� ‚C CT kjf kL1.0;T IH`.Td //;

for some C D C` > 0, provided that ` > 1C d=2. We obtain the conclusion by using
Lemma 2.1. The last estimates stated in the lemma then follow directly.

Lemma 2.17. Assume that 0 < � � .1� �f in/%in � x� . Let T > 0. For ` > 1C d=2,
any smooth solution .f .t; x; v/; %.t; x/; u.t; x// to (S") satisfies, for all t 2 Œ0; T �,

� exp
�
�T kukL1.0;T IH`/

�
� .1 � �f .t//%.t/ � x� exp

�
T kukL1.0;T IH`/

�
;

where �; x� have been introduced in the statement of Theorem 1.6.

Proof. The proof is a straightforward application of the method of characteristics
applied to .1 � �f /%, as the solution to the continuity equation

@t ..1 � �f /%/C divx..1 � �f /%u/ D 0:

We obtain the conclusion in view of the assumption on .1 � �f in/%in.
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The following proposition then shows that, thanks to the regularization, we can
actually build for all " > 0 a local solution to the regularized system (S").

Proposition 2.18. There exist r0 > 0 and m0 > 0 such that the following holds. For
all " > 0, the system (S") is locally well posed in Sobolev spaces, that is, if r > r0,
m > m0 and

.f in; %in; uin/ 2 Hm
r � Hm � Hm

satisfies

0 � f in; �f in < ‚ < 1; 0 < � � %in; 0 < � � .1 � �f in/%in
� x�

for some fixed constants ‚; �; �; x� , then there exist T D T ."/ > 0 and a unique
solution .f"; %"; u"/ to the regularized system (S") on .0; T ."/� such that

.f"; %"; u"/ 2 C.0; T IHm
r / � C.0; T IHm/ � C.0; T IHm/ \ L2.0; T IHmC1/;

and starting at .f in; %in; uin/. Furthermore, the condition (B�;�‚ .T /) is satisfied by
.f"; %"/ with T D T ."/.

Proof. The proof is mainly based on the a priori estimates we have just derived,
through a classical approximation procedure. Because of the regularization on the
gradient of %" in the Vlasov equation, the procedure is fairly standard. For the reader’s
convenience, we write the proof in Appendix B.

Hereafter and until the end of this work, we consider exponents r > 0 and m > 0

which can be taken large enough. Their values will be specified later, at the end of
the proof.

We now introduce the following quantity, in view of the expected result of Theo-
rem 1.6.

Notation 2.19. For any functions f .t; x; v/; %.t; x/ and u.t; x/, we set

Nm;r.f; %; u; T / WD kf kL1.0;T IHm�1
r / C k%kL2.0;T IHm/

C kukL1.0;T IHm/\L2.0;T IHmC1/;

where T > 0.

The proof of Theorem 1.6 will rely on a bootstrap argument. Let " > 0. From
Proposition 2.18, consider the maximal time of existence T �" for the system (S"). By
definition, Proposition 2.18 ensures that

8T < T �" ; Nm;r.f"; %"; u"; T / < C1 and (B�;�‚ .T /) holds:

So we can consider the time

T" D T".R/ WD sup
®
T 2 Œ0; T �" /; Nm;r.f"; %"; u"; T / � R and (B�;�‚ .T /) holds

¯
;
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where R > 0 will be chosen large enough and independent of ". By continuity, we
observe that T" > 0 if R is taken large enough and independent of ". In particular, for
all t 2 Œ0; T"� we have

0 <
1 �‚

2
� 1 � �f .t/;

1

1 � �f .t/
�

2

1 �‚
: (2.5)

Our main goal is to prove that R can be chosen large enough so that there exists
T .R/ > 0 independent of " such that

8" 2 .0; 1/; T .R/ � T".R/:

Such a lower bound independent of " will pave the way for a compactness argument
when " ! 0, leading to the existence of a solution for (TS) on Œ0; T .R/�. In what
follows, we will work on the interval of time Œ0; T"�.

We have the following trichotomy:

• Either T �" D C1 and T" D T �" – in this case there is nothing to do, because we
have the control Nm;r.f"; %"; u"; T / � R for all times T > 0;

• or T �" < C1 and T" D T �" – we shall soon see that this case is impossible, as it
leads to a contradiction;

• otherwise, T" < T �" and Nm;r.f"; %"; u"; T"/ D R.

Let us show how to exclude the second case. We need the following lemma.

Lemma 2.20. Let "> 0. Ifm>3C d=2 and r � 1C d=2, we have, for all T 2 Œ0;T"/,

k%"kL1.0;T IL1/ . k%"kL1.0;T IHm�2/ � ƒ
�
T;R; k%in

kHm�2
�
:

Proof. From Proposition 2.3, we know that for all T 2 Œ0; T"/ and t 2 Œ0; T �,

k%".t/kHm�2 � k%
in
kHm�2e

Cm�2.T;u";f"/T exp
�
TeCm�2.T;u";f"/TQm�2.T; u"; f"/

�
;

provided that m � 2; r > 1C d=2, where

Cm�2.T; u"; f"/ � RC 2R
2





 1

1 � �f"






L1.0;T IL1/

;

Qm�2.T; u"; f"/ � RC 2R
2





 1

1 � �f"






L1.0;T IHm�2/

;

because Nm;r.f"; %"; u"; T / � R for all T 2 Œ0; T"/. By Sobolev embedding and the
bound (2.5), this means that for r > 1C d=2 and m > 1C d=2C 2 we have, for all
T 2 Œ0; T"/,

k%"kL1.0;T IL1/ . k%"kL1.0;T IHm�2/

� ƒ

�
T;R; k%in

kHm�2 ;





 1

1 � �f"






L1.0;T IHm�2/

�
:
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To conclude, we only have to understand the last term in the previous function ƒ: by
Lemma A.5, there exists a continuous nonnegative nondecreasing function Cm such
that



 1

1 � �f"






L1.0;T IHm�2/

� 1C Cm
�
k�f"kL1.0;T IL1/

�
k�f"kL1.0;T IHm�2/ . ƒ.R/;

thanks to Lemma 2.1 and the fact that Nm;r.f"; %"; u"; T / � R. This concludes the
proof.

Remark 2.21. A careful inspection of the proof of Proposition 2.3 reveals that for all
k � m � 2 with k > 3C d=2, r > 1C d=2 and T 2 Œ0; T"/,

k%"kL1.0;T IHk/ . ƒ.k%in
kHk /C Tƒ.T;R/:

As a corollary, we can now exclude the second case written above: if T �" < C1
and T" D T �" , then according to Proposition 2.14 and Lemma 2.20,

sup
t2Œ0;T �" /

kf".t/k
2
Hm
r

� kf in
k
2
Hm
r

exp
�
C

�
.1CR/T" C

p
T"

"
ƒ
�
T;R; k%in

kHm�2
���

< C1:

The previous inequality means that the solution could be continued beyond T �" , which
is impossible by the maximality of T �" . This case is thus impossible.

From now on, we assume that T" < T �" and Nm;r.f"; %"; u"; T"/ D R. In view of
our bootstrap strategy, we need to estimate Nm;r.f"; %"; u"; T / for all T < T".

At the end of this section, we show that the term kf"kL1.0;T IHm�1
r / and the term

ku"kL1.0;T IHm/\L2.0;T IHmC1/ can be handled by energy estimates. The main part of
the upcoming analysis will be to provide a uniform control in " for k%kL2.0;T IHm

r /
.

In the following lemma, we give an estimate, independent of ", for the term
kf"kL1.0;T IHm�1

r / in Nm;r.f"; %"; u"; T /, for all T < T".

Lemma 2.22. For m > 1C d=2C 2 and r > 1C d=2, the solution .f"; %"; u"/ to
(S") satisfies, for all T 2 Œ0; T"/,

kf"kL1.0;T IHm�1
r / � kf

in
kHm�1

r
C T

1
4ƒ.T;R/:

Proof. Following the same steps leading to (2.3) in the proof of Proposition 2.10, we
have, for all t 2 Œ0; T"/,

d
dt
kf".t/k

2

Hm�1
r

.
�
1C kEu";%"reg;" .t/kHm�1

�
kf".t/k

2

Hm�1
r

;
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since m � 1 > d=2; therefore,

kf"k
2

L1.0;T IHm�1
r /

� kf in
k
2

Hm�1
r
C kf"k

2

L1.0;T IHm�1
r /

�
T C

Z T

0

kEu";%"reg;" .s/kHm�1 ds
�
:

Using now the estimate (2.2) from Lemma 2.7, we getZ T

0

kEu";%"reg;" .s/kHm�1 ds

.
p
T ku"kL2.0;T IHm�1/ C

p
Tƒ

�
k%"kL1.0;T IHm�2/

�
k%"kL2.0;T IHm/:

We thus infer that for all T 2 Œ0; T"/,

kf"k
2

L1.0;T IHm�1
r /

� kf in
k
2

Hm�1
r

C Ckf"k
2

L1.0;T IHm�1
r /

�

�
TC
p
T ku"kL2.0;T IHm�1/C

p
Tƒ

�
k%"kL1.0;T IHm�2/

�
k%"kL2.0;T IHm/

�
;

where C > 0 is independent of ". Since Nm;r.f"; %"; u"; T / � R for all T 2 Œ0; T"/,
this gives

kf"k
2

L1.0;T IHm�1
r /

� kf in
k
2

Hm�1
r
C CR2

�
T C
p
TRC

p
Tƒ

�
k%"kL1.0;T IHm�2/

�
R
�
:

In order to obtain a uniform bound in " for the term ƒ
�
k%"kL1.0;T IHm�2/

�
, we apply

Lemma 2.20, leading to the conclusion of the lemma.

We conclude this section by estimating the term ku"kL1.0;T IHm/\L2.0;T IHmC1/ in
N .f"; %"; u"; T /. To this end, we will crucially rely on the smoothing provided by the
differential operator �x C rx divx from the Navier–Stokes equation for u". Indeed,
we have the following classical lemma.

Lemma 2.23. The differential operator ��x � rx divx is elliptic.

Proof. The operator ��x � rx divx is associated to the matrix Fourier multiplier

L.k/ D jkj2Id C k ˝ k .k 2 Zd /:

One can then prove (see e.g. [57]) that

2�3
d
2 jkj2d � jdetL.k/j;

which yields the desired ellipticity.
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We are now able to prove the following proposition.

Proposition 2.24. Form> 2C d=2 and r � 0, for all " > 0, the solution .f"; %"; u"/
to (S") satisfies, for all T 2 Œ0; T"/,

ku"kL1.0;T IHm/ C ku"kL2.0;T IHmC1/

.
�
1C T 1=2ƒ.T;R/

��
kuin
kHm C T

1=2ƒ.T;R/Cƒ.T;R/k%"kL2.0;T IHm/
�
:

Proof. First, we rewrite the equation for u" as

@tu" � �
�
.1 � �f"/%"

�
.�x Crx divx/u" D F;

with

F WD �.u" � rx/u" � rx�.%"/C �
�
.1 � �f"/%"

�
.jf" � �f"u"/;

where �.s/ WD 1
s
; �.s/ D

R s
0
p0.�/
�

d� . We then apply @ˇx in the equation for jˇj �
m � 1, which gives

@t .@
ˇ
xu"/ � �

�
.1 � �f"/%"

�
.�x Crx divx/.@ˇxu"/

D @ˇxF C
�
@ˇx ; �

�
.1 � �f"/%"

��
..�x Crx divx/u"/;

and then multiply the equation with �.�x C rx divx/.@
ˇ
xu/ so that, by integrating

on Td and with an integration by parts,

1

2

d
dt

Z
Td

�
jrx@

ˇ
xu"j

2
C jdivx @ˇxu"j

2
�

dx

C

Z
Td
�
�
.1 � �f"/%"

�ˇ̌
.�x Crx divx/.@ˇxu"/

ˇ̌2 dx

D �

Z
Td
.�x Crx divx/.@ˇxu"/ � @

ˇ
xF dx

�

Z
Td

�
@ˇx ; �

�
.1 � �f"/%"

���
.�x Crx divx/u"

�
� .�x Crx divx/.@ˇxu"/ dx:

Thanks to the Cauchy–Schwarz and Young inequalities, and after integration in time,
we get, for all � > 0 and t 2 .0; T /,

1

2

Z
Td

ˇ̌
rx@

ˇ
xu".t/

ˇ̌2 dx
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Z t
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Z
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�
� �

� ˇ̌
.�x Crx divx/@ˇxu"

ˇ̌2 dx ds

�
1

2

Z
Td

�ˇ̌
rx@

ˇ
xu

in
ˇ̌2
C
ˇ̌
divx @ˇxu

in
ˇ̌2� dx
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C
1

2�

Z t

0

Z
Td
j@ˇxF j

2 dx ds

C
1

2�

Z t

0

Z
Td

ˇ̌�
@ˇx ; �

�
.1 � �f"/%"

��
..�x Crx divx/u"/

ˇ̌2 dx ds:

Let us deal with the last term: by the commutator inequality from Proposition A.1,
we have Z

Td

ˇ̌�
@ˇx ; �

�
.1 � �f"/%"

��
..�x Crx divx/u"/

ˇ̌2 dx

�M
�

rx��.1 � �f"/%"�

2L1 k.�x Crx divx/u"k

2
Hm�2

C


��.1 � �f"/%"�

2Hm�1 k.�x Crx divx/u"k

2
L1

�
�M

�

� 0�.1 � �f"/%"�rx..1 � �f"/%"/

2L1 kuk2Hm
C


��.1 � �f"/%"�

2Hm�1 k.�x Crx divx/u"k

2
L1

�
for some constant M > 0 independent of time. Combining the Sobolev embedding
(with m > 2C d=2) and Remark A.4, we get

1

2�

Z t

0

Z
Td

ˇ̌�
@ˇx ; �

�
.1 � �f"/%"

��
..�x Crx divx/u"/

ˇ̌2 dx ds

�M
1

2�
ƒ
�

.1 � �f"/%"

L1.0;T IHm�1/

� Z t

0

ku".�/k
2
Hm d�

for another constant M > 0. Note that by Remark 2.5, we have

.1 � �f"/%"

L1.0;T IHm�1/ � ƒ.T;R; ku"kL1.0;T IHm// � ƒ.T;R/:

All in all, we get, for all � > 0 and t 2 .0; T /,

1

2



rx@ˇxu".t/

2L2 C Z t

0

Z
Td

�
�
�
.1 � �f"/%"

�
� �

�ˇ̌
.�x Crx divx/@ˇxu"

ˇ̌2 dx ds

� kuin
k
2
Hm C

1

�
kF k2L2.0;T IHm�1/ CM

ƒ.T;R/

2�

Z t

0

ku".�/k
2
Hm d�:

Thanks to the condition (B�;�‚ .T /), we can choose � D 1=4x� so that

8.t; x/ 2 Œ0; T � � Td ;
1

4x�
< �

�
.1 � �f"/%"

�
.t; x/ � �:

Summing for all jˇj D m and invoking the elliptic regularity for the operator ��x �
rx divx given by Lemma 2.23, we get, for all t 2 .0; T /,

ku".t/k
2
Hm � ku".t/k

2
Hm C ku"k

2
L2.0;T IHmC1/

. kuin
k
2
Hm C kF k

2
L2.0;T IHm�1/ Cƒ.T;R/

Z t

0

ku".�/k
2
Hm d�:
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By Grönwall’s lemma, we deduce that for all t 2 .0; T /,

ku".t/k
2
Hm � ƒ.T;R/

�
kuin
k
2
Hm C kF k

2
L2.0;T IHm�1/

�
;

which then implies, by using again the previous inequality, that for all t 2 .0; T /,

ku"k
2
L1.0;T IHm/ C ku"k

2
L2.0;T IHmC1/

. .1C Tƒ.T;R//
�
kuin
k
2
Hm C kF k

2
L2.0;T IHm�1/

�
:

To conclude, let us now estimate the norm of the source term F . We have

kF k2L2.0;T IHm�1/ �

Z T

0

�
k.u" � rx/u".�/k

2
Hm�1 C krx�.%".�//k

2
Hm�1

C





 1

.1 � �f"/%"
.jf" � �f"u"/.�/





2
Hm�1

�
d�

�

Z T

0

�
ku".�/k

2
Hm�1ku".�/k

2
Hm C k�.%".�//k

2
Hm
�

d�

C T





 1

.1 � �f"/%"
.jf" � �f"u"/





2
L1.0;T IHm�1/

:

In the rest of the proof, we shall make a constant use of the condition (B�;�‚ .T /). By
Proposition A.3, we have

k�.%"/kHm . ƒ.k%"kL1/k%"kHm ;

from which we infer, thanks to Sobolev embedding (taking m > 2C d
2

), that

kF k2L2.0;T IHm�1/ . T ku"k
4
L1.0;T IHm/ Cƒ.k%kL1.0;T IL1//k%"k

2
L2.0;T IHm/

C T





 1

.1 � �f"/%"
.jf" � �f"u"/





2
L1.0;T IHm�1/

. TR4 Cƒ.k%"kL1.0;T IHm�2//k%"k
2
L2.0;T IHm/

C T





 1

.1 � �f"/%"
.jf" � �f"u"/





2
L1.0;T IHm�1/

;

since Nm;r.f"; %"; u"; T / � R for all T 2 Œ0; T"/. The first term is then addressed
thanks to Lemma 2.20 and it remains to estimate the last term. For this one, we have



 1

.1 � �f"/%"
.jf" � �f"u"/






L1.0;T IHm�1/

�





 1

.1 � �f"/%"






L1.0;T IHm�1/

k.jf" � �f"u"/kL1.0;T IHm�1/

� ƒ.T;R/





 1

.1 � �f"/%"






L1.0;T IHm�1/

;
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thanks to Lemma 2.1 and Nm;r.f"; %";u";T /�R for all T 2 Œ0;T"/. By Remark A.4,
we then have by Sobolev embedding



 1

.1 � �f"/%"
.jf � �f u/






L1.0;T IHm�1/

� ƒ.T;R; k.1 � �f"/%"kL1.0;T IL1//k.1 � �f"/%"kL1.0;T IHm�1/

� ƒ.T;R; k.1 � �f"/%"kL1.0;T IHm�1//

� ƒ.T;R; ku"kL1.0;T IHm//

� ƒ.T;R/;

where we have also used Remark 2.5. This concludes the proof.

Remark 2.25. By looking at the previous proof, we have, for T 2 Œ0; T"/,

ku"k
2
L1.0;T IHk/ C kuk

2
L2.0;T IHkC1/

� kuin
k
2
Hk C Tƒ.T;R/Cƒ.T;R/k%"k

2
L2.0;T IHk/

� kuin
k
2
Hk C Tƒ.T;R/C Tƒ.T;R/k%"k

2
L1.0;T IHk/

for all k > 2C d=2 such that k � m � 2; therefore, by Remark 2.21, we obtain

ku"kL1.0;T IHk/ C ku"kL2.0;T IHkC1/

.
�
1C T 1=2ƒ.T;R/

��
kuin
kHk C k%

in
kHk

�
C T 1=2ƒ.T;R/:

So far, Lemma 2.22 and Proposition 2.24 show that it remains to control the
second term in N .f"; %"; u"; T /, that is, k%"kL2.0;T IHm/ to carry out a bootstrap argu-
ment. This will constitute the heart of our analysis and will be the purpose of the
remaining chapters.

2.3 Trajectories and straightening change of variable

In this last preliminary section, we study the trajectories associated to a Vlasov equa-
tion with friction and force field F.t; x/. We show that for small times their geometry
can be simplified thanks to a straightening change of variable in velocity. Loosely
speaking, this allows us to boil down the dynamics to that associated with free trans-
port with friction. This procedure will be useful in Chapter 4.

Let T > 0. Given F.s; x/ 2 Rd a given vector field defined on Œ0; T � � Td and
satisfying

F 2 L2.0; T IW1;1.Td //;

we can consider, thanks to the Cauchy–Lipschitz theorem, the solution

s 7!
�
XsIt .x; v/;VsIt .x; v/

�
2 Td

�Rd
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of the following system of ODEs:8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

d
ds

XsIt .x; v/ D VsIt .x; v/;

d
ds

VsIt .x; v/ D �VsIt .x; v/C F.s;XsIt .x; v//;

Xt It .x; v/ D x;

Vt It .x; v/ D v:

Later on, we will apply this to F D Eu";%"reg;" , which has been defined at the begin-
ning of Section 2.2 (see the end of the current section). Integrating the previous
system of ODEs, we have

XsIt .x; v/ D x C .1 � et�s/v C
Z s

t

.1 � e��s/F
�
�;X� It .x; v/

�
d�; (2.6)

VsIt .x; v/ D et�sv C
Z s

t

e��sF
�
�;X� It .x; v/

�
d�:

Considering the full kinetic transport operator

TF D @t C v � rx � v � rv C F.t; x/ � rv � d Id;

the method of characteristics shows that a smooth function f .t; x; v/ satisfying´
TFf D 0;

fjtD0 D f
in

can be represented as

f .t; x; v/ D edtf in�X0It .x; v/;V0It .x; v/�:
Note also that for all t; s 2 Œ0; T �, the map

.x; v/ 7!
�
XsIt .x; v/;VsIt .x; v/

�
is a diffeomorphism from Td �Rd to itself, whose Jacobian value is ed.s�t/.

The main goal of this section is to prove that for short times, and modulo a
straightening change of variable in velocity, it is possible to come down to the free
dynamics with friction associated to the transport operator

T fric
D @t C v � rx � v � rv � d Id:

This corresponds to the previous system of ODEs with F D 0, and for which the
solution .XsItfric;V

sIt
fric/ is

XsItfric D x C .1 � e
t�s/v; VsItfric D e

t�sv:

Namely, we have the following lemma.
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Lemma 2.26. Let T > 0 and k � 1. Let F 2 L2.0; T IWk;1.Td // be a vector field
such that

kFkL2.0;T IWk;1.Td // � ƒ.T;R/

for some R > 0. There exists xT .R/ > 0 such that, for all x 2 Td and all times s; t 2
Œ0;min. xT .R/; T /�, there exists a diffeomorphism  s;t .x; �/ W Rd ! Rd satisfying, for
all v 2 Rd ,

XsIt .x;  s;t .x; v// D x C .1 � et�s/v;

which furthermore satisfies the estimates

1

C
� det.Dv s;t .x; v// � C; (2.7)

sup
s;t2Œ0;T �



@ˇx;v . s;t .x; v/ � v/

L1.Td�Rd /
� '.T /ƒ.T;R/; jˇj � k; (2.8)

sup
s;t2Œ0;T �



@ˇx;v@s s;t .x; v/

L1.Td�Rd /
� '.T /ƒ.T;R/; jˇj � k � 1; (2.9)

for someC >0 and some nondecreasing continuous function ' WRC!RC vanishing
at 0.

Proof. We follow the approach of [89]. We observe that if we set

zXsIt .x; v/ WD
1

1 � et�s

�
XsIt .x; v/ � x � .1 � et�s/v

�
;

it suffices to prove that for s; t small enough, the mapping �s;t;x W v 7! vC zXsIt .x; v/
is a small Lipschitz perturbation of the identity: denoting its inverse by  s;t .x; �/, it
will satisfy

v D  s;t .x; v/C zXs;t .x;  s;t .x; v//; (2.10)

and the first conclusion of the lemma will follow. We introduce the remainder

YsIt .x; v/ D XsIt .x; v/ � x � .1 � et�s/v;

which, in view of (2.6), satisfies, for all s; t 2 Œ0; T �,

YsIt .x; v/ D
Z t

s

.e��s � 1/F
�
�;X� It .x; v/

�
d�

D

Z t

s

.e��s � 1/F
�
�; x C .1 � et�� /v C Y� It .x; v/

�
d�:

(2.11)

We now have

zXsIt .x; v/D
1

et�s � 1

Z t

s

.e��s � 1/F
�
�; x C .1 � et�� /v C Y� It .x; v/

�
d�: (2.12)
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Thus, estimates on Y and its derivatives obtained thanks to (2.11) shall provide esti-
mates on zX and its derivatives via (2.12).

Let us assume that s � t (the case s � t can be treated similarly). First, we have

krxYsItkL1x;v

�

Z t

s

.e��s � 1/krxF
�
�; x C .1 � et�� /v C Y� It .x; v/

�
kL1x;v .1C krxY� ItkL1x;v / d�

�

Z t

s

.e��s � 1/krxF.�/kL1x .1C krxY� ItkL1x;v / d�

� .eT � 1/T 1=2krxFkL2.0;T IL1/

�
1C sup

��t
krxY� ItkL1x;v

�
:

By the assumption on the vector field F, we get

krxYsItkL1x;v � .e
T
� 1/T 1=2ƒ.T;R/

�
1C sup

��t
krxY� ItkL1x;v

�
:

In the remainder of the proof, ' W RC ! RC will stand for a generic continuous
function, vanishing at 0, that may change from line to line. This yields

krxYsItkL1x;v � sup
��t
krxY� ItkL1x;v �

.eT � 1/T 1=2ƒ.T;R/
1 � .eT � 1/T 1=2ƒ.T;R/

. '.T /ƒ.T;R/

(2.13)
for T small enough. In a similar way, we have

krvYsItkL1x;v �

Z t

s

.e��s � 1/krxF.�/kL1x;v .1 � e
t��
C krvY� ItkL1x;v / d�

� .eT � 1/T 1=2ƒ.T;R/
�
1C sup

��t
krvY� ItkL1x;v

�
I

therefore,
krvYsItkL1x;v . '.T /ƒ.T;R/ (2.14)

for T small enough. We then deduce the following estimates:

krx zXsItkL1x;v �
1

et�s � 1

Z t

s

.e��s � 1/krxF.�/kL1x;v

�
1C krxY� ItkL1x;v

�
d�

. T 1=2ƒ.T;R/.1C '.T /ƒ.T;R//

thanks to (2.13), as well as

krv zXsItkL1x;v �
1

et�s � 1

Z t

s

.e��s � 1/krxF.�/kL1x;v

�
1 � e��t C krvY� ItkL1x;v

�
d�

. T 1=2ƒ.T;R/.1C '.T /ƒ.T;R//
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thanks to (2.14). This proves that for T small enough, we have

krx zXsItkL1x;v C krv
zXsItkL1x;v � '.T /ƒ.T;R/: (2.15)

For T small enough, we therefore obtain the existence of the desired diffeomorphism
 s;t .x; �/. We also have

0 <
ˇ̌
det
�
rv 

x
s;t .v/

�ˇ̌
D
ˇ̌
det
�
IdCrv zXs;t .x;  xs;t .v//

�ˇ̌�1
:

We thus infer the uniform bound (2.7) from the estimate (2.15) and the continuity of
M 7! jdet.M/j, reducing xT .R/ if necessary.

Let us finally prove the estimates (2.8) and (2.9). For (2.8), we proceed by induc-
tion on the length of ˛. In view of (2.10), we obtain the result for j˛j D 0. For the
case j˛j D 1, we differentiate the identity (2.10) and get, with r D rx or r D rv ,

r.v �  xs;t .v// D rzX
sIt .x;  xs;t .v// � rzX

sIt .x;  xs;t .v//r.v �  
x
s;t .v//I

therefore, thanks to (2.15) (reducing again xT .R/ if necessary), we have



r � xs;t .v/ � v�

L1x;v
�
krzXsItkL1x;v

1 � kr zXsItkL1x;v

� '.T /ƒ.T;R/:

This yields the result for j˛j D 1. If 1 < j˛j � k and if the result holds for all jz̨j< j˛j,
we apply @˛x;v in (2.10) and apply Faà di Bruno’s formula:

@˛x;v
�
 xs;t .v/ � v

�
D

X
�;�

C�;�@
�
x;v
zXs;t .z.x; v//

Y
1�jˇ j�j˛j
1�j�2d

.@ˇx;vz.x; v/j /
�
ǰ ;

z.x; v/ WD .x;  xs;t .v//;

where the sum is taken on .�; �/ such that 1 � j�j � j˛j and �k 2 Nn¹0º with

81 � j � 2d;
X

1�jˇ j�j˛j

�
ǰ
D �j and

X
1�jˇ j�j˛j
1�j�2d

�
ǰ
ˇ D ˛:

We proceed as in the case j˛j D 1. We isolate the terms with multi-indices � such
that j�j D 1 (giving associated �

ǰ
D 1 for all 1� j � 2d ): the terms @˛x;v s;t (given

by �
j̨
D 1) in the product are treated as above, while derivatives of order strictly less

than j˛j are bounded thanks to the induction hypothesis. This procedure is allowed,
provided that uniform bounds (in time) of the same type for kzXs;tkWk;1x;v

(k � j˛j)
hold true.

Such bounds are obtained by performing the same induction at the level of YsIt

first (using the same principle as before with (2.11)) and then for zXs;t (arguing as
before with (2.12)).
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Concerning the estimate (2.9), we have by (2.10)

@s 
x
s;t .v/ D �@s zX

s;t .x;  xs;t .v// � rv zX
s;t .x;  xs;t .v//@s 

x
s;t .v/;

and by (2.12)

@s zXsIt .x; v/ D �
et�s

1 � et�s
zXsIt .x; v/

�
1

1 � et�s

Z t

s

e��sF
�
�; x C .1 � et�� /v C Y� It .x; v/

�
d�:

Since
kzXsItkL1x;v � Tƒ.T;R/;

and TeT =.eT � 1/ is bounded in a neighborhood of 0, we obtain an estimate on
the term k@s zXsIt .x; v/kL1x;v and then on k@s xs;t .v/kL1x;v as before. Using the same
induction procedure as for (2.8), we finally obtain (2.9).

Remark 2.27. From the Wk;1
x;v -bounds we have obtained on Ys;t along the proof,

and because
YsIt .x; v/ D XsIt .x; v/ � x � .1 � et�s/v;

we can infer that

sup
s;t2Œ0;T �



@ˇx;v�Xs;t .x; v/� x � .1� et�s/v�

L1.Tdx �Rdv /
� '.T /ƒ.T;R/; jˇj � k:

(2.16)
Likewise, by considering

Ws;t .x; v/ D Vs;t .x; v/ � et�sv;

one can obtain the estimate

sup
s;t2Œ0;T �



@ˇx;v �Vs;t .x; v/ � et�sv�

L1.Tdx �Rdv /
� '.T /ƒ.T;R/; jˇj � k: (2.17)

Let us conclude this section by showing that in Lemma 2.26 one can consider

.T; F/ D
�
T"; E

u";%"
reg;"

�
for a given " > 0, where .T"; E

u";%"
reg;" / have been defined in the set-up of the bootstrap

argument of Section 2.2. Let us prove that the assumptions of Lemma 2.26 indeed
hold with k D bm � 2 � d=2c. By the estimate (2.2) from Lemma 2.7, we have, for
all t 2 .0; T"/ and ` < m � 1 � d=2,

Eu";%"reg;" .t/




W`;1x

.


Eu";%"reg;" .t/




Hm�1

. ku".t/kHm�1 Cƒ.k%".t/kHm�2/ k%".t/kHm :
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Appealing to Lemma 2.20, and using Nm;r.f"; %"; u"; T"/ � R for all T � T", we
deduce that 

Eu";%"reg;"




L2.0;T IWk;1.Td // � ƒ.T;R/

for k D bm � 2 � d=2c.



Chapter 3

Averaging operators related to the dynamics with
friction

For any smooth vector field G.t; s; x; v/ 2 Rd , we consider the following integral
operator Kfree

G acting on functions H.t; x/:

Kfree
G ŒH �.t; x/ WD

Z t

0

Z
Rd
ŒrxH�.s; x � .t � s/v/ �G.t; s; x; v/ dv ds:

This operator, featuring an apparent loss of derivative in space, was systematically
studied in [90]. It was proved in [90, Proposition 5.1 and Remark 5.1] that this loss is
only apparent, provided that the kernel is sufficiently smooth and decaying in velocity.
The statement goes as follows.

Proposition 3.1. Let T > 0. If p > 1C d and � > d=2, then, for all functions H 2
L2.0; T IL2.Td //,



Kfree
G ŒH �




L2.0;T IL2.Td // . sup

0�s;t�T

kG.t; s/kHp
�
kHkL2.0;T IL2.Td // :

As already noted in [90], this smoothing estimate is reminiscent of (but different
from) the so-called kinetic averaging lemmas. Namely, Proposition 3.1 provides the
gain of one full derivative.

Averaging lemmas are well known to provide powerful regularity and compact-
ness results in the study of kinetic equations. Loosely speaking, moments in velocity
of the solutions appear to gain some regularity compared to the solutions themselves,
which are just transported along the flow of the equation. We refer to [1,71,72] for the
introduction of the averaging lemmas, and to [6–8, 62, 73, 104, 106, 127] for several
extensions of such results.

A thorough comparison between standard kinetic averaging lemmas and the esti-
mate from Proposition 3.1 can be found in [79]. We finally refer to [88] for the use of
Proposition 3.1 for a slightly different purpose, as well as to [44] for an extension of
this proposition.

In this section, we prove crucial smoothing estimates adapted to kinetic equa-
tions with friction, in the spirit of Proposition 3.1. First, we define the corresponding
integral operator.
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Notation 3.2. For any smooth vector field G.t; s; x; v/, we define the following inte-
gral operator acting on functions H.t; x/ by

Kfric
G ŒH �.t; x/ WD

Z t

0

Z
Rd
ŒrxH�.s; x C .1 � e

t�s/v/ �G.t; s; x; v/ dv ds;

where .t; x/ 2 RC � Td .

Assuming that the kernel G is sufficiently smooth and decaying in velocity, we
will prove several continuity and regularization estimates for Kfree

G and Kfric
G (see

Propositions 3.4, 3.5 and 3.7 below).
In what follows, Fx;v will refer to the Fourier transform on Td �Rd defined as

Fx;vh.k; �/ D

Z
Td�Rd

e�i.k�xCv��/h.x; v/ dx dv; .k; �/ 2 Zd �Rd :

Our first result is the following.

Proposition 3.3. There exists C > 0 such that the following holds. Suppose that
GŒq�.t; s; x; v/ is a kernel of the form

GŒq�.t; s; x; v/ D .t � s/
qG .t; s; x; v/;

with q 2 N. For every T > 0 satisfying

kGkT;s1;s2

WD sup
0�t�T

� X
m2Zd

sup
0�s�t

sup
�2Rd

®
.1C jmj/s2.1C j�j/s1 j.Fx;vG /.t; s;m; �/j

¯2� 12
< C1

for s1 > 1C 2q and s2 > d=2C 2q, we have

rqxKfree
GŒq�

ŒH �




L2.0;T IL2.Td // C


rqxKfric

GŒq�
ŒH �




L2.0;T IL2.Td //

� CkGkT;s1;s2kHkL2.0;T IL2.Td //:

Proof. We only give the proof in the case of Kfric
GŒq�

(the proof is similar for Kfree
GŒq�

).
Writing, for all t � 0,

H.t; x/ WD
X
k2Zd

yHk.t/e
ik�x in L2.Td /;

we have

Kfric
GŒq�

ŒH �.t; x/ D

Z t

0

X
k2Zd

yHk.s/e
ik�x.ik/ �

Z
Rd
e�ik�.e

t�s�1/vGŒq�.t; s; x; v/ dv ds

D

Z t

0

X
k2Zd

yHk.s/e
ik�x.ik/ � .FvGŒq�/.t; s; x; k.e

t�s
� 1// ds:
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We now expand GŒq� in Fourier series along the x variable so that

Kfric
GŒq�

ŒH �.t; x/

D

X
k2Zd

X
l2Zd

ei.kC`/�x
Z t

0

yHk.s/.ik/ � .Fx;vGŒq�/.t; s; `; k.e
t�s
� 1// ds

D

X
`02Zd

ei`
0�x

X
k2Zd

Z t

0

yHk.s/.ik/ � .Fx;vGŒq�/.t; s; `
0
� k; k.et�s � 1// ds;

and then

r
q
xKfric

.t�s/qG ŒH �.t; x/

D

X
`2Zd

ei`�x.i`/q
X
k2Zd

Z t

0

.t � s/q yHk.s/.ik/ � .Fx;vG /.t; s; ` � k; k.e
t�s
� 1// ds:

By the Parseval equality and the Cauchy–Schwarz inequality (in frequency and time),
we get

rqxKfric

.t�s/G ŒF �.t/


2

L2.Td /

D

X
`2Zd

j`j2q
ˇ̌̌̌ X
k2Zd

Z t

0

.t � s/q yHk.s/.ik/ � .Fx;vG /.t; s; ` � k; k.e
t�s
� 1// ds

ˇ̌̌̌2
�

X
`2Zd

j`j2q
� X
k2Zd

Z t

0

.t � s/2q
ˇ̌
yHk.s/

ˇ̌2ˇ̌
k � .Fx;vG /.t; s; ` � k; k.e

t�s
� 1//

ˇ̌
ds
�

�

� X
k2Zd

Z t

0

ˇ̌
k � .Fx;vG /.t; s; ` � k; k.e

t�s
� 1//

ˇ̌
ds
�
:

Integrating in time yields

rqxKfric
.t�s/G ŒF �



2
L2.0;T IL2.�Td //

�

X
`2Zd

j`j2q

�

Z T

0

Z t

0

X
k2Zd

.t � s/2q
ˇ̌
yHk.s/

ˇ̌2 ˇ̌
k � .Fx;vG /.t; s; ` � k; k.e

t�s
� 1//

ˇ̌
ds dt

� sup
`2Zd

sup
t2.0;T /

X
k2Zd

Z t

0

ˇ̌
k � .Fx;vG /.t; s; ` � k; k.e

t�s
� 1//

ˇ̌
ds

D .I/ � .II/:
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A first step is to note thatX
k2Zd

Z t

0

jk � .Fx;vG /.t; s; ` � k; k.e
t�s
� 1//j ds

�

X
k2Zd

sup
s2.0;t/

�2Rd

.1C j�j/˛jFx;vG .t; s; ` � k; �/j

Z t

0

jkj

.1C jkj.et�s � 1//˛
ds

�

X
k2Zd

sup
s2.0;t/

�2Rd

.1C j�j/˛jFx;vG .t; s; ` � k; �/j

Z t

0

jkj

.1C jkj.t � s//˛
ds;

and that the change of variable � D jkj.t � s/ in the last integral yieldsZ t

0

jkj

.1C jkj.t � s//˛
ds �

Z C1
0

d�
.1C �/˛

< C1;

provided that ˛ > 1. With this observation, we can treat the term .II/ and obtain, by
the Cauchy–Schwarz inequality in k,

.II/ � sup
`2Zd

sup
t2.0;T /

X
k2Zd

sup
s2.0;t/

�2Rd

.1C j�j/s1 jFx;vG .t; s; ` � k; �/j � kGkT;s1;s2

for s1 > 1 and s2 > d=2. For the term .I/, we use the Fubini–Tonelli theorem and get

.I/

�

X
`2Zd

j`j2q
Z T

0

Z t

0

X
k2Zd

.t � s/2qj yHk.s/j
2
jkjjFx;vG .t; s; ` � k; k.e

t�s
� 1//j ds dt

D

Z T

0

X
k2Zd

j yHk.s/j
2

Z T

s

X
`2Zd

.t � s/2qj`j2qjkjjFx;vG .t; s; ` � k; k.e
t�s
� 1//j dt ds

� kHk2L2.0;T IL2.Td //

� sup
k2Zd

sup
0�s�T

Z T

s

X
`2Zd

.t � s/2qj`j2qjkjj.Fx;vG /.t; s; ` � k; k.e
t�s
� 1//j dt:

Note that the last expression can be taken into account for k 2 PZd only (indeed, the
term corresponding to k D 0 vanishes in .I/). We then have

sup
k2 PZd

sup
0�s�T

Z T

s

.t � s/2qjkj
X
`2Zd

j`j2qj.Fx;vG /.t; s; ` � k; k.e
t�s
� 1//j dt

� sup
k2 PZd

sup
0�s�T

Z T

s

.t � s/2qjkj

.1C jkj.et�s � 1//˛1

�

X
`2Zd

j`j2q.1C jkj.et�s � 1//˛1 j.Fx;vG /.t; s; ` � k; k.e
t�s
� 1//j dt
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� sup
k2 PZd

sup
0�s�T

Z T

s

.t � s/2qjkj

.1C jkj.et�s � 1//˛1
dt

� sup
0�s�T

sup
s�t�T

X
`2Zd

j`j2q sup
�

.1C j�j˛1/j.Fx;vG /.t; s; ` � k; �/j

� sup
k2 PZd

sup
0�s�T

Z T

s

.t � s/2qjkj

.1C jkj.t � s//˛1
dt

� sup
0�s�T

sup
s�t�T

X
`2Zd

j`C kj2q sup
�

.1C j�j˛1/j.Fx;vG /.t; s; `; �/j:

Therefore,

sup
k2 PZd

sup
0�s�T

Z T

s

.t � s/2qjkj
X
`2Zd

j`j2qj.Fx;vG /.t; s; ` � k; k.e
t�s
� 1//j dt

� sup
k2 PZd

sup
0�s�T

Z T

s

.t � s/2qjkj

.1C jkj.t � s//˛1
dt

� sup
0�s�T

sup
s�t�T

X
`2Zd

j`j2q sup
�

.1C j�j˛1/j.Fx;vG /.t; s; `; �/j

C sup
k2 PZd

sup
0�s�T

Z T

s

.t � s/2qjkj1C2q

.1C jkj.t � s//˛1
dt

� sup
0�s�T

sup
s�t�T

X
`2Zd

sup
�

.1C j�j˛1/j.Fx;vG /.t; s; `; �/j

DW S1 C S2:

Let us treat these two terms separately.

First term. We have, by the Cauchy–Schwarz inequality,

S1 � sup
k2 PZd

sup
0�s�T

Z T

s

.t � s/2qjkj

.1C jkj.t � s//˛1
dt

� sup
0�s�T

sup
s�t�T

� X
`2Zd

sup
�

®
.1C j`j2qC˛2/.1C j�j˛1/j.Fx;vG /.t; s; `; �/j

¯2� 12
if ˛2 > d=2. For the integral term, we write, for ˛1 > 3,

sup
k2 PZd

sup
0�s�T

Z T

s

.t � s/2qjkj

.1C jkj.t � s//˛1
dt D sup

k2 PZd

1

jkj2q
sup

0�s�T

Z jkj.T�s/
0

�2q

.1C �/˛1
d�

� sup
k2 PZd

1

jkj2q

Z C1
0

�2q

.1C �/˛1
d�;
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which is a finite constant independent of k and T (since ˛1 > 1C 2q); therefore,

S1 . sup
0�t�T

� X
`2Zd

sup
0�s�t

sup
�2Rd

®
.1C j`j2qC˛2/.1C j�j˛1/j.Fx;vG /.t; s; `; �/j

¯2� 12
:

Second term. We have, for ˛2 > d=2,

S2 � sup
k2 PZd

sup
0�s�T

Z T

s

.t � s/2qjkj1C2q

.1C jkj.t � s//˛1
dt

� sup
0�s�T

sup
s�t�T

� X
`2Zd

sup
�

®
.1C jmj˛2/.1C j�j˛1/j.Fx;vG /.t; s; `; �/j

¯2� 12
:

The integral term now reads, for ˛1 > 3,

sup
k2 PZd

sup
0�s�T

Z T

s

.t � s/2qjkj1C2q

.1C jkj.t � s//˛1
dt

D sup
k2 PZd

sup
0�s�T

Z jkj.T�s/
0

�2q

.1C �/˛1
d� �

Z C1
0

�2q

.1C �/˛1
d� I

therefore,

S2 . sup
0�t�T

� X
`2Zd

sup
0�s�t

sup
�2Rd
¹.1C j`j˛2/.1C j�j˛1/j.Fx;vG /.t; s; `; �/jº

2

� 1
2

:

We have thus proved that

.I/ . kHk2L2.0;T IL2.Td //
�
kGkT;s1;s2 C kGkT;s1;s2C2q

�
for s1 > 1C 2q and s2 > d=2C 2q. All in all, we get

rqxKfric

GŒq�
ŒH �




L2.0;T IL2.Td // � CkGkT;s1;s2kHkL2.0;T IL2.Td //;

which ends the proof.

We then deduce the following two propositions. The first one is a direct conse-
quence of Proposition 3.3 with q D 0, and states the continuity of Kfree

G and Kfric
G on

L2TL2x .

Proposition 3.4. There exists C > 0 such that, for every T > 0, if p > 1C d and
� > d=2 then, for all H 2 L2.0; T IL2.Td //,

Kfree

G ŒH �




L2.0;T IL2.Td // C


Kfric

G ŒH �




L2.0;T IL2.Td //

� C sup
0�s;t�T

kG.t; s/kHp
�
kHkL2.0;T IL2.Td //:



Averaging operators related to the dynamics with friction 53

Proof. By Proposition 3.3 with q D 0, we have

Kfree
G ŒH �




L2.0;T IL2.Td // C



Kfric
G ŒH �




L2.0;T IL2.Td //

� CkGkT;s1;s2kHkL2.0;T IL2.Td //

for any s1 > 1 and s2 > d=2. Now, appealing to [90, Remark 5.1], one can prove that
for all p > 1C d and � > d=2, there exist s2 > d=2 and s1 > 1 such that

kGkT;s1;s2 . sup
0�s;t�T

kG.t; s/kHp
�
;

hence the result.

When the kernel G vanishes along the diagonal in time ¹t D sº, Proposition 3.3
with qD 1 leads to the following additional regularizing effect of the operators KG (as
already observed in [91]). Loosely speaking, the operators Kfree

G and Kfric
G are bounded

from L2TL2x to L2T PH
1
x in this case.

Proposition 3.5. There exists C > 0 such that, if the kernel G satisfies

G.t; t; x; v/ D 0

then the following holds. Let T > 0. If p > 7 C d and � > d=2, then, for H 2
L2.0; T IL2.Td //,

Kfree

G ŒH �




L2.0;T IH1.Td // C


Kfric

G ŒH �




L2.0;T IH1.Td //

� C.1C T / sup
0�s;t�T

k@sG.t; s/kHp
�
kHkL2.0;T IL2.Td //:

Proof. Since G.t; t; x; v/ D 0, Taylor’s formula shows that

G.t; s; x; v/ D .t � s/ zG.t; s; x; v/;

zG.t; s; x; v/ WD �

Z 1

0

@sG.t; t C �.s � t /; x; v/ d�:

By Proposition 3.3 with q D 1, we get, for s1 > 3 and s2 > d=2C 2,

rxKfree
G ŒH �




L2.0;T IL2.Td // C



rxKfric
G ŒH �




L2.0;T IL2.Td //

� Ck zGkT;s1;s2kHkL2.0;T IL2.Td //:

To conclude, we observe that®
.1C jmj/s2.1C j�j/s1 j.Fx;v zG/.t; s;m; �/j

¯2
�

�
.1C jmj/s2.1C j�j/s1

Z 1

0

jFx;v.@sG/.t; t C �.s � t /;m; �/j d�
�2

�

Z 1

0

®
.1C jmj/s2.1C j�j/s1 jFx;v.@sG/.t; t C �.s � t /;m; �/j

¯2 d� I
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therefore, 

rxKfree
G ŒH �




L2.0;T IL2.Td // C



rxKfric
G ŒH �




L2.0;T IL2.Td //

� Ck@sGkT;s1;s2kHkL2.0;T IL2.Td //:

Now, appealing to [90, Remark 5.1], one can prove that for all p > 2`C s C 1C d
and � > d=2 (with `; s 2 RC), there exist s2 > `C d=2 and s1 > s C 1 such that

kGkT;s1;s2 . sup
0�s;t�T

kG.t; s/kHp
�
:

Since G.t; t; x; v/ D 0, we also have

kGkT;s1;s2 . T sup
0�s;t�T

k@sG.t; s/kHp
�
:

By Proposition 3.4, and taking `D s D 2, we end up with the desired conclusion.

Remark 3.6. A variant of Proposition 3.5 holds in the following form: there exists
C > 0 such that, for p > 7C d and � > d=2, if

G.t; t; x; v/ D 0;

then we have, for all H 2 L2.0; T I PH�1.Td //,

Kfree
G ŒH �




L2.0;T IL2.Td // C



Kfric
G ŒH �




L2.0;T IL2.Td //

� C.1C T / sup
0�s;t�T

k@sG.t; s/kHp
�
kHkL2.0;T I PH�1.Td //:

We do not detail the proof, which follows the same lines as that of Proposition 3.5.

We finally investigate the smoothing properties of the difference operator Kfree
G �

Kfric
G . A somewhat surprising result is the fact that this operator gains one additional

derivative. This is the content of the following proposition.

Proposition 3.7. There exists C > 0 such that, for every T > 0, if p > 8C d and
� > 1C d=2 then, for all H 2 L2.0; T IL2.Td //,

Kfree

G ŒH � � Kfric
G ŒH �




L2.0;T IH1.Td //

� C'.T / sup
0�s;t�T

kG.t; s/kHp
�
kHkL2.0;T IL2.Td //;

where ' W RC ! RC is a continuous nondecreasing function.
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Proof. Following the computations performed in the proof of Proposition 3.5, we
have

Kfree
G ŒF �.t; x/ � Kfric

G ŒF �.t; x/

D

X
`2Zd

ei`�x
² X
k2Zd

Z t

0

yFk.s/.ik/ �
�
.Fx;vG/.t; s; ` � k; k.t � s//

� .Fx;vG/.t; s; ` � k; k.e
t�s
� 1//

�
ds
³
:

Therefore, if we set

‚.t; s; `; k/ WD .Fx;vG/.t; s; ` � k; k.t � s// � .Fx;vG/.t; s; ` � k; k.e
t�s
� 1//;

we get 

rx�Kfree
G ŒH � � Kfric

G ŒH �
�
.t/


2

L2.Td /

�

X
`2Zd

j`j2
� X
k2Zd

Z t

0

j yHk.s/jjkjj‚.t; s; `; k/j ds
�2
:

We also have, by setting G
t;s
`�k
D .Fx;vG/.t; s; ` � k; �/,

j‚.t; s; `; k/j D
ˇ̌
G
t;s
`�k

.k.et�s � 1// � G
t;s
`�k

.k.t � s//
ˇ̌

D
ˇ̌
G
t;s
`�k

.k.t � s/C k.t � s/2'.t � s// � G
t;s
`�k

.k.t � s//
ˇ̌

� sup
�2Œ0;1�

ˇ̌
r�G

t;s
`�k

�
�
t;s
�
.k.t � s//

�ˇ̌
jkj.t � s/2'.t � s/;

where '.z/D
P
i�0

zi

.iC2/Š
and � t;s

�
.z/D zC �z.t � s/'.t � s/. By continuity, there

exists �? 2 Œ0; 1� (which may depend on all the other variables) such that

j‚.t; s; `; k/j �
ˇ̌
r�G

t;s
`�k

�
�
t;s
�?
.k.t � s//

�ˇ̌
jkj.t � s/2'.t � s/:

This yields

rx �Kfree
G ŒH � � Kfric

G ŒH �
�
.t/


2

L2.Td /

�

X
`2Zd

j`j2
� X
k2Zd

Z t

0

j yHk.s/jjkj
2.t � s/2'.t � s/

ˇ̌
r�G

t;s
`�k

�
�
t;s
�?
.k.t � s//

�ˇ̌
ds
�2

�

X
`2Zd

j`j2
� X
k2Zd

Z t

0

j yHk.s/j
2
jkj2.t � s/3'.t � s/2

ˇ̌
r�G

t;s
`�k

�
�
t;s
�?
.k.t � s//

�ˇ̌
ds
�

�

� X
k2Zd

Z t

0

jkj2.t � s/
ˇ̌
r�G

t;s
`�k

�
�
t;s
�?
.k.t � s//

�ˇ̌
ds
�
;
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thanks to the Cauchy–Schwarz inequality. As in the proof of Proposition 3.5, we
obtain by integrating in time that

rx�Kfree

G ŒH � � Kfric
G ŒH �

�

2
L2..0;T /�Td /

�

� X
`2Zd

j`j2
Z T

0

Z t

0

X
k2Zd

j yHk.s/j
2
jkj2.t � s/3'.t � s/2

�
ˇ̌
r�G

t;s
`�k

�
�
t;s
�?
.k.t � s//

�ˇ̌
ds dt

�
� sup
`2Zd

sup
t2.0;T /

X
k2Zd

Z t

0

jkj2.t � s/
ˇ̌
r�G

t;s
`�k

�
�
t;s
�?
.k.t � s//

�ˇ̌
ds

DW .A/ � .B/:

First, we note that for all � 2 Œ0; 1�, k 2 Zd and 0 � s � t ,

j�
t;s
�
.k.t � s//j D jk.t � s/C �k.t � s/2'.t � s/j

D jkj.t � s/Œ1C �.t � s/'.t � s/�

� jkj.t � s/:

For .B/, we thus have

.B/ � sup
`2Zd

sup
t2.0;T /

X
k2Zd

Z t

0

�
1C j�

t;s
�?
.k.t � s//j

�ˇ1 ˇ̌
r�G

t;s
`�k

�
�
t;s
�?
.k.t � s//

�ˇ̌
�

jkj2.t � s/

.1C j�
t;s
�?
.k.t � s//j/ˇ1

ds

� sup
`2Zd

sup
t2.0;T /

X
k2Zd

sup
s;�

®
.1C j�j/ˇ1 jr�G

t;s
`�k

.�/j
¯ Z t

0

jkj2.t � s/

.1C jkj.t � s//ˇ1
ds:

SinceZ t

0

jkj2.t � s/

.1C jkj.t � s//ˇ1
ds D

Z jkjt
0

�

.1C �/ˇ1
d� �

Z C1
0

�

.1C �/ˇ1
d� < C1

if ˇ1 > 2, we get

.B/ . sup
`2Zd

sup
t2.0;T /

X
k2Zd

sup
s;�

®
.1C j�j/ˇ1 jr�G

t;s
`�k

.�/j
¯
:

By choosing ˇ2 > d=2 and by the Cauchy–Schwarz inequality, this yields

.B/ . sup
t2.0;T /

� X
k2Zd

sup
s;�

®
.1C jkj/ˇ2.1C j�j/ˇ1 jr�G

t;s
k
.�/j

¯2� 12
:
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Let us estimate the other term, .A/. By the Fubini–Tonelli theorem, we have

.A/ D
X
`2Zd

j`j2
Z T

0

Z t

0

X
k2Zd

j yHk.s/j
2
jkj2.t � s/3'.t � s/2

�
ˇ̌
r�G

t;s
`�k

�
�
t;s
�?
.k.t � s//

�ˇ̌
ds dt

D

Z T

0

X
k2Zd

j yHk.s/j
2

Z T

s

X
`2Zd

j`j2jkj2.t � s/3'.t � s/2

�
ˇ̌
r�G

t;s
`�k

�
�
t;s
�?
.k.t � s//

�ˇ̌
dt ds

� kHk2L2.0;T IL2.Td //

� sup
k2Zd

sup
0�s�T

Z T

s

X
`2Zd

j`j2jkj2.t � s/3'.t � s/2
ˇ̌
r�G

t;s
`�k

�
�
t;s
�?
.k.t � s//

�ˇ̌
dt:

As in the proof of Proposition 3.3, we have

sup
k2Zd

sup
0�s�T

Z T

s

jkj2.t � s/3'.t � s/2
X
`2Zd

j`j2
ˇ̌
r�G

t;s
`�k

�
�
t;s
�?
.k.t � s//

�ˇ̌
dt

� sup
k2 PZd

sup
0�s�T

Z T

s

jkj2.t � s/3'.t � s/2

.1C jkj.t � s//˛1
dt

� sup
0�s�T

sup
s�t�T

X
`2Zd

j`j2 sup
�

.1C j�j˛1/jr�G
t;s
`
.�/j

C sup
k2 PZd

sup
0�s�T

Z T

s

jkj4.t � s/3'.t � s/2

.1C jkj.t � s//˛1
dt

� sup
0�s�T

sup
s�t�T

X
`2Zd

sup
�

.1C j�j˛1/jr�G
t;s
`
.�/j

DW T1 C T2:

We treat these two terms separately.

First term. In T1, the integral term can be bounded via

sup
k2 PZd

sup
0�s�T

Z T

s

jkj2.t � s/3'.t � s/2

.1C jkj.t � s//˛1
dt

� sup
k2 PZd

1

jkj2
sup

0�s�T

'.T � s/2
Z C1
0

�3

.1C �/˛1
d�:

� '.T /2 sup
k2 PZd

1

jkj2

Z C1
0

�3

.1C �/˛1
d�

. '.T /2;
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provided that ˛1 > 4. This implies that for any ˛2 > d=2,

T1 . '.T /2 sup
0�s�T

sup
s�t�T

� X
m2Zd

sup
�

®
.1C jmj2C˛2/.1C j�j˛1/jr�G

t;s
m .�/j

¯2� 12
:

Second term. In T2, the integral term can be bounded in a similar way via

sup
k2 PZd

sup
0�s�T

Z T

s

jkj4.t � s/3'.t � s/2

.1C jkj.t � s//˛1
dt � sup

0�s�T

'.T � s/2
Z C1
0

�3

.1C �/˛1
d�

� '.T /2
Z C1
0

�3

.1C �/˛1
d�

. '.T /2;

provided that ˛1 > 4. This implies that for any ˛2 > d=2,

T2 . '.T / sup
0�s�T

sup
s�t�T

� X
m2Zd

sup
�

®
.1C jmj˛2/.1C j�j˛1/jr�G

t;s
m .�/j

¯2� 12
:

All in all, we get, for ˛1 > 4 and ˛2 > 2C d=2,

.A/ . '.T /2kHk2L2.0;T IL2.Td //

� sup
0�s�T

sup
s�t�T

� X
m2Zd

sup
�

®
.1C jmj˛2/.1C j�j˛1/jr�G

t;s
m .�/j

¯2� 12
. '.T /2kHk2L2.0;T IL2.Td //

� sup
0�t�T

� X
m2Zd

sup
0�s�t

sup
�

®
.1C jmj˛2/.1C j�j˛1/jr�G

t;s
m .�/j

¯2� 12
:

We have thus proved that for s1 > 4 and s2 > 2C d=2,

rx�Kfree
G ŒH � � Kfric

G ŒH �
�



L2.0;T IL2.Td // . '.T /kv ˝GkT;s1;s2kHkL2.0;T IL2.Td //;

where we have used the seminorm k�kT;s1;s2 from Proposition 3.3. We can now con-
clude as in the proof of Proposition 3.5. We observe that for all p > 2`C s C 1C d
and � > 1C d=2 (with `; s 2 RC), there exist s1 > sC 1 and s2 > `C d=2 such that

kv ˝GkT;s1;s2 . sup
0�s;t�T

kG.t; s/kHp
�
:

By taking `D 2 and s D 3, and by finally using Proposition 3.3, we reach the desired
conclusion.



Chapter 4

Analysis of the kinetic moments

Following the bootstrap procedure initiated in Section 2.2, we aim at controlling the
term k%"kL2.0;T IHm/ uniformly in " and for T < T". In view of the transport equation
bearing on %" (see Lemma 2.2), we will relate the kinetic moments �f" and jf" to the
fluid density %" itself.

In this section, to ease readability, we drop out the subscript " when we refer to
the solution. Recall that ƒ will always stand for a nonnegative continuous function
which is independent of ", nondecreasing with respect to each of its arguments, that
may depend implicitly on the initial data and that may change from line to line.

For all T 2 Œ0; T"/ small enough, the goal of this chapter is to prove the following
result.

Proposition 4.1. Let T 2 .0;min.T".R/; xT .R///. For all jI j � m, we have, for any
t 2 .0; T /,

@Ix�f .t; x/

D p0.%.t; x//

Z t

0

Z
Rd
rxŒJ"@Ix%�.s; x�.t�s/v/ � rvf .t; x; v/ dv dsCRI Œ�f �.t; x/;

@Ixjf .t; x/

D p0.%.t; x//

Z t

0

Z
Rd
vrxŒJ"@Ix%�.s; x�.t�s/v/ �rvf .t; x; v/ dv dsCRI Œjf �.t; x/;

where the remainders RI Œ�f � and RI Œjf � satisfy

RI Œ�f �

L2.0;T;H1x/
� ƒ.T;R/;



RI Œjf �

L2.0;T;H1x/
� ƒ.T;R/:

We recall the definition of the time T".R/ from our bootstrap procedure presented
in Section 2.2, as well as the definition of the time xT .R/ from Lemma 2.26 in Sec-
tion 2.3. Note that the latter is independent of ". In the rest of this section, we will
always implicitly consider times T > 0 such that

T < min.T".R/; xT .R//:

From Proposition 4.1, thanks to the analysis of Chapter 3, we can immediately
infer the following corollary.

Corollary 4.2. For m > 2C d , � > 1C d=2 and jI j � m, we have

@Ix�f 

L2.0;T IL2/ � ƒ.T;R/;

@Ixjf 

L2.0;T IL2/ � ƒ.T;R/:
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Proof. By Proposition 4.1, we can write

@Ix�f D p
0.%/Kfree

G

�
J"@Ix%

�
CRI Œ�f �;

withG.t;x;v/Drvf .t;x;v/ and


RI Œ�f �

L2.0;T;H1x/

�ƒ.T;R/. Since the kernelG
satisfies, for p > 1C d ,

sup
0�t�T

kGkHp
�
� kf kL1.0;T IHm�1

� / � ƒ.T;R/;

we can use the estimate from Proposition 3.1 to get

@Ix�f 

L2.0;T IL2/ . kp0.%/kL2.0;T IL1/ƒ.T;R/


@Ix%

L2.0;T IL2/

C


RI Œ�f �

L2.0;T IL2/

. C
�
k%kL1.0;T IHm�2/

�
ƒ.T;R/Cƒ.T;R/

� ƒ.T;R/;

by Sobolev embedding, Proposition A.3 and Lemma 2.20. The same argument applies
for



@Ixjf 

L2.0;T IL2/.

Our strategy to prove Proposition 4.1 goes as follows:

• first, we take derivatives in the Vlasov equation to obtain a system of coupled
kinetic equations satisfied by the augmented unknown

�
@Ix@

J
v f"

�
jI jCjJ jDm�1;m

;

• next, we study the average in velocity of F by relying on the Duhamel formula
and the Lagrangian point of view of Section 2.3. We isolate the leading terms and
prove estimates for the remainders, using crucially the techniques developed in
Section 2.3 and Chapter 3.

4.1 The integro-differential system for derivatives of moments

4.1.1 Applying derivatives

We start with the following algebraic lemma, where we apply @Ix@
J
v to the Vlasov

equation. Let us recall the notation y̨k and x̨k for shifted indices (see Notation 2.8).

Lemma 4.3. For any I D .i1; : : : ; id /; J D .j1; : : : ; jd / 2 Nd such that jI j C jJ j 2
¹m � 1;mº and for any smooth function f .t; x; v/, we have�

@Ix@
J
v ; T

u;%
reg;"

�
f D @Ix@

J
vE

u;%
reg;" � rvf CMI;JF CR

I;J
1 CR

I;J
0 ;

where

F WD
�
@Ix@

J
v f

�
I;J2Nd ;

jI jCjJ j2¹m�1;mº

;
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MI;JF WD

dX
pD1

1jp¤0
�
@
yIp

x @
xJp

v f � @Ix@
J
v f

�
C 1jI j>2

X
0<˛<I
j˛j2¹1;2º

�
I

˛

�
@˛xE

u;%
reg;" � rv@

I�˛
x @Jv f

C 1jI jD1;2@IxE
u;%
reg;" � @

J
vrvf;

R
I;J
1 WD 1 jI j>2

jJ j¤0

@IxE
u;%
reg;" � rv@

J
v f C 1jI j>1

X
0<˛<I
j˛jDm�1

�
I

˛

�
@˛xE

u;%
reg;" � rv@

I�˛
x @Jv f;

where 

R
I;J
1




L2.0;T IH0

r /
� ƒ.T;R/; (4.1)

and R
I;J
0 is a remainder satisfying

R

I;J
0




L2.0;T IH1

r /
� ƒ.T;R/: (4.2)

Proof. Using Lemma 2.9, we have

@Ix@
J
v

�
T u;%

reg;"f
�

D T u;%
reg;"

�
@Ix@

J
v f

�
C

dX
pD1

1jp¤0
�
@
yIp

x @
xJp

v f � @Ix@
J
v f

�
C
�
@Ix@

J
v ; E

u;%
reg;" � rv

�
f:

Since the force Eu;%reg;".t; x/ does not depend on v, we expand the commutator as�
@Ix@

J
v ; E.t; x/ � rv

�
f

D 1I¤0@IxE
u;%
reg;" � @

J
vrvf C 1jI j>1

X
0<˛<I

�
I

˛

�
@˛xE

u;%
reg;" � @

I�˛
x @Jvrvf:

Note that if J ¤ 0 then jI j �m� 1, and if jI j D 1;2 then J ¤ 0. The terms that cannot
be considered as remainders in the last sum are those for which jI j � j˛j C jJ j C 1 2
¹m � 1;mº, that is, those with j˛j 2 ¹1; 2º. We thus have�

@Ix@
J
v ; E

u;%
reg;" � rv

�
f D 1jI j¤0

JD0

@Ix@
J
vE

u;%
reg;" � rvf C 1jI jD1;2@IxE

u;%
reg;" � @

J
vrvf

C 1jI j>2
X
0<˛<I
j˛j2¹1;2º

�
I

˛

�
@˛xE

u;%
reg;" � rv@

I�˛
x @Jv f

CR
I;J
1 CR

I;J
0 ;

where

R
I;J
1 WD 1 jI j>2

jJ j¤0

@IxE
u;%
reg;" � @

J
vrvf C 1jI j>1

X
0<˛<I
j˛jDm�1

�
I

˛

�
@˛xE

u;%
reg;" � rv@

I�˛
x @Jv f;
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R
I;J
0 WD 1jI j>1

X
0<˛<I

3�j˛j�m�2

�
I

˛

�
@˛xE

u;%
reg;" � rv@

I�˛
x @Jv f:

Let us estimate the remainder R
I;J
0 in H1

r : setting �.v/ D .1C jvj2/r=2, we have

R
I;J
0




H1
r

.
X
0<˛<I

3�j˛j�m�2



�@˛xEu;%reg;" � rv@
I�˛
x @Jv f




L2x;v

C

X
0<˛<I

3�j˛j�m�2

dX
kD1

�

�@y̨kx Eu;%reg;" � rv@
I�˛
x @Jv f




L2x;v

C


�@˛xEu;%reg;" � @xkrv@

I�˛
x @Jv f




L2x;v

C


�@˛xEu;%reg;" � @vkrv@

I�˛
x @Jv f




L2x;v

�
:

First case: mC1
2
� j˛j � m � 2. We have, for all k,

�@˛xEu;%reg;" � rv@

I�˛
x @Jv f



2
L2x;v
C


�@y̨kx Eu;%reg;" � rv@

I�˛
x @Jv f



2
L2x;v

�

�

@˛xEu;%reg;"



2
L2 C



@y̨kx Eu;%reg;"



2
L2

� Z
Rd
�.v/2



rv@I�˛x @Jv f


2

L1 dv

.


Eu;%reg;"



2
Hm�1

Z
Rd
�.v/2



rv@Jv f 

2H� dv;

provided that � > jI � ˛j C d=2. Since jJ j C 1C jI j � j˛j C d=2 �mC 1� j˛j C
d=2 � mC1Cd

2
, and since m > 4C d , we can find such a � so that

�@˛xEu;%reg;" � rv@

I�˛
x @Jv f




L2x;v
C


�@y̨kx Eu;%reg;" � rv@

I�˛
x @Jv f




L2x;v

.


Eu;%reg;"




Hm�1kf kHm�1

r
:

Likewise, we have, for all k,

�@˛xEu;%reg;" � @xkrv@
I�˛
x @Jv f



2
L2x;v
�


Eu;%reg;"



2
Hm�1

Z
Rd
�.v/2krv@

J
v f k

2
H� dv;

provided that � > 1C jI � ˛j C d=2. Since jJ j C 1C 1C jI j � j˛j C d=2 � mC
2 � j˛j C d=2 � mC3Cd

2
, and since m > 6C d , there exists such a � so that

�@˛xE � @xkrv@I�˛x @Jv f




L2x;v

. kEkHm�1kf kHm�1
r

:

The same procedure can be applied for the terms


�@˛xEu;%reg;" � @vkrv@

I�˛
x @Jv f




L2x;v

.
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Second case: 3 � j˛j < mC1
2

. We have

�@˛xEu;%reg;" � rv@
I�˛
x @Jv f




L2x;v
C


�@y̨kx Eu;%reg;" � rv@

I�˛
x @Jv f




L2x;v

�

�

@˛xEu;%reg;"




L1 C



@y̨kx Eu;%reg;"




L1

�

�rv@I�˛x @Jv f




L2x;v

.


Eu;%reg;"




H� kf kHm�1

r
;

provided that � > 1C j˛j C d=2. Since 1C j˛j C d=2 � mC3Cd
2

and m > 5C d ,
we can find such a � so that

�@y̨kx Eu;%reg;" � rv@

I�˛
x @Jv f




L2x;v

.


Eu;%reg;"




Hm�1kf kHm�1

r
:

Likewise, we have, for all k,

�@˛xEu;%reg;" � @xkrv@
I�˛
x @Jv f



2
L2x;v
�


@˛xEu;%reg;"




L1


�@xrv@I�˛x @Jv f




L2x;v

.


Eu;%reg;"




H� kf kHm�1

r
;

provided that � > jI � ˛j C d=2. Since j˛j C d=2 � mC2Cd
2

and m > 4C d , there
exists such a � so that

�@˛xEu;%reg;" � rv@x@

I�˛
x @Jv f




L2x;v

.


Eu;%reg;"




Hm�1kf kHm�1

r
:

The same procedure can be applied for the terms


�@˛xEu;%reg;" � @vkrv@

I�˛
x @Jv f




L2x;v

.
All in all, we have proved that for all t 2 Œ0; T �,

R

I;J
0 .t/




H1
r

.


Eu;%reg;".t/




Hm�1kf .t/kHm�1

r

� kf kL1.0;T IHm�1
r /



Eu;%reg;".t/




Hm�1

� RkE.t/kHm�1 :

By the estimate (2.2) from Lemma 2.7 and by Lemma 2.20, we finally have

R
I;J
0




L2.0;T IH1

r /
� ƒ.T;R/:

With the same exact arguments, we easily obtain

R
I;J
1




L2.0;T IH0

r /
� ƒ.T;R/;

and this concludes the proof.

Remark 4.4. We will actually obtain an improved L2.0;T IH1
r / estimate for the term

R
I;J
1 (or, more precisely, for related terms) at the end of the current section.
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We can see MI;JF appearing in Lemma 4.3 as a linear combination of F K;L D

@Kx @
L
v f . More precisely, we can write, for all .I; J /,

MI;JF D
X
K;L

M.I;J /;.K;L/F
K;L;

M.I;J /;.K;L/ WD

dX
pD1

1jp¤0
�
1
.K;L/D.yIp ; xJp/

� 1.K;L/D.I;J /
�

C 1jI jD1;2
dX

pD1

1
.K;L/D.0; yJp/

@Ix.E
u;%
reg;"/p

C

dX
pD1

X
0<˛<I
j˛j2¹1;2º

�
I

˛

�
1
.K;L/D.I�˛; yJp/

@˛x.E
u;%
reg;"/p:

Let us observe that the coefficients of the operator M involve only 0, 1 or 2 derivatives
of the force field Eu;%reg;".t; x/, but nothing coming from f .

We finally introduce the following additional notation which will allow us to
reformulate Lemma 4.3 in a compact way.

Notation 4.5. We consider the following quantities:

(1) R0 and R1 are the vectors defined by

R0 D
�
R
I;J
0

�
I;J2Nd ;

jI jCjJ j2¹m�1;mº

; R1 D
�
R
I;J
0

�
I;J2Nd ;

jI jCjJ j2¹m�1;mº

I

(2) M is the linear map defined by

M D
�
M.I;J /;.K;L/

�
.I;J /;.K;L/

jI jCjJ j;jKjCjLj2¹m�1;mº

I

(3) L is the vector defined by

L D
�
@Ix@

J
vE

u;%
reg;" � rvf

�
I;J2Nd ;

jI jCjJ j2¹m�1;mº

:

4.1.2 The semi-Lagrangian approach

If f satisfies the Vlasov equation (in a strong sense), we have @Ix@
J
v .T

u;%
reg;"f / D 0

for any I; J . We can apply Lemma 4.3 to obtain the following coupled system of
equations satisfied by the family F D .@Ix@

J
v f /I;J :

T u;%
reg;"F CMF CL D �R0 �R1: (4.3)

For any function g.t; x; v/, we set

zg.t; x; v/ D g.t;Xt I0.x; v/;Vt I0.x; v//;



The integro-differential system for derivatives of moments 65

where
s 7! ZsIt .x; v/ D

�
XsIt .x; v/;VsIt .x; v/

�
is the solution to8̂̂<̂
:̂

d
ds

XsIt .x; v/ D VsIt .x; v/; Xt It .x; v/ D x 2 Td ;

d
ds

VsIt .x; v/ D �VsIt .x; v/CEu;%reg;".s;X
sIt .x; v//; Vt It .x; v/ D v 2 Rd :

(4.4)

After the composition by .t; x; v/ 7! .t;Xt I0.x; v/;Vt I0.x; v//, we thus obtain, by the
method of characteristics,

@t zF C zM zF C zL D d zF � zR0 �
zR1: (4.5)

To deal with the coupling matrix M, we introduce the following resolvent.

Definition 4.6. For all .x; v/ and s; t � 0, we define the resolvent operator Ns;t .x; v/

as the solution s 7! Ns;t .x; v/ of´
@sN

sIt
C
�
M ı ZsI0 � d Id

�
NsIt
D 0;

Nt It
D Id:

(4.6)

The resolvent is well defined thanks to the Cauchy–Lipschitz theorem. We also
have

NsIt .x; v/ D ed.s�t/NsIt .x; v/;

where ´
@sNsIt CM ı ZsI0NsIt D 0;

Nt It D Id:
(4.7)

For the upcoming analysis, we need the following bounds on the resolvent.

Lemma 4.7. For all 0 � k < m � 3 � d=2, we have

sup
0�s;t�T

kNsItkWk;1x;v
C sup
0�s;t�T

k@sNsItkWk;1x;v
C sup
0�s;t�T

k@tNsItkWk;1x;v
� ƒ.T;R/:

Proof. We have

NsIt D Id �
Z s

t

�
M ı Z� I0

�
N� It d�:

By the definition of coefficients of the matrix M, we also have

kMkL2.0;T IL1/ . sup
j˛j�2

k@˛xEkL2.0;T IL1/ � ƒ.T;R/;

thanks to estimate (2.2) from Lemma 2.7, and by Sobolev embedding (with m � 1 >
2C d=2). Grönwall’s lemma leads to the conclusion.
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We first obtain the following decomposition for the kinetic moments of the vec-
tor F .

Lemma 4.8. We haveZ
Rd

F .t; x; v/ dv

D 	0in.t; x/C 	0R0.t; x/C 	0R1.t; x/

�

Z t

0

ed.t�s/
Z

Rd
Nt Is.Z0It .x; v//L.s;ZsIt .x; v// dv ds;

Z
Rd
v ˝ F .t; x; v/ dv

D 	1in.t; x/C 	1R0.t; x/C 	1R1.t; x/

�

Z t

0

ed.t�s/
Z

Rd
v ˝ Nt Is.Z0It .x; v//L.s;ZsIt .x; v// dv ds;

where

	0in.t; x/ WD e
dt

Z
Rd

Nt I0.Z0It .x; v//FjtD0.Z0It .x; v// dv;

	0Rj .t; x/ WD �

Z t

0

ed.t�s/
Z

Rd
Nt Is.Z0It .x; v//Rj .s;ZsIt .x; v// dv ds; j D 0; 1;

	1in.t; x/ WD e
dt

Z
Rd
v ˝ Nt I0.Z0It .x; v//FjtD0.Z0It .x; v// dv;

	1Rj .t; x/ WD �

Z t

0

ed.t�s/
Z

Rd
v ˝ Nt Is.Z0It .x; v//Rj .s;ZsIt .x; v// dv ds; j D 0; 1:

Proof. We only explain the case of the moment of order 0, the other being similar.
Starting from the equation (4.5) and using the resolvent operators N and N defined in
(4.6) and (4.7), we have

zF .t/ D Nt;0 zFjtD0 �

Z t

0

Nt;s
�
zL.s/C zR0.s/C zR1.s/

�
ds

D edtNt I0 zFjtD0 �
Z t

0

ed.t�s/Nt Is
�
zL.s/C zR0.s/C zR1.s/

�
ds:

After a composition by the map .t; x; v/ 7! .t;X0It .x; v/;V0It .x; v//, we obtain

F .t/ D edt
�
Nt I0 ı Z0It

�
FjtD0 ı Z0It

�

Z t

0

ed.t�s/
�
Nt Is ı Z0It

��
R0.s;ZsIt /CR1.s;ZsIt /

�
ds

�

Z t

0

ed.t�s/
�
Nt Is ı Z0It

�
L.s;ZsIt / ds:

We reach the desired conclusion by integrating in velocity.
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4.2 First remainders

Let us show straightaway that some of the previous terms can be considered as
remainders.

Lemma 4.9. We have

k	0inkL2.0;T IH1/k C k	
1
inkL2.0;T IH1/ � ƒ.T;R/kf

in
k

H
mC1
r

;

k	0R0kL2.0;T IH1/ C k	
1
R0
kL2.0;T IH1/ � ƒ.T;R/;

k	0R1kL2.0;T IL2/ C k	
1
R1
kL2.0;T IL2/ � ƒ.T;R/: (4.8)

Proof. We shall first estimate the term 	0in. We have

j	0in.t; x/j . edT sup
0�t�T

kNt IskL1x;v

Z
Rd
jF0.Z0It .x; v//j dv

. ƒ.T;R/
X
I;J

Z
Rd

ˇ̌
@Ix@

J
v f

in.Z0It .x; v//
ˇ̌
dv;

thanks to Lemma 4.7 with k D 0. Using the generalized Minkowski inequality and
the Cauchy–Schwarz inequality, we get

k	0inkL2.0;T IL2/

. ƒ.T;R/
X
I;J





Z
Rd



@Ix@Jv f in.Z0It .�; v//




L2 dv






L2.0;T /

. ƒ.T;R/
X
I;J





�Z
Td�Rd

�
1C jvj2

�r ˇ̌
@Ix@

J
v f

in.Z0It .x; v//
ˇ̌2 dx dv

�1=2




L2.0;T /

;

since 2r > d . We then perform the change of variable .x; v/ 7! Z0It .x; v/, which
yields Z

Td�Rd

�
1C jvj2

�r ˇ̌
@Ix@

J
v f

in.Z0It .x; v//
ˇ̌2 dx dv

. ƒ.T;R/

Z
Td�Rd

�
1C jVt I0.x; v/j2

�r ˇ̌
@Ix@

J
v f

in.x; v/
ˇ̌2 dx dv:

Since

Vt I0.x; v/ D e�tv C
Z t

0

e��tEu;%reg;".�;X
� It .x; v// d�;

we have by Sobolev embedding

jVt I0.x; v/j2 . jvj2 C
ˇ̌̌̌Z t

0

kEu;%reg;".�/kL1 d�
ˇ̌̌̌2

. jvj2 C T kEu;%reg;"k
2
L2.0;T IHm�1/:
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By the estimate (2.2) from Lemma 2.7, we get

jVt I0.x; v/j2 � jvj2ƒ.T;R/;

and then Z
Td�Rd

�
1C jVt I0.x; v/j2

�r ˇ̌
@Ix@

J
v f

in.x; v/
ˇ̌2 dx dv

. ƒ.T;R/

Z
Td�Rd

�
1C jvj2

�r ˇ̌
@Ix@

J
v f

in.x; v/
ˇ̌2 dx dv

. ƒ.T;R/kf in
k
2
Hm
r
:

This implies
k	0inkL2.0;T IL2/ � ƒ.T;R/kf

in
kHm

r
:

Likewise, using 2r > d C 1, we have

k	1inkL2.0;T IL2/ . ƒ.T;R/kf in
kHm

r
:

We also have�
	0in
�
.I;J /

.t; x/ D edt
Z

Rd

X
.K;L/

Nt I0
.I;J /;.K;L/

.Z0It .x; v//
�
FjtD0

�
.K;L/

.Z0It .x; v// dv;

and

rx

�
	0in
�
.I;J /

.t; x/

D edt
Z

Rd

X
.K;L/

rxZ0It .x; v/rxNt I0
.I;J /;.K;L/

.Z0It .x; v//
�
FjtD0

�
.K;L/

.Z0It .x; v// dv

C edt
Z

Rd

X
.K;L/

Nt I0
.I;J /;.K;L/

.Z0It .x; v//rxZ0It .x; v/rx
�
FjtD0

�
.K;L/

.Z0It .x; v// dv:

The same procedure as before, using Lemma 4.7 with kD 1 and the pointwise bounds
(2.16) and (2.17) from Remark 2.27, gives

krx	0inkL2.0;T IL2/ C krx	1inkL2.0;T IL2/ . ƒ.T;R/kf in
k

H
mC1
r

:

We now estimate the terms 	0
R0

and 	1
R0

. We rely on the same arguments as
before, with an additional Cauchy–Schwarz inequality in time leading to

k	0R0kL2.0;T IL2/ � ƒ.T;R/
X
I;J





Z t

0

Z
Rd



R
I;J
0 .s;ZsIt .�; v//




L2 ds dv






L2.0;T /

� ƒ.T;R/





 Z t

0

kR0.s/kH0
r

ds






L2.0;T /
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� ƒ.T;R/T kR0kL2.0;T IH0
r /

� ƒ.T;R/;

thanks to (4.2) in Lemma 4.3. We obtain the same result for 	1
R0

. Using again (4.2)
for the first order derivative, we also have

k	R0kL2.0;T IH1/ C k	
1
R0
kL2.0;T IH1/ . ƒ.T;R/:

For the estimate in L2.0; T IL2/ of the last term 	0
R1

, we end up with the conclusion
thanks to the inequality (4.1) in Lemma 4.3, combined with the same arguments as
before.

Note that the previous lemma does not give any control on krx	0
R1
kL2.0;T IL2/ C

krx	1
R1
kL2.0;T IL2/. The treatment of these terms requires additional arguments that

we will develop in the next sections. For now, we merely state the result and postpone
the proof to the end of Section 4.4.

Lemma 4.10. We have

	0R1kL2.0;T IH1/ C k	
1
R1
kL2.0;T IH1/ � ƒ.T;R/:

4.3 Leading terms and conclusion

In this section, we focus on the following two terms:

L0.t; x/ WD �

Z t

0

ed.t�s/
Z

Rd
Nt Is.Z0It .x; v//L.s;ZsIt .x; v// dv ds

and

L1.t; x/ WD �

Z t

0

ed.t�s/
Z

Rd
v ˝ Nt Is.Z0It .x; v//L.s;ZsIt .x; v// dv ds:

The goal is to prove that L0 and L1 can be decomposed as a sum of a leading term
and a remainder in L2TH1. This will imply the result stated in Proposition 4.1. Since
the treatment of L1 is similar, we focus on L0.

First, we have the following decomposition, which introduces several remainder
terms that we shall estimate later on. Recall the definition of the straightening diffeo-
morphism  s;t .x; v/ from Lemma 2.26.

Lemma 4.11. For jI j � m, we have

ŒL0�.I;0/.t; x/ D �

Z t

0

Z
Rd
@IxE

u;%
reg;".s; x � .t � s/v/ � rvf .t; x; v/ dv ds

C RDiff
I .t; x/C RDuha

I;1 .t; x/C RDuha
I;2 .t; x/;
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with

RDiff
I .t; x/ WD

Z t

0

Z
Rd

�
@IxE

u;%
reg;".s; x � .t � s/v/ � @

I
xE

u;%
reg;".s; x C .1 � e

t�s/v/
�

� rvf .t; x; v/ dv ds;

RDuha
I;1 .t; x/ WD �

X
K

Z t

0

Z
Rd
@Kx E

u;%
reg;".s; x C .1 � e

t�s/v/ � HK;I .s; t; x; v/ dv ds;

RDuha
I;2 .t; x/ WD �

X
K

Z t

0

Z
Rd
@Kx E

u;%
reg;".s; x C .1 � e

t�sv// �HK;I .t; s; x; v/ dv ds;

where HK;I and HK;I are vector fields defined by

HK;I .t; s; x; v/ WD Nt Is.Z0It .x;  s;t .x; v///.I;0/;.K;0/Js;t .x; v/rvf .t; x;  s;t .x; v//

� rvf .t; x; v/;
(4.9)

and

HK;I .t; s; x; v/ WD

Z t

s

ed.t��/Nt Is
�
Z0It .x;  s;t .x; v//

�
.I;0/;.K;0/

�
�
rxf .�;Z� It .x;  s;t .x; v/// � rvf .�;Z� It .x;  s;t .x; v///

�
� Js;t .x; v/ d�;

(4.10)

with
Js;t .x; w/ D jdet.Dw s;t .x; w//j:

Proof. Let T 2 .0;min.T".R/; xT .R///. We have, for jI j � m,

ŒL0�.I;0/.t; x/

D �

X
.K;L/

Z t

0

ed.t�s/
Z

Rd
Nt Is.Z0It .x; v//.I;0/;.K;L/@Kx @

L
vE

u;%
reg;".s;X

sIt .x; v//

� rvf .s;ZsIt .x; v// dv ds

D �

X
K

Z t

0

ed.t�s/
Z

Rd
Nt Is.Z0It .x; v//.I;0/;.K;0/@Kx E

u;%
reg;".s;X

sIt .x; v//

� rvf .s;ZsIt .x; v// dv ds; (4.11)

since Eu;%reg;" does not depend on the v variable. By Lemma 2.9, we know that
T u;%

reg;".rvf / D rvf � rxf:

Invoking the Duhamel formula, we get

rvf .t; x; v/ D e
d.t�s/

rvf .s;ZsIt .x; v//

C

Z t

s

ed.t��/
�
rvf .�;Z� It .x; v// � rxf .�;Z� It .x; v//

�
d�;
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and therefore

ed.t�s/rvf .s;ZsIt .x; v//

D rvf .t; x; v/C

Z t

s

ed.t��/
�
rxf .�;Z� It .x; v// � rvf .�;Z� It .x; v//

�
d�:

Inserting this expression in (4.11) yields

ŒL0�.I;0/.t; x/ D L1I .t; x/C L2I .t; x/;

where

L1I .t; x/ WD �
X
K

Z t

0

Z
Rd

Nt Is.Z0It .x; v//.I;0/;.K;0/@Kx E
u;%
reg;".s;X

sIt .x; v//

� rvf .t; x; v/ dv ds;

L2I .t; x/ WD �
X
K

Z t

0

Z
Rd

Z t

s

ed.t��/Nt Is.Z0It .x; v//.I;0/;.K;0/@Kx E
u;%
reg;".s;X

sIt .x; v//

�
�
rxf .�;Z� It .x; v// � rvf .�;Z� It .x; v//

�
d� dv ds:

Let us transform these two expressions in order to make the terms R1I .t; x/, R
2
I .t; x/

and R3I .t; x/ appear.

First term. We first focus on L1I , which will produce the leading term in the result.
Using the change of variable v D  s;t .x; w/ coming from Lemma 2.26, we have
(since t � xT .R/)

L1I .t; x/ D �
X
K

Z t

0

Z
Rd

Nt Is.Z0It .x;  s;t .x; v///.I;0/;.K;0/

� @Kx E
u;%
reg;".s; x C .1 � e

t�s/v/ � rvf .t; x;  s;t .x; v//Js;t .x; v/ dv ds;

where Js;t .x; w/ D jdet.Dw s;t .x; w//j. We obtain

L1I .t; x/ D �
X
K

Z t

0

Z
Rd
@Kx E

u;%
reg;".s; x C .1 � e

t�s/v/ � rvf .t; x;  t;t .x; v//

� Nt It .Z0It .x;  t;t .x; v///.I;0/;.K;0/Jt;t .x; v/ dv ds

�

X
K

Z t

0

Z
Rd
@Kx E

u;%
reg;".s; x C .1 � e

t�s/v/ � HK;I .t; s; x; v/ dv ds;

with

HK;I .t; s; x; v/ WD Nt Is.Z0It .x;  s;t .x; v///.I;0/;.K;0/Js;t .x; v/rvf .t; x;  s;t .x; v//

� Nt It .Z0It .x;  t;t .x; v///.I;0/;.K;0/Jt;t .x; v/rvf .t; x; v/:
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Now observe that, since Nt It D Id and  t;t D Id, we have

rvf .t; x;  t;t .x; v//Nt It .Z0It .x;  t;t .x; v///.I;0/;.K;0/Jt;t .x; v/

D 1IDKrvf .t; x; v/I

therefore,

L1I .t; x/ D �

Z t

0

Z
Rd
@IxE

u;%
reg;".s; x C .1 � e

t�s/v/ � rvf .t; x; v/ dv ds

�

X
K

Z t

0

Z
Rd
@Kx E

u;%
reg;".s; x C .1 � e

t�s/v/ � HK;I .s; t; x; v/ dv ds

D �

Z t

0

Z
Rd
@IxE

u;%
reg;".s; x � .t � s/v/ � rvf .t; x; v/ dv ds

C RDiff
I .t; x/C RDuha

I;1 .t; x/:

Second term. To deal with the term L2I , we apply again the change of variable v D
 s;t .x; w/ from Lemma 2.26 and get (since T � xT .R/)

L2I .t; x/ D �
X
K

Z t

0

Z
Rd
@Kx E

u;%
reg;".s; x C .1 � e

t�sv// �HK;I .t; s; x; v/ dv ds;

where

HK;I .t; s; x; v/

WD

Z t

s

ed.t��/Nt Is
�
Z0It .x;  s;t .x; v//

�
.I;0/;.K;0/

�
�
rxf .�;Z� It .x;  s;t .x; v///�rvf .�;Z� It .x;  s;t .x; v///

�
Js;t .x; v/ d�;

which means that L2I .t; x/ D RDuha
I;2 .t; x/. Combining the previous decompositions

finally yields the conclusion.

We now have the following lemma, which is the continuation of Lemma 4.11,
in which we express ŒL0�.I;0/ as a sum of a leading term and a remainder that is
controlled in L2TH1. The proof, which is rather lengthy and technical, is based on the
smoothing estimates of Chapter 3; we postpone it to Section 4.4.

Lemma 4.12. We have, for all jI j D m,

ŒL0�.I;0/.t; x/

D p0.%.t; x//

Z t

0

Z
Rd
rxŒJ"@Ix%�.s; x�.t�s/v/ � rvf .t; x; v/ dv dsCRI .t; x/;

with
kRIkL2.0;T;H1/ � ƒ.T;R/:
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We can finally proceed with the proof of Proposition 4.1.

Proof of Proposition 4.1. We only treat the case of @Ix�f , that of @Ixjf being similar.
First invoking Lemma 4.8, we have

@Ix�f D Œ	
0
in�.I;0/ C Œ	

0
R0
�.I;0/ C Œ	

0
R1
�.I;0/ C ŒL

0�.I;0/:

Thanks to Lemmas 4.9, 4.10 and 4.12, we infer that

@Ix�f .t; x/ D p
0.%.t; x//

Z t

0

Z
Rd
rxŒJ"@Ix%�.s; x � .t � s/v/ � rvf .t; x; v/ dv ds

C Œ	00 �.I;0/.t; x/C Œ	
0
R0
�.I;0/.t; x/C Œ	

0
R1
�.I;0/.t; x/C RI .t; x/;

where the previous remainders are estimated as

k	0inkL2.0;T IH1/k � ƒ.T;R/kf
in
k

H
mC1
r

;

k	0R0kL2.0;T IH1/ C k	
0
R1
kL2.0;T IH1/ � ƒ.T;R/;

kRIkL2.0;T;H1/ � ƒ.T;R/:

This concludes the proof.

4.4 Estimates of last remainders

In this section, we mainly aim at giving a proof for Lemma 4.12 and Lemma 4.10, that
we have previously stated. We shall rely on the crucial smoothing estimates derived
in Chapter 3 to treat the different remainders. Broadly speaking, there are three types
of terms requiring a gain of regularity:

Type I. Terms that will be treated thanks to the continuity estimate of Proposition 3.1,
as in [90], and of Proposition 3.4. Such terms will be useful to treat rx	0

R1
and

rx	1
R1

in the proof of Lemma 4.10.

Type II. Terms involving a kernel vanishing on the diagonal in time. They will be
treated by the regularization estimate of Proposition 3.5. Such terms will appear in
the proof of Lemma 4.12, as well as for the remainders RDiff

I ;RDuha
I;1 and RDuha

I;2 .

Type III. Terms involving the difference between the integral operators Kfree and
Kfric (see Chapter 3). They will be handled thanks to the regularization estimate of
Proposition 3.7. They will also appear in the treatment of the different remainders.

Let us mention that the previous gains require to control a fixed number of deriva-
tives of the kernels that are involved (see again Chapter 3).

Recall also the expression

Eu;%reg;".t; x/ D u.t; x/ � p
0.%/rxŒJ"%�.t; x/;
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as well as Notation 2.8 for shifted indices. In order to check that the assumptions
of the smoothing estimates of Chapter 3 are satisfied, it is convenient to have the
following result.

Lemma 4.13. For any K 2 Nd such that jKj > 0, we have

@Kx E
u;%
reg;" D �p

0.%/rxŒ@
K
x J"%�C @Kx u

�

b
jKj�1
2 cX
`D0

X
iD1;:::;d
ˇ2BK.i;`/

�
K
y̌i

�
rx

�
@
xKi�ˇ
x J"%

�
rx

�
@ˇxp

0.%/
�
� ei

�

jKj�1X
`Db jKj�12 cC1

X
iD1;:::;d
ˇ2BK.i;`/

�
K
y̌i

�
rx

�
@ˇxp

0.%/
�
� eirx

�
@
xKi�ˇ
x J"%

�
;

where

BK.i; `/ WD
®
ˇ 2 Nd

j jˇj D `; 0 < y̌i � K
¯
; i D 1; : : : ; d; ` D 0; : : : ; jKj � 1:

Proof. The proof follows directly from the Leibniz formula, which provides

@Kx E
u;%
reg;" D �p

0.%/rx@
K
x %C @

K
x u

�

jKj�1X
`D0

X
iD1;:::;d
ˇ2BK.i;`/

�
K
y̌i

�
rx

�
@ˇxp

0.%/
�
� eirx

�
@
xKi�ˇ
x J"%

�
;

and yields the desired result.

In the next lemma, we show how to obtain the leading term of Lemma 4.12 (up
to some good remainder) from the integral term of Lemma 4.11.

Lemma 4.14. We have

�

Z t

0

Z
Rd
@IxE

u;%
reg;".s; x � .t � s/v/ � rvf .t; x; v/ dv ds

D p0.%.t; x//

Z t

0

Z
Rd
rxŒJ"@Ix%�.s; x� .t � s/v/ � rvf .t; x; v/ dv dsC zRI .t; x/;

where the remainder zRI satisfies

zRI

L2.0;T IH1/ � ƒ.T;R/:

Proof. Let us introduce the following vector fields:

G1.s; t; x; v/ D Œp
0.%.s; x � .t � s/v// � p0.%.t; x//�rvf .t; x; v/;
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and

G
ˇ
3;i .s; t; x; v/ WD

�
rx

�
@ˇxp

0.%/
�
.s; x � .t � s/v/ � ei

�
rvf .t; x; v/;

G
K;ˇ
4;i .s; t; x; v/ WD

�
rx

�
@
xKi�ˇ
x J"%

�
.s; x � .t � s/v/ � rvf .t; x; v/

�
ei

for

ˇ 2 BK.i; `/D
®
ˇ 2 Nd

j jˇj D `; 0 < y̌i � K
¯
; i D 1; : : : ; d; `D 0; : : : ; jKj � 1:

Thanks to Lemma 4.13, we can write

�

Z t

0

Z
Rd
@IxE

u;%
reg;".s; x � .t � s/v/ � rvf .t; x; v/ dv ds

D p0.%.t; x//

Z t

0

Z
Rd
rxŒJ"@Ix%�.s; x � .t � s/v/ � rvf .t; x; v/ dv ds

C S1.t; x/C S2.t; x/C S3.t; x/C S4.t; x/;

where

S1.t; x/ WD Kfree
G1
Œ@IxJ"%�;

S2.t; x/ WD �
Z t

0

Z
Rd
@Ixu.s; x � .t � s/v/ � rvf .t; x; v/ dv ds;

S3.t; x/ WD
b
jI j�1
2 cX
`D0

X
iD1;:::;d
ˇ2BI .i;`/

�
I
y̌i

�
Kfree
G
ˇ

3;i

�
@
xI i�ˇ
x J"%

�
;

S4.t; x/ WD
jI j�1X

`Db jI j�12 cC1

X
iD1;:::;d
ˇ2BI .i;`/

�
I
y̌i

�
Kfree

G
xIi ;ˇ

4;i

�
@ˇxp

0.%/
�
:

The treatment of the term S2 will follow from a straightforward estimate. The terms
S3 and S4 are terms of Type I and we will use the continuity estimates provided by
Proposition 3.1. The term S1, which already contains I derivatives of %, is a term of
Type II (since G1.t; t; x; v/ D 0) and we will rely on the regularization estimate of
Proposition 3.5.

Estimate of S1. Since G1.t; t; x; v/ D 0, we apply Proposition 3.5 to get

kS1kL2.0;T IH1/ . .1C T / sup
0�s;t�T

k@sG1.s; t/kH`
�
k@Ix%kL2.0;T IL2/

. .1C T / sup
0�s;t�T

k@sG1.s; t/kH`
�
k%kL2.0;T IHm/

for ` > 7C d and � > d=2. A direct computation gives

@sG1.s; t; x; v/ D p
00.%/Œ@s%C v � rx%�.s; x � .t � s/v/rvf .t; x; v/:
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We thus have, for all 0 � s; t � T ,

k@sG1.s; t; x; v/k
2

H`
�

. CT
X

j�jCj�j�`

�C�X

D0

�
k@
x.p

00.%/@s%.s//k
2
L1 C k@



x.p
00.%/rx%.s//k

2
L1
�

�

Z
Td�Rd

hvi2�C2j@�C��
x;v rvf .t; x; v/j
2 dx dv

. CT
�
kp00.%/@s%.s/k

2
Hk C kp

00.%/rx%.s/k
2
Hk
�
kf .t/k2

Hm�1
�C1

. CT kp
00.%.s//k2Hk

�
k@s%.s/k

2
Hk C krx%.s/k

2
Hk
�
kf .t/k2

Hm�1
�C1

for k > d
2
C ` > d

2
C 1C d and m � 1 > ` > 1C d . Using the equation satisfied

by %, we get
kp00.%.s//kHk � ƒ.k%.s/kHk /k%.s/kHk

and

k@s%.s/kHk C krx%.s/kHk

. kukHkkrx%kHk C





 %

1 � �f






Hk



divx
�
jf � �f uC u

�


Hk C k%kHkC1 ;

thanks to the algebra property of Hk . Taking k C 1 < m � 3 and using the bootstrap
assumption combined with (the proof of) Lemma 2.20, we obtain

sup
0�s;t�T

k@sG1.s; t/kH`
�

. ƒ.T;R/:

Estimate of S2. Using the generalized Minkowski inequality followed by the Cauchy–
Schwarz inequality, we have, for r > d=2,

kS2kL2.0;T IL2/

�





Z t

0

�Z
Td�Rd

.1C jvj2/r
ˇ̌
@Ixu.s; x � .t � s/v/

ˇ̌2
� jrvf .t; x; v/j

2 dx dv
�1=2

ds






L2.0;T /

�





Z t

0

�Z
Td�Rd

.1C jvj2/r
ˇ̌
@Ixu.s; y/

ˇ̌2
� jrvf .t; y C .t � s/v; v/j

2 dy dv
�1=2

ds






L2.0;T /

� sup
t2Œ0;T �

�Z
Rd
.1C jvj2/rkrvf .t; �; v/k

2
L1 dv

�1=2



Z t

0



@Ixu.s/

L2ds






L2.0;T /

. kf kL1.0;T IHm�1
r /kukL2.0;T IHm/;
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by Sobolev embedding in the last line, since m � 1 > 1C d=2. This yields

kS2kL2.0;T IL2/ . ƒ.T;R/:

Likewise, since m � 1 > 2C d=2, we have

krxS2kL2.0;T IL2/ . kf kL1.0;T IHm�1
r /kukL2.0;T IHm/

C kf kL1.0;T IHm�1
r /kukL2.0;T IHmC1/

� ƒ.T;R/;

which gives the conclusion.

Estimate of S3 and S4. For all 0 � jˇj �
�
jI j�1
2

˘
and i D 1; : : : ; d , we use Proposi-

tion 3.1 (after taking one derivative in space) to get


Kfree
G
ˇ

3;i

�
@
xI i�ˇ
x J"%

�



L2.0;T IH1/

. sup
0�s;t�T



Gˇ3;i .t; s/

H
`C1
�



@xI i�ˇx %




L2.0;T IH1/

for ` > 1C d and � > d=2; therefore


Kfree
G
ˇ

3;i

�
@
xI i�ˇ
x J"%

�



L2.0;T IH1/

. sup
0�s;t�T



Gˇ3;i .t; s/

H
`C1
�
k%kL2.0;T IHm/ :

We have, for all 0 � s; t � T ,

Gˇ3;i .t; s/

2H`C1
�

� CT
X

j�jCj�j�`C1

�C�X

D0



@
xrx.@ˇxp0.%//.s/

2L1
�

Z
Td�Rd

hvi2�
ˇ̌
@�C��
x;v rvf .t; x; v/

ˇ̌2 dx dv

. CT kp
0.%/k2L1.0;T IHk/kf .t/k

2

Hm�1
�

;

provided that m � 1 � `C 2 and k > d
2
C j
 j C 1C jˇj. Since ` > 1C d and d

2
C

j
 j C 1C jˇj � d
2
C `C 2C m�1

2
, a condition such as 3d C 9 < m ensures that

Gˇ3;i .t; s/

H

`C1
�

. CT kp
0.%/kL1.0;T IHm�2/kf kL1.0;T IHm�1

� / � ƒ.T;R/;

thanks to (2.1) from Lemma 2.7, Sobolev embedding and Lemma 2.20. We thus
obtain 


Kfree

G
ˇ

3;i

�
@
xI i�ˇ
x J"%

�



L2.0;T IH1/

� ƒ.T;R/:

We proceed in the same way for S4: for all
�
jI j�1
2

˘
C 1 � jˇj � jI j � 1 and all

i D 1; : : : ; d , we take one derivative in space and apply Proposition 3.1 to write, for
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` > 1C d and � > d=2,


Kfree

G
xIi ;ˇ

4;i

�
@ˇxp

0.%/
�




L2.0;T IH1/
� sup
0�s;t�T



G xI i ;ˇ4;i .t; s/




H
`C1
�
kp0.%/kL2.0;T IHm/:

The kernel G
xI i ;ˇ
4;i is estimated as before: using the Leibniz rule, we have, for all

0 � s; t � T , 

G xI i ;ˇ4;i .t; s/


2

H
`C1
�

. CT k%k
2
L1.0;T IHk/kf .t/k

2

Hm�1
�

;

provided thatm� 1 > 2C ` and k > d
2
C j
 j C 1C jxI i j � jˇj. Since ` > 1C d and

d

2
C j
 j C 1C jxI i j � jˇj �

d C 2`CmC 1

2
;

a condition such as 3d C 9 < m ensures that

G xI i ;ˇ4;i .t; s/




H
`C1
�

. CT k%kL1.0;T IHm�2/kf kL1.0;T IHm�1
� /:

Therefore, by Sobolev embedding, the bound (2.1) in Lemma 2.7 and Lemma 2.20,
we obtain 


Kfree

G
xIi ;ˇ

4;i

�
@ˇxp

0.%/
�




L2.0;T IH1/
� ƒ.T;R/:

The remaining task is to show that the remainder terms RDiff
I ;RDuha

I;1 and RDuha
I;2

introduced in Lemma 4.11 are well controlled in L2.0; T IH1/. For the first one, we
have the following lemma.

Lemma 4.15. We have 

RDiff
I




L2.0;T IH1/ � ƒ.T;R/:

Proof. In view of Lemma 4.13, let us write, for 0� j�j �
�
jKj�1
2

˘
and

�
jKj�1
2

˘
C 1�

j�j � jKj � 1,�
rx

�
@
xKi��
x J"%

�
rxŒ@

�
xp
0.%/��eiCrxŒ@

�
xp
0.%/��eirx

�
@
xKi��
x J"%

��
.s; x�.t�s/v/

� rvf .t; x; v/

�

�
rx

�
@
xKi��
x J"%

�
rxŒ@

�
xp
0.%/��eiCrxŒ@

�
xp
0.%/��eirx

�
@
xKi��
x J"%

��
.s;xC.1�et�s/v/

� rvf .t; x; v/

D

�
rx

�
@
xKi��
x J"%

�
.s; x � .t � s/v/ � rx

�
@
xKi��
x J"%

�
.s; x C .1 � et�s/v/

�
�G8;�;i .s; t; x; v/

Crx

�
@
xKi��
x J"%

�
.s; x C .1 � et�s/v/ �G9;�;i .s; t; x; v/
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CrxŒ@
�
xp
0.%/�.s; x � .t � s/v/ �GK10;�;i .s; t; x; v/

C

�
rxŒ@

�
xp
0.%/�.s; x � .t � s/v/ � rxŒ@

�
xp
0.%/�.s; x C .1 � et�s/v/

�
�GK11;�;i .s; t; x; v/;

where

G8;�;i .s; t; x; v/ WD rxŒ@
�
xp
0.%/�.s; x � .t � s/v/ � eirvf .t; x; v/;

G9;�;i .s; t; x; v/

WD
�
rxŒ@

�
xp
0.%/� � ei � rxŒ@

�
xp
0.%/�.s; x C .1 � et�s/v/ � ei

�
rvf .t; x; v/;

GK10;�;i .s; t; x; v/

WD
�
rx

�
@
xKi��
x J"%

�
.s; x � .t � s/v/ � rx

�
@
xKi��
x J"%

�
.s; x C .1 � et�s/v/

�
� rvf .t; x; v/ei ;

GK11;�;i .s; t; x; v/ WD rx
�
@
xKi��
x J"%

�
.s; x C .1 � et�s/v/ � rxf .t; x; v/ei :

By Lemma 4.13, we can thus rewrite

RDiff
I D S5 C S6 C S7 C S8 C S9 C S10 C S11;

where

S5.t; x/ WD �
Z t

0

Z
Rd

�
@Ixu.s; x C .1 � e

t�s/v/ � @Ixu.s; x � .t � s/v/
�

� rvf .t; x; v/ dv ds;

and

S6 WD Kfree
G6

�
@IxJ"%

�
� Kfric

G6

�
@IxJ"%

�
;with

G6.t; s; x; v/ WD p
0.%.s; x � .t � s/v//rvf .t; x; v/;

S7 WD Kfric
G7

�
@IxJ"%

�
;with

G7.t; s; x; v/ WD
�
.p0.%/.s; x � .t � s/v/�p0.%/.s; x C .1 � et�s/v//rvf .t; x; v/

�
;

S8 WD
b
jI j�1
2 cX
`D0

X
iD1;:::;d
ˇ2BI .i;`/

�
I
y̌i

��
Kfree
G8;ˇ;i

�
@
xI i�ˇ
x J"%

�
� Kfric

G8;ˇ;i

�
@
xI i�ˇ
x J"%

��
;

S9 WD
b
jI j�1
2 cX
`D0

X
iD1;:::;d
ˇ2BI .i;`/

�
I
y̌i

�
Kfric
G9;ˇ;i

�
@
xI i�ˇ
x J"%

�
;

S10 WD
jI j�1X

`Db jI j�12 cC1

X
iD1;:::;d
ˇ2BI .i;`/

�
I
y̌i

�
Kfree
GI
10;ˇ;i

�
@ˇxp

0.%/
�
;
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S11 WD
jI j�1X

`Db jI j�12 cC1

X
iD1;:::;d
ˇ2BI .i;`/

�
I
y̌i

��
Kfree
GI
11;ˇ;i

�
@ˇxp

0.%/
�
� Kfric

GI
11;ˇ;i

�
@ˇxp

0.%/
��
:

Let us explain how to estimate each of these terms. The term S5 will be estimated by
a direct proof. All the other terms actually require the smoothing estimates coming
either from Proposition 3.5 or Proposition 3.7:

• for S6; S8 and S11, the difference of the operators Kfree and Kfric appears; these
terms are therefore of Type III, and we will apply Proposition 3.7;

• since the kernelsG7,G9 andG10 vanish on the diagonal ¹s D tº, the terms S7;S9
and S10 are of Type II, and we will appeal to Proposition 3.5.

Let us now turn to the estimates.

Estimate of S5. The argument is the same as for S2 above. We obtain

kS5kL2.0;T IL2/ . ƒ.T;R/:

Estimate of S6; S8 and S11. By Proposition 3.7, we have, for all ` > 8 C d and
� > 1C d=2,

kS6kL2.0;T IH1.Td // . sup
0�s;t�T

kG6.t; s/kH`
�
k@Ix%kL2.0;T IL2.Td // � ƒ.T;R/;

thanks to the bound (2.1) in Lemma 2.7, Lemma 2.20 and provided that we can take
m � 2 � d

2
C 8C d .

Likewise, for S8, we use Proposition 3.7 to get

kS8kL2.0;T IH1/ . sup
0�s;t�T

0�jˇ j�b jI j�12 c

iD1;:::;d

kG8;ˇ;i .s; t/kH`
�
k%kL2.0;T IHm�1/

for all ` > 8C d and � > 1C d=2. As in the treatment of S3 above, we deduce that

kS8kL2.0;T IH1/ . CT kp
0.%/kL1.0;T IHm�2/kf kL1.0;T IHm�1

� /k%kL2.0;T IHm�1/

� ƒ.T;R/;

sincem> 3d C 21. We argue in the same way for S11 (see the treatment of S4 above)
and obtain

kS11kL2.0;T IH1/ � ƒ.T;R/:

Estimate of S7;S9 and S10. We proceed exactly as in the estimate of S1 above, since
G7.t; t; x; v/ D 0. Here, we have

@sG7.s; t; x; v/ D
�
p00.%/Œ@s%C v � rx%�.s; x � .t � s/v/

� p00.%/Œ@s%C e
t�sv � rx%�.s; x C .1 � e

t�s/v/
�
rvf .t; x; v/:
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Using the triangle inequality with Proposition 3.5, we end up with

kS7kL2.0;T IH1/ � ƒ.T;R/:

For S9, using G9;ˇ;i .t; t; x; v/ D 0 for 0 � jˇj �
�
jI j�1
2

˘
, we also have, by Proposi-

tion 3.5, 


Kfric
G9;ˇ;i

�
@
xI i�ˇ
x J"%

�



L2.0;T IH1/

. .1C T / sup
0�s;t�T

k@sG9;ˇ;i .s; t/kH`
�
k%kL2.0;T IHm�1/

for all ` > 7C d and � > d=2. We then proceed, as in the estimate of S1, to deal with
the time derivative, combined with what we have done for the estimate of S3 (since
m > 3d C 19, for instance) and get

kS9kL2.0;T IH1/ � ƒ.T;R/kf kL1.0;T IHm�1
� /k%kL2.0;T IHm�1/ � ƒ.T;R/:

Finally, we apply the same exact arguments as before for S10 (see the estimate of S4
above, for instance) to get

kS10kL2.0;T IH1/ � ƒ.T;R/k%kL2.0;T IHm�1/ � ƒ.T;R/:

The second term RDuha
I;1 from Lemma 4.11 is estimated thanks to the following

lemma.

Lemma 4.16. We have 

RDuha
I;1




L2.0;T IH1/

� ƒ.T;R/:

Proof. Let us introduce the following vector fields:

G
K;I
14;i;ˇ

.s; t; x; v/ WD
�
rx

�
@ˇxp

0.%/
�
.s; x C .1 � et�sv// � ei

�
HK;I .s; t; x; v/;

G
K;I
15;i;ˇ

.s; t; x; v/ WD
�
rx

�
@
xKi�ˇ
x J"%

�
.s; x C .1 � et�sv// � HK;I .s; t; x; v/

�
ei

for

ˇ 2 BK.i; `/D
®
ˇ 2Nd

j jˇj D `; 0 < y̌i �K
¯
; i D 1; : : : ; d; `D 0; : : : ; jKj � 1;

where we recall the expression of the kernel H defined in (4.9) by

HK;I .t; s; x; v/

WD Nt Is
�
Z0It .x;  s;t .x; v//

�
.I;0/;.K;0/

Js;t .x; v/rvf .t; x;  s;t .x; v//�rvf .t; x; v/:

By Lemma 4.13, we now decompose RDuha
I;1 as

RDuha
I;1 D S12 C S13 C S14 C S15;
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where

S12.t; x/ WD �
X
K

Z t

0

Z
Rd
@Kx u.s; x C .1 � e

t�s/v/ � HK;I .t; s; x; v/ dv ds;

and
S13 WD

X
K

Kfric
G13

�
@Kx J"%

�
;with

G13.t; s; x; v/ WD p
0.%/.s; x C .1 � et�s/v/HK;I .t; s; x; v/;

S14 WD
X
K

b
jKj�1
2 cX
`D0

X
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ˇ2BK.i;`/
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I
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�
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G
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�
@
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;
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K
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�
I
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�
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�
@ˇxp

0.%/
�
:

Let us estimate each of these terms. Note that HK;I .t; t; x; v/ D 0, so the kernels
appearing in S13;S14 and S15 vanish in the diagonal in time: these terms are therefore
of Type II and we will rely on the regularization property from Proposition 3.5 to
handle them.

Estimate of S12. We proceed as in the estimate for S2 above and first get, for k >
1C d

2
,

kJ8kL2.0;T IH1/ .
X
K



HK;I




L1.0;T IHk
r /
kukL2.0;T IHmC1/:

Now observe that for s; t we have

HK;I .s; t/
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r

.
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NsIt .Z0It .�;  s;t //rvf .t; �;  s;t /
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��
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H0
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H
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X
j
 j�k



@
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H0
r
C kf .t/k

H
kC1
r

;

thanks to the estimate (2.9) of Lemma 2.26, Remark 2.27 and Lemma 4.7, and since
m > 4C d . To handle the last sum, we writeZ

Td�Rd

ˇ̌
@
x;vrvf .t; x;  s;t .x; v//

ˇ̌2
.1C jvj2/r dx dv

�

Z
Td�Rd

ˇ̌
@
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�
�
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2
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2
�r dx dv;
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and apply the change of variable v 7! w D  s;t .x; v/ from Lemma 2.26, combined
with the bounds (2.8) and (2.7) to get (choosing k such that k C 1 � m � 1)

HK;I .s; t/




Hk
r
� ƒ.T;R/:

Taking a supremum in time we obtain

kS12kL2.0;T IH1/ � ƒ.T;R/;

which yields the result.

Estimate of S13;S14 and S15. Since HK;I .t; t; x; v/D 0, we first observe the cancel-
lation G13.t; t; x; v/ D 0. By Proposition 3.5, we therefore have, for ` > 7C d and
� > d=2,

kS13kL2.0;T IH1/

. .1C T /
X
K

sup
0�s;t�T



@s�p0.%.s; x C .1 � et�s/v//HK;I .s; t/�

H`
�

�


@Kx %

L2.0;T IL2/

. CT
X
K

sup
0�s;t�T



p00.%/@s%.s; x C .1 � et�s/v/HK;I .s; t/

H`
�

�


@Kx %

L2.0;T IL2/

C CT
X
K

sup
0�s;t�T



p00.%/rx%.s; x C .1 � et�s/v/HK;I .s; t/

H`
�C1

�


@Kx %

L2.0;T IL2/

C CT
X
K

sup
0�s;t�T



p0.%.s; x C .1 � et�s/v//@sHK;I .s; t/

H`
�

�


@Kx %

L2.0;T IL2/:

The first two terms can be handled by arguments similar to those used for S1 and S12,
a fixed number of derivatives being involved. For the last one, we proceed as for the
other terms, combined with the arguments used for S12, and write, for all t; s,

kp0.%.s; x C .1 � et�s/v//@sHK;I .s; t/kH`
�

� CT kp
0.%/kL1.0;T IHm�2/k@sH

K;I .s; t/kH`
�

� ƒ.T;R/
�
kJ s;tkW`;1x;v

krvf .t/kH`
�

C k@sJ
s;t
kW`;1x;v

krvf .t; �;  s;t /kH`
�
C krvf .t/kH`C1

�

�
� ƒ.T;R/;

since m > 3d=2C 11. This yields

kS13kL2.0;T IH1/ � ƒ.T;R/:
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Next, for S14, we use the fact that GK;I
14;i;ˇ

.t; t; x; v/ D 0 for 0 � jˇj �
�
jKj�1
2

˘
and

i D 1; : : : ; d so that by Proposition 3.5, we have


K
G
K;I
14;i;ˇ

�
@
xKi�ˇ
x J"%

�



L2.0;T IH1/

. .1C T / sup
0�t;s�T



@sGK;I14;i;ˇ
.s; t/




H`
�
k%kL2.0;T IHm/

for ` > 7C d and � > d=2. Next, we have, for all t; s,

@sGK;I14;i;ˇ
.s; t/




H`
�

.


@s�rx�@ˇxp0.%/�.s; x C .1 � et�s/v/�HK;I .s; t/

H`

�

C


rx�@ˇxp0.%/�.s; x C .1 � et�s/v/@sHK;I .s; t/

H`

�
:

The first term can be handled by arguments similar to those used for S9 and S12. The
second can be addressed by the same procedure where one relies on the arguments
for handling S13. Likewise, we obtain

kS14kL2.0;T IH1/ � ƒ.T;R/:

We finally estimate the third term RDuha
I;2 from Lemma 4.11.

Lemma 4.17. We have 

RDuha
I;2




L2.0;T IH1/

� ƒ.T;R/:

Proof. We proceed as before by introducing the vector fields

G
K;I
18;i;ˇ

.t; s; x; v/ WD
�
rx

�
@ˇxp

0.%/
�
.s; x C .1 � et�sv// � ei

�
HK;I .s; t; x; v/;

G
K;I
19;i;ˇ

.t; s; x; v/ WD
�
rx

�
@
xKi�ˇ
x J"%

�
.s; x C .1 � et�sv// �HK;I .s; t; x; v/

�
ei ;

where

ˇ 2 BK.i; `/D
®
ˇ 2Nd

j jˇj D `; 0 < y̌i �K
¯
; i D 1; : : : ; d; `D 0; : : : ; jKj � 1:

Let us also recall the expression of the kernel H defined in (4.10) by

HK;I .t; s; x; v/

WD

Z t

s

ed.t��/Nt Is.Z0It .x;  s;t .x; v///.I;0/;.K;0/

�

�
rxf

�
�;Z� It .x;  s;t .x; v//

�
� rvf

�
�;Z� It .x;  s;t .x; v//

��
Js;t .x; v/ d�:

Thanks to Lemma 4.13, we can write

RDuha
I;2 D S16 C S17 C S18 C S19;
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where

S16.t; x/ WD �
X
K

Z t

0

Z
Rd
@Kx u.s; x C .1 � e

t�sv// �HK;I .t; s; x; v/ dv ds;

and

S17 WD Kfric
G17

�
@Kx J"%

�
;with

G17.t; s; x; v/ WD p
0.%.s; x C .1 � et�s/v//HK;I .t; s; x; v/;

S18 WD
X
K

b
jKj�1
2 cX
`D0

X
iD1;:::;d
ˇ2BK.i;`/

�
I
y̌i

�
K
G
K;I
18;i;ˇ

�
@
xKi�ˇ
x J"%

�
;

S19 WD
X
K

jKj�1X
`Db jKj�12 cC1

X
iD1;:::;d
ˇ2BK.i;`/

�
I
y̌i

�
K
G
K;I
19;i;ˇ

�
@ˇxp

0.%/
�
:

Let us estimate these terms, as we have done previously. Let us observe the cancella-
tion HK;I .t; t; x; v/ D 0; therefore, the terms S17; S18 and S19 are of Type II and we
can rely on Proposition 3.5.

Estimate of S16. We mainly proceed as for S12, the kernel being changed from H
to H. Hence, we only have to give an estimate for kHK;I .s; t/kHk

r
(for k and r large

enough). As in the estimate of S12, we use Wk;1
x;v bounds on  s;t ;ZsIt and NsIt from

Lemma 2.26, Remark 2.27 and Lemma 4.7 to write



HK;I .s; t/


2

Hk
r

. ƒ.T;R/kJ s;tk2
Wk;1x;v

�
1C kNsItk2

Wk;1x;v

�
�





Z t

s

�
rxf .�;Z� It .�;  s;t // � rvf .�;Z� It .�;  s;t //

�
d�




2

Hk
r

. ƒ.T;R/
X
j
 j�k

Z
Td�Rd

hvi2r
ˇ̌̌̌Z t

s

�
@
x;v.rxf /.�;Z

� It .�;  s;t //

� @
x;v.rvf /.�;Z
� It .�;  s;t //

�
d�
ˇ̌̌̌2

dx dv:

By the generalized Minkowski inequality, and performing the change of variable
v 7! w D  s;t .x; v/ from Lemma 2.26 followed by .x; w/ 7! Z0It .x; w/, the last
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expression is bounded byX
j
 j�k

�Z t

s

�Z
Td�Rd

hvi2r
ˇ̌
@
x;v.rxf /.�;Z

� It .�;  s;t //

� @
x;v.rvf /.�;Z
� It .�;  s;t //

ˇ̌2 dx dv
�1=2

d�
�2

� ƒ.T;R/
X
j
 j�k

�Z t

s

�Z
Td�Rd

hvi2r
ˇ̌
@
x;v.rxf /.�; x; v/

� @
x;v.rvf /.�; x; v/
ˇ̌2 dx dv

�1=2
d�
�2
:

Here, we have used the bounds on the Jacobian from (2.7), as well as the bound on
jv �  s;t .x; v/j via (2.8). It follows that

HK;I .s; t/



2
Hk
r

. ƒ.T;R/jt � sj2 sup
0���T

°
krxf .�/k

2

Hk
r
C krvf .�/k

2

Hk
r

±
;

and therefore
kS16kL2.0;T IH1/ � ƒ.T;R/:

Estimate of S17; S18 and S19. We mainly proceed as for S13; S14 and S15, using
Proposition 3.5. As before, the kernel has just been changed from H to H. Hence, we
only have to provide an estimate for k@sHK;I .s; t/kHk

r
(for k and r large enough).

We have

@sH
K;I .s; t; x; v/

D @sJ
s;tNt Is.Z0It .x;  s;t .x; v///.I;0/;.K;0/

�

Z t

s

ed.t��/
�
rxf .�;Z� It .x;  s;t .x; v/// � rvf .�;Z� It .x;  s;t .x; v///

�
d�

C J s;t@s
®
Nt Is.Z0It .x;  s;t .x; v///.I;0/;.K;0/

¯
�

Z t

s

ed.t��/
�
rxf .�;Z� It .x;  s;t .x; v/// � rvf .�;Z� It .x;  s;t .x; v///

�
d�

C J s;tNt Is.Z0It .x;  s;t .x; v///.I;0/;.K;0/

�

Z t

s

ed.t��/@s
�
rxf .�;Z� It .x;  s;t .x; v/// � rvf .�;Z� It .x;  s;t .x; v///

�
d�

� ed.t�s/Js;tNt Is.Z0It .x;  s;t .x; v///.I;0/;.K;0/
�
�
rxf .s;ZsIt .x;  s;t .x; v/// � rvf .s;ZsIt .x;  s;t .x; v///

�
:

Using the same Wk;1
x;v bounds on J s;t , NsIt and PWk;1

x;v bounds on  s;t as before, as
well as on their time derivatives, we obtain

k@sH
K;I .s; t/kHk

r
� ƒ.T;R/:
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This finally yields

kS17kL2.0;T IH1/ C kS18kL2.0;T IH1/ C kS19kL2.0;T IH1/ � ƒ.T;R/;

which ends the proof.

We end this section by giving a proof of Lemma 4.10. Let us mention that it
only requires the continuity estimate coming from Proposition 3.4 and not those of
Propositions 3.5 and 3.7.

Proof of Lemma 4.10. In view of the estimate (4.8) of Lemma 4.9, we only have to
prove that

krx	0R1kL2.0;T IL2/ C krx	1R1kL2.0;T IL2/ � ƒ.T;R/:

We only write the proof for rx	0
R1

. Let us recall that

	0R1.t; x/ D �

Z t

0

ed.t�s/
Z

Rd
Nt Is.Z0It .x; v//R1.s;ZsIt .x; v// dv ds;

where
R1 D

�
R
K;L
1

�
jKjCjLj2¹m�1;mº

;

with

R
K;L
1 D 1jKj>2

L¤0

@Kx E
u;%
reg;" � rv@

L
v f C 1jKj>1

X
0<˛<K
j˛jDm�1

�
L

˛

�
@˛xE

u;%
reg;" � rv@

L�˛
x @Kv f:

We have, for all .I; J /,�
	0R1

�
.I;J /

.t; x/

D �

Z t

0

ed.t�s/
Z

Rd

X
.K;L/

Nt Is
.I;J /;.K;L/

.Z0It .x; v//ŒR1�.K;L/.s;ZsIt .x; v// dv dsI

therefore,

rx

�
	0R1

�
.I;J /

.t; x/

D �

Z t

0

ed.t�s/
Z

Rd

X
.K;L/

rxZ0It .x; v/rxNt Is
.I;J /;.K;L/

.Z0It .x; v//

� ŒR1�.K;L/.s;ZsIt .x; v// dv ds

�

Z t

0

ed.t�s/
Z

Rd

X
.K;L/

Nt Is
.I;J /;.K;L/

.Z0It .x; v//rxZ0It .x; v/

� rxŒR1�.K;L/.s;ZsIt .x; v// dv ds:
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For the first term, there is no derivative on R1. We can proceed exactly as for R0

in Lemma 4.9, relying on the estimate (4.8).
The second term is more involved, since rxŒR1�.K;L/ contains several types of

terms:

• Some are of the form

1jKj>2
L¤0

rx

�
rv@

L
v f

�
@Kx E

u;%
reg;":

They involve at mostm derivatives of % and at most 2C .m� 3/Dm� 1 deriva-
tives of f . We can bound this term in L2.0; T IH0

r /, following the argument used
for R0 in the proof of Lemma 4.3. Its contribution to rx	0

R1
is handled as in the

proof of Lemma 4.9 (for the term rx	0
R0

).

• Some are of the form
rx

�
rv@

L�˛
x @Kv f

�
@˛xE

u;%
reg;";

with jKj>1 and j˛j Dm� 1. They involve at mostm derivatives of % and at most
three derivatives of f . We can also bound this term in L2.0; T IH0

r /, following
the argument used for R0 in the proof of Lemma 4.3. As before, we can follow
the proof of Lemma 4.9 to control its contribution to rx	0

R1
.

• Some are of the form
1jKj>2
L¤0

rx

�
@Kx E

u;%
reg;"

�
rv@

L
v f;

and of the form
rx

�
@˛xE

u;%
reg;"

�
rv@

L�˛
x @Kv f;

with jKj > 1 and j˛j D m � 1. These terms involve at most mC 1 derivatives
of % and cannot be directly treated as the previous ones. We need to rely on the
smoothing estimates from Chapter 3 (by making some terms of Type I appear).

We then focus on the last two types of terms, and we have to deal with

WK;L
1 .t; x/ WD �

Z t

0

ed.t�s/
Z

Rd
Nt Is
.I;J /;.K;L/

.Z0It .x; v//

� rxZ0It .x; v/1jKj>2
L¤0

rx

�
@Kx E

u;%
reg;"

�
rv@

L
v f .s;Z

sIt .x; v// dv ds;

and

WK;L
2 .t; x/ WD �

Z t

0

ed.t�s/
Z

Rd
Nt Is
.I;J /;.K;L/

.Z0It .x; v//

� rxZ0It .x; v/1jKj>1

�

X
0<˛<K
j˛jDm�1

�
L

˛

�
rx

�
@˛xE

u;%
reg;"

�
rv@

L�˛
x @Kv f .s;Z

sIt .x; v// dv ds

for jKj C jLj � m. Let us turn to the estimates of these terms in L2.0; T IL2/.
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Estimate of WK;L
1 when m�2

2
� jLj<m� 2. Since jKj C jLj �m, this implies that

jKj � 1 C m=2. As in the proof of Lemma 4.9, we have, by the Cauchy–Schwarz
inequality,

WK;L

1




L2.0;T IL2/ � ƒ.T;R/



rx@Kx Eu;%reg;" � rv@
L
v f




L2.0;T IH0

r /
;

and, by setting �.v/ D .1C jvj2/r=2, we have

�rx@Kx Eu;%reg;" � rv@
L
v f




L2x;v

.


rx@Kx Eu;%reg;"




L1x



�rv@Lv f 

L2x;v

. kEkHkkf kHm�1
r

;

with k > d
2
C 1C jKj. Since d C 6 � m, we can choose k such that

WK;L

1




L2.0;T IL2/ � ƒ.T;R/



Eu;%reg;"




L2.0;T IHm�1/kf kL1.0;T IHm�1

r / � ƒ.T;R/;

and conclude as in the proof of Lemma 4.3. We obtain in that case

WK;L
1




L2.0;T IL2/ � ƒ.T;R/:

Estimate of WK;L
1 when 1� jLj � m�2

2
� 1. In that case, we only have jKj �m� 1.

We shall rely on the smoothing estimate of Proposition 3.4 (to treat terms of Type I)
and to recover the loss of the extra derivative on %. To do so, we first writeˇ̌

WK;L
1 .t; x/

ˇ̌
� ƒ.T;R/



rxZ0It




L1x;v
sup

0�s�T



Nt Is




L1x;v

� 1jKj>2
L¤0

ˇ̌̌̌Z t

0

Z
Rd
rx

�
@Kx E

u;%
reg;"

�
rv@

L
v f .s;Z

sIt .x; v// dv ds
ˇ̌̌̌
;

and we perform the change of variable v 7!  s;t .x; w/ from Lemma 2.26 in the last
integral (since t � xT .R/) to getˇ̌

WK;L
1 .t; x/

ˇ̌
� ƒ.T;R/1jKj>2

L¤0

ˇ̌̌̌Z t

0

Z
Rd
rx

�
@Kx E

u;%
reg;"

�
.s; x C .1 � et�s/w/

� rv@
L
v f .s;Z

sIt .x;  s;t .x; w/// dw ds
ˇ̌̌̌
;

thanks to the bounds (2.7) of Lemma 2.26, Remark 2.27 and Lemma 4.7.
Relying on the decomposition of Lemma 4.13, we can make the operator Kfric

appear, hence dealing with terms of Type I, and apply Proposition 3.4 (combined
with the bounds on ZsIt and  s;t ) to estimate the last integral in L2.0; T I L2/. The
proof follows the same lines as that of Lemma 4.14. Note that Proposition 3.4 only
requires an estimate of rv@Lv f in L1.0; T IH s

r / with s > 1C d . Sincem > 2d C 2,
we obtain in that case 

WK;L

1




L2.0;T IL2/ � ƒ.T;R/:
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Estimate of WK;L
2 . To treat this term, we observe that it involves at most two deriva-

tives of f and the gradient of m � 1 derivatives of the force field Eu;%reg;". Hence, we
can proceed exactly as we did previously for WK;L

1 . We likewise obtain

WK;L
2




L2.0;T IL2/ � ƒ.T;R/:

This concludes the proof of Lemma 4.10.



Chapter 5

Analysis of the fluid density

Our goal in this chapter is to obtain a uniform control on k%kL2.0;T IHm/. In the pre-
vious section, we have related the kinetic moments �f and jf to the fluid density %,
up to some well-controlled remainders. In this section, we build on those relations to
further analyze %.

We start by taking derivatives in the transport equation satisfied by %. By using
the key Proposition 4.1 (which was precisely the main outcome of Chapter 4), we
obtain a factorization of the equation for the derivatives between

• a purely hyperbolic part, which is the transport operator @t C u � rx;

• an integro-differential operator part.

This is where the crucial Penrose condition (P), assumed to be satisfied by the initial
data, steps in and allows us to justify that this last operator is actually elliptic in
space-time and therefore can provide L2TL2x estimates without loss. This relies on a
semiclassical pseudodifferential analysis, in the spirit of [90].

In this chapter, we will use the notation Min, which stands for a positive constant
depending only on the initial data.

5.1 Equation for the derivatives of the fluid density

For T 2 Œ0;min.T".R/; xT .R///, the aim of this section is to prove the following
proposition.

Proposition 5.1. Setting h D @˛x% for j˛j � m, one has�
Id �

%

1 � �f
Kfree
G ı J"

��
@thC u � rxh

�
D R; t 2 .0; T /; (5.1)

with G.t; x; v/ D p0.%.t; x//rvf .t; x; v/ and

kRkL2.0;T IL2.Td // � ƒ
�
T;R; kh.0/kH1.Td /

�
:

We start with a commutation result for the derivatives in the equation for %.

Lemma 5.2. For all j˛j � m, @˛x% satisfies the equation

@t .@
˛
x%/C u � rx.@

˛
x%/C

%

1 � �f
divx

�
j@˛xf � �@˛xf u

�
D R˛;

with
kR˛kL2.0;T IL2/ � ƒ.T;R/:
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Proof. Recall that by Lemma 2.2, the transport equation for % reads

@t%C u � rx%C
%

1 � �f
divxŒjf � �f u� D S; S D �

%

1 � �f
divx u:

We get, for all ˛ 2 Nd ,

@t .@
˛
x%/C u � rx.@

˛
x%/C Œ@

˛
x ; u � rx�%

C
%

1 � �f
divx @˛x.jf � �f u/C

�
@˛x ;

% divx
1 � �f

�
.jf � �f u/ D @

˛
xS;

and therefore @˛x% satisfies the equation

@t .@
˛
x%/C u � rx.@

˛
x%/C

%

1 � �f
divxŒj@˛xf � �@˛xf u� D R

˛;

where R˛ is a remainder defined by

R˛ WD @˛xS � Œ@
˛
x ; u � rx�% �

�
@˛x ;

% divx
1 � �f

�
.jf � �f u/C

%

1 � �f
divx

�
Œ@˛x ; u��f

�
DW @˛xS C C1 C C2 C C3:

Let us estimate each of these terms in L2.0; T IL2/, for all j˛j � m.

Estimate of @˛xS . We rely on the tame estimate from Proposition A.2 to write

k@˛xSkL2 .




 %

1 � �f






L1
kdivx ukHm C





 %

1 � �f






Hm
kdivx ukL1 D S1 CS2:

Since m � 2 > d=2, we have, by Lemma 2.20 and (2.5),

kS1kL2.0;T / .




 1

1 � �f






L1.0;T IL1/

k%kL1.0;T IHm�2/ kukL2.0;T IHmC1/ � ƒ.T;R/:

For S2, we combine the tame estimate from Proposition A.2 with Lemma A.5, which
provides

kS2kL2.0;T / . k%kL1.0;T IHm�2/ kukL2.0;T IHm/

C k%kL2.0;T IHm/





 1

1 � �f






L1.0;T IL1/

kukL1.0;T IHm/

C k%kL1.0;T IHm�2/
�
k�f kL1.0;T IL1/

�
k�f kL2.0;T IHm/kukL1.0;T IHm/

. ƒ.T;R/Cƒ.T;R/k�f kL2.0;T IHm/;

since m � 2 > d=2 and again thanks to Lemma 2.20 and (2.5). We obtain

k@˛xSkL2.0;T IL2/ � ƒ.T;R/;

by using Corollary 4.2.
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Estimate of C1. We have �C1 D Œ@
˛
x ; u��.rx%/. Therefore, the commutator estimate

from Proposition A.1 yields

kC1kL2 . krxukL1krx%kHm�1 C kukHmkrx%kL1 . kukHmk%kHm ;

since m > 1C d=2. We then obtain, by Corollary 4.2,

kC1kL2.0;T IL2/ . kukL1.0;T IHm/k%kL2.0;T IHm/ � ƒ.T;R/:

Estimate of C2. We have

C2 D

�
@˛x ;

%

1 � �f

�
.divx.jf � �f u//:

Applying the commutator estimate from Proposition A.1, we get

kC2kL2 .




rx %

1 � �f






L1
kjf � �f ukHm C





 %

1 � �f






Hm
kdivx.jf � �f u/kL1

D C2;1 C C2;2:

For C2;1, we infer from Sobolev embedding (since m � 2 > 1C d=2) that



rx %

1 � �f






L1
�





 1

1 � �f






L1
krx%kL1 C





 %

.1 � �f /2






L1



rx�f 

L1

.




 1

1 � �f






L1
k%kHm�2 C





 1

.1 � �f /





2
L1
k�kHm�2



rx�f 

L1

� ƒ.T;R/;

thanks to Lemma 2.20 and Corollary 4.2. Therefore, the tame estimate coming from
Proposition A.2 entails

kC2;1kL2.0;T / . ƒ.T;R/
�
kjf kL2.0;T IHm/ C kf kL1.0;T IHm�1

r /kukL2.0;T IHm/

C kukL1.0;T IHm/k�f kL2.0;T IHm/
�
;

since m � 1 > d=2. Invoking Lemma 2.1 and Corollary 4.2, we get

kC2;1kL2.0;T / � ƒ.T;R/:

For C2;2, we observe that since m � 1 > 1C d=2,

kdivx.jf � �f u/kL1 . kjf kHm�1 C k�f kHm�1kukHm�1 I

therefore we obtain
kC2;2kL2.0;T / � ƒ.T;R/;

by using what we have done for S2 above.
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Estimate of C3. We have

C3 D
%

1 � �f

�
Œ@˛x ; divx u��.�f /C Œ@˛x ; u��.rx�f /

�
D

%

1 � �f
.C3;1 C C3;2/:

Applying Proposition A.1, we get, for mC 1 > 2C d=2,

kC3;1kL2 . krx divx ukL1k�f kHm�1 C kdivx ukHmk�f kL1 . kukHmC1k�f kHm�1

and
kC3;2kL2 . krxukL1krx�f kHm�1 C kukHmkrx�f kL1

. kukHmk�f kHm C kukHmk�f kHm�1 :

Taking the L2-norm in time and using Lemma 2.1, we have, for C3;1,

kC3;1kL2.0;T IL2/ . kukL2.0;T IHmC1/k�f kL1.0;T IHm�1/ � ƒ.T;R/;

while for C3;2 we have

kC3;2kL2.0;T IL2/ . kukL1.0;T;Hm/k�f kL2.0;T IHm/

C kukL2.0;T IHmC1/k�f kL1.0;T IHm�1/

� ƒ.T;R/;

thanks to Corollary 4.2.

Let us now transform the equation for the derivatives of % obtained in Lemma 5.2.
To ease readability, let us temporarily set

Kfree
1;G ŒF �.t; x/ WD

Z t

0

Z
Rd
vŒrxF �.s; x � .t � s/v/ �G.t; s; x; v/ dv ds: (5.2)

Lemma 5.3. For h D @˛x% with j˛j � m, one has

@thC u � rxhC
%

1 � �f
divx

�
Kfree
1;G.J"h/ � Kfree

G .J"h/u
�
D R;

with
G.t; x; v/ WD p0.%.t; x//rvf .t; x; v/;

and where the remainder R satisfies

kRkL2.0;T IL2.Td // � ƒ.T;R/:

Proof. By Lemma 5.2, we have

@thC u � rxhC
%

1 � �f
divxŒj@˛xf � �@˛xf u� D R

˛;

with
kR˛kL2.0;T IL2/ � ƒ.T;R/:
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Thanks to Proposition 4.1, we can write

�@˛xf D Kfree
G .J"@˛x%/C R˛Œ�f �; j@˛xf D Kfree

1;G.J"@
˛
x%/C R˛Œjf �;

with G.t; x; v/ WD p0.%.t; x//rvf .t; x; v/ and where

R˛Œ�f �




L2.0;T;H1/ � ƒ.T;R/;


R˛Œjf �




L2.0;T;H1/ � ƒ.T;R/:

We obtain

@thC u � rxhC
%

1 � �f
divx

�
Kfree
1;G.J"h/ � Kfree

G .J"h/u
�

D R˛ � divx
�
R˛Œjf � � R˛Œ�f �u

�
:

Thanks to the aforementioned estimates in L2TH1x , we obtain the desired estimate on
the remainder.

Remark 5.4. In what follows, we shall rely on the following estimate: for all ` > 0
and � > 0 such that ` < m � d=2 � 2, we have

sup
0�t�T

kG.t/kH`
�
� ƒ.T;R/; (5.3)

where we recall that

G.t; x; v/ D p0.%.t; x//rvf .t; x; v/:

Indeed, we have

kp0.%.t//rvf .t/k
2

H`
�

.
X

j�jCj�j�`

�C�X

D0

k@
x.p
0.%.t///k2L1

Z
Td�Rd

hvi2�
ˇ̌
@�C��
x;v rvf .t; x; v/

ˇ̌2 dx dv

. kp0.%.t//k2Hkkf .t/k
2

Hm�1
�

if m� 1 � ` and k > d
2
C `. Invoking Lemma 2.20 by choosing also k � m� 2, we

obtain the estimate (5.3).

Our goal is now to understand the term

divx
�
Kfree
1;G.J"h/ � Kfree

G .J"h/u
�
:

We will show that up to good remainders, it is related to the transport part @th C
u � rxh appearing in the equation of Lemma 5.3. This is the object of the following
Lemmas 5.5 and 5.6, which are crucial commutation results.
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Lemma 5.5. For all j˛j � m and h D @˛x%, we have

divx
�
Kfree
G ŒJ"h�u

�
D Kfree

G ŒJ".u � rxh/�CR;

with

kRkL2.0;T IL2.Td // � ƒ.T;R/:

Proof. First, let us prove that for any smooth function h.t; x/ we have

divx
�
Kfree
G Œh�u

�
D Kfree

G Œ.u � rxh/�CR; (5.4)

with
kRkL2.0;T IL2.Td // � ƒ.T;R; khkL2.0;T IL2.Td ///: (5.5)

We have

divx
�
uKfree

G Œh�
�
D u � rxKfree

G Œh�C .divx u/Kfree
G Œh�

D Kfree
G Œ.u � rxh/�C .divx u/Kfree

G Œh�C
�
u � rx;Kfree

G

�
Œh�:

Using the notation @i D @xi , we have

Œu � rx;Kfree
G �Œh�.t; x/ D

dX
iD1

Z
Rd
ui .t; x/@i

�
Kfree
G Œh�

�
.t; x/

�

dX
iD1

Z
Rd

Kfree
G Œ.ui@ih/�.t; x/;

and then�
u � rx;Kfree

G

�
Œh�.t; x/

D

dX
iD1

Z
Rd
ui .t; x/

Z t

0

Z
Rd
rx.@ih/.s; x � .t � s/v/ �G.t; x; v/ dv ds

C

dX
iD1

Z
Rd
ui .t; x/

Z t

0

Z
Rd
rxh.s; x � .t � s/v/ � @iG.t; x; v/ dv ds

�

dX
iD1

Z
Rd

Z t

0

Z
Rd
@ih.s; x � .t � s/v/rxui .s; x � .t � s/v/ �G.t; x; v/ dv ds

�

dX
iD1

Z
Rd

Z t

0

Z
Rd
ui .s; x � .t � s/v/rx.@ih/.s; x � .t � s/v/ �G.t; x; v/ dv ds;
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so�
u � rx;Kfree

G

�
Œh�.t; x/

D Kfree
.u�rx/G

Œh�.t; x/ � Kfree
.G�rx/zu

Œh�.t; x/

C

dX
iD1

Z
Rd
rx.@ih/.s; x � .t � s/v/ �

�
.ui .t; x/ � zui .s; t; x; v//G.t; x; v/

�
dv ds;

where we have set zu.s; t; x; v/ D u.s; x � .t � s/v/. We thus get

divx
�
uKfree

G Œh�
�
D Kfree

G Œ.u � rxh/�C .divx u/Kfree
G Œh�C Kfree

.u�rx/G
Œh� � Kfree

.G�rx/zu
Œh�

C

dX
iD1

Kfree
.ui�zui /G

Œ@ih�;

which gives a decomposition as (5.4). In what follows, we shall constantly use the
estimate (5.3) of Remark 5.4, that is, for all 0 < p < m � d=2 � 2 and � > 0,

sup
0�t�T

kG.t/kHp
�
� ƒ.T;R/:

Let us estimate the different terms of the previous decomposition in order to prove
(5.5). For the first one, we rely on the smoothing estimate of Proposition 3.1 to
directly get, for ` > 1C d and � > d=2,

.divx u/Kfree

G Œh�




L2.0;T IL2/

� ƒ.T;R/ sup
0�t�T

kG.t/kH`
�
khkL2.0;T IL2/ � ƒ.T;R/khkL2.0;T IL2/;

since m > 3C 3d=2. For the second and third ones, Proposition 3.1 yields

Kfree
.u�rx/G

Œh�




L2.0;T IL2/ C


Kfree

.G�rx/zu
Œh�




L2.0;T IL2/

.
�

sup
0�s;t�T

k.u � rx/G.t; s/kHp
�
:C sup

0�s;t�T

k.G � rx/zu.t; s/kHp
�

�
khkL2.0;T IL2/

if � > d=2 and p > 1C d . With the same arguments as in Remark 5.4 to estimate
the terms inside the parentheses, we get (since m > 4C 3d=2)

Kfree

.u�rx/G
Œh�




L2.0;T IL2/ C


Kfree

.G�rx/zu
Œh�




L2.0;T IL2/ . ƒ.T;R/khkL2.0;T IL2/:

For the last term, we observe that the kernel .ui .t/� zui .t; s; x; v//G.t; x; v/ vanishes
at s D t ; therefore, Remark 3.6 implies

Kfree

.ui�zui /G
Œ@ih�




L2.0;T IL2/

. ƒ.T / sup
0�s;t�T

k@s.ui � zui /G.t; s/kHp
�
khkL2.0;T IL2/

D ƒ.T / sup
0�s;t�T

k@szui .t; s/kHk sup
0�t�T

kG.t/kHp
�
khkL2.0;T IL2/
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for p > 7C d=2, k > p C d=2 and � > d=2. Using the equation for u, we obtain
(since m > 9C d )

Kfree

.ui�zui /G
Œ@ih�




L2.0;T IL2/ � ƒ.T;R/khkL2.0;T IL2/:

All in all, this yields the claimed estimate (5.5).
Now, applying (5.4) and (5.5) with h D J"h, we get

divx
�
uKfree

G ŒJ"h�
�
D Kfree

G Œ.u � rxJ"h/�CR;

with

kRkL2.0;T IL2.Td // � ƒ.T;R; kJ"hkL2.0;T IL2.Td /// � ƒ.T;R; khkL2.0;T IL2.Td ///:

Finally, observe that

Kfree
G Œ.u � rxJ"h/� D Kfree

G ŒJ".u � rxh/�C Kfree
G

�
Œu � rx; J"�h

�
:

Relying once again on Proposition 3.1, we thus have

Kfree
G

�
Œu � rx; J"�h

�


L2.0;T IL2.Td // � ƒ.T;R/



Œu � rx; J"�h

L2.0;T IL2.Td //:

Invoking (a variant of the proof of) [21, Theorem C.14] about the commutator between
a differential operator of order 1 and a regularizing operator, we get

Œu � rx; J"�h

L2.Td / . kukW1;1.Td /khkL2.Td /;

where this estimate is independent of ". We obtain

Kfree
G

�
Œu � rx; J"�h

�


L2.0;T IL2.Td // � ƒ.T;R/;

which concludes the proof.

Lemma 5.6. For all j˛j � m, h D @˛x% and G.s; t; x; v/ D p0.%.t; x//rvf .t; x; v/,
we have

divx Kfree
1;G ŒJ"h� D �Kfree

G ŒJ"@sh�CR;

with
kRkL2.0;T IL2.Td // � ƒ.T;R; kh.0/kH1.Td //:

Proof. Recall the definition (5.2) of Kfree
1;G . We first write

divx Kfree
1;G ŒJ"h�

D p0.%.t; x//

Z t

0

Z
Rd
rx divxŒvJ"h�.s; x � .t � s/v/ � rvf .t; x; v/ dv ds CR;
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with

R.t; x/ WD

Z
Rd
rxŒJ"h�.s; x � .t � s/v/ � Œ.v � rx/.p0.%.t; x//rvf .t; x; v//� dv ds

D Kfree
.v�rx/.p0.%/rvf /

ŒJ"h�:

Thanks to Proposition 3.1, we thus have, for ` > 1C d and � > d=2,

kRkL2.0;T IL2.Td // . kJ"hkL2.0;T IL2.Td // sup
0�s;t�T

k.v � rxp
0.%//rvf .t; s/kH`

�

� ƒ.T;R/:

Now observe the identity

@s
�
J"h.s; x � .t � s/v/

�
D .@sJ"h/.s; x � .t � s/v/C divx.vJ"h/.s; x � .t � s/v/:

Since Z
Rd
rxJ"h.t; x/ � rvf .t; x; v/ dv D 0;

we have Z t

0

Z
Rd
@s
�
rxJ"h.s; x � .t � s/v/

�
� rvf .t; x; v/ dvds

D �

Z
Rd
rxJ"h.0; x � tv/ � rvf .t; x; v/ dv:

Using the generalized Minkowski inequality and the Sobolev embedding, the last
term is estimated in L2.0; T;L2/ by

krxJ"h.0/kL2.Td /





Z
Rd

sup
x2Td

jrvf .�; x; v/j dv






L2.0;T /
� ƒ.T;R/kh.0/kH1.Td /:

We deduce that we can write

divx Kfree
1;G ŒJ"h� D �Kfree

G Œ@sJ"h�CR;

with

kRkL2.0;T IL2.Td // � ƒ.T;R; kh.0/kH1.Td //:

Combining the results of Lemmas 5.3, 5.5 and 5.6 leads to the proof of Proposi-
tion 5.1.
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5.2 Propagation of the Penrose condition for short times

We now show how to propagate the Penrose stability condition (P) for short times.
This will allow us to study the operator

Id �
%

1 � �f
Kfree
G ı J"

in the following sections; the goal will be to prove its ellipticity.
First, we shall need several estimates on the time derivatives of the solutions. We

have the following basic lemma.

Lemma 5.7. Let s � 0 and � � 0. For all T 2 .0; T"/, the following holds.

(1) If s > d and s C 1 > d=2, we have

k@tf kL1.0;T IHs
� /

. kf kL1.0;T IHsC1
�C1

/

C kf kL1.0;T IHsC1
� /

�
kukL1.0;T IHs/ Cƒ.k%kL1.0;T IHsC1//

�
:

(2) If s > d=2 and � > 1C d=2, we have

k@t�f kL1.0;T IL1/ . k@t�f kL1.0;T IHs/ . kf kL1.0;T IH1Cs
� /

:

(3) If s > d=2 and � > 1C d=2, we have

k@t%kL1.0;T IL1/ . kukL1.0;T IHs/k%kL1.0;T IH1Cs/

C





 1

1 � �f






L1.0;T IL1/

k%kL1.0;T IHs/

�
�
kf kL1.0;T IH1Cs

� /
C kukL1.0;T IH1Cs/

C kf kL1.0;T IH1Cs
� /
kukL1.0;T IH1Cs/

�
:

Proof. (1) Using the Vlasov equation satisfied by f , we get

k@tf kHs
�

. kf kHs
�
C kv � rxf kHs

�
C kv � rvf kHs

�
C kEu;%reg;" � rvf kHs

�

. kf k
H
sC1
�C1

C kEu;%reg;" � rvf kHs
�
:

Next, combining the estimates (A.2) of Lemma A.6 and (2.2) of Lemma 2.7, we have,
for s > d such that s > 3C d=2,

Eu;%reg;" � rvf




Hs
�

.


Eu;%reg;"




Hskf kHsC1

�
. kf k

H
sC1
�

�
ku.t/kHs Cƒ.k%.t/kHsC1/

�
;

hence providing the first estimate.
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(2) To estimate @t�f , we use the fact that @t�f D � divx jf so that we have, by
Sobolev embedding,

k@t�f kL1.0;T IL1/ . k@t�f kL1.0;T IHs/ . kjf kL1.0;T IH1Cs/ . kf kL1.0;T IH1Cs
� /

;

thanks to Lemma 2.1. This gives the second estimate.
(3) To estimate @t%, we use the equation

@t% D �u � rx% �
1

1 � �f
divx.jf � �f uC u/%;

from which we infer that

k@t%kL1.0;T IL1/

. kukL1.0;T IHs/krx%kL1.0;T IHs/

C





 1

1 � �f






L1.0;T IL1/

k%kL1.0;T IHs/kjf � �f uC ukL1.0;T IH1Cs/:

We conclude by using Lemma 2.1.

Starting from initial data satisfying the Penrose condition (P), we now show that
it is propagated for short times.

Lemma 5.8. There exists zT0.R/ > 0 independent of " such that the following holds:
if the initial data .f in; %in/ satisfies the c-Penrose stability condition (P)c for some
c > 0 then the function .f .t/; %.t// satisfies the c

2
-Penrose stability condition (P)c=2

for all t 2 Œ0;min. zT0.R/; T "/�.

Proof. Let T < T " and recall the definition (1.4) of the Penrose function P. We start
by writing, for all t 2 Œ0; T �,

1 � Pf .t/;%.t/.x; 
; �; k/

D 1 �
p0.%.t; x//�.t; x/

1 � �f .t; x/

Z C1
0

e�.
Ci�/s
ik

1C jkj2
� .Fvrvf /.t; x; ks/ ds

D 1 � Pf in;%in.x; 
; �; k/C A0.t; x; 
; �; k/C B0.t; x; 
; �; k/;

where

A0.t; x; 
; �; k/

WD �
p0.%in.x//%in.x/

1 � �f in.x/

�

�Z C1
0

e�.
Ci�/s
ik

1C jkj2
�
�
.Fvrvf /.t; x; ks/ � .Fvrvf

in/.x; ks/
�

ds
�
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and

B0.t; x; 
; �; k/ WD
�
p0.%in.x//%in.x/

1 � �f in.x/
�
p0.%.t; x//%.t; x/

1 � �f .t; x/

�
�

Z C1
0

e�.
Ci�/s
ik

1C jkj2
� .Fvrvf /.t; x; ks/ ds:

Estimate of A0. Using Taylor’s formula, we have

jA0.t; x; 
; �; k/j �




p0.%in/%in

1 � �f in






L1

Z C1
0

jkj

Z T

0

j.Fvrv@tf /.�; x; ks/j d� ds

�





p0.%in/%in

1 � �f in






L1

Z T

0

Z C1
0

ˇ̌̌̌
.Fvrv@tf /

�
�; x;

k

jkj
s

�ˇ̌̌̌
ds d�

.




p0.%in/%in

1 � �f in






L1

Z T

0

sup
s2RC

.1C s2/

ˇ̌̌̌�
Fvrv@tf

��
�; x;

k

jkj
s

�ˇ̌̌̌
d�:

Therefore we get, for � > d=2,

jA0.t; x; 
; �; k/j

.




p0.%in/%in

1 � �f in






L1

Z T

0

sup
s2RC

X
jˇ j�2

ˇ̌̌̌�
Fv@

ˇ
vrv@tf

��
�; x;

k

jkj
s

�ˇ̌̌̌
d�

.




p0.%in/%in

1 � �f in






L1

Z T

0

� X
jˇ j�2

Z
Rd
.1C jvj2/�

ˇ̌
@ˇvrv@tf .�; x; v/

ˇ̌2 dv
� 1
2

d�

.




p0.%in/%in

1 � �f in






L1
T k@tf kL1.0;T IH3Cs

� /

for all s > d=2, thanks to the Sobolev embedding. Lemma 5.7 (with 3C s > d and
3C s C 1 > d=2) yields

k@tf kL1.0;T IH3Cs
� /
� ƒ.T;R/;

thanks to Lemma 2.20, choosing s C 6 � m. Therefore, there exists a universal con-
stant C > 0 such that

jA0.t; x; 
; �; k/j � C




p0.%in/%in

1 � �f in






L1
Tƒ.T;R/:
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Estimate of B0. Likewise, we have, for all s > d=2 such that 3C s < m � 1,

jB0.t; x; 
; �; k/j . kf kL1.0;T IH3Cs
� /

ˇ̌̌̌
p0.%.t; x//�.t; x/

1 � %f .t; x/
�
p0.%in.x//%in.x/

1 � �f in.x/

ˇ̌̌̌
� R

Z T

0

ˇ̌̌̌
@t

²
p0.%.�; x//%.�; x/

1 � �f .�; x/

³ˇ̌̌̌
d�

� RT





@t²p0.%/%1 � �f

³




L1.0;T IL1/

:

Now observe that

@t

²
p0.%/%

1 � �f

³
D

1

1 � �f

�
%@t%p

00.%/C p0.%/@t%
�
C p0.%/%

@t�f

.1 � �f /2
:

Therefore, by Sobolev embedding, we get for all s > d=2,



@t²p0.%/%1 � �f

³




L1.0;T IL1/

�





 1

1 � �f






L1.0;T IL1/

k@t%kL1.0;T IL1/

�
�
k%kL1.0;T IHs/kp

00.%/kL1.0;T IHs/ C kp
0.%/kL1.0;T IHs/

�
C





 1

1 � �f





2
L1.0;T IL1/

kp0.%/kL1.0;T IHs/k%kL1.0;T IHs/k@t�f kL1.0;T IL1/:

Using Lemma 5.7 with Lemma 2.20, we obtain as before

jB0.t; x; 
; �; k/j � CTƒ.T;R/:

All in all, we have, for all t 2 Œ0; T �,

jA0.t; x; 
; �; k/j C jB0.t; x; 
; �; k/j � C
�



p0.%in/%in

1 � �f in






L1
C 1

�
Tƒ.T;R/:

Consequently, there exists �0 > 0 independent of " (and depending on c) such that,
for zT0 D zT0.R/ satisfying

C

�



p0.%in/%in

1 � �f in






L1
C 1

�
zT0ƒ. zT0; R/ � �0;

the c
2

-Penrose stability condition (P)c=2 holds true for the function .f .t/; %.t// when-
ever t 2 Œ0; . zT0.R/; T "/�, provided that .f in; %in/ satisfies the c-Penrose stability
condition (P)c .
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5.3 Extension of the solution

In this section, our goal is to construct a suitable extension in time of the solution
.f"; %"; u"/ on the whole line R. This technical step is required in view of the sub-
sequent pseudodifferential analysis (in time-space) of Sections 5.4 and 5.5 – the
symbols being dependent on our solutions. A main issue is to obtain an extension
still satisfying the Penrose stability condition (for all times): we refer to the later
Proposition 5.17.

Define T ?" (depending on R) as

T ?" WD min
�
T".R/; xT .R/; zT0.R/

�
:

In particular, the Penrose stability condition holds on Œ0; T ?" � thanks to Lemma 5.8.
Consider two nonnegative nonincreasing cutoffs �; � 2 C1.R/ such that

8t 2 R; �.t/ D

´
1; t � 0;

0; t � 1;
and �.t/ D

´
1; t � 0;

1=2; t � 1:

We set, for ı > 0 to be fixed later, �ı.t/ WD �.t=ı/.
Given a solution .f; %; u/ to the system (S"), we consider its extension . zf ; z%; zu/

as follows. Given .Nu; Nf ; N%/ 2 N3 to be determined later on (by the number of
derivatives we will use), we define:

Extension in time for u. We set

zu.t/ D

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

u.t/; t 2 Œ0; T ?" �;

�.t � T ?" /
NuP
kD0

@kt u.T
?
" /

.t�T ?" /
k

kŠ
; t � T ?" ;

�.�t /
NuP
kD0

@kt u.0/
tk

kŠ
; t � 0:

In particular, the extension is 0 after t D T ?" C 1 and before t D �1.

Extension in time for f . We set

zf .t/ D

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

f .t/; t 2 Œ0; T ?" �;

�ı.t � T
?
" /f .T

?
" /C �ı.t � T

?
" /

NfP
kD1

@kt f .T
?
" /

.t�T ?" /
k

kŠ
; t � T ?" ;

�ı.�t /f
in C �ı.�t /

NfP
kD1

@kt f .0/
tk

kŠ
; t � 0:

In particular, the extension is 0 after t D T ?" C ı and before t D �ı.
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Extension in time for %. We set

z%.t/ D

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

%.t/; t 2 Œ0; T ?" �;

�.t � T ?" /%.T
?
" /C �ı.t � T

?
" /

N%P
kD1

@kt %.T
?
" /

.t�T ?" /
k

kŠ
; t � T ?" ;

�.�t /%in C �ı.�t /
N%P
kD1

@kt %.0/
tk

kŠ
; t � 0:

In particular, the extension is constant in time equal to %.T ?" /=2 after t D T ?" C 1 and
equal to %in=2 before t D �1.

The bounds from above and below (B�;�‚ .T /) on % and �f are still valid for z% and
� zf , provided that we choose the parameter ı small enough.

Remark 5.9. Note that if T ?" � 1, then the Penrose function P zf .t/;z%.t/ has a compact
support in time contained in Œ0; 2�.

Hereafter, we drop out the tilde notation and we shall always consider this exten-
sion of our solutions. Let us conclude this chapter by explaining how we will deal
with such an extension:

• Replacing the former solution (defined on Œ0; T ?" �) by its extension .f; %;u/ on R,
we observe that .f;%;u/ satisfies (S") with the addition of a new source term Snew

on the right-hand side which has a support contained in RnŒ0; T ?" �.

• The results of Chapter 4 and Section 5.1 remain true on Œ0; T ?" /.

We also refer to Proposition 5.17 below, where we will prove that if ı is chosen
appropriately, the extension .f; %; u/ satisfies a Penrose stability condition for all
times (the proof requiring some technical estimates from the upcoming Section 5.4).

5.4 Bounds on the symbols

The aim of this section is twofold:

• to obtain some bounds in terms of the initial data for some symbol seminorms of
the Penrose function introduced in (1.4) (depending on the extension .f; %/);

• to propagate the Penrose stability condition (P) on the whole line in time for the
extension .f; %; u/.

These two ingredients are required to obtain crucial elliptic estimates in Section 5.5.
Before stating the next lemma, consider the symbol seminorms (C.1), (C.2) and

(C.3) introduced in Appendix C: for any M � 0 and for any symbol a.t; x; �/ with
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� D .
; �; k/ 2 .0;C1/ �R �Rdn¹0º, we set

!Œa� WD sup
˛2Nd
˛i2¹0;1º

k.1C t /@˛xakL1t;x;� C sup
˛2Nd
˛i2¹0;1º

k.1C t /@t@
˛
xakL1t;x;� ;

�Œa� WD sup
˛2Nd
˛i2¹0;1º

®

j�j@˛xr�;ka

L1t;x;�
C


j�j@˛xr�;k@ta

L1t;x;�

¯
C sup

˛2Nd
˛i2¹0;1º

®

j�j@˛x@�r�;ka

L1t;x;�
C


j�j@˛x@�r�;k@ta

L1t;x;�

¯
;

„Œa�M WD sup
1�j˛j�1CM
ˇD0;1;2;3;4



@˛x@ˇt a

L1t;x;�
:

Lemma 5.10. For .t; x; 
; �; k/ 2 R � Td � .0;C1/ �R �Rdn¹0º, set

af .t; x; 
; �; k/ WD

Z C1
0

e�.
Ci�/sik � .Fvrvf /.t; x; ks/ ds: (5.6)

The symbol af is (positively) homogeneous of degree zero in .
; �; k/ in the sense that

8.t; x/; 8� D .
; �; k/; 8� > 0; af .t; x; ��/ D af .t; x; �/:

Furthermore, for any A > 0 and r > d=2C 4, we have

!Œaf � . sup
iD0;1

k.1C t /@itf kL1.RIH`
r /
; 3C

3d

2
< `; (5.7)

„Œaf �M . sup
iD0;1;2;3;4

k@itf kL1.RIH`
r /
; 4CM C

d

2
< `; (5.8)

�Œaf � . sup
iD0;1

k@itf kL1.RIH`
r /
; 7C

3d

2
< `: (5.9)

Proof. The homogeneity is obtained by performing the change of variable s D s0

�
(for

� > 0) in the integrals in s defining af .t; x; �/. In what follows, we will rely on the
estimateˇ̌
@ıt @

˛
x@
ˇ

�
Fvrvf .t; x; �/

ˇ̌
.

1

1C j�jq

�Z
Rd
.1C jvj2/�Cjˇ j

ˇ̌
rv@

ı
t @
˛
x.I ��v/

q
2 f .t; x; v/

ˇ̌2 dv
� 1
2

;
(5.10)

which is valid for all � > d=2, q > 0 and any .ı; ˛; ˇ/ 2 N �Nd �Nd .
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Consequently, for any ˛ 2 Nd with ˛i D 0; 1, we apply (5.10) with ı D 0; 1,
q D 2 and ˇ D 0, and obtain, for �.v/ D .1C jvj2/

�
2 ,ˇ̌

@ıt @
˛
xaf .t; x; �/

ˇ̌
.
�Z

Rd
.1C jvj2/�

ˇ̌
rv@

ı
t @
˛
x.I ��v/f .t; x; v/

ˇ̌2 dv
� 1
2
Z C1
0

jkj

1C s2jkj2
ds

.


�@ıt @˛xf .t; x/

H3v.Rd /

Z C1
0

1

1C s2
ds

.


@ıt f .t/



H
3Cj˛jCd

2
C�

�

for all � > 0, thanks to the Sobolev embedding. We then deduce that

!Œaf � .


.1C t /f 



L1
�

RIH
3CdCd

2
C�

�

� C 

.1C t /@tf 


L1
�

RIH
3CdCd

2
C�

�

�;
hence the claimed inequality (5.7). The inequality (5.8) can be obtained in the same
way.

Let us now turn to the proof of (5.9). First, observe that by the homogeneity of af
in � D .
; �; k/, it is enough to estimate the quantities k@˛xr�;k@

ı
t af kL1t;xL1� .SC/ and

k@˛x@�r�;k@
ı
t akL1t;xL1� .SC/ with ı D 0; 1, ˛ 2 Nd with ˛i D 0; 1, and where

SC WD
®
z� D .z
; z�; zk/ 2 .0;C1/ �R �Rdn¹0º j z
2 C z�2 C jzkj2 D 1

¯
:

We thus need to estimate the following symbols:

I
˛;ı
1 .t; x; z�/ D

Z C1
0

e�.z
Ciz�/sn �
�
@˛x@

ı
tFvrvf

�
.t; x; zks/ ds; n 2 Rd ; jnj D 1;

I
˛;ı
2 .t; x; z�/ D

Z C1
0

e�.z
Ciz�/sszk �
�
@
ˇ

�
@˛x@

ı
tFvrvf

�
.t; x; zks/ ds; jˇj 2 ¹0; 1º;

and

J
˛;ı
1;q1

.t; x; z�/ D

Z C1
0

e�.z
Ciz�/ssq1n �
�
@˛x@

ı
tFvrvf

�
.t; x; zks/ ds;

n 2 Rd ; jnj D 1; q1 2 ¹1; 2º;

J
˛;ı
2;q2

.t; x; z�/ D

Z C1
0

e�.z
Ciz�/ssq2 zk �
�
@�@

˛
x@
ı
tFvrvf

�
.t; x; zks/ ds;

q2 2 ¹2; 3º;

for z� 2 SC.
We focus on the terms J ˛;ı1;q1

and J ˛;ı2;q2
by following [90, Lemma 5.5], the treat-

ment of the symbols I ˛;ı1 and I ˛;ı2 being similar and involving fewer derivatives.
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If jzkj � 1=2, invoking (5.10) with q D q1 C 3 and ˇ D 0 yields as before

ˇ̌
J
˛;ı
1;q1

.t; x; z�/
ˇ̌

.
�Z

Rd
.1C jvj2/�

ˇ̌
rv@

ı
t @
˛
x.I ��v/

q1C3

2 f .t; x; v/
ˇ̌2 dv

� 1
2

�

Z C1
0

sq1

1C sq1C3jzkjq1C3
ds

. k@ıt f .t/k
H
4Cq1Cj˛jC

d
2

C

�

Z C1
0

sq1

1C sq1C3
ds;

since jzkj is bounded from below. We thus obtain a uniform estimate in this case. Oth-
erwise, if jzkj � 1=2, then z
2C z�2 � 3=4 and we can therefore rely on the exponential
to integrate by parts in s in the integral defining J ˛;ı1;q1

.t; x; z�/. If q1 D 1, we first get

J
˛;ı
1;1 .t; x; z�/ D

1

z
 C iz�

Z C1
0

e�.z
Ciz�/sn �
�
@˛x@

ı
tFvrvf

�
.t; x; zks/ ds

C
1

z
 C iz�

Z C1
0

e�.z
Ciz�/ssn �
�
D�@˛x@

ı
tFvrvf

�
.t; x; zks/zk ds;

and integrating by parts once again yields the estimate (since z
2 C z�2 � 3=4)

ˇ̌
J
˛;ı
1;1 .t; x; z�/

ˇ̌
.
ˇ̌
@˛x@

ı
tFvrvf .t; x; 0/

ˇ̌
C

Z C1
0

jzkj
ˇ̌
D�@˛x@

ı
tFvrvf .t; x;

zks/
ˇ̌
ds

C

Z C1
0

sjzkj2
ˇ̌
D2�@

˛
x@
ı
tFvrvf .t; x;

zks/
ˇ̌
ds:

Using (5.10) with q D 2 and jˇj D 0; 1, or q D 3 and jˇj D 2, now provides, for all
� > 0,

ˇ̌
J
˛;ı
1;1 .t; x; z�/

ˇ̌
.


@ıt f .t/



H
4Cj˛jCd

2
C�

�

�

�
1C

Z C1
0

jzkj

1C jzkj2s2
ds C

Z C1
0

jzkj2s

1C jzkj3s3
ds
�

.


@ıt f .t/



H
4Cj˛jCd

2
C�

�C2

�
1C

Z C1
0

1

1C s2
ds C

Z C1
0

s

1C s3
ds
�
;

whence the uniform estimate for this symbol. If q1 D 2, we rely on the same strategy
with additional integration by parts and (5.10) with q D 2 and jˇj D 0; 1, or q D 3
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and jˇj D 2, or q D 4 and jˇj D 3 to getˇ̌
J
˛;ı
1;2 .t; x; z�/

ˇ̌
.
ˇ̌
J
˛;ı
1;1 .t; x; z�/

ˇ̌
C

Z C1
0

ˇ̌
zk
ˇ̌ˇ̌

D�@˛x@
ı
tFvrvf .t; x;

zks/
ˇ̌
ds

C

Z C1
0

s
ˇ̌
zk
ˇ̌2ˇ̌D2�@˛x@ıtFvrvf .t; x; zks/ˇ̌ ds

C

Z C1
0

s2
ˇ̌
zk
ˇ̌3ˇ̌D3�@˛x@ıtFvrvf .t; x; zks/ˇ̌ ds

.


@ıt f .t/



H
5Cj˛jCd

2

C

�C3

�

�
1C

Z C1
0

jzkj

1C jzkj2s2
ds C

Z C1
0

jzkj2s

1C jzkj3s3
ds C

Z C1
0

jzkj3s2

1C jzkj4s4
ds
�

.


@ıt f .t/



H
5Cj˛jCd

2

C

�C3

�

�
1C

Z C1
0

1

1C s2
ds C

Z C1
0

s

1C s3
ds C

Z C1
0

s2

1C s4
ds
�
:

Gathering the two cases, we deduce the estimate

J ˛;ı1;q1




L1t;xL1� .SC/

.


@ıt f 



L1
�

RIH
6Cj˛jCd

2
C�

�C3

�
for all � > 0. Likewise, we can apply these arguments to J ˛;ı2;q2

, by invoking again
(5.10) with q D q2 C 3 and ˇ D 1 if jzkj � 1=2, or with at most q D 5 and ˇ D 4 if
jzkj � 1=2. All in all, we obtain

J ˛;ı2;q1




L1t;xL1� .SC/

.


@ıt f 



L1
�

RIH
7Cj˛jCd

2
C�

�C4

�:
We have finally proved the estimate (5.9).

In view of Lemma 5.10, it will be useful to have the following estimates on f .

Lemma 5.11. For k > d and � > 0, we have

sup
iD0;1



.1C t /@itf 

L1.RIHk
� /
� ƒ.1CMin/; � C 4 < r; k C 3 < m; (5.11)

sup
iD0;1;2;3;4



@itf 

L1.RIHk
� /
� ƒ.1CMin/; � C 4 < r; k C 6 < m: (5.12)
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Proof. Thanks to our choice of extension for .f; %; u/, and picking Nf D 4;N% D 3
and Nu D 3, it is sufficient to study the estimates on Œ0; T � with T 2 Œ0; T ?" �. Here,
we shall constantly apply Remarks 2.21 and 2.25. Taking all the exponents k large
enough in the following, we can always assume that the Sobolev spaces that we con-
sider are algebras.

We proceed inductively, relying on the equations satisfied by f , % and u. For
i D 0, we directly apply Lemma 2.22 with k � m � 1 to get

kf kL1.0;T IHk
� /
� kf in

kHm�1
�
C T

1
4ƒ.T;R/ �Min C 1:

For i D 1, we apply Lemma 5.7 to get, for k > d and k C 1 > d=2,

k@tf kL1.0;T IHk
� /

. kf kL1.0;T IHkC1
�C1

/
Ckf kL1.0;T IHkC1

� /

�
kukL1.0;T IHk/Cƒ.k%kL1.0;T IHkC1//

�
:

Therefore, using Remarks 2.21 and 2.25 and the previous estimate on f , we deduce
that

k@tf kL1.0;T IHk
� /
� ƒ.1CMin/

if k � m � 3. For i D 2, we take one derivative in time in the Vlasov equation and
get

k@2t f kL1.0;T IHk
� /

. k@tf kL1.0;T IHkC1
�C1

/

C kE%;ureg;"kL1.0;T IHk/k@tf kL1.0;T IHkC1
� /

C k@tE
%;u
reg;"kL1.0;T IHk/kf kL1.0;T IHkC1

� /

� ƒ.1CMin/Cƒ.1CMin/k@tE
%;u
reg;"kL1.0;T IHk/

if we take k � m � 4. Since

@tE
%;u
reg;" D @tu � @t%p

00.%/J"rx% � p0.%/J"rx@t%;

it is enough to estimate k@tukHk and k@t%kHkC1 . Thanks to the equation for u and %,
we easily get the fact that this involves �f ; jf ; % and u in L1.0; T IHkC2/. Using
Lemma 2.22 and Remarks 2.21 and 2.25 with k � m � 4 we obtain

k@2t f kL1.0;T IHk
� /

. ƒ.1CMin/:

Now, for i D 3, we observe that k@3t f kL1.0;T IHk/ is estimated by, at most, the quan-
tities 

@2t f 

L1.0;T IHkC1

�C1
/

and


@2tE%;ureg;"




L1.0;T IHk

� /
;
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thus requiring to estimate at most


@2t u

Hk and



@2t %

HkC1 . Using again the equation
for u and %, this now involves u in L1.0; T IHkC4/ and �f ; jf ; % in L1.0; T IHkC3/.
Using Lemma 2.22 and Remarks 2.21 and 2.25 with k � m � 5 we obtain

k@3t f kL1.0;T IHk
� /
� ƒ.1CMin/:

The same can be done for i D 4, implying, for k � m � 6,

k@4t f kL1.0;T IHk
� /
� ƒ.1CMin/:

This allows us to conclude the proof.

We are now in a position to prove the following result concerning the Penrose
symbol Pf;%, whose expression we recall here:

Pf;%.t; x; 
; �; �/

D
p0.%.t; x//%.t; x/

1 � �f .t; x/

Z C1
0

e�.
Ci�/s
ik

1C jkj2
� .Fvrvf /.t; x; �s/ ds:

The symbol seminorms (C.1), (C.2) and (C.3) of Pf;% are first estimated as follows.

Lemma 5.12. For any k > d=2 and M � 0, we have

!ŒPf;%� � ƒ
�

sup
iD0;1

k@it%kL1.RIHdCk/; sup
iD0;1

k@it�f kL1.RIHdCk/

�
!Œaf �; (5.13)

„ŒPf;%�M

� ƒ
�

sup
iD0;1;2;3;4

k@it%kL1.RIH1CMCk/; sup
iD0;1;2;3;4

k@it�f kL1.RIH1CMCk/

�
„Œaf �M;

(5.14)

�ŒPf;%� � ƒ
�

sup
iD0;1

k@it%kL1.RIHdCk/; sup
iD0;1

k@it�f kL1.RIHdCk/

�
�Œaf �: (5.15)

Proof. Since the symbol Pf;% depends only on .
; �; k/ through af , we only prove
the estimate (5.13), the treatment of (5.14) and (5.15) being similar.

First, we write the symbol Pf;% as

Pf;%.t; x; 
; �; k/ D m.%.t; x/; �f .t; x//
1

1C jkj2
af .t; x; 
; �; k/;

where af has been defined in (5.6) and

m.%.t; x/; �f .t; x// WD
p0.%.t; x//%.t; x/

1 � �f .t; x/
:
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We have

!ŒPf;%�

. sup
˛2Nd
˛i2¹0;1º



.1C t /@˛x.m.%; �f /af /

L1.R�Td IL1� /

C sup
˛2Nd
˛i2¹0;1º



.1C t /@˛x.m.%; �f /@taf /

L1.R�Td IL1� /

C sup
˛2Nd
˛i2¹0;1º



.1C t /@˛x..@1m.%; �f /@t%C @2m.%; �f /@t�f /af /

L1.R�Td IL1� /
:

Using the Leibniz rule, we get, for all ˛ 2 Nd such that ˛i 2 ¹0; 1º,

.1C t /
ˇ̌
@˛x.m.%; �f /af /

ˇ̌
.
X
ˇ�˛

ˇ̌
@ˇx .m.%; �f //

ˇ̌ˇ̌
@˛�ˇx af

ˇ̌
� !Œaf �

X
ˇ�˛

ˇ̌
@ˇx .m.%; �f //

ˇ̌
;

and one can observe that for all k > d
2

,X
ˇ�˛

ˇ̌
@ˇx .m.%; �f //

ˇ̌
. km.%; �f /kHdCk � ƒ.k%kL1 ; k�f kL1/k%kHdCkk�f kHdCk ;

where we have applied Proposition A.3 and the fact that HkCd is an algebra. Doing
the same with the term involving @taf , we obtain

sup
˛2Nd
˛i2¹0;1º



.1C t /@˛x.m.%; �f /af /

L1.R�Td IL1� /

C sup
˛2Nd
˛i2¹0;1º



.1C t /@˛x.m.%; �f /@taf /

L1.R�Td IL1� /

� ƒ
�
k%kL1.RIL1/; k�f kL1.RIL1/

�
k%kL1.RIHdCk/k�f kL1.RIHdCk/!Œaf �:

Likewise, similar computations – which we omit – show that for all k > d
2

,

sup
˛2Nd
˛i2¹0;1º



@˛x�Œ@1G.%; �f /@t%C @2G.%; �f /@t�f �af �

L1.R�Td IL1� /

� ƒ
�
k%kL1.RIL1/; k�f kL1.RIL1/

�
�ƒ

�
k%kL1.RIHdCk/; k@t%kL1.RIHdCk/; k�f kL1.RIHdCk/; k@t�f kL1.RIHdCk/

�
� !Œaf �:

This concludes the proof of the estimate (5.13) of the lemma, thanks to Sobolev
embedding.
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We finally obtain the following result, yielding some control on the seminorms of
the Penrose function in terms of the initial data only.

Corollary 5.13. The following hold:

!ŒPf;%� . ƒ.1CMin/; (5.16)

„ŒPf;%�M . ƒ.1CMin/; 2M < m � 11 � d=2; (5.17)

�ŒPf;%� . ƒ.1CMin/: (5.18)

Proof. We combine the estimates (5.7), (5.8) and (5.9) of Lemma 5.10 with (5.13),
(5.14) and (5.15) of Lemma 5.12. We first get, for 3C 3d=2 � ` < m � 3,

!ŒPf;%� � ƒ
�

sup
iD0;1

k@it%kL1.RIHdC`/; sup
iD0;1

k@it�f kL1.RIHdC`/

�
� sup
iD0;1

k.1C t /@itf kL1.RIH`
r /

� ƒ
�

sup
iD0;1

k@it%kL1.RIHdC`/; sup
iD0;1

k@itf kL1.RIHdC`
� /

�
ƒ.1CMin/

for � > d=2. Hence, by using the equation for % with Remark 2.21 and Lemma 2.22,
and by taking ` < m � 3 � d , we can rely on (5.11) from Lemma 5.11 to obtain
(5.16). Next, we have, for 4CMC d=2 < ` < m � 6,

„ŒPf;%�M

� ƒ
�

sup
iD0;1;2;3;4

k@it%kL1.RIH1CMC`/; sup
iD0;1;2;3;4

k@it�f kL1.RIH1CMC`/

�
� sup
iD0;1;2;3;4

k@itf kL1.RIH`
r /

� ƒ
�

sup
iD0;1;2;3;4

k@it%kL1.RIH1CMC`/; sup
iD0;1;2;3;4

k@itf kL1.RIH1CMC`
� /

�
ƒ.1CMin/

for � > d=2. Using (5.12) from Lemma 5.11, the equation for %, Remark 2.21 and
Lemma 2.22 with `C 1CM < m � 6, we deduce (5.17). Finally, we also have, for
7C 3d=2 < ` < m � 3 � d ,

�ŒPf;%� � ƒ
�

sup
iD0;1

k@it%kL1.RIHdC`/; sup
iD0;1

k@itf kL1.RIHdC`
� /

�
ƒ.1CMin/

for � > d=2 and as before, we obtain (5.18).
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5.5 Elliptic estimates through pseudodifferential analysis

Let T 2 .0;T ?" /. In view of the equation (5.1) on hD @˛x% obtained in Proposition 5.1,
we initiate the study of the equation�

Id �
%

1 � �f
Kfree
G ı J"

��
zH
�
D zR; 0 � t � T; (5.19)

where zR is a given source term defined on .0;T /. Given a solution zH to this equation,
we want to derive an L2.0; T IL2/ estimate of zH in terms of zR. This will be possible
thanks to the Penrose stability condition satisfied by .f .t/; %.t// (see the forthcoming
Proposition 5.17).

Note that the operator involved in the equation (5.19) depends on % and f , which
are defined for all times.

Following [90], we would like to link the operator Id � %
1��f

Kfree
G ı J" which

appears in (5.19) to a pseudodifferential operator of order 0 in time-space. We will
use the following notation for the Fourier transform in time-space, and we also refer
to Appendix C:

8.�; k/ 2 R � Zd ; Ft;xg.�; k/ D

Z
R�Td

e�i.� tCk�x/g.t; x/ dt dx:

For symbols of the form a.t; x; 
; �; k/ on Œ0; T � � Td � RC � R � Rdn¹0º and in
the Schwartz class, we rely on the quantification

Op
 .a/.h/.t; x/ D
1

.2�/dC1

Z
R�Zd

ei.� tCk�x/a.t; x; 
; �; k/Ft;xh.�; k/ d� dk:

The measure on Zd is the discrete measure. Note that the symbols we shall handle
are defined on R � Td in the physical space, thanks to the extension procedure from
Section 5.3. Note also that we shall handle symbols defined in the whole space Rd

for the k variable, even if we only use them for k 2 Zd in the formula.
For 
 > 0 (which will be chosen large enough in the end, but always independent

of "), we set
zH.t; x/ WD e
tH.t; x/; zR.t; x/ WD e
tR.t; x/:

We can rewrite (5.19) as

H.t; x/ �
%

1 � �f
e�
tKfree

G Œe
 �J"H�.t; x/ D R.t; x/; 0 � t � T: (5.20)

First, let us extend the solution H by zero for times t < 0 and let us choose any
smooth and compactly supported extension in time of H after time T . We still call
this solution H . The following lemma now provides the link between the integro-
differential equation (5.20) and a pseudodifferential equation.
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Lemma 5.14. We have

e�
tKfree
G Œe
 �H�.t; x/ D p0.%.t; x//Op
 .af /.H/.t; x/ on R � Td ;

where af is defined in (5.6). In particular, the equation (5.20) on H reads

H �
p0.%/%

1 � �f
Op
 .af /.J"H/ D S on R � Td ; (5.21)

where S is a source term defined on R�Td such that Sj.�1;0/ D 0 and SjŒ0;T � DR.

Proof. We write

H.t; x/ D
1

.2�/dC1

Z
R�Zd

ei.� tCk�x/Ft;xH.�; k/ d� dkI

therefore,

e�
tKfree
G .e
 �H/.t; x/

D
p0.%.t; x//

.2�/dC1

Z t

�1

Z
Rd

Z
R�Zd

e�
.t�s/ei.�sCk�.x�.t�s/v//ik

� rvf .t; x; v/Ft;xH.�; k/ dv ds d� dk;

because H is 0 on negative times. We apply the Fubini theorem (which holds since

 > 0) and get

e�
tKfree
G .e
 �H/.t; x/

D
p0.%.t; x//

.2�/dC1

Z
R�Zd

ei.� tCk�x/

�

�Z t

�1

e�.
Ci�/.t�s/ik �

Z
Rd
e�ik�v.t�s/rvf .t; x; v/ dv ds

�
Ft;xH.�; k/ d� dk:

Therefore, setting s0 D t � s,

e�
tKfree
G .e
 �H/.t; x/

D
p0.%.t; x//

.2�/dC1

Z
R�Zd

ei.� tCk�x/
�Z C1

0

e�.
Ci�/sik �

Z
Rd
e�ik�vsrvf .t; x; v/ dv ds

�
� Ft;xH.�; k/ d� dk

D
p0.%.t; x//

.2�/dC1

Z
R�Zd

ei.� tCk�x/
�Z C1

0

e�.
Ci�/sik � .Fvrvf /.t; x; ks/ ds
�

� Ft;xH.�; k/ d� dk

D p0.%.t; x; //Op.af /.H/.t; x/:
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This provides the desired equality. That the source term S in the final pseudodifferen-
tial equation (5.21) satisfies Sj.�1;0/ D 0 follows from the equation and the fact that
H is zero for negative times.

Having in mind a semiclassical approach (see also Apppendix C), we introduce
the following quantization.

Notation 5.15. For any symbol b.t; x; 
; �; k/ on R � Td �RC �R �Rdn¹0º, we
set, for " 2 .0; 1/,

b".t; x; 
; �; k/ WD b.t; x; "
; "�; "k/;

Op
;".b/ WD Op
 .b"/:

Lemma 5.16. We have

p0.%/Op
 .af /.J"H/ D Op
;".af;%/.H/; (5.22)

where
af;%.t; x; �/ WD

1

1C jkj2
p0.%.t; x//af .t; x; �/:

Proof. We have the exact composition formula

p0.%/Op
 .af /.J"H/ D Op
 .za";f;%/.H/;

za";f;%.t; x; �/ WD p
0.%.t; x//af .t; x; �/

1

1C j"kj2
;

since we are composing on the right by a Fourier multiplier. Since af;% is homoge-
neous of degree 0 in the variable � (see Lemma 5.10), we have

za";f;%.t; x; �/ D p
0.%.t; x//af .t; x; "�/

1

1C j"kj2
D af;%.t; x; "�/;

and the conclusion follows.

In the following proposition, we show that we can choose an extension of .f;%;u/
as in Section 5.3 and such that it satisfies a Penrose condition for all times. By the
definition of T ?" , we know that

8t 2 Œ0; T ?" �; inf
.x;
;�;k/

j1 � Pf .t/;%.t/.x; 
; �; k/j � c0=2;

where we recall the expression of the Penrose symbol:

Pf .t/;%.t/.x; 
; �; k/

D
p0.%.t; x//%.t; x/

1 � �f .t; x/

Z C1
0

e�.
Ci�/s
ik

1C jkj2
� .Fvrvf / .t; x; ks/ ds:



Elliptic estimates through pseudodifferential analysis 117

We want this condition to be true for the extension of .f; %/. We have the following
result, which requires the technical assumption (1.2) on the pressure.

Proposition 5.17. There exists ı? D ı.c0;Min/ > 0 small enough such that, consid-
ering the extension of f and % with respect to T ?" and ı?, we have

8t 2 R; inf
.x;
;�;k/

j1 � Pf .t/;%.t/.x; 
; �; k/j � c0=4:

Proof. We only treat the case t 2 .T ?" ;C1/, as the case of negative times is identical.
Let us set

�?ı .t/ WD �ı.t � T
?
" /; �?.t/ WD �.t � T ?" /;

where we employ the notation of Section 5.3. By the definition of the extension for f ,
we have

Pf .t/;%.t/

D
�?
ı
.t/p0.%.t; x//%.t; x/

1 � �f .t; x/

�

Z C1
0

e�.
Ci�/s
ik

1C jkj2
� .Fvrvf /.T

?
" ; x; ks/ ds

C
�?
ı
.t/p0.%.t; x//%.t; x/

1 � �f .t; x/

�

NfX
kD1

.t � T ?" /
k

kŠ

Z C1
0

e�.
Ci�/s
ik

1C jkj2
�
�
Fvrv@

k
t f
�
.T ?" ; x; ks/ ds:

(5.23)
We next proceed to the following decompositions: we have

1

1 � �f .t/
D

1

1 � �?
ı
.t/�f .T ?" / � �

?.t/
PNf
kD1

@kt �f .T
?
" /

.t�T ?" /
k

kŠ

D
1

1 � �?
ı
.t/�f .T ?" /

C
1

1 � �?
ı
.t/�f .T ?" /

Q?.t/

1 �Q?.t/
;

where

Q?.t/ WD
�?
ı
.t/
PNf
kD1

@kt �f .T
?
" /

.t�T ?" /
k

kŠ

1 � �?
ı
.t/�f .T ?" /

;

and by writing

%.t/ D �?.t/%.T ?" /CR
?.t/; R?.t/ WD �ı.t � T

?
" /

N%X
kD1

%.k/.T ?" /
.t � T ?" /

k

kŠ
;

we also have

p0.%.t//%.t/ D p0
�
�?.t/%.T ?" /

�
�?.t/%.T ?" /C S

?.t/;
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where

S?.t/ WD
�
p0
�
�?.t/%.T ?" /CR

?.t/
�
� p0

�
�?.t/%.T ?" /

��
�?.t/%.T ?" /

C p0
�
�?.t/%.T ?" /CR

?.t/
�
R?.t/:

Note that

S?.t/ D O
t!T ?"

.t � T ?" /:

Now, the equality (5.23) turns into

1 � Pf .t/;%.t/ D 1 �
�?
ı
.t/p0

�
�?.t/%.T ?" /

�
�?.t/%.T ?" /

1 � �?
ı
.t/�f .T ?" /

�
1

1C jkj2

Z C1
0

e�.
Ci�/sik � .Fvrvf /.T
?
" ; x; ks/ ds

CE?.t/;

with a remainder E?.t/ WD ��?
ı
.t/.IC IIC IIIC IV/, where

I D
p0
�
�?.t/%.T ?" /

�
�?.t/%.T ?" /

1 � �?
ı
.t/�f .T ?" /

Q?.t/

1 �Q?.t/

�

Z C1
0

e�.
Ci�/s
ik

1C jkj2
� .Fvrvf /.T

?
" ; x; ks/ ds;

II D
S?.t/

1 � �?
ı
.t/�f .T ?" /

Z C1
0

e�.
Ci�/s
ik

1C jkj2
� .Fvrvf /.T

?
" ; x; ks/ ds;

III D
S?.t/

1��?
ı
.t/�f .T ?" /

Q?.t/

1�Q?.t/

Z C1
0

e�.
Ci�/s
ik

1Cjkj2
� .Fvrvf /.T

?
" ; x; ks/ ds;

IV D
p0.%.t; x//%.t; x/

1 � �f .t; x/

�

NfX
kD1

.t � T ?" /
k

kŠ

Z C1
0

e�.
Ci�/s
ik

1C jkj2
�
�
Fvrv@

k
t f
�
.T ?" ; x; ks/ ds:

We claim that a homogeneity argument shows that

inf
.x;
;�;k/

ˇ̌̌̌
1 �

�?
ı
.t/p0

�
�?.t/%.T ?" ; x/

�
�?.t/%.T ?" ; x/

1 � �?
ı
.t/�f .T ?" ; x/

�
1

1C jkj2

Z C1
0

e�.
Ci�/sik � .Fvrvf /.T
?
" ; x; ks/ ds

ˇ̌̌̌
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� inf
.x;
;�;k/

ˇ̌̌̌
1 �

p0.%.T ?" ; x//%.T
?
" ; x/

1 � �f .T ?" ; x/

�
1

1C jkj2

Z C1
0

e�.
Ci�/sik � .Fvrvf /.T
?
" ; x; ks/ ds

ˇ̌̌̌
� c0=2:

Indeed, we know from Lemma 5.10 that for all x 2 Td , the function

.
; �; k/ 7!

Z C1
0

e�.
Ci�/sik � .Fvrvf /.T
?
" ; x; ks/ ds

is homogeneous of degree 0, and since by the assumption (1.2) and by construction
we have

0 �
�?
ı
.t/p0

�
�?.t/%.T ?" ; x/

�
�?.t/%.T ?" ; x/

1 � �?
ı
.t/�f .T ?" ; x/

�
p0
�
%.T ?" ; x/

�
%.T ?" ; x/

1 � �f .T ?" ; x/
;

we can rely on Remark 1.10 (see (1.5)) to obtain the previous claim. By writing

inf
.x;
;�;k/

j1 � Pf .t/;%.t/.x; 
; �; k/j �
c0

2
� sup
.x;
;�;k/

jE?.t; x; 
; �; k/j

thanks to the triangular inequality, it remains to prove that a suitable choice of ı can
lead to

8t 2 ŒT ?" ;C1/; sup
.x;
;�;k/

jE?.t; x; 
; �; k/j �
c0

4
:

First note that the remainder E? has a factor �?
ı
.t/ multiplying all the terms in its

expression, and is therefore compactly supported in time, with support in the inter-
val .T ?" ; T

?
" C ı/. Relying on the bounds for f and % depending only on Min (see

Remark 2.21 and Lemma 2.22), we can proceed as in the proof of the estimates (5.16),
(5.17) and (5.18) and show that

jE?.t/j � ƒ.Min/�
?
ı .t/jt � T

?
" j � ƒ.Min/ı:

This procedure is allowed since the extension and the remainder E? only involve a
finite number of derivatives in time of % and f at t D T ?" . Choosing ı small enough
is now sufficient to conclude.

We are now in a position to provide the key L2.R;L2x/ estimate for a solution to
the equation (5.21). We will actually consider a slightly different pseudodifferential
equation, which is

H �
p0.%/%

1 � �f
Op
 .af /.J"H / D � on R � Td ; (5.24)
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where � D S on Œ0; T � and is zero outside Œ0; T �. The main part of our analysis
will provide an estimate in L2.RIL2x/ for the solution H of the equation (5.24), and
we will show subsequently that it will provide an L2.0; T; L2x/ estimate on H , the
solution to the original equation (5.20). This will be based on a causality principle for
the pseudodifferential equation (5.20) (see Lemma 5.19 below).

Proposition 5.18. Assume that H is a solution of the equation (5.24) on R � Td .
There exists ƒ.Min/ > 0 such that, for any 
 � ƒ.Min/, we have

kHkL2.R�Td / � ƒ.Min/k�kL2.R�Td /:

In particular, we have

kHkL2..0;T /�Td / � ƒ.Min/k�kL2..0;T /�Td /:

Proof. Thanks to (5.22) and Lemma 5.14, the equation (5.24) can be rewritten as�
Id �

%

1 � �f
Op
;".af;%/

�
.H / D � ;

where af;% has been defined in (5.22). Now observe that, recalling the definition (1.4)
of the Penrose symbol Pf;%, we have

%

1 � �f
af;% D Pf;%I

therefore, H satisfies
Op
;".1 � Pf;%/.H / D � : (5.25)

Relying on Proposition 5.17 on the Penrose condition satisfied by the (extension) of
.f .t/; %.t// on R, we can consider

cf;% WD
1

1 � Pf;%
:

Note that the symbol cf;% � 1 vanishes outside a compact set in time and hence, in
view of the estimates (5.16), (5.17) and (5.18) of Corollary 5.13 on the symbol Pf;%
and Faà di Bruno’s formula, we get

!
�
c"f;% � 1

�
C�

�
c"f;% � 1

�
� ƒ.1CMin/: (5.26)

Applying Op
;".cf;%/ to the equation (5.25) yields

H D � C Op
;".cf;% � 1/.�/

C
�
Op
;"

�
.cf;% � 1/.1 � Pf;%/

�
� Op
;".cf;% � 1/Op
;".1 � Pf;%/

�
.H /

D � C Op
;".cf;% � 1/.�/

�
�
Op
;"

�
.cf;% � 1/Pf;%

�
� Op
;".cf;% � 1/Op
;".Pf;%/

�
.H /:
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Using the L2 continuity property from Theorem C.2 and the commutation estimates
from Proposition C.3 (recall that Pf;� has compact support in time), we get, for all

 > 0 and M > 1C 2d ,

kHkL2.R�Td /

�
�
1C C!Œcf;% � 1�

�
k�kL2.R�Td / C

C



�Œc"f;% � 1�„

�
P"f;%

�
M kHkL2.R�Td /

for some constant C > 0 depending only on the dimension. By homogeneity of the
previous seminorms with respect to the semiclassical quantification in " (in particular,
the fact that �Œc"

f;%
� 1� � �Œcf;% � 1� for " � 1), we infer that

kHkL2.R�Td /

�
�
1C C!Œcf;% � 1�

�
k�kL2.R�Td / C

C



�Œcf;% � 1�„

�
Pf;%

�
MkHkL2.R�Td /:

Thanks to (5.26) and the estimate (5.17) of Corollary 5.13, we get

kHkL2.R�Td / � Cƒ.1CMin/k�kL2.R�Td / C
C



ƒ.1CMin/kHkL2.R�Td /:

Taking 
 large enough with respect toMin allows us to apply an absorption argument:
we get the existence of some ƒ.Min/ > 0 such that, for any 
 � ƒ.Min/, we have

kHkL2.R�Td / . ƒ.Min/k�kL2.R�Td /;

which was the desired conclusion. The last inequality stated in the proposition follows
from the fact that � is zero outside Œ0; T �.

Let us briefly explain how to obtain a solution H of the equation (5.24) with
source term � . The main idea is to use the estimate derived in Proposition 5.18.
Indeed, setting

A
 WD Op
 .1 � Pf;%/; B
 WD Op

�

1

1 � Pf;%

�
;

one can repeat the proof of Proposition 5.18 to show that

B
A
 D IdC
1



C
 ;

where C
 is a bounded operator on L2.R � Td / whose norm is uniformly bounded
independently of 
 . Hence, for 
 large enough, we obtain that B
A
 is invertible on
L2.R�Td /, and soA
 has a left inverse. By the same argument forA
B
 , we obtain
that A
 is invertible on L2.R � Td / for 
 large enough. This leads to the existence
of a solution to the equation (5.24).
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Let us now show how to relate the solutions of the equations (5.21) and (5.24) on
Œ0; T �. This comes from the following causality principle.

Lemma 5.19. Let T > 0. Consider the solutionH to the equation (5.21) and a solu-
tion H to the equation (5.24) on R � Td . Then

H jŒ0;T � D H jŒ0;T �:

Proof. First introduce, for 
 > 0,

zH.t; x/ WD e
tH.t; x/; zS.t; x/ WD e
tS.t; x/;

and

zH .t; x/ WD e
tH.t; x/; z�.t; x/ WD e
t�.t; x/:

In view of the equations (5.21) and (5.24), we have by linearity

e�
t . zH � zH / �
p0.%/%

1 � �f
Op
 .af /

�
J"e�
 �. zH � zH /

�
D e�
t . zS � z�/ on R � Td :

Note that the source term of this equation is zero on .�1; T � by the definition of S
and � , which satisfy

S j.�1;T � D � j.�1;T �:

By Proposition 5.18, there exists ƒ.Min/ such that, for all 
 � ƒ.Min/,Z T

0

e�2
t


 zH.t/ � zH .t/



2
L2.Td / dt �



e�
 �. zH � zH /


2

L2.R�Td /

� ƒ.Min/
2

Z C1
T

e�2
t


 zS.t/ � z�.t/

2L2.Td / dt

for some 
0 > 0 and C0 � 0. We thus infer thatZ T

0



 zH.t/ � zH .t/


2

L2.Td / dt � ƒ.Min/
2

Z C1
T

e2
.T�t/


 zS.t/ � z�.t/

2L2.Td / dt:

By letting 
 !C1, we deduce that zH jŒ0;T � D zH jŒ0;T �, hence the result.

As a consequence, we can finally obtain an estimate for the equation (5.19) on
.0; T / � Td .

Corollary 5.20. Consider zH the solution to (5.19) on .0; T / � Td . We have

 zH

L2.0;T IL2.Td // � ƒ.T;Min/


 zR

L2.0;T IL2.Td //:
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Proof. First recall that defining

zH.t; x/ WD e
tH.t; x/ and zR.t; x/ WD e
tR.t; x/

and extending H by zero for t < 0, it is solution of (5.21) on R � Td with a source
term S satisfying Sj.�1;0/D 0 and SjŒ0;T �DR. By Lemma 5.19 and Proposition 5.18,
we thus get, for all 
 � ƒ.Min/,Z T

0

e�2
t


 zH.t/

2L2.Td / dt � ƒ.Min/

2

Z T

0

e�2
t


 zR.t/

2L2.Td / dt:

Therefore, taking 
 D ƒ.Min/ provides

 zH

L2.0;T IL2.Td // � e
ƒ.Min/Tƒ.Min/



 zR

L2.0;T IL2.Td //;

which concludes the proof.

5.6 Final hyperbolic estimates

To conclude this chapter, it remains to perform an energy estimate on the hyperbolic
part .@t C u � rx/.h/.

Let us observe that by Remark 2.25, we have

kdivx ukL1.0;T IL1/ .
�
1C T 1=2ƒ.T;R/

�
Min C T

1=2ƒ.T;R/;

by Sobolev embedding (since m > 1C d=2); therefore, for all t 2 .0; T ?" /,

kdivx ukL1.0;t IL1/ � 1C 2Min: (5.27)

We can therefore state the following lemma.

Lemma 5.21. Let T 2 .0;min.T".R/; xT .R/; zT0.R///. Assume that h is a solution of
the equation

.@t C u � rx/.h/ D zH; t 2 Œ0; T �:

The following estimate holds:

khkL2.0;T IL2.Td // � e
.1CMin/T T

1
2

�
kh.0/kL2 C T

1
2 k zHkL2.0;T IL2.Td //

�
:

Proof. The proof is standard. Due to the hyperbolic nature of the equation, an energy
estimate provides pointwise-in-time L2 bounds (in the same spirit as the proof of
Proposition 2.3). For all t 2 Œ0; T �, we have

kh.t/kL2 � e
kdivx ukL1.0;tIL1/tkh.0/kL2 C

Z t

0

ekdivx ukL1.0;tIL1/.t��/k zH.�/kL2 d�:
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By (5.27), we get by the Cauchy–Schwarz inequality in time that for all t 2 Œ0; T �,

kh.t/kL2 � e
.1CMin/T

�
kh.0/kL2 C T

1
2

Z T

0

k zH.�/k2L2 d�
�
;

hence the conclusion, taking the L2 norm in time on .0;T / in the above inequality.

Gathering the results presented in Lemma 5.2, Proposition 5.1, Corollary 5.20
and Lemma 5.21, we directly infer the following statement.

Corollary 5.22. For all j˛j �m and all T 2 .0;min.T".R/; xT .R/; zT0.R///, we have
the estimate

k@˛x%kL2.0;T IL2.Td // � T
1
2ƒ.Min; T; R/:



Chapter 6

End of the proof

6.1 Conclusion of the bootstrap

Let us conclude the bootstrap argument. We choose

T 2
�
0;min

�
T".R/; xT .R/; zT0.R/

��
:

We can consider the following explicit quantity, which appears in all the estimates
from Chapter 5:

Min WD kf
in
kHm

r
C k%in

kHmC1 C ku
in
kHm :

We now apply Corollary 5.22 to get

k%kL2.0;T IHm/ � T
1=2ƒ.Min; T; R/:

We also invoke the energy estimate of Lemma 2.22 on f that yields

kf kL1.0;T IHm�1
r / �Min C T

1
4ƒ.T;R/;

and the energy estimate of Proposition 2.24 on u giving

kukL1.0;T IHm/\L2.0;T IHmC1/ �Min C T
1=2ƒ.Min; T; R/Cƒ.T;R/k%kL2.0;T IHm/;

and therefore, using the previous estimate on %, we have

kukL1.0;T IHm/\L2.0;T IHmC1/ �Min C T
1=2ƒ.Min; T; R/:

Combining all these estimates together, we finally obtain the key estimate

Nm;r.f; %; u; T / � C
�
Min C T

1=4ƒ.T;R/C T 1=2ƒ.Min; T; R/
�

for some universal constant C > 0. Note that the previous right-hand side is indepen-
dent of ". Next, we choose R large enough so that

CMin <
1

2
R:

Now, with R being fixed, we rely on the continuity at 0 of the function

s 7! s1=4ƒ.s;R/C s1=2ƒ.Min; s; R/

to find some time T ] > 0 independent of " with

T ] 2
�
0;min

�
xT .R/; zT0.R/

��
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and such that, for every T 2 Œ0; T ]�,

C
�
T 1=4ƒ.Min; T; R/C T

1=2ƒ.Min; T; R/
�
<
1

2
R:

We deduce that for all T 2 Œ0;min.T ]; T".R//�, we have Nm;r.f; %; u; T / < R. In
addition, thanks to Lemmas 2.16 and 2.17, we easily get the fact that the condition
(B�;�‚ .T /) is satisfied, up to reducing T ] so that ‚C T ]R < 1 and

T ] 2

�
0;
1

R
min

�
1 �‚

2
; ln.2/; ln

�
2�

�

���
:

Since we were assuming that Nm;r.f;%;u;T".R//DR, this shows that we must have
T" > T

].
In conclusion, we have found R > 0 and T > 0 such that, for all " > 0,

Nm;r.f; %; u; T / � R:

6.2 Existence of a solution

Let us first focus on the existence part of Theorem 1.6. We will rely on a standard
compactness argument, that we briefly detail. In view of Section 6.1, there exist
T > 0, R > 0 and

.f"; %"; u"/ 2 C.Œ0; T �IHm
r / � C.Œ0; T �IHm/ � C.Œ0; T �IHm/ \ L2.0; T IHmC1/

a solution to (S") with initial data .f in; %in; uin/ such that

sup
"2.0;1�

Nm;r.f"; %"; u"; T / � R:

Hence, we deduce that .f"/" is bounded in L1.0; T IHm�1
r /, .%"/" is bounded in

L2.0; T IHm/ and .u"/" is bounded in L1.0; T IHm/ and in L2.0; T IHmC1/. From
Lemma 2.20, we also know that .%"/" is bounded in L1.0; T IHm�2/. We deduce
that .f"; %"; u"/ has a weak-? limit .f; %; u/ (up to some extraction) in the previous
spaces.

Furthermore, using the equations for f", %" and u", we know that

.@tf"/"�1 is bounded in L1.0; T IHm�3
r�1 /;

.@t%"/"�1 is bounded in L1.0; T IHm�3/;

.@tu"/"�1 is bounded in L1.0; T IHm�3/:
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Invoking the Aubin–Lions–Simon lemma (see e.g. [32, Theorem II.5.16]), we there-
fore deduce that, up to some extraction, we have

f" ���!
"!0

f in C.Œ0; T �IHm�2
r�1 /;

%" ���!
"!0

% in C.Œ0; T �IHm�3/;

u" ���!
"!0

u in C.Œ0; T �IHm�1/:

These strong convergences allow us to pass to the limit in (S") and to obtain that
.f; %; u/ is a solution to the thick spray equations (TS) on Œ0; T �, and that .f; %/
satisfies a Penrose stability condition (P) on the same interval of time.

It remains to prove that f 2 C.Œ0; T �IHm�1
r / and u 2 C.Œ0; T �I Hm/, as we

only have f 2 L1.0; T IHm�1
r / and u 2 L1.0; T IHm/ for the moment. Since f 2

L1.0; T IHm�1
r / \ Cw.Œ0; T �IH

m�2
r�1 / and u 2 L1.0; T IHm/ \ Cw.Œ0; T �IHm�1/,

we know (see e.g. [32, Lemma II.5.9]) that

f 2 Cw.Œ0; T �IH
m�1
r / and u 2 Cw.Œ0; T �IHm/:

It is now sufficient to prove that t 7! kf .t/kHm�1
r

and t 7! ku.t/kHm are continuous
functions on Œ0; T � to conclude. Coming back to the energy estimates of Section 2.2,
we have

d
dt
kf .t/k2

Hm�1
r

< C1;
d
dt
ku.t/k2Hm < C1:

As t 7! kf .t/k2Hm�1
r

and t 7! ku.t/k2Hm are integrable (becausef 2 L1.0;T IHm�1
r /

and u 2 L1.0; T IHm/), we obtain that t 7! kf .t/k2
Hm�1
r

and t 7! ku.t/k2Hm belong
to W1;1.0; T /, hence the continuity in time of these quantities. This finally yields the
desired continuity for f and u and concludes the proof.

6.3 Uniqueness of the solution

Let us turn to the uniqueness part of Theorem 1.6. Let .f1; %1; u1/ and .f2; %2; u2/
be two solutions of (TS) belonging to

L1.0;T IHm�1
r / � L2.0;T IHm/ � L1.0;T IHm/ \ L2.0;T IHmC1/

for some T > 0, with the same initial condition .f in; %in; uin/ and such that t 7!
.f1.t/; %1.t// satisfies the Penrose stability condition (P) on Œ0;T �. Let us set

f WD f1 � f2; ˛i WD 1 � �fi ; ˛ WD ˛1 � ˛2; % WD %1 � %2; u WD u1 � u2;

and

R WD max
iD1;2

�
kfikL1.0;T IHm�1

r / C k%ikL2.0;T IHm/ C kuikL1.0;T IHm/\L2.0;T IHmC1/
�
:

Note that R depends on T .
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Step 1. Let us show that %1 D %2, at least on a small interval of time. The key is to
obtain L2.0; T IL2/ estimates for % for some T D T .R/ � T . To this end, we write
the equation satisfied by % as

˛1.@t%C u1 � rx%/C %1.@t˛ C u1 � rx˛/

D �
�
@t%2˛ C @t˛2%C Œ%u1 C %2u� � rx˛2 C Œ˛u1 C ˛2u� � rx%2

C ˛�1 divx u1 C ˛2% divx u1 C ˛2%2 divx u
�
;

and since @t˛i D divx jfi , we get

@t%C u1 � rx%C
%1

1 � �f1
divx.jf � �f u1/ D S1;2.f; %; u/; (6.1)

where

S1;2.f; %; u/ WD �
1

1 � �f1

�
�@t%2�f C @t˛2%C Œ%u1 C %2u� � rx˛2
C Œ��f u1 C ˛2u� � rx%2 � �f �1 divx u1
C ˛2% divx u1 C ˛2%2 divx u � %2�f divx u1

�
:

(6.2)

The right-hand side S1;2.f; %; u/ can be seen as a source term whose L2.0; T I L2/
norm will be estimated by that of %, without any loss of derivative in .f; %; u/. Note
that we have rewritten the equation as above in order to perform the right pseu-
dodifferential factorization. This is of course reminiscent of what we have done in
Chapter 5. Next, the equations for the differences f and u read8̂̂̂̂

ˆ̂̂̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂:

@tf C v � rxf C divv
�
.u2 � v/f � rxp.%2/f

�
C
�
u � rxp.%1/Crxp.%2/

�
� rvf1 D 0;

@tuC .u2 � rx/uC .u � rx/u1 C
1

%1
rxp.%1/ �

1

%2
rxp.%2/

�
1

˛1%1

�
�x Crx divx

�
u �

�
1

˛1%1
�

1

˛2%2

��
�x Crx divx

�
u2

D jf � �f u1 � �f2u;

(6.3)

and, in particular,

@tf C v � rxf C divv
�
.u2 � v/f � rxp.%2/f

�
D p0.%1/rx% � rvf1 C .p

0.%1/ � p
0.%2//rx%2 � rvf1 � u � rxf1:

Again, the last two terms on the right-hand side should be seen as some source terms,
without any loss of derivative in .f; %; u/. One can show that

.p0.%1/ � p0.%2//rx%2 � rvf1

L2.0;T IL2/ C ku � rxf1kL2.0;T IL2/

� ƒ.T;R/k%kL2.0;T IL2/:
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The proof of the estimate for the second term will be similar to that for the term SŒ%�

we will treat below.
Arguing as in Section 2.3 and Chapters 3 and 4, but for a force field

F.t; x/ WD u2.t; x/ � rxp.%2.t; x//

instead of E%;ureg;", one can also prove that for T .R/ small enough, we have, for all
t 2 Œ0; T .R/�,

�f .t; x/

D p0.%1.t; x//

Z t

0

Z
Rd
rx%.s; x � .t � s/v/ � rvf1.t; x; v/ ds dv CRŒ�f �.t; x/;

jf .t; x/

D p0.%1.t; x//

Z t

0

Z
Rd
vrx%.s; x � .t � s/v/ � rvf1.t; x; v/ ds dv CRŒjf �.t; x/;

where 

RŒ�f �




L2.0;T IH1/ C


RŒjf �




L2.0;T IH1/ � ƒ.T;R/k%kL2.0;T IL2/:

Here, we have also used the fact that fjtD0 D 0. Injecting these expressions in equa-
tion (6.1) on %, we get, as in Chapter 5,

@t%C u1 � rx%C
%1

1 � �f1
divx

�
Kfree
1;G1

.%/ � Kfree
G1
.%/u1

�
D SŒ%�;

with
G1.t; x; v/ WD p

0.%1.t; x//rvf1.t; x; v/

and
SŒ%� D �

%1

1 � �f1
divx

�
RŒjf � �RŒ�f �u1

�
C S1;2.f; %; u/

(the operator Kfree
1;G1

being defined in (5.2)), and then�
Id �

%1

1 � �f1
Kfree
G1

��
@t%C u1 � rx%

�
D SŒ%�; t 2 .0; T /:

It is straightforward to prove that the source SŒ%� satisfies

kSŒ%�kL2.0;T IL2/ � ƒ.T;R/k%kL2.0;T IL2/:

The main issue comes from obtaining the same estimate for the term S1;2.u;f /

defined in (6.2). We observe that it is made of a sum of three types of terms, of
the following form:

• some terms where % appears as a factor, so that we directly obtain the estimate;
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• some terms where �f appears as a factor: we can rely on the previous decomposi-
tion of �f as �f DKfree

G1
Œ%�CRŒ�f � and an L2.0;T IL2/ estimate is then provided

by the smoothing estimate of Proposition 3.4;

• some terms where u or divx u appears as a factor: to estimate them, we perform
the same kind of energy estimate as in Appendix B, following the steps leading
to the equality (B.3), which gives, after integration in time (since ujtD0 D 0),

ku.t/k2L2 C

Z t

0

kdivx u.s/k2L2 ds

.
Z t

0

ku.s/k2L2 ds

C

Z t

0

�
k�f .s/k

2
L2 C kjf .s/k

2
L2 C k˛1%1.s/ � ˛2%2.s/k

2
L2

�
ds

.
Z t

0

ku.s/k2L2 ds Cƒ.T;R/k%kL2.0;T IL2/:

Here, we have also used the smoothing estimate from Proposition 3.4 combined
with the previous decomposition of �f and jf . We obtain the desired control on u
after an application of Grönwall’s lemma.

As in Section 5.5, we then study the equation�
Id �

%1

1 � �f1
Kfree
G1

��
zH
�
D zR; 0 � t � T;

where zR is a given source term and we want to derive an L2.0; T I L2/ estimate
on the solution zH . After applying the same extension procedure for the coefficients
(depending on .f1;%1;u1/) in the equation as in Section 5.3, and by setting zH.t;x/ WD
e
tH.t; x/ and zR.t; x/ D e
tR.t; x/ for 
 > 0 (with the same continuation by zero
outside Œ0; T � as in Section 5.5), we are led to the study of the pseudodifferential
equation

Op
 .1 �Pf1;%1/.H/ D R;

where

Pf1.t/;%1.t/.x; 
; �; k/ WD
p0.%1.x//%1.x/

1 � �f1.x/

Z C1
0

e�.
Ci�/sik � .Fvrvf1/.t; x; ks/ ds:

Observe that there is no factor .1C jkj2/�1 in the definition of this symbol, because
there is no regularization operator in the equation. Note also that the estimates (5.13),
(5.14) and (5.15) hold true for Pf1;%1 , in view of the regularity of .f1; %1/. Likewise,
as in Corollary 5.20, we have

 zH

L2.0;T IL2.Td // � ƒ.T;R/



 zR

L2.0;T IL2.Td //;
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provided that one can apply Op

�

1
1�Pf1;%1

�
to the previous pseudodifferential equa-

tion and take 
 large enough in order to invert it up to a small remainder. To do so,
we prove that if the condition (P)

(P) 8t 2 R; 8x 2 Td ; inf
.
;�;k/2.0;C1/�R�Rdn¹0º

j1 � Pf1.t/;%1.t/.x; 
; �; k/j > c

holds for some c > 0, then the condition

(P’) 8t 2 R; 8x 2 Td ; inf
.
;�;k/2.0;C1/�R�Rdn¹0º

j1 �Pf1.t/;%1.t/.x; 
; �; k/j > c

holds as well. Here, we implicitly consider the extension in time of f1 and %1, as was
done in Section 5.3. To this end, we rely on a homogeneity argument, as in [90]: we
define the function

zPf1;%1.x; z
; z�;
zk; �/ WD Pf1;%1.x; � z
; �z�; �

zk/; x 2 Td ; .z
; z�; zk/ 2 SC; � > 0;

where

SC WD
®
.z
; z�; zk/ 2 .0;C1/ �R �Rdn¹0º j z
2 C z�2 C zk2 D 1

¯
:

Since f1 is regular enough, one can prove that zPf1;%1 can be extended as a continuous
function on Td � SC � Œ0;C1/ and we obtain

8t 2 R; 8x 2 Td ; inf
.z
;z�;zk;�/2SC�Œ0;C1/

ˇ̌
1 � zPf1.t/;%1.t/.x; z
; z�;

zk; �/
ˇ̌
> c:

In view of the homogeneity of degree 0 of the symbol af;% with respect to the variable
.
; �; �/ (see Lemma 5.16), we also have

zPf1;%1.x; z
; z�;
zk; �/

D
1

1C �2jzkj2

p0.%1.x//%1.x/

1 � �f1.x/

Z C1
0

e�.z
Ciz�/si zk � .Fvrvf1/ .t; x; zks/ ds;

hence
zPf1.t/;%1.t/.x; z
; z�;

zk; 0/ D Pf1.t/;%1.t/.x; z
; z�;
zk/;

from which we infer that (P’) holds on SC. Again, the homogeneity of degree 0 of
Pf1.t/;%1.t/.x; 
; �; k/ with respect to the variable .
; �; k/ implies that (P’) holds.

Next, we come up with the transport equation for %

@t%C u1 � rx% D zH;

where %jtD0 D 0 and the source term zH has been shown to satisfy

k zHkL2.0;T IL2.Td // � ƒ.T;R/kSŒ%�kL2.0;T IL2.Td // � ƒ.T;R/k%kL2.0;T IL2.Td //:



End of the proof 132

Performing an L2 energy estimate gives, for all t 2 Œ0; T � (since %jtD0 D 0),

k%.t/kL2 � ƒ.T;R/

Z t

0

k zH.�/kL2 d� � T
1
2ƒ.T;R/k%kL2.0;T IL2.Td //;

by the Cauchy–Schwarz inequality. We end up with

k%kL2.0;T IL2.Td // � Tƒ.T;R/k%kL2.0;T IL2.Td //:

We deduce the fact that there exists a small enough T D T .R/ > 0 which depends
only on R such that

8t 2 Œ0; T .R/�; %.t/ D 0:

Step 2. Let us now prove that f1 D f2 and u1 D u2 on Œ0; T .R/�. This is in fact a
direct consequence of % D %1 � %2 D 0 on Œ0; T .R/�. Indeed, the previous step has
shown that, for all t 2 Œ0; T .R/�,

ku.t/k2L2 .
Z t

0

ku.s/k2L2 ds Cƒ.t; R/ k%kL2.0;t IL2/ .
Z t

0

ku.s/k2L2 ds;

and therefore we directly have u D 0 on Œ0; T .R/�. The equations for f in (6.3) now
turn into ´

@tf C v � rxf � v � rvf C
�
u2 � rxp.%2/

�
� rvf D df;

fjtD0 D 0:

The method of characteristics thus shows that f D 0 on Œ0; T .R/�.
In conclusion, we have obtained .f; %; u/ D .0; 0; 0/ on Œ0; T .R/�. We finally

observe that we can repeat this procedure starting from t D T .R/ instead of t D 0.
As a matter of fact, f1.T .R/; �/ still satisfies the Penrose stability condition. Since the
time T .R/ only depends onR, we obtain %D 0 on Œ0; 2T .R/� and then .f;u/D .0; 0/
on Œ0; 2T .R/�. After a finite number of steps, this yields .f; %;u/D .0; 0; 0/ on Œ0;T �.
This concludes the proof of the uniqueness part of the statement.



Chapter 7

Generalization to several models of thick sprays

In this chapter, we show how the strategy developed in this work can be applied to
treat several variants of the system (TS), which were presented in Section 1.3.

7.1 Generalization to the non-barotropic case

In this section, we show how to handle the case of the full Navier–Stokes system for
non-barotropic fluids, where we consider the additional internal energy e 2 RC for
the fluid and where the pressure depends on % and e. As explained in the introduction,
the system which is at stake is the following:8̂̂̂̂

ˆ̂̂<̂
ˆ̂̂̂̂̂:

@tf C v � rxf C divv
�
f .u � v/ � f rxp.%; e/

�
D 0;

@t .˛%/C divx.˛%u/ D 0;

@t .˛%u/C divx.˛%u˝u/C ˛rxp.%; e/ ��xu � rx divx u D jf � �f u;

@t .˛%e/C divx.˛%eu/C p.%; e/.@t˛ C divx.˛u// D
Z

Rd
ju � vj2f dv;

˛ D 1 � �f :

Here, we will assume1 that the pressure law is given as

p.%; e/ D �.%e/

for some given function � W RC ! R such that � 2 C.RC/ \ C1.RCn¹0º/. For
instance, the relation p.%; e/ D b%e (with b > 0) is a perfect gas pressure law. Simi-
larly to the technical hypothesis (1.2), we shall assume that

y 7! � 0.y/.y C �.y// is nondecreasing on R:

Setting
# WD %e;

the system in .f; %; u; #/ can be rewritten as

(TSe)

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

@tf C v � rxf C divv
�
f .u � v � rx�.#//

�
D 0;

@t .˛%/C divx.˛%u/ D 0;

@t .˛%u/C divx.˛%u˝ u/C ˛rx�.#/ ��xu � rx divx u D jf � �f u;

@t .˛#/C divx.˛#u/C �.#/.@t˛ C divx.˛u// D
Z

Rd
jv � uj2f dv;

˛ D 1 � �f :

1It is likely that more general pressures p.%; e/ could be treated by our method.
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As we shall see below, it is significant to define the following Penrose symbol of
a function .f .x; v/; #.x// as

Penergy
f;#

.x; 
; �; �/

WD
� 0.#.x//Œ#.x/C �.#.x//�

1 � �f .x/

Z C1
0

e�.
Ci�/s
ik

1C jkj2
� .Fvrvf /.x; s�/ ds:

(7.1)
We can now introduce the following Penrose condition, adapted to (TSe): there exists
c > 0 such that

(Penergy) 8x 2 Td ; inf
.
;�;�/2.0;C1/�R�Rdn¹0º

ˇ̌
1 � Penergy

f;#
.x; 
; �; �/

ˇ̌
> c:

Our main result for the system (TSe) reads as follows.

Theorem 7.1. There existm0 > 0 and r0 > 0, depending only on the dimension, such
that the following holds for all m � m0 and r � r0. Let

f in
2 Hm

r ; %in
2 Hm�1; uin

2 Hm; # in
2 HmC1;

such that .f in; # in/ satisfies the c-Penrose stability condition (Penergy)c (with c > 0)
and

0 � f in; �f in < ‡ < 1; 0 < � � %in; # in;

0 < � � .1 � �f in/%in; .1 � �f in/# in
� x�

for some fixed constants ‡;�; �; x�. Then there exist T > 0 and a solution .f; %; u; #/
to (TSe) with initial condition .f in; %in; uin; # in/ such that

f 2 C.Œ0; T �IHm�1
r /; % 2 C.Œ0; T �IHm�1/;

u 2 C.Œ0; T �IHm/ \ L2.0; T IHmC1/; # 2 L2.0; T IHm/;

and with .f .t/; #.t// satisfying the c
2

-Penrose stability condition (Penergy)c=2 for all
t 2 Œ0; T �. In addition, this solution is unique in this class.

Let us explain the main strategy for the proof of Theorem 7.1. First, we observe
that the equation for # can be rewritten as

@t# C u � rx# C
# C �.#/

1 � �f
divx.jf � �f u/

D �
# C �.#/

1 � �f
divx uC

1

1 � �f

Z
Rd
jv � uj2f dv:

(7.2)

Apart from the last term, this equation has exactly the same structure as that for % in
Lemma 2.2. Hence, the following estimate holds:

k#.t/kHm � k%
in
kHmˆ

�
T; : : : ; kukL1.0;T IHmC1/; kf kL1.0;T IHmC1

r /

�
;
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and it features the same loss of derivative as for % in (TS). Note also that the equation
for % can be directly solved once f and u are given. As in Section 2.2, we consider the
regularization �� 0.#/J"rx# of the term �rx�.#/ in the kinetic equation of (TSe)
and introduce the quantity

Nm;r.f"; %"; u"; #"; T / WD kf"kL1.0;T IHm�1
r / C k%"kL1.0;T IHm�1/

C ku"kL1.0;T IHm/\L2.0;T IHmC1/ C k#"kL2.0;T IHm/:

Following the bootstrap procedure we have set for the case of (TS), we mainly want
to control the quantity k#"kL2.0;T IHm/.

Using (7.2) (and dropping the dependence on ") it is possible to obtain the fol-
lowing equation for h D @˛x# with j˛j � m (see Proposition 5.1):�

Id �
# C �.#/

1 � �f
Kfree
G ı J"

��
@thC u � rxh

�
D R; t 2 .0; T /;

with G.t; x; v/ D � 0.#.t; x//rvf .t; x; v/ and

kRkL2.0;T IL2.Td // � ƒ.T;R; kh.0/kH1.Td //:

Following the arguments of Chapter 5, we are thus led to the study of the pseudodif-
ferential equation

H �
� 0.#/.# C �.#//

1 � �f
Op
 .af /.J"H/ D R on .0; T / � Td ;

where af is defined in (5.6), that is,

Op
;"
�
1 � Penergy

f;#

�
.H/ D R:

In particular, this explains the introduction of the Penrose symbol (7.1) above, which
allows us to invert the previous equation for H , up to a small remainder.

Some additional arguments also need to be given to treat the last term in (7.2).
Since Z

Rd
jv � uj2f dv D

Z
Rd
jvj2f dv C juj2�f � 2u � jf ;

we have to include the treatment of the second order moment in velocitym2f .t;x/ WDR
Rd jvj

2f .t; x; v/ dv in the analysis of Chapter 4. In addition to Proposition 4.1, we
have the following result.

Proposition 7.2. For all jI j � m, we have, for any t 2 .0; T /,

@Ixm2f .t; x/

D p0.%.t; x//

Z t

0

Z
Rd
jvj2rxŒJ"@Ix%�.s; x � .t � s/v/ � rvf .t; x; v/ dv ds

CRI Œm2f �.t; x/;
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where the remainder RI Œm2f � satisfies

RI Œm2f �

L2.0;T IH1x/
� ƒ.T;R/:

In particular, we have



@IxZ
Rd
jv � uj2f dv






L2.0;T IL2/

� ƒ.T;R/:

The fairly straightforward adaptation of the analysis of Chapter 4 is left to the
reader.

7.2 Generalization to the inelastic Boltzmann case

In this section, we consider the case where one takes into account inelastic collisions
between particles. This corresponds to the following Vlasov–Boltzmann equation in
the coupling (the other equations for .%; u/ being unchanged):

(TS-Coll)

8̂<̂
:
@tf C v � rxf C divv

�
f .u � v/ � f rxp.%/

�
D Q�.f; f /;

@t .˛%/C divx.˛%u/ D 0;

@t .˛%u/Cdivx.˛%u˝ u/C˛rxp��xu�rx divx u D jf � �f u;

where Q�.f; f / stands for a quadratic collision operator of Boltzmann type, in an
inelastic hard-spheres regime. Here, the fixed parameter � 2 .0; 1/ corresponds to
the so-called restitution coefficient: if 0v and 0v? denote the velocities of two particles
before collision, their respective velocities v and v? after collision are given by8̂<̂

:
v D 0v �

1C �

2
.0u � n/n;

v? D
0v? C

1C �

2
.0u � n/n;

where 0u WD 0v � 0v? is the relative pre-collision velocity and n 2 Sd�1 is a unit vector
that points from the particle center with velocity v to the particle center with veloc-
ity v? at the impact. Note that � D 1 corresponds to the standard elastic case.

In this representation, given two distribution functions f D f .v/ and g D g.v/,
we can consider the following expression for the Boltzmann collision operator, as a
difference of a gain and a loss term,

Q�.f; g/ D QC
�
.f; g/ �Q�� .f; g/;

where, setting u D v � v? and yu D u=juj, we define

QC
�
.f; g/.v/ D

1

�2

Z
Rd�Sd�1

ju � nj b.yu � n/f .0v/g.0v?/ dv? dn;

Q�� .f; g/.v/ D f .v/

Z
Rd�Sd�1

ju � nj b.yu � n/g.v?/ dv? dn:
(7.3)
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Here, the function b 2 L1.Œ�1; 1�/ is a given angular collision kernel. For the sake of
simplicity, we consider b � 1. Note that, in the (truly) inelastic case � 2 .0; 1/, we
have

jvj2 C jv?j
2
D j
0vj2 C j0v?j

2
�
1 � �2

2
.0u � n/2;

thus inducing a loss of kinetic energy at each collision, while mass and momentum
are conserved. We refer to [135] (see also the introduction of [3]) for more details on
this model, which comes from the theory of granular media and describes a cloud of
macroscopic particles whose size is larger than that usually described by the standard
Boltzmann equation with elastic collisions (for so-called molecular gases). To include
dissipative effects, inelastic collisions are thus considered. Note that the presence of
such a collision operator (with a large parameter "�1 in front of it) formally leads
to a biphasic fluid model when starting from (TS-Coll) (see [61]). We also refer to
[13, 58, 124] for its applications in the study of sprays.

Our main result (which also includes the elastic case � D 1) reads as follows.

Theorem 7.3. Let � 2 .0; 1�. There exists m0 > 0, depending only on the dimension,
such that the following holds for all m � m0. Let

ejvj
2

f in
2 Hm

0 ; %in
2 HmC1; uin

2 Hm;

such that .f in; %in/ satisfies the c-Penrose stability condition (P)c (with c > 0) and

0 � f in; �f in < ‚ < 1; 0 < � � %in; 0 < � � .1 � �f in/%in
� x�

for some fixed constants ‚, �, � , x� . Then there exist T > 0 and a solution .f; %; u/
to (TS-Coll) with initial condition .f in; %in; uin/ such that

ejvj
2

f 2 C
�
Œ0; T �IHm�1

0

�
; % 2 L2.0; T IHm/;

u 2 C
�
Œ0; T �IHm

�
\ L2.0; T IHmC1/;

with .f .t/; %.t// satisfying the c
2

-Penrose stability condition (P)c=2 for all t 2 Œ0; T �.
In addition, this solution is unique in this class.

As seen below, the friction term in the kinetic equation comes in handy in order to
treat some of the new terms due to the collision operator. This was remarked already
in [115].

Let us present the main changes that must be considered in our strategy of proof
and that are due to the collision operator. It mainly concerns:

• the energy estimates for f from Chapter 2;

• the integro-differential system for the derivatives of f from Section 4.1.

The rest of Chapter 2 and of Chapter 4 then remains unchanged, as do Chapters 5
and 6.
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7.2.1 New energy estimates for the kinetic part

Let us focus on the energy estimates for the new kinetic equation

@tf C v � rxf C divvŒf .u � v/ � f rxp.%/f � D Q�.f; f /: (7.4)

Following [115], we first define g.t; x; v/ D ejvj
2
f .t; x; v/ with f solving (7.4).

Setting
Eu;% D u � rxp.%/;

it implies that g satisfies the following modified Vlasov–Boltzmann equation:

@tg C v � rxg C divvŒ.Eu;% � v/g� � 2v � .Eu;% � v/g D ��Œg; g�; (7.5)

where, for all functions h1.v/; h2.v/, the operator ��Œg; g� D �C� Œg; g�� �
�
�
Œg; g� is

defined via

�C
�
Œh1; h2�.v/ WD

1

�2

Z
Rd�Sd�1

e�jv?j
2� 1��

2

2 ..0v�0v?/�n/
2

ju � nj h1.
0v/h2.

0v?/ dv? dn;

��� Œh1; h2�.v/ WD h2.v/

Z
Rd�Sd�1

e�jv?j
2

ju � nj h1.v?/ dv? dn:

Note that the additional term 2v � .Eu;% � v/g comes from the friction term in (7.4).
Using

0u D 0v? �
0v D v? � v � .1C �/.

0u � n/n D v? � v C .1C �/�.u � n/n;

we note that for all � 2 .0; 1/ there exists a constant c.�/ > 0 (and c.1/ D 0) such
that

�C
�
Œh1; h2� WD

1

�2

Z
Rd�Sd�1

e�jv?j
2�c.�/..v�v?/�n/

2

j.v � v?/ �njh1.
0v/h2.

0v?/dv? dn:

The exponential inside the integral is roughly behaving as e�jv?j
2�c.�/jv�v?j

2
. We

have the following bilinear estimates on the previous collision operators, where some
loss of weights in velocity classically shows up.

Lemma 7.4. There exists s D s.d/ > 0 large enough such that, for all � � 0, we
have, for any smooth nonnegative function g D g.x; v/,X

j˛jCjˇ j�s

Z
Td

Z
Rd
hvi2�@˛x@

ˇ
v Œ��.g; g/�@

˛
x@
ˇ
v g dx dv . kgk2

Hs
�
kgkHs

�C1
:

Proof. We refer to [115, Lemma 2.3] combined with [3, Proof of Theorem A.1].

The key estimate allowing us to recover the previous loss of weight then comes
from the following lemma bearing on the extra term 2v � .Eu;% � v/g.
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Lemma 7.5. Let s � 0 and � > 0. For any smooth nonnegative function g D g.x; v/
and ı 2 .0; 1/, we haveX

j˛jCjˇ j�s

Z
Td

Z
Rd
hvi2�@˛x@

ˇ
v

�
2v � .Eu;% � v/g

�
@˛x@

ˇ
v g dx dv

. �.1 � ı/ kgk2Hs
�C1
C

�
1C

1

ı
kEu;%k2Hs

�
kgk2

Hs
�
:

Proof. We refer to [115, Lemma 2.7].

Let us show how one can now obtain an a priori energy estimate for a solution g
to (7.5), that reads

T u;%.g/ � 2v � .Eu;% � v/g D ��.g; g/;

where
T u;%

D @t C v � rx � v � rv CE
u;%.t; x/ � rv � d Id:

The result is the following.

Lemma 7.6. For all r � 0, m > 3 C d=2, c > 0 and T > 0, and for all smooth
functions .f; %; u/ satisfying

@tg C v � rxg � v � rvg CE
u;%.t; x/ � rv � 2v � .E

u;%
� v/g � dg

D ��.g; g/ on Œ0; T �

and % � c on Œ0; T �, the following holds for all t 2 Œ0; T �:

Em;� Œg.t/� � kg.0/k
2
Hm
�

exp
h
C
��
1C kukL1.0;T IHm/ C kEm;� Œg�kL1.0;T /

�
T

C
p
Tƒ

�
k%kL1.0;T IHm�2/

�
k%kL2.0;T IHmC1/

�i
(7.6)

for some universal constant C > 0, where

Em;� Œg.t/� WD kg.t/k
2
Hm
�
C
1

4

Z t

0

kg.�/k2
Hm
�C1

d�:

Proof. By Lemma 2.9, we first have

T u;%.@˛x@
ˇ
v g/ D �

dX
iD1
ˇi¤0

�
@y̨
i

x @
x̌i

v g � @
˛
x@
ˇ
v g
�
�
�
@˛x@

ˇ
v ; E

u;%.t; x/ � rv
�
g

C @˛x@
ˇ
v Œ2v � .E

u;%
� v/g�C @˛x@

ˇ
v Œ��.f; f /�:
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The analog of inequality (2.3) from the proof of Proposition 2.10 is, thanks to Lem-
mas 7.4 and 7.5, for all ı 2 .0; 1/,

d
dt
kg.t/k2

Hm
�
C .1 � ı/kg.t/k2

Hm
�C1

.
�
1C kEu;%.t/kHm C

1

ı
kEu;%.t/k2Hm

�
kg.t/k2

Hm
�
C kg.t/k2

Hm
�
kg.t/kHm

�C1

.
�
1C kEu;%.t/kHm C

1

ı
kEu;%.t/k2Hm

�
kg.t/k2

Hm
�

C
2

1 � ı
kg.t/k4

Hm
�
C
1 � ı

2
kg.t/k2

Hm
�C1

:

Therefore, after absorbing the last term with ı D 1=2, we get

d
dt

Em;� Œg.t/� .
�
1C kEu;%.t/k

2
Hm C Em;� Œg.t/�

�
Em;� Œg.t/�:

Concluding as in the proof of Proposition 2.10, we finally obtain the result.

The bootstrap argument from Section 2.2 is then carried out with the quantity

Nm;r.g; %; u; T /

WD kEm�1;� Œg�kL1.0;T / C k%kL2.0;T IHm/ C kukL1.0;T IHm/\L2.0;T IHmC1/;

instead of Nm;r.f;%;u;T /, by considering the same regularization J"rx% in the equa-
tion (7.5). Taking into account (7.6) and the quantity Nm;r.g; %; u; T /, the content of
Chapter 2 can be modified accordingly. Concerning the local-in-time existence for the
regularized system from Appendix B, we just modify the kinetic part of the scheme
of approximation:8̂̂<̂

:̂
@tg

nC1
C v � rxg

nC1
C divvŒ.En.t; x/ � v/gnC1� � 2v � .Eu;%reg;" � v/g

nC1

D �C
�
Œgn; gn� � ��� Œg

n; gnC1�;

f nC1jtD0 D f
in;

where " > 0 is given. We refer to [115] for more details.

7.2.2 Equation for the augmented variable F

Let us highlight the main changes that occur at the end of Section 4.1, more pre-
cisely in Notation 4.5. Firstly, recall that the goal is to consider a new unknown
F D

�
@Kx @

K
v f

�
jKjCjLj2¹m�1;mº

. Here, one has to consider a new coupling matrix

M D
�
M.I;J /;.K;L/

�
;
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which takes into account the collision operator Q� and is defined by

M.I;J /;.K;L/ WDM.I;J /;.K;L/ CM
Q�
.I;J /;.K;L/

;

with jI j C jJ j; jKj C jLj 2 ¹m � 1;mº, where

• M.I;J /;.K;L/ 2 R stands for the former terms of the coupling matrix already
appearing in Notation 4.5;

• M
Q�
.I;J /;.K;L/

is a new operator term coming from the collision operator, defined
by the relation

@Ix@
J
vQ�.f; f / D

X
0�˛�I
0�ˇ�J

�
I

˛

��
J

ˇ

�
Q�

�
@˛x@

ˇ
v f; @

I�˛
x @J�ˇv f

�
D

X
jKjCjLj2¹m�1;mº

MQ
.I;J /;.K;L/

�
@Kx @

L
v f

�
;

that is,

M
Q�
.I;J /;.K;L/

.�/ WD
X
0�˛�I
0�ˇ�J
j˛jCjˇ j�1

�
I

˛

��
J

ˇ

�
1KDI�˛
LDJ�ˇ

Q�

�
@˛x@

ˇ
v f; �

�
:

Hence, MQ� is a matrix with operator coefficients, acting on

F D
�
@Kx @

K
v f

�
jKjCjLj2¹m�1;mº

:

Using the same notation as in Section 4.1, we obtain the following equation for F D�
@Kx @

K
v f

�
jKjCjLj2¹m�1;mº

(see (4.3)):

T u;%
reg;"F CMF CL D �R0 �R1:

After the composition by .t; x; v/ 7! .t;Xt I0.x; v/;Vt I0.x; v//, where Z D .X;V/ is
the solution to (4.4), the following equation holds:

@t zF C zM zF C zL D d zF � zR0 �
zR1;

with zg.t; x; v/D g.t;Xt I0.x; v/;Vt I0.x; v//. We can still consider the resolvent asso-
ciated to the previous operator M � d Id, that is, the solution s 7! Ns;t .x; v/ of´

@sN
sIt
C
�
M ı ZsI0 � d Id

�
NsIt
D 0;

Nt It
D Id;

whose existence and uniqueness is still provided by the Cauchy–Lipschitz theorem.
Hence, this shows that the contribution of the collision operator Q� can be handled
by the modified operator M. The strategy of proof followed in the rest of Chapter 4
applies mutatis mutandis.
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7.3 Generalization to the density-dependent drag case

In this section, we show how one can deal with the case of density-dependent drag in
the force acting on the particles, that is, with the notation of the introduction, when
the force in the kinetic equation is

�.t; x; v/ D %.t; x/.u.t; x/ � v/ � rxŒp.%/�.t; x/:

This additional factor also appears in the feedback of particles on the fluid, that is,
in the source term in the Navier–Stokes equations. We are thus led to consider the
following system:8̂̂̂̂
<̂
ˆ̂̂:
@tf C v � rxf � rxp � rvf C divvŒf%.u � v/ � f rxp.%/� D 0;

@t .˛%/C divx.˛%u/ D 0;

@t .˛%u/C divx.˛%u˝ u/C ˛rxp ��xu � rx divx u D %.jf � �f u/;
˛ D 1 � �f :

(7.7)

Our main result on local well-posedness is the following.

Theorem 7.7. Consider the same assumptions of Theorem 1.6. Assume also that f in

is compactly supported in velocity. Then the conclusion of Theorem 1.6 holds for the
density-dependent drag case of system (7.7).

To fix notation, let us assume that

supp f in
� Td

� B.0;M in/; M in > 0: (7.8)

In what follows, we shall only present the main modifications that have to be added
to the strategy used in this work.

7.3.1 Modification of the energy estimates and of the bootstrap argument

Our first goal is to adapt the energy estimates of Chapter 2 and the bootstrap procedure
to the density-dependent drag case. The main change comes from the estimate for f
from Proposition 2.10.

Indeed, let us set

T
u;%

drag D @t C v � rx � %v � rv CE
u;%.t; x/ � rv � d%Id;

where Eu;%drag WD %u � rxp.%/. Observe that because of the term %v � rv (coming
from friction), a growth in velocity can occur in the analysis, that is, if f is controlled
in Hm

r , then this term would a priori require a control in Hm
rC1. This explains the

additional assumption of compact support in velocity in the next proposition. We
mention though that the use of exponential-weighted norms in velocity could relax
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this assumption (see the work [9] on the Vlasov–Maxwell equations, and also [47] in
the context of fluid-kinetic equations).

Proposition 7.8. For all r � 0,m > 3C d=2, c > 0, T > 0 and all smooth functions
.f; %; u/ with f having a compact support in velocity:

8t 2 Œ0; T �; supp f .t/ � Td
� B.0;M.t//

for some M 2 L1.0; T /, satisfying

T
u;%

drag .f / D 0 on Œ0; T �

and % � c on Œ0; T �, the following holds. For all t 2 Œ0; T �, we have

kf .t/k2
Hm
r
� kf .0/k2

Hm
r

exp
h
C
�
1C kMkL1.0;T /

�
�

�
T C
p
T kukL1.0;T IHm/k%kL2.0;T IHm/

C
p
Tƒ

�
k%kL1.0;T IHm�2/

�
k%kL2.0;T IHmC1/

�i
:

Proof. Let us suppose that there exists M 2 L1.0; T / such that

8t 2 Œ0; T �; suppf .t/ � Td
� B.0;M.t//:

Since T
u;%

drag .f / D 0, we have, by Lemma 2.9,

T
u;%

drag

�
@˛x@

ˇ
v f
�
D �

dX
iD1
ˇi¤0

@y̨
i

x @
y̌i

v f C
�
@˛x@

ˇ
v ; %.t; x/v � rv

�
�
�
@˛x@

ˇ
v ; E

u;%
drag.t; x/ � rv

�
f C d

�
@˛x@

ˇ
v ; %Id

�
f

for all ˛;ˇ 2Nd . We take the scalar product of this equality with .1C jvj2/r@˛x@
ˇ
v f ,

sum for all j˛j C jˇj � m and then integrate on Td �Rd . For the left-hand side, we
have, as in Proposition 2.10,X
j˛jCjˇ j�m

Z
Td�Rd

.1C jvj2/rT
u;%

drag

�
@˛x@

ˇ
v f
�
@˛x@

ˇ
v f

D
1

2

d
dt
kf .t/k2

Hm
r
�

X
j˛jCjˇ j�m

Z
Td�Rd

rv.1C jvj
2/r �

�
E
u;%
drag � %v

� ˇ̌@˛x@ˇv f ˇ̌2
2

;

the last term satisfyingX
j˛jCjˇ j�m

Z
Td�Rd

rv.1C jvj
2/r �

�
E
u;%
drag � %v

� ˇ̌@˛x@ˇv f ˇ̌2
2

�
�
k%.t/kL1 C kE

u;%
drag.t/kL1

�
kf .t/k2

Hm
r
:
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We now look at the four terms on the right-hand side. For the first, third and fourth
ones, we proceed as in the proof of Proposition 2.10 (with a variant of (A.3)) and getX
j˛jCjˇ j�m

Z
Td�Rd

.1C jvj2/r

�

 
�

dX
iD1
ˇi¤0

@y̨
i

x @
y̌i

v f C
�
@˛x@

ˇ
v ; E

u;%
drag.t; x/ � rv C d%Id

�
f

!
@˛x@

ˇ
v f

.
�
1C kE

u;%
drag.t/kHm C k%.t/kHm

�
kf .t/k2

Hm
r
:

The treatment of the third term requires the use of the compact support in velocity
of f . Invoking the inequality (A.4), we haveX

j˛jCjˇ j�m

Z
Td�Rd

.1C jvj2/r
�
@˛x@

ˇ
v ; %.t; x/v � rv

�
@˛x@

ˇ
v f

. .1CM.t//k%.t/kHmkf .t/k
2
Hm
r
:

All in all, we obtain

d
dt
kf .t/k2

Hm
r

. .1CM.t//
�
1C k%.t/kHm C kE

u;%.t/kHm
�
kf .t/k2

Hm
r

(7.9)

ifm > d=2. As in the proof of Proposition 2.10, and by Sobolev embedding, we have

kEu;%.t/kHm . k%.t/kHmku.t/kHm Cƒ.k%.t/kHm�2/ k%.t/kHmC1 :

By integrating in time the inequality (7.9), we get

kf .t/k2
Hm
r

� kf .0/k2
Hm
r
C C

Z t

0

.1CM.s//

�

�
1Ck%.s/kHmku.s/kHmCƒ

�
k%kL1.0;T IHm�2/

�
k%.s/kHmC1

�
kf .s/k2

Hm
r

ds

for all t 2 Œ0; T / and for some constant C > 0 independent of ". Using the Cauchy–
Schwarz inequality and Grönwall’s inequality, this implies, for all t 2 Œ0; T /,

kf .t/k2
Hm
r

� kf .0/k2
Hm
r

exp
h
C
�
1C kMkL1.0;T /

��
T C
p
T kukL1.0;T IHm/k%kL2.0;T IHm/

C
p
Tƒ

�
k%kL1.0;T IHm�2/

�
k%kL2.0;T IHmC1/

�i
;

and this concludes the proof.
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The proof of the other estimates from Chapter 2 is mainly unchanged and details
are left to the reader. We need to adapt the bootstrap procedure, by taking into account
the need of a compact support in velocity. We thus define the following modified
condition.

Definition 7.9. Let T > 0. For any nonnegative functions f .t; x; v/ and %.t; x/ on
Œ0; T �, we define the following property:

(B�;�‚;M in.T /) 8t 2 Œ0;T �;

8̂<̂
:�f .t/�

‚C 1

2
;
�

2
�%.t/;

�

2
� .1��f .t//%.t/� 2x�;

suppf .t/�Td
�B.0; 1CM in/;

where ‚, �, � , x� are given in the statement of Theorem 1.6 and M in has been intro-
duced in (7.8).

If T �" > 0 is the maximal time of existence for the system (S") (with density-
dependent drag term), we introduce the following time for all " > 0:

T" D T".R/ WD sup
®
T 2 Œ0; T �" /; Nm;r.f"; %"; u"; T / � R and (B�;�‚;M in.T /) holds

¯
;

where R > 0 has to be chosen large enough and independent of ". Here, the quantity
Nm;r.f"; %"; u"; T / is exactly the same as in Notation 2.19.

7.3.2 Modification in the straightening change of variable

As a matter of fact, the main difference in the analysis appears in the part related to
characteristics, namely Section 2.3. Our purpose here is to explain how to modify
the arguments of Section 2.3 about the straightening change of variable in velocity,
that is, Lemma 2.26. It turns out that, in the density-dependent drag case, obtaining
a suitable diffeomorphism  

sIt
x is not as straightforward as in Lemma 2.26. Indeed,

again because of the term �%v � rvf , there could be a growth in velocity in the
dynamics that prevents our proof of Lemma 2.26, which is based on a perturbative
approach, from directly holding. This is where the assumption of compact support in
velocity appears to be crucial; we do not know whether it is possible to replace it here
by an exponential moment assumption.

With the notation of Section 2.3, we will actually directly straighten the total
kinetic operator

Tdrag;F D @t C v � rx � %.t; x/v � rv C F.t; x/ � rv � d Id

into the free-transport operator

T free
D @t C v � rx :
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For .x; v/ 2 Td � B.0; 1CMin/ and t 2 Œ0; T �, we consider the solution

s 7!
�
XsItdrag;V

sIt
drag

�
.x; v/

to the following system of differential equations:8̂̂<̂
:̂

d
ds

XsItdrag D VsItdrag; Xt Itdrag.x; v/ D x;

d
ds

VsItdrag D �%
�
s;XsItdrag

�
VsItdrag C F

�
s;XsItdrag

�
; Vt Itdrag.x; v/ D v:

Lemma 7.10. Let T > 0 and k � 1. Let F 2 L2.0; T IWk;1.Td // be a vector field
such that

kFkL2.0;T IWk;1.Td // � ƒ.T;R/

for some R > 0. Then there exists xT .R/ > 0 such that, for all x 2 Td and all s; t 2
Œ0;min. xT .R/; T /�, there exists a diffeomorphism

 s;t .x; �/ W B.0; 1CMin/! B.0; 1CMin/

satisfying, for all v 2 B.0; 1CMin/,

XsItdrag.x;  s;t .x; v// D x � .t � s/v;

and which furthermore satisfies the estimates

1

C
� det.Dv s;t .x; v// � C;

and

sup
s;t2Œ0;T �



@˛x;v . s;t .x; v/ � v/ 

L1.Td�Rd /
� '.T /ƒ.T;R/; j˛j � k;

sup
s;t2Œ0;T �



@ˇx;v@s s;t .x; v/

L1.Td�Rd /
� '.T /ƒ.T;R/; jˇj � k � 1;

for someC >0 and some nondecreasing continuous function ' WRC!RC vanishing
at 0.

Proof. Let us sketch the proof. Dropping the .x; v/ dependence on the trajectories,
we have

VsItdrag D exp
�Z t

s

%
�
�;X� Itdrag

�
d�
�
v �

Z t

s

exp
�Z �

s

%
�
� 0;X�

0It
drag

�
d� 0
�

F
�
�;X� Itdrag

�
d�;

from which we deduce that

Xs;tdrag D x �

�Z t

s

exp
�Z t

s0
%
�
�;X� Itdrag

�
d�
�

ds0
�
v

C

Z t

s

Z t

s0
exp

�Z �

s0
%
�
� 0;X�

0It
drag

�
d� 0
�

F
�
�;X� Itdrag

�
d� ds0
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D x � .t � s/

�
v C

�
1

t � s

Z t

s

exp
�Z t

s0
%
�
�;X� Itdrag

�
d�
�

ds0 � 1
�
v

�
1

t � s

Z t

s

Z t

s0
exp

�Z �

s0
%
�
� 0;X�

0It
drag

�
d� 0
�

F
�
�;X� Itdrag

�
d� ds0

�
:

Taking one derivative in velocity, we observe that because of the term�
1

t � s

Z t

s

exp
�Z t

s0
%
�
�;X� Itdrag

�
d�
�

ds0 � 1
�
v;

we obtain a term where the derivative is not falling on the v factor. Hence, the latter
is a priori unbounded, inducing a potential linear growth in velocity of the derivative.
But since we restrict ourselves to v 2 B.0; 1CMin/, we can however deduce a rough
bound on rvXsItdrag by Grönwall’s inequality, which takes the formˇ̌

rvXsItdrag

ˇ̌
. exp.Tƒ.T;R/.jvj C 1//Tƒ.T;R/

. exp.Tƒ.T;R/.2CM in//Tƒ.T;R/:

We can now check that for T small enough, for all 0 � s; t � T , the map

v 7!v C

�
1

t � s

Z t

s

exp
�Z t

s0
%
�
�;X� Itdrag

�
d�
�

ds0 � 1
�
v

�
1

t � s

Z t

s

Z t

s0
exp

�Z �

s0
%
�
� 0;X�

0It
drag

�
d� 0
�
E
u;%
drag

�
�;X� Itdrag

�
d� ds0

is a C1 diffeomorphism from B.0;1CMin/ onto its image, since it is a small Lipschitz
perturbation of the identity map. Details are left to the reader.

As a result, for small times, we can directly come down to the free-transport case.

7.3.3 Modifications in remainder terms and conclusion of the bootstrap

To conclude, let us point out the last main modifications that have to be made to
conclude the bootstrap argument.

In Chapter 4, one shall be careful when handling the different remainder terms
RDiff
I , RDuha

I;1 , RDuha
I;2 , RI in L2.0; T IH1/, because they now involve some terms with at

most mC 1 derivatives on %u stemming from the force field Eu;%drag. It was somehow
harmless in the linear-drag case because the corresponding terms involved only u,
which has an additional regularity provided by the Navier–Stokes equation, namely
a control in L1.0; T IHm/ \ L2.0; T IHmC1/ (see the terms S2, S5, S12, S16). Since
we only have a control of % in L2.0; T IHm/, this requires an additional argument.

The main idea is to rely on the same type of decomposition as in Lemma 4.13
combined with the use of the smoothing estimates from Chapter 3. The expression
@Kx .%u/ (K 2 Nd ) will involve terms or sum of terms
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• of the form
%@Kx u or @

xKi�ˇ
x urx.@

ˇ
x%/ � ei ;

with i D 1; : : : ; d and jˇj D 0; : : : ;
�
jKj�1
2

˘
. They are treated using L1 bounds

on % (with Sobolev embeddings) and L2 bounds on u;

• of the form
rx.@

ˇ
x%/ � ei@

xKi�ˇ
x u;

with i D 1; : : : ; d and jˇj D
�
jKj�1
2

˘
C 1; : : : ; jKj � 1. These terms are addressed

thanks to Proposition 3.4. We refer to Chapter 4 for the same kind of procedure
for the estimates on remainders via the smoothing estimates of Chapter 3.

Let us briefly conclude by showing how the bootstrap procedure ends when one
considers the condition (B�;�‚;M in.T /). Namely, we have to show how to control the
compact support in velocity for f for short times. We rely on the Lagrangian struc-
ture of the equation, which implies a finite propagation in time of the support of f in
velocity, namely

8t > 0; supp f .t/ � Td
� Vt I0drag.supp f in/:

Since

Vt I0drag D exp
�
�

Z t

0

%
�
�;X� I0drag

�
d�
�
v

C

Z t

0

exp
�
�

Z t

�

%
�
� 0;X�

0I0
drag

�
d� 0
�
E
u;%
drag

�
�;X� I0drag

�
d�;

the same kind of estimates on the trajectories as those performed in the proof of
Lemma 7.10 give, for all .x; v/ 2 Td � Bv.0;M in/,ˇ̌

Vt I0drag

ˇ̌
� jvj C Tƒ.T;R/ �M in

C Tƒ.T;R/:

As a consequence, choosing T small enough (with respect toR) is sufficient to control
the size of the support of f .t/ for short times.



Appendix A

Some classical (para-)differential inequalities on T d and
T d �Rd

We recall and state several classic inequalities of (para-)differential type. First, we
have the following tame estimate for commutators (see [111, Lemma 3.4]).

Proposition A.1. Let s � 1. There exists Cs > 0 such that, for any functions g;E 2
Hs \ L1, we have

8j˛j � s;


Œ@˛x ; E�g

L2 � Cs

�
krxEkL1kgkHs�1 C kEkHskgkL1

�
:

The following result is about tame estimates in Sobolev spaces (see e.g. [10,
Corollary 2.86]).

Proposition A.2. Let s > 0. There exists Cs > 0 such that, for allw1;w2 2Hs \ L1,
we have

kw1w2kHsx � Cs
�
kw1kL1kw2kHs C kw1kHskw2kL1

�
:

We also recall the following result of Bony about Sobolev continuity of the com-
position by a smooth function (see e.g. [10, Corollary 2.87] or [53, Proposition 1.4.8]
for a more precise version).

Proposition A.3. Let I be an open interval of R containing 0. Let s > 0 and let �
be the smallest integer such that � > s. There exists Cs > 0 such that, for any F 2
W�C1;1.I IR/ with F.0/ D 0 and for any w 2 Hs taking values in J b I , we have

kF.w/kHs � Cs.1C kwkL1/
�
kF 0kW�;1.I /kwkHs :

Remark A.4. Note that if 0 … I and w 2 Hs takes values in J b I , we can extend F
outside I by a smooth extension such that F.0/ D 0, and the previous proposition
remains valid. Indeed, by Faà di Bruno’s formula, we observe that kF.w/kHs only
involves F through its derivatives evaluated at w.

Lemma A.5. For all k 2 N and g W Td ! RC such that 0 < c � g � C < 1, we
have 



 1

1 � g






Hk
� 1C Ck.kgkL1/kgkHk

for some nondecreasing continuous function Ck W RC ! RC.

Proof. We rely on Proposition A.3 by writing



 1

1 � g






Hk
D kF.g/ � F.0/kHk C 1;

and this directly concludes the proof.
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Let us finally state several product and commutator laws using weighted Sobolev
norms.

Lemma A.6. Let s � 0. Consider a smooth nonnegative function �D �.v/ such that
j@
�j .
 � for all 
 2 Nd such that j
 j � s.

• For any functions f D f .x; v/, g D g.x; v/ and any k � s=2, we have

k�fgkHkx;v
. kf k

W
k;1
x;v
k�gkHsx;v C kgkW k;1

x;v
k�f kHsx;v : (A.1)

• For any functions a D a.x/, F D F.x; v/ and any s0 > d , we have

k�aF kHsx;v . kakH
s0
x
k�F kHsx;v C kakHsxk�F kHsx;v : (A.2)

• For any vector fieldE DE.x/ and any function f D f .x;v/, the following holds
for all s0 > 1C d and all ˛; ˇ 2 Nd satisfying j˛j C jˇj D s � 1:

��@˛x@ˇv ; E.x/ � rv�f 

L2x;v

. kEkH
s0
x
k�f kHsx;v C kEkHsxk�f kHsx;v : (A.3)

• For any functions a D a.x/, f D f .x; v/ such that f has a compact support
in velocity, the following holds for all s0 > 1C d and all ˛; ˇ 2 Nd satisfying
j˛j C jˇj D s � 1:

��@˛x@ˇv ; a.x/v � rv�f 

L2x;v

. .1CMf /kakH
s0
x
k�f kHsx;v C kakHsxk�f kHsx;v ;

(A.4)
where

supp f � Td
� B.0;Mf /; Mf 2 .0;C1/:

Proof. We refer to [90, Lemma 3.1] for the proof of (A.1), (A.2) and (A.3). Let us
briefly sketch the proof of (A.4). By expanding the commutator, we have to estimate
terms of the form

I
;� D


�@
xa@�v .vi /@vi @˛�
x @ˇ��v f




L2x;v

for some 1 � i � d and with .
; �/ ¤ .0; 0/, 
 � ˛, � � ˇ and j�j < 2. If 
 ¤ 0
and � ¤ 0, then I
;� D 0 or @�v .vi / D 1 and we can conclude as for (A.3). If 
 D 0
and � > 0, then @�v .vi / D 0 or 1 and we conclude by Sobolev embedding in x, since
I
;� � kakL1x k�f kHsx;v . Lastly, if 
 > 0 and �D 0, we rely on the compact support
in velocity for f to get

I
;� �Mf


�@
xa@vi @˛�
x @ˇv f




L2x;v

;

and we end the proof as for (A.3).



Appendix B

Local well-posedness for (S"): Proof of Proposition 2.18

Recall that we want to find a solution .f";%";u"/, with " > 0, defined on some interval
Œ0; T �" / to the system8̂̂̂̂
ˆ̂̂̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂:

@tf" C v � rxf" � p
0.%"/rx

�
.I � "2�x/

�1%"
�
� rvf" C divvŒf".u" � v/� D 0;

@t .˛"%"/C divx.˛"%"u"/ D 0;

@tu" C .u" � rx/u" C
1

%"
rxp.%"/ �

1

%".1 � �f"/

�
�x Crx divx

�
u"

D
1

%".1 � �f"/
.jf" � �f"u"/;

f"jtD0 D f
in; %"jtD0 D %

in; u"jtD0 D u
in;

where

�f".t; x/ D

Z
Rd
f".t; x; v/ dv; jf".t; x/ D

Z
Rd
f".t; x; v/v dv

and ˛".t; x/ D 1 � �f".t; x/. To do so, we rely on a standard iterative scheme. We
will derive two types of estimates on the inductive solutions to that scheme:

• first, a uniform bound in high regularity which allows us to obtain, through a weak
compactness argument, a weak converging (sub)sequence in spaces with high
regularity. This will be possible if we consider a small enough time of existence.

• second, contraction estimates in low regularity which aim at proving that this
sequence of solutions is a Cauchy sequence in spaces with lower regularity, thus
strongly converging.

This will be enough in order the pass to the limit in the iterative scheme, obtaining
a solution with the aforementioned high order regularity. Note that the first type of
estimates is actually required to prove the second one. Uniqueness will classically
follow from the same computations leading to the contraction estimates.

We fix " > 0 and now drop the dependence on " (though we recall that the time
of existence obtained below will still depend on "): we set

f 0 D f in; %0 D %in; u0 D uin;

and, for all n 2 N, given a triplet .f n; un; %n/ and a time Tn > 0 with

.f n; %n; un/ 2 C.0; TnIH
m
r / � C.0; TnIHm/ � C.0; TnIHm/ \ L2.0; TnIHmC1/;
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we consider the system

( zSnC1)

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂:

@tf
nC1
C v � rxf

nC1
C divv

�
f nC1.En.t; x/ � v/

�
D 0;

@tm
nC1
C divx.mnC1un/ D 0;

@tu
nC1
�

1

mn

�
�x Crx divx

�
unC1

D �.un � rx/u
n
� rx�.%

n/C
1

mn
.jf n � �f nu

n/;

%nC1 D
1

1 � �f n
mnC1;

En WD un � p0.%n/rx
�
.I � "2�x/

�1%n
�
;

f nC1jtD0 D f
in; mnC1

jtD0 D ˛
in%in; unC1jtD0 D u

in;

with

� 0.x/ WD
p0.x/

x
; �.0/ D 0;

and where

�f n.t; x/ WD

Z
Rd
f n.t; x; v/ dv; jf n.t; x/ WD

Z
Rd
f n.t; x; v/v dv:

We also set
R0 WD 100

�
kf in
kHm

r
C kmin

kHm C ku
in
kHm

�
:

Step 1: Construction of .f nC1; %nC1; unC1/ and uniform estimates. In what fol-
lows, we construct the next iteration of the scheme, which is a solution to ( zSnC1),
thus proving that our inductive scheme is well defined. At the same time, we derive
uniform high-regularity estimates for the sequence of solutions.

Let n 2 N. By induction, we assume that there exists T > 0 (depending on ")
such that, for all k D 0; : : : ; n,

kf kkL1.0;T IHm
r /
C kmk

kL1.0;T IHm/ C ku
k
kL1.0;T IHm/\L2.0;T IHmC1/ < R0;

the functions fk and %k are nonnegative, and, for t 2 Œ0; T �,

�fk .t/ �
‚C 1

2
;

�

2
� %k.t/;

�

2
� mk.t/ � 2x�; (B.1)

where ‚, �, � , x� are the constants given in Proposition 2.18. In particular, we have

1 � �fk .t/ �
1 �‚

2
> 0:

Note also that via Sobolev embedding, Lemma A.5 and Lemma 2.1, we have

k%nkL1.0;T IHm/

�





 1

1 � �f n�1






L1.0;T IHm/

kmn
kL1.0;T IHm/
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�
�
1Cƒ.k�f n�1kL1.0;T IHm//

�
k�f n�1kL1.0;T IHm/km

n
kL1.0;t IHm/

�
�
1Cƒ.kf n�1kL1.0;T IHm

r /
/
�
kf n�1kL1.0;T IHm

r /
kmn
kL1.0;T IHm/

� ƒ.R0/:

In what follows, we rely on the a priori estimates of Chapter 2.

First, we can obtain a unique nonnegative solution f nC1 2 C.0;T IHm
r / to the Vlasov

equation by the method of characteristics. In view of the regularization introduced
by J", Proposition 2.14 yields, for all t 2 Œ0; T �,

kf nC1.t/kHm
r

� kf in
kHm

r

� exp
h
C
��
1C kunkL1.0;t IHm/

�
t C

t

"
ƒ
�
k%nkL1.0;t IHm�2/

�
k%nkL1.0;t IHm/

�i
�
R0

100
exp

h
C
�
.1CR0/t C

t

"
ƒ.R0/

�i
:

We then define TŒ1� D TŒ1�.R0/ > 0, with TŒ1�.R0/ < T (depending on ") such that

R0

100
exp

�
C

�
.1CR0/TŒ1� C

p
TŒ1�

"
ƒ.R0/

��
<
R0

3
:

Second, since un 2 C.0; T IHmC1/ is given, we can construct a nonnegative solution
mnC1 to the second equation in ( zSnC1), relying on standard arguments for continuity
equations. We obtain a unique solution mnC1 2 C1.0; T IHm/ such that, for all t 2
Œ0; T �,

kmnC1.t/kHm

� e
kdivx unkL1..0;t/�Td /t=2

�
kmin
kHm C

Z t

0

kun.�/kHmC1km
nC1.�/kHm d�

�
;

thanks to Proposition 2.3. Assuming that eR0t=2 � 2, we infer, by Grönwall’s lemma,
that

kmnC1.t/kHm � 2km
in
kHm exp

�
2

Z t

0

kun.�/kHmC1 d�
�

� 2kmin
kHm exp

�
2
p
tkunkL2.0;t IHmC1/

�
I

therefore, for such times t , we have

kmnC1.t/kHm � 2
R0

100
e2
p
tR0 :

We then define TŒ2� D TŒ2�.R0/ > 0 such that eR0TŒ2�=2 � 2 and

2
R0

100
e2
p
TŒ2�R0 <

R0

3
:
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Third, we define unC1 as the unique solution of the parabolic equation

@tw �
1

mn

�
�x Crx divx

�
w D �.un � rx/u

n
� rx�.%

n/C
1

mn
.jf n � �f nu

n/;

starting from uin, which satisfies

kunC1kL1.0;t IHm/ C ku
nC1
kL2.0;t IHmC1/

�
�
1C
p
tƒ.t; R0/

��
kuin
kHm C

p
tƒ.k%nkL1.0;t IHm//k%

n
kL1.0;t IHm/

C
p
tkunk2L1.0;t IHm/

C
p
t





 1

mn
.jf n � �f nu

n/






L1.0;t IHm�1/

�
:

Here, we have applied the same argument as for the proof of Proposition 2.24, making
k%nkL1.0;t IHm/ appear to get a factor

p
t . The second term inside the parentheses is

controlled by ƒ.R0/, while for the third term we can rely on the same of kind of
arguments (with Remark A.4) to get



 1

mn
.jf n � �f nu

n/






L1.0;t IHm�1/

�





 1

mn






L1.0;t IHm�1/

�
kjf nkL1.0;t IHm�1/ C k�f nkL1.0;t IHm�1/ku

n
kL1.0;t IHm�1/

�
� ƒ.R0/:

We finally obtain

kunC1kL1.0;t IHm/ C ku
nC1
kL2.0;t IHmC1/ �

�
1C
p
tƒ.t; R0/

� R0
100
C
p
tƒ.R0/:

We then define TŒ3� D TŒ3�.R0/ > 0 with TŒ3�.R0/ < T such that�
1C

p
TŒ3�ƒ.TŒ3�; R0/

� R0
100
C
p
TŒ3�ƒ.R0/ <

R0

3
:

Last, we can rely on Lemmas 2.16 and 2.17 to find a time TŒ4� D TŒ4�.R0/ > 0 such
that the condition (B.1) is satisfied for .f nC1;mnC1; unC1/ on the time interval
Œ0;min.TŒ4�; T //.

All in all, we define

T .R0/ WD min
�
TŒ1�.R0/; TŒ2�.R0/; TŒ3�.R0/; TŒ4�.R0/

�
< T;

which may depend on " but which is independent of n. An induction procedure based
on the three previous estimates shows that one can obtain a time T Œ"� > 0 and a
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sequence .f n;mn; un/n2N satisfying, for all n 2 N,

f n 2 C.0; T Œ"�IHm
r /;

mn
2 C.0; T Œ"�IHm/;

un 2 C.0; T Œ"�IHm/ \ L2.0; T IHmC1/;

with (B.1) and the uniform estimate

kf nkL1.0;T Œ"�IHm
r /
Ckmn

kL1.0;T Œ"�IHm/Cku
n
kL1.0;T Œ"�IHm/\L2.0;T Œ"�IHmC1/<R0:

(B.2)

Step 2: Contraction estimates in L1
T

H 0
r �L1

T
L2 �L1

T
L2 \L2

T
H1. If n2Nn¹0º,

we set

gn WD f nC1 � f n; Mn
D mnC1

�mn; wn WD unC1 � un;

which satisfy the system of equations8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂:

@tg
n
C v � rxg

n
C divvŒgn.En.t; x/ � v/�C .En �En�1/ � rvf n D 0;

@tM
n
C divx.Mnun/ D � divx.mnwn�1/;

@tw
n
�

1

mnC1

�
�x Crx divx

�
wn D Sn;

%nC1 WD
1

1 � �f n
mnC1;

En WD un � p0.%n/rx
�
.I � "2�x/

�1%n
�
;

gnjtD0 D 0; Mn
jtD0 D 0; wnjtD0 D 0;

where

Sn
WD

�
1

mnC1
�

1

mn

��
�x Crx divx

�
un � .wn�1 � rx/u

n
� .un�1 � rx/w

n�1

� rx

�
�.%n�1/� �.%n/

�
C

1

mn
.jf n � �f nu

n/ �
1

mn�1
.jf n�1 � �f n�1u

n�1/:

Let us derive some L2 estimates on .gn;Mn;wn/. They will be satisfied on Œ0; zT �
for some zT Œ"� < T Œ"�.

First, we perform L2x;v-weighted estimates in the first equation for gn, and as before
(see (2.3)), we get

d
dt
kgn.t/k2

H0
r

.
�
1C kEn.t/kHm

�
kgn.t/k2

H0
r
C kEn.t/ �En�1.t/kL2kf

n.t/kHm
r
kgn.t/kH0

r
:
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For t 2 .0; T /, we can infer that

kgn.t/kH0
r

.
Z t

0

�
1C kEn.s/kHm

�
kgn.s/kH0

r
ds C

Z t

0

kEn.s/ �En�1.s/kL2kf
n.s/kHm

r
ds

�
p
t
��p

t C kEnkL2.0;t IHm/
�
kgnkL1.0;t IH0

r /
CR0kE

n
�En�1kL2.0;t IL2/

�
.
p
t
��p

t C

p
t

"
R0

�
kgnkL1.0;t IH0

r /
CR0kE

n
�En�1kL2.0;t IL2/

�
:

Choosing zT Œ"� < T Œ"� small enough, independent of n, we can absorb the first term
inside the parentheses on the left-hand side, so that, for all t 2 .0; zT Œ"�/,

kgn.t/kH0
r

.
p
tR0kE

n
�En�1kL2.0;t IL2/:

Then observe that by Sobolev embedding and Proposition A.3, we have

kEn �En�1kL2.0;t IL2/

� kun � un�1kL2.0;t IL2/ C


p0.%n/rxŒJ"%n� � p0.%n�1/rxŒJ"%n�1�

L2.0;t IL2/

� kun � un�1kL2.0;t IL2/ C kp
0.%n/kL1.0;t IL1/



rxŒJ".%n � %n�1/�

L2.0;t IL2/

C kp0.%n/ � p0.%n�1/kL2.0;t IL2/



rxŒJ"%n�1�

L1.0;t IL1/

. kun � un�1kL2.0;t IL2/ Cƒ.R0/
1

"
k%n � %n�1kL2.0;t IL2/

Cƒ.t; R0/
1

"
kp0.%n/ � p0.%n�1/kL2.0;t IL2/

. kun � un�1kL2.0;t IL2/ Cƒ.t; R0/
1

"
kmn

�mn�1
kL2.0;t IL2/:

This yields, for all t 2 .0; zT Œ"�/,

kgnkL1.0;t IH0
r /

.
p
t
�
R0kw

n�1
kL2.0;t IL2/ Cƒ.t; R0/

1

"
kMn�1

kL2.0;t IL2/

�
:

Second, an L2 energy estimate on the second equation for Mn also leads to

kMn.t/kL1.0;t IL2/

� ekdivx unkL1.0;tIL1/t
Z t

0



divx mnwn�1.�/




L2 d�

� eR0t
�Z t

0



wn�1 � rxmn.�/




L2 d� C
Z t

0



mn divx wn�1.�/




L2 d�
�

�
p
teR0t

�
krxmn

kL1.0;t IL1/kw
n�1
kL2.0;t IL2/

C kmn
kL1.0;t IL1/kdivx wn�1kL2.0;t IL2/

�
.
p
tƒ.t; R0/kw

n�1
kL2.0;t IH1/

for all t 2 .0; zT Œ"�/.
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Third, performing an L1T L2 \ L2TH1 estimate by multiplying by wn in the parabolic
equation satisfied by wn yields

1

2

d
dt
kwnk2L2 C

Z
Td

1

mnC1

�
jrxw

n
j
2
C jdivx wnj2

�
D

5X
kD1

Z
Td

Sn
k � w

n

�

dX
iD1

²Z
Td
rxw

n
i � rx

�
1

mnC1

�
wni �

Z
Td

divx wn@i

�
1

mnC1

�
wni

³
;

with

Sn
1 WD

�
1

mnC1
�

1

mn

��
�x Crx divx

�
un;

Sn
2 WD �.w

n�1
� rx/u

n;

Sn
3 WD �.u

n�1
� rx/w

n�1;

Sn
4 WD �rx

�
�.%n�1/ � �.%n/

�
;

Sn
5 WD

1

mn
.jf n � �f nu

n/ �
1

mn�1
.jf n�1 � �f n�1u

n�1/:

For all � > 0, we obtain, by Young’s inequality,

1

2

d
dt
kwnk2L2 C

Z
Td

 
1

mnC1
� �





rx� 1

mnC1

�



2
L1

!�
jrxw

n
j
2
C jdivx wnj2

�
�

5X
kD1

Z
Td
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k � w

n
C
1

�

Z
Td
jwnj2:

Let us focus on the source terms Sn
k

. We have, by Sobolev embedding,Z
Td

Sn
1 � w

n .


��x Crx divx

�
un


2

L1





 1

mnC1
�

1

mn





2
L2
C

Z
Td
jwnj2

. R20





 1

mnC1mn





2
L1
kmnC1

�mn
k
2
L2 C

Z
Td
jwnj2

. ƒ.R0/kM
n
k
2
L2 C kw

n
k
2
L2 :

We next haveZ
Td

Sn
2 � w

n .
Z

Td
jSn
2j
2
C

Z
Td
jwnj2 � krxu

n�1
k
2
L1kw

n�1
k
2
L2 C

Z
Td
jwnj2

� R20kw
n�1
k
2
L2 C kw

n
k
2
L2 ;
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again by Sobolev embedding, while for all ı1 > 0, we have, by integration by parts
and Sobolev embedding,Z

Td
Sn
3 � w

n . krxun�1k2L1kw
n�1
k
2
L2 C kw

n
k
2
L2

C
1

ı1
kun�1k2L1kw

n�1
k
2
L2 C ı1

Z
Td
jrxw

n
j
2

. ƒı1.R0/kw
n�1
kL2 C kw

n
k
2
L2 C ı1

Z
Td
jrxw

n
j
2:

We also have, for all ı2 > 0,Z
Td

Sn
4 � w

n .
1

ı2

Z
Td

ˇ̌
Œ�.%n�1/ � �.%n/�

ˇ̌2
C ı2

Z
Td
jdivx wnj2
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n�1
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Z
Td
jdivx wnj2:

For Sn
5 , we write
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�
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1
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�
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1
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C
1

mn
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n�1
C

1
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�f n.u
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� un/:

Therefore, by Sobolev embedding and Lemma 2.1,Z
Td

Sn
5 � w

n . kjf n � �f nunk2L1
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2
L2
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mn�1





2
L1
k�f nk

2
L1ku

n�1
� unk2L2 C

Z
Td
jwnj2

. ƒ.R0/
�
kmn

�mn�1
k
2
L2 C kf

n
� f n�1k2
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r
C kun�1 � unk2L2

�
C kwnk2L2 :

We finally obtain

d
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kwn.t/k2L2 C

Z
Td

�
1

mnC1
� �R20 � ı1 � ı2

��
jrxw

n
j
2
C jdivx wnj2

�
� ƒı1;2;�.R0/

�

Mn�1.t/


2

L2 C


gn�1.t/

2

H0
r
C


wn�1.t/

2L2�

Cƒ.R0/kM
n.t/k2L2 Cƒ�kw

n.t/k2L2

(B.3)
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for some constant ƒ� > 0. A good choice of �; ı1 and ı2 with respect to inf 1
mnC1

,
combined with Grönwall’s lemma, shows that

kwn.t/k2L2

. eƒ�t
Z t

0

�
kMn�1.�/k2L2 C kg

n�1.�/k2
H0
r
C kwn�1.�/k2L2 C kM

n.�/k
2
L2

�
d�:

Reducing zT Œ"� if necessary so that zT Œ"� � 1=ƒ� , we can integrate in time the previous
differential inequality (B.3) to obtain, for all t 2 .0; zT Œ"�/,

kwn.t/k2L1.0;t IL2/ C kw
n.t/k2L2.0;t IH1/

. ƒ.R0/t
�
kMn�1

k
2
L1.0;t IL2/ C kg

n�1
k
2

L1.0;t IH0
r /
C kwn�1k2L1.0;t IL2/

�
Cƒ.R0/tkM

n
k
2
L1.0;t IL2/:

Combining the three previous points, we reach the following inequality:

kgn.t/kL1.0;t IH0
r /
C kMn.t/kL1.0;t IL2/ C kw

n.t/kL1.0;t IL2/\L2.0;t IH1/

.
p
t
�
R0
p
tkwn�1kL1.0;t IL2/ Cƒ.t; R0/

1

"
kMn�1

kL2.0;t IL2/

�
C
p
tƒ.t; R0/kw

n�1
kL2.0;t IH1/ Cƒ.R0/t kM

n
kL1.0;t IL2/

Cƒ.R0/t
�
kMn�1

kL1.0;t IL2/ C kg
n�1
kL1.0;t IH0

r /
C kwn�1kL1.0;t IL2/

�
;

which is valid for all t 2 .0; zT Œ"�/. Reducing again zT Œ"� if necessary, this means that
for all n 2 Nn¹0º,

kgnkL1.0; zT Œ"�IH0
r /
C kMn

kL1.0; zT Œ"�IL2/ C kw
n
kL1.0; zT Œ"�IL2/\L2.0; zT Œ"�IH1/

�
1

2

�
kgn�1kL1.0; zT Œ"�IH0

r /
C kMn�1

kL1.0; zT Œ"�IL2/

C kwn�1kL1.0; zT Œ"�IL2/\L2.0; zT Œ"�IH1/

�
:

(B.4)

Note that zT Œ"� has been chosen independent of n 2 Nn¹0º.

Step 3: Obtaining a unique solution to (S"). Thanks to the uniform bound (B.2)
and the contraction estimate (B.4), we can deduce that the sequence .fn;mn; un/ is
weakly-? compact in the space

L1.0; zT Œ"�IHm
r / � L1.0; zT Œ"�IHm/ � L1.0; zT Œ"�IHm/ \ L2.0; zT Œ"�IHmC1/;

and is a Cauchy sequence in the space

L1.0; zT Œ"�IH0
r / � L1.0; zT Œ"�IL2/ � L1.0; zT Œ"�IL2/ \ L2.0; zT Œ"�IH1/:
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This shows that the whole sequence converges weakly-? in the first space. The limit
.f;m; u/ belongs in particular to this space with high regularity. Using weak–strong
convergence principles then allows us to prove that the limit is a solution to the system
(S") on .0; zT Œ"�/ in the sense of distributions. We do not detail this part of the proof.
Using the equation and the time derivative of the solution, one can show that the
solution actually belongs to

Xm
zT Œ"�
WD C.0; zT Œ"�IHm

r / � C.0; zT Œ"�IHm/ � C.0; zT Œ"�IHm/ \ L2.0; zT Œ"�IHmC1/:

The uniqueness of the Cauchy problem for (S") in the former space is obtained by
mimicking the contraction estimates of Step 2. In fact, if .f1;m1;u1/ and .f2;m2;u2/

are two solutions in Xm
zT Œ"�

starting at the same initial condition, then performing the
same computations proves that there exists xT Œ"� (depending on kf1;2;m1;2;u1;2kXm

zT Œ"�
)

with xT Œ"� < zT Œ"� and such that, for all t 2 Œ0; xT Œ"��, we have

k.f1 � f2/.t/k
2

H0
r
C k.m1 �m2/.t/k

2
L2 C k.u1 � u2/.t/k

2
L2

�
1

2

�
k.f1 � f2/.t/k

2

H0
r
C k.m1 �m2/.t/k

2
L2 C k.u1 � u2/.t/k

2
L2
�
;

from which we directly infer that .f1;m1; u1/D .f2;m2; u2/ on Œ0; xT Œ"��. Repeating
this procedure starting from xT Œ"� < T 0" , we obtain .f1;m1; u1/ D .f2;m2; u2/ on
Œ0; 2 xT Œ"��. After a finite number of steps, we eventually obtain uniqueness on Œ0; zT Œ"��.



Appendix C

Pseudodifferential calculus with a large parameter on
R � T d

In this appendix, we collect several results on pseudodifferential calculus that we shall
need in this work. We refer to [2, 119] for a more general and complete approach.
Here, our framework is adapted to the physical space R � Td .

For any symbol of the form a.t; x; 
; �; k/ defined on R � Td � .0;C1/ �R �
Rdn¹0º, we consider the quantization

Op
 .a/.h/.t; x/ D
1

.2�/dC1

Z
R�Zd

ei.� tCk�x/a.t; x; 
; �; k/Ft;xh.�; k/ d� dk:

Here, we use the discrete measure on Zd . Above, the variable 
 > 0 should be seen
as a parameter. The Fourier transform of a function h.t; x/ defined on R � Td is
denoted by

Ft;xh.�; k/ D

Z
R�Zd

e�i.� tCk�x/h.t; x/ dt dx;

while the Fourier transform of a symbol a.t;x;
;�;k/ defined on R�Td� .0;C1/�

R�Rdn¹0º is written as

Ft;xa.�; `; 
; �; k/ D

Z
R�Zd

e�i.� tC`�x/a.t; x; 
; �; k/ dt dx:

For the sake of readability, we introduce the notation

� WD .
; �; k/ 2 .0;C1/ �R �Rdn¹0º;

j�j WD
�

2 C �2 C jkj2

� 1
2 ;

and we write L1t;x;� to denote L1.R � Td � .0;C1/ �R �Rdn¹0º/.
We state L2 continuity results of Calderón–Vaillancourt type: namely, we shall

ask for L1 bounds in all the variables for the symbols of the operators (see [40,102]).
We first introduce the following family of seminorms for our symbols.

Notation C.1. For any M � 0 and for any symbol a.t; x; �/ with � D .
; �; k/, we
set

!Œa� WD sup
˛2Nd
˛i2¹0;1º

k.1C t /@˛xakL1t;x;� C sup
˛2Nd
˛i2¹0;1º

k.1C t /@t@
˛
xakL1t;x;� ; (C.1)
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�Œa� WD sup
˛2Nd
˛i2¹0;1º

°

j�j@˛xr�;ka

L1t;x;�
C


j�j@˛xr�;k@ta

L1t;x;�

±
C sup

˛2Nd
˛i2¹0;1º

°

j�j@˛x@�r�;ka

L1t;x;�
C


j�j@˛x@�r�;k@ta

L1t;x;�

±
; (C.2)

„Œa�M WD sup
1�j˛j�1CM
ˇD0;1;2;3;4



@˛x@ˇt a

L1t;x;�
: (C.3)

The following result states the L2 continuity of a pseudodifferential operator with
symbol having a finite seminorm !Œ��. We refer to [102, Theorem 1] for a proof for
symbols with compact support in x, whose adaptation to the physical space R � Td

is fairly straightforward.1

Theorem C.2. There exists Cd > 0 such that if a is a symbol satisfying !Œa� <C1,
then, for every 
 > 0, we have

8h 2 L2.R � Td /; kOp
 .a/.h/kL2.R�Td / � Cd!Œa�khkL2.R�Td /;

Next, we have the following symbolic calculus result, with the use of the param-
eter 
 > 0. Note that taking 
 large can be useful in view of an absorption argument.
Here, we need to assume that one symbol has a compact support in time, because the
time variable t 2 R is unbounded.

Proposition C.3. There exist Cd > 0 and a continuous nonnegative and nondecreas-
ing function ƒ such that, for all symbols a; b satisfying

�Œa�;„Œb�M < C1; M > 1C 2d;

rxb has compact support in time;

and for all 
 > 0 and h 2 L2.R � Td /, we have

Op
 .a/Op
 .b/.h/ � Op
 .ab/.h/




L2.R�Td /

�
Cd



ƒ.jsuppt rxbj/�Œa�„Œb�MkhkL2.R�Td /:

Proof. A standard formula about the composition of pseudodifferential operators first
shows that

Op
 .a/Op
 .b/ D Op
 .c/;

1More precisely, one can introduce a weight .1 C t /�2 in [102, proof of Theorem 1,
eq. (2.5)] to get some integrability in time. This turns out to be sufficient to consider the semi-
norm !Œ�� in our statement.
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with

c.t; x; 
; �; k/ D
1

.2�/dC1

Z
R�Td

Z
R�Zd

ei.�
0��/.t�t 0/ei.k

0�k/�.x�x0/

� a.t; x; 
;� 0; k0/b.t 0; x0; 
;�; k/ dt 0dx0d� 0dk0

D
1

.2�/dC1

Z
R�Zd

ei.�
0tCk0�x/a.t; x; 
; � C � 0; k C k0/

� Ft;xb.�
0; k0; 
; �; k/ d� 0dk0:

Therefore, for � D .
; �; k/ 2 .0;C1/ �R �Rdn¹0º, we have

c.t; x; �/ � a.t; x; �/b.t; x; �/

D
1

.2�/dC1

Z
R�Zd

ei.�
0tCk0�x/Ft;xb.�

0; k0; �/

�

²Z 1

0

r�;ka.t; x; 
; � C s�
0; k C sk0/ � .� 0; k0/ ds

³
d� 0dk0

DW
1



m.t; x; �/;

where

m.t; x; �/ WD
1

.2�/dC1

Z
R�Zd

ei.�
0tCk0�x/Ft;xb.�

0; k0; �/J.a/.t; x; �; � 0; k0/ d� 0dk0;

with

J.a/.t; x; �; � 0; k0/ WD

Z 1

0


r�;ka.t; x; 
; � C s�
0; k C sk0/ � .� 0; k0/ ds:

Since Op
 .a/Op
 .b/�Op
 .ab/D 1



Op
 .m/, and in view of the continuity property
stated in Theorem C.2, it remains to estimate the seminorm !Œm�. For all ˛ 2Nd such
that ˛i 2 ¹0; 1º, we now have

.1C t /m.t; x; �/ D
1

.2�/dC1

Z
R�Zd

.1 � i@� 0/.e
i� 0t /eik

0�x

� Ft;xb.�
0; k0; �/J.a/.t; x; �; � 0; k0/ d� 0 dk0;

and

.1C t /@tm.t; x; �/ D
1

.2�/dC1

Z
R�Zd

i� 0.1 � i@� 0/
�
ei�
0t
�
eik
0�xFt;xb.�

0; k0; �/

� J.a/.t; x; �; � 0; k0/ d� 0 dk0

C
1

.2�/dC1

Z
R�Zd

.1 � i@� 0/
�
ei�
0t
�
eik
0�xFt;xb.�

0; k0; �/

� @t .J.a//.t; x; �; �
0; k0/ d� 0 dk0:
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Tedious but standard computations then show that for M > d we have

!Œm� . �Œa� sup
˛2Nd
˛i2¹0;1º



.1C j� 0j2/jk0j1Cj˛jFt;xŒ.1C t /b�

L1.R�0�Zd
k0
IL1� /

. �Œa�

�
sup

1�j˛j�1CM



Ft;x
�
.1C t /@˛xb

�


L1.R�Zd IL1� /

C sup
1�j˛j�1CM
ˇD1;2



Ft;x
�
.1C t /@˛x@

ˇ
t b
�



L1.R�Zd IL1� /

�
:

As a consequence, we obtain, for M > 1C 2d ,

!Œm� . �Œa�

�
sup

1�j˛j�1CM
ˇD0;1;2



Ft;x
�
.1C t /@˛x@

ˇ
t b
�



L1.R�Zd IL1� /

C sup
1�j˛j�1CM
ˇD0;1;2;3;4



Ft;x
�
.1C t /@˛x@

ˇ
t b
�



L1.R�Zd IL1� /

�
. �Œa� sup

1�j˛j�1CM
ˇD0;1;2;3;4



.1C t /@˛x@ˇt b

L1.R�Td IL1� /
;

and therefore
!Œm� . ƒ.jsuppt rxbj/�Œa�„Œb�M:

From Theorem C.2, we have, for all h 2 L2.R � Td /,

kOp
 .m/hkL2.R�Td / � Cd!Œm�khkL2.R�Td /

. Cdƒ.jsuppt rxbj/�Œa�„Œb�MkhkL2.R�Td /:

We obtain the conclusion since Op
 .a/Op
 .b/ � Op
 .ab/ D 1



Op
 .m/.
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